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ARTICLE INFO ABSTRACT

Article history: Subway system is the main mode of transportation for city dwellers and is a quite signif-
Recgived 29 December 2020 icant backbone to a city’s operations. One of the challenges of subway network operation
Revised 5 May 2021 is the scheduling of the first trains each morning and its impact on transfers. To deal with
Accepted 14 May 2021 this challenge, some cities (e.g. Beijing) use bus ‘bridging’ services, temporarily substitut-

ing segments of the subway network. The present paper optimally identifies when to start

Keywords:

Timetabling

Subway system

Bus service deployment
MILP model

each train and bus bridging service in an intermodal transit network. Starting from a mixed
integer nonlinear programming model for the first train timetabling problem, we linearize
and reformulate the model using the auxiliary binary variables. Following that, the bus
bridging model is developed to cooperate with the first train operation for reducing long
transfer waiting times. After realizing the low computational efficiency of solving the inte-
grated model, a tailored algorithm is designed to optimally solve the first train timetabling
and bus service bridging problems. The exact models and algorithms are applied to the
Beijing subway network to test their effectiveness and computational efficiency. Numerical
results show that our approaches decrease the total passenger waiting time by 53.4% by
a combined effect of adjusting the first train departure times and operating 27 bridging
buses on 7 routes.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Study motivation

Since the 1970s, with the increasingly heavy problems of the urbanized energy crisis, resource shortage, traffic congestion
and traffic accidents, etc., subway systems have attracted much attention around the world. The level of urban traffic supply
has been improved due to the rapid expansion of subway networks; the traffic congestion has been reduced; the urban
territories have been expanded. However, subway systems in metropolises have increasingly become complex in recent
years. It is, therefore, more difficult to manage the operations of subway systems under concentrated networking.

* Corresponding author.

E-mail addresses: kanglj@bjtu.edu.cn (L. Kang), hjsun1@bjtu.edu.cn (H. Sun).
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Fig. 1. First train transfer issues.

There is a famous saying that “well begun is half done”. The first train transfer problem is crucial to morning pas-
sengers. If the transfer connectivity from the first train to other trains in a subway network is well addressed, morning
commuters can save plenty of time and it further helps to reduce congestion during morning rush hours. The first train
transfer problem is mainly due to the expansion of the subway network. As Fig. 1(a) shows, passengers riding the first
trains on line A and line B transfer to the first train on line C. They have to wait (t3 + R3 + D1 — t1 — R1) min and
(t3 + R3 + D1 + R4 + D2 — t2 — R2) min, respectively. The transfer waiting times usually increase much more at some
stations as the network becomes large (R3 + D1 >» R1; R3 + D1 + R4 + D2 >» R2), and/or the inappropriate setting of the
first trains’ departure times (t3 > t1; t3 >» t2). Fig. 1(b) shows a sample of the first train diagram from the Beijing subway
in 2016, which depicts a serious problem of long waiting time for its first train connection. For instance, when a passenger
riding the first train transfers from the up-train direction on line 6 to the down-train direction on line 10 at Ci-Shou-Si
station, he/she has to wait for as long as 59 min. Moreover, according to our statistics, the total transfer waiting time of
the first train passengers in the full Beijing subway system (more than 240 transfer directions) was over 22,790 min daily
in 2016, considering the transfer passenger volumes. It is an unsolved problem of subway network operations that the first
train transfers should be well synchronized. Moreover, Mohring et al. (1987) found that passengers often viewed their wait-
ing time twice the actual time. Therefore, this study will address the first train transfer problem to reduce transfer waiting
times for the early-morning passengers, aiming to allow for well-timed connection transfers in large subway systems.

Note that the previous study Kang et al. (2016) reduced the total transfer waiting time for passengers from 22,790 min
to 16,380 min daily by optimizing the early train departure times for the Beijing subway case (9 bi-directional lines and 31
transfer stations with the first train departure times between 4:50 and 5:10, a range of 20 min adjustment). Although the
optimized timetables reduced the total waiting time by 28.1%, a figure of 16,380 min is still a huge waiting period and the
longest waiting time of a transfer direction reaches as much as 70 min. An efficient approach to avoid long waiting times
for the morning passengers in practice is to coordinate well-designed train operations with bus bridging services, which are
provided in the event of inefficient first train transfers. The design of temporary bus services and their routes during the
first train periods can improve connectivity in large-size subway networks. This type of temporary network is often referred
to as the bus bridging service (Jin et al., 2015), and will be introduced in detail in Section 2.3. When the first train transfer
is not efficient in the rail network, bridging buses would ferry affected commuters waiting for the connecting trains (these
bridging buses run from one station to the other stations with different locations on the subway lines) and minimize the
impact of a single mode of transportation on early morning commuters.

We use the same example in Fig. 1(a) to better illustrate the idea of intermodal bus-and-train cooperation. Assume that
the first trains on line A, line B, and line C depart from their depots at time 0. The segment travel time is given on each line
of Fig. 2(a). The dwell time at each station is set to 5. The transfer walking time at each transfer station is 0. As shown in
Fig. 2(a), the transfer waiting time from line A to line Cis 0 + 70 + 5 — 0 — 20 = 55 min. The transfer waiting time from line
BtolineCisO+ 70+ 5+ 30+ 5 — 0 — 50 = 60 min. If we deploy a bridging bus departing from S1 at time 15 and heading
to S2 and line C (bus running time from S1 to S2 is 50), the waiting time from line A to the bus is 15 + 5 — 20 = 0 min
and from line B to the bus is 15 + 5 + 50 + 5 — 50 = 25 min. As can be observed, transfer waiting times and journey
times are reduced effectively by riding the bridging buses. Moreover, one may suggest deploying deadheading trains (serving
passengers from S1 on Line C) before the first trains to connect transfer passengers. This strategy is effective in reducing
waiting times and journey times. However, it requires subway operators to run two extra deadheading trains from the depot
of Line C with an extra running time of 140 min and extra operational costs. Hence, the train-and-bus mode is the best for
both passengers and companies. Without losing generality, Fig. 2(b) integrates the feeder train, connecting train and bus
bridging timetables into one diagram, which shows the advantage of bridging buses in reducing first train transfer waiting
times. As shown, passengers in the feeder train T1 transfer to the connecting train T1' at the exchange station with a
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Fig. 3. Problems within different planning horizons.

three-headway waiting time. This scenario occurs because of the differences in first train departure times and network
structure. Long transfer waiting time problems will become more prominent and serious with the extending of the subway
networks. With bridging buses (denoted by B1 and B2), early morning passengers could enjoy a fast transfer and smooth
connection services. The transfer waiting times can be reduced significantly, as shown in Fig. 2(b). A practical case of the
cooperation between the first trains and bridging buses is detailed in Appendix A. Indeed, there are additional costs in
operating the bridging buses such as fuel costs and labor costs. However, if we do not dispatch bridging buses, passengers
may be forced to ride taxis as commuting tools at transfer stations. In the early morning, there are not many taxis cruising
in the streets, making it difficult for passengers to take taxis. On the other hand, it is expensive to take a taxi compared
to subway trains and bridging buses. In view of the effectiveness of the above approach, this paper will study the problem
of coordinating bus bridging services with the first train timetables in intermodal bus-and-train transport networks. In the
following, some related literature is reviewed.

