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A TAXONOMY OF NON-DICTATORIAL
UNIDIMENSIONAL DOMAINS®

Shurojit Chatterji’ and Huaxia Zeng!
October 25, 2022

Abstract

Non-dictatorial preference domains allow the design of unanimous social choice func-
tions (henceforth, rules) that are non-dictatorial and strategy-proof. On a class of pref-
erence domains called unidimensional domains, we show that the unique seconds prop-
erty (introduced by Aswal, Chatterji, and Sen, 2003) characterizes all non-dictatorial
domains. Subsequently, we provide an exhaustive classification of all non-dictatorial,
unidimensional domains, based on a simple property of two-voter rules called invari-
ance. The domains constituting the classification are semi-single-peaked domains (in-
troduced by Chatterji, Sanver, and Sen, 2013) and semi-hybrid domains (introduced
here) which are two appropriate weakenings of single-peaked domains and shown to
allow strategy-proof rules to depend on non-peak information of voters’ preferences;
the canonical strategy-proof rules for these domains are projection rules and hybrid
rules respectively. As a refinement of the classification, single-peaked domains and
hybrid domains emerge as the only unidimensional domains that force strategy-proof
rules to be determined completely by preference peaks.

Keywords: Strategy-proofness; invariance; unidimensional domains; semi-single-peaked
preference; semi-hybrid preference
JEL Classification: DT1.

1 INTRODUCTION

An overarching theme in the theory of incentives is that unanimous social choice functions
(henceforth, rules) that are non-manipulable are dictatorial (and hence unsuitable for social
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decisions), unless preferences of voters are restricted in particular ways so as to yield non-
dictatorial domains that allow the design of non-dictatorial, strategy-proof rules. Indeed,
the domain of single-peaked preferences in the classical voting model (Moulin, 1980) and the
domain of quasi-linear preferences in models with monetary compensations (Roberts, 1979)
are leading instances of non-dictatorial domains. In this paper, we restrict attention to the
voting model, where the large literature notwithstanding!, a comprehensive classification of
all non-dictatorial domains in terms of the design opportunities they afford has remained
elusive, and where in particular, not much is known about the structure of preference do-
mains that allow strategy-proof rules to vary with non-peak information on preferences.

Single-peaked domains are the most prominent instance of non-dictatorial domains in
the voting model and are widely applied to models in public good provision, electoral com-
petition, location theory among others. A natural question that recent literature has made
progress on is whether the full force of single-peakedness is needed to guarantee the exis-
tence of strategy-proof rules. It is known that a particular weakening of single-peakedness,
semi-single-peakedness introduced by Chatterji et al. (2013), is compatible with strategy-
proofness and two other attractive axioms. The first of these is anonymity, an axiom that
spreads power evenly across voters and is hence in a sense the polar opposite of dictatorship.
The second is the tops-only property which asserts that the rule is completely determined
by the peaks of the voters preferences.? But there are presumably other ways of relaxing
single-peakedness than semi-single-peakedness, which may remain compatible with strategy-
proofness but not with anonymity. Moreover, are there other instances of non-dictatorial
domains that are significantly different from single-peaked domains in their underlying de-
scription, but that allow strategy-proof rules to vary with non-peak information on voters’
preferences and consequently afford very different design opportunities? These questions
lie at the heart of the theory of incentives since they follow naturally from the Gibbard-
Satterthwaite Theorem (Gibbard, 1973; Satterthwaite, 1975), and are evidently important
from the practical standpoint of applying the theory to the actual design of mechanisms.
These are the sort of questions this paper is concerned with. We identify three variants of
single-peakedness which along with single-peakedness constitute an exhaustive classification
of non-dictatorial domains (that satisfy a condition called unidimensionality) and specify
properties of canonical strategy-proof rules that they admit.

1.1 PREFERENCE DOMAINS

We briefly introduce single-peaked preferences and three variants here. These require an
underlying tree on the alternatives. However, for ease of presentation, we assume hence-
forth that all alternatives are exogenously located on a line, i.e., a tree that linearly orders

3

all alternatives, say £4 = (ay,...,a,).> A preference is single-peaked on the line £4, if

there exists a top-ranked alternative, called the peak, such that the preference declines on

!The literature is taken up in Section 5.1.

2Rules that possess the tops-only property are easier to describe and operationalize.

3The original definition of single-peaked preferences hypothesized a linear order on alternatives, which
was subsequently generalized to single-peakedness on a tree by Demange (1982). Trees expand the class of
models to which the theory can be applied. More importantly, the versions formulated on trees are the ones
that arise as necessary conditions in our formulation.



Figure 1: A single-peaked preference (a), two hybrid preferences (b) - (c¢), a semi-single-
peaked preference (d) and two semi-hybrid preferences (e) - (f) on the line £4

each side of the peak when alternatives moves farther away from the peak (see Figure 1(a)).
A hybrid preference weakens the single-peakedness restriction by letting the relative rank-
ings of alternatives clustered in a fixed interval of the line be more permissive. First, two
distinct alternatives, called dual-thresholds, are exogenously fixed on the line £4, say ap,
a, and 1 < p < ¢ < m, which separate the line £4 into the left interval between a; and
ap, the middle interval between a, and a,, and the right interval between a, and a,,. In
a hybrid preference, the conventional single-peakedness restriction only prevails on the left
and right intervals (see Figure 1(b) and Figure 1(c)), while all alternatives in the middle
interval are arbitrarily ranked subject to an additional condition: if the preference peak is
located to the left of a, (respectively, the right of a,), then a, (respectively, a,) is the best
alternative within the middle interval (see Figure 1(b)). On the other hand, the notion
of semi-single-peakedness weakens single-peakedness differently. Instead of dual-thresholds,
one alternative az, called a threshold, is exogenously fixed. In a semi-single-peaked prefer-
ence, the conventional single-peakedness restriction only prevails on the “middle” interval
between the peak and the threshold, while any alternative not in this interval is ranked
below its projection on the interval in an arbitrary manner (see Figure 1(d)). Finally, we
generate a semi-hybrid preference by weakening the single-peakedness restriction imposed
on a hybrid preference to semi-single-peakedness. According to the dual-thresholds a, and
a, on the line £4, a semi-hybrid preference whose preference peak is located to the left of
ap, is first semi-single-peaked on the line £4 w.r.t. the threshold a,, and moreover ranks a,
above all alternatives in the right interval (see Figure 1(e)). A symmetric condition holds
when the peak is located to the right of a,. A semi-hybrid preference that has the peak
located in the middle interval between a, and a, is significantly less restrictive, as it only
requires the dual-thresholds a, and a, to be top-ranked within the left and right intervals
respectively (see Figure 1(f)).

Single-peaked preferences were initially introduced by Black (1948) towards resolving
the Condorcet paradox and have since become the cornerstone of modern political econ-
omy, aggregation theory, social choice theory and mechanism design theory. Semi-single-
peakedness significantly weakens the restriction of single-peakedness, but suffices for sus-



taining a strategy-proof rule that satisfies anonymity and the tops-only property in the
aforementioned formulations. Hybrid preferences can naturally arise in a multidimensional
strategic voting model, when a voter aggregates her multidimensional assessments over the
same set of candidates to formulate a one-dimensional preference (see Section 4 of Reffgen,
2015), or when a voter’s multidimensional preference is reduced to a one-dimensional prefer-
ence under voting constraints of Barbera et al. (1997). Hybrid preferences may also emerge
naturally in the public good allocation environment. This paper introduces semi-hybrid
preferences as a significant weakening of the hybridness requirement and thereby expands
the scope of design in these formulations.

We recall and adapt the intuitive introduction of hybrid preferences in the introduction
of Chatterji et al. (2022) to illustrate the relevance of semi-hybrid preferences in the public
good allocation environment. Imagine a region where an urban zone stands in the center
and is surrounded by a large suburban area. A railway connects two towns in the suburban
area, and goes through the central urban zone. Each station represents a possible location
for allocating a good public facility, like a sports complex. Two particular stations (see for
instance a, and q, in Figure 1(e)) in the central urban zone separate the whole railway into
three intervals; all stations lying in the middle interval (e.g., the interval between a, and q,
in Figure 1(e)) are in the central urban zone and hence called urban stations, while each
station in one of the two other intervals (e.g., the interval left to a, and the interval right to
a, in Figure 1(e)) is in the suburban area and hence called a suburban station. The central
urban zone also possesses a modern metro transportation system that fully connects all ur-
ban stations and complements the railway, whereas all suburban stations are only connected
via the railway. Thus, the two particular stations can be viewed as two transportation hubs
that serve as gates to the respective suburban zones. A citizen living nearby a suburban
station formulates her preference over all locations according to the following two principles:
(i) any suburban station beyond the distant transportation hub is not acceptable, and (ii)
all stations between her own location and the distant transportation hub are compared ac-
cording to the distance measured by both the railway and the metro. Thus, the citizen’s
preference must be semi-hybrid on the locations along the railway w.r.t. the two transporta-
tion hubs: single-peakedness prevails on the interval between her location and the proximate
transportation hub, the proximate transportation hub is ranked above any other urban sta-
tions, and the distant transportation hub is better than all suburban stations beyond (see
the preference in Figure 1(e)). Similarly, a citizen living in the central urban zone does not
accept any suburban station, and has arbitrary preferences on all urban stations that differ
from her peak. This indicates that the citizen also has a semi-hybrid preference (see the
preference in Figure 1(f)).

It is well known from the seminal work Moulin (1980) that all anonymous, tops-only
and strategy-proof rules on the domain of all single-peaked preferences are characterized
to be phantom wvoter rules. The domain of all semi-single-peaked preferences admits an
anonymous, tops-only and strategy-proof rule, called a projection rule (see Definition 7 in
Section 3.3), which is indeed the phantom voter rule that fixes all phantom voters’ ballots
to be the threshold. Recently, Chatterji et al. (2013) showed that semi-single-peakedness
is also necessary for the existence of an anonymous, tops-only and strategy-proof rule on
a class of rich domains. We introduce here a fairness property of two-voter rules called
inwvariance which is substantially weaker than anonymity in that it pertains to the behavior
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of the rule at exactly two preference profiles - invariance requires the SCF to choose the same
social outcome at two test preference profiles where the two voters are endowed with two
completely reversed preferences. We note that on both the domain of all hybrid preferences
and the domain of all semi-hybrid preferences, invariance is incompatible with any two-voter,
tops-only and strategy-proof rule. Indeed, the relative rankings of alternatives in the middle
part are too permissive, and consequently every two-voter, tops-only and strategy-proof rule
behaves like a dictatorship on the middle interval (see for instance a hybrid rule in Definition
8 of Section 3.3) and is accordingly incompatible with invariance.* We accordingly conclude
that preserving single-peakedness on the middle region (as is the case with semi-single peaked
preferences) is critical for the existence of invariant, tops-only and strategy-proof rules, and
provide a characterization of all such rules as projection rules.

We now turn to the second theme. Note first that the domain of all single-peaked prefer-
ences is strictly included in the domain of all semi-single-peaked preferences. We introduce a
notion called a critical spot to formally address the flexibility embedded in a domain of semi-
single-peaked preferences, and show that its presence is necessary and sufficient in avoiding
the reduction of a domain of semi-single-peaked preferences to a domain of single-peaked
preferences (see Section 4.3). Now, starting with a domain of single-peaked preferences,
as we add non-single-peaked preferences to move towards a domain of semi-single-peaked
preferences, the set of anonymous, tops-only and strategy-proof rules of course shrinks®,
but more importantly these non-single-peaked preferences create space for the emergence of
strategy-proof rules that utilize non-peak information on voters’ preferences. We show that
critical spots turn out to be sufficient for the existence of non-tops-only and strategy-proof
rules. Analogously, critical spots are also embedded in a domain of semi-hybrid preferences,
distinguish the domain from a domain of hybrid preferences, and support the design of non-
tops-only and strategy-proof rules. Thus, while semi-single-peaked and semi-hybrid prefer-
ences are more permissive (which is desirable for applications of mechanism design), they do
however admit non-tops-only and strategy-proof rules which make the task confronting the
designer, namely that of characterizing and choosing among rules, correspondingly harder,
as a full characterization of strategy-proof rules then depends delicately on how the domain
is expanded.

1.2 AN OUTLINE OF THE RESULTS

We conclude with an overview of our methodology and results.
We classify all non-dictatorial domains in a class of unidimensional domains. These
domains satisfy path-connectedness®, a condition called diversity which requires the presence

4More specifically, consider the domain of all hyrid /semi-hybrid preferences on the line £4 w.r.t. the dual-
thresholds a, and a, in Figure 1(b) or 1(e). It is clear that the domain contains two completely reversed
preferences where a; and a,, are respectively top-ranked. Given a two-voter, tops-only and strategy-proof
rule, assume w.l.o.g. that voter 1 dictates on the middle interval. Then, at the test profile where voter 1’s
preference peak is a; and voter 2’s peak is a,,, in view of voter 1’s dictatorship on the middle interval and
strategy-proofness, the social outcome must lie in the interval between a; and a,, while at the other test
profile, the social outcome lies in the interval between a, and a,,. Therefore, the SCF violates invariance.

5In most cases, only the projection rule in the class of phantom voter rules survives according to the
characterization result of Bonifacio and Massé (2020).

6This is a “richness” condition that is formulated as a connectedness property of a graph on the set



of two completely reversed preferences, and a technical condition called leaf symmetry.” We
first show that a unidimensional domain is a non-dictatorial domain if and only if it satisfies
the unique seconds property of Aswal et al. (2003) (see the Auxiliary Proposition in Section
4.1); in particular, for any domain satisfying the unique seconds property, we construct a
strategy-proof rule that is “almost” dictatorial (see Section 4.1).

We subsequently focus on the non-dictatorial domains identified above and explore more
meaningful non-dictatorial strategy-proof rules than almost dictatorships. This indeed re-
quires us to investigate the details of the structure of non-dictatorial domains from a global
perspective that goes well beyond the unique seconds property. We proceed by investigat-
ing the existence and non-existence of an invariant, tops-only and strategy-proof rule on a
non-dictatorial, unidimensional domain. Theorem 1 in Section 4.2 provides the following
classification of non-dictatorial, unidimensional domains: semi-single-peakedness restriction
is necessary and sufficient for the existence of an invariant, tops-only and strategy-proof
rule, and furthermore all such rules are two-voter projection rules, while semi-hybridness is
necessary and sufficient for the non-existence of an invariant, tops-only and strategy-proof
rule, and furthermore every two-voter, tops-only and strategy-proof rule is a hybrid rule that
restricted to the middle interval behaves like a dictatorship. We further use this result to
extend the classification to the case of n-voter SCFs by replacing invariance by anonymity
(see Corollary 1 in Section 4.2). To sum up, the existence of a two-voter, tops-only and
strategy-proof rule satisfying invariance on unidimensional domains leads to a comprehen-
sive classification of the design possibilities for such domains. The resulting classification
may be seen as reinforcing the view that appropriate weakenings of single-peakedness char-
acterize non-dictatorial domains, addressing thereby a long standing conjecture in this field
(see Section 6.5.2 in Barbera, 2011 and Section 4.5 in Barbera et al., 2020).

Finally, we specialize to tops-only domains, i.e., domains where all strategy-proof rules
are endogenously tops-only rules. It is evident that a tops-only domain can never accommo-
date a critical spot (which ensures the existence of a non-tops-only and strategy-proof rule).
Accordingly, we refine the aforementioned classification by showing that on a non-dictatorial,
tops-only, unidimensional domain, the existence of an anonymous and strategy-proof rule
leads us to a classical domain of single-peaked preferences, while its non-existence, to a
domain of hybrid preferences (see Corollary 1 in Section 4.4).

The paper is organized as follows. In Section 2, we specify the model. In Section 3,
we formally introduce all preferences domains. All results are presented in Section 4, while
Section 5 contains a review of the literature and some final remarks. All proofs are gathered
in an Appendix.

2 PRELIMINARIES

Let A= {a,b,c,...} be a finite set of alternatives with |A| = m > 3. Let N = {1,...,n} be
a finite set of voters with |N| = n > 2. Each voter ¢ has a (strict) preference order P; over A
which is a linear order. For any a,b € A, a P; b is interpreted as “a is strictly preferred to b

of alternatives; it is used here and in Chatterji et al. (2013) as a way of incorporating sufficiently many
preferences so as to give bite to the axiom of strategy-proofness.

"This is introduced to handle some preferences whose peaks are the leaves of the graph generated ac-
cording to the condition of path-connectedness.



according to P;”.% Let r(P;) denote the kth ranked alternative in P, for all k € {1,...,m}.
Given a subset B C A, let max”(B) and min’*(B) respectively denote the most and the
least preferred alternatives in B according to P;. Two preferences P; and P/ are completely
reversed if for all a,b € A, [a P; b] < [b P/ a]. Let P denote the set containing all linear
orders over A. The set of all admissible orders is a set D C P, referred to as the preference
domain. In particular, we call P the universal domain. When D # P, D is referred to as a
restricted domain. For notational convenience, let D* = {P, € D : r(P;) = a} denote the
set of preferences with the peak a. Accordingly, a domain ID is minimally rich if D* # () for
all a € A. A preference profile P = (Py,...,P,) = (P, P_;) € D" is an n-tuple of orders
where P_; represents a collection of n — 1 voters’ preferences without considering voter 1.

Fixing a domain D, two alternatives a,b € A are said adjacent, denoted a ~ b, if there
exist P;, P! € D such that r(P;) = ro(P)) = a, r(P!) = ro(P;) = b and r(P;) = ri(P})
for all £ € {3,...,m}. Domain D is called a path-connected domain if for all distinct
a,b € A, there exists a sequence of non-repeated alternatives (xy,...,z,) such that z; = a,
x, = band z ~ xpyq for all k € {1,...,0v — 1}. Tt is evident that the universal domain
P is a path-connected domain as any two distinct alternatives are adjacent. Clearly, path-
connectedness implies minimal richness. Moreover, DD is said to satisfy diversity if it contains
two completely reversed preferences.!” Throughout the paper, we fix P, and P; as two
completely reversed preferences in a domain satisfying diversity, and moreover let P; and P;
be such that ay P, a1 and agq P; ay forall k € {1,...,m—1}, by relabelling alternatives
as necessary.

2.1 SociaL CHOICE FUNCTIONS

A Social Choice Function (or SCF) is a map f : D" — A. At every profile P € D", f(P)
is referred to as the “socially desirable” outcome associated to this preference profile. An
SCF f : D" — A is unanimous if for all « € A and P € D", we have [r;(P;) = a for all
i € N| = [f(P) = a]. Henceforth, for simplicity, we call a unanimous SCF a rule. An
SCF f : D" — A is strategy-proof if for all i € N, P, P/ € D and P_; € D" !, we have
either f(P;, P_;) = f(P/,P_;) or f(P;, P_;) P; f(P/, P_;). A prominent class of SCFs is the
class of tops-only SCFs. The value of these SCFs at every preference profile depends only
on voters’ peaks. Formally, an SCF f : D™ — A satisfies the tops-only property if for
all P,P' € D", we have [ri(P;) = ri(P]) for all i € N| = [f(P) = f(P')]. Last, an SCF
f:D"™ — A is anonymous if for all preference profiles (Py, ..., P,) € D™ and permutations
o: N — N, wehave f(P,...,P,) = f(PJ(l), . ,Pg(n)). In addition, we weaken anonymity
to a new axiom called invariance on a two-voter SCF, which requires that on a domain
satisfying diversity, the SCF chooses the same alternative at the two profiles where the
voters are endowed with the two completely reversed preferences. Formally, given the two
completely reversed preferences P;, P; € D, a two-voter SCF f : D*> — A is invariant if we

8In a table, we specify a preference “vertically”. In a sentence, we specify a preference “horizontally”.
For instance, P; = (abc ---) represents a preference where a is the top, b is the second best, ¢ is the third
ranked alternative while the rest of rankings in P; are arbitrary.

9Throughout the paper, C and C denote the strict and weak inclusions respectively.

0Djiversity has been widely presumed in the Condorcet domain literature, e.g., Monjardet (2009) and
Puppe (2018), where it plays a key role in pinning down maximal Condorcet domains.
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Figure 2: A tree 74

have f(Py, Py) = f(P1, Py).

Dictatorships are rules that are tops-only and strategy-proof on arbitrary domains. For-
mally, an SCF f : D" — A is a dictatorship if there exists ¢ € N such that f(P) = ri(P)
for all P € D". It is clear that anonymity is polar opposite to a dictatorship, and in-
variance contrasts dictatorships as well. Given a nonempty subset B C A, we say that
an SCF f : D" — A behaves like a dictatorship on B if there exists ¢ € N such that
f(Pr,...,P,) =mr(F) for all (Py,...,P,) € D" with ri(P,),...,r1(P,) € B. The Gibbard-
Satterthewaite Theorem shows that on the universal domain P, an SCF is a strategy-proof
rule if and only if it is a dictatorship. The same dictatorship characterization result also
holds on some restricted domains (see the literature listed in Section 5.1). We call a domain
D a dictatorial domain if every strategy-proof rule f : D* — A, n > 2, is a dictatorship,
and call any domain that admits a non-dictatorial, strategy-proof rule a non-dictatorial
domain. Clearly, a domain that admits an anonymous/invariant and strategy-proof rule is
a non-dictatorial domain. Conversely, a non-dictatorial domain may not admit an anony-
mous/invariant and strategy-proof rule.

2.2 GRAPHS

Let G = (A, E4) denote an undirected graph where A is the vertex set and £4 is the set
of edges.!' Given x,y € A, a path in G4 connecting = and y is a sequence of non-repeated
vertices (w1,...,7,) such that x; = z, , = y and (v, 2py1) € EA forall k € {1,...,¢t —1}.
The graph G* is connected if for every pair of distinct vertices, there exists a path connecting
them. In particular, the graph G* is called a complete graph if any two distinct vertices
form an edge, i.e., (a,b) € E4 for all distinct a,b € A. Given a € A, let N4(a) = {be€ A :
(a,b) € EA} denote the set of alternatives that are neighbor to a in G4. Given a graph G4,
a vertex a € A is called a leaf if it has a unique neighbor, i.e., [N4(a)| = 1. Accordingly,
let Leaf(G*) = {z € A : [N4(z)| = 1} collect all leaves in G*. Given a subset B C A,
let GB = (B, EP) denote the subgraph of G* where the vertex set is B and the edge set is
EB ={(a,b) € E* : a,b € B}.

Atree T4 = (A, E4) is a connected graph where each pair of distinct vertices is connected
by a unique path (see Figure 2). A line is a particular tree which has exactly two leaves.
Throughout the paper, we fix £4 = (ay,...,a,) to be the line where a; and ag,; form an
edge for all k € {1,...,m — 1}. Fix a tree T4, Given z,y € A, let (z,y|T*) denote the
unique path connecting « and y in 74.'2 Given a subset B C A such that the path between
any two alternatives of B is also included in B, i.e., [a,b € B] = [{(a,b|T*) C B], the

UIf (a,b) € £4, then a # b and (b, a) € £4.
2For notational convenience, we also use (z,y|7T*) to denote the set of alternatives in the path between
x and y. We also call (z,y|7*) the interval between x and y in T4.



subgraph TP = (B, £B) is also a tree. Furthermore, given a € A, if a € B, it is natural to
let Proj(a, T?) = a denote the projection of a on the subtree 77; otherwise, there exists
a unique @’ € B such that a' € (a,b|T*) for all b € B, and then let Proj(a, T?) = o
denote the projection of a on TP. Given a preference profile P, we construct the set
I'(P) ={a € A:ac€ (r(P),r(P)|T*) for some i,j € N} which includes all voters’
preference peaks and alternatives that are located between voters’ preference peaks. Thus,
TT®) is the minimal subtree nested in 74 that covers all voters’ preference peaks. Given
two distinct alternatives z,y € A, we fix the set A*™Y = {z € A : 2 € (2,y[T*)} to
include every alternative whose path to y always goes through x. Therefore, 74" is a
subtree nested in 74. Given a tree T4, we consider two distinct alternatives a and b that
completely separate T4 into the middle interval (a,b|74) and the two subtrees 74" " and
T4 (see Figure 2). Thus, Proj(c, (a,b|T4)) € {a,b} for all ¢ € A\(a, b|T*). We call a and
b dual-thresholds in 74 (see Figure 2).1* According to the vertices  and y in Figure 2, we
have the subtree 74° " the interval (z, y|7*) and the subtree 74" ", which in combination
however does not recover the tree 74 as the branch attached to the interior of the interval
(x,y|T*) is not covered. Hence, z and y are not dual-thresholds. Also note that x is a leaf
of the subtree 74“ ", whereas y is not a leaf of the subtree 74*°.

We conclude this section by adopting the terminology of a connected graph to represent
a connected domain. Given a domain I, we construct a graph G4 = (A, £4), called an
adjacency graph, where the vertex set is A, and two alternatives form an edge if and
only if they are adjacent, i.e., £4 = {(a,b) € A% : a ~ b}. Then, it is clear that D
is a path-connected domain if and only if G4 is a connected graph. Given x € A, let
NA@)={y € A: (x,y) € E2} collect all neighbors of x in the adjacency graph G2.

3 PREFERENCE DOMAINS AND TOPS-ONLY RULES

In this section, we introduce preference domains and rules that constitute our classification.

3.1 SINGLE-PEAKED DOMAIN AND HYBRID DOMAIN

We first introduce the classical single-peaked domain and its recently introduced variant
called the hybrid domain.'*

DEFINITION 1 (Demange (1982)) Fizing a tree T, a preference P; is single-peaked on
T4 if for all distinct a,b € A, we have [a € (ri(F;),b|T4)] = [a P, b]. Let Dgp(T*) denote
the single-peaked domain of all single-peaked preferences on TA.

The single-peaked domain Dgp(7 ) is naturally a path-connected domain as its adjacency
graph is identical to 74, and it satisfies diversity if and only if 74 is a line.

131n particular, if @ and b form an edge in 74, they are naturally dual-thresholds.

The idea of the hybrid domain originates from the multiple single-peaked domain of Reffgen (2015).
Achuthankutty and Roy (2020) and Chatterji et al. (2022) establish the formal definition of a hybrid pref-
erence on a line, and study strategy-proof rules and random SCFs. We generalize the notion to trees.



DEFINITION 2 Fizing a tree T4 and dual-thresholds a,b € A, a preference P; is (a,b)-
hybrid on T4 if it satisfies the following two conditions:

(i) for all distinct y,z € A" ory,z € A", [y € (r(P,),2|T*)] = [y P, 2], and

(ii) [r(P) € A*~"\{a}] = [max({a,b|T*)) = a] and
[r(P) € A=\{b}] = [max"({a,b|T*)) = b].

Let Du(T4, a,b) denote the hybrid domain of all (a,b)-hybrid preferences on TA.

The hybrid domain Dy (74, a,b) is naturally a path-connected domain as its adjacency
graph includes 74 as a subgraph, and it satisfies diversity if and only if 74 is a line. Note
that Dgp(7T4) C Du(T4,a,b), where the equality holds when the dual-thresholds a and
b form an edge in 74. In another extreme circumstance, when (a,b|74) = A, we have
Du(T4,a,b) =P.

DEFINITION 3 A domain D is called a single-peaked domain if there exists a tree T4
such that D C Dgp(T4), and G2 is a connected graph. A domain D is called a hybrid
domain if the following three conditions are satisfied:

(i) there exist a tree T and dual-thresholds a,b € A such that D C Dy (T4, a,b), and G2
15 a connected graph,

(i) there exist no tree T4 and dual-thresholds d,l; € A such that D C ]DH('?A,&, 5) and
(a,b|Ty C {a,b|T4)1?, and

(iii) |(a,b|T*)| > 3.16

We call the interval {a,b|T*4) here the free zone. To highlight the tree T and the dual-
thresholds a and b, we further call D an (a,b)-hybrid domain on T*. In particular, D
is said to be non-degenerate if A~ # {a} or A= #£ {b}, and degenerate otherwise.

3.2 SEMI-SINGLE-PEAKED DOMAIN AND SEMI-HYBRID DOMAIN

Next, we weaken single-peakedness and hybridness to the notions of semi-single-peakedness
and semi-hybridness respectively.

We fix an alternative Z in a tree 74, and call it a threshold in establishing a semi-single-
peaked preference. In a semi-single-peaked preference, the full force of single-peakedness
only prevails on the relative rankings of alternatives located in the interval between the
preference peak and the threshold z, while an alternative elsewhere is only required to be
ranked below its projection on the interval between the preference peak and the threshold
z (e.g., recall Figure 1(d)).

