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Abstract

We provide an exhaustive classification of all preference domains that allow
the design of unanimous social choice functions (henceforth, rules) that are
non-dictatorial and strategy-proof. This taxonomy is based on a richness as-
sumption and employs a simple property of two-voter rules called invariance.
The preference domains that form the classification are semi-single-peaked
domains (introduced by Chatterji et al. (2013)) and semi-hybrid domains
(introduced here) which are two appropriate weakenings of the single-peaked
domains, and which, more importantly, are shown to allow strategy-proof
rules to depend on non-peak information of voters’ preferences. As a re-
finement of the classification, single-peaked domains and hybrid domains
emerge as the only preference domains that force strategy-proof rules to be
determined completely by the peaks of voters’ preferences. We also provide

characterization results for strategy-proof rules on these domains.
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1 INTRODUCTION

An overarching theme in the theory of incentives is that unanimous social choice
functions (henceforth, rules) that are non-manipulable are dictatorial, and hence
unsuitable for social decisions, unless preferences of voters are restricted in par-
ticular ways so as to yield non-dictatorial domains, i.e., domains of preferences
which allow the design of rules that are strategy-proof and non-dictatorial. Indeed,
single-peaked preference domains in the classical voting model (Moulin, 1980) and
quasi-linear preferences in models with monetary compensations (Roberts, 1979)
are leading instances of non-dictatorial domains. In this paper, we restrict atten-
tion to the voting model, where the large literature notwithstanding!, a compre-
hensive classification of all non-dictatorial domains in terms of the design oppor-
tunities they afford has remain elusive, in part due to the fact that not much is
known about the structure of preferences domains that allow strategy-proof rules
to vary with non-peak information on preferences: We identify and incorporate
such preference domains in our analysis and classify non-dictatorial domains based
on whether they admit two-voter strategy-proof rules that (i) vary with non-peak
information, and (ii) satisfy a simple property called invariance. We show that
under a richness assumption on preferences, the resulting classification turns out
to be an exhaustive one for non-dictatorial domains.

The classification follows from the analysis of two-voter rules on a “rich” domain
of preferences, i.e., a domain that satisfies a form of connectedness, a mild property
called extreme-vertex symmetry, and the existence of a pair of preferences that are
complete reversals of each other.> We first identify two weakenings of single-peaked
domains, respectively semi-single-peaked and semi-hybrid domains, that allow the

design of non-tops-only and strategy-proof rules, i.e., rules that utilize non-peak

IThe literature is taken up in Section 4.
2Some form of richness is needed to study the implications of strategy-proofness, for if the

domain contains only few preferences, strategy-proofness becomes trivial. We postulate the
condition of path-connectedness which has been used in the earlier study of Chatterji et al.
(2013) and is closely related to the idea of connectedness investigated by Grandmont (1978),
Monjardet (2009), Sato (2013) and Puppe (2018).
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information from preferences. We next show that rich non-dictatorial domains are
one of these two varieties and that which of these configurations prevails is, some-
what surprisingly, completely determined by the behavior of the rule at the two
preferences profiles where the two voters are endowed with the completely reversed
preferences: if there exists a two-voter tops-only and strategy-proof rule which is
invariant, that is, selects the same social outcome at the these two test profiles, the
domain must be semi-single-peaked, and otherwise, the domain must be a semi-
hybrid domain. Finally, we specialize to tops-only domains, i.e., domains where
strategy-proof rules are endogenously completely determined by voters’ preference
peaks, and show that the existence of an invariant rule leads us to the classical
single-peaked domain while its non-existence, to a recently introduced variant of it
called the hybrid domain. In particular, our analysis highlights the role of “critical
spots” embedded in the gap between semi-single-peakedness and single-peakedness
(respectively, between semi-hybridness and hybridness) that display a curious and
seemingly paradoxical phenomenon, namely, that adding preferences to a single-
peaked domain may allow non-tops-only rules to emerge in a strategy-proof way
and simultaneously shrink the scope for tops-only rules.?

To put this analysis in perspective, we note that earlier work has shown that
while the Gibbard-Satterthwaite Theorem (Gibbard, 1973; Satterthwaite, 1975)
is robust and survives on restricted domains with enough connectedness (see for
instance Aswal et al., 2003; Sato, 2010; Pramanik, 2015), semi-single-peaked do-
mains are implied by the existence of a tops-only and anonymous strategy-proof
rule on a rich domain (see Chatterji et al., 2013; Chatterji and Massd, 2018). In
order to obtain a more complete picture of non-dictatorial domains, we dispense
with the axioms of tops-onlyness and anonymity, and show (by strengthening
mildly the richness condition) that allowing for non-tops-only, non-anonymous

rules adds exactly one domain, semi-hybrid domain, as a non-dictatorial domain.

3The seeming paradox is of course not a paradox: the non-tops-only rules for a semi-single-
peaked domain continue to be strategy-proof for the single-peaked domain, except that they
become tops-only when restricted to the single-peaked domain and are thus subsumed in the

usual known class of strategy-proof rules for single-peaked domains.



Since a semi-hybridness is also a weakening of single-peakedness that is in a sense
complementary to semi-single-peakedness (see 1.1 below), our result showing that
these two domains taken together exhaust all non-dictatorial domains may be
seen as demonstrating that appropriate weakenings of single-peakedness charac-
terize non-dictatorial domains, addressing thereby a long standing conjecture in
this field (see Barbera, 2011; Barbera et al., 2020). Our principal focus however is
on distinguishing between these two regimes by showing that semi-hybrid domains,
while being more permissive, are not consistent with the existence of tops-only and
anonymous strategy-proof rules (since invariance is implied by anonymity) while
semi-single-peaked domains are. We contend that this analysis is more than just a
theoretical curiosity since it explains tradeoffs, for instance, between allowing more
permissive preference domains (which is desirable for applications of mechanism
design) that however turn out to admit critical spots and hence non-tops-only and
strategy-proof rules, and more restrictive ones that admit rules that treat all vot-
ers symmetrically and are easier to operationalize, both from the perspective of a
planner and voters by virtue of requiring only peak information on preferences.*
The paper is organized as follows. In Section 1.1 we provide a heuristic presen-
tation of our classification. In Section 2 we specify the model. The main results
are presented in Section 3. Section 4 contains a review of the literature, examples

and suggestions for future work. All proofs are gathered in an Appendix.

1.1 A HEURISTIC DESCRIPTION

We begin with an informal description of semi-single-peaked and semi-hybrid pref-
erences. Assume that a finite set of alternatives aq,...,a,, are located on a line
according to the natural order. Select an alternative az, call it a threshold and

assume that every preference with the peak distinct from az is single-peaked in

4For instance, as suggested by Bartholdi et al. (1989), it would be computationally hard
to detect a manipulation in a voting mechanism that depends too much on information of
preferences, whereas the imposition of tops-onlyness on the voting mechanism helps detect a

voter’s manipulation within a polynomial time via their Greedy-Manipulation algorithm.



the conventional sense up to the threshold and alternatives beyond az are ranked

lower than it. A typical semi-single-peaked preference is illustrated in Figure 1(a).

Figure 1: A semi-single-peaked preference and two semi-hybrid preferences

The description of a semi-hybrid preference in Figure 1(b) requires us to fix two
distinct thresholds a, and a,, which separate the line into three intervals: (a4, a,),
(ap,aq) and (a,,a,,). If the peak lies in (a1, a,) (an analogous condition holds
if the peak lies in (a,, a,,)), the single-peakedness condition only prevails in the
interval between the peak and the threshold a,, and the two thresholds a, and a,
are required to be top-ranked within (a,,a,) and (a,, a,,) respectively. In Figure
1(c), when the preference peak is located between two thresholds, a semi-hybrid
preference preserves no restriction of single-peakedness, but only keeps a, and a,
top-ranked within their intervals (a;,a,) and (a,, an,).

The remarkable feature of these two weakenings of single-peakedness that has
been hitherto unnoticed is that while they are much less structured than single-
peaked preferences, they nonetheless allow the design of strategy-proof rules that
are considerably more nuanced than, say a phantom voter rule of Moulin (1980)
and Border and Jordan (1983), in that they remain strategy-proof in spite of
depending on non-peak information.

We adopt the domain of semi-single-peaked preferences to exemplify this fea-
ture.® Given the line of Figure 1(a), we fix the threshold a; with k > 2, and con-
sider the domain of all semi-single-peaked preferences with respect to this choice
of threshold. We next make an observation that we refer to as (#): There exist
two preferences that have the same peak located in (as, a,,), and which disagree
on the relative ranking of a; and ay. Finally, we cut the edge between a; and ay

to separate the line into two parts (a;,a;) = {a;1} and (a9, a,,) and construct an

5A similar example can constructed on the domain of semi-hybrid preferences.
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SCF f :D?* — A which selects voter 1’s most preferred alternative when it lies in
(ag, an,), the alternative a; when both voters unanimously prefer it the most, and
voter 2’s preferred alternative between a; and as when voter 1’s preference peak

is a; and voter 2’s peak is located in (as, a,,), i.e.,

ri(Pr) if ri(Pr) € (az, am),
f(P17P2): a if?“l(Pl):alzﬁ(Pz),

max’?({ay,as}) if ri(P) = a; and 71 (Ps) € (a2, apm).

Clearly, f is unanimous by construction, and observation (#) above implies that f
violates the tops-only property. The strategy-proofness of f can be easily verified.

Of course the phantom voter rule where the phantom is located on the threshold
a;, in Figure 1(a) is strategy-proof, and is moreover a tops-only rule that obeys
invariance. This is the key feature that sets the semi-single-peaked domain apart
from semi-hybrid domains, for we prove that any rich non-dictatorial domain that
admits an invariant, tops-only and strategy-proof rule must be semi-single-peaked
(and vice versa), while the non-existence of such a rule implies a semi-hybrid
domain (and vice versa). Next we focus on domains that do not allow the design
of strategy-proof rules that are non-tops-only, and show that the classification
of non-dictatorial domains is refined respectively to single-peaked domains and

hybrid domains.

2 THE MODEL

Let A = {a,b,c,...} be a finite set of alternatives with |A|] = m > 3. Let
N = {1,...,n} be a finite set of voters with |[N| = n > 2. Each voter i has a
(strict) preference order P; over A which is the asymmetric part of a linear order.

For any a,b € A, aP;b is interpreted as “a is strictly preferred to b according to

6Rule f can be further simplified: f(Pp, Py) = r1(P1) if r1(Py) € {az,an), and f(P, Py) =
max®?({a1,as}) otherwise. Next, since all preferences are semi-single-peaked w.r.t. aj where
k > 2, observe that ay is second ranked in every preference with the peak a;. This observation
immediately ensures the strategy-proofness of the simplified version of f. We intentionally avoid
the simplified configuration of f in the main text so that the reader can easily compare f to its

generalization in Section 3.1.



P Let r(P;) denote the kth ranked alternative in P, for all k = 1,...,m. Given
a subset B C A® let max”*(B) and min®(B) respectively denote the most and
the least preferred alternatives in B according to P;. Two preferences P; and P/
are completely reversed if for all a,b € A, [aPb] < [bP!a]. Let P denote the
set containing all linear orders over A. The set of all admissible orders is a set
D C P, referred to as the preference domain.’ For notational convenience, let
D* = {P, € D : r(P;) = a} denote the set of preferences with the peak a, and
S(D*) ={b € A:b=ryP) for some P, € D*} collect all alternatives that are
second ranked in the preferences of D®. Accordingly, a domain D is minimally rich
if D* #£ () for every a € A. A preference profile P = (Py, ..., P,) = (P, P_;) € D"
is an n-tuple of orders where P_; represents a collection of n —1 voters’ preferences
without considering voter .

A Social Choice Function (or SCF) is a map f : D" — A. At every profile
P e D", f(P) is referred to as the “socially desirable” outcome associated to this
preference profile. An SCF f : D" — A is unanimous if for alla € A and P € D",
we have [r1(P;) = a for all i € N] = [f(P) = a]. Henceforth, we call a unanimous
SCF a rule. An SCF f: D" — A is strategy-proof if for alli € N, P,, P/ € D
and P_; € D!, we have either f(P,, P_;) = f(P!,P_;) or f(P;, P_;,)P,f(P/, P_;).
In particular, an SCF f : D" — A is anonymous if for all (P,...,P,) € D"
and permutations o : N — N, we have f(P,...,P,) = f(Poq),---, Poy)- A
prominent class of SCFs is the class of tops-only SCFs. The value of these SCF's at
every preference profile depends only on voters’ peaks. Formally, an SCF f : D" —
A satisfies the tops-only property if for all P, P’ € D", we have [ri(P;) = r(F))
for all i € N] = [f(P) = f(P')].

Dictatorships are rules that are tops-only and strategy-proof on arbitrary do-
mains. Formally, an SCF f : D" — A is a dictatorship if there exists i € N

such that f(P) = r(P;) for all P € D". In particular, given a non-empty subset

“In a table, we specify a preference “vertically”. In a sentence, we specify a preference “hori-
zontally”. For instance, P; = (abc - --) represents that a is the top, b is the second best, ¢ is the

third ranked alternative while the rest of rankings in P; are arbitrary.
8Throughout the paper, C and C denote the strict and weak inclusions respectively.
YWe call P the universal domain. When D # P, D is referred to as a restricted domain.
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B C A, we say that an SCF f : D" — A behaves like a dictatorship on B if
there exists i € N such that f(Py,..., P,) =ri(F;) for all (Py,...,P,) € D" with
ri(P),...,m(P,) € B. The Gibbard-Satterthewaite Theorem shows that on the
universal domain, an SCF f: P" — A, n > 2, is a strategy-proof rule if and only
if it is a dictatorship. The same dictatorship characterization result also holds on
some restricted domains (see the literature listed in Section 4.1). We call a domain
D a dictatorial domain if every strategy-proof rule f : D" — A, n > 2, is a
dictatorship, and call any domain that admits a non-dictatorial strategy-proof rule
a non-dictatorial domain. It is clear that a domain that admits an anonymous
and strategy-proof rule is a non-dictatorial domain. Conversely, a non-dictatorial
domain may not admit an anonymous and strategy-proof rule. Last, a domain D is
a tops-only domain if every strategy-proof rule f : D" — A n > 2, satisfies the
tops-only property. Clearly, the set of tops-only domains includes all dictatorial

domains and many non-dictatorial domains.

2.1 GRAPHS

Let G4 = (A, E4) denote a undirected graph where A is the vertex set and £4 is
the set of edges.'® A path in G* is a sequence of non-repeated vertices (z1,. .., ;)
such that (zy,71) € EAforallk =1,...,t—1. The graph G* is connected if for
every pair of distinct vertices, there exists a path connecting them. Given a € A,
let N4(a) = {b € A: (a,b) € EA} denote the set of alternatives that are neighbor
to a in the graph G*. Let Ezt(G*) = {z € A : [N*(z)| = 1} denote the set of
extreme vertices. Given a subset B C A, let GP = (B, £P) denote the subgraph
of G# where the vertex set is B and the edge set is £8 = {(a,b) € €4 : a,b € B}.

A tree T4 = (A, E4) is a connected graph where each pair of distinct vertices
is connected by a unique path. Given z,y € A, let (z,y|T*) denote the unique
path connecting = and y in 74.!! Fix a subset B C A such that the path between

any two alternatives of B is also included in B, i.e., [a,b € B] = [{a,b|T*) C B].

19Tf (a,b) € £4, then a # b and (b, a) € £4.
UFor notational convenience, we also use (x,y|7“) to denote the set of alternatives in the

path between x and y. We also call (x,y|T4) the interval between z and y in T4.
8



Then, the subgraph 72 = (B, £P) is also a tree. Furthermore, given a € A, if
a € B, it is evident that the projection of a on T® is itself; otherwise, there exists
a unique o’ € B such that @’ € {(a,b|T*) for all b € B, which can be viewed as
the projection of @ on T2. Accordingly, let Proj(a, T?) denote the projection of
a on the subtree 72. A line is a particular tree which has exactly two extreme
vertices. Throughout the paper, we fir LA = (a1,...,a,) to be the line where
(ap,arpy1) is an edge for all k = 1,...,m — 1. Given a tree T and two distinct
alternatives z,y € A, we fix the set A"V = {z € A: x € (2,y|T*)} to include
every alternative whose path to y always goes through z. Therefore, 74" is a

subtree nested in 74. We use the diagram of Figure 2 to illustrate.

8
S
[ Rwpl
o=

Figure 2: Four subtrees 747", 7477 74" 74" and an interval (a, b|7*)

2.2 RICHNESS CONDITION

Fix a domain D. First, two alternatives a,b € A are adjacent, denoted a ~ b,
if there exist P;, P/ € D such that ri(P;) = ro(P/) = a, m(P!) = r(P;) = b
and 1(P;) = rp(P!) for all k = 3,...,m. According to D, we construct a graph
G4 = (A, £4) where the vertex set is A and two alternatives a, b € A form an edge
if and only if a ~ b, i.e., E2 = {(a,b) € A% : a ~ b}. We call G2 an adjacency
graph. Then, domain D is said path-connected if G* is a connected graph.
Clearly, path-connectedness implies minimal richness. We further require ID satisfy
extreme-vertex symmetry, that is, given € Ezt(G41) and (x,y) € &4, if
|S(D?)| > 1, there exists z € S(D®) such that z € S(D?) and z # y.'* Throughout

the paper, we assume that the domain in question is path-connected and satisfies

L21f Ext(GA) = 0, or Ext(G2) # 0 and |S(D?)| = 1 for all 2 € Ext(G4), domain D satisfies

extreme-vertex symmetry vacuously.



extreme-vertex symmetry. Moreover, we say that a domain D is rich if it is path-
connected, satisfies extreme-vertex symmetry, and in addition includes a pair of

completely reversed preferences.

2.3 SINGLE-PEAKED AND HYBRID PREFERENCES

In this section, we introduce two important preference restrictions, single-peakedness
and hybridness. Single-peaked preferences were discovered by Black (1948) as a
way of avoiding the Condorcet paradox. Demange (1982) generalized Black’s no-
tion to single-peakedness on a tree and showed that majority voting continued to

deliver a Condorcet winner.

DEFINITION 1 Fizing a tree T4, a preference P; is single-peaked on T if for
all distinct a,b € A, we have [a € (ri(P,),b|T*)] = [aP;b]. Let Dsp(T*) denote
the single-peaked domain which includes all single-peaked preferences on TA.

A domain D is called a single-peaked domain if there exists a tree T such

that D Q ]D)SP(TA).

If a single-peaked domain D C Dgp(7T*) is path-connected, its adjacency graph
is identical to the underlying tree T4, i.e., G4 = T4. The single-peaked domain
Dgp(T4) is naturally a path-connected domain, vacuously satisfies extreme-vertex
symmetry,'® and it includes a pair of completely reversed preferences if and only
if 74 is a line.

A hybrid preference is a generalization of a single-peaked preference which
allows some freedom on the rankings of certain alternatives. Given a tree T4, we
consider two distinct alternatives a and b that completely separate T4 into the
interval (a, b|T*) and the two subtrees 74" and T4"" (recall Figure 2)."* Thus,
we have Proj(c, (a,b|T4)) € {a,b} for all ¢ € A\(a,b|T*). We fix such a pair a
and b and call them thresholds in 74.*> The interval (a,b|T*) can be viewed

BFor all # € Ext(GA) = Ext(T4), |S(Dsp(T4)*)| = 1.
1Tf we refer to x and y in Figure 2, the combination of the interval (z,y|7%) and subtrees

TA and T2 does not recover T4 as the branch attached to the interior of (z,y|T4) is

not covered.
5Note that if @ and b form an edge in 74, they are naturally thresholds.
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as a “free zone” for a hybrid preference. A hybrid preference preserves single-
peakedness on the two subtrees T4 and TAIHQ, but allows the alternatives in
the free zone to be arbitrarily ranked with respect to each other, subject to the

maximum ranking of a (respectively, b) when the preference peak is located in

TA" (respectively, T4 ).16

DEFINITION 2 Fizing a tree T4 and two thresholds a,b € A, a preference P; is

(a,b)-hybrid on T4 if it satisfies the following two conditions:

(i) P; is single-peaked on TA and TA", i.e., for all distinct y,z € A°b or
y,z € A7, [y € (r(P), 2|T*)] = [yPiz], and

(ii) [ri(P) € A""\{a}] = [max" ({a,b]T*)) = a] and
[ri(P;) € A"=\{b}] = [max” ({a,b]T*)) =b].

Let Dy (T4, a,b) denote the hybrid domain which includes all (a,b)-hybrid pref-
erences on TA. A domain D is called an (a,b)-hybrid domain on T if
D C Du(T*,a,b), [{a,b|T*)| > 3,'7 and there exist no tree T4 and thresholds
a,b € A such that D C Dy(T4,a,b) and (EL,[A)W\’A) C {a,b|T4).2® In particular,
D is said to be non-degenerate if either A~ # {a} or A= = {b} holds, and

degenerate otherwise.

We simply call D “a hybrid domain” if there exist a tree 74 and thresholds
a,b € A such that D is an (a, b)-hybrid domain on 74.%

16The idea of a hybrid preference originates from the multiple single-peaked domain of Reffgen
(2015). Achuthankutty and Roy (2020) and Chatterji et al. (2020) establish the formal definition
of a hybrid preference on a line, and study strategy-proof rules and strategy-proof random SCF's

respectively on the hybrid domain.
Y7If |{a, b|T4)| = 2, then Dy (T4, a,b) = Dgp(T4). In order to separate the definitions of the

hybrid domain and the single-peaked domain, we impose ‘(a, b\TAH > 3.

18The notation (@, b[74) C (a,b|T*) concerns with the inclusion relation between the two

subsets of alternatives, not the inclusion relation between the two graphs of intervals.
YEvidently, the hybrid domain Dg (7%, a,b), where |(a,b|T4)| > 3, is an (a, b)-semi-hybrid

domain on T4. Conversely, in most cases, an (a, b)-semi-hybrid domain on 74 is strictly included

in the hybrid domain Dy (74, a,b).
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The hybrid domain Dy(74, a,b), where |(a,b|T4)| > 3, is naturally a path-
connected domain, vacuously satisfies extreme-vertex symmetry,?° and it includes
a pair of completely reversed preferences if and only if 74 is a line.

We provides three diagrams to illustrate a single-peaked preference and two

hybrid preferences on the line £4.

P;
|
|
|
|

ay ak ag Am ax ag ap Qg am

() (b)

Figure 3: A single-peaked preference and two hybrid preferences on £4
2.4 SEMI-SINGLE-PEAKED AND SEMI-HYBRID PREFERENCES

Next, we weaken single-peakedness and hybridness to the notions of semi-single-
peakedness introduced by Chatterji et al. (2013) and semi-hybridness respectively.
One observes immediately the weakening by comparing the three diagrams of

Figure 1 to their counterparts in Figure 3.

DEFINITION 3 Fizing a tree T4 and an alternative T € A which is called a thresh-
old, a preference P; is semi-single-peaked on T w.r.t. T if it satisfies the

following two conditions:
(i) for all distinct a,b € (ri(P;), z|T?), [a € (ri(F),b|T*)] = [aPb], and
(ii) for all a & (ri(P,),z|T*), [Proj (a, (ri(F;),z|T*)) = | = [d'Pal.

Let Dgsp(T4,%) denote the semi-single-peaked domain which includes all
semi-single-peaked preferences on T4 w.r.t. Z. A domain D is called a semi-
single-peaked domain if there exist a tree T2 and a threshold T € A such that

D C Dgsp(T4, 7).

WLet Ext(G2) # 0. Then Dg(T4,a,b) must be non-degenerate. Given an arbitrary = €
Ext(GA), it is true that z € Ext(T2" )\{a} or z € Ext(TA" ")\{b} which implies = €
Ext(T*) and x ¢ {a,b}. Consequently, we have |S(Du(T*,a,b)*)| = 1.