1.2. Related studies

The Railway passenger transportation problem is a systematic problem that is usually planned in three levels of hierar-
chy: strategic, tactical, and operational control, as illustrated in Fig. 3. The tactical and operational problems are at a high
dynamic level (Almodévar and Garcia-Rédenas, 2013). When the planning horizon becomes short, the buffer responding
time reduces significantly, which makes the above problems need dynamic approaches (Narayanaswami and Rangaraj, 2011).
Table 1 summarizes the motivation and objectives of the recently published literature on scheduling and rescheduling of the
railway operations. This table has three columns: Column 1 lists the main railway scheduling and rescheduling operations
problems that are discussed in the literature related to this paper. Columns 2 and 3 list scheduling and rescheduling objec-
tives, respectively. In this section, a brief literature review of railway operations will be discussed.
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Table 1

Motivations and objectives of public transit scheduling and rescheduling.

Transportation Research Part B 149 (2021) 443-462

Content

Motivation and/or objective:
Scheduling

Rescheduling

Line planning

Timetabling

Rolling stock

Crew
scheduling

Number of services (Fu et al., 2015)

Line coordination (Dou et al., 2015)

Service response (Jin et al., 2015)

Parallel service (Li et al., 2015)

Robustness (Fischetti et al., 2009)

Delay resistance (Liebchen et al., 2010)
Nominal problem (Cacchiani and Toth, 2012)
Operating cost (Ibarra-Rojas et al., 2014)
Departure time choices (Kang and Meng, 2017)
Operational cost (Ibarra-Rojas et al., 2014)
Minimizing idle runs (Gafarov et al., 2014)
Maximizing utilization (Lamorgese et al., 2016)
Crew utility (Caprara et al., 2002)

Freight crew (Bach et al., 2016)

Energy efficiency (Scheepmaker et al., 2017)
Speed profile optimization (Yang et al., 2020)
Maximizing capacity (Morlok and Chang, 2004)
Reliability (Lamorgese et al., 2016)

Buffer distribution (Smith et al., 2006)
Compensation management (Lao et al., 2015)
Integration of services (Li et al., 2015)
Disruption handling (Zilko et al., 2016)

Train delays (Kang et al., 2015b)

Robustness (Andersson et al., 2015)
Punctuality (Semrov et al., 2016)

Minimizing crews (Deng and Lin, 2011)
Punctuality (Veelenturf et al.,, 2012)

Scheduling is a time allocation of resources to meet demands in completing a task (Abdolmaleki et al., 2020). The train
timetable scheduling problem aims to achieve a conflict-free railway timetable consisting of all the train arrival and de-
parture times at each station. Cacchiani and Toth (2012) performed an intensive study on the train timetabling problems
and underlined the differences between methods for dealing with the nominal and robust versions. When designing rail-
way train timetables, objectives developed by the operating companies are profit-oriented, such as reducing operating costs
(Ibarra-Rojas et al., 2014), minimizing train travel times (Chevrier et al., 2013), and improving energy efficiency (Wang and
Goverde, 2019). From the passengers’ perspective, operating companies will always employ measures regularly to minimize
waiting times (Niu and Zhou, 2013; Lin and Ku, 2014; Niu et al., 2015; Kang et al., 2015a; Zhou et al., 2019). For example,
Dou et al. (2015) optimized network-based bus timetables to coordinate the last train services in a subway network, by us-
ing tailor-made coordination principles for a bus network. Other methods to solve the timetable coordination problem can
be found in Wong et al. (2008), Shafhi and Khani (2010), and Niu et al. (2015).

Railway disruption management can be divided into two categories: train timetabling and real-time rolling stock
rescheduling. For deterministic or stochastic reasons, it sometimes requires the reallocation of resources for task completion,
which is referred to as rescheduling. For example, Jin et al. (2015) presented a mixed integer linear programming (MILP)
model of deploying bus services for the disruptions of urban railway transit networks. Train timetable rescheduling aims to
coordinate the arrival-departure times of trains at stations to improve the level of services. Acuna-Agost et al. (2011b) de-
fined the train rescheduling problem after incidents as a reparation problem, for which a MIP was formulated to mini-
mize the difference between the original timetable and the rescheduling timetable. In such problems, MIP models were
usually developed to optimize train delays and reduce the number of canceled trains. There is a wealth of literature
on timetable rescheduling, e.g., Carey and Lockwood (1995), Narayanaswami and Rangaraj (2013), Corman et al. (2014),
Veelenturf et al. (2015), and many more.

Although there exist plenty of studies on train scheduling or rescheduling problems, few works on the integrated op-
timization of bus bridging services and first train services in an intermodal public transport network can be found. Two
previous studies, Dou et al. (2015) and Kang et al. (2019) investigated how to design bus routes for midnight passengers
who failed to catch the last trains. They aimed to improve subway network accessibility. In contrast, this paper focuses on
the first train and bus bridging coordination problem to improve the first train connections and synchronizations in large
subway networks. The innovative problem setting considered is essentially different from the above-mentioned two studies.
The main contributions in this paper are as follows. First, we design a bus bridging approach to cooperate with the first
train operations. This is a novel method to cope with the first train transfer problem in a large network. Second, we build
an explicitly integrated MILP model for the first train and bus bridging timetabling problems to minimize transfer wait-
ing times for the early-morning passengers. Third, after realizing the low computational efficiency of solving the integrated
model, a tailored algorithm is designed for optimally solving the first train timetabling and bus service bridging problems.
We apply the model and the approach to the Beijing subway network. The results indicate that the optimal first train and
bus bridging timetables decrease the total waiting time from a base of 22,790 min to 10,628.5 min daily by a combined
effect of adjusting the first train departure times and operating 27 bridging buses on 7 routes.