5The notation (@, b 7A'A> C (a,b|T*) here only concerns the inclusion relation between the two subsets of
alternatives, not the inclusion relation between the two graphs of intervals.

16We impose |<a, b|7'A>| > 3 to avoid the case that a hybrid domain reduces to a single-peaked domain.
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DEFINITION 4 (Chatterji, Sanver, and Sen (2013)) Fizing a tree T4 and a threshold T €
A, a preference P; is semi-single-peaked on T4 w.r.t. T if it satisfies the following two
conditions:

(i) for all distinct a,b € (ri(F;),z|T*), [a € (ri(F;),b|T*)] = [a P, b], and
(ii) for all a ¢ (ri(P;),z|T*), [Proj (a, (r(P),z|T*)) = d'] = [d' P, dl.

Let Dsgp (T4, %) denote the semi-single-peaked domain of all semi-single-peaked pref-
erences on T4 w.r.t. Z.

The semi-single-peaked domain Dgsp(7*, ) is path-connected as its adjacency graph
coincides with T4, and it satisfies diversity if and only if [N4(Z)| < 2 (see Clarification 1 in
Appendix G). Moreover, it is clear that Dgp(7%) = NzeaDssp (T4, 7).

To establish a semi-hybrid preference, we fix dual-thresholds a and b in a tree T4. A
semi-hybrid preference, whose preference peak is located in the subtree TA(Hb, is semi-single-
peaked on 74 w.r.t. a, and in addition ranks b above all other alternatives of A*~% (e.g.,
recall Figure 1(e)). Analogous conditions are imposed on a semi-hybrid preference with the
peak located in TA™ Otherwise, the preference peak is located between a and b, and then
a and b are required to be top-ranked within A%~ and A"~ respectively (e.g., recall Figure
1(f)). Thus, a semi-hybrid preference is significantly more permissive than its counterpart
hybrid preference which follows the full restriction of single-peakedness on both subtrees

a—b b—a
TA7 and T4 .

DEFINITION 5 Fizing a tree T4 and dual-thresholds a,b € A, a preference P; is (a,b)-
semi-hybrid on T4 if it satisfies the following three conditions:

. N P; 1s semi-single-peaked on ] A w.r.t. a and
) a—b
(1) [rl(PZ) €A \{CL}] = |:]”][]aXPi( 4béa) —b ’

P, is semi-single-peaked on T4 w.r.t. b and

(i) [r(F) € A=\{b}] = {maxpi(A“Ab) —a ]; e

(iii) [ri(P) € {(a,b|T*)] = [max(A*~?) = a and max(A*~) = b].

Let D (T4, a,b) denote the semi-hybrid domain of all (a,b)-semi-hybrid preferences on
TA.

The semi-hybrid domain Dgy (7, a, b) is a path-connected domain as its adjacency graph
includes 74 as a subgraph. More specifically, the adjacency graph of Dgy(7%,a,b) is a
combination of the adjacency subgraph wab, which coincides with the subtree TA‘Hb, the
adjacency subgraph over the set (a, b|T%), denoted G@bT)  which is a complete subgraph,
and the adjacency subgraph GA"™ which coincides with the subtree 74" (see Clarification
2 in Appendix G). The semi-hybrid domain Dgy (7%, a,b) satisfies diversity if and only if
we have [A*? £ {a}] = [a € Leaf(T4"™")] and [A"™® £ {b}] = [b € Leaf(TA"™")] (sece
Clarification 2 in Appendix G). Note that when |(a,b|7T*)| = 2, we have Dgu (7, a,b) =
Dssp(T4,a) N Dssp(T4,b), and when (a,b|T4) = A, all three conditions in Definition 5

11
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Table 1: Domain Dy

become ineffective and impose no restriction on the preference, and consequently the semi-
hybrid domain expands to the universal domain, i.e., Dsy(7%,a,b) = P.17 Moreover, it is
obvious that Dy (74, a,b) C Dsu (T4, a,b), where the equality holds if and only if [A*~°] < 2
and |A*9| < 2.

DEFINITION 6 A domain D is called a semi-single-peaked domain if there exist a tree
T4 and a threshold T € A such that D C Dsgp(T4,2), and G2 is a connected graph. A
domain D is called a semi-hybrid domain if the following three conditions are satisfied:

(i) there exist a tree T4 and dual-thresholds a,b € A such that D C Dgu(T*,a,b), and
G2 is a connected graph,'®

(i) there exist no tree T4 and dual-thresholds a,b € A such that D C Dey(T4,a,b) and
(@,b|T*) C (a,b|T*)," and

(iii) if G2 is a tree, then for each x € Leaf(GS"bVA)), there exists a preference P; € D such
that P; is not semi-single-peaked on G2 w.r.t. z.?°

We call the interval {a,b|T*4) here the free zone. To highlight the tree T4 and the dual-
thresholds a and b, we further call D an (a,b)-semi-hybrid domain on T2. In par-
ticular, D is said to be non-degenerate if A~ # {a} or A*™* # {b}, and degenerate
otherwise.

We provide an example to illustrate a semi-hybrid domain.

EXAMPLE 1 Let A = {aq,as,as, a4, as,ag}. We specify a domain Iy of 12 preferences in
Table 1 that are all (asg, as)-semi-hybrid on the line £4. The line £#, interval (as, as|L4),
adjacency graph G4 and adjacency subgraph G<N“2"Z5|£A> are all specified in Figure 3, respec-
tively. One can immediately notice the difference between the interval (a,,as|£*) and the
adjacency subgraph Glozaslth) ip Figure 3.

17This indicates that not all the semi-hybrid domains are non-dictatorial domains.

18This condition implies that the adjacency graph G2 is a combination of Gfaéb that coincides with the
subtree TAaAb, the connected adjacency subgraph GL‘I’HTA) that may be different from the interval (a, b|74)
in 74 (see Example 1), and GA"™" that coincides with the subtree 74" .

Note that any arbitrary domain is contained in Dsg (L4, ay,a,,). Condition (ii) is not content with
information delivered by (ay, a,,)-semi-hybridness on £4, but seeks to push the middle interval to its minimal
form to reveal the key preference restrictions via the notion of semi-hybridness, which in return guides the
design of strategy-proof rules.

20Note that if G2 is a tree, condition (i) implies that the subgraph GL“’HTA) is also a tree. This condition
implies |{a,b|T*)| > 3. More importantly, it in conjunction with condition (ii) ensures that a semi-hybrid
domain satisfying diversity is never a semi-single-peaked domain (see Lemma 12 in Appendix B).
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Figure 3: Line, interval, adjacency graph and adjacency subgraph

Domain D, is a path-connected domain as indicated by the adjacency graph G4 of Figure
3, and satisfies diversity according to the preferences P, and Py, in Table 1. Next, we check
whether D is an (asg, as)-semi-hybrid domain on £4. Clearly, condition (i) of Definition
5 is satisfied: D; C Dgy(LA, as,a5), and G2 is a connected graph. We next claim that
condition (ii) of Definition 5 holds. Suppose by contradiction that there exist a tree TA
and dual-thresholds @,b € A such that Dy C Dy (T4, a,b) and (a,b]T4) C (ay, as|£4). Let
Aa=b = {acA:ac (a, 8]7\"4>} and AP0 = {a€A:be a|T4) )}. According to the
connected graph G4 in Figure 3 and the contradictory hypothesis, we know that G (@.bI74)
must be a connected graph and strictly nested in Glazas|L?h) jp Figure 3. Then, one of the
following five cases must occur:

(1) & = ay, b = ay and G bIT) — = (ag, ay,az),*!
(2) & = a4, b = a5 and G abIT) = = (a3, aq, as),
(3) & = as, b= ay and G& ablT) = (ag,ay),

(4) & = ag, b= a5 and G& ablT) = (a4, as5), and
(5) @ = as, b = az and G BT) — = (a4, as).

In each case, note that a; € A%~%\{a}. Then, by (a,b)-semi-hybridness on 74, we know
that in each one of the first four cases, ay must be ranked above as in every preference with
the peak a;, which contradicts P, in Table 1, while in the fifth case, ay, must be ranked
above ag in every preference with the peak a;, which contradicts P, in Table 1. Last, we
notice that condition (iii) of Definition 5 is violated, since G2 is a tree, ay is a leaf of
G@Q’%'LA), and all preferences in Table 1 are semi-single-peaked on G4 w.r.t. ay. Note that
if we add a preference Pj3 = (a5 as as a; as ag), which is also (as, as)-semi-hybrid on £4, the
new domain Dy = Dy U {Py3} satisfies condition (iii) of Definition 5, and hence becomes an
(ag, as)-semi-hybrid domain on £4.22 O

3.3 PROJECTION RULE AND HYBRID RULE

In this section, we introduce two specific tops-only rules that are related to our investigation.

The first tops-only rule is called the projection rule. Given a tree 74, we fix an alternative
T € A. Taking an arbitrary preference profile P as an example, we first identify the minimal
subtree 7T() that covers all preference peaks. Then, the projection of Z on 7T is selected
by the projection rule as the social outcome.

21The case & = aq, b= as and G (@d|T4) — = (ag, a4, as) is symmetric, and therefore is omitted.

22The adjacency graph of Dy is also the tree G2 in Figure 3. Conditions (i) and (11) of Definition 5 continue
to hold for domain Dy, while condition (iii) becomes valid, i.e., given Leaf(G!{%2: as|£%) ) ={az,as,as}, P13 is
not semi-single-peaked on G4 wrt. ag, and P; is not semi- single-peaked on GA w.r.t. ag or as.
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DEFINITION 7 An SCF f : D" — A is a projection rule if there exist a tree T4 and an
alternative x € A such that for all P € D",

f(P) = Proj(z, T').

To highlight the tree T4 and the alternative T, we further call f the projection rule on
T4 w.rt. 7.

By the sufficiency part of the Theorem of Chatterji et al. (2013), we know that given a tree
T4 and a threshold 7 € A, the semi-single-peaked domain Dsgp (7%, Z) admits the projection
rule on 74 w.r.t. Z as an anonymous, tops-only and strategy-proof rule. Furthermore,
Corollary 1 of Bonifacio and Massé (2020) implies that when an additional condition is
imposed on the location of the threshold, that is, Z is never a neighbor to a leaf of T4, i.e.,
NA(Z)NLeaf(T*) = 0, the projection rule on 74 w.r.t. Z is the unique anonymous, tops-only
and strategy-proof SCF admitted by the semi-single-peaked domain Dggp (74, z).2

The second tops-only rule is the hybrid rule, which can be viewed as a variant of the
projection rule. Given a tree 74, we fix some dual-thresholds a,b € A. Moreover, a
particular voter ¢ € N is fixed in advance. Taking an arbitrary preference profile P as an
example, the hybrid rule first detects whether voter i’s preference peak ri(P;) is located
in the interval (a,b|T%), or the subtree TA™" or the subtree T4"~". Then, in the first
case, r1(P;) is selected by the hybrid rule as the social outcome, while in the second case
(respectively, the third case), the social outcome changes to the projection of a (respectively,
b) on the minimal subtree 7).

DEFINITION 8 An SCF f : D" — A is a hybrid rule if there exist a tree T4, dual-
thresholds a,b € A with |(a,b|T4)| > 3, and a voter i € N such that for all P € D",

Tl(Pi) lle(PZ) - (a,b|TA>,
f(P) =2 Proj(a, T"®) if ri(P) € A*~"\{a}, and
Proj (b, TF'P)) if r(P;) € Ab=\{b}.

To highlight the tree T4 and the dual-thresholds a and b, we further call f an (a,b)-hybrid
rule on T4,

It is easy to show that given a tree 74 and dual-thresholds a,b € A, an (a,b)-hybrid
rule on 74 is a tops-only and strategy-proof rule on a domain D C Dgu(74,a,b) (see
Clarification 3 in Appendix G).?* Clearly, an (a,b)-hybrid rule on a tree 74 behaves like
a dictatorship on the interval (a,b|T%), and it becomes a dictatorship when the interval
{a,b|T4) expands to the whole alternative set. Therefore, an (a,b)-hybrid rule on 74 is
never anonymous. Moreover, note that the two peaks of the completely reversed preferences,
by the restriction of (a, b)-semi-hybridness on a tree 74, can never be both in A%~ (or both
in A*~%). Consequently, a two-voter (a,b)-hybrid rule on 74 must choose distinct social
outcomes at the two profiles where the two voters are endowed with the two completely
reversed preferences, and hence violates invariance.

ZFurther investigation on projection rules can be found in Thomson (1993) and Vohra (1999).
24Proposition 3 of Chatterji and Zeng (2020) characterizes all tops-only and strategy-proof rules on the
semi-hybrid domain Dsg (74, a,b), given |49~ # 2 and |AP—?| #£ 2.
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4 RESULTS

4.1 NON-DICTATORIAL UNIDIMENSIONAL DOMAINS

In this section, we provide a complete characterization of non-dictatorial domains. We first
introduce some notation and an additional richness condition.

Fix a domain D. Given a € A, let S(D*) = {b € A : b = ry(P,) for some P, € D*}
collect all alternatives that are second ranked in the preferences of D®. Given a leaf of the
adjacency graph G4, say z € Leaf(G4), it is evident that |S(D®)| > 1. More specifically,

A

we know that either S(ID*) is a singleton set of x’s unique neighbor in GZ, which implies
|S(D*)| = 1, or §(D*) contains some alternative other than the unique neighbor of x, which
implies |S(D*)| > 1. We then introduce a technical richness condition called leaf symmetry
to handle each leaf in the second case. Formally, domain I is said to satisfy leaf symmetry
if for each x € Leaf(G4) with |S(D®)| > 1, there exists 2 € S(D?) such that z ¢ N4(z)
and z € S(D?).>® Henceforth, we call a domain a unidimensional domain if it satisfies

path-connectedness, diversity and leaf symmetry.

REMARK 1 A single-peaked domain satisfies leaf symmetry vacuously.?® A hybrid/semi-
hybrid domain satisfies leaf symmetry vacuously if its adjacency subgraph on the free zone
has no leaf.?” A semi-single-peaked domain D C Dggp (T4, Z) satisfies leaf symmetry if and
only if either Z ¢ Leaf(T4), or z € Leaf(7T*) and D C Dgep(T4,Z) N Dssp(T4, z) where
NA(z) = {z} (see Clarification 4 in Appendix G).

REMARK 2 Many preference domains studied in the literature are unidimensional domains,
e.g., the universal domain, some linked domains of Aswal et al. (2003)?%, the single-peaked

BIf Leaf(GA) = 0, or Leaf(G2) # 0 and |S(D?)| = 1 for all # € Leaf(G4), domain D satisfies leaf
symmetry vacuously. Under leaf symmetry, given = € Leaf(G2), N4(x) = {y} and |S(D*)| > 1, we have
some z € A\{z,y} and P;, P/ € D such that r1(P;) = ro(P;) = x and r(P]) = r2(P;) = z. This indicates
that z and z form an edge analogous to, but weaker than the edge of adjacency. Furthermore, by path-
connectedness, we have a path (z1,...,2,) in G2 connecting = and z. Since N2(z) = {y}, it must be the
case that y = xo. Thus, by combining the path (z1,...,z,) and the “weaker edge” between z and z, we
formulate a cycle, which, analogous to a circular domain of Sato (2010), ensures that all strategy-proof rules
behave like dictatorships on the set {z,y, 2} (see Lemma 3 in Appendix A).

26Given a single-peaked domain D C Dgp(T#), since GA = T4, the restriction of single-peakedness
implies |S(D*)| = 1 for all x € Leaf(G%).

?Given an (a, b)-hybrid/semi-hybrid domain I on a tree T4, let Leaf(G4) # () and Leaf(G@’b”—A)) =0.
Clearly, A # (a,b|T#). Thus, we have one of the following three cases: (i) A~ # {a} and A*~® =
{b} which imply Leaf(G4) = Leaf(T4)\{b}, (i) A%~ = {a} and A*~® # {b} which imply Leaf(G4) =
Leaf(T4)\{a}, or (iii) A%~ # {a} and A*~% # {b} which imply Leaf(GZ) = Leaf(T#). Then, by the
restriction of (a,b)-hybridness/semi-hybridness on 74, we have |S(D®)| = 1 for all # € Leaf(G2). In
Example 3 behind, we provide an example of a semi-hybrid domain that violates leaf symmetry.

28 Aswal et al. (2003) introduced a notion between two alternatives, which we call weak adjacency. For-
mally, two alternatives a and b are said weakly adjacent, denoted a ~ b, if there exist P;, P/ € D such that
r1(P;) = r2(P]) = a and r1(P]) = ro(P;) = b. It is clear that weak adjacency is significantly less demanding
than the notion of adjacency. Accordingly, a domain DD is said weakly path-connected, if the weak adjacency
graph G4 = (A, £4), where two alternatives formulate an edge if and only if they are weakly adjacent, is
a connected graph. It is clear that G2 C GZ4. Aswal et al. (2003) showed that a linked domain, i.e., all
alternatives are able to be relabeled as ay, ..., a,, such that a; = ay and for each k € {3,...,m}, a = as
and ay » a; for some distinct s,¢t € {1,...,k — 1}, is a dictatorial domain. Indeed, the weak adjacency
graph of a linked domain is a connected graph, has no leaf, and contains at least 2m — 3 edges.
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domain of Black (1948) and Moulin (1980), the single-crossing domain of Saporiti (2009)
and the multiple single-peaked domains of Reffgen (2015). More generally, the class of
no-restoration domains of Sato (2013) that satisfies minimal richness and diversity are uni-
dimensional domains (implied by Theorem 1 of Chatterji et al. (2022)).%° The single-peaked
domain on a tree (not a line) of Demange (1982) satisfies path-connectedness and leaf sym-
metry, but is excluded by the class of unidimensional domains due to the violation of di-
versity. The class of unidimensional domains also excludes multidimensional domains, like
the (inclusion/exclusion) separable domain of Barbera et al. (1991), the multidimensional
single-peaked domain of Barbera et al. (1993), the separable domain of Le Breton and Sen
(1999) and the top-separable domain of Le Breton and Weymark (1999), as they all fail to
satisfy path-connectedness.?

Aswal et al. (2003) introduced the unique seconds property on a domain D, which says
that there exists © € A such that |S(D*)| = 1, and showed that it is sufficient for D to be a
non-dictatorial domain (also see the inseparable top-pair property of Kalai and Ritz (1980)).
The Auxiliary Proposition shows that the unique seconds property is also necessary, provided
that path-connectedness and leaf symmetry hold. The proof is contained in Appendix A.

AvuxiLiary PropositioN Let a domain D satisfy path-connectedness and leaf symmetry. Then,
D is a non-dictatorial domain if and only if it satisfies the unique seconds property.

Under the unique seconds property of a domain D, say S(D*) = {y}, we can construct
the following non-dictatorial, strategy-proof rule that is loosely speaking called an “almost
dictatorship” (it follows a dictatorship almost everywhere and avoids dictatorship at few
particular preference profiles): fixing two distinct voters 7,5 € N, for all P € D", let

r1(F;) if r(P;) # x, and

max’i ({z,y}) otherwise.

)=

The unique seconds property only addresses a preference restriction that is locally embedded
in a domain - it only concerns one common second best alternative in preferences with
one common peak, and hence cannot be further utilized for the social planner’s task of
designing meaningful non-dictatorial, strategy-proof rules beyond almost dictatorships. In

29No-restoration is not only concerned with the richness of a domain, but also ensures that all preferences in
a domain are well organized: given two preferences and two alternatives, one given preference is transformed
to the other via a sequence of preferences in the domain that switches two contiguously ranked alternative
across each pair of consecutive preferences, and moreover the relative ranking of the two given alternatives
is switched at most once. Chatterji et al. (2022) show that a domain satisfying minimal richness, no-
restoration and diversity is either a single-peaked domain on £4, or a hybrid domain £4 such that the
adjacency subgraph on the free zone has no leaf. Path-connectedness significantly weakens no-restoration,
so as to accommodate more permissive preference restrictions that are the main concern of this paper.

39More specifically, the notion of adjacency is not applicable on each one of these multidimensional do-
mains, since no two alternatives are adjacent. We intensionally adopt the notion of adjacency to introduce
the terminology “unidimensionality” so as to exclude these multidimensional domains from our analysis. In
fact, the notion of weak adjacency is applicable on these multidimensional domains. However, weak adja-
cency is too flexible for us to explore our analysis in trackable way. For instance, give a domain D, if the
adjacency graph G4 is a connected graph and has no leaf, then it is a dictatorial domain (see Observation
1 in Appendix A). However, this important result fails if we replace G4 by G2, since each one of these
multidimensional domain has a no-leaf connected weak adjacency graph and is a non-dictatorial domain.
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Table 2: Domain Dy

order to explore the scope of designing non-dictatorial, strategy-proof rules on non-dictatorial
domains, we go beyond the unique seconds property, and uncover more information on
preference restrictions that are globally obeyed by the rankings of all alternatives in all
preferences in a domain, like single-peakedness/semi-single-peakedness and hybridness/semi-
hybridness introduced in Section 3.

REMARK 3 All single-peaked domains, semi-single-peaked domains, non-degenerate hybrid
domains and non-degenerate semi-hybrid domains satisfy the unique seconds property, and
therefore are non-dictatorial domains. Indeed, a degenerate hybrid/semi-hybrid domain
sometimes violates the unique second property, e.g., the adjacency graph has no leaf, and
hence by the Auxiliary Proposition, is a dictatorial domain; when it satisfies the unique
seconds property (see the example provided in Clarification 5 of Appendix G), it is a non-
dictatorial domain.

REMARK 4 Roy and Storcken (2019) provide three other domain richness conditions, and
show that the unique seconds property is necessary and sufficient for non-dictatorial domains.
Path-connectedness strengthens their first condition, and is more transparent and easier to
verify than their third condition, while leaf symmetry significantly weakens their second
condition as it only concerns the leaves of the adjacency graph. This weakening is meaningful
and critical to our analysis because it accommodates semi-single-peaked domains which
however are ruled out by their second condition. See the detailed explanation in Clarification
6 of Appendix G.

We conclude this section by addressing the indispensability of the two richness conditions
in establishing the Auxiliary Proposition. First, all multidimensional domains mentioned
in Remark 2 are non-dictatorial domains, but are not covered by the Auxiliary Proposition
since they all fail to satisfy path-connectedness. We also provide another example to show
the indispensability of path-connectedness, which would provide a better understand on the
role played by path-connectedness in establishing the Auxiliary Proposition.

ExXAMPLE 2 Let A = {a,b,c,z,y,z}. We specify a domain Dy of 12 preferences in Table
2. Let B = {a,b,c}. One can easily observe that G* consists of two isolated triangles GZ
and GA\B. Therefore, Iy violates path-connectedness and satisfies leaf symmetry vacuously.
Next, we construct the following SCF: for all P;, P; € s,

max”(B) if r1(P;) € B, and
PP = ise.
f(B, P)) { r1(P;) otherwise.
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a b c

Figure 4: The star-shape tree 74

It is clear that f satisfies unanimity, and is non-dictatorial. The verification of strategy-
proofness is put in Clarification 7 of Appendix G. Note that the SCF f, supported by
the isolation of GZ and GA\E, accommodates two distinct dictatorships on B and A\B
respectively, i.e., voter ¢ dictates on B, while voter j dictates on A\B. This contrasts the
unified dictatorship established in Lemma 2 of Appendix A. O

Last, we provide a specific example to illustrate the indispensability of leaf symmetry.

EXAMPLE 3 Let A = {a,b,c,d} be allocated on a star-shape tree T4 of Figure 4. We
specify a domain D5 of 9 preferences in Table 3. It is easy to verify G4 = T4. Therefore,
D3 is a path-connected domain. We claim that D3 violates leaf symmetry. Suppose by
contradiction that D satisfies leaf symmetry. Given a € Leaf(G%), since S(D%) = {b,d}
and N4 (a) = {b}, by leaf symmetry, we must induce a contradiction: a € S(D?) = {b,c}.
Next, we construct the following SCF to illustrate that D3 is a non-dictatorial domain: for
all P, P; € Ds,

d if P, = P;and P; € DY, or P, € DY and P; = P,
F(P, P;) = a if P, = Py and P; € D§, or P, € D§ and P; = P,
) e if P, = Py and P; € D§, or P, € D§ and P; = Py, and

Proj (b, (r1(P,),r1(P;)|T#)) otherwise.

It is clear that f satisfies unanimity and anonymity, and violates the tops-only property. The
verification of strategy-proofness is put in Clarification 8 of Appendix G. Last, we observe
|S(D%)| > 2 for all # € A which suggests the violation of the unique seconds property. [

4.2 A CLASSIFICATION OF NON-DICTATORIAL, UNIDIMENSIONAL
DOMAINS

In this section, we establish a classification of non-dictatorial, unidimensional domains us-
ing the notions of semi-single-peakedness and semi-hybridness via the existence and non-
existence respectively of an invariant, tops-only and strategy-proof rule. The following is

the main result of the paper.
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Figure 5: A classification of non-dictatorial, unidimensional domains

THEOREM 1 Let D be a non-dictatorial, unidimensional domain. Then, the following two
statements hold:

(i) There exists an invariant, tops-only and strategy-proof rule, (a) if and only if D is a
semi-single-peaked domain, and (b) if and only if D admits a two-voter, strategy-proof
projection rule. Furthermore, every invariant, tops-only and strategy-proof rule is a
projection rule.

(ii) There exists no invariant, tops-only and strategy-proof rule if and only if D is a semi-
hybrid domain satisfying the unique seconds property. Furthermore, every two-voter,
tops-only and strategy-proof rule is a hybrid rule that behaves like a dictatorship on a
weak superset of the free zone.

The proof of Theorem 1 is contained in Appendix B.

REMARK 5 By Theorem 1 and its proof, we know that on a non-dictatorial, unidimensional
domain D, the set of all two-voter, tops-only and strategy-proof rules consists of a set of
projection rules which can be either an empty set or not, and a set of hybrid rules, which
at least includes a dictatorship (equivalently, the (ai,a,,)-hybrid rule on the line £4).3!
Therefore, by Statement (i) of Theorem 1, whether the domain D is a semi-single-peaked
domain completely depends on the existence of a two-voter, strategy-proof projection rule.
Furthermore, if domain D turns out to be an (a, b)-semi-hybrid domain on a tree 74, among
all two-voter, strategy-proof hybrid rules, by Statement (ii) of Theorem 1, the (a, b)-hybrid
rule on 74 is the most desirable one, as it minimizes the set of alternatives on which a
dictatorship inevitably prevails.

By Statement (ii) of Theorem 1, we know that once a unidimensional domain is revealed
to be a semi-hybrid domain, all two-voter, tops-only and strategy-proof rules behave like
dictatorships on the free zone. We then further show via a Ramification Theorem (see the
statement in Appendix C) that every tops-only and strategy-proof rule with an arbitrary
number of voters also behaves like a dictatorship on the free zone. This helps us strengthen
the classification provided in Theorem 1 which concentrates on two-voter rules and the axiom
of invariance, by showing in the following corollary that the same classification emerges when
we expand to n-voter rules and replace invariance by anonymity. This also suggests that for
the purpose of domain classification, there is no loss of generality in restricting attention to
the class of two-voter, strategy-proof rules.

31'Even if the domain D turns out to be a semi-single-peaked domain, the proof of Statement (ii) still
implies that every two-voter, tops-only and strategy-proof rule that violates invariance is a hybrid rule.
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COROLLARY 1 Let D be a non-dictatorial, unidimensional domain. Then, the following two
statements hold:

(i) There exists an anonymous, tops-only and strategy-proof rule, (a) if and only if D is a
semi-single-peaked domain, and (b) if and only if D admits a strategy-proof projection
rule.

(ii) There exists no anonymous, tops-only and strateqy-proof rule, if and only if D is a
semi-hybrid domain satisfying the unique seconds property. Furthermore, every tops-
only and strategy-proof rule behaves like a dictatorship on a weak superset of the free

Z0me.

The proof of Corollary 1 is contained in Appendix C.

