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Abstract

By replacing L? covering number approaches in Rademacher analysis with an ana-
lysis based on L covering numbers, we show generalisation error bounds for deep
learning with two main improvements over the state of the art. First, our bounds
have no explicit dependence on the number of classes except for logarithmic factors.
This holds even when formulating the bounds in terms of the L?-norm of the weight
matrices, while previous bounds exhibit at least a square-root dependence on the
number of classes in this case. Second, we adapt the Rademacher analysis of DNNs
to incorporate weight sharing—a task of fundamental theoretical importance which
was previously attempted only under very restrictive assumptions. In our results,
each convolutional filter contributes only once to the bound, regardless of how
many times it is applied.

1 Introduction

The statistical theory of deep learning has enjoyed a revival since 2017 with the advent of learning
guarantees for deep neural networks expressed in terms of various norms of the weight matrices
and classification margins [[1} 2} 3, 4]. Many improvements have surfaced to make bounds non-
vacuous at realistic scales, including better depth dependence, bounds that apply to ResNets [5] and
PAC-Bayesian bounds using network compression.

Yet, several questions of fundamental theoretical importance remain unsolved. (1) How can we
account for weight sharing in convolutional neural networks (CNNs)? So far, the best bound [4]]
accounting for weight sharing is valid only if, in each layer, the convolutional filters are orthonormal.
(2) How can we remove or decrease the dependence of bounds on the number of classes? This
question is of central importance in extreme classification [6]. In [2]], the authors show a bound that
has no explicit class dependence (except for log terms). However, this bound is formulated in terms
of the L?'! norms of the network’s weight matrices. If we convert the occurring L?! norms into L?
norms, we obtain a square-root dependence on the number of classes.

In this paper, we provide, up to only logarithmic terms, a complete solution to both of the above
questions. Our bound relies only on L? norms. Although, in the hidden layers, it scales as the
square root of the maximum network width (as other L? bounds for DNNs), it has no explicit (non-
logarithmic) dependence on the width of the output layer, that is, the number of classes. Furthermore,
our bound accounts for weight sharing: the Frobenius norm of the weight matrix of each convolutional
filter contributes only once to the bound, regardless of how many times it is applied, and regardless of
any orthogonality conditions and how many filters a layer contains.

Submitted to NeurIPS 2019 Workshop on Machine Learning with Guarantees. Do not distribute.
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2 Related Work

The now often cited paper [2] provides the following bound:

Theorem 2.1 (Bartlett et al., 2017). Assume that (x,y), (Z1,Y1)- -, (Tn, Yn) are drawn iid from
any probability distribution over R? x {1,2, ..., K}. Denote by F 4 the function represented by the
network with weights A = {A', A2, ... 7AL} and involving the nonlinearities o; : R%-1 — R%
(where dy = d is the input dimension and d, = K is the number of classes) so that Fa(z) =
oL (ALUL,l (AL_l ..o (Alx))) .

The final layer of the network is translated into a class prediction by taking the argmax over
components, with an arbitrary rule for breaking ties. For any classifier f : R4 — R" and any real
number v > 0, write also

n

| X || for the Frobenius norm of the data matrix X € R"*%, as well as || X3 , for the quantity
, d X|I3
% Z?:l(zj‘:1 ng) = %

For (z,y), (x1,v1), (T2,Y2); - - -, (Tn, Yn) drawn iid from any probability distribution over R® x
{1,2,..., K}, with probability at least 1 — 0, every network F 4 with weight matrices A and every
margin vy > 0 satisfy:

P(arg;rlax(FA<x>j>¢y>sﬁ7<FA>+6<”X'jj§“10g<w>+ 1g(§”’> m

where W = maxZ_, d; is the maximum width of the network, and

2
3
2,

3
L L N T 2
; 1(A%)
My = <HP¢||A |a> Y= )
i=1 -1 A7)

b
A||2,1 = Zj:l Z?:l Azz,j‘

Around the same time as the above result appeared, the authors in [[1] used a PAC Bayesian approach
to prove an analogous result with M 4 replaced by the quantity belo

(N (A
Mu, = VW (H Pz'AlHa) (Z ||Ai§> : 3)
=1 o

i=1

Here ||-||, denotes the spectral norm, and for any matrix A € R**?,

The above bounds are fully post hoc, scale-sensitive and have the further satisfying property of taking
the classification margins into account. However, they apply generally to fully connected networks
and take very little architectural information into account. In particular, if the above bounds are
applied to a convolutional neural network, when calculating the squared Frobenius norms || A?||3,
the matrix A’ is the matrix representing the linear operation performed by the convolution, which
implies that the weights of each filter will be summed as many times as it is applied. This effectively
adds a dependence on the square root of the size of the corresponding activation map at each term of
the sum. Furthermore, the L? version of the above includes a dependence on the square root of the
number of classes through the maximum width W of the network.

In late 2017 and 2018, there was a spur of research effort on the question of fine-tuning the analyses
that provided the above bounds, with improved dependence on depth [7]], and some bounds for
recurrent neural networks [8, 3]]. Notably, in [4], the authors provided an analogue of Theorem@]
for convolutional networks, but only under some very specific assumptions.

Since then, other lines of research (especially the PAC Bayesian school building on [1]]) have focused
on obtaining more meaningful bounds at realistic scales using various techniques including model

'Note that the result using formula can also be derived from expressingin terms of L? norms and using
Jensen’s inequality
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compression, as well as understanding any implicit restriction on the function class imposed by the
optimisation procedure [9, |10} [11} 12, 13].