12



The semi-single-peaked domain Dggp(7 4, Z) is naturally a path-connected do-
main, and it includes a pair of completely reversed preferences if and only if
INA(z)| < 2.2 Given a path-connected domain D C Dggp(T4, Z), it is true
that G4 = T4, and moreover D satisfies extreme-vertex symmetry if and only if
either 7 ¢ Ext(T4), or & € Ext(T#) and D C Dgsp(T4, z) N Dsgp (T4, z) where
NA(7) = {x}.22 Clearly, Dsp(T*) = Nzea Dssp (T4, 7).

DEFINITION 4 Fizing a tree T4 and two thresholds a,b € A, a preference P; is

(a,b)-semi-hybrid on T4 if it satisfies one of the following three conditions:

(i) given r(F) € A"\{a},

— P, is semi-single-peaked on TA wrt. a, i.e., for all distinct x,y €
(ri(By),a|TA"Y, [z € (Tl(B),y]TAaAbﬂ = [xPy], and for all x €
A0\ (ry (B, a| T2, [ Proj (=, <7’1(Pi),a|7'APb)) =1'] = [2/Pal.

— max’ ({a,b|T*)) = a and max®(A*=*) =b.
(ii) given ri(P;) € A*=o\{b},

— P; 1s semi-single-peaked on TA™" w.r.t. b, i.e., for all distinct x,y €
(n(P).TA™), [o € (n(P).y|TA™)] = [Pyl. and for all z €
AP\ (ry (P), b T, [Proj (z, (ri(By), 0| TA™)) = a'] = [2' Pa).

— max’ ((a,b|T*)) = b and max(A*~") = a
(iii) given r1(P;) € {a,b|T4), max’(A*~) = a and max"i(A*~?) = b.

Let Dsu(T#,a,b) denote the semi-hybrid domain which includes all (a,b)-
semi-hybrid preferences on TA.% A domain D is called an (a,b)-semi-hybrid

domain on T4 if the following three conditions are satisfied:

21See Clarification 1 of Appendix G.
22Gee Clarification 2 of Appendix G.
23When we write the notation Dgy (74, a,b), both |(a,b|T4)| = 2 or [{a,b|T4)| > 3 are

admissible.
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(1) D C Dsu(TH,a,b) and |{a,b|T4)| >3,

(2) there exist no tree T and thresholds a,b € A such that D C Dgy(T4, a, b)
and <d,l;|7A‘A> C {a,b|T?), and

(3) there exists no T4 such that D C ]D)SSP(?A, a) orD C ]Dssp('?A, b).?

In particular, D is said to be non-degenerate if either A~ # {a} or A®=® £ {b}

holds, and degenerate otherwise.

We simply call D “a semi-hybrid domain” if there exist a tree 74 and thresholds
a,b € A such that D is an (a, b)-semi-hybrid domain on 74.%6

The semi-hybrid domain Dgy(74,a,b), where |{a,b|T4)| > 3, is naturally
a path-connected domain, vacuously satisfies extreme-vertex symmetry, and it
includes a pair of completely reversed preferences if and only if we have [A%~? #
{a}] = [a € Ext(TA")] and [AP~0 # {b}] = [b € Ext(TA )% Clearly,
Dy (T4, a,b) C Deu(T4, a,b).

Given an arbitrary path-connected domain D C Dgy (74, a, b), note that GA™ =
TA GAT = 747" and that the adjacency subgraph GladTH) may be signif-
icantly different from the interval {a,b|74) in 74.2® We provide an example to

illustrate.

EXAMPLE 1 Let A = {ay, as, a3, ay, as, ag}. We specify 14 preferences of a domain
D C Dsu(LA, a, ag) in Table 1. The line £4, interval (as, ag|£4), adjacency graph

G2 and adjacency subgraph Gloza6lLh) are all specified in Figure 4, respectively.

24If | <a, b|TA>| = 2, then ]D)SH (TA, a, b) = ]D)ssp (TA, CL) N Dssp (TA, b)
25In particular, if domain D is path-connected, to verify this condition, it suffices to show that

either G4 is not a tree, or G4 is a tree and neither D C Dggp (G2, a) nor D C Dggp(GA, b) holds.

Example 1 below provides an instance where this condition is violated.
*Evidently, the semi-hybrid domain Dsu (7%, a,b), where |(a,b|T*)| > 3, is an (a, b)-semi-

hybrid domain on 74. Conversely, in most cases, an (a, b)-semi-hybrid domain on 74 is strictly

contained in the semi-hybrid domain Dsy (74, a, b).
2TFor instance, in Figure 2, we have A9t # {a} and a € Ext(TA""), whereas AV= #£ {y}

and y ¢ Ext(TA""). The detailed verification is put in Clarification 3 of Appendix G.
28The graph GSf“HTA) has the vertex set (a,b|7*), and therefore is a subgraph of G4.
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PP P Py P B PP R Py Py Py P Pz Py
ap a1 ap az G dasz a4 G4 A4 A3 as Qe Qg az
Gz Gz a4z a1 G4 Qa4 G2 a3 A5 (4 Gg as a7 Qe
a3 as; a4 G4 a1 Az a1 G2 Az  4j Gy Q4 as as
ay a4 ag a3z a3z ap az a1 Az G as as Gy Gy
as a3 as as G das Gag Gz A1 a1 45 a2 as as
g G Ag G G5 A A5 G dg  Gg 51 ai a2 a2
ar ar ay ay ay ay ay ary ary 4y az az ay 451

Table 1: Domain D

ai az as aq as ae ar az as aq as ag
Line £4 Interval (ag, ag|£4)
as as
ai az aq as ae ar a2 aq as ae
. A . A
Adjacency graph G2 Adjacency subgraph Glazaslt?)

Figure 4: Line, interval, adjacency graph and adjacency subgraph

Domain D is path-connected according to the adjacency graph G4 of Figure 4.
Preferences P; and P4 are complete reversals in ). Domain D vacuously satisfies
extreme-vertex symmetry since |S(D*)| = 1 for all z € Ext(G2) = {a1, a3, ar}.
Hence, D is a rich domain. One immediately notices the difference between the
interval (as, ag|£*) and the adjacency subgraph Glazasl£?) i Figure 4.

Next, we show in Clarification 4 of Appendix G that there exist no tree TA
and thresholds @,b € A such that D C Dep(T4, a,b) and (a,b|T4) C (as, ag|L4).
However, D violates condition (3) of Definition 4 since it is also semi-single-
peaked on the tree G4 of Figure 4 w.r.t. as. If we add two preferences: Pj5 =
(a3 ag ag as arazay) and Pig = (ag as as aq ag as az), which are (ag, ag)-semi-hybrid
on £4 as well, the new domain D=DuU {P5, Pig} turns to meet condition (3) of

Definition 4, and hence becomes a rich (as, ag)-semi-hybrid domain on £4.2° O

29The adjacency graph of D remains to be G4 of Figure 4. Domain D continues to satisfy
extreme-vertex symmetry: (i) Ext(G2) = {ay,a3,a7}, (ii) |S(]f))“1)\ =1 and |S(]]A)“7)| =1, and
(iii) given (as3,a4) € 2, we have S(Iﬁ)“?’) = {ay4,a6}, ag € S(Iﬁ)%) and ag # ay4. Preference Pi5

(or Pig) indicates that D is never semi-single-peaked on the tree G2 w.r.t. as, while P; indicates

that D is never semi-single-peaked on the tree G4 w.r.t. ag.
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2.5 AN AUXILIARY PROPOSITION

We identify here a condition on a semi-hybrid domain which is necessary and

sufficient for all strategy-proof rules to behave like dictatorships on the “free zone”.

DEFINITION 5 Fizing a tree T4 and two thresholds a,b € A, a domain D C
Dsu (T4, a,b) is non-trivial on (a,b|T4) if either Ext(GeMT") =0, or

Ext(fo’b|TA>) #+ 0 and the following three conditions are satisfied: given x €
Ext(G “’b|TA>) and (z,y) € ELUTY,

~

(i) if x ¢ {a,b}, there exists P; € D* such that ro(P;) # vy,

(ii) if z = a, there exists P; € D such that r(P;) € A*~" and
mas” (o, BTN\ {a}) £y, and

(iii) if # = b, there exists P; € D such that r(P;) € A*™% and
masc” (o, BITANB}) # .

It is evident that the semi-hybrid domain Dgy (74, a,b), where |{a, b|T4)| > 3,
is non-trivial on (a, b|T4) since any two distinct alternatives of (a, b|T*) are adja-
cent and hence Ext(G@!T")) = (. Next, we recall domain D = D U {Py5, Pig} C
Dsu (LA, az, ag) of Example 1 to illustrate the non-trivialness condition. Accord-
ing to the adjacency subgraph GlazaslL?h) of Figure 4, note that East(G’ﬁ?Q’“f“LA>) =
{as, as,as}. First, condition (i) of Definition 5 is satisfied by preference Pis, i.e.,
given (as,as) € 0%/ we have r1(Py5) = as and r5(Pys) = ag # as. Next,
preference P, meets condition (ii) of Definition 5, i.e., given (ay,ay) € E@2l£%),
we have 7 (P,) = a; € A®7% max! (<a2,@6’EA>\{a2}) = a3 # ay. Last, prefer-
ence Pyg satisfies condition (iii) of Definition 5, i.c., given (ag, as) € £92961£Y) | we

have r1(Pig) = ag € A7 and max™® ((as, ag|L*)\{as}) = a3 # as.

AN AUXILIARY PROPOSITION Fizing a tree T4 and two thresholds a,b € A, let
domain D C Dgu (T4, a,b) be path-connected and satisfy extreme-vertex symmetry.
Then, every strategy-proof rule f : D™ — A, n > 2, behaves likes a dictatorship on
(a,b|T4) if and only if D is non-trivial on (a, b|T4).

The proof of the Auxiliary Proposition is contained in Appendix A.
16



REMARK 1 Let domain D C Dgy (74, a, b) be path-connected and satisfy extreme-
vertex symmetry. If I is non-trivial on {(a,b|T%), it is easy to show that D meets
conditions (1) and (3) of Definition 4, while the sufficiency part of the Auxiliary
Proposition implies that I satisfies condition (2) of Definition 4.3 Therefore, D is
an (a, b)-semi-hybrid domain on 74. Conversely, a rich semi-hybrid domain may

not be non-trivial on its “free zone”.
tb t 1 ts “f ” 31 O

REMARK 2 Aswal et al. (2003) introduced a domain condition called the unique
seconds property, which says that given a domain D, there exists x € A such
that |S(D*)| = 1, and showed that it is sufficient for a domain to be a non-

32

dictatorial domain. A semi-single-peaked domain by definition satisfies the

unique seconds property.>> Given a tree 74 and two thresholds a,b € A, let
D C Dgy(T4,a,b) be path-connected. If A*~* # {a} or A~ # {b}, then D
satisfies the unique seconds property by the definition of (a, b)-semi-hybridness on
TA34If A*=P = {a} and A~ = {b}, then D satisfies the unique seconds property

if and only if it violates the non-trivialness condition on (a, b|74).% O

As mentioned earlier, the unique seconds property is sufficient for non-dictatorial
domains. Conversely, consider a non-dictatorial domain D which is assumed to
be path-connected and satisfy extreme-vertex symmetry. Note that D C P =
Dsu(LA, a1, a,,). Thus, as a non-dictatorial domain, there exists a strategy-proof
rule which does not behave like a dictatorship on A = (ay, a,,|£*). Then, the

Auxiliary Proposition implies that D violates the non-trivialness condition on

30Gee the detailed verification in Clarification 5 of Appendix G.

31For instance, domain D of Example 1, as an (ag, ag)-semi-hybrid domain on the line £4,
violates the non-trivialness condition on (ag,as|L4): given Ext(Gﬁ?Q’“G‘TA>) = {as,as,as},
we have (1) (as,a4) € glazaslTh and S(M) = {aq}, and (2) (ap,a5) € glaz.asIT*) and
max? ((ag,a6|TA>\{a6}) = a5 for all P; € D with r; (Pl) € {a67a7} = A%—az,

32 Also see the inseparable top-pair property introduced by Kalai and Ritz (1980).

33Given a domain D C Dggp(T4,7), it is clear that |Ext(T4)| > 2. If ¢ Ext(T4), then
|S(D®)| = 1 for all z € Ext(T4). If € Ext(T#), then |S(D®)| = 1 for all z € Ext(T4)\{z}.

3Gince A0 #£ {a} or A*™* #£ {b}, we have Ext(T*)\{a,b} # 0 and [S(D*)| = 1 for all
r € Ext(T4)\{a,b}.

35See Clarification 6 of Appendix G. In the end of Clarification 6 of Appendix G, we provide

an example of a rich degenerate semi-hybrid domain that satisfies the unique seconds property.
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{ay,a,|L4), and hence satisfies the unique seconds property by Remark 2. Thus,
the Auxiliary Proposition helps us identify the exact boundary between dictato-
rial and non-dictatorial domains in our framework; the boundary is defined by the

unique seconds property.

COROLLARY 1 Let domain D be path-connected and satisfy extreme-vertex sym-
metry. Then, D is a non-dictatorial domain if and only if it satisfies the unique

seconds property.

We demonstrate Corollary 1 using the diagram of Figure 5.

Dictatorial Domains Non-dictatorial Domains

]
The Unique Seconds Property

Domains satisfying path-connectedness and extreme-vertex symmetry
Figure 5: A characterization of non-dictatorial domains

REMARK 3 Roy and Storcken (2019) provide another domain richness assumption
which contains three conditions, and show that the unique seconds property is
necessary and sufficient for non-dictatorial domains.*® Path-connectedness implies
their first and third conditions, and is easier to verify. extreme-vertex symmetry
significantly weakens their second condition as it only concerns the extreme vertices
in the adjacency graph. This weakening is meaningful and is critical to our analysis
as it accommodates the class of semi-single-peaked domains, which however is ruled

out by their second condition. O

36Let D be a rich domain of Roy and Storcken (2019). To meet their first condition, for all
distinct a,b € A, there exists a sequence of alternatives {x1,...,z,} such that 1 = a, z, = b,
and for all 1 < k < v, z € S(D"+1) and x4 € S(D™). The second condition requires that
for all a,b € A, [a € S(D®)] & [b € S(D?)]. The third condition says that given a,b,c € A with
a € S(DY), b € S(D?) NS(D°) and ¢ € S(D?), there exist two preferences P; € D* and P} € D¢

such that given d € A with dP;c and dP/a, we have dP/'a or dP/'c at some preference P}’ € Db.
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3 RESuULTS

3.1 NON-TOPS-ONLY RULES AND CRITICAL SPOTS

We introduce a rule that on a semi-single-peaked (respectively semi-hybrid) do-
main can extract non-peak information from some preference profiles while re-
maining strategy-proof, and identify critical spots as configurations that allow
such rules to arise. These critical spots vanish if and only if the domain is refined
to be single-peaked (respectively hybrid).

Fix a tree 74. Given a preference profile P, we construct the following set
I'(P) ={ae€A:ac (r(PR),r(P)|T*) for some i,j € N} which includes all
voters’ preference peaks and alternatives that are located between voters’ pref-
erence peaks. Thus, 7T®) is the minimal subtree nested in 74 that covers all
voters’ preference peaks. Then, we construct a rule on 74 according to one edge
(z,y) which separates T4 into two subtrees 74" " and 74" ", We fix two distinct
voters 1,7 € N. First, at each preference profile, the social outcome equals voter

y—

1’s most preferred alternative if it belongs to AY—*. Next, if both voters ¢ and j
have preference peaks in A*~Y, the social outcome is the projection of z on the
minimal subtree of the preference profile. Last, when the two most preferred al-
ternatives of voters 7 and j lie respectively in A*~Y and AY~*, the social outcome

varies according to voter j’s preference over x and .

DEFINITION 6 An SCF f :D" — A is a Possibly Non-Tops-only (or PNT)
SCF on a tree T w.r.t. an edge (z,y) if there exist distinct i, € N such that

r1(F;) ifr(P;) € Av—7,
f(P)=q Proj (z, T"®) if ri(P) € A*~¥ and ry(P;) € A*Y,
max’i ({z,y}) ifri(P) € A"V and ri(P;) € AV,
By construction, a PNT SCF is unanimous and will henceforth be referred to
as a PNT rule. A PNT rule defined on a minimally rich domain by construction
is non-dictatorial and generalizes the constructed non-dictatorial rule associated

with the unique seconds property.?” Moreover, the following fact generalizes the

37TFix a domain D which satisfies the unique seconds property, say S(D*) = {y}. We construct
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heuristic example in Section 1.1 and pins down the necessary and sufficient con-

dition for PNT rules to be strategy-proof and non-tops-only.

FACT 1 Fiz a minimally rich domain D, a tree T4 and an edge (x,y). For all
n > 2, the PNT rule f : D" — A on T4 w.r.t. (x,y) is strategy-proof if and only
if the following two conditions are satisfied: for all P; € D,

(i) given r(P;) € A=Y, P, is semi-single-peaked on T w.r.t. y, and
(ii) given r1(P;) € AV~ max!i(A*™Y) = .

Moreover, the PNT rule f : D* — A on T4 w.r.t. (x,y) violates the tops-only

property if and only if an additional condition is satisfied:
(ili) there exist P;, P! € D such that r(P;) = ri(P)) € A%, yPx and xP]y.

The proof of Fact 1 is contained in Appendix B.

Given a domain D and a tree T4, we call an edge (z,y) a critical spot, if all
conditions (i), (ii) and (iii) of Fact 1 are satisfied. The proposition below shows that
the existence of a critical spot is necessary and sufficient for distinguishing a semi-
single-peaked domain from a single-peaked domain (respectively distinguishing
a semi-hybrid domain from a hybrid domain), and therefore each critical spot

supports a strategy-proof PNT rule that violates the tops-only property.

PROPOSITION 1 Fizing a path-connected domain D and a tree T2, the following

two statements hold:

(i) Given D C Dgsp(T4,Z) for some threshold € A, we have D € Dgp(T4) if
and only if there exists a critical spot. Therefore, if D ¢ Dgp(T#), it admits

a non-tops-only and strategy-proof rule.

(ii) GivenD C Dsu (T4, a,b) for some thresholds a,b € A, we have D ¢ Dy (T4, a,b)
if and only if there exists a critical spot in TATY o TAT, Therefore, if

D¢ Dy (T4, a,b), it admits a non-tops-only and strategy-proof rule.

The proof of Proposition 1 is contained in Appendix C.

aline £L = (z,y,...) over A. Then, the PNT rule on £ w.r.t. the edge (z,y) is identical to rule

() in Appendix A, which is constructed according to the unique seconds property.
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3.2 A CLASSIFICATION OF NON-DICTATORIAL DOMAINS

In this section, we establish a classification of non-dictatorial domains using the
notions of semi-single-peakedness and semi-hybridness. We do so by introducing
a pair of completely reversed preferences to the domain and introducing a new
axiom on a two-voter SCF, invariance, which requires that the SCF choose the
same alternative at the two profiles where the voters are endowed with the two
completely reversed preferences. We next refine the classification to single-peaked
domains and hybrid domains on the line £4 by requiring additionally that the
domains in question be tops-only domains. Finally, we investigate all tops-only
and strategy-proof rules (either invariant or not) on rich non-dictatorial domains.

Henceforth, we fix P, and P; as two completely reversed preferences included in

every rich domain we hencefort investigate, and moreover we fiz P, = (ay - -+ ag apeq - - -

and P; = (G + - - ags1 ag - - - ap) by relabelling alternatives as necessary.>8

DEFINITION 7 Given a domain D, let P;, P; € D. Then, an SCF f : D?> — A is
invariant if we have f(P,, Py) = f(P1, P,).
Clearly, invariance is weaker than anonymity in a two-voter SCF.

The following is the main result of the paper.

THEOREM Let D be a rich non-dictatorial domain. Then, the following two state-

ments hold:

(i) There exists an invariant, tops-only and strategy-proof rule if and only if D

15 a semi-single-peaked domain.
(ii) There exists no invariant, tops-only and strategy-proof rule if and only if D

1s a semi-hybrid domain and satisfies the unique seconds property.

The proof of the Theorem is contained in Appendix D.

REMARK 4 The Theorem refines the characterization of non-dictatorial domains
obtained in Corollary 1 by showing that all non-dictatorial rich domains can be

classified into one of the three variants illustrated in Figure 6 below:

38In preferences P, and P;, we have apP;ar+1 and ak.HPiak forallk=1,...,m—1.
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Non-dictatorial Domains

Invariance
L

l
1 Semi-single-peaked Domains
l
T

Degenerate Non-degenerate

l
Dictatorial Domains !
l

l
Semi-hybrid Domains : Semi-hybrid Domains
T

T
The Unique Seconds Property

Rich Domains

Figure 6: A classification of rich non-dictatorial domains
First, semi-single-peaked domains are sorted out according to Statement (i) of the
Theorem as the unique ones that admit an invariant, tops-only and strategy-proof
rule, while every other rich non-dictatorial domain is shown by Statement (ii) of the
Theorem to be an (a, b)-semi-hybrid domain on a tree 74 that satisfies the unique
seconds property. Moreover, the proof of Statement (ii) shows that the rich semi-
hybrid domain in question must force every tops-only and strategy-proof rule to
behave like a dictatorship on the “free zone” {(a, b|T*). Such a semi-hybrid domain
can be either non-degenerate or degenerate. If it is non-degenerate, then it admits
a tops-only and strategy-proof rule that is non-dictatorial (see the rule specified in
the verification of Claim 4, Lemma 24, Appendix D). If it is degenerate, then we
have (a,b|T4) = A (see for instance Example 5 in Clarification 6 of Appendix G),
and hence every tops-only and strategy-proof rule is a dictatorship; however the
unique seconds property ensures the existence of a non-dictatorial strategy-proof
rule. More specifically, in this latter case, all non-dictatorial strategy-proof rules
inevitably violate the tops-only property, and hence a non-tops-only and strategy-
proof rule is called upon to satisfy the non-dictatorial-domain hypothesis, e.g., the

PNT rule associated with the unique seconds property (see footnote 37). U

REMARK 5 The Theorem and its proof imply that given a rich domain D C
Dsu(T4, a,b), every tops-only and strategy-proof rule behaves like a dictatorship
on {(a,b|T4) if and only if D is an (a, b)-semi-hybrid domain on 74.3 O

REMARK 6 Chatterji et al. (2013) have shown that on a path-connected domain,
semi-single-peakedness is implied by the existence of an anonymous, tops-only
and strategy-proof rule with an even number of voters. On our rich domain,

the Theorem strengthens their result as it implies that regardless of the number

39Gee the detailed verification in Clarification 7 of Appendix G.
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of voters, semi-single-peakedness is necessary for the existence of an anonymous,

tops-only and strategy-proof rule.*’ d

If we further restrict the rich non-dictatorial domains in question to be tops-
only domains, the classification is refined in the following three ways: (i) degen-
erate semi-hybrid domains that exogenously satisfy the unique seconds property
are explicitly excluded from the classification as they admit non-tops-only and
strategy-proof rules (recall Remark 4), (ii) non-degenerate semi-hybrid domains
are refined to non-degenerate hybrid domain on the line £4 (by statement (ii) of
Proposition 1 and by the existence of the two completely reversed preferences),
and are strengthened to satisfy the non-trivialness condition on their own “free
zones” by the Auxiliary Proposition, and (iii) semi-single-peaked domains are re-
fined to be single-peaked on the line £4 (by statement (i) of Proposition 1 and by
the existence of the two completely reversed preferences). Furthermore, we show
that single-peakedness and non-trivial hybridness on £4 are also sufficient for a

rich domain to be a tops-only domain.

