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A Conditional Linear Combination Test with Many Weak

Instruments™

Dennis Lim! Wenjie Wang? Yichong Zhang®

Abstract

We consider a linear combination of jackknife Anderson-Rubin (AR), jackknife Lagrangian
multiplier (LM), and orthogonalized jackknife LM tests for inference in IV regressions with many
weak instruments and heteroskedasticity. Following I.Andrews (2016), we choose the weights in
the linear combination based on a decision-theoretic rule that is adaptive to the identification
strength. Under both weak and strong identifications, the proposed test controls asymptotic
size and is admissible among certain class of tests. Under strong identification, our linear
combination test has optimal power against local alternatives among the class of invariant or
unbiased tests which are constructed based on jackknife AR and LM tests. Simulations and an
empirical application to Angrist and Krueger’s (1991) dataset confirm the good power properties

of our test.
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1 Introduction

Various recent surveys in leading economics journals suggest that weak instruments remain impor-
tant concerns for empirical practice. For instance, I.Andrews, Stock, and Sun (2019) survey 230
instrumental variable (IV) regressions from 17 papers published in the American Economic Review
(AER). They find that many of the first-stage F-statistics (and non-homoskedastic generalizations)
are in a range that raises such concerns, and virtually all of these papers report at least one first-
stage F with a value smaller than 10. Similarly, in Lee, McCrary, Moreira, and Porter’s (2022)
survey of 123 AER articles involving IV regressions, 105 out of 847 specifications have first-stage
Fs smaller than 10. Moreover, many IV applications involve a large number of instruments. For
example, in their seminal paper, Angrist and Krueger (1991) study the effect of schooling on wages
by interacting three base instruments (dummies for the quarter of birth) with state and year of
birth, resulting in 180 instruments. Hansen, Hausman, and Newey (2008) show that using the 180
instruments gives tighter confidence intervals than using the base instruments even after adjusting
for the effect of many instruments. In addition, as pointed out by Mikusheva and Sun (2022), in
empirical papers that employ the “judge design” (e.g., see Maestas, Mullen, and Strand (2013),
Sampat and Williams (2019), and Dobbie, Goldin, and Yang (2018)), the number of instruments
(the number of judges) is typically proportional to the sample size, and the famous Fama-MacBeth
two-pass regression in empirical asset pricing (e.g., see Fama and MacBeth (1973), Shanken (1992),
and Anatolyev and Mikusheva (2022)) is equivalent to IV estimation with the number of instru-
ments proportional to the number of assets. Similarly, Belloni, Chen, Chernozhukov, and Hansen
(2012) consider an IV application involving more than one hundred instruments for the study of
the effect of judicial eminent domain decisions on economic outcomes. Carrasco and Tchuente
(2015) used many instruments in the estimation of the elasticity of intertemporal substitution in
consumption. Furthermore, as pointed out by Goldsmith-Pinkham, Sorkin, and Swift (2020), the
shift-share or Bartik instrument (e.g., see Bartik (1991) and Blanchard, Katz, Hall, and Eichen-
green (1992)), which has been widely applied in many fields such as labor, public, development,
macroeconomics, international trade, and finance, can be considered as a particular way of com-
bining many instruments. For example, in the canonical setting of estimating the labor supply
elasticity, the corresponding number of instruments is equal to the number of industries, which is
also typically proportional to the sample size.

In this paper, following the seminal study by I.Andrews (2016), we propose a jackknife condi-
tional linear combination (CLC) test that is robust to weak identification, many instruments, and
heteroskedasticity. The proposed test also achieves efficiency under strong identification against
local alternatives. The starting point of our analysis is the observation that, under strong identi-
fication, an orthogonalized jackknife Lagrangian multiplier (LM) test is the uniformly most pow-
erful (UMP) test against local alternatives among the class of tests that are constructed based on

jackknife LM and Anderson-Rubin (AR) tests and are either unbiased or invariant to sign changes.



However, the orthogonalized LM test may not have good power under weak identification or against
certain fixed alternatives. Therefore, we consider a linear combination of jackknife AR, jackknife
LM, and orthogonalized LM tests. Specifically, we follow I.Andrews (2016) and determine the linear
combination weights by minimizing the maximum power loss, which can be viewed as a maximum
regret and is further calibrated based on the limit experiment of interest and a sufficient statistic
for the identification strength under many instruments. Then, similar to I.Andrews (2016), we
show such a jackknife CLC test is adaptive to the identification strength in the sense that (1) it
achieves correct asymptotic size, (2) it is asymptotically and conditionally admissible under weak
identification among some class of tests, (3) it converges to the UMP test mentioned above under
strong identification against local alternatives,' and (4) it has asymptotic power equal to 1 under
strong identification against fixed alternatives. The properties of jackknife AR, jackknife LM, or-
thogonalized LM, and our CLC tests are summarized in Table 1. Simulations based on the limit
experiment as well as calibrated data confirm the good power properties of our test. Then, we
apply the new jackknife CLC test to Angrist and Krueger’s (1991) dataset with the specifications
of 180 and 1,530 instruments. We find that, in both specifications, our confidence intervals (CIs)
are the shortest among those constructed by weak identification robust tests, namely, the jackknife
AR, LM, and CLC tests, and the two-step procedure. Furthermore, our Cls are found to be even
shorter than the non-robust Wald test Cls based on the jackknife IV estimator (JIVE) proposed by
Angrist, Imbens, and Krueger (1999), which is in line with the theoretical result that the jackknife

CLC test is adaptive to the identification strength and is efficient under strong identification.

‘ Weak 1D, fixed alternative ‘ Strong ID, local alternative ‘ Strong ID, fixed alternative

Jackknife AR Admissible Not UMP Power 1
Jackknife LM Admissible Not UMP Power 1
Orthogonalized LM | Admissible UMP Non-monotonic power
CLC Admissible UMP Power 1

Table 1: Power Comparision of the Tests

Relation to the literature. The contributions in the present paper relate to two strands of
literature. First, it is related to the literature on many instruments; see, for example, Kunitomo
(1980), Morimune (1983), Bekker (1994), Donald and Newey (2001), Chamberlain and Imbens
(2004), Chao and Swanson (2005), Stock and Yogo (2005a), Han and Phillips (2006), D.Andrews
and Stock (2007), Hansen et al. (2008), Newey and Windmeijer (2009), Anderson, Kunitomo, and
Matsushita (2010), Kuersteiner and Okui (2010), Anatolyev and Gospodinov (2011), Belloni, Cher-
nozhukov, and Hansen (2011), Okui (2011), Belloni et al. (2012), Carrasco (2012), Chao, Swanson,

"We emphasize that the UMP property of our CLC test under strong identification holds within the class of
sign-invariant or unbiased tests that are constructed based on jackknife AR and LM tests only. It may be possible
to construct more efficient tests using test statistics besides the jackknife AR and LM. How to construct a globally
optimal test under strong identification with many IVs and heteroskedastic errors is a topic that remains to be
explored in future research.



Hausman, Newey, and Woutersen (2012), Hausman, Newey, Woutersen, Chao, and Swanson (2012),
Hansen and Kozbur (2014), Carrasco and Tchuente (2015), Wang and Kaffo (2016), Koleséar (2018),
Matsushita and Otsu (2022), Sglvsten (2020), Crudu, Mellace, and Sandor (2021), and Mikusheva
and Sun (2022), among others. In the context of many instruments and heteroskedasticity, Chao
et al. (2012) and Hausman et al. (2012) provide standard errors for Wald-type inferences that are
based on JIVE and jackknifed versions of the limited information maximum likelihood (LIML) and
Fuller’s (1977) estimators (HLIM and HFUL). These estimators are more robust to many instru-
ments than the commonly used two-stage least squares (TSLS) estimator because they can correct
the bias caused by the high dimension of IVs.? In simulations derived from the data in Angrist and
Krueger (1991), which is representative of empirical labor studies with many instrument concerns,
Angrist and Frandsen (2022, Section IV) show that such bias-corrected estimators outperform the
TSLS that is based on the instruments selected by the least absolute shrinkage and selection oper-
ator (LASSO) introduced in Belloni et al. (2012) or the random forest-fitted first stage introduced
in Athey, Tibshirani, and Wager (2019). Furthermore, under many weak moment asymptotics,
Newey and Windmeijer (2009) provide new variance estimators for the jackknife GMM and the
class of generalized empirical likelihood (GEL) estimators, which includes the continuous updating
estimator (CUE) and EL estimator as special cases. In the linear heteroskedastic IV model, con-
sistency and asymptotic normality of CUE require m?/n — 0 and m3/n — 0, respectively, where
m and n denote the number of moment conditions and the sample size (e.g., see p.689 of Newey
and Windmeijer (2009)). Such conditions are needed to simultaneously control the estimation error
for all the elements of the heteroskedasticity consistent weighting matrix. Somewhat stronger rate
conditions are required for other GEL estimators.

However, the Wald-type inference methods are invalid under weak identification, which occurs
when the ratio of the concentration parameter over the square root of the number of instruments
remains bounded as the sample size increases to infinity. In this case, all the estimators mentioned
earlier become inconsistent, and there is no consistent test for the structural parameter of interest
(see Section 3 of Mikusheva and Sun (2022)). For weak identification robust inference under
many instruments, D.Andrews and Stock (2007) consider the AR test, the score test introduced in
Kleibergen (2002), and the conditional likelihood ratio test introduced in Moreira (2003). Their IV
model is homoskedastic and requires the number of instruments to diverge slower than the cube
root of the sample size (K3/n — 0, where K denotes the number of instruments). Anatolyev
and Gospodinov (2011) propose a modified AR test that allows for the number of instruments to
be proportional to the sample size but still require homoskedastic errors. Recently, Crudu et al.
(2021) and Mikusheva and Sun (2022) propose jackknifed versions of the AR test in a model

ZSpecifically, the rate of growth of the concentration parameter, which measure the overal instrument strength,
is denoted as p2. JIVE, HLIM, and HFUL remain consistent with heteroskedastic errors even when instrument
weakness is such that p2 is slower than the number of instruments K, provided that p2 / VK — oo as the number
of observations n — oo (Chao et al., 2012; Hausman et al., 2012). In contrast, TSLS is less robust to instrument
weakness as it is shown to be consistent only under homoskedasticity if u2 /K — oo (Chao and Swanson, 2005).



with many instruments and heteroskedasticity. Both tests are robust to weak identification, but
Mikusheva and Sun’s (2022) jackknife AR test has better power properties due to the use of
a cross-fit variance estimator. However, the jackknife AR tests may be inefficient under strong
identification. To address this issue, Mikusheva and Sun (2022) also propose a new pre-test for
weak identification under many instruments and apply it to form a two-stage testing procedure
with a Wald test based on the JIVE introduced in Angrist et al. (1999). The JIVE-Wald test is
more efficient than the jackknife AR under strong identification. Therefore, an empirical researcher
can employ the jackknife AR if the pre-test suggests weak identification and the JIVE-Wald if the
pre-test suggests strong identification. In addition to the jackknife AR, Matsushita and Otsu (2022)
propose a jackknife LM test, which is also robust to weak identification, many instruments, and
heteroskedastic errors. However, the jackknife CLC test introduced in our paper is more efficient
than the jackknife AR, the jackknife LM, and the two-step test under strong identification and
local alternatives, while still being robust to weak identification.

Second, our paper is related to the literature on weak identification under the framework of
a fixed number of instruments or moment conditions, in which various robust inference methods
are available for non-homoskedastic errors; see, for example, Stock and Wright (2000), Kleiber-
gen (2005), D.Andrews and Cheng (2012), I.Andrews (2016), I.Andrews and Mikusheva (2016),
I.Andrews (2018), Moreira and Moreira (2019), D.Andrews and Guggenberger (2019), and Lee
et al. (2022). In particular, our jackknife CLC test extends the work of I.Andrews (2016) to the
framework with many weak instruments. I.Andrews (2016) considers the convex combination be-
tween the generalized AR statistic (S statistic) introduced by Stock and Wright (2000) and the score
statistic (K statistic) introduced by Kleibergen (2005). We find that under many weak instruments,
the orthogonalized jackknife LM statistic plays a role similar to the K statistic. However, the trade-
off between the jackknife AR and orthogonalized LM statistics turns out to be rather different from
that between the S and K statistics. As pointed out by I.Andrews (2016), in the case with a fixed
number of weak instruments (or moment conditions), the K statistic picks out a particular (ran-
dom) direction corresponding to the span of a conditioning statistic that measures the identification
strength and restricts attention to deviations from the null along this specific direction. In contrast
to the K statistic, the S statistic treats all deviations from the null equally. Therefore, the trade-off
between the K and S statistics is mainly from the difference in attention to deviation directions.
We find that with many weak instruments, the jackknife AR and orthogonalized LM tests do not
have such difference in deviation directions. Instead, their trade-off is mostly between local and
non-local alternatives. Furthermore, although the standard LM test (without orthogonalization) is
not weak identification robust under I.Andrews (2016)’s framework, the jackknife LM test is under
many instruments. Therefore, we consider a linear combination of jackknife AR, jackknife LM, and
orthogonalized jackknife LM tests and find that the resulting CLC test has good power properties

in a variety of scenarios.



Notation. We denote Z () as the normal random variable with unit variance and expectation
and [n] = {1,2,--- ,n}. We further simplify Z(0) as Z, which is just a standard normal random vari-
able. We denote z, as the (1 — «) quantile of a standard normal random variable and C, (a1, az; p)
as the (1 — a) quantile of random variable a1 27 4 as(p2Z1 + (1 — p?)'/225)2 + (1 — a1 — a) 22 where
Z, and Z5 are two independent standard normal random variables, « is the significance level, p
is a constant in (—1,1), and a; and ag are the weights of the first and second components in the
random variable. We further simplify Co,, as C,, which is just the 1 — a quantile of 22 We let
Ca,max(p) = SUP(q, a)en, Calar, az;p), where Ag = {(a1,a2) € [0,1] x [0,1],a;1 + az < @} for some
a < 1. We suppress the dependence of Cy max(p) on @ for simplicity of notation. The operators
E* and P* are expectation and probability taken conditionally on data, respectively. For example,
E*1{Z?(1) > C,}, in which j is some estimator of the expectation u based on data, means the
expectation is taken over the normal random variable by treating /i as deterministic. We use ~» to
denote convergence in distribution, U 2V to denote that U and V share the same distribution, and
maxeig()) and mineig(V) to denote maximum and minimum eigenvalues of a positive semidefinite
matrix V. For two sequences of random variables U,, and V,,, we write U, 4 Vi, + op(1) if there
exist U, 4 U, and V, 4 V,, such that U,, — V,, = op(1).

2 Setup and Limit Problems

We consider the linear IV regression with a scalar outcome Y;, a scalar endogenous variable Xj,

and a K x 1 vector of instruments Z; such that
Y =X,f+e, X;=1L;+V,, Vi€ [’I’L], (2.1)

where II; = EX; and {Z;};c[n) is treated as fixed, following the many-instrument literature. We let
K diverge with sample size n, allowing for the case that K is of the same order of magnitude as n.
We further have EV; = 0 by construction, and Ee; = 0 by IV exogeneity. We allow (e;, V;) to be
heteroskedastic across i. Also, following the literature on many instruments (e.g., Mikusheva and
Sun (2022)), we assume that there are no controls included in our model as they can be partialled
out from (Y, X;, Z;). We provide more discussions about the effect of partialling out the covariates
after Assumption 1 below.

We are interested in testing 5 = fy. Let ¢;(8o) = Y; — X;60 = e; + X;A, where A = 3 — fp.
We collect the transpose of Z; in each row of Z, an n x K matrix of instruments, and denote
P=2(ZT2)"'ZT. In addition, Let Q,, = =<l Zj; a:Pisb;

by Mikusheva and Sun (2022), the rescaled C is the concentration parameter that measures the

and C = Q1. Then, as pointed out

strength of identification in the heteroskedastic IV model with many instruments. Specifically, the
parameter [ is weakly identified if C is bounded and strongly identified if |C| — co. We consider

drifting sequence asymptotics so that all quantities are implicitly indexed by the sample size n



except specified otherwise. We omit such dependence for notation simplicity.

Throughout the paper, we consider three scenarios: (1) weak identification and fixed alter-
natives in which ¢ — C for some fixed constant C € ® and A is fixed and bounded, (2) strong
identification and local alternatives in which C = C, [dp, A = Edn, C and A are bounded constants
independent of n, and d,, — 0 is a deterministic sequence, and (3) strong identification and fixed
alternatives in which ¢ = C/d, for the same C and d,, defined in case (2) and A is fixed and
bounded.? Many weak identification robust tests proposed in the literature (namely, the jackknife
AR tests proposed by Crudu et al. (2021) and Mikusheva and Sun (2022) and the jackknife LM
test proposed by Matsushita and Otsu (2022)) depend on a subset of the following three quan-
tities: (Qe(8y).e(80)s @X,e(80)» @x,x)- Throughout the paper, we maintain the following high-level

assumption.

Assumption 1. Under both weak and strong identification, the following weak convergence holds:

Qe,e 0 P, Py Py3
QX,e ~ N 0], (I)12 v T ) (22)
Qxx—C 0 P13 T T

for some (@1, @12, P13, ¥, 7, 7).

Although there are no controls in the model (2.1), we further verify Assumption 1 in Section
A of the Online Supplement for a proper linear IV regression that includes a fixed dimension
of exogenous control variables, which are then partialled out from the original outcome variable,
endogenous variable, and instruments.*

Assumption 1 implies that,” under both strong and weak identification,

Qe(Bo).e(ho) — A*C ) 0\ [®1(B) ®12(Bo) P13(fo)
Qxepo) —AC | =N||0],|®w2bo) ¥(Bo) 7(bo) +0p(1), (2.3)
Qxx —C 0 ®13(80)  7(Po) T

3Tf we follow the setup in Chao et al. (2012) and Hausman et al. (2012) and assume II; = p,m;/\/n so that
00 > C = 3 et 2oz Miliymj/n > ¢ > 0 for some constants ¢, C, then C = %w
dn = \/f/ui Then, our definition of strong identification (d, — 0) is equivalent to that defined in Chao et al.
(2012) and Hausman et al. (2012) (u2/vVEK — o0).

“Here, we focus on the case where the number of exogenous control variables is treated as fixed. In the case where
the dimension of the exogenous variables is also large and assumed to diverge to infinity with the sample size, Chao,
Swanson, and Woutersen (2023) propose new versions of various jackknife IV estimators and show they are consistent
and asymptotically normal under strong identification. We conjecture that it is possible to replace our jackknife
construct (i.e. Qq,) by the new version and consider weak identification robust tests and their linear combinations
in the same manner as studied in this paper. This is left as a topic for future research.

Qe(Bo),e(Bo) 1 2A A%\ [/ Qee
®Note that [ Qx5 |=[(0 1 A Qx.e |-
QRx,x 0 0 1 QRx,x

, implying that



where

=AY + 1. (2.4)

In particular, under strong identification, we have Qx, xdy 2 , which has a degenerate distribu-

tion. Also, under local alternatives, we have A = o(1) so that

(®1(Bo), L12(Bo), ®13(B0), ¥(Bo), 7(Bo)) = (P1, P12, P13, ¥, 7).

To describe a feasible version of the test, we assume we have consistent estimates for all the

variance components.

