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Abstract

Variance reduction techniques like SVRG (Johnson and Zhang, 2013) provide simple and fast al-
gorithms for optimizing a convex finite-sum objective. For nonconvex objectives, these techniques
can also find a first-order stationary point (with small gradient). However, in nonconvex optimiza-
tion it is often crucial to find a second-order stationary point (with small gradient and almost PSD
hessian). In this paper, we show that Stabilized SVRG — a simple variant of SVRG - can find an
e-second-order stationary point using only O(n?/3 /% 4+ n/e!*>) stochastic gradients. To our best
knowledge, this is the first second-order guarantee for a simple variant of SVRG. The running time
almost matches the known guarantees for finding e-first-order stationary points.

Keywords: nonconvex optimization, saddle point, variance reduction

1. Introduction

Nonconvex optimization is widely used in machine learning. Recently, for problems like matrix
sensing (Bhojanapalli et al., 2016), matrix completion (Ge et al., 2016), and certain objectives for
neural networks (Ge et al., 2017b), it was shown that all local minima are also globally optimal,
therefore simple local search algorithms can be used to solve these problems.

For a convex function f(x), a local and global minimum is achieved whenever the point has
zero gradient: V f(z) = 0. However, for nonconvex functions, a point with zero gradient can also
be a saddle point. To avoid converging to saddle points, recent results (Ge et al., 2015; Jin et al.,
2017a,b) prove stronger results that show local search algorithms converge to e-approximate second-
order stationary points — points with small gradients and almost positive semi-definite Hessians (see
Definition 1).

In theory, Xu et al. (2018) and Allen-Zhu and Li (2017) independently showed that finding a
second-order stationary point is not much harder than finding a first-order stationary point — they
give reduction algorithms Neon/Neon?2 that can converge to second-order stationary points when
combined with algorithms that find first-order stationary points. Algorithms obtained by such re-
ductions are complicated, and they require a negative curvature search subroutine: given a point z,
find an approximate smallest eigenvector of V2 f(x). In practice, standard algorithms for convex
optimization work in a nonconvex setting without a negative curvature search subroutine.

© 2019 R. Ge, Z. Li, W. Wang & X. Wang.
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What algorithms can be directly adapted to the nonconvex setting, and what are the simplest
modifications that allow a theoretical analysis? For gradient descent, Jin et al. (2017a) showed
that a simple perturbation step is enough to find a second-order stationary point, and this was later
shown to be necessary (Du et al., 2017). For accelerated gradient, Jin et al. (2017b) showed a simple
modification would allow the algorithm to work in the nonconvex setting, and escape from saddle
points faster than gradient descent. In this paper, we show that there is also a simple modification
to the Stochastic Variance Reduced Gradient (SVRG) algorithm (Johnson and Zhang, 2013) that is
guaranteed to find a second-order stationary point.

SVRG is designed to optimize a finite sum objective f(x) of the following form:

f@) = 3 i)
=1

where evaluating f would require evaluating every f;. In the original result, Johnson and Zhang
(2013) showed that when f;(x)’s are L-smooth and f(z) is u strongly convex, SVRG finds a point
with error € in time O(nlog(1/€)) when L/u = O(n). The same guarantees were also achieved by
algorithms like SAG (Roux et al., 2012), SDCA (Shalev-Shwartz and Zhang, 2013) and SAGA (De-
fazio et al., 2014), but SVRG is much cleaner both in terms of implementation and analysis.

SVRG was analyzed in nonconvex regimes, Reddi et al. (2016) and Allen-Zhu and Hazan (2016)
showed that SVRG can find an e-first-order stationary point using O(”;/ ® + n) stochastic gradients.
Li and Li (2018) analyzed a batched-gradient version of SVRG and achieved the same guarantee
with much simpler analysis. These results can then be combined with the reduction (Allen-Zhu
and Li, 2017; Xu et al., 2018) to give complicated algorithms for finding second-order stationary
points. Using more complicated optimization techniques, it is possible to design faster algorithms
for finding first-order stationary points, including FastCubic (Agarwal et al., 2016), SNVRG (Zhou
etal., 2018b), SPIDER-SFO (Fang et al., 2018). These algorithms can also combine with procedures
like Neon?2 to give second-order guarantees.

In this paper, we give a variant of SVRG called Stabilized SVRG that is able to find e-second-
order stationary points, while maintaining the simplicity of the SVRG algorithm. See Table 1 for
a comparison between our algorithm and existing results. The main term O(n?/3/€?) in the run-
ning time of our algorithm matches the analysis with first-order guarantees. All other algorithms
that achieve second-order guarantees require negative curvature search subroutines like Neon2, and
many are more complicated than SVRG even without this subroutine.

2. Preliminaries
2.1. Notations

We use N, R to denote the set of natural numbers and real numbers respectively. We use [n] to
denote the set {1,2,---,n}. Let I be a multi-set of size b whose i-th element (i = 1,2,...,b)
is chosen i.i.d. from [n] uniformly (I, is used to denote the samples used in a mini-batch for
the algorithm). For vectors we use (u,v) to denote their inner product, and for matrices we use
(A, B) := 3, ; AijBij to denote the trace of ABT. We use || - || to denote the Euclidean norm for
a vector and spectral norm for a matrix, and A\pax(+), Amin () to denote the largest and the smallest
eigenvalue of a real symmetric matrix.

Throughout the paper, we use O(f(n)) and Q(f(n)) to hide poly log factors on relevant param-
eters. We did not try to optimize the poly log factors in the proof.
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Algorithm Stochastic Gradients | Guarantee | Simple
SVRG (Reddi et al., 2016) Y
(Allen-Zhu and Hazan, 2016) O(* + 1) Ist-Order | v
Minibatch-SVRG (Li and Li, 2018) O™ +n) Ist-Order | v
Neon2+SVRG (Allen-Zhu and Li, 2017) | O("o" 4 4 4+ %7 | 2nd-Order |  x
Neon2+FastCubic/CDHS =~ n . p3/4
(Agarwal et al., 2016; Carmon et al., 2016) o( as T 5177“’) 2nd-Order %
SNVRG"+Neon2 (Zhou et al., 2018ab) | O(™2 + % + %7s) | 2nd-Order
SPIDER-SFO™ (Fang et al., 2018) Oy +25) | 2nd-Order | x
Stabilized SVRG (this paper) O + ) | 2nd-Order | v/

Table 1: Optimization algorithms for non-convex finite-sum objective
2.2. Finite-Sum Objective and Stationary Points

Now we define the objective that we try to optimize. A finite-sum objective has the form

z€R4

min {f(x) = ;zn:fl(x)}, (D
i=1

where f; maps a d-dimensional vector to a scalar and n is finite. In our model, both f;(z) and f(x)
can be non-convex. We make standard smoothness assumptions as follows:

Assumption 1 Each individual function f;(x) has L-Lipschitz Gradient, that is,
Vo, xp € RY, |V fi(z1) = V fi(xa)|| < Loy — a2fl.

This implies that the average function f(x) also has L-Lipschitz gradient. We assume the aver-
age function f(z) and individual functions have Lipschitz Hessian. That is,

Assumption 2 The average function f(x) has p-Lipschitz Hessian, which means
Vay,xg € RY, (V2 f (1) — V2 [ (22)|| < pllas — wall;
each individual function f;(x) has p'-Lipschitz Hessian, which means
Vay,xg € RY, |V fi(x1) — V2 filwa)|| < p'llw1 — a2ll.

These two assumptions are standard in the literature for finding second-order stationary points
(Ge et al., 2015; Jin et al., 2017a,b; Allen-Zhu and Li, 2017). The goal of non-convex optimization
algorithms is to converge to an approximate-second-order stationary point.

Definition 1 For a differentiable function f, x is a first-order stationary point if |V f (z)|| = 0; x
is an e-first-order stationary point if |V f (z)|| < e.
For twice-differentiable function f, x is a second-order stationary point if

|V f(x)|| = 0and Amin(V2f(z)) > 0.
If f is p-Hessian Lipschitz, x is an e-second-order stationary point if

IVf(@)]| <€ and Anin(V>f(2)) > —\/pE.
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This definition of e-second-order stationary point is standard in previous literature (Ge et al.,
2015; Jin et al., 2017a,b). Note that the definition of second-order stationary point uses the Hessian
Lipschitzness parameter p of the average function f(x) (instead of p’ of individual function). It is
easy to check that p < p’. In Appendix F we show there are natural applications where p’ = ©(d)p,
so in general algorithms that do not depend heavily on p’/p are preferred.

2.3. SVRG Algorithm

In this section we give a brief overview of the SVRG algorithm. In particular we follow the mini-
batch version in Li and Li (2018) which is used for our analysis for simplicity.

SVRG algorithm has an outer loop. We call each iteration of the outer loop an epoch. At the
beginning of each epoch, define the snapshot vector = to be the current iterate and compute its
full gradient V f(z). Each epoch of SVRG consists of m iterations. In each iteration, the SVRG
algorithm picks b random samples (with replacement) from [n] and form a multi-set I;, and then
estimate the gradient as:

wim 3 Y (Vhile) — VA@E) + V@)

i€l

After estimating the gradient, the SVRG algorithm performs an update x;11 < x; — nv;, where
7 is the step size. The choice of gradient estimate gives an unbiased estimate of the true gradient,
and often has much smaller variance compared to stochastic gradient descent. The pseudo-code for
minibatch-SVRG is given in Algorithm 1.

Algorithm 1 SVRG(xzg, m, b, n,.5)

Input: initial point g, epoch length m, minibatch size b, step size 1, number of epochs .S.
Output: point xg,,.

1: fors=0,1,---,5—1do

2:  Compute V f(zsm)-

3 fort=1,2,...,mdo
4 Sample b i.i.d. numbers uniformly from [n] and form a multi-set ;.

5: Vsm4t—1 < %Zielb (Vfi(wsm-l—t—l) - sz(wsm) + vf(xsm)))
6:
7

Tsm+t < Tsm+t—1 — NMVsm+t—1-
end for
8: end for
9: return xg,,.

3. Our Algorithms: Perturbed SVRG and Stabilized SVRG

In this paper we give two simple modifications to the original SVRG algorithm. First, similar to
perturbed gradient descent (Jin et al., 2017a), we add perturbations to SVRG algorithm to make
it escape from saddle points efficiently. We will show that this algorithm finds an e-second-order

stationary point in 6((”2/?;5Af + n\e/lﬁ_?f)(l + (nf;/gp)Q)) time, where Af := f(x0) — f* is the
difference between initial function value and the optimal function value. This algorithm is efficient

as long as p’ < pn'/3, but can be slower if p’ is much larger (see Appendix F for an example where
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p' = ©(d)p). To achieve stronger guarantees, we introduce Stabilized SVRG, which is another

simple modification on top of Perturbed SVRG that improves the dependency on p'.

3.1. Perturbed SVRG

Algorithm 2 Perturbed SVRG(zg, m, b, n,6,9)

Input: initial point z(, epoch length m, minibatch size b, step size 7, perturbation radius 9, thresh-
old gradient ¢

1: fors=20,1,2,--- do

2:  Compute V f(zsm).

3:  if not currently in a super epoch and ||V f (25, )| < ¢ then

4: Tsm < Tsm + &, where £ uniformly ~ By (J), start a super epoch
5. endif
6
7
8
9

fort=1,2,--- ,mdo
Sample b i.i.d. numbers uniformly from [n] and form a multi-set ;.
Usm+t—1 € %Zielb (vfi(xsm-l—t—l) - sz(xsm) + Vf(xsm)))
: Tsm+t < Tsm+t—1 — NMVsm+t—1-
10: if Stopping condition is met then Stop super epoch

11:  end for
12: end for

Similar to gradient descent, if one starts SVRG exactly at a saddle point, it is easy to check
that the algorithm will not move. To avoid this problem, we propose Perturbed SVRG. A high
level description is in Algorithm 2. Intuitively, since at the beginning of each epoch in SVRG the
gradient of the function is computed, we can add a small perturbation to the current point if the
gradient turns out to be small (which means we are either near a saddle point or already at a second-
order stationary point). Similar to perturbed gradient descent in Jin et al. (2017a), we also make sure
that the algorithm does not add a perturbation very often - the next perturbation can only happen
either after many iterations (T inax) or if the point travels enough distance (). The full algorithm
is a bit more technical and is given in Algorithm 4 in appendix.

Later, we will call the steps between the beginning of perturbation and end of perturbation a
super epoch. When the algorithm is not in a super epoch, for technical reasons we also use a version
of SVRG that stops at a random iteration (not reflected in Algorithm 2 but is in Algorithm 4).

For perturbed SVRG, we have the following guarantee:

Theorem 2 Assume the function f(x) is p-Hessian Lipschitz, and each individual function f;(z) is
L-smooth and p'-Hessian-Lipschitz. Let Af := f(xo) — I*, where x is the initial point and f*
is the optimal value of f. There exist mini-batch size b = O(n*/3), epoch length m = n/b, step

i = ) ) o= P15/ 075075
sizen = O(1/L), perturbation radius § = O(mln(max(p27(p,/m)2), (o VL

length Tiax = 6(\/—%), threshold gradient 9 = O(€), threshold distance £ = 5(L),

)), super epoch

max(p,p’/m)
such that Perturbed SVRG (Algorithm 4) will at least once get to an e-second-order stationary point

with high probability using

O((EEAS L nVPAy (1 (e

2 L5
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stochastic gradients.

3.2. Stabilized SVRG

Algorithm 3 Stabilized SVRG(xg, m, b, n, §,%)

Input: initial point z, epoch length m, minibatch size b, step size 7, perturbation radius 4, thresh-
old gradient ¢
1: fors =0,1,2,--- do

Compute V f(zsm,).

if not currently in a super epoch and ||V f (24, )|| < ¢ then
Ushift < Vf(Zsm)-
Tsm < Tsm + &, Where & uniformly ~ B (0), start a super epoch

end if

fort=1,2,--- ,mdo
Sample b i.i.d. numbers uniformly from [n] and form a multi-set .
Vsm4t—1 % Ziefb (vfi(-xstrtfl) - vfz(-rsm) + Vf(xsm))) — Ushift-

R e A T

10: Tsm4t €< Lsm+t—1 — NMVsm4t—1-

11: if Stopping condition is met then Stop super epoch and vgp; 1 < 0.
12:  end for

13: end for

In order to relax the dependency on p’, we further introduce stabilization in the algorithm.
Basically, if we encounter a saddle point Z, we will run SVRG iterations on a shifted function
f(z) := f(z)— (Vf(Z), z —F), whose gradient at T is exactly zero. Another minor (but important)
modification is to perturb the point in a ball with much smaller radius compared to Algorithm 2. We
will give more intuitions to show why these modifications are necessary in Section 4.3.

