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Abstract

This paper studies the uniform convergence rate of the turncated SNP (semi-nonparametric) density
estimator. Using the uniform convergence rate result we obtain, we propose a test statistic testing the
equivalence of two unknown densities where two densities are estimated using the SNP estimator and
supports of densities are possibly unbounded.
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1 Introduction

Gallant and Nychka (1987) introduce the semi-nonparametric (SNP) maximum likelihood estimation and
establish its consistency. The SNP estimation is a convenient method that simultaneously estimates the
parameters of a nonlinear model and the nonparametric density of a latent process by the quasi-maximum
likelihood. Partly motivated by its computational convenience and its wide applicability compared to other
nonparametric estimation, the SNP estimator has been popularly used although its convergence rate and
the asymptotic distributional theory of this estimator are not known well. The distributional theory of the
SNP is less of interest because the representation of the SNP estimator is parametric at any instance since
it is a truncation estimator. Also it is noted that ignoring the truncation and treating the SNP estimator as
fully parametric often provides reasonably accurate tests and confidence intervals (see Eastwood and Gallant
(1991) and Fan, Zhang, and Zhang (2001)). Thus, the determination of a desirable truncation point has
been more challenging (see Coppejans and Gallant (2002)).

However, with exceptions of Fenton and Gallant (1996a, b) that establish the L; convergence rate and
Coppejans and Gallant (2002) that derive the convergence rate under the Hellinger metric, the convergence
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rate of the SNP density estimator has not been studied well. We often find that in deriving the asymptotic
distribution of test statistics related with estimated densities, a convergence rate result in a stronger norm
such as a uniform rate is often required. This paper establishes the uniform convergence rate of the SNP
density estimator with a truncated compact support.

A referee of this paper points out that our proposed estimator does not achieve the optimal convergence
rate obtained by Stone (1990) for log-spline models. However, we note that our approach with truncated
Hermite series is still useful for several reasons. First, it makes easy to test the departure from the normality
by construction. The insignificance of additional terms other than the first term in the series will suggest
the normality (truncated normal). On the contrary, such test may require additional semiparametric testing
procedure for the log-spline models. Second, our estimator is computationally easier than the Stone (1990)’s
estimator. For example, ¢(#) in Stone (1990) is hard to evaluate analytically for log-spline models based
on quadratic and higher-order splines. Third, the proposed SNP density estimator can handle the case of
unknown support or unbounded support by estimating the truncated version of such densities. Fourth, the
approach proposed in this paper can extend to the case of data dependent support (for example, setting a
support from the minimum value of observations to the maximum value of observations). Fifth, as noted
above, some studies suggest that treating the SNP estimator as fully parametric ones (ignoring the truncation
of the series) can still provide reasonably accurate inferences. Sixth, the SNP estimation is a convenient
method that allows simultaneous estimations of the parameters of a nonlinear model and the nonparametric
density as proposed in Gallant and Nychka (1987). Lastly, comparing two densities based on two SNP
density estimators is feasible as illustrated in Section 3 of this paper.

Comparison of two densities has been considered in many studies since it can be used for comparing two
samples or testing the independence assumption. However, in most of cases, only kernel density estimators are
considered since the popular U-statistics approach is available for kernel estimators (see Bickel and Rosenblatt
(1973), Rosenblatt (1975), Hall (1984), Robinson (1991), Li (1996), and Hong and White (2000)). This paper
illustrates that the testing for similarity of two densities can be also implemented using the SNP density
estimators. From the advantages of the SNP density estimator over the kernel estimator documented in
literature (see Fenton and Gallant (1996b) for example), it is expected that this alternative testing procedure
can entertain those advantages.

The organization of this paper is as follows. Section 2 establishes the convergence rate of the SNP
estimator. A test statistic testing the similarity of two unknown densities using the SNP estimators is
proposed in Section 3. Concluding Remarks follow in Section 4. Some technical details are presented in
Appendix.

2 SNP Density Estimator with Truncated Support

We focus on the univariate case to simplify the notation since our objective here is to illustrate how we
can obtain the uniform convergence rate, though the SNP estimation can be used for the multivariate
densities. Extension to the multivariate case is not difficult. Now let a univariate random variable X follows
a distribution with its density function fo(X). Hereafter the upper case X denotes a random variable and
the lower case x denotes its realization. Then the SNP estimator of fo(X) for an i.i.d sample {z;}7, is



defined as the quasi-maximum likelihood estimator of

fsnp = argmax Zln ( ( M)) (1)

n
fEFn,u,0>0 =1

where
K(n
Fon=R f:f(x,§) = Z fj-TJ_l e /2 +eop(x), £ €E, 2,
j=1

where En:{fz(gh...,{}((n) D7 fa(@,6) le},K(n)ﬁooaanoobut @

positive number, and ¢(-) denotes the standard normal density. It is worthwhile to note some structural

— 0, € is a small

aspects of the SNP density estimator. First, the leading term of the SNP expansion is the normal density

with the weight function e~*"/2. This enables us to test the normality of the true density by testing

whether K(n) = 1 against a general alternative K (n) > 1. Other weight functions as well as corresponding
alternatives of the term €p¢(z) considered in Gallant and Nychka (1987) can generate different leading terms,
although no applications has been found outside the normal case. Second, the term ey () serves as a lower
bound of the density that insures ffooo (In f) fodx exists for any f in F,, and prevents In f from going out of
range in optimizations. Lastly, the SNP estimator is positive and invariant to location and scale.
It is convenient to rewrite the class F,, in terms of Hermite polynomials:
K(n) 2

Fo=2f:f(z,0) = Z 0, Hj( + e0p(2),0 € O, ¢, (2)

where 6,, = {0 = (V1,...,Vkm)) : ZK(" 192 +eo = 1}, {H,(t)} are defined recursively as

H(t) = (v )‘1/2 I Hy(t) = (V2m) T e, (3)
Hi(t) = — Vi —1H; 5(t)]//], for j > 3.
These Hermite polynomials are orthonormal ffooo H}(z)dz =1, [*_ Hj(z)H(z)dz =0, j # k and bounded

|H;| < H = 0.6862127 (see Abramowitz and Stegun (1972, Chapter 22)). Under the following assumption
that requires fy has exponential tails:

Assumption 2.1 (Fenton and Gallant (1996a)) (i) The observed data {x;} are a random sample from
the continuous density fo. For some k > 0, fy can be written as fo(z) = hfco (x)e_’32/2 + eoo(x) where

2
f— |:deth )} e 2dx < oo, for j =0,1,...,k. (ii) For every a; > 0 and ag in (—o0,00) there exists
by and by > 0 such that Pr (502 > ag + alB) < boe*bl‘/g,

Fenton and Gallant (1996a) establishes the L, convergence of the SNP estimator as

| [Fonrt@) = @] e = o (w7 /272) 0 (0) s

where the SNP is truncated at K(n) = O (n®),a > 0 and ¢ is arbitrary small positive constant. Similarly
the convergence rate under the Hellinger metric is derived in Coppejans and Gallant (2002) with K(n) =



n(lfg)/(ﬁﬁ*l) for given 6 € (07 1)’

o~ oo e 2 1/2 _
du(fsnp, fo) = {/ ( 2 (z) — (}/Q(x)> dx} — pr(1=8)/(2h42) o o

where dg(-,-) denotes the Hellinger distance under Assumption 2.1 (i) and restricting fo to have a largest

: . " . 3 () +(ZE, 9, H, ()
mode and to satisfy the tail condition lim  su Jo g=t _J7J
Y K—oo —oo<£<oo (E;;lﬂjHj(w))Q-‘reo/\/ZTr

Differently from the previous literature of the SNP estimation, in this paper we restrict the support of

< C for some C < oo.

a density to be truncated as a compact subset X of R. One can interpret our estimator as a truncated
distribution version of the SNP density estimator. Noting the boundary problem of a nonparametric density
estimation, our approach can be accepted as a valid one in the sense that we focus on an estimator that
shows a good performance on the support of interest. One could work on the range of a compact support
that increases as the sample size gets larger but this requires additional technicalities that are beyond the
scope of this paper. In any case the SNP estimation under the compact support may be of interest by itself.
Interestingly, we find that there exists a one-to-one mapping between the coefficients of the SNP density
estimator with unbounded support and the coefficients of the SNP density estimator with a truncated
support, which we propose as follows (see Appendix A).

Now let 14 be the indicator function of the set A and consider the class F,, in terms of truncated Hermite
polynomials defined on X such that

2
K(n

)
F.,=1f:f(z,0)= Yiwik (x) +60W,0 €0, , (4)
X

j=1

where O,, = {9 = 01,...,Vkm)) : Z]K:(f) 19? +e = 1} and a triangular array {w,x(z)} are defined below.
Hi@1x(@) hat is bounded by

First we define Wk (z) = NI
x Hjr)ar

1 ~
sup Wk (7)] < —= > sup |H;(z)| < CH
TEX j<K jrr%% Ix H?(z)dw zex
for some constant C' < oo, since [, Hf(x)dx is bounded away from zero for all j and |H;(z)| < H uniformly
over z and j. Denoting WK(a?) = (Wik(2),..., Wik (x)), further define Qg = [, WK(;C)WK(;E)’dx and

its symmetric matrix square root as Q_Wl /2 Now let
—1/97=K
WX (2) = (wik (@), ..., wkk(2) = QLW (z) (5)

W
then by construction, we have [, WX (z)W¥(z)’ = Ix. Then these truncated and transformed Hermite
polynomials are orthonormal [ w?(z)dz = 1, [, wjk (v)wik (z)dz = 0,5 # k from which the condition
ZJK:(;L) U3 + €0 = 1 follows since for any f in F,,, we have [, fdz = 1. Now define ((K) = sup,¢ |[WX (2]
using a matrix norm ||A|| = /tr(A’A) for a matrix A, which is the Euclidian norm for a vector. Then, we can
obtain ((K) = O(VK) as shown in Lemma B.1. If the range of X’ is sufficiently large, then [, H?(z)dx ~ 1
and Q7 ~ Ik and hence w;x ~ H; which implies immediately




For brevity, we set (u,0) = (0,1) without loss of generality (wlog) hereafter noting the SNP estimator is
invariant to location and scale. The SNP density estimator with the compact support is obtained by solving

f= argmaxﬁsz x;), feF, (6)

ferxr,

or equivalently

f:f( [ K)s 9K—argmax721nf x;,0)

n
oeo, N i

for f € F,, defined in (4)!. Note this truncated Version of the SNP density estimator is positive and invariant
to location and scale. The term epd(x z)/ [y ¢ + ¢(x)dz helps In f not to go out of range in optimizations so
that the excess influence of one or several summands when f(-) are arbitrary small is avoided. Interestingly,
we find there exists a one-to-one relationship between elements of F,, and F, (see Appendix A). In this
sense, we interpret our version of the SNP estimator as a truncated version of the original SNP estimator
(with unbounded support) developed by Gallant and his co-authors.