Still, the fundamental question of taking weight sharing into account in the Rademacher analysis
of DNNs was left unsolved until the first version of our work, and an independent solution [[14]
simultaneously appeared on arXiv. In this note, we present our solution to the weight sharing problem.
Furthermore, we present our solution to the multiclass problem in the L? theory, which corresponds

to a improvement of a factor of v/C compared to the state of the art.

3 Informal Outline of Contributions

In this section, we state our main results which can be considered as specific examples of our general
results in Section [Al

Theorem 3.1 (Multi-class, fully connected). Assume that (x,y), (£1,Y1);- -, (Tn,Yn) are drawn
iid from any probability distribution over R? x {1,2,... K}, and let us use the notation of [2].
Write Wy, Wa, ..., W1, for the width of each layer. With probability at least 1 — 6, every network F 4
with weight matrices A and every margin v > 0 satisfy:

N = (maxy_l |zil2 R o log(1/9)

o log(W) + n)» “4)

where W = W = rnaxiL:1 W; is the maximum width of the network, and

L1 L1 , 3
; Wi At 2 AL 2
R ::Lme?xAﬁ.Hg(HpillA |0> <Z(V 1407, 47l 3

A3 max; || Af. |3

Parg max(Fa(z);) #y) < Ry(Fa) + O

i=1 i=1

and EW(F 1) is defined as in Theorem
Proof. The result follows directly from Theorem[A.T] which is presented in Section[A] O

Note that the last term of the sum does not explicitly contain architectural information, and the bound
only depends on W; for ¢ < L — 1, but not on W, (the number of classes). This means the above is a
class-size free generalisation bound (up to a logarithmic factor) with L? norms of the last layer weight
matrix. This improves on the earlier L?1! norm result in [2]]. To see this, let us consider a standard
situation where the rows of the matrix A” have approximately the same L? norm, i.e., ||AZL ll2 < a.

In this case, our bound involves HAL e =< vWpa, which incurs a square-root dependency on the
number of classes. As a comparison, the bound in [2] involves ||(AL) T ||2.; < Wya, which incurs a
linear dependency on the number of classes. If we further impose an Ly-constraint on the last layer
as || A%||r. < a as in the SVM case for a constant a [15]], then our bound would enjoy a logarithmic
dependency while the bound in [2]] enjoys a square-root dependency.

Suppose now we have a convolutional architecture where we collect the weights in matrices A!,
A2, .. and AY, with A" € R™*% (here m; is the number of filters at layer [, and d; is the size of
the filters in that layer) each row being a filter (represented only once), so that the i*" row of A’
represents the i*" convolutional filter of layer [. For [ < L and a weight matrix A, we will also write
Al for the matrix representing the linear operation that consists in applying each of the filters over
each of the patches of the previous layer Thus the full network can be represented in matrix form as
Fy(z) =0op (ALJL_l (AL’l - (Alx))) We have the following result, which follows directly
from our general Theorem [A.T] below.

Theorem 3.2. With probability at least 1 — § over the draw of the training data, every network F 4
with weight matrices A = {A', A%, ... AL} and every margin v > 0 satisfy:

P (argmax(Eae)) #1) <ﬁv<FA>+5(HMj”¢?2RAlog<W>+ 1g<j/5’> ®
J

The dimensions of this matrix depend on the stride and on the size of the previous layer
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where W is the maximum number of neurons in a single layer (after pooling) and

L—1 L—1 2
~ Wi Al 2 AL 2
RA::L<me?X||A5.QHmnAlua) (Z WA )" 147, ) 7

=1 = IIA2 max; || A7, |

AL, denotes the i’th row of A%, and for all |- ||, and ||-||2 denote the standard spectral and Frobenius
norms respectively.

While we still have to use the spectral norm of the complete convolution operation represented by A’
in the first factor, the Frobenius norm involved is that of the matrix A’ (the filter) instead of Al (the
matrix representing the full convolutional operation), which means we are only summing the square
norms of each filter once, regardless of how many time it is used. As a comparison, applying the
result in [2]] to CNN’s yields a bound involving the whole matrix A ignoring the structure of CNNs.
This means that through exploiting weight sharing, we remove a factor of \/O;_1 in the ! term
of the sum compared to a standard the result in [2]], where O; denotes the number of convolutional
patches in layer [. We have also replaced the width dependence by a dependence on the width after
pooling by exploiting the L°°-continuity of the pooling operation.

Remark: Note that while for simplicity we presented our results with the Frobenius norms of the
filter matrices A’ in the numerators of 4, our proof also allows us to replace these quantities by
| At — M!||g,, for some arbitrary matrices M' chosen in advance (typically the initialised weights).

4 Main ideas of proof

Obtaining PAC guarantees go through bounding the covering numbers of the function class considered.
In the case of neural networks, the first step is then to provide a bound on the covering numbers of
individual layers. If we apply classical results on linear classifiers as is done in [2] (where results
on L? covering numbers are used) by viewing a convolutional layer as a linear map, we cannot take
advantage of weight sharing. In this work, we circumvent this difficulty by applying results on the L>°
covering numbers of classes of linear classifiers to a different problem where each "(convolutional
patch, sample, output channel)" combination is viewed as a single data point. More precisely, we will
make use of the following proposition from [16] (Theorem 4, page 537).

Proposition 4.1. Letn,d € N, a,b > 0. Suppose we are given n data points collected as the rows of
amatrix X € R with || X;.|l2 <b,Vi=1,...,n For Uyp(X) = {Xa: [|a]s < a,a € R},
we have

2y? b
log N (Uap(X), € ||*]loc) < 3622 log, (Saen + 6n + 1) .