The high level ideas of Stabilized SVRG is given in Algorithm 3. In the pseudo-code, the
key observation is that gradient on the shifted function is equal to the gradient of original function
plus a stabilizing term. Detailed implementation of Stabilized SVRG is deferred to Algorithm 5.
For Stabilized SVRG, the time complexity in the following theorem only has a poly-logarithmic

dependency on p/, which is hidden in O(-) notation.

Theorem 3 Assume the function f(x) is p-Hessian Lipschitz, and each individual function f;(x)
is L-smooth and p'-Hessian Lipschitz. Let Af := f(xzg) — f ¥, where xq is the initial point and
f* is the optimal value of f. There exists mini-batch size b = O(n2/3), epoch length m = n/b,

Ve my/pe

step size 1 = O(1/L), perturbation radius § = 6(min(%, Vi

5(\/—%) threshold gradient 4 = O(€), threshold distance & = 5(%), such that Stabilized SVRG
(Algorithm 5) will at least once get to an e-second-order stationary point with high probability using

o L

), super epoch length Ty =

stochastic gradients.

In previous work (Allen-Zhu and Li, 2017), it has been shown that Neon2+SVRG has similar
time complexity for finding second-order stationary point, O( "2/?;2]‘ Al e AL 4 "3/4512_}55Af ). Our

result achieves a slightly better convergence rate using a much simpler variant of SVRG.
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4. Overview of Proof Techniques

In this section, we illustrate the main ideas in the proof of Theorems 2 and 3. Similar to many
existing proofs for escaping saddle points, we will show that Algorithms 2 and 3 can decrease the
function value efficiently either when the current point z; has a large gradient (||V f(x¢)|| > €) or
has a large negative curvature (Amin (V2 f(2¢)) < —/pe). Since the function value cannot decrease
below the global optimal f*, the algorithms will be able to find a second-order stationary point
within the desired number of iterations.

In the proof, we use ¢ to denote the threshold of the gradient norm. Starting from a saddle
point, the super-epoch ends if the number of steps exceeds the threshold T},,.x or the distance to the
saddle point exceeds the threshold distance .. Throughout the analysis, we use s(t) to denote the
index of the snapshot point of iterate z;. More precisely, s(t) = m|t/m].

4.1. Exploiting Large Gradients

There have already been several proofs that show SVRG can converge to a first-order stationary
point, and our proof here is very similar. First, we show that the gradient estimate is accurate as
long as the current point is close to the snapshot point.

Lemma 4 For any point z;, let the gradient estimate be v, = 3 Yier,(Vfi(@e) — V(@) +
Vf (:L'S(t))), where x4 is the snapshot point of the current epoch. Then, with probability at least

1 —(, we have

o = 7)) < O(ELEE o — .

This lemma is standard and the version for expected square error was proved in Li and Li (2018).
Here we only applied simple concentration inequalities to get a high probability bound.

Next, we show that the function value decrease is lower bounded by the summation of gradient
norm squares. The proof of the following lemma is adopted from Li and Li (2018) with minor
modifications.

Lemma S For any epoch, suppose the initial point is xo, which is also the snapshot point for this
epoch. Assume forany 0 <t <m — 1, |lv; — V f(z)]] < (“:}ELH:rt — x|, where C1 = O(1) comes

Jfrom Lemma 4. Then, given n < ﬁ, b > m?, we have

t—1
F(wo) = flae) > Y LIV F ()P
7=0

forany1 <t < m.
Using this fact, we can now state the guarantee for exploiting large gradients.
Lemma 6 For any epoch, suppose the initial point is xo. Let x, be a point uniformly sampled from

{x,}™ . Then, givenn = O(1/L),b > m? for any value of 4 we have two cases:

1. if at least half of points in {x+}""_, have gradient no larger than 4, we know ||V f (x¢)|| < ¢
holds with probability at least 1/2;

m@>2

2. otherwise, we know f(x0) — f(x¢) > 4™~ holds with probability at least 1/5.
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Further, no matter which case happens we always have f(x;) < f(xo) with high probability.

As this lemma suggests, our algorithm will stop at a random iterate when it is not in a super
epoch (this is reflected in the detailed Algorithms 4 and 5). In the first case, since there are at least
half points with small gradients, by uniform sampling, we know the sampled point must have small
gradient with at least half probability. In the second case, the function value decreases significantly.
Proofs for lemmas in this section are deferred to Appendix B.

4.2. Exploiting Negative Curvature - Perturbed SVRG

Section 4.1 already showed that if the algorithm is not in a super epoch, with constant probability
every epoch of SVRG will either decrease the function value significantly, or end at a point with
small gradient. In the latter case, if the point with small gradient also has almost positive semi-
definite Hessian, then we have found an approximate-second-order stationary point. Otherwise, the
algorithm will enter a super epoch, and we will show that with a reasonable probability Algorithm 2
can decrease the function value significantly within the super epoch.

For simplicity, we will reset the indices for the iterates in the super epoch. Let the initial point
be z, the point after the perturbation be x(, and the iterates in this super epoch be x1, ..., ;.

The proof for Perturbed SVRG is very similar to the proof of perturbed gradient descent in Jin
et al. (2017a). In particular, we perform a two point analysis. That is, we consider two coupled
samples of the perturbed point zo,z(. Let e; be the smallest eigendirection of Hessian H :=
V2f(Z). The two perturbed points xo and z{, only differ in the e; direction. We couple the two
trajectories from x( and z{, by choosing the same mini-batches for both of them. The iterates of the
two sequences are denoted by o, ..., z¢ and x{, ..., z; respectively. Our goal is to show that with
good probability one of these two points can escape the saddle point.

To do that, we will keep track of the difference between the two sequences w; = x; — x}.
The key lemma in this section uses Hessian Lipschitz condition to show that the variance of w;
(introduced by the random choice of mini-batch) can actually be much smaller than the variance we
observe in Lemma 4. More precisely,

Lemma 7 Let {x;} and {x}} be two SVRG sequences running on [ that use the same choice of
mini-batches. Let x4y be the snapshot point for iterate t. Let wy := xy—xy and Py = max(||zy() —
z, Hx;(t) —Z||, ||xe — Z||, ||z} — Z||). Then, with probability at least 1 — ¢, we have

log(d
et~ i1 < 025 ) win (Ll = g + Pl + ol Ll + o).

This variance is often much smaller than before as in the extreme case, if p’ = 0 (individual
functions are quadratics), the variance is proportional to O(L/v/b)|w; — wg(p||. In the proof we
will show that w; cannot change very quickly within a single epoch so ||w; —wg() || is much smaller
than [lw;|| or ||w,( || Using this new variance bound we can prove:

Lemma 8 (informal) Let {x;} and {x,} be two SVRG sequences running on f that use the same
choice of mini-batches. Assume wy = xo— x{, aligns with ey direction and |{(e1, wo)| > 4%/8' Setting
the parameters appropriately we know with high probability max(||zr — Z||, |27, — Z||) > &, for
some T < O(1/(1y)).
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Figure 1: SVRG trajectories on the original function f and the stabilized function f . The size of the
blue circle at each point indicates the magnitude of the variance.

Intuitively, this lemma is true because at every iterate we expect w; to be multiplied by a factor
of (1 + ny) if the iterate follows exact gradient, and the variance bound from Lemma 7 is tight
enough. The precise statement of the lemma is given in Lemma 16 in Appendix C. The lemma
shows that one of the points can escape from a local neighborhood, which by the following lemma
is enough to guarantee function value decrease:

Lemma9 Let xq be the initial point, which is also the snapshot point of the current epoch. Let
{x,} be the iterates of SVRG running on f starting from xo. Fix any t > 1, suppose for every
0<7<t—1J&] < Cl\/BLHxT—xS(T)H, where Cy comes from Lemma 4. Given n < ﬁ, b>m?,

we have

t
[t — aol|* < o,z (o) = flxi)).
This lemma can be proved using the same technique as Lemma 5. All proofs in this section are
deferred to Appendix C.

4.3. Exploiting Negative Curvature - Stabilized SVRG

The main problem in the previous analysis is that when p’ is large, the variance estimate in Lemma 7
is no longer very strong. To solve this problem, note that the additional term o' P; (||wq|| + [[wgs)l)
is proportional to P; (the maximum distance of the iterates to the initial point). If we can make
sure that the iterates stay very close to the initial point for long enough we will still be able to use
Lemma 7 to get a good variance estimate.

However, in Perturbed SVRG, the iterates are not going to stay close to the starting point x, as
the initial point Z can have a non-negligible gradient that will make the iterates travel a significant
distance (see Figure 1 (a)). To fix this problem, we make a simple change to the function to set the
gradient at Z equal to 0. More precisely, define the stabilized function f(z) := f(z) — (Vf(Z),z —
Z). After this stabilization, at least the first few iterates will not travel very far (see Figure 1 (b)).
Our algorithm will apply SVRG on this stabilized function.

For the stabilized function f(z), we have Vf(Z) = 0, so Z is an exact first-order stationary
point. In this case, suppose the initial radius of perturbation ¢ is small, we will show that the behav-
ior of the algorithm has two phases. In Phase 1, the iterates will remain in a ball around ¥ whose
radius is O(J), which allows us to have very tight bounds on the variance and the potential changes
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Figure 2: Two phases of a super epoch in Stabilized SVRG
in the Hessian. By the end of Phase 1, we show that the projection in the negative eigendirections
of H = V2f(Z) is already at least {(§). This means that Phase 1 has basically done a negative cur-
vature search without a separate subroutine! Using the last point of Phase 1 as a good initialization,
in Phase 2 we show that the point will eventually escape. See Figure 2 for the two phases.
The rest of the subsection will describe the two phases in more details in order to prove the
following main lemma:

Lemma 10 (informal) Ler T be the initial point with gradient ||V f(Z)| < 94 and Auin(H) =
—v < 0. Let {x,} be the iterates of SVRG running on f starting from xo, which is the perturbed
point of . Let T be the length of the current super epoch. Setting the parameters appropriately we
know with probability at least 1/8, f(xz7) — f(Z) < —052—2; and with high probability, f(xr) —

F(@) < $32, where T = O(:),C5 = 6(1).

Basically, this lemma shows that starting from a saddle point, with constant probability the
function value decreases by Q(Z—z) after a super epoch; with high probability, the function value

does not increase by more than 5(7)—2) The precise statement of this lemma is given in Lemma 22
in Appendix D. Proofs for lemmas in this section are deferred to Appendix D.

4.3.1. ANALYSIS OF PHASE 1

Let S be the subspace spanned by all the eigenvectors of H with eigenvalues at most ——T—. Our

og(d)
goal is to show that by the end of Phase 1, the projection of z; — = on subspace .S becomes large
while the total movement ||z; — Z|| is still bounded. To prove this, we use the following conditions

to define Phase 1:
Stopping Condition: An iterate x; is in Phase 1 if (1) ¢ < 1/n7y or (2) |[Projg(x: — 2)|| < 1%.

If both conditions break, Phase 1 has ended. Intuitively, the second condition guarantees that
the projection of z; — x on subspace S is large at the end of Phase 1. The first condition makes sure
that Phase 1 is long enough such that the projection of x; — x;—1 along positive eigendirections of
‘H has shrunk significantly, which will be crucial in the analysis of Phase 2.

With the above two conditions, the length of Phase 1 can be defined as

1 1)
T = tvt! <t —1. [t < = v [ |Proj =D < =Y. 2
' SUP{’ N ( _m> (H rojs (@ $>H_10>} @
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The main lemma for Phase 1 gives the following guarantee:

Lemma 11 (informal) By choosing 1 = O(1/L), b = O(n*3) and § = O(mln(z ), with
constant probability, the length of the first phase T} is é(l /ny) and

~ ~ : ~ 1
lzy — 2| < O(8) and [|Projg(z7, — )| = 7,6

We will first show that the iterates in Phase 1 cannot go very far from the initial point:

Lemma 12 (informal) Let T be the length of Phase 1. Setting parameters appropriately we know

with high probability ||z; — xi—1|| < O( )d for every 1 <t < min(T7, lo;gzgd)).

The formal version of the above lemma is in Lemma 19. Taking the sum over all ¢ and note
that Zthl 1/t = ©(log T), this implies that the iterates are constrained in a ball whose radius is not
much larger than §. If we choose d to be small enough, within this ball Lemma 7 will give very sharp
bounds on the variance of the gradient estimates. This allows us to repeat the two-point analysis

in Section 4.2 and prove that at least one sequence must have a large projection on S subspace
log(d)
my

within steps. Recall that in the two point analysis, we consider two coupled samples of the
perturbed points zg, (. The two perturbed points x¢ and z{, only differ in the e; direction. These
two sequences {x;} and {z}} share the same choice of mini-batches at each step. Basically, we
prove after @ steps, the difference between two sequences along e; direction becomes large,
which implies that at least one sequence must have large distance to x on .S subspace. The formal

version of the following lemma is in Lemma 20.

Lemma 13 (informal) Ler {x,} and {x}} be two SVRG sequences running on f that use the same
choice of mini-batches. Assume wy = xo — x|, aligns with ey direction and |{e1, wo)| > 4\[ Let

Ty, T be the length of Phase 1 for {x;} and {x}} respectively. Setting parameters appropriately

log( ) log(d)
my

with high probability we have min(Ty,T]) < . Wlo.g., suppose T} < and we further

have Hle - xH < O ) HP”OJS Ty — )H 2 10

Remark 14 We note that the guarantee of Lemma 13 for Phase 1 is very similar to the guarantee
of a negative curvature search subroutine: we find a direction x, — T that has a large projection
in subspace S, which contains only the very negative eigenvectors of H.

