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Abstract
This paper proposes a test for the conditional superior predictive ability (CSPA) of a family of

forecast methods with respect to a benchmark. The test is functional in nature: Under the null
hypothesis, the benchmark’s conditional expected loss is no more than those of the competitors,
uniformly across all conditioning states. By inverting the CSPA tests for a set of benchmarks,
we obtain confidence sets for the uniformly most superior method. The econometric inference
pertains to testing a system of conditional moment inequalities for time series data with gen-
eral serial dependence, and we justify its asymptotic validity using a uniform nonparametric
inference method based on a new strong approximation theory for mixingales. The usefulness

of the method is demonstrated in empirical applications on volatility and inflation forecasting.
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1 Introduction

A central problem in time-series econometrics is forecasting economic quantities, such as GDP
growth, inflation, stock returns, and volatility. Empiricists often face an extensive list of “rea-
sonable” candidate forecast methods that are invariably backed by influential prior studies. For
example, classical ARMA- and ARCH-type models contain numerous variants, and the recent trend
of using machine-learning algorithms—such as LASSO, random forests, support vector machines,
and deep neural nets—can make a forecaster’s choice even more difficult. Rigorously evaluating
the relative performance of these methods, and identifying superior ones, is thus of great and
ever-growing importance.

The most popular forecast evaluation method is, arguably, Diebold and Mariano’s (1995) test.
Under the null hypothesis of the Diebold-Mariano test, two competing methods have the same
unconditional expected loss, and the test can be carried out using a simple t-test. More generally,
a multivariate extension of the Diebold—Mariano test can be used to test unconditional equal
predictive ability (UEPA) concerning multiple competing forecasts, which amounts to testing a
system of unconditional moments (i.e., expected loss differentials) being zero.

Two significant extensions of the Diebold-Mariano test have been developed in the literature.
The first is the test for unconditional superior predictive ability (USPA), which is first studied by
White (2000) and later refined by Hansen (2005). The null hypothesis states that a benchmark
method weakly outperforms a collection of competing alternatives, as formalized by a system of
unconditional moment inequalities. In his seminal work, White (2000) proposes critical values
under the least favorable null (i.e., all inequalities are binding), which effectively reduces the
USPA test into a multivariate version of the Diebold—Mariano test. Hansen makes an important
observation that White’s test can be very conservative when there are competing models that are
clearly inferior to the benchmark. To remedy this issue, Hansen proposes a preliminary selection
based on studentized moment conditions to remove these clearly inferior methods, and shows that
this can significantly improve the test’s statistical power.

The second extension is the conditional equal predictive ability (CEPA) test proposed by Gia-
comini and White (2006). The authors eloquently argue that, in practice, a forecast evaluator is
not only interested in knowing whether one method is better than another on average, but also
interested in when this occurs. This consideration is particularly relevant when the methods on

the forecaster’s “shortlist” appear similar on average, but can actually behave very differently con-



ditional on certain economic states. The CEPA null hypothesis states that conditional expected
loss functions of different forecast methods are identically the same across all conditioning states.
The corresponding econometric inference in principle concerns global features of the conditional
expected loss functions. Giacomini and White, however, do not directly attack this functional infer-
ence problem. Instead, they propose a practical method based on a fixed number of (instrumented)
unconditional moments implied by the original conditional ones. As such, the Giacomini—White
test is operationally the same as a finite-dimensional UEPA test.

Set against this background, we extend these existing evaluation paradigms by proposing a
test for conditional superior predictive ability (CSPA), which synergizes the key insights of White
(2000), Hansen (2005), and Giacomini and White (2006). Specifically, the CSPA null hypothesis
asserts the uniform (weak) superiority of the benchmark method, in the sense that the conditional
expected loss of the benchmark does not exceed those of the competing forecasts across all con-
ditioning states. On the other hand, a rejection of the CSPA null hypothesis suggests that some
competing alternative method outperforms the benchmark in certain states, which are revealed as
a by-product of the testing procedure, providing useful diagnostic information.

Our CSPA test formally pertains to testing inequalities for forecast methods’ conditional ex-
pected loss functions. To implement the test, we nonparametrically estimate the conditional mean
function using the series method (Andrews (1991a), Newey (1997), Chen (2007)), and then adopt
the intersection-bound methodology (Chernozhukov, Lee, and Rosen (2013)) to conduct infer-
ence regarding the functional inequalities. It is well-known that the underlying uniform inference
problem is non-Donsker, for which conventional functional central limit theorems based on the
weak convergence concept are not applicable. In a setting with independent data, Chernozhukov,
Lee, and Rosen (2013) address this issue by using Yurinskii’s coupling, which provides a strong
Gaussian approximation for the growing-dimensional moment conditions in the series estimation.
As a result, the t-statistic process (indexed by the conditioning state variable) can be strongly
approximated by a divergent Gaussian process that can be used to construct critical values.

In this paper, we also adopt the strong approximation strategy to make inference on the
conditional moment inequalities, but in a more general time-series setting. One possible way to
achieve this is to invoke the strong approximation theory recently developed by Li and Liao (2019),
which provides a Yurinskii coupling for general dependent data modeled as mixingales, and then
proceed as in Chernozhukov, Lee, and Rosen (2013). However, a drawback of this approach is
that Yurinskii’s coupling concerns the approximation for the entire sample moment vector (under
Euclidean distance), and hence, occurs at a slow rate of convergence. This in turn leads to relatively

restrictive conditions on how fast the number of approximating series terms, m,, can grow with



the sample size n. Specifically, in both the independent-data setting of Chernozhukov, Lee, and
Rosen (2013) and the time-series setting of Li and Liao (2019), Yurinskii’s coupling is available
when m,, = o(n'/?). This issue can be more severe in the time-series context (which is also the
setting here), as the requisite restriction on m,, becomes more stringent when the data is serially
“more dependent.”

Motivated by this issue, in this paper we develop a new strong approximation theory in the time-
series setting which substantially improves the theory of Li and Liao (2019) for making uniform
series inference in the time-series context. Rather than strongly approximating the entire vector
of moment conditions, we instead establish a strong approximation for the “maximum projection”
of this growing-dimensional statistic along a large number of directions. This new result is weaker
than Yurinskii’s coupling, and it can be established under notably weaker restrictions on the
number of series terms. The “cost” of not coupling the entire vector of sample moments is that
one can no longer construct a strong approximation for the t-statistic process associated with
the (functional) series estimator, which is needed as a high-level condition in Chernozhukov, Lee,
and Rosen’s (2013) theory (see Condition C.2 of that paper). That being said, we show that the
general framework of intersection-bound inference can nevertheless be adapted to accommodate
this weaker notion of coupling. Our theory thus extends that of Chernozhukov, Lee, and Rosen
(2013) by both allowing for time-series dependence in the data and a weaker notion of strong
approximation. This theory may be further extended to settings with spatial dependence, but
that extension is beyond the scope of the present paper on forecast evaluation.

These new econometric ingredients suggest that the proposed (nonparametric) CSPA test dif-
fers from the conventional forecast evaluation methods not only in concept, but also in econometric
technicality: The unconditional tests of Diebold and Mariano (1995), White (2000), and Hansen
(2005) concern a fixed number of unconditional expected losses; Giacomini and White’s (2006)
CEPA hypothesis is nonparametric in nature, but they only test a fixed number of implied uncondi-
tional moments. In contrast, the CSPA test directly addresses the functional inference by adopting
and generalizing recent results from the partial identification literature (see Molinari (2019) for a
recent review).! CSPA unifies these prior evaluation paradigms in the following theoretical sense:
USPA is its special case with empty conditioning information set, and CEPA corresponds to the

least favorable null hypothesis of CSPA. It is interesting to note that, like Hansen’s (2005) USPA

'Our theory is a complement, instead of substitute, of Giacomini and White’s (2006) test. In fact, the strong
approximation theory developed here can be used to provide a nonparametric interpretation of Giacomini and White’s
test, by allowing the number of instruments to grow with the sample size. We do not develop this explicitly here so
as to be focused on the CSPA test.



test, our CSPA test also involves a preliminary selection that removes clearly inferior forecasts in
the computation of critical values and, in the same spirit, it also removes regions in the state space
on which the competing forecasts are clearly inferior, which is unique to our functional inference
problem.

We apply the CSPA test in two important empirical settings to demonstrate its usefulness. The
first pertains to the evaluation of volatility forecasts, which is one of the most important topics in
financial econometrics. We consider a variety of autoregressive (AR) models for realized volatility,
including: AR(1), AR(22) with or without adaptive variable selection, fractionally integrated AR,
HAR (Corsi (2009)) and its HARQ extension (Bollerslev, Patton, and Quaedvlieg (2016, 2018)).
Consistent with prior studies, we find that HARQ is generally superior to the other methods using
Hansen’s (2005) USPA test. But the CSPA test provides further useful diagnostic information. We
find that in many cases, we cannot reject the CSPA null hypothesis that HARQ weakly dominates
the other methods uniformly across different states. Interestingly, the conditional test also reveals
cases in which alternative methods—particularly the fractionally integrated model and, somewhat
surprisingly, the simple AR(1) model—significantly outperforms HARQ over certain regions of
the state space. With the CSPA criterion, we pose a new challenge for the empirical search of
“uniformly” superior volatility forecasting methods, for which the proposed test can be used to
formally run the horse race.

In the second empirical application, we evaluate inflation forecasts in a macroeconometric
setting. We consider eight forecasting methods for monthly inflation based on the recent work
of Medeiros, Vasconcelos, Veiga, and Zilberman (2019). Four of these methods are traditional
inflation models such as factor model and Bayesian vector autoregression. The other four are
machine-learning algorithms. Using Hansen’s (2005) USPA test, we find that the traditional models
are typically beaten by at least one of the four machine-learning methods, but the latter methods
appear to be virtually indistinguishable judged by (unconditional) average loss. In contrast, the
CSPA test clearly distinguishes them for a wide variety of economically important conditioning
variables. In particular, the bagging (Breiman (1996)) forecasts turn out to perform extremely
poorly in the tail regions of many of our conditioning variables, such as the macro uncertainty
measure of Jurado, Ludvigson, and Ng (2015).

The paper is organized as follows. Section 2 describes our test and asymptotic theory. Section
3 reports simulation results. Sections 4 and 5 present the empirical applications on volatility
and inflation forecasting, respectively. Section 6 concludes. The appendix contains proofs for our
main theoretical results. Additional technical results and proofs are detailed in the Supplemental

Appendix to this paper.



2 Testing for conditional superior predictive ability

We present the theory for the CSPA test in this section. Section 2.1 introduces the hypotheses
of interest. In Section 2.2, we describe the CSPA test and establish its asymptotic validity under
high-level conditions. Section 2.3 further shows how to invert the CSPA test to obtain confidence
sets for the most superior forecast method. Our econometric inference relies on a new coupling
theory established in Section 2.4, which may be skipped by readers who are mainly interested in
applications. Below, for two real sequences a,, and b,, we write a,, < b, if b,/C < a,, < Cb, for

some constant C' > 1.

2.1 Forecast evaluation hypotheses

Let (F));>1 be the time series to be forecast. We consider a benchmark forecast sequence (Fp ¢)1<¢<n
and J competing forecast sequences (Fj;)i<i<n, 1 < j < J. With a loss function L (-,-), we mea-
sure the performance of the benchmark method relative to the jth competing alternative by the

loss differential sequence defined as

Y=L <Fj, Fj,t) L <Fj, Fo’t> . (2.1)

In particular, Yj; > 0 indicates that the benchmark (weakly) outperforms method j in period ¢.
Two types of null hypotheses are commonly tested in forecast evaluation. One is the hypothesis

of unconditional equal predictive ability (UEPA):
HJEPA E]Y; =0, 1<j<J (2.2)

that is, the benchmark has the same expected performance as all competing alternatives. The

other is the hypothesis of unconditional superior predictive ability (USPA):
HiSP4 B[Vl 20, 1<j<, (2.3)

meaning that the benchmark weakly outperforms the others. UEPA and USPA are clearly con-
nected, in that the former is the least-favorable null of the latter.

The unconditional tests are informative about the relative performance of forecast methods on
average. As such, they have a “blind spot:” Two methods may appear to have (statistically) iden-
tical performance on average, but can behave very differently given certain economic conditions.
Giacomini and White (2006) advocate testing the hypothesis of conditional equal predictive ability
(CEPA), that is,

HYEPA RV X =2] =0, ze€X, 1<j<J, (2.4)



where X; is a conditioning state variable chosen by the evaluator, and X" specifies the conditioning
region as a subset of the domain of X. For example, one can track forecast methods’ performance
through business cycles by setting X; to be a cyclical indicator (e.g., GDP growth). The CEPA null
hypothesis then states that the benchmark performs equally well as all competing alternatives, not
only on average, but also through the ups-and-downs of the economy. This hypothesis is rejected
if some competing forecast method performs differently than the benchmark in some states (say,
expansion or recession).

A rejection of the CEPA hypothesis is not directly informative about whether the competing
methods is better or worse than the benchmark—it only signifies their difference. In contrast, we

consider the conditional superior predictive ability (CSPA) hypothesis. The null hypothesis asserts
HYSPARY X =2] >0, zcX, 1<j<J. (2.5)

This imposes a very stringent requirement on the benchmark, that is, it needs to weakly dominate
all competing methods across the conditioning region X. Therefore, “passing” the CSPA test
should be deemed a highly desirable feature of a forecasting method.

Introducing CSPA to the forecast evaluation literature seems to be rather natural and concep-
tually straightforward: CSPA is to CEPA simply as USPA is to UEPA. However, testing this new
hypothesis is fundamentally different from—and econometrically much more complicated than—
those in the prior forecast evaluation literature. To see why, note that unconditional tests only
concern the finite-dimensional vector (E[Y}])i<j<s. In contrast, conditional tests involve func-

tional inference for conditional expectation functions of loss differentials given by
hj(z) =E[Yje|Xe=a], 1<j<J

The related functional inference is theoretically nontrivial because it requires knowledge about
the global behavior of the h; functions. In their pioneering work, however, Giacomini and White
(2006) bypassed the functional inference by instead testing certain implications of CEPA. These
authors take as given a finite-dimensional instrument W; that is measurable with respect to the

o-field generated by X;, and derive from (2.4) the following unconditional moment equalities:
E[Y; W] =0, 1<j<J.

These can then be tested by using a conventional Wald test.
Unlike Giacomini and White (2006), we attack the functional inference problem directly in
our study of CSPA. Our approach relies on inference methods recently developed in the partial

identification literature, particularly those concerning conditional moment inequalities. We adopt



the intersection-bound approach originally proposed by Chernozhukov, Lee, and Rosen (2013) for
microeconometric applications, and extend it to a general time-series setting. More precisely, we
rewrite the CSPA hypothesis as
HSSTA o = lgigj inf hj (x) > 0. (2.6)
For some significance level a € (0,1/2), we can construct a 1 — a upper confidence bound #,, ;_,,
for n* such that
lminf P (n* <#,; ) >1—a. (2.7)

n—oo
Consequently, a test that rejects the CSPA null hypothesis when 7, ;_, < 0 has probability of
type-I error bounded by « in large samples. The feasible computation of 7,, ;_,, and the theoretical

properties of the test are detailed in Section 2.2 below.

2.2 The CSPA test and its asymptotic properties

In this subsection, we describe how to implement the CSPA test and establish its theoretical
validity (see Proposition 1). For readability, we present the theory under high-level conditions,
most of which are standard for series-based nonparametric inference and are well understood in
the literature. The key exception is a condition for coupling a maximum projection of a growing-
dimensional sample moment constructed using dependent data, for which we develop a new theory
in Section 2.4.

To perform the CSPA test, we first estimate the h; () functions nonparametrically by the
least-square series regression. Let P (z) = (p1(2),...,pm,(z)) be an my,-dimensional vector of
approximating basis functions, such as polynomial, Fourier, spline, and wavelet series; see Chen
(2007) for a comprehensive review. By convention, we suppose that P(-) always contains the
constant function by setting pi(-) = 1. To conduct series estimation, for each j, we regress Y;; on

P(X;) and obtain the regression coefficient

bin = Q;' <n—1 > P(Xy) Yj,t) , where Qn=n"'Y P(X)P(X;)".
t=1 t=1
The functional estimator for h; (-) is then given by
hin () =P () bjn.

