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VOLATILITY COUPLING

By JEAN JAcOD AND J1A L1 AND ZHIPENG L1AO
Sorbonne Université, Duke University and UCLA

This paper provides a strong approximation, or coupling, the-
ory for spot volatility estimators formed using high-frequency data.
We show that the t-statistic process associated with the nonpara-
metric spot volatility estimator can be strongly approximated by a
growing-dimensional vector of independent variables defined as func-
tions of Brownian increments. We use this coupling theory to study
the uniform inference for the volatility process in an infill asymptotic
setting. Specifically, we propose uniform confidence bands for spot
volatility, beta, idiosyncratic variance processes, and their nonlinear
transforms. The theory is also applied to address an open question
concerning the inference of monotone nonsmooth integrated volatility
functionals such as the occupation time and its quantiles.

1. Introduction. During the past two decades, a large literature in
time-series analysis has been devoted to estimating the volatility (i.e., dif-
fusion coefficient) of continuous-time It6 semimartingale processes using
high-frequency data ([1], [15]). The inference theory is well understood in
two scenarios. One concerns the nonparametric estimation of the stochastic

volatility at a fixed time point (see, e.g., [13] and [11]), that is, the “spot”
volatility. The other pertains to a semiparametric setting for estimating in-
tegrated volatility functionals (see, e.g., [2], [3], [1], [20], and [28]). A more

recent literature shows that these two problems are tightly related in that
the nonparametric spot volatility estimator can be used to construct semi-
parametrically efficient estimators of general (smooth) integrated volatility
functionals; see, for example, [18], [10], [27], [23], and [21].

An open question, however, is how to make uniform nonparametric infer-
ence for the spot volatility process in a general nonstationary setting. The
difficulty for making uniform inference is well understood: The estimation
errors of the spot estimators at any two distinct time points are asymptoti-
cally independent, and hence, the collection of these estimators cannot admit
a functional central limit theorem in the sense of weak convergence or sta-
ble convergence in law (see p. 394 in [15] for a detailed discussion). In other
words, the uniform inference for the entire volatility process is a non-Donsker
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semimartingale, uniform inference.
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problem. In an earlier contribution, [12] proposes a uniform confidence band
for the volatility process based on an extreme-value approximation for Gaus-
sian processes in a setting with stationary volatility, following the classical
approach of [6] and [17]. Meanwhile, non-Donsker problems also arise from
other statistical contexts, such as the recent literature on the uniform in-
ference in nonparametric and/or high-dimensional settings (see, e.g., [10],
[5], [29], and [19]). The key insight from the latter literature is that, in the
absence of functional central limit theorems, one can still strongly approx-
imate the nonparametric functional estimator using variables with known
finite-sample distributions (typically Gaussian with consistently estimable
covariance). The classical device for obtaining the strong approximation is
through Yurinskii’s coupling.

Set against this background, our contribution in this paper is to estab-
lish a uniform inference theory for the spot volatility process, through the
development of a new coupling result for the spot volatility estimators.
Specifically, we show that the t-statistic process associated with the spot
volatility estimator can be strongly approximated by a growing-dimensional
vector of independent normalized chi-squared variables. The sup-t statistic
can then be strongly approximated by the maximum of these approximat-
ing variables. The distribution of the latter is known in finite sample, which
permits the feasible computation of critical values and the corresponding
uniform confidence bands, without relying on further Gaussian or extreme-
value approximations employed in prior work. We also allow for important
empirical features such as essentially unrestricted nonstationarity in volatil-
ity, and jumps in the price and volatility processes, which are not considered
in [12]. Moreover, we extend the theory to a multivariate setting for con-
structing uniform confidence bands for the beta and idiosyncratic variance
processes, which is a new result in the literature.

As a by-product, we show that the uniform confidence band for the spot
volatility process can be further used to construct (joint) confidence sets for
monotone functionals of the volatility process. One example is the volatil-
ity occupation time ([14], [20]), defined as the time spent by the volatility
process below a specific level, which is the “realized” analogue of the cumu-
lative distribution function. The inference for this seemingly basic quantity,
however, is an open question in the literature to date because it corresponds
to integrated volatility functionals with nonsmooth test functions. In con-
trast, central limit theorems for integrated volatility functionals are available
in the current literature for test functions that are three-time continuously
differentiable as shown by [16] among others. Moreover, volatility quantiles
inverted from the occupation time are also monotone functionals of the



VOLATILITY COUPLING 3

volatility process, for which our theory provides feasible inference. Our cou-
pling result may shed light on a broader range of high-frequency inference
problems involving growing dimensions, uniform inference, and nonsmooth
test functions, which may be studied in future research.

Below, we present the theory in Section 2 and a simulation study in
Section 3. All proofs are contained in Section 4. The following notation will
be used. We denote by M the set of all d x d matrices and by M;r the subset
of all symmetric positive semi-definite elements of M. The d-dimensional
identity matrix is denoted by I;. The notation ||z|| is the Euclidean norm
if € R?, and the operator norm if z € M. For a matrix A, we use Ajr,
AT, tr(A) to denote its (j, k) element, transpose, and trace, respectively.
For a function f: Mg — R, we denote 0;,f (A) = 0f (A) /0A;1, and collect
all partial derivatives using 0f (-) = [Ojrf (-)]1<jk<d. For two real sequences
ap and by, we write a, =< by, if a,/C < b, < Ca, for some finite constant
C>1.

2. Theory. Section 2.1 describes the setting. Section 2.2 shows our
main result for coupling the spot covariance estimator. Further extensions
regarding the uniform inference for the stochastic beta and idiosyncratic
variance processes are provided in Section 2.3. In Section 2.4, we apply the
uniform inference theory to construct confidence sets for monotone function-
als of the volatility process.

2.1. The setting. Suppose that the vector process X is a d-dimensional
It6 semimartingale defined on a filtered probability space (2, F, (Ft)t>0, P)
that can be written as

t t
(2.1) X, = X +/ beds +/ o dW, + J,
0 0

where the drift process b and the stochastic volatility matrix process o are
optional, taking values in R? and My, respectively, W is a d-dimensional
standard Brownian motion, and J is a pure jump process driven by a homo-
geneous Poisson random measure on Ry x R. In particular, J, = >, AX,,
where AX, is the jump size of X at time s. In financial applications, X
plays the role of a vector of asset prices, which are routinely modeled as
semimartingales.