4.3.2. ANALYSIS OF PHASE 2

By the guarantee of Phase 1, we know if it is successful 7, — Z has a large projection in subspace S
of very negative eigenvalues. Starting from such a point, in Phase 2 we will show that the projection
of z; — x in S grows exponentially and exceeds the threshold distance within O( ) steps. In order
to prove this, we use the following expansion,

2 —2 =T —nH)(xi—1 —T) — A1 (x—1 — T) — Nét—1,

where Ay = fOI(VQf(E + 0(xt—1 — x)) — H)dO. Intuitively, if we only have the first term, it’s
clear that ||Projg(x: — Z)|| > (1 + %)HProjS(xt,l — Z)||. The norm in subspace S increases
exponentially and will become very far from Z in a small number of iterations. Our proof bounds
the Hessian changing term nA;_1(z;—1 — ¥) and variance term 7;_ separately to show that they
do not influence the exponential increase. The main lemma that we will prove for Phase 2 is:

11
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Lemma 15 (informal) Assume Phase 1 is successful in the sense that T} < 105# and ||z, — || <

5(1)5, \|Projg(zr, — Z)|| > 1—105. Setting parameters appropriately with high probability we know
there exists T = 6(%) such that ||xp — Z|| > ﬁ(%)

The precise version of the above lemma is in Lemma 21 in Appendix D. Similar to Lemma 8,
the lemma above shows that the iterates will escape from a local neighborhood if Phase 1 was
successful (which happens with at least constant probability). We can then use Lemma 9 to bound
the function value decrease.

4.4. Proof of Main Theorems

Finally we are ready to sketch the proof for Theorem 3. For each epoch, if the gradients are large, by
Lemma 6 we know with constant probability the function value decreases by at least Q(nl/ 3¢2/L).
For each super epoch, if the starting point has significant negative curvature, by Lemma 10, we
know with constant probability the function value decreases by at least Q(e!-5/ \/P). We also know
that the number of stochastic gradient for each epoch is 6(n) and that for each super epoch is
O(n+ ng/gL/\/;Te). Thus, we know after

5 ( LAf JIAS n2/3L)>

n—+ -(n+
e

nl/3¢2 elb
stochastic gradients, the function value will decrease below the global optimal f* with high proba-
bility unless we have already met an e-second-order stationary point. Thus, we will at least once get
to an e-second-order stationary point within O("Q/;LAf + n\e/f?f ) stochastic gradients. The formal
proof of Theorem 3 is deferred to Appendix E. The proof for Theorem 2 is almost the same except

that it uses Lemma 8 instead of Lemma 10 for the guarantee of the super epoch.

5. Conclusion

This paper gives a new algorithm Stabilized SVRG that is able to find an e-second-order stationary
point using 6("2/?;2LAf + n\f?f ) stochastic gradients. To our best knowledge this is the first
algorithm that does not rely on a separate negative curvature search subroutine, and it is much
simpler than all existing algorithms with similar guarantees. In our proof, we developed the new
technique of stabilization (Section 4.3), where we showed if the initial point has exactly 0 gradient
and the initial perturbation is small, then the first phase of the algorithm can achieve the guarantee
of a negative curvature search subroutine. We believe the stabilization technique can be useful for
analyzing other optimization algorithms in nonconvex settings without using an explicit negative
curvature search. We hope techniques like this will allow us to develop nonconvex optimization

algorithms that are as simple as their convex counterparts.
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Appendix A. Detailed Descriptions of Our Algorithm

In this section, we give the complete descriptions of the Perturbed SVRG and Stabilized SVRG
algorithms.

Perturbed SVRG Perturbed SVRG is given in Algorithm 4. The only difference of this algorithm
with the high level description in Algorithm 2 is that we have now stated the stopping condition
explicitly, and when the algorithm is not running a super epoch, we choose a random iterate as the
starting point of the next epoch (this is necessary because of the guarantee in Lemma 5).

In the algorithm, the break probability in Step 16 is used to implement the random stopping.
Breaking the loop with this probability is exactly equivalent to finishing the loop and sampling
Tgm+t for t = 1,2, ..., m uniformly at random.

Algorithm 4 Perturbed SVRG(zg, m, b, 7, 0, Tax, ¥, L)
Input: initial point xg, epoch length m, minibatch size b, step size 7, perturbation radius d, super-
epoch length T}y,,x, threshold gradient ¢, threshold length .2

I: super_epoch <+ 0.
2: fors=20,1,2,--- do

3:  Compute V f(Zsm).

4:  if super_epoch =0 N ||V f(xsm)|| < ¢ then

5 super_epoch + 1.

6: T 4 Tgm, tinit < SM.

7 Tsm < Tsm + &, where £ uniformly ~ By (9).

8 end if

9: fort=1,2,---,mdo

10: Sample b i.i.d. numbers uniformly from [n] and form a multi-set .
11: Vsm4t—1 % Zielb (vfi(:nsm—l—t—l) - vfz(:vsm) + Vf(xsm)))
12: Tsm4t < Lsm+t—1 — NMVsm4t—1-

13: if super_epoch =1 A (||:Usm+t —I|| > LV sm4t—tipnit > Tmax) then
14: super_epoch < 0; Break.

15: else if super_epoch = 0 then

16: Break with probability m

17: end if

18: end for

19: T(s+1)m < Tsmtt-
20: end for

Stabilized SVRG Stabilized SVRG is given in Algorithm 5. The only differences between Sta-
bilized SVRG and Perturbed SVRG is that Stabilized SVRG adds an additional shift of —V ()
when it is in a super epoch (stabilizing = 1 in the algorithm).
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Algorithm 5 Stabilized SVRG(xg, m, b, 7, d, Tmax, ¥, L)
Input: initial point xg, epoch length m, minibatch size b, step size 7, perturbation radius d, super-
epoch length T}y,,x, threshold gradient ¢, threshold length .
1: stabilizing < 0.
2: fors=20,1,2,--- do

3:  Compute V f(Zsm).

4:  if stabiling =0 A ||V f(zsm)|| < ¥ then

5: stabilizing < 1.

6: T 4 Tgm, tinit < SM.

7 Tsm < Tsm + &, where £ uniformly ~ By ().

8: endif

9: fort=1,2,---,mdo

10: Sample b i.i.d. numbers uniformly from [n] and form a multi-set .

11: Vsmot—1 < % Zielb (Vfi(:rstrt_l) — Vfi(zsm)+ Vf(xsm))) — stabilizing x V f(T).
12: Tsm+t < Tsm+t—1 — NMVsm4t—1-

13: if stabilizing =1 A (||$Sm+t —T|| > LV sm4t—tipnit > Tmax) then
14: stabilizing < 0; Break.

15: else if stabilizing = 0 then

16: Break with probability m

17: end if

18: end for

19: T(s+1)m < Tsmtt-
20: end for

16



STABILIZED SVRG

Appendix B. Proofs of Exploiting Large Gradients

In this section, we adapt the proof from Li and Li (2018) to show that SVRG can reduce the function
value when the gradient is large. First, we give guarantees on the gradient estimate (Lemma 4). Note
that previously such bounds were known in the expectation sense, here we convert the bounds to a
high probability bound by applying a vector Bernstein’s inequality (Lemma 29).

Lemma 4 For any point z, let the gradient estimate be v, := % Yien,(Vfi(z) = Vfilzye) +
Vf (:cs(t))), where x4 is the snapshot point of the current epoch. Then, with probability at least
1 —(, we have

o = 1)l < O(ELEE o — .

Proof of Lemma 4. In order to apply Bernstein inequality, we first show for each ¢, the norm of
(Vfi(ze) = Vfi(zsw)) + VI(zst)) — Vf(21)) is bounded.
IV fi(we) = V fi(zswy) + VI (2e)) — V()|
=V (i) = V(@sw) = (VSilze) = Vfilzgw))
<IVF () = Vi (zsw)ll + 1V file) = Vfilzsw)
<2L[z¢ — 401,

where the last inequality is due to the smoothness of f and f;.
Then, we bound the summation of variance of each term as follows.

o =) ElIVS(20) = Vf(2,0) — (Viilxe) = V filwy)I]

i€l

< CE[IVSilx) — Vi)
i€l

<Y L2 — gl
i€y

= bL?||z; — 2y,

where the first inequality is due to E[||X — E[X]||?] < E[X?] and the second inequality holds
because the gradient of f; is L-Lipschtiz.
Then, according to the vector version Bernstein inequality (Lemma 29), we have

—r2/2
Prl|bvy — bV f(z1)[| = r] < (d+1) exp <bL2|| 2 i 2L\|$t—:vs(t>||.r>
Tt — Tg(t) — 3

Thus, with probability at least 1 — ¢, we have

Jor = 7)< O(ELEE o — a1,

where O(+) hides constants. O

Using this upperbound on the error of gradient estimates, we can then show that the function
value decreases as long as the norms of gradients are large along the path. Note that this part of the
proof is also why we require b > m?, which results in the n?/3 term in the running time.
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Lemma S For any epoch, suppose the initial point is xo, which is also the snapshot point for this
epoch. Assume for any 0 <t <m Vf(xt)H < ClLHa:t 0|, where C1 = O(1) comes

from Lemma 4. Then, given n < ﬁ, b Z m?, we have

t—1
F(wo) = flae) 2 Y IV F ()P
7=0

forany1 <t < m.

Proof of Lemma 5. First, we obtain the relation between f(x;) and f(z;—1) as follows. For any

1<t<m,
L
J(xe) <f(we1) + (Vf(w-1), 20 — 2-1) + §H$t — x| 3)
L
=f(x—1) +(Vf(zi—1) —ve—1, 0 — 2p—1) + (Vp—1, T — 1) + §Hﬂft - xt—lHQ
1 L
=f(xi—1) +(Vf(@i-1) — vi—1, —mV—1) — (6 - 5) [En 4)
=f(ze-1) + 0l|Vf(we-1) — ve1ll* = n(Vf(ze-1) — veo1, V (4-1))
1 L
- (5 - §)||9Ut - xt—l”z
, 1 i 1 L )
=f(zi-1) +nllVf(@e-1) — v |]” - H@t — Tt Tp—1 — Tt) — (5 - 5) |zt — 1|
)
2 1 L 2
=f(zi—1) + IV f(21-1) — ve1l]” — (5 - §)||$t — z¢—1]|
1
- 277(\!1% — 2|+ iy — 2l® — e — 21 |?)
1 L
=) + 19 @) = v = SIS = (5 = )l -l ©

where (3) holds due to smoothness condition, and (4) and (5) follow from these two definitions, i.e.,
Xy = xp—1 —nug—q and Ty 1=z — NV f(x4-1).

According to the assumption, we have ||V f(x;_1) — vi_1]|* < . Choosing
n < ﬁ, we have

@) < fan) + Py = w02 = DIV S0 = (e = 2l —

= 2 om 2

LC
< flas) + S ot — ool = DIV S )P = Ll = wiaP
L L L
< f(we—1) + (6b + 7)01\\3%—1 — zo|* — §va(9«“t—1)H2 = 5,01l — x|,

where the last inequality uses Young’s inequality ||z, —2o||? < (1+ 1) [lzi—1 — o[>+ (1+ )|z —
x4_1]|? by choosing a = 2t — 1.
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Now, adding the above inequalities for all iterations 1 < t < ¢/, where t' < m,

t/

t/
L
) <o) = 3 GI9 A = 3 5Ol — ol

t=1
L L
+ Z (6b + T)Cl”.%t 1 — 33‘0”
t n t'—1 I I I
=f(wo) =Y SIVF@)I? =D (5 = = = o) Cillee — ol

2
t=1 t=1

— L Cillay — ol

2t
t/ 0
Sf(l'ﬂ) - tz_; §HVf(CCt_1)H2 2t/01Hl‘t/ — 330” (7)
where (7) holds because % - é — 2t+1 > 0forany 1 <t < maslongas b > m?

Thus, for any 1 < ¢ < m, we have

t'—1
fxo) = flze) =) *IIVf(xT)HQ

7=0

0

A limitation of Lemma 5 is that it only guarantees function value decrease when the sum of

squared gradients is large. However, in order to connect the guarantees between first and second

order steps, we want to identify a single iterate that has a small gradient. We achieve this by stopping
the SVRG iterations at a uniformly random location.

Lemma 6 For any epoch, suppose the initial point is xo. Let x; be a point uniformly sampled from
{z:}7,. Then, givenn = O(1/L),b > m?, for any value of 9, we have two cases:

1. if at least half of points in {z}"_, have gradient no larger than 4, we know ||V f (x:)|| < ¢
holds with probability at least 1/2;

2. Otherwise, we know f(xo) — f(x¢) > g

Further, no matter which case happens we always have f(x;) < f(xo) with high probability.

Proof of Lemma 6. Let {z}" be the iterates of SVRG starting from z(. Then, there are two
cases:

e If at least half of points of {z,}7"; have gradient norm at most ¢, then it’s clear that a
uniformly sampled point z; has gradient norm ||V f(x;)|| < ¢ with probability at least 1/2.

e Otherwise, we know at least half of points from {z,}”"; has gradient norm larger than
¢. Then, as long as the sampled point falls into the last quarter of {z,}”",, we know
S IV () H2 > m%z . Thus, for a uniformly sampled point x;, with probability at least
1/4, we have >'_ HVf(:cT)H2 > m(gZ

19



STABILIZED SVRG

Ws(t)

x;(t)

Figure 3: Comparison between |[w; — wy(y)l| and [Jwe| + [[wse ||
According to Lemma 4 and the union bound, we know there exists C; = O(1) such that
with high probability, ||[v; — V f(z¢)] < %Hazt — x| holds for every 0 < ¢t < m — 1.
Combining with Lemma 5, we know given n < ﬁ, b > m?2, we have f(zg) — f(z¢) >
S 2|V f(x-)|| for any 1 < t < m. By another union bound, we know with probability
at least 1/5, f(x0) — f(a,) > 1m2°

Again by Lemma 4 and Lemma 5, we know f(x;) < f(z0) holds with high probability. O

Appendix C. Proofs of Exploiting Negative Curvature - Perturbed SVRG

In this section, we show that starting from a point with negative curvature, Perturbed SVRG can
decrease the function value significantly after a super epoch.