With convolutional layers in mind, we now consider the problem of bounding the L°° covering
number of {(v;" X7);<1 <y : > .cr lvil3 < a®} (where X7 € R4*™ for all j) with only logarithmic
dependence on n, I, J. Here, I plays the role of the number of output channels, while .J plays the

role of the number of convolutional patches. To do so, we apply the above result[d.Tjon the nJ.J x dI
matrix constructed as follows:

Xt 0 ... 0 X2 0 ... 0 ... X ... ... 0
0 Xt ... 0 0o X2 0 ... ... 0 X/ ... o0
0 0 ... Xt o o ... X2 ... 0 ... ... X/
with the corresponding vectors being constructed as (vy, va, . .., vr) € R4,
If we compose the linear map on R™*? represented by (vy,vo, ..., v7) | with k real-valued functions

with L°° Lipschitz constant 1, the above argument yields comparable bounds on the ||+ || 2 covering

number of the composition, loosing a factor of N only (for the last layer, k = 1, and for convolutional
layers, k is the number of neurons in the layer left after pooling).

This solves the problem for a single layer network. Once this is taken care of, the rest of the
proof consists in adaptation of classic chaining arguments and a union bound on probabilities of
events [2} 4} 15].
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Figure 1 — Illustration of architecture for one layer

A Precise Notation and Results

A.1 Notation

We use the following notation to represent linear layers with weight sharing such as convolution. Let
r € RUXw A e R™*dand S*, 52, ..., 89 be O ordered subsets of ({1,2,...,w}x{1,2,...,U})
each of cardinality where we will denote by S the ' element of S°. We will denote by
A 4(z) the element of R™*© such that A4 (7);, = Zle XgoAj ;. In a typical example the sets
81,82, ..., 89 represent the image patches where the convolutional filters are applied, and A would
be represented via the "tf.nn.conv2d" function in Tensorflow. See We will also write A! for the matrix
in RWi—1wi-1)x(O1—1mu) that represents the convolution operation A 4.

To represent a full network, we suppose that we are given a number L € N of layers, 7L + 2 numbers
m1,m2,...,mL,d1,d2,...,dL,pl,pQ,...,pL,wo,wl,...,wL,UO,Ul,...,UL,Ol,Og,...,OL,

and ki, ko,..., k1, as well as ZZL:O O, ordered sets S'° C {1,2,...,U;} x {1,2,...,w;} (for
1 < L,0<0),and L — 1 functions G : R™*O-1 — RUXwt (for | = 1,2, ..., L) satisfying the
following conditions.

1. Foralll € {1,2,...,L — 1}, G; is p; Lipschitz (component-wise) with respect to the L,
norm.

2. Foralll € {1,2,..., L — 1}, and for each 0 < Oy, S has cardinality d;.
The architecture above can help us represent a feedforward neural network involving possible (intra-
layer) weight sharing as

Far g2 ac : RUoxwo _y RULXwi . gy (GLoAgroGp_10A -10...GyoAq)(x),

where for each | < L, the weight Al is a matrix in R™ >4 Note that as usual, offset terms can be
accounted for by adding a dummy dimension of constants at each layer (this dimension must belong
to S% for each o).

To aid understanding, we provide a quick table of notations in Figure[I]

Throughout the text, we also fix some norms |-|z,,|+|z,,---» and ||z, on the spaces RUo*wo,
RYrxwi - and RYEXWL  some functions |- £y on R™*d for 1 < | < L, and some numbers
ki, ko, ..., k1 € N such that the following three properties are satisfied:

1. Foralll < Landall £ € RV>wt if |¢],, < 1,thenVo < Op, Y seq10(&5)? < 1.
2. Foralll € {1,...,L},alla > 0andall &, & € RV-1Xwi—1 if |€ — &, | < a, then

(GroAa)(&1) = (GroAa) (&), , < alA!lz;.

3. Forany & € RV, €] < Ky[|€]|2,

3We suppose for notational simplicity that all convolutional filters at a given layer are of the same size. It is
clear that the proof applies to the general case as well.
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Notation Meaning

G Activation functions + pooling at layer [
Al Filter matrix at layer [
Ay Convolution operation relative to filter matrix A
Al Matrix representing A 4: (Has repeated weights in conv. net)
O, Number of convolutional patches at layer [
my # of channels at layer [ before nonlinearity
(=# of output channels at layer [ — 1)
Slo o' convolutional patch at layer [
wy Number of spatial dimensions at layer [
U, Number of channels after nonlinearity
ol Lipschitz constant of G}
W, = Uw; Width (after pooling) at layer [
W = max; W, Maximum network width (after any pooling)
W = max; O;_1my Maximum network width (before any pooling)
w Total number of parameters
d; Size of convolutional patches corresponding to the operation A 4
ky Smallest integer such that ||-||z, < VEi||+]|cos kz = 1,
ki =Wiif |-z, = ||-|l2 and ky = dy if ||z]|Z, = max,<or Yo segro(25)?
K =Wy Number of classes

Table 1 — Table of notations for quick reference

4. For all I, there exist real numbers D; and & such VA € R™ ¥

IANZ;
s 413 < &1 A]

2
L

The two main examples of suitable such norms are the following.

The standard L? and spectral norms. We can set |A|, = |A|p, forall [, [A] - = pi|A|, for all
| < L—1land |A|z: = pr max; [|A; .[|2, where |-|, denotes the usual spectral norm for matrices,
and A is the circulant matrix that represents the convolution operation performed by A 4. This choice
satisfies the conditions on the norms |-|z,, . .., |-|z, With D; = w; and & = my, and k; = W.