The process X is observed at discrete times iA,, for i =0, 1,...,n within
the time interval [0,7] with A, = T/n. We consider an infill asymptotic
setting with the sample span T fixed and the sampling interval A, — 0
asymptotically. The ith increment of X is denoted by

A?X = XlAn — X(i*l)A,ﬂ 1€ {1, . 77’L}.
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We are interested in the uniform inference concerning the spot covariance
process ¢; = atotT . To construct the spot estimator, we divide the sample into
m,, nonoverlapping blocks. Specifically, we partition {1,...,n} = U’j":”llnyj,
with Z, ; collecting the indices of k,; consecutive increments in the jth
block. Correspondingly, we partition the sample span [0,7] = U?L:”ﬂ;m,
where with ¢ (n,j) = (minZ, ; — 1) A,

o= )t i+ 1)) AL < <ma,
T [t (nymy), T if 5 =my,.

Allowing the local window size k,, ; to vary across blocks is convenient for
applications, without introducing additional technical difficulty.

To obtain jump-robust volatility estimates, we adopt a standard trunca-
tion technique ([241]) using a sequence of truncation threshold w,, satisfying
up, < A for some w € (0,1/2). The spot covariance estimator for the jth
block is then defined as

~ _ 1 n ny I
(2.2) tns = s 2 ATXAIX Ty c, )

I e T,

The collection of blockwise estimators (én,j)ISjSmn serve as the functional
estimator for the process (ct);c(o,r)- To reflect this idea more clearly in our
notation, we identify (¢ ;)i<j<m, with a t-indexed functional estimator

(Cn.t)efo,r) Dy setting
Cnyt = Cnj, for te 7;L,j and 7 € {1,...,my}.

2.2. Uniform strong approximations for spot covariance estimators. In
this subsection, we present our key coupling result for the spot covariance
estimator, and describe how to construct uniform confidence band for the
stochastic volatility process. We need a few regularity conditions.

ASSUMPTION 1. Suppose that X has the form (2.1) and there exists
a sequence (Tp,),,~; of stopping times increasing to infinity such that the
following conditions hold for each m > 1:

(i) for some constant r € (0,1/2), ||be]| + ||ot|| + [(|z]|" A1) F (dx) < K,
for all t € [0,T,,] and some constant K,,, where F; denotes the spot Lévy
measure of J;

(it) for each p > 0, E[sup, c7. . [lowat, — osat, IF] < Knp |t — S‘P/2 for
all 1 < j < my and some constant K, ;.

Assumption 1 imposes some regularity conditions on the underlying pro-
cesses, which allow for essentially unrestricted nonstationarity and persis-
tence in the price and volatility dynamics, as well as important empirical
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features such as intraday volatility seasonality and leverage effect (e.g., neg-
atively correlated price and volatility shocks). Specifically, condition (i) im-
poses local boundedness on various processes plus a degree of jump activity
less than 1/2 for J, and condition (ii) imposes some smoothness on the
stochastic volatility process o;. These conditions are stronger than those
needed for conducting pointwise inference for spot volatility (cf. Chapter
13.3 in [15]), which is our “cost” to pay for making uniform inference. The
main restriction is condition (ii), which in particular requires the paths of
the volatility process to be Holder continuous with any index strictly smaller
than 1/2 on each subinterval 7, ;. This condition holds if the volatility pro-
cess behaves as a continuous It6 semimartingale or long-memory process
within each subinterval, and it is allowed to jump on the boundary time
points between the 7, ; subintervals. The (piecewise) continuity condition
is necessary for making uniform inference on the volatility process because,
otherwise, the volatility process cannot even be uniformly consistently esti-
mated (see Remark 1 of [21] and additional discussions therein). In economic
and financial applications, this setting accommodates an important type of
jumps triggered by macroeconomic announcements, for which we can use
announcement times to divide the nearby estimation windows. Consistently
estimable jump times (see, e.g., Proposition 1 of [22]) can be used for the
same purpose.

In applications, we are often interested in certain nonlinear transforma-
tions of the spot covariance matrix, say f(c¢;), for some smooth function
f: M;r — R. In the univariate case, one may be interested in the log
volatility by taking f (c¢) = log(¢). An important financial example in the
multivariate cases is “beta,” which corresponds to f (¢) = ci2/c11, so that
f (c¢) is the spot beta of asset 2 with respect to asset 1. We impose the
following condition on the f () function.

ASSUMPTION 2.  There exists a sequence (Tr,),,~, of stopping times in-
creasing to infinity and a sequence (KCp)m>1 of convex compact subsets of
M;}' such that ¢y takes values in ICp, for all t € [0,T,,] and f is twice con-
tinuously differentiable on K, = {x € My : infyer,, |z — y| < n} for some
n > 0.

Assumption 2 is easy to verify. For example, if f (-) = log (-), this condition
can be verified provided that the ¢; process is locally bounded from above
and away from zero, with K, = [1/m,m]. We also note that the stopping
times (7}),,~; can be taken as the same ones in Assumption 1 without
loss of generality, because the (component-wise) minimum of two localizing
sequences of stopping times is also a localizing sequence.
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We are now ready to state our key result for the strong approximation of
the functional estimator of the spot covariance process.

THEOREM 1. Suppose that (i) Assumption 1 holds and (ii) ky; =< A,
uniformly for all j € {1,...my} and u, < AY such that p € (r,1/2) and w €
(1=p/2)/(2=7r),1/2). The following statements hold for some constant
€ > 0: (a) With Upj =k, /2 Sicq  (APWAIWT /A, — 1) for each 1 <
J < my, we have

(2.3) max ‘
1<5<mn, tG

(ént —ct) = Oynj)Un J”ﬂw) H o (An):

(b) If Assumption 2 holds in addition, we further have

max sup ‘k (f (Eny) — f(cr))

1<j<mn ¢eT,, "
—tr [0 (Ci(ng) Ot(n)Uniin ) | = 0p (A5) -

Part (a) of Theorem 1 shows that, uniformly over all estimation blocks,
the normalized estimation errors (i.e., k}l/ ]-2 (€nt — ¢t)) can be approximated
by (O't(n,j)Un,jUt—En’j))lngmn. Part (b) provides a similar result for f(¢,4).
Theorem 1 is the foundation of all our uniform inference procedures dis-
cussed below, for which the knowledge that the strong approximation occurs
at some polynomial rate (captured by o,(Af,)) is enough.