As discussed in Section 4.2, we use two point analysis to show that with good probability one
of these two points can escape the saddle point. Let = be the initial point of the super epoch. We
consider two coupled samples of the perturbed point g, z{,. The two perturbed points x( and x|,
only differ in the e; direction, where e; is the smallest eigendirection of Hessian H := V2f(Z).
Let the SVRG iterates running on f starting from z¢ and z{, be {z;} and {7} } respectively. We will
keep track of the difference between the two sequences w; = x; — x, and show that w; increases
exponentially and becomes large after one super epoch, which means at least one sequence must
escape the initial point Z.

In the following proof, we first show that the variance of w; can be well bounded. This is the
place where we use the assumption that each individual function is p’-Hessian Lipschitz.

Lemma 7 Ler {x;} and {x}} be two SVRG sequences running on f that use the same choice of
mini-batches. Let x4 be the snapshot point for iterate t. Let wy := xy— x} and P, = max(||x s(t) —
z|, Hx;(t) —Z|l, |l = Z||, ||z} — Z||). Then, with probability at least 1 — (, we have

, log(d . :
e €6l < 025 min (Llwe = gy + Pl + el L el + ).

In the extreme case, if each individual function f; is exactly a quadratic function, then we know
¢/ = 0 and the variance is proportional to O(L/v/b)||w; — wg(p || As illustrated in Figure 3, w;
cannot change very quickly within a single epoch so [|w; — wgy)|| is much smaller than [[w;|| or

[ws(eyll-
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Proof of Lemma 7. Similar as the proof in Lemma 4, here we use Bernstein inequality to prove
that the difference between the variances of two coupled sequences is also upper bounded.
Recall that,

& =& =(ve = V(1)) = (v = V(1))
= 3 ((V5i() — Vi) + Vi ) — V()

icl,
~ (VAile)) = Vilely) + V() - V@),

where I} is a uniformly sampled multi-set of [n] with size b.
Let the Hessian of f at = be H and let the Hessian of f; at = be H; for each i. Let §; ; — 52’1- be
the i-th term in the above sum. In order to apply Bernstein inequality, we first show for each 1,

Hft,i - fézH
‘(vfi(l't) — Vfi(z}) = (Vfi(zgn) — vfi(x/s(t)))H
+[[(VF @) = VI @) = () = V)|

1 1
/ V2 filay + (e — 7))d(x, — ) — / V2 fil@py + 0z — @) d0(@ () — Thy(r)

IN

/ V2 f (2} + 0(xy — 23))dO(zy — ) / V2 f( ( )T 0@y — @ (t)))dO( s(t) — x’s(t))H

—HH wt—l—Atwt (H Ws(t) —I—A H + H”Hwt+Atwt (”st(t) —|—As(t)w ())H
<|[Hillllwe — wgeey | + 1AL el + HNs(t)Hst ol

+ [ Hllwe = wsy | + 1 Aelllwe]] + | Asqey[wsce
<2L[Jwy — wer) || + 20" Pe([[wel| + lwseo 1)

where Al = (V2 fi() + 0z, — x})) — Hy)df(w, — x}) and Ay = [ (V2 (2} + (2 — 2})) —
H)df(x¢ — x}). The last inequality holds since each individual function is L-smooth and p’ Hessian
Lipschitz. Specifically, due to the L-smoothness, we have ||H;||, ||#|| < L. Because of the Hessian
Lipschitz condition and the definition of P;, we have | A%, ||Ai(t) 1AL Aswll < o' P

Then, we bound the summation of variance of each term as follows.

0_2

= E i - &ll

i€ly
<38 || (Ve - VA - (Vo) - Vi) |
1€l

2
<Y (Lllwe = wyll + 2" Pelllwell + wse )

i€l
2
=b (L||w; — wypyll + ' Pe(llwe]| + lwspyll))”
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where the first inequality is due to E[||X — E[X]|?] < E[X?].
Then, according to the vector version Bernstein inequality (Lemma 29), with probability at least
1 — ¢, we have

o lostd ,
e - €61 < O(ETE) (Ll = wo + o/ Pelel -+ o).

where O(-) hides constants.
In order to prove the other bound for the variance difference, we can use smoothness condition
to bound each term as follows.

1€, — &2ill
<IVfi(ze) = VAEGED + IV fi(zs@) — Vi@l
+(Vf(@e) = VEEDI + IVF (@) — V(@)
<2L([lwell + llwse )
The summation of variance of each term can be bounded as
0% < L2([lwe]| + llwsn 1)

Again, using Bernstein inequality, we know with probability at least 1 — (

log(d/¢)
lé =&l < (= 72 ) Ll + o )
By union bound, we know with probability at least 1 — 2(,
log(d/Q)y _ .
e =il < 02 727 ) min (Lllwe = waoll + ' Pallwell + o). EClwell + o D).
O
Suppose the initial point 2 of the super epoch has a large negative curvature (Apin (H) = —7 <

0). Also assume initially the two sequences has a reasonable distance along e; direction, which is
the most negative eigendirection of /. Then, using the above bound for the variance of w;, we are
able to prove that the distance between two sequences increases exponentially, and becomes large
after O (%) steps, which means at least one sequence must escape the initial point z.

Lemma 16 Let {z:} and {x}} be two SVRG sequences running on f that use the same choice
of mini-batches. Assume wy = xo — x(, aligns with ey direction and |{e1,wo)| > —O_ Let the

4/d
& — &l <

G min (Lllwy — wageyl| + o Palllwnl + gy 1), (] + o)) . where €5 comes from Lem-

—1,

. 2log(4))
. ol pd
threshold distance & := Crmax(pp )" Assume for every 0 < t < o

ma 7. Then there exists large enough constant c such that as long as
< - Cy > 1
n= 32 -
clog(i—})C’{ L nL
we have
max(||lzr — |, |27 — ]|) = £,

2log(9%)

for some T’ <
nY
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The proof of this lemma is similar to the analysis in Jin et al. (2017a). However, we make
crucial use of Lemma 7. Throughout the proof, the intuition is that at every iteration, wy is close to
a multiple of e;. Therefore, the next w41 is close to (I — nH)w; = (1 4+ ny)w;. The difference
between w;4 1 and wy is therefore only 1yw; whose norm is much smaller than either w; or wey1. As
aresult, Lemma 7 gives a much tighter bound on the variance, and allows the proof to go through.

L. 2log &
Proof of Lemma 16. For the sake of contradiction, assume for any ¢ < ng”‘s), max(||z; —
z||, |z} — Z||) < -£Z. Basically, we will show that the distance between two sequences grows expo-
nentially and will become larger than 2.% after 2loe(s) steps, which by triangle inequality implies
2log(4Y)
that at least one sequence escapes after T” steps.
2log(2Y)
P

Forany 0 <t < , we will inductively prove that

my
L5+ ) lwoll < lwell < §(1+ 1) [lwol;
2. 1§ = &ill < p-myCLL(L + ny)"[Jwoll, where pu = O(1).

The bjse case trivially holds because %HwOH < JJwol| < &flwol| and & = & = 0. Fix any
210g(;%)

t <

< , assume for every 7 < ¢t — 1, the two induction hypotheses hold, we prove they still
hold for ¢.

Proving Hypothesis 1. Let’s first prove 2(1 + 77)*{|wol| < [lwe|| < (1 + n7)!|lwo|. We can
expand wy as follows,

Wy = Wg—1 — 77(%—1 - ’Ué_l)

= (I —nH)wi—1 — n(Ap—1wi—1 + &1 — 52—1)
t—1

= (I —nH)wo —n Y (I —gH) " H(Arwr + & — &)
7=0

where A, = fol (V2f(zl +0(z; —21)) — H)d. It’s clear that the first term aligns with e direction
and has norm (1 +17)!|wo]|. Thus, we only need to show || S04 (T — nH)! ™ (Arw, + & —
&N < 5L+ ny) lwoll-
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We first look at the Hessian changing term. According to the assumptions, we know |z, —

2log(LY
z|, |a} — Z|| < £ forany 7 < %. Thus,

t—1 -1
Ny (I =nH)" " Avwe | <0 > (14 0y) A |
7=0 7=0
t—1
<nzpmax (7 — 2|, =7 —wH) (1+m) [|wol|
7=0
v t
< 2 1
a n;) 57C; maX(pjp’/m)( m) ol
1 12 dy, v '
<= Zog(Eh1
S og(pé)cs( +17)"[Jwol|
1
< (1 t
< 10( +17)"[|woll,

where the second last inequality uses the assumption that ¢t < and the last inequality holds

as long as C's > 24 log(%’).
For the variance term, we have

t—1 -1
Ny (=) & =) <nd A+ e - &

7=0
t—1
<0 (1409 pmyCLL + ny)7 [Jwol|
=0
d
2log (1)

< anumCiL(l + 1779)*{|wo|

1
*0( + 177)* lwol,

where the last inequality holds as long as n < 20log(Z !

dy ’
$)uC-L
Overall, we have || 30— (T —nH)! 7~ 1(ATwT+§T &)l < $(1+ny)!|lwol|, which implies
40+ 1) ol < sl € S(1+ )
Proving Hypothesis 2. Next, we show the second hypothesis also holds, || —&;|| < p-nyCiL(1+
n7y)t||wo||. We separately consider two cases when 7717 < m and % > m.

If L < m, we have
Y

16 = &Il <= (Lllwell + wsen )

7
% L S0+ ) ol

'L
<u &5 (14 779)"{|wo|

<p - myCLL(L + ny)lwol,
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where the third inequality holds as long as . > 3 and the last inequality holds because % <

ny.
If % > m, we need to bound [|w; — wyy)|| more carefully. We can write w; — w,( as follows,

<

1
m

t—1
Wy — Wy(yy = <(I — )0 — I) wyy = > (I —gH) T (Avwr + & — &),

T=5(t)

For the first term, we have

| (=m0 = — T) wygo | < =mm) = = L)y

6
(A +m)™ = 1) 2 (1 +07)"[[wol
<3mayy - (1 +n7y)"|[woll,
where the last inequality holds since (1 + 7y)™ < 1 + 2mny if mny < 1.
For the hessian changing term, we have

t—1 -1
—r— v
ln Y (I =nH) " A < Y 25,0 +17)" wol|
T=5(t) T=5s(t)

i
<nm:- 26(1 + 17y) " {|wo|
3

< mny(1+ ) Jwol,

assuming C3 > 2.
For the variance term, we have

t—1 t—1
I > T=nH) TN E =) <n D A+m) TG - &
T=5(t) T=5(t)

t—1
<n > (L) iy CLL(L + my)7 Jwol|
T=5(t)
<pCinL - mnyy(1 + nvy)*lwol|
<mny(1 4 nv)"|lwoll,

where the second inequality uses induction hypothesis and the last inequality assumes 1 < C%L
1
Overall, we have |Jw; — wy || < 5mny(1 + )" |lwol|. Thus, when % > m, we can bound

& — fs(t) || as follows,

C/
1€ — &l §715 (Lljwe = wyll + p"Pe([lwel| + [[wse )
Ci / 12’Y t
<=L[L. 1
Vb < oYt 5Cs max(p, p'/m) Sl
C 12
§715 (L By + =L mm) (1 + 7y)*{lwol|

<p - myCLL(L 4+ ny)|wol,
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where the second last inequality assumes C'3 > T%L and the last inequality holds as long as 1 > 8.
Here, we use the fact that P, < max([|z) — 2], H:v’s(t) —Z||, |z = Z||, |2} — Z||) < Z.
Overall, we know there exists large enough constant c such that the induction holds as long as

1
N ————
clog(i—g)C{-L
1
C3 > —.
32T
2log( %} 2log( %2
Thus, we know [|w; | > (1 + n7y)"|lwol| for any ¢ < M. Specifically, when t = Og(’“s),
> 7 y m p Y my

we have

4
el = 2 (1 + 7)o

> 4(1+ )mog(%> d
- LR ——
=5 my 4\/g
> 1

=T

which implies max(||x; — Z||, ||z} — Z||) > 187' Assuming C5 > 10, this contradicts the assumption

2log( Ly
=: %, forany t < %

that max(||z; — z||, ||z} — Z||) . Thus, we know there

2log( %})
7y

7y
< Cs max(p,p’ /m)

exists T' < such that,

max(|lzr — |, [log — Z[) = £

0

In the next lemma, we show that the function value decrease can be lower bounded by the

distance to the snapshot point. Combined with the above lemma, this shows that the function value

decreases significantly in the super epoch. The proof of this lemma is almost the same as the proof
of Lemma 5.

Lemma 9 Letr xg be the initial point, which is also the snapshot point of the current epoch. Let
{x,} be the iterates of SVRG running on f starting from xo. Fix any t > 1, suppose for every
0<7<t-1|&]| < C\}5L||x7'_xs(7')H7 where Cy comes from Lemma 4. Givenn < ﬁ, b>m?,

we have
4t

e — a0l < 57 (F(ao) = F(aw))

Proof of Lemma 9. From Equation (7) in the proof of Lemma 5, we know for any ' < ¢,

2t — s(t
oo =zl < 252D ()~ o),

where x4y is the snapshot point of zy.
If t < m, we know there is only one epoch from x( to x; and

2t

e = woll® < 7 (@) = fa))
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Ift > m, we need to divide x; — xg into multiple epochs and bound them separately. We have

2 — 2ol = [|Tm — @0 + Tam — Tm + - ¢ — Ty |12
¢ [t/m]
<[] > Mzem = 2—nymll® + Iz — 212
T=1
2t 2m
< 22 _
= ClL(f(CCO) f(x))
4t
< (f(zo) — f(=t))

ChL

Combining two cases, we have

4t
2
_ < — .
e = 20l < 57 (Flao) = )
O
Next, we show that starting from a randomly perturbed point, with constant probability the

function value decreases a lot within a super epoch.