. _ _ %13(80) e~ — (& o o T - T 5
Assumption 2. Let p(5y) = =2 50==. 7(Bo) = (21(Bo), 212(Bo), L13(Bo), ¥ (Bo), 7(Bo), T, p(50))
be an estimator, and B € R be a compact parameter space. Then, we have infg cp ®1(fy) > 0,
infﬂoeB ‘I/(ﬁo) >0, T >0, and for By € B,

7 (Bo) —(Bo)ll2 = op(1),

where v(Bo) = (®1(bo), P12(B0), L13(50), ¥(Bo), T(Bo), T, p(Bo))-

Several remarks on Assumption 2 are in order. First, Chao et al. (2012) propose a consis-
tent estimator for ¥ where there is strong identification and many instruments. It is possible to
compute Y(5p) based on Chao et al.’s (2012) estimator with their JIVE-based residuals é; from
the structural equation replaced by e;(5p). Under weak identification and fy = /5, Crudu et al.
(2021) and Matsushita and Otsu (2021) establish the consistency of such estimators for ®1(5p)
and U(5y), respectively. Similar arguments can be used to show the consistency of the rest of the
elements in 7(fy) under both weak and strong identification. In addition, the consistency can be
established under both local and fixed alternatives. We provide more details in Section B.1 in the
Online Supplement. Second, motivated by Kline, Saggio, and Sglvsten (2020), Mikusheva and Sun
(2022) propose cross-fit estimators @1(50) and T, which are consistent under both weak and strong
identification and lead to better power properties. Following their lead, one can write down the

cross-fit estimators for the rest of the elements in v(3y) and show they are consistent. We provide

5For example, Mikusheva and Sun (2022, p.22) establish the limit of their cross-fit estimator U under weak
identification and many instruments when the residual é; from the structural equation is computed based on the
JIVE estimator. We can construct W(3) by replacing é; by e;(8o). Then, the argument, as theirs with Qx,e/Qx,x
replaced by A, establishes that \TI(BO) L5 W (o).



more details in Section B.2 in the Online Supplement. Note that both Crudu et al.’s (2021) and
Mikusheva and Sun’s (2022) estimators are consistent under heteroskedasticity and allow for K to
be of the same order of n. Third, the consistency of 4(fy) over the entire parameter space under
both strong and weak identifications is more than necessary and maintained mainly for simplicity
of presentation. In fact, in order for our jackknife CLC test proposed below to control size under
both weak and strong identification, it suffices to require 7(fy) to be consistent under the null
only. The power analyses in Lemmas 2.1 and 2.4 below, and subsequently, Theorems 4.1 and 4.2,
only require the consistency of 7(5p) under strong identification with local alternatives and weak
identification with fixed alternatives, respectively.

Under this framework, Crudu et al. (2021) and Mikusheva and Sun (2022) consider the jackknife
AR test

Q6(/30)76(50)
H{AR(By) > afs AR }3 = — y 2.5
{ ( 0) ZZ } ( 0) }/2( 0) ( )

and Matsushita and Otsu (2022) consider the jackknife LM test

Qx,e(80)

L{LM?(By) > C,}, LM(By) = (1\11/2(,30)‘

(2.6)
Both tests are robust to weak identification, many instruments, and heteroskedasticity. Lemma 2.1
below characterizes the joint limit distribution of (AR(By), LM (Bp))" under strong identification

and local alternatives.

Lemma 2.1. Suppose Assumptions 1 and 2 hold and we are under strong identification with local
alternatives, that is, there exists a deterministic sequence d, — 0 such that C = 5/dn and A = Edn,

where C and A are bounded constants independent of n. Then, we have
AR(Bo) N1\ 4 0 L p
- =N\ ac )
LM (Bo) Na vi/2 p 1

Two remarks are in order. First, under strong identification, we consider local alternatives so
that § — Sp — 0. This is why we have (¥(8o), ®1(80), P12(80)) converge to (¥, Py, P12), which
are just the counterparts of (U(8y), ®1(5o), P12(8o)) when [y is replaced by 8. Second, although

AR(Bp) has zero mean, and hence, no power in this case, it is correlated with LM (By). It is

where p = P19//P1V.

therefore possible to use AR(fy) to reduce the variance of LM (f5y) and obtain a test that is more
powerful than the LM test.



Lemma 2.2. Consider the limit experiment in which researchers observe (N1, N32) with

() 2 6)-C )

know the value of p and that EN7 = 0, and want to test for @ = 0 versus the two-sided alternative.
In this case, 1{N3? > C,} is UMP among level-a tests that are either invariant to sign changes or

unbiased, where
N3 = (1= p*) 2Ny — pAy)

is the normalized residual from the projection of No on Ni.

Let the orthogonalized jackknife LM statistic be LM*(8g) = (1—p(80)?) ™2 (LM (Bo)—p(5o) AR(fo))-

Then, Lemma 2.1 implies, under strong identification and local alternatives,

AR(Bo) N\ 4 0 L0
- LYs ol , , 7
(LM*(B@) <N) <<M> <0 1)) 7

Lemma 2.2 with # = AC®~/2 implies, in this case, that the test 1{LM*2(8;) > C,} is asymptot-
ically strictly more powerful than the jackknife AR and LM tests based on AR(f5p) and LM (5o)
against local alternatives as long as p # 0. In addition, under strong identification and local alter-
natives, Mikusheva and Sun’s (2022) two-step test statistic is asymptotically equivalent to LM (5y),
and thus, is less powerful than LM*(Sy) too.

Next, we compare the behaviors of AR(8y), LM (8p), and LM™*(3y) under strong identification

and fixed alternatives.

Lemma 2.3. Suppose Assumption 2 holds, (Qe(s,),e(80) — A%C, Qxe(0) —AC, Qx x —C)" = 0,(1),
and we are under strong identification so that d,C — 5f0r some dp, — 0. Then, we have, for any

fized A #£ 0,

AR?(Bo) (o) AIC?
dy | LM*(5) | = W1 (8p) A2C?
LM (o) (1= ?(50)) (W 2(Bo) — pl) @1 /2 () A)?A%C?

Given d,, — 0 and both ®7(5p)AC? > 0 and ®71(8))A%C2 > 0, AR%(y) and LM2(53;) have
power 1 against fixed alternatives asymptotically. By contrast, LM*2(3y) may not have power if

A = A(Bo) = &, (B0) ¥ (Bo)p™ (o).
Next, we compare the performance of AR(8y) and LM*(fy) under weak identification and fixed

alternatives.
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Lemma 2.4. Suppose Assumptions 1 and 2 hold and we are under weak identification so that

C—CeR. Then, we have, for any fited A # 0,

AR(fo) MY a mi(A) Lo
(LM*(ﬁo)) - (/\fg) -N ((mQ(A)) ’ (0 1)) ’ (28)

®12(Bo)
W(Bo)®1(Bo)

(m1<A)) B ( o2 (By)AC )
ma(A) ) \(1 = p2(Bo)) 2W2(80) AC — p(Bo) (1 — p*(Bo)) ~/2®; /> (B0)A2C )

where p(fo) =

In particular, as A — 0o, we have

C C P23
mi(A) — T2 and my(A) — T2 (1= 212

where pa3 = is the correlation between Qx . and QX,X-7

T
(w)1/2

By comparing the means of the normal limit distribution in (2.8), we notice that under weak
identification and fixed alternatives, neither LM*(8y) dominates AR(f5y) or vice versa. We also
notice from Lemma 2.4 that for testing distant alternatives, the power of LM™*(/3p) is different from
AR(Bo) by a factor of pa3/+/1— p35, so that it will be lower when |pe3| < 1/v/2. Under weak
identification and homoskedasticity,® we have p23 = p = P19//U®P;. Therefore, although the test
1{LM*?(By) > C,} has a power advantage under strong identification against local alternatives, it
may lack power under weak identification against distant alternatives if the degree of endogeneity
is low. Furthermore, LM*(/3p) may not have power if A = A, (fp).

In the current setting with many instruments, AR(SBy) and LM™*(fy) play roles similar to that
of Stock and Wright’s (2000) S and Kleibergen’s (2005) K statistics in I.Andrews’s (2016) setting,
respectively. In the fixed number of IVs case, the power trade-off between S and K statistics is
based on the direction of deviations from the null. However, as shown in Lemma 2.4 (the case with
weak identification and fixed alternatives), the deviations of AR(By) and LM™*(fp) from the null
do not have such a difference in direction under the many-instrument setting because Cis just a
scalar. Instead, their power trade-off is between local and non-local alternatives. This is in stark
contrast to the setting in I.Andrews (2016).

To achieve the advantages of AR(f5y), LM (Bo), and LM*(/3p) in all three scenarios above, we
need to combine them in a way that is adaptive to the identification strength. Following I. Andrews
(2016), we consider the linear combination of AR?(3y), LM?(3y), and LM*%(B). Recall that
(N1, N5) are the limits of (AR(Bo), LM*(3p)) in either strong or weak identification. See (2.7) and

"We suppress the dependence of my(A) and ma(A) on v(Bo) and C for notation simplicity.
8Specifically, we say the data are homoskedastic if the covariance matrices of (ei, Vi) are constant across .
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(2.8) for their expressions in these two cases. Then, in the limit experiment, the linear combination
test can be written as

Barazc0 = HONT + a2(AN1 + (1= 5°)PN5)? + (1 — a1 — a2)N3? > Calar, a;p)},  (2.9)

where (a1, a2) € Ag are the combination weights, N7 ~ Z(6), and Nj ~ Z(602); the mean parame-
ters 1 and 0, are defined in Lemmas 2.1 and 2.4 for strong and weak identification, respectively; and
ap +agp®  azp(l — ,52)1/2>

pis the limit of p(Bp).? Let the eigenvalue decomposition of the matrix ( 51— P
azp(l—p

1—ay — ap?
be

< a1+ azp®  azp(l - ﬁQ)I/Z) —u (Vl(al’ @2 0 )> u’ (2.10)

agﬁ(l — ﬁ2)1/2 1-— ayp — azﬁz 0 Vg(al, a9

where, by construction, v(ay,as) > va(aj,a2) > 0 and U is a 2 x 2 unitary matrix. We highlight
the dependence of eigenvalues (v1,12) on the weights (a1, a2). The dependence of U on (a1, a2) is

suppressed for notation simplicity. Then, we have
aNT + aa(pN1 + (1= p7)'PNG)? + (1= a1 — a2)N5? = vi(ar, a2)NT + va(ar, az) N3

and @q; 45,00 = 1{V1(01,a2)/\~/12 + V2(a17a2)/\722 > Cq(a1,az;p)}, where

(%) =u’ (ﬁg) (2.11)

and ./\71 and J\~fg are independent normal random variables with unit variance. This implies that
®ay 40,00 CaN be viewed as a linear combination test of two independent chi-squared random variables
with one degree of freedom, and those two chi-squared random variables are obtained by properly
rotating N7 and N5 (i.e., the limits of AR(Bp) and LM*(5p)).

Theorem 2.1 states the key properties of ¢, 4,00 Under the limit experiment.

Theorem 2.1. (i) Suppose we are under weak identification and fized alternatives and let Nh ~
Z(01), Ny ~ Z(02), and they are independent, where 01 = my(A) and 02 = ma(A) as in
(2.8). We consider the test of Hy : 01 = 03 = 0 against Hy : 61 # 0 or 62 # 0. Let ®,
denote the class of size-a tests for Hy : 61 = 05 = 0 constructed based on (./\712,./\722) defined in
(2.11). Then, for any (a1, a2) € Ay, ¢a,.a9,00 defined in (2.9) is an admissible test within .
In addition, let (61,02) = (61,0:)U. If (5%,5%) =b- (v1(a1,a2),2(a1,a2)) for some positive
constant b, then for any test ¢ € O, there exists some b > 0 such that for any 0 < b < b, we
have E¢ < E¢a, as,00-

9Under fixed alternatives, p = p(fo); under local alternatives, p = p.
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(ii) Suppose we are under strong identification and local alternatives and

() £ (6)- G 7))

where 0 = é% We consider the test of Hy : 0 = 0 against Hy : 0 # 0. Then, ¢q; 4,00 defined
in (2.9) is UMP among the class of level- tests that are constructed based on (N1,N2) and
invariant to the sign change if and only if a1 = 0 and asp = 0. In this case, this test is also

UMP among the class of unbiased level-« tests that are constructed based on (N1, N3).

(i4i) Suppose Assumption 2 holds, (Qe(g,),e(80) — A2C,QX,e(ﬁ0) — AC,Qx x — o) = O,(1), and

we are under strong identification with fived alternatives. If 1 > ai, > (g%((ﬁgg) for some

constant § > Comaz(p(80)) and (a1, azn) € Ao, where A, (o) = ®1(Bo)T~1/2(80)p~1 (Bo),
then

1{a1,nAR2(50) + aZ,nLMz(ﬁO) + (1 —ain — a2,n)LM*2(ﬁ0) > (Ca(al,na a2 n; ﬁ(BO))} i) L.

Several remarks are in order. First, unlike the one-sided jackknife AR test proposed by Miku-
sheva and Sun (2022), we construct the jackknife CLC test based on AR?(f3y) for several reasons.
First, under weak identification, when the concentration parameter C, and thus, m;(A) defined
in Lemma 2.4 is nonnegative, the one-sided test has good power. However, even in this case, the
power curves simulation in Section 5.1 shows that our jackknife CLC test is more powerful than
the one-sided AR test in most scenarios. Second, our jackknife CLC test will have good power
even when C is negative.'® Third, we show below that under strong identification and local al-
ternatives, our jackknife CLC test converges to the UMP test 1{N;? > C,} whereas both the
one- and two-sided tests based on AR(fy) have no power, as shown in Lemma 2.1. Fourth, under
strong identification and fixed alternatives, our jackknife CLC test has asymptotic power equal to
1, as shown in Lemma 2.3 and Theorem 4.4 below. In this case, using the one-sided jackknife AR
test cannot further improve the power. Fifth, combining LM*2(8y) with AR?(8p) (and LM?(5)),
rather than AR(fy), can substantially mitigate the impact of power loss of LM*(8y) at A.(Bo), as
shown in the numerical investigation in Section 5.

Second, Theorem 2.1(i) implies that ¢g, 4,00 is admissible among tests that are also quadratic

functions of N7 and N5 with the same rotation U but different eigenvalues (71, i); that is,

. vy 0 T M
wiazu (72 )ur (32).

) T PyTL; ) —P 211"
10%We note that C — 2ieln) Z\J;%Hm]n] _ Ziemd 13%11,, o MH7 where M — I — P. If IIT MTI and ;ie[n] PMHE
are sufficiently large, C can be negative. Mikusheva and Sun (2022) further assume that 1T MTI < % for some

constant C' > 0, which implies that C > 0.

13



Specifically, in the special case with as = 0 (i.e., we put zero weight on LM?(f3y)), the rotation
matrix U = I and ¢4, 0,00 is admissible among level-a tests based on the test statistics of the form
arNE + (1 — a1)N32 for a; € [0,1], which is similar to the result for the linear combination of S
and K statistics in I.Andrews (2016).

Third, similar to I.Andrews (2016, Theorem 2.1), Theorem 2.1(i) also shows that our linear
combination test is optimal against certain alternatives under weak identification. Additionally, in
the case with ap = 0, the power optimality result in 2.1(i) also carries over to ¢q, 0,00 among level-a
tests of the form a;NZ + (1 — a1)N3?2 for a; € [0, 1].

Fourth, when a; = 0 and agp = 0 and under strong identification and local alternatives, we
have ¢g, ay.00 = 1{N32 > C,}, which is both the UMP invariant and unbiased test. When p = 0
and under local alternatives, a5 2 in the second and third terms of ®ay a2,00 Cancels out, implying
that @a, as.00 = 1{NG? > C,} as long as a; = 0.

Fifth, we note that both the rotation matrix & and the eigenvalues v and v» in (2.10) are func-
tions of (a1, a2). We choose this specific parametrization so that ¢, 4,00 can be written as a linear
combination of AR?(8y), LM?(By), and LM*2(5,). It is possible to use other parametrizations to
combine AR(f5p) and LM*(f3p). For example, let

_ [cos(¢) —sin(()
O(Q_<sm(g) cos(())

be a rotation matrix with angle ¢ and < > Then, in the limit

AR*(ﬁo,o) _ o (AR(Bo)
LM (6o,0) LM (5o)

experiment, the linear combination test statistic can be written as
aN{? + (1 - a)NJ?, (2.12)

where (N, NJ) are the limits of (AR (8o, ¢), LM1(Bo, ¢)) under either weak or strong identification.
In the following, we will use a minimax procedure to determine the optimal weights (a1, az) for our
jackknife CLC test ¢q; a,,00- Similarly, we can use this procedure to select the value of a and ¢ for
the new parametrization in (2.12). Under strong identification and local alternatives, Lemma 2.2
shows that the test 1{LM*2(3y) > C,} is the most powerful test against local alternatives. This
is achieved by our jackknife CLC test ¢4, 45,00 With a1 = 0 and agsp = 0. In this case, the new

parametrization does not bring any additional power.
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3 A Conditional Linear Combination Test

In this section, we determine the weights (a1, a2) in the jackknife CLC test via a minimax procedure.
Under weak identification, the limit test statistic of the jackknife CLC test with weights (a1, a2) is

e {GIZ%(W(A)) + az(p(fo) 21 (mr (A)) + (1= p2<ﬁo>>1/2zg<m2m>>>2} (31)
a1 ,a2,00 +(1—a; — CLZ)ZQQ(mQ(A)) > Cql(ai,a2; p(Bo)) ) .

where m1(A) and mgo(A) are defined in Lemma 2.4, and Z;(-) and Z5(-) are independent. In this
case, we can be explicit and write ¢g; 45,00 = Pay,a0,00(A). However, the limit power of the jackknife
CLC test will typically remain unknown as the true parameter 5 (and hence A) is unknown. To
overcome this issue, we follow I.Andrews (2016) and calibrate the power, i.e, E¢qg; a5,00(), where

d ranges over all possible values that A can potentially take; we define ¢q, 4,,00(6) as well as the

range of potential values of A below.
~ ~ -1~
~ ®1(Bo)  P12(bo) ®13(50)
Let D = Qx,x — (Qe(8o).e(60): @X.e(50)) <;}512(50) 3 (50) (5)

the projection of Qx x on (Qe(gy),e(80)» @x,e(8))- BY (2-3), under weak identification,

) be the residual from

D=D+o,(1), DZN(up,o?),
where

pp =C

|- (A2, A) (‘Ih(ﬁo) ‘1>12(50))_1 <‘I>13(50)> and
’ ®12(80)  ¥(Bo) 7(Bo)
®1(60) @12(50)> - <¢13(50))

62— T
2 =7 (©13(80), (o)) <q)12(50) T (Bo) 7(Bo)

We note that D is a sufficient statistic for D, which contains information about the concentration
parameter C and is asymptotically independent of AR(8y), LM (5p), and hence LM™*(5y).