We note that the coupling error in Theorem 1 stems from three sources:
the drift component of X, the time-variation in volatility, and the “resid-
ual” error from the jump truncation. [12] proposes an alternative strong
approximation with Gaussian coupling variables (see Proposition 2 there).
In general, both coupling results hold only approximately. However, in the
baseline model with b, = J; = 0 identically and volatility being block-
wise constant, our “approximation” in (2.3) is actually ezact, whereas [12]’s
Gaussian coupling still carries a non-zero approximation error. Hence, in
this “weak” sense, the former is more precise than the latter.

The uniform inference across all estimation blocks involves some addi-
tional comphcatlon While the Fy(, j)-conditional distribution of the vari-
able Jt(n,])Un,J H(n.j) is known, we generally cannot characterize the joint

distribution of (Ut(n,j)Un7jo',5—[n7j))1§j§mn7 because the oy, ;) variables are
heterogeneous in our nonstationary setting and may be dependent on U, ;
for j < k when volatility loads on past Brownian price shocks. We ad-
dress this issue by uniformly pivotalizing the spot estimators. This can be
generically achieved in the univariate setting (i.e., d = 1) as described in



VOLATILITY COUPLING 7

Theorem 2 below. The situation becomes more intricate in the multivariate
case, which is deferred to Section 2.3.

THEOREM 2. Suppose that the conditions of Theorem 1 hold with d =1,
and the process Of (ct) ¢t is locally bounded away from zero. Then, for some
e >0,

(2.4) max sup |Sp: — Uy j| = 0p (A}),
1<j<mn teT,, ; ’ ’

where the t-statistic process Sy is defined by

o kU o) = ()
m= 8f (én,t) én,t ’

for te€Tnjandyje{l,...,my},

under the convention that Sy = 0 when Of (ént) ény = 0.

Theorem 2 establishes the uniform strong approximation of the t-statistic
process Sy ; associated with the estimation of the f(c;) process. The Sy,
process is asymptotically uniformly pivotal in the sense that the joint distri-
bution of the coupling variables (U, ;) is free of unknown nuisance.

Indeed, they are mutually independent and each scaled variable k,ll/ J-2Un,j =
Zieznj ((A;LI/V)2 /A, — 1) has a centered chi-squared distribution with de-
gree of freedom £, ;.

The strong approximation in (2.4) for the t-statistic process can be used
to construct uniform inference for the f (¢;) process. Specifically, we consider

the sup-t statistic given by

1<j<mn

Sy = sup ’Sn,t’-
te[0,7)

Theorem 2 implies that

Sn—  Dax Ul =0p (A7)
This approximation naturally suggests that quantiles of maxi<i<m, |Un jl,
which are known in finite samples, can be used as critical values for the sup-t
statistic.

This intuition, however, needs to be formalized theoretically with care.
The relevant technicality is that maxi<j<m, |Un ;| is the maximum of a
growing number of variables, and its quantiles are generally divergent as
n — oo. This is unlike the conventional (low-dimensional) statistical setting



8 JEAN JACOD, JIA LI, AND ZHIPENG LIAO

in which critical values defined as quantiles of the limiting distribution are
finite. This issue is addressed in our proofs by using an anti-concentration
inequality for divergent random sequences. Theorem 3, below, describes the
uniform confidence band for the f (¢;) process, and justifies its asymptotic
validity.

THEOREM 3. Suppose that the conditions in Theorem 2 hold. For any
a € (0,1/2), with K}, being the 1 — a quantile of maxi<j<m, |Un,j|, we have
P(S; < k}) — 1 — a. Consequently, the confidence band defined by B, ; =
[Bn t?Bn t]
Bfft = f(ént) £ _1/2 knOf (Ent) Cng, for te€T,jandje{l,...,my},
satisfies P (f (¢t) € By for allt € [0,T]) — 1 — a.

Theorem 3 shows that (Byt)ic(o,r) forms an asymptotically valid uniform
confidence band with nominal level 1 —a. A particularly interesting example
is f (¢) = log(c), which corresponds to df (¢) ¢ = 1. In this case, there is no
need to estimate the standard error and the uniform confidence band is given
by [log (¢n) — K, /2 v log (Cny) + K,y 1/2 ky] when t € T, ;, which is equally
sized over time. We recommend usmg thls confidence band in practice.

We close this subsection with some remarks on related work. The growing-
dimensional strong approximation has been used in recent work on high-
dimensional and/or uniform nonparametric inference; see, for example, [10],
[3], [5], [29], and [19]. To our knowledge, the present paper is the first one that
uses this type of technique in the nonstationary nonergodic high-frequency
setting. It is also interesting to note that the aforementioned papers are all
based on strong Gaussian approximation (e.g., implied by Yurinskii’s cou-
pling), whereas our coupling variables, (U, j)i<j<m,, are normalized chi-
squared. The known finite-sample distribution of these variables allows us
to compute critical values without resorting to the additional Gaussian ap-
proximation. The uniform inference for spot volatility has been studied in
[12]. Following the insight of [6] and [17], [12] proposes a uniform confidence
band based on an extreme-value theory (without pivotalizing the estimator).
In contrast, we do not rely on the extreme-value theory to approximate the
distribution of the sup-t statistic. In addition, [12]’s theory rules out jumps
in X and the volatility process, and requires the volatility process to be
stationary (see Theorem 2 there). Stationarity would rule out a basic model
with time-varying deterministic volatility, or more generally, the well-known
U-shaped intraday pattern in volatility. Our theory is established in a more
general setting without these restrictions.
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2.3. Uniform inference for spot beta and idiosyncratic variance. In this
subsection, we discuss how to feasibly conduct uniform inference for the
f(et) process in the multivariate case (i.e., d > 1). As discussed in the
previous subsection, we need to uniformly pivotalize the estimator f (¢, ),
which can be easily done in the univariate case as shown in Theorem 2. In
the multivariate case, we need the following condition on the transform f (-).

ASSUMPTION 3. (i) There exists 1 < k* < [* < d such that, for all
1<k<Il<d,

d
(25) Y 0if (er) (Oinaojie + oigoiee) =0 when (k1) # (k*,17).
i,j=1

(i) The process F (¢t) = Z?,j,k,l:l 0ii f (ct) oik10j1t s locally bounded away
from zero.

Assumption 3 ensures that the approximating variable described in The-
orem 1 loads on a single source of randomness, meaning that we can rewrite
it as

(2.6) tr0f (Ctng)) Tt(mg)Uniiuimp) = F (Cetnigy) U

where U} ;s the (k*,1*) element of U, ;. Importantly, the coupling variable
only depends on the scalar-valued random variable Uy, ; instead of the Up,;
matrix itself. It is then clear that uniform plvotahzatlon can be attained via
the t-statistic defined by

ka2 (f (en) — £ (c))

2. nt = ’
( 7) S it F(Cn,t)

for te T, andje{l,...,my}.