The series regression coefficient i)j,n formally resembles the conventional least-square estimator,
but corresponds to a very different theory. We require the number of series terms m, — oo

asymptotically so that the unknown h;(-) function can be approximated sufficiently well by a



large number of approximating functions. The growing dimension of lA)jJL renders the conventional
weak-convergence-based characterization of asymptotic normality inappropriate. This is why we
shall need a strong approximation theory for growing-dimensional statistics to construct uniform
inference, as in Chernozhukov, Lee, and Rosen (2013), Belloni, Chernozhukov, Chetverikov, and
Kato (2015), and Li and Liao (2019).

We now proceed to describe the inference procedure. Let u; = (u1y,...,u J7t)T, where u;; is

the nonparametric regression error term defined as
wjr = Yo — hj (Xi).

We further set A,, to be the Jm,, x Jm,, covariance matrix of n~1/2 Z?:l us @ P (Xy), that is,

n

A, =Var (n_1/2 Zut ® P (Xt)> , (2.8)
t=1

where ® denotes the Kronecker product. To conduct feasible inference, we suppose that a het-

eroskedasticity and autocorrelation consistent (HAC) estimator A, for A, is available and satisfies

the following condition, where ||-|| ¢ denotes the matrix spectral norm.
Assumption 1. ||an — Aplls = Op(04,) for some sequence 64, — 0 at polynomial rate.?

Assumption 1 is high-level and in fact nonstandard, because it concerns the convergence rate
of HAC estimators with growing dimensions (i.e., Jm, — o0), whereas classical HAC estimation
theory (e.g., Newey and West (1987) and Andrews (1991b)) are developed in settings with fixed
dimensions. In the present growing-dimensional setting, the consistency of the HAC estimator is
not enough for feasible inference, and we need a stronger form of consistency (i.e., with polynomial
rate) as stated by the assumption above.

A theoretically valid choice of A,, that verifies Assumption 1 is the Newey—West type HAC
estimator (see Theorem 6 of Li and Liao (2019)). However, Newey—West estimators may lead to
nontrivial size distortions in finite samples. This is well-known in the HAC estimation literature,
and we also document a similar issue in our Monte Carlo experiments. To remedy this finite-sample
distortion, in this paper we analyze a more general class of pre-whitened HAC estimators in the
spirit of Andrews and Monahan (1992), and characterize their convergence rates in the growing-
dimensional setting. We find that the pre-whitened estimator indeed leads to better size control.
The theory on the pre-whitened estimator, however, is somewhat tangential to our main result on

CSPA testing, and it also requires a technical setup that is not used elsewhere in the paper. To

2That is, 64,, < n~ for some fixed constant a > 0 that may be arbitrarily small.



remain focused, we relegate all details on the pre-whitened estimator to Supplemental Appendix
SC.
Equipped with the estimator A\n, we can estimate the Jm, x Jm, covariance matrix of the
normalized estimators (nl/Q(ZA)jm — 0%, )<< via
-1

o= (10G) A (Lod)

*

. n 1s the “population analogue” of l;jyn that is

where I; denotes the J x J identity matrix, and b
formally introduced in Assumption 2 below. We further partition ﬁn into J x J blocks of my, x m,
submatrices (0, (4, k), 1 < j,k < J. Note that Qn (j, k) is the estimator of the covariance matrix
between n'/2(b;,, — bj,) and 02 (g — bj.,)- The standard deviation function of n'2(hjn (z) —

hj(x)) is then estimated by
Gjm () = (P (2)" Q0 (5, 5) P ()",

Algorithm 1, below, provides the implementation details of the CSPA test, which is based on the

intersection-bound inference of Chernozhukov, Lee, and Rosen (2013).

Algorithm 1 (Implementation of the CSPA Test).

Step 1. Simulate a Jm,-dimensional random vector ( ”{T, e ,§§T)T ~ N(0, ﬁn), where each & is
my,-dimensional. Set f}'f,n (z)=P(z)" £/ jn ().

Step 2. Repeat step 1 many times. Set 4,, = 1 — 0.1/log(n). Let K, be the ¥,-quantile of
maxi<;<JjSUP,cy f;n () in the simulated sample and then set

V = ; D R b —1/2p & -1/2 7 =
V, = {(]a ZL‘) . h],n (l’) < lg;ng ;gﬁ( (h],n (:L') +n Kno'],n (fl))) +2n Kno'j,n (:L‘)} .

Step 3. Set kn1_o as the (1 — a)-quantile of SUP(; e, t}n (z) and set

o = min i [ (@) + 0 P ain ()]

Reject the CSPA null hypothesis at significance level a if 7, 1, < 0. g

It is instructive to provide some intuition for this procedure. The Gaussian variables (£7)1<j<Js
approximate the distribution of (n'/?(b;,, — b;,))1<j<s and (f;,n('))lgng mimick the law of the t-
statistic processes associated with (iAij('))lSjS J- Step 2 of the algorithm implements the adaptive
inequality selection: We jointly select j € {1,...,J} and x € X into the set V, such that, with
probability approaching one, h;(x) is minimized on V,. For example, if the entire function fz]n()

is “far above” the infimum n* for some j, then the corresponding inequality is removed from our

10



subsequent inference. Similarly, for the remaining inequalities, we also remove subsets of X on
which ﬂ]n() is “far above” n*. Step 3 of the algorithm produces the critical value 7),, ;_,.

We are now ready to present the asymptotic theory that justifies the validity of the CSPA
test described in Algorithm 1 above. As mentioned in the introduction, our theory differs from
Chernozhukov, Lee, and Rosen (2013) because we allow for general time series dependence and
use a less restrictive notion of strong approximation. For ease of discussion, we collect the key

ingredients of the theorem in the following two high-level assumptions. Below, we denote (, =

MAX1<j<m,, SUP,e v [Pj(2)| and G = SUP,, pyer ay e, [P(@1) — Pla2)| / [la1 — 22

Assumption 2. Suppose: (i) for each j =1,...,J, hj(-) is a continuous function on a compact

subset X C R%; (ii) there erist sequences (05 )n>1 of mp-dimensional constant vectors, with

my, — o0 at polynomial rate, such that

max_sup n'/? hj(x) — P(x)Tb;n

_ -1
1§j§Jﬂc6X - OP ((log 7’L) ) )

(iii) the eigenvalues of Q, and A, are bounded from above and away from zero uniformly over
ni (i) |1Qn = Qulls = Op (Bgm) for dgn = olma'*(logn)™); (v) Gumun™"/2 = o(1); and (vi)
log(¢y) = O(logn).

The conditions in Assumption 2 are fairly standard for series estimation; see, for example,
Andrews (1991b), Newey (1997), Chen (2007), Chernozhukov, Lee, and Rosen (2013), and Belloni,
Chernozhukov, Chetverikov, and Kato (2015). In particular, condition (ii) specifies the precision for
approximating the unknown function h; (-) via approximating functions. This condition implicitly
requires that the function hj; (-) is sufficiently smooth, for which well-known results are available
from numerical approximation theory. Condition (iv) imposes a mild convergence rate condition

on Q,, which can be verified under primitive conditions.?

Assumption 3. For any sequence of integers L, = O(((logn)* m,llﬂg];)dl) and any collection of
uniformly bounded vectors (O‘l)lglgLn C RI™n | there exists a sequence of random variables U, such

that
= 0p ((log n)*l) , (2.9)

max alT <n1/2 Z u ® P (Xt)> — (771

1<I<Ln, —

and U, has the same distribution as maxi<;<r,, alTNn for some generic Gaussian vector Ny ~

N (0, 4).

3See, for example, Lemma 2.2 of Chen and Christensen (2015) and Lemma B5 in the supplemental appendix of
Li and Liao (2019).

11



Assumption 3 is the key to the uniform functional inference underlying the CSPA test, and is
nontrivial to establish. Note that our series estimation is based on the Jm,-dimensional moment
condition E[u; ® P (X;)] = 0. The assumption above states that the maximum projection of the
normalized growing-dimensional sample moment n~1/2 doioq ut ® P (X¢) can be approximated by
ﬁn, which has the same distribution as max;<;<r, a;rﬁn. In contrast, Yurinskii’s coupling provides

a strong approximation for the entire vector in Euclidean norm, namely,

n
n 2w @ P(X;) - N,
t=1

= o, (log (n)*l) , (2.10)

which is clearly stronger than (2.9), but it invariably also demands more restrictive regularity
conditions. An important part of our theoretical analysis (see Section 2.4) is to construct the
coupling in (2.9) for general heterogeneous mixingales under substantially weaker conditions on
the growth rate of m,, than those employed in Li and Liao (2019) for establishing Yurinskii’s
coupling in a similar time series setting.

A “cost” of using the weaker coupling condition (2.9), instead of (2.10), is that we do not have

a strong Gaussian approximation for the entire t-statistic process

(m/zhj,n (z)

51 () ) |
Jn 1<j<JzeX

which is required in Chernozhukov, Lee, and Rosen’s (2013) intersection-bound theory as a high-
level condition (see their Condition C.2). Consequently, we cannot directly invoke the theory from
that prior work. Nevertheless, we show that under Assumption 3, one can still construct strong
approximations for the supremum of the t-statistic process over all subsets of X (see Theorem
A1l in the appendix), which turns out to be enough for establishing the validity of the testing
procedure.

The asymptotic properties of the CSPA test are described by the following proposition.

Proposition 1. Suppose that Assumptions 1, 2, and 3 hold. Then, the CSPA test at significance
level o € (0,1/2) satisfies the following:
(a) Under the null hypothesis with n* > 0, the test has asymptotic size «, that is,
limsup P (ﬁn,lfa < 0) < oy
n—oo

(b) Under the alternative hypothesis with n* < 0, the test has asymptotic power one, that is,

P (71 -o <0) — 1.
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COMMENTS. (i) Part (a) of Proposition 1 shows that the CSPA test controls size under the null
hypothesis. As is common for testing inequalities, the test may be conservative, that is, the
asymptotic rejection probability may be less than «.

(ii) Part (b) shows that the test is consistent against fixed alternatives. As shown in our proof,
this result follows from #),, ;_, —n* = O, (g“nmnn_l/Q) = 0,(1). The proof can be straightforwardly
adapted to show that the test is consistent against local alternatives with n* < 0 drifting to zero

at rate strictly slower than ¢,m,n /2. O

2.3 Confidence sets for the most superior forecast method

The CSPA test described in the previous subsection concerns the comparison of a benchmark
method with the other competing alternatives. In many applications, however, it may be a priori
unclear which forecast method should be chosen as the benchmark, and the empirical researcher
may naturally experiment with different choices. This practice can be formalized as constructing
a model confidence set for the most superior forecast, as we discuss in this subsection.

Formally, we define a partial order > between two forecast methods indexed by j and k as
j= k<= E|L(E, Fj)|X, = m} <E [L(Fj, Fo)lX, = x} for all z € X.

That is, the expected forecast loss of method j is less than that of method k across all conditioning

states. The set of the most superior methods is then defined as
M={0<j<J:jrkforall0<k<J} (2.11)

Note that the CSPA null hypothesis with method j being the benchmark can then be written as
j € M. Since the > order—which is defined using conditional expectation functions—is generally
not complete, the set M may be empty (i.e., there exists no method that weakly dominates all
others).

It is interesting to contrast M with its unconditional special case, that is,
My ={0<j < J:E[L(F,F;;)] <E[L(F], Fy,)] for all 0 < k < J}.

Since My relies on ordering the scalar-valued expected losses, it is guaranteed to be nonempty. It
is also obvious that M C My and, in general, we expect the inclusion to be strict. By imposing a
stronger notion of dominance, M provides a refinement relative to its unconditional counterpart

My.
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An Anderson—Rubin type confidence set for the most superior method can be constructed by

inverting the CSPA test. We set

P

My 1—a = {0 < j < J:the a-level CSPA test
(2.12)

with method j as the benchmark does not reject}.

By the duality between tests and confidence sets, Proposition 1 directly implies that for each
JeM,
liminfP (j* € My-a) 21—

n—00
We refer to M\n,1—a as the confidence set for the most superior (CSMS).

We stress that the CSMS is distinct from the model confidence set (MCS) proposed by Hansen,
Lunde, and Nason (2011) in two ways. First, the CSMS is based on conditional tests, while the
MCS is based on unconditional ones; note that the unconditional test is a special case of the
conditional test with X; being empty. Second, the CSMS, ./{/l\ml_a, is designed to cover each
element j* in M, instead of the whole set M. In contrast, the MCS provides coverage for the My,
set. Of course, this distinction is only relevant when M contains more than one method. While the
unconditional expected losses of two distinct forecast methods might be identical (as real numbers)
and result in a non-singleton My, it is hard to conceive a scenario in which two different forecast
sequences share exactly the same conditional expected loss across all states in X’ (as functions).
For this reason, we argue that covering each most superior method serves essentially the same
empirical goal as covering the whole set M in the context of conditional testing. The CSMS may

thus be considered as the conditional extension of Hansen, Lunde, and Nason’s (2011) MCS.

2.4 Strong approximation for the maximum projection

In this subsection, we establish a strong approximation that can be used to verify the high-
level Assumption 3. Since this type of coupling result is of independent theoretical interest, and
is broadly useful for other types of nonparametric uniform inference in time-series analysis, we
present the theory in a general setting. This subsection may be skipped by readers who are mainly
interested in the application of the CSPA test.

We now turn to the setting. Let [|-[|, denote the Lg-norm of a random variable for ¢ > 1. We
consider an M,-dimensional Lg-mixingale array (X, ;) with respect to a filtration (F, ;). That is,

X, satisfies, for each 1 <[ < M,, and k > 0,

Bt Fri—kllly < Entors (1 Xins = BIXin il Frornllly < Entra, (2.13)
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where X ,, ; denotes the [th component of X, ;, and the constants ¢, and v, control the magnitude
and the dependence of the X, ; variables, respectively. Recall that mixingales form a very general
class of time series models, including martingale differences, linear processes, and various types of
mixing and near-epoch dependent processes as special cases, and naturally allow for data hetero-
geneity; we refer the reader to Davidson (1994) for a comprehensive review. To verify Assumption
3, we can set X,y = uy @ P (X;) and M,, = Jm,.

Denote

Sn=n""2Y "Xy, Ta=Var(Sy).
t=1

For bounded M,-dimensional vectors (a;), << , we aim to construct a sequence of random vari-

ables ﬁn such that (7“ has the same distribution as max;<;<r,, angn for gn ~ N (0,%,) and

max oleSn - U,

1<I<Ly, = 0p ((logn)™"). (2.14)

In a recent paper, Li and Liao (2019) establish a Yurinskii-type coupling in a similar mixingale
setting, which has the form ||S, — S,|| = O, (0y,) for some 0, = o(1). The Yurinskii-type coupling is
stronger than the coupling concept formulated in (2.14), but with a slower rate of convergence than
the latter as discussed below. For ease of comparison, we impose the same regularity conditions

as in Li and Liao (2019).

Assumption 4. (i) For some q > 3, there exists a martingale difference array X, such that

maxj<j<M, Hlen?t q < Cp* for some finite constant * > 0 and

15 = S3ll = Op(enMy*n~"?)

for S =n"1230 X} 5 (i) the eigenvalues of B [ X}, X7} ] are uniformly bounded from above
and away from zero; (iii) uniformly for any integer sequence ky, that satisfies n —o(1) < k, <n,

kn

S (Vi —E[Vi])

t=1

= Op(ry) (2.15)
S

where Vi, = n'E [ X} X} L[ Fou-1] and r, = o(1) is a real positive sequence; (iv) the largest

etgenvalue of ¥y, is uniformly bounded.

A few remarks on Assumption 4 are in order. Condition (i) directly imposes a martingale
approximation for the mixingale array, which is a well-known and very useful property of mixin-

gales.* This condition effectively reduces the task of constructing a strong approximation for S,

1A sufficient condition is Zq>0 g < o0, under which the martingale difference is defined as X;, =
> AE[Xnt4s|Fnt]l — E[Xn,t4s|Fn,i—1]}; see Lemma A4 in the supplemental appendix of Li and Liao (2019).
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to a simpler one for the approximating martingale S;'. The other conditions are needed for ana-
lyzing the latter, which can also be established under primitive conditions. In particular, we note
that condition (iii) can be generally derived by using a matrix law of large numbers, and it holds
trivially with 7, = 0 if V7, is deterministic (while allowed to be time-varying). As a concrete

illustration of this assumption, we consider the following example.