2.1 Uniform Convergence Rate
To derive the uniform convergence rate, we impose

Assumption 2.2 (i) The observed data {z;} are an i.i.d. sample from the continuous density fo, (i) fo(zx)
is s-times continuously differentiable with s > 3, (iii) uniformly bounded from above and bounded away from
zero on its compact support X, (iv) fo(x) has the form of fo(x) = h?pﬂ (37)6_;”2/2 + € W for arbitrary
small positive number €.

Note that differently from Fenton and Gallant (1996a) and Coppejans and Gallant (2002), we do not

require a tail condition since we impose the compact support condition. Under Assumption 2.2, we obtain

Theorem 2.1 Suppose Assumption 2.2 holds and % — 0. Then, for K = O (n®) with a < =, we have

3’

sup | F(2) = fol@)| = O (C(K)) 0 (n~1/242/240) 40 (¢(K 2K /2) (7)

TeEX

for arbitrary small positive constant 6.

Compared to the L; convergence rate derived by Fenton and Gallant (1996a), Theorem 2.1 shows that
the uniform convergence rate is slower than the L rate since it requires uniformity over the support of X.
The derived uniform convergence rate depends on the choice of sieve. For example, if someone uses the
power series sieve rather than the Hermite polynomials (truncated and transformed as in (5)), he/she will
achieve a slower convergence rate since ((K) = O(K) for the power series sieve compared to ((K) = O(VK)
for the Hermite polynomials. When we choose K such that two terms in (7) are balanced, which is achieved
when o = 1/(1 + s), the convergence rate will be n~(s=2/2(+%) noting o, (n=1/2+2/249) = O, (\/%)
effectively. Thus, our rate cannot attain Stone’s (1982) bound on the best obtainable rate, which equals to

(nil In n) S/(HQS). In the next section, we derive Theorem 2.1.

To implement this estimation, in practice one needs to pick the optimal length of series according to some criteria, since
the approximation precision depends on the choice of smoothing parameter K. One could use the Coppejans and Gallant
(2002)’s method, which is a cross-validation strategy based on the integrated squared error (ISE). Leave-one-out or Leave-one
partition-out (so called hold-out-sample cross-validation) method can be adopted depending on the size and property of data.



2.2 Derivation of the Convergence Rate

Though we have a particular sieve in mind for the SNP estimator, we derive the convergence rate result for
a general sieve that satisfies some conditions. First note, according to Theorem 8, p.90, in Lorentz (1986),
we can approximate a v-times continuously differentiable function h such that there exists a K-vector 7y
that satisfies
sup [h(z) — R" (2)'vx| = O(K~#m) (8)
z€EZ

where Z is the compact support of h and R¥(z) is a triangular array of polynomials. Now let fo(x) =

h?o (:E)@’””Q/2 + €0 ga)dn i((vb)d and assume hy,(z) (and hence fy(x)) is s-times continuously differentiable on X
Denote a K-vector 0 = (Y1k, ... ,19KK)/. Then, there exists a 0 such that

sup |hys(x) —€® /4WK ‘—
zeEX

9)

by (8) noting hy, () is s-times continuously differentiable over X' , X' is compact, and {612/ dw; K(x)} are

linear combinations of power series. (9) implies that

sup iLJcO(x)(fIQ/4 —WHE(2)' 0| < sup e /4 sup |hy,(z) — e 2/4WK ‘ = (10)
reX reX reX

since sup e=*"/4 < 1. From this result, now it is shown below that sup,ex |fo(z) — f(z,0K)| = O (C(K)K™7).
z€R
First, note (10) implies

WE (@) 0 — O(K°) < hy(x)e " < WK (2)0x + O(K )
from which it follows that
(WK (2) 0k — O(K*)) = (WX (@)0k)> < 02 (2)e /2 — (WX (2)0k) (11)
< (WE@) ok +O(K=)" = (WX (2)0x)

assuming W (x)'0 is positive and O(K ~*) is a positive sequence without loss of generality. Now, note
that
sup W (2)'0| < sup |[WH ()| [16]] = O (¢(K)) (12)
reX zeX

by the Cauchy-Schwarz inequality and from |6 ||2 < 1 for any 6 € O,, by construction. Now applying the
mean value theorem to the upper bound of (11), we have

sup ’(WK(x)’HK + O(K*S))Q - (WK(:c)’HK)2’ = sup | (2W 5 () 0k + O(K*)) O(K )]

zEX reX
< sup 2WH(2)'0k| O(K™*) + O(K %) = O(¢(K)K™*)
reX

where the last result is from (12). Similarly for the lower bound, we have

sup (W5 @Yo = 0K ™))" = (WX (2)0k)’| = O(C(K) K ).



From (11), it follows that sup,cx [hF, (z)e=="/2 — (WK(LL‘)IQK)2‘ = O(¢(K)K~*) and hence
sup [ fo(@) = f (@, 0x)| = O (C(K)K™). (13)
zE
Now to establish the convergence rate of the SNP estimator, a pseudo true density function is introduced
where the pseudo true density is given by

s () = (WK (2)0% ) _ @)
such that
[i(x) = f(z,0%) and 0} = argmax E [In f (X, 0)] for f € F,,. (14)
o
We first obtain
Lemma 2.1 Suppose Assumption 2.2 holds. Then for 0 in (9) and 0% defined in (14), we have |0k — 0% || =
0] (K*S/z) and thus
sup | fo(@) — fic(@)] = 0 (C(K)2K /7). (15)
reX

Proofs of lemmas and technical derivations are in Appendix. Lemma 2.1 establishes the distance between
the true density and the pseudo true density. Now the stochastic order of HH K — H}H is derived using the

uniform law of large numbers. Define Q,,(f) = L >t In f(z;,0) and Q(f) = E[In f (x,0)]. Then we have

n

Gsup ‘Qn - Q(O)‘ =0, (n_1/2+a/2+5) (16)
€6,

for all sufficiently small 6 > 0 from Lemma D.5. For || — 0°]| < o(n,,), we also have
sup|Qu(6) = Qu(6%) — (Q(O) — Q(O"))| = 0, (mm1/2+/219) (17)
10-0° | <o(mn),0€6

as shown in Lemma D.6. From (16) and (17), it follows that

Lemma 2.2 Suppose Assumption 2.2 holds and % — 0. Then for K(n) = O (n®) with o < 3,
e 2
where § is an arbitrary small positive constant.

Thus we obtain

sup [ F(@) — fie(@)| = sup [(W (@) 0 - 030)) (W5 (@) @ + 030))| (18)

reX zeX

2
< ¢4 (sup ||WK(:0)||> ‘
reX

since [|0]|° < 1 for any 0 € ©,,. Finally, we obtain Theorem 2.1 as

sup |7(a) — fo(e)| < sup | flw) ~ Fic(w)| + sup |fic(2) ~ fol) (19)

zeX zeX

= 0 (¢(K)?) o, (n—1/2+a/2+5) +0 (C(K) K—S/Q)

= 0 (G2 o, (n1/2+0/29)

from (15) and (18).



3 Comparison of Densities Using a Symmetric Kullback-Leibler
Divergence Measure

Here? we are interested in testing the equivalence of two densities where these densities are estimated using
two different samples. Examples include the comparison of income distribution across two regions, groups,
or time. Suppose that we are testing

Ho:f=g (20)
against

Ha:f#g.

Testing the symmetry of f(x) also fits into this framework where we put g(z) = f(—x).

A natural measure to compare f(-) and g(-) will be the integrated squared error given by Is(f(z),9(z)) =
J=(f(2) — g(2))*dz assuming f and g have the common compact support Z. Under the null we have
I;(f(2),9(2)) = 0. Li (1996) develops a test statistic of this sort when both densities are estimated using a
kernel method. Other possible measures for the distance of two density functions are the Kullback-Leibler
(KL) information distance or the Hellinger metric. The KL measure is entertained in Ullah and Singh
(1989), Robinson (1991), and Hong and White (2000) when they eventually test the affinity of two densities.
Ullah and Singh (1989) and Robinson (1991) are based on a first order theory while Hong and White (2000)
improves on these delivering higher power by using a second order theory. Su and White (2003) use a class of
the Hellinger metric when they test for the conditional independence restriction by comparing a joint density
and the product of two marginal densities. The KL measure is defined by Ix, = [, (In f(2) —Ing(2)) f(z)dz
or Ixr, = [ (Ing(z) — In f(2)) g (2) dz which are equally zero under the null and have positive values under
the alternative as shown in Kullback and Leibler (1951). However, it is noted that the KL information
distance is not a proper distance measure, since it is not symmetric although it still serves as a valid
discrepancy measure. Here we propose a variation of the Kullback-Leibler measure which is symmetric and
nonnegative. We define

I(f.g) = /Z (0 f(z) — lng(2)) f()dz + / (lng(z) — In f(2)) g (=) d (21)

Z

which has zero value under the null but is strictly positive under the alternative by construction. It is also

symmetric, I(f,g) = I(g, f). The proposed test statistic will be constructed as a sample analogue of (21).
Now suppose that fand g are estimated using the samples {z;}"_, and {y;}._,, respectively. The sizes

of two samples do not have to be the same but here we impose the same size for notational convenience. For

these two sets of data, we assume

Assumption 3.1 Suppose {z;}.—, and {y;};—, are id, respectively and z; L y; for all i,j =1,...n. w;
and y; have the density function f and g, respectively, which are continuous and bounded away from zero on
their common compact support Z.