COROLLARY 2 Let D be a rich non-dictatorial tops-only domain . Then, the

following two statements hold:

(i) There exists an invariant and strategy-proof rule if and only if D is a single-

peaked domain on LA.

(ii) There exists no invariant and strategy-proof rule if and only if D is a non-

trivial and non-degenerate hybrid domain on L4,

Moreover, given a rich domain D, it is a tops-only domain if and only if it is

single-peaked or non-trivially hybrid on LA.

401 et a rich domain D admit an anonymous, tops-only and strategy-proof rule. Clearly, D is a
non-dictatorial domain. Suppose that D is not semi-single-peaked. Statement (i) of the Theorem
first implies non-existence of an invariant, tops-only and strategy-proof rule. Then, statement
(ii) implies that I is an (a, b)-semi-hybrid domain on a tree 74, and Remark 5 implies that every
tops-only and strategy-proof rule behaves like a dictatorship on (a,b/7“). This contradicts the

hypothesis that D admits an anonymous, tops-only and strategy-proof rule.

23



The proof of Corollary 2 is contained in Appendix E.
We use another diagram to illustrate the classification of rich non-dictatorial

domains refined by Corollary 2.

Non-dictatorial Domains

Invariance
L

Non-trivial and Non-degenerate ' A
I Single-peaked Domains on £

Hybrid Domains on £4 '

|
Dictatorial Domains !
l

T T
The Unique Seconds Property

Rich Tops-only Domains

Figure 7: A classification of rich non-dictatorial tops-only domains

REMARK 7 In the literature, specific restricted domains have been verified to be
tops-only domains, and general sufficient conditions have been introduced for es-
tablishing tops-only domains (see the literature review in Section 4.1). Apart from
providing a sufficient condition for tops-only domains, Corollary 2 more impor-
tantly utilizes the classification result to justify the necessity of single-peakedness
and hybridness in establishing tops-only domains; this in turn demonstrates the

salience of critical spots in supporting non-tops-only and strategy-proof rules. [

3.3 TOPS-ONLY RULES AND CHARACTERIZATIONS

In this section, we utilize our classification results to investigate the structure
of non-dictatorial tops-only and strategy-proof rules*! on the semi-single-peaked

domains and the semi-hybrid domains.*?

41'We have introduced one class of non-tops-only rules in Section 3.1, and identified the critical
spot on semi-single-peaked and semi-hybrid domains to support its strategy-proofness. Charac-
terizing all non-tops-only and strategy-proof rules on a rich non-dictatorial domains requires a

more thorough investigation of the domain and we leave it for future work.
420n the single-peaked domain Dgp (£4), Moulin (1980) characterized all strategy-proof rules

to be generalized median voter rules. On the hybrid domain ]DH(EA,ap, aq), where ¢ —p > 1,
Theorem 1 of Achuthankutty and Roy (2020) implies that each strategy-proof rule is a restricted
generalized median voter rule where one voter dictates on the interval (a,,a,|£*). The same
characterization results still hold on a rich single-peaked domain and a rich non-trivial hybrid

domain. The detailed proof can be provided on request.
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3.3.1 Projection rule

First, the fact below introduces a specific anonymous SCF, called the projection
rule (also see Thomson (1993) and Vohra (1999)), and states that semi-single-

peakedness is necessary and sufficient for its strategy-proofness.

FACT 2 Fizing a minimally rich domain D, a tree T4 and an alternative T € A,
let SCF f : D™ — A be a projection rule w.r.t. z, i.e., f(P) = Proj (:E,TF(P))
for all P € D". Then, f is a strategy-proof rule if and only if we have D C
Dssp (T4, 7).

The sufficiency part of Fact 2 follows exactly from the Theorem of Chatterji
et al. (2013), while the necessity part is implied by strategy-proofness of a two-
voter projection rule (see Lemma 14 in Appendix D), which can be directly induced
from an n-voter projection rule by separating all voters into two non-empty groups
and cloning all voters in the same group.

Corollary 1 of Bonifacio and Massé (2020) implies that the projection rule is
the unique anonymous, tops-only and strategy-proof rule on almost all semi-single-

peaked domains.*® This is formally stated below.

PROPOSITION 2 Fizing the semi-single-peaked domain Dssp (T4, 7), let 7 ¢ N4 (z)
for any x € Ext(T4). Then, an SCF f : [Dssp(T4,2)]" — A is an anonymous,

tops-only and strategy-proof rule only if it is a projection rule w.r.t. .

3.3.2  Hybrid rule

Next, the fact below introduces another specific non-dictatorial SCF, called the
hybrid rule, which is a hybrid of a dictatorship and two projection rules, and shows

that semi-hybridness is necessary and sufficient for its strategy-proofness.

43The detailed verification is contained in Clarification 8 of Appendix G.
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FACT 3 Fizing a minimally rich domain D, a tree T4 and two thresholds a,b € A,
let SCE f : D™ — A be a hybrid rule w.r.t. a andb, i.e., there exist a voter i € N

and two winning coalitions W2 WP=2 C N with i € W N W' such that

ri(P;) if 71 (P) € (a,b|TH),
f(P) =14 Proj(a, TF<PW‘H")) if r(P) € A2~"\{a},
Proj (b, T (Pwi—a)) if ry(P) € Ab=o\{p} 4

Then, given W=t £ {i} and WP # {i}, f is a strategy-proof rule if and only
if we have D C Dsy (T4, a,b).

The verification of the sufficiency part of Fact 3 is similar to the verification
of Claim 1 in the proof of Lemma 24 in Appendix D, while the necessity part is
implied by the strategy-proofness of a two-voter hybrid rule (see Lemma 21 in
Appendix D), which can be induced from an n-voter strategy-proof hybrid rule by
cloning all voters other than the one who dictates on the interval (a, b|74).

Last, the proposition below provides a characterization of the hybrid rule on

the semi-hybrid domain.

PROPOSITION 3 Fizing the semi-hybrid domain D (T4, a,b), let |(a,b|T4)| >3
and P;, P; € Dsu(T*,a,b). Then, an SCF f : []D)SH(’TA, a, b)}n — A is a tops-only

and strategy-proof rule only if it is a hybrid rule w.r.t. a and b.

The proof of Proposition 3 is contained in Appendix F.

REMARK 8 On the one hand, we know by Proposition 1 that semi-single-peaked
domains and semi-hybrid domains admit non-tops-only and strategy-proof rules,
whereas the refinement to single-peaked and hybrid domains in Corollary 2 elim-
inates all non-tops-only and strategy-proof rules. On the other hand, such a
refinement enlarges the scope for designing tops-only and strategy-proof rules, as

the projection rule uniquely characterized in Proposition 2 is generalized to the

44The notation Pyy.—» is a preference profile which only contains the preferences of the voters
in the winning coalition Wb, If W= = {i} (respectively, W*—¢ = {i}), then voter i dictates
on A% U (a,b|T4) (respectively, (a,b|T4) U AP=9). If We—0 = Wb—e = [} then the hybrid
rule degenerates to a dictatorship of voter 7.
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class of phantom voter rules on the single-peaked domain, and the hybrid rule of
Proposition 3 is expanded to the whole family of restricted generalized median

voter rules on the hybrid domain. O

REMARK 9 According to Theorem 4 of Schummer and Vohra (2002), we know
that each strategy-proof rule defined on the hybrid domain Dy (74, a,b) is an ex-
tended generalized median voter rule which behaves like a dictatorship on {(a, b| T4).
Compared to Dy (7%, a,b), the semi-hybrid domain Dgy (74, a,b) is more permis-
sive on the relative rankings of alternatives in A~ and A*~?. To accommodate
these more permissive rankings while maintaining strategy-proofness, additional
restrictions have to be imposed on the extended generalized median voter rule.
Proposition 3 identifies the additional restrictions (see Claims 2 and 3 in Ap-
pendix F) and shows that these drive the extended generalized median voter rule
to an explicit configuration, a hybrid rule w.r.t. a and b, which is more transparent

from the design point of view. g

4 LITERATURE REVIEW AND FINAL REMARKS
4.1 A REVIEW OF THE LITERATURE

Following the seminal Gibbard-Satterthwaite Theorem, domain restrictions have
received much attention in the literature on strategic voting. One stream of the lit-
erature examines the robustness of the Gibbard-Satterthwaite Theorem by showing
that some sparse restricted domains, see for instance, FPT (Free Pair at the Top)
domains of Sen (2001), linked domains of Aswal et al. (2003), circular domains of
Sato (2010) and the B and « domains of Pramanik (2015), are in fact dictatorial
domains. These papers use richness assumptions on the domain variously to con-
struct connectedness relations between alternatives, while the violation of these
richness conditions appear, somewhat surprisingly, to lead to the unique seconds
property in the sense that if the unique seconds property holds, all the aforemen-

tioned richness conditions that precipitate dictatorship are violated.*> Recently,

45This assertion can be made more precise by observing that in the case |A| = 3, any domain

other than the universal domain satisfies the unique seconds property.
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Roy and Storcken (2019) have concluded the of the unique seconds property in
characterizing non-dictatorial domains. Our Corollary 1 is in the same vein. But
more importantly, our focus on the classification of non-dictatorial domains uncov-
ers more meaningful non-dictatorial strategy-proof rules (recall the projection rule
in Proposition 2 and the hybrid rule in Proposition 3), compared to the specific
non-dictatorial strategy-proof rule associated with the unique seconds property.
Another stream of the literature starts with a specific restricted domain that
not only helps escape the Gibbard-Satterthwaite impossibility, but also accom-
modates the design of various well-behaved strategy-proof rules. Almost all such
domains are variants of the notion of single-peakedness. On the single-peaked do-
main, the seminal paper of Moulin (1980) characterized all anonymous, tops-only
and strategy-proof rules as phantom voter rules, and all tops-only and strategy-
proof rules as generalized median voter rules. In the past four decades, several key
variants of single-peakedness have been developed and non-dictatorial strategy-
proof rules have been explored: Demange (1982) introduced single-peakedness on
a tree and Schummer and Vohra (2002) investigated all corresponding strategy-
proof rules and extended Moulin’s generalized median voter rules; Barbera et al.
(1993) generalized single-peakedness from a one-dimensional underlying line to a
multidimensional grid, and discovered an important class of strategy-proof rules:
multidimensional generalized median voter rules on the multidimensional single-
peaked domain; Nehring and Puppe (2007) adopted a ternary relation to generally
address the geometric relation among alternatives, invented the notion of general-
ized single-peakedness, and characterized all strategy-proof rules;* and recently,

Reffgen (2015) provided a transition from the single-peaked domain to the uni-

46Using the terminology of Nehring and Puppe (2007), the (inclusion/non-inclusion) separable
domain of Barbera et al. (1991), the multidimensional single-peaked domain of Barbera et al.
(1993) and the separable domain of Le Breton and Sen (1999) can be equivalently translated to
generalized single-peaked domains according to three analogous ternary relations respectively.
Moreover, the important strategy-proof rules, voting by committees of Barbera et al. (1991)
and component-wise dictatorship of Le Breton and Sen (1999) can be translated to two specific

multidimensional generalized median voter rules of Barbera et al. (1993).
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versal domain by taking unions of multiple single-peaked domains which are con-
structed according to different underlying lines, established the notion of a multiple
single-peaked domain and characterized all strategy-proof rules as a specific sub-
set of the generalized median voter rules which simultaneously preserve features
of a dictatorship and of a median voter rule. Two comprehensive survey papers,
Sprumont (1995) and Barbera (2011), provided more detailed discussions on the
development of single-peakedness restrictions and non-dictatorial strategy-proof
rules. All aforementioned restricted preference domains are in fact tops-only do-
mains. Therefore all non-tops-only and strategy-proof rules are implicitly excluded
from the investigation. We depart from this literature by considering non-tops-
only rules; Proposition 1 here identifies a critical spot in a restricted domain that
supports a non-tops-only and strategy-proof rule, and Corollary 2 illustrates its
necessity by showing that non-tops-only and strategy-proof rules disappear as the
critical spot vanishes.

A third stream of the literature poses the following natural “converse” question:
is single-peakedness a consequence of the existence of a “well-behaved” strategy-
proof rule? Earlier literature Barbera et al. (1993) showed that if a minimally rich
domain admits the median voter rule as a strategy-proof rule, then the domain
must be single-peaked on a line. Instead of considering a specific rule, Chatterji
et al. (2013) established that on a path-connected domain, semi-single-peakedness,
rather than single-peakedness, is necessary for the existence of an anonymous,
tops-only and strategy-proof rule, and Chatterji and Massé (2018) showed that
semilattice single-peakedness, a generalization of semi-single-peakedness, arises as
a consequence of the existence of an anonymous, tops-only and strategy-proof
rule on a rich domain (where the richness condition is formulated relative to the
particular rule that is assumed to exist). Recently, Barbera et al. (2020) pro-
vide an insightful survey explaining the single-peakedness restriction, its various
weakenings and the frontier between dictatorial and non-dictatorial domains. This
literature too restricts attention to the class of strategy-proof rules that in addition

satisfy the tops-only property and anonymity, and is therefore silent on domains
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where all tops-only and strategy-proof rules are dictatorships; also excluded are
domains that admit tops-only and strategy-proof rules that violate anonymity
but remain non-dictatorial. Our classification theorem essentially demonstrates
that appropriate weakenings of single-peakedness characterize all non-dictatorial
domains. It emphasizes the role of the unique seconds property and the associ-
ated non-tops-only and strategy-proof rules for a non-dictatorial domain where all
tops-only and strategy-proof rules are dictatorships, retrieves the salience of semi-
single-peakedness in allowing a tops-only and strategy-proof rule that is invariant
(a weakening of anonymity), and discovers non-degenerate semi-hybrid domains
as the ones that allow the existence of a non-dictatorial, tops-only and strategy-
proof rule that fails to meet the full requirement of anonymity. For simplicity, our
analysis restricts attention to the case of two voters. We claim that there is no
loss of generality in doing so, and it helps us to avoid the exogenous assumption
on the number of voters in the literature. First, Remark 6 shows that semi-single-
peakedness is necessary for the existence of an anonymous, tops-only and strategy-
proof rule, regardless of the number of voters. Second, given semi-hybridness re-
vealed from all two-voter non-dictatorial, tops-only and strategy-proof rules, the
Second Ramification Theorem specified in the Supplementary Material essentially
suggests that no preference restriction beyond the revealed semi-hybridness can
be elicited via any n-voter counterpart rule.*” Chatterji and Zeng (2019) intro-
duced a richness condition that endogenously ensures all strategy-proof rules are
tops-only in a multidimensional setting and showed that the existence of a well-
behaved strategy-proof rule implies full multidimensional single-peakedness. We
do not follow this approach here as our intention is to uncover the role of semi-

single-peakedness and semi-hybridness in allowing the design of non-tops-only and

47Via one n-voter non-dictatorial, tops-only and strategy-proof rule, one may refine the prefer-
ence restriction on the two subtrees attached to the two thresholds, and hence push the domain
closer to a hybrid domain. Clearly, such a refinement is still accommodated by the notion of
semi-hybridness. More importantly, we conjecture that such a refinement can also be achieved
by aggregating the preference restrictions revealed from multiple two-voter non-dictatorial, tops-

only and strategy-proof rules.
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strategy-proof rules.

Lastly, our refinement of the classification of non-dictatorial domains provided
in Corollary 2 is also related to the literature on tops-only domains. In this
literature, various restricted domains have been shown to be tops-only domains
(see for instance Barbera et al., 1991, 1993; Ching, 1997; Le Breton and Sen,
1999; Le Breton and Weymark, 1999; Nehring and Puppe, 2007; Weymark, 2008;
Reffgen, 2015; Achuthankutty and Roy, 2020). Chatterji and Sen (2011) provided
two general sufficient conditions for tops-only domains. The non-trivial rich hybrid
domains studied in this paper (see for instance domain D of Example 1), viewed
as tops-only domains, are not covered by the literature. In particular, Corollary
2, to our knowledge, is the first result that fully characterizes tops-only domains,
and therefore reveals the important role of the full single-peakedness requirement,
embedded in either the whole line, or on both the left and right parts of the line,

in establishing a tops-only domain.

4.2 INDISPENSABILITY

To conclude this paper, we provide three examples to show the indispensability
of our richness condition in establishing the classification of non-dictatorial do-
mains. In the three examples, we drop the completely reversed preferences, path-
connectedness and extreme-vertex symmetry in turn and provide a non-dictatorial
domain beyond the classification. We believe that these three examples also sug-
gest some directions on future investigation of non-dictatorial domains and non-

dictatorial strategy-proof rules.

ExAMPLE 2 (Indispensability of the completely reversed preferences)

Let A = {a,b,c,d} be allocated on a star-shape tree T* of Figure 8.

d
a b c

Figure 8: The star-shape tree 74

The corresponding single-peaked domain Dgp(7 ) is path-connected, satisfies
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extreme-vertex symmetry vacuously, but does not contain a pair of completely
reversed preferences. Clearly, Dgp(7) is a non-dictatorial domain, since the ma-
jority voting rule continues to deliver a Condorcet winner and preserves unanimity,
anonymity and strategy-proofness. Althrough Dgp(7 ) is covered by the charac-
terization of non-dictatorial domains in Corollary 1, it is exogenously excluded by

our classification in the Theorem. O

ExaMPLE 3 (Indispensability of path-connectedness)
Let A = {a,b,c,d} be allocated on a box specified in Figure 9, which can be

reinterpreted as a Cartesian product structure {0,1} x {0,1}.

0,1) =c d=(1,1)

(an):a b:(].,())
Figure 9: A graph of a box

According to the Cartesian product structure {0,1} x {0,1}, we specify the

multidimensional single-peaked domain Dysp in Table 2.4

PP P3P B B P B
b b c c d d

Q0o o
Q N0 9

a d a d b c
d a d a ¢ b
c ¢ b b a a
Table 2: The multidimensional single-peaked domain Dy;sp

Domain Dysp violates path-connectedness as no pair of alternatives are ad-
jacent. Hence, the adjacency graph G4 has an empty edge set, and Dygp then
satisfies extreme-vertex symmetry vacuously. Indeed, domain Dysp contains four
pairs of completely reversed preferences. By Theorem 1 of Barbera et al. (1991),
a particular non-dictatorial strategy-proof rule can be constructed on Dygp, vot-
ing by committees. Therefore, Dysp is a non-dictatorial domain. Last, we notice
that Dygp violates the unique seconds property as |S(Dfgp)| > 1 for all x € A.

Therefore, Dygp is not covered by our classification. O

48The domain specified in Table 2 was initially introduced by Barbera et al. (1991) in a non-

Cartesian-product formulation.

32



ExAMPLE 4 (Indispensability of extreme-vertex symmetry)
Let A = {a,b, c,d} be allocated on the star-shape tree T4 of Figure 8. We specify

a domain ID of 9 preferences in Table 3.

P P P P P B P PR

a b b b ¢ d a ¢ d
b a ¢ d b b d a c
c ¢ d a d a b b b
d d a ¢ a ¢ ¢ d a

Table 3: Domain D

Notice that the first 6 preferences of D are single-peaked on 74 and imply
path-connectedness. In particular, G4 = T4. Domain I has a pair of completely
reversed preferences, P, and FPy. However, D violates extreme-vertex symmetry:
given a € Ext(G2) and (a,b) € EA, we have S(D®) = {b,d} but a ¢ S(D?).

We construct the following non-tops-only, anonymous and strategy-proof rule
to illustrate that D is a non-dictatorial domain: for all (P;, P;) € D?,

p

d ifR-:P7andeEDd,orPZ-G]Ddande:P%
a if P, = Psand P; € D?, or P, € D* and P; = P,
[P, Py) =
c it P, = PFPyand P; € D°, or P, € D° and P; = Py,
| Proj (b, (r1(P;), m1(P;)|T#)) otherwise.*

Last, we observe |S(D*)| > 2 for all x € A which suggests the failure of the unique

seconds property. Therefore, ID is not covered by our classification. O

49The verification of unanimity, anonymity, non-tops-onlyness and strategy-proofness is simple,

and we leave it to the reader.
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APPENDIX

A PROOF OF THE AUXILIARY PROPOSITION

(Necessity) Let domain D C Dgy (74, a,b) be path-connected and satisfy extreme-
vertex symmetry, where |(a,b|T4)| > 3. Suppose that every strategy-proof rule

behaves like a dictatorship on (a, b| 7). We show that D is non-trivial on (a, b|T4).

By the definition of (a, b)-semi-hybridness on 74 and path-connectedness, we

know that G@¥7) is a connected graph. Clearly, either Ea:t(GL“’b'TA>) = or

Ea:t(Gf’b|TA>) # () holds. If E:z:t(Gﬁl’bVA)) = (), D is non-trivial on (a, b|T4) by

definition. Henceforth, we assume Ext(GL‘l’b‘TA)) # (. We fix x € Ext (Gﬁl’b‘TA>)

and (z,y) € E@TY | First, we consider the case that = ¢ {a,b}, and show that

there exists P’ € D such that ro(Pf) # y. Suppose not, i.e., ro(P;) = y for all

P; € D*. We construct the following SCF:

(P if r (P x,
spapy =4 (B)# ()

max?2({x,y}) otherwise.

By construction, f satisfies unanimity and hence is a rule. Moreover, by the
proof of Theorem 5.1 of Aswal et al. (2003), we know that f is strategy-proofness.
Clearly, f does not behave like a dictatorship on (a,b|T*), since we have x,y €
(@, 0T, [ri(P) # 2] = [f(P, Py) = r1i(Py)] and [ri(P]) = 2 and 11(Py) = y] =
[f(P{,Py) =y # r(P])]. This contradicts the hypothesis of the necessity part,
and hence proves condition (i) of Definition 5.

Next, let z = a. We show that there exists P € D such that r(P;) € A*~? and
max’ ((a,b|T*)\{a}) # y. Suppose by contradiction that max” ({a, b|T*)\{a}) =
y for all P, € D with r, () € A+~

Now, we keep the subtree T74“"", rearrange all alternatives of (a, b|T*) U Ab—

on a line (2, 29,...,%,) such that z; = a and z3 = y, and combine the subtree
747" and the line (21, 29, ..., 2y) tO construct a new tree T4, Note that a and

y are naturally two thresholds of TA, Accordingly, let A*Y = {z € A:ac€
(z,yﬁ"ﬂ} and AV ={ze€A:y¢€ <z,a|7\"4>}. Clearly, AV = Ao~ Av—e —

{z2,...,2,}, and T4 is a combination of the subtree 74" = TA™" the edge
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(a,y) = (z1,22) and the line TA™ = (22,...,2,). Thus, by the restriction of
(a,b)-semi-hybridness on 74 and the contradictory hypothesis, one would easily
notice that for every preference P, € D with r(F;) € A=Y the following two

conditions hold:
(1) P is semi-single-peaked on the subtree 74"} wr.t. y, and
(2) max” (flyéa) =y.

CrAamM 1: According to T4 and the thresholds a and y, the following two condi-
tions hold: for all P, € D,

(i) if ri(F;) € A“Ay, then P, is semi-single-peaked on T4 wrt. y, and
(ii) if r(F;) € A¥= then maxPi(fl“Ay) = a.

Evidently, condition (i) is implied by conditions (1) and (2) above. Next, given
an arbitrary P, € D with r(P;) € A% (a,b)-semi-hybridness on 74 implies

a = max” (A°~Y) = max”(A°~). This completes the verification of the claim.