REMARK 6 Theorem 1 and Corollary 1 refine the characterization of non-dictatorial domains
obtained in the Auxiliary Proposition by showing that all non-dictatorial, unidimensional
domains can be classified into one of the three variants illustrated in Figure 5. First, semi-
single-peaked domains are sorted out as the unique ones that admit an invariant /anonymous,
tops-only and strategy-proof rule (indeed, a strategy-proof projection rule), while every other
non-dictatorial, unidimensional domain is shown to be a semi-hybrid domain, which of course
is either non-degenerate or degenerate. Next, as the free zones of semi-hybrid domains ex-
pand towards the whole alternative set, semi-hybrid domains expand “closer to” dictatorial
domains since every tops-only and strategy-proof rule has to behave like a dictatorship on the
free zone and consequently gradually degenerates to a dictatorship. Furthermore, if a non-
dictatorial, unidimensional domain turns out to be a degenerate semi-hybrid domain (see the
example in Clarification 5 of Appendix G), since all tops-only and strategy-proof rules are
dictatorships, in order to meet the non-dictatorial-domain hypothesis, the Auxiliary Propo-
sition must mandate the imposition of the unique seconds property, and consequently the
corresponding admissible non-dictatorial, strategy-proof rule (recall the almost dictatorship
specified in Section 4.1) must violate the tops-only property.

REMARK 7 Chatterji et al. (2013) have shown that semi-single-peakedness on a path-connected
domain is implied by the existence of an anonymous, tops-only and strategy-proof rule with
an even number of voters. By mildly strengthening their richness condition, we obtain a
significantly sharper result: statement (i) of Corollary 1 dispenses with their requirement on
the number of voters, while statement (ii) describes the complementary configuration im-
plied by the non-existence of an anonymous, tops-only and strategy-proof rule. Last, note
that when the number of voters increases more than two in Corollary 1, the set of tops-only
and strategy-proof rules expands significantly beyond projection rules and hybrid rules char-
acterized in Theorem 1 under the two-voter condition. Indeed, the full characterization of
tops-only and strategy-proof rules in the case of more than two voters depends delicately on
the richness of a semi-single-peaked domain (see Theorem 1 of Bonifacio and Massé (2020))
and the richness of a semi-hybrid domain (see Proposition 3 of Chatterji and Zeng (2020))
respectively.
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4.3 NON-TOPS-ONLY RULES

We now introduce a rule that on a semi-single-peaked (respectively, semi-hybrid) domain can
extract non-peak information from some preference profiles while remaining strategy-proof,
and identify “critical spots” as configurations that allow such rules to arise. These critical
spots vanish if and only if the domain is refined to be single-peaked (respectively, hybrid).
We fix a tree T4, an edge (x, ) which separates 74 into two subtrees 74" and 74" *,
and two distinct voters 7,7 € N. The construction of a non-tops-only rule consists of three
steps. First, at each preference profile, the social outcome equals voter i’s most preferred
alternative if it belongs to AY~*. Next, if both voters i and 7 have their preference peaks
in A*Y the social outcome is the projection of x on the minimal subtree of the preference
profile. Last, when the two most preferred alternatives of voters ¢ and j lie respectively in
A*Y and AY~", the social outcome varies according to voter j’s preference over x and y.

DEFINITION 9 An SCF f: D" — A is a Possibly Non-Tops-only (or PNT) SCF on a
tree T4 w.r.t. an edge (x,y) if there exist distinct i,7 € N such that

Tl(Pi) if Tl(Pi) € Ayéa:’
f(P)= ¢ Proj(z,7"®) ifri(P) € A*~¥ and r{(P;) € A*™Y, and
max’i ({x,y}) ifri(P) € A"V and r1(P;) € AV™".

By construction, a PNT SCF is unanimous and will henceforth be referred to as a PNT
rule. A PNT rule defined on a minimally rich domain is by definition non-dictatorial.?
Moreover, the following fact pins down the necessary and sufficient condition for PNT rules
to be strategy-proof and non-tops-only. The proof is contained in Appendix D.

FACT 1 Fiz a minimally rich domain D, a tree T4 and an edge (x,y). For all n > 2, the
PNT rule f : D" — A on T4 w.r.t. (z,y) is strategy-proof if and only if the following two
conditions are satisfied: for all P; € D,

(i) if ri(P) € A*=Y, then P; is semi-single-peaked on T w.r.t. y, and
(ii) if ri(P;) € AY™®, then max’i(A®™Y) = x.
Moreover, f violates the tops-only property if and only if an additional condition is satisfied:

(iii) there exist P;, P! € D such that r(P;) = r(P)) € A", y P, x and x P! y.

Given a domain D and a tree T4, we call an edge (r,y) a critical spot in 74, if all
conditions (i), (ii) and (iii) of Fact 1 are satisfied. Proposition 1 below shows that the
existence of a critical spot is necessary and sufficient for distinguishing a semi-single-peaked
domain from a single-peaked domain (respectively distinguishing a semi-hybrid domain from
a hybrid domain), and therefore by Fact 1 supports a strategy-proof PNT rule that violates
the tops-only property. The proof is contained in Appendix E.

320ne can easily observe that the PNT rule generalizes the almost dictatorship specified in Section 4.1.
Indeed, given a line £4 = (z,y,...), where x is a leaf and y is the unique neighbor of x, the almost
dictatorship is a PNT rule on £4 w.r.t. the edge (z,y).
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Figure 6: A classification of non-dictatorial, tops-only, unidimensional domains

PROPOSITION 1 The following two statements hold:

(i) Given a semi-single-peaked domain D on a tree T4, we have D € Dsp(T4) if and only
if there exists a critical spot (z,y) in T4.

(ii) Given an (a,b)-semi-hybrid domain D on a tree T4, we have D € Dy (T4, a,b) if and
only if there exists a critical spot (x,y) in T4 such that either x,y € A*~*\{a} or
z,y € A\{b}.

4.4 A REFINEMENT OF THE CLASSIFICATION

Last, we further restrict the unidimensional domains in question to be tops-only domains,
where strategy-proof rules are endogenously completely determined by voters’ preference
peaks. Formally, a domain DD is a tops-only domain if every strategy-proof rule f : D" — A,
n > 2, satisfies the tops-only property.

Clearly, as non-tops-only and strategy-proof rules are ruled out, Fact 1 implies that no
critical spot is embedded in a tops-only domain. Therefore, by applying Proposition 1,
our classification result established in Section 4.2 restricted to tops-only domains is refined
in the following three ways: (i) degenerate semi-hybrid domains that exogenously satisfy
the unique seconds property are explicitly excluded from the classification as they admit
a non-tops-only and strategy-proof rule (recall Remark 6), (ii) non-degenerate semi-hybrid
domains are refined to non-degenerate hybrid domains on the line £4 (by statement (ii) of
Proposition 1 and diversity), and (iii) semi-single-peaked domains are refined to be single-
peaked on £4 (by statement (i) of Proposition 1 and diversity). We use Figure 6 to illustrate
the refined classification.

COROLLARY 2 Let D be a non-dictatorial, tops-only, unidimensional domain. Then, the
following two statements hold:

(i) There exists an anonymous and strategy-proof rule if and only if D is a single-peaked

domain on L.

(ii) There exists no anonymous and strategy-proof rule if and only if D is a non-degenerate
hybrid domain on LA.

The proof of Corollary 2 is contained in Appendix F.

REMARK 8 By Theorem 2 of Chatterji et al. (2022) and its proof, one can further decode
all strategy-proof rules on a non-dictatorial, tops-only, unidimensional domain D: when D
is a single-peaked domain on £4, an SCF is a strategy-proof rule if and only if it is a fized
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ballot rule (introduced in Proposition 3 of Moulin, 1980); when DD is a non-degenerate hybrid
domain on £4, an SCF is a strategy-proof rule if and only if it is a fixed ballot rule that in
addition behaves like a dictatorship on a weak superset of the free zone.

5 LITERATURE REVIEW AND FINAL REMARKS

5.1 A REVIEW OF THE LITERATURE

Following the seminal Gibbard-Satterthwaite Theorem, domain restrictions have received
much attention in the literature on strategic voting. One stream of the literature examines
the robustness of the Gibbard-Satterthwaite Theorem by showing that some sparse restricted
domains (see for instance, linked domains of Aswal et al. (2003), circular domains of Sato
(2010), FPT (Free Pair at the Top) domains of Chatterji and Sen (2011), and the 3 and
~ domains of Pramanik (2015)) are in fact dictatorial domains. These papers use richness
assumptions on the domain variously to construct connectedness relations between alterna-
tives, while the violation of these richness conditions appear, somewhat surprisingly, to lead
to the unique seconds property in the sense that if the unique seconds property holds, all
the aforementioned richness conditions that precipitate dictatorship are violated.®* Recently,
Roy and Storcken (2019) have shown the role of the unique seconds property in character-
izing non-dictatorial domains. The Auxiliary Proposition here is in the same vein but uses
different richness conditions (recall Remark 4). More importantly, our focus on the classifi-
cation of non-dictatorial domains uncovers more meaningful non-dictatorial, strategy-proof
rules - projection rules and hybrid rules, compared to the almost dictatorship associated
with the unique seconds property.

Another stream of the literature starts with a specific restricted domain that not only
helps escape the Gibbard-Satterthwaite impossibility, but also accommodates the design of
various well-behaved strategy-proof rules. Almost all such domains are variants of the notion
of single-peakedness. On the single-peaked domain, the seminal paper Moulin (1980) char-
acterized all anonymous, tops-only and strategy-proof rules as phantom voter rules, and all
tops-only and strategy-proof rules as fixed ballot rules. In the past four decades, several key
variants of single-peakedness have been developed, and non-dictatorial, strategy-proof rules
have been explored. Demange (1982) introduced single-peakedness on a tree and Schummer
and Vohra (2002) extended Moulin’s fixed ballot rules; Barbera et al. (1993) generalized
single-peakedness from a unidimensional underlying line to a multidimensional grid, and
discovered an important class of strategy-proof rules: multidimensional generalized median
voter rules; Nehring and Puppe (2007) adopted a ternary relation to generally address the
geometric relation among alternatives, invented the notion of generalized single-peakedness,*
and characterized all strategy-proof rules: voting by issues; and recently, Reffgen (2015) pro-
vided a transition from the single-peaked domain to the universal domain by taking unions of

33This assertion can be made more precise by observing that in the case |A| = 3, any domain other than
the universal domain satisfies the unique seconds property.

34Using the terminology of Nehring and Puppe (2007), the (inclusion/exclusion) separable domain of
Barbera et al. (1991), the multidimensional single-peaked domain of Barbera et al. (1993) and the separable
domain of Le Breton and Sen (1999) can be equivalently translated to generalized single-peaked domains
according to three analogous ternary relations respectively.
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multiple single-peaked domains that are constructed according to different underlying lines,
established the notion of a multiple single-peaked domain and characterized all strategy-
proof rules as a specific subset of fixed ballot rules which simultaneously preserve features
of a dictatorship and of a median voter rule. Two comprehensive survey papers, Sprumont
(1995) and Barbera (2011), provide more detailed discussions on the development of single-
peakedness restrictions and non-dictatorial, strategy-proof rules. All preference domains
considered in this literature are in fact tops-only domains. We depart from this literature
by considering non-tops-only rules; Proposition 1 identifies a critical spot that supports a
non-tops-only and strategy-proof rule.

A third stream of the literature poses the following natural “converse” question: is single-
peakedness a consequence of the existence of a well-behaved strategy-proof rule? Earlier
literature Barbera et al. (1993) showed that if a minimally rich domain admits the median
voter rule as a strategy-proof rule, the domain must be single-peaked. Instead of consid-
ering a specific rule, Chatterji et al. (2013) established that on a path-connected domain,
semi-single-peakedness, rather than single-peakedness, is necessary for the existence of an
anonymous, tops-only and strategy-proof rule, and Chatterji and Massé (2018) showed that
semilattice single-peakedness, a generalization of semi-single-peakedness, arises as a conse-
quence of the existence of an anonymous, tops-only and strategy-proof rule on a rich domain
(where the richness condition is formulated relative to the particular rule that is assumed
to exist). Recently, Barbera et al. (2020) provide an insightful survey that covers these and
other related issues. This literature too restricts attention to the class of strategy-proof
rules that in addition satisfy the tops-only property and anonymity, and is therefore silent
on domains that admit tops-only and strategy-proof rules that violate anonymity but remain
non-dictatorial. Our classification theorem essentially demonstrates that appropriate weak-
enings of single-peakedness® characterizes all non-dictatorial domains, and in particular
uncovers domains that allow the design of non-tops-only and non-anonymous rules.

Our refinement of the classification of non-dictatorial domains provided in Corollary 2
is also related to the literature on tops-only domains. In this literature, various restricted
domains have been shown to be tops-only domains (see for instance Barbera et al., 1991,
1993; Ching, 1997; Le Breton and Sen, 1999; Le Breton and Weymark, 1999; Nehring and
Puppe, 2007; Weymark, 2008; Reffgen, 2015). Chatterji and Sen (2011) provided two general
sufficient conditions for tops-only domains. Corollary 2, to our knowledge, is the first result
that characterizes necessary conditions for tops-only domains, and therefore reveals the
important role of the full single-peakedness requirement, imposed on either the whole line,

35Barbera and Moreno (2011) introduced another approach of weakening single-peakedness, called top-
monotonicity. We briefly introduce the definition of top-monotonicity using our model here. A preference
profile P is said to satisfy top-monotonicity if there exists a line LA such that for each i € N , say r1(P;) = a,
and for all distinct alternatives b,c € A where b = r1(P;) for some j € N\{i}, we have [b € (a, C|EA>] =
[b P; c]. Tt is clear that top-monotonicity allows some flexibility in the ranking of an alternative that is
never top-ranked at any preference in the profile, and hence weakens the single-peakedness restriction. The
restrictions of semi-single-peakedness and semi-hybridness investigated in our paper are independent. For
instance, one can construct a profile of semi-single-peaked preferences that fails to meet top-monotonicity.
The detailed example is available on request.
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36 In a

or both the left and right parts of the line, in establishing a tops-only domain.
model with single-peaked preferences on the real line that accommodates indifference rela-
tions, Barbera and Jackson (1994) established that a strategy-proof SCF that has a non-
connected range can violate the tops-only property, while Weymark (2011) showed that the
non-connected range is necessary for the violation of the tops-only property. The non-tops-
only and strategy-proof rules investigated in our paper are independent of this literature as
all strategy-proof rules studied here have a full range.

Lastly, we relate our approach to the literature characterizing Condorcet domains. Given
minimal richness and the presence of two completely reversed preferences, Puppe (2018)
showed that a “connected” domain (i.e., any two distinct preferences of the domain are
connected via a path of preferences in the domain where across each consecutive pair on the
path, exactly two contiguously ranked alternatives are switched) is a maximal Condorcet
domain if and only if it is single-peaked on a line. It is clear that a Condorcet domain is a
non-dictatorial domain as it supports majority voting as a strategy-proof rule. However, non-
dictatorial, strategy-proof rules can obtain in settings where the acyclicity of the majority
relation (that is ensured in a Condorcet domain) does not hold. Our classification theorem
indicates that expanding the search for strategy-proof rules to settings where the acyclicity
of the majority relation need not hold significantly enlarges the class of domains that admit
non-dictatorial, strategy-proof rules.

5.2 FINAL REMARKS

To conclude, this paper has introduced a methodology based on the analysis of two-voter
rules and a simple axiom (invariance) on unidimensional domains in the voting model, using
which we exhaustively classify all unidimensional, non-dictatorial domains as either semi-
single-peaked domains or semi-hybrid domains, which are respectively two weakenings of
single-peaked domains that complement each other. This expands the possibilities for de-
sign to models where the restriction of single-peakedness is too demanding (see for instance,
multidimensional voting under constraints and allocation of public goods on a transporta-
tion network). We provide some preliminary observations on multidimensional voting in
Appendix H, and leave its detailed exploration to future work. This methodology may also
be useful beyond the specific issue of classification of non-dictatorial domains that we stud-
ied here; for instance, within the voting model it could be used to explore the structure of
locally strategy-proof rules or ordinally Bayesian incentive compatible rules. It would be
particularly interesting to extend this methodology beyond the voting model to more general
setups that include private goods and/or monetary compensation.

36Though Corollary 2 is concerned with non-dictatorial domains, its proof can also be adopted to show that
a dictatorial, unidimensional domain, which of course is a tops-only domain, is an (ay, a,,)-hybrid domain
on the line £4. Conversely, Appendix E of Chatterji and Zeng (2020) shows that both single-peakedness
and hybridness in conjunction with an additional technical condition on the free zone called non-trivialness,
are sufficient for a unidimensional domain to be a tops-only domain.
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APPENDIX

A  PROOF OF THE AUXILIARY PROPOSITION

By Theorem 5.1 of Aswal et al. (2003), it is clear that if a domain satisfies the unique seconds
property, it is a non-dictatorial domain. We henceforth focus on showing that given a domain D
satisfying path-connectedness and leaf symmetry, if it is a non-dictatorial domain, it satisfies the
unique seconds property. We first provide 4 important independent lemmas (Lemmas 1 - 4). For
Lemmas 1 - 4, we fix N = {1, 2}, a path-connected domain D and a strategy-proof rule f : D* — A.
For ease of presentation, let ((x ) (y e )) denote a profile where voter 1 reports an arbitrary
preference with the peak x and voter 2 reports an arbitrary preference with the peak y. More
importantly, let f((z---),(y---)) = a denote “f(Py, ;) = a for all P, € D* and P, € DY.” For
notational convenience, given distinct z,y € A, let P, denote a preference in the domain such

that z is top-ranked and y is second ranked.

LEMMA 1 Given a path m = (1, ..., x,) in GA, the following statements hold:
(i) i f
(i) of f((z2---),(x1-)) =21, f((w ), (@) = foralll <k <K <w.

(iii) of f

(iv) if f((wom1--)s(zv-)) =0, f((xp ), (@) =ay forall 1 <K <k <w.

w1 ), (wze)) = o, f((we ), (@ ) =g for all L <k <K <,

xv---),(xv,l---)) =2, f((:vk),(:nk/)) =ay foralll <K <k<w, and

ProOOF: Note that the first two statements are symmetric, and the last two statements are
symmetric. Moreover, the third statement is analogous to the first one: given statement (i), after
relabeling the path 7 such that y, = x,41-x for all & € {1,...,v}, we modify the hypothesis
of statement (iii) to f((y1--+),(y2--)) = f((zy--+), (@v—1--+)) = Ty = y1, and then apply
statement (i) on the path (yi,...,¥,) to obtain f((yk ), (e - )) =y forall 1 <k <k <w,
which by the relabeling implies f((:vk o)y (g - )) =xy, for all 1 < k' < k <wv. Therefore, we in
the rest of the proof focus on the verification of the first statement.

Since 2o ~ x3, by Claims A and B of Sen (2001) and their proofs,®” we know that either
f((za--+),(w3-++)) = @2 or f((z2--+),(x3--+)) = a3 holds. Suppose f((z2---),(w3--+)) = z3.
Since z1 ~ my and x3 ~ 3, we have P""" P € D such that ri(P""") = rip(P"™"")
for all k& € {3,...,m}, and P,”>" P,">™ € D such that ri(Py>"®) = ri(Py,>"™) for all k €
{3,...,m}. Thus, f(P""", P,">"™) = x1 and f(P">"", P;"*"?) = x3. Then, by strategy-proofness,
F(P" Py™2) = x5 implies f(P"""2, P,"*™"?) = x3. Consequently, voter 2 will manipulate at
(P2 P23 via Py®™*2. Therefore, f((z2--+),(x3--+)) = x2. Applying the same argument
from z3 to @, step by step, we eventually have f((zg ), (zpp1--+)) = xg forallk € {1,...,v—1}.

Now, we show statement (i). We pick an arbitrary [ € {3,...,v} and provide an induction
hypothesis: f((:vk )y (g - )) =1z forall 1 < k < k' < I. To verify the induction hypoth-
esis, we show f((zg---),(2--+)) = ap for all k € {1,...,l}. Fix arbitrary P, € D". We first
know f((ack . --),Pz) = xy, for both k € {{ —1,1}. We next show f((xl,g . --),Pg) = x;_9. Since
T_9 ~ m_1, we have P,"'"V"72 P"=2"1 ¢ ) such that 7y (P 0"7?) = (P77 for all

37Claim A of Sen (2001) and its proof show that given a,b € A and P’ P> € D, we have f(P;, P,) €
{a,b} for all P, € D* and P, € D’. Claim B of Sen (2001) and its proof show that given a,b € A
and P*" PP" € D, if f(P1, P;) = a (vespectively, f(Py, Py) = b) for some P, € D* and P, € DY, then
f((a--+),(b--+)) = a (respectively, f((a--+),(b--+)) = b). Therefore, given a,b € A with a ~ b, either
f((@--),(b---))=aor f((a--+),(b--+)) = b holds.
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k € {3,...,m}. Since f(P"""""% Py)) = x_1, strategy-proofness implies f(P," "' P,) €
{mi1, mo}. If f(P"7"7", Py) = x_, strategy-proofness implies f(P" > (x1_1--)) =
)1, which contradicts the induced fact f((z;—2---), (z;—1+)) = 2. Hence, f(P,"">""" Py) =
x7_9. Then, strategy-proofness implies f((.l‘l_z ), Pg) = z;_5. Applying the same argument from
2;_9 to x1 step by step, we eventually have f((:rk <), Py) = xy, for all k € {1,...,1}. This com-
pletes the verification of the induction hypothesis, and hence proves the lemma. |

LEMMA 2 Given two subsets A, A C A with |A| > 1 and |A| > 1, let GA and GA be two connected
graphs. Given a pathm = (x1,...,x,) in GA, letx, € A and x, € A. If f behaves like a dictatorship
on A and A respectively, then f behaves like a dictatorship on AU T U A.

PROOF: We assume w.l.o.g. that voter 1 dictates on A4, i.e., f(P1, P2) = r1(Py) for all P,,P, €D
with 7"1(P1),7“1(P2) S A

CLAIM 1: Voter 1 also dictates on A, i.e., [ri(Py),r1(P2) € A] = [f(P1, P,) = r1(Py)].

We first consider the case AN A £(. Let z € AN A. Since Gé is a connected graph and
|A| > 1, there exists y € A such that y ~ z. Clearly, f((y),(x)) = y. Symmetrically,
according to Gé, there exists z € A such that z ~ z. Clearly, either y = z or y # z holds. If y = z,
we have f((z--+),(z---)) = 2z, which immediately implies that voter 1 dictates on A, since f is
assumed to behave like a dictatorship on A If y # z, we consider the path (y,z, z). By statement
(i) of Lemma 1, f((y---),(z--+)) =y implies f((z---),(z---)) = . Last, since f behaves like a
dictatorship on 121, we infer that voter 1 dictates on A.

Next, we assume A N A = (. Given x; € A and z, € fl, we can identify 1 < k < k' < v
such that 2 € A, 7y € A and z ¢ AUA for all | € {k+1,...,k — 1}. Since G‘E is a
connected graph and |A| > 1, there exists € A such that x ~ x;. Symmetrically, there exists
Yy € A such that y ~ xp. Thus, we have a path 7’ = (z,xg,...,2p,y). Since voter 1 dictates
on A, we have f((z---),(2zx---)) = z. Then, according to 7', statement (i) of Lemma 1 implies
f((a:k/ ) (y e )) = 23, Moreover, since f behaves like a dictatorship on A, we infer that voter
1 dictates on A. This completes the verification of the claim.

Cramm 2: Voter 1 dictates on m, i.e., [r1(P1),r1(P) € 7] = [f(P1, P2) = r1(P1)].

If 25 € A, we have f((xl ), (wg - )) = x1 by voter 1’s dictatorship on A. If x5 ¢ A, we iden-
tify @ € A such that zg ~ 21. Clearly, zo # x2. Thus, we have f((zo---),(z1--+)) = zo by voter
1’s dictatorship on A. Then, according to the path (zg,x1,2), statement (i) of Lemma 1 implies
f((@1--+),(x2+++)) = 21. Overall, f((z1---),(x2--+)) = z1. Then, according to m, statement (i)
of Lemma 1 implies f((zj---), (zp --+)) =z for all 1 <k <k < v. Symmetrically, by voter 1’s
dictatorship on A and statement (iii) of Lemma 1 on 7, we also induce f(@e-), () = 2
for all 1 < k' < k < w. This completes the verification of the claim.

Last, we show that voter 1 dictates on AU U A. We first show that voter 1 dictates on A U .
Given arbitrary preferences Pi, P, € D, let ri(P) =rx € AUrT and ri(P2) =y € AUx. Ifx =y,
unanimity implies f(Py, P,) = x = r1(P1). Next, assume x # y. Evidently, if z,y € A or z,y € 7,
we have f(Py, P;) = x by voter 1’s dictatorship on A and 7 respectively. Last, we consider two
cases: (i) z € A\m and y € 7\ A4, and (ii) € 7\ A4 and y € A\7r. The two cases are symmetric, and
we hence focus on the first one. In the first case, * € A\{z1} and y = x}, for some 1 < k < v. Since
Gé is a connected graph, we have a path (z1,...,7) in Gé connecting x and x;. Now, according
to the paths (z1,...,2) and (x1,...,23), since z; = x1, 21 = ¢ € A\7m and 2, = y € 7\A4, we
can identify 1 < s <l and 1 <t < k such that z; = z; and {21,...,2s—1} N {xtq1, ..., 21} = 0.
Then, the concatenated path # = (z1,...,2s = Zy,...,2x) connects x and y. First, we have
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f((z1+++),(22-++)) = 21 by voter 1’s dictatorship on A. Next, according to #, statement (i) of
Lemma 1 implies f((21 o)y (g - )) = 21, and hence, f(P;, P,) = z, as required. Therefore, voter
1 dictates on A U 7. Last, note that both Géuw and Gé are connected graphs, [A U 7] N A £ 0
and voter 1 dictates on AU and A respectively. By the same argument, we can infer that voter
1 dictates on [AUW]UA:AUTFUA. |

LEMMA 3 Given a path © = (x1,...,2,), v > 3, in G4 and two preferences P,"0™ P € D,
SCF f behaves like a dictatorship on .

PRrOOF: We first show that if f behaves like a dictatorship on {z1,x2}, it behaves like a dicta-
torship on 7. We assume w.l.o.g. that voter 1 dictates on {z1,x2}, i.e., f(P1, P) = r1(P1) for all
Py, Py € D with ri(Py),r1(P) € {x1,z2}. Thus, f((xl )y (zg - )) = z1. By Lemma 2, it suffices
to show that f behaves like a dictatorship on {z,_1,x,}. Since x,_1 ~ x,, one of the following
three cases occurs:

(1) f behaves like a dictatorship on {z,_1, zy},

@) f((@oer-)s (@o--)) = F((@p-+), @y ) = 20, and

B3) F(@oer-+)s (@o--)) = F((@o--), (o1 +)) = Ty

To complete the verification, we rule out the last two cases. By statement (i) of Lemma 1 on
the path 7, f((z1---),(z2--+)) = 1 implies f((zy—1---),(2y -+)) = zy_1, which rules out case
(2). Suppose that case (3) occurs. Since f((z2---),(z1-++)) = a2 and f((zy---), (Tp=1--+)) =

Ty—1 F Ty, searching on the path 7 from zy towards x,_1, we can identify 1 < k& < v such

that f((zg---), (@g—1--+)) = ap for all k € {2,...,k} and f((zf,q ), (@5 ) # @34 Thus,
by statement (iii) of Lemma 1 on the subpath (z1,...,23), f((z5 ), (z5_1 ) = =z im-
plies f((zg--+),(xw ) = @ for all 1 < k¥ < k < k. Meanwhile, since zj ~ wj,, and
F((@ppq ), (@) # @44, it is easy to show that f((zf,,---), (z5--+)) = x3. Consequently,
by statement (ii) of Lemma 1 on the subpath (zf,...,2v), f((z5q ), (@ -+)) = zj implies
f((g-++), (wg ) = xy for all k < s’ < s < v. Therefore, we have f(P"""" (zz---)) = af.
Consequently, since f((a:l),(:cg)) = z7 and 1 P"""" xp, voter 1 will manipulate at
(P, (w5 --+)) via some P; € D*'. Hence, case (3) is ruled out, as required.

Symmetrically, we can show that if f behaves like a dictatorship on {z,_1,z,}, it behaves like
a dictatorship on 7.

Last, to prove the lemma, we show that f behaves like a dictatorship on either {zj,z2} or

{xy—1,x,}. Suppose that it is not true.

CrLAIM 1: We have f((:vl),(:xg)) = f((zg),(:nl)) = x9 and f((:vv,y'-),(:nv'--)) =
Fl@o)y @or-++)) = Tp1.