Here we focus on the SNP density estimators, though the result presented here is quite general as in
Robinson (1991). Different estimators require different primitive conditions and trimming devices that
ensures the sufficient conditions for validity of the test statistic we propose here. We first present general
conditions for consistency and asymptotic validity of the test statistic and show these conditions are satisfied

2In this section, we do not distinguish a random variable from its realizatoin to make notation simple unless otherwise noted.



for the SNP density estimator. A set of conditions in the case of the kernel density estimation can be found
in Robinson (1991).

3.1 Test Statistic and Its Asymptotic Property

Here we derive a test statistic based a symmetric KL measure of (21) as

1(7.5) /Z (In F(z) — ng(2)F(z)dz + /Z (In3(2) — In F(2))§(=)d=

[0 f) = 1ge)aF ) + [ (n5(e) - )Gl
Z

Z

where dF(z) = f(z)dz and dG(z) = §(z)dz. Noting Jz(In F(2)—Ing(z))dF(z) ~ IS (ln flzi) —In §(ml))

and [;(Ing(z) —In F(2)dG(z) ~ D (ln 9(y;) —In f(yl)), we propose a test statistic® in the following
form

~ 1 -~ . 1 — o
(F.9) = —= > (nf@) ~mg@in)) + —— > (mglw) —n Flyie)) (22)
n—1. n—1.
€N €Ny
where N, and N, are subsets of {1,2,,...,n—1}. AN, and N, trim out those observations of f() <

§¢(n) or g(-) < ,4(n) for chosen positive values of §¢(n) and d,(n) that tend to zero as n — oo. To

o~

be precise, we define N, = {z :1 <4 <n-—1such that f(z;) > §s(n) and g(x;41) > 6g(n)} and N, =
{i :1<i<n—1such that f(yis1) > 0¢(n) and g(y;) > 6g(n)}.

However, unfortunately, \/EIA (f, g) will have a degenerate distribution under the null similarly as discussed
in Robinson (1991) and cannot be used as a reasonable statistics. To resolve this problem, we entertain a
modification of (22) in spirit of Robinson (1991) as

~ 1

Iv(fa /9\) = !

> ailn) (nfla) —mgein) + —— > ) (gw) —n Flyin))

n~ — 1 n
v iEN, v iENy

where for a nonnegative constant -y,

ci(y) = 1+« ifiis odd
= 1—v if¢is even
and n., is defined as’
ny=n-++v ifnis odd and n, =n if nis even. (23)

3By construction of the test statistic, the way to name {z;}_, and {y;}}'_, will affect the test statistic since Ing(zit1)
is not evaluated at the first observation of {z;}-; and In f(x;) is not evaluated at the last observation of {z;};" ;. Similarly

In f(yi41) is not evaluated at the first observation of {y;};* ; and Ing(y;) is not evaluated at the last observation of {y;};_;.
However, if the sample size is large enough, then this naming effect will be negligible.

4This trimming is a usual device in an inference procedure for nonparametric estimations. Even though the SNP density
estimator that we are interested in is always positive by construction differently from higher order Kernel estimators, we still

introduce this trimming device to avoid the excess influence of one or several summands when f(-) or g(-) are arbitrary small.

5Consider s(n) = % » 1 ci(y) when n = 2m and n = 2m + 1, respectively. It follows that s(2m) = %jlfﬂm) =

2m — noapd s2m+1) =2 (L+)m+ 1A —y)m+ (1 +7)) = % = ”TJ:’ Thus, by constructing n, as (23), we have

My Ny My

s(n) = 1.



We let T =1(f,9), fy = iy(f7 g), and fy = a(ﬁ g) for notational simplicity. Now note, for any increasing
sequence d(n), any positive C' < oo, and ~, we have

Pr(d(n)I, < C) < Pr(d(n)

I, _1] > d(n)] — C) < Pr(

L-1]>1/2)

when n is sufficiently large and (20) is not true (i.e. I > 0). Since the probability Pr(‘fw -1

> I/2) goes

to zero under the alternative as long as IA7 — I, one could construct a test statistic of the form
P

Reject (20) when d(n)I, > C. (24)

Therefore, as long as fw — I, (24) is a valid test consistent against all departures from (20). We call a test
P

statistic consistent against one direction of departure from the null hypothesis if the rejection probability

approaches one as the sample size gets large regardless of the size of that departure. The following lemma

establishes the conditions for I, — I. First, we let Ej[-] denote an expectation operator that takes
P

expectation with respect to a density h.

Lemma 3.1 Suppose Assumption 3.1 holds. Suppose that (i) E¢ [|In f|] < oo and E, [[In f|] < oo,

(it) Ef [[Ing|] < oo and E4 [|Ing|] < oo, (iii) ! : i Pr(i ¢ M) = o(1) and % i Pr(i ¢ N;y)) = o(1).

n —

Further suppose (iv)

S ) (/@) — 0, — 3 )i (Fua)/fien) — 0,

T~y —

PEN, v iIEN,
1 - 1 ~
i > () n(G(zi1)/g(xir1)) — 0, and > e Gyi)/glyi) — 0,
Ny = LN, P ny—1 PENy P

then we have ./7:, — 1.
p

See Appendix for the proof. The larger the order of d(n) is, while d(n)fv preserves the limiting normal
distribution with zero mean under the null, the test statistic will have higher powers. In what follows, we
show that we can achieve this with d(n) = O (1/n). Suppose

> c()n (J?(%)/f(xi)) = o0, (Vn), Y ci(y)In(G(zisn)/g(zin1)) = 0p (V) (25)

1EN PEN,
S W@ /ew) = op (V). S at)n (Fui)/ i) = op (VA1)
1ENy €Ny

then it follows immediately that
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for all v > 0. This implies that the asymptotic distribution of \/ﬁfw will be identical to that of \/ﬁf7 under
the null, which means the effect of nonparametric estimation is negligible. Now consider, under the null

f=g,

~ 1 1
I, = I > ei(y) (In fa) — Ing(wi)) + . > a(y) (Ing(y:) = In f(yisr)) (26)
My = LN, M = LN,
2 1+ Cmax
= 2 S (n flren) I )+ ) - @D g o)
n, —1 ¢ +—1 n, —1
1€EQ
1+ Cmax vy
2 Z (Ing(yi+1) —Ing(y:)) + 71 Ing(y:) — #hﬂg(ymm o+1)
z€Q My = Ny =

+0, <nll ; Pr(i ¢ Nw)> +0, <nll Z:; Pr(i ¢ Ny)>

where @ = {i: 1 <i<n-—1,ieven}. We are willing to choose v > 0.° Now suppose (25) holds. Further

suppose
1 n—1 ' B L 1 ' B L
nl;Pr(z¢Nw)—o<\/ﬁ>,n (z%/\fy)—o(\/ﬁ) (27)
and assume
E [| In f(a:z)|2] < ooand F [| lng(y¢)|2] < 0, (28)

then, under the null of (20), we have

\/— 2 (In f(@it1) —In f(xi)) - N(0,%) and \/—“EZQ Ing(yi+1) —Ing(yi)) - N(0,%2)  (29)
where ¥ = F [(ln f(ziz1) —In f(mz))z} or E [(lng(yiﬂ) - lng(yi))ﬂ that equals to 2Var[ln f(-)] or 2Var[ln g(-)]

by the Lindberg-Levy central limit theorem under the null. Therefore from (26) and (29), we conclude that
under (25), (27), and (28),

vnl, = v/nl, + o0,(1) — N(0,4°%) (30)
under (20) for any v > 0 noting f = g and {z1,...,%n, Y1, ... Yn} are iid under the null. Finally, we conclude
that R

I
\/ﬁA:/ — N(0,1)
27z d

for any £ = X + 0p(1). Possible candidates of 5 will be

n

n 2
B = 2 ;Y_;{lnm <1nf<yi>>2}{Qﬁlganﬂmﬂnﬂyi))} or

<
3

n

2
R E R (G <1n§<yz—>>2}{;Zan’g\(zmln@(y»)}

=1

or its average Sy = % All of these are consistent under (28) and under Condition (iii) and (iv) of

Lemma 3.1 and (20). We summarize the result as follows

6Tt is obvious that the distribution of (30) degenerates when v = 0. See Robinson (1991) for related discussion.
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Theorem 3.1 Suppose Assumption 3.1 holds. Provided that (25), (27), and (28) hold under (20), we have

I
=YL N,
2'y22 d

,y

for any v > 0 and thus we reject (20) if T, > Cq where Co is the size o one sided critical value of the
standard normal distribution.