Lemma 17 Let T be the initial point with gradient ||V f(Z)|| < ¢ and Apin(H) = —v < 0. Let
{x} be the iterates of SVRG running on f starting from xo, which is a uniformly perturbed point

~ . ~ ~ ~ 1.5
from T. There existn = O(1/L),b = O(n?/3),6 = O(mln(max(pf&,/m)g), max(p,p'/m)ﬁ))’g =

5(%),% = 5(m), Thax = 5(%) such that with probability at least 1/8,

,}/3

max(p?, (p'/m)?)

fler) = f(7) < =C5 -

)

and with high probability,

~ 05 "}/3 .
fler) — f(@) < 20 max(p2, (o' /m)?)’

where Cs = é(l) and T is the length of the current super epoch and T' < Tl x.

This lemma is basically a combination of Lemma 16 and Lemma 17. Lemma 16 shows that
with reasonable probability, one of two random starting points is going to travel a large distance,
while Lemma 17 shows such a point would decrease the function value. The only additional thing
is to prove is that the function value does not increase by too much when the point does not escape.
Intuitively this is true because with high probability the function value can only increase during the
initial perturbation.

Proof of Lemma 17. With the help of Lemma 16, we first prove that {z;} escapes the saddle
point with a constant probability. Let {z;} and {x}} be two SVRG sequences starting from x and
x, respectively, where x¢ and z{, are two perturbed points satisfying ||zg — Z||, ||z, — Z|| < 6.
According to Lemma 16, we know at least one sequence escapes the saddle point if xy — x;, aligns
with e; direction and has norm as least 4%/8'
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We first show that, for two coupled random points x( and z{, their distance is at least 4%/& with
a reasonable probability. Marginally, ;o and z(, are both uniformly sampled from the ball centered
at T with radius . They are coupled in the sense that they have the same projections onto the
orthogonal subspace of e;. Then, similar as the analysis in Jin et al. (2017a),

d,
pr [ a1 < EWXVOI(IB% YO) 11 T@e+ 1
oo 4f =27 VB ) 2VrdD(d/2+1/2) = 2

Thus, we know with at least half probability, we have |(zg — x{, e1)| > ﬁ. In order to apply

2log(Ly
Lemma 16, we still need to make sure || — &;|| is well bounded for every 0 < ¢ < % -1,

which happens with high probability due to Lemma 7. Thus, by the union bound and Lemma 16,
we know with probability no less than 1/3, at least one sequence between {z;} and {x}} must
escape the saddle point. Marginally, we know from a randomly perturbed point ¢, sequence {x;}
escapes the saddle point within a super epoch with probability at least 1/6. Precisely, there exists
T< % such that

_ 1 _ Y
n= C’g'L"’g — Csmax(p,p’/m)’
|zp — 2| = 2

holds with probability at least 1/6. Here, we have C3, Cg, C7 = O(1).
Combing Lemma 4 and Lemma 9, we also know with high probability

ez — oll® < CfLU‘(mo) ~ flar)

where Cy = O(1).
By a union bound, we know with probability at least 1/8, we have

F(ao) — flar) > Py —

> L (o — 7 — o — 7))
2
5 Gl 7 -5
— T \Csmax(p,p'/m)
L CaLiy 2
~ Cr 4CFmax(p? (p'//m)?)
Cy ¥

4C7C3C6 max(p?, (p/ /m)2)’

where the last inequality holds as long as g < W(pp/m)

Let the threshold gradient ¢ := C . Since f is L-smooth, we have

~ ~ ~ Lo~
F(@o) = f(@) <[IVF@)] - |20 — 2| + S |7 — @o|?

’Y 2
— 0+ (5
_Csp
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Thus, with probability at least 1/8, we know
f@r) = f(&) =f(zr) — f(w0) + f(z0) — (@)

Cy ’YS 72 L,
< — 6+ =6°.
=7 4CrCEC, max(p2, (7 m)?) | Cap” 2
If Lemma 16 fails, the function value is not guaranteed to decrease. On the other hand, we know
that with high probability the function value does not increase, f(z7)— f(xo) < 0. Thus, with high

probability, we know

2
flar) = 1(2) < J5+ 50"

[ ,\{1.5

. . C4Cs Y
Assuming 0 < min(ggct b w7, (77my?) \) 5107 C20s man(pg? )T

ability at least 1/8,

), we know with prob-

20 Cy 7 :
21 4C7C2Cs max(p?, (p'/m)?)’

flzr) = f(7) <

and with high probability,

far) -~ f@ < 5 O i

xr)— f(z) < —- .

g = 21 4C7C3Cs max(p?, (¢ /m)2)

We finish the proof by choosing C5 := 20— ¢4__ O

214C7C3Cs "

Appendix D. Proofs of Exploiting Negative Curvature - Stabilized SVRG

In this section, we analyze the behavior of Stabilized SVRG when the initial gradient is small. The
proofs will depend on Lemma 4, Lemma 7 and Lemma 9, which were proved for f but clearly also
holds for shifted function f .

Let the initial point of the super epoch be z, whose hessian is denoted by #. Assume the initial
point has large negative curvature, Ayin(H) = —7y < 0. Let x be the perturbed point and let {x;}
be the SVRG iterates running on f starting from Z. As we discussed in Section 4.3, there are two
phases in the analysis. In the first phase, the distance between the current iterate x; and the starting
point T remains small (comparable to the random perturbation), while at the end the direction of
x — Z aligns with the negative eigendirections. In the second phase, the distance to the initial point
T blows up exponentially and the algorithm escapes from saddle points.

To analyze the two phases of the algorithm, we make use of the following expansion for the
one-step movement of the algorithm:

Lemma 18 Let T be the initial point with Hessian H, and x be its perturbed point. Let {x.} be the
iterates of SVRG running on f starting from xo. For any t > 1, we have the following expansion,

t—2
xr— i1 = —n(I — M) IV f (o) + P H Z(I — M),
7=0

t—2

-1 Z(I - nH)t_Q_TAT(xT+1 —x7) — néi—1,
=0
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where variance term &, = v, — Vf(:):T) and hessian changing term A, = fgl(sz(:vT +0(xry1—
x7)) — H)do.

Intuitively, the first term —n(I — nH)!~ 1V f(20) corresponds to what happens to the algorithm
if the function is quadratic (with Hessian equal to 7 at 7). The second and the fourth term measures
the difference introduced by the error in the gradient updates. The third term measures the difference
introduced by the fact that the Hessian is not a constant. Our analysis will bound the last three terms
to show that the behavior of the algorithm is very similar to what happens if we only have the first
term.

Proof of Lemma 18. According to the algorithm, we know

Tt — Tp—1 = —NU¢—1

= —(VF(@io1) + &-1),

where & 1 =v1 —V f (z¢—1). We can further expand V f (z¢) as follows.

1
V() = Vf(zi-1) + /0 (VQf(fEtﬂ +0(xs — xtfl))>d0($t —T41)

= Vi(xi1) +H(we — 2 1) + Ay (2 — 241)
= V(i) = H(V (1) + E1) + Dy1 (@ — 24-1)
= (I — nH)V f(xi-1) — THE—1 + Dy (1 — 24-1)

t—1 i—1
= - nH)tVf(xo) —nH Z(I - UH)t_l_TET + Z(I - UH)t_l_TAT($T+1 — ),
=0 =0

where A, = fol(VQf(:r:T + 60(zr41 — x;)) — H)dO. Thus, we know

A~

vy — w1 =—n(Vf(zi-1) +&-1)

t—2
= —n(I —qH) 'V f(xo) + PH Y (I —H) > TE
7=0
t—2
- Z(I — M) T A (g1 — ) —
=0

D.1. Proofs of Phase 1

In Phase 1, the goal of the algorithm is to stay close to the original point x, while making x; — =
aligned with the negative eigendirections of 7{ (Hessian at ).
Recall the definition of the length of Phase 1 as follows,

1 )
T, = tvt' <t —1,(t < — )V | ||Projg(zy — T )
' Sup{| B ( _"77) (H rojs(z — )| < 10>}
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We will first show that z; — z,_; is bounded by O(1/t)é for every 1 < ¢t < min (7}, 1°Tg],(yd) ). This
lemma is very technical, and the main idea is to use the expansion in Lemma 18 and bound the terms
by considering their projections in different subspaces. Intuitively, the behavior can be separated
into several cases based on the eigenvalues of 7 in the corresponding subspace:

1. eigenvalue smaller than —v/logd. These directions will grow exponentially, and we will
stop the first phase when the projection in this subspace is large.

2. eigenvalue between —v/logd and 0. These directions will also grow, but they do not grow
by more than a constant factor.

3. small positive eigenvalue (smaller than +7). These directions don’t move much throughout
the iterates.

4. large positive eigenvalue (much larger than 7). These directions move very fast at the begin-
ning, but converges very quickly and will not move much later on.

In the proof we will consider the behavior of these separate subspaces (where cases 3 and 4 will
be combined). The detailed proof is deferred to Section D.2.

Lemma 19 Let T be the length of Phase 1. Assume for any 0 < t < min(T1, 107g7§d)) -1,

1€ < C%/EL |2t — 254 ||, where Cy comes from Lemma 4. Then, there exists large enough constant
c such that as long as

1 log(d
N> < 1 d ) 1 2 Clog(d) logz(L()% 6 S 9
cC1 log(nd) log(n Of;g ). L m PH

log(d) )

we have for every 1 < t < min(Ty, )

1%
||33't — CUt_l” S ?5

Now we want to prove that Phase 1 is successful with a reasonable probability. That is, at the
end of Phase 1, with reasonable probability the distance 27, —Z is order O(8), while Proj slxr —7)
is at least 6/10, where ¢ is the perturbation radius. By the above lemma, actually we only need to
show that the length of Phase 1 is bounded by log( ) n the following proof, we show that between

a pair of coupled sequences, at least one of them must end the Phase 1 within n’(y ) steps. Similar
as in Lemma 16, we use two point analysis to show the difference between two sequences along e;
direction increases exponentially and will become very large after Og(d)

at least one sequence must have a large projection on .S subspace.

steps, which implies that

Lemma 20 Let {x;} and {x,} be two SVRG sequences running on f that use the same choice
of mini-batches. Assume wy = o — x(, aligns with ey direction and |{(e1,wq)| > 4%/8' Let
T, T] be the length of Phase 1 for {x;} and {x}} respectively. Assume for every 1 < t <

107g77d)) ’xt —xy 1” < 026 andfor every 1 <t< mln(T’ loifyd )

%5, where Co comes from Lemma 19. Assume for every 0 < t < log(d

lwi —apall <

= &l

min(71,

IN
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cr .
i (Lljwr — wyoll + o Palllwrl] + s ll)s Lwell + o)) , where C; comes from Lem-
ma 7. Then there exists large enough constant c such that as long as

0% mnL~y < 1
clog(d) log( loigd

6 < min

Y 9y n —
)Cop P clog(d) log(lorgwd) )C1Cs - L

log(d)

we have min(T7,T]) < . Wlo.g., suppose Ty < and we further have

log(d)
m

log(d
VO <t <T, |zt — x| < 3log( &l ))02(5
my
; ~ 1
|Projis(ar, ~ B > -5

Proof of Lemma 20. For the sake of contradiction, assume the length of Phase 1 for both sequences
are larger than loigd) Basically, we will show that the distance between two sequences along e;

log(d)
my

log(d)
Y

direction grows exponentially and will become very large after 2 steps, which implies that at

least one sequence has a large projection along e; direction after steps.

Forany 0 <t < %, we will inductively prove that
L [|Proje, well = §(1 +n7)*lwo] and [Jwe|| < §(1 + n7)*woll;

2. & — &Il < p- myCLL(L + ) |lwol|, where = O(1).

The base case trivially holds. Fix any ¢t < @
hypotheses hold, we prove they still hold for ¢.

, assume for every 7 < ¢ — 1, the two induction

Proving Hypothesis 1. Let’s first prove ||Proj, w| > 3(1 + n7)[lwol| and |Jwe|| < (1 +
1)t |wo||. We can expand w; as follows,

wy = wi—1 — N(vi—1 — ”271)
= (I —nH)wi—1 — n(D—qwi—1 +&—1 — & 1)

t—1
= (I —nH)'wo —n > (I —H)" 7 (Arw, + & — &)
=0
where A, = fol V2f(x! +0(z, —a.)) — H)db. It’s clear that the ﬁrst term aligns with e direction

and has norm (1 + 7y)*||wo . Thus, we only need to show || 32" (I — nH): " H(Aw, + & —
ENN < 5L+ n7) lwoll-
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We first look at the Hessian changing term. According to the assumptions, we know |z, —
z|, |t = Z|| < 3log(log( ))025 for any 7 < log(d) . Thus,

t—1 t—1
n Y (T =nH)" T Avwe || <0 (1 +m9) T A |
7=0 7=0
t—1
<anmaX (|lzr — 2|, || —37”) (1+7W) [[wol
7=0
18 log(d)
< nzglog( )Capd(1 + ny) [Jwol|
=0 m
1 og(d
< ol 4log(d) log(L)CQPfs(l +17y)*|woll
1
< 751+ 1) lwol

ol
— 40log(d) log(log(d))C p
By the analysis in Lemma 16, we can bound the variance term as follows,

where the last inequality holds as long as § <

1

< (177wl

t—1
Ny (I—nH) " - &)
7=0

: 1
assuming 7 < W

Overall, we have || 30— (I —nH)! 7~ 1(A wr+& —E&0)|| < 2(14n7)Jwol|, which implies
IProjewe]| > 5(1+n7)" ||w0|| and [Jwe|| < §(1+ )" [Jwol-
&l < pmyCi L1+
n7y)t|wo|. We separately cons1der two cases when ﬁ < mand L 0y > M. If L 5 < m, the analysis

is same as in Lemma 16. We have [|& — &l < - nyC1L(1 + ny)"|[wol|, as long as > 3.
If 7717 > m, we need to bound ||w; — wgy)|| more carefully. We can write w; — w() as follows,

t—1
—wyy = (=)0 = w0 D (1 =nH) T (Agwy + & — &),
T=5(t)

The analysis for the first term and the variance term is again same as in Lemma 16. We have

| (T =m0y = = 1) wy| + | S () e — €] < 1+ )l

T=5(t)

assuming 7 < }LL
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For the Hessian changing term, we have

t—1 t—1
log(d
T N e e T
T=5s(t) T=5(t)
log(d)
< nm - 4log(——= g )Capd(1 + ny)* [|woll

< mapy (1 +n)" woll,
i < —dm—
assuming ¢ < 410g(%)czp
Overall, we have [Jw; — wy(|| < Bmny(1 + 1y)!|lwol|. Thus, when % > m, we can bound
||€& — &} as follows,

(LHwt wypyll + ' Pi([Jwe]] + lwspll))

log(d)

1€ — &l <

. >@ﬂﬂ<rmwwwd

log(d)
my

(L - 5mny + 8log(

saslngla

(L Sy & I - 81og( %@ >Cbnmv)<1+nvﬁ|wo

<p - nyCLL(1 + ny)*|wol,

where the second last inequality assumes § < %L”’ and the last inequality holds as long as p >
5+ 8lo (log(d))C’g Here, we also use the fact that P, < max(||zs¢) — Z|, Hx;(t) — ||, [|ze —

1
3l - 1) < 3log(“52)C.
Overall, we know there exists large enough constant ¢ such that the induction holds given

Y mn Ly
log(d ? /
clog(d)log(=>=)Cap P

1
<
" clog(d) log(“E)C1Cy - L

0 < min

=

Thus, we know ||Proj, w;|| > %(1-1-77’7) [|wol| for any ¢ < log( ) . Specifically, when t = loﬁfyd),
we have
. 4 ¢
[Proje, well = = (1 +m77)"[[wol|

4 log(d) ¢

> —(1+ nY
sUtm)

- 5
57

5

which implies max(||Proj,, x; — Z||, ||Proj,, #; — Z||) > {5. This contradicts the assumption that

neither sequence stops within 10% ) steps. Thus, we know min (7}, 7" 1) < log( ). Without loss of
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generality, suppose 17 < %, we have

N log(d
VOEZtSZEJth—*ﬂ|§:3bg(oii))cbd

. ~ 1
[Prois(wr, — B = 156

D.2. Proof of Lemma 19

In this section, we show that in Phase 1 the total movement is bounded by 5(5 ) within % steps.