The seemingly peculiar restriction (2.5) is in fact valid for several im-
portant transformations. We illustrate this concretely with the following
examples.

EXAMPLE 1 (BETA AND IDIOSYNCRATIC VARIANCE). Consider a bivariate
setting with the diffusive shocks represented by

1/2

v 0 dWlt)
2.8 dX¢ = o,dW, = t t),
28) e o (tvtl/Q §tl/2>(d”2,t

where X ¢ denotes the continuous martingale part of X. In a financial con-
text, denoting X = (M,Y’), we can interpret v; as the spot variance of the
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market portfolio M, ; as the beta of asset price Y with respect to the mar-
ket, and ¢; as the idiosyncratic variance of Y. The matrix-valued process oy
is informationally equivalent to (v, B, ). The latter scalar-valued processes
are respectively associated with the following transformations:

2

C12, 612,
foler) =ve=cuy, fale) =P = L foler) =6 = coap — L
Cl1t Cl1,t

)

and the corresponding F' (-) functions in Assumption 3 are given by F, (¢;) =
v, F(ct) = /st/ve, and Fi (¢¢) = ;. By elementary calculation, it is easy
to see that f,, fz, and f; satisfy Assumption 3(i) for (k*,1*) being (1,1),
(1,2), and (2,2), and the normalized coupling variable (recall (2.6)) can be
written explicitly as

~1/2 A )? B
knaj Eiez’n,j % - 1 When f - fU7

29 Ui={ 5 S (BIW)AIW) - hen f = f,
n 2
) Sier,, (B85 - 1) when £ = £,

O

The setting of Example 1 can be viewed equivalently as a continuous-time
regression:

(210) dY;C = Bthtc + det,

with dMf = vtl / QdWLt and de; = gtl/ 2dW27t. In particular, the independence
between W; and Wy ensures the orthogonality in the martingale sense be-
tween M€ and €, which in turn permits the identification of 5;.

The univariate regression may be extended to the case with multiple re-
gressors. To fix ideas, consider an additional regressor process Z in the fol-
lowing model:

(211) dY;C = ,Bl’thtc + ﬁz}tdZtC + dEt,

under the orthogonality condition that (M€ e) = 0 and (Z¢ e) = 0, where
(+,+) denotes the angle bracket of local martingales. Obviously, if M€ is also
orthogonal to Z¢ (i.e., Z is “market neutral”), we can conduct analysis for
f1,+ as in the univariate setting (2.10) by rewriting the model as dY;¢ =
ﬁl’thtc + dgt with dgt == ,827tdZtc + dét.
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The situation becomes more complicated when Z€¢ is not orthogonal to
ME¢€. In this case, we consider the following decomposition of Z¢:

(2.12) dZ¢ = vdM§ + dZ;,

such that M€ and Z are orthogonal in the martingale sense. Plugging (2.12)
into (2.11), we can rewrite the latter as

dYf = B1dMf + B2,td2t +dey, where Sy = Bry+ Boi-

In this alternative model, the regressor processes M*“ and Z are orthogonal,
with B1; capturing the “total” effect of the dM{ shock on dY¢. The betas
can be identified as

5,, = 4, M), (Y, Z),
1’ = A 2’ = — ==

BT d(Me, MeY, T

As discussed in the previous paragraph, the analysis for BLt is the same as
the univariate regression in Example 1. The nontrivial part is the analysis for
Ba.t, because the residual process Z is not directly observed. That being said,
we can still identify B2 from the spot covariance matrix of X = (M, Z,Y).
Indeed, we have vy = c12¢/c114,

d(YC, Z>t = d <Yc, Zc>t — ’Ytd <Yc, Mc>t = (023715 — 012’t6137t> dt,
C

11,¢

5 5 0%215

d<Z, Z>t = C22,t_ : dt,
Cl1,t

yielding

C11,tC23,t — C12,tC13 ¢
Pai = fp, (1) 5
C11,tC22,t — Cio¢
By direct calculation, we can verify that the function fg, (-) satisfies As-
sumption 3 with (k*,1*) = (2, 3), corresponding to Fg, (¢;) = \/<t/S, where

2 2

- Clat _ C13t 9 -

G =C0ot— ——, SGt=C33¢r— — — B2,t§ta
Cl1,¢ ClLt

which are the spot variance processes of Z and e, respectively.

EXAMPLE 2 (PERMANENCE). Assumption 3 satisfies a permanence property
with respect to smooth transformations in the following sense. Suppose that
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g : M — R satisfies Assumption 3 with G (¢;) = szk,l:l 0ij9 (¢t) Oik 40 ji4-
Consider a continuously differentiable function h and define f = h o g. Since
0ij f (ct) = Oh (g (ct)) Oi9 (ct), it is easy to see that f satisfies condition (i)
as well. Condition (ii) can be verified if the process F(c;) = 0h (g (c¢t)) G (ct)
is locally bounded away from zero. O

Theorem 4, below, extends the results in Theorems 2 and 3 to a multi-
variate case under Assumption 3. Recall that the sup-t statistic is denoted

by Sy, = SUP¢elo,T] S, tl-

THEOREM 4. Under the conditions of Theorem 1 and Assumption 3,
the following statements hold: (a) We have Sy —supi<j<m, Uy ;| = 0op (A7)
for some € > 0, where U} ; is the (k*,1*) element of U, j; (b) For any
a € (0,1/2), with kj, being the 1 — o quantile of maxi<j<m, |Uy ;|, we have
P (S} < k) = 1 — a. Consequently, the confidence band defined by By, =
(B4, By,

n,t’

Bt = f(ént) £ k;;/%ﬁ:LF (Cnt), for teTy;andje{l,...,m,},

n,t —

satisfies P (f (¢t) € Bpy for allt € [0,T]) - 1 — a.

To guide application, we note that the critical value 7 is known in finite
samples and can be computed via Monte Carlo simulation. We illustrate this
point with the running example.

EXAMPLE 1 (CONTINUED). We can simulate independent standard normal
variables NV ; and Ns; and construct an identical copy (in distribution) of
Uy, as

k;;-/z Zig[n,j (Nﬁz - 1) when f = f,[“
Unj = by >iet,, N1iNai  when f = fz,

n?j

k;,;/z 2 iet,, (f\/gz - 1) when f = f..