Through Lipschitz constants. First, for all [ < L and all z € RY>"!, define [|z]|2, =
max,<ot Y segio (25)?. For each AL € R™ >4 we can then simply define || A’ .- as the Lipschitz

constant of G o A : RVi-1Xwi-1 5 RUIXwi with respect to the distances induced by the norms
Illz,_, and ||+]|z, This satisfies the above conditions with k; being the maximum number of active
neurons in a single convolutional patch of layer [.

Mix of the above To obtain the results 3.1{and 3.2 with the dividend max; | AL ||3 in the last term
of the sum, we use the spectral norms up to layer L — 1 and the Lipschitz one for the last layer.

A.2 General Results

We can now formulate our main Theorems. We always assume that we are given a classification
problem with i.i.d. data-points (z,y), (z1,91),- .-, (Tn,yn) Withy, y1,...,yn € {1,2,..., K}.

Theorem A.1 (Post-hoc asymptotic result). Assume we are given an architecture and classification
problem as described in section[A] For all 6 > 0, with probability > 1 — & over the draw of the
training set it holds that every network as described in section[A] and every margins ~y > 0 satisfy:

j n n

P <argmax(FA(x)j) # y) < RW(FA) + 4] (W log(W) + 10g(1/6)> . (6)

where || X||(£y,00)T = MaX;<n [T 2o, W = maXlLZO O;_1my, and

L
Ry =LY k|| A5 T 114
=1 i#l

2
L
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The more precise non-asymptotic result from which Theorem[A.T|can be deduced is the following.

Theorem A.2 (Post-hoc result). Assume we are given an architecture and classification problem as
described in Section[A] For all § > 0, with probability > 1 — & over the draw of the training set it
holds that every network as described in section[A] and every margins ~y > 0 satisfy:

P(a,y) (arg max(Fu(z);) # y)

8  BT6([| X|l(y00r +1)
— ;\;ﬁ ) V'R [logy(32n°T /7 + TWn)]

N

log(n)

L
5 1 1 ~
3\ — L+ 1og(2 4+ X zpo0r) +34 | - (Zlog [<2+L||Al|2><2+L||Al|a>}),

=1
(N
where
~ 1 &
n = — I|(F i ;T I i) < )
R S (Fueh s (i) <)
_ L 1 2 1 a0\
R=12Y gt (g +14%2) TT (3 + 140 |
=1 il
and
I= r?ax [(|X||(£OOOT+1) <\|Al\|2+ )01 1mzH< +|\Allla>
B Proofs

Let us first make the following important points about one of our notational choices.

Important remarks :

1. Throughout the proofs, we will be using mixed L?-9°" norms. Importantly, any sample/batch
dimension will always be averaged instead of summed! This convention helps reduce
the number of unnecessary factors of n to drag along. Thus if X € R"™, n is the sample
dimension and p > 1

1 & ’
X[y := <nZ|Xi|”>
=1

Similarly, if X € R?*"*7 p is the sample dimension and 1 < p, ¢, 7 < 00

J n I % %
RO %Z (Z |Xi,j,k|p> ®)

k=1 j=1 \i=1

This notation involving mixed norms will also (in fact, mostly) be used when some or all of
p, g, 7 are infinite, in which case the factor of 1/7 is irrelevant. For instance, if X € RI*n*/J
and n is the sample dimension, we will write

Z (le -J2,J3 )2

ji=1

X1l (2,00,00) = max max

2. We interpret 'tensor multiplication’ for tensors as contracting the last slice of the first
tensor with the first slice of the second one, when the dimensions match. For instance, if
A € Ro*0*eand B € R°*4, AB € Re*%*d js defined by (AB); jx = Soiq Ai i Bk
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3. The transpose of a tensor is defined by completely swapping the order of the dimensions, and
we sometimes put the transpose in the index when referring to norms. Thus if Y € R/*">1,

I

Z (ijl-jz»jz‘)z'

Ji=1

||Y||(OO,OO,2)T = ||YT||(oo7oc,2) = ?212)75??2}}

B.1 Size-independent covering number bounds for a single convolutional layer

A key aspect of the proof is that we can use proposition to obtain an L°°-covering of the
map represented by a convolutional layer. Indeed, by viewing each (sample, convolutional patch,
output channel) trio as an individual data point, we can, for each e, find N, filters fi,..., far, with
I fill7» < @ Vi such for any convolutional map represented by the filter f (with || f|| r < a), there
existsauy € {1,2,...,N.} such that for any input z;, any convolutional patch S, and any output
channel j, the outputs of f and f, , corresponding to this (input, patch, channel) combination differ
by less than e.

More precisely, we have the following result:

Proposition B.1. Let positive reals (a,b, €) and positive integer m be given. Let the tensor X €
R"™UXd pe given with Vi € {1,2,...,n},Vu € {1,2,...,U}, || Xiw.|l2 <b. We have

36a%b? 8ab
log N ({XA:AeR™™ || Allp < a}ye, ||| cv,00,00) < “2 log, [(“ + 6> nmU + 1} ,
€ €
)

where the norm ||+||co 00,00 is over the space R™UV*™ and X A is defined by (XA)u,i; =
d
20:1 Xu,i,vo,j~

Proof. This follows immediately from Lemma [4.T] applied to the following nmU modified data
points in R¥*™ (considered as a simple vector space with the inner product being applied after
broadcasting) and function class: for all 6 € {1,2,...,d} x {1,2,...,m}, foralli < n,u < U
and j < m, (x;4,j)s = Xiue, fordy = jand (z;, ;)s = 0 otherwise. Le., for all (sample, patch,
output channel) combination (i, u, 7) (with i < n,u < U, j < m), the corresponding data point is a
matrix in R4*™ whose 5% column is the corresponding convolutional patch in X, and the the other
columns are 0.