Under weak identification, we observe that mj(A) and mgy(A) in Lemma 2.4 can be written as

mi(A))  [(Ci(A)
(mm) - (@(A)) ho: 32

where

(cum) ( ®, /2 (6y) A2 )
Co(A) (1 p2(B0)) " 2(W/2(Bo) A — p(Bo) D) /% (B0) A2)
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-1

®1(5o) @12([30)> - (‘1313(50)>

A2
ol (qm(ﬂo) w(E) )\ (B)

By (3.2), we see that ¢g; 5,00 = Pay,a0,00(A) defined in (2.9) can be written as

| ZE(C1(D)up) + az(p(Bo) 21(C1(A)pp) + (1 - p2(ﬂo>>1/222<02m>up>>2}
+(1 — a1 — a2) Z2(Ca(A)pp) > Culay, az; p(Bo)) '

This motivates the definition that

b 5) — 1 { M ZHCD) + ax(p(50) 21(Ca(Om) + (1 = (5 0))1/222(02(6)%))2}
01,02,00 +(1 = a1 — a2) 23(C2(6)pp) > Calas, az; p(Bo)) |

(3.4)

To emphasize the dependence of ¢g; 45,00(0) o0 pp and v(5p), we further write ¢g, ay,00(0) as
Paraz,00(0; 1105 ¥(Bo))-

The range of values that A can take is defined as D(5y) = {0 : § + o € B}, where B is the
parameter space. For instance, in their empirical application of returns to education, Mikusheva
and Sun (2022) assume that § (i.e., the return to education) ranges from -0.5 to 0.5, with B =
[—0.5,0.5]. We adopt the same practice in our simulations based on calibrated data in Section 5.2
and empirical application in Section 6. Specifying the parameter space is almost inevitable for any
weak-identification-robust inference method, but additional simulation results in Section U of the
Online Supplement show that our method is insensitive to the choice of parameter space.

Following the lead of I. Andrews (2016), we define the highest attainable power for each § € D(f)
as Psup = SUP(a;,a0)€A(upv(Bo)) Ea,,a9,00(9, 1, ¥(Bo)), which means that

P&,up - E¢017027W(5’ KUp, 7(50))

is the power loss when the weights are set as (aj,az). Here we denote the domain of (a1, as)

as A(up,v(Bo)) and define it as A(up,v(Bo)) = {(a1,a2) € Ao,a1 € [a(up,V(Bo)), 1]} where
Ay ={(a1,a2) €10,1] x [0,1],a1 + az < a} for some a < 1,

pQCa,maX(p(/BO))(I)l(BO)CB(BO)) , (3.5)

() =i INIENTES

the two tuning parameters (p1,p2) = (0.01,1.1), A.(Bo) = @}/2(50)&!*1/2(60),0*1(50) as defined
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after Lemma 2.3, and

1 (o) <I>12(ﬁo)>1 <¢>13(ﬁo)>
®12(60)  V(Bo) 7(Bo)

cs(Bo) = sup |1—(8%0) (

5€D(Bo)

The maximum power loss over § € D(fy) can be viewed as a maximum regret. Then, we choose

(a1,a2) that minimizes the maximum regret; that is,

(a1(p,v(Bo)), az(p,¥(Bo))) € arg min sup (Pspup — Edayaz,00(0: 10, 7(60))).  (3.6)
(a1,a2)€A(up,v(Bo)) 6€D(Bo)

Four remarks on the domain of (aj,a2) (i.e., A(up,v(5o))) are in order. First, the lower
bound a(up,v(Po)) is motivated by Theorem 2.1(iii). Specifically, we require p; € (0,1) and
close to 0 and ps > 1. In the Online Supplement, we provide a detailed report on the finite
sample performance of our CLC test for both simulation designs analyzed in Section 5 and the
empirical application in Section 6, where we consider different values of p; and ps. The results
indicate that our test’s finite sample performance is not affected by the specific values chosen for

(p1,p2), as all the results are very close to those reported in the main paper. Second, under weak
1~1Ca,max(p(50))q>l(BO)CB(BO)
AL(Bo)p3,
we have A(up,v(Bo)) = {(a1,a2) € Ag,a; € [0.01,1]}. Third, under strong identification and local
1~1Ca,max(p(:80))q>1(60)68(50)
AL(Bo)u?,

identification, up is bounded, and may be larger than 0.01. In this case,

alternatives, will converge to zero so that

A, 1(Bo)) = {(a1,a2) € Ag,ay € LlCa,maX(p(BO))q)l(BO)CB(ﬁO)’1:| }

AL(Bo) 1%

We show in Theorem 4.2 below that in this case, the minimax jackknife CLC test converges to
1{N3? > C,} defined in Lemma 2.2, which is the UMP invariant and unbiased test. Furthermore,
the minimax a; satisfies the requirement in Theorem 2.1(iii) with § = 1.1Cq, max(p(5o)) so that
under strong identification, our CLC test has asymptotic power 1 against fixed alternatives, as
shown in Theorem 4.4. Fourth, we require @ < 1 for some technical reason. In our simulations, we
have not observed the minimax a; + as reaching the upper bound. Therefore, setting the upper
bound to @ or 1 does not have any numerical impact.

Since we cannot observe the values of up and v(fy) in practice, we adopt the plug-in method de-
scribed in Section 6 of I. Andrews (2016). Specifically, we replace v(3p) with its consistent estimator
7(Bo) as specified in Assumption 2. To obtain a proxy of up,'! we define

N ~ 1 - 1/2
(o) %(ﬂ@) (cblsw()))

7p = | T = (B13(6h), 7(6h) (&)12(5@ ¥ (fho) (o)

"n fact, as da,az,00 (0, D, ¥(Bo)) only depends on p%, we aim to find a good estimator for u%,.
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which is a function of 7(fy) and a consistent estimator of op by Assumption 2. Then, under weak
identification, we have 132/3D = D? /0% + 0p(1) g Z%(up/op) + 0p(1) and D?/o%, is a sufficient
statistic for ji? 1D- Let 7 = D2 /5%,. We consider two estimators for up as functions of D and 6p,
namely, fp,(D ,’y(ﬂo =0p+/Tpp and frrs( ﬁ(ﬁo)) = 0p\Tkrs, where 7, = max(7 — 1,0) and

-1
emr-teen () (5 (5) i
Tkrs =T — eXp | —5 D) | ; ’

Specifically, Kubokawa, Robert, and Saleh (1993) show that 7y, is positive as long as 7 > 0 and
¥ > Tgrs > 7 — 1. It is also possible to consider the MLE based on a single observation D? / 3]23.
However, such an estimator is harder to use because it does not have a closed-form expression.

In practice, we estimate Egq, a5,00(9, D, 7(Bo)) by E*qﬁal’az,s(&,ﬁﬁ(ﬁo)) for s € {pp,krs},

where

Paraz,s(8, D, 7(Bo))

~

a123(C1(8) f(D,A(Bo))) ,
=14 +ay [ﬁ(ﬁo)zl(é'l@fs( ﬁ(ﬁo) ) + (1= 52(80))/222(Ca(0) fs(D.A(Bo))| ¢+ (37)
+(1 = a1 — a2) 23(C2(6) fs(D,A(Bo)) > Calar, az; p(5o))

and (C1(8), Ca(6)) are similarly defined as (C1(8), C2(6)) in (3.3) with v(B) replaced by 3(8,); that

(@6)) _ ( A_1/2(50)52 )
Ca(8)) — \ (1= 72(B0)) 2 (W Y/2(B0)5 — (Bo)@; % (B0)3?)
R o -1
« |15 :1) @12@0)) <¢‘13(50)> _
@ U (Bo) 7(Bo)
Let Ps (D 77(50)) = SUP(4,,a2)€A(fs (D F(B 0)) 7 (8o E*¢a1,a2 s(0,D,5(Bo)). Then, for s € {pp, krs},

we can estimate a(up,v(5o)) in (3.6) by As(D, ( 0)) = (A1, s(D, (,6 ), A2.s(D D.,5(By))) defined as

As(f)ﬁ(ﬁo)) S al"gAmin sup (7?55( 77(50)) . E*Qbahag,s((s,ﬁ,:y\(ﬁo))), (3.8)
(a1,a2)€A(fs(DF(80)) A (Bo)) IEP(Bo)

where ¢q, 44,5 (0, D,7(By)) is defined in (3.7),

A(fs(D,A(Bo)),7(Bo)) = {(a1,a2) € Ao, a1 € [a(fs(D,7(Bo)),7(Bo)).l},
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W@ﬂ%ﬁ%hm%w CMM<WA>%Q,

A4(Bo) f2(D,A(Bo))

~ ~ -1/~ 2
S B) = sy (52 21(Bo)  212(6o) ®13(f0)
5(6o) 5eD(IL)3o) L 0no) (‘I’u(ﬁo) (o) ) ( (o) ) ’

and A, (Bg) = @i/Q(ﬁo)\T’_lﬁ(ﬁg)p“l(ﬁo). Then, the feasible jackknife CLC test is, for s € {pp, krs},

5 :1{ A1,s(D,F(50) AR (By) + Ao, (D, A(80)) LM2(By) }‘
As(DA(50) +(1 = A1s(D,7(Bo)) — Au(,W%D)M“ww Ca(As(D,7(50)); A(Bo))
(3.9)

4 Asymptotic Properties

We first consider the asymptotic properties of the jackknife CLC test under weak identification and

fixed alternatives, in which C — C and A is treated as fixed so that we have
D~ DZ N(up,o2).

We see from (3.6) and (3.8) that Ag(d,r) = (a1(fs(d,7),r),a2(fs(d,r),r)) is a function of (d,r) €
R x I', where T is the parameter space for v(f8y) and s € {pp,krs}. We make the following

assumption on A().

Assumption 3. Let S; be the set of discontinuities of As(-,v(Bo)) : R — [0,1] x [0,1]. Then, we
assume Ag(d,r) is continuous in r for any d € R/Ss, and the Lebesgue measure of Ss is zero for

s € {pp, krs}.

Assumption 3 is a technical condition that allows us to apply the continuous mapping theorem.
It is mild because As(-) is allowed to be discontinuous in its first argument. In practice, we can
approximate Ag(-) by a step function defined over a grid of d so that there is a finite number of
discontinuities. The continuity of A,(-) in its second argument is due to the smoothness of the
bivariate normal PDF with respect to the covariance matrix. Therefore, in this case, Assumption

3 holds automatically.

Theorem 4.1. Suppose we are under weak identification and fized alternatives and that Assump-
tions 1-3 hold. Then, for s € {pp, krs},

As(D,3(Bo)) ~ As(D,1(80)) = (a1 (f5(D,7(Bo)), 7(Bo))s az(f+(D,7(Bo)), 7(5o)))
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and'?

E® 4. (B4(80)) ™ EDar(£:(D7(80))(Bo))saz (£ (D (Bo))v(Bo)).o0 (A5 1405 Y (Bo) ),

where ¢a,.a0,00(0) s defined in (3.4) and a;(fs(D,v(Bo)),v(Bo)) is interpreted as a;(pp,y(So)) de-
fined in (3.6) with up replaced by fs(D,~(Bo)) forl=1,2.

In addition, let BLy be the class of functions h(-) of D that is bounded and Lipschitz with
Lipschitz constant 1. Then, if the null hypothesis holds such that A =0, we have

E(gAs(ﬁ,a(ﬁo)) - a)h(ﬁ) — 0, Vhe BL;.

Several remarks on Theorem 4.1 are in order. First, we see that the power of our jackknife CLC

test is B 4, (D,4(80)),00 (A, D, 7(Bo)), which does not exactly match the minimax power

B ay (1 (80))sa2 (1p 7(B0)) 00 (D5 D, Y (Bo))

in the limit problem. This is because under weak identification, it is impossible to consistently
estimate up, or equivalently, the concentration parameter. A similar result holds under weak
identification with a fixed number of moment conditions in I.Andrews (2016). The best we can do
is to approximate pp by reasonable estimators based on D such as f,,(D,v(58o)) and firs(D,v(Bo))-
Second, Theorem 4.1 implies that our jackknife CLC test controls size asymptotically conditionally
on IA), and thus, unconditionally. Last, according to Theorem 4.1, the CLC test’s asymptotic power,
with weights (a1, a2) chosen through the minimax procedure, is equivalent to the limit experiment’s
asymptotic power when the weights are Ag(D,v(8p)), which is a function of D. As D is independent
of the normal random variables in ¢g, 4,,00(0) in (3.4), the two optimality results stated in Theorem
2.1(i) also hold asymptotically, conditional on D. To make this statement precise, we define the

eigenvalue decomposition

(MAAj(>%h%Aﬁ A(B0))A*(Bo)  Azs(D.F(B0))A(50) (1 — 7 (Bo)) )
Az,o(D.A(50))p(50) (1 = #2(50))'/2 1= Avo(D,3(50) — Ans(D.7(50))5* (o)

Da ;Y\(/BO» /\0
0 va,s(D,7 (o))

*We assume that € = +o0 if C > 0 and min(C, +o0) = C.

:%@ﬁ%»cﬁ )%@ﬂmw. (4.1)
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Define a class of tests

(22, 22,d,r) : Ep(22,23,d,7) < a, for any (d,7) € R x T,
gz~5(212, Z2.d,r) is continuous in r,
the discontinuities of QNS(le, Z2.d,r) w.r.t.

the first three arguments have zero Lebesgue measure

where (21, Z2) are two independent standard normal random variables. Further define, for s €

{pp, krs},

ZRS(B()) . [ PN T AR(ﬁO)
<LMZ<ﬂo>> = DA (LM*%)) '

Assumption 4. Suppose Us(d,r) is continuous in r and the set of discontinuities of Us(-) w.r.t.

its first argument has zero Lebesgue measure.

Corollary 4.1. Suppose we are under weak identification and fived alternatives and that Assump-
tions 1-4 hold. Let ¢(-) € ®, and for any d € R, denote (01,62) = (m1(A), ma(A))Us(d, (o))
Then, the following two optimality results hold.

(i) If for some d € R and s € {pp, krs}, we have

52 —— %2 ~ N
i tim EOAR(B0), LM, (89), D 3(5o) {|D — d| < ¢}
e—0n—oo E{|D —d| <¢e}
Ed 4 pay{D—dl <e
> lim lim —2PA60) {l | < e}
e—=+0n—o00 E1{|D — d| < 5}

Y

for all (61, 02) € N2, then

~ =2 —— %2 ~ R
i BO(AR (o), LM, (o). D,5(80){|D — d < ¢}
e—=0n—o0 El{‘D — d| < 5}
Ei) N 1 ﬁ —d| <e
= lim lim — 22P3%) 0 [ <<}
e—=0n—o0 El{|D —d| <e}

Y

for all (01,0:) € R2.

(i3) If (02,03) = b- (v1(d,v(Bo)),v2(d,(Bo))) for some positive constant b, then there exists b > 0
such that if 0 < b < b, we have

. 1im EOCAR(B0). LM, (B0). D.3(50) 1D — d] < <}
e—=0n—o00 El{‘D — d‘ < 5}
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Ed, ~~nnl{lD—dl<e
< lim lim AS(D’W(BE\)) { | J
e—0n—o0 El{‘D _ d’ < 5}

Corollary 4.1 shows that under weak identification and fixed alternatives, our jackknife CLC
test is asymptotically admissible and optimal against certain alternatives conditional on D.

Next, we consider the performance of gg A (DA(Bo)) defined in (3.9) under strong identification
and local alternatives. To precisely state the optimality result, we further consider the class of level-

« tests against 6 = 0 v.s. the two-sided alternative that are constructed based on one observation
of (N1, N3), where § = ACU~Y/2 and

() 2 6)-G 2)

#(-) : Ep(N1,N2) < under the null,
@ = SN, A2) = BT, —AG),

the discontinuities of ¢(-) has zero Lebesgue measure

Specifically, denote

and

() : Ep(N1,N2) < o  under the null,
oY = E¢(N1,N2) > a  under the alternative,

the discontinuities of ¢(-) has zero Lebesgue measure

as the classes of sign-invariant and unbiased tests, respectively.

Theorem 4.2. Suppose that Assumptions 1 and 2 hold. Further suppose that we are under strong

identification and local alternatives as described in Lemma 2.1. Then, for s € {pp, krs}, we have
A1s(DF(B0)) =50, Ao o(D,A(Bo))p =0, and G 5z gy ~ HN3® > Cal,

where N N (%, 1). In addition, suppose ¢n = ¢(AR(Bo), LM (8y)) + op(1) for some

¢ € L UDY and the sequence {giu)n}nzl is uniformly integrable. Then, we have

~

lim By 5 sy = Sup  lim EG(AR(S), LM (Bo)) > lim Egy.

n—0o0
pedl udY

Five remarks are in order. First, under strong identification, pp, and thus, D approaches

infinity, and so does our estimator D. This is how our estimator D can detect the identification
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strength. In addition, we show in the proof of Theorem 4.2 that under strong identification, the
calibrated power gap Ps s(D ,7(60)) —E*¢a; ay,5(0, D, ~(Bo)) is maximized when § is in the region of
local alternatives. However, in this region, as shown by Lemma 2.2, the maximum power gap can
achieve zero if all the weights are put on LM*(Sy), which leads to the first result in Theorem 4.2.
Second, our jackknife CLC test is adaptive to identification strength. In practice, econometricians
do not know whether the true value § is close to the null 5y3. Therefore, our jackknife CLC test
calibrates power across all possible values of ¢ (i.e., § € D(fp)), which include both local and fixed
alternatives. Yet, Theorem 4.2 shows that the minimax procedure can produce the most powerful
test as if it is known that 8 belongs to the region of local alternatives. Third, Theorem 4.2 shows
that under strong identification and local alternatives, our jackknife CLC test converges to the
UMP level-« test that is either invariant to the sign change or unbiased and constructed based on
AR(Sp) and LM(By). Therefore, it is more powerful than the jackknife AR and LM tests. Fourth,
under strong identification and local alternatives, the JIVE-based Wald test proposed by Chao
et al. (2012) is asymptotically equivalent to the jackknife LM test, which implies that the jackknife
AR and JIVE-Wald-based two-step test in Mikusheva and Sun (2022) is also dominated by the
jackknife CLC test. Fifth, consider the HLIM based Wald test statistic proposed by Hausman
et al. (2012), which is denoted as Wy (5p). In Section T in the Online Supplement, we show that,

under local alternative and strong identification,

\1,1/2 ~(I)1/2
Wh(Bo) = \111/2 M(Bo) — o1 — 5 AR(Bo) + op(1),
h vy,

where p = plim, 00X e(Bo)/(e(Bo)Te(Bo)) and ¥j, = ¥ — 2515 + p?®; is the corresponding
asymptotic variance. Then, by letting ¢, = H{W2(Bo) > Cu} and

2

1/2 ~51/2
O(AR(P0). LM(B0) = 19 | S LM (o) ~ D aR(g0) | > Ca b
h h

Theorem 4.2 implies our jackknife CLC test is more powerful than the HLIM based Wald test under

strong identification against local alternatives. In fact, by direct calculation, we can see that, for
6 =ACU1/2,

\I,l/z o/ s N 62 62
M(Bo) — AR(fo) ~ Z(6), where 6= < :
1 2 1/2 2 _ 2
vl w2 12 (5(1)1/2\1,_1/2 _ p) (1-p?)