3.2 Primitive Conditions for the SNP Estimator

In what follows, we show that all the conditions for Lemma 3.1 and Theorem 3.1 are satisfied for the SNP
density estimator. Here we should note that Lemma 3.1 holds whether or not the null (f = g) is true while
Theorem 3.1 is required to hold only under the null. We start with conditions for Lemma 3.1. First, note
Condition (i) and (ii) in Lemma 3.1 immediately hold since f and g are assumed to be continuous and Z is
compact. Condition (iii) of Lemma 3.1 is verified as follows. For d¢(n) and d,4(n) that are positive numbers
tending to zero as n — oo, consider

(i & Na) (31)

ZPr( #1) < 35(n) or Glwit1) < dy(n))

n—1

< (\ﬂxn — fl@)|+87(n) = f(@:) or [§laier) = glin)| +0y(n) = glair))
< (;gg @) = @) + 80) 2 FGw3) o sup [3(0) ~ 9]+ 85 = 9(s10))

= 0p(1), sup,ez [9(x) — g(x)| = 0p(1), 65(n) = o(1), and dy(n) =
o(1), we have 15> "Pr(i ¢ N,) = 0,(1) since f and g are bounded away from zero. Therefore under
a<7—7(5ands>2

and hence as long as SUP,cz ‘f (x) — f(z)

S Pr(i ¢ L) = o, (1)

n—1 P

from Theorem 2.1 and also we can show 2= S™" "' Pr(i ¢ N,) = 0,(1) similarly.
Condition (iv) of Lemma 3.1 is easﬂy estabhshed from the uniform convergence rate result. Using
[In(1 4+ ¢)| < 2]¢| in a neighborhood of ¢ = 0, consider

1
n, —1

Z ci(y) In f(yi+1)/f(yi+l) (32)

iENy

IN

(147) sup [in Flw) ~n ()] < (14 7) sup2 | T
yeZ yeZ

O (¢(K)?) op (n71/2+°‘/2+‘5) 10 (C(K)szs/Q)

12



from Theorem 2.1 and since f() is bounded away from zero. Therefore, ﬁ Zie/\/y ¢i(y) In ;8”3 =0p(1)

under @ < %+ — 26 and s > 2 with K = O(n®) noting ((K) = O(\/?) Similarly we can show

3

w51 Yiew, G(7)In E 5= 0p(1), 7 Liew, () EEE = 0,(1), and g Ve, ci() In 545 =
op( ) under o < £ — 26 and s > 2.
Now we establish conditions for Theorem 3.1. Again (28) immediately holds since f and g are assumed

to be continuous and Z is compact. Next, we show (27). From (31) and the Markov inequality, we have

(i & Na) (33)
]

+ sup (g(i)f> - Z E|g(xis1) — g(xis1) +g(n)]]

n—1
reZ i=1

IA

sup (W)n_leHm ) +3(n)

TEZ

and hence 17 S Pr(i ¢ N,) = 0,(-L) as long as

Vn
sup [7() ~ £(@)| = op(—=). sup l3@) — o) = 0p( =)
zeZ b \/ﬁ ’ zeZ v \/ﬁ ,

df(n)T = (%) and d4(n)7 o(ﬁ) noting f(-) and g(-) are bounded away from zero. Note

T

jgglf(z)—f(x) = Op( (=1/2+3a/24+8)T )+O< (1— s/z)m) and

sup [§(a) = g(w)l = o (n( /) 4O (nl1 /2

rEZ

from Theorem 2.1 and {(K) = O (\/E) letting K = O (n®). In particular, we choose 7 = 4 and hence

SUP,c 2 ’f( - f(x)‘ (ﬁ) and sup,cz [g(z) — g(z)|” = Op(ﬁ) under a < § — 2§ and s > 24 =
df(n)" = o(ﬁ) and 04(n)" = (%) hold under §¢(n) = o(n"%) and § g(n) = o(n %). Therefore, under
a<i-255>24L 6,n ) (n 1), and 6,(n) = o(n#), we have L= S Pr(i ¢ N,) = o(ﬁ) and

. . 1 1
similarly we can show —— Pr(i ¢ Nyy) = (ﬁ)

n—1
Next, we verify (25) as
Lemma 3.2 Suppose Assumption 3.1 holds. Further suppose Assumption 2.2 holds for f and g and %
0. Then,

> ) (F@/f@) =0, (V). D el n@@in)/g(@i) = o0, (Vi)

€N, €N,
> @) @)/99)) = 0, (Vi) and Y ci(n)n (Fyir)/f (1)) = 0, (Vi)
1ENy 1ENy

1

for K(n) = O(n®) with a < 1, s > max{5,2+ 1=}, 67(n) = o(n=%), and §,(n) = o(n"%).
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See Appendix for the proof. Thus, we have provided primitive conditions under which all the conditions
of Lemma 3.1 and Theorem 3.1 are satisfied. We summarize the results in the following lemma.

Lemma 3.3 Suppose Assumption 3.1 and Assumption 2.2 hold for f and g. Then, under o < % and s > 3,
all the conditions for Lemma 3.1 hold. Also for a < i and s > 4, under the null of (20), all the conditions
of Theorem 3.1 are satisfied for the SNP estimators when we use trimming devices, 6 f(n) = o(nfé) and

dg(n) = o(n"%).

4 Conclusion

This paper establishes the uniform convergence rate of the SNP density estimator with a compact support.
The estimator studied in this paper can be interpreted as a truncated distribution version of the Gallant
and Nychka (1987)’s SNP estimator. It turns out that the convergence rate depends on the choice of sieve
and the (truncated and transformed) Hermite polynomials provide a preferred rate.

Based on this result, in the spirit of Robinson (1991), we are able to test the equivalence of two unknown
densities where two densities are estimated by the SNP estimator. The proposed test statistic entertains a
version of the Kullback-Leibler information distance, which is symmetric and nonnegative. Other than the
computational advantages, the SNP density estimator is of interest for implementing the test, since there
are certain cases where the kernel estimator cannot be used but still the SNP method can be used especially
when the density of interest is derived from the data whose DGP (data generating process) is a functional
of the density of interest. Examples include several auction models where the distribution of valuations is
derived from the bidding data.
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Appendix

A Relationship Between F,, and F,

Consider a specification of the SNP density estimator with unbounded support as in F,,,
fa,0) = (H(2)07)* + cod () (34)

where H)(z) = (Hy(x), Hy(z),...,H;(x)) and H;(x)’s are Hermite polynomials constructed recursively.
Now consider a truncated version of the density on a truncated compact support X based on (34),

(HD(2)01)? + eoo()

f(z,0) = .
f(@,6) S (HD (2)0)%dx + €0 [ ¢(x)da
Let B be a J x J matrix whose elements are b;;’s where bn’ = ,/fX )2dx for i =1,...,J and b;; =0
) . —J _1/2==J
for i # j. Recall that W’ (z) = B-'HD (), Qu = [, W ()W (x) dz, and W7 (z) = QWUZW (z) =

Q_Wl/QB’lH(J) (z). Using those notations, we obtain
(H)(2)'0)° + €0 () 0, HY) (2)HY (2)'0, + eod(2)
Sy (HO ()0 )%dx + € [, d(x)dx 0{1 S HO(2)HO) () dzb ;5 + €0 [, d(x)dz
0y BQY Q"B H ) (@) H W) (@) B~ Qg Qi BY + cos(x)
0B [, BV H) (2)H) (x) B dz Bl ; + €y [, ¢(x)dx
0, BQy W (@)W (2) Qg By + eodlz) 0y BQEW ()W () Qyf’ BY, + o)
0,8 [, W (@)W (zydeBo, + e [y dx)de  03BQILQEIBO; + o [ dl)da

fl@.0) =

Now let ,é] = Q 1/2 By and €y =¢y/ fx x)dx. Then, we simplify”

0, W7 (@)W ()0 +Ed(e )/ Jx &
9J9J+60

Tl 0) = = (@)t [ s (39)

by restricting 5}?91] + €y = 1 such that gj € 0,. Note that (35) coincides with the specification we consider
in F, of (4). This illustrates why the proposed SNP estimator is a truncated version of the original SNP
estimator with unbounded support. It is also noted that the relationship between the (truncated) parameters
of the original density and the (truncated) parameters of the proposed specification is explicit as 0 J =
Qu' BO.

B Bound of the Truncated Hermite Series

Throughout the appendix, we use the following notation. C, C1, Cs, ... denote generic positive constants.
Amin (4) and A\pax (A) denote the smallest and the largest eigenvalue of a matrix A, respectively. We use
dim(q) to denote the dimension of a vector q. We apply the Triangle Inequality or the Cauchy-Schwarz
Inequality without indicating them unless it is necessary.

"Throughout the Appendix, we will suppress the indicator function 1x(-) denoting the truncation in the truncated density
function to make notation simple.
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Lemma B.1 Suppose WX () is given by (5). Then, sup,cy ||[W¥ (2)|| = ((K) = O(VK).

Proof. First we show that Qg is nonsingular for sufficiently large K. By taking the support of X symmetric
around zero vvlog8 we have [, Wik (2)W;jk (z )dx = 0 whenever i + j is odd. When 7 + 7 is even and i # j,
we have [, Wik (2)W;x (z)dx # 0 but | [, Wik (z)W;k ()dz| < 1 by construction since |fX Hi(x)H;(z)dz| <
‘\/fx de\/fX de‘ from the Cauchy-Schwarz inequality noting [, 1(H;(z) # Hj(x))dx > 0.

Now note that the determlnant of a matrix A = [a;;] can be computed by writing down all permutations

of {1,2,...,dim(A)}, taking each permutation (ijk...) as the subscripts in a1;az;as . . . and summing with
signs obtained by ¢, = (—1)¥P) where i(p) denotes number of permutation inversions in permutation p (Muir
(1960), p.16), and €, is the permutation symbol. Using this method, a close examination of Qv reveals that
the determinant of @y with dim(Qy) = K is computed as for L > 2,

K=2 1
det(Qyr) = K =2L 1+ Zz L a(K) - ZZL:I bi(K)
K=2L-1 1-b(K)

where q;(K) and b;(K) is K — 2 products of positive values less than one and b(K) is K — 1 products of
positive values less than one. Hence whenever K is odd, det(Qy) is obviously greater than zero. Noting

Zlel bi(K)<L- (Iln<aLx bl(K)> < L(d)K=2 — 0 for some d < 1, we find that det(Qyr) > 0 for sufficiently
large K when K is even. Thus we conclude that Q7 is nonsingular for sufficiently large K. Actually we
can make Q- is nonsingular always by simply taking K odd. From Qyu’s positive-definiteness (positive-

semidefinite by construction and nonsingular), it follows that Anin (Qy7) is bounded away from zero at least
for K odd or sufficiently large K. Finally note

K _ -1 — \TA/ A
SEEHW z)| = jgg\/W (x)gjlelg\/)‘min<QW)W ()W ()

mln QW bupr K \/Amiln( W)K(E)Q :O(\/E>.