Since 1 ~ x2 and the contradictory hypothesis rules out dictatorships on {z1, z2}, by strategy-
proofness, we have either f((z1--), (w2--)) = f((z2---),(x1--+)) =@y, 0r f((x1---), (x2-+)) =
f((ma--+),(w1-++)) = @2. Suppose f((w1--),(z2---)) = f((z2--+),(x1-++)) = 1. Thus, we
know f (P, (z2--+)) = x1. Moreover, by statement(ii) of Lemma 1 on 7, f((z2---), (z1--+)) =
zy implies f (P, (z2--+)) = 2. Consequently, voter 1 will manipulate at (P,"""!, (z2--+)) via
some P,""". Therefore, f((z1---),(z2--)) = f((z2-+),(z1-++)) = z2. Symmetrically, we can
show f((zy—1--+),(zv--+)) = f((@y-++), (@y—1-++)) = Ty—1. This proves the claim.

Now, by Claims A and B of Sen (2001), according to preference P;"*"** and P, we know
that either f((z1--+), (@) = a1 0r f((x1-++),(@y--+)) =y holds. To complete the proof, we
will induce a contradiction in each case. First, let f((a:l )y (g )) = x1. Since T, ~ Ty_1, We
have P, P;""~"™ € D such that rx(Py """ ™") = ri(Py ™) for all k € {3,...,m}. Thus,
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f(PV™ P™ 1) = x4, which by strategy-proofness implies f(P,""", P,""™""™) = x1. Fur-
thermore, by strategy-proofness, f(P;"™"", P,"""""") = zy implies f(P,""", Py ~""") € {1, 2y}
Since z, ~ xy_1, by Claim A of Sen (2001), we have f(P"""', P,"*"""") € {&y,xy—1}. There-
fore, (P, Py ="") € {x1, 20} N {@y, 20—1} = {x,}, which contradicts Claim 1, as required.
Last, let f((acl),(mv)) = m,. Since z1 ~ w3, we have P"V"* P/""" € D such that
ri(P"?) = r(P™) for all k € {3,...,m}. Thus, f(P""", P,"""") = x,, which by strategy-
proofness implies f(P"*"", P,""""') = x,. Furthermore, by strategy-proofness, f(P,"*"", P,"""") =
z, implies f(P">"" PS"™) € {x1,xy}. Since z1 ~ z2, by Claim A of Sen (2001), we have
[P Py € {x1,x9}. Therefore, f(P"™", Py™) € {x1,2,} N {x1,22} = {x1}, which
contradicts Claim 1, as required. This proves the lemma. |

OBSERVATION 1 According to Lemma 3, one would observe that given a cycle C = (x1,..., 2y, 1)
in GA

~)

ie, v >3, x1,...,x, are pairwise distinct, and z; ~ xp4q for all k € {1,...,v}, where
Typ1 = x1, each two-voter, strategy-proof rule f : D? — A must behave like a dictatorship on C.

LEMMA 4 Fizing a subset B C A with |B| > 3, let GB be a connected graph. Then, the following
two statements hold:

(i) if Leaf(GE) =0, then f behaves likes a dictatorship on B, and

(ii) given Leaf(GB) # 0, if f behaves like a dictatorship on {x,y} for all x € Leaf(GE) and
(x,y) € EB, then f behaves like a dictatorship on B.

PROOF: First, let Leaf(GZ) = (). Note that for each x € B, z is included in either a cycle or a
path that connects two distinct cycles. Therefore, by Observation 1 and Lemma 2, we infer that f
behaves like a dictatorship on B.

Next, let Leaf(GZ) # () and f behave like a dictatorship on {x,y} for all z € Leaf(GZ) and
(z,y) € £B. For notational convenience, let Leaf(GZ) = {x1,...,2;} and (zy,yx) € EZ for all
k€ {1,...,t}. Thus, f behaves like a dictatorship on {zy,yx} for all k € {1,...,t}. We consider
two cases: GB is not a tree and G is a tree.

In the first case, GZ must include a cycle C. Then, we can identify a subset B C B such that
GB is a connected graph, Leaf(GB) = () and [B c B C B] = [Leaf(GE) # 0]. Then, by statement
(i), f behaves like a dictatorship on B. For each 1 < k < t, since GB is a connected graph, there
exist z; € B and a path 7, = (21,...,2,_1,2,) in G2 that connects z; and x. Clearly, 2, 1 = yp.
Then, Lemma 2 implies that f behaves like a dictatorship on B U . Last, since GE in fact is
a combination of GE and paths 7y, ..., m, by repeatedly applying Lemma 2, we conclude that f
behaves like a dictatorship on B.

Last, we assume that G2 is a tree. Evidently, GZ has at least two leaves, i.e., t > 2. Note
that for any two distinct x,, x, € Leaf(GE), there exists a unique path m,, = (21, 22, .- ., 2y—1, 2v)
in GB connecting xp and x4. Clearly, 29 = y, and 2,1 = y, (it is possible that y, = y,). Then,
Lemma 2 implies that f behaves like a dictatorship on 7. Last, since G2 in fact is a combination
of all paths {m,,: 1 < p < g < t}, by repeatedly applying Lemma 2, we conclude that f behaves
like a dictatorship on B. |

Now, we are ready to show that if the domain ID satisfying path-connectedness and leaf symme-
try is non-dictatorial domain, then DD satisfies the unique seconds property. Suppose by contradic-
tion that D violates the unique seconds property. We show that D is a dictatorial domain. By the
ramification theorem of Aswal et al. (2003), it suffices to show that every two-voter, strategy-proof
rule is a dictatorship. Henceforth, we fix N = {1,2} and a strategy-proof rule f : D? — A.
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By statement (i) of Lemma 4, if Leaf(G4) = ), then f is a dictatorship. Last, we assume
Leaf(G4) # ). By statement (ii) of Lemma 4, it suffices to show that for each 2 € Leaf(G4), f
behaves like a dictatorship on x and its unique neighbor in GA. Fix arbitrary = € Leaf(G4), let
(z,y) € £4. we show that f behaves like a dictatorship on {z,y}. Clearly, y € S(D®) and the
violation of the unique seconds property implies |S(D?)| > 1. Then, by leaf symmetry, we have
z € S(D*)\{y} such that = € S(D?). Hence, we have P,"*, P>* € D. Since G4 is a connected
graph, there exists a path 7 = (z1,...,2,) connecting x and z. Consequently, Lemma 3 implies
that f behaves like a dictatorship on 7. Last, since z € Leaf(G4) and (z,y) € £4, it must be the
case that 9 = y. Therefore, f behaves like a dictatorship on {z,y}, as required. This proves the
Auxiliary Proposition.

B PROOF OF THEOREM 1

We first introduce two independent lemmas (Lemmas 5 and 6) which will be repeatedly applied in
the proof of both statements of Theorem 1.

For Lemmas 5 and 6, we fix N = {1,2} and a two-voter, tops-only and strategy-proof rule
f:D? — A. Since f satisfies the tops-only property, by abuse of notation f(a,b) will represent the
social outcome at a preference profile where voter 1 reports a preference with the peak a and voter
2 reports a preference with the peak b. Also, f(a,P,) represents the social outcome at a profile
where voter 1 reports a preference with the peak a and voter 2 reports preference Ps.

LEMMA 5 Fizing a path m = (z1,...,x,) in G2, the following statements hold:
(i) flxs,zt) € {xs,..., 2} and f(zg,x5) € {Ts,..., 2} foralll < s <t <o,

(ii) giveni € N, P, € D and x5 € 7, if f(Pi,zs) = x ¢ 7, then f(P,xx) = x for all k €
{1,...,v}, and

(iii) given i € N, P, € D and zs € 7, if f(P;,xs) = x5, then f(Pi,xp) € {xp,...,xs} for all
pe{l,....,s—1}, and f(P;,xq) € {xs,..., x4} forallge {s+1,...,v}.

ProoF: Fix 1 < s <t < v. Since x5 ~ Tst1, it is easy to show f(zs,xs41) € {Ts, Tsy1}-
Next, we pick an arbitrary integer [ € {s + 2,...,t}, and provide an induction hypothesis:
frs,zp) € {xs,...,xp} for all I’ € {s+1,...,1 —1}. We show f(xs,7;) € {xs,...,2;}. First,
the induction hypothesis implies f(xs,2;-1) € {xs,...,2;-1}. Next, since ;1 ~ x;, we have
PQ,PQ, € D such that Tl(Pg) = TQ(Pé) = 1, T‘l(PQI) = T‘Q(Pg) = x; and Tk(Pg) = Tk(Pé)
for all k € {3,...,m}. If f(zs,P2) = f(xs,x1—1) € {s,...,x1—2}, then strategy-proofness im-
plies f(xs,x;) = f(xs, Py) = f(xs, P2) € {xs,...,x1—2}. If f(xs, P2) = f(zs,1-1) = x;_1, then
strategy-proofness implies f(zs,x;) = f(xs, Py) € {xj—1,21}. Overall, f(zs,2;) € {2s,...,21}
This completes the verification of the induction hypothesis. Therefore, f(zs,x:) € {xs,..., 21}
Symmetrically, f(z¢, xs) € {xs,...,z:}. This completes the verification of statement (i).

Next, we show statement (ii). By symmetry, we assume w.l.o.g. that i = 1. Given 1 < k < v,
either 1 < k < sor s < k < wv holds. First, given s < k < v, we consider the path (zs,...,zy).
Since xs ~ xs41, we have Po, Py € D such that r(P2) = ro(P)) = x5, 11(Py) = ro(P2) = zs41
and ri(Py) = rp(Py) for all k € {3,...,m}. Since z ¢ {zs,x5+1}, strategy-proofness implies
f(Pr,zs11) = f(P1, Py) = f(P1, P2) = f(P1,25) = . According to the path (zs,...,zx) from x4
to xy, by repeatedly applying the same argument step by step, we eventually have f(Pj,xy) = x.
Symmetrically, if 1 < k < s, we also induce f(P;,zr) = z. This completes the verification of
statement (ii).
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Last, we prove statement (iii). By symmetry, we assume w.l.o.g. that i = 1. Given p €
{1,...,s — 1}, suppose f(P1,z,) = = ¢ {zp,...,zs}. Then, according to the path (z,,...,zs),
statement (ii) implies f(P;,zs) = = # x5 - a contradiction. Therefore, f(P,xp) € {xp, ..., xs}.
Similarly, f(P1,zq) € {s,...,24} for all ¢ € {s+1,...,v}. This completes the verification of
statement (iii). [ ]

LEMMA 6 Fizing a path m = (v1,...,3,), v > 3, in G4, let f(x1,2,) = 21, and f(xy, 1) = 7.
The following three statements hold: given zs,x; € T,

[ s ifk <s<F,
(i) [k<k]= |flxs,2t) = Tmed(s,t,k) ifs<k, and |,
Trned(s, £, F) if s > k.

4 ifk <t<k,
(i) [k>Fk] = |f(zsa) = Toned(s,t,F) LT < k, and |, and
Tmed(s, t, k) ift > k.

(iii) [E =k= k:*} = [f(xs,mt) = Tmed(s, ¢, k*) for all s,t € {1, ... ,v}].

PRrOOF: First, according to f(x1,z,) = xk, we establish the following claim.

CrAamM 1: We have f(xp,zp) =< x, ifk <k <K <w, and
zp, f1<k<k<k <w.

If £ = 1, the first part here follows immediately from unanimity. Next, we assume k > 1
and show the first part. According to statement (iv) of Lemma 1 on the subpath (z1,...,zy),
we know that if f(xp_1,25) = x, then we have f(ap,z1) = xp for all 1 < k < k' < k, as
required. Therefore, we focus on showing f(zy_1,25) = zg. Since xp_1 ~ zy, it is evident that
f(zg—1,2) € {xg—1,21}. Suppose by contradiction that f(zy_1,25) = xx—1. Then, according to
the subpath (z1,...,25_1), statement (iii) of Lemma 5 implies f(z1,2zx) € {z1,...,25—1}. How-
ever, f(z1,x,) = x implies f(z1, ) = z} by strategy-proofness - a contradiction. In conclusion,
we have f(xg,xp) =z for all 1 <k <k <k.

Symmetrically, according to the subpath (xg,...,z,) (no matter k = v or k < v holds), we can
show f(zg,xp) = xp for all k < k <k’ < wv, as required by the second part.

Last, we show the third part. Given 1 < k < k < k¥’ < v, according to the subpath (z1,...,zg),
by statement (ii) of Lemma 5, f(z1,2,) = ) implies f(zg,x,) = x. Furthermore, according to
the subpath (z/,...,2,), by statement (ii) of Lemma 5, f(z,x,) = xj, implies f(zy, zr) = xi, as
required by the third part. This completes the verification of the claim.

Symmetrically, according to f(z,, 1) = xz, we can establish the claim below.

xp if1<k<E <k,
Cramm 2: We have f(zp,2r) =< xp ifk <k <k <wv, and
Ty ifl<k<k<k <w.

Last, we combine the two claims to prove the lemma. Note that the verifications of the three
statements are symmetric. We focus on the verification of statement (i). Let & < k and fix an
arbitrary profile (x4, z).

First, let k < s < k. If s <t, we have k < s < t < v and f(zs,xt) = x5 by Claim 1. If ¢t < s,
we have 1 <t < s <k and f(zs,7;) = x5 by Claim 2.
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Second, let s < k. If t < s, wehave 1 <t < s <k <k and f(zs,2;) = 25 = Tmed(s,t,k) DY
Claim 2. If s <t <k, we have 1 <s <t <k and f(vs, %) = Tt = Tped(s,t,k) Py Claim 1. If k < ¢,
we have 1 <s < k <t <wvand f(zs,Tt) = Tk = Tmed(s,t, k) Py Claim 1.

Last, let s > k. If t <k, we have 1 <t <k < s <wand f(xs,2;) = 2 = Tined(s, £, F) by Claim
2. fk<t<s, wehave k <t < s <wand f(zs,2:) = 7t = T ned(s,.F) by Claim 2. If s < t, we
have k < k < s <t <wand f(zsx¢) = x5 = T ned(s,.F) by Claim 1. This proves statement (i). B

Now, we are ready to prove the two statements of Theorem 1.

Proof of Statement (i). Let D be a non-dictatorial, unidimensional domain. To prove Statement
(i), we show the equivalence of the following three sub-statements:

(1) there exists an invariant, tops-only and strategy-proof rule,
(2) domain D is a semi-single-peaked domain, and
(3) domain D admits a two-voter, strategy-proof projection rule.

We first show the direction: (2) = (3) = (1). By the proof of the sufficiency part of the
Theorem of Chatterji et al. (2013), we know that if D is a semi-single-peaked domain, it admits a
two-voter, strategy-proof projection rule, which of course is an invariant, tops-only and strategy-
proof rule. In the rest of the proof, we focus on showing (1) = (2). More specifically, we complete
the proof via the following three steps:

Step 1. We show that the existence of invariant, tops-only and strategy-proof rule implies that the
adjacency graph G4 is a tree (see Lemmas 7 and 8).

Step 2. Given an invariant, tops-only and strategy-proof rule f : D? — A admitted by D, we
characterize the SCF f to be a projection rule on the tree G4 w.r.t. the threshold which equals the
same social outcome at the two test profiles (Py, P2) and (P1, Py) (see Lemma 9). This of course
implies that every invariant, tops-only and strategy-proof rule defined on D is a projection rule.
Step 3. By adopting strategy-proofness of the projection rule f characterized in Step 2, we show
that D a semi-single-peaked domain (see Lemma 10). This proves (1) = (2).

LEMMA 7 Recall the two completely reversed preferences P; and P;, and their peaks m1(P;) = a1
and 1 (PZ) = a,,. There exists a unique path in GA connecting a1 and Q.

PROOF: Since G4 is a connected graph, there exists a path in G4 connecting a; and a,,. Suppose
by contradiction that there are two distinct paths m = (z1,...,2p) and @ = (y1,...,yq) in GA
connecting a; and a,,. Then, we can identify 1 < s <t <pand1 < s < t' < qwith either t—s > 1
ort'—s' > 1such that zs = yg, 2 = yp and {xsy1, ..., 2e—1 }O{Ys 11, .-, yp—1} = 0. Consequently,
we construct a cycle C = (xg,...,2¢ = Yp,...,Ys+1,Ysr = Ts). By Observation 1 in Appendix A,
every two-voter, strategy-proof rule behaves like a dictatorship on C. Fixing an arbitrary two-
voter, tops-only and strategy-proof rule g : D> — A, we assume w.l.o.g. that voter 1 dictates on
C, ie., g(P1,P) = ri(Py) for all P, P, € D with r(Py),r1(P) € C. Thus, g(zs,x;) = zs and

g(xt,xs) = 4. According to subpaths (zy,...,zp) and (zs,..., 1), by statements (ii) of Lemma
5, g(xs, ) = x5 implies g(xs,xp) = w4, and g(xy, xs) = x¢ implies g(z¢,z1) = x;. Furthermore,
according to subpaths (zs,...,z1) and (a4, ..., x,), by statements (iii) of Lemma 5, g(z, z,) = x
implies g(x1,zp) € {x1,..., 25} and g(x¢,x1) = x4 implies g(xp, 1) € {a¢,...,2,}. Consequently,

we have g(P, P2) = g(z1,7p) # g(xp,x1) = g(P1, Py), which implies that g violates invariance.
In conclusion, all two-voter, tops-only and strategy-proof rules violate invariance. This contradicts
the hypothesis that there exists an invariant, tops-only and strategy-proof rule, and hence proves
the lemma. |
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Let 7 = (z1,...,2p) be the unique path connecting a; and a,, in G2. Note that this path
may not include all alternatives of A (recall the adjacency graph G4 in Figure 3).

LEMMA 8 The graph G2 is a tree.

PROOF: Suppose not, i.e., there exists a cycle C = (b1,...,by,b1), v > 3. By Observation 1
in Appendix A, every two-voter, strategy-proof rule behaves like a dictatorship on C. Fixing an
arbitrary two-voter, tops-only and strategy-proof rule g : D?> — A, we assume w.l.o.g. that voter 1
dictates on C, i.e., g(P1, P») = r1(Py) for all P;, P, € D with r1(Py),r1(P) € C.

We know either CN7* =0 or CNw* # 0. If CNw* = 0, we can identify by € C, x, € 7 and
a path (y1,...,%.) in G4 connecting by and zj such that yp ¢ CUT* for all p € {2,...,u—1}
(see the first diagram of Figure 7). If C N 7* # ), we must identify a unique alternative of 7* that
is contained in C, say bs = xp € m (see the second diagram of Figure 7); for otherwise, we can
identify two distinct paths in G4 connecting a1 and a,,, which contradicts Lemma 7. Overall, we
have the cycle C = (b1,..., by, b1), the path 7* = (z1,...,2p) and the path (y1,...,¥,) which may
be a null path when by = z;. We consider three cases of xp on 7*: 1 <k <p,k=1and k =p. In
each case, we show that g violates invariance.

bt
C o D o

1 Lk Tp 1 Lk Tp

Figure 7: The relation between the cycle C and the path 7*

In the first case 1 < k < p, fixing by € C\{bs}, we have g(b;,bs) = by and g(bs,b;) = bs
by voter 1’s dictatorship on C. According to paths (bs = y1,...,Yu = Zg,...,x1) and (by =
Yis--,Yu = Tk,...,Tp), by statement (ii) of Lemma 5, g(bs,bs) = by implies g(by,z1) = be
and ¢(by,xp) = b;. Furthermore, according to paths (by,...,bs = y1,...,Yu = Tk,...,Tp) and
(bty...,bs = y1,... Yy = Tk,...,x1), by statement (iii) of Lemma 5, g(b;,z1) = b implies
g9(zp,x1) € {b,....,bs =Y1,. .., Yu = Tk, ..., Tp}, and g(b, xp) = by implies g(x1, xp) € {bt,...,bs =
Yl Yu = Tk, . .., 21}. Furthermore, according to 7*, statement (i) of Lemma 5 implies g(zp, z1) €
{z1,...,2p} and g(z1,2p) € {x1,...,2p}. Therefore, we have g(zp, 1) € {b,...,bs =y1,...,yu =
Thy o pr {1, .., 2} = {2k, ..., 2p} and g(x1,2p) € {b,...,bs = Y1, .., Yy = Tpy ..., x1} N
{z1,...,2p} = {z1,...,2%}. Thus, g(zp,x1) = 25 for some k € {k,...,p} and g(z1,7,) = 21
for some k € {1,...,k}. Now, given P, = P; and P, = P,, according to g(b;,x1) = b; and
g(P1,21) = g(zp, x1) = zg, and g(by, zp) = by and g(Py, x,) = g(z1,2p) = z, strategy-proofness
implies xz Py b, and xy, Py by. Consequently, by the fact that P1 and P, are complete reversals,
it must be the case that z # ). Therefore, g(Py, P2) = g(z1,zp) # g(zp, z1) = g(P1, P5), which
indicates that g violates invariance. This completes the verification of the first case.

The second and third cases are symmetric. We focus on the verification of the second case k = 1.
Fixing by € C\{bs}, we have g(b;,bs) = b;. According to the path (bs = y1,..., 94 = Z1,...,2p),
by statement (ii) of Lemma 5, g(b¢, bs) = b; implies g(bs, 1) = by and g(bs, zp) = by. Furthermore,
according to the path (b,...,bs = y1,...,y, = 1), by statement (iii) of Lemma 5, g(b;, z)) = bt

*

implies g(z1,2p) € {bt,...,bs = y1,...,yu = z1}. Meanwhile, according to 7*, statement (i)
of Lemma 5 implies g(x1,z,) € {x1,...,2,}. Hence, it must be the case that g(z1,z,) = 1.
Similarly, according to 7*, statement (i) of Lemma 5 implies g(zp, z1) € {z1,...,zp}. Thus, given
Py = P;, we have g(P1,71) = g(zp,71) = z, for some q € {1,...,p}. Consequently, according to
g(bt,x1) = by and g(P1,x1) = 24, strategy-proofness implies ¥, Py by, which further implies that
T4 is never bottom-ranked in P;. Since P; and P, are complete reversals and r1(P;) = a1 = z1,
r1 must be the bottom-ranked alternative in P;. Therefore, g(P;, P3) = g(x1,2p) = 21 # x¢ =
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g(xp,z1) = g(P1, Py), which indicates that g violates invariance. This completes the verification
of the second case.

In conclusion, all two-voter, tops-only and strategy-proof rules violate invariance. This contra-
dicts the hypothesis that there exists an invariant, tops-only and strategy-proof rule. This proves
the lemma, and completes the verification in Step 1. |

Now, we start the proof in Step 2. We fix an arbitrary invariant, tops-only and strategy-proof
rule f : D* — A. According to the unique path 7* = (z1,...,7p) in the tree G4 connecting a;
and a,,, by the tops-only property, invariance and statement (i) of Lemma 5, we know f(z1,z,) =
f(Py,P2) = f(P1,Py) = f(xp,x1) = x5, for some k € {1,...,p}.

LEMMA 9 SCF f is a projection rule on the tree G4 w.r.t. xf, i.e., f(y,z) = Proj (m,;, <y,z|Gf))
for ally,z € A.

PRrROOF: The proof consists of the following three claims.
CrAM 1: Given y € A, we have f(y,z;) = f(zf,v) = 2.

Recall the unique path 7* = (z1,...,2,) connecting a; and ap, in GA. There are two cases:
yentandy ¢ n*. If y € 7*, then y = zy, for some k € {1,...,p}, and we hence have f(y,z;) =
f(i'k, xl}) = Proj (33];,, <xk7l7c‘Gé>) = zj, and f(xfw y) = f(xE7mk) = Proj (xfw <xE7 xk’G£>) = Tk-

Henceforth, we assume y ¢ 7*. We focus on showing f(y,xj;) = zz. By a symmetric proof, one
would immediately conclude f(zz,y) = z3. Let (27,y|G2) = (21,...,2,) be the path connecting
x;, and y in the tree G4, We first show f(z9,21) = 2. If 20 € 7%, then 2o = x, for some
k€ {1,...,p} and hence we have f(z2,21) = f(x,z}) = Proj (zz, (xk, 2;|GL)) = zj, = 2. Next,
let zo ¢ 7*. Since z1 ~ z9, it is evident that f(z2,21) € {z1,22}. Suppose by contradiction that
f(z2,21) = 2. We have three cases: k = 1, k = pand 1 < k < p. In each case, we show
f(z2,21) = 22 and f(z2,2p) = 2z2. Note that the first two cases are symmetric, and we hence omit
the verification in the second case. In the first case k = 1, the contradictory hypothesis immediately
implies f(z2,21) = f(22,21) = 2z2. Furthermore, according to the path (21 = zz,...,2,), by
statement (i) of Lemma 5, f(22,21) = 29 implies f(22,7,) = 2. In the third case 1 < k < p,
according to paths (21 = xj,...,21) and (21 = zf,...,xp), statement (i) of Lemma 5 implies
f(z2,21) = 22 and f(22,2p) = 22. Overall, we have f(22,21) = 22 and f(22,2p) = 22. Given
Py = P; and P, = P;, we have f(P1,21) = f(zp,71) = 23 = 21 and f(Py,zp) = f(21,2p) =
xr = 21. Then, strategy-proofness implies z; P; z2 (according to (Pi,71) and (z2,71)) and
z1 Py 29 (according to (Py,zp,) and (22,2,)). This contradicts the fact that Py and P; are
complete reversals. Therefore, f(z2,21) = z1. Then, according to the path (zo,...,2,), statement
(ii) of Lemma 5 implies f(y,z;) = f(zy,21) = 21 = 2. This proves the claim.

Henceforth, we fix arbitrary y, 2z € A and let (y,2|GA) = (y1,...,y.). There are three cases:
(1) Proj (2, (y, 2|G2)) =y, (2) Proj (zj, (y, 2|G2)) = z and (3) Proj (zy, (y, 2|G2)) = y; for some
1 <1 < u. In each case, we show f(y,2) = Proj (zz, (y, 2|G2)). Note that the first two cases are
symmetric, and we hence omit the verification in case (2).

CLAM 2: In case (1), f(y,2) =y = Proj (zz, (y, 2|G2)).

If y = xz, this claim follows from Claim 1. Next, assume y # xj. Let (bi,...,b,) denote the
path in G2 connecting y and xg. Since Proj (:1;,;, (y,z|Gf>) = y, we have a concatenated path
T=(2=Yu,-.., Y1 =y ="0b1,...,b, = x5). Since f(by,by—1) = f(xf,by—1) = xf = by, according to
the path m, statement (iii) of Lemma 1 in Appendix A implies f(y, z) = y = Proj (m,;, (y, z]Gf>).
This completes the verification of the claim.
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CLAM 3: In case (3), f(y,2) =y = Proj (z, (y, 2|G2)).
A

~)

First, let (c1,...,¢y) denote the path connecting x; and y; in GZ, which may be a null path
if xz = y,. According to the path (y,2|G2) = (y1,...,9.), statement (i) of Lemma 5 implies
f(y,z) = yg for some k € {1,...,u}. Suppose k # [. Thus, either 1 < k <lorl <k <u
holds. Moreover, since Proj (x,;,,(y,z|Gé>) = y;, k # [ also implies yp # x5 If 1 < k < [,
according to the concatenated path 7’ = (z = yy,...,y1 = ¢y,...,c1 = ), by statement (ii) of
Lemma 5, f(y,2) = yr ¢ ©’ implies f(y,x;) = yr # =, which contradicts Claim 1. Symmetrically,
if | < k < u, according to the concatenated path 7" = (y = y1,...,y1 = ¢y,...,c1 = Tf), by
statement (ii) of Lemma 5, f(y,z) = yx ¢ " implies f(z, 2) = yr # 5, which contradicts Claim
1. Therefore, f(y,z) = y; = Proj (95157 (y, z|Gf>). This completes the verification of the claim, and
hence proves the lemma. This completes the proof in Step 2. |

Last, we move to Step 3 and show that D is a semi-single-peaked domain.

LEMMA 10 Domain D is a semi-single-peaked domain.

PROOF: Since G2 is a tree, it suffices to show D C ]D)ssp(Gf,:U,;). Fixing arbitrary P; € D, let
r1(P;) = x. First, given distinct a,b € (x,2;|G2) and a € (x,b|GA), we show a P; b. By Lemma 9,
we have f(Py,a) = Proj (x,;, (x, a\Gé)) = a and f(b,a) = Proj (:v,;, (b, a|G’3)) = b. Then, strategy-
proofness implies a P; b, as required. Next, given a ¢ (z, 23|G2) and Proj (a, (x, x,;\Gf)) =a, we
show @’ Py a. By Lemma 9, we have f(Pi,a) = Proj (v, (z,a|G4)) = Proj (a, (z,2;|G2)) = o
and f(a,a) = a. Then, strategy-proofness implies a’ P; a, as required. This completes the proof
in Step 3, and proves Statement (i) of Theorem 1. [ |

Now, we will focus on the proof of Statement (ii) of Theorem 1.