The critical value ;, can then be computed as the 1 — a quantile of the
variable maxi<j<m, |Uy, ;| from a large number of simulations. O

2.4. Inference for monotone functionals of volatility. The uniform confi-
dence band studied above may be used to conduct other types of inference.
An interesting application concerns monotone functionals. Let H denote the
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space of real-valued Borel measurable functions on [0,7]. We call a func-
tional F : H — R increasing if f(-) < g(-) implies F (f) < F(g), and use M
to collect all increasing functionals. By monotonicity,

liminfP (F (B,)) <F(f(c)) <F(B;) forall F € M)

n—oo

(2.13) > lim P (Bpy < f(c) < B, forallt € [0,T]) =1—a,
e : :

where the convergence follows from Theorem 4. That is, [F(B;,),F (B,)]
forms a confidence interval for the functional F (f (¢)) with asymptotic cov-
erage rate at least 1 — a.

This simple implication addresses an open question regarding the high-
frequency inference for occupation times ([20]); see [14] and [25] for addi-
tional background. Recall that the occupation time for the f (¢;) process is
defined as follows:

T
F.(f(c) = / Lif(es)<ayds, for xR,
0

which measures the amount of time when the f (¢;) process is below a cer-
tain value x over the time interval [0,7]. Obviously, the occupation time
is the “realized” analogue of the cumulative distribution function x —
P(f (¢t) < z). Correspondingly, we can define the occupational quantile of
the f (¢;) process as the functional inverse of the occupation time, that is,

Qq(f(c) =inf{z e R:F, (f(c)) >q¢T} for qe(0,1).

The occupation time and quantile functionals capture the full “distribu-
tional” feature of the underlying process.

[20] first study the volatility occupation time by establishing consistency
and rate of convergence results. The related inference problem, however,
remains to be an open question. Many recent papers study the inference
for integrated volatility functionals of the form fOT g (¢s) ds for some smooth
(more precisely, three-time continuously differentiable) function g (-); see, for
example, [18], [16], [23], and [21]. However, those theories are not applicable
here because the occupation time corresponds to a nonsmooth test function
of the form 1¢r()<,}. Using our uniform inference theory, we instead exploit
the fact that F, and Q, are monotone functionals. In fact, —IF, and Q,
belong to M for all z € R and g € (0, 1), so we can conduct feasible inference
on the basis of (2.13). This result is summarized in the following corollary.

COROLLARY 1. Under the conditions of Theorem 4, we have

IminfP (21, NQ2p) >1—a,
n—0o0
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where

Qi = {F, (B)
Do = {@q(B;)

(By,) for all z € R},

<F;
< Qu(By)) for all g € (0,1)}.

This corollary shows that [F, (B;7),F, (B, )]zcr provides a uniform con-
fidence band for the occupation time function z — F,(f (¢)). In addition,
[Qq(B,), Qq(B;)]qe(0,1) provides a uniform confidence band for the occu-
pation quantile function ¢ — Qq(f (¢)). These confidence bands are valid
simultaneously, but they may be conservative. Specifically in the context
of Example 1, this result can be used to make inference about the occupa-
tion times and occupation quantiles of spot variance, beta, and idiosyncratic
variance.

3. Simulations. In this section, we examine the finite-sample perfor-
mance of the proposed inference method in a Monte Carlo experiment. Since
the pointwise inference of spot volatility has been well studied in the litera-
ture, we focus on the uniform inference for the volatility process. Below, we
fix the sample span to be T =1 day.

We simulate the log price process from dX; = o:dW;. To simulate the
volatility process, we follow [7] and generate two volatility factors, Vi ; and
Va¢, from the following model:

dViy, = 0.0128(0.4068 — Vi ;)dt + 0.0954,/V7, (det +1- p2dBLt> ,

dVay = 0.6930(0.4068 — Va,)dt + 0.7023\/Va, (det +/1- p2d327t) ,

where B; and B> are independent standard Brownian motions that are also
independent of W. The p = —0.7 parameter captures the well-documented
negative correlation between price and volatility shocks (i.e., the “leverage”
effect). The V; volatility factor is highly persistent with a half-life of 2.5
months, while the V5 volatility factor is quickly mean-reverting with a half-
life of only one day. We simulate the continuous-time processes using an
Euler scheme on a 1-second mesh, and the observed returns actually used
in the calculations are sampled at A,, = 1 minute intervals. There are 390
returns within the trading day.

We then consider two models for the volatility process, with o? = 2Vi,
and 0,52 = Vi + Vo, which will be referred to as the one-factor and two-
factor models, respectively. Under the one-factor model, the sample path
of the “slow” volatility factor is relatively smooth, and hence, results in a
relatively small nonparametric estimation bias. The two-factor model, on
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the other hand, presents a nontrivial challenge to spot volatility estimation,
in that the volatility process can vary considerably within a day.

We implement the uniform confidence band described in Theorem 3 with
f () =log(-), as recommended before. Recall that the uniform critical value
(CV), K}, is defined as the 1 — o quantile of maxi<j<m,, |Up ;|. For example,
when k, = 30, there are m,, = 13 estimation blocks within a day, and
K} ~ 3.97 (resp. 4.47) when o = 0.1 (resp. 0.05). To highlight the difference
between the uniform CV and the pointwise CV, we also examine the uniform
coverage property of a confidence band based on the pointwise CV, say &,
which is defined as the 1 — o quantile of |Uy, ;|; recall that the distribution
of Uy ; does not depend on j. Not surprisingly, &y, is generally much smaller
than . For example, when k,, = 30, R} ~ 2.27 (resp. 2.72) when a = 0.1
(resp. 0.05). Therefore, we expect the pointwise band based on &} to have
severe under-coverage. Finally, we implement the uniform confidence band
proposed by [12], which employs a CV based on extreme-value theory.

In each setting, we consider two confidence levels: 90% and 95%. We also
consider a range of block sizes k, € {10,15,26,30}. These block sizes are
chosen so that the 390 observations in each day can be divided into equally
sized blocks. Note that the largest block size is three times larger than the
smallest one, thus providing a meaningful robustness check regarding the
“bandwidth” parameter k,.

