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Abstract

Many manufacturing and service systems require a finite number of heterogeneous jobs to
be processed by two stations in tandem. Each station serves at most one job at a time and
there is a finite buffer between the two stations. We consider two flexible servers that are
cross-trained to work at both stations. The duration for a server to finish a job at a station is
exponentially distributed with a rate that depends on the server, the station, and the job. Our
goal is to identify an efficient policy to dynamically assign the servers to the stations such that
the expected makespan (duration to complete all the jobs) is minimized. Given that an optimal
policy is non-idling, we focus on non-idling policies. We first derive the expected makespan of
a general non-idling policy. We then analyze three simple non-idling policies: the summation-
myopic, the product-myopic, and the teamwork policies. We prove that (i) the product-myopic
policy is optimal if the servers maintain the same service-rate ratio at each station for all the
jobs, (ii) the teamwork policy is optimal if the servers maintain the same service-rate ratio at
different stations for jobs that are sequenced near each other, and (iii) the summation-myopic
policy is no worse than the teamwork policy. Our numerical study based on general service rates
suggests that the summation-myopic policy can be better or worse than the product-myopic
policy. We also extend the model to incorporate moving costs and service defects.
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1 Introduction

A tandem system consists of a sequence of work stations. Servers work on jobs that go through
the stations sequentially. The value of each job increases as it progresses from the start to the end

of the tandem system. Tandem systems are common in the manufacturing industry (Hopp and



Spearman, 2008). For example, workers (servers) in a tandem system transform raw materials into
finished goods in a production plant. Tandem systems can also be found in the service industry
(Cachon and Terwiesch, 2013). For instance, in a hospital, a tandem system diagnoses patients
(jobs) through a sequence of medical tests. Since the labor cost constitutes a substantial portion
of the operating cost in these environments, it is important to effectively make use of a tandem
system’s workforce to maximize its productivity.

We consider a tandem system with two stations shown in Figure |I} Each station can serve at
most one job at a time. There are M < oo jobs available at an initial position in front of station 1
to be served by the tandem system. We consider only a finite number of jobs to be served by the
system because this is quite common in practice. For example, the number of patients that visit a
hospital for medical tests is finite every day. There is a buffer of size B between the two stations.
Every job is first served by station 1. Upon completion at station 1, the job enters station 2 if the
latter is available. Otherwise, the job either enters the buffer (if the buffer is not full) or stays at
station 1 (if the buffer is full). There are at most B + 1 jobs waiting to enter station 2. The jobs

maintain the same sequence as they go through the system.
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Figure 1: A tandem system with two stations, two servers, and a finite number of jobs

There are two flexible servers that are cross-trained to work at both stations. Each server can
work at only one station at a time. After he finishes a job he can move to another station, which
takes negligible time and cost. We assume that the duration for a server to finish a job at a station
is exponentially distributed with a rate that depends on the server, the station, and the job. Thus,
the jobs are heterogeneous because they may have different service-time distributions even if they
are served by the same server at the same station. Furthermore, we assume that the two servers
can work together on the same job at the same station simultaneously with additive service rates

(Andradottir et al.l 2001)).



Define makespan as the duration to complete all the jobs of the system. Our objective is to
identify an efficient policy to dynamically assign the servers to the stations such that the expected
makespan is minimized. We describe the contributions of this paper in the following paragraphs.

(i) To minimize the expected makespan, we formulate a stochastic dynamic program for B = 1
to find an optimal policy that dynamically assigns the servers to the stations. Unfortunately,
the optimal policy is too complicated to characterize when the number of jobs M is large. This
motivates us to develop simpler and more intuitive policies in this paper. We will use the optimal
policy derived from the dynamic program as a benchmark when we evaluate these simpler policies.

(ii) Since the optimal policy is non-idling, we focus on non-idling policies in this paper. Using
the basic probability theory, we first derive the expected makespan of a system with a buffer size
B =1 under a general non-idling policy. To the best of our understanding, this is the first paper
performing such an analysis. We then study three specific non-idling policies: the summation-
myopic policy, the product-myopic policy, and the teamwork policy. The first two policies are
developed by us and the last policy was proposed by [Van Oyen et al.| (2001]).

The summation-myopic policy chooses an assignment that maximizes the sum of the servers’
service rates for the current state of the system. The product-myopic policy chooses an assignment
that maximizes the product of the service rates at the two stations for the current state of the
system. This policy generalizes the policy in Theorem 4.1 by |Andradéttir et al. (2001) to a system
with heterogeneous jobs. Under the teamwork policy (Van Oyen et al., 2001), all the servers work
as a single team that follows each job from station 1 to station 2, and only starts working on a new
job after the current job is completed. This policy is straightforward to implement in practice and
no buffer is needed between the stations. We prove that each of these specific non-idling policies
is optimal under certain conditions on the service rates. We then conduct a numerical study to
compare these non-idling policies for general service rates.

(iii) We extend the analysis to a system with a general buffer size B € N. We derive the
expected makespan of a system under a general non-idling policy as well as under the three specific
non-idling policies. We prove that all the optimality results for the system with a buffer size B = 1
still hold. We also extend the model to incorporate moving costs and service defects. We derive
the expected total moving cost and the expected number of perfect jobs (without service defects)
under a general non-idling policy. We then compare the three specific non-idling policies with
respect to these two performance measures.

After reviewing the literature in Section [2, we formulate the problem for B = 1 as a stochastic



dynamic program in Section |3} Section [4] derives the expected makespan of a system with B = 1
under a general non-idling policy. Section [5| describes the three specific non-idling policies and
their expected makespan. Section [6] discusses the optimality conditions of these non-idling policies,
and compares the policies against the optimal one derived from the dynamic program. Section [7]
extends the analysis to a system with a general buffer size B € N. Section [§] extends the model
to incorporate moving costs and service defects. Section [9] concludes the paper. All proofs can be

found in the online supplement.

2 Related literature

This paper is related to two streams of literature: dynamic server assignment and dynamic line
balancing. We discuss each stream of literature as follows.
2.1 Dynamic server assignment

There exists a stream of research focusing on dynamic server assignment policies that minimize

holding costs. Many papers in this stream consider parallel or tandem queues with two stations.

For example, Harrison and Lépez| (1999), Williams| (2000), Bell and Williams (2001)), |Ahn et al.|
(2004), and Mandelbaum and Stolyar| (2004)) study flexible servers in parallel queues. On the other

hand, |[Rosberg et al.| (1982), Farrar| (1993), Iravani et al.| (1997), Duenyas et al. (1998), Kaufman|

et al. (2005), and |Armony et al. (2018) study flexible servers in tandem queues. In contrast, our

objective is to minimize the expected makespan.

Some papers identify dynamic server assignment policies that maximize throughput of tandem

lines with finite buffers. |Andraddttir et al.| (2001) consider a two-station, two-server Markovian

system that has an infinite supply of jobs in front of station 1. They assume that the service rates
are independent of the jobs (that is, the jobs are homogeneous). They identify an optimal server
assignment policy that maximizes the long-run average throughput. The authors also propose
near-optimal heuristic policies for larger systems. Note that the product-myopic policy generalizes

their optimal policy to a system with heterogeneous jobs.

‘Andradoéttir and Ayhan (2005) focus on the case with two stations and study the optimal server

assignment policies for Markovian systems with more servers than the stations. |[Kirkizlar et al.|

(2010) show that the optimal or near-optimal policies in |Andradéttir et al.[ (2001) and |Andradottir
land Ayhan|(2005) for Markovian systems are also effective for non-Markovian systems.




et al. (2003) and |Andradéttir et al| (2007a) study general queueing networks with infinite buffers
without or with server and station failures. In contrast to this stream of research, we consider a
finite supply of jobs for the system and assume the service rates depend on the jobs.

Andradottir et al. (2007b]) demonstrate that a Markovian system with two stations and gen-
eralist servers can attain most of the benefits of full flexibility by having only one flexible server
when the buffer size is sufficiently large. Hopp et al| (2004) consider a line with an equal number
of stations and servers under a constant work-in-process policy. They show that a skill-chaining
strategy with two skills per server can outperform a “cherry picking” strategy in which some servers
are cross-trained at bottleneck stations. |Andraddttir et al. (2003) show that partial flexibility is
sufficient for achieving the maximal capacity for a queueing network with outside arrivals and infi-
nite buffers. Wallace and Whitt| (2005|) study routing and server assignment in a call center. They
show that most of the benefits of full flexibility can be achieved even with one additional skill per
agent. In contrast, we assume full flexibility such that each server is cross-trained to serve at both

stations. For a comprehensive review on cross-trained workforce, see Hopp and Van Oyen (2004).

2.2 Dynamic line balancing

Another stream of research studies the dynamic line-balancing problem with flexible servers.
Bartholdi and Eisenstein| (1996)) analyze a bucket brigade system in which each server assembles a
product along a flow line until either his colleague downstream takes over his work or he finishes
his work at the end of the line; then he walks back to get more work, either from his colleague up-
stream or from a buffer at the start of the line. The authors show that if the servers are sequenced
from slowest to fastest in the direction of production flow, then the system can achieve a maximum
attainable throughput and a stable partition of work among the servers.

Bartholdi et al.| (1999) study the long-run behavior of bucket brigades with two to three servers.
Bartholdi et al.| (2001)) study the performance of bucket brigades on discrete tasks with exponen-
tially distributed service requirements. Bartholdi and Eisenstein! (2005) consider a bucket brigade
with walk-back and hand-off times. |Armbruster and Gel (2006) study a bucket brigade where
servers’ service rates do not dominate each other. [Lim and Yang (2009) study bucket brigades on
discrete work stations and find the policies that maximize the system’s throughput.

To reduce the servers’ unproductive travel, |Lim (2011) introduces the cellular bucket brigades,
where each server works on one side of an aisle when he proceeds in one direction and works on the

other side of the aisle when he proceeds in the reverse direction. The author demonstrates that



a cellular bucket brigade can be 30% more productive than a traditional, serial bucket brigade.
Lim| (2017) studies the performance of cellular bucket brigades with hand-off times. Lim and Wu
(2014)) study cellular bucket brigades on U-lines with discrete work stations. For the line-balancing
problem in other tandem systems, see |Ostolaza et al. (1990), Zavadlav et al.| (1996), and |Gel et al.
(2002)) . Most of the papers in this stream of work maximize the system’s throughput. Again, they

assume an infinite supply of jobs for the system and the service rates are independent of the jobs.

3 Problem formulation for buffer size B =1

We first study a system with buffer size B = 1. Assume the time duration for server i to serve
job m at station j is exponentially distributed with rate ME?), fori,j =1,2,m=1,...M. To
be consistent with |Andradottir et al. (2001)), we assume that the two servers are allowed to work
simultaneously on the same job at the same station with additive service rates. For example,
when both servers simultaneously serve job m at station 1, the service duration is exponentially
distributed with rate ugfnl) + ugr{). Station 1 is blocked when there is a job finished at the station
and the buffer is full. Station 2 is starved when there is no job at or ready to enter the station.
We assume that at time ¢ = 0, both servers work on job 1 at station 1. Whenever a job is
finished at a station, a server assignment policy instructs each server where to work next: station
1 or station 2. Let D,, denote the departure time of job m from the system, and let E[D,,]
denote its expected value. The objective of the problem is to find a server assignment policy that
minimizes the expected makespan E[D )], which represents the expected time duration to complete
all the M jobs. A server assignment policy is optimal if it minimizes the expected makespan. It is
straightforward to show that each server must be non-idling at any time under an optimal server
assignment policy. Therefore, we only focus on non-idling policies that make both servers always
busy until they complete the M jobs. At any instant under a non-idling policy, there are four
possible server assignments: (I) both servers at station 1, (II) both servers at station 2, (III) server
1 at station 1 and server 2 at station 2, and (IV) server 1 at station 2 and server 2 at station 1.
At time ¢, let U(t) denote the number of jobs that are not yet finished at station 1. We have
U(t) € {0,1,...,M}. Let V(t) denote the number of jobs that are finished at station 1 but not
yet finished at station 2. We have V' (t) € {0,1,...,3}. Note that U(t) + V(t) < M. Assume that
at t =0, all the M jobs are available at the initial position in front of station 1. Thus, given U(t)
and V(t), we know exactly the locations of all the jobs. For example, (U(t),V(t)) = (6,2) implies
that jobs M, M — 1, ..., M — 4 are at the initial position, job M — 5 is at station 1, job M — 6 is at



the buffer, job M —7 is at station 2, and all the other jobs are completed and have left the system.
Since service times are exponentially distributed and therefore memoryless, we define the state of
the system as (U(t), V (t)).

For some special system states, it is straightforward to identify an optimal server assignment.
(i) If V(t) = 0 (station 2 is starved), then it is optimal to assign both servers to station 1. (ii) If
V(t) = 3 (station 1 is blocked) or U(t) = 0 (no more jobs to be served at station 1), then it is
optimal to assign both servers to station 2. Thus, we only need to study the server assignment
for other system states. For any state (u,v), let f(,,) be the minimum expected time duration to
serve all the remaining jobs in the system. The problem can be formulated as a stochastic dynamic

program shown in Table

Table 1: Dynamic programming formulation for a system with a buffer size B = 1

J0,0 =0.
Foru=1,... M,

1
fu,O = T(M—u+1 M—ugy T fufl,l .
(u,0) T e )

uy)

Foru=1,...M — 3,

1
f 3 = —u— —u— + f 2)-
(w3) = =2y | (M=u=2) T J(u,2)

Forv=1,...,3,

1
fow = = - + fl0.0-1)-
(0,v) W ““)+u§f§1 v 1) (Ov—1)

Foru=1,... M —v; v=1,2,
— i I 11 111 v
f(u,v) = 1min {f(u’v)a f(u,v)a (u,v)? f u,v) }7

where

I 1
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Note that f(Iu ») corresponds to assignment I with both servers at station 1; f(IqIL ) corresponds

II1

to assignment II with both servers at station 2; f(u o)

corresponds to assignment III with server

1 at station 1 and server 2 at station 2; and f(IXU) corresponds to assignment IV with server 2 at

station 1 and server 1 at station 2. The derivation of f(Iu )7 f(IlIL V) f(IiIv), and f(IXv) is given in the



online supplement.