2. Modeling the first train timetabling and bus service bridging
2.1. Non-linear first train timetabling model

Fig. 4 shows two cases of first train connections. Line [ is a feeder line and line I’ is a connecting line. As case A shows,
if the first train on line [ arrives earlier than the first train on line I, then the first train passengers on line [ can transfer to

the first connecting train on line I’ (this case may lead to long waiting times). Otherwise, these passengers can transfer to
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Fig. 4. Illustration of first train connections.

the following connecting trains, e.g., the second train on line I, as illustrated in case B. The transfer waiting time in case B
is always within a headway’s time. The above transfer processes generate different waiting times for first-train passengers.
In practice, subway operators hope to improve service level by reducing such passenger waiting times through optimizing
the first train timetables.

To minimize the total first train transfer waiting time (between the first feeder train and the “right” connecting train) in
the network, a non-linear first train timetabling model is developed. Eq. (1) is the objective function, in which pﬁ, represents

the number of transfer passengers from line [ to line I’ at station k and wfl, represents the corresponding waiting time from
line I to line I’ at station k. The first train arrival and departure times at and from a station are calculated using Egs. (2) and

(3), respectively, where th represents the departure time of the first train from the vehicle depot on line I, té s_1)s Tepresents

the segment running time between stations s — 1 and s on line I, and t! represents the dwell time of the train at s on line
L. In addition, rlR and tﬁ are limited in the upper and lower bounds, as illustrated by Eqs. (4) and (5). The Eq. (6) calculates

k
w
time Traf(". According to Fig. 4, w;‘l, is divided into two cases, as shown in Eq. (7). The binary variable, xf‘l/ =1, represents

the first-train-to-first-train connection (case A). On the contrary, xfl, = 0 represents case B. For passengers who arrive earlier
than the first connecting train (Xﬁ' = 1), their waiting time is equal to the difference between the first connecting train

departure time and the passenger arrival time. Otherwise (Depi{' —Arrf( - Traﬁ' <0, xﬁ, =0), a certain number of headways
of the connecting line (i.e., the value of n*headway) should be added to the term. This is because waiting time is non-
negative. The term n o Hy in Depl — Arrl — Tral’' + n-Hy ensures wk, to be non-negative. Physically, the value n captured
by Eq. (8) represents the number of trains passing the station on connecting line I’ when the feeder passengers arrive at
the platform. Namely, n is the number of trains missed by the transfer passengers (or the number of trains on line I’ that
arrive at the platform earlier than the arrival time of transfer passengers from line I). Finally, Eq. (9) shows the non-negative
constraint for transfer waiting times.
[MINLP-M1]:

min) > > pf-wh, (1)

VieLVI'eL keS(l)nS (I)

the transfer waiting times wy, based on the train departure time Depf(/ , the train arrival time Arr,’{, and the transfer walking

subject to
k k-1
Arro=tR+ Y "t s+ )t VkeS(), Vel (2)
s=2 s=1
k k
Depl, = tf+ 3 th_ + 3t VkeS(). VI e L 3)
s=2 s=1
T’min < tIR < Tlmax, Vliel (4)
Tmin < (R < T W' e L (5)
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2.2. Linear first train timetabling model

We linearize the above model as follows. Eqs. (6)-(8) are simplified and replaced by Egs. (10) and (11). As Eq. (10) shows,
variables to capture w”, are Dep, , Arrk and hy. As defined in Egs. (2) and (3), Dep, and Arr, are easy to calculate. Variable
hy is an integer and should be non-negative. With Eq. (11) and the minimum objective function, the exact value for variable
hy will be found.

wj, = Depj — Arrj, = Tra)l +hy - Hp, Vke S()r® (I'). VLI e L (10)

wj, > 0,VkeS()n®* (I').VLI' e L (11)

Remark. With the minimum objective function of the total first train transfer waiting time, Eqs. (10) and (11) calculate the
first train transfer waiting times linearly.

Proof. For l e L, I' € L, s e S() nS(I') and inter-transfer directions (ie, [1), we have wk, _Depk Arrt — Traf(’/ +hy -Hy.

Therefore, the objective function min >~ > > p”, 1/ can be reformulated as follows:
VIeL VI eLkeS(l) nS (')

min) > > (Depj, —Arri — Tray +hy -Hy) - pfi.

VieLVI'eL keS(l)nS (I)

which is further extended by:

k k k-1
min Z Z Z |:(tl’ + Z tls 1)s + Zl tsl,) - (th + 22: tés—l)s + 21: tsl> Tra + hl’ Hl’:| : pﬁ,.
5= 5= s=

VieL VI'eL keS(HnS(I")

Finally, we get:

min Z Z Z [(t,’f —tR+hy -H,,) . pﬁ] +Q,

VIeLVI'eL keSS (I')

where 2 is a constant and 2= ) > > ((Z t(s hs t ft Zt(s s~ Zt —Tra ) p" ). It can be observed
VieLlyy cLkeS()NS(I")  5=2 s=1

that with the minimum objective function proposed, Eqs. (10) and (11) calculate the ﬁrst train transfer waiting times linearly.
In other words, the first train transfer waiting times captured by Eqs. (6)-(8) can be replaced by Egs. (10) and (11). This
completes the proof.

Therefore, the first train timetabling problem is reformulated as a MILP model with the same objective function in
MINLP-M1:

[MILP-M2]:

min) Y > pkowp

VIeLVl'eL keSS (I')

subject to constraints (2)-(11).
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Fig. 5. Different ways of operating bridging buses.

2.3. Connections with bridging buses

Solid arrows in Fig. 5 represent the routes that the bridging buses take to pick up morning transfer passengers. As can be
observed in Fig. 5, there are three different types of routing solutions for bridging buses. Solution A utilizes one bridging bus
to string the key transfer directions together. This method saves the number of required bridging buses but is not effective
against large networks (due to a positive correlation between the size of the subway network and the total train-to-bus
waiting time). Solution B dispatches buses almost according to the connecting lines. Each bridging bus serves the transfer
directions that belong to the same connecting line. Compared to solution B, solution C adopts the same principle in bus
routing, except for the start and/or end stops. In solution C, each bridging bus starts at the transfer station, passes through
the intermediate stations, and returns to the start station. This method replicates train services by providing bus bridging
services in parallel to the subway sections. It is easy to operate and convenient for morning passengers. In this paper, we
adopt solution C to implement bus bridging services.

Before utilizing bridging buses to reduce long transfer waiting times, we should first define journeys/directions with long
transfer waiting times. Here, we select the transfer directions considering two aspects: transfer waiting times and passenger
volumes. Understandably, directions with long waiting times for the morning passengers should have bridging buses to
improve first train services. Meanwhile, if the number of transfer passengers is small (e.g., pﬁ, ~ 0), then the bridging buses
would not be allocated to long waiting time directions.