Proof of Statement (ii): Let D be a non-dictatorial, unidimensional domain. We first show the “if
part” of Statement (ii): “There exists no invariant, tops-only and strategy-proof rule.” < “Domain
D is a semi-hybrid domain.” More specifically, let D be an (a, b)-semi-hybrid domain on a tree 7.
The proof consists of the following two lemmas. Recall the two completely reversed preferences P;
and P; included in D by diversity, and their peaks r1(P;) = a; and r1(P;) = a,,. The following

lemma indicates that we can assume w.l.o.g. that a; € A%~ and a,, € A*~°.

LEMMA 11 There exist a tree T4 and dual-thresholds &,l; € A such that D is an (a, l;)—semi-hybrid
domain on T4, a1 € A% ={zecA:ac <SU,Z;|TA>} and ap, € A0 ={z € A: be (z,a|T™)}.

PROOF: There are four situations: (1) A®~? £ {a} and A*~® £ {b}, (2) A*~" = {a} and
Ab=e = [}, (3) A%~ = {a} and AP~ £ {b}, and (4) A~ # {a} and A°~% = {b}. In each case,
we construct a tree 74 and identify dual-thresholds a,b € A such that D is an (@, b)-semi-hybrid
domain on '?A, aj € Aa=b and am € Ab—a,

In Situation (1), we have ¢ € A*"\{a} and d € A*~*\{b}. We first claim a; ¢ (a,b|T*).
Suppose not, i.e., a1 € (a,b|T4). Then, by (a,b)-semi-hybridness on 74, we have b P; d and
a P; c. Note that either a,, € A" "\{a}, or a,, € (a,b|T*) U A*~? holds, which respectively
by (a,b)-semi-hybridness on T4 implies b P; d and a P; c¢. This contradicts the fact that P,
and P; are complete reversals. Symmetrically, a,, ¢ (a,b|T4). Thus, there are four cases: (i)
a1, am € AN\{a}, (i) a1,an, € A=N\{b}, (iii) a; € A*"\{a} and a,, € A*~\{b}, and (iv)
ay € A=\ {b} and a,, € A*"\{a}. We first rule out case (i). In case (i), by (a, b)-semi-hybridness
on TA, we have b P; d and b P; d, which contradict the fact that P, and P; are complete reversals.
Symmetrically, we can rule out case (ii). In case (iii), it is evident that D is an (a, b)-semi-hybrid
domain on T4, a; € A~ and a,, € A*™?, as required. In case (iv), let & = b and b = a. Thus,
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ay € AP = Aa=b and q,, € A7 = Ab—a, Evidently, since D is an (a, b)-semi-hybrid domain on
T4, it is true that D is an (a, b)—sem1—hybr1d domain on 74, as required.

In Situation (2), we refer to the line £4 = (ay,...,a,) and the dual-thresholds a; and a,p,,
and show that D is an (ay,ay,)-semi-hybrid domain on £4. First, it is clear that D C P =
Dsu (L4, a1, an). Next, since D is an (a, b)-semi-hybrid domain on 74 and (a, b|T4) = A, we know
by condition (ii) of Definition 6 that there exist no tree T4 and dual-thresholds a,b € A such
that D C Dgu(T4,a,b) and (@,b|T4) C (a,b]T4) = A = (a1, am|L?). Last, by condition (iii)
of Definition 6, we know that if G4 is a tree, then for each z € Leaf(Gfg’blTA>) = Leaf(Gé) =
Leaf(G<Na 1’am|£A>), there exists a preference P; € D such that P; is not semi-single-peaked on G4
w.r.t. . Therefore, D is an (a1, a;,)-semi-hybrid domain on LA, as required.

Since Situations (3) and (4) are symmetric, we focus on verifying Situation (2). We have two
cases: (i) a1 € A*~*\{a} and (ii) a1 € (a,b|T*). In case (i), since P; and P; are complete reversals,
by (a, b)-semi-hybridness on T4, it is easy to show that a,, € (a,b|T?)\{a}. Now, we construct a
line (1,...,x,) over all alternatives of (a,b|T4) such that s = |(a,b|T?)|, 21 = a, x5 = a,, and
all alternatives of (a,b|74)\{a,a,} are arbitrarily arranged in the interior of the line. Then, by
combining the subtree 7% and the line (z1,...,s), we generate a tree TA, Clearly, a and am,
are dual-thresholds in TA Let @ = a and b = a,,. Thus, (a,b|TA) = (d,B\’f’A% a; € At and

€ Ab=4_ We last show that D is an (&, b)-semi-hybrid domain on TA. By (a, b)-semi-hybridness
on T4, one can casily show I C Dy (T4, a,b). Furthermore, by condition (ii) of Definition 6, we
know that there exist no tree 74 and dual-thresholds @,b € A such that D C ]D)SH(TA a,b) and
(@,b|T4) C (a,b|T4) = (a,b|T4). Last, by condition (iil) of Definition 6, we know that if G4 is
a tree, then for each = € Leaf(Gﬁ?’blTA» = Leaf(G@’b‘TA>), there exists a preference P; € D such
that P; is semi-single-peaked on G2 w.r.t. z. Therefore, D is an (a, 3)—semi—hybrid domain on ’7A'A,
as required. In case (ii), fixing an alternative ¢ € A\ {a}, (a,b)-semi-hybridness on 74 implies
a P; c. Since P; and P; are complete reversals, we have ¢ P; a. Consequently, to meet (a,b)-
semi-hybridness on 74, it must be the case that a,, € A°~*\{a}. Then, (a, b)-semi-hybridness on
T4 implies a P; b. We further claim a; # a. Otherwise, r1(P;) = a1 = a # b implies a P; b,
which contradicts the fact that P, and P; are complete reversals. Thus, we have a,, € A=\ {a}
and a1 € (a,b|T*)\{a}, which are analogous to a; € A *\{a} and a,, € {a,b|T4)\{a} in the
verification of case (i). Then, by a symmetric argument, we can construct a tree T4 and identify
dual-thresholds a,b € A such that D is an (a,b)—seml—hybrld domain on TA, a; € A=t and
am € Ab=a, This proves the lemma. |

Henceforth, let a; € A°~% and a,, € A*~¢. By Statement (i), to complete the verification, it
suffices to show that D is not a semi-single-peaked domain.

LEMMA 12 Domain D is not a semi-single-peaked domain.

PROOF: Suppose not, i.e., there exist a tree 74 and a threshold Z € A such that D C Dssp(%A, z),
and G2 is a connected graph. Then, by Clarification 1 and its proof, we know that G2 is tree that
coincides to T4, i.e., G2 = T4, z has at most two neighbors in G2, i.e., IN4(Z)| < 2, and T is
included in the path (a1, am|T4) = (a1, am|GA). Let (a1, am|G2) = (21,...,x,) denote the path
in GA connecting a; and a,,. Thus, Z = xy, for some k € {1,...,v}. Meanwhile, by (a,b)-semi-
hybridness on 74, we know that G2 is a combination of the subtree Géaéb = TACH&, the connected
subgraph G@’MTA) and the subtree Gfpa = ’TAZH“, denoted by G4 = Gfuéb U G@’b‘TA> U Gfbéa
Then, GA = T4 implies that G MTH) is a tree as well, and a; € A"t and a,, € A*~® imply
a = x5 and b = x; for some 1 < s <t < v. Thus, we have five cases: (1) 1 <k <s, (2)t <k <w,
(3) k=s, (4) k=t and (5) s < k < t. In each case, we induce a contradiction.
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The first two cases are symmetric. We focus on the verification of case (1). Thus, z € A\ {a}.
We show D C Dggp (G2, a). First, given arbitrary P; € D with r1(P;) € A*~*\{a}, we show that P
is semi-single-peaked on the tree GA = gA™ ‘U [G<Na BT U Gfb ] w.r.t. a, which consists of two
parts: (i) semi-single-peakedness on GA*~" = T4 wr.t. a, and (i) a P; x for all z € A\A~?.
Since r1(P;) € A*"\{a}, both parts follow from (a,b)-semi-hybridness on 74. Second, given
P; € D with r(P;) € {(a,b|T4) U A*™¢ we show that P; is semi-single-peaked on the tree G4 =
GA U [G<~a’b|TA> U GfbAa] w.r.t. a, which consists of two parts: (i) a P; z for all z € A?~%\{a},
(@bl UGA™ w.r.t. a. Since r1(P;) € {a,b|T4)UA*™ part
(i) follows from (a,b)-semi-hybridness on 74. For part (ii), recall the contradictory hypothesis
that P; is semi-single-peaked on G4 w.r.t. 3. Since a € (x,2|GA) for all x € {(a,b|T4) U AP™

A —a
it is also true that P; is semi-single-peaked on Gt Gfb

and (ii) semi-single-peakedness on G

w.r.t. a, as required. Therefore,
D C Dssp(G4, a). Now, by statement (ii) of Clarification 1, according to semi-single-peakedness on
G4 w.r.t. a and diversity, we know [N (a)| < 2, which implies N} (a) = N2 (2s) = {ws_1, 7511}
It is clear that x5_1 € A*~"\{a} and 2441 € {a,b|T4). Then, N4(a) N {(a,b|T4) = {xs1} implies
a € Leaf(vaa ’b|TA>). Thus, we know that all preferences of D are semi-single-peaked on the tree

GA w.r.t. a which is a leaf of G A7), This contradicts condition (iii) of Definition 6.

Cases (3) and (4) are symmetric. We focus on the verification of case (3). Thus, we have
D C Dssp(G4, a). Then, by the verification in case (1), we induce the same contradiction.

Last, let case (5) occur. Recall that zf has at most two neighbors in G4, which is mentioned
in the beginning of the proof. Thus, we know N4 (z;) = {z,=1,25,,}. We cut the tree G2 at
the edge (zj_,,j), and obtain the subset B = {z € A : 2, € (v,2;_,|G2)} and the subtree
GB. Tt is clear that the subtrees GAaAb and GP are separated, i.e., AN B = (. Let B =
[A\[A"~UB]] U{a, xk} Clearly, B C (a, b]TA> Furthermore, we construct a line 7 = (zl, )
over all alternatives of B such that ¢ = |B\ 21 = a, zg = xj, and all alternatives of B\{a xi}
are arbitrarily arranged in the interior of the line 7. By combining the subtree GA* ", the line
7 and the subtree GB, we generate a tree TA, Clearly, a and zj are dual-thresholds in TA,
Let A®7k = ={zecd:ac (m,x,;|7A‘A)} and ATF0 = {z € A:ap € <$,a|7A‘A>}. Note that
Av=Tp = Acb and A0 = B. We next show D C Dgu(74,a ,xf). First, given P; € D with
ri(F;) € Aaéxk\{a} we show that P; is semi-single-peaked on TA w.r.t. a, and max” (Axk @) =
x. Since TA = GA™™ U [WUGE] , the semi-single-peakedness requirement on T4 w.r.t. a consists of
the following two parts: (i) semi-single-peakedness on GA*™" = TA ™ wrt. a, and (ii) a P; x for all
z € A\A*™P. Since r((P;) € A%\ {a} = A%~b\{a}, both parts follow from (a, b)-semi-hybridness
on T4. Furthermore, since r(P;) € Ao = A=t we know that for all z € ATi—a = B,
z ¢ (r(P),z;|G4) and Proj(z, (r1(P;), 73|G4)) = x5 Then, by the contradictory hypothesis
that P; is semi-single-peaked on GA w.r.t. 5, we have max! (A”"kA“) = xp, as required. Second,
given P; € D with r1(F;) € Axk_‘“\{mk} we show that P; is semi-single-peaked on 74 w.r.t. Tfy
and max?’’ (Aa xk) = a. Since TA = [Gfﬂ ’ Uw] UGZE, the semi-single-peakedness requirement on
TA wr.t. x, consists of the following two parts: (i) semi-single-peakedness on GZ w.r.t. 2z, and (ii)
xj, Py x for all z € A\B. Indeed, both parts follow from the contradictory hypothesis that P; is semi-
single-peaked on G4 w.r.t. 2. Furthermore, since r1(P;) € Azkéa\{xk} = B\{z3} C A\A"?,
(a, b)-semi-hybridness on 74 implies max’ (Aa zk) = max’i(A%"?) = a, as required. Last, given
P; € D with r(P;) € (a, xk\TA>, we show max?’’ (A“A‘”k) = a and max” (AxkA“) = . Since
rl(P) € (a, J;k\’?'A) B C (a,b|TY), (a,b)-semi- hybridness on T4 implies maxi (A%=%k) =
max’i (A97?) = g, as required. Note that for each x € Azkéa\{xk} B\{x}, z ¢ (r1(P;), z;|G2)
and PI‘OJ( (ri(Fy), xk|GA)) = zz. Then, by the contradmtory hypothesis that P; is semi-single-
peaked on GA w.r.t. 27, we have zz P; z for all z € A%\ {z;}, which implies max?! (Axk;a) =
xj, as required. In conclusion, we have D C Dgy (T ,a,z7) and (a,2|T4) = B C (a,b|T*) which
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contradict condition (ii) of Definition 6. This proves the lemma, and completes the verification of
the “if part” of Statement (ii). [ |

Henceforth, we show the “only if part” of Statement (ii): “There exists no invariant, tops-only
and strategy-proof rule.” = “Domain D is a semi-hybrid domain satisfying the unique seconds
property.”, and show that every two-voter, tops-only and strategy-proof rule defined on D is a
hybrid rule and behaves like a dictatorship on the free zone.

First, since D is a non-dictatorial, unidimensional domain, the Auxiliary Proposition implies
that ID satisfies the unique seconds property.3®

Next, we show that D is a semi-hybrid domain.?® Since D satisfies path-connectedness, it is
clear that G2 is a connected graph. First, since D C P = ]DDSH(ﬁA, ai,am), there must exist a tree
T4 and dual-thresholds a,b € A such that D C Dgu(74,a,b). Hence, condition (i) of Definition
6 is satisfied. Furthermore, since A is finite, we can push that the searching of the tree 74 and
the dual-thresholds a,b € A towards the limit that there exist no tree 74 and dual-thresholds
i,b € A such that D C Dsg (T4, a,b) and (a,b|T4) C (a,b|T#). Thus, condition (i) of Definition
6 is met. Last, we show that I satisfies condition (iii) of Definition 6. Let G4 be a tree. Since

a— a— A
G4 is a combination of the subtree G4 = TA b, the connected subgraph G and the

subtree Gébéa = ’TAIHG, it must be the case that G MTH) is a tree as well. Since by hypothesis
there exists no invariant, tops-only and strategy-proof rule, Statement (i) implies that D is not
a semi-single-peaked domain, which immediately implies that for each x € Leaf(fo,l ’blTA>), there
exists a preference P; € D such that P; is not semi-single-peaked on G2 w.r.t. x, as required. In
conclusion, ) is an (a,b)-semi-hybrid domain on a tree 74. Recall the two completely reversed
preference P, and P; included in D and their peaks 71 (P;) = a1 and r1(P;) = a,,. By Lemma 11,
we henceforth assume w.l.o.g. that a; € A0 and q,, € AP,

Last, we fix an arbitrary two-voter, tops-only and strategy-proof rule f : D> — 4,0 and show
that f is a hybrid rule and behaves like a dictatorship on the free zone (a,b|74). Since there exists
no invariant, tops-only and strategy-proof rule, we know f(a1,an) = f(Py, P2) # f(P1,Py) =

f(am,a1). The proof consists of the following three steps:

Step 1. We construct a line over all alternatives involved in the path(s) connecting a; and a,, in
G4 (see all proofs before Lemma 13), and partially characterize f according to the constructed
line (see Lemma 13).

Step 2. We construct a tree ’TfA where the two social outcomes f(a1,an,) and f(am,a1) are dual-
thresholds, using the adjacency graph G4 and the partial characterization of f (see Lemmas 14
and 15). Then, we completely characterize f to be a hybrid rule on 7}A w.r.t. the dual-thresholds
f(a1,am) and f(am,a1) (see Lemmas 16 and 17), which indicates that f behaves like a dictatorship
on the interval between f(ai,an,) and f(apy,a1) in TfA. Furthermore, we elicit some preference
restriction embedded in D via strategy-proofness of f (see Lemma 18), which may be different from
the aforementioned preference restriction of (a,b)-semi-hybridness on 74.

Step 3. Note that the preference restriction elicited in Step 2 and the preference restriction of
(a,b)-semi-hybridness on 74 must be compatible with each other as they are both embedded in
D. We use the compatibility of these two preference restrictions to show that the interval between
fla1,anm) and f(am,a1) in 7}’4 is a superset of the interval (a,b|7T), which of course implies that
f behaves like a dictatorship on (a,b|74) (see Lemma 20).

Let (a1, @) denote the set of paths in G4 connecting a; and a,,. Clearly, (a1, @) # 0. Let

38Tt is worth mentioning that this is the only place in the proof where leaf symmetry plays a role.
39We are grateful to an anonymous referee for suggesting the proof.
40Guch a rule always exists, e.g., a dictatorship.

41



B={a€A:acmforsomen €Il(ar,an)}. Note that B may not include all alternatives of A,
and all paths of II(ay, a,,) are included in GP which hence implies that G2 is connected. There
are two cases: |II(a1,an)| = 1 and |II(a1,an)| > 1. In the first case, let L8 = (21,...,2,) be the
path in G4 that connects a; and a,,, where v = |B|.

Next, assume |II(a1,an,)| > 1. Fix an arbitrary path = = (21,...,2,) € (a1, a,). Since
III(a1,anm)| > 1 and all paths of II(a1, ay,) start from a; and end at a,,, we can identify =,y € ,
say & = 2z, and y = z,_p, where 1 < s < w —p < w, satisfying the following two conditions: (i) s is
the maximum index agreed by all paths of II(a1, a,,) in the direction from a; to a,y,, i.e., for each
path 7' = (2],...,2}) € (a1, am)\{7}, 2z = 2, for all k € {1,...,s}, and for some path 7" =
(21, 2y) € a1, am)\{7}, 2541 # 24,1, and (ii) w —p is the minimum index agreed by all paths
of II(a1, an,) in the direction from a,, to ai, i.e., for each path 7’ = (21,...,2)) € II(a1, am)\{7},
2ok = 2,_;, for all k € {0,1,...,p}, and for some path 7" = (2f,...,27) € Il(a1,am)\{7},
Z—p—1 F z;’_p_l. Thus, we can pin down the adjacency graph GZ: 7l = (zy,..., zs) is the unique
path in GE connecting a; and z, 7% = (2w—p, - - - » Zw) is the unique path in GE connecting y and
am, the set O = {a € B:a ¢ 7" U} U {z,y} contains at least three alternatives*', and G9 is
a connected graph and has no leaf (see the first diagram of Figure 8). We next construct a line
(x,...,y) over all alternatives of O such that x and y are the two leaves, and all alternatives of
O\{z,y} are arbitrarily arranged in the interior of the line. Then, by combining 7, (z,...,%)
and 7, we construct a line £Z = (x1,...,2,,...,2¢,...,2,), where v = |[B|, 1 < s < t < v,
t—s>1, 21 =a1, Ts =T, T4 = Y, T = am, (T1,...,75) = 7%, (zs,...,2¢) = (z,...,y) and
(z4,...,7,) = 7t (see the second diagram of Figure 8). We intentionally let the notation of the
constructed line £Z here be identical to the line £ in the case |II(aj,a,,)| = 1. This helps us

unify the henceforth proof for both cases, and does not create any loss of generality.

a xr ---" T - -~ a
GB. 1 . GO Y m
7TL i - ’7TR
a =21 Tk T =Ts Ty =Y I Ty = am
ﬁB'
7TL (x,,y) 7TR

Figure 8: Adjacency graph G2 and the constructed line £

In the case |II(ai,an)| = 1, statement (i) of Lemma 5 and the violation of invariance imply
f(z1,2) = 24 and f(zy,21) = zz for some distinct k,k € {1,...,v}. We assume w.lo.g. that
k < k, which by statement (i) of Lemma 6 implies that voter 1 dictates on (zy, zz|£?). In the case
ITl(ay1, am)| > 1, since G is a connected graph and has no leaf, statement (i) of Lemma 4 implies
that f behaves like a dictatorship on O = (x,, 24|LP). We assume w.l.o.g. that voter 1 dictates on
(xg,7¢|LP), ie., f(xp, 1) = 21 for all k, k' € {s,...,t}. This helps us unify the henceforth proof
for both cases. Thus, f(zs,z;) = zs and f(z4,xs) = 2. Then, according to the paths (x4, ..., z,)

and (z1,...,xs), statement (ii) of Lemma 5 implies f(zs, x,) = zs and f(z;,z1) = x;. Furthermore,
according to (z1,...,xs) and (z¢,...,x,), by statement (iii) of Lemma 5, f(zs,z,) = x5 implies
f(x1,2,) = xp for some k € {1,...,s}, and f(zy,21) = x; implies f(x,,z1) = 25 for some
kedt,...,v}.
The next lemma provide a unified characterization of f on the line £5.
T ifk <k <k,
LEMMA 13 According to LB = (x1,...,x,), we have f(zy, z1) = Ted(k, k' k) i k <k, and

mmed(k,k’,%) ifk > E.

4Tt is clear that |O] > 2. If |O| = 2, all paths of II(ay, a,,) degenerate to an identical path.
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Proor: If |II(ay, am)| = 1, the lemma follows from statement (i) of Lemma 6. Next, we assume
III(a1,am)| > 1. Note that for each path = € Il(a1,an), since f(x1,z,) = x € (a1, z|m) and
f(xy,21) = 2 € (Y, am|m), statement (i) of Lemma 6 holds on 7. To prove the lemma, we fix an
arbitrary profile (xg, Ty ).

First, let kK < k < k. If K < k' < k, then by voter 1’s dictatorship on (zy, JUE\[,B% we
have f(x, ) = xx. If K < k or K > k, we know that there exists a path 7 € (a1, an)
which includes both zp and zp. Clearly, z; € (2, 2g|m). Then, statement (i) of Lemma 6 on
7 implies f(zp,xx) = . Second, let k < k. Then, there exists a path m € Il(ai,ay,) which
includes both xj and zy. Clearly, zj € (x1,2k|m)\{zg}. Then, statement (i) of Lemma 6 on
7 implies f(Tk, Tp') = Tmed(k, k', k) Symmetrically, if k& > k, statement (i) of Lemma 6 implies
flag,zp) = T ned(k, K, F)- This proves the lemma, and completes Step 1 of the proof. |

LEMMA 14 Fizing an alternative z € A and a path m = (z1,...,2s) in GA, where z, = z and s > 2,

~J

the following two statements hold:
(1) if zs—1 = xx—1 and zs = xy, then m is the unique path in GA connecting z and xR, and
(ii) if zs—1 = Ty, and zs = xg, then 7 is the unique path in G2 connecting z and Ty

PrROOF: The two statements are symmetric, and we hence focus on the verification of the first
one. Suppose that there exists another path 7’ = (y1,...,y:) in G# connecting z and zg. Then, we
can identify a cycle C in G4 such that (i) C C U, (ii) 7 NC # § and (iii) each edge in C belong
to m or w’. Clearly, by Observation 1, f behaves like a dictatorship on C. We further identify the
alternative zp« € m N C such that z;, ¢ C for all k € {k* +1,...,s}. We consider two cases: k* = s
and k£* < s.

In the first case, we show that x;_; is also included in C. On the one hand, as included
in C, x; has two distinct neighbors in C. On the other hand, x; has a unique neighbor in m,
which is x;_1, and a unique neighbor in n’. Therefore, it must be true that zj;_; is included
in C. Hence, 1,25 € C. In the second case, we have the path (zg«,...,2s), which contains
both z_1 and zg. Recall by Lemma 13 that voter 1 dictates on (zj,2zz|£5). In the first case,
CN (g, 5| LP) # 0, while in the second case, the cycle C and the adjacency graph over (zy, x| L),
which both are connected graphs and contain at least two alternatives, are linked via the path
(zg*,...,2s). Therefore, Lemma 2 implies that voter 1 dictates on {zs_1,2s}. Consequently, we
have f(zg—1,7k) = f(2s-1,25) = 2521 = Tp—1 # Tmed(k—1,k k)» Which contradicts Lemma 13.
Hence, 7 is the unique path in G4 connecting z and Tk |

We construct the following five sets:

B = {z € A : there exists a path (z1,...,25) in GA connecting z and xj, such that z,_; = CL‘E_l} ,
B = {z € A : there exists a path (z1,...,25) in GA connecting z and zg such that z;_1 = xE+1} ,
A=BU{z}, A=BU{az}, and M ={z€ A: 2 ¢ BUB}.

The next lemma shows that gf is a combination of three adjacency graphs G4, GM and Gg,
denoted by GA = GAUGM U GA.

LEMMA 15 We have GA =GAUGM U GE.

PROOF: First, it is clear that A = AUMUA and EA D EAYEM u£§. To prove EA = gAygM UEE,
it suffices to show that in G4, no alternative of B is adjacent to any alternative not in A, and no
alternative of B is adjacent to any alternative not in A.
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Given z € B and y ¢ A, suppose by contradiction that (z,y) € 2. Let (z1,...,2s) be the
unique path in G4 that connects z and xy, where z,_1 = xp_;1. It is evident that y ¢ A implies
y # xp = zs. Moreover, since z1,...,2,—1 € B by definition, it is true that y ¢ {z1,..., 251}
Consequently, we have a path (y,z1,...,2s) in GA that connects y and xy, which by definition
implies y € B C A - a contradiction. Therefore, (z,y) ¢ £2. Symmetrically, given 2’ € B and
y & A, we have (2/,y) ¢ £2. n

By Lemma 14 and the construction of A and A, one can easily infer that G4 and Gg are two
trees. Immediately, since G2 is a connected graph, Lemma 15 implies that G is a connected
graph as well. In particular, when A # {z}}, we know that z;_; must be contained in A, and more
importantly, for every z € B, ;1 is included in the path in GA that connects z and xy. Therefore,
it must be the case that zj_; is the unique neighbor of zj in Gé, and hence ) € Leaf(Gé).
Symmetrically, if A # {2z}, 27, is the unique neighbor of 27 in G4 and Ty € Leaf(G4).

Now, we construct a line £M over all alternatives of M such that xp and g are the two
leaves of the line, and all alternatives of M\{xy,z;} are arbitrarily arranged in the interior of
the line. By combining G2, £M and GE, we generate a tree ’7}‘4. Clearly, by construction,
7}A =G4 and 7}Z = GE. By construction, x and xy are dual-thresholds in 7}‘4. Thus, according
to 7}‘4 and G4, we have A%~% = {z € A : z; € (x,:rﬂﬁﬂ} = A, (xk,:rﬂﬁ’q) = M, and
ATE Tk — {ac € A:xp e (x, xk\7}A>} = A. In the rest of proof, for notational convenience, we use
the notation 4, M and A, instead of A" "%, (xy, xE\TA> and A%k %k,

The next lemma shows that voter 1 dictates on M.

LEMMA 16 We have f(z,2') = z for all z,2 € M.

PROOF: By the definition of B and B, one can easily notice (g, 2z|£8) C M. According
to the connected graph G, we know that either Leaf(GM) = () or Leaf(GM) # () holds. If
Leaf(GM) = §, the lemma follows from statement (i) of Lemma 4 and the hypothesis that voter
1 dictates on (zg, 2z|LP) C M. Henceforth, let Leaf(GX) # (). To complete the verification, by
statement (i) of Lemma 4, we show that given an arbitrary z € Leaf(GM) and (z,y) € M, f
behaves likes dictatorship on {z,y}. We have two cases: x € {x}, 23} and x € M\{z, zz}. In the
first case, since G i o connected graph nested in G (implied by (xg, 2z|LB) C M), we
know that zj, has a neighbor that is in (g, 2z|£5) C M. Then, x € Leaf(GM) and (z,y) € €Y
imply y € (xy, a:E]L'B). Consequently, by Lemma 13, f behaves likes dictatorship on {z,y}, as
required. Henceforth, let the second case hold: z € M\{xy, zz}.