IN

C Proof of Lemma 2.1

Define Qg = E'[In fo (z)] and Q(8) = E[In f (z,6)]. Then, by definition, 6% = argmax Q(#). Consider
0
argmin Qo — Q(#) = argmax Q(9)
0 0

which implies that among the parametric family {f (z,0) : 0 = (¥4, ...,9k)}, Q(0%) will have the minimum
distance to Qo noting for all § € ©,,, Q(0) < Qo from the information inequality (see Gallant (1987, p.484)).
First, we show that

Qo — Q) = O(K™). (36)

8For any bounded support, we can make the support symmetric around zero by shifting the support.
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Using |In(1 4 ¢)| < 2[¢| in a neighborhood of ¢ = 0, consider

Jo(X)
@0~ Q)] < B i o] < B | s - (37
-2 MK o) = £, 020 fo(e)d
2 [, Ty [ W@ ] [ ehem - WK ] a
fo({L‘) —a?/4 K ‘hfo )e_X2/4‘ + ‘WK(X)/HK‘
S 250 ey SR @) W@ 0| B [ FoX)
and by the triangular inequality. Note
‘hfo (X)e’””Q/“‘ h3 (X)e=+2/2
7o) ] : JE l Fo(X) ] <! (3)
since 0 < hfi 0(5:;) < 1 for all z € X by construction and note
(WE(X)0k| [e’KWK(X)WK(X)feK} Y
E [fo o =y" S = [0 = 0k < 1 (39)

since [|fk||> < 1. From these we conclude that

Q0 - QU] < Oy sup YU qup [ ()12 — W (wy | = 0 (K

TEX f(a:, K) TEX

from (10) and since fo(z) is uniformly bounded from above and f(z,60k) is bounded away from zero. It
follows that

0<Q(k) - Q) < Q) — Qo+ C1K™° < CL1K™° (40)
where the first inequality is by definition of 7 = argmax Q(#), the second inequality is by (36), and the
0

last inequality is since Q(0%) < Qo from the information inequality (see Gallant (1987, p.484)). Using the
second order Taylor expansion where 6 lies between a given §° € ©,, with dim(#°) = K and 0%, we have

2 ~
QUO) — Q) = ~ D2 (G )(8°  030) — 5(0° — 05) 2 L @)~ ) ()
_ 1 o * /aQQ s o *

since 92 (%) = 0 by F.O.C of (14). Consider

_1%Q0) _ 2 (WD) WREOWSX) i xws (xy 42
2 0000 F(X,0)2 - £(X,8) (42)
. '<1_260</> )/ Jx 8 )WK(X)WNK(X)W
i £(X,8) £(X,0)
N N BT P fo(X) | WREX)WH(X)
i f(Xﬁ) F(X.0) fo(X) '
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By construction, we can ensure 0 < 1 — QW < 1forall z € X and all 8 € ©,, so that —% 9%59,)

is positive-definite for all § € ©,, by choosing ¢ arbitrary small. Now note

[fo@) = £(@.8)| < 1fo(@) = £ (@,000)| + | £, 0) — £ (2,0)
< O (CU)E) + 0 (C(K)) (16 = Ol + 195 — Oucl)

from (13) and hence (noting fy(z) is bounded away from zero and bounded from above)

@) _ b fole)
f(z,0) f(@,0) = fo(z) + folz) sup ’f (z,0) — fo(x)| + fol(x)
§ olz)

O (C(K)K =) + O (C(K)?) ([10° = 0%l + 105 — O [1) + folz)
It follows that

15°Q(0)

b)) [y e o) [WEEOWE (XY

T2 9009 ~ sexico, (1 2 f(a:,e) )zef\f f(x,'é)E[ fo(X) ]

| fola) WK (X)W (X)
= 01522<0<<<K>K-s>+0<<<K>2><||e°—9}+||9;<—9K||>+fo<x>>E{ fo(X) }

Finally from E [ ();U)(V;K(X } I WK(;(O V;;((X fo(X)dx = [, WE(X)WH(X) dx = Ik, we conclude

[ 157Q(0) : ( fo(z) )
A( 3 000 ) > O R T o@D (16— O + 10 —0xD T fole) ) Y
From this, putting 6° = 0k, we note
162
A ( : 89%‘9)> > Cill—o(1) if 0 — Ol = 0 (C()?)
[ 19%Q(9) 1 .
Amin ( 2 9000 ) > C2O(C(K)2)(||9K —D otherwise.
Thus, from Q(6%) — Q(0x) > Amin ( %‘9829%99/ ) 105 — 0%||, it follows that
QUO%) - QOk) = Cil0x —OkI” if 05 — Okl = 0 (((K)?)
Q(0%) —Q0x) > O(CK)™?) [0k —0%| > O (C(K)™") otherwise. (44)

However, the case of (44) contradicts to (40) if s > 2, which means (40) implies [0 — 0| = o (((K)?)
under s > 2 and hence
Q) — QOx) = O |16 — . (45)

Together with (40), it implies C1 K~ > Q(0%) — Q(0x) > Cs |0k — 0| and hence under s > 2

105 — 05l = O (K~*/2) (46)
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as claimed in Lemma 2.1. Finally note [|x — 0% = o (((K)~2) as long as (46) holds under s > 2. Now

consider

sup | (@, 01) = (2. 03)| < sup | (WX ()'0x)” = (WH(@)'05.)’

TEX rEX
< sup [|[WH(2) 0k — WK (@) 0% | sup |[WH(2) 0k + WK (2)'0%||
zeEX TeEX

< sup W@ s~ 03cl sup W@ (loxl + 105D = 0 (5)*1"2)
zEX TeEX

from the Cauchy-Schwarz inequality, (46), sup,cy [|[W*(z)|| < ¢(K), and 16> < 1 for any 6 € ©,,. It
follows that

sup | fo(z) — fi(2)| < sup [fo(x) — f(z,0K)| + sup | f(z,0k) — f(z,0%)|
reX reX zeX

< O(CK)K™)+0 (c(K)2K—S/2) ~0 (C(K)QK_S/Q) .

D Uniform Law of Large Numbers

Now Define Q,, () = L3 In f(X;,0) and Q(0) = E[In f(X,6)] where 6 € ©,, defined in (4). We establish
a uniform convergence with rate as

sup Q\n(e) _ Q(@)‘ =0, (n—1/2+a/2+6>

€O,
following Lemma 2 in Fenton and Gallant (1996a), which is a variant of results obtained in White and
Wooldrige (1991), Gallant and Souza (1991), De Jong (1993) among others.

Lemma D.1 (Lemma 2 in Fenton and Gallant (1996a)) Let {©,} be a sequence of compact subsets of
a metric space (0,p). Let {s,;(0):0€0; i=1,...,n; n=1,...} be a sequence of real valued random
variables defined over a complete probability space (2, A, P). Suppose that there are sequences of positive
numbers {d,} and {M,} such that for each 0° in ©,, and for all 6 in 7, (0°) = {0 € ©,, : p(0,0°) < d,}, we
have |$n;i(0) — $,,i(0°)] < 2 M,,p(0,6°). Let G,,(7) be the smallest number of open balls of radius T necessary
to cover ©,,. If sup Pr{|> ", (5,i(0) — E [sn:(0)])] > €} < Ty,(e), then for all sufficiently small € > 0 and
all sufficiently laefg?h,

M,
Pr{ sup >eM,d, » <G, <5dn) T, (8 ndn) )
0cO,, 3 3

Now define s,,;(0) = 2 In f (X;,6). Then, we have Q,(0) = 3.7, 5,:(8) and Q(0) = Y1, E [5,4(8)]. To
entertain Lemma (D.1), in what follows, three conditions of Lemma (D.1) are verified.

n

> (50i(8) = E[5(9)])

i=1

Lemma D.2 Suppose Assumption 2.2 holds. Then, |sn;(0) — s,,:(0°)] < C2((K(n))? |0 —6°|.

Proof. Note if 0 < ¢ < a < b, then |lna —Inb| < |a — b| /e. Since f(z,0) is bounded away from zero for all
0 € 0, and z € X, we have 0 < C < f(x,0) from which it follows that

|$ni(0) = $n:(0°)] < [f(X3,0) — f(Xi,0%)| /nC.
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Consider

|f(Xi,0) — £(X5,0%)] = [WK(X,)'0 + WE(X,)0° [WE(X,)'0 — WE(X,)0°]
< sup [WH(2)]] (ll6]] + 116°]]) sup [WE @) 160 — 0°|| < CL¢(K)* (|6 —6°

since [|0]| < 1 for all § € ©,, and sup,cy |[W¥(z)|| = ((K). It follows that
[50i(0) = 50 (0°)] < 1£(X3,0) = f(X:,0°)] /nC < Ca((K)? (|0 — 0°|] /.
[

Lemma D.3 Suppose Assumption 2.2 holds and {(K) = O (K<). Then,

Pr{ >e}§20xp< —2¢ 2).
n(+2¢InK(n) + +C)

Proof. We have 0 < C; < f(z,0) < CoK* + 6()% by construction and since f(zx,#) is bounded
L b(@)dz

away from zero. Thus it follows that +C5 < s,;(0) < 22¢InK + 1C, for sufficiently large K. Hoeffd-
ing’s (1963) inequality implies that Pr(|Y; + ...+ Y,| > €) < 2exp (—2¢2/ 31, (b; — a;)?) for independent
random variables centered zero with ranges a; < Y; < b;. Applying this inequality, we have

Pr{ g €} < 20xp (—26% (:LQC In K (n) + ?110)2>

Lemma D.4 (Lemma 6 in Fenton and Gallant(1996a)) The number of open balls of radius ¢ required to
cover ©,, is bounded by 2K (n)(2/5 4+ 1)K()-1,