Eq. (12) defines the binary variable oc”, that has a value of one if the passenger transfer waiting time from line [ to line

I’ at station k when they ride the first train is larger or equal to . Otherwise, a”, equals zero. Herein, 7 is a set parameter
that can be adjusted in range, as shown in Eq. (13). To represent and capture a”, linearly, a large enough integer M is used

in Eq. (14). When wf, > 7, af, returns to the value of one (0 <wk, — 7 < M). On contrary, when wk, < 7, af, returns to
the value of zero (—M < W;‘l, - <0).
af, = L ;g' = ,Vk eSHn*(I').VL.I' el (12)
0, wy, <
Hy<m <MVl el (13)
M- (af, —1) <wjy - <M-af, VkeSU)n* (I').VLI' el (14)

Similarly, Eq. (15) defines the binary variable yl’f, that is equal to one if the total first train transfer waiting time from
line I to line I at station k is larger or equal to p, where the parameter p is restricted in Eq. (16). Otherwise, yl’l‘, equals
zero. The linearization expression of y,’f, is illustrated in Eq. (17). When pfl/ w”, > ,o, , returns to the value of one (0 <

Piy - Wiy =

vh =1 P Wu' 2P Vkesn®

P,,/

ll’

Whin < p <M

p < M); when p”/ w”, <p, oz"/ returns to the value of zero (—M < p”, .

( ),Vl,l/eL

M- (v —1)<pf -wh—p<M-yk.Vkesl)n® (I').VL.I'eL
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Fig. 6. Determining where and when to implement bus bridging services.

Based on Eqgs. (14) and (17), we use ,Bﬁ, to represent the transfer directions that need bridging buses to reduce transfer

waiting times. As shown in Eq. (18), Bf, is an intersection of «%, and yf. If Bf, =1, transfer direction from line I to line I
at station k should be equipped with bridging buses. As a result, the set By in Eq. (19) shows a sequence of binary variables,

explicitly indicating whether we should provide bus bridging connections to line I'.
Bu = e O, Ve e S(Y S (I'), VL1 e L (18)

By = {BuxlVI' e LYk e S()n* (I') } (19)
2.4. Bus bridging service model

After selecting the journeys/directions with long transfer waiting time, this section models the bus bridging services to
cooperate with the first train operations. Fig. 6 shows the bus bridging timetabling problem, which determines the place
of deployment for each bridging bus and the departure time of each bridging bus. With a given bus headway for each bus
route, the bus bridging is assigned a route at each headway time interval. Although the bus speed is smaller than the train
speed, the journey time can significantly be saved by reducing the long first train transfer waiting time. Note that we also
implicitly consider the bus operation cost by limiting the number of bridging buses deployed. The model is formulated in
MILP-M3 to minimize the total train-to-bus waiting time under a certain number of deployed bridging buses.

[MILP-M3]:

min Z Z Z b”/k . BW”/k (20)

keS(I'y leL I'el

subject to
by = By - pyn. Vk € S n® (I'). VLI e L (21)
Bwyi = thj, — Arri — 0} + Bhy - H Yk e S()n* (I'), VI, I e L (22)
Bwyx > 0,Vk e S()r® (I'). VI e L (23)
thy =Bty + Y bty + > bt Vke S (I), VI e L (24)
k k
Bt)™n < Bt} < Bti™* VI’ e L (25)
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tbh + Bhy -HE < 1nt<"1‘;”l;k> < HE VkeS()rd (I'). VLI eL (26)
l/
Wy — HE , Wy + HE
% < Int(W”Bk) < %,Vk eSn (I). VLI e L (27)
r I I

Eq. (20) aims to minimize the total transfer waiting time for train-to-bus passengers. The by, in Eq. (21) represents the
number of passengers exchanging from train to bus and its value indirectly shows the place of deployment for each bridging
bus (i.e., at station k of rail line [ and bus line I') when bk # 0 and Bt(’)’ # 0 (which will be introduced later). Bwj;;, captured
by Eq. (22), represents the bus waiting time from subway line [ to bus line I’ at station k. With B, utilized in Eq. (21),
the number of passengers of each long waiting time direction is captured. Bw,, is positive in Eq. (23) and is determined

using the bridging bus departure time tb!, the first train arrival time Arr{{, the passenger walking time 6!, and the headway

of bridging buses Hl’?. tbf{’ is obtained by Eq. (24), where Btg limited in bounds in Eq. (25) represents the first bridging bus

departing from line I’ at station k, bté/k_l ) Tepresents the segmental bus running time, and bt,l(/ represents the bus dwell

time. Eq. (26) limits the number of bridging buses Bh, for each connecting line I’ in time horizon. In this way, the total

bus operation cost can be considered and indirectly under control by different values of Bh,. Note that function Int( e ) in
_HB HB

Eq. (27) is easy to linearize by constraining the term within the range (%, Wl%;”).
14 1

3. Approach
3.1. Solution algorithm

A direct way to solve the above two MILP models is to build an integrated model for the first train timetabling and bus
bridging timetabling problem. The constraints are similar to those in the aforementioned sub-problems. The objective in
Eq. (28) is to minimize the total transfer waiting time for the first train transfers and the bridging bus passengers.

[MILP-M4]:

min Z Z Z (p”rk - b”rk) - Wk + Z Z Zb”rk . BW”rk (28)
)

VleL VI'el keS(l) nS (I keS(I'y leL Vel

subject to constraints (2)-(11), (13), (14), (16)-(19) and (21)-(27).

We tried to use CPLEX to solve the MILP-M4 on a 2.5 GHz CPU and 16 GB of RAM laptop for the Beijing subway case.
Unfortunately, the CPLEX returned a gap of 10.2% after running over 24 h. As a result, it is computationally intractable to
solve MILP-M4 efficiently by only utilizing the commercial solver CPLEX. Thus, we come up with the idea of sequentially
solving the integrated model. Before showing the sequential approach, let us see the following example.

Fig. 7 contains 3 subway lines intersecting at stations A and B, where each dot represents the first station on each line.
Train segmental running times are also given on the side of each segment. For a better understanding and illustration, Vs
S(HNS(I'). VI, I' € L, we set train dwell time and transfer walking time to be zero, i.e., t! =0 and Tra!/ = 0. The passenger
flow py, =1 and train headway H; = 1. Moreover, we set the decision variables th as binary variables (Ibarra-Rojas and
Rios-Solis, 2012). In this way, all the eight possible scenarios of the first train synchronizations can be listed using the
enumeration method (the number of solutions enumerated by this simplified problem is (th)|L|, where |L| represents the
number of subway lines in the network). As shown, the optimal solution for the MILP-2 is “0-1-1”, indicating that the
first trains on line 1, line 2 and line 3 depart at time 0, time 1 and time 1, respectively, i.e., tR =0, tR =1, and t8 = 1. The
total transfer waiting time is 3, which will be eliminated by deploying bridging buses at station B after solving MILP-3, i.e.,
Btg = 3. As a result, the optimal solutions for solving MILP-4 are equivalent to sequentially solving MILP-2 and MILP-3 by
utilizing problem-specific knowledge.