The function class is defined by
{Fa:RY™ SRz (z,A); |All2 < a},
where (-, -) denotes the inner product after broadcasting: for A, B € R™*"2 (A B) := Tr(ABT).
O

Definition B.2. Let p > 0, and G : R™ — R™ be such that for all i € {1,2,...,m}, G, is 0
Lipschitz with respect to the L* norm. Next, define G as a truncation of G where only the top k
values are retained, with an arbitrary tie-breaking strategy, so that

vie{l,2,...,m},

Gi=G; if #({jé{l,?,...,m}:éj > GV (G :émj>i)}) <k

G; =0 otherwise. (10)
We will call any function G that can be represented in this way a k-sparse p-Lipschitz function (with
respect to the L°° norm).
Next, we have the following key steps in our analysis.

Corollary B.3. Let n, O, m be natural numbers, Y be a finite dimensional vector space endowed
with the norm |-| ¢ and let G : RO*™ — Y be p-Lipschitz with respect to the L, norm. Assume also
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247

that there exists a number k > 0 such for any y € Y, |y|z < k||y||cc. For any X € R"©*4 such
that || X% |3 < b? (Vi,0), we have

36ka’b? 8ab
1 G(XA): AeR¥>™ ||All, < et <=7 — 47 @)
OgN({ ( ) € aH HQ = CL},G, || ||(| |£700)T) = €2p2 082 |:<€p\/E + )mn :l
(1m)
where for a tensor B € R"*H
1Bll2,007 = 1B ll2,00) = max|Bi..|c.

In particular, if Y = RM>XM and G : RO*™ — RM>M s k-sparse the above result holds with
I'lc = |I:ll2 and |-|(£,00)™ = |*|(2,00)T > and for ||z = A similar result holds with the norms |-|,
defined as maxima of L? norms over individual patches. Note that G need not be continuous. Possible
choices of G include component-wise Relu followed be replacing the m — k smallest activations by
zero, or explicitly defining k entries of G(x) as maxima or averages of given subsets of the entries of
x.

Proof. This follows immediately from Proposition the fact that if A C REX™ is such that X A is
an (67 H : ||oo,oo,oo)-COV€I‘ of

{XA: AeRY™™ ||A|l2 < a},
then G(X A) is a (Vkep, [ (2,00,00) T )-cOVer of

{G(XA): AecR¥™™ ||Al; < a}.

B.2 Covering number bound for networks with fixed norm constraints

With this result in our toolkit, we can prove a first covering number result about neural networks.
We have the following result.

Theorem B.1. Suppose we are given an architecture as described in section[A] a design matrix X €

R™*Voxwo - gnd numbers 0 < ai,as,...,a;,81,52,...,5. Define the family of tensors obtained
by applying the network F g1 s> ar for values of AV, A%, ..., AL satisfying norm constraints as
follows

HX?{E%MWAMXMJﬂMmg<&AHNMSa*.

Suppose also that Vi, || ;% < b* for some b > 0. We have

" €
i=1 =1

L L 2 8 le-:lp-s- nalOl_lml

2,2 2 2 36k;a; ( =177 x
log./\/(H,e, ||-||(m7£0)r) < L°b Hsipi e log, +7TWn |,

where as usual, W is the maximum width of the network.

Proof. Note that for any € RY0*%o with |z||, < band any A, A%, ... Alsatisfying the condi-
tions, we have || Fig1 a2 a1(2)[]2 < Hi;} pisi. Hence, by proposition , it suffices to prove the
result for L = 1.

The case L = 1 follows from Corollaryapplied to O,d,m and X € RO*"*d where O = Oy,
d=d,m=myandforu < O = 0Op,i <nandj <d, Xyi; = X5, Note here that
St e{1,2,...,Up} x {1,2,...,wo}. O
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B.3 Joint generalisation bound for fixed norm constraints

The next step is to use the above, together with the classic Rademacher theorem [E.T]and Dudley’s
Entropy integral, to obtain a result about large margin multi-class classifiers.

Theorem B.2. Suppose we have a K class classification problem and are given n i.i.d. observations
(m1,91), (T2,Y2)s - - 5 (T, Yn) € RV L1.2 .. K} drawn from our ground truth distribution
(X,Y), as well as a fixed architecture as described in Section@ where we assume the last layer is
fully connected and has width K and corresponds to scores for each class. Suppose also that with
probability one |||z, < b. Suppose we are given 2L numbers ay,as, . ..,ar, and s1, 82, ..., SL.
For any § > 0 and any margin v > 0, with probability > 1 — & over the draw of the training set, for
any network A = (A', A%, ..., AL) satisfying Vi : | A2 < a; A || AY|y < si, we have

P( argmax (Fy (1)), #y>

je{1,2,...K}
< Byt 2 B R [logy(Tn2/y + 7)) * log(n) + 3 log(5) (12)
n ’Y\/ﬁ gQ PY g 2n ?
where
~ 1 &
Ry<— D T (Faraz,.an(@))y, — %@X(FA%A?,H.,AL($1'))J' <7,
i=1 ¢
272 klal
=L*b Hs and
57
. -1
I:= I}lzalx (bl_[lpisialOl_lml> . (13)

Proof. We will apply the classic Rademacher theorem to the function [,(—M (x,y)), where
M(x,y) = (Far a2 ac(x))y — max;zy(Fa1 g2 ac(x));, and for any 6 > 0 the ramp loss
Ap is defined by

0 < —0
Ao () ::{lJrz/G x € [-6,0]
1 otherwise.