Table 1 reports the finite-sample coverage rates of the three versions of
confidence bands (i.e., Uniform, Pointwise, and Extreme-Value), calculated
based on 10,000 Monte Carlo replications. The top panel presents the re-
sults for the one-factor model. From the first two columns, we see that the
coverage rates of the proposed uniform confidence bands are generally close
to the nominal confidence levels. The size control is particularly good in the
“undersmoothing” case with relatively small k,,, which mitigates the non-
parametric estimation bias stemming from time-varying volatility. In sharp
contrast, the pointwise confidence band suffers from severe size distortion,
as shown on columns 3 and 4 of the table. This finding is expected and high-
lights concretely the distinction between the uniform and pointwise confi-
dence bands. Looking at the last two columns of the table, we see that the
extreme-value-based confidence band of [12] also bears nontrivial size dis-
tortion. This suggests that the extreme-value asymptotic approximation has
not “kicked in.” This may also reflect the fact that the assumption of sta-
tionary volatility underlying [12]’s theory does not capture well the “realized
heterogeneity” in the volatility path within a relatively short sample.

Finally, we turn to the results with the two-factor volatility dynamics
shown on the bottom panel of Table 1. The performance of all methods de-
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TABLE 1
Finite-sample Coverage Rates of Confidence Bands

Uniform Pointwise Extreme-Value
kn 90% 95% 90% 95% 90% 95%
Panel A: One-factor Volatility Model
10 89.1 94.9 0.2 2.9 19.1 25.1
15 89.7 95.7 1.7 12.2 33.1 40.6
26 86.8 94.1 9.9 30.6 49.7 58.4
30 86.6 93.7 14.0 36.0 54.5 62.8

Panel B: Two-factor Volatility Model

10 87.5 94.2 0.0 1.9 25.8 31.2
15 86.2 93.6 0.4 5.6 34.8 41.1
26 78.1 89.7 2.2 11.7 43.8 50.5
30 73.8 87.7 24 12.6 43.6 50.5

Note: The table reports the uniform coverage rates (in percentages) of three
versions of confidence bands for the spot variance process (ct)ie[o,1)- The first
version is based on the uniform critical value (CV) described in Theorem 3
for f(-) =log(-). The second version instead uses the pointwise CV. The third
version is the confidence band proposed by [12], which is based on an extreme-
value approximation. We report results for two confidence levels, 90% and 95%,
and various block sizes, k., € {10, 15,26,30}. The coverage rates are computed
based on 10,000 Monte Carlo replications.

teriorates under this more challenging data generating process, as it features
much rougher volatility paths. That being said, we still see clearly that the
proposed uniform confidence band outperforms the pointwise band and the
extreme-value-based band, with adequate performance in the undersmooth-
ing case.

4. Proofs. Throughout the proofs, we use K to denote a positive con-
stant that may change from line to line, and write K, to emphasize its
dependence on some parameter p. For p > 1, we use ||| , to denote the
L,-norm of a random variable. In addition, by a standard localization pro-
cedure, we can strengthen Assumptions 1 and 2 by assuming that they hold
with 77 = oo without loss of generality; see Section 4.4.1 in [15] for details
on localization.

PROOF OF THEOREM 1. (a) Fix any constant
€€ (0,(1/2-p) A((2— 1)@ +p/2 - 1)),

which is possible given condition (ii) of the theorem. Denote X' = X — J.
For each j € {1,...,m,}, we set ¢, ; = k;}-Agl Zz‘elnj APX'APX'T. Our
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proof relies on the following decomposition:

(4.1) k1/2 (émj — Ct) — Ut(n,j)Uij'tT(n,j) = kl/z(ct(nJ) - Ct) + ij + R;L,j7

TL,j n7j

where

Ruj = k2 (en;—2h,),

n?]

/ _ /2 |
anj = kn,] Cnvj B Ut(

S ATWATWT | o)

1
i) \ Ty 2 t(n.9)
mn,J

By Assumption 1 and a maximal inequality, we have for any p > 1,

< Kpmvll/pAvll/%p.

.

max sup ‘
1§J <mn t€7;,, F
’ p

With p > (1 —p)/(1/2 — p—€), the right-hand side of the above estimate is
o (AS). Hence,

1/2 o _ €
(4.2) mﬁ‘;PHk (€utngy — o) = 0p (85).

We rewrite R, j = Zieznj Cn,i where for each i € 7, ;,

— 1 T T
ni = i (AIXAIXT 1 e, ~ AIXATXT).
n7j n
By some known estimates (see p. 1476 in [10]),

& [HA?XA?XTl{IIA?XHSun} —APX'APX'T

H < KA%Zfr)w+17

which further implies E[||¢u.]]] < KAZ7H0/D) Note that |Rnjll <
21[;7;/1&1] ||Cni|l uniformly in j. Hence,

E[ max HRMH] < KAZ=Hp/2) -1
1<i<mp,

yielding

(4.3) max ||Ryyl| = 0, (AF=HD) = 0, (A7)

1<i<mn,
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Finally, we consider R;w-. Define for each j € {1,...,m,} and each i €
In,j7

iAn AV
gn,i = A?X/ — Ut(n,j)A?W = bsds + / (Js - Jt(n,j)) dWs.
(i-1)An (i—1)A,

We can then rewrite

1
D7 (606l + na (Gunp AIW) T + (o0 ATW) €1

1/2
kn,j Ay 1€1n,j

R, . =

n’] -

By the Burkholder-Davis—Gundy inequality, Holder’s inequality, and As-
sumption 1, we have for any p > 2,
p]

iAn p/2
<wa ([ o ol
(i-1)An

iAp
< KpAﬁ/Q_IIE [/ HUS — O't(n’j)Hp ds]
(i—1)An

< ka’i,/j?A?z = KpAg(l_p/Q)-

Ay
E /( (05 — Ut(n,j)) dW

i—1)A,

It is then easy to see that

iAp
il < H [ s
(i-1)An,

This estimate further implies that

< K,AL=r/2,

1A
/ (05 = Oun.z)) AW
(i—1)An

+
p p

T
gn,i&n;j

< KpAZ 0, ||6ni (o S1W) || < AL2AYR,
P p
and hence, ||R;, [, < KpA,ll/pr. By a maximal inequality for p > (1 —
p)/(1/2_p_6)7

(4.4) max ||R},

1<j<mn ]H < Kpm}l/pA}z/Qip = 0p(Ay,)-

The assertion of part (a) then follows from (4.1), (4.2), (4.3), and (4.4).
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(b) Note that maxi<j<m, Hat(n’])UnJcr || < K maxi<j<m, ||Unjl. It is
also easy to see that for any p > 1, maxlgjgmn |Un,; ||p < K,,. Therefore, by
a maximal inequality,

T 1
(4.5) E |:1§I§12%(% Hat(n,j)U”’jUt(n,j)H] < Kpmn/P.