The integrated first train timetabling and bus service bridging problem is a systematic and combined optimization prob-
lem, which consists of two sequential timetabling problems (the first train and bus bridging timetabling) as shown in Fig. 8.
Based on an intuitive model for the first train timetabling problem, we further solve the model by utilizing problem-specific
knowledge. Transfer waiting times for all directions can be obtained after solving the MILP-M2. The key directions (routes)
that should be served by bridging buses are selected considering the transfer waiting time and the passenger volumes. Then,
the sub-problem (i.e., the bus bridging timetabling problem) is solved based on the results from the first train timetabling.
The overall procedures of Algorithm 1 for the first train timetabling and bus service bridging problem is summarized as
follows. Note that Algorithm 1 can solve the MILP-4 model to global optimality, and the proof can be found in Appendix B.

3.2. Calibration

Here, we use a sample network to illustrate the effectiveness of the developed model and algorithm. Three subway lines
in Fig. 9 cross the three transfer stations (A, B, and C). Each line consists of several stations, and the segment running times
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Fig. 8. Algorithm flowchart for the problem.

for trains are given along the segments. Train dwell times are set to 1 min; train headways are given to 30 min; and the
first train departure times are restricted in [0, 30] min. Besides, the bridging bus dwell times are set to 1 min; bus headways
are given to 15 min; and the first bus departure times are limited in [0, 20] min. Transfer walking times between lines at
stations A, B, and C are 2, 3, and 4 min, respectively.

The model and the algorithm were applied to the sample network. As a result, Table 2 shows the optimal timetables
for the first trains operating in the sample network. As observed, 24 directions were analyzed based on 3 transfer stations.
Each direction contains information on the transfer passenger volume, first connecting train departure time, first feeder
train arrival time, transfer waiting time, and the total transfer waiting time. There are 10 directions with w;;; > 20. Nine
key directions with wy;,, > 20 and p;«x - Wy, = 100 are selected by the algorithm, as shown in italic in the table.

The 9 key directions (curved arrows) are illustrated clearly in Fig. 10. To reduce passenger waiting times, 5 bridging
buses (dotted arrow lines) are adopted in the figure. The result is a significant reduction in waiting times. For example,
two long waiting times (28 min of each) at station A are reduced to 15 min and 3 min by bridging buses respectively. For
the entire sample network, without considering the passenger volumes, the total waiting time reduces from 313 min to
141 min, which equates to 54.95% of the time saved. With passenger volumes considered, the total waiting time reduces
from 3061 min to 1331 min, which saves 56.5% of the time. The bus bridging strategy shows good efficiency in the morning
passenger transport. With the optimal bridging timetables, the total waiting time and passenger waiting times are greatly
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Algorithm 1
Procedure of the first train timetabling and bus service bridging.

01: Input: subway network and all model parameters;

02: Output: first train timetables and bridging bus timetables;
03: Initialize tf =0, t! =0, Vke S()nS(I'), VLI eL;

04: For [ =1:n

05: Fork=1:m

06: Calculate train arrival and departure times;
07: End for
08: End for

09: Calculate wf‘,, according to Eq. (10);

10: Solve MILP-M2 to develop the first train timetable;
11: Return tf, Vl el and w;‘l,. VkeS()nSI'), VLI eL;
12: fwk, — >0

13: I pf, xwk —p>0

14: Select ﬂ,’;, as bus bridging directions into By;
15: End if

16: End if

17:For ' =1:n

18: Abstract wk, with gk =1;

19: Calculate passengers volumes by Eq. (21);

20: Calculate Bwﬁ, according to Eq. (22);

21: End for

22: With the above key directions, solve MILP-M3;

23: Return thl, Yk eS()nS(l'), VI e L.

Clines P2

Train information:
e Dwell time: 1min
o1 e Headway: 30 min

. 10 — 10 e First train: 0-30 min
Station A

02 Bus information:
e Dwell time: 1min
s 12 e Headway: 15 min

. . e First bus: 0-20 min
IStation B
7

lStation C D2
8 6 5

/ !
/ ' I
03 D1

Fig. 9. Map of the sample network.

NORTH

reduced. Table 3 shows the optimal solutions (routes and timetables) for the bus bridging services. As illustrated, there are
5 bus routes designed. The origins, destinations, departure times and headways are also clearly shown in Table 3.

4. Case study

Fig. 11 shows the map of the Beijing subway network, consisting of 9 bi-directional lines and 31 transfer stations. Note
that 303 non-transfer stations are removed from the map. The up-train directions are from the south to the north, from the
west to the east, and they are operating in a counter-clockwise direction. For instance, the up-train direction on Line 2 (L2U)
starts from the vehicle depot and passes by XiZhiMen (XZM in short), CheGongZhuang, and so forth. A complete first train
trip is defined as: the train starts from the vehicle depot of a line and terminates at another depot on the other end of the
line (except circle lines). As for Line 13, the XiZhiMen/DongZhiMen station plays the role of vehicle depot. The headway of
each line (both up-train and down-train directions) is constant. Except for line 2 and line 10 (5-min headway), all the other
lines have a 10-min headway.
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Table 2

Optimal solutions for the first train timetabling (min).
No.  Direction  pf,  Depy Arr, — wf pk -wk Bwk  bf, - Bwk,
1 L1U-L3U 5 5:34 5:15 17 85 17 85
2 L1U-L3D 10 5:17 5:15 0 0 0 0
3 L1D-L3U 12 5:34 5:34 28 336 3 36
4 L1D-L3D 8 5:17 5:34 11 88 11 88
5 L3U-L1U 9 5:16 5:33 11 99 11 99
6 L3U-L1D 20 5:35 5:33 0] 0 0 0
7 L3D-L1U 14 5:16 5:16 28 392 15 210
8 L3D-L1D 11 5:35 5:16 17 187 17 187
9 L1U-L2U 3 5:37 5:39 25 75 25 75
10 L1U-L2D 7 5:13 5:39 1 7 1 7
11 L1D-L2U 8 5:37 5:10 24 192 0

12 L1D-L2D 19 5:13 5:10 0 0
13 L2U-L1U 10 5:40 5:36 1 10
14 L2U-L1D 21 5:11 5:36 2 42
15 L2D-L1U 9 5:40 5:12 25 225
16 L2D-L1D 18 5:11 5:12 26 468
17 L2U-L3U 23 5:24 5:20 0 0

0
0 0
1
2
5
8
0
18 L2U-L3D 17 5:27 5:20 3 51 3 51
8
3
9
2
0
0
1

10
42
45
144

19 L2D-L3U 7 5:24 5:28 22 154
20 L2D-L3D 4 5:27 5:28 25 100
21 L3U-L2U 16 5:21 5:23 24 384
22 L3U-L2D 20 5:29 5:23 2 40
23 L3D-L2U 6 5:21 5:26 21 126
24 L3D-L2D 15 5:29 5:26 0 0

Total | / | 313 3061 41 1331
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Fig. 10. Map of the sample network.