The noncentrality parameter for the HLIM based Wald test is weakly smaller than that of the CLC

1/2g-1/2

test, which explains the power comparison. The equality holds if p®, = p, which further

holds in the special case of many weak IVs and homoskedasticity in the sense that I1"I1/K = o(1)
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and E(V;,e;) " (Vi, e;) does not vary across i.
Combining Theorems 4.1 and 4.2, we can show the uniform size control of our jackknife CLC
test no matter the identification is strong or weak. Let A, € A, be the data generating process
of n observations of (e, V, Z). Under \,, the covariance matrix of (Qc., Qx.e, @x, x) is denoted as
V.. We impose the following restriction on the sequence of classes of DGPs ({A; }n>1):13
{Vi, €i}iejn) are independent, Ee; = EV; = 0,
max; Ee? + max; IEVi4 < < oo,
Cn = \/17 D icin) 2uji Wibill; € R,
Py <Cy <1, (4.2)
0 < k1 < mineig(V,,) < maxeig(V,) < ky < oo,
where C1, Cs, k1, and ko are some fixed constants,
and Assumption 2 holds for 5y = .

In Sections B.1 and B.2 of the Online Supplement, we further verify that Assumption 2 holds,
respectively, for the standard variance estimators, which follow the construction in Crudu et al.
(2021), and the cross-fit variance estimators, which follow Mikusheva and Sun (2022). Theorem 4.3
shows that our jackknife CLC test has correct asymptotic size, under similar arguments as those
in Andrews, Cheng, and Guggenberger (2020) and I.Andrews (2016).

Theorem 4.3. Suppose Assumption 3 holds, {A,}n>1 satisfies (4.2), and we are under the null
hypothesis that By = 8. Then, we have

liminf inf EM(QZAS@’%%))) = limsup sup EAn(a’\As(ﬁﬁ(ﬁo))) =a.

Nn—00 Ap,€Apn n—oo A,€A,

Last, we show that, under strong identification, the jackknife CLC test ;#5 A (DA(o)) defined in

(3.9) has asymptotic power 1 against fixed alternatives.

Theorem 4.4. Suppose Assumption 2 holds, and (Qe(sy),e(80) — A?C, Qx,e(8) —AC, Qx,x — ) =
Op(1). Further suppose that we are under strong identification with fixed alternatives so that A =
B — Bo is nonzero and fized. Then, we have

N p
PADFBy) ~ 7 L

131n (4.2), we focus on the model without exogenous control variables. The independence and moment conditions
for (e;, Vi) are sufficient for Assumption 1. We further verify in Section A of the Online Supplement that the joint
asymptotic normality (Assumption 1) holds in the case with exogenous controls.
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5 Simulation

5.1 Power Curve Simulation for the Limit Problem

In this section, we present simulation results to compare the power performance of various tests
under the limit problem described in Section 2. We consider the following tests with a nominal
rate of 5%: (i) our jackknife CLC test, where up is estimated using either pp or krs method, (ii)
the one-sided jackknife AR test defined in (2.5), (iii) the jackknife LM test defined in (2.6), and
(iv) the test that is based on the orthogonalized jackknife LM statistic LM*?(3g) defined in this
paper. We conduct 5,000 simulation replications to obtain stable simulation results.

We set the parameter space for § as B = [—6/C,6/C|, where C = 3 and 6. The choice of
parameter space follows that in I.Andrews (2016, Section 7.2). We set Sy = 0, and the values of
the covariance matrix in (2.2) are set as follows: ®; =¥V =7 =1, and ®19 = $13 = 7 = p, where
p € {0.2,0.4,0.7,0.9}. We then compute v(8y) based on (2.4) as [ ranges over B and generate
AR(Bo) and LM (fp) based on (2.3). Last, we implement our CLC test purely based on AR(Sp),
LM (), v(Bo), and B without assuming the knowledge of (C, ). We have tried to simulate under
alternative settings of the covariance matrix, and the obtained patterns of the power behavior are
very similar.

Figures 1-4 plot the power curves for p = 0.2,0.4,0.7, and 0.9. In each figure, we report the
results under both C = 3 and 6. We observe that overall, the two jackknife CLC tests have the best
power properties in terms of minimizing the maximum regret. Especially when the identification is
relatively strong (C = 6) and/or the degree of endogeneity is not very low (p = 0.4,0.7, or 0.9), the
jackknife CLC tests outperform their AR and LM counterparts by a large margin. In addition, we
notice that when C = 3, for some parameter values LM*(fy) can suffer from substantial declines in
power relative to the other tests, which is in line with our theoretical predictions. By contrast, our
jackknife CLC tests are able to guard against such substantial power loss because of the adaptive
nature of their minimax procedure. In Section U.1 of the Online Supplement, we further report
power curves for alternative values of the tuning parameters (p1, p2) in (3.5) and of C, and find that

the overall patterns remain very similar.

5.2 Simulation Based on Calibrated Data

We follow the approach of Angrist and Frandsen (2022) and Mikusheva and Sun (2022) and use
a data generating process (DGP) calibrated based on the 1980 census dataset from Angrist and
Krueger (1991). We define the instruments as

Z; = ((1{Qi =q,C; = C})qe{2,3,4},ce{31,m,39}a (HQi=gq, P = p})q€{273,4},p6{51 states})7
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Figure 2: Power Curve for p = 0.4

where Q;, C;, P; are individual i’s quarter of birth (QOB), year of birth (YOB) and place of birth
(POB), respectively, so that there are 180 instruments. Note that the dummy with ¢ = 1 and
c = 30 is omitted in Z;. We denote f/z as income, )N(Z- as the highest grade completed, and WZ as
the full set of YOB-POB interactions; that is,

Wz’ = (1{Cz‘ =c P = p}ce{30,...,39},pe{51 states})a

which is a 510 x 1 matrix.
Asin Angrist and Frandsen (2022), using the full 1980 sample (consisting of 329,509 individuals),
we first obtain the average X; for each QOB-YOB-POB cell; we call this 5(¢,¢,p). Next we use

LIML to estimate the structural parameters in the following linear IV regression:
Y; = XiBx + W' Bw + e,
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Figure 4: Power Curve for p = 0.9

Xi=ZTz+ W Tw + Vi,
where X is endogenous and instrumented by Z; and W; is the exogenous control variable. Denote

the LIML estimate for Bxw = (Bx.,By) " as B\LFIML = (@IML,X,@IML’W). We let y(C;, P;) =

VV@'TBLIML,W and
w(Qi, Ci, Py) =Y; — XiBrivr.x — Wi Brivrw-

Based on the LIML estimate and the calibrated w(Q;, C;, P;), we simulate the following two
DGPs:

1. DGP 1:

Ui = §+ B5i + w(Qi, Ci, Py) (vi + k2&;) (5.1)
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S; ~ Poisson(u;),

where [ is the parameter of interest, r; and §; are independent standard normal, § =
% Yor y(Ciy By), i = max{1l, v —i—'y;Zi + k1v4}, and Yo —i—fygz- is the projection of 5;(q, ¢, p)
onto a constant and Z;. We set k1 = 1.7 and k2 = 0.1 as in Mikusheva and Sun (2022).

2. DGP 2: Same as DGP 1 except that x; = 2.7 and

S; ~ | Poisson(2u;)/2].

We consider sample sizes of 0.5%, 1%, and 1.5% of the full sample size. Upon obtaining n obser-
vations, we exclude instruments with Y " , Zij < 5. This results in three different sample sizes:
small, medium, and large, with 1,648, 3,296, and 4,943 observations, respectively. The number of
instruments also varies across sample sizes, with 119, 142, and 150 instruments for small, medium,
and large samples, respectively. Our DGP 1 is exactly the same as that in Mikusheva and Sun
(2022), with the correlation parameter of p = 0.41. DGP 2 has a higher correlation parameter of
p = 0.7. The identification strength increases with the sample size. For DGP 1, the concentration
parameters C/ Y12 for small, medium, and large samples are 2.15, 3.62, and 4.85, respectively. For
DGP 2, they are 2.38, 3.97, 5.28, respectively.

We emphasize that following Angrist and Frandsen (2022) and Mikusheva and Sun (2022),
we only use W; to compute the LIML estimator and calibrate w(Q;, Ci, P;), but do not use it to
generate new data. Therefore, for the simulated data, the outcome variable is §;, the endogenous
variable is §;, the IV Z; is viewed to be fixed, and the exogenous control variable is just an intercept.
We then denote the demeaned versions of §;, §;, and Z; as Y, X;, and Z;, respectively, in (2.1)
and implement various inference methods described below. Following Mikusheva and Sun (2022),
we test the null hypothesis that 8 = Sy for Sy = 0.1 while varying the true value g8 € B. The
parameter space is set as B = [—0.5,0.5], which is consistent with the choice of parameter space
for the empirical application below. The results below are based on 1,000 simulation repetitions.
We provide more details about the implementation in Section C in the Online Supplement. We set
(p1,p2) = (0.01,1.1) in (3.5). Additional simulation results using other choices of (p1,p2) and B are
reported in Section U.2 in the Online Supplement. All of them are very close to what we report
here.

We compare the following tests with a nominal rate of 5%:
1. pp: our jackknife CLC test when up is estimated by the method pp.
2. krs: our jackknife CLC test when up is estimated by the method krs.

3. AR: the one-sided jackknife AR test with the cross-fit variance estimator proposed by Miku-
sheva and Sun (2022).
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4. LM_CF: Matsushita and Otsu’s (2021) jackknife LM test, but with a cross-fit variance esti-
mator (details are given in Section B.2 in the Online Supplement).

2-step: Mikusheva and Sun’s (2022) two-step estimator in which the overall size is set at 5%.

6. LM*: LM* test defined in this paper.

7. LM_MO: Matsushita and Otsu’s (2021) original jackknife LM test.
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Figure 6: Power Curve for DGP 2

Figures 5 and 6 plot the power curves of the aforementioned tests. We can make four observa-
tions. First, all methods control size well because they are all weak identification robust. Second,
the performance of the jackknife CLC test with krs is slightly better than that with pp, which is
consistent with the power curve simulation in Section 5.1. Third, in DGP 1 with a small sample

size, the power of the jackknife AR test is at most about 9.2% higher than that of the krs test
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when ( is around -0.3. However, for alternatives close to the null (e.g., when $ is around 0), the
power of the krs test is 24% higher, which implies that the power of the krs test is still better than
that for the jackknife AR test in the minimax sense. The power of the jackknife LM tests is similar
to that of the krs test in DGP 1 with a small sample size. Fourth, for the rest of the scenarios,
the power of the krs test is the highest in most regions of the parameter space. The power of the
jackknife AR and LM is at most 0.7% higher than that of the krs test at some point. For DGP
1 with medium and large sample sizes, the maximum power gaps between our krs test and the
jackknife LM are about 8.6% and 5.6%, and about 43.2% and 50% compared with the jackknife
AR. Furthermore, they are 23.3%, 19.5%, and 18.5% compared with the jackknife LM for DGP
2 with small, medium, and large sample sizes, respectively, and about 41.5%, 55.3%, and 55.85%
compared with the jackknife AR.

Figures 7 and 8 show the average values of (a1, as), which represents the weights assigned to
AR(Bo) and LM (fp) in our CLC tests, under DGPs 1 and 2, respectively. The weight assigned to
LM*(fp) is simply 1—a1 —ag. As shown in Table 1, under weak identification and fixed alternatives,
there is no clear winner among AR(fy), LM (By), and LM*(5y), and thus, our CLC test assigns
weights to all the three tests. However, under strong identification and local alternative, LM™* (/)
is the UMP test and should carry all the weights, which means a; + a2 should be minimum. On
the other hand, under strong identification and for some fixed alternatives, LM™*(/3p) may lack
power while both AR(fp) and LM (Sy) have power 1. In this case, as long as we do not assign
all weights on LM™*(f3p), our CLC test should also have power 1. We observe that our simulation
results are consistent with these theoretical predictions. First, when Sy is close to the null 0.1, both
a1 and ag are small, indicating that most of the weights are put on LM*(Sy). Second, we observe
from Figures 5 and 6 that the power of LM*(8y) drops rapidly when f is smaller than around
zero. Therefore, our CLC test assigns more weights on AR(Sy) and LM (f5p). Third, for distant
alternatives, significant weights are assigned to AR(Sy) and LM (fy), which ensures the good power
of our CLC test. Additionally, we note that the weights assigned to AR(fy) (a1) are higher on the

left side of the parameter space relative to the right, since AR(f3p) is more powerful on the left.

6 Empirical Application

In this section, we consider the linear IV regressions with the specification underlying Angrist and
Krueger (1991, Table VII, column (6)), using the full original dataset.'* The outcome variable Y
and endogenous variable X are log weekly wages and schooling, respectively. We follow Angrist
and Krueger (1991) and focus on two specifications with 180 and 1,530 instruments. The 180
instruments consist of 30 quarter and year of birth interactions (QOB-YOB) and 150 quarter
and place of birth interactions (QOB-POB). The second specification includes full interactions

M4 The dataset can be downloaded from MIT Economics, Angrist Data Archive,
https://economics.mit.edu/faculty /angrist/datal /data/angkrul991.
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BE = Qx,x/'?, where T is the cross-fit estimator. Wald(Bo) is defined as (

(2022, Section 5) for more details.
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Further details on the
empirical application can be found in Section D in the Online Supplement. The considered tests
are similar to those in the previous section. The jackknife AR test is defined in (2.5) with ®; being
the cross-fit estimator in Mikusheva and Sun (2022). The jackknife LM test is defined in (2.6) with
the cross-fit estimator for ¥(5p). The pp and krs tests are our jackknife CLC tests. The two-step
procedure is given by Mikusheva and Sun (2022, Section 5). Specifically, the researcher accepts the
null if £ > 9.98 and Wald(By) < Coo2!® or if F < 9.98 and AR(Bo) < z.02. In the case of 180

instruments, because F=13.42 > 9.98, the lower and upper bounds of the 95% confidence interval

B=Bo
v

2 .
) , where ( is the JIVE estimator

and V is a cross-fit estimator of the asymptotic variance of B . We refer interested readers to Mikusheva and Sun



(CI) for the two-step procedure correspond respectively to the minimum and maximum of the set
{Bo € R : Wald(By) < Cpo2}; similarly, for the 1,530 instruments, as F = 6.32 < 9.98, the lower
and upper bounds of the CI for the two-step procedure correspond respectively to the minimum and
maximum of the set {8y € R : AR(5y) < z0.02}. We also report the 95% Wald test CI based on the
JIVE estimator, denoted as JIVE-t. Table 2 reports the 95% CIs by inverting the corresponding
5% tests mentioned above for the parameter space B = [—0.5,0.5]. Note all CIs except JIVE-t are
robust to weak identification. As F’s are higher than 4.14 in both cases, the JIVE-t (5%) has the
Stock and Yogo (2005b)-type guarantee with at most a 5% size distortion (i.e., the overall size is
less than 10%). We set (p1,p2) in (3.5) as (0.01,1.1). The empirical results with other choices of
(p1,p2) and B are reported in Section V in the Online Supplement. All of them are very close to

what we report here.

jackknife AR jackknife LM JIVE-t Two-step pp krs
(5%) (5%) (5%) (5%) (5%) (5%)

180 IVs | [0.008,0.201] [0.067,0.135] [0.066,0.132] [0.059,0.139] [0.067,0.128] [0.067,0.128]

1530 TVs | [-0.035,0.22]  [0.036,0.138] [0.035,0.133] [-0.051,0.242] [0.037,0.133] [0.037,0.133]

N Table 2: Confidence Intervals
Notes: The F’s for 180 and 1,530 instruments are 13.42 and 6.32, respectively. The grid-search used for our
confidence interval was over 10,000 equidistant grid-points for 8y € [—0.5,0.5]. Our jackknife AR confidence
interval for 1530 instruments differs from that in Mikusheva and Sun (2022) because they used year-of-birth
1930-1938 dummies for the QOB-YOB-POB interactions, whereas we used 1930-1939 dummies. More details
are provided in Section D in the Online Supplement.

Table 2 highlights that the Cls generated by our jackknife CLC tests are the shortest among
all the weak identification robust Cls (i.e., pp, krs, jackknife AR, jackknife LM, and two-step).
Furthermore, the jackknife CLC Cls are 7.6% and 2.0% shorter than the non-robust JIVE-t CIs
with 180 and 1,530 instruments, respectively, which is in line with our theoretical result that the

CLC tests are adaptive to the identification strength and efficient under strong identification.
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A Exogenous Control Variables

Suppose we observe {}71, X, Zi. Wi}ien), where

Y, =X+ Wi y+é, Xi=Ii+V,
X, eR, Z; € RE, W; e R4, II; = EX;, and (ZZ-, Wi)ie[n] are treated as fixed. We allow K to diverge
to infinity with n while d is fixed. We then have E¢; = EV; = 0. Denote Py = WWwTw)=twT
and My = I, — Py be the projection and residual matrices based on W, respectively, where I, is

the n x n identity matrix and W = (Wy, Wa,--- , W,)T € R**<. Further denote Y,X,& I,V as

matrices with their ith row being Y;, Xi, &, 1,, Vi, respectively. Then, we have
Yi=XiB+e, Xi=IL+V,

where Y = MY, X = Mw X,V = MV, e = Myé, Il = My, and Z = My Z. We still denote

P as the projection matrix constructed by Z. The next theorem shows Assumption 1 holds.

Theorem A.1. Suppose {V;, €i}icn) are independent, max; Eé;+max; EV* < C < oo, max; ||[Wi||a <
C < oo, I"II/K = O(1), and 0 < ¢ < mineigW T W/n) < mazeigW W/n) < C < oo,
for some constants ¢,C. Then, Assumption 1 holds and Q.. = Qs + op(l). If in addition,
p?LHTTH = o(1) with p, = max; Py;, then we have Qx . = QY,é +op(1) and Qx x = sz +op(1),
where X; = 1I; + ‘71

Theorem A.1 shows Assumption 1 still holds if (Y;, X;, Z;) are defined after partialing out the
fixed dimensional control variables W;. It further provides a sufficient condition under which the
effect of partialling-out on the sampling error is asymptotically negligible, i.e., the asymptotic
covariance matrix remains the same after partialing out W;. To interpret the sufficient condition,
we consider the balanced design in which p, is of order K/n. If K/n = o(1) and I1"'II/n = O(1),

then the sufficient condition holds because

.
pPITI/K =0 <H HK) =o(1).
n n

On the other hand, if K < n, the sufficient condition requires II"II/K = o(1), which can hold
under both weak identification (ITTII/v/K = O(1)) and strong identification (ITTTI/vVEK — o).
We further emphasize that, even if K =< n and II"TI/K =< 1 so that the sufficient condition does
not hold, Assumption 1 still holds. It is just that partialing out the exogenous control variable will

have a non-negligible effect on the asymptotic covariance of (Q¢e, Qx ., @x,x — Qr111)-
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B Verifying Assumption 2

B.1 Standard Estimators

In this section, we maintain Assumption 5, which is stated below and just Mikusheva and Sun
(2022, Assumption 1).

Assumption 5. Suppose {V;, ei}ie[n} are independent and Ee; = EV; = 0. Suppose P is ann X n

projection matriz of rank K, K — 0o asn — oo and there exists a constant § such that Py < § < 1.