We can obtain the optimal policy by solving the dynamic program in Table [I The expected
makespan under the optimal policy is f(y7,0). However, it is difficult to analytically characterize the
structure of the optimal policy because of its complexity in general. Thus, it is hard to implement
the optimal policy in practice, which motivates us to study simpler and more intuitive policies.
In the following sections, we first determine the expected makespan of a general non-idling policy.
We then focus on three specific non-idling policies, and benchmark their performance against the

optimal policy.

4 The expected makespan of a general non-idling policy for buffer

size B=1

In this section, we determine the expected makespan under a general non-idling policy for buffer
size B = 1. Suppose jobs k and [ are at stations 1 and 2 respectively. There are two possible
cases. In case (i), job k finishes service at station 1 before job [ at station 2. Let w(k < )
denote the probability of case (i), and let 71 (k < ) denote the expected service time of job k at
station 1 conditioned on this case. In case (ii), job [ finishes service at station 2 before job k at
station 1. Let w(k > [) denote the probability of case (ii), and let 72(k > [) denote the expected
service time of job [ at station 2 conditioned on this case. Define an indicator function 6'(k, 1) for
assignment I described in Sectionsuch that 8'(k,1) = 1, if assignment I is chosen; and §'(k, 1) = 0,
otherwise. We define indicator functions 6'(k, 1), 6" (k, 1), and 6"V (k, 1) for assignments II, III, and
IV, respectively, in a similar manner. Since we choose one of the four server assignments to serve
jobs k and [ at stations 1 and 2 respectively, one and only one of the four indicator functions
equals 1. According to the above definitions and using Lemma 3| in the online supplement, it is

straightforward to derive the following equations:
M(k) M(k)
w0 R+ g
Myt Moo Myt faq
() O]
Haa (5HI(k,l) n Hi2

k l ! k
uf i uly + )

7k <1) =6 (k,1) + SNV (K, 1),

m(k = 1) = "(k,1) + WV (k, 1),

0 kD) + S, 1) +

(k)
R Rl N Hyq Tt Moo Myt Ha

1

(k) 0

1

(k)

T1(k2-<l): 0

5V (k, 1),

(k= 1) = ———=0"(k,1) + — =0 (k1) +
1) + ) )+ 1S



We adopt a methodology similar to Wang et al| (2014). Let T}, denote the time point when
job m finishes service at station 1. Let R,, denote the number of jobs at the buffer and station 2
at time T),. Since the buffer size B = 1, R,, can be as large as 2. Let py,; = Pr{R,, = i} denote
the probability that job m, upon its service completion at station 1, finds ¢ jobs at the buffer and
station 2, for ¢ = 0,1,2. Since job 1, upon its service completion at station 1, always finds the
buffer and station 2 empty, we have p1g = 1 and p;; = 0, for ¢ = 1,2. The following lemma

determines py, ;, for m = 2,..., M.
Lemma 1. For m =2, pog=m(2 > 1), po1 =m(2 < 1), and p22 = 0.
Form=3,...,. M,
Pm,o =7m(m = m—1)pp_10+7(m=m—=2)7(m =m—1)(pm-1,1 + Pm-12);

Pma =7m(m <m—1)pm_10+7(m>m—2)r(m <m —1)(pm-1,1 + Pm-1,2);
Pm2 = m(m <m —2)(Pm—1,1 + Pm—1,2)-

Using the equations in Lemma [1, we can determine all p,, ; recursively from m = 1. We calculate
the expected makespan using the probabilities p,, ; for the rest of this section.
The expected makespan E[Djs] under a general non-idling policy can be represented as the

sum of the following four components:
E[Dy] = EWum] + E[Xum] + E[Yy] + E[Zu],
where the random variable of each component is defined in Table

Table 2: Time durations of job m=1,..., M

Wy, : Duration of job m staying at the initial position (before entering station 1)
X, : Duration of job m staying at station 1
Y, : Duration of job m staying at the buffer (before entering station 2)

Zpm : Duration of job m staying at station 2

Duration at station 1

The following proposition determines the expected duration of job m staying at station 1.

Proposition 1. Form =1, E[X1] = 52—

1,1TH2 1



Form = 2,

1
E[XQ] = 7'1(2 < 1)]9271 + T2(2 - 1) + —— P2,0-
(2) (2)
1,1 T Haq

)

1
E[X,] = (7’1 (m<m-—2)+ =) (m_2)> Pm2+1i(m <m —1)pm 1+ (Tg(m =m—1)+
Pz T Ho
1
(m)(m)>pm,0 + 72(m = m = 2)m(m = m = 2)(Pm-12 + Pm-1,1)-
Hyq" T+ Mg

Duration at the initial position

For m = 1, E[W;1] = 0. For m = 2,..., M, the expected duration of job m staying at the initial
position equals the sum of the expected durations of job m — 1 staying at the initial position and
at station 1. That is, E[W,,] = E[Wy,—1] + E[X;—1]. After obtaining E[X,,], m = 1,..., M, from

Proposition (I} we can determine E[W,,] recursively, starting from m = 1.

Duration at station 2

The following proposition determines the expected duration of job m staying at station 2.

Proposition 2. Form=1,.... M — 2,

1

uiy) + )

(Pm+t1,2 + Pmt1,1) (M + 1 <Mm)pmy11 + T2(m 41 > m)pm10-

E|Z,] = [(Tl(m—|—2<m)+ )7r(m+2<m)—|—7'2(m+2>m)7r(m+2>m)

Form=M —1,
1
ElZy—] = —gro——arn (Pm2 +om) + 1M <M = Dpay +72(M = M —1)paro-
M2 + Uy o
Form =M,
1
ElZu] = —ar—an-
Mgg) + Mgg)

Duration at the buffer

The following proposition determines the expected duration of job m staying at the buffer.

Proposition 3. For m =1, E[Y;] = 0.
Form =2,
1
EYo]=|m@B=1)rB>1)+ | n(B3<1)+ ——— | 7(3<1)| p21.
(1) (1) ’
Myt Moo

10



Form=3,....M—1

7

-1 —1
uis ) 4 Y

ElY,| = [Tg(m+1>m—1)ﬂ(m+1>m—1)+(Tl(m+1<m—1)+ ! )
m(m+1 <m—1)] (Pm.2 + Pm1)-

Form = M,
1

E[YM]_ (M—-1) (M= 1)(pM2+pM1)

iz~ tHao
After determining all the four time durations, the expected makespan under a general non-idling

policy can be obtained as E[Dy] = E[Wy| + E[Xy| + E[Yum]| + E[Zw].

5 Three specific non-idling policies

We analyze three specific non-idling policies: the summation-myopic policy, the product-myopic
policy, and the teamwork policy. We derive the expected makespan under each policy using the
results in Section [4]

Summation-myopic policy: If station 2 is starved, then both servers work at station 1. If station
1 is blocked or job M has finished its service at station 1, then both servers work at station 2. If
both of the above conditions do not hold, then let k and | denote the indices of the jobs currently
at stations 1 and 2, respectively, and one of the following conditions holds:

(1) If,u > N1)2 and ,u(k) u%, then both servers work at station 1.

(11) If N1,1 < ,ug)Q and ugl) < ,ug)Q, then both servers work at station 2.

(111) If ,u(k) > (l) and ,ugkl) < ug)Q, then servers 1 and 2 work at stations 1 and 2 respectively.
(IV) If ,ul 1 < u(l) and ugl) > ug’)z, then servers 1 and 2 work at stations 2 and 1 respectively.

The summation-myopic policy chooses the assignment that maximizes the sum of the service

rates of the two servers for the system’s current state. For case I, the maximum rate is ,ugkl) —I—ugfl) , SO

the policy chooses assignment 1. For case II, the maximum rate is ugl)Q + M%, so the policy chooses

(k) @)

assignment II. For case III, the maximum rate is y17] + py 5, so the policy chooses assignment III.

(1) (k)

For case IV, the maximum rate is y13 5+ 51, so the policy chooses assignment IV. Note that under
this policy, each server independently chooses to work on the job that he is good at. The indicator

functions under this policy can be defined as follows:

<k) (l> (1)

1, if py, Hi5 and p<k) > i3 95 (k) @) .

k 1
L, lfﬂ< | < Hg,)z and pi 1 < pp o3

(k1) = " (k, 1) =

0, otherwise. 0, otherwise.
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(k) O] (k) @

&) O 1, ifpiy <pypand psg 2> po 03

1 if pft) > Mgl)2 and fi5 7 < fi3 53
RIS ) =

0, otherwise. 0, otherwise.

oM (k1) =

Product-myopic policy: If station 2 is starved, then both servers work at station 1. If station
1 is blocked or job M has finished its service at station 1, then both servers work at station 2. If
both of the above conditions do not hold, then let k and l denote the indices of the jobs currently
at stations 1 and 2, respectively, and one of the following conditions holds:
If ugkl) M;Z)Q > ugkl) u%, then servers 1 and 2 work at stations 1 and 2 respectively.
If ,uglfl)ugg < ugfl)u%, then servers 1 and 2 work at stations 2 and 1 respectively.

The product-myopic policy chooses the assignment that maximizes the product of the service

(k) ()

rates at the two stations for the system’s current state. If the maximum product is p; {5, then

the policy chooses assignment III. If the maximum product is ,ugl)ngkl), then the policy chooses

assignment IV. Note that the two servers work at different stations unless the system is starved or

blocked. Under the product-myopic policy, we have the following: 6'(k,1) = ' (k,1) = 0.

(k) (1) (k) (D).

(k) &) ) 1, ifpgipss < o195

. 1
1, if M1,1M(2,)2 2 iy 1M 5 51\/(]{: l) o
) =

0, otherwise. 0, otherwise.

6III(k,7 l) —

(m)

If the jobs are homogeneous (that is, i = iy, for all m), then the product-myopic policy is
equivalent to the policy in Theorem 4.1 by |Andradottir et al. (2001). The authors showed that
this policy is optimal for maximizing the long-run average throughput of a system with an infinite
number of homogeneous jobs. We will show that this policy is also optimal for minimizing the
expected makespan of a system with a finite number of homogeneous jobs.

Using the above indicator functions, we can then obtain w(k < 1), w(k = 1), 71(k < 1), 7a(k >~
l), and follow the procedure in Section [| to derive the expected makespan E[D)] under the
summation-myopic policy and the product-myopic policy.
Teamwork policy: The two servers work together on the same job all the time. They serve each
job at station 1, and then complete the job at station 2, before they initiate a new job.

The teamwork policy is proposed by Van Oyen et al| (2001)). It is straightforward to calculate

the expected makespan under the teamwork policy without using the indicator functions. That is,

M
_ 1 1
EDyl= ) ( T + (m>+u§w;>>-

m=1 \M1,1 2,1 H12
It is worth noting that we do not need the service rates of all the jobs at ¢ = 0 in order to
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implement the three policies above. Furthermore, although the summation-myopic policy considers
more flexible server assignments than the other two policies, it is not clear whether the former can

always outperform the latter policies. We discuss their relative performance in the next section.

6 Performance evaluation

We first prove that some of the policies above are optimal for some special cases. For general cases,
we compare numerically the performance of these policies against the optimal policy derived from

the dynamic program in Table

6.1 Optimality for some special cases

+1) +1) +1) +1)
Theorem 1. [fu1 1)/M21 —,ulnll /,u(m andul 2)/,u ,ugng /,u,(m ,form=1,...,M—1,

then the product-myopic policy is optimal.

Theorem [l shows that if the servers maintain the same service-rate ratio at each station over all

the jobs, then the product-myopic policy is optimal.
Corollary 1. If ,uz(.?) = i, form=1,..., M, then the product-myopic policy is optimal.

Recall that if the jobs are homogeneous, then the product-myopic policy is equivalent to the policy
in Theorem 4.1 by |Andradodttir et al.| (2001). In contrast to Theorem 4.1 by |Andradottir et al.
(2001) (which studies a system with an infinite number of homogeneous jobs), Corollary (1| shows
that the product-myopic policy is also optimal for minimizing the expected makespan of a system

with a finite number of homogeneous jobs.

Theorem 2. Ifu%’ﬁ)/ugf{) = u%)/ugg, for all jobs n and m, 0 < m—n < B+1, then the teamwork

policy is optimal.

Theorem [2| shows that the teamwork policy is optimal if the servers maintain the same service-rate

ratio at different stations for all jobs n and m, 0 <m —n < B + 1.

Theorem 3. The expected makespan of the summation-myopic policy is no larger than that of the

teamwork policy.

It is worth noting that the server assignments under the summation-myopic policy combine the
server assignments under the teamwork policy and the product-myopic policy. Theorem |3| shows

that the summation-myopic policy is no worse than the teamwork policy. On the other hand, our
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numerical study in Section below suggests that the summation-myopic policy can be better or
worse than the product-myopic policy.

It is straightforward to show that the conditions in Theorem ,ugyﬁ) / ugﬁ) = ugnQ) / ngQ), for all
jobs n and m, 0 < m —n < B+ 1, imply that the conditions in Theorem [I| hold. Under these
conditions, the product-myopic policy assigns server 1 to station 1 and server 2 to station 2, unless
station 1 is blocked or station 2 is starved. It is surprising to find that the product-myopic and
the teamwork policies, though using very different server assignments, both generate the minimum

expected makespan. Combining this result with Theorem [3]| leads to the following corollary.

Corollary 2. If ugﬁ)/ugr{) = Ng?z)/ﬂgfz)} for all jobs n and m, 0 < m —n < B+ 1, then the

summation-myopic policy, the product-myopic policy, and the teamwork policy are all optimal.

6.2 Numerical study for general service rates

We conduct a numerical study to compare the policies for general cases. Figure [2] benchmarks the
expected makespan under the summation-myopic, the product-myopic, and the teamwork policies
against the optimal expected makespan (from the dynamic program in Table .