Since the adjacency graph over (xzy, xE|EB ) is a connected graph, we fix a path ™ = (y1,...,y)
such that y1,...,ys € (xg, 25/LB), y1 = zp and y, = 2. Since z ¢ {zy, 25} and = € Leaf(GM),
it is evident that = ¢ m. Moreover, since G is a connected graph, we can identify an alternative
ys € ™ and a path 7’ = (21,...,2y) in GM connecting ys and z, such that 2o, ..., 2, ¢ 7. Clearly,
since x € Leaf(GM) and (x,y) € EM, we have z,_1 = y and hence p > 2. By Lemma 13, we know
that f behaves likes dictatorship on mw. Since z1 = ys € w, f behaves likes dictatorship on the
set mU {z1}. We pick an arbitrary [ € {2,...,p}, and provide an induction hypothesis: SCF f
behaves like a dictatorship on 7 U {z1,...,2-1}. We show that f behaves like a dictatorship on
mU{z1,...,2}. Furthermore, by Lemma 2, it suffices to show that voter 1 dictates on {z;_1, 2},
ie., f(zi—1,21) = z1-1 and f(z,2-1) = 2.

Since z_1 ~ z, it is evident that f(zj_1,21) € {z-1, 2} and f(z;,21-1) € {z1-1,21}. Suppose
f(z1—1,21) = z. Then, according to the path (z_1,...,21), statement (ii) of Lemma 5 implies
f(z1,21) = z. Given Py = P; and Py = P;, since z1 = ys € (z),2¢LP), Lemma 13 implies
f(z1,P5) = f(z1,71) = 21 and f(z1,P2) = f(z1,7,) = z1. Then, strategy-proofness implies
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z1 Py z; and 21 Py z which contradicts the fact that P, and P5 are complete reversals. Therefore,
f(z1-1, 21) = 211, as required.

Last, we show f(z;,2;_1) = z. Suppose not, i.e., f(z;,2-1) = z;_1. First, since z;_1,...,29 €
M\7, we know 2_1,...,20 ¢ AU A. Then, we can construct two concatenated paths T =
(Zl=1y-- 321 = Ysyov s Y1 = Tk, x1) and @ = (2—1,...,21 = Yss--->Yt = Tp,...,%y). Then,

according to 7 and 7, statement (iii) of Lemma 5 implies f(z;,21) € T and f(z,z,) € . Next, we
show the following claim.

CrAam 1: We have f(z;_1,21) = z—1 and f(21-1,%y) = 21—1-

There are two cases: | = 2 and [ > 2. In the first case, 21 = ys € (ag, $E|EB). Then,
Lemma 13 implies f(z_1,71) = z—1 and f(z;_1,2y) = 2z;—1. In the second case, the induction
hypothesis implies f(z_1,91) = z1—1 and f(z;_1,y:) = z;—1. Note that z,_; ¢ 7 implies z;_1 # y;
and 21 # y;. Then, according to the paths (y; = x,...,#1) and (y; = 2, ...,x,) which both
clearly exclude z;_1, by statement (ii) of Lemma 5, f(2;-1,y1) = z—1 implies f(z_1,21) = 2-1,
and f(z—1,yt) = z;—1 implies f(z_1,2,) = z—1. This completes the verification of the claim.

Furthermore, since z; ~ z;_1, by statement (iii) of Lemma 5, Claim 1 implies f(z;,x1) €
{z1-1, 2} and f(z;,2y) € {z1-1,21}. Therefore, we have f(z,z1) € 7 N {z-1,21} = {z-1} and
f(zi, ) € a0 {z1-1, 21} = {z-1}, which respectively imply f(z;,z1) = zj—1 and f(z;,2y) = 21-1.
Thus, given P, = P, and Py = P;, we have f(z, Py) = z_1 and f(2;, P3) = z_1. Consequently,
given f(z;,2;) = z by unanimity, strategy-proofness implies z;_1 Py z; and z;_1 Py 7, which
contradicts the fact that P, and Ps are complete reversals. Hence, f(z;,2,1) = 2, as required.
This completes the verification of the induction hypothesis. Therefore, f behaves like a dictatorship
on {z,y}, as required. This proves the lemma. [ |

LEMMA 17 SCF f is a hybrid rule on ’7}‘4 w.r.t. v and xg, i.e., for all x,y € A,

T ifx e M,
fla,y) = Proj (zx, (z,y|T{)) ifz € A\{ap}, and
Proj (zz, (z, y|’7}A>) if z € A\{zz}.

PrROOF: We first know that voter 1 dictates on M by Lemma 16. Next, given x € M and
y € A\{zx}, we show f(x,y) = x. By a symmetric argument, we can show f(z,y) = x for all
z € M and y € A\{zg}. Since y € A\{z}}, we know A # {x} and hence 1 € A\{z}}. Then,
we have f(zg,5_1) = 7 by Lemma 13. In GM | there exists a path (21,...,2s) connecting z,
and x. Then, by statement (iii) of Lemma 5, f(xy,zx—1) = z implies f(z,zp—1) € {z1,..., 25}
Suppose f(z,zr_1) = 2z for some k € {1,...,s—1}. Then, strategy-proofness implies f(z, z) = 2zi
which contradicts Lemma 13. Therefore, f(x,2;-1) = 2s = x. Furthermore, in G4, we have a path
(y1,...,y:) connecting z_; and y. Clearly, x is not included in (y1,..., ). Then, by statement
(ii) of Lemma 5, f(x,z5—1) = = implies f(x,y) = z, as required.

Second, given z € A\{zx} and y € A, we show f(z,y) = Proj (SL‘E, (x,y|7}A)). Since = €
A\{z}, we know A # {1} and x,_1 € A\{xy}. Then, Lemma 13 implies f(zy_1,25) = 2.
We consider two cases: y € (zg, xE|7}A> UA and y € A\{zx}. In the first case, we have a path
(y1,-..,ys) in the connected graph G U G2 connecting x, and y. Then, by statement (iii) of
Lemma 5, f(zg_1,7x) = x implies f(zx—1,9) € {y1,...,Ys}. Meanwhile, since f(z,y) = ) and
Tp—1 ~ T, statement (iii) of Lemma 5 implies f(zx_1,y) € {zg, xx—1}. Therefore, f(zy_1,y) €
{y1,...,ys} N {zg, 251} = {21}, and hence f(ry_1,y) = z. Furthermore, in G4, we have
the path (z1,...,2) connecting x;_; and x. Clearly, x} is not included in (21,...,2;). Then,
by statement (ii) of Lemma 5, f(xj_1,y) = z} implies f(z,y) = zx = Proj (xﬁ, <m,y|7}A>), as
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required. In the second case, we have a path 7 in G2 connecting = and y. Then, statement (i)
of Lemma 5 implies f(z,y) € m. Meanwhile, we have f(zy,y) = xj by the verification in the first
paragraph and f(x,x;) = xj by the verification of the first case. Note that in G4, there exist
a path 7’ connecting zj and x, and a path 7" connecting zj and y. Then, by statement (iii) of
Lemma 5, f(xy,y) = z) implies f(z,y) € 7', and f(z,z) = ), implies f(z,y) € 7. Therefore,
f(z,y) € mNa’' Na”. Last, since G4 is a tree, it is true that 7 N7’ N 7" = { Proj(zy, (x,y[’ﬁcA))}
Hence, we have f(z,y) = Proj (z, (z, y\7}A>), as required. Symmetrically, when z € A\{zz}, we
can show f(z,y) = Proj (z7, (z, y|7}A>) for all y € A. This proves the lemma. [ |

LEMMA 18 We have D C Dgy (7}A,xk, 3:%)

ProOF:  First, given P; € D with r1(F;) € A\{z)}, we show that F; is semi-single-peaked on
7}A w.r.t. zj and max"i(4) = ;. Let P; = P;. Given distinct z,y € <7‘1(P1),:%|7}A) such that
x € <r1(P1),y|’7}A>, we by Lemma 17 have f(Py,z) = Proj(zy, <r1(P1),:U|7}A>) =z and f(y,x) =
Proj (ZL‘E, (y,x|7'fA>) = y. Then, strategy-proofness implies  P; y, which meets condition (i) of
Definition 4. Given z ¢ (rl(Pl),:vEW}A) and & = Proj(z, <r1(P1),xE\7}A>), we by Lemma 17 have
f(P1,z) = Proj(wzy, (rl(Pl),x\EA» = Proj(z, <r1(P1),xE\7}A>) =z and f(z,z) = z. Immediately,
strategy-proofness implies & P; z, which meets condition (ii) of Definition 4. Therefore, P; is
semi-single-peaked on 7}A w.r.t. 7, as required. Next, to show max’ (A) = rg, we fix P, = F;
and an arbitrary x € A\{zz}, and show z; P, z. Since f(z, P») = Proj(zy, <:1:,r1(P2)\7}A>) =Tz
by Lemma 17 and f(x,z) = = by unanimity, strategy-proofness implies xz P z, as required.

Symmetrically, given P; € D with r1(P;) € A\{zz}, we can show that P; is semi-single-peaked
on 7}‘4 w.r.t. 2z and max’i(A) = zy.

Last, given P; € D with m(F;) € (zg, :EE’7}A> = M, we show max’i(A) = z; and max’i(A) =
z. Fixing P, = P;, an arbitrary x € A\{x}} and an arbitrary y € A\{xz}, it suffices to show
zp P> © and zp P, y. By Lemma 17, we have f(z, P2) = Proj(zy, (x,rl(P2)|7}A>) = z and
f(z,x) = z. Then, strategy-proofness implies x; P» x, as required. Symmetrically, f(y, P») =
Proj(zy, <y,r1(P2)]7}A)) = 23 and f(y,y) = y, which by strategy-proofness imply z; P> y, as
required. This proves the lemma, and completes Step 2 of the proof. |

Now, we start the verification of Step 3. We first make one observation that henceforth will
be repeatedly applied according to the line £8 = (x1,...,2y) constructed in Step 1 (note that LB
may not be a path in G4) and (y, z7)-semi-hybridness on 7}’4 established in Lemma 18.

OBSERVATION 2 If k > 1, then (z1,...,2) is the unique path in G4 (also in G2) connecting a;
and a, and NA(xp) NA = {x_1}; if & < v, then (2, ... , %) is the unique path in G4 (also in
G2) connecting a,, and b, and N4 (zz) N A = {z51}- Moreover, z, ..., 25 € M.

Recall that D is an (a,b)-semi-hybrid domain on 74. Hence, the adjacency graph G4 is

a— a— A
a combination of the subtree G4 s b, the connected subgraph G and the subtree

—aq —a . a— A —a . N —
Gfb =TA Jie,GA=gA "uglelT >UGfb . Moreover, since a; € A*~? and a,, € A",
by (a, b)-semi-hybridness on T4, we know that in every path of II(ay, a,,), @ and b must be included,
and a is located closer to a; than b. Then, according to the line £® = (z1,...,x,) constructed in

Step 1, it must be the case that a =z, and b = 2, for some 1 <p < g <.

LEMMA 19 According to the line LB = (x4, ..., x,) and (a,b)-semi-hybridness on T4, if p > 1, then
(z1,...,2p) is the unique path in G2 (also in Gfaéb) connecting a; and a, and N4 (z,) N A9~ =
{zp_1}; if ¢ < v, then (zy,...,x,) is the unique path in G2 (also in Gfbéa) connecting ay, and b,
and N2 (xy) N AY™ = {z,41}. Moreover, xp, ..., x4 € {a,b|T*).
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PrROOF: First, let p > 1. Note that if (z1,...,z,) is a path in G connecting a; and a, then by
(a, b)-semi-hybridness on 74, it is true that (z1,...,,) is the unique path in G2 (also in Gfaéb)
connecting a; and a, and a € Leaf(TAaéb) which by statement (ii) of Clarification 2 implies
N (z,) N A=Y = {z, 1}. Henceforth, we focus on showing that (z1,...,2,) is a path in G2
connecting a; and a. Recall the set II(a1, a,) specified in Step 1 that contains all paths connecting
a1 and a,, in GA. If |TI(a4, am)| = 1, then the line £ is a path in G2 connecting a; and a,,, which
immediately implies that (z1,...,2;,) is a path in G2 connecting a; and a, as required. Next,
let [TI(a1,am)| > 1. By (a,b)-semi-hybridness on 74 and Clarification 3, we first know that the
following (a, b)-hybrid rule on T4 is tops-only and strategy-proof on I: for all Py, P, € D,

1 (Pl) if 7“1(P1) (S (a, b‘TA>,
g(Pl,PQ) = PI‘Oj (a, <7"1 (Pl),Tl(PQ)‘TA>) if T'1(P1) S Aaéb\{a}, and
PI‘Oj (b, <7’1(P1), 71 (P2)|TA>) if T’1(P1) S AbAa\{b}.

Clearly, g behaves like a dictatorship on (a,b|74). Meanwhile, recall the adjacency graph GZ
in Figure 8 and the fact that every two-voter, tops-only and strategy-proof rule behaves like a
dictatorship on the set O. Therefore, it must be the case that O C (a,b|7T4). Thus, in Figure
8, we have g(z,,z;) = x,. Note that (z1,...,2s) and (zy,...,x,) are two paths in G2 according
to GY. Then, according to the paths (xy,...,,), by statement (ii) of Lemma 5, g(xs, ;) = xs
implies g(xs,2,) = zs. Furthermore, according to (xi,...,zs), by statement (iii) of Lemma 5,
9(xs,xy) = x5 implies x, = g(z1,2,) € {x1,...,25}. Therefore, we have 1 < p < s which
implies that (z1,...,2p) is a path in GA connecting a; and a, as required. Symmetrically, if
q < v, then (z,,...,2,) is the unique path in G4 (also in Gébéa) connecting a,, and b, and
N wg) N A = {zg 11}

Last, we show xp,...,z4 € {a,b|T4). Suppose not, i.e., we have x3 ¢ (a,b|T*) for some
k € {p,...,q}. Thus, either z;, € A*~\{a} or 2, € A*~\{b} holds. We assume w.l.o.g. that
zp € A "\{a}. Thus, we have 1 < k < p, which implies N4(z,,) N A~ = {z,,_1}. Note that
by (a,b)- seml hybridness on 74, according to the tree GA"™" = TA*™" gsince x; € A=\ {a},
(xy,a|GA™ > is the unique path in G2 connecting x; and a. Furthermore, since N2 (x,) N A%~ =
{zp—1}, zp—1 must be included in (xk,a|Gﬂa4b>. However, according to the adjacency graph G5
in Figure 8, we have a path in G2 that connects xj, and a, and excludes Zp—1 - a contradiction.
This proves the lemma. |

LEMMA 20 We have (mk,xk|7} ) D {a,b|T4).

PROOF: CLAIM 1: We have [k < p|] = [AC A°~*] and [k > ¢] = [A C A*9],

Given k < p, we show A C A%, There are two cases: p=1 and p > 1.

First, let p = 1. Then, 1 < k < p implies k = 1. Thus, a = z, = a;. We first show A" = {a}.
Suppose not, i.e., we have some alternative ¢ € A*\*\{a}. Then, by (a, b)-semi-hybridness on 74,
r1(P;) = am ¢ A°Y implies a; P; ¢, which contradicts the fact that a; is bottom-ranked in P;.
Hence, A%~% = {a}. Similarly, by (v, x7)-semi-hybridness on 7}‘4, since 71 (P;) = a,, ¢ A and a;
is bottom-ranked in P;, it is true that A = {z1}. Therefore, we have A = A%,

Next, let p > 1. Suppose by contradiction that we have an alternative z € A\A?~?. Since
k < p, Lemma 19 implies x;, € A2~ Thus, z ¢ A%~ implies z # x; and hence z € A\{z;}. Note
that 7 = (2, 74x|G4) is the unique path in G4 connecting z and xy. Moreover, by (z, ¥7)-semi-
hybridness on 7}’4, r1(P;) = am ¢ Aimplies z, P; z. Therefore, zj, is distinct to the bottom-ranked
alternative in P; which is a; = x1, and hence k > 1. Then, Observation 2 implies that zj_; is the
unique neighbor of x;, in G4, and therefore we have z;_1 € 7. Meanwhile, since z ¢ A" we have
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a path (z1,...,2s) in G4 connecting z and a = z,, such that z;, ¢ A" forall k € {1,...,5 — 1}.
Since w, . .., r, € A%~ by Lemma 19, we have a concatenated path 7/ = (21, ..., 25 = Tp, ..., T))
in G4 connecting z and zy. Clearly, 7’ does not include zj_1, and hence is distinct to 7 - a
contradiction. Therefore, we have A C A%,

Overall, we have [E < p} = [A - Aaéb]. By a symmetric argument, we can show [E > q] =
[Z - A’H“]. This completes the verification of the claim.

Note that if k < p and k > ¢ hold, Claim 1 implies (xy, xEﬂ}A) D (a,b|T*). Henceforth, to
complete the proof, we show k < p and k > ¢. By symmetry, we focus on showing k& < p. Suppose
not, i.e., k > p. We have two cases: p < k < g and k£ > ¢. In each case, we induce a contradiction.

Let p < k < ¢. Symmetric to Claim 1, p < k implies A%~ C A.

CLAIM 2: We have AN Ab—e = ().

Suppose not, i.e., we have some z € ANA*~®. Since k < ¢, we know b = x4 ¢ A by Observation
2. Therefore, z # b and hence z € A*~\{b}. On the one hand, according to (a, b)-semi-hybridness
on T4 and z € A*~%\{b}, we know that every path in G4 connecting z and a must include b. On
the other hand, according to (x,zy)-semi-hybridness on 7}’4, since z € A and a € A, we know
that (z,a|G4) is the unique path in G4 that connects z and a. However, since b ¢ A, the path
(z,a|GA) does not include b - a contradiction. This completes the verification of the claim.

Now, let M = [A\[AU A*™9]] U {zy, b}. We construct a line (z1,...,2) over all alternatives of
M such that t = |M|, z1 = xj, 2 = b, and all alternatives of M\{z,b} are arbitrarily arranged
in the interior of the line. By combining the subtree 7}A, the line (z1,...,2:) and the subtree

TAPE, we generate a tree TA, Clearly, x3 and b are dual-thresholds in TA, Thus, we have
A=t =dp e Arap € (2, b|TA)} = Aand A% = {z € A:be (z,x;]TH) } = AP

CLAIM 3: We have D C Dgpr (T4, z, b).

First, given P; € D with ri(P;) € A\%Ab\{xk}, we show that P; is semi-single-peaked on
TA wrt. T, and max (Ab_‘xk) = b. More specifically, by the construction of 7A'A the semi-
single-peakedness requirement on TA wrt. x, consists of the following two parts: (i) semi-single-
peakedness on T4 = T]T w.r.t. xg, and (i) zp P « for all z € A\A"P — A\A. Indeed,
since r1(P;) € Awk_\b\{mk} = A\{z}, both parts follow from (z},xs)-semi-hybridness on TA
Next, since P; is (a, b) ~semi-hybrid on T4, 7 (P;) € A = A%=0 C A\AP7e = A\ Ab—e imphes
max?i (AP7k) = maxPi (AP=9) = b, as required.

Second, given P; € D with r(P;) € Ab_‘x’f\{b} we show that P; is semi-single-peaked on
TA wrt. b, and max (A% by = x. More specifically, by the construction of ’TA, the semi-

zkéb

single-peakedness requirement on 74 w.r.t. b consists of the following two parts: (i) semi-single-
peakedness on T4 = 747" wrt. b, and (i) b P; z for all z € A\A"~% = A\ A" Indeed,
since r1(F;) € Ab_\xk\{b} = A*=\{b}, both parts follow from (a, b)-semi-hybridness on 74. Next,
since 71 (P;) € A%t = A= Claim 2 implies 71 (P,) € A\A. Then, by (xk, x3)-semi-hybridness
on 7} , we have max (AxkAb) max’i(A) = xy, as required.

Last, given P; € D with r1(F;) € (xg, b|T4), we show max?i (A7) = xp and max?i (AP—7k) =
b. By the construction of 74 and ri(P;) € (xk,b]’?\'A), we know r1(P;) € [A\A] U {x} and
r(P) € [A\A"] U {b}, which respectively imply max’(A™:~?) = maxPi(4) = ry by (T, 25)-
semi-hybridness on 74, and max? (A"~7&) = max’i (A=) = b by (a, b)-semi-hybridness on T4,

as required. This completes the verification of the claim.

b'rk

Thus, we have D C Dgyy (’?’A, ), b) and (zy, b|TA) = M c (a,b|T4), which contradict condition
(ii) of Definition 6.
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Last, let k& > ¢q. Thus, k£ > 1 and hence Observation 2 implies that (z1,..., ) is the unique
path in G2 (also in G4) connecting a; and zy, and N4 (z) N A = {21}

CramM 4: We have N4(b) N (a,b|T4) = {z,-1}-

Since (r1,...,7y) is a path in G4, we have 2,1 ~ z, and hence z,1 € N4(z,) = N2(b).
By Lemma 19, we know x,_1 € {(a,b|7*4). Thus, z,_1 € N4(b) N (a,b|T*). Suppose that there
exists z € N4(b) N {a,b|T4) such that z # x,_1. On the one hand, by (a,b)-semi-hybridness on
T4, r11(P;) = am € A~ and z € (a,b|T*) imply b P; z. On the other hand, we show b P; z,
which contradicts the fact that P, and P; are complete reversals. There are two cases: ¢ = k and
q < k. We first assume ¢ = k. Since N2 (25) N A = {z3_1}, 2 € NA(b) = NA(z,) = N4 (2;) and
2 # Tg-1 = T—_1, it is true that z ¢ A. Then, by (zg, 7)-semi-hybridness on 7}4, m(P;)=a €A
implies z}, P; z (equivalently, b P, z), as required. Last, let ¢ < k. Thus, ¢ < v, and hence
Lemma 19 implies 441, .., 75 € A*~2\{b}. Moreover, since z # z, and z € (a,b|T*), we have
a concatenated path (z,zq,...,z) in GA connecting z and xy, which of course includes zj_;.
Therefore, by definition, we know z € A. Furthermore, since z ~ z, and z ¢ {zq—1,Z¢4+1},

according to the tree G2, it is true that Proj (z, (:171,...,:1:&)) = x4. Then, by (x,2;)-semi-

~

hybridness on 7}’4, r(P;) = a1 = z1 € A implies x4, P; z (equivalently, b P; z), as required. This
completes the verification of the claim.

CLAIM 5: We have AP U (a,b|T4) C A.

We have already known A“~® C A and b = zq € A. To complete the verification, we show
z € Afor all z € (a,b|T4)\{a,b}. Suppose that there exists z € (a,b|T4)\{a,b} such that z ¢ A.
On the one hand, since G<Na’b|TA> is a connected graph and b € Leaf(Gfg’blTA>) by Claim 4, we
have a path in G2 that connects z and a, and excludes b. On the other hand, since z ¢ A and
a € A\{z}}, we know by Lemma 15 that x; must be included in every path in G4 that connects
z and a. Moreover, since Observation 2 implies that (z,,...,z), which of course implies b = z,
is the unique path in G4 connecting a and Ty, it is true that b must be included in every path in

GA that connects z and a - a contradiction. This completes the verification of the claim.

a— A . . . . .
Claim 5 immediately implies that G4 "UG T s included in GA. More importantly, since

a— . A . . A
GA is a tree, GA "isa tree, and G s 4 connected graph, it must be the case that Gt

a— A —a .
is a tree as well. Consequently, G4 = G4 "uGtT Gfb is a tree.

CLAIM 6: We have D C Dggp (G2, b).

a— A A
Note that the tree G4 " UG s nested in G4, Ty =be€ Leaf(GLa’b‘T )) by Claim 4

and xj, € Leaf(G4) by Observation 2. Then, it must be the case that b € (z, 24|GZ) for all z €
A=PU{a,b|T4). Furthermore, since G4 is nested in the tree G2, we know (z, z3|GA) = (z, 21|G2)
for z € A%~P U (a,b|T*). Therefore, b € (z,2;|GA) for all x € A%~ U (a,b|T4).

First, given P; € D with r1 () € A*~bU(a,b|T*), we show that P; is semi-single-peaked on G2
w.r.t. b, which consists of the following two parts: (i) semi-single-peakedness on GA™"U Gl
w.r.t. b, and (ii) max’i(4°~%) = b. Note that by (z,zy)-semi-hybridness on 7}‘4, P; is semi-
single-peaked on 7}‘4 w.r.t. z3, which implies that P; is semi-single-peaked on 7}4 =G4 wr.t. Tk
Consequently, GA"~" U GledT C G4 and the fact b € (v, 24|G2) for all x € A U (a,b|T*)
together imply P; is semi-single-peaked on GA "y GL‘LMT% w.r.t. b. This confirms part (i). Next,
since r1(P;) € A*? U (a,b|T4), part (ii) immediately follows from (a,b)-semi-hybridness on 7.

Second, given P; € D with r1(F;) € AP we show that P; is semi-single-peaked on GA w.r.t. b,
which consists of the following two parts: (i) semi-single-peakedness on Gébéa = TA™" writ. b,
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and (ii) max” (A?~® U (a,b|T4)) = b. Since r1(P;) € A*~¢ both parts immediately follow from
(a,b)-semi-hybridness on 74. This completes the verification of the claim.

Now, we know that all preferences of I are semi-single-peaked on the tree G4 w.r.t. the
threshold b which by Claim 4 is a leaf of G This contradicts condition (iii) of Definition 6.
In conclusion, we must have £ < p, as required. By a symmetric argument, we can also
show k > ¢. This proves the lemma, and hence completes the verification of the “only if part” of
Statement (ii) of Theorem 1. [ ]

C PROOF OF COROLLARY 1
We first introduce a Ramification Theorem that will be repeatedly applied in the verification.

A RAMIFICATION THEOREM. Let D be an (a,b)-semi-hybrid domain on a tree TA, and satisfy
diversity. The following two statements are equivalent:

(a) every two-voter, tops-only and strategy-proof rule f : D* — A behaves likes a dictatorship on
(a,b|T4), and

(b) every tops-only and strategy-proof rule f : D™ — A, n > 2, behaves likes a dictatorship on
{a,b|T4).

The proof of the Ramification Theorem is lengthy and is relegated to the Supplementary
Material of Chatterji and Zeng (2022).

Now, we start to prove the Corollary. Let D be a non-dictatorial, unidimensional domain.

To prove statement (i), we show the equivalence of the following three sub-statements:

(1) there exists an anonymous, tops-only and strategy-proof rule,
(2) domain D is a semi-single-peaked domain, and
(3) domain D admits a strategy-proof projection rule.

It is clear that the direction (2) = (3) = (1) follows from the proof of the sufficiency part of
the Theorem of Chatterji et al. (2013). We focus on showing (1) = (2). Now, assume that there
exists an anonymous, tops-only and strategy-proof rule. We show that D is a semi-single-peaked
domain. Suppose by contradiction that D) is not a semi-single-peaked domain. Since Theorem 1
exclusively and exhaustively classifies all non-dictatorial, unidimensional domains into the class
of semi-single-peaked domains and the class of semi-hybrid domains, D must be a semi-hybrid
domain, more specifically, say an (a,b)-semi-hybrid domain on a tree TA. Then, by the proof
of Statement (ii) of Theorem 1, we know that every two-voter, tops-only and strategy-proof rule
behaves like a dictatorship on (a,b|7%). Furthermore, by the Ramification Theorem, we know
that every tops-only and strategy-proof rule with an arbitrary number of voters behaves like a
dictatorship on (a,b|74). This contradicts the hypothesis that there exists an anonymous, tops-
only and strategy-proof rule. This completes the verification of the direct (1) = (2), and hence
proves statement (i).

Next, we show statement (ii). Note that the “if part” of statement (ii) follows exactly from
Lemmas 11 and 12 in Appendix B and statement (i). We focus on showing the “only if part”, and
furthermore showing that every tops-only and strategy-proof rule behaves like a dictatorship on
a weak superset of the free zone. Since there exists no anonymous, tops-only and strategy-proof
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rule, statement (i) immediately implies that D is not a semi-single-peaked domain. Then, by the
proof of Statement (ii) of Theorem 1, we know that D is an (a, b)-semi-hybrid domain on a tree 74
satisfying the unique seconds property, and furthermore every two-voter, tops-only and strategy-
proof rule behaves like a dictatorship on a weak superset of (a,b|74). Last, by the Ramification
Theorem, we know that every tops-only and strategy-proof rule with an arbitrary number of voters
also behaves likes a dictatorship on (a, b|74). This proves statement (ii).