Now, according to ?A, we construct an SCF:

Tl(Pl) if?“l(Pl) EAyéa,
(P, P2) =4 Proj (a, <r1(P1),7’1(P2)]7A'A>) if r(Py) € A and r(P,) € AV,
max’?({a, y}) if r(P) € A=Y and ri(P) € Av—e.,

It is evident that f is unanimous and hence is a rule. Next, we show that f does
not behave like a dictatorship on (a,b|74). Note that (a,b|T*)\{a} C Av=,
a,y € (a,b|TH), (a,b|T| > 3 and G{*"T") is a connected graph. Therefore,
we have z € (a,b|T*)\{a,y} such that z ~ y. Then, there exists P, € D* such
that ro(Py) = y. Given P, € D% the construction of f implies f(P, P) =
max’?({a,y}) =y & {ri(P),r1(P)}. This indicates that f does not behave like
a dictatorship on (a, b|T4). Therefore, to complete the proof, it suffices to show
that f is strategy-proof.

First, we consider voter 1. Given P = (P, P,) and P’ = (P}, P»), there are

three possible manipulations:
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(1) F(P) = Proj (a, (ry(Py). 1 (P)[T*)) and f(P') = Proj (a, (ra(P}), i (P)IT4)).
(2) f(P)=Proj (a,(r1(P),r1(P)|[T*)) and f(P') = r(P}), and

(3) f(P) =max"™({a,y}) and f(P') = ri(P).

In each case, we show that either f(P) = f(P’) or f(P)Pf(P’) holds. In case
(1), r(Py) € A%Y, r(Py) € A and r{(P]) € A**Y. Consequently, we have
either f(P) = f(P') or f(P)P,f(P’) by the first condition of Claim 1. In case
(2), r(Py) € A%, ry(Py) € A" and r,(P]) € Av=%. Then, by construction, we
have f(P) = Proj (a, (ri(P1), 1 (Po)|T4)) € (ri(P1),a|T4) and f(P') = (P]) €
Av=e_ The first condition of Claim 1 implies a = min’® ((ri(P1), a|7A’A>), aPyy and
y = max1 (A¥=%). Therefore, f(P)P,f(P'). In case (3), ri(P) € AV, r(P,) €
Av=e and r(P]) € A¥>*. Thus, f(P') = r(P]) € A¥*. Since the first condition
of Claim 1 implies aPyy and y = max® (AY~%), we have either f(P) = f(P') =y
or f(P)P,f(P'). Therefore, voter 1 has no incentive to manipulate.

Last, we consider voter 2. Given P = (P, P;) and P' = (P, Py), there are

three possible manipulations:
(1) f(P) = Proj (a, <T1(P1)77’1(P2)"?A>) and f(P') = Proj (a, <T1(P1)77’1(P2/)’7\1A>)7
(2) £(P) = Proj (a, (ri(Py),r1(P2)[T*)) and f(P') = max"%({a,y}), and

(3) f(P) = max"({a,y}) and f(P') = Proj (a. (r1(P), r1(F})|T4)).

In each case, we show that either f(P) = f(P’) or f(P)P,f(P’') holds. The
verification of case (1) is symmetric to the verification of case (1) for voter 1. In
case (2), r1(Py) € A%, r(P,) € AV and r1(P}) € A¥~. Then, by construction,
f(P) = Proj (a, (ri(P), rl(Pg)UA‘A» € (ri(Py), a|T4). Since the first condition of
Claim 1 implies a = min"? ((r{(P,), a]7A'A>) and a Py, we have either f(P) = f(P')
or f(P)Pyf(P'). In case (3), ri(Py) € A*™Y, r(Py) € A and ry(P}) € A"V,
Thus, by construction, f(P’) = Proj (a, <r1(P1),r1(P2/)|7:A>) € (ri(P),alTA) C
A*=v_ If yPya, we have f(P) = max™({a,y}) = y, and the second condition of
Claim 1 implies y Pz for all z € A%, Therefore, f(P)Pyf(P'). If aPsy, we have

f(P) = max({a,y}) = a, and furthermore by the second condition of Claim
40



1, either f(P) = f(P') = a or f(P)P,f(P’) holds. Therefore, voter 2 has no
incentive to manipulate. Hence, f is strategy-proof, as required.

In conclusion, we have a strategy-proof rule f which does not behave like a
dictatorship on {(a,b|74). This contradicts the hypothesis that every strategy-
proof rule defined on D behaves like a dictatorship on (a,b|T%). Therefore, D
must satisfy condition (ii) of Definition 5. Last, by a symmetric argument, we can
also show that ID satisfies condition (iii) of Definition 5. This hence completes the

verification of the necessity part of the Auxiliary Proposition.

(Sufficiency) The proof of the sufficiency part of the Auxiliary Proposition con-
sists of three steps. First, we have established a ramification result in the Sup-
plementary Material (the First Ramification Theorem), which says that given
a domain D C Dgy(T4,a,b) that is assumed to be path-connected and satisfy
extreme-vertex symmetry, if every two-voter strategy-proof rule behaves like a
dictatorship on (a,b|T4), then every n-voter strategy-proof rule, n > 2, behaves
like a dictatorship on (a,b|7*). Therefore, we here can restrict attention to the
two-voter strategy-proof rules. The rest of the proof consists of two steps. In the
first step, we provide 4 important independent lemmas (Lemmas 1 - 4) on a path-
connected domain and a two-voter strategy-proof rule, which will be repeatedly
referred to. In the second step, we move to a domain D C Dgy(7*,a,b) where
|(a, b| T4)| > 3, assume that D is path-connected, satisfies extreme-vertex symme-
try and is non-trivial on (a,b|7*), and show that every two-voter strategy-proof

rule behaves like a dictatorship on {(a,b|T*) (see Lemmas 5 - 8).

In the first step, for Lemmas 1 - 4, we fix N = {1,2}, a path-connected
domain D and a strategy-proof rule f : D? — A. For notational convenience,
let ((z---),(y---)) denote a preference profile where voter 1 reports an arbitrary
preference with the peak x and voter 2 reports an arbitrary preference with the
peak y. More importantly, let f((x -++),(y--+)) = a denote that “for all P, € D”
and P, € DY, f(P, P) =a.”
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LEMMA 1 Given a path 7 = (x1,...,7,) in G4, the following four statements

hold:

(i) If f(Py, Py) = x1 for some P, € D™ and P, € D™, then f((xk o), (g - )) =

xy foralll <k <k <w.

(i) If f(Py, P2) = x1 for some P, € D™ and P, € D™, then f((xk/ )y (g e )) =

xy foralll <k <k <w.

(iii) If f(P1, P2) = x, for some Py € D* and Py € D*1, then f((zx- ), (xp )

xp forall 1 <K <k <w.

(iv) If f(Py, P2) = x, for some Py € D™~ and P, € D™, then f((zp ), (@ -+ +))
xp foralll <K <k <w.

Proor: First, note that the first two statements are symmetric, the last two
statements are symmetric, and the third statement is analogous to the first one.
Therefore, we focus on the verification of the first statement. Let f(Py, Py) = x
for some P, € D™ and P, € D*2. Since x; ~ w9, by strategy-proofness, it is easy
to show f((z1---), (z2-++)) = 217!

Next, we show f((ajg )y (g )) = &1y. Since xy ~ 3, it is easy to show
that either f((z2--),(z5--+)) = @2 or f((z2---),(x3--+)) = w3 holds. Sup-
pose f((z2---),(z3--)) = x3. Since z; ~ z» and x5 ~ x5, we have preferences
P, e D™, Pl e D', P, € D* and P} € D such that r5(P)) = 21, ro(P]) = s,
r(PL) = rp(P)) forallk = 3,...,m, 7o(Py) = 3, 72(P}) = x5, and ri(Py) = 71(P})
for all K = 3,...,m. Thus, f(]Sl,E) = x3. Then, strategy-proofness implies
f(Pl,P) = f(P,P,) = x3. Meanwhile, we also have f(P/,P}) = x;. Then,
voter 2 will manipulate at (]51’,]52’) via P, ie., f(pl’,Pg) = a3Pja, = f(IAD{,IVDQ’)‘

50Given the first statement, to prove the third statement, we can relabel alternatives of 7 as
follows: yr = @41k for all k = 1,...,v. Thus, we have P, € D% = D%, P, € D% -1 = D¥
and f(P1,P) = x, = y1. Then, the first statement on the path (y1,...,y,) implies that
f((yk-),(yw -++)) =y foralll <k <k < v, which is equivalent to f((zy -+ ), (z -+ )) = as,

forall 1 <k <k<w.
51See the proof of Claims A and B of Sen (2001).
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Therefore, it must be the case that f((xg o)y (g e )) = x9. Applying the
same argument along the path 7= from x5 to x, step by step, we eventually have
f((@g-), (e ++)) =g forall k =1,...,0— 1.

Last, we show f((xk ), (g )) =x for all 1 < k <K <wv. We provide
an induction hypothesis: given 2 < [ < v, for all 1 < k < k' < [, we have
f((:vk )y (@ e )) = 1. To prove the induction hypothesis, it suffices to show
f((@g-+), () =z for all 1 < k < 1. Fixing an arbitrary P, € D", we first
know f((zy---), P») =z, for both k € {I—1,1}. We next show f((zi_2---), P) =
Ty_9. Since x;_9 ~ x;_1, we have preferences ]51 € D*-t and pl’ € D*-2 such that
ro(P) = w9, 1o(P]) = x_y and r(P) = r,(P)) for all k = 3,...,m. Since
f(]51, Py) = x4, strategy-proofness implies f(fjl’, Py) € {x;_1,7,_5}. Suppose
f(P!, Py) = 2;_1. Then, strategy-proofness implies f(pl’, (zi—1+++)) = 41, which
contradicts the fact f((xl,g )y (wgeg e )) = x;_9. Therefore, f(P{, Py) = x;_o,
and then strategy-proofness implies f((z;_2---), P2) = 2;_». Applying the same
argument along the path 7 from x; 5 to z; step by step, we eventually have
f((xk <o), Py) =z for all k = 1,...,1. This completes the verification of the

induction hypothesis, and hence proves the lemma. [ |

LEMMA 2 Given two subsets A, A C A with |A| > 1 and |A| > 1, let G2 and G
be two connected graphs. Given a path m = (x1,...,2,) in G2, let z; € A and
z, € A. If f behaves like a dictatorship on A and A respectively, then f behaves
like a dictatorship on AU T U A.

PROOF: Since f behaves like a dictatorship on A, we assume w.l.o.g. that voter
1 dictates on A, i.e., f(Pl, PQ) = Tl(P1> for all Pl, PQ € D with 7‘1(P1>,7”1<P2) € A

The first claims shows that voter 1 also dictates on A.
CLAIM 1: For all Py, P, € D with r(P)),r(P) € A, f(P1, Py) = ri(P,).

We first consider the case AN A £ (. Let z € AN A. Since G2 is a
connected graph and |A| > 1, there exists y € A such that y ~ 2. Clearly,
f((y )y (e )) = y. Symmetrically, since G4 is a connected graph and |fl| > 1,

there exists z € A such that z ~ z. Note that either y=zory# zholds. Ify = z,
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we have f((z )y (e )) = 2, which, by the dictatorship of f in A, implies that
voter 1 dictates on A. If y # z, we consider the path (y, x, z). Then, by statement
(i) of Lemma 1, f((y---),(z---)) = y implies f((z---),(z--)) = z. Then, by
the dictatorship of f in /1, we infer that voter 1 dictates on A. Overall, voter 1
dictates on A when AN A # 0.

Next, we assume A N A=10. Given z; € A and z, € fl, we can identify
1<k<k<wvsuchthat 2, € A, 2y € Aand 2, ¢ AUA forall k <1 < k'
Since G2 is a connected graph and |A| > 1, there exists 2 € A such that z ~ .
Symmetrically, there exists y € A such that y ~ zp. Thus, we have a path
(z, @, ..., xp,y). Since voter 1 dictates on A, we have f((z---), (zx--+)) = w.
Then, according to the path (x,xg, ..., 2w, y), statement (i) of Lemma 1 implies
f((zg ), (y-++)) = xp. Furthermore, since f behaves like a dictatorship on A,
we infer that voter 1 dictates on A. In conclusion, voter 1 dictates on A. This

completes the verification of the claim.
The next claim shows that that voter 1 dictates on the path .
CLAIM 2: For all Pl,PQ € D with Tl(Pl),’l“1<P2) €, f(Pl,Pg) = ’I"l(Pl).

If z, € A, we have f((z1---),(z2--+)) = 21 by voter 1's dictatorship on A. If
7y ¢ A, weidentify 2y € Asuch that 2y ~ z; according to the connected graph GA.
Clearly, x¢ # x5. Thus, we have f((xo )y (g )) = x by voter 1’s dictatorship
on A. Then, according to the path (xg, 71, 3), statement (i) of Lemma 1 implies
f((@1-++),(xa--+)) = z1. Overall, we have f((z1---),(z2--+)) = 1. Then,
according to the path 7, statement (i) of Lemma 1 implies f((zy -+ ), (z --+)) =
xp for all 1 < k < k' < v. Symmetrically, by voter 1’s dictatorship on A and
statement (iii) of Lemma 1 on the path 7, we also induce f((zy -+ ), (zp - -+)) = z;

for all 1 < k' < k <w. This completes the verification of the claim.

Last, we show that voter 1 dictates on AU U A. We first show that voter 1
dictates on A U 7. Given arbitrary preferences P;, P, € D, let r(P)) =2 € AU~
and r(P) =y € AUn. If = y, unanimity implies f(P, P,) = z = r(P,).
Next, assume z # y. Evidently, if z,y € A or 2,y € 7, we have f(P;, P,) = x by

voter 1’s dictatorship on A and 7 respectively. Last, we consider two cases: (i)
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v € A\r and y € 7\A, and (i) * € 7\A and y € A\r. Note that the two cases
are symmetric, and we hence focus on the verification of the first one. In the first
case, it is clear that z € A\{z;} and y = 2 for some 1 < k < v. Since G4 is
a connected graph, we have a path (zy,...,2) in G4 connecting z and z;. Now,
according to the paths (21,...,%) and (z1,...,2;), since 2, = 11, 21 = v € A\«
and 7, = y € 7\ A, we can identify 1 < s <[ and 1 <t < k such that z, = 2,
and {z1,...,2s_1 )N {Z¢41,. .., 2} = 0. Then, the concatenated path (21, ..., 2, =
Ty, ..., xy) connects z and y. First, we have f((z1--+),(22+++)) = 21 by voter 1’s
dictatorship on A. Next, according to the path (21, ..., 2, = 24,.. ., 7}), statement
(i) of Lemma 1 implies f((z1---),(zx--+)) = 21, and hence, f(P, P,) = z, as
required. Therefore, voter 1 dictates on AU 7. Furthermore, note that both GAum
and G2 are connected graphs, [A U 7] N A # 0 and voter 1 dictates on A U
and A respectively. By the same argument, we can infer that voter 1 dictates on

AUur]UA=AUurUA. ]
[AUT]

LEMMA 3 Given a pathm = (x1,...,2,), v > 3, in G2, if there exist P, € D™ and

P, € D* such that ro(P,) = x, and r5(P;) = x1, then f behaves like a dictatorship

on .
ProOOF: We first establish a claim to show that if f behaves like a dictatorship
on {x1, 25}, then f behaves like a dictatorship on 7.

Cramm 1: If f behaves like a dictatorship on {z1,x2}, then f behaves like a

dictatorship on .

We assume w.l.0.g. that voter 1 dictates on {z1,x2}, i.e., f(Py, Py) = ri(P;) for
all P, P, € D with r(P,),r1(P;) € {x1,22}. By Lemma 2, it suffices to show that
f behaves like a dictatorship on {x,_1,z,}. Since z,_; ~ x,, one of the following

three cases occurs:

(1) f behaves like a dictatorship on {z,_1,x,},
@) f((@oor-)s @) = F((@o+), (@or++)) = 2, and
B) F(@oo1-)s (@) = F(2p-- ), (@o1-)) = To1.



To complete the verification, we rule out the last two cases. First, we have
f((:vl o), (.TQ)) = x7 by voter 1’s dictatorship on {z1,z5}. Then, accord-
ing to the path m, statement (i) of Lemma 1 implies f((zy_1--), (zp--+)) =
Ty—1, which rules out case (2). Suppose that case (3) occurs. First, note that
f((a--+),(x1-++)) = 22 and f((zy--+), (Ty—1--+)) = @p_1. To be consistent
to statements (i) and (iii) of Lemma 1, there must exist 1 < k < v such that
fllwr ) (xw ) =ap forall 1 <K <k <kand f((z,-), (zg ) = zy
forall k < s’ < s < v.”? Therefore, we have f((z, ), (z5---)) = z5. Meanwhile,
since f((xl s )y (g )) = 11, according to the path 7, statement (i) of Lemma
1 implies f((z1---), (x5 -+)) = x1. Then, comparing f((z,---), (z5--+)) = a5
and f((xl e )y (e )) = x1, strategy-proofness implies x;Px; for all P, € D*,
which contradicts the hypothesis that P, € D® and r5(P,) = x;. Hence, case (3)

is ruled out, as required. This completes the verification of the claim.

Symmetrically, we can show that if f behaves like a dictatorship on {z,_1, z,},

then f behaves like a dictatorship on .

Last, we show that f behaves like a dictatorship on either {x1, 22} or {x,_1, z, }.
Suppose that it is not true. Then, 1 ~ 5 implies that either f((xl s ), (g )) =
Fllwa--), (@1---)) = a1, or f((mr-) (@) = F(wa---), (z1---)) = 2
holds. Suppose f((z1---), (z2-++)) = f((w2--+), (@1 --+)) = 1. Then, according
to the path m, by statements (i) and (ii) of Lemma 1, we have f((z)---), (zp - -+)) =
f((we ), (@) =apforall 1 <k < K < wv. Foreach 1 < k < v, since

F((@o-- ). (@rsn--)) = ar and f((@e ), (@as1---)) = 21, strategy-proofness

°2The index k can be identified in the following way.  First, consider the profile
((w3--+),(w2+-+)). Since zp ~ w3, it is true that either f((z3---),(x2--+)) = w2 or
f((zg--+),(w2--+)) = a3 holds. If f((w3--),(x2---)) = @2, let kK = 2 and then according
to the subpath (z2,3,...,%,), statement (i) of Lemma 1 implies f((zs---),(zy ) = zy
forall k < s’ < s <. Iff((x3-~-),(x2~--)) = x3, we have f((xk),(mkf)) = g3, for all
1 < k' < k < 3 by statement (iii) of Lemma 1 on the subpath (x1,x2,x3), and then move to
the profile ((:r4 o)y (g )) Next, by repeatedly applying the argument above step by step,
bounded by the fact f((xv )y (g - )) = 2,_1, we eventually can identify 1 < k < v such
that f((zr--), (@p ) = ap forall 1 <K <k <k and f((zs-), (2 +)) = xy for all
E<s <s<w.
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implies xy1 P;xy for all P; € D*. This contradicts the hypothesis that P, € D
and TQ(R-) = x1. Therefore, we have f((xl e )y (g )) = f((a:z o)y (g e )) =
x9. Symmetrically, since f does not behave like a dictatorship on {z,_1,z,} by
the contradictory hypothesis, according to the preference P, in the hypothesis of
the lemma, we can show f((zy—1---), (zy+)) = f((Tp- ), (@1 ) = Tpor.
Recall the preferences ]5Z and P, in the hypothesis of the lemma. Since rl(é) =
ro(P;) = x1 and 71(P;) = ro(P,) = x,, it is true that either f(@r-0), (@) =
zy or f((z1--+),(zy-++)) = z, holds. We will induce a contradiction in each
case. First, let f((xl),(xv)) = ;. Since x, ~ x,_1, we have Py, Py €
D such that ri(P) = ro(Py) = my, 11(Py) = 12(P) = zp—1 and ri(P) =
ro(P}) for all k = 3,...,m. Let P, = P, and P, = P,. Thus, f(P,P,) = a1,
and then strategy-proofness implies f (pl,PQ’) =f (Pl,Pg) = x7. Furthermore,
since z, ~ ,_1, strategy-proofness implies f(Py, Py) € {xy,2,_1}. Therefore,
we by strategy-proofuness infer f(Py, P})P,f(Py, P}), which implies f(P;, P}) =
z,. This contradicts the induced fact f((zy--+), (2y_1--)) = p_1. Last, let
f((xl e )y (@ )) = x,. Since x1 ~ xy, we have Py, P| € D such that r(P) =
ro(Py) = x1, m(P]) = ra(Py) = x9 and rp(Py) = re(Py]) for all k = 3,...,m.
Let P, = P, and P, = P,. Thus, f(Py, Py) = x,, and then strategy-proofness
implies f(P],P,) = f(P,P,) = x,. Furthermore, since z; ~ x,, strategy-
proofness implies f(P], P;) € {x1,2,}. Therefore, we by strategy-proofness infer
f(Pl, Py)Pyf (P!, Py), which implies f(P], P,) = x1. This contradicts the induced
fact f((z2--),(z1--+)) = x2. Therefore, f must behave like a dictatorship on

either {1, 22} or {z,_1,2,}, as required. This proves the lemma. [ |

According to Lemma 3, one would easily observe that f behaves like a dicta-

torship on a cycle in G2.

OBSERVATION 1 Given a cycle C = (z1,..., %y, 21), v > 3, in G4, f behaves like
a dictatorship on C.%3 O

53A cycle C = (z1,...,Ty,71) is a sequence such that zi,...,z, are pairwise distinct, v > 3,
and zp ~ x4 forall k =1,... v, where x,41 = x1.
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LEMMA 4 Fizing a subset B C A with |B| > 3, let GB be a connected graph.

Then, the following two statements hold:
(i) If Ext(GB) =0, then f behaves likes a dictatorship on B.

(ii) Given Ext(GB) # 0, if f behaves like a dictatorship on {z,y} for all x €
Ext(GB) and (x,y) € EB, then f behaves likes a dictatorship on B.

PROOF: First, given Ext(GB) = (), note that for each € B, x is included in ei-
ther a cycle or a path that connects two distinct cycles. Therefore, by Observation
1 and Lemma 2, we infer that f behaves like a dictatorship on B.

Next, let Ext(GB) # () and assume that f behaves like a dictatorship on {x,y}
for all z € Fzt(GB) and y € B such that (z,y) € £Z. For notational convenience,
let BExt(GB) = {x1,29,..., 24}, t > 2, and moreover, let (z,yx) € EZ for all
k =1,...,t. Thus, f behaves like a dictatorship on {xy,yx} for all k = 1,... ¢t
We consider two cases: G2 is not a tree and G2 is a tree.

In the first case, GZ must include a cycle C. Then, we can identify a subset
B C B such that G® is a connected graph and Ext(GB) = (. Clearly, C is
included in GP and Ext(GZ) N B = (). Then, by statement (i), we know that f
behaves like a dictatorship on B. For each 1 < k < ¢, since GB is a connected
graph there exist z;, € B and a path m, = (71,...,2,_1,2,) in GB that connects
zr and x. Clearly, z,_1 = yr. Then, Lemma 2 implies that f behaves like a
dictatorship B U 7. Moreover, note that GB in fact is a combination of GB and
paths 7y, ..., m. Then, by repeatedly applying Lemma 2, we can conclude that f
behaves like a dictatorship on B.

Last, we assume that G is a tree. Evidently, GZ has at least two extreme
vertices, i.e., t > 2. Note that for any two distinct z,, , € Ext(GP), there exists
a unique path m,, = (21,22,...,2y-1,%,) in GE connecting z, and x,. Clearly,
2y =y, and 2,1 = y, (it is possible that y, = y,). Then, Lemma 2 implies that f
behaves like a dictatorship on . Moreover, note that G in fact is a combination
of all paths {m,, : 1 < p < ¢ < t}. Then, by repeatedly applying Lemma 2, we
conclude that f behaves like a dictatorship on B. [ |
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This completes the first step of the proof.

Now, we turn to the second step. Henceforth, we fix a domain D C Dgg (74, a, b),
where |{a,b|T4)| > 3 and assume that D is path-connected, satisfies extreme-
vertex symmetry and is non-trivial on (a,b|74). Moreover, for Lemmas 5 - 8, we
fix N = {1,2} and a strategy-proof rule f: D* — A.