In Figure we set ,uﬁ”) = ugﬁ) = 0.5+ ]\”}—:11, ufﬁ) =1, and p,gz) =3, form =1,2,3,....
Note that the servers are initially less familiar with the work at station 1, but their rate at station

1 increases as they serve more jobs. Under this setting, we have uf}) / ugr{) = uf}“) ugﬁﬂ) and

NYZ) / ,ugg) = M%H) ug’gﬂ), for m =1,...,M — 1. According to Theorem the product-myopic
policy is optimal. Note that under this parameter setting, the summation-myopic policy behaves as
the teamwork policy when m is small, but behaves as the product-myopic policy when m is large.
Thus, the expected makespan of the summation-myopic policy lies between that of the teamwork
and the product-myopic policies.

We set ,u,ﬁ”) = ,ugj;) = 0.5+ J\”}—j, ,ugg) =1, and ugg) =1, for m = 1,2,3,..., in Figure
Under this setting, we have ,ugfrll)/,ug’?) = ,ugg) /,ugg, for all jobs n and m, 0 < m—n < 2. According
to Corollary [2], the summation-myopic policy, the product-myopic policy, and the teamwork policy
are all optimal. Figure [2b| confirms this result.

Figure shows an example where none of the three non-idling policies is optimal. We set
,ugfrll) = 10 and ug’r{) =1, form=1,3,5,..., ,ugfrl") =1 and ,ugﬁ) = 10, for m = 2,4,6, ..., ,ugfg) =1
and ugg) = 10, for m = 1,2,3,.... In this setting, there are two different types of jobs that are

sequenced in an alternative manner. At station 1, server 1 is good at one type and server 2 is good

at another type. This causes each server’s rate at station 1 to oscillate between a high value and a
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Figure 2: Expected makespan

low value. Note that the summation-myopic policy and the product-myopic policy have the same
expected makespan under this setting.

Figure [2d| shows another example where none of the three non-idling policies is optimal. We set
,ugfrll) = 20, for m =1, 3,5, ..., ,ugfrll) =1, for m = 2,4,6, ..., Mgfr{) =1, for m =1,5,9,..., ,ugﬁ) =5,
for m # 1,5,9, ..., “%) = 20 and ,ug,g) =1, for m = 1,2,3,.... In this setting, there are four
different types of jobs that arrive in a rotating manner. At station 1, server 1 is good at the first
and the third types, whereas server 2 is slow for the first type. Note that the summation-myopic
policy leads to a smaller expected makespan than the product-myopic policy, and is very close to

the optimal policy.

Among all the parameter settings in Figure 2| the summation-myopic policy outperforms the
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teamwork policy, which is consistent with Theorem [3, However, the summation-myopic policy can
be better (see Figure or worse (see Figure than the product-myopic policy. We believe that
these different parameter settings cover a wide range of situations that may happen in practice.

As shown in Figure [2] each policy performs differently in different situations.

7 Extension: General buffer size

In this section, we extend the analysis to a system with a general buffer size B € N. We first describe
the dynamic program to determine the optimal policy. We also derive the expected makespan of
a general non-idling policy. We then discuss the expected makespan of the three specific policies

and their performance.

7.1 The optimal policy

Recall that V(t) denote the number of jobs that are finished at station 1 but not yet finished at
station 2 at time ¢. For a system with a general buffer size B, we have V(t) € {0, ..., B+2}. Note
that V(t) = B+ 2 if station 1 is blocked at time ¢. Table [3[ describes the dynamic program for the

system with a general buffer size B. The expected makespan under the optimal policy is f(ar,0)-

7.2 The expected makespan of a general non-idling policy

To derive the expected makespan of a general non-idling policy, we first calculate py,;, for i =
0,....,m—1and m=1,...,M. Given the buffer size B, we have p,,; = 0 for ¢ > B + 1. Since job
1, upon its service completion at station 1, always finds the buffer and station 2 empty, we have
p1,0 = 1. The following lemma determines p,,;, for m = 2,..., M. For notational convenience, we

define m(k <) =1 and 7 (k < 1) = W, if k=l and w(k > 1) =1and (k> 1) = 72—
H Haq H

1,1 1,2TH2 2
itk=14+B+2.
m—2
Lemma 2. Form=2,...,M, py; = > Pm—1,Pr{Rm =i | Rm—1 = j}, where
j=max{0,i—1}
m—i—1
am<m—i) [] w(m>1), ifj<B;
Pr{Rp =i|Rm_1=j}= mmt
mim<m—i) [ =w(m>=1), ifj=B+1
l=m—-B-1

Similar to Section {4} to determine the expected makespan E[Dj/]|, we need to derive the four

components E[Wy], E[X ], E[Yn], and E[Zy].
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Table 3: Dynamic programming formulation for a system with a general buffer size B

f,0 =0.
Foru=1,... M,

f(u,()) =

(M~
M1

Foru=1,.... M — B — 2,

1
u —u + — N
+1)+Mg{\14 1) f(u 1,1)

f(u,B+2) = (MM—u-B-1) ! (M—u—B—1) + f(u,B+1)-
K12 tTHy o

Forv=1,..., B+ 2,

1
fow = = = + flov-1)-
(0,v) #51»21 v+1)+ug{v2f oF1) (0,v—1)

Foru=1,... M —v;v=1,.... B+1,

— i I II IIT v
f(u,v) = min {f(u7v)a f(uﬂ))v (u,v)’ f(uﬂ,) }a

where

I 1
= —Uu —Uu + - )
f(u,v) M<11,\1{ +1)+,Ué],v1[ F1) f(u 1,0+1)s

II 1
= py— — —|— _ N
f(u,v) #gz»; P u+1)+ug{v21 u—v+1) f(u,v 1)»
(M —u+1) (M —u—v+1)

= 1 + 1,1 f( Loty T 2,2 f N
- M — 1 M—u— 1 M — 1 M—u— 1 —1, M— M—u— ,U—
(u,v) #§,1 ut )+#§,2 u—v+1) Hg,l ut )ﬂé,g u—v+1) J (u—1,v “(1,1 u+1)+u§72 u—v+1) J (u,v—1)»
(M —u+1) (M —u—v+1)
fIV _ 1 + Ha f ) h+ H12 f .
- M — 1 M—u— 1 M — 1 M—u— 1 —1, M— M—u— ,o—1)*
(u,) #; ; ut >+#§ T vF1) Hg ; ut )+M(1 T v+1) J (u—1,0+1) M(Q,1 u+1)+ug T v+1) J (u,v—1)

Duration at station 1

We first calculate E[X,,]: the expected duration of job m staying at station 1. We separate the
duration of job m staying at station 1, X,,, into two parts: the duration of job m staying at station
1 before its service at the station finishes, X1 ,,, and the duration of job m staying at station 1
after its service at the station finishes, X» ,,. Note that X1 ,, may be longer than the actual service
duration of job m at station 1 because job m could be idle at station 1 while both servers work
at station 2 (depending on the specific policy used). Furthermore, X5 ,, represents the duration
when job m is blocked at station 1. Thus, we have E[X,,] = E[X1 ] + E[X2m].

To derive E[X} ] and E[X3 ], let Sy, denote the number of jobs at the buffer and station 2
found by job m upon entering station 1, for m = 2, ..., M. Recall that R,, denote the number of
jobs at the buffer and station 2 found by job m upon its service completion at station 1. Obviously,
we have R, < S,,. For m = 1, job 1 is first served by both servers at station 1. After that it leaves

station 1 without waiting. Thus, we have E[X ] = ﬁ and F[Xy1] =0. For m =2,...,M,
H11TH2 1
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we have
m—1 7

EX1ml =YY EXim| R =148 = jIPr{Rm =i | S = j}Pr{Sm = j},

7j=1 =0
and

m—1
E[Xom| =Y E[Xom | Rm = i|Pr{Ry, = i}.
=0

Recall that Pr{R,, = i} = pp; is given in Lemma [2| Given the buffer size B, we have Pr{S,, =
j}=Pr{R,, =i| S, =j} =0, for j > B+ 1. The following proposition determines Pr{S,, = j},
Pr{R,, =i| Sm =3}, E[Xim | R =1, Sm =j], and E[Xo,, | Ry =], for m=2,..., M.

Proposition 4. Forj=1,...,B+1,:1=0,...,7,

. Pm—1,j-1; if1<j < B;
PT{Sm = ]} =
Pm—1,B +DPm-1,B+1, ifj=DB+1;
m—i—1
Pr{R,, =i|Sn =7} =m(m <m—1) H w(m > 1);
l=m—j
m—i—1
EXim | Rn=1,5,=17] = Z o(m = 1) + 11(m < m —1).
l=m—

Fori=0,...m—1,

1 e
(m-B-1) _ (m-B-1)> ifi=DB+1;
E[Xg,m\Rm:i]z P12 2,2

0, otherwise.

Duration at the initial position

Similar to the case with B = 1, we have E[W;] = 0 and E[W,,] = E[W;,—1] + E[X,—1], for
= 2,..., M. After obtaining E[X,,], m =1,..., M, from Proposition 4}, we can determine E[W,,]

recursively, starting from m = 1.

Duration at station 2

We now calculate E[Z,,]: the expected duration of job m staying at station 2. Let Oy, denote the
number of jobs at the buffer found by job m upon entering station 2, and let (), denote the number
of jobs at the buffer and station 2 immediately after job m leaves station 2, for m =1,..., M — 1.

Obviously, we have O, < Q. For m = M, job M is served by both servers at station 2 when it
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enters the station. Thus, we have E[Z)/] = W For m =1,...,M — 1, we have
o

1,2 2,2
M—-—m M—m
ElZml= Y > E[Zn| Om=1i,Qm = jIPr{Qm = j | O = i}Pr{Op, = i}.
i=0 j=i

Given the buffer size B, we have Pr{O,, =i} =0, for i > B, and Pr{Q,, = j | O, = i} = 0, for
i > Bor j > B+ 1. The following proposition determines Pr{O,, = i}, Pr{Qn = j | Om = i},
and E[Z, | Om =1,Qpm = j], form=1,...., M — 1.

Proposition 5. Form=1,....M — B,

Pm+1,0 + Pmi1,1, if 1 = 0;
. i+l i ‘ '
Pr{Opm =i} = 2 Pm+titlj — Do Pmtij, Y 1<i<B-1;
j=0 3=0
Pm+B,B+1, if i = B.
Form=M-B+1,...M -1,
DPm+1,0 + Pm+1,1, if 1 = 0;
i1 i ' ‘
Pr{O,, =i} = Pmtitly — D Pmigs f1<i<M—m-—1;

=0 =0
Bt1 o
Y. DMy ifi=M—m.

j=M-m+1

Form=1,.. M —-1,i=0,.... M —m,

m—+j
am+j+1>m) [ #wlk<m), fi<j<M-m-1;
Pr{Qmn=37|0n, =i} = u k=m—it1
k=m4i+1
m—+j

Z Tl(k<m)—|—72(m+j+1>m), ifi<j<M-—m-—1;

ElZm | O = i, Qm = j] = { =it

Z Tl(k-<m)+

1 cp .
m) , (m)>» if j =M —m.
k=m+i+1 B9 tHy o

Duration at the buffer

To calculate the duration of job m staying at the buffer, Y;,, let I';,, denote the time point when
job m enters station 2, for m = 1,..., M. Let T,, denote the duration from the time point when
job m — 1 leaves station 2 to the time point when job m enters station 2, for m = 2, ..., M.

We first derive E[Y,,]. If job m finishes service at station 1 before job m — 1 finishes service at
station 2 (that is, Ry, > 0), then Y, = 0. Thus, we have E[Y,, | R, > 0] = 0. Otherwise, we have
R,, = 0. In this case, upon job m — 1 completes its service at station 2, station 2 becomes starved,

and both servers work at station 1 on job m. After job m finishes its service at station 1, it enters
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-1
Y us

Combining the two cases, we have E[Y,,] = E[Y,, | Rn > O0|Pr{R,, > 0} + E[Y,, | R =

station 2 immediately (because the buffer is empty). Thus, we have E[Y,, | R, = 0] =

0/Pr{Rp = 0} = "%, for m = 2,..., M.
Mg THg

We now derive E[I';,]. For m = 1, E[I'1] = For m = 2,..., M, we have E[I,,| =

E[ly—1] + E[Zp-1] + E[Y,]. After determining E[I',], the expected duration of job m staying
at the buffer can be calculated as E[Y,,| = E[I'y] — (E[Wn] + E[X,]), where E[W,,] + E[Xy]
represents the expected duration for job m to enter the buffer.

After finding all the four time components, the expected makespan can be obtained as E[Dy;] =

EWx) + E[Xy] + E[Yar] + E[Zu).

7.3 The expected makespans of the three specific non-idling policies

We revisit the three specific non-idling policies: the summation-myopic policy, the product-myopic
policy, and the teamwork policy for the system with a general buffer size B. Note that the
indicator functions 6'(k,1), 8'(k,1), 6™ (k,1), and 6"V (k,l) under the summation-myopic policy
and the product-myopic policy remain the same as in Section 5] Using these indicator functions,
we can obtain w(k < 1), m(k = 1), 71(k < 1), 7a(k > ) in Section {4 and follow the procedure in
Section to derive the expected makespan E[D);] under the summation-myopic policy or the
product-myopic policy. Note that the expected makespan under the teamwork policy is given in

Section [5| and is independent of the buffer size.

7.4 Performance evaluation

For the system with a general buffer size B, we have the same results as in Section [6] on the

optimality of the three non-idling policies under certain conditions on the service rates.

Theorem 4. All the results in Theorems[1{3 and Corollaries[1{] hold for the system with a buffer
size B € N.