Proof. Lemma 1 of Gallant and Souza (1991) shows that the number of radius-6 balls needed to cover the
surface of a unit sphere in RP is bounded by 2p(2/5 + 1)P~1. Noting dim(©,,) = K(n), the result follows
immediately. m

Z (Sni (9) —F [Sni (9)])

i=1

n

D (50i(0) = Els0i(0)])

=1

Applying the results of Lemma D.2-D.4, finally we obtain

Lemma D.5 Let K(n) = Cn® with « € (0,1) and suppose Assumption 2.2 holds.
Then, supyce, ‘@n(e) - Q(a)‘ =0, (n—1/2+a/2+5) )

Proof. Let M, = C10 (K*) = Con*®, d,, = &-n~ D25 and p(6,0°) = [|§ — 6°||. Then from Lemma

D.1, we have
Pr< sup > en®h
0cO,,

< 4C_na(@n(2<—1)a+ﬁ+1)n T exp (_2 (m ) /n (ngan(n)+iC2) )

n

> (50i(8) = E[50i(6)])

i=1

€ 3
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applying Lemma D.2, Lemma D.3, and Lemma D.4.
Note 4C' - n (GC1 n<2<71)(¥+ﬁ +1)"" =1 is dominated by Csn®n((2¢=Da+A (" ~1) for sufficiently large n and
note n (12¢1In K (n) + %02)2 is dominated by n (£2¢1n K(n))2. Thus, we simplify

> eno‘ﬁ}

2
Cyexp (1 ( o, ((2¢=1)a+8)(n® 1)) g n2=20+1 1 (2¢ In K (n )))

n

st

i=1

(8ni(0) — E [5,:(0)])

IN

= Cyexp (a Inn+ ((2¢—1a+p6)(n*—1)Inn — %n%‘_wﬂ/ (2¢1n K(n))z)

for sufficiently large n. As long as 2a — 26+ 1 > a, %n%"w“/@g In K(n))2 dominates alnn +
((2¢ — Da+ B) (n* — 1) Ilnn and hence we conclude

Pr< sup >en® P L =0(1)
€O,

provided that O‘T'H > [ > «a. By taking 5 = % + %a — ¢ (the best possible rate), we have

n

> (50i(8) = E[5i(0)])

i=1

sup ‘Q\n(a) —Q(0)| = sup — Op(n7%+%a+5)

0€O,

Z (80i(0) — E [s0:(0)])

96@71 7

for all sufficiently small § > 0. m

Lemma D.6 Suppose (i) Assumption 2.2 holds and (m% 0. Letn, = n—Pn with 5, < 1/2-af2-5,
then
sup [ @ul0) = @ul0°) ~ (Q0) = Q0")| = 0, (mun™H/>/247)

16—6°[<o(n,),0€On

Proof. Applying the mean value theorem for 0 that lies between 6 and 0°, we can rewrite

Qn(0) — Qn(0°) — (Q(0) — Q(6°)) (47)
_ _ 9 (Qu(0) - Q)
= Qu(®) - Q) — (Qu#”) - Q") = 7 (0-6°).
Now consider for any 6 € 6,
9Q.(9) a@ 1o~ (WR(X)WH(X,)'0 W (X)W (X:)'0
90 ey ( )L [ 7 (X,.0) D (48)

and define L,; = (WK();E);?:,Z)(Xi)/G _E [WK()?();:;)(X'L')IQ}) Noting L,; is a triangular array of i.i.d

random variables with mean zero, we bound (48) as follows. First consider

_\ 2
Var(Ln] < E[Lull]=E (”m) WK (X)W (X, (19)
WK (X,)WK (Xi)lel [WK (XZ-)WK(Xi)’G] '
_E _ B _ .
f(Xi,0) £ (Xi,9)
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The first term in the right hand side of (49) is bounded by

(WK(Xi)/G

| 00X/ [y 8 folXi) | WE X)Wy
f(XuG) 1 (%, 0) fo(X2)

) WE(XHWE(X;)

= FE

- _ @d(@)/ [y o@)da )\ fo() FX)WR (X))

= sex Deon ((1 f (x,0) > f (96,9)> { Jo(X5) }
fo(z) WK

< weéi%i@n (f (x’0)> E { ] Cilx

since f (x,0) is bounded away from zero uniformly over X and 6 € ©,, and since fo(x) is bounded away
from above. Next consider, for the second term

WK( )WK( ) WK(Xi)WK(Xi)’g / WK(Xi)WK(Xz)' — WK(XZ')WK(XZ)/
FE — =F — 09 FE —
f(X:,0) f(X:,0) f(X:,0) (X;,0)
fo(z) WHE(X)WHE(X;) WHE(X)WHE(X;) A7
<$e§u£@n ( f(2,0) )) { fo(Xi) ] wE [ fo(X3) ] = 00

since sup, ¢ y geo
)

/N

fO(x) ) < 00 as before. Now note

()

uniformly over § € ©,, since H§H2 < 1 for any 0 € ©,, by construction. It follows that

o (/)

from the Markov inequality. Thus, noting O, (1 / 5) = 0p (n’l/%‘l/z*‘s) for K = n® and sufficiently small

n

IN

tr (Var [Lng]) < \/ Cutr (Ige) + Catr (@)

1 n

= ChK + Cy H§H2 = O(\/?)

LI
f

sup

0cO,

ni

00 00

|a@n<> 9Q(9)

0, we have

sup [|Qn(0) ~ Qu(8) - (@(0) - Q(0°)|

16-6°]| <o) 6€00

0 (Qu(6) - Q(0))
00

sup (10— 0% = o, (nn 72/
l0—06°ll<o(n,,),0€Ox

< sup
6co,

from (47) applying the Cauchy-Schwarz inequality. m
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E Proof of Lemma 2.2

First, from (43) and |0} — 0k | = O (K~*/2) with s > 2, we note that

[ _19%Q0) . folz) )
e < 2 8609 ) = <0<<<K>Ks> +O0 (K (10 = 05D + fola)
where 6 lies between 6 and 6% and hence from (41),

> Cy)|0 - 05| if 10— 0% = o (¢(K)?) (50)
QO) — Q) > Cal(K)72||0 — 03| otherwise.

Denote K =1/2 — a/2 — § and 7,,, = o(n~"). We derive the convergence rate in two cases: one is when 7,
has the equal or a smaller order than o (((K)™*) and the other case is when 7, has a larger order than
o (C(K)™).

1) When nq,, has equal or smaller order than o (((K)™*), which holds under o < %:

Now let 8o, = /27y, For any c such that C;c® > 1, it follows

Pr (||0x - 03| > 00 ) < Pr ( sp Qo) énw}‘a) (51)

|[6—0%||>cdon,0€0,

< vr (s [0.0) - Q)| >

0c©

+Pr ({ sup |Qu(6) — Q(6)| < non} n { sup - Qu(0) > @nw})})
0€0, |0—0% ||>cdon .06

< sup ’Qn - Q(@)’ > n0n> + Pr ( sup Q) > Q%) — 277%) =P+ P

IN

0€0,, |[0—67% || >cdon.0€0n

Now note P; — 0 from (16). Now we show P, — 0. This holds since Q(6) has its maximum at 6%. To be
precise, note

Q%) - Q(O) = Cif—0%|* = 2Ci%ny, if (10— 05| = o (C(K)?)
QO) — Q) > C(K)72|6— 05| > C3¢(K)™* otherwise
and hence
sup Q) - Q0%) < —2C1c?ng, if 1|0 — 0%l = o (C(K)™?)
||0—0% ||>cdon.0€0n
sup QW) —Q0)) < —Cs¢(K)™* otherwise.

||0—0% ||>cdon.0€0n

Therefore, as long as C1¢? > 1 and ((K)*n,, — 0, we have P, — 0. ((K)*n,, — 0 holds under o < 1

Thus, we have proved HgK — Q}}H = 0,(n""/?). Now we refine the convergence rate by exploiting the local
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curvature of CA),L(H) around 0%. Let 1, = n"%dg, =0 (n_(”““”‘/Q)) and 01, = /N1, =0 (n_(“/2+“/4)). For
any c such that Cyc? > 1, we have

Pr (H@K — H}H > 0(51”) <Pr sup @n(H) > @n( %) (52)
Son2|0—0%[[>co1n.6€0,
< P sup @n(8) = QulB) — (Q(0) — Q)| > m,
Son>||0—0% ||>co1n,0€0,
sup @n(8) = Qul8) — (Q(6) — Q)| <
60n2||9_0;(||2051n70€®n
+ Pr
N sup Qn(0) > Qn(0%)
Son>|0—0% ||>cb1n,0€6,
< Pr sup Qn(0) — Qn(0%) — (Q(0) — Q(O%))| > My
Son>||0—0% ||>co1n.0€65,
+ Pr sup QO) > Q%K) —mn | =P+ P

Son>|0—0%||>co1n,0€0.,
where? P; — 0 from Lemma D.6 and P; — 0 similarly with P, noting

sup Q(e) - Q(Q*K) < _010277171,
Son>]|0—0% ||>co1n,0€65,

by (50) and since [|0 — %] = o (((K)~?2) for any 0 such that do, > [|0 — O%|| > cd1, under v < £. This

show that H@K — G}}H = 0,(n~("/2+5/4)) Repeating this refinement for infinite number of times, we obtain

HgK — 0k = Op(ni(ﬁ/2+n/4+ﬁ/8+m)) =o0p(n~") = Op(”71/2+a/2+6)

9Note

sup |1(0) — Qu(0%) — (Q(0) — QE3))| < s

Son>|0—0%||>c1n,0€0,

implies, for any 6 such that dg,, > H0 — 9’%“ > cin,
~Min = sup (Q(0) — Q(0%))

Son>|0—0%||>co1n,0€0,

Qn(0) = Qn(0%)