Following the results in Chao et al. (2012) and Mikusheva and Sun (2022), we can show that

under either weak or strong identification, Assumption 1 in the paper holds:

Qe.e 0 ¢ Dy Py3
QX,e ~ N 01, q)12 v T ) (Bl)
QX7X - C 0 (1313 T T

where O'Z-Z = Ee?, 772-2 = EViQ, vi = Ee; Vi, wi = Z#i PiIly,

® = lim = 3 3 Photat

ze[n] J#i
Bro = lim = 30 3 PR (07 + ).
ze[n] Jj#i
B = lim = 303 P,
i€[n] j#i
1 1 20,2 2 2 9
U= lim | > D Pi(nio} +v) + Zwlal ,
| i€ln] J#i ’LE[TL
T:nhango 722 1377@73+?Zwi% , and
L i€[n] j#i i€[n]
= 1 2 2 2
7=t *ZZ U S
| i€[n] j# ZE [n]

We note that the standard estimators of the above variance components proposed by Crudu
et al. (2021) are equal to Chao et al.’s (2012) estimators with their residual é; replaced by e;(/).
Specifically, let

ze[n] J#i
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2(Fo) = = Z > PL(X e(Bo)e; (Bo) + Xiei(Bo)e (Bo)),

i€[n] j#i

3(Bo) = KZZPZX& Bo)X;e;(Bo),

i€[n] j#i

IENE KZ O Py X;)2e}(Bo) + ZZP2X& Bo)Xje;j(Bo),

i€[n] j#i ze[n] J#i

F(0) = 7 3 (3 PyX ) Xiealfo) + 1 0 S PAX?Xjey(),  and

i€[n] j#i i€[n] j#i

&2
== > Y PIXIXT.

i€[n] j#i

Assumption 6. Suppose max;c, |I;| < C, HTH = o(1), and max; Ee? + max; EV < oo.

Two remarks on Assumption 6 are in order. First, max;c[, [II;| < C' is mild because II; = EXj;.
Second, Assumption 6 allows for weak identification when II'II/v/K — ¢ for a constant c. It
also allows for strong identification when ITTTI/v/K — oo and TITII/K — 0. The restriction that
IO'I/K — 0 is needed because Assumption 2 includes the case of fixed alternatives (i.e., fixed
A # 0), which is not considered in Crudu et al. (2021) and Chao et al. (2012). Furthermore, our
results include 7(5y) and T, which are not considered in Crudu et al. (2021) and Chao et al. (2012),
and the consistency of these terms require 1" I1/K — 0.

Theorem B.1. Suppose Assumptions 5 and 6 hold. Then Assumption 2 holds for Crudu et al.’s
(2021) estimators defined above.

B.2 Cross-Fit Estimators

~ 2

Let M =1 — P, M;; be the (i, ) element of M, M; be the ith row of M, and PZ% = m
) ij

Then, Mikusheva and Sun (2022) consider the cross-fit estimators for ®1(5y), ¥(5o), and T defined

as

1(60) = 3¢ Z > Plei(Bo) Mie(Bo)][ej(Bo) Mje(Bo)),

i€[n] j#i

B = | (0 R M) | 5 5 g et e (50|, and

icn] j#i i€[n] j#i
= 2
T=2>, X;(Bo) M X][X;(Bo) M; X],
i€[n] j#i

35



where X and e(fy) are the column vectors that collect all X; and e;(8y), respectively. Following

their lead, we can construct the cross-fit estimators for the rest three elements in v(8p) as follows:

®12(Bo) = Z > PL(M;Xej(Bo)ei(Bo) Mie(Bo) + Mi X e;(Bo)e; (5o) Mje(Bo)),

i€[n] j#
®13(80) = Z > PIM;Xei(Bo)M;Xej(Bo), and
i€[n] j#
5 i(Bo)Mi X XiMie(Bo)
;}%:P (X; M; X)(M;Xej(Bo)) ez[:] %:P”X ( on o)
JF 1€|n| JF

Assumption 7. Suppose Assumption 6 holds. Further suppose that TIT MII < CLKTH for some
constant C > 0.

Compared with the assumptions in Mikusheva and Sun (2022), Assumption 7 further requires
that max;e,) |II;| < C. However, for all the above cross-fit estimators to be consistent, we only need
IITII/K — 0, which is weaker than that assumed in Mikusheva and Sun (2022) (e.g., Theorems 5
in their paper require IT"II/K?%/3 — 0).

Lemma B.1. Suppose Assumptions 5 and 7 hold. Then, Lemmas 2, 3, §3.1, S3.2 in Mikusheva
and Sun (2022) hold.

Theorem B.2. Suppose Assumptions 5 and 7 hold. Then, Assumption 2 holds for Mikusheva and
Sun’s (2022) cross-fit estimators defined above.

C Details for Simulations Based on Calibrated Data

The DGP contains only the intercept as the control variable. Therefore, we implement our jackknife
CLC test on the demeaned version of (§;, §;, Z;). The parameter space is B = [—0.5,0.5]. We test the
null hypothesis that § = gy for Sy = 0.1 while varying the true value g over 31 equal-spaced grids
over B. The grids for ¢ is the grid for 8 minus By. We generate grids of (ay, az) as a; = sin?(¢;) and
as = cos?(ty) sin?(ty) with ¢1 taking values over 16 equal-spaced grids over [a'/2(fs(D,75(B0)), /2]
and ¢y taking values over 16 equal-spaced grids over [0, 7/2]. We gauge E*¢g, 4,.5(9, D, ~¥(Bo)) via a
Monte Carlo integration with R = 2000 draws of independent standard normal random variables. In
practice, it is rare but possible that As(ﬁ, ~(Bo)) defined in (3.8) is not unique. To increase numeri-
cal stability, we follow I. Andrews (2016) and allow for some slackness in the minimization. Let G, be
tAhe grid of (a1, a2) merAltioned above, Q(ay, as) = SUPsep(8y) (Po,s (D 77(50))—153*%1,(12,3(5, D,3(50))),
Qmin = MiN(g, q,)eg, @(a1,az2) + 1/n, where n is the sample size, and

2 = {(a1,a2) € Gu : Q(a) < Quain + (Quin(1 — Quin))"/%(210g(log(R))) /2 R~/2}.
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The slackness term in the definition of = is due to the law of the iterated logarithm for sum of
Bernoulli random variables and captures the randomness of the Monte Carlo integration. Sup-
pose there are L elements in = with an ascending order w.r.t. (f1,t2), which are denoted as
{(a11,a2,)}E,. We then define As(ﬁﬁ(ﬁo)) as (a1,|,/2)>a2,|1/2))- We use the cross-fit estimators

defined in Section B.2 throughout the simulation.

D Details for Empirical Application

We consider the 1980s census of 329,509 men born in 1930-1939 based on Angrist and Krueger’s
(1991) dataset. The model for 180 instruments follows Mikusheva and Sun (2022), which can be

written explicitly as

38
In W; = Constant + H,' ¢ + Z YOB; & + Z POB; sns + BE; + i
c=30 $#£56
38
E; = Constant + H;' A + Z YOB, cpic + Z POB; sas
c=30 $#56

3 3 39
+Y > QOB;;POB;bes+ Y > QOB ;YOB; M. +ci,
=1 s£56 j=1¢=30

where W; is the weekly wage, F; is the education of the i-th individual, H; is a vector of covariates, '
Y OB, . is a dummy variable indicating whether the individual was born in year ¢ = {30, 31, ..., 39},
while QOB; ; is a dummy variable indicating whether the individual was born in quarter-of-birth
Jj € {1,2,3,4}. POB,; is the dummy variable indicating whether the individual was born in
state s € {51 states}.'” Both 7; and &; are the error terms. The coefficient 3 is the return
to education. We vary this g across 10,000 equidistant grid-points from -0.5 to 0.5 (i.e., 8 €
{-0.5,—-4.9999, —4.9998, ..., 0, ...,4.9999,0.5}) and solve for the range of 5 where the null hypothesis

cannot be rejected. Specifically, we can write the above model as

InW; =C;I'+ BE; +;
E;, =Cit+ 7,0 + ¢,

where C; is a (329,509%71)-matrix of controls containing the first four terms on the right-hand
of the first equation, while Z; is the (329,509x180)-matrix of instruments containing the first two
terms in the third line. We can then partial out the controls C; by multiplying each equation by

6The covariates we consider are: RACE, MARRIED, SMSA, NEWENG, MIDATL, ENOCENT, WNOCENT,
SOATL, ESOCENT, WSOCENT, and MT.
"The state numbers are from 1 to 56, excluding (3,7,14,43,52), corresponding to U.S. state codes.
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the residual matrix I — C(CTC)~'CT to obtain a form analogous to that in the main text:

}fi :Xiﬁ+ei7
X, =1I; + v;.

Then, at each grid-point we take By = 8 and compute AR(S5y), LM (Bo), Wald(5o), <$Am](5ﬁ(ﬂo))
and ¢ Ara (DA (Bo))" We reject the chosen value of fy for AR(fBy) if it exceeds the one-sided 5%-
quantile of the standard normal (i.e., reject if AR(By) > 20.05). If LM (B0)? > Co.05, We reject
the chosen [y for Jackknife LM. If Wald(By) > Coos, we reject for JIVE-t. If $As(5ﬁ(ﬁo)) >

Co.05 (AS(IA), ¥(Bo)); p(Bo)) for s € {pp, krs}, we reject accordingly. The two-step procedure depends
on the value of F. If F' > 9.98, we reject if Wald(By) > Co.p2; otherwise if F < 9.98, we reject if

AR(Bo) > 20.02-

The model for 1,530 instruments can be written explicitly as

38
In Wi = Constant + H ¢+ Y YOB; e+ Y POB; s+ BE; + .
c=30 s#56
38
E; = Constant + HiT)\ + Z YOB; cpic + Z POB,; s
c=30 s#56

3 39

-+ Z Z Z QOBi7jYOBi7CPOB7;,55j,C,s~

Jj=1¢=30 s€{51 states}

The main difference between this 1,530-instrument specification and the 180-instrument one is that
we now have QOB-YOB-POB interactions as our instruments, compared with QOB-YOB and
QOB-POB interactions in the case of 180 instruments. Note that in both cases, only quarter-of-

birth 1-3 are used; quarter 4 is omitted in order to avoid multicollinearity.

E Proof of Lemma 2.1

Under strong identification, by (2.3) and Assumption 2, we have

10 0 Qe.e 0 d; P 0
0 1 0 Q_)Qe WN 0 y @12 v 0 5
00 d,) \Qxx C 0 0 0

In addition, we note that e;(5y) = e; + X;A with A = d,A — 0. Therefore, we have

Qo) e(o) = Qere T 28Qx,c + A*Qx,x = Qe + 0p(1),
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QX,e(ﬁO) = QX,e + AQXJ( = QX,e + 5& + Op(l),
&\)}/2(50) 2, @1/2, and (1}1/2(50) _Pogl/2

(AR(B())) _ (Qe(ﬁo),ewo)@iﬂ(ﬂo)) WN<< 0 > (1 p))_
LM (fo) Qx.e(50)/Y*(Bo) 5) \p 1

F Proof of Lemma 2.2

This implies

Recall N = (1 — p?)"1/2(Ny — pN1) and

() () 6 )

Because p is known, it suffices to construct the uniformly most powerful invariant test based on
observations (N1, N5). As the null and alternative are invariant to sign changes, the maximum in-
variant is (N1, N5?). Then, Lehmann and Romano (2006, Theorem 6.2.1) implies the invariant test
should be based on the maximum invariant. Note (A7, N;?) are independent, N follows a standard
normal distribution, and N5 follows a noncentral chi-square distribution with one degree of freedom

and noncentrality parameter A = Therefore, by the Neyman-Pearson’s Lemma (Lehmann

92
1—p2°
and Romano (2006, Theorem 3.2.1)), the most powerful test based on observations (N7, N3?) is the
likelihood ratio test where the likelihood ratio function evaluated at (N7 = ¢1, Nj? = f3) depends

on /9 only and can be written as

A
LR (l;\) = —5 + log

(exp(\/%) +2exp(—\/%)>

In addition, we note that LR (¢3;A) is monotone increasing in ¢y for any A > 0 and ¢ >
0. Therefore, Lehmann and Romano (2006, Theorem 3.4.1) implies the likelihood ratio test is
equivalent to 1{N5? > C,}, which is uniformly most powerful among tests for A = 0 v.s. A > 0
and based on observations (N7, N;?) only. This means it is also the uniformly most powerful test
that is invariant to sign changes.

In addition, the joint density of (N7, N3) is

2 2 _ 2
- e (2 - 2R N g (0220 (1)

1—p2 1—p2  1-p? 1=p
= C(0) exp(ON5)h(N1,N2),

2 2
where C(0) = (27)~}(1 — p?) "2 exp (%) and h(N1,N2) = exp (—% (16/:)2 — 2p1/\_[1p/2\/2 + 1{;)).
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Note that N5 is symmetric around 0 under the null. By Lehmann and Romano (2006, Section 4.2),
1{N3? > C,} is the UMP unbiased level-a test.

G Proof of Lemma 2.3

Under strong identification and fixed alternatives, because (Q¢(s,),e(30) —A%C, Qx e(80) —AC, Qx,x —

€)' = 0,(1), we have
ARG\ o, (a7
dn LM (Bo) _ac |

W1/2(8)

This implies

o . AC  p(Bo)A’C
dn LM (Bo) — (1 — p2(Bo)) /2 (\111/2(50) ®1/*(5o) ) |

which leads to the desired result.

H Proof of Lemma 2.4

Under weak identification, (2.3) implies

Qe(Bo)e(8o) | _ [ Qee +20Qx e + A?Qx x N AQg ®1(Bo) P12(bo)
QX e (o) Qx.e+AQx x AC ) "\ @12(B0) T (Bo) 7
which leads to the first result.

For the second result, it is obvious that m(A) — CY~Y2. In addition, we have

C (A®1(Bo) — A2®12(Bo))
(®1(B0)(21(B0) T (Bo) — 75(8o)))*/?
ud g P23

- (Y(TT — 72))1/2 T Y12 (1— p2y) /2

mg(A) =

where we use the fact that

®1(Bo) /A" = T,

(®1(Bo) ¥ (Bo) — PTo(Bo)) /A" = YW — 72,

®1(Bo) — Ad12(fo)
A3

— T
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I Proof of Theorem 2.1

The first statement in Theorem 2.1(i) is a direct consequence of Marden (1982, Theorem 2.1)
because the acceptance region A = {(4, B) : 11 4% + 19 B? < Cq(a1,a2;p(Bo))} is closed, convex,
and monotone decreasing in the sense that if (4, B) € A and A’ < A, B’ < B, then (A’,B’) € A.
The second statement in Theorem 2.1(i) follows Andrews (2016, Theorem 2.1), which is a direct
consequence of results in Monti and Sen (1976) and Koziol and Perlman (1978).

For Theorem 2.1(ii), we note that p = p under local alternatives and
Par,a2,00 = 1 {(al +agp”)NT + 2a9p(1 — p*) PNING + (1 — a1 — azp®)N3? > Colar, az;p)} :

The “if” part of Theorem 2.1(ii) is a direct consequence of Lemma 2.2. The “only if’ part of
Theorem 2.1(ii) is a direct consequence of the necessary part of Lehmann and Romano (2006,
Theorem 3.2.1). Specifically, given N7 and N5 are independent, the “only if” part requires a; +
a2p2 = 0, which implies a; = 0 and asp = 0.

For Theorem 2.1(iii), we consider two cases of fixed alternatives: (1) A # @}/2(60)\11*1/2 (Bo)p~1(Bo)
and (2) A = 1/2(80)U~Y2(80)p~1(Bp). In Case (1), by Lemma 2.3, the limits of d2AR2(5),
d2 LM?(By), d2LM**(f3y) are all positive, which implies that for all (a1 ,,a2,) € Ao,

1{a1,, AR?(Bo) + a2n LM?(Bo) + (1 — a1, — az.n) LM*2(B0) > Ca (a1, azn; p(Bo))} = 1.
In Case (2), we have

P (a1, AR*(Bo) + azn LM?(Bo) + (1 — a1, — a2,,) LM**(Bg) > Co(a1n, azn; p(Bo)))

o p (qﬁ{</30)p4(ﬁo)
C2®1 (o)

> P (q+0p(1) 2 Comax(p(Bo))) — 1,

d%ARZ(BO) > Ca(al,na a2 n; ﬁ(ﬁ0)>

where the first inequality follows from the restriction on a1, and the facts that LM?(3y) > 0 and
LM*2(y) > 0, the second inequality follows from d2AR?(8y) —= ®1*(Bo)A%(Bo)C? (by Lemma
2.3) and p(po) AN p(Bo), and the last convergence follows from the fact that ¢ > Cq max(p(B0))-
This concludes the proof.
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J Proof of Theorem 4.1

We are under weak identification. By Lemma 2.4 and Assumption 2, we have

AR(Bo) m1(A) 10 0
D (D 00 o3

This implies (AR(Bo), LM*(Bo), lA)) are asymptotically independent. By Assumption 3, we have

(AR?(Bo), LM (Bo), As(D,7(B0))) ~ (Z°(m1(A)), Z2(ma(A)), As(D,7(5o)))

where the two normal random variables are independent and independent of D, and by definition,

As(D,7(80))) = (ar(f5(D,7(50)),7(Bo))s az(f5(D,7(5o)), 7(Bo))) In addition, we have p(5y) —
p(Bo). By the bounded convergence theorem, this further implies

Ed 4. (57(80)) = EDar(f:(D.1(50))1(B0))az(£+(Dv(B0)) 1(B0)),00 (A5 1105 Y (Po))- (J.1)

In addition, suppose the null holds so that A = 0. This implies m;(A) = mao(A) = 0. Then,

we have

(@ 4, (DAY — O (D) > (Bay (£.(D,4(80))7(Bo))saz (£ (D(Bo)) (o)) 00 (05 1405 ¥ (Bo)) — ) f(D),

where

Das (£+(D1(80)):7(Bo)),aa £+ (D(B0))1(Bo)),00 (05 1105 ¥ (Bo))

a1 (fs(D,7(Bo)), ¥(50)) 2T + as(fs(D,7(80)), 7(Bo))(p(Bo) Z1 + (1 — p*(Bo)) /2 22)
1 (1 = a1(fs(D,7(B0)). v(Bo)) — az(fs(D, (o)), 7(Bo))) 23 )
> Ca(al(fs(D7’Y(60))77(/80))7 a2(fs(D77(60))77(60)); p(ﬂ@))

Z1 and 29 are independent standard normals, and they are independent of D. Then, by the

definition of C,(-), we have

~

E(¢ 4,538 ~ WD) = E [E (ba(s,(D(50))(60)),00(0s 0, ¥(Bo)) — a|D) h(D)] = 0.
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K Proof of Corollary 4.1

By the continuous mapping theorem, we have

oy Pa0ae D~ A S et E(bay (s, (D80 1(80)) aatfs (Do) 15000 H{ID = dl < €})
n—00 E1{|D —d| < ¢} EH{|D —d[ <€)}

)

and

i P as(£:(D(50)2(Bo)) az (£ (Der (Bo)) v(o)).co D — d] < €})
e EL{|D —d < <)}

= E(@ay (£,(D,7(80))7(B0))sa2 (£ (D4(50)) 1 (Bo)) 00 [ D = D),

where, by construction, we have

Pay (£5(D7(B0)):v(Bo))saz (£ (Div(B0)) ¥(Bo)) 00
= 1{v1,5(D,v(B0))NT + v2,5(D,v(B0))N3 > Cao(v1,6(D,v(Bo)), v2,s(D,v(Bo)))}

and

(N1, Na) = (Z1(mi (D)), Z2(ma(A)))Us(D, v (fo))-

Similarly, we can show

—2 %2 ~ ~
. . EQS(ARs(ﬁO)?LMs (50)7D7§(50))1{|D - d| < 5} _ TIRT2 A2 _
;%HILH;O E1{|ﬁ—d| < —E(¢(N17N27D7’Y(50))|D—d)'

Therefore, conditional on D = d, ¢q,(1,(D~(80))7(Bo))az(fs (D (Bo)) v (Bo)),00 1S @ linear combination

of (N2, N2) with weights (v1.s(d,v(B0)), v2.s(d, 7(80))), and Ny and N are two independent normal
random variables with unit variance and expectations 61 and 05, respectively. Under the null, we
have (61,62) = (0,0), which, by definition of ¢(-), implies

E(¢(NE, N3, D,~(Bo))|D = d) < a.