We recall Lemma 19 as follows.

Lemma 19 Let Ty be the length of Phase 1. Assume for any 0 < t < min(7T7, %) — 1, & <

% |zt — z5(4)ll, where Cy comes from Lemma 4. Then, there exists large enough constant ¢ such

that as long as

1 log(d
< L clog(@log2(128Y) 5< Y

N>
cC1 log(nd) log(nlorgigd)) - L ny pH

we have for every 1 <t < min(77, %),

H@—mﬂgg&

Proof of Lemma 19.
log(d)

We prove for every 1 < ¢t < min(77, W)’ lzs — x4-1]] < %0 by induction. For the base

case, we have z1 — z9 = —nV f (). Since the gradient at Z is zero, we have

IV f(zo)ll = |V f(z0) = V(@)
< Lijzo — x|
< LS,

where the first inequality holds since f (f) is L-smooth. As long as 1 > 1L, we have |21 — 2| <

0.

Fix any ¢t < min(T7, log(d)

~ ), suppose for any t' < t — 1, |lzy — xp_1| < 59, we will prove

|z — z4—1|| < £6. In order to prove ||z; — x;—1]] < 40, we will separately bound its projections
onto three orthogonal subspaces. Specifically, we consider the following three subspaces:

e S: subspace spanned by the eigenvectors of H with eigenvalues within [—v, ——1—
e S=: subspace spanned by the eigenvectors of H with eigenvalues within (— 2, 0].

° Si: subspace spanned by the eigenvectors of H with eigenvalues within (0, L].
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Regarding the projections onto S and Si, we will use the following expansion of x; — x;—1,

Tt — Tt—1

t—2
= — (I = i) 7V f (o) + 0 H Y (I = 1) e

7=0
t—2
—n > (=) T A (w1 — 1) — 1€ (8)
=0

and bound its four terms one by one. In the expansion, we denote A, := fol(V2 f (xr + 0(xr41 —
z7)) — H)do.

For the projection in subspace .S, after ni steps, we cannot bound it using the above expansion
since the exponential factor can be very large. Instead, we bound the projection in subspace .S by
the stopping condition ||Projg(z:—1 — )| < 1% using an alternative expansion,

Ty — Tg—1 = — U(Vf(xt—l) +&-1)
= - 777'[(%—1 - 5) - Uﬁifl(l’t—l - 5) —nt—1,

where A)_; = [{(V2f(@ + 0(x—1 — T)) — H)d0.

We will first bound the projections of x; — x;—1 on S i and S by considering the four terms
in Eqn. 8. For the first term, the projection in subspace S+ can increase but will not increase by
more than a constant factor; the projection in S i might start large but will decrease as the number
of iterations increases.

Bounding ||Proj 5L n(I —nH) =V f’ (z0)| : For this term we will show that its projection on S~
is small to begin with and cannot be amplified by more than a constant. Recall that V f (zg) =
H(zo — T) + A(zg — 7), where A = [(V2f(Z + 6(zo — &)) — H)d6. Due to the Hessian
lipschitzness of f, we have ||Al| < pd. Then, we can bound 7||Projg. (I — M)V f (0)|| as
follows.
lProjs (I = )"~V f (x0) | =n | Proj (I = n#H)" ™ (F(wo — &) + Alao — )
<|[Projg1 (I — M) H(zo — 7)]|
+ ulProjs. (I = )"~ Ao — )]

ny log(d) ¥ ny log(d) 9
<n(1 14+ —1 V7 )
<0 @) " Tog@” T doglay) " °

&
<— 6 52
_log(d)m +enp
<2enn9,
log(d)

where the last inequality holds as long as § < %. Since t < oy We have

< 2e l(lg(d)

nl[Proj g (I —nH)" ™'V f(zo)|| g.
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Bounding HProjsin(I — H)" 'V f(x0)| : The key observation here is that V f(20) can only
be large along an eigendirection if the corresponding eigenvalue A is large; however in this case the
(I — nH) term will also be significantly smaller than 1 in such a direction so the contribution from
this direction decreases quickly. More precisely, we have

nl[Projs. (I — M)~V f(zo)|| =nl|Projs: (I —nH)" (H(zo — T) + Alzo — 7))
<n||Projgs (I — nH)"™ H(wo — 7|
+n||Projgi (I — M)~ Azo — 7|
<||Projg (1 — nH)'~ |0 + npd®

1
S;(S + 7]p62,

where the last inequality holds since (1 — A\)!~!A < 1/t for 0 < A\ < 1. Assuming § < %, we can
further show
log(d)
, J.

npd® < nyd <

Thus, we have
21og(d)

t

Next we will bound the norm of the variance term. The main observation here is that based on
induction hypothesis, we can have a good upperbound on ||¢-||. Now, for subspaces S+ and S+, we
will show that the additional matrices in front of £, will not amplify its norm by too much.

J.

nl[Projg. (I — )~V f(xo)|| <

Bounding ||Pr0j5i W?H YA —H)! %7€, ||+ Foreach 7 < t — 2, we bound variance term
|I€-|| as follows,

1€ = llor — Vf(xr)H
< WH% — Tyl

< WHQJT - xS(T)H

ChL
< . Z |r — x|

IN
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where the second inequality assumes b > m? and the last inequality is due to the induction hypoth-
esis. If ¢ < 2m, we bound ||Pr0JSM)2’H SEA (I —H) T 277E, || as follows.

t—2 t—2
Projg i n°H Y (I — M) > 76| <0 Y [ProjginH(I — nH)' > |1& |
7=0 7=0
t—2 1 L T "
1
)
_nzt—l—T m _Z(:)+1T/
t—2
1 2C log(2m)L
< )
0% e (T

4 1 2(2

log*(2
< SCrleg'em) " @),
where the third inequality holds since >~ r=s(r)+1 77 <10g(7) +1 <log(2m) 4+ 1 < 2log(2m).

If t > 2m, we bound ||Pr0JSi772H S (I — H) T 277E, || as follows.

t—2
Projgi”H Y (I — nH)" > "¢, <nZHPrOJSmH<I nH) 2 |[IE )
7=0 7=0
m—1
<7 (Z —[l&- 1 +n Z H&!)
7=0

We bound these two terms in slightly different ways. For the first term, we have,

m—1

m—1
1 1 2C1 log(m)L
E _ < E
K t—l—THéTHnTOt—l—T< m Ho

7=0
m—1
2 (2Clog(m)L
SHE
=0

< 4C1 log(m)
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where the second inequality holds since t — m > t /2. For the second term, we bound it as follows.

t—2 t—2 r
1 1 ClL 1%
—— T Ladpy
nZt—l—THgn_nZt—l—T m Z T’
=m T=m T'=s(7)+1
<n ti ! cL—Ht s
Tt —1—7 ! s(t)+1
T=m
t—2
1 1
< CyinL
v 'U(SZ t—1—-7 7—m+1
T=m
t—2
1 1 1
= CinLud
nLis ) (t—1—7+7—m+1) t—m
T=m
8C log('e@)
< t( L )nLM
where the third inequality holds because 7 — s(7) < m. Thus, if ¢ > 2m, we have
-9 log(d)
8C log(m )
Projg M Y (I — M) > 776 || < L.
T7=0

Thus, combining two cases when ¢ < 2m and t > 2m, we know
t—2

log(d 1
ProjsinQH Z(I — M) 2776, || < max <8C1 log?(2m), 8C4 log(moiﬁ(y))> ZnLM(S.
7=0

Bounding |[Proj . 7*H SA(I —yH)27E ||+ Let’s now consider the projection on the S
subspace.

t—2
ProjeLn*H » (I — n%)t“&H
7=0
t—2
<n® Y |[Projgs Hl|[Projg (1 — M) 7|[[|& |
7=0

t—2
gl My st
<n? 1 w E .

t—2

m—1
2C1 log(m)L 1
2 1 1og I
=1 log(d) (;) m Mé—i_;;cl T—m—i—lmS

9) JeCinLud—1

log(d)
<2 log(mbi(j))ec K tlfogg((dd))

I
<2log(m os(

2eC1 1o m/1osd)
_2eChlog(m= )77L,u(5.
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Next we bound the Hessian changing term. This is easy because this term is actually of order
62 where § is the radius of the initial perturbation. Therefore we can bound it as long as we make &
small.

Bounding HProjsimen Zi_:zo(f —nH) 2 TA (2,41 — )|+ First, we bound ||A, || for each
T<t—2.

1A <pmax([|lzr1 — Z|, [ — Z[])
T+1
<p(D_ e = apa | + [|wo — F))
T'=1
T+1 1
SP(Z ;/MS +9)

T'=1

log(d

<3 1og(&())pu6,
ny

where the third inequality uses the induction hypothesis. Then, for the Hessian changing term, we

have

t—2

Projsimsfn ZO(I - nH)t_Q_TAT($T+1 - 1’7’)

t—2
<3 IProgi s (1 = )2 A N (741 — 25

=0

t—2

ny | leeld log(d) 1

< 1 + — -3 10 5 5
_n;( log(@) By oo b

t—2
log(d 1
<n > e 3log( f’( By
7=0

Y T+1

log(d
<6elog?( 8D, 252
m

log(d

n
log

~ ==

<6elog*( )10

<6elog?( )log(d)%é,

3/\
Q&‘Q

where the second last inequality holds as long as § < 1.
Next, we bound the norm of the error in the last gradient estimate. This follows immediately
from induction hypothesis.

Bounding ||7¢;_1|:  For the last term n&;_;. If t < 2m, we have

2C log(2m)L

[n&—1ll <n o

1
< 4Ch log(2m)¥nL,u(5.
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If t > 2m, we have

C,L
_ <
In&—1]] < Unr )

-1)+1

L
Cq b
m

<
<

2
Overall, we have

1
[n€i—1]] < 4Cy 10g(2m)¥77L,u(5.

Until now, we have already bounded the projection of 2y —x;_; in subspace S i and S*. Finally,
we bound the projection of x; — ;1 on the .S subspace. If t — 1 < % we bound it using the

expansion in Eqn. 8 similar as above. If ¢t — 1 > 77%’ we use the stopping condition to bound the
projection on S.

Bounding ||Projg(z; —x;—1)| Ift—1< 77%’ the exponential factor (1+177)*~ 1! is still a constant.
Similar as the analysis for the projection on subspace S=, we have the following bound,

- 2elog(d
Projgn(I — UH)t_IVf(l‘Q)H < (3();;()6,
t=2 2eC log(m'29) 1og(d)
Proj¢n*H Z(I —H) e < ; i nLud,
7=0
= log(d) 1
Projgn Y (I — nH) > " Ar(zr41 — 27)|| < 6elog?(——) log(d) 0.
=0 m t
Ift—1> %, according to the stopping condition of Phase 1, we know ||Projg(z;—1 —7)| < %.

In order to better exploit this property, we express x; — x¢—1 in the following way,
Tt — Tt = — n(Vf(xt_l) +&-1)
= —nH(xt-1 — Z) = A1 (Te—1 — T) — &1,
where A1 = fol(V2f(f + 6(x¢—1 — x)) — H)d6. For the first term, we have

. N _ - 0 _ log(d
[ProjsiM (o1 — | < myProjs(ee1 — D < - < 1(§t )s.

For the hessian changing term, we have
IProjgnAs—1(zi—1 — Z)|| < [nAs-1(ze—1 — )|

< npllwi—1 — 7|
log(d)

< np(3log(—222Y15)2

< np(3log( p o)
]

< 9log2(M)m5
my

log(d) 1
< 9log?(—L) log(d) =4
< 9log™( o ) g()t
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where the second last inequality assumes § < —L
Combining the bound for the projections onto all three subspaces, we know there exists absolute
constant ¢, such that

c log(d), 1 c log(d), 1
e — 21| < 5 log(d) log*( 2 ))t5+201 tog(nd) log(n 22! )ZnLud,
assuming ¢ < mln(; W) Now, we know ||z — z¢—1 | < $u, as long as
1
< Tog(d) ’
cC1 log(nd) log(n og( ) L
log(d
> clog(d) log? (25 )),
ny
7
0 < —.
pu?