4.1. Optimal first train and bridging bus timetables

There are a total number of 240 transfer directions in the Beijing subway system. In this case study, the total number
of transfer passengers in the network is 2136. Their first train transfer waiting times, according to the original and optimal
timetables, are shown in Fig. 12. As illustrated, the first train model is effective in reducing waiting times, which significantly
increases the number of directions with smaller wy, e.g., wy, in [0,5] min from 113 to 134. Concerning larger wy,x (W«
in (10, 20] min and (20, 30] min), the optimal timetables reduce the number of such directions. However, there are 58
directions with larger waiting times, which accounts for 24.2% of the total number of transfer directions, even under the
optimal timetables. Besides, we also find that the first train optimization model is not as effective in reducing the long
waiting times (w,, in (30, 76] min). After experiments, we find that even though we remove constraints (4) and (5), the
waiting time is only reduced by 2830 min. Therefore, bridging buses are utilized here.

Considering waiting times and transfer passengers, 21 key directions that wy,, > 20 and p; - Wy« = 100 are selected
from the Beijing subway system, as shown in the first and second columns of Table 4. The third column shows the number

454



L. Kang, H. Li, H. Sun et al. Transportation Research Part B 149 (2021) 443-462

Table 3
Optimal solutions for the bus bridging services.
Bus line  From To Departure time  Headway
Bus 1 Station C Station 10 5:06 15 min
Bus 2 Station A Station 1D 5:15 15 min
Bus 3 Station B Station 2D 5:20 15 min
Bus 4 Station B Station 3D 5:20 15 min
Bus 5 Station A Station 30  5:20 15 min
e Line 8 Line5 e
@ ' ® Transfer station
. LiShuiQiao | l
Line 13 HuoYing Qlac {m ' Vehicle depot
Lined4 m
HaiDian BeiTu
HuangZhuang S \ZhiChunLu Cheng HuiNan r\§haoYaoJu
\
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. . YongHe
National Library Tl DongZhiMen
C|ShouS| P
=
BalSthlaoNaanheGong PingAnLi DongSi line 6
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Zhuang ChaoYang s Hulialou
\ GongZhuFen FuXingMen XiDan DongDan M .
Line 1 Military JianGuoMen gquao
Museum
LiuLiQiao XuanWuMen i ChongWenMen
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N
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|
Fig. 11. Map of the Beijing subway system.
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Fig. 12. Distributions of the first train transfer waiting times.
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Table 4

Optimal solutions for the first train timetabling and bus bridging timetabling.
Station  Direction ok Depl,  Arr,  wk, pk, - wk, thh Bwk, b, - Bwk,
GZF 1-L1U-L10D 15 6:37 5:18 76 1140 5:20 0 0
GZF 2-L10U-L1D 5 5:55 5:20 32 160 5:25:30 13 65
GZF 3-L1D-L10D 7 6:37 5:54 40 280 5:28:30 5 35
MM 4-L9U-L1D 18 5:52 5:09 40 720 5:14 0 0
FXM 5-L2U-L1D 14 5:45 5:19 24.5 343 5:18 7 98
GM 6-L1D-L10U 20 6:13 5:23 45.5 910 5:25 0 0
GM 7-L1D-L10D 15 5:55 5:23 27.5 4125 6:12 5 75
XZM 8-L2U-L4U 20 5:37 5:12 23 460 5:37 9 180
YHG 9-L2D-L5U 19 5:44  5:08 33 627 5:40 10 190
JMX 10-L4U-L10D 10 6:00 5:13 44 440 5:36:30 15 150
HDHZ 11-L4D-L10U 3 6:21 5:14 63 189 5:40 10 30
HN 12-L10D-L5U 12 5:51 5:23 26.5 318 5:22 4 48
HN 13-L5D-L10U 17 6:08 5:20 46.5 790.5 5:07 3 51
LSQ 14-L5D-L13U 6 5:37 5:06 28 168 5:18 2 12
LSQ 15-L5D-L13D 11 5:48 5:06 39 429 5:16 2 22
CSS 16-L6U-L10D 3 6:24 5:22 59 177 5:46 10 30
HJL 17-L6D-L10U 17 5:55 5:27 25 425 5:35:30 15 255
BTC 18-L8D-L10U 4 6:11 5:26 41 164 5:40 15 60
HY 19-L8D-L13D 7 5:43 5:06 33,5 2345 5:09 0 0
LLQ 20-L9U-L10D 20 6:15 5:11 61 1220 5:10 0 0
LLQ 21-L9D-L10D 12 6:15 5:33 39 468 5:18:30 9 108
Total 255 / / 847 10,075.5 / 134 1409

Table 5

Optimal bus bridging routes.

Routes  Serving line  Time  No. of buses  Headway  From Passing by and to stations

#1 L1D 5:20 2 15 min FXM MM and GZF

#2 L4U 5:14 2 15 min XZM Vehicle depot

#3 L5U 5:18 2 15 min YHG HN

#4 L10U 5:02 4 15 min GZF GM, HJL, HN, BTC, and HDHZ
#5 L10D 5:00 4 15 min GM JMX, LLQ, GZF, and CSS

#6 L13U 5:09 2 15 min LSQ Vehicle depot

#7 L13D 5:10 3 15 min HY LSQ

of transfer passengers. The arrival and departure times of the feeder and connecting trains are given in the fourth and fifth
columns. As a result, the first train waiting times without passenger volumes are illustrated in the sixth column. The next
column represents the waiting times with passenger volumes considered. The last three columns report the results of the
bus bridging model.