D Proor or FAcT 1

Fix arbitrary n > 2 and the PNT rule f : D® — A on T4 w.r.t. (z,y). For notational convenience,
let ¢ =1 and j = 2 in Definition 9.

We first show that given n > 2, if the PNT rule f is strategy-proof, then conditions (i) and
(ii) of Fact 1 hold, and furthermore if f violates the tops-only property, then condition (iii) of
Fact 1 holds. We fix P, € D with r(P1) = z € A*Y and show condition (i) of Fact 1 in two
steps. In the first step, we show that for all distinct a,b € (z,y|T4), [a € (2,b]T*)] = [a P; b].
Since (z,y|T4) is a combination of (z,2|74) and the edge (z,v), by transitivity of P, it suffices
to show (i) given distinct a,b € (z,2|T4), [a € (z,b|T4)] = [a P b] and (ii) Py y. We fix two
profiles P = (Py, P_1) and P’ = (P], P_1), where P| € D’ and P, € D for all v € {2,...,n}. By
construction, f(P) = Proj (z, (z,a|T4)) = a and f(P’) = Proj(z, (b,a|T*)) = b. Then, strategy-
proofness implies a P b, as required. Next, we construct two profiles P = (P, Py, P_f1 5) and
P’ = (P, Py, P_{19}), where P| € DY, P, € D* and r(P,) € A" for all v € {3,...,n}.
By construction, f(P) = Proj (w,TF(P)) =z and f(P’) = y. Then, strategy-proofness implies
x Py y, as required. In the second step, given a ¢ (z,y|74) and o' = Proj(a, (z,y|T?)), we
show o’ P a. Clearly, a’ € (z,y|T4). If ’ = z, a’ P, a holds immediately. If a’ = y, we know
a € AY”*\{y}. Then, we construct two profiles P = (Py, P2, P_y19y) and P' = (P, P,, P_{; 93),
where P{ € D% P, € DY and P, is arbitrary for all v € {3,...,n}. By construction, f(P) =
max™2({z,y}) = y = @’ and f(P’) = a. Then, strategy-proofness implies a’ P a, as required.
Last, let a’ € (z,y|T*)\{z,y}. Thus, a € A*~Y and o’ = Proj(a, (z,y|T4)) = Proj(a, (z,z|T4)) =
Proj(z, (z,a|T%)). Accordingly, we construct two profiles P = (P, P_;) and P’ = (P}, P_1), where
P/ € D and P, € D for all v € {2,...,n}. We then have f(P) = Proj (z, (z,a|T*)) = d/ and
f(P") = a by construction, and a’ P; a by strategy-proofness, as required. This proves condition
(i) of Fact 1.

To verify condition (ii) of Fact 1, we fix arbitrary v € N\{1,2} and P, € D with r(P,) =
z € AY=7 and show max’»(A*™Y) = z. Given arbitrary a € A*~Y\{z}, we construct two profiles
P = (P,Py, Py, P_(15,) and P’ = (P1, P2, P}, P_{12,}), where P, € D and P, € D for all
¢ € N\{v}. By construction, we have f(P) = Proj(z,(z,a|T4)) = 2 and f(P') = a. Then,
strategy-proofness implies = P, a. Hence, we have max’»(A*™Y) = z, as required.

To verify condition (iii) of Fact 1, let f violate the tops-only property. By construction,
there must exist P = (Pp, P2, P_{19y) and P’ = (P, Py, P_g193), where r1(P;) € A*™Y and
r(Ps) = 11(P§) € A% such that £(P) = maxP({z,y}) = o # y = max5({z,y}) = F(P').
Therefore, we have x P» y and y P} x, as required.

Conversely, we show that if domain D satisfy conditions (i), (ii) and (iii) of Fact 1, then the
PNT rule f satisfies strategy-proofness and violates the tops-only property.

Clearly, condition (iii) of Fact 1 implies that f violates the tops-only property. In the rest of
proof, we show strategy-proofness of f. We first consider an arbitrary voter i € N\{1,2} in the case
n > 2. Given profiles P = (Py, Py, P;, P_g12,y) and P’ = (Py, Py, P/, P_g1533), let f(P) # f(P').
Then, the construction implies 71 (P}) € A*~Y, r(Py) € A*~Y, f(P) = Proj(z, T'")) and f(P') =
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Proj(z, 7). Furthermore, we can infer r1(P;) € A*Y for all j € N\{1,2,i}. Otherwise, both
['(P) and I'(P’) contain z, and f(P) = z = f(P’). Similarly, we can infer either r1(P;) ¢ AV™"
or ri(P/) ¢ AY—%. Thus, there are three cases: (1) ri(P;) € A Y and ri(P/) € A*™Y, (2)
ri(P;) € A*Y and ri(P)) € AY=*, and (3) ri1(P;) € AY~" and r1(P]) € A*Y. In both cases (1)
and (2), since 1 (FP;) € A*~Y, condition (i) of Fact 1 implies that P; is also semi-single-peaked on
T4 w.rt. 2. Consequently, given f(P) = Proj(z, TV(")) # Proj(z, T'F)) = f(P’), the proof of
the sufficiency part of the Theorem of Chatterji et al. (2013) implies f(P) P; f(P’). In case (3),
f(P) = Proj(z, T'")) = x and f(P') = Proj(z, T'")) € A*=Y. Then, condition (ii) of Fact 1
implies f(P) P; f(P’). Overall, voter ¢ has no incentive to manipulate. Henceforth, we focus on
the possible manipulations of voters 1 and 2.

First, given two profiles P = (P, P2, P_{19y) and P’ = (P[, P2, P_y; 9y) with f(P) # f(P’),
there are three possible manipulations of voter 1:
(1) f(P) = Proj (z, 7)) and f(P') = Proj (z, 7",
(2) f(P) =Proj (z, 7')) and f(P') = r1(P]) € AY~, and
(3) £(P) = max>({z,y}) and f(P') = r1(P{) € AV,
In each case, we show f(P) Py f(P’). In case (1), we know r1(P;) € A*~Y. Then, condition (i)
of Fact 1 implies that P; is also semi-single-peaked on 74 w.r.t. z. Consequently, given f(P) =
Proj(z, T')) # Proj(z, T'F)) = f(P'), the proof of the sufficiency part of the Theorem of
Chatterji et al. (2013) implies f(P) P1 f(P’), as required. In case (2), we know r1(P) € A*Y,
which implies min®* ((ri(Py),z|T4)) = z, P y and y = max’1 (4Y=%) by condition (i) of Fact 1.
Then, f(P) = Proj (z, T'P) € (ry(Py), 2l T4) and f(P') = r1(P{) € AV imply f(P) Py f(P").
as required. In case (3), we know 71(P1) € A*~Y which implies x P; y and y = maxt (Ay_\x) by
condition (i) of Fact 1. Then, f(P) = max™2({z,y}) € {z,y}, f(P') € AY=% and f(P) # f(P')
imply f(P) P, f(P'), as required.

Last, given two profiles P = (P1, P2, P_{19}) and P’ = (Py, Py, P_; 5y) with f(P) # f(P'),
there are three possible manipulations of voter 2:
(1) f(P) = Proj (z, 7' and f(P') = Proj (m THED),
(2) f(P) = Proj (z, 7'®)) and f(P') = max” s ({x, y}) and
(3) f(P) = max"2({z,y}) and f(P') = Proj (=, 7H").
In each case, we show f(P) P, f(P’) holds. Clearly, the verification of case ( ) is similar to that of
case (1) for voter 1. In case (2), we know r1(P2) € A*~¥, which implies min’* (<T1(P2) z|TH) =
and = P, y by condition (i) of Fact 1. Consequently, f(P) = Proj (z, 71" € (ri(P,),z|T4 >,
f(P)) = max™2({x,y}) € {z,y} and f(P) # f(P') imply f(P) Py f(P'), as required. In case
(3), we know r1(P;) € AY~% which implies max/?(A*~Y) = x by condition (ii) of Fact 1, and
r1(Py) € A=Y which implies f(P') = Proj (z, T'F)) € (r1(P}), x|T4) C A*™Y. Then, f(P) =
max2({x,y}), f(P') € A%V and f(P) # f(P') imply f(P) P> f(P'), as required. In conclusion,
the PNT rule f is strategy-proof.

E PRrOOF OF PROPOSITION 1

We first show statement (i) of Proposition 1. Let ID be a semi-single-peaked domain on a tree 74.
Clearly, the existence of a critical spot ensures D ¢ Dgp (7). Henceforth, let D ¢ Dgp(T4), and
we show the existence of a critical spot.

Since D is a semi-single-peaked domain on 74, we identify the set Z C A such that [z €
Z] = [D C Dgsp(T4,2)]. Clearly, either Z is a singleton set, or Z is not a singleton set and
T2 is a subtree nested in 7.2 Since D ¢ Dgp(T4), it must be the case that some leaf of

“2Given a tree 74 and two distinct alternatives a,b € A, if D C Dgsp(T4, a) and D C Dsgp (T4, b), then
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74 and its unique neighbor are not contained in Z. Then, we can identify a threshold z/ € Z
with [Z is not a singleton set] = [/ € Leaf(7?)] and an edge (z,y) € &4 with z,y ¢ Z and
y € (z,2'|T4), such that the following two conditions are satisfied:

(1) every preference P; € D with r1(P;) € AY™" is single-peaked on 74" ", i.e., for all distinct
a,b € A*™Y, [a € (ri(P;),b|T*)] = [a P, b], and

(2) some preference P € D with 71 (P;) € AY™? is not single-peaked on the subtree 74 *V{v} 43

Since condition (1) implies max’ (A*=Y) = z for all P, € D with r;(P;) € AY~?, condition (ii) of
Fact 1 is satisfied. We next show condition (i) of Fact 1: given P; € D with m(FP;) € A*™Y, P; is
semi-single-peaked on 74 w.r.t. y. Sincey € (r1(P;), z'|T4), semi-single-peakedness on T4 w.r.t. 2’
implies that P; is also semi-single-peaked on 74 w.r.t. , as required. Last, we show condition (iii)
of Fact 1: there exist P;, P/ € D such that r(P;) = ri(P;) € AY™*, y P, x and = P! y. First, since

A — T4 it is true that G2 = T4 is a subtree. Second, recall preference P’ in condition

(2) above. Since P; is single-peaked on 74“ " by condition ( ) and violates single-peakedness

on TA "YU} by condition (2), it must be the case that max’s (A*~Y) = z and = P} y. Given
subdomains D; ={P, € D:ri(P;) € AV Pandy Pz} and Dy = {P, € D: r (P;) € AY"* and x P;
y}, we know D # () by minimal richness and P; € Do. Now, suppose that condition (iii) of Fact
1 is not true. Thus, all P;, P/ € D with r(P;) = r1(P}) € AY~" agree on the relative ranking of
z and y. Therefore, for all z € AY—7, either D* C Dy or D* C Dy holds. Consequently, given
arbitrary distinct 2,2’ € AY~% with D* C Dy and D? C Do, we have z P; 2/ and y P; x for all
P, € D*, and 2’ P! z and = P/ y for all P/ € D, which imply that z and 2’ are never adjacent.

This contradicts the fact that GA*™ " is a subtree. Therefore, we identify a critical spot (z,y). This
proves statement (i).

Next, we show statement (ii) of Proposition 1. Let D be an (a,b)-semi-hybrid domain on a
tree 74. Clearly, the existence of a critical spot (x,y) in 74 such that either z,y € A?~%\{a}
or z,y € A*"\{b} implies D ¢ Dy (74, a,b). Henceforth, let D ¢ Dy(T4,a,b), and we show
that there exists a critical spot (x,y) in 7 such that either z,y € A*~"\{a} or z,y € Abéa\{b}
Since D ¢ Dg( T4, a,b), there must exists P; € D that is either not single-peaked on TAa or
not single-peaked on TA™" . We assume w.l.o.g. that P, is not single-peaked on TA™" This
implies |A%~?| > 3. Given arbitrary P; € D, let P;| 4o~ be the induced preference over A9~ by
removing all alternatives not in A%, Accordingly, let D| ga—b = {P;| ga—» : P; € D}. We claim
that D| ya—s is semi-single-peaked on 74*"" w.r.t. a. Given arbitrary P; € D, either r1(P;) € A%~
or 71(P;) € A\A*"? holds. If r1(P;) € A*~" we know that P; is semi-single-peaked on 74 w.r.t. a
by (a,b)-semi-hybridness on 74. Then, it is evident that P;| 4a—s is semi- Slngle-peaked on 74"
w.r.t. a, as required. If 7 (P;) € A\A®"?, (a,b)-semi-hybridness on 74 implies max’(4%~?) = a.
Then, we have 1 (P;| ja—s) = a which implies that P;| jo—s is semi-single-peaked on 74"~ w.r.t. a,

we have D C Dgsp(T4, z) for all z € (a,b|T4).

3The subtree 74" "Y1} is a combination of the subtree 74" " and the edge (z,y). We adopt the
instance of the line £# to exemplify how conditions (1) and (2) are specified. Fixing a semi-single-peaked
domain D on the line £4, let D ¢ Dsp(L£4). Then, we have Z = (a,, a, /L) for some 2 < p < ¢ < m or
1<p<qg<m—1. We assume w.l.o.g. that p > 2. First, according to aq, it is natural that every preference
with the peak located in (az,a,,|£?) is single-peaked on (a1, a;|£4). Second, since D C Dggp (L4, a,) and
D¢ }I))Ss;>(£‘47(1p,1)7 some preference with the peak located in <ap,1,am|£A> must not be single-peaked
on (a1, a,—1|L*). Searching from a; to a,_1, we can identify 1 < s < p — 1 such that (i) every preference
with the peak located in (a1, am,|L?) is single-peaked on (a1, as|L£4), and (ii) some preference with the
peak located in (a1, am|L?) is not single-peaked on (a1, asy1|£4). These two conditions are analogous to
conditions (1) and (2) above respectively.
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as required. Moreover, since P; is not single-peaked on ’TA(Hb, it is clear that ]3z| Aa—b 1S not
single-peaked on TA, Consequently, D| 4o—» is not single-peaked on A, Then, according
to D| 4a—b, we can adopt the verification of statement (i) to identify a critical spot (z,y) in TAT
such that z,y € A?~?\{a}. Last, back to D, by (a,b)-semi-hybridness on 74, it is easy to show
that (z,y) is also a critical spot in 74. This completes the verification of statement (ii).

F  PRrROOF OF COROLLARY 2

We first show statement (i). The “if part” holds evidently. We focus on showing the “only if part”.
Fix a non-dictatorial, tops-only, unidimensional domain D, and let D admit an anonymous and
strategy-proof rule. Clearly, the admissible rule also satisfies the tops-only property. Then, by
statement (i) of Corollary 1, D must be a semi-single-peaked domain on a tree 74 w.r.t. some
threshold z € A. Furthermore, since D is a tops-only domain, Fact 1 and statement (i) of Propo-
sition 1 together imply that ID must be a single-peaked domain on 74. Last, since I includes
the completely reversed preferences P; and P;, according to the labeling of alternatives in them,
it must be the case that 74 = £A. Therefore, D is a single-peaked domain on £4. This proves
statement (i) of Corollary 2.

We next show statement (ii). Fix a non-dictatorial, tops-only, unidimensional domain D. To
show the “if part” of statement (ii), let D further be a non-degenerate hybrid domain on £4. Thus,
D C Du(LA4, ap, aq) for some 1 < g—p < m—1. According to statement (i), to show non-existence of
an anonymous and strategy-proof rule, it suffices to show D ¢ Dsp(£4). Suppose by contradiction
that D C Dgp(LA). Consequently, we have D C Dgp(LA) C Dy (LA, ap, ag—1), which contradiction
condition (ii) of Definition 3 This proves the “if part” of statement (ii).

To prove the “only if part” of statement (ii), let D be a non-dictatorial, tops-only, unidimensional
domain, and admit no anonymous and strategy-proof rule. Thus, D admits no anonymous, tops-
only and strategy-proof rule. Then, by statement (ii) of Corollary 1, we know that D is an (a, b)-
semi-hybrid domain on a tree 74. By Lemma 11, we can assume w.l.o.g. that a; € A%~ and
am € A¥% We show that I is a non-degenerate hybrid domain on £4 in the next lemma.

LEMMA 21 Domain D is an (ap, aq)-hybrid domain on LA for somel < qg—p<m—1.

ProOOF: Since D C Dy (74, a,b) is a tops-only domain, Fact 1 and statement (ii) of Proposition 1
together imply D C DH(TA, a,b). Furthermore, the presence of the completely reversed preferences
P, and P; implies that 74 must be a line. We next show that the two leaves of T4 are a; and
am. Suppose by contradiction that a; is not a leaf of the line 74. Thus, a; has two neighbors
in 74. Consequently, we must have some ¢ € N4(a1) such that ¢ # a,, and a1 € (c,a,,|T4).
Since a1 € A*~? and a,, € A*™?, a; € (¢, a,,|T*) implies ¢ € A*~b. Then, by (a,b)-hybridness
on T4, r (P;) = am € A= implies ¢ P; a;, which contradicts the fact that a; is bottom-ranked
in P;. Therefore, a; is not a leaf of the line 74. Symmetrically, a,, is the other leaf of the line
TA. Now, let (a1,a|T4) = (21,...,2p) and (b, an|T?) = (z4,...,Tm), where p = |{a1,a|T4)|,
q—p+1={a,bTY], and m — g+ 1 = |[(b, a;n|T*)|. Since D is an (a, b)-semi-hybrid domain on
T4, we have |{ap, aq|L4)| = |{a,b|T*)| > 3 and hence ¢ — p > 1. This confirms condition (iii) of
Definition 3. Furthermore, according to the labeling of alternatives in P; and P;, we infer that
zp=ay forall k€ {1,...,p}U{q,...,m}. Thus, T4 is a combination of the line (a1,..., ap), the
interval (a,b|74) and the line (ag,...,an), and hence Dy (T4, a,b) = Du(LA, ap,a,). Therefore,
we have D C Dy(T4,a,b) = Du(LA, ap,a,), which, in conjunction with the fact that G2 is a
connected graph, confirms condition (i) of Definition 3. Next, since D is an (a, b)-semi-hybrid
domain on T, by condition (i) of Definition 6, there exist no tree 74 and dual-thresholds @ and b
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such that D C Dgy (T4, a,b) and (a,b[T4) C (a,b|T4) = (ap,ay|L?). This implies that there exist
no tree 74 and dual-thresholds @ and b such that D C Dy (T4, a,b) and (a,b|T*) C (ap, aq|LA).
This confirms condition (ii) of Definition 3. In conclusion, D is an (ay, aq)-hybrid domain on LA
We last show that D is a non-degenerate hybrid domain, i.e., ¢ — p < m — 1. Suppose by
contradiction ¢ — p = m — 1. Thus, D is an (a1, a,,)-hybrid domain on £4, which is a degenerate
hybrid domain. Consequently, by the proof of Statement (ii) of Theorem 1, we know that every
two-voter, tops-only and strategy-proof rule behaves like a dictatorship on (a1, am]£A> = A. Hence,
every two-voter, tops-only and strategy-proof rule is a dictatorship. Consequently, by the tops-only-
domain hypothesis, every strategy-proof rule is a dictatorship, which further by the ramification
theorem of Aswal et al. (2003) implies that D is a dictatorial domain - a contradiction. This proves
the lemma and completes the verification of the “only if part” of statement (ii). |

G  SoME CLARIFICATIONS

CLARIFICATION 1 Fizing a tree T4, a threshold & € A and the semi-single-peaked domain
Dssp (T4, %), the following two statements hold:

(i) the adjacency graph of Dssp(TA,Z) coincides with T4, and

(ii) if a domain D C Dgsp (T4, Z) satisfies diversity, then |INA(z)| < 2. Conversely, if INA(z)| <
2, then Dssp (T4, Z) satisfies diversity.

It is clear that any two alternatives form an edge in 74 are adjacent in the semi-single-peaked
domain ]D)SSP(TAJ:), and hence form an edge in the corresponding adjacency graph. Therefore,
T4 is a subgraph of the adjacency graph of the semi-single-peaked domain ID)SSP(TA, z). To prove
statement (i), it suffices to show that any two alternatives that never form an edge in 74, are not
adjacent. Suppose not, i.e., there exist a,b € A such that (a,b) ¢ £4 and a ~ b. Thus, v > 3 and we
have P;, P; € Dssp (T4, %) such that 71(P;) = ro(P;) = a and 71 (P;) = ro(P;) = b. Let (a,b|T4) =
(z1,...,2,) denote path in 74 that connects a and b. Moreover, let Proj(z, (a,b|T4)) = =
for some k € {1,...,v}. Note that either 1 < k < v or k € {1,v} holds. If 1 < k < v,
then Proj(b, (a,z|T4)) = Proj(z, (a,b|T4)) = 3 implies x P; b for all P; € Dggp(T4,7) with
r1(P;) = a. This contradicts the presence of the aforementioned preference P. If k = 1, then
a,z9 € (b, Z|T4) and x5 € (b, a|T4), which imply x5 P; a for all P; € Dssp (74, Z) with ry(P;) = b.
This contradicts the presence of the aforementioned preference P;. Symmetrically, if & = v, we can
induce a contradiction to the presence of the preference P;. This proves statement (i).

For statement (ii), we first show that given a domain I C Dggp(7 4, Z), if it satisfies diversity,
then |[N4(z)| < 2. Let m = (@1,...,2,) denote the path in 74 connecting a; and a,,. We first
claim Z € 7. Suppose not, i.e., Z ¢ 7. Then, we have Proj(z,m) = x for some 1 < k < v.
Furthermore, if k = 1, semi-single-peakedness on 74 w.r.t. Z implies a; P; &, which contradicts
the fact that a; is bottom-ranked in P;; if k = v, we have a,, P; ¥ by semi-single-peakedness on
T4 w.r.t. Z, which contradicts the fact that a,, is bottom-ranked in P, if 1 < k < v, we have
ri, P; Z and x), P; T by by semi-single-peakedness on T4 w.r.t. Z, which contradicts the fact that
P, and P; are complete reversals. Therefore, € 7. Now, we show |N4(z)| < 2. Suppose not,
i.e., INA(z)| > 3. Consequently, we have x € N'4(Z) such that = ¢ w. Clearly, x ¢ (a1, z|T4),
Proj(z, (a1, Z|T4)) = Z, ¢ (am,Z|T*) and Proj(z, (am,Z|T4)) = Z. Consequently, we have
7 P, x and ¥ P; x by by semi-single-peakedness on T4 w.r.t. Z, which contradicts the fact that P;
and P; are complete reversals.
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Next, we show that if [N4(Z)| < 2, then the semi-single-peaked domain Dssp(74,Z) satisfies
diversity. Since |[N4(Z)| < 2, we have a path (x1,...,2,) in 74 such that (i) z = 2z, for some
1 <k <o, (ii) 21,20 € Leaf(T4) and (iii) 1 < k < v] = N4@) = {z3_,,23,,}]. First, let
k = 1. Since = 1 € Leaf(T4), we by definition have a preference P; € Dsgp (74, 1) such
that r1(P;) = z, and r,(P;) = z1. Next, we construct a linear order P/ that is a complete
reversal of P;. Clearly, P! € Dggp(T*,21). Symmetrically, if k = v, we also have two completely
reversed preferences in Dgsp(74,Z). Last, let 1 < k < v. Thus, N4(2) = {z3_1, 25,1} It
is natural that z;_, and zj are dual-thresholds in 74, and x; and 41 are dual-thresholds in
T4. Then, we identify the two subsets A%i-17% and A%+1~%. Note that x; ¢ A%-17%k
xp ¢ ATRHITTE D AR O AR T = () and ARk U {xp} U AT = AL Now, pick
arbitrary P, P/ € DSSP(TA,SCE) such that 7 (P;) = z1 and r1(P/) = z,. Then, we construct two
linear orders: P; and P/ over A such that (i) for all z € A"-177% and y € A%+17%, g P; a7,

z; Py, y P xj and x P/ z, (ii) P; and P; agree on the relative rankings over A"%-17%  i.e.,

for all z,y € A" 17" [z P, y] & [z P; y|, and P, and P! completely disagree on the relative
rankings over A%+17% e, for all z,y € A%+ 7% [z P, y] < [y P!z, and (iii) P/ and P! agree
on the relative rankings over A+1=%k ie., for all z,y € A%+ 7% [z P! y] < [z P! y], and P!
and P; completely disagree on the relative rankings over A%s-1—%k i.e., for all z,y € A%k-17Tk,
[z P! y] < [y P; x]. It is casy to show that P; and P! are complete reversals, and both are

7
semi-single-peaked on 74 w.r.t. 2. This proves statement (ii).

CLARIFICATION 2 Fizing a tree T2, dual-thresholds a,b € A and the semi-hybrid domain
ID)SH(TA,a, b), the following two statements hold:

i e adjacency graph of Dsg ,a,b) is a combination o e adjacency subgrap N‘Hb,
the ad h of Dsu(T4,a,b binat the ad bgraph G
a— . A . .
which coincides with the subtree T4 b, the adjacency subgraph LT >, which is a complete

subgraph, and the adjacency subgraph Gfbéa, which coincides with 'TAPG, and

(ii) if a domain D C Dsu(T4,a,b) satisfies diversity, then we have [A*~Y # {a}] = [a €
Leaf(TA"")] and [A"™ # {b}] = [b € Leaf(TA""")]. Conversely, if we have [A®™
{a}] = [a € Leaf(TA"™")] and [Ab= £ {b}] = [b € Leaf(TA""")], the semi-hybrid domain
Dsu(T4, a,b) satisfies diversity.

Similar to the verification of statement (i) of Clarification 1, we know that the adjacency
subgraph Gf‘Hb coincides with the subtree TA(Hb, and the adjacency subgraph Gébéa coincides
with the subtree 74" . Furthermore, since any two distinct alternatives in the set (a,b\TA>

A
are adjacent in the the semi-hybrid domain Dgy (74, a,b), the adjacency subgraph G 44

a
complete subgraph. To complete the verification, we show that the adjacency graph of the semi-
hybrid domain Dgg (74, a, b) is simply a combination of the subtree Gfaéb = TA(Hb, the complete
subgraph Gl MTH) and the subtree Gfbéa = 74" Since all these three subgraphs are nested in
the adjacency graph of Dsy (74, a,b), it suffices to show that for all z,y € A with  ~ y, either
(z,y) € Efaéb, or (x,y) € Eﬁa’blTA>, or (x,y) € EA"™" holds. Given distinct z,y € A with z ~ vy,
suppose by contradiction that (z,y) ¢ gA? Ué’ia’blTA) UEA™™ . Since z ~ y, we have a preference
P¥ € Dsu(T4,a,b) such that 7 (P}) = x and ro(P;) = y. We know that one of the following
five cases must occur: (1) x € A*\{a}, (2) z € A*~N\{b}, (3) = € (a,b|T*)\{a,b}, (4) = = a,
or (5) = b. In case (1), by the contradictory hypothesis, it must be true that y ¢ A%t
Then, by (a, b)-semi-hybridness on 74, we have a P; y for all P; € Dsu(7T4,a,b) with r(P;) = ,

44 Otherwise, y € A*~Y. Thus, z,y € A~ Then, x ~ y implies (x,y) € 5;“@%, which contrasts the
contradictory hypothesis.
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which contradicts the presence of the aforementioned preference P7. Similarly, in case (2), we
can show b P; y for all P; € Dsu(T4,a,b) with r1(P;) = z, which contradicts the presence of
the aforementioned preference P as well. In case (3), by the contradictory hypothesis, it must
be true that y ¢ (a,b|74),% which further implies y € A*~*\{a} or y € A*~%\{b}. Then, by
(a,b)-semi-hybridness on 74, we know that if y € A*~?\{a}, then a P; y for all P; € Dgg (T4, a,b)
with r1(P;) = x]; if y € A*~9\{b}, then b P; y for all P; € Dsu(T4,a,b) with r1(P;) = z]. This
contradicts the presence of the aforementioned preference P;. In case (4), by the contradictory
hypothesis, it must be true that y € A*~\{b}.96 Then, by (a,b)-semi-hybridness on 74, we
have b P; y for all P, € Dgg(T4,a,b) with r1(P;) = 2. This contradicts the presence of the
aforementioned preference P;. Similarly, in case (5), we can show a P; y for all P; € Dsu(T4, a,b)
with 71 (FP;) = x, which contradicts the presence of the preference P as well. This proves statement
(i)-

For statement (ii), we first notice that if |{a,b|T4)| = 2, Dsu(T4,a,b) = Dssp(T4,a) N
Dsu(74,b), and then statement (i) of Clarification 1 implies the result. Henceforth, we as-
sume |{a,b|7T4)| > 3. We first show that given a domain D C Dsy(74,a,b), if D satisfies di-
versity, then we have [A%™0 £ {a}] = [a € Leaf(TA"")] and [A"= £ {b}] = [b € Leaf(TA"")).
The verifications for both cases A~ # {a} and A’ # {b} are symmetric. We hence assume
w.lo.g. that A9~% # {a}. By diversity, we have P;, P; € D. Furthermore, since A%~ # {a},
(a, b)-semi-hybridness on T4 implies either a; € A*~\{a} and a,, € A\A*"? or a; € A\A*P
and a,, € A" {a}. We can assume w.lo.g. that a; € A°~"\{a} and a,, € (a,b|T4) U AP~
Suppose that a ¢ Leaf(TAaéb). Thus, we have distinct z,y € NA“" (a). Note that at least one of
{z,y} is not located in (ay,a|TA"""). We assume w.lo.g. z ¢ (ay,a|TA"""). Consequently, given
a; € A"\ {a} and a,, € A\A*"t, by (a,b)-semi-hybridness on 74, we have a P; z and a P; z,
which contradict the fact that P; and P; are complete reversals.