By statement (i) of Lemma 4, if Ext(G{*Y7")) = 0, then f behaves likes a dic-
tatorship on (a, b|74). Henceforth, we assume Ext(G*¥T") +£ (. By statement
(ii) of Lemma 4, to prove that f behaves like a dictatorship on (a, b|T4), it suffices
to show that for each z € Ea:t(fo’b|TA>), f behaves like a dictatorship on = and its

unique neighbor in G{eMT™)  The lemma below first considers an extreme vertex

~

of fo’bWA) other than a and b.

LEMMA 5 Given z € Ext(GMT™) et & ¢ {a,b} and (x,y) € E@NTY . Then f

behaves like a dictatorship on {x,y}.

PROOF: First, since 2 € Ext(GeUT)) © ¢ {a,b} and (z,y) € EUTY | by
the non-trivialness condition, we have some P, € D* such that ry(P;) # vy, and
hence |S(D*)| > 1. Next, note that by the definition of (a,b)-semi-hybridness
and path-connectedness, © € Ext(G@YT)) and = ¢ {a,b} imply = € Ext(G4).
Then, extreme-vertex symmetry implies that there exist P, P, € D such that
r(P) = ry(P) = 2 and 7 (P,) = ry(P) = z # y. Moreover, since P, is (a, b)-
semi-hybrid on 74 and r(P;) = z € (a,b|T4), z = ro(P;) implies z € (a, b|T™).
Then, there exists a path 7 = (x1,29,...,2,) in GL‘L’Z"TA> connecting z and z.
Furthermore, since 7"1(]51-) = TQ(PZ-) = x; and 7’1(]51-) = rg(f%) = 1,, Lemma 3
implies that f behaves like a dictatorship on 7. Last, since (z,y) € Sia’b‘TA>, it is

clear that x5 = y. Therefore, f behaves like a dictatorship on {x,y}. [ |

In the rest of the proof, we turn to consider the possibility that a € Ext(Gf’b|TA>)

or b € Ea:t(Gf’b|TA>). We first provide two lemmas as a preparation (see Lem-
mas 6 and 7). Then, Lemma 8 concludes that if a € Ext(G@YT™) (respectively,

b € Ext(GTY)), then f behaves like a dictatorship on a (respectively, b) and

its unique neighbor in G{*7™).

~
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LEMMA 6 Given z € (a,b|T*)\{a}, let 7 = (21,...,7,), v > 3, be a path
m Gﬁ”b|TA> connecting a and x. Given a € A*?, let 152 € D* be such that
max? ((a, )| TN\{a}) = @’ € {a3,...,2,}. Then, one of the following two state-

ments must hold:

(i) f behaves like a dictatorship on 7, and
(H) f((xvfl T )7 (.’EU e )) = f((xv o ')7 (xvfl T )) = Ty—1-

ProOOF: For notational convenience, let @' = xp« for some 3 < k* < v. Clearly,
we have a path 7 = (Z1,...,Z,), v > 1, in GA"™" that connects @ and a. If @ = a,

then 7 is a null path. Since z,_; ~ x,, one of the following three cases must occur:

(1) f behaves like a dictatorship on {z,_1,x,},
(2) f((xv—l"')a(xv"')) = f((xv...)7(xv_1...)) = x,, and
3) F(oer-)s @) = F((@o ), (@or-++)) = or.

We first rule out case (2). Suppose, by contradiction, that case (2) occurs.
Then, according to the concatenated path (7, 7) which connects @ and z in G2,

statements (iii) and (iv) of Lemma 1 imply
. f(($k>7($k')) :f((iUk/),(ﬂUk)) = Tmax(k,ry forall 1 <k k" < v,
o f((@k-), (@) =f((@r-), (Tr-+)) = Zmaxra) for all 1 < kK < u, and
o f((wr-),@w-))=f(@-) (xr-)) =apforall 1<k <vand 1 <k <.

Thus, given P, = f’i, P, € D* and P} € D", we have f(pl,Pg) = 79 and
f(P, Py) = x}+. Then, voter 1 will manipulate at (Py, P,) via P/, i.e., f(P], Py) =
TPty = f(Py, Py). Therefore, either case (1) or (3) occurs. Case (3) is identical
to statement (ii) of Lemma 6. Therefore, to complete the proof, we show that
statement (i) holds in case (1).

Henceforth, let case (1) occur. By Lemma 2, to establish statement (i), it
suffices to show that f behaves like a dictatorship on {zy,z2}. Suppose, by

contradiction, that f does not behave like a dictatorship on {z;,z2}. Since
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Ty ~ Ty, it is true that either f((z1--+),(z2--+)) = f((z2---), (21--+)) = a1,
or f((z1-+),(x2-++)) = f((m2-++),(w1--+)) = 22 holds. We will induce a con-
tradiction in each situation.

First, let f((z1--+),(z2--+)) = f((x2--+),(x1--+)) = x1. Then, according
to the path 7, statements (i) and (ii) of Lemma 1 imply f((zy--+), (zy_1--+)) =
f((@y—1--+),(xy-+)) = 2y_1, which contradicts the hypothesis of case (1).

Next, let f((z1---),(z2-++)) = f((z2-++),(x1-++)) = 2. According to the
path (2o, 11 = Ty, ..., T1), statements (i) and (i) of Lemma 1 imply f((Zy, -+ ), (Tp -+ )) =
f((a’ck/ ) (T )) = Tmax(k,ey for all 1 < k, k" < u. Furthermore, according to
case (1), we consider two subcases: (1°) voter 1 dictates on {z,_1,z,} and (2’)
voter 2 dictates on {z,_1,z,}. The verification of these two subcases are symmet-
ric, and we hence focus on the verification of the subcase (17).

In the subcase (17), we have f((zy—1--+), (@y-+)) = zp_rand f((y ), (Tpor - ++)) =
x,. First, according to the path (1, Zo, ..., %, = x1,..., Ty 1, Zy), Since f((il s ), (T )) =
Ty and f((zp—1--+), (xy-++)) = Ty_1, to be consistent to statements (i) and (iv)

of Lemma 1, one of the two statements below must hold:**

e There exists 1 <7 < v such that

— (@), (@) =T forall 1 <K <k <u,

— (@), (@) =apforall 1 <K <wand 1 <k <,
—f((Ik/" ), (x4 )):xk forall 1 <k’ <k <mn, and

— f((@p ), (@) =ap forallp <k <k <w.

— f(@w ), (@) =z forall 1 <K <k <w,
— (@), (@) =Ty forallw <K < k < u,
— (@), (@p-+)) =Zp forallw <k <wand 1 <k <wv, and

- f((xk/),(xk)):xk/ foralllgklgkgv.

54The detailed verification is similar to the argument in footnote 52.
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Note that the second statement above contradicts the induced fact f ((xu P ) (T o)) =
Z,. Therefore, the first statement must hold. Furthermore, recall f ((:vv o)y (Tt )
x, by voter 1’s dictatorship on {z,_1, z, }. Then, according to the path (:cl, Toy.oo Ty =

X1, ..., Ty 1,%y), statement (iii) of Lemma 1 implies
° f((xk),(xk/)) =q,foralll <k <k<w,
o f((@r-),(@p-)) =Zpforall 1 <k <k <w, and
° f((xk),(fk/)) =gpforalll <k <wvand1l<k<w.
Overall, on the path (Z1,Z2,...,Ty = 21,..., %y, ..., Ty_1,T,), We summarize that

= ( T ), (T -+ - )) = Tmax(kp) forall 1 <k k' <,

(

( xk, PR )’ (xk o« .. )) = -Tmax(k,k’) fOI' all 1 S k, k/ S 777 and

(T - -

f
f
f

(
(@), (x-+)) =apforalll <k <pand 1 <K <u,
(

NV/YERE

o f((@k) (@)
o flwr-) (@)
o fllan--) (aw---))

))

° f((xk/),(xk = Tk’ and f((xk),(xk/)) = Tk for alln S k' S

k < v, which imply that voter 1 dictates on (z,,...,z,).”

Recall the hypothesis that P, € D® = D® and max®i ({a, b|T4)\{a}) = @’ = z-
for some 3 < k* < v. We know that either 3 < k* < norn < k* < v holds. If
3 < k* <, according to f((Z1--+), (z2-++)) = x5 and f((zp--), (x2-++)) =
Ty, strategy-proofness implies mngk* for all P, € D*', which contradicts the hy-
pothesis that P; € D™ and max’ ({a, b|TAN\{a}) = x}-. If n < k* < v, according
to f((Z1-++), (wy-+)) =ayand f((zp -+ ), (xy--+)) = x4, strategy-proofness
implies an-xk* for all P, € D™, which contradicts the hypothesis that P, € D™
and max’i ({a, b|T4\{a}) = x4-. Therefore, subcase (1’) never occurs. In conclu-
sion, the situation f((z1---),(z2--)) = f((z2---), (x1--+)) = z2 never occurs.
Therefore, f must behave like a dictatorship on {z1, x5}, as required. This com-

pletes the verification of the lemma. |

P51f subcase (2°) occurs, this conditions becomes that voter 2 dictates on (zy,...,,), while

the first three conditions remain unchanged.
%61If subcase (27) occurs, we refer to f((z, -+ ), (Z1-++)) = ay and f((2y- ), (@ -+)) = Tpe.
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LEMMA 7 Given a € A%, b € A% let 1 = (T1,...,%p,...,Tq,...,Ty) be a
path in G2 connecting @ and b, 1 <p<q<v,q—p>1,z,=a andz,=b. Let
P, € D% and P; € D be such that max” ((a, 0| T")\{a}) = d’ € {zpya,... 24} and
max?’i ({a, o] T\{b}) =V € {x},...,34-2}. Then, [ behaves like a dictatorship
on the subpath (x,, ..., x,).

PRrROOF: For notational convenience, let a' = x, for some p +2 < s < ¢ and
b = x; for some p <t < q— 2.

Suppose that f does not behave like a dictatorship on (z,,...,z,). Then,
according to the subpath (xi,...,2,,...,24-1,%,), statement (ii) of Lemma 6
must hold, i.e., f((zg_1--),(xq ) = f((xg-++), (xgo1--+)) = xq1. Conse-
quently, according to the subpath (z,_1, %, ..., %y_1,%,), by statements (i) and
(ii) of Lemma 1, we have f((zy_1---), (xo ) = f((@y ), (Too1-++)) = T
Symmetrically, since f does not behave like a dictatorship on (z,,...,z,), ac-
cording to the subpath (z,,...,zq,...,Zp41,%p), the analogy of statement (ii) of
Lemma 6 must hold, i.e., f((zpr1--+), (@p--)) = f((@p-+), (@pp1+++)) = Tpsr-
Then, according to the subpath (z1,2s,...,2,, T,41), statements (iii) and (iv) of
Lemma 1 imply f((z1---),(22--+)) = f((z2--+),(z1--+)) = 2. Therefore, on
the subpath (z,, %41, ..., %4-1,2,), according to f((xp )y (Tprr )) = Tpt1
and f((zg-1-++),(xq-++)) = z4-1, to be consistent to statements (i) and (iv) of
Lemma 1, there exists p < k < ¢ such that f((zy---), (2w -+)) = ap for all
p<k<k <kand f((xk),(xk/)) = ap for all £ < k < k' < ¢q. Further-
more, according to the path (x1,...,2p,...,2k,..., 24, ..., 2,), by statements (iv)
and (i) of Lemma 1, we can infer that f((zj---), (zw ) = ap forall 1 <k <
k' < k and f((xk),(xk/)) = a3, for all £k < k < k' < v. Symmetrically,
on the subpath (z,, 41, . .., T4-1,7,), according to f((xp+1 )y (e )) = Tpi1
and f((zg-++),(®g—1-+)) = T4_1, to be consistent to statements (ii) and (iii) of
Lemma 1, there exists p < k < ¢ such that f((xk/ s, (xk)) = xy for all
p<k<k <kand f((xkf),(xk)) = g, for all k < k < k' < ¢. Further-
more, according to the path (z1,...,2p,...,25,..., 24, ..., 2,), by statements (iii)

and (i) of Lemma 1, we infer that f((z -+ ), (xp--+)) =ap foralll1 <k <k <k
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and f((zp ), (zp--+)) =y for all k <k < k' < v. Last, according to k and &,

one of the following three cases must occur:

| (2 ith<k<% |
(1) [E<k]= [flzr)(@w) =9 Tmaxry E1< kK <k |7
I [ Lmin(kk) ifk <k k <o |
| (o HE<k <k |
2) [k>k] = | f((@r) (@) =% Tmasepy if1< kK <E, |, and
I [ Zmin(k k) ifk <k K <o |

— Tmax(k k' if 1 < ]{Z, k' < k*,
Lmin(k,k") if & < k}, K <w.

In each case, we will induce a contradiction. We first identify the vertices

a' =z, and V' = x; on the path 7 in all three cases.

CLAIM 1: We have max(k, k) < s < ¢ and p < t < min(k, k).

In case (1), we show k<s<gandp<t<k Byasymmetric argument, we
can show k < s < gand p <t < k in case (2), and k* < s < gand p <t < k* in
case (3). We focus on showing k < s < g and p < t < k in case (1).

We first show that for every P, € D*', P; is single-peaked on the subpath
(z1,...,7;) and max’ ({xk, o ,IE}) = 1. Given an arbitrary 1 < k < k, since
f(@r--), (zr--+)) = ap and f((@pg1--), (@p--+)) = Tpp, strategy-proofness
implies xy Pxgyq for all P, € D*. Therefore, every P; € D*! is single-peaked on

TGiven k < k < k, if k' = k, it is evident that f((zy---), (g --+)) = xp; if k > K/, it is
true that 1 < k' < k < k, and then according to the path (z1,...,Zp ..., Tk, ...\ 25, ..., To),
we have f((zg---), (zp ) = ax; and if k < K/, it is true that £ < k < k' < v, and then
according to the path (z1,...,%k, ..., Tk, ..., Tk, ..., Ty), we have f((mk~--),(xk/ )) = Tp.
Given 1 < k, k' <k, if k' = k, it is evident that f((:z:k o) (g - )) = xy; if k > K/, it is true that
1 < k' < k < k <k, and then according to the path (z1,...,Zx, ..., Tk, ..., 25, ..., Ty), we have
f((xk o), (g )) = Tk = Tmax(k,k); and if & <K', it is true that 1 < k < &’ <k, and then
according to the path (1,..., @k, ..., T, ..., T, ..., Ty), we have f((zp ), (wp ) = Tp =

Tmax(k,k)- Symmetrically, given k < k,k' <wv, we can infer f((zk co ) (g - )) = Tmin(k,k’)-
58Note that all three cases are just partial characterizations of f on the path 7.
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(21,...,7). Next, given an arbitrary k < k <k, since f((z1---), (zp--+)) = i
and f((:z:k )y (g )) = 1y, strategy-proofness implies zP;xy, for all P, € D*.
Hence, we have max? ({xk, o ,:UE}) = xy, for all P, € D"'. Consequently, the
hypothesis r1(P;) = z1, z, = max’ ((a,0|T*)\{a}) and p + 2 < s < ¢ imply
k < s < ¢q. Symmetrically, we can show that for every P, € D®, P; is single-
peaked on the subpath (z,,...,z5) and max’ ({wﬁ, o ,xg}) = 3. Then, the
hypothesis 71(P;) = x,, 2, = max’: ((a, 0| T*)\{a}) and p < t < ¢ — 2 imply

p <t < k. This completes the verification of the claim.

Now, we have the path 7 specified in each case below:

Case (1): m=(T1, .., Tpyee ey @tyeey Thgy e s Ty ooy Ty ooy Ly v ey Ty,
Case (2) 1 T = (1, oy Tpyeeey Ttyene s Ty eeey Thy e vy Tye ey Ty - vy Ty), and
Case (3) 1 m=(T1,...,Tpyeov, Ttyenvnnn I O Ly ey Ty e ey Ty).

Given P, = P, and P, = P, by Claim 1, each case implies f((a:s s, ]52) = T,
and f(Pl,(a:t~-~)) = x;. First, since f((:cs-~),P2) = x,, strategy-proofness

implies f(Py, P,) € {z,}U{z € A : zPyx,}. Next, since f(ﬁl,(xt---)) = 1y,
strategy-proofness implies f(Py, Py) € {x;} U{x € A : 2Pyx,}. Therefore, it must
be the case that [{z,} U{z € A: xplxs}} N [{z:} U{z € A: 2P }] # 0. Given
2, = a/ = max" ({a,b|T"\{a}) and @, = V' = max" ((a,b|T*)\{b}), by the
definition of (a,b)-semi-hybridness on 74, we know {z,} U {z € A : zPyz,} =
{zyU{z € A:zPiaorz = a} C {z,} UA and {z;} U{z € A : 2Py} =
{z.}U{z € A:zPbor x = b} C {z,;} U A", which however imply [{z,} U {z €
A xplxs}] N[z} u{r € A:aPor}] C [{zs} UAY] N [{z} U A—9] = 0.

Contradiction! Therefore, f must behave like a dictatorship on (zp,...,z,). W

According to Lemma 7, we make the following observation.

OBSERVATION 2 If G@HT™) is a tree and Ext(G@HT™)) = {a, b}, then f behaves

like a dictatorship on {(a, b|74).% O

98ince G is a tree and Ext(Gﬁl’b|TA>) = {a, b}, G(@¥T™) indeed is a line and has
exactly two extreme vertices a and b. Then, the hypothesis of Lemma 7 is implied by path-
connectedness and the non-trivialness condition on (a,b|74). Hence, Lemma 7 implies that f
behaves like a dictatorship on (a, b|74).
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LEMMA 8 The following two statements hold:

(i) Given a € Ext(GPT™)Y and (a,y) € YT | f behaves like a dictatorship

on {a,y}.

(ii) Given b € Ext(GMTY) and (b,y) € EXYMT™) | f behaves like a dictatorship
on {b,y}.

PrROOF: The two statements are symmetric, and we focus on showing the first
one. According to Observation 2, we only need to consider the following two cases:
(i) G@bT™ is not a tree, and (i) G is a tree and Ext(GeHT)) £ {a, b}.
In each case, we show that f behaves like a dictatorship on {a,y}.

First, we assume that GL“?“TA) is not a tree. Since GL“?”'TA) is a connected
graph, G{@!T") must contain a cycle. Then, we can identify a subset A C (a, b|T4)
with |A| > 3 such that G2 is a connected graph and has no extreme vertex.
Furthermore, we can assume that Gf is the maximum connected subgraph of
G{eT) that has no extreme vertex, i.e., for any non-empty subset B C (a, b|T4)
with A C B, either G® is not a connected graph, or GB is a connected graph and
has an extreme vertex. Next, we identify a subset of Ext(GEMT™): B = {z €
Ext(GEedThY  x ¢ {a, b}}. Note that either B =0 or B # 0 holds. In particular,
if B # (), note that for each x € B , there must exist a unique z € A and a unique
path 7 in G (@74 connecting z and z such that 7N A= {z}. Clearly, AnB=0.

Furthermore, we define the subset below:

. 4, there exist z € /Al? z € Band a path 7 in G{*? connecting
C=<c€(a,bT"): R
z and x such that tN A = {z} and ¢ € 7\{z, 2}

~ ~ A

Clearly, if B= 0, then C=0. Last, let A= AUBUC. It is evident that GAisa
connected subgraph of Glab

CrLAIM 1: Rule f behaves like a dictatorship on A.

By statement (i) of Lemma 4, f behaves like a dictatorship on A. Givenz € B,

there exists a unique 2/ € C such that (x,2') € E@MTY) | Then, Lemma 5 implies

A~

f behaves like a dictatorship on {z,z'}. Moreover, there exists a unique z € A
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and a unique path m = (21, %2, ...,Zy_1,T,) Iin G@’W—A) connecting z and x such
that x9,..., 2,1 € C. Clearly, 2/ = x,_1. Then, Lemma 2 implies that f behaves
like a dictatorship on AU. Last, note that G2 is a combination of Gf‘: and paths
between A and all extreme vertices of B which cover vertices of C'. Therefore, by
Lemma 2, f must behave like a dictatorship on A. This completes the verification

of the claim.

Since a € Ext(G{MT™)) it is clear that a ¢ A. Then, there must exist a unique

vertex z* € A and a unique path 7" = (21,...,%) in ij”b‘TA> connecting z* and
a such that z,...,2, ¢ A. Clearly, z,_1 = y. By the non-trivialness condition,

there exists P, € D such that r(P,) = @ € A~ and max” ((a,b]TY\{a}) =
a’ # y. We then identify a path 7 in GA"™" that connects @ and a. There are two

situations: @’ € 7* U A and @’ ¢ 7* U A. In the first situation, we can construct

a path 7 = (z1,...,2,) in Gﬁl’b‘TA> connecting a and some z € A such that
y =1y, a €{xs,...,2,} and x,_1, 7, € A. Since f behaves like a dictatorship on

{zy_1,7,} by Claim 1, statement (i) of Lemma 6 must hold, i.e., f behaves like a
dictatorship on 7. Therefore, f behaves like a dictatorship on {z1,z2} = {a,y}.

Henceforth, we assume o’ ¢ 7* U A.
CrLaM 2: We have b € Ext(GeHTh),

By the definition of B, we know either b ¢ Ext(G{!T")) and Ext(GeNT) =
BU{a}, or b € Ext(G@HTY and Ext(Ge¥T") = B U {a,b} hold. Accord-
ingly, we know that either GL‘“b|TA> is combination of Gf and 7", or G@MTA) is

combination of G4, 7* and one path connecting b to some vertex of A. Sup-

pose b ¢ Ext(G@HT) Then, G is a combination of G4 and 7*, ie.,
Gl T — 7+ UGA | and hence we have o’ € (a,b|T4) = 7* U A, which contradicts

the hypothesis a’ ¢ 7* U A. This completes the verification of the claim.

Now, let (b,y) € E@bT?)  Thus, there must exist a unique 2’ € A and a unique

path ' = (2],...,2.) in G@HT connecting 2/ and b such that 2},...,2. ¢ A.

Clearly, ¥’ = 2._, Moreover, by the non-trivialness condition, there exists PeD
such that r1(F;) = b € A" and max™ ((a,b|T*)\{b}) = # . Let & denote
a path in GA"™" that connects b and b. Furthermore, we have to consider two
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subcases: ™ N7’ = () and 7* N7’ # (.
CrLAaM 3: If 7* N7’ = (), then f behaves like a dictatorship on {a,y}.

Since 2%,z € A and G2 is a connected graph, there exists a path 7’ =

(20,...,2") in GA connecting z* and 2. We then have a concatenated path

»r
~_( o "no__ i AN G(a:b\TA> h db M
7= (2, ...,21=21,...,2 =21,...,2)) in that connects a and 0. More-

»r

over, since 7* N7’ = (), it must be the case that G BT is a combination of ™,

GAand 7, ie., GoY) = pr UGAU T (see Figure 10).

Figure 10: Adjacency graph G(7*)

Then, o’ ¢ 7" U A implies a’ € {z),...,2.}. We know that either v € 7’ U A
or b ¢ 7 UA holds. If ¥ € 7' U A, similar to o/, we can easily infer that f
behaves like a dictatorship on {b,y'}, which indicates the failure of statement (ii)
of Lemma 6 on the path 7. Consequently, according to the path 7 in G\ (@ bIT)

that connects a and b, and the preference P, € D with r(P) = a € A° and
max?! ((a bIT*)\{a}) = ' € {z},...,2.}, statement (i) of Lemma 6 must hold,
i.e., f behaves like a dictatorship on 7. Therefore, f behaves like a dictatorship
on {2,z 1} = {a,y}. b ¢ 7' UA, it is evident that b € {zy,...,2}. Then,
according to the concatenated path (7,7, 7) in G2 that connects @ and b, and
the preferences P; and P, we know that the hypothesis of Lemma 7 is satisfied,
and then Lemma 7 implies that f behaves like a dictatorship on 7. Therefore, f
behaves like a dictatorship on {z, 2z;-1} = {a,y}. This completes the verification

of the claim.
CLAM 4: If 7* N7’ # (), then f behaves like a dictatorship on {a,y}.