We report the optimal bus bridging routes and timetables in Table 5. As observed, there are seven routes returned. For
each route, we give the service time, the number of dispatched buses, headway, starting station, intermediate stations, and
final station. Waiting times saved by the bridging buses are illustrated in Fig. 13, where “x — y” represents the comparison
results of waiting times. Herein, “x” indicates a waiting time with the optimal first train timetable, and “y” indicates a
waiting time with the optimal bus bridging timetable. All long waiting times are shortened effectively.

In addition, we give the waiting times using different timetables for two cases in Fig. 14. Considering passenger volumes,
the optimal first train timetables reduce the total waiting time from 22,790 min to 19,295 min, and the optimal bus bridging
timetables decrease the total waiting time by 53.4% (with 27 bridging buses on 7 routes), from a base of 22,790 min to
10,628.5 min. Without considering passenger volumes, the total waiting time is decreased from 2562 min to 2273 min, and
further to 1560 min. In this way, we can directly find the effectiveness of the model without the impacts of daily fluctuation
of passenger data.

4.2. Analysis of constraints of bus departure times

In this subsection, we turn our attention to the constraints of bus bridging departure times - Eq. (25), which could be
relaxed to release the limits on bridging buses. Without Eq. (25), the bridging buses can operate at any time of the day (i.e.,
from 00:00 to 24:00). In this way, we can test how much transfer waiting time can be reduced only by optimizing the first
train timetables.

Fig. 15 shows the test results. The biggest bar chart provides the bus bridging departure times with and without Eq. (25),
where the x-axis shows 7 bus routes and the y-axis shows the departure times of bridging buses. As shown, most lines have
similar results with or without limits, except route #4. The bridging bus for route #4 originally departs at 5:02:00. After
relaxing Eq. (25), it now departs at 4:43:00, which equates to a 19-min gap. The waiting time results are also provided
in Fig. 15. First, we remove the passenger information. The results indicate that the total waiting time is 134 min with
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Fig. 14. Comparison between the original and optimal timetables.

Eq. (25) and is 129 min without Eq. (25). Then, we add passenger volumes in the program, and the total waiting time is
1409 min with start time limits and is 1320 min without start time limits. Therefore, we can conclude that the bus bridging
departure time constraints can also be relaxed when designing timetables for real operations.

4.3. Impacts of the number of routes and bridging buses on transfer waiting times

On a typical day, the Beijing Bus Group runs more than 160,000 buses in the entire public transport network. Adding
bridging buses will increase the operational costs. Therefore, there is a need to consider the operator’s point of view as
well as passenger service aspects. Table 6 shows the numerical analysis of routes, buses, fuel costs, operating times, and
waiting times. We decreased the number of bus bridging routes from 7 to 1. As a result, the number of bridging buses was
reduced from 27 to 7 correspondingly. When we run 7 bus bridging routes, the total fuel cost is 3863.7 Yuan for 53.7 h of
operation. If we consider the hourly bus operating cost to be 650 Yuan (empirical data), the total operating cost is 34,905
Yuan, which is acceptable to the public transport operators in large cities like Beijing and Hong Kong. With each bus route
and its bridging buses, the total saved waiting time is shown in the sixth column of Table 6. The waiting time improvement,
the average time saving per bus, and the marginal saving on each additional route are illustrated in the last three columns.
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Fig. 15. Results and impacts of constraints (25) on passenger waiting times.
Table 6
Analysis of bus fuel costs and transfer waiting time reductions.
Marginal
Improving savings on
based on each
Route Number of Bus Waiting time 22,790 min Average additional
Number of mileage bridging Fuel cost operating savings of waiting savings per route
bus routes (km) buses (RMB)* time (h)* (min) time bus (min) (RMB)*
7 79.5 27 3863.7 53.7 8666.5 38.0% 321.0 195.0
6 54.2 25 2439.0 339 8510.5 37.3% 340.4 350.0
5 40.0 23 1656.0 23.0 8230.5 36.1% 357.8 801.9
4 35.2 20 1267.2 17.6 7589.0 33.3% 379.5 883.8
3 31.1 17 951.7 13.2 6882.0 30.2% 404.8 2909.4
2 20.5 10 369.0 5.1 4554.5 20.0% 455.5 1325.0
1 16.4 7 206.6 2.9 3494.5 15.3% 499.2 4368.1

* Based on https://www.chinabuses.com/buses/2015/1201/article_67433.html, the fuel cost of each bus is 1.8 RMB/km approximately.

# The fastest bus speed is 40 km/h based on traffic regulations of China cities (in the morning, bridging buses can reach the fastest speed). Based on
different hourly bus operating costs (for example, the bus operating costs in metropolises likes Beijing, Shanghai, and some US cities range from 650 RMB
to 1300 RMB empirically), the total operating cost can be estimated.

* Based on Tirachini et al. (2010), the value of waiting time savings is equivalent to 75 RMB per hour. Thus, the waiting time can be converted to a
monetary unit.

Fig. 16 shows the relationship between the number of additional routes, bus operating time, and waiting time improvement.
Adding three bus bridging routes (with 13.2 h of operating time in total) can reduce the total waiting time by 33.3%. With
more bus routes, the effect on reducing waiting times is not as prominent (reducing by 4.7% with another four routes).
Therefore, operators can make a reasonable decision based on the results discussed above. Compared to increasing subway
frequency (from 10-min headway to 5-min headway), the increased number of trains running in the network is 14 (serving
on L1U, L1D, L4U, L4D, L5U, L5D, L6U, L6D, L8U, L8D, L9U, LID, L13U, and L13D). This case reduces the transfer waiting time
to 18,019 min (19,295 min for the 10-min headway, saving waiting time by 1276 min). Hence, it is cost-effective to dispatch
the bridging buses, compared to increasing train frequency.

4.4. Analysis of key directions

As observed from the model, bridging buses are utilized and dispatched for the key directions in the network. That is,
the number and the distribution of key directions partly determine the utilization of bridging buses. Therefore, we discuss
the definition of key directions in this subsection. First, we divide passenger waiting times into 7 groups based on their
values, as shown in the x-axis of Fig. 17. After this, the values of waiting times, without considering passenger volumes,
are treated as benchmarks. The number of key directions for each scenario selected by the program is shown in Fig. 17.
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Table 7

Total waiting times defined by different key directions.