Last, we show that if we have [A°" % {a}] = [a € Leaf(TA""")] and [AP™® £ {b}] =
[b € Leaf(TA""")], then the semi-hybrid domain Dsy (74, a,b) satisfies diversity. If A7~ = {a}
and A*=® = {b}, then Dgg (T4, a,b) = P includes two completely reversed preference. Next, let
A= = {a} and AP~ £ {b}. Tt is evident that b has a unique neighbor in the line (a,b|74), and
the hypothesis implies that b has a unique neighbor in the subtree TA™" . Since T4 is a union
of the line (a,b|T*) and the subtree 74", we have |N4(b)| = 2. Then, Clarification 2 implies
that Dggp(74,b) contains two completely reversed preferences. Moreover, since A%~ = {a},
it is true that Dgsp(74,b) C Dsu(T4,a,b), which implies that Dsp(74, a,b) satisfies diversity.
Symmetrically, if A~ £ {a} and A*~% = {b}, Dsu (T4, a,b) satisfies diveristy. Last, we consider
the situation A9~ % {a} and A*™® # {b}. Thus, the hypothesis implies a € Leaf(TA""") and
b € Leaf(TA"™"). Let @ be the unique neighbor of a in 74“~", and b be the unique neighbor of b in
T4 Note that Dgp(T4) C Dgu (T4, a,b). We fix arbitrary @,y € Leaf(T*) such that 2 € A%~
and y € A*™¢. Clearly, z ¢ {a,b} and y ¢ {a,b}. According to Dgp(T*), we fix two single-peaked
preferences P; and P/ such that r(P;) = z and r;(P/) = y. Clearly, P; and P; completely disagree
on the relative rankings over {(a,b|T4), i.e., for all 2,2’ € (a,b|T4), [z P, 2] & [¢/ P! z]. Now, we
construct two linear orders P, and ]5{ over A satisfying the following three conditions: (i) for all
z € AN\ {a}, 2’ € (a,b|TA) and 2" € A=N\{b}, 2 P, 2/, 2/ P, 2", 2" P! 2/ and 2’ P! z, (ii) P,
and P; agree on the relative rankings over A%~ U (a,b|7T4), and P; and P! completely disagree

on the relative rankings over A*~%\{b}, and (iii) P/ and P/ agree on the relative rankings over

450therwise, y € (a,b|T4). Thus, z,y € {(a,b|T*). Then, z ~ y implies (z,y) € £4abIT) which contrasts
the contradictory hypothesis.

460 therwise, y € AP or y € (a,b[T4). Then, z ~ y implies either (z,y) € EA"" or (z,y) € ELablTh)
which contrasts the contradictory hypothesis.
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(a,b|T4) U A¥=, and P! and P; completely disagree on the relative rankings over A%~%\{a}. By
construction, it is easy to show that P, and Pi’ are complete reversals and (a,b)-semi-hybrid on

T4. This proves statement (ii).

CLARIFICATION 3 Given a tree T4 and dual-thresholds a,b € A, an (a,b)-hybrid rule on T4 is a
tops-only and strategy-proof rule on a domain D C ]DSH(TA, a,b).

Fixing a voter i € N, we consider the following (a, b)-hybrid rule on 74: for all P € D",

7“1(.PZ') if Tl( ) <a b|TA>
f(P) =4 Proj(a, 7' if ri(P;) € A"\ {a}, and
Proj (b, TV()) if ri(P;) € Ab=o\{b}.

By definition, it is clear that the hybrid rule f satisfies unanimity and the tops-only property. We
hence focus on showing its strategy-proofness.

First, we consider the possible manipulation of a voter other than i, say j € N\{i}. Given
two profiles P = (Pj, P—;) and P' = (P}, P_;), let f(P) # f(P'). We show f(P) P; f(P').
Since f(P) # f(P'), by the definition of f, it must be true that either ri(P;) € A“Ab\{a} or
ri(P;) € A=\ {b} holds. The two situations are symmetric, and we hence focus on verifying
the first one. Let r1(P;) € A*~*\{a}. Thus, by definition, f(P) = Proj(a TF(P) and f(P") =
Proj(a, 7T (P! )). We consider two cases: 1(P;) € (a,b|T4) U A~ and r1(P;) € A*"\{a}. In the
first case, we know that a € T'(P) and hence f(P) = a, and moreover (a,b)-semi-hybridness on
74 implies max!7 (4%~?) = a. Meanwhile, since f(P’) = Proj (a, T"")) € (ri(P;),a|T4) C A2~?
and f(P) # f(P’), it must be the case that f(P) P; f(P’), as required. In the second case, P,
is semi-single-peaked on 74 w.r.t. a. Then, by the proof of the sufficiency part of the Theorem
of Chatterji et al. (2013), we immediately have f(P) P; f(P’), as required. In conclusion, voter
j € N\{i} has no incentive to manipulate.

Next, we consider the possible manipulation of voter i. Given two profiles P = (P;, P_;) and
P' = (P!,P_;), let f(P) # f(P"). We show f(P) P; f(P'). Note that if r1(P;) € {(a,b|T4), then
f(P) = ri(P;), which immediately implies f(P) P; f(P’). Henceforth, we assume that either
ri(P;) € A=\ {a} or ri(P;) € A*=%\{b} holds. There are six cases to consider:

(1) r1(P;) € A~ N\{a} and r1(P)) € A "\{a}, (2) r(P;) € A*~\{b} and r1(P!) € A=\ {b},
ri(P;) €
i)

.

(3) r1(Py) € AN\{a} and 11 () € A\{b},  (4) (By) € AP0\ {b} and 1y (P)) € A"\ {a},
(5) r1(P;) € A*N\{a} and r1(P)) € {a,b|T4), and (6) r1(P;) € A=N\{b} and r1(P}) € {(a,b|T4).
The first two cases are symmetric, and we hence focus on the verification of case (1). In case
(1), P; is semi-single-peaked on 74 w.r.t. a, f(P) = Proj (a, 7'")) and f(P’) = Proj (a,’TF(P/)).
Then, by the proof of the sufficiency part of the Theorem of Chatterji et al. (2013), we imme-
diately have f(P) P; f(P’), as required. Cases (3) and (4) are symmetric, and we hence focus
on the verification of case (3). In case (3), we know f(P) = Proj(a, 7)) € (ri(P),a|T*)
and f(P') = Proj (b,7'")) € (ri(P)),b|T4) C A*=% Moreover, since ri(P;) € A*"b\{a},
by (a,b)-semi-hybridness on T4, we know P; is semi-single-peaked on 74 w.r.t. a which implies
min®i ({(r(P;),a|T4)) = a and a P; b, and max’i(A*~?) = b. Therefore, by transitivity of P;, it
must be the case that f(P) P; f(P'), as required. Cases (5) and (6) are symmetric, and we hence
focus on the verification of case (5). In case (5), we know f(P) = Proj (a, TF)) € (ri(P;),a|T4)
and f(P') = r1(P!) € {a,b|T4). Moreover, since r1(P;) € A*~"\{a}, we know B is semi-single-
peaked on 74 w.r.t. a which implies min®*((r1(P;),a|T4)) = a and and max’((a,b|T4)) = a.
Therefore, by transitivity of P;, it must be the case that f(P) P; f(P’), as required. In conclusion,
voter 7 has no incentive to manipulate. Therefore, the hybrid rule f is strategy-proof.
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P P P Py B B Pr B P
aq aq aq a9 a9 as as as ay
az a2 az ap a3 ai Gz G4 0ag
as a4 ax a3 a1 az ap G2 Qa2
g a3z Q4 QA4 QA4 A4 Qg4 a1 @

Table 4: Domain D
as
a1 as aq

Figure 9: The adjacency graph G4

CLARIFICATION 4 Fizing a tree T2 and a threshold T € A, a semi-single-peaked domain D on
TA w.rt. T satisfies leaf symmetry if and only if either T ¢ Leaf(T4), or € Leaf(T4) and
D C Dssp(T*,Z) N Dssp (T4, ), where N4(z) = {x}.

First, if z ¢ Leaf(7T*), semi-single-peakedness on 74 w.r.t.  immediately implies |S(D?)| =
1 for all z € Leaf(T4) = Leaf(G4). Similarly, given Z € Leaf(74) and D C Dssp(74,2) N
Dssp (T4, z), where N4(Z) = {z}, we know that x ¢ Leaf(7*) and then semi-single-peakedness
on T4 w.r.t.  immediately implies |S(D?)| = 1 for all z € Leaf(7*) = Leaf(G4). Conversely, let D
satisfies leaf symmetry. We show that either Z ¢ Leaf(74), or € Leaf(74) and D C Dggp (74, )N
Dssp (T4, z), where N4(z) = {z}. Suppose not, i.e., Z € Leaf(T*) and D ¢ Dgsp(T*,z). Since
T € Leaf(T4) and N4(z) = {2}, we know that for all z € A\{Z}, = € (2,Z|T4). Then, by semi-
single-peakedness on 74 w.r.t. Z, we know that all preferences with the peak other than Z are also
semi-single-peaked on 74 w.r.t. . Consequently, D ¢ DSSP(TA,.’L') implies that some P € D*
is not semi-single-peaked on 74 w.r.t. . Note that given # € Leaf(74) and N4(z) = {2},
in any preference with the peak Z that is semi-single-peaked on 74 w.r.t. z, the alternative z
must be the second best. Therefore, we must have ro(P;) # x. Furthermore, since TA = GA,
T € Leaf(T4) = Leaf(G2) and N4(z) = {2}, we know (Z,z) € £2. Then, by leaf symmetry, we
have a preference P/ € D such that r1(P/) ¢ {Z,x} and ro(P]) = &, which contradicts semi-single-
peakedness on 74 w.r.t. z.

CLARIFICATION 5 An example of a degenerate semi-hybrid domain.

Let A = {ai,as,a3,a4}. All 9 preferences of the domain D and the adjacency graph G4
are respectively specified in Table 4 and Figure 9. First, domain D satisfies path-connectedness
according to Figure 9, diversity according to preferences P; and Py in Table 4, and leaf symmetry,
i.e., Leaf(G2) = {a4} and |S(D™)| = 1. Second, since |S(D%)| = 1, the unique seconds property
is also satisfied. Last, we observe that G4 contains a cycle, coincides with the adjacency graph
of the semi-hybrid domain Dgg(£4,a1,a3), and is strictly included in the adjacency graph of
Dsu (L4, a1, a4) which is a complete graph. Moreover, since D C P = Dsg(£4, a1, a4) and P in
Table 4 is not (a1, az)-semi-hybrid on £4, we infer that I is an (a1, a4 )-semi-hybrid domain on £4,
and hence a degenerate semi-hybrid domain.

CLARIFICATION 6 The relation to Roy and Storcken (2019).

First, recall the notion of weak adjacency introduced in footnote 28. A rich domain D of Roy
and Storcken (2019) satisfies the following three conditions:

1. domain D is weakly path-connected,
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2. [a € S(DY)] < [b € S(DY)] for all a,b € A, and

3. given a,b,c € A with a » b and b = ¢, there exist P; € D* and P/ € D° such that given d € A
with d P; ¢ and d P! a, we have d P!’ c or d P" a at some P/ € D°.

It is clear that path-connectedness implies the first condition. Next, if we strengthen the
notion of weak adjacency in the hypothesis of the third condition by the notion of adjacency, it
is easy to identify preferences in the domain satisfying the requirement of the third condition.
Given a,b,c € A such that a ~ b and b ~ ¢, we have preferences PZ-,P@,PZ-’,P{ € D such that
r(P) = r(B) = a, r(P) = ro(P) = b and r(P) = rp(P) for all k € {3,...,m}, and
r(P) = ro(P) = ¢, ri(P}) = ro(P}) = b and rx(P!) = ri(P)) for all k € {3,...,m}. Thus, we
have P; € D%, P/ € D¢ and P, Pi’ € D°. Furthermore, given d € A with d P; ¢ and d P/ a, we have
d P, cand d ]f’i’ a, either of which meets the requirement of the third condition.

Compared to leaf symmetry, the second condition is too demanding. For instance, recall the
semi-single-peaked domain Dssp(£4, a3), where |A| = m > 4. Clearly, a preference with the peak
a3 has no restriction on the rankings of other alternatives. Therefore, any alternative other than ag
can be second ranked in a semi-single-peaked preference with the peak as, i.e., S(Dg%P(EA, ag)) =
{a1,a2,a4,...,an}, and hence ‘S(]D)gssp(ﬁA, ag))‘ > 1. Meanwhile, by semi-single-peakedness on
LA w.r.t. ag, we know ap P; ag for all preference P; € Dssp (£, ag) with r1(P;) = a1, which implies
a3 ¢ S(DELp(LA, a3)). Therefore, the second condition above is violated here. This however does
not contrast leaf symmetry since as is not a leaf in the adjacency graph G4 = £4.

CLARIFICATION 7 Verify strategy-proofness of the SCF f constructed in Fxample 2.

Fix a profile (P;, Pj). We first verify all possible manipulations of voter i. First, let 7 (P;) €
A\B, Then, by construction, we know f(P/, P;) = ri(P;) for all P € Dy. Hence, no manipulation
of voter i is profitable. Next, let ri(P;) € B. Then, by construction, we know f(P/, P;) € B for
all P/ € Dy. Hence, f(P;, Pj) = max'i(B) implies that no manipulation of voter i is profitable.
Therefore, voter ¢ has no incentive to manipulate. We next verify all possible manipulation of
voter j. First, let r1(P;) € A\B. Then, f(F;, P;) = r1(P;) implies that no manipulation of voter
j is profitable. Next, let r1(P;) € B. Thus, f(P;, P;) = max’i(B) € B. Consider a possible
manipulation P; € Do. If r1(P]) € B, we have f(F;, P}) = max’(B) = f(P;, P;), which implies
that the manipulation is not profitable. If r(P]) € A\B, we have f(P;, P}) = r1(P/) € A\B. Since
r1(Pj) € B, we know that P; must be one of the first six preferences in Table 2, and hence voter j
prefers each alternative of B to each alternative of A\B. Hence, we have f(P;, P;) P; f(P;, Pj’ ), as
required. Therefore, voter j has no incentive to manipulate. In conclusion, f is strategy-proof.

CLARIFICATION 8 Verify strategy-proofness of the SCF f constructed in FExample 3.

Since f is anonymous, it suffices to focus on all possible manipulations of voter i. Given two
distinct profiles (P, P;) and (P!, P;), it is clear that if f(P;, Pj) = r1(F;) or f(P;, Pj) = f(P!, P;),
voter ¢ has no incentive to manipulate at (P, P;) via P;. We henceforth assume f(P;, P;) # ri(F;)
and f(P;, Pj) # f(P/, P;). There are four cases: (1) f(P;, P;) =d # r1(F;) and f(P], P;) # d, (2)
F(PPy) = a £ r1(P) and f(FLP)) £ a, (3) f(P.P}) = ¢ # r(Py) and f(PL,P;) # ¢, and (4)
f(Pi, Pj) =b#ri(P;) and f(P], Pj) # b. Note that the first three cases are symmetric. We hence
focus on the verification of cases (1) and (4).

First, we consider case (1). By construction, f(F;, P;) = d implies one of the following subcases:
(i) P, = Prand P; € DY, or (ii) P, € DY and P; = Py, or (iii) f(P;, P;) = Proj(b, (ri(B),m1(P)|T4).
Immediately, we rule out subcase (ii) since r1(P;) # d, and also rule out subcase (iii) since d =
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f(Pi, Pj) = Proj(b, (r(P;),r1(P;)|T4)) implies r1(P;) = r1(P;) = d, which contrasts the hypothe-
sis 71(P;) # d. Therefore, subcase (i) holds. Thus, we have f(P;, Pj) =d, f(P],P;) #d, P, = P;
and P; € ]D)g. By the construction of f, we observe that given P; € ]D)g, there exists no P/ € D3 such
that f(P/, Pj) = a. Therefore, r(P;) = r(P7) = a # f(P!, Pj), r2(P;) = r2(P7) = d = f(P;, Pj)
and f(P;, Pj) # f(P], P;) imply f(P;, P;) P; f(P/,P;). In conclusion, in case (1), voter ¢ has no
incentive to manipulate at (P;, P;) via P.

Last, we consider case (4). Since r1(P;) # b, one of the following three situations must occur:
P, € DY, or P; € DY, or P; € Dg. These three situations are symmetric, and we hence assume
w.l.o.g. that P, € D§ = {Py, Pr}. Since f(P;, P;) = b, the construction of f implies b = f(P;, Pj) =
Proj (b, (r1(P;),r1(P;)|T4)) = Proj(b, (a,r1(P;)|T*)), which further implies r1(P;) # a. Further-
more, if 71(P}) = b, it is clear that f(P/, P;) = Proj(b, (r1(P;),b|T*)) = b by construction, which
contradicts the hypothesis f(P/, P;) # b. Therefore, P; € D§ U DY = {Ps, Ps, Ps, Py}. Moreover,
since f(P;, Pj) = b # a and P; € D, the construction of f further implies P; # Ps. Therefore,
P; € {Ps, Ps, Py}. Now, according to P; € {P1, Pr}, we consider two subcases: (i) P; = P; and (ii)
P; = P;. Insubcase (i), suppose by contradiction that f(P], P;) P; f(P;, Pj). This, by f(P;, Pj) = b
and P; = Py, implies f(P/, P;) = a. Since P; ¢ D and P; # Py, by the construction of f, we must
have a = f(PL, Py) = Proj (b, (ri (P, ri(P)ITA) = Proj(r1 (PY), (b,m1 (Pp)ITA) € (b1 (Py)|T4)
This implies 71(P;) = a, which contradicts the fact P; ¢ D§. In subcase (ii), since P; = P;
and f(P;,Pj) = b # d, the construction of f implies P; ¢ DI = {Ps, Py}. Hence, we have
P; = Ps € D§. Thus, by the construction of f, we know that either P/ = Py and f(P/, P;) = c,
o F(FL, P}) = Proj(b, (r(PL), r(P)ITA) = Proj(b, (ra(FL), el T4) = Proj(m(FL), (b,clT4) €
(b, c|T) = {b,c} holds. Furthermore, since f(P/, P;) # b, we have f(P/, P;) = c. Consequently,
according to P; = P7, we have f(P;, Pj) P; f(P],P;). Overall, in both subcases, voter ¢ has no
incentive to manipulate. In conclusion, f is strategy-proof.

H A BRIEF EXTENSION TO MULTIDIMENSIONAL MODELS

In this section, we provide an application of Theorem 1 to a multidimensional setting. Let a finite
alternative set A be decomposed as a Cartesian product, i.e., A = X4epr A%, where M = {1,..., ¢},
¢ > 1, and |A®| > 2 for each s € M. Thus, an alternative is uniquely assembled by ¢ elements
of AY,... A ie., = (2',...,2%) = (2%, 27%). Given a,b € A, let M(a,b) = {s € M : a® # b*}
denote the set of components on which a and b disagree. Thus, two alternatives a,b € A are
said similar if |M(a,b)| = 1. Fix a domain D of preferences over A. Given a preference P; € D
and a nonempty subset B C A, let P;|p denote the preference over B induced via removing all
alternatives out of B in P;. Given s € M and a™* € A%, let (4°%,a™°) = {(a®,a™%) € A:a® € A%}
and DA%¢™) = (P € D : r(P) € (A%,a*)}. In particular, a preference P; € D is separable if
there exists a marginal preference (or a linear order) P’ over A® for each s € M such that for all
similar alternatives a,b € A, say M (a,b) = {s}, we have [a® P{ b°] = [a P; b].

As noted earlier, the domain of all separable preferences is excluded from unidimensional do-
mains due to the violation of adjacency. We introduce a new notion between two alternatives
which generalizes the notion of adjacency to cover domains that contain separable preferences.
Fixing a domain I, two alternatives a,b € A are adjacent™, denoted a ~* b, if they are similar,
say M(a,b) = {s}, and there exist two separable preferences P; € D% and P/ € D’ satisfying the
following two conditions:

(i) given 2% € A™°, (a®,27%) = rp(P;) = rp41(P)) and (b%,27°) = ri(P!) = ri41(FP;) for some
1<k <|A], and

(ii) given c € A4, [¢* ¢ {a®,b*}] = [c = rp(P;) = ri(P]) for some 2 < k < |A]].
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Accordingly, given s € M and a=* € A™® we induce a graph G(NA:’aiS), where the vertex set

is (A% a%), and two vertices of (A%, a™*%) form an edge if and only if they are adjacent™. A
domain D satisfies path-connectedness™ if G(NA:’CL—S) is a connected graph for each s € M and
a—% € A~*. Moreover, a domain ID satisfies diversity™ if there exists a pair of separable preferences
P;, P; € D that are complete reversals, and furthermore for each s € M, there exist a=* € A~ and
P;, P/ € D(4*¢™°) guch that Pi|(as,q-5) and P/|(4s o5 are complete reversals. Henceforth, a domain
D is called a multidimensional domain if it satisfies both path-connectedness®™ and diversity*.4”
Now fix a multidimensional domain D and a two-voter, tops-only and strategy-proof rule f :
D? — A. As a first step towards characterizing such a rule, we fix an arbitrary component s € M.
By diversity™, we have a™® € A™® and preferences P;, P! € DA%™*) such that ,Pi‘(As7a75) and
P/|(45,q4-sy are complete reversals. We then restrict attention to f on the subdomain D(A%a™%),
Let D[ (45 4-5) = {P7;|(As7a—s) P € ]D)(As’ais)}. Note that D 4s ,-s) satisfies path-connectedness
and diversity.*® Also, note that given Pj, Py, P, Py € DA%e™") if Pil(as q-s) = P[|(as,4-5) and
PQ‘(As’afs) = PZ/‘(A\S’afs), then 7’1<P1) = Tl(Pl/), T‘l(PQ) = Tl(Pé), and hence f(Pl,PQ) = f(Pll,Pé)
by the tops-only property. Similar to statement (i) of Lemma 5, we can easily show f(Py, Py) €
(A% a=*) for all P;,P, € DA*%7°) Then, we can induce a tops-only and strategy-proof rule

g: [D|(As,a—s)j|2 — (A®,a™%) such that
g(P1|(As,a—s),P2|(As7a—s)) == f(Pl,PQ) fOI’ all Pl,PQ S D(As’ais).

According to the two completely reversed preferences in ID)|( As,a—s), we know that g is either
invariant or not. If g is invariant, then by Statement (i) of Theorem 1, g is a projection rule,
and hence f behaves like a projection rule on (A° a~%)), i.e., there exist a tree 74 °) and an
alternative (2°,a=*) € (A% a~*) such that for all a,b € (4%, a™%),

f(a,b) = gla,b) = Proj((&*,a*), (a,b| T2 )).

If g is not invariant, then by the proof of Statement (ii) of Theorem 1, g is a hybrid rule, and hence
f behaves like a hybrid rule on (A%, a=%)), i.e., there exist a tree 7(4*%*) and dual-thresholds
(z°,a=*) and (Z°,a~*) in T4"%"") which induce the following three exhaustive subsets of (A%, a~*):

m :{a c (As7afs) . (gs’afS) c <CL, (Es7a75)‘7-(,457a—s)>}’

(A35,a7%) ={a € (A%,a7%) ra € ((z°,a™), (Ts,a_s)\T(As’ais))}, and
) —{a € (A0 7) s (007 € o (a T},

47The notion of adjacency™ was originally introduced by Chatterji and Zeng (2019). The multidimensional
domains introduced by Chatterji and Zeng (2019) are restricted domains: all preferences are required to
be top-separable (introduced by Le Breton and Weymark, 1999). Moreover, their investigation focuses
on a subclass of multidimensional domains where all preferences are well organized in the manner that is
analogous to no-restoration. The class of multidimensional domains introduced here is significantly less
demanding, as it is only concerned with the richness of separable preferences included in the domain, and
consequentially the universal domain is covered as a special case.

48Given distinct a®,b® € A%, let P; € D(¢¢77) and Pl e D®*:2™) bhe two separable preferences that indicate
(a®,a=%) ~* (b°,a™*). Then, the induced preferences P;|(4s <) and Pj|(4s o-+) satisfy the following con-
ditions: (i) rq (Pi|(As7afs)) = rg(Pi’|(As,a75)) = (a®,a™%) and r (Pi'|(Asﬁa75)) = TQ(Pil(AS,Zafs)) = (b%,a7%),
and (ii) r (Pi|(A57a75)) =7 (P{|(As7afs)) for all k € {3,...,]A®|}. This indicates that in the induced domain
DJ(45,4-+), alternatives (a®,a™*) and (b*,a™*) are adjacent. Consequently, the adjacency graph GAe™)
induced according to D|(4s 4-+) must contain the connected graph G(:f’ais).
path-connected domain.

Therefore, D|(4s,4-5) is a
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such that one of the following two cases must occur: (i) for all a,b € (A%, a™%),

—

a lfa € (As7a’_s)7
fla,b) = g(a,b) = ¢ Proj((z*,a™*), (a,b|T))) ifa € (A%, a=*)\{(z% a~*)}, and
Proj(a*,a™*), (a, T4 ) ifa € (A7)

/
——
—~
8|
\.CIJ
Q
w
SN—
-

or (ii) for all a,b € (A%, a™%),

—

b if b e (A%, a=9),
fa,b) = g(a,b) = { Proj((z*,a~), (a,bITA ™)) ifb € (4%,a~*)\{(*,a )}, and
Proj((fs,a_s), (a, b|T(AS’“7S)>) if b e (A%, a=)\{(@*,a )}
The characterization of g provided above constitutes an essential ingredient of a full charac-

terization of f. We leave the task of fully characterizing a rule on a multidimensional domain and
extracting the domain implications of the strategy-proofness of such a rule for future work.%”

49A11 our analysis so far is based on strategy-proof SCFs which are only concerned with unilateral de-
viations at a preference profile. The investigation on multidimensional domains can be enriched when we
expand to SCFs that are immune to group deviations. It is known from Barbera et al. (2016) that on a
multidimensional domain, the number of voters and dimensions affect the elicitation of preference restriction
when the SCF is required to satisfy some stronger notion of incentive compatibility that is related to group
deviations, like group-strategy-proofness or immunity to credible deviations.

63



	A taxonomy of non-dictatorial unidimensional domains
	Citation

	1 Introduction
	1.1 Preference domains
	1.2 An outline of the results

	2 Preliminaries
	2.1 Social Choice Functions
	2.2 Graphs

	3 Preference Domains and Tops-only Rules
	3.1 Single-peaked domain and hybrid domain
	3.2 Semi-single-peaked domain and semi-hybrid domain
	3.3 Projection rule and hybrid rule

	4 Results
	4.1 Non-dictatorial unidimensional domains
	4.2 A classification of non-dictatorial, unidimensional domains
	4.3 Non-tops-only rules
	4.4 A refinement of the classification

	5 Literature Review and Final Remarks
	5.1 A review of the literature
	5.2 Final remarks

	A Proof of the Auxiliary Proposition
	B Proof of Theorem 1
	C Proof of Corollary 1
	D Proof of Fact 1
	E Proof of Proposition 1
	F Proof of Corollary 2
	G Some Clarifications
	H A brief extension to multidimensional models