We first show that there exists a unique 1 < k* < min(¢, s) such that z, = 2},
forall k = 1,...,k* and (2¢,..., 2k = 2}, ..., 2%) is the unique path in GlabIT?)
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that connects a and b. Let z; = Z/E for some 1 < k < tand 1 < k < s. Since

2*,2 € A and G4 is a connected graph, there exists a path 7”7 = (z7,...,20)
in G4 connecting z* and 2.0 Thus, we have three paths (21,...,2), @ =
(21,--.,2)) and (z1,...,2) in GO TIf (21,0, 2) # (2.0 , %), we can iden-

tify a cycle C from these three paths such that either |C N {z,..., 2.} > 2
or |CN{z,...,2}[ = 2 holds. Clearly, C C A C A This contradicts the
fact that zo,...,2 ¢ A and 25,...,2. ¢ A. Therefore, it must be the case

(21,...,28) = (zi,...,z'E), ie, k =kand z, = 2, forall k = 1,... k. Last,

since z; # z5, we can identify 1 < k* < min(¢,s) such that z, = 2 for all
k=1,....k" and {zpy1,..., 2} N {2uyy,..., 2.} = 0. Then, we have the path
= (Zty ooy Zhot 1y Zhr = 2oy Do i1 - - -5 2) 1D G@bT) connecting a and b. Since

Zoy... 2z & Aand 2),..., 2, ¢ A it is true that either k* > 1 and A N A = 0
(see Figure 11(a)), or k* = 1 and # N A = {2} (see Figure 11(b)). Therefore,
7N Al < 1.

C£ Y Zle* y/ b Q Y 21 yl b
T T

Figure 11: Adjacency graph G(@b7%)

Last, if 7 is not the unique path in G@¥T) that connects a and b, we can identify

at least two distinct vertices of 7 that are included in a cycle, and hence are
contained in A. This contradicts the fact |# N A| < 1. Therefore, 7 is the unique
path in Gfﬁ’b|TA> connecting a and b. Thus, we can conclude that when k* > 1,
G@¥T?) is a combination of G4 the path # and the path (21, ..., 2k+) (see Figure
11(a)), and when k* = 1, G is a combination of G4 and the path # (sce
Figure 11(b)).

Now, we start to show that f behaves like a dictatorship on {a,y}. First,

60Tf 2* = 2/, then 7" is a null path.
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recall that we are in the case o’ ¢ 7" U A, which implies a’ € {z}.,...,2,}. We
know that either &’ € 7’ U A or v/ ¢ #’ U A holds. If ¥ € ' U A, similar to a’, we
can easily infer that f behaves like a dictatorship on {b,4'}, which indicates the
failure of statement (ii) of Lemma 6 on the path 7. Then, according to the path T,
and the preference P; € D with r(P;) = a € A" and max” " ((a,b| T\{a}) =

a" € {Z4eq1s-- -5 2}, statement (i) of Lemma 6 must hold, i.e., f behaves like a
dictatorship on 7. Therefore, f behaves like a dictatorship on {z;, z, 1} = {a, y}.
If o ¢ 7" UA, then V' € {24+41,...,2}. Then, according to the concatenated
path (7,7, 7) in G2 that connects @ and b, and the preferences P, and P,, Lemma
7 implies that f behaves like a dictatorship on 7. Therefore, f behaves like a

dictatorship on {z;, 2,1} = {a,y}. This completes the verification of the claim.
Overall, if G is not a tree, f behaves like a dictatorship on {a,y}.

Next, we assume that G@¥7%) is a tree and Ext(G@T")) £ {a,b}. Clearly,
|Ext(GeNT)| > 2 and | Ext(GEMT )\ {a, b} > 1. Also, recalla € Eat(G@¥T™M),
Therefore, there are three subcases: (i) |Ezt(G@¥T™)| = 2 and | Ext(GeYT )\ {a, b}| =
1, which imply Ezt(G@eMT)) = {a,2} and = # b, (i) |Ext(GeHT)| = 3
and |Ext(GT )\ {a,b}| = 1 which imply Ezt(G?) = {a,b,2}, and (iii)
|Ext(GeTD)| > 3 and |Ext(GeAT N\ {a, b}| > 2.

In the first subcase, G N‘“"T ) is a line which has the extreme vertices a and
x. Let m = (x1,...,7,) be such a line. Thus, a = x1, y = 29, z = z, and
b =z, for some 1 < s < v. By the non-trivialness condition, we have a € A%~?
and P, € D® such that max” " ((a,b|T*)\{a}) = max” P ({zg,...,1}) = d €
{3,...,2,}. Moreover, Lemma 5 implies that f behaves like a dictatorship on
{%y_1, 2y}, which indicates the failure of statement (ii) of Lemma 6 on the path 7.
Therefore, statement (i) of Lemma 6 must hold, i.e., f behaves like a dictatorship
on 7. Hence, f behaves like a dictatorship on {x1, 22} = {a,y}.

In the second subcase, we know that x is uniquely adjacent to some 2’ €
(a,b]T4). Let A = {z,2'}. First, Lemma 5 implies that f behaves like a dic-
tatorship on A, which is analogous to Claim 1 above. Second, note that the

hypothesis b € Ext(GL“’b'Tﬂ) is analogous to Claim 2 above. Third, recall the
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vertices z*,2' € A and the paths 7*, 7’ in G that we identify for the proof

~

in the case that G{@¥7%) is not a tree. Note that 2’ is analogous to z*, x’ is anal-

ogous to z’, the unique path connecting =’ and a in GL“?”'TA) is analogous to 7,
(a,b|T4)

~

and the unique path connecting 2’ and b in G is analogous to 7’. Last, we
can adopt an argument analogous to the proof of Claim 4 to show that f behaves
like a dictatorship on {a,y}.

In the third subcase, there exists a subset A C (a,b|T*) such that G2 is the

minimum subtree of G@¥7*) that includes all extreme vertices of Ext(G{Y 7))\ {a, b}.

~

By Lemmas 5 and 2, we know that f behaves like a dictatorship on A, which is
analogous to Claim 1 above. Then, by the same verifications of Claims 2, 3 and
4 above,%! we can show that f behaves like a dictatorship on {a,y}. In conclu-
sion, we have shown that if G is a tree and Ext(GMTY)) £ {a, b}, then f

~ ~

behaves like a dictatorship on {a,y}. This completes the proof of the lemma. W

This completes the second-step proof, and shows that every two-voter strategy-
proof rule behaves like a dictatorship on (a,b|T%), as required. This proves the

sufficiency part of the Auxiliary Proposition.

B PRroor or FacT 1

(Necessity) Fixing n > 2 and the PNT rule f : D" — A on T4 w.r.t. (z,y), let f
be strategy-proof and violate the tops-only property. For notational convenience,
we let « = 1 and j = 2 in Definition 6.

We fix an arbitrary preference P, € D with r(P;) = z € A*Y, and show that
P, satisfies condition (i) of Fact 1 in two steps. In the first step, we show that P, is
semi-single-peaked on 74" w.rt. z. Given a,b € (2, z|TA") = (2, 2|T4), let
a € {z,b|TA""). By minimal richness, we have P| € D’ and P, € D for all v # 1.
By construction, we have f(P;, P_;) = Proj (z, T"":P-1)) = Proj (z, (z,a|T*)) =

61 Although Claims 2, 3 and 4 are established in the case that G<N“>b|TA> contains a cycle, the
verifications of all these three claims do not rely on the presence of cycles, but depends on the

dictatorship of f on A. Therefore, these three claims continue to be applicable in the case that

Ay
G T is a tree.
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aand f(P{, P_;) = Proj (z, T""1:P-1)) = Proj(z, (b,a|T*)) = b, which by strategy-
proofness imply aP;b. Givena € A*¥\(z,z|T*""), let &’ = Proj (a, (z,z|T*")).
Thus, @’ = Proj (a, (z,z|T*"")) = Proj(a, (z,2|T*)) = Proj(z, (z,a|T*)). By

minimal richness, we have P; € D* and P, € D* for all v # 1. By construc-

tion, we have f(P;, P_;) = Proj (I,TF(P“P*)) = Proj (z,(z,a|T*)) = d and

f(P, ]5,1) = a, which by strategy-proofness imply a’Pya. Therefore, P, is semi-

single-peaked on T4 w.r.t. x.

In the second step, we show that Py and max? (AY=%) = y. We construct two
profiles P = (Py, P, P_j19y) and P' = (P{, P, P_{19}), where P € DY, (P,) €
D* and r(P,) € A*Y for all v = 3,...,n. Then, by construction, we have
f(P) = Proj (m, TF(P)) =z and f(P') = Proj (a:, TF(P’)) =y, which by strategy-
proofness imply xPyy. Next, given an arbitrary a € AY~*\{y}, we construct two
other profiles P = (P, P5, P_f19) and P’ = (P], Py, P_f15), where P{ € D?,
P, € DY and P, is arbitrary for all v = 3,...,n. By construction, we have
f(P) = max™({z,y}) = y and f(P') = a, which by strategy-proofness imply
yPra. Therefore, max(AY=%) = y. Now, by combining the results in the two
steps, we infer that for all P, € D with r(P;) € A*~Y, P, is semi-single-peaked on
T4 w.r.t. y. This proves condition (i) of Fact 1.

To verify condition (ii) of Fact 1, we fix i € N\{1,2} and an arbitrary pref-
erence P; € D with ri(P;) € AY~* and show max’(A*~Y) = z. Given an ar-
bitrary z € A*"Y\{z}, we construct two profiles P = (P, Py, P;, P_{1 ;) and
P' = (P, P, P/,P_(153), where P/ € D* and P, € D? for all v # i. By con-
struction, we have f(P) = Proj(z,7'")) = Proj (z, (r(P,),z|T4)) = = and
f(P") = z, which by strategy-proofness imply xP;z. Therefore, max’i(A*™Y) = .
This proves condition (ii) of Fact 1.

Last, since f violates the tops-only property, by construction, there must exist
two profiles P = (P, P», P_{19y) and P' = (P, P;, P_{1.9}), where 7 (P;) € A*™Y
and 71(Py) = ri(Py) € AY™" such that f(P) = max2({z,y}) = = # y =
max’2({z,y}) = f(P'). Therefore, zPyy and yPjx. This proves condition (iii)

of Fact 1, and hence completes the verification of the necessity part.
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(Sufficiency) Let domain DD satisfy conditions (i), (ii) and (iii) of Fact 1. Fix the
PNT rule f:D® — A, n>2 on T4 wr.t. (x,9). For notational convenience, let
i = 1 and j = 2 in Definition 6. Clearly, condition (iii) of Fact 1 implies that f
violates the tops-only property. Henceforth, we show strategy-proofness of f.

We first consider voters other than 1 and 2 in the case n > 2. Given an voter ¢ €
N\{1,2} and two profiles P = (P, P>, P;, P_{12,4) and P' = (P1, P, P/, P_{124}),
let f(P) # f(P'). By construction, it must be the case that r(P) € A*Y,
ri(Py) € AV, f(P) = Proj(z, T"®)) and f(P') = Proj(z, T"*")). Furthermore,
we can infer that r{(P;) € A*Y for all j € N\{1,2,4}. Otherwise, x is included
in both I'(P) and I'(P’), and we induce the contradiction f(P) = = = f(P’).
Symmetrically, we can infer that it is impossible that r1(P;) € AY~* and r(P)) €
AY=* Therefore, either r(P;) € A*Y and r(P}) € AY™" or ri(P) € AV
and r(P/) € A*Y or ri(P) € A*Y and r(P}) € A*"Y occur. If r(P) €
A™Y and r(P!) € AY"" we by construction have f(P) = Proj(z,T'")) €
(ri(P),z|T*) and f(P') = Proj(z,T'®")) = z. Then, condition (i) of Fact 1
implies f(P)P;f(P'). Ifri(P;) € AY"*and r(P!) € A*Y, we by construction have
f(P) = Proj(z, T"'®)) = 2 and f(P') = Proj(z, T"*)) € A*=Y. Then, condition
(ii) of Fact 1 implies f(P)P;f(P’). Last, if r(P;) € A*Y and r(P}) € A*Y, we
by construction have f(P) = Proj(z, T'")) € A*=¥ and f(P’) = Proj(z, T'") €
A*Y. Note that condition (i) of Fact 1 implies that P, is also semi-single-peaked on
T4 wr.t. x. Then, by the sufficiency part of the Theorem of Chatterji et al.
(2013), we have f(P)P,f(P’). Overall, voter i has no incentive to manipulate.
Henceforth, we focus on the possible manipulations of voters 1 and 2.

First, given two profiles P = (P, P, P_{19y) and P' = (P[, P5, P_{3,9y), there
are three possible manipulations of voter 1:

(1) f(P) = Proj (v, 7'®) and f(P') = Proj (z, T""),
(2) f(P) =Proj (z, T"®") and f(P') =ri(P]) € A"*, and
(3) f(P) = max"({z, y}) and f(P') =ri(P]) € A~
In each case, we show either f(P) = f(P’) or f(P)P,f(P’) holds.
In case (1), m(P) € A Y, ri(P) € A*Y and r(P]) € A" Y. If there
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exists i € {3,...,n} such that r(P) € AY~", we have f(P) =y = f(P') by
construction. Next, assume 7(F;) € A" Y for all ¢ € {3,...,n}. Note that
condition (i) of Fact 1 implies that P; is also semi-single-peaked on 74° " w.r.t.
x. Therefore, by the sufficiency part of the Theorem of Chatterji et al. (2013), we
have either f(P) = f(P’) or f(P)P,f(P'), as required.

In case (2), m(P)) € AV and r(P) € A*Y. By construction, we have
f(P) =Proj (z, T"P)) € (ri(P),z|T*). By condition (i) of Fact 1, we know z =
min™ ((ri(P1),z|T4)), 2Py and y = max™ (AY=7). Then, f(P) € (ri(P1),z|T4)
and f(P') € A7 imply f(P)P,f(P'), as required.

In case (3), ri(P1) € A*Y and ri(P) € AY~*. By condition (i) of Fact 1, we
have 2P,y and y = max?t (AY=%). Then, f(P) = max™({z,y}) and f(P') € AY~2
imply either f(P) = f(P’') =y or f(P)P,f(P’), as required.

Last, given two profiles P = (P, P», P_{19}) and P’ = (Pi, P5, P_19}), there
are three possible manipulations of voter 2:

(1) f(P) = Proj (z, 7)) and f(P') = Proj (z, T")),

(2) f(P) = Proj (z, 7)) and f(P') = max2({z,y}), and

(3) f(P) = max"2({z,y}) and f(P') = Proj (z, T'").

In each case, we show either f(P) = f(P') or f(P)P.f(P’) holds. Clearly, the
verification of case (1) is similar to that of case (1) for voter 1.

In case (2), r(P) € A™Y, r(P) € A*Y and r(P)) € AY~". Hence,
f(P) =Proj (z, T"P)) € (ri(P,),z|T*). By condition (i) of Fact 1, we know z =
min®? ((ri(P,),z|T4)) and zPy. Therefore, f(P) € (ri(P),z|T*) and f(P') =
max’2({x,y}) imply either f(P) = f(P') = x or f(P)Pyf(P'), as required.

In case (3), r(P) € A" Y, r(P) € AY"" and ri(Py) € A*~Y. Thus, by
construction, f(P') = Proj (z, 7'} € (ri(P3),z|T4) C A*"V. If 2Py, we
have f(P) = max™({z,y}) = z. Then condition (ii) of Fact 1 implies either
f(P)= f(P") =z or f(P)Pf(P'). If yPx, we have f(P) = max"({z,y}) = v.
Then, condition (ii) of Fact 1 implies f(P)P.f(P’), as required.

In conclusion, the PNT rule f is strategy-proof. This completes the verification

of sufficiency part of Fact 1.
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C PROOF OF PROPOSITION 1

We first show statement (i) of Proposition 1. Let D C Dgsgp(7%,Z) be a path-
connected domain. Because of Fact 1, we only need to show that D ¢ Dgp(7T4)
if and only if there exists a critical spot. According to condition (iii) of Fact 1, it
is evident that the existence of a critical spot ensures D ¢ Dgp (7). Henceforth,
we focus on showing the necessity part.

Since D is semi-single-peaked, we identify the set of all thresholds Z C A w.r.t.
which D is semi-single-peaked on T4. Note that either Z = {z}, or Z contains
multiple alternatives and 72 is a subtree nested in 74.9 Since D ¢ Dgp(T4),
it is true that some extreme vertex of 74 and its unique neighbor must not be
contained in Z. Furthermore, we can identify a threshold 2’ € Z such that 2’ = z
if Z = {z}, or 2/ € Ext(T?) otherwise, and an edge (r,y) € £ with z,y ¢ Z

and y € {x, 2’| T*) such that the following two conditions are satisfied:

(1) every preference P; € D with r (P;) € AV~ is single-peaked on 74" " i.e.,
for all distinct a,b € A*™Y, [a € (b,z|T*)] = [aPb], and

(2) some preference PF € D with ri(P}) € AY"" is not single-peaked on the

subtree 747 Uiy} 63

62Given a tree T4 and two distinct alternatives a,b € A, if domain D C Dggp(74,a) and

D C Dssp(T4,b), then D is semi-single-peaked on T4 w.r.t. every alternative of (a,b|T4).
63The subtree 74" "Y1} is a combination of the subtree 74" and the edge (z,y). We adopt

a simple instance of the line £4 to exemplify how conditions (1) and (2) are specified. Fixing a
path-connected domain D C Dggp (LA, ax) for some 1 < k < m, let D ¢ Dsp (£4). Clearly, we
have Z = <ap,aq\[,A> for some 1 < p < ¢ < m. Hence, D C ]D)SSP(EA,ak) forall p < k < g,
and D ¢ Dssp(LA, a;) for all | < p and ¢ < I. Clearly, D ¢ Dgp(L£*) implies either p > 2 or
g < m—1. We assume w.l.o.g. that p > 2. First, according to a1, it is natural that every
preference with the peak located in (ag, am,|L?) is single-peaked on {(aj,a;|£4). Second, since
D C DSSP(£A7CLP) and D ,@ Dssp (£A, ap—1) it must be the case that some preference with the
peak located in (a,_1,a,,|£*) is not single-peaked on {ay,a,_1|L*). Therefore, searching from
a1 to ap—1, we can identify 1 < s < p —1 such that (i) every preference with the peak located in
(asi1,am|LA) is single-peaked on (a1, as|L4), and (ii) some preference with the peak located in
{as11,am|L4) is not single-peaked on (a1, as11]|£*). The two conditions here are analogous to

conditions (1) and (2) above respectively.
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Since condition (1) implies max?i(A*~Y) = x for all P, € D with r () € AY~2,
we know that condition (ii) of Fact 1 is satisfied. We next show that D satisfies

condition (i) of Fact 1.

CLAIM 1: For all P, € D with ri(P) € A*Y, P is semi-single-peaked on T4

w.r.t. y.

Fix an arbitrary preference P; € D with r;(P;) € A*~Y. Note that 2/ € AV™",
x,y € (ri(B),2'|T4) and y € (x,2'|T*). First, we show P, is semi-single-peaked
on the subtree T4 "YU} wrt. y. Since 7 (P;) € A*™Y and P is semi-single-
peaked on 74 w.r.t. 2/, it is true that P, is also semi-single-peaked on 74
w.r.t. , and Py, which imply that P; is semi-single-peaked on 74" ¥} wr.t.
y. Next, we show max’(A4Y~®) = y. Given an arbitrary z € AY"*\{y}, we
show yP;z. We know that either z € (y,2'|T4), or 2 ¢ (y,2'|T*) which further
implies ¢ (ri(P,),2'|T4). If z € (y,2/|T4), we have y,z € (ri(F;),z/|T*) and
then the first condition of semi-single-peakedness on 74 w.r.t. 2’ implies yP;z. If
z ¢ (y,«|T4), let Proj (2, (ri(P;),2'|T#4)) = 2. Clearly, 2’ € (y,2/|T*). Then,
by semi-single-peakedness on 74 w.r.t. 2/, we know 2'P;z and yP,2’ (if y # 2'),
which hence imply yP;z by transitivity. Therefore, max?i(AY=%) = y. Last, since
T4 is a combination of the subtree T4“ ", the edge (z,y) and the subtree 74" ",

it must be the case that P; is semi-single-peaked on 74 w.r.t. y. This completes

the verification of the claim.

We last show that ID satisfies condition (iii) of Fact 1. First, recall the preference
P in condition (2) above. Since P} is single-peaked on 74“ " by condition (1)

and violates single-peakedness on 74“ "Y1} by condition (2) above, it must be

the case that max”i (A*"Y) = x and zP}'y.

CLAIM 2: There exist P;, P/ € D such that r(P;) = r(P)) € A", yPx and

xPly.

Clearly, there exists a preference P, € DV by path-connectedness. Thus, we
have P, P € D such that r(P) € Av=* r(P*) € A" yPa and zPry. We
separate the subdomain D = {P; € D : r(P;) € AY""} into two parts: D; =

{P,eD:yPx} and Dy = {P, € D: zPy}. Clearly, D; # () and D, # (). Since
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D C Dggp(T4, Z), it is true that G4 = T4. Recall that T4 is a combination of the
subtree 74", the edge (z,y) and the subtree 74" ". Hence, GA""" is a subtree.

Now, suppose that the claim is not true, i.e., for all distinct P;, P/ € D with
r1(P;) = r1(P/), they agree on the relative ranking of z and y. Consequently, for
all z € A¥=* cither D* C D; or D* C D, holds. Furthermore, given two arbitrary
distinct z, 2" € A¥=*, let D* C Dy and D¥ C D,. Thus, we have 2P,z and yP,x
for all P; € D?, and 2’ P/z and 2Py for all P/ € D?, which imply that z and 2’ are
never adjacent. This contradicts the fact that G4 is a subtree. This completes
the verification of the claim, and hence proves the necessity part of statement (i).

Next, we show statement (ii) of Proposition 1. Let D C Dgyu(T4, a,b) be a
path-connected domain. Symmetrically, because of Fact 1, we only need to show
that D ¢ Dy (T4, a,b) if and only if there exists a critical spot. According to
condition (iii) of Fact 1, it is evident that the existence of a critical spot ensures
D ¢ Du(T#, a,b). Henceforth, we focus on showing the necessity part. Since
D¢ Dy (T4, a,b), there must exist a preference that is not single-peaked on either
TA" or TA". We assume w.l.o.g. that there exists a preference that is not
single-peaked in 74", Therefore, A9* £ {a}. We separate I into two parts:
D, ={PeD:r(P) e A and Dy = {P, € D : r(P;) ¢ A**}. Thus, we
know either D; or D, is not single-peaked on 74*~". Note that all preferences of
D, are semi-single-peaked on TA" wrt. a. If Dy is not single-peaked on TA(Hb,
we can adopt the same proof of the necessity part of statement (i) to identify
a critical spot in TA™" Next, assume that D is single-peaked on TA" and
D, is not single-peaked on 74°~". Note that for every preference P, € Dy, (i)
P, vacuously satisfies the first condition of semi-single-peakedness on 74" w.r.t.
a, and (ii) (a, b)-semi-hybridness on 74 implies max’i(A%~?) = a, which implies
that P; satisfies the second condition of semi-single-peakedness on 74" w.r.t. a.
Therefore, loosely speaking, D5 is semi-single-peaked on TA" wrt. a. Then, by
an argument similar to the proof of the necessity part of statement (i), we can also
identify a critical spot in TA" This completes the verification of the necessity

part, and hence proves Proposition 1.
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D PROOF OF THE THEOREM

We first provide two independent lemmas (Lemmas 9 and 10) which will be repeat-
edly applied in the proof of the Theorem. For Lemmas 9 and 10, we fix N = {1, 2}
and a two-voter tops-only and strategy-proof rule f : D* — A. Since f satisfies
the tops-only property, we slightly abuse the notation f(a,b) to represent a social
outcome at a preference profile where voter 1 reports a preference with the peak a
and voter 2 reports a preference with the peak b. Also, f(a, P,) represents a social
outcome at a preference profile where voter 1 reports a preference with the peak

a and voter 2 reports preference P.
LEMMA 9 Fizing a path © = (z1,...,2,) in G2, the following three statements hold:
(i) flxs,zy) €{ws,..., 2} and f(xy,xs) € {ws, ..., 24} foralll < s <t <w.