Let us define
1 n
Ry =~ D L (=M(xs,y)).
i=1

Using this, note that we have immediately for any 6 > 0, that with probability greater than 1 — § over
the training set:

P ( argmax (Fp(x)); # y) <E(ly(=M(z,y)))

JE{1,2,.., K}
. log(%) .
<R,+3 om + 2R, (I, (=M (z,y))). (14)
Applying Theorem [B.1| (with S = {;} for each j € {1,2,..., K} so that |||z, = [|]l«c) to F

and noting that any (e, ||+||c )-covering of F'(X) (where X is the design matrix) is a (2¢/7, ||+]| o)
-covering of I, (—M (z;,y;)) (¢ = 1,2,...,n), we obtain that

L L 8 (bTT :8; | na;O—1m
ka2 (lepzz) 1011y
log ' (M, |-}, ) < L202 [[ 522 S 200 :

; +7TWn
i M 2.2_2 2 ’
i=1 = 178ie €v/2

5)

10
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281

where Hy, is the function class of networks of the form Fr(z) with weight matrices satisfying
VI ||AY2 < ap A||AY 5 < i, and ky, = 1. Applying Dudley’s entropy formula (3T) with o = 1,
we then obtain, for all k:

Bty (M) < o+ 22 [ fogMFS )

4 12 1 16T i1
- +2\/%—x/?%/ vlog,(16 "/(”H?W")de
n N 1 €y

144 log, (16T'n2
\f/ V1og,( 6n/7+7Wn)d

IN

144

VI loga (1672 £ 7Wn) log(n)

4
n
4
n

(16)

Plugging this back into equation (I4), we obtain that for every § > 0 and every k (with k;, = 1 as
usual) we have with probability > 1 — § over the training set:

P ( argmax (Fp(x)); # y) (17)
je{1,2,...,K}
S8 288 ) s log(§)
< °© v 2
SRy +— o o~ R, [logy(16T'n* /v + 7TWn)| 2 log(n) + 3 o (18)
as expected. O

B.4 Proof of main Theorems and[A.1]

All the pieces are now in place to present the

Proof of Theorem[A.2] The general proof technique is similar to the proof of the main theorem in [2]
and further references, the main differences being that we must use our stronger Theorem [B.2]to take
width reduction and weight sharing into account.

For each choice of positive integers G, By, Bs, ..., Br,S1,52,...,5L,b, define

)
(G, B, S,b) = —— : (19)
20 T, BiSu(Br + 1)(Si + 1)b(b + 1)
Let also
1 2 B . S
S(G, B, S,b) = {(X,%A) 2 S << 1A, < 2L A IAY), < fl 1X || (00,20)T < b}.

Apply Theorem for y71 = %, ap = By, s = 51, b = b, we see that with probability
> 1—0(G, B, S,b) over the draw of the training set, every (data, network, margin) combination
(X,v,A) € S(G, B, S, b) satisfies

]P)(ac,y) (EL (1‘, y))

2
log (5(G,B,s,b))

1 — n 8
E; (ML xuyl S*G)ﬁL +3 on

L

288 x 2C =
L2b2
N GaIE%

i=1

m\»—‘

(16T'n*/y + TWn)] * log(n)

11



1 & n 8
<7§H(M i,i<—) °
Ton s y)72G H

log (%) 1 & 1 1 G
+3 ™ + o lzzllog(Bz(Bz +1)) +log(Si(S; + 1)) + o log(b(b+1)) + o log(2%)

+ 28781:/(;0 L2p? ﬁi zf: [log,( 16Fn2/7+7Wn)]% log(n)
(20)
where I' = maXlL:1 (b%Ol_lml Hi;i pi%> ,
Mp(z,y) := (Far a2, ax(x))y —max(Fai g2, az(z));,

262 and Er(xz,y) := {Mp(z,y) < 0}. Since 3 5 g4 6(G, B, S,b) = 6, we have that with probab-
283 ility > 1 — ¢ over draw of the training set, the above inequality holds where (G, B, S, b) are the
28+ smallest integers such that (X, v, A4) € (G, B, S, b). In this case, note that we have

— <A - WVI<L

S| <1 1
—<|JAle+= WILL
L <A+ 7 V<

2G—1 1 2G
< -< —
n ~ n
[ X N (o0,20)T b < (1 X](00,c0)T +1 1)

285 This allows us to conclude, plugging equation () into equation (20) that w.p. > 1 — §, we have:

Py (EL(z,9)))

1 — n 8
< — E o) < — —
=n i:1H (ML(xmyz) — 2g) + n

log (2 1 <&
3,2 (5) — Z og(By(B; + 1)) + log(Si(S; + 1)) + —log(b(b—i— 1)) + log(29)
2n 2n P
L -1 2
26288 52 kl St B;
+ " L2b2£[1 L—;pf 2 52 log, <16n226 max (beOl 1my le +7Wn log(n)

log in L
+3J2(:v>+ ! <<2+||Xn wocoyT) + D log [(2+ LI Al)(2 + L] AT, >]>

=1

L L
576 - 2
2 T 2 2 l 2 l
o PO g + 02 T 02 Yokl +1/2) IT (145 +1/z)

i=1 =1 il

-1 3
log, ( maX( (141X oo,20)7) T T 2214 o + 1/Z) (1A |12 + 1/L) 01 1ml> +7Wn>] log(n),

=1

(22)

12
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314

as expected.