A numerical study comparing the summation-myopic, the product-myopic, and the teamwork
policies against the optimal policy (from the dynamic program in Table [3)) based on general service

rates gives very similar results as in Figure 2 Thus, we do not show the results here.
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8 Extensions: Moving costs and service defects of a general non-
idling policy

Since we characterize the servers’ movements between the stations in our analysis, we can incor-
porate the costs for the servers to transfer between the stations and the probability of creating
defects at each station in the model. In this section, we develop methods to calculate the moving
costs and the number of perfect jobs under a general non-idling policy. We then compare the three
specific non-idling policies in terms of these performance measures. For illustration purposes, we
focus on the case with B = 1. To the best of our understanding, moving costs and service defects
are generally under studied in the literature. See |Andraddttir et al. (2012)) for an analysis of a
system incurring setup costs when servers move between stations. They consider that the system

serves an infinite number of jobs.

8.1 Incorporating moving costs

Our methodology enables us to calculate the expected total moving cost, which serves as a separate
objective besides the expected makespan. We assume that a moving cost ¢; (c2) is incurred every
time server 1 (server 2) moves from one station to another. Suppose servers 1 and 2 are currently
at stations s; and s, respectively, where s1,s9 = 1,2. If we choose server assignment I in Section
then a moving cost c!(s1,s2) = (51 — 1)c1 + (s2 — 1)cg is incurred. Similarly, we have c'!(s1, s2) =
(2—s1)c1+ (2 —s2)ca, M(s1,82) = (51— 1)er + (2 —s2)e2, and ¢!V (s1, 82) = (2—s1)e1 + (52— 1)ez,
for server assignments II, III, and IV, respectively.

Suppose in the current state, neither station 1 is blocked nor station 2 is starved, jobs k and [
are at stations 1 and 2 respectively, and servers 1 and 2 are at stations s; and sg respectively. For
a system with M jobs, let C(yp)(k, 1, s1,s2) denote the expected moving cost from the current state
until the completion of all the jobs under a general non-idling policy. For notational convenience,
let k = 0 represent the case when station 1 is blocked or job M has finished its service at station
1, and let [ = 0 represent the case when station 2 is starved.

Suppose in the current state, station 1 is not blocked, job M has not finished its service at
station 1, and station 2 is not starved. Assume jobs k and [ are at stations 1 and 2 respectively, and
servers 1 and 2 are at stations s1 and s respectively. For a system with M jobs, let C () (k, 1, 51, s2)
denote the expected moving cost from the current state until the completion of all the jobs under

a general non-idling policy. For a state in which station 1 is blocked or job M has finished its
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service at station 1, let C’(M)(O, l,s1,s2) denote the expected moving cost from the state until the
completion of all the jobs under a general non-idling policy. Similarly, for a state in which station 2
is starved, let C,y) (k,0, s1, s2) denote the expected moving cost from the state until the completion
of all the jobs under a general non-idling policy.

Let C'( ) denote the expected total moving cost of a system with M jobs under a general non-
idling policy. Since the system always starts with the two servers simultaneously serving job 1 at
station 1, we have C'(M) = C)(1,0,1,1). To derive C(pp(1,0,1,1), we calculate C(ap)(k, [, s1, 52),
for k = 0,141,142, and s1, s2 = 1,2, according to Table[d]in the online supplement by enumerating
I from M to 0. Recall that the indicator functions §'(k, 1), 6'1(k,1), 6" (k,1), and 6"V (k, 1) under the
summation-myopic policy and the product-myopic policy are given in Section [5| For the teamwork
policy, it is straightforward to derive that the expected total moving cost equals (2M — 1)(c1 + c2),
which is the largest among all the policies discussed.

Figure [3]compares the expected total moving costs of the three policies. We set ¢; = ¢2 = 1. For
each sub-figure of Figure 3], we use the same parameter setting as in the corresponding sub-figure of
Figure[2] Figure[3a]shows that the teamwork policy leads to the largest expected total moving cost,
followed by the summation-myopic policy. The product-myopic policy has the smallest expected
total moving cost. The rankings of the policies are identical to that of Figure which is based
on the expected makespan. It is interesting to compare Figures and Although the three
policies lead to the same expected makespan, they produce very different expected total moving
costs. Comparing Figures [2c¢) and [3c| suggests that the summation-myopic and the product-myopic
policies yield not only the same expected makespan, but also the same expected total moving
cost. This suggests that the two policies are identical under this parameter setting. In contrast to
Figures Figure |3d| shows that the summation-myopic policy may lead to a smaller expected

total moving cost than the product-myopic policy.

8.2 Incorporating service defects

We now consider a system that may generate defects. We assume two types of service defects:
Type-1 (type-2) defects only occur at station 1 (station 2). These two types of defects occur
independently. For each job, the probability of having a type-j defect depends on who serves the
job at station j, j = 1,2. This probability is determined by one of the following scenarios:

(i) The job is finished only by server ¢ at station j (this includes the case in which the job is

first served by another server i’ and later finished by server i at that station). The probability for
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the job to have a type-j defect is d; ;.
(ii) The job is finished by both servers at station j (this includes the case in which the job is
first served only by one server and later finished by both servers at that station). The probability

for the job to have a type-j defect is d;.
Define Ji,j =1—d;; and Jj =1—d;, for i,7 =1,2. A job is called perfect if no defects occur
during its services at stations 1 and 2. For a system with M jobs, let Q) denote the expected

number of perfect jobs. Define Py, as the probability that job m is perfect, for m = 1,..., M.

= Summation-myopic
—— Product-myopic
+ Teamwork

N
o
o

+
+ o °
+ a
+ e -
+ o
+ a "
+ o -
+ . ° -
+ o _ -
+ 4 o -7
+ o .-
[
B .
50 100
Number of jobs M
(a)
. . ‘ *
= Summation-myopic
—— Product-myopic
+ Teamwork
+
+
+
+
+
+
+
* —a
+
+
+ * - e
+ el
+ - ,51/.
+ .
/xi/
L
el .
50 100
Number of jobs M
(c)

400

Expected total moving cost C'(M)
S
)

400

Expected total moving cost C(M)
S
S

= Summation-myopic
—— Product-myopic
+ Teamwork 1

50
Number of jobs M

(b)

100

= Summation-myopic
—— Product-myopic
+ Teamwork +

50
Number of jobs M

(d)

Figure 3: Expected total moving cost

100

M
Thus, we have Q) = > Parym- To calculate P(pr) ,, we need to know whether the job is
m=1

finished by only one server or both servers at each station. The following proposition determines

Parym, for m =1,..., M, under a general non-idling policy.

Proposition 6. If M =1, then Py, = dyds.
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If M =2, then
Poy1 =di {pzo (CZ25H(27 1) 4 da26™(2,1) + d1 26"V(2, 1)) +p2,1J2}7

Poy 2 =ds [pzl <J151(27 1) +dy16™(2,1) + da167V(2, )) + po, 0d1}

If M >3, form=1,....M — 2, we have

Pivnym = pm,otlem + [pm,l <J16[(m,m -1)+ J1,151H(m7m -1)+ J2,15lv(m7m - 1))+
Dm.2 (ciléj(m7 m—2)+ J1’1(51H(m, m—2)+ dfg’lélv(ﬂu m — 2))} X

[Jmaf(m F1,m—1)+ Ko (m + 1,m — 1)+

< ur s )

I + Ky | 6™ (m+1,m — 1)+
1 1 1 m—1

pTY s Y Y

(m+1) (m—1)
< H21 g+ Hi2 _ Km> 51V (m + 1,m — 1)}7

m—+1 m—1 m—+1 m—1
Mg,l+ )+ Ng 2 ) Mé,l )+ N§,2 )
where
_ _ 'u(m+2) B M(m)
I = d251(m +2,m) + d25U(m +2,m) + ( (m+;)1 (m) dz + (m+2)2 - (m) ) 5111(771 +2,m)+
i1 T oo Hi1 T Moo
(m+2) (m)
Ha 1 < Hi2 n v
+ ’ dq 2) 1) (m +2 m)
2 7 2 m-+2 m ’ ’ ’
(H 1+ )JF#( i N( 1+ )+H1,2)
~ (m4+1) ,U(m)
Ko = Jp0'(m+ 1,m) + dod™ (m + 1,m) + ( Dy I T (me : ok ) ™ (m + 1,m)+
i1 T o My, + W,
(m+1) (m)
Ha 1 K19 < v
: Im + dl 2) 1) (m +1 m)
m+1 m m+1 ’ ’
(ué,f ) syt Ty

For m =M — 1, we have

Poryv—1 = pu—1,0d Ky—1+
[pM_L1 (Jlél(M LM = 2) 4 dy 1 0T(M — 1, M — 2) + dp 1 67V(M — 1, M — 2))+

PA—1.2 (Jlaf(M LM —3) 4 dy 8T(M — 1, M — 3) + dp167V(M — 1, M — 3))} X

(M) (M—2) (M) (JV[ 2)

i W u§=2)
[dgél(M, M —2) + Ky 87(M, M — 2) + ( L1 dy + —— 22 KM1>
i1 T Mg Hyq

() (M-2)
Ha 1 K12 v
5”1(MM—2)+< dy + K )6 (MM—Q)}
’ M M— M M—-2 ’ ’
W O T )
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where

(M) (M—1)
T 7 oIl H1,1 7 H2,2 7 117
Karo1 = dod' (M, M — 1) + o™ (M, M — 1) + ( et + o (M_l)dm) MM, M — 1)+
11"+ Moo Hiq" o

M(M) M(Mfl)
2.1 = 1,2 = v
ds + d12>5 (M,M—l).
M M—1 M — %1,
(Né,l) + 5,2 ) H’é,l) + Ug,z )

For m = M, we have

Paonym = da [PM,OL% + P (J15I(M,M — 1) +dy 1 6™ (M, M — 1) +dg 1 6"V(M, M — 1))+

Para (czlaf(M, M —2) + dy 1 6™ (M, M — 2) + do 16"V (M, M — 2))] .

To calculate Py, and Q(ap) for the summation-myopic policy or the product-myopic policy,
we can substitute the corresponding indicator functions 6'(k,1), 6" (k,1), 8" (k,1), and 6V (k,1)
from Section [5] into Proposition [6} It is straightforward to see that under the teamwork policy, we
have Q) = Mdidy. If d; < d;;, fori,j =1,2 (for example, if the servers help each other to avoid
mistakes when they work jointly), then the teamwork policy yields the largest expected number of
perfect jobs among all the policies discussed.

We conduct a numerical study to compare the three policies in terms of the expected number
of perfect jobs. We consider the following three cases:

(i) di < diy,de < djgz. dig <dig,dap <daj.
(ii) d1 > dijjp,da > di2. dig < di2,d22 <dg;.
(iii) di < dijp,da > dig. dig =d21,d12 = dago.

Figure shows the expected percentage of perfect jobs under each policy for case (i). We
use the same parameter setting as in Figure We set di = dy = 0.02, di1 = da2 = 0.1,
and di2 = do1 = 0.2. Since d; < d;;, for 7,j = 1,2, the teamwork policy yields the largest
expected percentage of perfect jobs in Figure [da] as the servers always work jointly under this
policy. The performance of the summation-myopic policy falls in the middle, producing a larger
expected percentage of perfect jobs than the product-myopic policy. This is because under the
product-myopic policy, the two servers generally work separately (unless the system is blocked or
starved), which leads to more defects. In contrast, the summation-myopic policy mixes the server
assignments of the other two policies, producing the expected percentage of perfect jobs that always
falls between that of the two policies.

Using the same parameter setting as in Figure [2a] Figure [Ib] shows the expected percentage

of perfect jobs under each policy for case (ii). We set dy = d2 = 0.3, di;; = da2 = 0.1, and
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Figure 4: Expected percentage of perfect jobs

di2 = da1 = 0.2. In this case, we have d; > d; j, for i, j = 1,2. In contrast to case (i), the teamwork
policy yields the smallest expected percentage of perfect jobs in this situation. The performance
of the summation-myopic policy remains in the middle, and the product-myopic policy gives the
largest expected percentage of perfect jobs.

Figure |5| shows the expected percentage of perfect jobs under each policy for case (iii). In
this case, the servers are less likely to create defects when they work jointly at station 1, but are
more likely to create defects when they work jointly at station 2. For each sub-figure of Figure
we use the same parameter setting as in the corresponding sub-figure of Figure We set
di = dy = 0.1, di1 = do1 = 0.2, and di12 = do2 = 0.02. The teamwork policy yields the same
expected percentage of perfect jobs in all the sub-figures. Figure [5ajshows that the product-myopic
policy outperforms the summation-myopic policy, whereas we have the opposite result in Figure
Both policies produce fewer defects than the teamwork policy. In Figure the summation-myopic
policy produces the same expected percentage of perfect jobs as the teamwork policy, whereas the
product-myopic policy creates the largest number of defects. Figure |bc|shows that the summation-
myopic and the product-myopic policies produce the same expected percentage of perfect jobs.

This again verifies that these two policies are identical under this parameter setting.
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9 Conclusion

We study a two-station, two-server tandem system serving a finite number of jobs. There is a
finite buffer between the stations. The servers are cross-trained such that they can work at both
stations. The duration for each server to serve a job at each station is exponentially distributed
with a rate that depends on the server, the station, and the job. This tandem system is common in

the manufacturing and the service industries, where workforce is a major operating cost. In these

100

environments, it is important to maximize the productivity by effectively using the workforce.
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We formulate a stochastic dynamic program to identify an optimal policy that dynamically
assigns the servers to the stations to minimize the expected makespan. Unfortunately, the optimal
policy is too complicated to characterize for a large number of jobs. This motivates us to develop
simpler and more intuitive policies. We use the optimal policy as a benchmark when we evaluate
the simpler policies.