EXAMPLE (MARTINGALE APPROXIMATION). Suppose that X, ; is formed as a linear process with
the form X, ; = Z| jl<oo 0jen,i—; where g, 4 is a triangular array of independent variables with finite
gth moments. Under the condition ;. |jf;| < co, Assumption 4(i) can be verified with the ap-
proximating martingale difference array defined explicitly as X , = (Z‘ jl<oo 8;)en.t, where the fil-
tration is given by F,; = 0(ens : s < t). Inthis case, V7, = nil(z‘j‘@o 0;,)E [eniep 4] (X pjl<oo 0;)"
is deterministic and may be time-varying if E [En,té‘lt] depends on t. Condition (ii) is satisfied if

E [z—:n,teT

n,t] and its inverse have bounded eigenvalues. Condition (iii) is automatically satisfied with

rn, = 0. Although the volatility of the approximating martingale is deterministic, it is interesting
to note that X, ; can have stochastic conditional volatility because E[Xﬁ}t]]:mt_l] depends on the

realizations of lagged innovations (&) O

s<t*
We are now ready to state our main theorem on strong approximation.

Theorem 1. Let (al)lngLn be M, -dimensional real vectors with uniformly bounded FEuclidean

norm, and gn be a generic M,-dimensional random vector with distribution N (0,%,). We set
_ . —3/2 - 3/2 Ty \2 3/2 Ty |3
Bin = n Z_;E (log Lu)** max (E |(of X5, Fuet|) "+ mas o X, ).

BQn

)

. T
min { LT ol Xl MY? o+ (05 2,2

Suppose that ¢y, (log Ln)l/zM,}b/Qn_l/Q—i-Bif (log Ln)z/?’—i-Bg’nr,ll/2 = o((logn)™1) and Assumption 4

holds. Then, there exists a sequence of random variables (~]n such that ﬁn has the same distribution

as maxi<j<r, & Sp and
max oleSn - U,

1<I<Ln =0, ((logn)™).

Theorem 1 establishes the strong approximation for the maximum statistic max;<;<r,, alTSn.
There are two components in the approximation error. The first is related to the martingale ap-
proximation and is of order O, (&, (log L, )"/ VA 2). The other error term captures the strong
approximation error for the maximum statistic max;<;<r, alTS;“L formed using the approximating

martingale S, and has order Op(Bllﬁ(log Ln)2/3 + BQ’nT}Z/Q). In a setting with independent data,
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Chernozhukov, Chetverikov, and Kato (2014) prove a similar coupling result. Their proof heavily
relies on symmetrization-based empirical process techniques that are not available in a general time
series setting. We establish the coupling using very different techniques, which is a key theoretical
contribution of the current paper.

Theorem 1 can be used to verify Assumption 3. Since the theorem is somewhat complicated

in its general form, we provide a corollary in a special case that is much easier to understand.

Corollary 1. Let (a1) <<y, and S, be defined as in Theorem 1. Suppose that (i) Assumption 4
holds with ¢, = O(1) and V.’ being deterministic; (ii) M, < n® for some a € (0,1/3); and (iii)
Ly, has polynomial growth as n — oo. Then, there exists a sequence of random variables U, such
that ﬁn has the same distribution as max;<;<r,, al—rgn and

Te _ 7| _ 1
max oy Sp = Up| = o0p ((logn)™).

CoMMENT. To apply this result in the context of Section 2.2, we set M,, = Jm,, and note that
my, and L, have polynomial growth as n — oo. Under the simple setting stated by Corollary 1,
Assumption 3 is verified provided that m,, = O(n®) for some a € (0,1/3). In contrast, Li and Liao’s
(2019) Yurinskii-type coupling has the form ||S,, — S, || = Op(m?z/ 0p=1/6), with the approximation

error shrinking to zero when m,, = O(n®) for a € (0,1/5), which is notably more restrictive. [

3 Monte Carlo study

In this section, we examine the finite-sample performance of the CSPA test in Monte Carlo exper-
iments. Section 3.1 presents the setting and Section 3.2 reports the results.
3.1 The data generating process

We consider a setting with J conditional moments for J = 1, 3, or 5. The data are simulated

according to the following data generating process (DGP):

Yiir=1- ae(Ximo® 4 Ujit, 1<j5<
X; = 0.5X,1 + €1, with ¢ 24 N(0,0.75),
Ujt = Pullji—1 + Vjt, with vj @N(O, o).

We consider ¢ € {0,0.5,1} and p, € {0,0.4,0.8}. We also set 02 = 3(1 — p2) so that the variance

of uj; is kept constant at 3.
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A few remarks on this DGP are in order. First, the X; process is a centered Gaussian AR(1)
process with its variance normalized to unity. Second, the conditional expectation function h;(z) =
E[Y;¢|X¢ = x] has the form

hj(z)=1- ae_(x_C)Q,
and it attains its minimum 1 — a at * = ¢. The corresponding unconditional expectation is
ae /3

The ¢ parameter plays a useful role in our experiments: Since the distribution of X; is concentrated

EYji] =E[h; (X)) =1- (3.1)

)

around zero, we can explore the effect of data density on the estimation accuracy for different parts
of the h; (-) function by varying c¢. Third, as we increase p, from 0 to 0.8, the error series u;;
become more persistent, rendering time-series inference more difficult.

We impose the null and alternative hypotheses for CSPA as follows. The null hypothesis
described in (2.5) is satisfied when a = 1, that is, hj(c) = 0 and h;(z) > 0 when z # c¢. On
the other hand, when a > 1, the conditional moment violates the CSPA null hypothesis because

h;j(z) < 0 when z falls in the (¢ — v/loga,c+ /loga) interval. The deviation of a from 1 thus
quantifies the “distance” between the null and alternative hypotheses.

In additional to the proposed CSPA test, we also implement Hansen’s (2005) USPA test for
comparison. Although these tests concern different hypotheses, it is interesting to concretely
demonstrate how their difference manifests in the present numerical setting. From equation (3.1),
we see that

E[Yjs >0 if and only if a < V3e< /3,

Therefore, when 1 < a < \/3602/ 3 the CSPA null hypothesis will be violated, whereas the USPA
null hypothesis still holds. This corresponds to a situation in which a competing forecast model
strictly outperforms the benchmark in certain regions of the conditioning state space, but, at the
same time, underperforms the benchmark on average. By design, the USPA test should not reject,
and the CSPA test will reject, providing useful additional diagnostic information.

We consider three sample sizes, n = 250, 500 or 1,000. The small sample speaks to typical
macroeconomic applications with quarterly data, the medium sample corresponds to financial
application with monthly data, and the large sample is easily attainable for analysis based on
daily observations. The simulation consists of 10,000 Monte Carlo replications.

Finally, we describe the implementation details of the CSPA test. The significance level is set
to be 5%. We employ the Legendre polynomials P(z) = (1,2z,0.5(z% — 1),...) as basis functions

and use the Akaike Information Criteria (AIC) to select the basis up to fiven series terms.® These

5In results not presented here, we include up to seven series terms, which yields very similar results.
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basis functions are orthogonal on the [—1, 1] interval under Lebesgue measure, and tend to be less
affected by multicollinearity issues in finite samples. To obtain estimates of the long-run variance
ﬁn, we consider both the standard Newey—West type and pre-whitened HAC estimators. For the
former, we use the Bartlett kernel (Newey and West (1987)) and, following Andrews (1991b),
set the bandwidth to [0.75n'/3|. For the pre-whitened estimator that is described in detail in
Supplemental Appendix SC, we pre-whiten the data using an autoregressive filter adaptively tuned

via the AIC up to four lags.%

3.2 Results

To set the stage, we discuss results from the univariate setting (i.e., J = 1). We first examine the
size property of the CSPA test, for which we impose the null hypothesis by setting a = 1. Table
1 reports the rejection rates of the test under the null for various values of p, and c¢. The left
and right panels report results based on the Newey—West HAC estimator and the pre-whitened
estimator, respectively.

We summarize the results as follows. First, looking at the “quarterly” case (Panel A), we see
that the test based on the standard HAC estimator controls size well when the error terms are
moderately persistent (i.e., p, = 0 or 0.4). However, the test can be nontrivially oversized when
pu = 0.8. For example, the rejection rate is 8.4% when ¢ = 1, which is notably higher than the 5%
nominal level. In contrast, tests based on the pre-whitened estimator show satisfactory size control
even in the presence of high persistence. We note that overrejection resulted from the standard
HAC estimator is mainly a small-sample issue, which dampens as we increase the sample size, and
is no longer present for the “daily” sample displayed in Panel C. But to be cautious, we focus only
on results based on the pre-whitened HAC estimator in all our discussion below.

Second, we note that the CSPA test is generally conservative, as its rejection rate is often
below the 5% nominal level. This is expected from the asymptotic theory, as we can see from
(2.7) that the probability of type-1 error is asymptotically bounded by a. The intuition for the
conservativeness is as follows. In our simulation design, the inequality h;(z) > 0 is binding at z = c.
If this information were known a priori, we could compute the critical value by concentrating on
the singleton x = ¢. However, in finite samples, we need to conservatively uncover the “binding
region” using a nonparametric estimator. To the extent that this preliminary estimation is coarse,
the resulting critical value is conservative.

We next turn to power properties of the CSPA test, again for the univariate case with J = 1.

5As in Andrews and Monahan (1992), the validity of the pre-whitened HAC estimator does not require the time

series to actually follow a vector autoregressive model.
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Table 1: Rejection Rates under the Null Hypothesis

Newey—West HAC

Pre-whitened HAC

pu = 0.0 pu =04 pu =038 pu =0.0 py =04 pu = 0.8

Panel A: Small-sample Case (n = 250)

c=0.0 0.007 0.014 0.057 0.008 0.013 0.025

c=0.5 0.008 0.016 0.065 0.008 0.014 0.027

c=1.0 0.030 0.036 0.084 0.030 0.034 0.048
Panel B: Medium-sample Case (n = 500)

c=0.0 0.003 0.008 0.033 0.003 0.007 0.012

c=0.5 0.005 0.008 0.032 0.005 0.006 0.011

c=1.0 0.021 0.024 0.057 0.021 0.021 0.030
Panel C: Large-sample Case (n = 1,000)

c=0.0 0.003 0.003 0.017 0.003 0.003 0.006

c=0.5 0.003 0.003 0.018 0.003 0.003 0.006

c=1.0 0.015 0.018 0.030 0.015 0.016 0.015

Note: This table presents rejection rates of the CSPA test under the univariate null hy-

pothesis (i.e., J =1 and a = 1). The test is implemented using either the Newey—West

or the pre-whitened HAC estimator. We consider different data generating processes

by varying the sample size n, residual autocorrelation p,, and the location parameter

C.

20



Figure 1: Simulation Results: Power Curves
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Note: This figure presents the power curves of the CSPA test (top row) and Hansen’s (2005)
USPA test (bottom row). In the left (resp. right) column we vary the p, (resp. c) parameter
while keeping the ¢ (resp. p,) parameter fixed. To highlight whether the value of a corresponds

to the null or the alternative hypothesis, we signify the latter with a marker.

As discussed above, the alternative hypothesis can be imposed by setting a > 1. In the top panels
of Figure 1, we plot the CSPA test’s rejection rates as functions of a while varying the p, and ¢
parameters in the DGP. For brevity, we only show results for the n = 500 case.

The top-left panel of Figure 1 plots the CSPA power curves for different levels of persistence
quantified by the p, parameter, while fixing ¢ = 0.5. As a increases, the rejection rate approaches
one, which is consistent with the asymptotic theory. In addition, we see that the test has higher
power when the error terms are less persistent. On the top-right panel, we plot power curves for
different c¢ values while fixing p, = 0.4. When a is small, the test tends to be more conservative
when c is closer to zero, which mirrors the findings in Table 1. Interestingly, this ranking is reversed

when a is large.
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It is instructive to compare the power properties of CSPA test with those of Hansen’s (2005)
USPA test. The USPA power curves are plotted in the bottom panels of Figure 1, and computed
under the same DGPs. We stress that this comparison should be interpreted cautiously, because
CSPA and USPA tests are designed for different hypotheses. Specifically, the USPA null hypothesis
is violated when a > \/§652/3; the threshold is 1.73, 1.88, and 2.42 for the cases with ¢ = 0, 0.5,
and 1, respectively.

Looking at the USPA power curves, we see that the test essentially does not reject when a is less
than the \/5602/ 3 threshold; this is particularly evident in the bottom-right panel as we vary the
value of ¢. When a exceeds this threshold, we observe increasingly more rejections, with rejection
rate approaching one as a becomes larger. Although the USPA test starts to have nontrivial power
under its own alternative hypothesis, its rejection rate is notably lower than that of the CSPA
test. This comparison thus concretely illustrates scenarios in which the conditional test can reveal
useful information above and beyond its unconditional counterpart.

Finally, we present simulation results for the multivariate setting with J = 3 or 5. Similar to
the univariate setting above, we impose the null hypothesis by setting a = 1, and set a = 1.5 to
obtain the alternative. This alternative is chosen to have nondegenerate local power in view of
Figure 1. Table 2 reports the rejection rates. From the table, we see that the CSPA test controls
size in the multivariate setting and is slightly more conservative. Meanwhile, the power of the test

is higher as more conditional moment inequalities are violated under the alternative.

4 Empirical application on volatility forecast

As a first empirical application of the CSPA test, we consider the conditional evaluation of forecast-
ing models of realized volatility (RV'). Ex-post measures of daily volatility based on high-frequency
data, and the reduced-form modeling of their dynamics, are popularized by Andersen, Bollerslev,
Diebold, and Labys (2003), whose seminal work has since spurred a large and burgeoning literature
in financial econometrics. We apply the CSPA test on a collection of prominent forecasting meth-
ods. Section 4.1 introduces the forecasting models and reports baseline results from unconditional

evaluation tests. Section 4.2 presents results from the CSPA test.

4.1 Volatility forecasting methods and their unconditional evaluation

Our analysis is based on the publicly available dataset from Bollerslev, Patton, and Quaedvlieg
(2016), which contains daily realized volatility and other high-frequency measures for the S&P 500

index and 27 stocks in Dow Jones Industrial Average that are traded over the full sample period
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Table 2: Simulation Results: Multivariate Test

Null Hypothesis Alternative Hypothesis
pu =0 pu =04 pu = 0.8 pu =20 pu = 0.4 pu = 0.8

Panel A: J =3

c=0.0 0.004 0.007 0.014 0.983 0.885 0.467

c=0.5 0.003 0.006 0.011 0.958 0.806 0.396

c=1.0 0.013 0.016 0.027 0.915 0.773 0.467
Panel B: J =5

c=0.0 0.003 0.007 0.015 0.997 0.961 0.561

c=0.5 0.004 0.007 0.013 0.988 0.911 0.491

c=1.0 0.014 0.019 0.027 0.958 0.877 0.556

Note: This table presents rejection rates of the CSPA test when J = 3 or J = 5.
We set a = 1 and 1.5 for the null and the alternative hypotheses, respectively. We
consider different data generating processes by varying the sample size n, residual

autocorrelation p,, and the location parameter c.

from April 1997 to December 2013. Realized volatility is computed as the sum of squared 5-minute
returns within regular trading hours. We focus on one-day-ahead forecasts that are formed using
rolling-window estimation with 1,000 daily observations. This results in over 3,000 daily forecasts
for each series.”

We study 6 competing forecasting methods in total. The first is Corsi’s (2009) HAR model,
which is arguably the most popular model in the recent financial econometrics literature for volatil-
ity forecasting. This model is a restricted AR(22), in which common coefficients are imposed across

7 “weekly,” and “monthly” lags. We consider three alternative autoregressive specifications,

“daily,
including AR(1), AR(22), and an adaptive AR(22) model with LASSO-based variable selection.®

Note that the HAR model is designed to capture the well-known long-memory feature of volatil-

"The S&P500 Realized volatility is based on futures data from Tick Data and ends in August 2013, resulting in a
total of 4,096 observations. The individual stocks, whose data comes from the TAQ database, spans the full sample

with 4,202 observations. See Bollerslev, Patton, and Quaedvlieg (2016) for details.
8The regularization parameter of the LASSO is obtained using 10-fold cross-validation.
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ity. In this vein, we also include an ARFIMA(1,d,0) model in our analysis, which is a classical
alternative for capturing long memory via fractional integration. Lastly, we include one of many
recent augmentations to HAR—the HARQ model proposed by Bollerslev, Patton, and Quaedvlieg
(2016). HARQ allows the first autoregressive parameter to vary over time in response to the level
of measurement error in the high-frequency estimate of daily RV. The level of measurement error
is quantified by the daily realized quarticity (RQ), defined as the (scaled) sum of the 4th power of

high-frequency returns. More precisely, the specifications of these forecast models are given below:

AR(1) RVy = ¢o + ¢1RVi1 + &,

AR(22) RVi = 6o + 3121 0iRVii + e,

HAR RV = ¢o+ ¢1RVi—1 + 02RV:_yjt5 + p3RV, 1190 + €,

HARQ RV = ¢o + (1 + ¢1QRQ,51£21)RV15—1 + 2RV _qji—5 + P33RV, _1p—22 + €,

ARFIMA (1 —L)¢RV; = ¢+ ¢1RV;_1 + €,

where RV;_1;_, = k1 Zle RV;_; and L denotes the lag operator.