(i) If f(Pi,z5) = x ¢ ™ where x5 € w, then f(Pi,xx) = x for allk =1,...,v.
Symmetrically, if f(zs, Py) = x ¢ m where x5 € 7, then f(xy, Py) = x for all
k=1,...,v.

(iii) If f(P1,xs) = x5 where xy € 7, then f(P1,x,) € {zp,..., x5} for all 1 <
p < s, and f(P,xy) € {xs,..., x4} for all s < q < v. Symmetrically, if
f(zs, P2) = x5 where xs € m, then f(z,, P2) € {zp,..., x5} for alll <p <s,

and f(xg, Py) € {xs,..., 24} forall s < q <w.

Proor: Fix1 < s <t <w. First, since x5 ~ x4,1, by the proof of Claim A of Sen
(2001), unanimity and strategy-proofness imply f(xs, xs11) € {zs, zs11}. Next, we
provide an induction hypothesis: given s +1 < < ¢, forall s+ 1 <’ < I, we
have f(zs, xp) € {zs,...,zp}. We show f(zs, ;) € {s,...,2;}. By the induction
hypothesis, we first have f(xs,2;_1) € {zs,..., 212, 7-1}. Next, since z;_1 ~ x,
we have Py, Py € D such that ri(P) = ro(Py) = -1, m1(Py) = ro(FP2) = x; and
rk(Py) = re(Py) for all k = 3,...,m. If f(xs, P) = f(xs,x1-1) € {xs,..., 212},
then the tops-only property and strategy-proofness imply f(zs, x;) = f(zs, Py) =
flzs, Po) € {xs,...;x10} C {zs,...,x}. I fag, P) = f(zs,2121) = 2.1,

then the tops-only property and strategy-proofness imply f(z4,z;) = f(zs, Py) €
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{z1—1, 21} C {xs,...,x}. Overall, f(zs,2;) € {xs,...,2;}. This completes the ver-
ification of the induction hypothesis. Therefore, f(zs, z;) € {xs,...,2¢}. Symmet-
rically, f(zy, xs) € {xs,...,2:}. This completes the verification of statement (i).

Next, we show statement (ii). By symmetry, we focus on f(Py, zy). Given 1 <
k < v, we first assume s < k. We consider the path (x,...,zy). Since x5 ~ x4, 1,
we have Py, Pj € D such that ri(P) = ro(Ps) = x5, r1(Py) = ro(Py) = 541 and
ri(P2) = rp(Py) for all k = 3,...,m. Since x ¢ {xs, 2541}, the tops-only property
and strategy-proofness imply f(P,zs11) = f(P1, Py) = f(P1, Py) = f(P1,xs) = .
Following the path (xy,...,z;) from x4, to x; and repeatedly applying the same
argument step by step, we eventually have f(P;,z;) = . Similarly, if s > k, we
also induce f(P;,x;) = x. Therefore, f(P,zx) = x for all k = 1,...,v. This
completes the verification of statement (ii).

Last, we prove statement (iii). By symmetry, we focus on f(P,x,) and
f(P,z,). Given 1 < p < s, suppose f(P,z,) = x ¢ {z,,...,2s}. Then, ac-
cording to the path (z,,...,xs), statement (ii) implies f(P;,z,) = x # z5. Con-
tradiction! Therefore, f(Py,z,) € {zp,...,zs}. Similarly, f(P,z,) € {zs,..., 2.}

for all s < ¢ < wv. This completes the verification of statement (iii). |

LEMMA 10 Fizing a path © = (1,...,%,), v > 3, in G4, let f(x1,2,) = 3 and

f(xy,x1) = z5. The following three statements hold:

B (

T ifk <s<k,
(i) [k<k] = [f@o) = Tmeaern ifs <k,
L xmed(&t,E) lf S > E

i ifk <t<Ek,
(11) [k > E] = f(xsa xt) = :Emed(s,t,E) ift < E,

Tmed(s,t,k) ift > k.

L \

(iii) [k’ =k= k*] = [f(xs,xt) = Tmed(s,t,k+) Jor all 1 < s, < v].

ProoFr: First, according to f(xy,z,) = xy, we establish the following claim.
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zp 1 <k<KE <k,
Cram 1: We have f(xp,xp) = x, ifk <k <k <w,
r, f1<k<k<k <wo.

Since f(x1,x,) = xy, strategy-proofness implies f(x1, ) = zg. If £ =1, then
it is evident by unanimity that f(zg,xp) = xp for all 1 < k < k' < k. Next,
assume k > 1. According to the subpath (z1,...,xy), by statement (iv) of Lemma
1, to show f(xy, xr) = xp for all 1 < k < k' < k, it suffices to show f(xg_1,2%) =
x). By statement (i) of Lemma 9, we first know f(zy_1, ;) € {zg_1, 2%} Suppose
f(xg—1,2,) = xp—1. Then, according to the subpath (xy,...,x5_1), statement
(iii) of Lemma 9 implies f(x1,2;) € {1,...,2,-1}. Contradiction! Therefore,
f(zg—1,2k) = xg, as required.

Symmetrically, since f(xy,x,) = xy implies f(zy, x,) = x) by strategy-proofness,
we can refer to the subpath (xy,...,x,) and show that f(zg, xp) = x; for all
E<k<FK <w.

Last, given 1 < k < k < k' < v, according to the subpath (z1,...,xzx), by
statement (i) of Lemma 9, f(z1,z,) = x implies f(xy,z,) = x. Furthermore,

according to the subpath (zy,...,x,), by statement (ii) of Lemma 9, f(xy,x,) =

xy implies f(zx, xg) = xx. This completes the verification of the claim.

Symmetrically, according to f(z,, 1) = x5, we can establish the claim below.
oy f1<k<k <k,
CrAM 2: We have f(zp,z) =< zp ifk <k <k <uw,
Ty ifl<k<k<k <o
Last, we combine two claims to prove the lemma. Note that the verifications
of the three cases k < k, k > k and k = k are symmetric. Hence, we focus on the
verification of the first case k < k. Let k < k and fix an arbitrary profile (s, 2¢).
First, let k < s < k. If s <t, we have £ < s < t < v and Claim 1 implies
f(zs,2,) = 2. If t < 5, we have 1 < ¢ < s < k and Claim 2 implies f(z,z;) = .
Overall, f(zs,z;) = x5, as required.
Second, let s < k. If t < s, we have 1 <t < s < k < k and Claim 2 implies

f(@s,2) = 5 = Tmed(se)- f s <t <k, we have 1 < s <t <k and Claim 1
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implies f (s, ) = Tt = Tmed(s,t.k)- 1f £ <1, we have 1 < s <k <t < v and Claim
1 implies f(xs,T¢) = T = Tmed(s,t.k)- Overall, f(xs, T4) = Tmed(s,tk), aS required.
Last, let s > k. If t < k, we have 1 < t < k < s < v and Claim 2 implies
f(@s, 1) = T = Tpeasay- 1 k<t<s wehave k <t < s < v and Claim 2
implies f(xs, x¢) = x; = Trned(si ). U s <t, we have k < k < s <t <wvand Claim
1 implies f(xs,21) = s = Tpeqsnm)- Overall, f(zs,2) = @yeq(s,7)> as required.

This proves the lemma. [ |

Proof of Statement (i). The sufficiency part of Statement (i) holds, since by
the proof of the sufficiency part of the Theorem of Chatterji et al. (2013), a semi-
single-peaked domain D C Dggp (T4, Z) admits the following two-voter anonymous,
tops-only and strategy-proof rule: f(P;, P2) = Proj (z, (ri(Py),r1(P)|T*)) for all
Py, P, € D, which hence satisfies invariance.

Henceforth, we focus on the necessity part. Let D be a rich domain and f :
D? — A be an invariant, tops-only and strategy-proof rule. The proof consists
of two steps: (1) we show that G2 is a tree (see Lemmas 11 and 12), and (2)
we completely characterize SCF f (see Lemma 13), which by strategy-proofness
implies that I is semi-single-peaked on G2 w.r.t. the threshold which equals the
social outcome f(P;, Py) = f(P1,P,) (see Lemma 14).

LEMMA 11 There exists a unique path in G2 connecting a1 and a,,.

PROOF: Since G4 is a connected graph, there exists a path in G2 connecting
a; and a,,. Suppose that the lemma is not correct, i.e., there are two distinct
paths 7 = (z1,...,7,) and 7 = (yy,...,y,) in G2 connecting a; and a,,. Then,
we can identify 1 < s <t < pand 1 < ¢ <t/ < ¢ with either t — s > 1 or
t'— s > 1such that z, = yy, 2 = ypy and {zsy1, ..., 21 OV {Ysrit, -, yp_1} = 0.
Consequently, we construct a cycle C = (xg, ..., 2, = Yy, .. ., Ysia1, Yo = Ts). Note
that (z1,...,2,) is a path in G4 connecting a; to the cycle C, and (z,, ..., x;) is
a path in G4 connecting a,, to the cycle C.

By Observation 1, f behaves like a dictatorship on C. We assume w.l.o.g. that
voter 1 dictates on C. Thus, f(xs,x;) = x5 and f(zy, x5) = x4 According to the
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subpaths (z¢,...,z,) and (xs,...,21), by statements (ii) of Lemma 9, f(z,,z;) =
xs implies f(zs,2,) = x5, and f(z4,25) = ; implies f(zy, 21) = 4. Further-
more, according to the subpaths (zs,...,21) and (z4,...,2,), by statements (iii)
of Lemma 9, f(x,,2,) = x, implies f(z1,2,) € {x1,...,2s} and f(x, 1) = 2
implies f(z,,z1) € {x¢,...,2,}. Consequently, f(x1,x,) # f(z,, 1), which con-

tradicts invariance. [ ]

Let 7* = (21,...,2,) be the unique path connecting a; and a,, in GA. Note

that this path may not include all alternatives of A.

LEMMA 12 The graph G2 is a tree.

PROOF: Suppose not, i.e., there exists a cycle C = (by,...,b,,b1), v > 3. By
Observation 1, f behaves like a dictatorship on C. We assume w.l.o.g. that voter
1 dictates on C, i.e., f(P, Po) = ri(Py) for all P;, P, € D with r(P;),r1(P) € C.

We know either CN7* = (@ or CN7* #£ 0. If CN7* = (), we can identify
by € C, 7, € 7 and a path (yi,...,y,) in G4 connecting b, and x;, such that
{y2, ..., yu—1} N[CUT*] = 0 (see Figure 12(a)). If C N7* # (), it must be the case
that |CN7*| = 1, for otherwise, we can identify two distinct paths in G* connecting
a1 and a,,, which then contradicts Lemma 11. Accordingly, let by = x5, € 7* be
the unique alternative of 7* contained in C (see Figure 12(b)). Overall, we have
the cycle C = (by,. .., by, b1), the path 7* = (xy,...,x,) and the path (y1,...,yu)
which may be a null path when by = x;. We consider three cases: (i) 1 < k < p,

(ii) £ =1 and (iii) & = p, and induce a contradiction in each case.

T z Tp T Tk Tp

(a) (b)
Figure 12: The relation between the cycle C and the path 7*

In the first case, fixing b, € C\{bs}, we have f(b;,bs) = b; and f(bs,b;) = bs by

voter 1’s dictatorship on C. According to the paths (bs = y1, ..., Yy = T, ..., T1)
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and (bs = Y1,...,Yu = Tk,...,Zp), by statement (ii) of Lemma 9, f(b;,bs) = b,
implies f(by,x1) = by and f(bs,z,) = b.. Furthermore, according to the paths
(bey .o oybs = Y1ye s Yu = Thyoooyxp) and (by, ... bs = Y1,. o Yy = Th,. .., T1),

statement (iii) of Lemma 9 implies f(x,, x1) € {bt, ..., bs = Y1, .-, Yu = Ty .., Tp}
and f(z1,2,) € {b,....,bs = y1,...,Yu = Tk,...,21}. Then, invariance implies
flxp,z1) = flx1,2p) € {bt,....bs = Y1yov s Yu = Thyooospy N A{by, ... b5 =
Yly ooy Yu = Tpy ooy 1} = {byy ... bs = Y1, .., Yy = Tx}. Moreover, according to

the path 7*, invariance and statement (i) of Lemma 9 imply f(z,, 1) = f(z1,2,) €
{z1,...,2,}. Therefore, f(x,, 1) = f(x1,2,) € {bt,....bs = y1,...,yu = T} N
{r1,...,2,} = {7}, and hence f(x,,11) = f(z1,2,) = z}. Last, given P; = Py =
P; and P, = P, = P;, the tops-only property implies f(Py, Py) = f(x,,71) = 2},
and f(Py, Py) = f(z1,2,) = 4. Recall f(by, Py) = f(bs,71) = by and f (b, Py) =
f(bs, x,) = by. Then, strategy-proofness implies f(P1, Py) = z,P1b; = f(bs, Py)
and f(P,, Py) = 2 P,b, = f(b;, P3). This contradicts the hypothesis that P; and
P, are completely reversed. This completes the verification in the first situation.

The second and third case are symmetric. We focus on the verification on the
second case k = 1. Fixing b, € C\{bs}, we have f(b, bs) = b;. According to the
path (bs = y1,...,Yy = 1,...,Tp), by statement (ii) of Lemma 9, f(b;,bs) = b
implies f(b;,x,) = b, and f(by, x1) = b. Furthermore, according to the path
(bty...,bs =Y1,..., Y, = 1), by statement (iii) of Lemma 9, f(b;, z,) = b, implies
f(z1,2p) € {bty...,bs = y1,...,yu = x1}. Meanwhile, according to the path 7*,
statement (i) of Lemma 9 implies f(x1,x,) € {21,...,x,}. Therefore, f(x1,x,) €
{br,....bs = Y1, .,y = 21} N {21, ..., 2,} = {21}, and hence, f(z1,2,) = x1.
Then, given P, = P; and P, = P,, the tops-only property and invariance imply
f(P1,Py) = f(xp, 1) = flz1,2p) = z1. Recall f(by, Py) = f(by, 1) = by. Since
P, and P, are completely reversed, x; = a; is the bottom-ranked alternative in
P;, and hence b,P1x;. Consequently, voter 1 will manipulate at (Py, P,), i.e.,
f(bs, Py) = b;Piwy = f(Py,P,). This completes the verification in the second

situation, and hence proves the lemma. [ |

73



According to the path 7*, by statement (i) of Lemma 9, we fix f(x1,2,) =

f(zp,21) = x5, for some 1 < k < p. The next lemma completely characterizes f.

LEMMA 13 According to the tree G2, we have f(y, z) = f(z,y) = Proj (x,;, (y, Z|Gf))
for all y, z € A.

PrOOF: We first consider the path 7* = (z1,...,z,). Clearly, statement (iii) of
Lemma 10 implies f(z, 2:) = f(@1, Ts) = Trneags.r o) = Pr0j (25, (x5, 24|G2)) for all

1 <5t <p.
CLAIM 1: Given y ¢ 7, we have f(y,zz) = f(z,y) = x5 = Proj (zz, (zz, y|G2)).

We focus on showing f(y,z;) = x3. By a symmetric proof, one would imme-
diately conclude that f(zz,y) = z3. First, let (x5, y|G2) = (y1,...,y.) be the
unique path connecting z; and y in the tree GA. We first show f(y2,51) = 41
If y € 7*, we have y, = x, for some 1 < k < k or k < k < p, and hence
f(ya,y1) = f(zg,x3) = 5 = y1. Next, assume yp ¢ 7*. Since y; ~ yo, statement
(i) of Lemma 9 implies f(y2,71) € {y1,y2}. Suppose f(y2,41) = yo. Conse-
quently, according to the paths (y; = xf,...,21) and (y; = 23, ..., z,), statement
(ii) of Lemma 9 implies f(yo,21) = y2 and f(ya2,xp) = y2. Meanwhile, given
P, = P; and P, = P,, since f(Py,21) = f(v,,71) = 25, = y1 and f(P,z,) =
f(z1,7,) = 7 = Y1, strategy-proofness implies f(P1,7;) = 11 P1y2 = f(y2, 71)
and f(Py,z,) = y1P,y2 = f(y2,2,). This contradicts the hypothesis that P; and
P, are completely reversed. Therefore, f(y2,71) = y1. Then, according to the
path (ya,...,y.), statement (ii) of Lemma 9 implies f(y,zz) = f(Yu,v1) = 11 =

x; = Proj (3:,;, (xg, y|Gf)) This completes the verification of the claim.
Henceforth, we fix arbitrary y,z € A and let (y, z2|G2) = (y1,...,y.). There

are three situations: (1) Proj (zz, (y, 2|G2)) =y, (2) Proj (zz, (y, 2|G4)) = z and

(3) Proj (zz, (y, 2|G2)) = y, for some 1 < | < u. In each situation, we show

fly,z) = f(z,y) = Proj (ac,;, <y,z\Gf>). Note that the first two situations are

symmetric, and we hence focus on situation (1).

CLAIM 2: In situation (1), f(y,2) = f(z,y) = y = Proj (zz, (y, 2|G2)).
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If y = xj, this claim is implied by Claim 1. Next, assume y # xz. Since
Proj (:U,;, (y,zle)) = y, we can construct a path 7 = (2 = yy,...,y1 = y =
Zlyeeey Zu_1,20 = Tf), where v > 2. By Claim 1, we first have f(z,,2,.1) =
f(zv-1,2y) = z,. Then, according to the path =, by statements (iii) and (iv)
of Lemma 1, f(z,,2,-1) = 2, implies f(y,z) = y and f(z,_1,2,) = 2z, implies
f(z,y) = y. Therefore, we have f(y,2) = f(z,y) =y = Proj (zz, (y, 2|GZ)). This

completes the verification of the claim.
CLAIM 3: In situation (3), f(y,2) = f(2,y) = yi = Proj (zz, (y, 2|G2)).

First, Let (21, ..., z,) denote the unique path connecting zj and y; in G%, which
may be a null path if z; = y;. We focus on showing f(y, z) = y;. By the symmetric
argument, one would immediately conclude that f(z,y) = y;. First, according to
the path (y,2|GA) = (y1,...,y.), statement (i) of Lemma 9 implies f(y,2) = ys
for some 1 < k < u. Suppose k # [. Thus, either 1 < k <l orl < k < u holds.
If 1 <k <, then according to the path m# = (2 = Yu, ..., U1 = 24,...,21 = Xf).
by statement (ii) of Lemma 9, f(y, z) = yx, ¢ 7 implies f(y,x;) = yx # xf, which
contradicts Claim 1. Symmetrically, if [ < k < wu, according to the path n’ =
(Y=1"1,-- . U1 = Z¢,-..,21 = Xf), by statement (ii) of Lemma 9, f(y,2) = yp ¢ 7
implies f(xj,2) = yx # xj, which contradicts Claim 1. Therefore, f(y,z) =y =
Proj (z7, (y,2|G2)). This completes the verification of the claim.

In conclusion, for all y, z € A, f(y,z) = f(z,y) = Proj (x,;, (y, Z|Gf)) [ |

LEMMA 14 Domain D is a semi-single-peaked domain on the tree G2 w.r.t. xy.

ProOOF: Fixing an arbitrary preference P, € D, let r(F;) = x. First, given
a,b € (z,15|G2), let a € (x,b|GA). By Lemma 13, given P, = P;, we have
f(Pr1,a) = Proj (zz, (z,a|G2)) = a and f(b,a) = Proj (g, (b,a|G2)) = b. Then,
strategy-proofness implies aP;b, and we hence have aP;b, which proves the first
condition of Definition 3. Last, given a ¢ (z, z|G2), let Proj (a, (z, 23|G2)) = o'
Given P, = P;, we have f(P;,a) = Proj (x,;, (, a\Gf>) = Proj (a, (x, x,;\Gf>) =d

by Lemma 13, and f(a,a) = a by unanimity. Then, strategy-proofness implies
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a' Pya, and we hence have a’ P;a, which confirms the second condition of Definition

3. Hence, D C Dgsp(G4, 23). This proves Statement (i) of the Theorem. [ |

Proof of Statement (ii): (Sufficiency) Let D be a rich (a,b)-semi-hybrid
domain on a tree 74. By Statement (i), to show that there exists no invariant,
tops-only and strategy-proof rule, we show that D is never semi-single-peaked.
Suppose by contradiction that D is semi-single-peaked, i.e., there exist a tree
T4 and a threshold # such that D C ]DSSP(’?'A, z). Immediately, since D is path-
connected, D C ]D)ssp(%A,f) implies G4 = TA. Meanwhile, since D is path-
connected and (a, b)-semi-hybrid on T4, it is also true that GA*" = 74" and
GA™ = T4, Thus, according to both 74 and T4 and their relations to
G4, we can infer that 74 and T4 induce the same subtrees on the subsets 49~
and A"~ respectively, i.e., TAT! = TA7" and TA" = T4* ¢ Furthermore,

since G{@¥T) is a connected subgraph and G4 = 7~’A, it must be the case that

G@’b|TA> = T{adT™ is a subtree nested in T4. Thus, T4 is a union of the subtrees
TA G and 747", Since G4 = T4 is a tree, we have a unique path

{ay, am|GA) = (21, ..., 1,) connecting a; and a,y,.

CLAIM 1: Alternative 7 is included in {(ay, a,,|G4), and has at most two neighbors
in 74,

CLAIM 2: If A*~b £ {4}, then a has a unique neighbor in the subtree 74"
Symmetrically, if A®~¢ # {b}, then b has a unique neighbor in the subtree TA™,

The verification of the two claims follows from Clarifications 1 and 3 in Ap-
pendix G respectively.

Henceforth, let £ = xp+ for some 1 < k* < v, a be the unique neighbor of a
in 747" provided A*~* # {a}, and let b be the unique neighbor of b in 74",
provided A= #£ {b}. There are four cases: (1) A*~? # {a} and A*~* # {b}, (2)
A=t = {a} and A7 #£ {b}, (3) AP £ {a} and A*~* = {b}, and (4) A*~* = {a}

and A*~® = {b}. In each case, we will induce a contradiction.

64Note that A%~ and A*—® are two subsets identified according to 74. The notation A
(respectively, 7~‘Ab4a) represents a subgraph of T4 induced on the alternatives of A3 (respec-
tively, A>—9).
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Let case (1) occur. Since D includes the completely reversed preferences P,
and P;, it must be the case that either a; € A*~"\{a} and a,, € A*~2\{b}, or
am € A\ {a} and a; € A*%\{b} hold. We assume w.l.o.g. that a; € A*~"\{a}
and a,, € A'*\{b}. Then, we have a’s unique neighbor a in 74" and b’s
unique neighbor b in 7°=¢ by Claim 2. Moreover, since D is rich (a,b)-semi-
hybrid on 74, it must be the case that all @,a,b and b are included in the path
{ay, am|G2) = (x1,...,2,) such that a = z, and b = z; for some 1 < s <t < v,
a =1, and b = z,,,. Since D is (a, b)-semi-hybrid on 74 and semi-single-peaked
on T4 w.r.t. a4, condition (3) of Definition 4 implies 24 ¢ {a,b}. Thus, we have
three situations s < k* < t, 1 < k* < s and t < k* < v. In the first situation,
we induce a statement that contradicts condition (2) of Definition 4, while in each
of the last two situations, we induce a statement that contradicts condition (3) of

Definition 4.