Since the optimal policy is non-idling, we focus on non-idling policies in this paper. Using
the basic probability theory, we first derive the expected makespan of a system with a buffer size
B = 1 under a general non-idling policy. We then analyze three specific non-idling policies: the
summation-myopic, the product-myopic, and the teamwork policies. We prove that the product-
myopic policy is optimal in minimizing the expected makespan if the servers maintain the same
service-rate ratio at each station for all the jobs (see Theorem . Furthermore, if the service rates
are independent of the jobs (that is, the jobs are homogeneous), then the product-myopic policy
is optimal (see Corollary . We also prove that the teamwork policy is optimal if the servers
maintain the same service-rate ratio at different stations for all jobs n and m, 0 <m —n < B+1
(see Theorem . Finally, we prove that the expected makespan of the summation-myopic policy
is no larger than that of the teamwork policy (see Theorem . On the other hand, our numerical
study based on general service rates suggests that the summation-myopic policy can be better or
worse than the product-myopic policy.

We extend the analysis to a system with a general buffer size B € N. We derive the expected
makespan of a general non-idling policy and the three specific policies. We prove that all the
optimality results for the system with a buffer size B = 1 still hold. We also extend the model to
incorporate moving costs and service defects, which are under studied in the literature. We derive
the expected total moving cost and the expected number of perfect jobs (without service defects)
under a general non-idling policy. A numerical study suggests that in terms of the expected total
moving cost, the teamwork policy is always the worst, whereas the relative performance of the
summation-myopic and the product-myopic policies depends on the service rates. Furthermore,

each of the three policies can possibly produce the largest expected number of perfect jobs.

Acknowledgment

The authors thank the senior editor and the two anonymous referees for their valuable comments
that have substantially improved the paper. The first author is grateful for the support from

the Singapore Management University under the Lee Kong Chian Fellowship and the Ministry of

28



Education, Singapore under the MOE Tier 1 Academic Research Fund.

References

Ahn, H.-S., I. Duenyas, R. Zhang. 2004. Optimal control of a flexible server. Adv. Appl. Prob. 36(1): 139-170.

Andradéttir, S., H. Ayhan. 2005. Throughput maximization for tandem lines with two stations and flexible
servers. Oper. Res. 53(3): 516-531.

Andradottir, S., H. Ayhan, D.G. Down. 2001. Server assignment policies for maximizing the steady-state
throughput of finite queueing systems. Manage. Sci. 47(10): 1421-1439.

Andradéttir, S., H. Ayhan, D.G. Down. 2003. Dynamic server allocation for queueing networks with flexible
servers. Oper. Res. 51(6): 952-968.

Andradéttir, S., H. Ayhan, D.G. Down. 2007a. Compensating for failures with flexible servers. Oper. Res.
55(4): 753-768.

Andradottir, S., H. Ayhan, D.G. Down. 2007b. Dynamic assignment of dedicated and flexible servers in
tandem lines. Prob. Eng. Inform. Sci. 21(4): 497-538.

Andradoéttir, S., H. Ayhan, E. Kirkizlar. 2012. Flexible servers in tandem lines with setup costs. Queueing
Systems 70(2): 165-186.

Armbruster, D., E.S. Gel. 2006. Bucket brigades revisited: Are they always effective? FEur. J. Oper. Res.
172(1) 213-229.

Armony, M., C.W. Chan, B. Zhu. 2018. Critical care capacity management: Understanding the role of a
step down unit. Prod. Oper. Manag. 27(5), 859-883.

Bartholdi, J.J. III, L.A. Bunimovich, D.D. Eisenstein. 1999. Dynamics of two- and three-worker “bucket
brigade” production lines. Oper. Res. 47(3) 488-491.

Bartholdi, J.J. III, D.D. Eisenstein. 1996. A production line that balances itself. Oper. Res. 44(1): 21-34.

Bartholdi, J.J. III, D.D. Eisenstein. 2005. Using bucket brigades to migrate from craft manufacturing to
assembly lines. Manuf. Serv. Oper. Manag. 7(2) 121-129.

Bartholdi, J.J. I, D.D. Eisenstein, R.D. Foley. 2001. Performance of bucket brigades when work is stochas-
tic. Oper. Res. 49(5):710-719.

Bell, S.L., R.J. Williams. 2001. Dynamic scheduling of a system with two parallel servers in heavy traffic
with complete resource pooling: Asymptotic optimality of a threshold policy. Ann. Appl. Prob. 11(3):
608-649.

Cachon, G., C. Terwiesch. 2013. Matching Supply with Demand, 3rd Edition, McGraw-Hill.

Duenyas, 1., D. Gupta, T.L. Olsen. 1998. Control of a single server queueing system with setups. Oper. Res.
46(2): 218-230.

Farrar, T.M. 1993. Optimal use of an extra server in a two station tandem queueing network. IEEE Trans.
Autom. Control 38(8): 1296-1299.

Gel, E.S., W.J. Hopp, M.P. Van Oyen. 2002. Factors affecting opportunity of worksharing as a dynamic line
balancing mechanism. ITE Trans. 34(10): 847-863.

Harrison, J.M., M.J. Lépez. 1999. Heavy traffic resource pooling in parallel-server systems. Queue. Sys.
33(4): 339-368.

Hopp, W.J., E. Tekin, M.P. Van Oyen. 2004. Benefits of skill chaining in serial production lines with cross-
trained workers. Manage. Sci. 50(1): 83-98.

29



Hopp, W.J., M.P. Van Oyen. 2004. Agile workforce evaluation: A framework for cross-training and coordi-
nation. ITE Trans. 36(10): 919-940.

Hopp, W.J., M.C. Spearman. 2008. Factory Physics, 3rd Edition, Waveland Press, Inc.

Iravani, S.M.R., M.J.M. Posner, J.M. Buzacott. 1997. A two-stage tandem queue attended by a moving
server with holding and switching costs. Queue. Syst. 26(3-4): 203-228.

Kaufman, D.L., H.-S. Ahn, M.E. Lewis. 2005. On the introduction of an agile, temporary workforce into a
tandem queueing system. Queue. Syst. 51(1-2): 135-171.

Kirkizlar, E., S. Andradéttir, H. Ayhan. 2010. Robustness of efficient server assignment policies to service
time distributions in finite-buffered lines. Naval Res. Logist. 57(6): 563-582.

Lim, Y.F. 2011. Cellular bucket brigades. Oper. Res. 59(6) 1539-1545.

Lim, Y.F. 2017. Performance of cellular bucket brigades with hand-off times. Prod. Oper. Manag. 26(10),
1915-1923.

Lim, Y.F., Y. Wu. 2014. Cellular bucket brigades on U-lines with discrete work stations. Prod. Oper. Manag.
23(7), 1113-1128.

Lim, Y.F., K.K. Yang. 2009. Maximizing throughput of bucket brigades on discrete work stations. Prod.
Oper. Manag. 18(1): 48-59.

Mandelbaum, A., A.L. Stolyar. 2004. Scheduling flexible servers with convex delay costs: Heavy-traffic
optimality of the generalized cu-rule. Oper. Res. 52(6): 836-855.

Ostolaza, J., J.O. McClain, L.J. Thomas. 1990. The use of dynamic (state-dependent) assembly-line balanc-
ing to improve throughput. J. Manuf. Oper. Manag. 3(2): 105-133.

Rosberg, Z., P.P. Varaiya, J.C. Walrand. 1982. Optimal control of service in tandem queues. IEEE Trans.
Autom. Control 27(3): 600-609.

Van Oyen, M.P., E.S. Gel, W.J. Hopp. 2001. Performance opportunity for workforce agility in collaborative
and noncollaborative work systems. IIE Trans. 33 761-777.

Wallace, R.B., W. Whitt. 2005. A staffing algorithm for call centers with skill-based routing. Manuf. Serv.
Oper. Manag. 7(7): 276-294.

Wang, R., O. Jouini, S. Benjaafar. 2014. Service systems with finite and heterogeneous customer arrivals.
Manuf. Serv. Oper. Manag. 16(3) 329-480.

Williams, R. J. 2000. On dynamic scheduling of a parallel server system with complete resource pooling.
McDonald, D. R. and Turner, S. R. E.; eds. Analysis of Communication Networks: Call Centers, Traffic
and Performance. American Mathematical Society, Toronto, 49-71.

Zavadlav, E., J.O. McClain, L.J. Thomas. 1996. Self-buffering, self-balancing, self-flushing production lines.
Manage. Sci. 42(8): 1151-1164.

30



Online supplement

Lemma 3. For independent exponential random variables X and Y, with rates A and u, respectively,
EX|X<Y]=y +u

Proof: From the elementary probability theory, for nonnegative continuous random variable X, we have
o0

E[X]= [Pr{X > z}dz. So, E[X | X <Y] = [Pr{X >z | X <Y}dz. Now,
0 0

Pr{X >z, X<Y} P{X<V,X>uzY
PrX>u|X<y) = DX>n X<V} PX <V, X>uV>a}

Pr{X <Y} N Pr{X <Y}
_ Pr{X <Y | X >2Y >2}Pr{X > 2}Pr{Y > 2}
Pr{X <Y}
_ Pr{Y>2+ X —a| X >2Y >2iPr{X > 2}Pr{Y >z}
Pr{X <Y}
~ Pr{Y > X -2 | X >a}Pr{X > z}Pr{Y >z}
Pr{X <Y}
[ =Pr{X>Y 4z |X>a}|Pr{X > z}Pr{Y >z}
Pr{X <Y}
[ =Pr{X >Y}Pr{X > z}Pr{Y > z}
Pr{X <Y}

= Pr{X > z}Pr{Y >z} = e e H = ¢~ (Hnz,

Thus, E[X | X <Y] = fPr{X>x|X<Y}d33—fe MHwzgy = 1

peamt J

Deriving f(u ) f(u )7 H and f : The formulatlons of fu’v and f(Ii’v) are straightforward. To

(u,v)?
determine fIII v)r We consider two scenarios. In the first scenario, job M — u + 1 finishes service at station 1
before job M u—v+1 at station 2. According to Lemma [3] the expected service time of job M —u+1 at

station 1 conditioned on this scenario equals O +1)+L( yr——7 - Lhis scenario happens with probability
1,1 2,2

(M —u+1)
o . . . . . .
(M,“Hl)’jr ==+ - In the second scenario, job M —u — v + 1 finishes service at station 2 before job
Hy 1 Ha 2

M —u+1 at station 1. The expected service time of job M —u — v + 1 at station 2 conditioned on this

(M —u—v+1)

scenario equals —zr—n 1(M_u_,, +17- This scenario happens with probability —z— Mff) o=y - Lhus,
M1 Fhs o My Ha 2
we have
(M—u+1)
f(I}LI,v) = (M— ,u;1 (M —u—v+1) [ (M—u+1) 1 (M u—v+1) + fu—1041) |
M1 1 + Moo H11 +u
(M —u—v+1)
M—u+1 M—u—v+1 M—u+t1 M—u—v+1 (u,0=1)
N§71 “ )‘i‘ﬂég ey /‘g,l b )+Mé,2 ey
M—u+1
1 n Mgl ey f 4
= - Z (u—1,0+1)
ug{\;f u+1)+‘u(M u—v+1) M(l{\f u+1)+u(M u—v+1) J (u—1lv
M—u—v+1
Né2 Ly f )
o w,v—1)-
(]7\/11 u+1)+’ué]7\g[ u—v+1)
Similarly, we have
M—u+1
f . Né,l oy 1 —i—f( |+
- u—1,v+1
(u,v) Mé]vll u+1)+ugz\g u—v+1) Mg u+1)+ (M u—v+1)

M2 1 + 0

) )

(M—u—v+1)
: ! + f
—u —u—v —u —u—v (u,0—1)
(M—u+1) (M +1) [M(M +1) + N(]g +1) u,v ‘|
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M—u+1
1 Mé,l =

= + f(u—l v+1) +
M—ut1 M—tu—vt1 M—utl M—u—v+1 ;
/Ué,l “ )Jrﬂg,z ot ﬂg,1 “ )Jrﬂgg vy

(M—u—v+1)
1,2

- —— 1 fwe—1)-
/-l]‘{ u+1)+’u§]7\g u—v+1) (WY

(
2,

O
Proof of Lemma For m = 2,..., M, to recursively derive pp, ;, we link it to p,,_1; by the following

2
equation, Pm,i = Z pmfl,jPr{Rm =1 | R, 1= ]}
j=0

First, we look at the case of m = 2, noticing that p; o =1 and p;; =0 for ¢ =1,2.
Case (i), Ry = 0: Job 1 completes service at station 2 before job 2 at station 1. So, Pr{R; =0 | Ry =
0} =n(2>1).
Case (ii), R2 = 1: Job 2 finishes service at station 1 before job 1 at station 2. So, Pr{Rs = 1| Ry =0} =
(2 <1).
Case (iii), Ry = 2: This case is infeasible. So, Pr{R; =2 | Ry =0} = 0.

Next, we look at the case of m =3, ..., M.
Case (i), Ry, = 1,R;—1 = 0: Job m finishes service at station 1 before job m — 1 at station 2. So,
Pr{Ry=1|Rn-1=0}=n(m<m—1).
Case (ii), R, = 1, R;—1 = 1: Job m — 2 completes service at station 2 before job m at station 1; and
job m finishes service at station 1 before job m — 1 at station 2. So, Pr{R,, = 1| Rpp—1 = 1} = w(m <
m— L)m(m >=m —2).
Case (iii), R,, = 1,R,,—1 = 2: Station 1 is blocked immediately after T,,_1, and both servers work at
station 2 on job m — 3. After that, job m — 2 starts service at station 2 and job m — 1 enters buffer. Job
m — 2 completes service at station 2 before job m at station 1; and job m finishes its service at station 1
before job m — 1 at station 2. So, Pr{R,, =1 | Rpp—1 =2} =7(m <m — 1)m(m = m — 2).
Case (iv), R,, = 2, R,,,—1 = 0: This case is infeasible. So, Pr{R,, =2 | R,,—1 = 0} = 0.
Case (v), Ry, = 2,R,,—1 = 1: Job m finishes service at station 1 before the job m — 2 at station 2. So,
Pr{R,, =2 | Rp_1=1}=7(m <m —2).
Case (vi), R, = 2,R;,—1 = 2: Station 1 is blocked immediately after T,,,_1, and both servers work at
station 2 on job m — 3. After that, job m — 2 enters station 2 and job m — 1 enters buffer. Job m finishes
service at station 1 before job m — 2 at station 2. So, Pr{R,, =2 | Ry,—1 =2} =7(m <m — 2).
Case (vii), R,, = 0,R,,—1 = 0: Job m — 1 completes service at station 2 before job m at station 1. So,
Pr{R,, =0]| Rp-1 =0} =n(m >m—1).
Case (viii), R, = 0, R;—1 = 1: Job m — 2 and job m — 1 complete service at station 2 before job m at
station 1. So, Pr{R,, =0 | Rpp—1 =1} = w(m = m — 1)w(m = m — 2).
Case (ix), R, = 0, R;,—1 = 2: Station 1 is blocked immediately after T,,_1, and both servers work at
station 2 on job m — 3. After that, job m — 2 starts service at station 2 and job m — 1 enters buffer. Job
m — 2 and job m — 1 complete service at station 2 before job m at station 1. So, Pr{R,, =0 | Rp,—1 = 2} =
w(m >=m—Lr(m>m—2).