To set the stage, we first conduct an unconditional comparison of these six methods using
Hansen’s (2005) USPA test. The test is implemented under two schemes: one-versus-one or one-
versus-all. Under one-versus-one, we compare each benchmark with one alternative for all model
pairs. Under one-versus-all, we perform the USPA test to compare each benchmark model with all
the other five competing models jointly. To mitigate the impact of rare but large volatility spikes,

we follow Patton (2011) and employ the QLIKE loss function, defined as

F F
L(F}, Fj,) = ﬁ —log (ﬁ) ~1.
t t

The tests are implemented separately for each asset. As a simple summary of these testing
results, we report the number of assets (out of 28 in total) for which the USPA test (one-versus-
one or one-versus-all) rejects at 5% significance level in Table 3.9 From the top panel, we see
considerable heterogeneity in the models’ average loss: The average loss of the worst model,
AR(1), is more than twice as high as that of the best model, HARQ. HAR appears to easily
outperform AR(22)-LASSO. Interestingly, the latter adaptive method actually underperforms the
AR(22) model with unrestricted coefficients.

We next turn to formal testing results. Under the one-versus-one scheme, we find that the USPA
null hypothesis is almost never rejected when HARQ is the benchmark (see the fifth column). The
only exception occurs when the competing method is ARFIMA, and the null hypothesis is rejected

9We do not intend to interpret the testing results jointly across different assets.
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Table 3: Unconditional Superior Predicative Ability for Volatility Forecasts

Benchmark Methods

AR(1) AR(22)  AR(22) HAR HARQ  ARFIMA
LASSO

Panel A: Average QLIKE Loss
0.401 0.229 0.298 0.213 0.185 0.198

Panel B: One-versus-one USPA tests against different competing methods

AR(1) 0 3 0 0 0
AR(22) 28 27 0 0 0
AR(22) LASSO 25 0 0 0 0
HAR 28 26 28 0 1
HARQ 28 28 28 28 22
ARFIMA 28 27 28 26 2

Panel C: One-versus-all USPA tests against all competing methods

28 28 28 28 2 22

Note: Panel A reports the average QLIKE loss of each of the six models, where the averaging is
both over time and across assets. Panel B (resp. C) reports the number of assets for which the

one-versus-one (resp. one-versus-all) USPA null hypothesis is rejected at 5% significance level.
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for 2 out of the 28 assets. But when ARFIMA is the benchmark, the associated USPA null is
rejected for most of the assets against HARQ. Judged in similar fashion, the other four methods
can be ranked as follows: HAR, AR(22), AR(22)-LASSO, and AR(1). The one-versus-all tests, as
shown in Panel C, more clearly confirms HARQ’s superior performance. In particular, the joint
test always rejects when each of the four underperforming models is used as the benchmark.
Overall, these unconditional evaluation results largely confirm prior findings in the literature.
However, this does not preclude, for instance, the possibility that AR(1) can outperform HARQ
and ARFIMA in some states of the world. The CSPA test is designed to investigate such issue,

to which we now turn.

4.2 CSPA of volatility forecasts

We implement the CSPA test with the CBOE Volatility Index (VIX) as the conditioning state
variable. The VIX is an option-based implied volatility measure, and is often deemed to be the
“fear gauge” of investors. We stress that the testing methodology does not depend on this specific
choice. In our analysis below, we use each of the aforementioned models as a benchmark, and
test whether E[Y};|VIX;_1] > 0, where Y} ; denotes the loss differential between the jth competing
model and the benchmark. We follow the same implementation procedure using the pre-whitened
HAC estimator as described in the simulation study.

To concretely illustrate how the CSPA test works in practice, we start with a case study for
Johnson & Johnson (NYSE: JNJ). The evaluation scheme is one-versus-one: The benchmark is
HAR and the competing alternative is either AR(1) or HARQ. In Figure 2, we plot the estimated
conditional expected loss differential functions, along with the 95% upper confidence bounds given
by Bjn ()41 Y 2?kn1—a6in (-). Recall that the critical value fln,1—q Of the CSPA test is the infimum
of the latter function and the CSPA test rejects the null hypothesis if some part of this function
is below zero.

The left panel illustrates the comparison between HAR and AR(1). Asshown by the conditional
expected loss differential curve, the simple AR(1) forecast underperforms HAR when VIX is below
30, but appear to be more accurate in extremely volatile states. That being said, the CSPA null
hypothesis is not rejected at the 5% level (because the confidence bound function is always above
zero), although this non-rejection is marginal.

Turning to the right panel of Figure 2, we see that HARQ outperforms the benchmark HAR
model not only on average but also uniformly across different states, in that the conditional

expectation function is always below zero.!® The improvement stems from both quiescent (say,

10 A direct consequence is that the CSPA null hypothesis is not rejected if we instead take CSPA as the benchmark
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Figure 2: Forecasting Volatility: One-versus-one CSPA Tests
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Note: This figure plots the estimated conditional expected loss differential functions (solid), along
with its 95% confidence bound (dashed), for the realized variance series of Johnson & Johnson,
against the conditioning variable VIX. The HAR model is used as the benchmark, with the AR(1)
(left panel) and the HARQ (right panel) as competing alternatives. A negative value of the condi-
tional expected loss differential indicates that the HAR model is outperformed by the competing
alternative. The CSPA test rejects the null hypothesis (i.e., HAR is weakly superior) if the confi-

dence bound is below zero over some region of the conditioning state space.

VIX =~ 15) and high-uncertainty states. These results are in line with Bollerslev, Patton, and
Quaedvlieg’s (2016) finding that the benefit of HARQ is twofold: The model allows for more
persistence in quiet times, and sharply down-weights past observations under crisis-like market
conditions. Looking at the upper confidence bound, we see that HARQ’s better performance is
highly statistically significant when VIX ranges between, for example, 11.3 and 23.6, resulting in
a rejection of the CSPA null hypothesis.

We now summarize all testing results. Panel A of Table 4 reports the number of assets, out of
28, for which the one-versus-one CSPA null hypothesis is rejected for each benchmark-competitor
pair. These results are markedly different from those of the unconditional test (cf. Table 3), in that
the CSPA test, not surprisingly, yields many more rejections than its unconditional counterpart.

This is best illustrated by the case in which HARQ is the benchmark (see the fifth columns of Tables

and HAR as the competing alternative.
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Table 4: Conditional Superior Predicative Ability for Volatility Forecasts

Benchmark Methods

AR(1) AR(22)  AR(22) HAR HARQ  ARFIMA
LASSO

Panel A: One-versus-one CSPA tests against different competing models

AR(1) 13 9 7 7 8
AR(22) 28 28 0 0 1
AR(22)+LASSO 27 15 4 4 9
HAR 28 23 28 3 7
HARQ 28 28 28 28 23
ARFIMA 28 27 28 27 13

Panel B: One-versus-all CSPA tests against all competing models

28 28 28 28 8 22

Note: Panel A (resp. B) reports the number of assets, out of 28, for which the one-versus-one
(resp. one-versus-all) CSPA null hypothesis is rejected at 5% significance level. Each column

corresponds to a different benchmark.

3 and 4): While the USPA null hypothesis is essentially never rejected, we see many rejections from
the CSPA test. In other words, although HARQ almost always outperforms the other competing
models on average, its dominance is sometimes not uniform. Indeed, HARQ’s close competitor,
ARFIMA, leads to 13 CSPA rejections, which can be contrasted with the 2 rejections from the
corresponding USPA test.

Another interesting, and somewhat surprising, finding from Table 4 concerns the conditional
performance of the simple AR(1). Looking at the large rejection numbers in the first column of
the table, we see clearly that AR(1) does not show any uniform superiority with respect to the
other methods. But from the first row of the table, which shows the results with AR(1) being the
competitor, we also see a nontrivial number of rejections, suggesting that the AR (1) model cannot

be easily dominated by the others uniformly across different states, either. This finding mirrors
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Figure 3: Forecasting Volatility: One-versus-all CSPA Tests
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Note: In the left (resp. right) panel, we plot the estimated conditional expected loss differential
functions, h;,(-), using the AR(1) (resp. HARQ) model as the benchmark, and each of the

other five models as the competing alternative. We also plot their lower envelope (solid dark),

min; hj,(-), along with its 95% upper confidence bound (dashed). The one-versus-all CSPA test
rejects the null hypothesis if the confidence bound is below zero over some region of the conditioning

state space.

the pattern seen in Figure 2: The AR(1) model, which has “short memory” and is fast-updating,
can outperform those with long memory during extremely volatile periods. The moral is, when
crisis hits, “amnesia” could be a bliss.

Panel B of Table 4 reports results from the one-versus-all CSPA tests. From here, we see more
clearly that HARQ reigns supreme in the conditional evaluation, albeit not uniformly dominating.
To provide further insight on the one-versus-all CSPA test, we make a visualization in Figure 3
for the case of Johnson & Johnson, where the left and right panels feature AR(1) and HARQ as
benchmarks, respectively. In each panel, we plot the estimated conditional expected loss differential
function for each competing alternative, their lower envelope, and the confidence bound of the
latter. The left panel shows a clear CSPA rejection of the AR(1) benchmark, mainly due to the
method’s severe underperformance in low-VIX states. On the right panel, we see that, compared
with HARQ), the best-performing competitor (which varies across different states) can reduce the

conditional expected loss slightly in some states, but the reduction is statistically insignificant.
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In sum, the application on volatility forecasting clearly highlights the usefulness of the CSPA
test. We intentionally emphasize how nonparametric tools can provide richer diagnostic informa-
tion regarding the state-dependent performance of different forecasting models, above and beyond
conventional unconditional evaluation methods. As a by-product, we show that the recently de-
veloped HARQ model performs well not only on average but, quite often, also uniformly across
different states. That being said, the stringent CSPA criterion reveals that HARQ still needs
improvement, and the search for uniformly superior volatility forecast should remain to be an

important, and challenging, task on financial econometricians’ research agenda.

5 Empirical application on inflation forecast

Our second application concerns inflation, which is notoriously difficult to forecast (Stock and Wat-
son (2010); Faust and Wright (2013)) as evidenced by the fact that over extended periods of time a
simple random walk forecast outperformed the official Greenbook inflation forecasts (Atkeson and
Ohanian (2001), Faust and Wright (2009)). Meanwhile, in various academic and commercial appli-
cations, machine-learning methods have increasingly shown their potential for improving classical
prediction methods. In a recent paper, Medeiros, Vasconcelos, Veiga, and Zilberman (2019) exper-
iment with a variety of machine-learning methods including shrinkage method and random forests,
among others. In this section, we apply the CSPA test to examine the conditional performance of
these forecasts, along with traditional ones. This is a particularly relevant application of the CSPA
test in a macroeconometric context in light of the considerable instability in the performance of
inflation forecasting models (Stock and Watson (2009, 2010)), which our test may serve to help

understand.

5.1 CSPA of inflation forecasts

We apply the CSPA test to evaluate eight inflation forecasting methods, which are selected from
those constructed by Medeiros, Vasconcelos, Veiga, and Zilberman (2019) for the one-month-
ahead forecast of Consumer Price Index (CPI).!! This collection includes four traditional methods:
random walk, AR(1), Bayesian vector-autoregression (BVAR), and a factor model. The other four
methods rely on machine-learning techniques, such as random-forest regression (RF-OLS), LASSO,

elastic net (EINet), and bagging. Specifically, RF-OLS implements a standard linear regression

11\We are grateful to Marcelo C. Medeiros for kindly providing their forecasts and data. The forecasts are con-
structed using a rolling window of 360 months. The estimation sample starts from January 1960 and is based on the
2016 vintage of the Fred-MD database (McCracken and Ng (2016)). For brevity, we refer the reader to Appendix B

of Medeiros, Vasconcelos, Veiga, and Zilberman (2019) for the complete description of their models.
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based on variables selected by random forest (Breiman (2001)); LASSO is proposed by Tibshirani
(1996) and has been used in inflation forecasting by Bai and Ng (2008); ElNet combines the
classical ridge regression with the LASSO method (Zou and Hastie (2005)); Bagging, or bootstrap
aggregation (Breiman (1996)), is first used to forecast inflation by Inoue and Kilian (2008).'? The
evaluation sample period is between January 1990 and December 2015, consisting of 312 monthly
observations in total. All tests below are based on the quadratic loss function and are at the 5%
significance level.

When implementing the CSPA test on these inflation forecasts, it is a priori unclear which
conditioning state variable would be the most revealing, largely because of the intrinsic difficulty
in inflation forecasting and many potentially relevant macroeconomic variables. We thus consider
a number of important—and conceptually distinct—conditioning variables, including: average
inflation over the past three months (INFL), industrial production growth (AIP), unemployment
rate (UR), 12-month macro uncertainty (MU), economic policy uncertainty (EPU), equity market
volatility (EMV), and VIX.!3

Table 5 presents results of the USPA and CSPA tests. The first two columns summarize
the unconditional performance of the eight forecasting methods. The first column reports each
method’s relative mean-squared-error (RMSE), defined as the ratio between its average quadratic
loss and that of the random-walk forecast. Note that the methods are ordered according to their
RMSE:s in the table. The second column shows the number of one-versus-one USPA rejections for
the method in each row (as the benchmark) against each one of the other seven methods (as the
competitor), and we use asterisks to signify rejections from one-versus-all tests. From here, we see
that the four machine-learning methods cannot be “separated” by the USPA test, in that the test
never rejects. That being said, it does provide strong statistical evidence for the underperformance
of the “traditional” models, such as AR(1).

We further turn to the CSPA test to examine the conditional performance of these methods,
particularly the ones based on machine learning. In columns 3-9, we present analogous rejection
numbers from the CSPA tests based on the aforementioned conditioning variables separately. For
ease of discussion, we also report the total number of rejections in the last column. As expected,

the conditional test indeed helps discriminating these forecast methods. The most striking finding

12These four methods are selected because they have the smallest average mean-square-errors among all 18 methods
studied by Medeiros, Vasconcelos, Veiga, and Zilberman (2019). In results not reported here, we instead analyze the

full list. But the larger-scale study does not change our main empirical findings.
13The INFL, AIP, and UR series are obtained from McCracken and Ng’s (2016) FRED-MD database. The MU

index is proposed by Jurado, Ludvigson, and Ng (2015). The EPU and EMYV indexes are constructed by Baker,
Bloom, and Davis (2016).
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Table 5: USPA and CSPA Tests for Inflation Forecasts

CSPA

RMSE USPA INFL ATP UR MU EPU EMV VIX Total

RF-OLS 0.65 0 0* 2% 0 0* 0 0 0 2
ElNet 0.69 0 0 0* 0 2% 1 0 0 3
LASSO 0.69 0 1* 0* 0 2% 1* 0 0 4
Bagging 0.69 0 3 1* 1* 5* 3% 1 3* 17
BVAR 0.74 1* 1 0* 0 0* 3% 0 3* 7
Factor 0.76 3* 4* 3* 3* 5* 3* 3* 4* 25
AR(1) 0.81 3 3* 3 3 4 2 4 3 22
Random Walk  1.00 T* 6* * T* T* * T* T* 48

Note: The first column reports the relative mean-squared-error (RMSE) of each forecast method’s average
quadratic loss with respect to that of the random walk model. The second column reports the number
of times the one-versus-one USPA test rejects the benchmark in each row against each of the other seven
competing methods. The next seven columns present similar summary statistics for the CSPA tests using

the seven conditioning variables separately, with the total number of rejections shown in the last column.

*

For each of the entries, the * symbol signifies a one-versus-all rejection by the USPA or CSPA test.