Therefore, <Z~>(/\712 ,/\722, D,~(Bo)) is a level-a test. Then, the two optimality results follow Theorem
2.1(i).

L Proof of Theorem 4.2

Denote ¢g = cg(f) and A, = A.(5). By Assumption 2, &; > 0, which implies |A,| > 0. Un-
der strong identification and local alternatives, we have A — 0, cg(8y) — cB, A«(fo) — A,
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Ca,max(ﬂ(ﬂo)) — Coa,max(ﬂ), and

AR(Bo) 0

0 100

LM* N 28 010
(o) (=272 |

d,D c 0 0 0

This implies d,,6p V7 = d,D 25 5, which further implies dnfpp(ﬁ, ~(Bo)) L, C. For fkrs(l/j, ~(Bo)),
we note that

ma’X(?_ 17 O) < ?krs < T.

Therefore, we also have fis(D,5(80))dn — C. Let Eu(2) = {|[F(Bo) — v(Bo)|| + |6.D — C| < £}
Then, for an arbitrary € > 0, we have P(,(¢)) > 1 — € when n is sufficiently large.
Denote § = dng. We have

As(ﬁﬁ(%)) S argfnin Sup (,Pdng,s(ﬁ’;y\(/@())) - E*¢a1,a2,s(dngvﬁ7;7\(60))> )
(a1,a2)€A(fs(DA(B0)),7(Bo)) 6€Dn

where D,, = {0 : dn6 € D(By)}. Let

Qu(ar,a2,6) = P, 5 (D,3(50)) — E*Gus,02,5(dd, D, 3(5p))  and
Q(a, a2,6) = EL{Z3((1 - p*) 7120 1/?4C) = Ca}

N2
T a1Z? + ay <le + (1= p?) 2 25((1 - p2)’1/2\II’1/25C)>
+(1 — a1 — ag) Z3((1 — p?)~1/2WY25C) > Colar, az; p)

where Z; is standard normal, Z5((1 — p2)~Y/20~1/25C) is normal with mean (1 — p2)~Y/20~1/25C
and unit variance, and Z; and Z5(+) are independent. Then, we aim to show that

Qn(ay,az,6) — Q(al,ag,é)‘ 0. (L.1)

sup
(a1,a2)€A(fs(D7(B0))7(B0)),0€Dn

We divide 7571 into three parts:

Doi(e) = {6 € Dy, 6] < Mi(e)},

~ ~ ~ | d
D,, =0€D,, |=
2(€) { A.(Bo)

Dn(e) = D N DS, () N D 5(e),
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where M (¢) is a large constant so that

P ((1 —a)22 ((2(1M1(6)€!C\ )1/2> > Ca,max(p) + 1) =1—c. (L.2)

— p2)Ucp
When n is sufficiently large and e is sufficiently small, on &, (¢), there exists a constant ¢ such that

1As(Bo) — Au| < ce, _ inf  |dpd] > (1 — &) (A — o),
5€Dn,2(€)

|1(B0) — @1| < ce,  |d2f2(D,A(Bo)) — C?| < ce,
~ . 1 2
1= (232, dy3) <E’1(50) ‘Ilw(ﬁo)) : (@3(5@))
o ®12(80)  ¥(Bo) 7(Bo)

sup
5€Dp.2(e)

. 2
®; @ i)

< 1—(A§,A*) ! 12 13 + ce < ¢ + ce,
(1)12 v T

les(Bo) — el < ce. (L.3)

This further implies

Dp1(e) N Dy 2(e) = 0.

)

Recall ¢q, a,,5(0, D,3(fBo)) defined in (3.7). With & replaced by d,,6 and when d € 57%1(5), we

have

d1C1(dy0) ~ » 0
<dn162<dng)> (dnfs(D,7(Bo))) — <(1 B p2)1/2\111/255> )

Therefore, uniformly over (a1, a2) € Ay and 5e ﬁn,l(e) and conditional on data, we have

~~\ 2
) y - ) 1 CL1312 ¥ as (PZI +(1— 02)1/232((1 _ p2)71/2\11*1/26(3))
v +(1— a1 = a2) Z3((1 = p) /20 1/25C) > Calar, azi p)

This implies

E* ¢a1 ,a2,8 (dnga l/j, /'7\/(60))

sup
(a1,a2)€A0,0€Dn,1(¢)

~—\ 2
gy J@E a2 (24 (1 )22 (1 - )20 20)) ' b,
+(1— a1 —ag) Z2((1 — p2)~Y20Y25C) > Cy(ay, ag; p)
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N2
_ 22 ( z 1= 222 ((1 — p2)-1/29-1/250 )
In addition, by Lemma 2.2, for any §, E1 mZi+az (pZ1+ (1= p7) 2(( P’ )

+(1— a1 — ap) Z2((1 — p?) 20~ Y25C) > Colay, ag; p) }
is maximized at a; = 0 and agp = 0. This implies

sup [P, 5.(D,3(80) ~ EL{Z3((1 - p*) " /25C) > C, )

0€Dn,1(e)
= sup | sup E*¢a1,a2,s(dn5,l3ﬁ(ﬁo))—IEl{ZQQ((l—pZ)‘l/Q\y—l/Qgé)an}|
3€Dn1(e) (a1,a2)€A(f+(DA(80))A(50))
N\ 2
2 — p2)1/2 o 2y-1/2q-1/2
< sup wup g1 d 2+ az (21 + (L= ) 220((1 - )71 2e1250))
FePui(@) | (el (BAGNAG) | +(1 - a1 — a2) Z3((1 — p?) Y20 V25C) > Calar, azi p)

—EYZ3((1 - p)2U V250 > Ca}| + 0,(L),

< sup
5€Dp 1 (e)

~—\ 2
wp m @ e (le (1= p)225((1 - p2)_1/2\11_1/2(5C))
(a1,a2)€A0 +(1—a1 —a2)Z2((1 — p2)V20—1/26C) > Cyhlar, az; p)

~E1{Z3((1 — A 72U V%50) > Ca}

+ 0p(1) = 0p(1),

where the second inequality is due to the facts that a(fs(D,5(50)),7(80)) = 0p(1) under strong

e\ 2
2 o222 ((1 — p2)-1/2g-1/2
identification and E1 @21+ az (le + (=) 2(( fj 56))
(1~ a1 — a2) Z3((1 - p?) V20 V/256) > Calar, azi p)
a1 = 0 uniformly over |8| < M;(¢). Therefore, we have

is continuous at

Qn(a17 az, 5) - Q(al)a2)5)

sup

250. (L.4)
(a1,02)EA(fs(D A (50))7(80)).0€Dn.1 ()

Next, we consider the case in which & € 5,172(5). We have

¢a1,a2,s(dn57 ﬁa ﬁ(ﬁO))

127 (C1(dnd) f(D.7(50)))

= 14 a2 (0(50) 21(C(dnd) £ (D,A(B0)) + (1 = 7(50)*22(Coldad) (D, AB0) )
+(1— a1 — a2) 23(Ca(dnd) f3(D.7(B0))) = Cala, az: p(50))

> 1{a(£(D,7(60)): 7(80)) Z(C1 (403) £o( D, 7 (50))) = Camax(7(F0)) } -

By (L.3), on &,(¢), there exists a constant ¢ > 0 such that

C2(dnd)(dn f5(D,7(50)))>
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B (B0) (dnd)*(dn f5(D,A(50)))2

g [ (B B (E
o ®12(Bo)  Y(Bo) 7(Bo)

(®1(Bo) + c2) 1 (1 — £)*(|AL] — ce)*(C? — c2)
cB +ce

w

s

N
N——
N~ —
I
I\

v

and

alf+(D,A(50)),7(80))Ct (dnd) £2(D, A (o))
1 1Caumax (PU80) 81 (B0)28(50) 2 ) 3 1B 5 (512
> Aﬁ(ﬁo)d%fg( ,’Y(B())) 1( n )( nfs( v’Y(/BO))) )
- 1.1C amax(P(80)) (@1 — ce) (e — cg) (®1(Bo) + ce) (1 — e)*(|Ax| — ce)*(C? — ¢2)
(JAL] + ce)4(C2 + ce) cs+ce
> (1.1 = cg)Camax(p(Bo)),

where the last inequality holds because £ can be arbitrarily small. This means, on &,(¢) and when
3 € Dal(e),

E*Gay a2,5(dnd, D, 7(Bo)) > P*(0p(1) + (1.1 = c£)Camax(P(Bo)) > Ca,max(p(B0))) — 1

As P(&,(g)) — 1, we have

_ sup o [1 - E*¢a1,a2,s(dn6> ﬁv 3(50))] i) 0,
(a1,a2)€A(fs(D7(B0))7(Bo)),0€Dn,2(€)

and thus,

R sup o [Pdng,s(ﬁ7 :?(BO)) - E*(bal,ag,s (dnga ﬁv :Y\(ﬂ()))]
(a1,a2)€A(fs(D7(B0))7(B0)),0€Dn,2(e)

< s 1 1[«:*%1,@275(61”5,13,3(50))} 250, (L.5)
(a1.02)EA(f+ (D.3(80))A(0)) 3D 2(e)

Furthermore, note that a; +as < @ < 1 and when 6 € 5n,2(5), on &y (e), (L.3) implies 62 — oc.

Therefore, we have

~~\ 2 ~—
12 + az (pzl + (1= ") 225((1 - PQ)*”Q‘I’*”Q&?)) +(1— a1 —az) Z3((1 - p?) "2 1/24C)

(1 —@)d2C?

> (1-a)23((1 - p*) /2w 125C) = s

(14 0p(1)) — o0,
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which further implies
~—\ 2
2 212 o a—1/2q-1/2
- N v R (pz1 (=2 ) 66)) v,
(a1,02) €A (S« (D3(80))7(80)) S€ D 2(2) +(1— a1 — a2) 23((1 — p?)~/2W01/25C) > Culas, az; p)

and

sup {m{zg((l — p?)TV2w25C) > Cu}
(a1,02)€A(fs(DA(0)) A(B0)) HEDn,(¢)

~—\ 2

2 o 2\1/2 _o2\—1/2q—-1/2

gy JmE e (021 (0= )220 )T 250) ) ] bo. (we
+(1 = a1 — az)Z3((1 — p?)~Y2W=1/26C) > Cqlar, as; p)

Combining (L.5) and (L.6), we have

_sup o Qn(al,ag,g) — Q(al,ag,é)‘ — 0. (L.7)
(a1,a2)€A(fs(D,3(80)),7(B0)),0€Dn 2 (€)

Last, we consider the case in which § € ﬁn,g(e). On &,(¢), (L.3) implies
C3(dnd) £2(D,7(50))

901 dnd N2 ~
0°(1 = sy d2 f2(D,A(fo))

(1~ 72(50))¥(Bo) L (@545 (51(50) ‘512(50)) - (613(50)> 2
meo ‘/1\312(50) @(50) 7(Bo)

- (1—p2)Wep
M3(e)e?C?
2(1 - p?)¥ep’

where the second inequality holds when ¢ is sufficiently small. In this case,

E* $ay a5 (dnd, D, 7(B0)) > P*((1 — @) 23(Ca(dnd) £s(D,7(B0))) = Camax(P(B0)))
> P* ((1 —6)322 <(2(1 _ [(; \Il|cl|3)1/2> > Ca,max(ﬁ(ﬁg)))

> P* <(1 Y <(2(1M1(6 elC] )1/2> > Comax(p) + cs) —e>1-—2¢,

where the second inequality is by the fact that the CDF (survival function) of Z2()) is monotone
decreasing (increasing) in |A| and the last equality is by the definition of M;j(e) in (L.2) and the
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fact that Co max(P(0)) —= Ceamax(p) - This implies, on &, (¢),

sip Py 5 (DAB) ~ E Gy ans(dnd, D AB))| <2 (L)
(a1,a2)€A(f<(D7(50)):7(B0)),0€Dn 3(¢)

In addition, we note that (1 — ,02)*1111*15252 satisfies

()202

_ Lg-15202 <
=g eiee =201 — p2)Wep’

where we use the facts that 62 > Mf(e), cg > 1, and € < 1. Therefore, by the same argument, we

have
2 2\1/2 2\—1/2q—1/257° 2
El a1 Z7 + az (le +(1=p%)"25((1 —f~) v 56)) >1—¢
+(1 — a1 — az) Z3((1 — p?) 712U 126C) > Calar, az; p)
and
sup [El{Z%((l — p2)V2U25C) > C}
(a1,a2)€A(fs(DA(50))7(B0)),6€Dn 3(e)
N2
2 _2\1/2 o oy-1/2q-1/2
g JaEt e (02 0= )2z - ) wo]ga L.9)
+(1 = a1 — ag) Z3((1 = p?)712W126C) > Colar, az; p)

Combining (L.8) and (L.9), we have, on &,(¢),

sup Qn(ala a, g) - Q(a17 az, g) S 3e. (LlO)
(a1,a2)€A(f+ (DA (60)) A (6o)).8€Dn3(€)
Combining (L.4), (L.7), and (L.10), we have
P( sup |Qn(a1,a2,0) — Q(ax, az, 9)| >55)
a1>a2)€A fS(D”Y /80) 7’7(60)) 661)"

<P ( sup ~ |Qular,a2,0) = Q(a,a2,0)| > 5,5n(5)>
(a1,a2)€A(fs(D,7(50)) 7o), 6€Dn 1(e)

+IP< sup ~|Qnla1,a2,0) - Q(ay, az,9)| >€,5n(€)>
(a1,a2)€A(fs(D7(80))7(B0)),0€Dn 2 (€)

w( sup |Qn(a1,a2,0) — Q(a1, az, )| > 35,&1(5)) +P (&)
(a1,02)€A(fs(D7(80))7(B0)),0€Dn 3 (€)
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Since € is arbitrary, we have

_sup o 1Qn(a1,a2,0) — Q(ay, ag,8)| = 0.
(a1,02)€A(fs(D7(B0))7(B0)),0€Dn

Wn

Then we have

0 < sup Qu(a(f:(D,7(80)),3(50)), 0,0) — sup Qun(As(D,7(50)),9)

€Dy, €Dy,
< sup Q(a(f+(D,7(B0)),7(0)),0,0) — sup Q(As(D,7(5o)),d) + 2w
5€Dn éeDn
= 0p(1) — sup Q(As(D,3(5o)), 3) + 2w,
€D,

where the equality holds because (1) SUPg.q Q(a1,0, g) is continuous at a; = 0 as shown in the proof
of L Andrews (2016, Theorem 5), (2) a(fs(D,5(50)),3(80)) = 0p(1) under strong identification, and
(3) supz.q @(0,0,0) = 0 by construction.
Furthermore, we have
Q(ar,a2,0) = E1{Z3((1 — p?)"V207/25C) > C,}
N2
oy J@E az (024 (1 0221 - )20 20))
+(1— a1 — ag) Z2((1 — p?)~Y20~Y25C) > Cy(ar, az; p)
— E{Z3((1 - ) V20 1250) > €,
iy J (@1 020" 22+ azp(1 = p?) 221 25((1 — p?) 7201 250)
+(1 = a1 — agp?)Z2((1 — p2)~120-Y25C) > Cqlay, ag; p)

Note that a; = 0 and agp = 0 if and only if a; + azp2 = 0, given that a; and as are nonnegative.

Therefore, Theorem 2.1(ii) implies, for any constant C' > 0, there exists a constant ¢ > 0 such that

inf sup Q(ab az, 5) 2 c>0.
(a1,02)€A0,a1+a20°>C 5o 5

Therefore,
P (A1.4(D,3(B0)) + A2 (D, 5(Bo))p* 2 € > 0) < P (e < 0,(1) + 2wn) = 0.

This implies A; (D ,7(50)) 250 and A, s(D ,’y(ﬁo))p 25 0.
To see the optimality result, note that

(D4, (B (a0 AAR(B0), LM (B0))) ~» ({N3* = Ca}, (N1, A2)),
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where (N7, N3) is defined above Theorem 4.2 and N3 = (1 — p?)~Y/2(Ny — pN7). Then, the result
holds by Theorem 2.1(ii).

M Proof of Theorem 4.3

We prove the result that limsup,, ., supy e, E/\(Q/Z)\As(ﬁﬁ(ﬁo))) = «a. The other one can be proved
in the same manner. Throughout the proof, we are under the null, i.e., 8y = 8. We start by proving
the result for the full sequence {n}, rather than a subsequence {n;} of {n}. Then, we note that
the same proof goes through with n; in place of n.

We consider two cases: sequences A, for which C,, converges to a constant and those for which
it diverges to infinity. First, let us consider the case where C,, — C for some fixed constant C € R.
For this case, it is established in Theorem 4.1 that under Sy = £,

(AR(B0), LM**(Bo), As(D,7(Bo))) ~ (2}, 23, As(D,)),

where the two normal random variables are independent from each other and independent of D,

and furthermore (by letting A(-) in Theorem 4.1 be an identity function),

Jim B, (D4, paay) = -

Second, let us consider the case where C, diverges to infinity. Then, by Theorem 4.2, we have
— 2 —
Jim Bx, (94,5 5(a0) = P(23 2 Ca) =

To complete the proof, we note that the above argument verifies Assumption B* in Andrews et al.

(2020) and then we can establish the result by using Corollary 2.1 in their paper.

N Proof of Theorem 4.4

We consider strong identification with fixed alternatives. By construction, we have A; s( 7 (Bo)) =
1.1C, max(p(ﬂo))(bl (BO)CB (60)
A4(Bo)f2(DA(Bo))

. By Theorem 2.1(iii), it suffices to show that, w.p.a.1,

L1Co,max (P(50))1(60)@8(5o) - 4¥°(Bo)p* (o)
A4(Bo) f2(D,7(5o)) ~ (o)

or equivalently,

11Comax (P(50)) 21.(Fo)s(Bo)  3%°(Bo)p™ (o) _ 4®1(fo) 1)
ALBo)d2f2(DA(B0))  — C®i(fo)  C2ALB)

o1



for some constant ¢ > Cq maz(p(Bo)). Under strong identification and fixed alternatives, we have

~ o =1 /=
R ®1(o)  Pra(f C13(6
mJ)dn(Qxx“%wwd%%QXﬁW@)<$£@g> éi%$> (éﬁ%?>>

1— (A2, A) (q)l(ﬁo) q)lz(ﬁo))_l <<I>13(ﬁ0)> G
’ d15(B0)  ¥(Bo) (5o) :

1— (A2, A) <@1(50) <I>12(ﬁ0)>_1 (@13(ﬁo)> G
T\ \ee(s) v (5) ~(Bo)

for s € {pp, krs}. This means for any ¢ > 0, w.p.a.l,

R

Therefore, we have

dn fs(D,7(Bo)) = dnD + 0p(1)

& £2(D,7(Bo)) < (c5(Bo) +£)C.