Equations in Lemma [1| directly follow the above analysis. O
Proof of Proposition 1} For m = 1, job 1 is always served by both servers at station 1. Thus, E[X;] =

1

MOEMOR

v Foerm =2,...,M, let S,, denote the number of jobs, at the buffer or station 2, found by job m, upon
entering station 1. S, can take the value of either 1 or 2. Recall that R,,, denotes the number of jobs, at the
buffer or station 2, found by job m, upon service completion at station 1. R,, can take the value of either
0, 1, or 2. Obviously, Ry, < S,,. The values of the pair (R,,, Sm) give the clue to the puzzle of whether
station 2 is starved. Note that S, = 2 if and only if R,,_; =1 or 2, and S,,, = 1 if and only if R,,_1 = 0.
Thus, Pr{S,, =2} = ppm_1.1 + Pm-1,2, and Pr{S,, =1} = py_1,0.

First, we look at the case of m = 2.

Case (i), Ry = 1,52 = 1: Job 2 finishes service at station 1 before job 1 at station 2. Thus, E[Xs | Ry =
1,52 = 1] = 71(2 < 1). This case happens with probability Pr{Rs = 1,5, =1} =7(2 < 1).
Case (ii), R2 = 0,53 = 1: Job 1 completes service at station 2 before job 2 at station 1. After that, station
2 becomes starved, and both servers work at station 1 on job 2. The expected time duration of job 2 staying
at station 1 conditioned on this case, consists of two parts. The first part is, the conditional expected service
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time of job 1 at station 2 given that job 1 completes service at station 2 before job 2 at station 1, which

equals 5(2 > 1). The second part is, the expected service time of job 2 at station 1 under both servers,

which equals ﬁ Thus, E[Xs | Ry = 0,5 = 1] = (2 = 1) + ﬁ This case happens with
Hi1TH2 1 12 12

B 1,1 2,1
probability Pr{Ry = 0,52 =1} = 7(2 > 1).
Next, we look at the case of m = 3,..., M.
Case (i), R,, = 2,5,, = 2: Job m finishes service at station 1 before job m — 2 at station 2. After that,
station 1 becomes blocked. The expected time duration of job m staying at station 1 conditioned on this
case, consists of two parts. The first part is, the conditional expected service time of job m at station 1
given that job m finishes service at station 1 before job m — 2 at station 2, which equals 7 (m < m —2). The
second part is, the expected time duration of job m staying at station 1 after service completes (i.e., blocking
time), which equals ——57-——sy. Thus, E[X,, | Ry = 2,9, = 2] = 11(m < m — 2) + ——5-——5. This
" +1 Hi, tha

1,2 2,2
case happens with probability Pr{R,, = 2,5, =2} =7(m < m — 2)(pm—-1,1 + Pm-1,2) = Pm,2-
Case (ii), R,, = 1,5, = 2: Job m — 2 completes service at station 2 before job m at station 1; and job m
finishes service at station 1 before job m — 1 at station 2. The expected time duration of job m staying at
station 1 conditioned on this case, consists of two parts. The first part is, the conditional expected service
time of job m — 2 at station 2 given that job m — 2 completes service at station 2 before job m at station 1,
which equals 72 (m > m — 2). The second part is, the conditional expected service time of job m at station
1 given that job m finishes service at station 1 before job m — 1 at station 2, which equals 71 (m < m — 1).
Thus, E[X,, | Rm = 1,5, = 2] = o(m > m —2) + 7 (m < m — 1). This case happens with probability
Pr{R,,=1,5, =2} =n(m <m—1)x(m > m —2)(pm-1.1 + Pm—12)-
Case (iii), R, = 1,S,, = 1: Job m finishes service at station 1 before job m — 1 at station 2. Thus,
EXym | Rm = 1,8, = 1] = 1(m < m — 1). This case happens with probability Pr{R,, = 1,S,, = 1} =
m(m <m—1)pm_1,0.
Case (iv), R, =0,S,, = 2: Job m —2 and job m — 1 complete service at station 2 before job m at station
1. After that, station 2 becomes starved, and both servers work at station 1 on job m. The expected time
duration of job m staying at station 1 conditioned on this case, consists of three parts. The first part is, the
conditional expected service time of job m — 2 at station 2 given that job m — 2 completes service at station
2 before job m at station 1, which equals o(m > m — 2). The second part is, the conditional expected
service time of job m — 1 at station 2 given that job m — 1 completes service at station 2 before job m at
station 1, which equals o(m = m — 1). The third part is, the expected service time of job m at station 1
under both servers, which equals W Thus, E[X,, | Ry = 0,Sm = 2] = 2(m = m — 2) + 7a(m >
2,1

1,1

m— 1)+ This case happens with probability Pr{R,, = 0,S,, = 2} = 7(m > m — 1)m(m >

1
iy gy
m —2)(Pm—1,1 + Pm—1,2)-

Case (v), R,, = 0,5, = 1: Job m — 1 completes service at station 2 before job m at station 1. After that,
station 2 becomes starved, and both servers work at station 1 on job m. The expected time duration of
job m staying at station 1 conditioned on this case, consists of two parts. The first part is, the conditional
expected service time of job m — 1 at station 2 given that job m — 1 completes service at station 2 before job
m at station 1, which equals 75(m > m—1). The second part is, the expected service time of job m at station

1 under both servers, which equals —-—y. Thus, E[X,, | Ry = 0,8 = 1] = o(m = m—1)+ 51y
Hi1 THa K11 THa
This case happens with probability Pr{R,, =0, S, =1} = 7(m > m — 1)pm—_1.0.
Equations in Proposition |1| directly follow the above analysis. O

Proof of Proposition [2} Let O,, denote the number of jobs, at the buffer, found by job m, upon entering
station 2. O,, can take the value of either 0 or 1. Let @,, denote the number of jobs, at the buffer or
station 2, found by job m, upon service completion at station 2. @Q,, can take the value of either 0, 1, or
2. Obviously, O,, < @,. The values of the pair (O, Q,,) give the clue to the puzzle of whether station 1
is blocked. Note that O,, = 0 if and only if R,,41 = 0 or 1, and O,, = 1 if and only if R,,11 = 2. Thus,
Pr{Om = 0} = DPm+1,0 + Pm+1,1, and Pr{Om = ]-} = Pm+1,2-
First, we look at the case of m =1,..., M — 2.

Case (i), O, = 1,Q,, = 1: Job m + 2 enters station 1, while job m enters station 2. Job m completes
service at station 2 before job m + 2 at station 1. Thus, E[Z,, | Om = 1,Qn = 1] = 72(m + 2 = m). This
case happens with probability Pr{O,, = 1,Q,, =1} = 71(m + 2 > m)pm+1,2-

Case (ii), O, = 1,Q,, = 2: Job m + 2 enters station 1, while job m enters station 2. Job m + 2 finishes
service at station 1 before job m at station 2. After that, station 1 becomes blocked, and both servers work
at station 2 on job m. The expected time duration of job m staying at station 2 conditioned on this case,
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consists of two parts. The first part is, the conditional expected service time of job m + 2 at station 1 given
that job m + 2 finishes service at station 1 before job m at station 2, which equals 71(m + 2 < m). The
second part is, the expected service time of job m at station 2 under both servers, which equals

Thus, E[Zy | Om = 1,Qnm = 2] = mi(m +2 < m) +

Pr{On =1,Q, =2} =1(m +2 < m)pmi1.2-
Case (iii), O,, = 0,Q,, = 0: Job m completes service at station 2 before job m + 1 at station 1. Thus,
ElZpy | Om = 0,Qn = 0] = 72(m + 1 > m). This case happens with probability Pr{O,, = 0,Q,, = 0} =
Pm+1,0-

Case (iv), O, = 0,Q,, = 1: Job m + 1 finishes service at station 1 before job m at station 2; and job m
completes service at station 2 before job m + 2 at station 1. The expected time duration of job m staying at
station 2 conditioned on this case, consists of two parts. The first part is, the conditional expected service
time of job m + 1 at station 1 given that job m + 1 finishes service at station 1 before job m at station 2,
which equals 71 (m+1 < m). The second part is, the conditional expected service time of job m at station 2
given that job m completes service at station 2 before job m + 2 at station 1, which equals 75(m + 2 = m).
Thus, E[Zy, | Om = 0,Qm = 1] = i(m + 1 < m) + 72(m + 2 > m). This case happens with probability
Pr{O0,, =0,Q, =1} =1(m+2 > m)pmi11-

Case (v), O, = 0,Q,, = 2: Job m + 1 and job m + 2 finish service at station 1 before job m at station
1. After that, station 1 becomes blocked, and both servers work at station 2 on job m. The expected time
duration of job m staying at station 2 conditioned on this case, consists of three parts. The first part is, the
conditional expected service time of job m + 1 at station 1 given that job m + 1 finishes service at station 1
before job m at station 2, which equals 71 (m +1 < m). The second part is, the conditional expected service
time of job m+2 at station 1 given that job m+2 finishes service at station 1 before job m at station 2, which
equals 71 (m 42 < m). The third part is, the expected service time of job m at station 2 under both servers,
which equals m Thus, E[Zp | Om =0,Qm =2 =1i(m+1<m)+n(m+2<m)+

-1
Hye gy
ﬁ This case happens with probability
My o oo

1
iy ugTy
This case happens with probability Pr{O,, =0,Q., =2} =7(m+ 2 < m)pm+1,1.

Next, we look at the case of m = M — 1.
Case (i), Op—1 = 1,Qp—1 = 1: Job M finishes service at station 1 before job M —1 enters station 2. After
job M finishes service at station 1, both servers work at station 2. Thus, E[Zp—1 | Op—1 = 1,Qp-1 =
1] = W This case happens with probability Pr{Opn_1=1,Qum-1 =1} = par2-

1,2 2,2

Case (ii), Op—1 = 0,Qp—1 = 0: Job M — 1 completes service at station 2 before job M at station
1. Thus, E[Zy-1 | Op—1 = 0,Qum—1 = 0] = (M = M —1). This case happens with probability
Pr{Oy-1=0,Qnm-1 =0} = puro-

Case (iii), Op—1 = 0,Qpn—1 = 1: Job M finishes service at station 1 before job M — 1 at station 2.
After job M finishes service at station 1, both servers work at station 2. The expected time duration of job
M — 1 staying at station 2 conditioned on this case, consists of two parts. The first part is, the conditional
expected service time of job M at station 1 given that job M finishes service at station 1 before job M — 1
at station 2, which equals 71(M < M — 1). The second part is, the expected service time of job M — 1
at station 2 under both servers, which equals W Thus, E[Zy—1 | Op—1 = 0,Qp—1 = 1] =

0
M2
(M <M-1)+ W This case happens with probability Pr{Ox—1 =0,Qum-1 =1} = par1-
Hi 2 Ha 2

Last, for m = M, both servers work at station 2 on job M. Thus, E[Z] =

1
w5 +ns)

Equations in Proposition [2] directly follow the above analysis. O
Proof of Proposition |3} For m = 1, job 1 always finds buffer and station 2 empty. Thus, F[Y;] = 0.

Now, we look at the case of m = 2.
Case (i), Rz = 0: Job 2 finds buffer and station 2 empty. Thus, E[Y> | Ry = 0] = 0. This case happens
with probability Pr{Ry = 0} = pa .
Case (ii), Re = 1: Right after T, job 1 is at station 2; job 2 is at the buffer; and job 3 is at station 1. There
are two scenarios. Scenario (1): job 1 completes service at station 2 before job 3 at station 1. The expected
time duration of job 2 staying at the buffer conditioned on this scenario, is, the conditional expected service
time of job 1 at station 2 given that job 1 completes service at station 2 before job 3 at station 1, which equals
72(3 > 1). This scenario happens with probability 7(3 > 1). Scenario (2): job 3 finishes service at station 1
before job 1 at station 2. After that, station 1 becomes blocked, and both servers work at station 2 on job 1.
The expected time duration of job 2 staying at the buffer conditioned on this scenario, consists of two parts.
The first part is, the conditional expected service time of job 3 at station 1 given that job 3 finishes service
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at station 1 before job 1 at station 2, which equals 71 (3 < 1). The second part is, the expected service time
of job 1 at station 2 under both servers, which equals ﬁ So, the expected time duration of job 2
Hy 2THs 2

staying at the buffer conditioned on this scenario, equals 7 (3 < 1) + ﬁ This scenario happens with
Hy o TH

2,2

probability m(3 < 1). Thus, E[Y2 | Ra = 1] = 72(3 = 1)7(3 = 1) + (7'1(3 <1)+ u(l)-l%(l)> m(3 < 1). This

1,2TH2 2

case happens with probability Pr{Rs = 1} = pa 1.