Forecast methods are sorted based on their RMSEs displayed in the first column.

concerns the bagging method. Conditioning on the macroeconomic uncertainty index, the one-
versus-one CSPA test rejects the null hypothesis with the bagging benchmark against five (out of
seven) competing alternatives. Bagging’s total number of rejections reported in the last column
is also much higher than those of RF-OLS, EINet, and LASSO. The performance of the RF-
OLS method is particularly impressive, in that it not only has the smallest average loss, but also
generally exhibits uniform conditional superiority as postulated by the CSPA null hypothesis.
Overall, the analysis above further demonstrates the usefulness of the CSPA test in a macroe-
conometric context. Unlike our previous application on volatility, this example presents a concrete
empirical scenario in which unconditional evaluation is completely silent on the relative perfor-
mance of certain forecasting methods, and the CSPA test—by imposing a more stringent uniform

requirement under the null—can be used to rule out seemingly indistinguishable methods.
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5.2 Additional diagnostic visualizations

The USPA test cannot distinguish RF-OLS, EINet, LASSO, and bagging, but the CSPA test can
tell them apart. This is interesting particularly because the latter three methods have virtually
the same average loss, rendering any unconditional evaluation a fruitless effort. In this subsection,
we provide further diagnostic information for these forecasts so as to better understand their
differential state-dependent performances.

To do so, we visualize one-versus-one CSPA tests in Figure 4, where the top, middle, and bottom
panels corresponds to cases with ElNet, LASSO, and bagging as the benchmark, respectively.
The competing alternative method is fixed to be RF-OLS. For brevity, we focus on only two
conditioning state variables: the average inflation of the past three months INFL (left column),
and the macroeconomic uncertainty index MU (right column). In each case, we plot the conditional
expectation function of the loss differential and the 95% upper confidence bound.

Looking at the left column, we see that when INFL is the conditioning variable, RF-OLS’s
conditional expected loss is generally lower than ElNet, LASSO, and bagging. This difference is
marginally insignificant for the EINet benchmark, but is significant at the 5% level for LASSO and
bagging, for which the rejections occur around states with INFL = 2%.

Using MU as the conditioning variable reveals a quite different, and perhaps more interest-
ing, pattern. While all three benchmarks are rejected, the underlying reasons are different. On
one hand, EINet and LASSO behave quite similarly, as they both underperform RF-OLS in low-
uncertainty states, and outperform the latter in high-uncertainty states. These shrinkage-based
methods are rejected mainly due to their inaccuracy at low-uncertainty times. On the other hand,
bagging appears to be uniformly dominated by the random-forest methods across all states. In con-
trast to ElNet and LASSO, bagging’s underperformance mostly stems from the high-uncertainty
states. This finding provides some empirical validation for the concern that some machine learn-
ing techniques may over-fit the data during “normal times,” but behave poorly in rare—but
important—economic environments that are not seen in the training sample. The CSPA test,

and conditional tests in general, is useful to shed light on this issue.

6 Conclusion

Motivated by the ever-increasing variety of forecasting methods in many areas of research, we
introduce a new test for conditional superior predictive accuracy, or CSPA. This test examines
the conditional state-dependent performance of competing forecast methods, and imposes a more

stringent uniform weak dominance requirement on the benchmark. Two empirical applications
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Figure 4: Forecasting Inflation: One-versus-one CSPA Tests
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Note: This figure plots the conditional expected loss differential functions ﬁ]n() (solid) with
lagged inflation (INFL) and macro uncertainty (MU) as the conditioning state variable on the left
and right columns, respectively. Elastic Net, LASSO, and bagging methods are used separately
as benchmark models, and the competing alternative model is fixed to be RF-OLS. The one-
versus-one CSPA test rejects the null hypothesis at 5% significance level if some part of the 95%

upper confidence bound (dashed) is below zero.
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from financial and macroeconomic settings demonstrate the discriminating power of the CSPA
test relative to its conventional unconditional counterpart. Econometrically, this is achieved by
introducing and extending recently developed theoretical tools for the uniform nonparametric in-
ference in the time-series setting, as CSPA concerns functional inequalities defined by conditional
expected loss differentials. To the best of our knowledge, this is the first application of conditional-
moment-inequality methods in time-series econometrics, and the theoretical tools developed here
are broadly useful for other types of inference problems involving partial identification and depen-

dent data.
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A  Proofs

In this appendix, we prove the theoretical results in the main text. To highlight our new technical
contributions, we demonstrate the main steps of our proofs here, and relegate additional technical
details to the Supplemental Appendix. Throughout this appendix, we use K to denote a generic

positive finite constant, which may vary from line to line.

A.1 Proof of Proposition 1

The proof of Proposition 1 shares some similar steps with Chernozhukov, Lee, and Rosen’s (2013)
proofs of their Theorem 2 and Lemma 5. To avoid repetition, we only highlight the key difference
here and provide a detailed step-by-step proof in the Supplemental Appendix. An important
difference stems from the fact that we rely on a strong approximation condition in the form of
Assumption 3, instead of the (stronger) Yurinskii-type coupling used in Lemma 5 of Chernozhukov,
Lee, and Rosen (2013), which in turn is needed to verify their high-level Condition C.2 for the
uniform strong approximation of the t-statistic process. A key step of our analysis is to establish

Theorem A1l below. We denote

oin (@) = /P (@) Q' An (1) Qi P (1),

where A, (j,7) is the jth m,, x m, diagonal block of the matrix A,,. For two random variables X

and Y, we write X Ly it they have the same distribution.

Theorem A1l. Let V, be any subset of V ={(j,z):1<j <J and z € X} and N, be a generic
sequence of random variables such that Nn ~ N (0,A,,). Suppose that Assumptions 2 and 3 hold.
Then, there exist random sequences (71’”, ﬁgm, and [73,71 such that
P@)' Qs 5 4
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and
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where N; ,, is the my,-dimensional subvector defined implicitly by the partition N, = (NlTn’ e ’NJT”)

PROOF. Step 1. In this step, we show that

= o0p ((logn)™1). (A.1)

ajn(T) ojn(T)

sup

1/2(} T 1 n
n'2(hjn (z) = hi(x))  P(z)' Qy W23 P (X)) g
(j,w)ev t=1

Denote b, (-) = P ()" b* with b}, given by Assumption 2. By Assumption 2, 0, (-) is bounded

]7n7

away from zero. We then deduce that

n2(hj(x) — b, ()
sup d : 22 < K sup ‘n1/2(hj(:p) - h}k,n(l"))‘ = op ((log n)1). (A.2)
(j,z)eV ojn(T) (j,z)eV
Observe that
bjn — b5 = Qr! <n—1 S P (X)uje+n D P(X) (hi(Xe) — h;n(Xt))) . (A.3)
t=1 t=1

Therefore, by the triangle inequality and the Cauchy—Schwarz inequality, we have uniformly in z,

nl/z(ilj,n(l’)—h;,n(x)) P(@“)TQEI —-1/2 S )
(@) @) 2P (X i

t=1

P@) (Qu' = Qu") 12 zn: P (Xy) ujq
t=1

Ojn ()

T O-1 r
Plz) Qu’ 1y 3P (X)) (hi(X0) — h;in(Xt))‘

jn(T) —

n
e
t=1

+K ||@;1n_1/2 zn:P (X) (hy(Xe) = h}*,n(Xt))H : (A.4)
t=1

< K[|0; - Q!

It is easy to see that ||n=Y/2 37 | P(Xy) ujsl| = Op(m,ln/Q). Then, by Assumption 2,

Yot =0y (dgumi/?) = 0, ((logm) ™). (A.5)

5

n
77,71/2 Z P (Xt) uj7t
t=1
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In addition, we note that

n 2
Qntn~1? Z P (Xy) (hj(Xt) = hj,,(X1))
t=1
<0, ()Y (hi(X) = 150(X0)* = 0 ((logn)2). (A.6)
t=1

By (A.5) and (A.6), the majorant side of (A.4) can be further bounded by o,((logn)~!). This
estimate and (A.2) imply (A.1) as claimed.
Step 2. Recall that ¢! is the Lipschitz coefficient for the P (-) function. By the triangle

inequality and the Cauchy—Schwarz inequality, we have uniformly for x1, 22 € X,

02, (1) = 02, (22)

< K¢ ||z — o] A7
@) T oim () = G [lw1 — 2| (A7)

0jn(21) — 04 (22)] =

We then observe, for any j € {1,...,J} and z1,z9 € X,

Tjn(T1)  Ojn(T2) —

P ($2)|| “len_l/Q E?:l P (Xt) Uj,tH

<[P (21) =

jn (1)
|95 (1) = Tjin (@) [|1P (22)|] || -1, 172\
+— ’ nn P (X)u;
Tnlm) e | 2 P e
< KGy |z — a2 ‘ iy P (X)) (A.8)
t=1

where the first inequality is by the triangle inequality and the Cauchy—Schwarz inequality, and the
second inequality follows from (A.7).

Let e, = ((log n)2m}/2gf)_1. Since X is compact, there exists a set of points {a:i}finl cx
with K, = O(e,,;%) such that each € X can be matched with some z; satisfying ||z — z;]| < &,.
For each of such matched pairs, {z,z;}, (A.8) implies

(P ()" P (ﬂfz)T> Qln /2 Zn: P (Xy)ujy
t=1

Tin(x)  ojn(x)

< K¢E ||z — )|

‘innm > P (X ujs

t=1

Qu'n 2P (X0 uje

t=1

< K(logn) 2m;'/? . (A.9)

In addition, we associate with the set V;, a finite subset 17” C{1,...,J} x X defined as

Vi, = {(J,2) : T € {xi}1<i<k, and ||T — z|| < &, for some x such that (j,z) € V,,}.
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By (A.9), we deduce

P(z)' Q! " Pz)" Q! &
sip P Cn 1257 p (g = maxe TG 1257 p v,
Ga)eVn  Tin(T) po G)eVn  Tjn(T) po

Qu'n 2y P (Xe) uje

t=1

< K (logn) ?m;"? max

1<j<T = 0p ((logn) "), (A.10)

where the o, (-) statement follows from ||Q;;'n=' /237 | P (X}) ujy = Op(m,ll/Q).
Define L,, as the cardinality of V,,. Consider a generic Jmy-vector z = (le ey Z}—)T with each
zj component being m,,-dimensional. It is easy to see that we can find Jm,,-vectors oy, 1 <1 < Ly,

such that for all z,

P O-1z.
max of z= max Pl@) Qu'z
1<I<Ln, (j,x) eV Ojn ()

and 1

< K.

sup [ley|| < sup
1<I<Ly, (j,x)eV

Tjn (2)
Note that L, = O (K,) = O(e,,%) satisfies the requirement in Assumption 3, which implies the

. ~ s . o~ d ~
existence of a random sequence U, satisfying U, = max;<<r,, alTNn and

T(,-1/2 r7 —1
lgllzgnzn o (n / tz_;ut ® P (Xt)> —Uy| = 0p ((logn)™). (A.11)
By the definition of oy, we can rewrite (A.11) as
P(z)' Q! ~1/2 - ” ~1
max —————n P(X)ujr — Up| =0p ((logn)™"), (A.12)
Ga)eVn  Tin(T) ; v ! ( )

and also note that S

- P -1 _

U, £ max MN]-W. (A.13)

(j,x)EVn, ojn(T)

Following the same argument leading to (A.10), we can also show that

P T -1 _ P T -1 _
wp POTQN S P@TR

= 0p ((logn)™"). (A.14
S o) T p (o)) )

By (A.13), (A.14), and Lemma 9 in Chernozhukov, Lee, and Rosen (2013), there exists another
random sequence ﬁlm such that

T A
P (:E) inf\} r7

ﬁl,n 4 sup imy Un— ﬁl,n =0, ((log n)*l) . (A.15)

Ga)eVn  Tim(T)
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From (A.10), (A.12), and (A.15), we further deduce

P(x)—r Q_l _1/2 & ~ .
sup 7 o wvn g P (X Ujt — U n|=o logn . A.16
Ga)eVa  Tin(2) ; (Xe) uje = U p ((logn)™") (A.16)

The assertion of the lemma concerning (NJML then follows from (A.1) and (A.16).
Applying the same arguments with (a;)i1<<r,, replaced by (_O‘Z)lglgLn and (oy, —ay)1<i<L,,»

we can prove the other two assertions of the lemma, respectively. ]

PROOF OF PROPOSITION 1. We prove this proposition by adapting Chernozhukov, Lee, and
Rosen’s (2013) proof of their Theorem 2. The main change is to use the three types of coupling
results in Theorem Al in place of Chernozhukov, Lee, and Rosen’s Condition C.2 for coupling the
entire t-statistic process. To avoid repetition, we relegate the (somewhat tedious) details to the

Supplemental Appendix. O

A.2 Proofs of Theorem 1 and Corollary 1

The proof consists of several steps. In the first step (see Lemma Al), we approximate the se-
quence maxi<i<r, alTS,’fL with max;<;<r, alTS,‘f , where S, is constructed as a martingale with its

predictable quadratic covariation being equal to the deterministic matrix

n
X = ZE (Vo] -
t=1

In the second step (see Lemma A2), we establish a coupling for max; <<y, OleS,JLr using Lindeberg’s
method and Strassen’s theorem, for which the fact that ¥ is deterministic is crucial. These
approximation results can then be used to construct the coupling for the original max;<;<r,, ole Sn
statistic.

We start with constructing the aforementioned martingale S;". The construction is based on
the same scheme as in Li and Liao (2019), which we recall as follows. Consider the following

stopping time:
t
T, = max {t e{l,...,n}: 3 — Z V., s 18 positive semi—deﬁnite} ,
s=1

with the convention that max(® = 0. Note that 7, is a stopping time because Vi is Fni—1-

measurable for each ¢ and ¥} is nonrandom. The matrix

xy when 7, =0,
=, =
* Tn *
X =>4l Vms when 7, > 1,
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is positive semi-definite by construction.
Let k, be a sequence of integers such that k, — oo and let (n¢)nti<t<n+k, be indepen-
dent M,,-dimensional standard normal vectors. We construct another martingale difference array

(Znt, Hnt)1<t<n+k, as follows:
n_l/QX;‘L,tl{tSTn} when 1 <t < n,

ke 220 2 4 when n+1 <t <n4+ kn,

and the filtration is given by

Fot when 1 <t <mn,
Hn t =

)

FonVo(ns:s<t) whenn+1<t<n+ky,.

Since 7, is a stopping time, it is easy to verify that (Z, ¢, Hnt)1<t<n+k, indeed forms a martingale

difference array. We denote

Vit S E | Zaa 27| Haa] (A.17)
and set
n+kn
St =" Zny (A.18)
t=1
Note that the predictable quadratic covariation matrix of S is exactly ¥, that is,
n+kn Tn
dVE=Y TV 4B =5 (A.19)
t=1 t=1

The approximation error between maxj<j<r, o; S and maxj<;<r,, o S; is quantified by Lemma
A1, below. We recall from Theorem 1 that B, ,, is defined as

Bs, = min {L}/q max ||alTX;;’th, MQ/Q} + (log Ln)'/2.

)

. 1/2
Lemma Al. Under Assumption 4, |maxi<<r, oy S — maxj<i<p, o S| = Op(Bgmrn/ ).

PROOF. See the Supplemental Appendix. O

In the next step, we construct a sequence of Gaussian random vectors §:; ~ N (0,%%) such
that the distribution of max;<;<y, aTg;: is “close” to that of maxi<;<z,, oleS;{ in the sense stated
by Lemma A2 below. Specifically, let (¢n¢)i<t<n+k, be independent M,-dimensional standard
normal vectors that are also independent of H,, ,, 41, , and then set

n+kn

g;; = Z &n,tv where gn,t = (Vn—i,_t)lmgn,t'
t=1
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By (A.19), Sf ~ N(0,%%). The next lemma quantifies the difference between the distributions
of max;<i<r, alTS,J{ and maxji<i<r, ang;’;. Below, for any Borel subset A C R and any constant

§ > 0, we denote the d-enlargement of A by A%, that is,

A = {xER: inf ||z — y|| §5}.
yeA
We remind the reader that the B, sequence is defined in Theorem 1.

Lemma A2. Suppose that Assumption 4 holds and k, > (log Ln)3BiTQL. Then, for each C' > 5,

~ 1/3 2/3
P( max oS eA) <P max a'S* e ASPunlsln)*™) ¢ (C),
1<I<Ln, 1<I<Ln

where €, (C) is a real sequence satisfying sup, >y €, (C') — 0 as C — oo.

PROOF. See the Supplemental Appendix. ]

We are now ready to prove Theorem 1 and its corollary.

/3

PROOF OF THEOREM 1. Since Bllm (log Ln)?® = o((logn)~') by assumption, we can find a real

sequence C,, — oo such that
C By (log Ly)*? = o((logn)™Y).