Armed with this, the proof of Theorem is just a matter of simplifying into O notation:

Proof of Theorem[A.1] The proof is a matter of simplifying theorem into the O notation. Recall
thatif f,g : R™ — R, f = O(z) iff lim,, oo Wg@(z)) < C for any choice of sequence
1, T2, ... such that lim,,_, ., x, = oo for some absolute constant C. Let fy, f1, fo be the three
VR
TVn

/1, note that log(n) and log(+y) are both O (7—@), and be [T21 pi (L 4 |4712,) (2 + [|AY]2) is
A7

o(R). Finally, since —5-- < [|A[|3 < 55||A||%?, we have for large enough || A |2, || A|

excess risk terms in Theorem|A.2} it is clear that f = % =0 ( log (max;<y, O;_1my) ). As for

Ly :
L ~

2> log |2+ LAY @+ LI A 2r)| <5

=1

L
Llog(L) + max log(&) + log (H | A?| ﬁ?)]

=1

||Al~||2 i
< g *
oL (log(L) —I—Iln<axlog(€l)) —|—5mlaxlog X | Ii“A [l

VP
<5L <log(L) + rlngag log(&)> - Sm?xlog <\/771~) + 5log (ﬁ)

VR _5(VE
ofnfoest))-o(2)

where [ = argmin(k; : i < L), and at the last step, we used again the fact that log(n) and log(7)
are both O (%) , as well as the fact that Llog(L) is O(v/R).

O

C Chaining covering number bounds.

In this section, we state and prove a general result about the covering numbers of functions obtained
through function composition. This result is mostly a combination of lemma A.7 in [2]] and the
beginning of the proof of Theorem 3.3 in the same reference.

Proposition C.1. Let L be a natural number and aq,...,ar, > 0 be real numbers. Let
Vo, V1, ..., VL be L + 1 vector spaces, with arbitrary norms |-|o, |-|1, ..., |"|r, let B1, Ba, ..., By,
be L vector spaces with norms ||-|1, ||-|l2,--.,||-/lz and Bi,Ba,...,Br be the balls of radii
ai,as,...,ar in the spaces By, Bs, ..., By, with the norms ||-||1,|-|l2,---, |||z respectivelyﬂ
Suppose also that for each | € {1,2,... L} we are given an operator F' : V;_; x B; — V; :
(x,A) — FYy(x). Suppose also that there exist real numbers p1, pz,...,pr > 0 such that the

following properties are satisfied.

1. Foralll € {1,2,...,L} and for all A € By, the Lipschitz constant of the operator F}4 with

respect to the norms |-|;—1 and |-|; is less than p;.
2. Foralll € {1,2,...,L}, allb >0, and all ¢ > 0, there exists a subset C;(b,e) C B such
that

212
log(# (Cu(b, €))) < Zee” (23)

where Cj . is some Junction of 1, € and, and, for all A € Byand all X € V,_1 such that
| X |i—1 < b, there exists an A € Ci(b, €) such that
|FA(X) - Fi(X)], <e (24)

“The proof works with By, B, . . ., By, being arbitrary sets, but we formulate the problem as above to aid the
intuitive comparison with the areas of application of the Proposition.

13
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For each | and each A' = (A, A%, ... AY) € B! := By x By x ..., By, let us define
Fly Vo= Vpix— Fl(x)=Flo...0F30F,

and Fy = FjL. For each € > 0, there exists a subset C. of B such that for all A =

(AL, A2%,... AL) € B := B, there exists an A € C. such that the following two conditions
are satisfied.

€

|FA1(X)—F£Z(X)|ISL7 (WVI<L), and (25)
j=l+1Pj
X - 2 3 Clial ’ o | X7 2 Cleam i
log #(C) < 2 Hpi Z p <L 2 sz Z 01
i=1 =1 i=1 =1

In particular, for any X € Vg and any € > 0, the following bound on the (e, |-|1,)-covering number
of {Fa(X) : A€ BL} holds.

X L i
log N ((Fa(X) : A€ B, -3) < 12 P [Ty [ F) 26)

Proof. The proof draws inspiration from the ideas in [2l]. However, we must keep the generality of
the norms |-|g, |+|1, - . -, |-| until further into the proof, and we also keep track of the errors at the
intermediary layers, yielding a stronger result.

Forl=1,...,L,lete = =*— where the a; > 0 will be determined later satisfying > lL:1 o =
i=l+1 Pi
1.

Using the second assumption, let us pick for each [ the subset C; = C; (\X lo Hi;} P el) satisfying
the assumption. Let us define also the set C :=Cy X Ca X ... x Cp, C B.

Claim 1

For all A € B, there exists a A € C such that forall [ < L,
€

[FA(X) = F3(X)|, £ =—— 27)
j=1+1Pj
Proof of Claim 1

To show this, observe first that for any 1 < [ < L and for any A", A%, ..., A,
-1
[F'" oo F?o FY(X)|, < X0 [ pir (28)
i=1

and therefore, by definition of C;, we have that for any A', A%, ..., A" {F1 a2 a1 a(X):
Al € C}isan (e, |-];) cover of {Far 42 a1 a(X) : AL € B}

Let us now fix A', A, ..., A" and define A; € C; inductively so that F'§ (F4, 4,,....4,_,(X))isan
element of {F'y(Fz, 4, . 4,_,(X)): A€ C} minimising the distance to Fi5, 5, i, , 4,(X)in
terms of the |-|; norm.

‘We now have foralll < L:

l
[Fa(X) = Fa(X), <> ‘F(AI’AZMAH’A% a0y (X) = Fla, Ay d, aie Al)(X)]l
=1
l l
S Z H pj ’F(ALAQ:“wAifl:Ai)(X) - F(Al,AQ, ,Ai)(X)’l
=1 j=14+1
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Z e, < ——, 29)

i=1 j=i+1 H] 1+1Pj i=1 j= l+1 Pj
as expected.
This concludes the proof of the claim.