D.3. Proofs of Phase 2

We have shown that at the end of Phase 1, 7, — 2 becomes aligned with the negative directions.
Based on this property, we show the prOJectlon of z; — = on S subspace grows exponentially and
exceeds the threshold distance within O( ) steps. We use the following expansion,

2 —T = (I —nH) (-1 —T) — A1 (T—1 — T) — Né—1,

where Ay = fol(V2f(§5 + 0(xt—1 — x)) — H)dO. Intuitively, if we only have the first term, it’s
clear that ||Projg(z: — 2)|| > (1 + %)HProjS(azt,l — Z)||- We show that the Hessian chang-
ing term and the variance term are negligible in the sense that |[nA;_1(z—1 — T) — n&—1]] <
5 log( ) |Projg(z:—1 — Z)||. The Hessian changing term can be easily bounded because the threshold

distance .2 = O( p). We will bound the variance by showing that ||z —z¢_1 || < O(1/t)||z—1 —Z]|.
We also need ;1 — to be roughly aligned with the negative directions in order to bound ||z¢—1 —Z||
by O(1)||Projg(z—1 — Z)]|.

There are several key differences between Phase 1 and Phase 2 . First, we use Lemma 7 to
bound the variance (this is effective because the point does not move far in Phase 1), but we use
Lemma 4 to bound variance in Phase 2 (this is effective because in Phase 2 the projection in the
most negative eigenvalue is already large). Second, in Phase 1 we need to analyze the difference
between two points, and the direction e; is dominating. In Phase 2 we can analyze the dynamics of
a single point, and focus on the entire subspace with eigenvalues less than —v/ log d instead of a
single e; direction.

Lemma 21 Let the threshold distance £ = C . Let T be the length of the super epoch, which
means T := inf{t| ||z, — z|| > £L}. Assume forany0 <t < T | < C:}ELth
where C'y comes from Lemma 4. Assume Phase 1 is successful in the sense that

Loy < sl

U0/ o

Ls(t)

>

C
L OVI<E<T, o —m_q]| < 726,

- 1)
|Projs(er, — )| > VOSt<T, o -3 <O

Ev
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where Cy comes from Lemma 19 and C' comes from Lemma 20. There exists large enough absolute
constant c such that as long as

< 1
n= v ’
L-cCCy <10g2(n) + log(nW))
log(d) log( X%
C3>c| Cy+ Clog(w) log(d) log(l) )
7y pd

2/3
log(d) log(J5) 5
b>n23. ¢ Clog(d)log(L) [ Cy + Clog(———222") 10g(d) log(-- :
( (@108 -+ Clog(“E 55 g () log( )
we have o 0
4log(d) log(~5) _ log(d) 4 41log(d) log(p—g).

ny ny

T<T +

4log(d) log( 1;)—;)

Proof of Lemma 21. Let Ty, = T4 + . If there exists t < Typax — 1, ||2 — || > &2,
we are done. Otherwise, we show ||z; — Z|| increases exponentially and will become larger than .#’
after Thax Steps.

Formally, we show the following four hypotheses hold for any 7 <t < Ti,ax by induction,

1.

) - ny _ . -
[Prois( =) > (1-+ 50" [Projs(ar, — )
2' . o~
HPrOJgL (¢ —~5U)|| < ny )t—Tl’
IProjg (w, — 2)]| ~ 41og(d) log(77)

where S+ denotes the orthogonal subspace of S

3. Forany 0 < 7 <t —1, we have

— || > ||Proj —2)|| > - —Z||;
|ze — || > |[Projg (24 w)||_60+1||x z||
4. For any 1 < 7 < t, we have
., 0
lar = el < & max(ller1 -, 15),

where ;1 = O(1).

Hypothesis 1 is our goal, which is showing the distance to the initial point increases exponen-
tially in Phase 2. We use hypothesis 4 to bound the variance term. We also need Hypothesis 2
and 3 for some technical reason, which will only be clear in the later proof. Basically, hypothesis 2
guarantees that x; — x roughly aligns with the S subspace. Hypothesis 3 guarantees that the distance
to the initial point cannot shrink by too much.
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Let’s first check the initial case first. If ¢ = T, the first hypothesis clearly holds. For the second
hypothesis, we have
[Projs. (zry — @) _ |z, — 7]
[Projs(er, —3) ~ [Projs(er, — 2]
The third hypothesis holds because ||z7, — z|| > ||Projg(zr, —Z)|| > /10 and ||z, — z|| < Cd/10
for any ¢t < Ti. Since ||x; — z—1|| < %(5 for any 1 < ¢ < T, the fourth hypothesis holds as long
as p > 10Cs.
Now, fix T} < t < Tiax, assume all four hypotheses hold for every T} <t <t — 1, we prove
they still hold for ¢.

< C.

Proving Hypothesis 4: In order to prove Hypothesis 4, we only need to show ||z; — z;—1|| <
Emax(||z;—1 — Z||,0/10). Let ST be the subspace spanned by all the eigenvectors of H with
positive eigenvalues. Let S~ be the subspace spanned by all the eigenvectors of H with non-positive
eigenvalues. We project z; — x;— into these two subspaces and bound them separately.

Bounding |Projg (x; — z4—1)||: Consider the following expansion of z; — x;_ :

2y — w1 =— (V@) + &)
=—nH(@e-1 — F) = nAt—1(T4-1 — T) — 1&t-1,
where A, = fol (V2f(ZT + (i1 — T)) — H)df. We bound Projg- (x; — x;_1) by separately
considering these three terms.

The first term can be bounded because within subspace S—, the largest singular value of H is
just . Precisely, we have

[Projg—nH(zi—1 = Z)|| <nyllee—1 — 2|

(tos() + 41og(a@) og(23))
< t

th—l - EH7

(log(d)+4 log(d) log( 10—7 ))

where the second inequality holds because t < Ty <

Since f is Hessian lipschitz and the total distance is upper bounded by L Tsp , the second term can
also be well bounded. We have,

[Projg-nAs—1(xt-1 — T)|| <[[nA¢-1(xi1 — )|
<npllei = |||z — 7]

<np$||f6t 1— 2|

1l — 7]
log(d) + 4 log(d) log( )
< 2 e — 3,
ot

where the second inequality holds due to the Hessian-lipshcitzness of f.
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We can bound the variance term using Hypothesis 3 and 4. Precisely, we have

t—1
m ClL
m&t—1ll <n——— Z lzr — 21|
\/B m T=s(t—1)+1
t—1
m C1L 7 . 0
< — max(||zr—1 — 7|, =)
\/B m T s(tzl)+17— 10
-1
m ClL tz 1%
<n—=—— —(eC 4+ 1)|lxi—1 — x|,
\/B m T=s(t—1)+1 T

where the last inequality holds requires ||z;—1 —Z| > eC+1 max(HxT 11—z, 10) forany 7 < t—1.

According to induction hypothesis 3, we have ||z;—1 —Z| > eC+1 |x7—1—x| forany 7 < t—1. By

induction hypothesis 1, we have ||z¢—1 — Z| > ||Projg(z¢—1 — Z)|| > (1+ B) 11| Proj g (2, —
T)|| > 1. Using the same analysis in Lemma 19, we further have

m 1 ~
1]l < “7-A4(eC + 1)Cr log(2m) Ly~ 7.

Vb
Bounding ||Projg+ (z; — z¢—1)|| : For the projection onto ST, we use the following expansion:
t—2
wr— w1 ==l —nH)' IV f(wo) +0’H Y (I —nH) > 77E,

=0

t—2

-1 Z(I - UH)t_2_TAT($T+1 —x7) — néi—1,
7=0

Similar as the analysis in Lemma 19, we can bound the first term as follows,

210g(al)(s < 201og(d)

IProjg+n(I —nH)" "'V f(ao)|| < ;0=

[
where the second inequality holds because ||z;—1 — Z| > ¢/10.
Using a similar analysis as in Lemma 19, we have the following bound for the second term,

t—2

Projg+ M Y (I —nH)'*77¢,
7=0

1 ~
(eC + 1) max(8C} log?(2m), 8C, log(meax))ZnL,uth,l —z.

é\g
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For the hessian changing term, we have

t—2
Projgn » (I —nH)' > " Ar (w741 — 27)
7=0
t—2
<) 1Al w71 — 2]
7=0

[e—1 — 2|

<nz eC—i—l +1

<210g(Tmax)ny(eC + 1)*Ilwt 1= 7

ﬂlog(d) + 4log(d) log(lov)

Cs t

log(d) + 4log(d) log(%)
t

<2(eC + 1) log(Tmax) l2zi—1 — ||

<2(eC + 1) log(Tmax) lzt—1 = 2],

where the last inequality holds as long as C'3 > .
Overall, we can upper bound ||z; — z;_1 || as follows,

lz¢ — 1]
10~

<(20108(d) + (g +1+2(eC + 1) og(Thnu)) (108(d) + 410(d) og( 1)) ) 1 ir-s 71

+ (4(eC + 1)Cy log(2m) + (eC + 1) max(8C) log?(2m), 8C log(mTmax))) %nLuHmpl -z
< (20108(d) + (2 + 2(eC + 1) 10g(Trne)) (lo8(d) + 4108(d) lox(~ 1)) - = 7

+ (4(eC + 1)Cy log(2n) + (eC + 1) max(8C log?(2n), 8C1 log(nTimax))) %nL,uHmt_l -z,

assuming C3 > 1. As long as

1
<
7= 9L (4(eC + 1)C1 log(2n) + (eC + 1) max(3C) log?(2n), 8C1 log(nTmax)))

and
pw>2 (20 log(d) + (2 4 2(eC + 1) log(Timax)) <log(d) + 4log(d) log(l;)?)» :

we have ||z; — 241 || < B|zm1 — 7.
Proving Hypothesis 2: In order to prove condition 2 holds for time ¢, we only need to show

Projg. (¢ — =
IPoiss(o =Dl (o m
||Projg(z¢ — @) 4log(d) log(~5")

where P,_1 := C(1 + Wzg(%w))t—l—ﬂ‘
P
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We can express z; — Z as follows,
2 —T = (I —nH) (-1 —T) — A1 (Te—1 — T) — Né—1.
Assuming [|[nA; 1 (zi1 — B)|| + [n& 1]l < Cnyllai — F|, C = O(1), we have

IProjs. (z¢ — )| < (1 + —)||Projg. (w1 — B + Cryllaer — &

/A
B log(d)
and

Projg(z; — 3)|| > (14 —L

P — — _
> (1 4+ T IProi (1 — )~ Oy — .

Then, we have

|Projg. (¢ — 7)|| <Pt 1(1+ 1og(d)) (P +~1)C~'7W
HPrOjS(xt - f)H 1+ m — (Pt_l + ].)C?T'}/
. (1 + ey + 1+ Ptl_l)qm>
1+ oy = (P + 1)Cpy

1+ 5)Cny + (P + 1)Cy
—Pi |1+ L _
1+ log(d) (Pr—1+1)Cny

<P <1 + (1+ + P+ 1)6’777)

Py
<P (1 + 3+ 60)5777> ,

where the second last inequality holds as long as (P,_; + 1)C < (eC+ )C < 1/log(d) and the

last inequality holds because 1 < P;_; < eC. Now, as long as C' < Gre C)410g @108 ( =) we have

|Projg. (z¢ — )| m
: <1+ P
|Projg(z¢ — )| ( 4log(d) 10%(%)) t
ny t—T;
<C(1+ =
4log(d) log(57)

For the hessian changing term, we have |[nA;_1(xi—1 — 2)|| < C%n’y”:ct_l — z||. For the
variance term, according to the previous analysis and the choosing of 7, we have

~ m "
gl < 5 f t||rct 1= 3 < Syl = 3l

where the second inequality holds because ¢ > T > 1 . As long as C3 > 2; and b > (£ )2/ 3n2/3,

we have [[nA¢—1 (21 = 2)|| + 01| < Canxt—l — .
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Proving Hypothesis 1. In order to prove hypothesis 1, we only need to show ||Projg(z: — 7)|| >
(1+ #g(d))HProjs(a:t_l — 7)||. We know,
|Proj(z; — &) >(1+ bgzd))uprojs(xt_l — D) - Coylla—r — |
>(1+ ﬁ)ﬂprojs(xtq —8)|| = (eC + 1)Crp||Projg(zs—1 — )|
2(1+ gy o) IProis (1 = 7)1

where the last inequality holds as long as C < m.

Proving Hypothesis 3. For 7 <t — 2, we have

[ — Z[| Z[|Projg (x; — T)|
> [Proj (-1 — 3)]
>, 7
“eC+1 ’
where the second inequality holds because ||Projg(z; — Z)|| > (1+ #&dﬂ |Projg(xi—1 — )| and
the last inequality holds due to the induction hypothesis 3.
Since ||Projg(xi—1 — z)|| > TlﬂHmt_l — ||, we also have

[ — ]| Z||Projg(x; — )|
>||Projg(z¢—1 — 2)|

>

o P
T—1 — T
eC + 1701
Thus, there exists large enough absolute constant ¢ such that the induction holds as long as

1
n <

C3>c (C’g + C'log(
ny

)

ny

— A )
L-cCCy <log2(n) + log(nlogw)log(”‘s)>

log(d) log(Z)

) log(d) 1og<;5>>

o og( X 2/3
b > cn?/3 (C log(d) log(l) (C’z + Clog(lg(d)7717g(p§>) log(d) log(pfyd)>> .

Finally, we have

12T — Tl = [[Projg (21, — Tl

>(1+

77,7 Tmax—T1 P 3 _
Stogy) " IProis(en, ~ )
Y )4log<d>log<1p%”> i
2log(d) 10
Y
> =%
— Csp
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D.4. Proof of Lemma 22

Finally, we combine the analysis for Phase 1 and Phase 2 to show that starting from a randomly
perturbed point, with at least constant probability the function value decreases significantly after a
super epoch.

Lemma 22 Let T be the initial point with gradient |V f(z)|| < 94 and Amin(H) = —y < 0.
Define stabilized function f such that f(z) := f(z) — (Vf(Z),z — ). Let {x;} be the iterates of
SVRG running on f starting from xo, which is the perturbed point of T. Let T' be the length of the
current super epoch. There exists 1 = O(1/L),b = O(n*3),m = n/b,d = (mln(z mv)) G =

O( ) Z = O( )s Trax = O( ~) such that with probability at least 1/8,

w

flzr) — (@) < —C5 -

‘QM‘Q

and with high probability,

. _C5 3
flar) = f@) < 55+ 05

where Cs = (:)(1) and T < Tpax.