Next, we look at the case of m =3,.... M — 1.
Case (i), R,, = 0: Job m finds the buffer and station 2 empty. Thus, E[Y,, | R, = 0] = 0. This case
happens with probability Pr{R,, = 0} = ppn.o.
Case (ii), R,, = 1: Right after T;,, job m — 1 is at station 2; job m is at the buffer; and job m + 1 is at
station 1. There are two scenarios. Scenario (1): job m — 1 completes service at station 2 before job m + 1
at station 1. The expected time duration of job m staying at the buffer conditioned on this scenario, is, the
conditional expected service time of job m — 1 at station 2 given that job m — 1 completes service at station
2 before job m + 1 at station 1, which equals 7o(m + 1 > m — 1). This scenario happens with probability
m(m +1 > m —1). Scenario (2): job m + 1 finishes service at station 1 before job m — 1 at station 2.
After that, station 1 becomes blocked, and both servers work at station 2 on job m — 1. The expected time
duration of job m staying at the buffer conditioned on this scenario, consists of two parts. The first part is,
the conditional expected service time of job m+1 at station 1 given that job m+1 finishes service at station
1 before job m—1 at station 2, which equals 71 (m+1 < m—1). The second part is, the expected service time

of job m — 1 at station 2 under both servers, which equals W So, the expected time duration of
1,2 Ha 2
This

job m staying at the buffer conditioned on this scenario, equals 7 (m +1 <m — 1) + W
Hi 2 Ha 2

scenario happens with probability 7(m+1 < m —1). Thus, E[Y,, | Ry = 1] =m2(m+1>m—1)n(m+1 >
m—1) + <71(m+1-<m1)+

Pr{R,, =1} =pm1.
Case (iii), R,, = 2: Right after T,,, station 1 becomes blocked. Job m enters the butter only after job
m — 2 completes service at station 2. Thus, It is not difficult to see that, E[Y,, | R, = 2] = E[Y,, | R = 2].
This case happens with probability Pr{R,, = 2} = py, 2.

Last, we look at the case of m = M.
Case (i), Ry = 0: Job M finds the buffer and station 2 empty. Thus, E[Ya | Ry = 0] = 0. This case
happens with probability Pr{Ry; = 0} = pa.0-
Case (ii), Ry = 1: After job M finishes service at station 1, both servers work at station 2. Job M enters
the butter only after job M — 1 completes service at station 2 under both servers. Thus, E[Ya | Ry = 1] =
W. This case happens with probability Pr{Ry = 1} = pas.1.

M) m(m + 1 < m — 1). This case happens with probability
Big thao

Case (iii), Ry = 2: After job M finishes service at station 1, both servers work at station 2. Job M enters
the butter only after job M — 1 completes service at station 2 under both servers. Thus, E[Yy, | Ry = 1] =
W This case happens with probability Pr{Ry; = 2} = pps 2.

Equations in Proposition [3| directly follow the above analysis. O
Proof of Theorem It is obvious that, when the system is at states (u,0) for u = 1,..., M; (u,3) for
u=1,..,M — 3; and (0,v) for v = 1,...,3, the product-myopic policy is optimal. Thus, to show that

the product myopic policy is optimal in general we only need to show the optlmahty for u = 1 ., M and

1 11
v = 1,2. For notational convenience, define G(U v = T T T G(u v) = O U+1)+ (M premrren s

oI = , L cand 01 = SR .
(u,v) #:(L{Vf—u+l)+#(2{\g7U71!+l)’ (u,v) ”(217v117u+1)+#(1{»§7u+1)

After some algebra (see the definition in Table , it is not hard to see that, f(I'zILIU) < f(Iu ) is equivalent

90u,0) =00 .
o (1) Jwwo—1) = fru—1,041) < Ug(u)v—ﬁmlfl, f(I}LIU < f(u ) is equivalent to (2) Jau-1,041) = fruwo—1) <

Oluy =0y . IV I o Ou0) =Olar.0) v
M(Miu+1)01}1 ; f(uﬂ,) < f(uﬂ,) is equivalent to (3) f(u v—1) — f(u Lot1) < (M prpmn 'u+1)01V ; and f(u,v) f(u v)
1,1 (u,v) )

s s GI{J. v 6 u, v
is equivalent to (4) fiu—1,041) — fluv—1) < W.
w,v)

We first prove the following intermediate properties.

M u M—u—v M—u M—u—v
(5) If ( H)Mg ) > M(’1 +1)ng2 +1). f(IIIL{U) < f(uv - and fm < f(Iqu then f(IiIU)

35



f(IXU) (6) If ,U(M u+1)ﬂégﬂkv+l) < M%%H)u% “ v+1) (u v) = f(u )’ and fuv < fIII“, then

111
fuv) f(u v)*
For ( ) f(u 104+1) = f(Iu v) egu,v) and f(u,v 1) — f(IllL v) elu v) lmply that fuv) H%X’v) (1 -

M—u+1 M—u— v+1 M7u+1 M—u—v+1 M—u+1 M—u—v+1
Mg 1 )G%u v) /'l‘g 2 911 ) QIV ( é71 f(u v) +M( )fH ) /'l‘g,l )lué,2 ) >
Mé]\f u+1)'u§]7\;[ u—v+1) N (1 . Mg]vll u+1) e%u " Mgl\g u— v+1)911 ) _ 91 9%111 v)( (M u+1) (]7\47u7v+1) _
gl\f u+1)’u§]7\£[7u7'u+1)) >0= f(u, eafv) (Mgf\f u+1) f(u v)“‘ﬂgg u7v+1)fu ) Note that e%xv) (ué{\i[fu+1)

+ u%‘“‘”“)) = 1. Thus, if f(IS ) < f(u » and f(u » < f(u »)» then f(%lv) < fIV (6) can be proved by

the same token.
As a result of this, we only need to show that Property (1)-(4) are valid for u = 1,..., M and v = 1, 2.
We prove this by induction (over u).

01 OIII 91 0
I _ (w,0) "9 (u,0) (wo-1)0Cu-1,0+1)
Note that, after some algebra, we have (7) Otuo—1) = Ou1,041) — P I S
u,v
I v
(M—u+1) (M—u—v+1) (M—u+1) (M—u—v+1)Y, d (8) o! 911 O,y =0, 0) o
(M2,1 M2 —Hia H2 2 ; and (8) (wo=1) = V(u—lut1) T Imeme g

()
Ofu,o-1)0u—t,041) [ (M—u+1) (M u—v+1)  (M—u+1) (M—u—v41)
L (T—u=vFD) 1,1 — M2 Hi 2 .
1,2

Now, we start the 1nductlon with v = 1.

e For state (1, 1), it is connected to states (0,2) and (1,0). f1,0)— f0,2) = (1 0) 79%(1) oy and f(o,2) = f(1,0)

=0, -0

(0,2) (1,0)"

I I11 I 11
f _%any—9%ay _ 9%G,0%0.2 (M) (M-1)
(0,2 (Mf1)9%11 N = M;qu) 2,1 H1,2

Case (i), f1,1) = f(1 1} From Property (7), f1,0) —

M M—1 GH GIII 01 011 M M—1 M M—1
u0 >) < 0and fio.2) — f.0) — (1(;4))0?(11 )1) _ (1i§%<3,2> (uél)uﬁ 10 00 )) < 0. From
1,1 5

Property (1), (2), and (5), we have f(1 < f L

0,1 =00 1 9§1,0>9{10,2>( (M) (M—-1)

Case (ii), f1,1) = f(Il\ﬁ): From Property (8), f(1,0) — fo,2) — (JVI Do, T D Hi1 Moo
6%
M) (M—1 00 1,00 0 M) (M—1 M) (M-1
Mé 1)ﬂg 2 )) < 0and f(o 2) _f(l 0) — (1(13)0%\(,1 )1) = (1,0;)1\{()0,2) (M( )/L( 2,2 ) ,ug 1)u§ 9 )) < 0. From
1,1 N

Property (3), (4), and (6), we have f(1 < 1{11)
Thus, Property (1)-(4) are valid at state (1,1).

e For state (1,2), it is connected to states (0,3) and (1,1). There are two cases for state (1,1).

Case (1), fu,1) = fi1hy: fan—fos = 98 1)(1+#g{\f)f(o 2)+/L22 f(10> (0.3~ fo2) < 9(1 1~

M-1) 0 1,1 07 1
0{673)—1—0811)/& 2 )7(@1)1)9(11“ ’) = 0(1.1y= 00,3 and fo,3)—fa,1 = =00 +0(0 5 01 Mz 2 (f(0,2)—
foo) < —OML g g (M=) 06,1, =00 _ gun M5 Ve The liti f
(1,0) (i T 00 T 01 2 2 g (03 ~ ~;m0(1,1)- The inequalities come from

the analysis in Case (i) of state (1,1).

. M M—1 M M M-2 M M-2
Case (1-1),f(1,1>=f(111,11);f<172>=f<111,12) (uﬁl)uéz > S )anduﬁl)uéz > i)

oL, , —6 0500 oL, o1
(1.2) 012 I 11 =00 _ a0 ([ (M) (M-2)
From Property (7), f(1,1) = f(0.3) — WP S < 01,1903 PP T T O (MQ Hi2

2,2 2) (1,2) Ha,2

(M—-1) I1
(M) (M—2) 01,2~ 9(1,2) 11 B2 11 00, =00) _ 00500, (, (M~2)
Hi1 Ha2 < O0and fo,3—=f1,1)— LD it < 00,3~ 0D 01— PCTION an - \M1,2
1,1 %1 2) My (1,2) a1

uél\g b uggfl)uggd)) = 0. From Property (1), (2), and (5), we have f'! f(1 2

(1 2) =
- M M - M—2 M M 2
Case (i.ii), f1.1) = f(111,11)5 faz) = f(1 2) (Hg 1)H2 )2 Y > H( )H(l 2 Y and H M( 2,2 ) < M(Q ) ( )):

0Ly 5 —0LY 0L, 5 —0LY 9 oLt M) (M—2
From Property (8), f(1,1)~ fi0,8)— W 911 1) 9% 3) " 8%2)2)0(11\/2) = (;(3)4 5 (ﬂg )Hé 2 -
1,2 (1,2) 1,2
M) (M-2 08 o —07Y pdt=n o —otY ol M
Mg 1)M§ ,2 )) < 0and fo3 —fa,n— ;1(1%59%; )2) < 9%73) - 71’<2M> %{,1) 25%98(’1: = uﬁ”f(;):(;“f) (M(,1)
u% 2) ugf\;FZ)ué{\fl)) < 0. From Property (3), (4), and (6), we have f1 ) < f(I{}z).
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Case (ii), f(1,1) = f(I1V1 s fany = fos = 9%\/ 91(1) ,3) "‘3(1 1):“1 2 1)(f(l,O) —fo2) < 91Y1 910 3T

M-1) 6 o
08/1) §2 )7&;)1)9(1;11) = 9%1 1) 9%,3) and fo,3) — fa) =2 - 98/,1) + 9%3, 911 1)#1 2 (f(072) -
(M—1)
fa,0) < =001y + 055 + GIYUN%T 1)6“(]{})79(5\3“) 0{0.3) %98 1)~ The inequalities come from
(1,1) M2 ’

the analysis in Case (ii) of state (1,1). We see that Property (1) and (3) holds same as in Case (i).
So, we only need to show Property (2) and (4).

. M—1 M - M—2 M)
Case (ii.i), f(1,1)_f(Ilvl;f12 = 11112) (lhl Mg2 )<Mé1)ﬂg2 )and,ugl),u(2 )>Mg1 M12 ))‘
01,2~ 001 nsly 0112~ 01" 2t M-2), (M) _ (M) (M2
fo. 3)*f(1 n— 1(12%911(11 2 < (0 3) 2(2M) QH 1)~ (1(1?/;>9{I(Il )2) = Hgkf? 3g?M) (ﬂg 2 )N; 1) ﬂg 1) ( )) >
2,1 1,2 B
0.
s e M) (M-1 M M) (M-2
Case (11'11)’f11):f(11Vl);f(12 12 (Mll Ng Y <M(21)M§2 )andMgI)NEQ ? <M(21)M§2 ))’
001,2)— 07, u( 0012y =00, 0(6.3)00: M—1) (M-2 M—2
fo = fan — (luch))glg 2 < 9% 3) 2(2M> HH 1) <1(§4>)01\(/1 4 = L 3()M(>1’1) (Ng 2 )/ié 2 ) /i(, )
1,2) (1,2) M1
(M~ 1)) _
H2.2 =0.

Thus, Property (1)-(4) are valid at state (1,2). This completes the proof for u = 1.

Now, suppose that Property (1)-(4) are valid for u =1,...,n — 1 and v = 1,2. Then, we look at states
with u = n.

For state (n,1), it is connected to states (n —1,2) and (n,0). There are two cases for state (n — 1, 2).