By Lemma A2 (for which the condition on k, can be trivially verified by taking k,, sufficiently

large), we have for each n > 1,

- 1/3
P ( max a; S € A) <P < max a'S:e A9 Pin (1°€Ln)2/3> + €, (Ch) .

1<I<Ln 1<I<Ln
By Strassen’s theorem, for each n, we can construct a random variable ﬁ;‘; such that ﬁ;: 4
maxi<i<r, aTg;'fL and
T 7% —1
P < |ax oy St —U*| > o((logn) )) <€, (Ch).

Since €, (Cy,) — 0, we deduce from the above estimate that

max o) S —U*=o ((logn)™1).

1<I<Ln I “n n P

By Lemma A1, we further have

max o] SF — U} = op ((logn)™). (A.20)

1<I<Ln
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Let S, = (3,)Y/2(27)~1/28%. Note that S, ~ N (0,%,). By definition,
of Sp = S = o (Zn)'? = (5)V2)(55) /28]

where (X*)~1/28* is a standard normal random vector. By the triangle inequality,
n n

max a; S, — max o S

1 (07] S — OflTS*
1<i<Ln, 1<i<Ln,

< max
1<I<Lyp

With an appeal to the maximum inequality, we deduce

o Sp—of S

E [ max of ()2 = ()12

< 1/2
| max } < K(log Ly,) max

1<I<L,
< K(log L)' 2|2, = S5l

— O((logL )1/2 M1/2 71/2)

where the last line is by (A.79) in the Supplemental Appendix of Li and Liao (2019). Combining
the above estimates, we have

max o] S, — max o] S*

125 apl/2,-1/2) — 1
1<I<Ln ! 1<I<Ln =0Op ((logL ) n My, ) =0p ((log n) ) .

By this estimate and Lemma 9 in Chernozhukov, Lee, and Rosen (2013), we can construct another

random sequence ﬁn such that

rrod TS r7 7% -
Up = Bax o Sny,  Up = U =0, ((logn)™"). (A.21)
The assertion of the theorem then follows from Assumption 4(i), (A.20), and (A.21). O

PROOF OF COROLLARY 1. The proof is done by verifying the conditions of Theorem 1. Since V,7,

is deterministic, we can set

ryp = 0. (A.22)

By the boundedness of (a;) and the Cauchy—Schwarz inequality, ‘alTXf;A <K HX;"LtH Hence,

1 (B[54 17 ])

< KE[[[x5,)° 1Fue ]

s ([0 X021 7))

IA

where the second inequality is by Jensen’s inequality. It is then easy to see that

_ apv 3/9 ( { D3/2 X 18
Bi, = n ;E[(logLn) | ax E [(of X ) | Ft—1 +  max oy Xl

IN

Kn~ 3/22(logL 3/2 1 ) [H tH?’}gKai(logLn)?’/?n*l/?Mg/?.
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Therefore,
B%ﬁ(log M,)%3 < K&, (log Lp)"/2 (log My)?/3 MY/ =1/6

Since M,, and L, both have polynomial growth in n, log L,, = O(logn) and log M,, = O(logn).
Therefore,
B/} (1og My)*? = o ((log n)*n5 7% ) = o((logn) ™), (A.23)

By a similar argument, it is easy to see that
en(log L) 2 MM 20172 = o((logn)™1). (A.24)

With (A.22), (A.23), and (A.24), we readily verify the conditions of Theorem 1, which finishes the
proof of this corollary. O
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Abstract

This supplemental appendix contains additional technical details. Section SA provides a de-
tailed proof of Proposition 1 in the main text. Section SB provides proofs for Lemma A1l and
Lemma A2 that are used for proving Theorem 1 in the main text. In Section SC, we describe
the pre-whitened HAC estimator and establish its rate of convergence under the growing-

dimensional setting, which can be used to verify the high-level condition Assumption 1.



SA Detailed proof of Proposition 1

In this section, we provide a detailed proof for Proposition 1 in the main text. Section SA.1
introduces some notation and preliminary technical results. Section SA.2 presents the proof of
that proposition.

SA.1 Notation and preliminary results

We need several technical lemmas. The first lemma concerns the uniform convergence rate of the

estimator of the standard error function. We recall that
V={({U,z):1<j<Jand z € X}

and

oin (@) = /P @) Qa' A0 (1) Qi P (2),
where A, (j,7) is the jth m, x m,, diagonal block of A,,.

Lemma SA1. Under Assumptions 1 and 2, we have

sup
(J,x)eV

Tjn () ‘
7\ 0L (6o + San).
O'j,n(x) p( Q )

PROOF. Denote Q, (4,7) = Q,* A, (j,§) Q,,; . By definition,

~

On (5,3) = W (5,3) = Qn'An(i, Q0" — Qn' An(h, ) Q0
@ — QAL )R
YA, 5) = An( 1) Q0 + Qut An(G, Q0 — Q).

Il
—~

Under the maintained assumptions, the eigenvalues of Q,, A, @n, and ﬁn are bounded from
above and away from zero in probability. Hence, by the triangle inequality and the Cauchy—

Schwarz inequality, we have uniformly in z,

620 (@)= o2, @)] = [P@T (W (.5) — ()P (@)
Op(1) [P ()| (1Qn = Qnlls + |4 — Anlls)-

IN

We then deduce that, uniformly in (j, x),

63, (2) = 02, (2)

Tjm im ~ —~
2 < Op(l) : (HQn - Qn”S + HAn - AnHS) = Op(5Q,n + (5A,n)v
Gjn(z
and hence,
2
U]n(x) ‘ ‘ ]n(.%') _ijn(w)
-1 < ~ O,(d nt OAn
ynl2) 7 (@) Oan+ 0an)




This finishes the proof. O

To state Lemma SA2, we introduce a selection operator. We partition a Jm,-dimensional

T . . . . .

vector z as z = (le, . ,z;) , where each z; is m,-dimensional. The selection operator |- ] ;s
defined as

[2]; = 2 for each j € {1,...,J}. (SA.1)
Lemma SA2. Let D, denote the o-field generated by the data and
Q= (1;®Qn) " An(ly@Qn) .
Under Assumptions 1 and 2, we have

P[] P@T [
P| sup — S 21> (logn —3/2 D, | =0,(1),
(G2)EV Fjn () Tjn(T) (logn) (1)

where &, is a Jmy-dimensional standard Gaussian random vector independent of D,,.
PROOF. By Assumptions 1 and 2, we have
, < @ -emhaer
+[|@n (A - 408"
= Op(0gmn +904,n).

Hﬁn_gn

5

+|Qn A(@7 - Q)
S

S

We can then use the same argument as in the proof of Lemma 5 in Chernozhukov, Lee, and Rosen
(2013) to get

P@)[0%,] P o]
P sup _ J _ RIS (logn)—3/2 Dy, | = Op((g.n+6an)(logn 2)'
(J,x)€EV Gin () ojn(T) (¢ )( )

Since both é¢g, and 64, vanish at polynomial rates (as n — oo) by assumption, the assertion of

the lemma readily follows from the estimate above. ([l

We now need some additional notation. Consider a generic sequence of Gaussian vectors
N, ~ N (0, A,) and set ij = [Nn]j; recall that the selection operator [-]; is defined in (SA.1).
For each subset V' C V, we denote

T A
P (SL’) inj\f

J,me

kn,v (¢) = the g-quantile of sup :
Gayev  Tin(T)

Recall the definition of ¥, from Algorithm 1 and pick a sequence 7, such that ¥, > v, >
4, — o(1). We then set

Vp = {(j, xz)eV:hj(x) <n*+ n71/2/<;naj7n($)} ,  where Kn =Kpy ().
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Denote for each (j,z) € V,
n'/2 (@) = by ()

ojn ()

Zin () =

Applying Theorem Al for V,, =V, or V, we can find random sequences (7{”, ﬁg,n, ﬁén, and ﬁén
such that

T -1
~ d P(z Qn NT r7 —
0,2 sup DO Cn i p (<25, (@) — DL = 0p ((logn) ™)
Gayey  Tin(T) (jx)ev
T h—1
~ d P (x I ~ _
Uz = sup Q*QNM, sup  Zjp () = Uz = 0p ((logn) ™) ,
. P@ Q) - ., . (54.2)
Up, = sup ———"=Nj,, sup  Zjn (x) — Uy, = 0p ((logn)™"),
Gayey  Tin(T) (jx)ev
T -1
~ 4 P (x no= ~ _
2 sup |2 G i | sy 125 ()] - 05, = 0p ((logn) )
\ Gayev| Ojin(®) (Gx)eV

We note that £, , (¢) is the g-quantile of [72771 and k,, is the 7y,-quantile of ﬁ{n and ﬁén

Lemma SA3. Under Assumptions 1, 2, and 3, we have

1/2(0% _ 7. ~
Bl sup n (77A hjn (2)) <z|>P (Uzn < z) —o(1),
Gaey  Tin(2)

uniformly over z € [0,00).

PROOF. Step 1. We collect some technical estimates in this step. By (SA.2),

sup Zjn (z) — ﬁgm =0, ((log n)_l) ,

M =| g
Grr)evn (SA.3)
i =| sup Zjn(z) — ﬁén =0, ((log n)*l) .
(4,x)eV
We set (2)
oinlT
R, = sup { . 1‘(\Zn(m)|+f<;n)}
Gayev U Gjn (z) !

By Lemma SA1,

sup
(Jz)ev

Ojmn (SL’)

%inl) _ 1‘ = Op (6g,n + 0an) = 0p ((logn) ™).

Moreover, by the fourth line of (SA.2) and a maximal inequality for Gaussian processes,

Sup_|Zjn()| = U, + 0, (1) = Oy (1ogm)"/?)..
(Jx)ev



Since K, = O((log n)1/2), we can combine these estimates to deduce that
Ry = o, ((1og n)_1/2) . (SA.4)

Step 2. By the same argument as in the proof of Lemma 1 of Chernozhukov, Lee, and Rosen
(2013), we obtain

sup n! 2"~ by () o up {‘fﬂ""(i)zm(x)}v sup {‘fj’"(@ (zj,n(x)—nn)}.

(.x)eV Gjn (2) (G2)eVa LOjn (2) Ga)gve (Ojn (@)

The two terms on the right-hand side of the above inequality can be further bounded as

- jn () ~ _
v, {5y @] < Tt ot
)

(j,2)EVn

an(x } 7/ ~/
sup - (@) —kp) p KUy, — kn+ Ry + 17,
<wa{wmwﬁj (2) = k) § < T4,

Hence, by (SA.3) and (SA.4),

1/2 7
sup "0 =y ()

(j,x)eV Gjn ()

< [72771 \Y% (ﬁén - /in) +op ((log n)_1/2> .

Consequently, uniformly in z,

1/2(p0% _ F .
P(mm n'/2(n mm@»>z>
(

<P (ﬁgm + o ((log n)_l/z) > z) +P (ﬁén Kn + 0p <(10gn)_1/2) > O)
<P ([72,Z > z> +P <(7§n > /in> +0(1)
<P (ﬁzn > z) +o(1).

where the last two lines follows from the anti-concentration inequality for Gaussian processes and

the fact that k,, is the v,-quantile of ﬁén with ~, — 1. O
Lemma SA4. Under Assumptions 1, 2, and 3, P(V,, C 17”) —1

PROOF. Similar to the proof of Lemma 2 in Chernozhukov, Lee, and Rosen (2013), it is easy to
show that
P (Vn g ﬁn) Z Pin — P2,n; (SA5)

where

Pin

Il
N
S
—
~
[\
>
.
3
&
>
S
3
—

n ) T T < 2K, — kn, ?j’n(x), for all (j,z) €V, |,
; Gjn ()

pon = P sup - > K,
(jx)ev Gjn (2



By Lemma SA2 and Chernozhukov, Lee, and Rosen’s (2013) Lemma 11, there exists a positive
real sequence 3, = o(1) such that with probability approaching 1,

Ky > finy (5 — Bn) — 0 ((log n)_l) . (SA.6)

Since 7,, — 1, we can assume that 7, > 1/2 without loss of generality, which implies K, > 0.
Since knv(q) > Kn,v, (¢) for any g € (0, 1), we also have

K, > max {kn v, (Gn — Bn) — o0 ((logn)~"),0}. (SA.7)
Since K, = O((logn)/?), by Lemma SA1, we have
ojn () ‘ -1
Kp sup |— — 1| =0, ((logn .
Ga)ev |G (2) p ((logm)™)

Combined with (SA.6), this estimate implies that with probability approaching 1, for ,, = 4,,—25n,

2K—jj(("fc)) > 2 (G Ba) — Fny () — 0 ((logm) ™)
> Kny (Yn —ﬂn)—o((logn)*l).

Hence,

n2(hjp (x) = hjp (z
Pia > P( sup : (hj’"A(, ) = P () < Ky (Yo — Bn) — 0((108;7%)_1)) —o(1).  (SA.8)
(4,)EV Gjn ()

By the first line of (SA.2),

sup n'/2(h () — hj(z))  ~,
(j.x)ev ojn(T)

By Lemma SA1, we can further deduce

n1/2A‘x— 14
p ™20 @)~ b))

A —ﬁ’nzo logn)™1). SA.9
() eV O-j,n(x) 1, p (( ) ) ( )

Note that ryy (¢) is the g-quantile of (7{ n- Hence, from (SA.8) and (SA.9), we deduce

P (0 < iy (3 = Ba) — 0 ((logm) ™) ) —o(1)
> 5. —o(1) =1—o(1). (SA.10)

Y

Pin

Next, we observe

2 (b @)]

P| sup -~ <K,
(jz)eV Gjm (2)
nll2 (i = by (2))
>P| sup - Smax{mnvn( 5n)—o( logn)~ ) 0} —o(1),
(j,x)eV Ojm (z)

> P (Uan < iny, (3 = ) = 0 (ogm) ™) ) = o(1)
> —o(1) =1 =o(1),



where the first inequality is by (SA.7), and the second inequality is by Lemma SA3. Hence,
p2.n = 0(1). The assertion of the lemma then follows from this estimate, (SA.5), and (SA.10). O
SA.2 Proof of Proposition 1

PROOF OF PROPOSITION 1. (a) Recall that ko is the (1 — a)-quantile of SUP(; e, tr(z).
Let kp,1—o denote the (1 — a)-quantile of sup; ;)ey, t, (¥). By Lemma SA4, we have

P (l%n,l_a > /@n,l_a) ) (SA.11)

By Lemma SA2 and Chernozhukov, Lee, and Rosen’s (2013) Lemma 11, we have with probability
approaching 1,
kni—a > kv, (1—a—o0(1)) —o((logn)™"'). (SA.12)

Note that

<77* < inf [ilj,n (x) + n_l/Q/%n,l—a&j,n (x)D

(4,z)eV

[, 1/2 _h. 1
= P ( sup ( ] " ( )> < l%n,l—oa
Gaev | Gjn (2) |
[,1/2 _h n (2) T
> P (( 'su)pv <Z (xj) ) < max {rny, (1—a—0(1)) —o((logn)™"),0} | —o(1),
J,x)€E J,m
> P (ﬁzm < iy, (1= a—0(1)) — o ((log n)*l)) —o(1), (SA.13)

where the first inequality is by (SA.12) and the fact that l%n,l_oé > 0, and the second inequality
follows from Lemma SA3. By the anti-concentration inequality of Gaussian processes, we see that
the lower bound in (SA.13) is 1 —a+ o(1). Hence, under the null hypothesis with n* > 0, we have
liminf, P (7, ;_o > 0) > 1 — . The assertion of part (a) readily follows.

(b) Denote A7 . (-) = P (- )T b with b} ,, given by Assumption 2. Note that

Jn?

bjm — bl = Q! ( flzp Xi)ujs+n~ ZP Xy) (hi(Xy) — h}in(Xt))) -0, <m£/2n71/2).

We then deduce that

sup_[hjin(e) = hj(@)| < sup |P()] - max i — b, hj(@) = P(@)T8,
(J,x)ev xeX 1<j<J (J,x)ev
= 0, (gnmnn*ﬂ). (SA.14)



Note that lz:nyl_a =0, ((log n)1/2). In addition, by Lemma SA1,

Sup & (2) = Op(1) sup_oy (2) = Oy (Gum/?). (SA.15)
(j,z)eV (4,2)EV

y (SA.14) and (SA.15),

sup
(J,z)EV

= 0y (Gaman™2) + 0, (Guml g 20~17) = 0, (Guman "),

By (@) + 07 2l (@) =y ()]

where the second equality holds because m,, is of polynomial growth in n. This estimate further

implies that
ﬁml—a - 77* = Op (Cnmnn71/2> .