Total waiting time (min) ~ Without passenger volumes

With passenger volumes  [20, 80] [30, 80] [40, 80]  [50,80] [60,80] [70, 80]
[100, 1400] 10,0755 7949 6030.5 2726 2549 1220
[200, 1400] 9217.5 7259 5500.5 2360 2360 1220
[400, 1400] 8042 6744.5 5220.5 2360 2360 1220
[600, 1400] 5407.5 5407.5 4780.5 2360 2360 1220
[800, 1400] 3270 3270 3270 2360 2360 1220
[1000, 1400] 2360 2360 2360 2360 2360 1220
[1200, 1400] 1220 1220 1220 1220 1220 1220

As observed, the trend of the number of key directions is decreasing with the increasingly “strict” standards. Moreover, the
corresponding first train waiting times of all scenarios are given in Table 7. These waiting times represent the time intervals
bridging buses should have to further reduce. Thus, the stricter the standards, the less the necessity of deploying bridging
buses.

5. Conclusions

In a large subway network, one urgent problem is the first train transfer problem, which results in a long waiting time
for early morning passengers when they transfer. This paper developed a bus bridging approach to cooperate with the first
train services. First, we established two first train and bus bridging timetabling models to minimize transfer waiting times
for early-morning passengers. This allows well-timed connection transfers in large subway systems. Then, an exact algorithm
for the MILP models was designed. Finally, the models and the algorithm were applied to the Beijing subway network, which
demonstrated the computational efficiency of the exact models and the approach.
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The approach proposed above can be improved in several ways. For instance, on different days (workdays, weekends,
and holidays) and for different periods in a day (peak hours and non-peak hours), passenger demands can be defined with
weights, which would be assigned to different periods. This changes the problem to a dynamic weighted optimization prob-
lem. In this paper, we got the data of passenger volumes from the Beijing subway company to make the study more prac-
tical. Moreover, the bus bridging model could be improved to a more comprehensive demand-based model from the first
bus time to peak periods (or even an entire day). In this case, bus headways of each route can be decreased gradually by
inserting additional buses based on various traffic demands. Other approaches such as real-time synchronization of trains
and buses can also be considered for further studies. Moreover, the discussion is open on whether to consider the bus travel
time in the objective function. For large cases such as Beijing subway and Shanghai metro, first train transfer waiting times
are much longer than bridging bus travel times. In this case, the waiting times dominate the total journey time. Hence,
bus travel times can be ignored in the objective function. However, for small networks, it is worth optimizing bus travel
times together with the transfer waiting times. Finally, approaches such as Benders decomposition and branch-and-price al-
gorithms may be efficient to solve the large-scale first train timetabling and bus service bridging problems. With an increase
in problem sizes, heuristics can also be applied.
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Appendix A

As shown in Fig. 18, the origin is the WSL station and the destination is the CSS station. For the first train - first train
mode, the total travel time is 61 min (without taking into account the transfer walking time at each station). Passengers
take the first train on Line 1 U at the WSL station and head to the GZF station, which takes 2 min by train (arriving at
5:14). Then, they have to wait at the GZF station for nearly 54 min as the first train on Line 10D arrives at the GZF station
at 6:08. Finally, it takes passengers 5 min to ride the first train on Line 10D from the GZF station to the CSS station. For

First train + First train First train + Bridging bus
B s e ’
- 's Crmm—
Css css ,
Line 10D
Total travel time: 29 min Bus 437
¢ First train from WSL to GZF: 2 min
Total travel time: 61 min 5 min Waiting at:GZF: 16 min 1 11 min
N ) . Bus from GZF to CSS: 11 min
First train from WSL to GZF: 2 min
Waiting at GZF: 54 min First train on Bridging bus
First train from GZF to CSS: 5 min Line 10D 437 arrives

arrives at 6:08 . 5 . at 5:30
First train on Line 7

1U arrives at 5:14

WSL m 2

GZF GZF

First train on Line
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L|ne1U WSL m
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Fig. 18. A comparison between the first train - first train travel and first train - bridging bus travel (data from the Beijing subway in 2021).
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the first train - bridging bus mode, the total travel time is 29 min (without taking into account the transferring passengers
walking time at each station). They take the first train on Line 1 U at the WSL station and head to the GZF station, which
takes 2 min by train (arriving at 5:14). Then, they wait at the GZF station for 16 min as the bridging bus starts service at
the GZF station at 5:30. Finally, it takes passengers 11 min to ride the bridging bus from the GZF station to the CSS station.

Appendix B

Proposition 1. Algorithm 1 solves the MILP-4 model to global optimality.

Proof. Consider an optimal solution of MILP-4 as w;‘,’f and Bw;‘l*;. Let Topr be the minimum transfer waiting time in the
intermodal bus-and-train transit network. The objective function in Eq. (28) can be transformed into Eq. (29):

Tpe=mind Y | > (pye—by) Wi+ Y by Bw (29)
VieLWI'el | keS(l)nS (I') keS(l')

Tope is less than or equal toT om' which is defined by Eq. (30) because VI, I' € L, we have S(I') > {S(I) n(I')}. Therefore,

the relationship Top = Opt holds under the condition that S(I') = {S(I) "*(I')} in Eq. (29). Therefore, to prove Toyr = To/pt, it is

necessary to show S(I') = {S(I) " (I)}.
To/pt = min Z Z Z [(p”/k - b”/k) Wik + b”/k . BW”/k] (30)
VleLVI'eL keS(I) S (I)
Note that Yk e S(I) nS(I'), VI, 1" e L, b;", = p;‘l, -(1- ﬁl’;,) ~p1‘l,. Thus, we have
To/pt = min Z Z Z [(p”/k - b”/k) Wk + /3“/1{ I BW”/k] (31)
VleLVI'eL keS(I) nS (I)
To solve Eq. (31), it is equivalent to solving Eq. (32):

Toe=minY > > [(pux=byp) wind+ D> > [Bue (Dye — byn) - Bwype] (32)

VieLVI'eL keS()NS(I') VleLVI'eL keS()NS(I')

When ,Bl’;, € B holds, we can get b;", = ,3,’;, . p”,, indicating that the passengers from line [ to line I’ at station k will take

the bridging buses. In this case, for any k € S(I'), k represents a transfer station on line I, namely k € {S(I) n*(I')}. Thus,
when ,3”;, € By, S(I") = {S() i*(I")} holds.
In this case, the following Eq. (33) can be decomposed into Eq. (34).

Tolpt = min Z Z Z (pyx — b”/k) Wk + Z Z Z bﬁ/ - Bwypi (33)

VieLVIel keS(l) S (I") VIeLVIeL keS(l)nS (')
, . - K
Tope=minY Y > (pye—bye) -wye+min) " Y > bl Bwy (34)
VIeL VIeL keS(l) s (I') VIELVIeL kes(ly 0 (1)

Based on the special condition S(I') = {S(I) nS(I")}, we finally obtain Toyr = Thus, the developed Algorithm 1 solves

the MILP-4 model to global optimality.

opt
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