Proof of Lemma 22. Combining Lemma 20 and the coupling probabilistic argument in Lemma 17,
we know from a randomly perturbed point x(, sequence {x;} succeeds in Phase 1 with probability
at least 1/6. By Lemma 4, we know with high probability, there exists C; = O(1), such that
1€l < Cz}EL |@¢ — @54 || forany 0 < ¢ < T — 1, where T is the super epoch length. Then, combing

with Lemma 21 and Lemma 9, with probability at least 1/8 we know there exists n = ﬁ, b=
O(n2/3),6 = O(mln(z ) T < Tnax == % such that,

~ T A
lor =7 2 2 = oy llor = w0l < o (Flwo) = fler)
where 03, C4, 067 C7 = 6(1) R )
Since ||z — 7ol|? < %(f(:po) — f(zr)), we have
: : CyL
flao) = for) 2= llar — o
CuLL

~1\2
> _ —_
7 Ulzr = 2] = llzo — 1)

G 7
TIChC2C, 2

where the last inequality holds as long as § < 2(:*ng'
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Since f is L-smooth and V f(Z) = 0, we have

Ly,

Flao) — @) < ZF — a0l < &

2 .
Let the threshold gradient ¢ := gTw‘ For the function value difference between two sequence, we
have

f(xr) = fler) SIVF@) - o — 2]

Since T is the length of the current super epoch, we know ||z7_1 — Z|| < -Z. According to the
analysis in Lemma 21, we also know ||z7 — Z|| < 3||zp_1 — 7| < 3.Z. Thus, we have

flar) — far) <9 -3Z

2
<3
Csp Csp
_3 7
- CsC3 p?
Thus, with probability at least 1/8, we know
flar) = (@) =f(er) - (@)
=f(zr) — f(@0) + f(20) — f(2) + flar) — f(a7)
< — ilg + £ 2 3 13
4C7C2Cq p* 2 CsC3 p?

If Phase 1 is not successful, the function value may not decrease. On the other hand, we know

f(xr) — f(xo) < 0 with high probability. Thus, with high probability, we know

~ L 5 3 3
_ < = L
flar) = 1@ < 58+ o

. 3 . .
Assuming § <,/ WZ—Q and Cg > %, we know with probability at least 1/8,
3

20 G 7
21 4070;%06 ,02’

flzr) = f(2) <

and with high probability,

_ 1 Cy 3
— < — .= 1
flor) = f(@) < 5 4C7C2C; p?
We finish the proof by choosing C := 22 Oy U

T 214C7C3Cs”
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Appendix E. Proof of Theorem 3

In the previous analysis, we already showed that Algorithm 5 can decrease the function value either
when the current point has a large gradient or has a large negative curvature. In this section, we
combine these two cases to show Stabilized SVRG will at least once get to an e-second-order sta-
tionary point within 5( nQ/iQLAf + n‘e/lﬁ_? ) time. We omit the proof for Theorem 2 since it’s almost
the same as the proof for Theorem 3 except for using different guarantees for negative curvature
exploitation super-epoch.

Recall Theorem 3 as follows.

Theorem 3 Assume the function f(x) is p-Hessian Lipschitz, and each individual function f;(x)
is L-smooth and p'-Hessian Lipschitz. Let Af = f(xo) — f ¥, where xq is the initial point and
f* is the optimal value of f. There exists mini-batch size b = O(n?/3), epoch length m = n/b,

step size 1 = 5(1/L) perturbation radius 6 = 6(min(%, mf)), super epoch length Ty.x =
5(\/%), threshold gradient 4 = O(€), threshold distance & = 5(%), such that Stabilized SVRG

(Algorithm 5) will at least once get to an e-second-order stationary point with high probability using

~ n2BLAF  npAf
o2l AT

stochastic gradients.

Proof of Theorem 3. Recall that we call the steps between the beginning of perturbation and the
end of perturbation a super epoch. Outside of the super epoch, we use random stopping, which is
equivalent to finish the epoch first and then uniformly sample a point from this epoch. In light of
Lemma 6, we divide epochs ! into two types: if at least half of points from {xT}tTiTH have gradient
norm at least ¢, we call it a useful epoch; otherwise, we call it a wasted epoch. For simplicity of
analysis, we further define extended epoch, which constitutes of a useful epoch or a super epoch and
all its preceding wasted epochs. With this definition, we can view the iterates of Algorithm 5 as a
concatenation of extended epochs.

First, we show that within each extended epoch, the number of wasted epochs before a useful
epoch or a super epoch is well bounded with high probability. Suppose {:J:T}iJ;TH is a wasted
epoch, we know at least half of points from {a:T}tTJ;TH have gradient norm at most ¢. Thus, uni-
formly sampled from {z}'T"" |, point 2, has gradient norm ||V f(zy)|| < ¢ with probability at
least half. Note for different wasted epochs, returned points are independently sampled. Thus, with
high probability, the number of wasted epochs in an extended epoch is O(1). As long as the number
of “extended” epochs is polynomially many through the algorithm, by union bound the number of
“wasted” epochs for every “extended” epoch is 6(1) with high probability.

We divide the extended epochs into the following three types.

e Type-1: the extended epoch ends with a useful epoch.

e Type-2: the extended epoch ends with a super epoch whose starting point has Hessian with
minimum eigenvalue less that —, /pe.

e Type-3: the extended epoch ends with a super epoch whose starting point is an e-second-order
stationary point.

1. Here, we only mean the epochs outside of super epochs.
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For the type-1 extended epoch, according to Lemma 6, we know with probability at least 1/5,
the function value decrease by at least Q(nl/ 3¢2/L); and with high probability, the function value
does not increase. By standard concentration bound, we know after logarithmic number of type-1
extended epochs, with high probability, at least 1/6 fraction of them decrease the function value by
O(n'/3¢%/L).

For the type-2 extended epoch, according to Lemma 22, we know with probability at least 1/8,
the function value decreases by at least Ce!®/ /p; and with high probability, the function value
cannot increase by more than 25 e/ /P> where C5 = @( ). Again, by standard concentration
bound, we know after logarithmic number of type-2 extended epochs, with high probability, at least
1/10 fraction of them decreases the function value by at least Csel®/ \/p- Let the total number of
type-2 extended epochs be Ny, we know with high probability the overall function value decrease
within these type-2 extended epochs is at least A 205 e/ N2

Thus, after O(-% YR LAY number of type-1 extended epochs or O( ‘[ f ) number of type-2 extend-
ed epochs, with hlgh probability the function value decrease will be more than A f. We also know
that the time consumed within a type-1 extended epoch is O(n) with high probability; and that for
a type-2 extended epoch is O(n + n?/3L/ /P€). Therefore, after

~( LAf VA n?3L
O(nl/3e2'”+ a5 (Tt \//%)

stochastic gradients, we will at least once get to an e-second-order stationary point with high prob-
ability. d

Appendix F. Hessian Lipschitz Parameters for Matrix Sensing

In this section we consider a simple example for non-convex optimization and show that in natural
conditions the Hessian Lipschitz parameter for the average function f can be much smaller than the
Hessian Lipschitz parameter for the individual functions.
The problem we consider is the symmetric matrix sensing problem. In this problem, there is
an unknown low rank matrix M* € R¥>*? = U*(U*)T where U* € R¥*". In order to find M*,
one can make observations b; = (A;, M*), where A;’s are random matrices with i.i.d. standard
Gaussian entries. A typical non-convex formulation of this problem is as follows:
i U)y= 2 Y Ay, M) — b;)? 9
in f( )—2n§(< i» M) = bi)”, ©)
where M :=UU", U € R¥". It was shown in (Bhojanapalli et al., 2016; Ge et al., 2017a) that all
local minima of this objective satisfies UU T = M* when n = Cd for a large enough constant C.
We can easily view this objective as a finite sum objective by defining f;(U) = %((Ai, M) —b;)2.
Without loss of generality, we will assume ||[U*|| = 1 (otherwise everything just scales with
IU*])). A slight complication for the objective (9) is that the function is not Hessian Lipschitz in the
entire R¥". However, it is easy to check that if the initial Up satisfies ||Up| < 4 then all the iterates
Uy, for gradient descent (and SVRG) will satisfy ||U;|| < 4 (with high probability for SVRG). So we
will constrain our interest in the set of matrices B = {U € R¥>" . |U|| < 4}.
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Theorem 23 Assume sensing matrices A;’s are random matrices with i.i.d. standard Gaussian
entries.. When n > Cdr for some large enough universal constant C, for any U,V in B = {U €
R . ||U|| < 4}, for objective f in Equation (9), with high probability

IV2£(U) = V2F(V) < OMU = V] F.

On the other hand, for the individual function f;(U) = %((Ai, M) — b;)? with high probability,
there exists U,V in B such that

IV2£:(U) = V2 (V)] = QDU — V] F.

Before we prove the theorem, let us first see what this implies. In a natural case when 7 is
a constant, n = C'rd for large enough C, for the matrix sensing we have p = O(1), but p/ =
Q(d) = Q(n). Therefore, the guarantee for Perturbed SVRG (Theorem 2) is going to be much
worse compared to the guarantee of Stabilized SVRG (Theorem 3).

Let us first adapt the notation from Ge et al. (2017a) and write out the Hessian of the objective.

Definition 24 For matrices B,B', let B: 1 : B' = 131" (A, B)(A;, B').

Lemma 25 (Ge et al. (2017a)) The Hessian of the objective f(U) in direction Z € RY" can be
computed as

VifU)NZ,2)=UZ"+2U") :H - (UZT +2U" ) +20U" —M*):H:2Z".
Similarly, the Hessian of an individual function f;(U) satisfies
V2RUNZ,2) =UZ", A+ A2 + 12007 — M*, A+ AT (227, A + A]).
Another key property we will need is the Restrict Isometry Property (RIP) (Recht et al., 2010).

Definition 26 (Matrix RIP) The set of sensing matrix is (r,d)-RIP if for any matrix B of rank at
most r we always have

(1= 0)IBllF < B:H:B < (1+4)|BlE.

Candes and Plan (2011) showed that random Gaussian sensing matrices satisfy RIP with high
probability as long as n is sufficiently large

Theorem 27 (Candes and Plan (2011)) Suppose n > Cdr /&%, then random Gaussian sensing
matrices satisfy the (r,0)-RIP with high probability.

Now we are ready to prove Theorem 23.

Proof of Theorem 23. We will first prove the upperbound for the average function.

For the upperbound, assume that the sensing matrices are (2r,d)-RIP for 6 = 1/10. By Theo-
rem 27 we know this happens with high probability when n > 200Crd where C' was the constant
in Theorem 27.
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For any ||U||, [|[V|| < 4 and Z € R%*", we use Lemma 25 to compute the Hessian and take the
difference in the direction of Z

V2 F(U)(Z, 2) - V2J(V)(2. Z)
=WUZ"+2zU"Y H:(UZ"+2U0 - (VZ 42V 1 (VZT +2VT)
+2UU" —M*):H:ZZ" —2VV —M*):H:VVT
=UZ"+2ZUT):H: (U-VZ"+2(U-V)T")
+((U-WVZT+ZU-V)"):H: (VZT +2V)
+2UU" VvV H:2ZT
<A+)UZT +ZUT U -V)ZT + 2(U = V) ||
+(1+)U=WVZ"+2U-V) |pIVZ" + 2V |F
+21+0)[UUT = VVFl|ZZ |
<32(1+0)|I 27U =V +16(1 + 6)|U = V||| Z|[
=48(1+9)U - VIFlZ|E,
where the first inequality uses the definition of RIP and Cauchy-Schwartz inequality, and the second
inequality uses ||U||, |[V'|| < 4 and the fact that || AB||r < ||A||||B||r. Thus, forany U,V € B, and
any direction Z, we have
IV2f(U)(Z.2) - V*f(V)(Z.Z)]

<481+ 0)|U = V||p.
123,

This implies that p < 48(1 + §) = 234
Next we prove the lowerbound for individual functions. We will consider V = U + €A and

let € go to 0. This allows us to ignore some higher order terms in €. Following Lemma 25, let
A= A; + A, we have

V2ifi(VNZ,2) = V2 f(UNZ,Z) = 2(AZT AU ZT, A + (AU ", AN ZZ T, A) + O(€?).

It is easy to check that the matrix A/+/2 has the same distribution as the Gaussian Orthogonal
Ensemble. By standard results in random matrix theory (Bai and Yin, 1988; Tao, 2012) we know
with high probability Aaz(A) > Vd. Let A = Az (A) and v be a corresponding eigenvector. We
will take U = A = Z = ve] where ey is the first basis vector. In this case, we have

V2H(VNZ,Z) = VU2, Z) = 26(AZT , AYUZ ", A) + (AU T, ANZZ T, A) + O(e?)
=2e(vv’, A2 + e(vvT, A2 + O(€?)
= 3eA? + O(€?)
=3N|U ~Vp +o(lU = V).

Note that Z satisfies || Z|| » = 1, so the calculation above implies p’ > 3\? > 3d.
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Appendix G. Tools

Matrix concentration bounds tell us that with enough number of independent samples, the empirical
mean of a random matrix can converge to the mean of this matrix.

Lemma 28 (Matrix Bernstein; Theorem 1.6 in Tropp (2012)) Consider a finite sequence {Zy}
of independent, random matrices with dimension di X ds. Assume that each random matrix satisfies

E[Z;] = 0 and || Z;|| < R almost surely.

Define

B

o? = max{H ZIE[ZkZ;;]
k

ZE[Z,:Zk]H}.
k

Then, for all t > 0,

Pr{|I> 2l = t} < (1 + dp)exp ((ﬂ_fg/g)
k

As a corollary, we have:

Lemma 29 (Bernstein Inequality: Vector Case) Consider a finite sequence {vy} of independent,
random vectors with dimension d. Assume that each random vector satisfies

|lve — Elvi]|| < R almost surely.

Define
o? = g E[|jvx — E[vg]||?].
k

Then, for allt > 0,

2
>y —t°/
Pr{H - (v = Efe])| Zt} S (d+1)-exp (02—;5135/3)'
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