To prove the proposition, we now simply need to calculate the cardinality of C:

L
log V' ({Fa(X) : A€ B}e,|-|1) < log(#(C)) < Zlog #(C

L L Crat (IX \omlpy) (Meii0r)
; ; af

2
_ IXBITi, e Z Cica; (30)

2 2.2 °
¢ =1 P

Ci.caf (\X\o IT- 1Pv) 1
<3

l

Optimizing over the a;’s subject to EIL:1 oy = 1, we find the Lagrangian condition
L
2C1,ca/p} L
(_ ;3 x (Ul:la
l =1

yielding

_ (v/Crear/p1)3 .
S (VCiai/pi)3

Substituting back into equation (30), we obtain

€2

2 L ” 2
log A" ({Fa(X) : A€ B}, e, |-|1) < M%Thlm§:<¢al)

W)
| IS
FMh

€2

< KBTI #2 |5 (W)/]

as expected. The second inequality follows by Jensen’s inequality. O

D Dudley’s entropy formula

For completeness, we include a proof of (a variant of) the classic Dudley’s entropy formula. To
enable a comparison with the results used in [2]], we write the result with arbitrary LP norms. We
will, however, only use the L°° version, as in [[15].

Proposition D.1. Let F be a real-valued function class taking values in [0,1), and assume that
0 € F. Let S be a finite sample of size n. For any 2 < p < 0o, we have the following relationship
between the Rademacher complexity R(F|s) and the covering number N (F|S, ¢, ||-||)-

R(Fls) < inf (4o + 2 1\/1 N(F|S
(1) < jnf (10 2= [ floaNFISce 1))

where the norm ||-||, on R™ is defined by ||z ||} = L alP).

Proof. Let N € N be arbitrary and let ¢; = 2=~V for i = 1,2,..., N. For each i, let V; denote
the cover achieving N (F|S, €;, || -||,p), so that

=

S

t=1

VfeF FveV; (

n ) — Vi) < €, (3D
3 - )

15



a2 and #(V;) = N (F|S, €, ||-||p). For each f € Flet v'[f] denote the nearest element to k in V;.
353 Then we have, where 01, 09, ..., 0, are n i.i.d. Rademacher random variables,

E, sup — Zatf xt)

fermn
n N-1 n n
= E, sup [n Do (felwe) =o' [f]) = Y % o (vi[f] = v f) + = D owy [f]]
fer "= i=1 =1 t=1

354  For the third term, pick V3 = {0}, so that

E, sup[ Zatvt 120.

fer

355 For the first term, we use Holder’s inequality to obtain, where ¢ is the conjugate of p,

N—1 n n % n %
> Eqsup [jl S ot () — o)) | <o <i > W) (fl S lfuta) o [f]|’°)
i=1 € t=1 t=1

— t=1
S EN-

as6  Next, for the remaining terms, we define W; = {v'[f] — v*T![f]|f € F}. Then note that we have
37 |[Wi| < |Vi|[Vis1] < |Vig1]?, and then

E, supl Zat vilf fvz"'l[ﬂ)

feF weW;

1 n
< E, sup [ E Utwt] .
n
t=1

358 Next,

we, Zwt sup [|v*[f] = v,

<sup [[0'[f] = (f(@1), -, f(@n)) ||, + sup || (f(z1), .., f(za)) =],
feFx feF

< sup Hvl[.f] - (f(x1)7 . 7f(z"))||p + sup H(f(x1)7 R f(xn)) - vi+1[.f]||

fer fer p

<€+ €41 = 3€i41,

359 where at the third line, we have used the fact that p > 2. Using this, as well as Massart’s lemma, we
360 oObtain

E, sup [ Zatwf] < \F\F sup walog\W\ < 361“ \/2log|W 761+1\/log\V¢+1|.

weW; weW;

ss1  Collecting all the terms, we have

N—
E, sup — Zotf ) < e Zewlwog/v(fs,ezﬂ,u )

feF

-
IS %\
Mz i

-
Il

(e — 6i+1)\/10gN(f876i7 l-1lp)

1



362
363

364

365

366

368
369

370
371

372

12 (1
<eny+ \/ﬁ/ \/IOgN(-FS;E7 ||'||P)d€

EN+1

Finally, select any a@ > 0 and take NV to be the largest integer such that ex+; > «. Then ex =
4den42 < 4a, and therefore

12 ! 12 [t
en + %/ \/logN(Fsm [-llp)de < 4o + ﬁ/a \/logN(Flsvea [ p)de,

EN+1

as expected. O

E Rademacher Theorem

Recall the definition of the Rademacher complexity of a function class F:

Definition E.1. Let F be a class of real-valued functions with range X. Let also S =
(z1,22,...,2,) € X ben samples from the domain of the functions in F. The empirical Rademacher
complexity R (F) of F with respect to x1,xa, . .., T, is defined by

1 n
Bs(F) :=Essup — » 6;f(z), (32)
where § = (01,02, ...,0,n) € {£1}" is a set of n iid Rademacher random variables (which take

values 1 or —1 with probability 0.5 each).

Recall the following classic theorem( [17]):

Theorem E.1. Let Z, 71, ..., Z, be iid random variables taking values in a set Z. Consider a set of
functions F € [0,1]%. V§ > 0, we have with probability > 1 — & over the draw of the sample S that
1 & log(2/0)
E(f(Z2)) < — i)+ 2 — .
VfEF, E(f(2) <D flz)+28s(F) +31 =

=1

17
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