Under condition (v) of Assumption 2, ¢,m,n~"/? = o(1). Hence, Nni—a — N = 0p(1). The
assertion of part (b) readily follows. O
SB  Proofs of technical lemmas for Theorem 1

ProOF OF LEMMA Al. Step 1. We outline the proof in this step. For ease of notation, we write

max;; in place of maxi<;<r, 1<¢<n, and interpret max; and max; in a similar way. Note that

< mlax‘ozl (S:— 81

‘mlaxal Sy, n — maxoy ISt

n 7’L+k‘n
< max n_l/QZazTXZ,tl{»m} - max k' Z 2 1n1)
t=1 t=n+1

In step 2 and step 3, respectively, we show that

n
nT2 Y ol Xl

— 0 (min { £/ max o] X2l 2112} 1) . (5B.)

max
: t=1 ’
n+kn
max k12 Z 1/277m = Op((logLn)l/Qr}/Q). (SB.2)
t=n+1

These estimates clearly imply the assertion of the lemma. Below, since ||oy|| are uniformly bounded,
we can and will assume that ||o|| < 1 without loss of generality.

Step 2. In this step, we prove (SB.1). Fix some ¢ > 0. As shown in the proof of Lemma A1 of
Li and Liao (2019) (see their supplemental appendix), there exists a finite constant C; > 0 such
that for u} = [Cinr,| and k) =n —u},

limsupP (7, < k}) < /2, (SB.3)

n—o0



where [-] denotes the ceiling function. For a generic positive real sequence a,, it is easy to see

that
P (mlax > an>

n
<P (m WY Xy
t=1

<P (mlax

By the maximal inequality under L, -norm,

n
D DLTD R
t=1

> g, Ty 2 k:) +P(Tn < k:;,)

n
—-1/2 T v
n Zal Xt l{t>mves)
t=1

> an> FP(r < k7). (SB.4)

n~t? Z alTX;,tl{tank;} (SB.5)

t=1

n

-1/2 Ty

n~ Zal X ilitsrovis}
t=1

E

max
l

] < LMa max

q

Since 7, is a stopping time and £} is deterministic, {t > 7, V k};} € Fp, ;1. It is then easy to see

that (X}, 11(4>7,vkz))e>1 also forms a martingale difference sequence. We further note that

5 1/2
)
n 5 1/2
K (n_l Z Hal—rX;’th 1{t>k;§}>
t=1

, (SB.6)

n
Hn_l/z Do X Lsnig
t=1

n
-1 T
< K (” Z Hal X;;,tl{t>rnv1c;;}
t=1

IN

IN

1/2 T vy
Kr, n%aXHal Xt

)

where the first inequality is by Theorem 2.1 of Rio (2009), the second inequality holds because
Lt>7,vkz} is bounded by the deterministic variable 14+ +}, and the last line follows from n —kj, =
O (nry). Combining the estimates in (SB.5) and (SB.6), we deduce

E “125%7 o T x* 1 || < KLYap12 H T X ‘ . B.
[mlax n ;al ntL{t>maVER Y | n T'n Hﬁx Qp Ay ‘ (SB.7)




We also observe

n
—-1/2 T y*
n~ Zal Xt litsrovisy

E |max
l

|
|

. 1/2

<K (n_l ZE [HX;,tl{DTnd’Z} ﬂ)
t? 1/2

<K (nl > E [HXZ,tm 1{t>k:z}>

t=1

n
<E n1/? Z X:L,tl{t>m\/k;;}

t=1

< sl (B[ x5, 7)) < mar/2elr (SB.8)

where the first inequality is due to the Cauchy—Schwarz inequality and the fact that ||ag|| < 1, the
second inequality is by Jensen’s inequality and the fact that (X;;}tl{bfnvkz})tzl are martingale
differences, and the remaining inequalities are obtained similarly as (SB.6) while using the fact
that || X7, < KM/,

Combining (SB.7) and (SB.8), we see that for some finite constant Cy > 0,

n

—-1/2 T y*

n / Zal Xn,tl{t>7'n\/k;j}
t=1

E

max
l

< Comin { LY f Xl MY i

)

Applying (SB.4) with

ay, = 2¢7'C min {Li/q max ||y’ X, g, MA/Q} /2,

> an> <e.
This finishes the proof of (SB.1).

Step 3. Fix some constant € > 0 and consider the same k; as in (SB.3). Note that Z,, is

. ~1/2 —1/2 . . .
Hp n-measurable, and conditional on H,, p, kn / ?jf_’;l alT(:n/ n,t) is centered Gaussian with

and then use Markov’s inequality and (SB.3), we deduce

n 1/2Zal Xn tl{t>T }

lim sup P (mlax
=1

variance alTEnal. By the maximum inequality under Orlicz norm (see, e.g., Lemma 2.2.2 in van der

Vaart and Wellner (1996) with (z) = exp(z?) — 1),

n+kn

L—1/2 Z 1/277nt

E [max
t=n+1

|Hn,n] < K(log Ly)"/* max(a/ pen) /2. (SB.9)

10



Recall that Z,, = X% — > 7", t- By the triangle inequality and the Cauchy—Schwarz inequality,

we have in restriction to the event {7, > k) },

max o] Enay

n n
< max of (2,*1 - Z Vn*’t> a; + mlaxalT ( Z qu,t> a
t=1

t=1n+1

n n
< || - Z Vel + max o Z |7 e
t=1 s t=ky;+1
n k7, n
<23 (Vi —EWVD| + |22 (Vi —EVL]|| tmax Y0 o B[V ]a
=1 s ||t=t s t=k;+1
=R, (SB.10)

Since E [V,;'"t] = n"1E [X;’tX,’fLI] and E [X;7tX;I] has bounded eigenvalues under Assumption
4(ii), we have uniformly in [,
Z o] E (Vi) an < K (n—ky) /n < Kry,.
t=ky+1

*

In addition, since &,

/n — 1, Assumption 4(iii) implies that

n ky,
21> (Ve —E VD] + (22 (Ve —E[Vaul)|| = 0p(ra)
t=1 S t=1

S

The R, sequence defined in (SB.10) is thus O, (r;,). Therefore, there exists some finite constant
C3 > 0 such that P (R, > Csr,) < £/2. Hence,

n

lim sup P <mlax alTEnal > CgT‘n>

<limsupP (R, > Csrp, 7 > k}) +limsupP (7, < k) < ¢,

which shows that max;(a;' Z,a7)/? = Op(r}mﬂ). From this estimate and (SB.9), we deduce (SB.2)

as claimed. 0

Next, we prove Lemma A2 in the appendix of the main text. We recall that ((nt)i<t<n+k,
are independent M,,-dimensional standard normal vectors and En’t = (Vn'ft)l/ 2Cut- We need an

additional lemma.

Lemma SB1. Under Assumption 4, we have
(a) S22ty Blmaxi o] Znl?) < K (log L)/ ka /*;

(b) S0t Elmaxg ) €, *] < K (log Ly)*/2 Y0 | E [maxy(a) V;7ya0)¥/?] + K (log L)% 2k, /2.

11



PROOF. (a) By definition, for any t € {n+1,...,n+ ky},

3 3
max ‘alTZn,t = k32 max alT(qul/Qnm) . (SB.11)
—_ . —1/2 —~ntkn T /=1/2 . .
Note that Z, is H, ,-measurable and &, 1 @ (Ed “nnt) is Hpp-conditionally centered

Gaussian with variance oclTEnal. By the maximum inequality under Orlicz norm (see, e.g., Lemma
2.2.2 in van der Vaart and Wellner (1996) with v (z) = exp(z?/3) — 1),

3
E [mlax ‘al (212 Unt)‘ ‘Hnm] < K(log Ly)%/? Inlax(oleEnal)?’/Q. (SB.12)
Since alTEnozl < al—rEfLal by the definition of =, we further have
mlax(al—l—Enal)3/2 < mlax(alTE;oal)g’/Q <K, (SB.13)

where the second inequality holds because |loq| and the eigenvalues of XY are bounded. The
assertion of part (a) is then obtained by combining the estimates in (SB.11), (SB.12), and (SB.13).
(b) By the definition of én’t, we can write

+
3
Z max ‘al Cnt Zmax ‘ 2 i<,y
n+kn
3/2 1/2
+k,, Z max )al Cm (SB.14)
t=n+1
Using the same argument in part (a), we can show that
n+kn 3
2 E {mlax ‘alTE}L/ZCm‘ ] < K(log Ln)*/2k V2. (SB.15)
t=n+1
For any t < n, al—r( ;}t)l/QCmt is H,,¢—1-conditionally centered Gaussian with conditional variance

alTV,f’tal. Therefore,

3
E [mlax‘al—r(V;’t)lﬂcn’t ‘Hml} < K(log Ly,)%/? mlax(a;—V;tal)S/Q (SB.16)

which implies that

3
B [max|o] (V1026 prcr| | < Kllog L) 28 [max(a Va2 (SB.17)
The assertion of part (b) then follows from (SB.14), (SB.15), and (SB.17). Q.E.D.
PROOF OF LEMMA A2. Step 1. We outline the proof in this step. For any x = (z1,..., 21, ) € RE»

and o > 0, we define a function

Ln
F,(x) = olog (Z exp(a_lxl)) .

=1

12



By equation (17) in Chernozhukov, Chetverikov, and Kato (2014),
max < Fy(x) < max z; + olog Ly,.

For any given sequence (), , we denote a = (az,...,ar, ), which is an M, x L, matrix. We

can then write

T ~ ~ N\ T ~
T g+ T ¢+ _ T a+ T g* T g _ T gx
<a15’n,...,aLnSn> =a S, <oz15n,...,oanSn> =a 5,.

With this notation, we see that

‘mlax of ST —F, (aTS;{) < olog Ly, (SB.18)

< olog Ly, ’mlax ang;"L - F, (aTgfL)

Let 0, = Bi

sequences

7/7‘? (log Ln)_l/ 3. With any positive constant C' > 1, we associate the following real

n(C) = Coplog Ly, 19,(C)=(Clog Ln)\/exp (1 - (ClogLn)Q).

Note that as C' — oo,
sup ¢, (C) — 0. (SB.19)

n>1

By the first estimate in (SB.18), we have for any Borel set A C R,
i <mlaxafs; e A) <P (an(aTs,j) € A5n<0>> . (SB.20)

For ease of notation, below, we shall write ¢d,, and 1, in place of d,, (C) and v, (C'), respectively.

Given o, and d,, we define a function f (-) as follows. First define

d(z, A%) } ’

g(x) = max {O, 1— 5

where d(z, A%°") denotes the distance between the point 2 and the set A2°». We then set for any
T €R,
f(z) =E[g(z + onN)],

where A is a generic standard normal random variable. By Lemma 4.2 of Chernozhukov, Chetverikov,
and Kato (2014), we have for all z € R,

0F ()] < 37, 1024 (@)| < Cpor 677, 16°F (@)| < Cyor?o7", (SB.21)
where C/ is a fixed finite constant and &7 f(z) denotes the jth derivative of f(z); moreover,

(1 - wn)l{meAén} < f(l’) < ¢n + (1 - U}n)l{xeA@n}- (SB22)

13



We further define A, (z) = f o Fy, (x). The first inequality in (SB.22) implies
(1- wn)l{ L (aTSH)eAsn} < A, (a TS:)~ (SB.23)

By (SB.20) and (SB.23),

E [As, (oS
P <maxal Ste A> [Aon (@ 51)] . (SB.24)
l 11—y,
In addition, by first using (SB.22) and then (SB.18), we can deduce that
E[20,(075)] < tut (1 —vn)P(Fr (a7 5;) € A%
< Y+ (1 —Yp)P (mlax oS e A55n> : (SB.25)
Combining (SB.24) and (SB.25), we obtain
P <mlax o) S € A) < P (mlax oSk e A55”>
PR E[Bo(aSD] - E [A""(O‘Tg :‘)} (SB.26)
1-— ”l/)n 1- wn .
In step 2, below, we show that, for some constant K that does not depend on C or n,
- Bin

‘E [Aan(oﬁs,j)] “E [Agn(aTs;;)} ] <K (SB.27)

By construction, 026, = C'By . Hence, (SB.26) and (SB.27) imply that
P (mlax of S e A) <P <mlax o' Sk e A56”> + W (SB.28)

Recall that 6,, = CBl/S(log L,)%3. Define €, (-) such that
¥n(C) + K/C
1- %(C)

Then the assertion of the lemma readily follows from (SB.19) and (SB.28).
Step 2. In this step, we finish the proof of Lemma A2 by establishing (SB.27). We set for each

te{l,....,n+kn},
nt— Z Zns+ Z Cns

s€[Lt) sE€(t,n+kn]

en (5C) =

By this definition, we have S;" = Dy, ik, + Znntk, s S,’; =Dp1+ le, and

Dyt + Zng = Dngir + Coyyq forany t =1,...,n+k, — L.

14



Hence,

E[Aq, (a"S)] —E[A,, (aS))]
n+kn
-y (E[Agn (@ Doy + 0 Zyny)] — E[Ag, (0T Dy + asz)]) . (SB.29)
t=1

Using a third-order mean-value expansion, we deduce

‘E [Aan(oﬁpn,t + aTZm)] _E {Agn (aTDn,t)} —E[0A,, (0 Dpy) ! Zy]

Lk (@A, (0T Dua” Zui ]
2E[Tr(8 Ag, (o' Dy ) Zn,th,tO‘)] (SB.30)

L
1 - _
<= Y B[] 200 Z0) (0 Zn0) 0000 Do ()| |
l1,l2,l3=1

(@)

where Xn,t 18 some mean-value between aTDn,t and ozTDn,t + oaTZm. By (SB.21) and Lemma 4.3
in Chernozhukov, Chetverikov, and Kato (2014),

Ly

> (0] 20 Zu) (0, 200,00, A, (X0)|
l1,l2,l3=1

Ly
(@ Zot) (O Zn) (@ Zns)| D |00 0000 B0, (1)

l1,l2,l3=1

<E max
1<ly,l2,l3<Lp

13Cf
- 025

which together with (SB.30) implies that

E [max ’ozl Zn

3] , (SB.31)

‘E [A%(oﬁpn,t + aTZm)] —E [Agn (aTDn,t)} —E[0As, (0 Dpy) ! Zy]

1
_7E [ﬂ(GQAon (aTDn,t)aTZn,tZ;zr,ta)] ‘ (SB32)

< 130f 3
= 6020, '
Similarly, we can show that
[E 80, (" Das+a7C, 0] ~E[A, (07 Dup)| ~ EI0A, (0" Dot a TG

JE [Tr(a%an(aTDm)aT&n,téLa)] ' (SB.33)
13Cf 3:|

~ 6020,
Since Cn ;= (Vm)l/ 2§n,t and (¢ is a standard normal random vector independent of D,, ; and

+
Vi, we have

E [max ’al—r Dnt

E [max‘al Crt

E[0A,, (ozTDmt)TaTgn,t] =0,

-~ SB.34
E[TH(0*Ar, (07 Do) Cuilre)] = BTN Ar, (@ Dpa Vi) )

15



Let

S+ — + oy +
En,t = Z Vn,s - En - Z Vn s
sE(t,n+kn] s<t
Note that Ef{,t is Hp,¢—1-measurable because X7, is deterministic and ), V.t is H,, s 1-measurable.
By construction, " Y osc (tm-+kn] Cnys 18 Hnpn-conditionally centered Gaussian with conditional vari-
Tz—i-

ance a’ X, 0. Hence, the normalized variable

T
o Zse(t,n—‘rkn] Cn,s
Ty +
ok, o

is independent of H, ,. Let H%,t be the o-field generated by H,; and the variable defined in

(SB.35)

(SB.35). Due to the aforementioned independence property, we see that Z, ; is also a martingale

difference array with respective to M/, ,. In addition, we can rewrite
’

DY ¢
OéTDn,t T Z Zns+ OéTZntOz s€(t,n+kpy] n,s7

s€[1,t) CYTE:{,tO‘

which implies that ' D,,; is H,, ;_1-measurable. Hence,
E[8A,, (0 Dpy) o' Zpy) = E [aAgn(aTDn,t)TaT]E [Zn,tm;m_l]} =0, (SB.36)
and

{ (BQAC, (aTDnt)a In 2, 7t0‘>}

[Tr ("D, )a K| ntht|Hnt 1o )]

(9°
[ﬂ( TDn,t)aTE[ZmZM|”Hn7t_1]a)]
(

E|Tr(8%A,, TDm)aTanta)} . (SB.37)
Summarizing the results in (SB.34), (SB.36), and (SB.37), we have

E[aAan(O‘TDn,t)TO‘TZn,t] = E[aAon(aTDn,t)TaTgn,t]»
IE[Tr(aonn(aTDn,t)aTZmZ,Ita)] = IE[Tr(@QAon(aTDn,t)aTgn’tE;ta) .