In a@\dition, we have /C\B(ﬁo) L) CB(ﬂo) Z 1, z*(ﬁo) L) A*(,BE), (Ca,max(ﬁ(ﬁo)) i) Ca,max(ﬁ(ﬁO)%
and ®1(8o) 2+ ®1(Bo) > 0, which imply ¢5(80) > e5(Bo)—ce, ®1(8o) > ®1(5o)—ce, Comax(p(Bo)) >
Ca,max(p(Bo)) — ce, and A4(By) < AY(Bo) + ce, w.p.a.l. Therefore, we have, w.p.a.1,

1.1Cq, max(p (50))$1(50)6B(ﬁ0) > 1.1(Cq,max(p(Bo)) — ce)(c(Bo) — 05)(?1(50) —ce)
AYBO)2f2ADA(Bo)) (AL(Bo) + c=)(cB(Bo) +€)C?
> (1.1 = ce)Cy max( (60))(1)1(60)
- A4(Bo)C? ’

where the second inequality holds because € can be arbitrarily small. Then, we can let ¢ in (N.1)
be (1.1 — ce)Cq,max(p(Bo)) which is greater than Cq max(p(8o)). This concludes the proof.

O Proof of Theorem A.1

We first extend our notation. For a; € R94*1 and b; € RE2*1, we write Q, 5 as Zie[n] > i @ibijb; T/VK.
Let 4 = (WTW) Y (WTé) and 4y = (W W)L (WTV). Then, we have ¢; = & — W, 4,
Vi=Vi =W, 4y, and X; = II; + V; = II; + V; — W," 4. By Lemma S.1, we have

Qee = Qe-wio-wi. = Qez — 2QewHe + Fe Qwwe = Qe + op(1).
In addition, let X = I 4+ V. Then, we have X = X — W4y and

@xe = QX -wiy.e-ws

52



= Qx¢ — Qewiv — Qx e + v Qww e
=Qx: — Qxpe +or(1)

= Qx;: — Quwie +op(1)

=Qx:+ > ILPiW; 4 /VK + op(1),

i€[n]

where the last equality holds because

Quw = Y L PyW)/VE == LPW,"/VK.

i€[n) J#i i€[n]

Denote G; = - IL P WL W; W)~ W;. Then, we have
1€[n] i i

i€[n]

Qxe=Qy s+ Qe+ Z Giéi/VK + op(1)
i€[n]
icin 2ogi ViPii€j Gi + w;
:Z:EHZ:Hé JJ-{—Zi( +w)é¢+0p(1),
VK VK

i€[n]

where W; = Zj;«éz’ Pijﬂj.

Similarly, we have

@xx = Ox way X-way
= Qxx — 2Qxwiv + W Qwwiv
= Quu +2Q ¢ + Qp v — 2QuwAv +op(1)
Zz‘e[n} Zj;éi f/ipijf/j 9 Z w; + G
VK VK

Vi +op(1).

=Qnm+
i€[n]

Given {é;, Vi}ie[n] are independent, we can follow the same argument in the proof of Chao et al.

(2012, Lemma 2) and show the joint asymptotic normality of

Pici) i P8 Vi) L Viliili Liepn) 2jpi ViPiiVi > (Gitwi) 3 (Gi+wi)
\/K ) \/E b \/E I \/E (2] \/E 2

i€[n] i€[n]

In particular, we see that

(Gi+wi)éi | (G + w;)?62
Var Z 7\/? = Z — %

1€[n] 1€[n]
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Y
<oy Gitw) ;“”)
i€[n]
(e P WiT ) (g WiWiT ) ™ (e TP W) N I

¢ K K

IA

IN

o'nm o'

(Gitw)V;

and the same result for Var (3, R

). This implies the joint asymptotic normality of

(Qe,ea QX,ea QX,X - QH,H)7

and thus, verifying Assumption 1.

To see the second result in Theorem A.1, we note that

2

Y GiEe/VK| <CY Gi/K

i€[n] i€[n]
= anuwT ZWWT ZHPZZWZ
i€[n] i€[n]
<C Y TEP/K
i€[n]

< CH'p? /K.

If TITTIp2 /K = o(1), then we have 2 icln] Gié;/vVK = op(1). Similarly, we can show that, if

I'p2 /K = o(1), Zie[n] GiVi/V'K = op(1). These imply Qx.we = op(1) and Qx yAv = op(1),
which further imply that

Qxe=0Qx;top(l) and Qxx =Qxx+or(l).

P Proof of Theorem B.1

We focus on the consistency of @1(50) and \f/(ﬁo) The consistency of the rest four estimators can be
established in the same manner. We have e;(5p) = e;+AX; = Vi(A)+AIl;, where V;(A) = e; +AV;.

Therefore,

Oy ZZP{?? Bo)

i€[n] j#1

= Z D PY(AMI] + 2AILV;(A) + VA(A)) (AT + 2ATLUS(A) + U7 (A))
i€[n] j#i
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== Z > PIVE(A) +A Z > PLILVI(A)UF(A) + LU (A) VP (A))

]751 16 77/] ]#Z
Z > PLITUF(A) + IEVA(A) + 4LV, (A) U (A))
ze[n] J#i
2

2 (172 2 4 2172772
ZZP (IFILU; (A) + IZILV;(A)) + A ?ZZPiniHj
7,6["] J#i i€[n] j#i

4
= ZAITZ.

=0

We first note that 7 Z cln] @i 202 =0(1), 2 icin] w?y; = o(1), and + 2 icin] win? = o(1).
To see this, note that

1

I it %ZPH PAlL)?
< ¢
K

ITPI+2 ) PIIIY) < CT o(1),
i€ln]

where the second and third inequalities are shown in the Proof of Mikusheva and Sun (2022, Lemma
S1.4). The results for + D icln] w?y; = o(1) and + > icln] w?n? = o(1) can be established in the

same manner.

We first consider Tp. Denote &;; = VQ(A)UJ (A) — EVQ(A)UJZ(A). We want to show that

MR

i€[n] j#£i
Note that
2
1 2 1 4 2
LS S| - LY Y s LYY Y At
1€[n] j#i i€[n] j#i i€[n] j#£i i'F#i,5

As both ngj and |E&;;&;i| are bounded, we have

1 c
= Y PR < S S PR < L= o)

i€[n] j#i i€[n] j#i

and

% ZZ Z PZ%‘PZ?L/EfZ]é-’LZ’ < 2 ZZ Z H%PZ% K2 Z ZP2P _0

i€n] j#i ', i€[n] j#i V', i€[n] j#i
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Therefore, we have

= Z > PEE(VA(A)UF(A)) + 0p(1)

i€[n] j#i

_A42 > > 57712%2+A3KZZ m%+n§%)+A2%ZZP (n20? + 1202 + dyi;)

ze[n ] 5#i ic n] J#i i€[n] j#i
ALY Y RO+ 2 Y Y Rt o)
ze [n] j#i i€n] j#i
®1(Bo) + op(1).

By the same argument above, we have
=ET1 + 0p(1) = 0,(1)

because ET} = 0. Similarly, we have ET3 = 0 and 73 = 0,(1). Next, we have
Cp, 1111
Ty = ET; + op(1 Z 3" PAIT + 0y(1) < pT+op(1) = 0,(1).

ze[n] J#i

Last, we have

%ZZPQHQ—O

i€[n] jF#i

where the first inequality is by max;cp,) [TI;] < C. This implies
®1(B0) — ©1(B0) = op(1).

Next, we consider the consistency of (I\'(ﬂo) By the similar argument above, we have

= Z Z Xez /80 X e](ﬁO))

ze[n] J#i
722 He,ﬁoﬂej B[) Jrfzz HezBO Ve](ﬁO))
i€ln] j#i icln] j#i
+7ZZ Vez (Bo)ILje;(Bo)) +*ZZ Vel (Bo)Vije;(Bo))
i€ln] j#i i€[n] j#
*ZZ '71+A771 (7]+Anj)+op()
i€[n] j#i

56

(P.1)



In addition, we have

Kz > PyXj)%e} (Bo)

i€[n] j#i
— & St Y PV e )
ze[n] j#i
K Z‘”QEG (Bo) + Z > PiniEe; (Bo) + 0p(1)
ZE["] ze [n] j#i
- K Z Z S5 (07 + 290 + AF) + 0p(1), (P.2)
1€[n] j#i

where the second equality is due to Mikusheva and Sun (2022, proof of statement (a) in Lemma
$3.2), and the third equality is due to & > icln] w?o? = o(1). In the next section, we show the same
results hold under Assumption 6. Combining (P.1) and (P.2), we have

— , 2,2
J
E > " P2 (vi + And)(v; + An?) + E > " Pin3(of + 2vA + A7) + 0,(1)

ze[n} j#i ze[n] j#i
—fzz (v + o7 n3) +7ZZ 2085 + Z Pning + op(1)
ieln) i it 2 it i

= U(fo) + op(1).

Q Proof of Theorem B.2

Given Lemma B.1, Lemmas 2 and 3 in Mikusheva and Sun (2022) hold under Assumptions 5 and
7. Therefore, Mikusheva and Sun (2022, Theorem 3) shows that

O1(80) — — > > PIEVA(A)EUZ(A) = 0p(1).
ze[n] JFi
In addition, the proof of Theorem B.1 shows that

“ Z ZPZEW JEUZ (A) = @1(Bo) + o(1),

ze[n] J#i

which implies the consistency of ®;(5p).
Similarly, given Lemma B.1, Lemma S3.1 in Mikusheva and Sun (2022) holds under Assumptions

5 and 7, so that the consistency of T to Y is also shown by using their argument. In addition, we
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use the same argument in the proof of Mikusheva and Sun (2022, Theorem 5) to show that

T(Bo) = Z Y PyX;)) 26’M€ — ZZ 2 M X e, M;Xej

ze[ ] j#i IE[H] J#
e; M; X X M;e 9
+A KZ ZPZJX ( i i ) ZZPZ.le-XeiMjXXj
i€ln] j#i ze [n] J#i

X; MX
% Z (PP o ST ST BMIX XM XX,
i€[n] j#i Mii i€[n] j#i

:\I/—l—QAT—I-AzT-i-Op( ) = W¥(Bo) + op(1),

where the second equality also follows from Lemma S3.1 in Mikusheva and Sun (2022).
Next for @12(50), we have

= Z S P2M; Xe;(fo)ei(Bo) Mie(fo)

ze[n] JFi

—ZZ MXe]eZMe

ze[n} Jj#t

NN ZZ (M; X Xje;Mie + M; X e; X; Mie + M; X eje; M;X)
1€[n] J#i

ZZ (M; X X; X;Mie + M; X Xje;M; X + M; X e; X;M; X)
ze[n]];ﬁz

1 ~
A3 Z Z P2M;XX;X;M;X.
i€[n] j#i

Note that & Zie[n] >t P M;Xeje;Me = Z Zj# E%(MJV + \i)ejeiM;e, where \; =
M;II. Then, by Lemma B.1 and Lemma 3 of Mlkusheva and Sun (2022),

% Z Zﬁ%MlejeiMie Z Z M Ve]el € = 0p(1)

i€[n] j#£i ze[n ] j#i

Furthermore, by Lemma B.1 and Lemma 2 of Mikusheva and Sun (2022),

%ZZ MVe]e@Me ZZP]% = 0,(1).

i€[n] j#i ze[n] JjFi
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By using similar arguments, we find that

% Z ZﬁZQJMJXXJGZMze = —= Z Z UUJO'Z + Op 1)

i€ln] j#i ZE[n] J#

1 ~ 1

Y M XXM = Y Y P o)
i€[n] j#i iE[n] I

1 ~

K > > PiMiXejeiMiX = Z >_ P+ op(1),
i€ln] j#i K i i

1 ~

2 D PEMXX;XiMie = — Z > Pimyyi+ op(L);
1€[n] j#i i€ln] j#i

1 ~

=0 D PEMXXjeiMiX = — Z > P+ op(1),
i€[n] j#i Ze[nl J#

1 ~

L Y M e X0 — L3S P o),
i€[n] j#i @E[nl J#

1 ~

2 D PIMXX XM X = Z > P + op(1).
i€ln] j#i ieln] 7

Putting these results together, we obtain
612(60) =&y + A(Q\If + (1’13) + 3A27’ + AST + Op(l) = @12(60) + OP(l).

We use similar arguments to prove the results for Uy3(8y) and 7(8y). For ®13(f0), notice that

= Z ZPQMXeZ Bo)M; X e; (o)

ze[n ] G#i
= ? Z Z P%MiXeiMlej
ze[n] J#i
AL Z > PL(M;Xe;M;X X, + M;XX;M;Xe;)
16 [n] j#i
K Z Y PIMXX;M;XX;
i€[n] j#i
1
& 33 P+ Age 3 S P ) + A 30 3 Pl + o,(1),
ze[n] JF#i i€[n] j#£I ze[n} J#i

which implies that

B13(f0) = P13 + 2A7 + AT + 0,(1) = B13(Fg) + 0p(1).
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Finally, for 7(5p), notice that

%ZZ 2 X M; X M;Xej(Bo) =

i€[n] j#i

ZZ an’yﬂ_}_izz IJT]Z 2A+Op(1)a

{(Bo)M; X
72 ZBJX < 2(}\)4” +

i€[n] j#i

which implies that

ze [n] j#i i€[n] j7#i
XiM;e(So)
s B SILUUES S WLLLAEEN
“ n| j#i i€[n] j#i

T(Bo) =7+ AY + 0,(1) = 7(Bo) + 0p(1).

This completes the proof of the theorem.

R Proof of Lemma B.1

Let p, = max; P;;. We first give some useful bounds, which is similar to Lemma S1.4 in Mikusheva

and Sun (2022):

i€[n]

> wi= > (PI-P,ll)? <2I'PII+2 ) PAI? < CH'IL
i€[n]

i€[n]

max w? = max PWH < max Z AT < p, 1T I,

i€[n]

which imply

i€[n]

zEn

wi < maxwg(z w?) < Cp, (T 1I)2.

ieln] i€[n]

First, we show that Mikusheva and Sun (2022, Lemma S2.1) hold under our conditions following

the lines of argument in their proof. More specifically, we notice that to show A2[EAs| = o(1),
where Aj is defined in the proof of Mikusheva and Sun (2022, Lemma S2.1), it suffices to show the

following terms are o(1):

ZZ MHH\<7

i€[n] j#i

< CiAZ (HTH) =o(1) by AT

— K3/2pn

OO Sy Py < 95

i€[n] j#i

1/2 1/2
C A2 1/2 1/2
Z PyA2 g[; PG| < ==pn (AA) " (n'm)
HTH
NSO,
1/2 1/2 ,
3 PIr Yop| < Cf? on (HTH> = o(1).

i€[n]
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Then, we prove the variance of A2A45 = o(1) by showing that

A4 2 _CA* , (1IN
44242 2 T 2 2
Ay Y ron = DA () = A () e 2 <

i€[n] j€[n]

2
el (Z X (Z P%) T+ ATA (Z ijnj) ) < O (p TN + AN ()T

i€ \jeh] j€ln]

CA*

< o (PTT? 4 p, K(ITTT?) = o(1) by Y PE < pakK
J€[n]
2 4
CA CA*
(Z > P Hz‘ﬂj) < T (Z Pmﬂ?) (Z Pmﬂ2> 702 py(ITTID)? = o(1),
i€[n] j€[n i€[n] j€[n]
and
2 2 2
DI (S - Ty (ZP ) + 5B (& )
[n] keln] \i€ln] jeln) k#5 \i€ln] Je[n]
2

CA4 2 2 2

< D 2 M| Do Rt | X Pl > Pl
JE[n] k#j i€[n] i€[n] ]G[n] i€[n]

CA* CA*

<= Kp2(ATA)ITII) + 7 (Z Pg) AT
j€n] \i€[n]

CA4Kpn(HTH) CA*p, KTIT I _ 5 5

< 5 + Dby > > Mj=) > Pi<KandP]<P;<p

J€[n] k#j JE[n] k#j

Second, we show that Mikusheva and Sun (2022, Lemma S2.2) holds under our conditions.
Notice that |AEA;| = o(1) by

1/2
C|A| Z Z ‘H | < C|A‘ (Z ) (HTH)1/2 < CI’{N(an)lﬂ(HTH)l/Z — 0(1),

i€[n] j#£i i€[n]

Then, we show that the variance of AA; is o(1) by showing the following terms are o(1):

2 2
% (Z (Z ) NEY D P )\i)\j) < % (pn(/\T/\) +pn(/\T/\)) =o(1),

i€[n] \Jj€[n] i€[n] j€[n]

2
> (PROT) + RO +pa(ATN) = o(1),
i€ln] j€n] i€[n] j€[n]

2
C}ﬁ(z > PAOZ+ NI +ZZP5A?) <
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2
(Z > PN+ 3 3 P mj) < o (TN 5T = o(1),

1€[n] kE€[n i€[n] j€[n]

2
CA? CA?
(Z Ai) < (Z Pfé) (T < o (aK)NTN) = o(1),
JG[ ] \i€l j€ln] \i€n]
[n]

’ 2
Z (Z m) < (Z ) (') < CKAQ (pn K)(ITTII) = o(1),
1€ je[n]

€ln]

J
) 2
CA
—5 Z (Z P%‘HiMiijk)
] k€[n]
A

S
VEE 1€[n]
2

C

2 2
= (Z H@Hz’Miijk) (Z Hszz‘ijj)
JG[ ]

JE[n] k#j \i€[n] 1€[n]
CA2
S (ZP%) (z > )HTH
JE["] k#j ic[n] j€ln] ie[n]
CA2 A2
<0 Kp?(II'1I) + e Kp,(ITTI) = o(1),
2 CA2 T
> PAILMuMy] | | D7 PAITGMMix| | < 5 Kpa(ITTTI) = o(1),
n] k€[n] \i€[n] i€[n]
2 2
CA
(Z Z Hi) < ?(an)(HTH) =o(1).
i€n] jE[n

Then, to show that Mikusheva and Sun (2022, Lemma 3) holds under our conditions, we show

the following terms are o(1):

1/2 1/2
%ZZ P2 < © (Zngngn?) (ZZP%A?)

i€[n] j#£i i€[n] j€[n] i€[n] j€n

<&y, () (A7) < ;pn (171)" = o(u)

2
¢ C C HTH 2
jE[n] i€[n] JE[n i€[n]
i€[n] ' €[n] j€[n] 5/ en] k€[n]
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= Kg DD P (Y] P < [ﬁ;pn(rﬂn)(m) I@,pz (0’ = o(1),

i€[n] j€[n] i€[n] j€[n]

where 3y e [MjrMjg| < 1 by Mikusheva and Sun (2022, Lemma S1.1(ii)).