IN

IN

Nin + sup (Q(0) — Q(f%))

Son>||0—0% [|>cs1n.0€0,

and hence we obtain

sup Qn(0) = Qn(0%) <1, + sup (Q0) — Q%))
Son>||0—0% ||>c61n,0€00n Son>||0-0% [|>c51n,0€0,

Therefore,

Pr ( sup Qn(0) — Qn(0%) > 0) <Pr ( sup Q) > Q%) — nln) ;
Son>||0—6

il[>cé1n.0€0, Son>||0—0%||>cd1n,0€0,

from which we have obtained the third inequality.
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under a < &.
2) Now we consider when 1, has larger order than o (C(K)_4) (which holds under a > %)
Let 6o, = o (((K)~2) n” for 8 > 0. Then, from (51), we have

Pr (H@K — G}H > Cg()n)

< ( sup ‘Qn - Q(Q)) > Uon) +Pr sup Q) > Q%) — 21y, | = P+ P».
0€®,, [0—6%||>cdon 0O

Again note P; — 0 from (16). Now we show P, — 0. Note from (50),

sup Q) — Q(0) < —Cal(K) 210 — 0% || < —o (¢(K) ™) n”
l0—0% ||>cdon .06

since |0 — 0% > o (¢(K)™?) for any 6 such that [|§ — 6% > don. It follows that P, — 0 as long as

C(K)*n=Pn,, — 0, which holds under

5 1

and hence the convergence rate will be o, (d0r) = 0, (n_a+ﬁ). Now we refine the convergence rate by
exploiting the local curvature of @, () around 6} again. Let 7, = n""do, = 0 (n_((a_5)+”)) and 1, =
Vi, = o (n=((e=B)/24x/2)) " Then, from (52), we have

Pr (H@K - 0}“ > cgln> (54)

< Pr sup Qn(e) - Qn( *K) - (Q(@) - Q(e*K)) > ,ﬁln

5OW>H0 0* ||>c51ﬂ ,0€0,

+Pr sup QW) > Q0x) =My, | =Ps+ Pu
Son>||0—0% || >co1n,0€0,

where P3; — 0 from Lemma D.6. Now we show P;; — 0 similarly with P,. Here again we need to consider
two cases:

-1) When, b1,, has equal or smaller order than o (¢(K)~?%), which holds under 8 < 2 — 2o — § and hence
from « > 8 and (53) it requires 1/5 < a < 1/4. Under this case, note

* * =2 ~ . * —
_ sup Q) - Q) < —Ci[0—0k|” < —C1¢%y, = —Cac®Ty,, i [0 = O] = 0 (C(K)™?)
don>||0—0%||>co1n,0€0,
sup Q) — Q%) < —Col(K)7? |0 — 05|l < —Ca((K) ™" otherwise
Son>||0—0%]|>cd1n,0€0n

by (50) and hence Py — 0 as long as Cic2 > 1 and ((K)%,,, = C(K)*,,n "0on = C(K)20 (n="nf) — 0,

which holds under g < % - %a — J. Repeating this refinement for infinite number of times (noting that for

any 6 such that 61, > || — 07|, we have |0 — 87| = o (C(K)~2)), we obtain

lim (Zf:l ;’HLZM))

0xc — 0| = oyl (2 ) = 0p(n™")
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and hence the effect of n,,’s having larger order than o (C(K)_4) disappear (((XZB) goes to zero as L goes

to infinity)). This makes sense because the iterated convergence rate improvement using the local curvature
will dominate the convergence rate from the uniform convergence.
2-2) When 61, has bigger order than o (¢(K)~?), which holds under 3 > 1 —2a—dand 1/3 > a > 1/4:

In this case, we let d1,, = dp,n~7 for some v > 0 and hence we require 8 > 7. From (54), we note

pr ([ - 03] = )

< Pr sup @0 (8) = Qul0) — (Q(O) = QO3)| > v,

gOnZ HH—@’;( ||26’51n,0€®n

+ Pr sup Q(H) > Q(@}) — ﬁln = P3 + P42.
Son>||0—0%]|>c1n,0€0,

We have seen that Ps goes to zero since 71, = n”‘gon and by Lemma D.6. Now we verify P goes to
zero. From (50), to have Py, — 0, we require that ¢(K)~28y, have a bigger order than 7, and hence we
need v < é — 37"‘ — 0. Now we improveN the convergence rate again using the local curvature by defining
Tom =N "01p =0 (n_((a_5+7)+“)) and 62, = /7, = 0 (n_((a_ﬂ+7)/2+”/2)). Then, similarly with before,
at the end, we will obtain H@K - 9}‘ = 0,(n"") as long as 2 has equal or smaller order than o (C(K)™2).

The tricky case is again when 02, has a bigger order than o (((K)~?2), which happens when f—v > 1 —3a—4§

but applying the same trick, at the end, we will obtain the same convergence rate of H@K - G*KH = o,(n™")
as long as 1/3 > a. Combining these results, we conclude that under o < 1/3, we have

H’H\K e n71/2+a/2+5).

= 0,(n™") = o,

This result is intuitive in the sense that ignoring ¢, we obtain o (Cj (K)_2> =o(n ") =n"3at a =1/3

and hence if a > 1/3, there is no room to improve the convergence rate using the local curvature.

F Proof of Lemma 3.1

Note
1
ci(y) In f(x;)
ny =1 iez./\;m
1 1=
= > (1) In o) + - > (=) Inf(x)+ 0, (H > Pr(i ¢Nm>>
i odd 7 even =1

=SBy [ ()] + 0,(1) + (=) By [ f()] + 0p(1) + 0p(1) = By [In f(1)] + (1)

by the law of large numbers under Condition (i) and by Condition (iii). Similarly we have

- 1_1 Y cMgein) = Ef[ng(wi)] +op(1), - 1_1 > (1) Ing(ys) = Eq [Ing(y:)] + 0p(1)
v PEN, v i€ENy
LS )W) = Byl flyien)] + op()

v iEN
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and thus I, — I noting I(f, g) can be expressed as I(f,g) = Ef [In f(z;) — In g(xi11)]+Ey [0 g(yi) — In f(yi1)].
P

Condition (iv) implies fw — FIVW — 0. From these, we conclude fv — I
P P

G Convergence Rate of the Log Density

C(K)*K
n

Lemma G.1 Suppose Assumption 2.2 holds, — 0, and fA is the SNP density estimator from the

sample {x;}_,. Then,

%Z (ln J?(a?i) —In fo(a?i)) =0, (n—1+a+26) +O(K—).

Ny Ny

Now consider an additional sample {v;};-*, where the true density of v; is also fo. {v;};=, can be a subsample

of {z;}_, or partly contains some of {x;}'_, or totally independent with {x;}}_,. Provided that n, = pn
for some positive constant p, we have

n—z(lnfv, ~In fo(v:)) = O (C(K)?) 0, (n™1+27) 4 O(K )

=1

Thus, under o < 1 —§ and s > -,
}1; (1n flw) — 1o fo(w)) = 0, ( i) and niz (7o) =1 fo(w)) = 0y ( i) '

Proof. Applying the second order Taylor expansion where 0 lies between 0% and EK, we have

% i (ln f(a:l) —1In fl*((xl)) (55)
i=1

Lys A Lgs ey L S S (g
= =N (O — ) — (0 —Ok) =Y 2990 (g5 — )
n i=1 f(xla GK) 2 n i=1 f(xm 9)

n Bf(l’mg) Bf(m“g)

1 ~ 1 : .
+2(0% —0x) = 90 90" (p* 9.
2( x —0K) n; ) (0% — 0x)

0f(ei0k) 25 (@i 05
First, consider £ 37 | %(QK —0%) = 0since LY | f(x 91{) =0 from the F.O.C of (6). Next, note

n_ 9*f(wi,0) n_ 9f(wi,0) 8f(z:,0)
11 ; 11 ;
0090 | — 96 06 (56)

2n i=1 f(x“Aé) 2n i=1 f($z75)2
LS W a1 g (D 7 o)

= f(z,0) P f(xi,0)?

_ 1— 260¢($i)/f)( (;S(x)da: fo(%) WK(xi)WK(xi)’
f(ﬂ%ﬂé) f(xi,g) Jo(ws)

vEX,0€0,, f(iv, 9) n fo () P fo(wi)

IN
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similarly with (42) noting 0 < sup,cy gco, (1 - ZW—XQ)W) < 1 for sufficiently small ¢y and noting

SUpP,cx ( folz) ) < 0o. This implies that the eigenvalues of (56) are bounded from above, since by Newey

f(z,0)
(1997) (noting F [W} = [ex WE(@)WH(2) dx = I), we have
1 & WHE () WHE () K
— —Ig||=0 K\ — 57
nZ e K| = 0p | CE) (57)
which implies the probability that the largest eigenvalue of 1 ZZ 1 W is smaller than 3/2 goes
to one. Therefore, from (55), we conclude that
1 & ~ .
ﬁ Z (ln f(zi) —In fK(xi)) (58)
n 9f(z,0) n 8f(xi,0) f(x:,0)
~ |2 11 “Zaae— 11 s e
< ‘ —eKH Amax “oeow 1IN~ Te " oe
27’2 f(@i,0) 2”; f(i,0)?
2
< 0Oy () > =0, (n~11T20)

by Lemma 2.2. Using the notation in Appendix D, consider

=3 (n i) — I fol) (59)
i=1
= Qa8 QW) + QB0 — QUOK) + QUO3) — Qulbs) - ( Zln folai) - ;Zlnfm»)‘
< |Qu03) = Q30) — (Qul0x) - QwK))\ +1Q(5) — Q0| + Zlnfo zi) - lean z:)
Now note ‘@n(é);{) Qo) - (Qn (k) — )‘ n~—1/2+a/2+8) O (K~*/2) by Lemma 2.1 and Lemma
D.6 and note |Q(0%) — Q(0k)| = O (K ) (40). Slmllarly with (37), using |In(1 + ¢)| < 2]¢| in a neigh-
borhood of ¢ = 0, we also bound the last term as
|i ; In fo(z;) — % ;m frc (@) (60)