Note that € < p/2, so we can find a (small) constant ¢ > 0 such that
p/2 — 21 > e. By taking p sufficiently large, we deduce from (4.5) that

T4()Unii(n.j) H = Op(A")-

max
1<j<man

From this estimate and the result in part (a), we further deduce that

(4.6) s s En,j — cell = Op(AL/274) = 0, (1).

In particular, we see that {¢,; : 1 < j < m,} C K] for any fixed constant
n > 0 with probability approaching 1. Since f is twice continuously differen-
tiable on the bounded set K7, we can use a mean-value expansion to deduce
that uniformly for 1 < j <m,, and t € T, ;,

]{7',11/]2 (f (én t) - f (Ct)) — tr ( ) 711/32(671,] N Ct)]
(4.7) < KA p/2 ”an _ Ct” O Ap/Z 2L> _ OP(A;),

where the rate statements follow from (4.6) and the fact that p/2 — 20 > e.
Since ||0f (¢¢)]| is bounded, the assertion of part (b) readily follows from
(4.7) and part (a). O

PROOF OF THEOREM 2. Since f (¢;) ¢ is locally bounded away from zero,
with an appeal to localization, we can assume that df (¢;) ¢; > C' for some
constant C' > 0 without loss of generality. In addition, (4.6) implies that,
for some constant ¢ > 0 satisfying p/2 — 2. > e,

Op(AZ/Q_L) = op(1).

max ||én; = e | =

1<j<mn

From here, it is easy to see that uniformly for 1 < j < m,,,

(4-8) (af (én,j)émj)il = Op<1)7
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We then finish the proof by observing

k7 (f (ng) = ()
of (én,j) Cn,j

< max ;

T 1<j<ma [Of (€nj) Cnjl

kY2 (f (ng) = £ () = OF (cums)) Cms)Un

max sup
L<j<mn teT,, ;

—Un,;j

- max sup
1<j<ma¢eT, ;

Of (cung)) Ctin.g)
Of (¢nj) Cnj
= 0y (AS) + Op(AL/272) = 0, (AY),

—1!-

| max |Un, ;]

where the first inequality is by the triangle inequality, and the subsequent
rate statement follows from Theorem 1, (4.8), maxi<j<m, |Un j| = Op(A,"Y),

and p/2 — 21 > €. O

PROOF OF THEOREM 3. Step 1. In this step, we construct another cou-
pling variable for maxi<j<m, |Un,j|. For ease of notation, we denote L, =
log(A,, D). Let k, = maxi<j<m, kn,j and define an array of random variables
(Xi,j)lgigl_cn,lgj§2mn as follows: for 1 < j < m,,, we set

~ _ APV)?
(4.9) (X )1<ick,, = (kn;/Z <(1A) _ 1)) 7
" €T,

»J

and )2” =0if k,; <i < k,; we then set )N(” = _Xi7j_mn for m, +1 <
j <2m, and 1 <i < k,,. With these definitions, we can rewrite
kn _
(410) max |Un,]| = max Xz,j
1<j<my, 1<j<2m,, 4
K2

We note that the (2my,)-dimensional vectors (X ;j)i1<j<2m, are independent

across different i’s. Let (Yi;)i<i<k, 1<j<om, De a generic array of centered
Gaussian random vectors, such that E[ﬁ,jﬁ/J/] = E[)N(i,j)?i/,j/] for all 1 <
i,i' < kpand 1< 3,7 < 2m,,.

To construct a coupling variable for maxi<j<m, |Un, |, we first need to
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derive bounds for the following sequences:

kn
Bin = B o, D (Kfu—B[XuXu])) |
—=JHrlv= n _
kn .3
By, = E| max i, )
’ 1<j<2m,, <= ’
En .3
B = E E| max |X;,| -1 - 2, - .
3,n 1<j<a2mn 1,] {maxlngan’Xi,j|>Ln210g 1(2mn\/kn)}
i=1 ==

We start with By ,. Note that for any p > 1,
(4.11) H)N(”f(}k —E [ %, %4 H < KA.
P

Since ()Z'”)A(izk — E[)A(;iyj)?i’k])qu;n is a sequence of independent variables,
by the Burkholder-Davis-Gundy inequality, Holder’s inequality, and (4.11),
we have )

kn

Z (Xi,j)zi,k —E |:)N(Z7JXZ’]€}> < KpAﬁ/2

i=1
p

Then, by using a maximal inequality, By, < Kpmg/ P Af/ 2, By taking p
sufficiently large, we deduce that for any fixed constant ¢ > 0,

Bin=o (AZ/Q‘L) .

Next, we consider By ,,. It is easy to see that for any p > 1, || Zfﬁl ’)?i,j|3||p <

KpAﬁ/ 2, By another use of maximal inequality, we then deduce that
Bypn=o0 (AZ/Q_L> :
Similarly,

Xij

3] —o(az).

By Corollary 4.1 of [9], there exists a sequence of random variables (Zn)n21

kon
B3, < E E| max
’ —1 1<j<2mn,
1=
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such that Zn has the same distribution as maxi<j<om, Efﬁl 17” and

Fn
P (| max Xij— Zn| > 161,

1<5<2my 4
=1

- log (k
glﬁ{BLn+l%(BZn+£ﬁmﬂhg(%nnvk@%}fn).
n
Since B1 , B2y, and Bsj, converge to zero at polynomial rates, it is easy to
see that the majorant side of the above inequality is o(1). In view of (4.10),
we deduce
N7 -1

(4.12) 1512)”{% \Unj| — Zn = op (Ln ) .

Step 2. We prove the assertion of the theorem in this step. Without loss
of generality one can assume |[0f (¢t) ¢| > C for some constant C' > 0, and
hence, in view of (4.6) the probability that Sy, takes the “dummy” value 0
for at least one ¢ € [0, T goes to zero as n — oo, yielding Sj — Z,, = o, (L")
by Theorem 2 and (4.12). Therefore, there exists a positive real sequence
8, = o(L;1), such that with probability approaching 1,

(4.13) Zp — 6p < S* < Zp + 0.

Let Ry (q) denote the g-quantile of Zn. Recall that Ky is the 1 — a quantile
of maxi<j<m, |Un;|. By (4.12) and Lemma A.1 of [5], there exists a positive
real sequence v,, = 0(1) such that with probability approaching 1,

(4.14) Fn(l—a—wvy,) =0, <k, <REp(1—a+vy)+ on,

where the d,, sequence can be taken as the same one in (4.13) without loss
of generality. Therefore,

P(S; < K5

IN

IN

IN
= N la=! =
|~~~

(4.15)

where the first inequality is by (4.13), the second inequality is by (4.14), the
third inequality is by the anti-concentration inequality for the maximum of
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Gaussian variables (see, e.g., Lemma 5.3 of [7]), and the last line is by the
definition of %, (+). By a similar argument, we can also show that

(4.16) P(S; <kp)>1—a+o(l).