Now we show that Mikusheva and Sun (2022, Lemma S3.2 ) holds under our conditions, i.e.,

n

1 1
(a) — Z wit D PyViPVi— | 2 D wiEVil + 2= D PREVln | =0,
J#i i=1 i,j#1
1 — ¢
Li
DRED YORD SERGETD Sy
i=1 i " kg
n
(c) Z wi+ Y PiyVi) il =0,
i=1 J#i
n
a; a;
(@ ?Z st P S Pt — 23S P BlVe,] 50
=1 Jj#i b kti 1=1 j#i
1 & i
(€) R;Ejtw-%EzlﬁﬂﬁffhﬂiA—£+0,
i=1 j#i "
where &1;,&2; stay for either e; or V;, V; stay for e ,e; Vi, or V2 and a; stay for either II; or A}‘Z

To prove statement (a), following the arguments in Mikusheva and Sun (2022), we just need to

show the following terms are o(1):

2

1 2
OIS =D 3 z—ﬁ?é&:f](w St | < oopn (W0T) = o(1),

i€[n] i€ln) i€[n]
1/2 1/2
C C
e Z Z P (w? + |wi[w;) Z Pyw? + Z Pyiw? Z ijw?- ganTH =o0(1),
i€[n] j#£i 1€[n] jE€[n]

where we have used max;e[, w} < p il 3 w? < CTI'M, and Mikusheva and Sun (2022,
Lemma S1.3(b)).

To prove statement (b), we show that

1€[n]

K2 Z Z ‘P%w;l +Pzzjwz P;;wf +P4‘wlw]|)
i€[n] j#£i
1/2 1/2 1/2 1/2

< % Dn Z wi + Z Py} Z P]]w + Z Piiw?pn + pn Z Pw? Z ijwjz

i€l i€l i€l i€l ifn) i€l
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C
< 2o (PROTID? 4 p2(TI) 4 p2 (U0 + p2 (1T ) = o(1),

% (Z TR P%wm-) < % (HTH+anTH) — o(1),

i€[n] i€[n] j€[n]

where we have used ;¢ w < CTI'II and 2 icln] wi < Cp, (T2
To prove statement ( ), we show that, for a; = II; or \;/M;;,

% (Z })z% 12+ Z Z aza]> [52 (piaTa+pnaTa) =o(1),

i€[n] i€[n] j€[n]
3
=) = ot

2
Kzg[;] ’M2 = K2 <§2?zxw> ez[:]A < O (
¢ 2 < ) = h h d IL| < C,
Kzg[;]wi i K2 Zg{;w KQPTL( ) —0( ), where we have use EIGI%LX‘ \

C C

ez 2 2 P (af + lail log]) < 5 (vhaTa+ aTa) = (1),

ie[n] i

C
el S PR (wha? + il < e

i€[n] j#£i

(P2TI)(a"a) + pu(T (@ a)) = o(1).

To prove statement (d), we first show that

< ((szai) (sza@) ) o).
i€[n] 1€[n]

In particular, when a; = II;, we have

% ((Z wgﬂi) + (Z (UiHi) ) < % ((Z w?) + (Z wJ[,-) )
' i€[n] i€ln]

i€[n]

<< ((HTH)2 + (Z w§> (HTH)) < % ((HTH)2 + (HTH)Q) = o(1),

S50
When a; = A)/} , we have

) (5
i€[n]

Ai

(s

Wi
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< (p@TIPTN) + (TN = (1)

Furthermore, we can show that

i€[n]
) 1/2
= Z Py lai] < % ( PZ%) <aTa)1/2 < %(p K)1/2 (aTa>1/2 o),
ZG[TL} ZG[?’L]
2
% (Z P a@) < % (Z Pg) (aTa) < Gk (aTa) — o(1)
e i)

1/2
C by C /2 O
oy i <Y 2| M| & 4 T 1/2/17T Ty\1/2
ZWH M| S KZ“Z AR K( wz) ()\ )\) M'I(ATN) o(1),
zE [n] i€ln] i€[n]
2 2
C C
=93 (Z%wz i ) <2 Z (Z wmi) <5y (Zw?) (ZPEJA?)
g€l \i7J j€ln jeln] \i#i i#j
20Ty T
- CKpy *TITTIA )\:0(1)
K2 ’
2 2 .
C by c CKpa AT A
j€n] \i#i " jeln] \i#j
C A C
T2 P NS B < o (TP TAY = o),
JE[n] i#j Zewe n]
2 2
c
K2 Z > (Z P2 PLII; ) L =DIDD (Z P%-Pﬁc)\i)
jeln k#j \i#ik Mi jeln] k#j \iik

<5 (Z 3PS R%-Pi) g DI ),

JEn] k#j i#5k

where we have used Mikusheva and Sun (2022, Lemma S1.1(ii)).
Finally, we can show that Mikusheva and Sun (2022, Lemma S3.1) also holds under our condi-

tions by using similar arguments. We omit the details for brevity.
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S Lemma S.1 and Its Proof

Lemma S.1. Suppose assumptions in Theorem A.1 hold. Then, we have

e =0p(n™?), 4y =0pm %), Qew =0p(1), Qpyu =O0p(1),

WQww v =opr(1), A Quwrde =op(1), and . Quwriv =op(l).

Proof. We have 4, = Op(n~"/?) because E&; = 0 and mineig(W ' W/n) > ¢ > 0. Similarly, we have
Av = Op(n~1/?). To see that Qew = Op(1), we note that EQs w = 0 and

EQewQiw <C Y (O PyWj) (Y PyWj)/K =C Y PW,'Wi/K <C,
icln) #i i ieln)

where we use the fact that Z#i P;;W; = —P;;W; since Pj; is the ij-th element of P = AVAN A AR
Similarly, we have Qy y;, = Op(1).
To see 4y Q. 74v = op(1), we note that

S Quawriv| < W) VK = op(1),

1€[n]

where we use the fact that W;W," /n = Op(1) and 4y = Op(n~'/?), so that

i€ln

> (W) = 0p(1).

1€[n]
Similarly, we can show that
Ae Qe = op(1), and 3. Quwriv = op(1).

O]

T Comparison with HLIM Estimator under Strong Identification

We consider the model in Section A and the HLIM estimator proposed by Hausman et al. (2012).
Specifically, Hausman et al. (2012) estimate (8, ~) by (BHLIM AHLIMY defined as

; ) 2ogi(Vi = Xib = WiTr) Py (V; — Xib — WiTr
(BHLIMﬂHLIM) — argmin Q(b,r), Q(b,r) = Z@e[n] Zﬁéz( ’ - ) J( )
byr > i (Yi — Xib — W;Tr)?
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where P;; is the projection matrix constructed by (W,", Z")T. Following Hausman et al. (2012), we
let II; = pn7;/+/n such that Eie[n] 72/n > ¢ > 0 for some constant c. As explained in the paper,
under strong identification, we have p2/vK — oco. In both cases considered in Hausman et al.
(2012, Assumption 6), the convergence rate can be unified as K/ p2. Then, the Wald statistic
can be written as

Wi (o) = pd (BHEIM — ﬂo)/\/f,

21/2
o),

where é)h is a consistent estimator of ®;, and ®; is the asymptotic variance of BH LIM =~ To study
the behaviour of Wj,(p) under strong identification and local alternatives, we let By denote the
local alternative in the sense that 5y = 5+ M%/A\/ﬁ' We will provide the expression for ®;, later. We
also note that the notation in Hausman et al. (2012) and our paper is different. Specifically, their
So is our (v7, Bo) T, their § is our ((FHLIM)T GHLIMYT “their X; is our (W', X;) 7, their Z; is our
(w,T, ZZT)T, and thus their projection matrix P is our P, which is the one based on w,T, ZZT)T
We use P and Py to denote the projection matrices based on our Z; and W;, respectively, where
Zi = ([Mw)i.Z)", [Mw];. is the ith row of My, and My = I,, — Py.
AHLIM)T7BHLIM)T and

Further denote L as a matrix that selects the last element of § = ((%

T

I; 0Y .
STL == ( iir 1) dlag(\/ﬁa e )\/57 Nn))

where 7, = (WTW) " 'WTII is the projection coefficient of II on W. Then, the corresponding

definition of D(dp) in Hausman et al. (2012, p.235) under our notation is as follows:

Do) = D icin) 2ujti [Wipijéj (Bo) — éi(ﬁo)éjéj(ﬁo)% |
VK
where W; = (W,, X;)T, W is a n x (d + 1) matrix with its ith row being W, where d is the
dimension of W;, and €;(8y) = é; — X'j(ﬁo — B). In addition, we note that X; = X; — W, =
I; + V; as defined in Theorem A.1, X; = X; — W, 4y, &(Bo) = €i(Bo) + W, 4e — W, 7.(8o — B),
where m, = (WIW) "YW TID), 7, = (W W)Y (WTX) =71, +4v, 3v = (W W) "YW TV), and
Ae = (WTW)~H(WTE). Further let 6 be between d = (v, 3)" and do.

Then, following the argument in the proof of Hausman et al. (2012, Theorem 2), we have

(i /VE)(BTHM = )
= (4 /VE)L(6 — &)

A — —1
(2R (m;ff)) Dé)
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A -1
= —(un/VE)L(S;) ™! (s,;l@l;?w; >—1> Si'D(%)

= —(pn/VE)(0,1/pn) (H ™" + 0p(1))diag(1/v/m, -+, 1/v/n, 1/ pin) < la 0> D(8o)

—m 1

=~ (2 + 0p () /v = 7] (H 4 0p(1) 1, (2 4 0p(1)) 1) ) D(o0)

= (H? + op(1))(~7; , 1)D(0)/VK
¥.p s = D = X "e(50)
Dicin] 2oji | XiFii€i(Bo) — 61’(50)Pij6j(»30)eT(BO)e(go)}
VK 7
where by Hausman et al. (2012, Lemma A7), 551%(52)_1 2, H, and we denote H~' =
Hll H12
H2l p22 :
Following the same argument in the proof of Lemma S.1, we can show that

= (H* + op(1))

Zie[n] Zj;éi 'AYXIWiPijéj(BO) Zie[n] Ej;éi Yi]':)ijVViT('AYe — 7z(Bo — B))

N0 = op(1), N = op(1)
S iein) i €(B0) PyWiT (Be = 7(Bo = B)) (1), and
\/[? =o0 , an
ictn) 2z (e = ta(Bo = B) TWiPy Wi (3¢ — #a(Bo — B)) 1)
\/[? =0 .

In addition, we have YTé(ﬁo)/ET (Bo)e(Bo) = p. Then, we have
Siep) g | XiBijes(Bo) — ei(Bo) Pije; (50)p
VK

Because X'W = 0 and ¢! W = 0, we have X" Pe(8y) = X' Pe(By) and e(By)" Pe(By) =
e(Bo) " Pe(Bo). Therefore, we have

(BTN — o) JVE = H” +or(l).

Siein) 2z XiPyjej(Bo)  XTPe(Bo) = Xie i XiPuei(Bo)

VK B VK
Dicin] 2oz Xilijej (Bo) + X iepn) Xiei(Bo) (P — Py)
- VK
> icn) Xi€i(Bo) Pw,ii
= @x.e(Bo) ~ NiTe

= Qx.e(8,) T op(1),

68



where we use the facts that ]522 = P;; + Pw,;; and
> Xiei(Bo) P = L > Xie(Bo)W; (WTW/H) = Op(1).
<) o e Z

Similarly, we have

Ze[ ]Z#\j% 0)Fije;(5o) — Qutany o) + or (L),

and thus,

2 (BEM — 80) VK = H*2(Qx c(50) — PQe(0) c(0)) + 0P(L).

In order for the HLIM based Wald test to have a pivotal standard normal distribution in the limit,

the asymptotic variance ®; must be

D), = (H?)*(V — 25P12 + p*P1),

which means the Wald statistic satisfies W}, () = Q()\;is%_lgf;g@i’;ffg) +op(1).

U Additional Simulation Results

U.1 Additional Simulation Results Based on the Limit Problem

In this section, we present further simulation results for the power behavior of tests under the limit
problem described in Section 2.

For Figures 9-40, all the settings remain the same as those in Section 5.1 in the main paper
except we use alternative values of the tuning parameters for (3.5). Specifically, for the values of

p1 and po in

pQCa,max(P(ﬁo))qh(50)68(50))
AL(Bo)p3 ’

we use (pp,p2) = (0.01,1.5),(0.01,2), (0.001,1.1), (0.001,1.5), (0.001,2), (0.1,1.1), (0.1,1.5), or
(0.1,2), instead of (0.01,1.1) in Section 5. Specifically, Figures 9-12 report the results for (0.01, 1.5),
Figures 13-16 report those for (0.01,2), Figures 17-20 report those for (0.001,1.1), Figures 21-24
report those for (0.001,1.5), Figures 25-28 report those for (0.001,2), Figures 29-32 report those
for (0.1,1.1), Figures 33-36 report those for (0.1, 1.5), and Figures 37-40 report those for (0.1,2),

respectively. We find the results are very similar to those reported in the main paper.

oD, 7(B0)) = min <p1,

Furthermore, Figures 41-44 present the power curves in the cases with stronger identification
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(C =9 or 12). The overall patterns are very similar to those for C = 6. For Figures 41-44, the

tuning parameters are set as (p1,p2) = (0.01,1.1), which are same as those in Section 5 of the main

text. The results for other values of p; and ps remain very similar and thus are omitted for brevity.
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Figure 37: Power Curve for p = 0.2, p; = 0.1, and py =2
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Figure 38: Power Curve for p = 0.4, p; = 0.1, and ps = 2
c=3 CcC=6
*1: =8 g -V 1.0 | W-g-w-wag P S i

0.6 —

< x L+ 0.4 | -
L% . 4 Lo ol Rl
\ . v
+ e K
0.2 - 4. L+
"
+. ><\ /X +
+ it
&
0.0 -
; T T T ) ; T T T )
-6 -3 o 3 6 -6 -3 o 3 6
(B-Bo)C (B-Bo)C

Figure 40: Power Curve for p = 0.9, p;1 = 0.1, and py =2

80



Power

Power

Power

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0

0.8

0.6

0.4

0.2

0.0

Bt i
Yoo
)érs
AR
LM
[ LM .

4

— .+

-+ +
-+ Ed = A+
ST O
T T T T 1
-6 -3 o 3 6
(B-Bo)C

- N -
| +
- v
“A x :+
: +
at = K
N & K
8 = .
| S .
+ \ L+
R = .7
+- N, 727+
=+
r T T T
-6 -3 o 3 6

Cc=9
N WMoy e -w-v-y
A . . ooy
< = o
+
x
- N ~
+ i X
\ x|
7 i x
o < a
% e % B
- . 3 ¥
| B +/,’
+
N x o+
- N -+
. ~ v d -
+ A+
. X\.../%(, L
R
T T T T 1
-6 -3 o 3 6

1.0

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.0

0.8

0.6

0.4

0.2

0.0

- a4
-3

v
-
-
. +
| - g
N = /
- +
B #
. & & &
+ /% s
+ A
. < N
=
+‘+~¢\m{+‘+/+
T T T T 1
-6 -3 o 3 6
(B-po)C

0
I

12

<
19 x
T
N ;
| J
- b4
\ -+
| S g
N +
- v
" o K
* R K
N > +
+ \\ +_¥
+ 3. b4 >
e N
*
r T T T
-6 -3 o 3 6
(B-Bo)C

Figure 43: Power Curve for p = 0.7 with C' =9 or 12
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Figure 44: Power Curve for p = 0.9 with C' =9 or 12

U.2 Additional Simulation Results Based on the Calibrated Data

We run two sets of robustness checks. For the first set, we retained the parameter space of B =
[—0.5,0.5] and used 16 grid-points in total over this space instead of 31 grid-points used in the main
text. As in the previous section, we vary over (pi,p2) equals (0.001,1.1), (0.001,1.5), (0.001,2),
(0.01,1.5), (0.01,2), (0.1,1.1), (0.1,1.5), and (0.1,2). Figures 45-52 are results for DGP 1, while

Figures 53-60 are results for DGP 2. We find that our results are very similar to the main text’s

specification, i.e. (p1,p2) = (0.01,1.1).

For the second set of robustness checks, we fix (p1,p2) = (0.01,1.1) as in the main text and
vary the parameter space as By = [—0.25,0.25] and Bs = [—1, 1] over 21 equally-sized grid-points.
This is done in order to capture the null of Hy : 8 = 0.1. DGP 1 is reported in Figures 61 and 62,

while DGP 2 is reported in Figures 63 and 64.
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V Additional Results for the Empirical Application

For the first set of robustness check, we ran 1001 equal-spaced grid-points from parameter space
B = [-0.5,0.5] (step size = 0.001) over the 9 different variations of (p1,p2), which we furnish in
Table 3. The first row is the specification used in the main text, (p1,p2) = (0.01,1.1). We do not
include ‘jackknife AR’, ‘jackknife LM’, ‘JIVE-t’ and ‘Two-step’ since variations of (p1,p2) will not

affect the result of those methods. We find that our results are similar to the main text.

(p1, p2)-values

pp with 180 IVs

krs with 180 IVs

pp with 1530 IVs

krs with 1530 IVs

(5%) (5%) (5%) (5%)

(0.01,1.1) [0.067,0.128] [0.067,0.128] [0.037,0.133] [0.037,0.133]
(0.001,1.1) [0.072,0.127] [0.072,0.127] [0.041,0.132] [0.041,0.132]
(0.001,1.5) [0.067,0.127] [0.067,0.127] [0.038,0.132] [0.038,0.132]
(0.001,2) [0.066,0.123] [0.066,0.128] [0.039,0.133] [0.039,0.133]
(0.01,1.5) [0.067,0.127] [0.067,0.127] [0.04,0.134] [0.04,0.134]
(0.01,2) [0.071,0.125] [0.071,0.125] [0.041,0.133] [0.041,0.133]
(0.1,1.1) [0.069,0.126] [0.069,0.126] [0.037,0.132] [0.037,0.132]
(0.1,1.5) [0.072,0.126] [0.072,0.126] [0.044,0.132] [0.044,0.132]
(0.1,2) [0.069,0.127] [0.069,0.127] [0.035,0.132] [0.035,0.132]

Table 3: Confidence Intervals under different values of (p1, p2) with Parameter Space B

For the second set of robustness checks, we consider two different parameter spaces, namely
By = [-1,1] and Bs = [—0.25,0.25]. Both parameter spaces have 1001 equal-spaced grid-points,
and we have retained the values (p1,p2) = (0.01,1.1) as in our main text. Table 4 reports the
results. Overall, these additional robustness checks show that the results reported in our main text

are reliable and hold for different parameter spaces.
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Parameter Space | pp with 180 IVs krs with 180 IVs pp with 1530 IVs krs with 1530 IVs
(5%) (5%) (5%) (5%)
B [0.067,0.128] [0.067,0.128] [0.037,0.133] [0.037,0.133]
Bs [0.068,0.124] [0.068,0.124] [0.042,0.134] [0.042,0.134]
Bs [0.07,0.1275] [0.07,0.1275] [0.037,0.1335] [0.037,0.1335]

Table 4: Confidence Intervals under (p1,p2) = (0.01,1.1) with varying Parameter Space By and Bs
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