1 n
sﬁzz

i=1

fo(zi) — f(ﬂ?iﬁK)’
f(xz"g}()

SN2l Ry @)e A WE @) 0| g (e "4 — WK (2,)0
n ‘f(%ﬂ;{)“ folwi)e + (x;) KH o (z4)e (2;) K‘

" folz) | R Vo hyy (zi)e /4| W (2;)0x
= e J(@,0x) | e hal®) ‘ z:( Vi z) folzi) )
v/ fo(@)

Note sup,cy 2 ‘ Taoc | < 00 and sup,cy ‘hfo (z)e=o"/4 — WK(Z‘)IGK‘ = O(K~*). The Markov inequality

gives 1 57" hga)e it = O,(1) from (38). Finally recall 13" WE@)0x|) = (1) by the
n o=l Vo) b =L\ Vo) v
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Markov inequality from (39). Thus, we conclude

1 1 .
’n ;mfo(xi) - ;me(xi) =O(K™*)
and hence from (59), it follows that
1 n
=3 (nfie(a) ~In fo(a:i))‘ =0, (n—1/2+a/2+6) 0 (K—s/2) +O(K™). (61)
i=1

Thus, from (58) and (61), we have

iz(lnfzq lnf0z1>

?

n

+ (In fx (z:) —In fo(z:))

NE

1
n

(lnf x;) —1n fi (xz))

=1

1
n
1

( —1+o¢+25)+0(K—s)

o

0p n—1+a+26) (n—1/2+a/2+6) 0 (K—s/2) FO(K™) + O(K™*

which implies for K = O (n%),
1 & - 1
- Zl (lnf(l’z') - lnfo(ﬂii)> =0p < n)

Ty

with a < % — 26 and s > % Now we derive the bound for ni ; (1n f(vl) —1In fo(vi)) First, we bound

n% i (ln f(vl) —1In f;((vz)) Applying the second order Taylor expansion where 0 lies between 0% and 5;(,
i=1

we have
n— Z (lnf v;) lan(v,))
Y i=1
1 i 6f(5197/91<) . i 6({9(5;;9) af(Uw ) afgg’ﬂ) N
= =N Gy —06%) - aK — k) - ~ 0k —Ox).
i3 J(vi,0k) ni3 Uza‘g) f(vi79)2
o n n Bf(v 8K)
Define fc = argmax -~ 3" In f(v;,6) and hence - > 7", 7— = 0, assuming K(n,) = K(n) for
0€0,,fEE, v v f(vz) K)

sufficiently large n, which can be justified since n, = pn for some positive constant p. Consider

1 & f(vi,0K) 1w Af (vi,0x) 1 & Af(vi,0K)
=y —90___ - N _ 9~ \N"__90
N = f(vi,0K) N = f(vi,0k) T = f(vi,0K)
_ 1 & (WK(vi)’gK) WE (v;) ) 1w ( K(v;)0 > K (v;)
L et f(Uz',aK) Ny fvi,0k)
no (W (0:) 0k ) flvi,0x) — F(vi, 05 K (wy)
el ) (W5 (0)0xc) 03s0)) W )
Uy f(viagK)f(UiagK)
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Now note

- 2<(WK ” 'EK) (W i) 1) W i)' (05 — Bxc) - <eo¢ v/ [ ¢ dv) (v)' (Bxc 0K)>
_ ((W“UU@Q WKvlm(—2m¢%//¢ dOvW%%)@K—mQ
= ((WK(UZ)’HK)Q—%(WK(UZ) GK) (WK(Ui)9 (vi) 9K) — 2¢600(v; // o )

xwkmy@K—@Q
= (f(”iﬁK) + (v, 0x) — 460¢(Uz')//X ¢(U)d’U) W (v;) (éK - aK) - (WK(W)’ (9}( - aK)>3

which implies
ny  Of(vi,0x)
1 00 -

Mo i3 f(viab\K) (62

Ty

1 1 1
m’;(f(viagK)+f(UivéK)>WK( : (
lrm(wkmy@Kf@wamwg
Ox)

+n72 _

i=1 J(vi, 0 ) f(vi, Ok

(3 ! éK 75}() WK(’Ui)

i degp(v /fx > K O — 0 KU‘
! n”iz;(f(%@z()f(vi,@;{) wh )(K K)W (vi)

< C(Cisup HWK(’U)H2 Héx —b\KH + Cy (Sup HWK(U)H>4 HéK —gKH?’
vEX veX

where the second inequality is obtained since f(-,:) is bounded away from zero uniformly over X and
©,, and applying the Cauchy-Schwarz inequality. Note the true density of v; is also fy and hence 0} =

argmax F [In f (z;,0)] = argmax E [In f (v;, 0)]
6co, €0,

[~ < [p
from Lemma 2.2. From (62) and (63), it follows that

1 o 2f(ilx) 1 o, 2 (wi0x)
il 679'(@{ —0%) il 90"

= K
i3 f(vi, 0x) i3 f(yiaeK

(O (((K)2) op (n—1/2+a/2+5) L0 (C(K))4 op (n—3/2+3a/2+36>) 0p (n—1/2+o¢/2+6)
O (C(K)?) op (n1F420)
)

Now similarly with (56), we also obtain

11 Ny <8 f(v:,0) Bf(vi,0) Of (v:,6)

Jwi,0)  f(vi,0)? )S . ; fo (01

—0k|| = op <n_1/2+“/2+5> (63)

*
[ =i

2n
Yoi=1
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and hence Apax <—§nlv Z?:H F(v:,0) f(%g)

(57) under % — 0. Tt follows that
1 <Ay = .

= (I fw) ~In fie(v))
Vi=1

L5 %M 11 i 32@}“0%575) 8f(;;,5) afggﬁ)
S L — HGK HKH+H0K70KH Amax _ o0’
AGE 9K C2n, —\ f(vi,0) F(vi,0)?

0] (C(K)Q) 0p (n 1+a+26) +op (n 1+a+26) -0 (C(K)z) 0, (n71+a+25).

Next, a careful inspection reveals that

nﬁz In fic(v5) = In fo(v3)) = op (= /24e/245) O (K=*/2) + O(K )

i=1

02 f(v;,6) Bf(v ,0) 9F(vy,60)
( )> < oo with probability approaching to one by

Ty
K2

similarly with (59) noting (i) still ’@nv (0%) — Q(0%) — (@nv (0k) — Q(GK))‘ = o0, (n~1/2Fe/248) O (K—=2/2)

and |Q(0%) — Q(Ok)| = O (K~*) since argmax F [In f (v;,0)] = 0%, the density of v; equals to fy, and
0€O,

TZ"“ In fo(vs) — nlv S In fi(v;)

n, = pn and noting (ii)

= O(K~*) similarly with (60). Therefore,

niv Zz_’; (lnf(vi) - lnfo(vi))‘
= ni ) (ln F(o)) = In fi(v) ) %Z In f7(v;) lnf(vl))‘ = 0 (¢(K)?) 0p (n1H2+20) L O(K )
Y i=1 i=1
which becomes o, (ﬁ) under a <1 —fands> ;L. m

H Proof of Lemma 3.2

Consider
1 N
=5 2 a0 (Fla)/ ()
1EN,
1 n—1 N 1 n—1 '
= T Z ci(7) (lnf(l‘i) - hlf(xi)) +0 (n—l Z Pr(i ¢ Nx))
n—1 n—1
= S (e )+ S (=) () )
i=1,0dd i=1,even
n—1
+0 i1 ;Pr(i §é/\/x)> .
Now note under & < ; — & and s > 5,
S () - f@) = oV and Y (Infla) —nf(z) = 0,(v)
i=1,0dd i=1,even



from Lemma G.1 since {z;};.,,5 and {z;},.,,., are subsamples of {z;};_,. Also O (ﬁ S Pr(i ¢ Nx)) =

Op (ﬁ) under o« < 1 — 26, 5 > 2+ 4, 5f( ) = o(n~%), and dg(n) = o(n~%) as shown in Section 3.2.
Therefore under o < ¥ — 6, s > max{5-,2+ -}, d7(n) = o(n~%), and §,4(n) = o(n"%), we have
1 ~ 1
Sl (/) = o ().
1EN,
Similarly we can show that —— ZieNy () In(g(yi)/9(y:)) = op (ﬁ) Now we bound
1 ~
— > c(y)n <f(yi+1)/f(yi+1)>
i€ENy
1 n—1 N
= —= > e (I f @) ~In f(gin) + 0 ( ZPr (i ¢ Ny) )
i=1
1 n—1 N 1 n—1 N
—] Z (1+7) (lnf(yi-i-l) - lﬂf(yi+1)> T Z (I—=7) (lnf(yi+l) - lnf(yi-i-l))
i=1,0dd 1=1,even
1 n—1
+0 <n — ;Pr(z géNy)) .
Again note under « < 4+ —¢ and s > i,
n—1
> (0 F i) = f (i) = op(v) and > (10 Flyisn) =0 f(9341)) = 0p(V)
i=1,0dd 1=1,even

from Lemma G.1 since the true density of y; equals to f under the null (f = g) and {yiy1},. Odd and
{Yi+1};.00e, are subsamples of {y;};_,. Also note O (n D "Pr(i ¢ Ny)) =0, (ﬁ) under o < 1 — 2§,

s>2+ 24, 6;(n) =o(n” %), and dg(n) = o(n~ %) as shown in Section 3.2. Therefore under a < % -
s >max{5=,2+ 1=}, d5(n) = o(n’%), and d4(n) = o(n"%), we have

S am (Fen)/ 1) =0 (2 )

ieENy

Similarly we can show that —L; Yien, Ci(M I (g(zit1)/9(zit1)) = op (%)
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