Then, from (SB.29), (SB.32), and (SB.33), we deduce

[EA,, (a7 57)] - ElA, (7))

< 5 " 3
f Z < [max‘al Znt

] + E {mlax ‘a?&mt

3D . (SB.38)
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This estimate and Lemma SB1 imply that

~ 10C+K
E[Aq, (7S]~ ElAn, (7 S)]| € —A= (Bio+ (log L)k, 1/2)
Bln
< K—= B.
< 25, (SB.39)

where the second line follows from the condition that k, > (log Ln)3Bi 721 Note that the constant
K does not depend on n or C. This finishes the proof of (SB.27). O

SC Pre-whitened HAC estimator with growing dimensions

In this appendix, we provide details about the pre-whitened HAC estimator. Section SC.1 describes

the estimator and its asymptotic properties. The proofs are in Section SC.2.

SC.1 The estimator and its asymptotic properties

To implement the CSPA test, we need an estimator A\n that satisfies Assumption 1 in the present
context with growing dimensions. While Newey—West type estimators are theoretically valid (see
Li and Liao (2019)), they may lead to size distortions in finite samples when the data is highly
serially dependent as shown in our Monte Carlo experiments. This concern motivates us to analyze
a more general class of HAC estimators allowing for pre-whitening as proposed by Andrews and
Monahan (1992). Since this HAC estimation result is useful not only for the CSPA test, but also
for other types of time series inference problems involving growing dimensions, we develop the
theory in a general setting for a M,-dimensional mixingale array (e t)i<t<nn>1 With respect to
a filtration (Fp,¢)1<t<nn>1. If our goal is to verify Assumption 1 in the main text, we can set

ent = u ® P (X;) and M,, = Jm,,. Some regularity conditions are needed.

Assumption SC1. We have the following conditions: (i) for some q > 3, (eny) is a M,y-
dimensional Lg-mizingale array with respect to a filtration (Fy ), that is, for each 1 < j < M,
and h >0,

[ElejntlFri-nllly < entbn,  llejne = Elejmt| Frprnlll, < ntonsa,

for a positive sequence ¢, and some finite constants (Vr)k>0; (i) Y50 ¥n < 00 and supy,>g hy? <
00; (iii) B [en] = 0 and Elenqe,, ;] does not depend on t; (iv) for all h >0 and s > 0,

Sltlp 1§1l’f}€aé)§\/[n ”E [el,n,tek,n,t—l—hw—_‘n,t—s} —E [el,n,tek,n,t—i-h]uz < 5?#/15;

(v) sup, maxi<j x<m, Hel,n,tek,n,t+h||2 < E% for all h > 0; (vi) the largest eigenvalues of E[en,te;';t]

are uniformly bounded.
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Our goal is to construct pre-whitened HAC estimators for the long-run variance-covariance

n n T
A, =E 1 (Z en,t> (Z en,t>
" \i= t=1

To pre-whiten the data, we consider a linear filter B, (L) of the form

matrix

p
By (L) =1In, — > Bnl?,

s=1

where IL denotes the lag operator, Iy, is the M,,-dimensional identity matrix, and for each s €
{1,...p}, Bps is a M, x M, nonrandom matrix. The associated pre-whitened array and its

long-run variance-covariance matrix are then defined as

ent = Bn(L)ens, for te{p+1,...,n},

-
1 n n

* * *

A = E p— g Cnt g €nt
P\t t=p+1

We impose the following conditions on the filter and the pre-whitened data.

Assumption SC2. (i) maxi<s<p || Bnsllg < C for some finite constant C > 0 and the eigenval-
ues of By(1) are bounded away from zero; (ii) > 52, h'2 |T%(h)||lg < KE2M, for some positive

constants 5 and K, where '}, (h) = E[ezytefjwh] is the hth autocovariance matriz of e, ;.

Pre-whitening is motivated by the fact that A} tends to be easier to estimate nonparametrically
than A, because the autocovariances of the pre-whitened data generally decay faster. This effect
is captured by the 75 constant in Assumption SC2 (i.e., higher 75 corresponds to faster decay).
For example, if the pre-whitened array ej, ; is a white noise, 75 can be taken to be an arbitrarily
large number, which results in a faster rate of convergence in the HAC estimation.

In typical applications, e, ; is not directly observed, but relies on some preliminary estimator.

We formalize the setup with generated variables as follows. Suppose that

En,t = g(Zn,ta 90))

where Z,, ; is an observed time series and g (z, 0) is a measurable function known up to a parameter
fo. We note that the unknown parameter 6y may be infinite dimensional. This is indeed the case
for the CSPA application, where 0 represents the conditional mean functions (h; (-))1<j<s in our

CSPA test. We suppose that a preliminary estimator 6,, for 0 is available and use

én,t = g(Zn,h én)

18



as a proxy for ey ;. Similarly, the filter B, (L) may also rely on parameters that need estimation.

~

We consider preliminary estimators (By, s)1<s<p and set

P
B, (L) = Iy, — Z By L®.
s=1
The following high-level assumptions on the preliminary estimators’ convergence rates will be used

in our analysis.

Assumption SC3. (i) n ™! 3°0  [19(Zns, 0,,) —9(Zn1,00)|> = O,(62 ) for some positive sequence

do.n = 0(1); (i) maxi<s<p Hﬁms — By slls = Op(dB,n) for some positive sequence dp,, = o(1).

Assumption SC3(i) mainly concerns the convergence rate of the preliminary estimator 0,,. Quite
commonly, g(-) is stochastically Lipschitz in § and dg,, is determined by the convergence rate of
0., for which there are well-known results in the literature. Condition (ii) specifies the convergence
rate of (B\n,s)lgsgp- These conditions can be easily verified under more primitive conditions.

We are now ready to describe the pre-whitened HAC estimator for A,. The feasible proxy of

the pre-whitened series ey, , is given by
Ent = B, (L)éns, p+1<t<nm.

We then estimate Iy (k) = Ele}; ;ei,, ] using

—h
~ 1 R ~ ~
T (h)= —— énerhn, Tn(=h)=Th(h)", for0<h<n—p-—1.
n—p t=p+1
Consider a kernel function I () that is bounded, Lebesgue-integrable, symmetric, continuous at

zero with IC(0) = 1 such that, for some constants C' € R and r; € (0, o0],

lim L= (SC.1)

z—0 |ﬂ§|r1

see many examples in Andrews (1991). In addition, we choose a bandwidth sequence &, that goes

to infinity with the sample size n. The HAC estimator for the pre-whitened data is then given by

i n_z_l zc<:n> T (h).

p
h=—(n—p-1)

Finally, with I:Tn = (In, — >0, En,s)_l, we define the pre-whitened HAC estimator for A, as
A, =H,A*H] .
Theorem SC1, below, describes the asymptotic behavior of this estimator.
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Theorem SC1. Suppose that Assumptions SC1, SC2, and SC3 hold, and

—7r1 /\7"2 )

&2 My, (knn 12 4 g, + mnMrllﬂégm + kndB M, = o(1). (SC.2)
Then,

|40 = An|| | = 0@ Malan ™2 4 1627"5)) 4 Ol M/ 260.) + Ol Mnd ). (SC:3)

Theorem SCl quantifies the magnitudes of three sources of estimation errors in the pre-whitened
HAC estimator A,. The first Op (2 My (kpn™ Y2 + Ky, ”M;)) component is from the infeasible pre-

whitened HAC estimator constructed with known 6y and (B, 5) Other things equal, this term

1<s<p’
tends to be smaller when the autocovariance of e;, , decays fasze;p(i.e., larger r3). This provides
a theoretical reason for the better finite-sample performance of the pre-whitened estimator. The
other two error terms are resulted from the estimation error in 9n and (§n75)1§53p, respectively.
Under quite general settings, szl\n — Ay |ls converges to zero in probability at polynomial rate as

required in Assumption 1.

SC.2 Proof of Theorem SC1

In this subsection, we prove Theorem SC1. We first prove two preliminary lemmas concerning the

infeasible estimator constructed using known 6y and By, (L).

Lemma SC1. Let H, = B,(1)~'. Under Assumptions SC1 and SC2,

HAn — H AL H] || = 0@ Man ). (SC.4)
PROOF. Denote n, =n — p. It is easy to see that
n—1 np—1
A=) — T (), A5 = - Pnp T* (h),
h=—(n—1) h=—(np—1)

where I';,(h) = Elep e, yp)and I (h) = ]E[e;te:i;; +p)- For notational simplicity, we further denote
ﬂn,O = IMna ﬁns = nSa for 1<s< p. (SC5)

We can then rewrite e, , = > Bn,sn,i—s, and subsequently,

p p  pA(l+p)
= Z /6n751—‘n(h+3_u)ﬁ;£u: Z Z /an n h+l) n,s—1*
s,u=0 l=—p s=0VI
Using this representation, we can rewrite A} as
np—1 T — ’h‘ p PN l+p)
A= D | X Y Bala(ht DB
h:—(np—n p I=—p s=0VI

p PA(+p)

h —
= Z Z Z 1{h np+1<l<h+np—1} | ’Bn,an (h) ;s—l' (SCG)

h=—(n—1)l=—p s=0VI
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Since B,(1) = >_F_, Bn,s, we also have

Bu()AB. ()T = Y ZpIZp:n;’h‘ﬁnvsW’l) nu

BnsTn (h) By o1 (SC.7)

By (SC.6) and (SC.7),

HA* _ Bn(l)Aan(l)THS

n

n—1 p pA(+p) ny—|h—1 n—|h| +
< Z Z Z Yn—nyt1<i<hing—13 n n )6"’3F" (R) "vHHs
h=—(n—1)l=—p s=0VI p
n—1
<Kn ' ) T (W), (SC.8)
h=—(n—1)

where the first inequality is by the triangle inequality, and the second inequality holds because
| Bn,s|| g is bounded and for [I| < p,

mp—lh =1 _n—n]
np n

< Kn~'.

‘1{h—np+1<l<h+np—1}
Let Tk 1 (h) = Eleg nt€in,e) be the (k,1) element of T'y, (k). Note that

Trin(h) < |E[(ermt — E [ermntlFrisin/2)]) €nirnl]
+ |E[E [enn,t| Frtt /2] E [€tmitnl Fotr (ny2)]]]
< Kot ),

where the first inequality is by the triangle inequality, and the second inequality follows from the

Cauchy—Schwarz inequality and mixingale properties. Hence,

n—1 oo My My 1/2 00
Z ITn (R)|lg < Z (erk,l,n(h)2> SKE%anth/Qj-

h=—(n—1) h=—oc0 \k=1I=1 h=0

Since 335,50 ¥ < 00 by assumption, we further deduce that 33" ) [T (h)]| g = O(¢%M,). In

view of (SC.8), we then have
|45 - Ba ) A, (0T = 0 (@0tn 7).

Since the eigenvalues of B, (1) are bounded away from zero, the assertion of the lemma readily

follows from this estimate. ]
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Lemma SC2. Under Assumptions SC1 and SC2,

i

= Op (G2 My (1iqn ™2 4 1,72,

where Ay = Y7V K (k) Th(h) and Ty (h) = (n—p) " S50 ehen) e

PROOF. For ease of notation, we denote n, = n — p and write ), in place of EZ”:_l By

—(np—1)°
definition, we can decompose

_ Eh:;c <le> (Fan) ~ B 1)) + </c <£;> - 1) ’“”T;‘h'r;;(h). (SC.9)

h

Under Assumption SC1, we can follow the same proof as Lemma A6 of Li and Liao (2019) to show
that
|

By the triangle inequality, we further deduce

HZK (h) (T ) — B 0)) H ]
h " s

< KeaMoyn™' 2 K (h/kn)| < Ko Mprnn™ /2,
h

T (h) — E[f;;(h)]”s} < K& Myn~V/2.

Hence, the first term on the right-hand side of (SC.9) satisfies
h ~. « —1/2
>k (- (rn( ) — E[T%(h (@ Mypknn~112). (SC.10)
h n

Let r = r1 Ar3. By the properties of the kernel function K (-), we can find some (small) constant

€ (0,1) such that
1 - K@) _ L= K(2)]

" T 2

Hence, |K (h/kn) — 1| < K |h]" k;,;" when |h| < ek,,. Therefore,

S |( () - 1) it < w3 wr TGS

|h|§5'€n |h|§<€l‘in

< K for z € [—¢,¢].

Since K (+) is bounded,

> (ke () =1) 2 s

<K Y <%n> T ()l < Krpy™ Y [R7T(R)lg -

|h|>ekn |h|>ekn
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Combining the two displayed estimates above yields

S0 () 1) o I < s SR Il

K
5 n

By Assumption SC2, Y 5% h'2
side of (SC.9) satisfies

#(h)||g < Kc2M,. Hence, the second term on the right-hand

h —|h
E (IC <) — 1> LHF:(h) < K& Mk, (SC.11)
Kn np
h S
The assertion of the lemma then follows from (SC.9), (SC.10), and (SC.11). O

We are now ready to prove Theorem SCI.

PROOF OF THEOREM SC1. By Lemma SC1, Lemma SC2, and (SC.2),

HAn - HnAVZH; =0 ( (K“nn 1/2 + K;rl/\ré‘)) = Op(l)v (SC'12)

where H, and 117*1 are defined in those lemmas. Since A, has bounded eigenvalues under Assump-
tion SC1, A*’s largest eigenvalue is also O,(1).
We complement the definitions in (SC.5) by setting

A ~ ~

/BnO:IMnJ /anz_BTL,S7 fOI' 1 SSSP

) )

Under Assumption SC2 and Assumption SC3, HBnSHS = Op(1) for each s. Note that

p
*
nt - Zﬁn s€n,t—s Cnt = Zﬁn,sen,t—s-
5=0

We then observe that, for each h,
n—h )
Z €5 = enel
t=p+1
Z Zﬁnsent s Zﬁnsent s

2

t=p+1
n—~h D n—~h P 2
S Z Zﬁ ent S ent s + K Z Z (Bn75 - ﬂn,s) en,t—s
t=p+1 || s=0 t= p+l s=0
n—h p 9
2
<K 3 S| [Bu| Menas — enelP + & Z Z\ I
t=p+1 s=0 t=p+1s=0

o
Bn,s - /Bn,s

IA
=
NE

9 n
s S) (Z ”én,t - 6n,tH2> + K (Z ‘
t=1 s=0
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where the first inequality is by the C,-inequality, the second inequality is by the Cauchy—Schwarz

inequality, and the third inequality is obvious. Since the eigenvalues of E[emelt] are bounded
by Assumption SC1, )", lens]|* = Op(nM,,). By Assumption SC3, we can further deduce that,

uniformly in A,
n—h

Y

n —_—
p t=p+1

ens = enill” = Op (8, + 0% M)

We further note that, uniformly in A,

|

~

Da(h) =T ()|

1 n—h
o Ak oAk * * T
- E , (en,ten,t—i-h - en,ten,t+h)
n—p
t=p+1
1 n—h 1 n—h -
A% * * T * A *
< n—op E (en,t - en,t) en,t+h + n—op E en,t (en,tJrh - en,t+h)
t=p+1 t=p+1
1 n—h
E : ~% * ~% * T
+n — (en,t - en,t) (en,t—l-h - en,t—l—h)
p t=p+1
9 n 1/2 n 1/2 1 n
A~k ]2 x (|2
S D llens = el > llenl S >
p t=1 t=1 p t=1

= 0, (80,0 MY? + 05, M, )

fat 3
6'n,t -

(SC.13)

where the first equality is by definition, the first inequality is by the triangle inequality, the second

inequality is by the Cauchy—Schwarz inequality, and the last line follows from (SC.13). This

estimate further implies that

HE;; ~ i =o, (mn (597RM$/2 + 5B,nMn)) .

S

Noting that HﬁI,ZIHS = O,(1), we also have

S
HHn T H,AH]

Since || Hy — Hylls = Op(0p,) and || A}]|s = Op(1),

Hflnﬁgﬁl,j _H, A HT

o= Op(6B,n)-

The assertion of the theorem then follows from (SC.12), (SC.15), and (SC.16).
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