The assertions of the theorem then readily follow from (4.15) and (4.16). O

PROOF OF THEOREM 4. In view of equation (2.6), part (a) can be proved
in the same way as Theorem 2 with the function ¢ — 9f (c) ¢ replaced by
F (-). To prove part (b), we modify (4.9) as

= _ (2 (AW AW AW AW
(Xighi<i<k,; = (kn,j < A, £ A, i€, ’

»J

and then follow the same proof as in Theorem 3. O

Acknowledgements. This research is conducted while Li is a visiting
professor at Yale University and the Cowles foundation.

References.

[1] Ait-Sahalia, Y. and J. Jacod (2014). High-Frequency Financial Econometrics. Prince-
ton University Press.

[2] Andersen, T. G. and T. Bollerslev (1998). Answering the skeptics: Yes, standard
volatility models do provide accurate forecasts. International Economic Review 39,
885-905.

[3] Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys (2003). Modeling and
forecasting realized volatility. Econometrica 71(2), pp. 579-625.

[4] Barndorf-Nielsen, O. E. and N. Shephard (2004). Econometric analysis of realized
covariation: High frequency based covariance, regression, and correlation in financial
economics. Econometrica 72(3), 885 — 925.

[5] Belloni, A., V. Chernozhukov, D. Chetverikov, and K. Kato (2015). Some new asymp-
totic theory for least squares series: Pointwise and uniform results. Journal of Econo-
metrics 186(2), 345 — 366. High Dimensional Problems in Econometrics.

[6] Bickel, P. J. and M. Rosenblatt (1973, 11). On some global measures of the deviations
of density function estimates. Annals of Statistics 1(6), 1071-1095.

[7] Bollerslev, T. and V. Todorov (2011). Estimation of jump tails. Econometrica 79(6),
1727-1783.

[8] Chernozhukov, V., D. Chetverikov, and K. Kato (2013). Gaussian approximations
and multiplier bootstrap for maxima of sums of high-dimensional random vectors. The
Annals of Statistics 41(6), 2786-2819.

[9] Chernozhukov, V., D. Chetverikov, and K. Kato (2014). Gaussian approximation of
suprema of empirical processes. The Annals of Statistics 42(4), 1564-1597.

[10] Chernozhukov, V., S. Lee, and A. M. Rosen (2013). Intersection bounds: Estimation
and inference. Econometrica 81(2), 667-737.

[11] Comte, F. and E. Renault (1998). Long memory in continuous time stochastic volatil-
ity models. Mathematical Finance 8(4), 291-323.



24 JEAN JACOD, JIA LI, AND ZHIPENG LIAO

[12] Fan, J. and Y. Wang (2008). Spot volatility estimation for high-frequency data.
Statistics and Its Interface 1, 279-288.

[13] Foster, D. P. and D. B. Nelson (1996). Continuous record asymptotics for rolling
sample variance estimators. Econometrica 64 (1), 139-174.

[14] Geman, D. and J. Horowitz (1980). Occupation densities. The Annals of Probabil-
ity 8(1), 1-67.

[15] Jacod, J. and P. Protter (2012). Discretization of Processes. Springer.

[16] Jacod, J. and M. Rosenbaum (2013). Quarticity and Other Functionals of Volatility:
Efficient Estimation. The Annals of Statistics 41(3), 1462-1484.

[17] Johnston, G. J. (1982). Probabilities of maximal deviations for nonparametric re-
gression function estimates. Journal of Multivariate Analysis 12(3), 402 — 414.

[18] Kristensen, D. (2010). Nonparametric filtering of the realized spot volatility: A kernel-
based approach. Econometric Theory 26, 60-93.

[19] Li, J. and Z. Liao (2020). Uniform nonparametric inference for time series. Journal
of Econometrics 219, 38-51.

[20] Li, J., V. Todorov, and G. Tauchen (2013). Volatility occupation times. The Annals
of Statistics 41(4), 1865-1891.

[21] Li, J., V. Todorov, and G. Tauchen (2017a). Adaptive estimation of continuous-time
regression models using high-frequency data. Journal of Econometrics 200, 36-47.

[22] Li, J., V. Todorov, and G. Tauchen (2017b). Jump regressions. Econometrica 85,
173-195.

[23] Li, J. and D. Xiu (2016). Generalized method of integrated moments for high-
frequency data. Econometrica 84(4), 1613-1633.

[24] Mancini, C. (2001). Disentangling the jumps of the diffusion in a Geometric jumping
Brownian Motion. Giornale dell’Istituto Italiano degli Attuari LXIV, 19-47.

[25] Marcus, M. B. and J. Rosen (2006). Markov Processes, Gaussian Processes, and Local
Times. Cambridge University Press.

[26] Mykland, P. and L. Zhang (2009). Inference for Continuous Semimartingales Ob-
served at High Frequency. Econometrica 77, 1403—1445.

[27] Renault, E., C. Sarisoy, and B. J. Werker (2016). Efficient estimation of integrated
volatility and related processes. Econometric Theory.

[28] Todorov, V. and G. Tauchen (2012). The Realized Laplace Transform of Volatility.
FEconomtrica 80, 1105-1127.

[29] Zhang, D. and W. B. Wu (2017). Gaussian approximation for high dimensional time
series. The Annals of Statistics 45(5), 1895-1919.

INSTITUT DE MATHEMATIQUES DE JUSSIEU DEPARTMENT OF ECONOMICS
SORBONNE UNIVERSITE DUKE UNIVERSITY

PARIS 75252 DurHAM, NC 27708-0097
E-MAIL: jean.jacod@gmail.com E-MAIL: jl410@Qduke.edu

DEPARTMENT OF ECONOMICS
UCLA

Los ANGELES, CA 90095

E-MAIL: zhipeng.liao@econ.ucla.edu


mailto:jean.jacod@gmail.com
mailto:jl410@duke.edu
mailto:zhipeng.liao@econ.ucla.edu

	Volatility coupling
	Citation

	Introduction
	Theory
	The setting
	Uniform strong approximations for spot covariance estimators
	Uniform inference for spot beta and idiosyncratic variance
	Inference for monotone functionals of volatility

	Simulations
	Proofs
	Acknowledgements
	References
	Author's addresses