Case (i), f(n71,2) = f(Inn_l 2)} f(n,o) - f(nfl 2) = 9(n0 + fn 1,1) — G(n 1,2) (1 +u (M n+2)fn72,3) +

(M ) 111 (M —n+2) 0, 0 I u(M )
" fn 1,1 ) < 0(n 0) 9(n 1,2) Jre(n 1,2)H1,1 " W - 0(n 0) %o(n—l,z) and
_ 111 111 (M— I
f(n—l,Q) f(n 0) — Q(n 0) + 9 (n—1,2) + 9 (n—1 2)/”L1 (f(”_273) - f("_lvl)) =< 0 (n—1,2) — 0("10) +
0&1 L 2)%1\;{ n+2)% = 9& 1.2) G(mo). The inequalities come from properties of state
(n—1,2)M1,1
(n—1,2).
.. M—n+2) (M- M—n+2) (M- M—n+1
Case (i.i), f(n—l 2) = f(ITILI_LZ); f(n,l) f(n H (#( n+ )M( n) > u( n+ )/J( n) and ugJ n+1)
u% ™ > M(M nH)N%[in)): an)_f(n 12)—402?»}1) )9(,1,1) < { 0) ME?M:JT) % 1,2) 9247541) >9(n 2=
’ - ’ v :“2,27n 9&,1,1) - 2,2 " nh " 0%111 1)
00.0)0(n_1.2) (H(M—n+2)IUJ(M—n+1) _M(M—n+1)u(M—n+2)> — 0 and four2) — fno) — 9& =0 <
-2) 11 2,1 11 2,1 = n n WO g S
“2.2 k) El k) El a(n 1)
0,1y~ 00n,0)0n— M-n) (M-n+1 M—n+1) (M~
0&—172) B e%n,O) o U(VI 173+1>(9{111)) = = ’O<>M(—n)1’2> (ﬂg,z n)ﬂéJ M) ﬂg 1 " )ﬂé n)) < 0. From
Property (1), (2), and (5), we have fIH < fn 1y
... M-n+2) (M- M-n+2) (M- M—n+1
Case (1,11) f(n—l 2) = f(n 1 2); f(n = f(n 3 (:u'( n ),LL( n) > :uéJ n )/1‘572 n) and /“L( n+1)
M- M—n+1) 8n.1) = On. o On.1) =00
Ug 2 R N( 2,1 ) N1 2 ) fn,0— fn—1,2)— EM’l—)n) etk < %n 0) H2<1M D) G%n—l 2) " G2y (nfl) =
(CRY) ’ 2,2 e g(n,l)
0¢n M—n+1 M— M— M 1 o1 | —ol]
#(Mié) ,()()M72) ('ug / n+1) ( n) ﬂ( v n) ( n+ )) < 0 and f(n 19) — f(nO _ W <
1,2 2,2 (n.1)
1 T Oin.1) 0(13 ) _ 9o (M-nt1) (M-m) _ (M—n) (M-n+])
0(”—172) - e(n,o) (IVI 1n+1)0{£1 N = ( Oéf\/f n)l ,2) ‘LL171 [142’2 ,LL Lo ILL < 0 From
Property (3), (4), and (6), we have f(n n < fn -
.o _ . _ (M nJr
Case (11)’ f(n71,2) - f(n_172)' f(n,O) - f(nfl,Z) - a(n,O) + f(nfl,l) - o(n 1,2) (1 +u f(nfz’g) +
(M—n) v v (M —n+2) 0(,, 06w ol u(M nt
P f("—lvU) < 00) = Otn-12) F0n-12)l21 W =m0y = " b And
_ v v (M —n+ v I
f(n—172) f(n 0) — 9(n 0) + 9(n 1,2) + Q(n_1,2)ﬂ2,1 (f(n—2,3) - f(n—l,l)) < e(n_m) - 9(n,o) +
Q%H Loy g\f "+2)% = H%H 1.2) G%H 0y The inequalities come from properties of state

(n—1,2)M2,1

(n —1,2). We see that Property (2) and (4) holds same as in Case (i). So, we only need to show
Property (1) and (3).
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s o M—n+2 —-n M —n+2 M—n M—n+1
Case (ii.i), fin-12) = f(I,Y 1,2)} 1) = f(nl (M( * )N;,z ) < Mg 1 2 (72 ) and M:(L =
M- M-nt1) (M- 1y —0n pit (n.1) =000
e 2,2 "> :“g,l S 2 ) Fon)y=fn-1.2) - 4<Ml)n>9<n‘11)) < 00~ 1<1M 7 On—1,2)~ <<M‘1)n>9(§1111)> -
0 n M—n M—n+2 M—n+2 M—n
W(Mg 2 )N§,1 ) Ng,1 )Né,z )> <0.
Case (11_11) f(n—l 2y = f(Iry 12); fn 1= f(n N ( (M n+2) (2 n) < M(Af n+2) (’2 n) and M(M n+1)
M—n M—n+1 M n) Gn’ 00y, p ) 90n,1) =,
u§2 )< ﬂé 1 : ( )i fn,0) = fin-1.2)— §M137>6(w1) < %n,O) %9@_13)—W =
1,2 (n,1) 2 1,2 (n,1)
000y 0(n— M-n+2) (M-n+1 M—n+1) (M—n+2
. (ui )u(z,l T ) o,
Thus, Property (1)-(4) are valid at state (n, 1).
e For state (n,2), the proof is the same as the proof for state (1,2).
This completes the proof for v = n and the whole induction. O
Proof of Corollary [1} This is a direct result from Theorem O

Proof of Theorem Notice that, under the teamwork policy, makespan simply equals the summation
of the service time at both stations of all jobs. We can interchange the sequence of service completions
of individual jobs at individual stations without affecting makespan. Define a teamwork-equivalent policy,
which is the same as the optimal policy described in Table [} except that, for v = 1,.... M —v and v =
L2, fuw = mm{fuv),fuv)} Now, we show that the teamwork-equivalent policy is optimal. First,
for system states other than those with v = 1,.... M — v and v = 1,2, the teamwork-equivalent policy
matches with the optimal policy. Therefore, we only need to show that, for u = 1,....,. M —v and v = 1,2,
fuw) = f(Iu’v) or fluw) = f&v). For notational convenience, define G%U’v) = uwf_““)-lw(;‘f‘“*”; ng) =

e O = e and ) = S

Because f(y—1,041) = f(Iu,U) — H%W)) and f(up—1) = f(Ii ») 0& vy We have f(u ) = 98}”) (1 + ,u(M u+1)
f(u 1,0+1) +Mél\g vty f(u,v71)> - Q%le (1 _Mgl\{[ "+1)91 Mél\g ey 9& ”)) +€{1ILI’7J) (,ugj,\fiqul f(Iu’v)
+ g]\g u—vtl) f(u v)) and fIV = QIV <1 + M(M v f(ufl v+1) + IU/(lM “ v+1)f u,vfl)) = Q%XU) (1 o

Mg”{ uH)H%u ») u% umvtl) 9%11; U))+9(u U)( (M wtl) f(u i EM umvtl) f(u U)) After some algebra, we see
M u+1 M—u— v+1 M—u—v+1 M—u+1 M—u+1 M—u—v+1

that 1—p ( )a%u v) Né 2 QIL W) T ‘L)Iu 'U)a(u u)(ﬂg 2 )Ng,1 : Ng,l )/ié,z )) =0
M 1 M—u—v+1 M—u+1) (M- 1 M—u—v+1) (M—u+tl

and 1— N( u+ )a%u 9= (12 u—v+ )9& = o%u 0)9& 1,)(#5 / —u+ )N( u—v+1) M( u—v+ )N( u+ )) —0.

Thus, we have f(IiI,y) = 9&1’1})( (M u+1)fw (M u— UH)fIqiv) and f(w) _ 91\/ (Mél +1)f

M—u—v+1
Mgz +)fl,lw)-

Notice that 6f,,, ( g\f Dy (M_u_v+l)) = 1. So, both

FH - and f(u ,) are convex combinations of f( ) and f(uv. If f(u y < f(uv then f(uv < flilv) and

(u v)
f(u v) — f(u v)* If f(u v) < f(u v)? then fuv) = f(Iilv) and f(u v) — f(u v)* Thus, f(“ v) = mln{f(u v)’f(u v)}
This implies that the teamwork—equlvalent policy is optimal. Thus, the teamwork policy is optimal.

Proof of Theorem 3| I Let Elen]®; Elem]®; Elem]|t; and Ele,,]T denote, the expected service time of job
m, at station 1 and 2, under the summation-myopic policy and the teamwork policy, respectively. We have
Elen)t = W and Elen)*

(uﬁﬂf u+1) 4 ugl\g—u—vﬁ-l)) — 1 and 61V

(u,v)

-1

Ty g’y

For El[e,,]°, when job m is under service at the station 1, v can take any value of 0, ..., min{m — 1,2}.
1

Case (i), v = 0: In this case, station 2 is starved and both servers work at station 1. Ele,,]° = T =
Hiq TH2 1
Elen]T.

Case (ii), v > 0: In this case, job m is at station 1 while job m —w is at station 2. There are three scenarios.

If py 1) > ugm v) and u( 1) > ,ug 5 =) then both servers work at station 1. Elen)® = W = Ele,n)T.
i1 THa 1
If ,u(m) > ,u(m ) and ,u 1 < ,ug"; ") then server 1 works at station 1 and server 2 works at station 2.

Elen)® = oo < o o = E[ m) T If M(n;) <™ o =) and u("{) > ,ugg*v), then server 1 works at
I S /‘1 1 +li

station 2 and server 2 works at Statlon 1. Elen)® = ) Lo < o = Elen]?.
Ko thg o Hl 1 +
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From the above cases, we see that Ele,,]” < Ele,]T.

For E[e,,]°, when job m is under service at the station 2, v can take any value of 1, ..., min{3, M —m}.
Case (i), v < 3: In this case, job m is at station 2 while job m +v is at station 1. There are three scenarios.
1f 17 < p{ and p87 < udY then both servers work at station 2. Ele,]S = W = Elen)”.
’ ’ ’ ’ K12 TH2 2
If ,u(ﬁH’) > ,ugg) and Mg’f{*“) < ugz), then server 1 works at station 1 and server 2 works at station 2.

Egm S = ™ ;1 ™ < ™ 1 ™
[Em] PSS T Y 4+l

= Elen)t. If ,ugf'ﬁv) < ,ugfg) and ,u;fqﬂj) > ugg), then server 1 works at

station 2 and server 2 works at station 1. Ele,,]® = L < L = Elen)T.
Vi Wi [ m] N;TTH’)‘HLYZ) = I‘«YZ)‘HL;TZ) [ m]
Case (ii), v = 3: In this case, station 1 is blocked and both servers work at station 2. E[e,,]° = W =
Hi o TH2 o
Elen)T.
From the above cases, we see that E[e,,]% < Elen]T.
M M
As a result, for makespan, > (E[em]s + E[em]s> < > (E[em]T + E[em]T). This implies that the
m=1 m=1
summation-myopic policy is no worse than the teamwork policy. O
Proof of Corollary [2} This is a direct result from Theorems O
Proof of Lemma [2f The structure of the proof of Lemma [2] is similar to that of the proof of Lemma
We omit the detailed proof for the sake of brevity. O

Proof of Proposition (i) Pr{Sm, = j}, job m enters station 1 while job m — 1 leaves station 1. If
1 < j < B, then S,, = j implies R,,—1 = j — 1. If j = B 4 1, then there are two cases. First, R,,_1 = B.
Second, R,,—1 = B+ 1, which means station 1 is blocked immediately after T},,_1. In this case, job m enters
station 1 only after job m — B — 2 leaves station 2, and job m finds B + 1 jobs, at the buffer or station 2,
upon entering station 1.

(ii) Pr{R,, =i | Sm = j}, the expression for Pr{R,, =i | S, = j} comes from that for Pr{R,, =i |
R,,_1 = j — 1}, which is given in Lemma

(iii) E[X1,m | Rm =%, Sm = j|, Rm =i and S,,, = j imply that, jobs m —j,...,m —i —1 complete service
at station 2 before job m at station 1, and job m finishes service at station 1 before job m — i at station 2
if R,, > 0; or job m is served by both servers at station 1 if R,, = 0. The expression then follows.

(iv) E[X2,m | Rm = 1], after job m finishes service at station 1, it stays at station 1 if and only if station
1 is blocked. This time duration equals the service time of job m — B —1 at station 2 under both servers. [J
Proof of Proposition The structure of the proof of Proposition [5| is similar to that of the proof of

Proposition [2| We omit the detailed proof for the sake of brevity. O
Proof of Theorem [4t Theorem M is a direct extension of Theorems [[H3] and Corollaries [H2l We omit the
detailed proof for the sake of brevity. O

Proof of Proposition [6f The probabilities that job m is served, by each server or by both servers, at
each station, are fully analyzed in the proofs of Propositions Proposition [6]is a direct result from those
analyses. We omit the detailed proof for the sake of brevity. O
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Calculating the expected total moving cost:

Table 4: Expected moving cost of a general non-idling policy

Forn=1,...,.M — 2,
Cony(n+1,n,s1,52)
= |:CI(81,52 + Can(n+2,n,1,1)|0"(n+1,n) + | (s1,52) + Coany(n + 1,0,2,2)}5ll(n+1,n)+

(n+1) (n)

CIII (s1,52) J?NC(M)(TL-FQ n,1,2) + ﬁC(M)(n-F 1,0,1,2)} 5HI(n+ 1,n)+

—

) 2

(n)
[CIV S1,82) mC(M)(n +2,n,2,1) + %C’(M) (n+1,0,2, 1)}51\/(71 +1,n);
e LR [ M A

Con(n+2,n,s1,52)
cl(s1,52) ) + Can) (0, n,l,l)}él(n+2 n) + [011(51,52) +Con(n+2,n+ 1,2,2)}611(71—&—2,71)—1—

[ #<n+2) #(n)

CHI 81752 WC(]M)(O,TL,LQ) mC(]\/[)(n+2 n+1,1,2)}5m(n+2 TL)
(n

(n+2) "

cV(s1,s2) (WMTNC(M)(O n,2,1) + %C(M)(n—&-Q n+1,2, 1)}5“’(71—&-2 n).

Cony(M, M — 1,51, 52)
- [cl(sl, $2) + Coary (0, M — 1,1, 1)} SM, M — 1) + [cn(sl, $3) + Coary (M, 0,2, 2)} SU(M, M — 1)+

(M) (M—1)
|:CHI(81, 52) + WC(M) (0, M — 17 1, 2) + WC(M) (]\4,07 1, 2):| 5III(M, M — 1)+

(M) (M—1)

[CIV(31732) + WC(M)(O M—1,2,1)+ %C(M)(M,Q?»l)} 6™V(M, M —1).

”2.1

Forn=1,...,.M —1,
Ciary(n,0, 51, 82) = (1, 82) + Ciany(n + 1,m, 1, 1).

Cimy(M, 0,51, 82) = c!(s1,52) + Ciary(0, M, 1,1).

Forn=1,...,. M — 3,
Cny(0,m, 51, 82) = M(s1,82) + Coary(n+ 3,n + 1,2,2).

Cony(0,M —2,51,85) = (s, 89) + Cary(0, M —1,2,2);
C(M (O M — 1751a52) = 011(51782) +C(]V1)(OaMa2a2)a
Cy(0, M, 51, 82) = (51, 52).
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