CrAaM 3: The following three statements hold:

(i) If s < k* < t, there exists a tree T4 such that z;- and b are two thresholds,

(24, b|TA) C (a,b|T4) and D C Dy (T4, zpe, b).

(ii) If1 < k* < S, then D - DSSP(TA, a).
(iii) If t < k* < v, then D C Dggp (T4, b).

The last two statements are symmetric, and we hence focus on verifying state-
ments (i) and (ii).

First, let s < k* < t. Thus, xp+ and x3+,1 are the exactly two neighbors of
T+ 1N TA by Claim 1. According to the paths 7 = (zps_1, T+, ..., 24, T411) and
7 = (Tpe,..., 1) in G = %A, we identify the following subset of alternatives:
M = {z € A: Proj(z,m) € n'}. Clearly, zy+, xp+11,b € M. Then, we construct
a line (21,22, ...,2,) over M, where 21 = x+, 29 = Tp+41 and z, = b. Moreover,
recall that 74 is a union of the subtrees TA° ", G@HT*) and T4 ™. Then, the
definition of M implies M C {a,b|T?). Next, since (zp,Tp-11) is an edge in
%A, T+ and xp«y1 are naturally two thresholds in T4. We then identify the

subsef Av =it = {reAim. € <$7$k*+1|%A>} and the subtree TA™ ™,
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Last, we construct a new tree TA by combining the subtree %Awk*ﬂk*ﬂ, the line

(21,22, . ., 2y) and subtree 74"*.65 Clearly, z; and z, are two thresholds of TA.

Let A5~ = {zed:zc (:c,zﬂ?ﬂ} and A== = {red:ze (:c,21|7\"4>}.
Note that A== = Auw—wwe JALT™ _ AN (zl,zn|7A’A> = M C
(a,b|TA), A=n—m = gb=e and TA" ™ = 74

Now, we show D C DSH(’?A, 21, zy). Fix an arbitrary preference P, € D. We
know that either 7 (P) € A"~=\{z}, or r(P) € A"~=\{z,}, or r(P) €
(zl,znﬁ’A) holds. First, let r(P) € A"\ {z}. It is clear that r(P;) ¢
AZ"Azl\{zn} — A=a\{b}. Since P, is semi-single-peaked on T4 w.rt. @ =
z1 by the contradictory hypothesis, it is true that P; is semi-single-peaked on
JATRTIRL AT g z1, and z1 P,z for all z € A\flxk*é‘”k*+1 = A\/lzl;zn
which further implies max” ({21, z,7|7:‘4>) = 21. Moreover, since P; is (a, b)-semi-
hybrid on T4, r1(F;) ¢ A*~*\{b} implies max’ (Azn_‘zl) = max’i (A7) = b =
zy. Therefore, P; is (21, z,)-semi-hybrid on T4. Second, let ri(P;) € A2\ {2, ).
Since P, is (a,b)-semi-hybrid on T4, r(P;) € A*»—5\{z,} = A">\{b} implies
that P; is semi-single-peaked on TA™ = TA ot b= 2y, and z,P;z for
all z € A\A"* = A\A*~# which further implies max” ({21, 2,[T*)) = 2,
Moreover, recall that T4 is a union of the subtrees TAPb, ij”b'TA) and 'TAP&,
and 2, = z € (a,b|T4). Then, ri(P) € A=o\{b} C A= +1~= implies
2] = T+ € <:c,r1(Pi)]’7'A> for all z € A —@+1_ Consequently, since P, is
semi-single-peaked on TA wrt. o by the contradictory hypothesis, we have
max’ (/Alzlgzﬂ) = max’ (Axk*éxk*ﬂ) = x4~ = 2. Therefore, P, is (21, 2,)-semi-
hybrid on T4. Last, let r(P) € <z1,z,7]7A‘A>. Since P; is (a,b)-semi-hybrid on
T4 r(P) € <zl,znl7\"4> C (a,b|T) implies max® (A1) = max®i(AV=0) = p =
zy. Meanwhile, r1(P,) € (z1,2,|T4) C {zp=} U A%+ implies 2, = @y €
(z,71(P)|TA) for all 2 € A% ~+1_ Consequently, since P; is semi-single-peaked
on T4 w.r.t. 2+ by the contradictory hypothesis, we have max’ (1212142") =
max?’ (Axk*éxk*ﬂ) = xp« = 2. Therefore, P; is (21, z,)-semi-hybrid on TA,

Overall, we have D C DSH(?A,Zth) = DSH(?A,mk*,b). This completes the

65t is easy to show that A = A%k ~Ters1 {z1,20,..., 2y} U AP™0 ATrr =T
{21,220, 20} = {21}, {21, 22, .., 29} N APT® = {2} and A%k* —%ke+1 0 AV=0 = ),
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verification of statement (i).

Second, let 1 < k* < s. Recall that a is the unique neighbor of a in the
subtree 74" = GA"™". Since (@, a) is an edge in GA = T4, @ and a are naturally
two thresholds in 74. We then define A%~ = {reAd:ac (x,a|7N'A)} and
Avma — {reA:ac (a:,d|7~'A)}. According to T4 and T4 and their relations
to G2, it is true that A*t = Aa—a {a} and TATh = @At = Géaéau{“} =
TA7{al We show D C Dggp(T4,a). Fix an arbitrary preference P, € D.
We know that either r(P)) € A% U {a}, or 7(P;) € A*~®\{a} holds. First,
let r1(P,) € A%*U {a}. Since P, is (a,b)-semi-hybrid on T4, we know that P; is
semi-single-peaked on 74" = TA"Ula} wrt. a, and aPx for all z € A\A"™b =
A=\ {g}. This implies that P; is semi-single-peaked on T4 w.r.t. a. Second, let
r(P) € A%\{a}. Since 1 < k* < s, we know a = z, € (xp,m1(P)|T4).
Since P; is semi-single-peaked on TA wrt. xr+ by the contradictory hypothesis,
a € (xpe,r1(P)|T4) implies that P, is also semi-single-peaked on T4 w.r.t. a.
Overall, D C Dgsp(7 4, a). This completes the verification of statement (ii), and

proves the claim.

In conclusion, we induce a contradiction for case (1).

Next, let case (2): A*~? = {a} and A~ # {b} occur. Since D contains the
completely reversed preferences P; and P;, either a; € A*~\{b} or a,,, € A*~*\{b}
holds. We assume w.l.o.g. that a,, € A*~%\{b}. Then, it must be the case that
ay € (a,b|T")\{b}. Recall the path {(a;,a,,|G2) = (x1,...,,). Since D is (a, b)-
semi-hybrid on 74, it is true that b is included in {(ay, a,,|G2), i.e., b = x, for some
1 < t < 0.5 Meanwhile, since D is semi-single-peaked on T4 w.r.t. -, condition
(3) of Definition 4 implies ¢ # k*. Then, one of the following three situations must
hold: 1 < k* < t, t < k* < wv and k* = 1. In fact, by the proof of Claim 3, we
can induce two statements that respectively contradicts conditions (2) and (3) of
Definition 4 in the first two situations here. Hence, we focus on the third situation

and induce a statement that contradicts condition (2) of Definition 4.

66Tt is not clear whether a is included in the path (a1, a,,|G%).
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CLAM 4: If k* = 1, there exists a tree T4 such that 2o and b are two thresholds,

(xg,bWA'A) C {a,b|T4), and D C DSH(%A,QZQ,b).

We first show a; € Ext(G4). Suppose by contradiction 7, = a; ¢ Fat(G4).
Since x1 ~ 9, 1 ¢ Ext(GA) implies that there exists z € A such that x # x
and x ~ a;. Since G4 = T is a tree, x must not be included in the path
{ay, am|GA) = (al,amﬁ"‘). Hence, (z,x1,...,x,) is the unique path in T4 that
connects z and a,,. Consequently, the contradictory hypothesis D C ]D)SSP(%A, x1)
implies x1 P;x for all P, € D%, which contradicts the fact that 1 = a; is bottom
ranked in the preference P; € D% . Therefore, a; € Ea:t(Gf). Then, x5 is unique
neighbor of a; in G4 = TA, Consequently, extreme-vertex symmetry and the
contradictory hypothesis I C Dggp(T4, 21) together imply I C Dggp (T4, 22).67

Now, we construct a line (21,2 ...,2,) over the alternatives of {a,b|T*) such
that 2y = a;, 20 = x5 and 2, = b. Furthermore, we construct a tree 7A‘A by combin-
ing the line (21, 22, . . ., 2,) and the subtree TA™, Clearly, z; and z, are two thresh-
olds of T4 and (z, 2| T4) C (a,b]T4). Let A=~ = {z € A: 2 € (z,2|TA)}
and A=~2 = {z € A : 2y € (:E,ZQ|7A'A)}. It is evident that A=~ = {ay, 2},
A==z = Ab=a and TA™™2 — TA We last show D C Dgy (T4, 2, z,). Fix an
arbitrary preference P, € . First, let r1(P,) € A2\ {z}. Then, (P) = a; €
(a,b|T4), P; € Degp(T4, 2,) implies ro(P;) = 25, and P; € Dy (T4, a,b) implies
max?i (A2 = max? (A*>*) = b. Therefore, P; € ]DDSH(7A‘A, 29, zy). Second, let
r(P) € An==\{z,}. Then, r(P) # ay, r1(P;) € A=\{b}, P; € Dgsp(T™, )
implies 25 Pa; and hence max™ (A=) = z,, and P; € Dy (T4, a,b) implies that
P, is semi-single-peaked on 74" = TA" ™2 wrt. b= 2, and max”((a, b|T4)) =
max’ ({21, 22,...,2,}) = b = 2, which implies maxpi(<zg,zn]’/7\"4>) = z,. There-
fore, P, € DSH(?A7ZQ,277). Last, let m(P;) € (22,zn|7\"4). Then, r(P;) # ay,
r(B) € (a,b|T4), P, € Dgsp(T4, 25) implies 2, P,a; and hence max? (A2~t) = z,,
and P, € Dgy (T4, a,b) implies max® (A=) = max?(A**%) = b = z,. There-
fore, P; € ID)SH(‘?\—A7ZQ,ZT]). Overall, D C ID)SH(’?\—A,ZQ,Zn) = ID)SH(?A,xQ,b). This

completes the verification of the claim.

67The detailed verification follows from Clarification 2 in Appendix G.
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In conclusion, we induce a contradiction for case (2).

Symmetrically, we can induce a contradiction for case (3).

Last, let case (4): A*~% = {a} and A*~% = {b} occur. Thus, (a,b|T*) is a line
which contains all alternatives of A. Recall the path (a1, a,|G2) = (ay, am|T4) =
(z1,...,3,) and the contradictory hypothesis D C Dggp (T4, zp).

By the proof of statement (iii) of Claim 4, we infer that z« # a; and anal-
ogously zp+ # a,,. Hence, 1 < k* < v, which by Claim 1 implies that xp«_
and xj+4; are the exactly two neighbors of xj+ in G4 = T4, Since (Tpry Tpey1)
is an edge in 7:’4, Tk~ and xg+41 are two thresholds in TA  Let Ao =Tk —
TH}.

We construct a line (z1, 29, ..., 2,) over {zg-} U A% +17%* where 21 = x)+ and

{x € A:x- € (x,xk*ﬂﬁ"“}} and AT 17T — {:c €A xpyq € (T, Xps

%y = Tpe41. Furthermore, we construct a new tree 74 by combining the sub-

tree TA™ 1 and the line (21,22, ...,2,). Clearly, z; and z, are two thresh-
olds in T4, Let A=~ = {z € A: 2z € (x,zn|’7A'A>} and A=—# = {z €
A - zy € <$,Zl|?\—A>}. Clearly, Azlézn — Amk*éﬂ«”k*+17 ,?\-Azlém _ ~Azk*4zk*+17

(z1, 20| T = {&pe } U A% 17 € A = (a,b]T4) and A*=* = {z,}. Then, we
induce D C Dgu (T4, 21, %), which contradicts condition (2) of Definition 4.

Fix P, € D. Clearly, A»~* = {z,} implies max® (A=) = 2, and A1\ {z,} =
0. First, let r1(P,) € A==\ {z}. Thus, r(P;) € A% ~%+1\{z;.}, which further
implies zp- € <a:,7“1(Pi)\7iA) for all z € A +17%  Since P, € ]D)SSP(%A,J:;Q*) by
the contradictory hypothesis, we know that P; is semi-single-peaked on the sub-
tree TA™ TR o TANTT g T = 21, and xp« P for all z € Az =T =
{z2,..., 2y} which implies z; = max” ((z1, zn|’7‘A)). Therefore, P, € DSH(%A, 21, 2y)-
Second, let r(P;) € <Z1,Zn|7\'A)- Thus, r1(P;) € {xp} U A% 1% which fur-
ther implies - € (z,7(P)|[T4) for all z € A ~#+1_ Then, the contradic-
tory hypothesis P, € Dssp(%A,xk*) implies 2, = x3- = max’ ([l“k*éxk*ﬂ) =
max’ (1212142”). Therefore, P; € DSH(’?\'A,zl,zn). Overall, we have shown D C
]DSH(7A'A, 21, 2y), as required.

In conclusion, we have induced a contradiction for each one of the four cases.

This implies that the contradictory hypothesis that D is semi-single-peaked cannot
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hold. Hence, I is never semi-single-peaked, as required. This completes the

verification of the sufficiency part of Statement (ii).

(Necessity) Now, we turn to the verification of the necessity part of Statement
(ii). Let D be a rich domain, and admit no invariant, tops-only and strategy-proof
rule. Since D is a rich non-dictatorial domain, Corollary 1 implies that D satisfies
the unique seconds property. Hence, we force on showing that ID is semi-hybrid.

The proof consists of five steps: (1) we construct a line over all alternatives
that are involved in the path(s) connecting a; and a,, in the adjacency graph
G# (see all proofs before Lemma 15), fix an arbitrary two-voter tops-only and
strategy-proof rule f : D* — A, and partially characterize f according to the
constructed line (see Lemma 15), (2) we construct a tree 7/ using G2 and the
partial characterization of f in the first step (see Lemmas 16, 17 and 18), (3)
we completely characterize f using the constructed tree 7}/‘ (see Lemmas 19 and
20) and elicit preference restrictions via strategy-proofness of f, (4) we apply the
second and third steps to all two-voter tops-only and strategy-proof rules, elicit
all preference restrictions via strategy-proofness of all rules (see Observation 3),
identify two particular rules and specify their relations to other rules and to each
other (see Lemmas 22 and 23), and (5) we aggregate the trees associated to the
two identified rules to formulate a tree 74, identify two thresholds a and b in T4,
and aggregate the elicited preference restrictions from these two rules to show that
D is semi-hybrid on 74 w.r.t. a and b (see Lemma 24).

Consider the set of paths connecting a; and a,, in G2, denoted by I(ay, a,,).
Since G4 is a connected graph, II(ay, a,,) # (). There are two cases: |II(a1, a,,)| = 1
and |II(a1, an,)| > 1.

First, assume |II(ay,a,,)| = 1. Thus, let £ = (zy1,...,x,) be the unique path
in G2 that connects a; and a,,.

Next, assume |II(ay,am,)| > 1. Since all paths of II(ay, a,,) start from a; and
end at a,,, we can identify two distinct alternatives x,y € A such that the following
four conditions are satisfied: (i) z,y € = for all # € I(ay,a,), (ii) for all 7 €

(ay,an), € {a1,y|m) and y € (x,a,|7), (iii) for all distinct =, 7" € I(aq, an,),
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(ay,x|m) = (ay,z|7")y and (y,an|7) = (y,an|7’), and (iv) there exists a path
7 € ll(ay, a,,) such that [(x,y|m)| > 3. We collect all alternatives that are involved
in the paths of TI(ay,a,), i.e., let A= {a € A:a € for some w € I(ay,an)}.
Note that A may not include all alternatives of A, and all paths of Il(ay, a,,) are
included in Gf‘:. More important, we make three important observations on the
adjacency graph GA, (i) G4 is a connected graph, (ii) there exists a unique path,
denoted 7%, in Gé connecting a; and z, and there exists a unique path, denoted
78 in G4 connecting y and a,,, and (iii) the set O = {a € A : a ¢ 7LUTR}U{z, y}
contains at least three alternatives, G is a connected graph and has no extreme

vertex (see the first diagram of Figure 14). Furthermore, we arrange all alternatives

of O on a line, denoted (z, . ..,y), and combine 7¥, (z,...,y) and 7 to construct
aline £ = (z1,...,Z5,...,%¢,...,%y), Where v = |/Al|, 1<s<t<wv, t—s>1,
T =01, Ty = Qp, Ts =T, Ty = Y, (01,...,25) =7, (Ts,...,2¢) = (x,...,y) and
(74, ...,3,) = 7 (see the second diagram of Figure 14).%

" o S
a \ Gr\./ /,

1 T Y am
(. J/ . P 4
R I NV
7TL 7TR
NS -~ v
GA
ay = I Tk €T =Ts Ty =Y Iy Ty = Qm

~~ 7\ ~~ 7\ 7
7TL (l’, 7?/) 7TR
A
~
L

Figure 13: Adjacency graph Gi‘ and the constructed line £

Note that the set of two-voter tops-only and strategy-proof rules defined on D

is not empty as the dictatorships are always included. We fix an arbitrary two-

%8We intentionally make the notation of the constructed line £ in the case |II(a1,a,,)| > 1
identical to the line £ in the case |II(a,a.,)| = 1. This helps us unify the henceforth proof

for both cases, and does not create any loss of generality. Note that the line £ in the case
A

~)

[II(a1,am,)| = 1 is also a path in GZ, while the constructed line £ in the case |II(a1,an)| > 1

may not be a path in G2. Note that the line £ is independent of the rule f.
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voter tops-only and strategy-proof rule f : D* — A. Since D does not admit an
invariant, tops-only and strategy-proof rule, we have f(P,, Py) # f(P1,P,). In
the case |II(a1,a,)| = 1, by statement (i) of Lemma 9, we know f(z1,,) = 2
and f(z,,11) = o7 for some distinct 1 < k,k < v. Since f(P,, Ps) # f(P1,Py),
it is clear that k # k. We assume w.l.o.g. that k& < k, which then by statement
(i) of Lemma 10 implies that voter 1 dictates on (xy, x¢|L).

In the case |II(ay, a,,)| > 1, since G is a connected graph and has no extreme
vertex, statement (i) of Lemma 4 implies that f behaves like a dictatorship on
O = (x5, 2¢|L). We assume that voter 1 dictates on (xs,z¢|L), i.e., f(zk, vp) = g
forall s < k, k' < t.%° Furthermore, we show f(z1,2,) = zg forsome 1 < k < sand
f(zy, 21) = 27 for some t < k < v. By voter 1’s dictatorship on (z, ;| L), we have

f(zs,xy) = x5 and f(wy,x5) = 4. Then, according to the paths (zy,...,z,) and

(x1,...,2s), statement (ii) of Lemma 9 implies f(zs,z,) = x5 and f(zy, 21) = 2.
Moreover, according to the paths (zq,...,xs) and (xy,...,z,), by statement (iii)
of Lemma 9, f(zs,x,) = x5 implies f(z1,2,) = x5 for some 1 < k < s, and

f(x4,71) = ; implies f(x,,r,) = x5 for some t < k < v.

The next lemma provide a unified characterization of f on the line £ in both

cases of |II(a1,an)| =1 and |II(ay, a;,)| > 1.
LEMMA 15 According to the line L, for all 1 < k, k' < v, we have

Tk ifk<k<k,
f(xka wk:/) = Tmed(k,k' k) if k£ < k),

:Emed(k’k,/@) if kf > k.

Proor: If [TI(a1,a,)] = 1, the lemma follows exactly from statement (i) of
Lemma 10. Henceforth, we assume [II(ay, ap)| > 1.
Given an arbitrary path 7 € Il(ay,an), since f(ar,an) = f(x1,2,) = x €

(ay,z|m)y and f(am,a1) = f(xy, 21) = x5 € (Y, an|7), it is true that statement (i)

of Lemma 10 holds on 7. To prove the lemma, we fix an arbitrary profile (xy, ) ).

%1In the case |II(a1,a,,)| = 1, we assume that voter 1 dictates on (zj,zz|L). Here, we also
assume that voter 1 dictates on (zs,x¢|L). This helps us unify the henceforth proof for both

cases, and does not create any loss of generality.
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First, let k < k < k. If £ < k' < k, then by voter 1’s dictatorship on
(zr, | L), we have f(zp, xp) = 25, If K < k or k' > k, we know that there exists
a path 7 € Il(ay, a,,) which includes both x and xp. Clearly, x, € (xy, xg|m).
Then, statement (i) of Lemma 10 on the path 7 implies f(zg,xp) = 2. Overall,
f(zy, xp) = xp, as required.

Second, let k < k. Then, there exists a path m € Il(ay,a,,) which includes
both z;, and xy. Clearly, zx € (x1,xg|m). Then, statement (i) of Lemma 10 the
path m implies f (2, Tp) = Tmed(ki,k), as Tequired.

Last, let k > k. Then, there exists a path 7 € II(ay, a,,) which includes both
xy and xyp. Clearly, z € (g, x,|m). Then, statement (i) of Lemma 10 the path 7

implies f(zy, Tr) = Tpeqqr i F)» 8 required. This proves the lemma. n

LEMMA 16 Fizing an alternative z € A and a path m = (21,..., 25 1, 25) in G4,

the following two statements hold:

() If 21 = 2, 2e1 = Ty and zy = xp, then m is the unique path in G2

connecting z and xy,.

(i) If 21 = 2, 2e-1 = a4 and z, = xy, then m is the unique path in G2

connecting z and xr.

ProoF: The two statements are symmetric, and we hence focus on the verifi-
cation of the first one. Suppose that there exists another path 7" = (y1,...,v)
in G4 connecting z and zj. Then, we can identify a cycle C in G4 such that (i)
CCrnUn, (ii) 7NC # 0 and (iii) every edge in C is an edge in 7 or 7. Clearly,
by Observation 1, f behaves like a dictatorship on C. Given 7 NC # ), we identify
the alternative in 7 N C that has the maximum index, i.e., zx € 7N C and z ¢ C
for all £ > k*. We consider two cases: k* = s and £* < s.

In the first case, we first show that x;_; is also included in C. On the one
hand, since z; = 2z« € C, x) has two distinct neighbors in C. On the other hand,
note that x; has a unique neighbor in 7, which is z;_, and a unique neighbor in

7’. Moreover, since every edge in C is an edge in 7 or 7/, it must be true that
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xp—1 is included in C. Recall that voter 1 dictates on (xy, z5|£) by Lemma 15.
Note that both € and GY=""“) are connected graphs and each has at least two
alternatives. Then, by x;, € CN(xy, 2| L), the proof of Lemma 2 implies that voter

1 dictates on CU(xy, 23| £). Thus, we have f(2p—1,%k) = Th—1 7 Tmed(k—1,k,k) Which

contradicts Lemma 15. In the second case, we have the path (zj«,..., 25 1, 2s)
which connects the cycle C and the connected graph G5 Since voter 1

dictates on (z, zz|L£) by Lemma 15, the proof of Lemma 2 implies that voter 1
dictates on {zg+,..., 251, 2s}. Thus, we have f(zp_1,2%) = f(25-1,25) = 251 =
Th—1 7 Tmed(k—1,k,k)> Which contradicts Lemma 15. Therefore, 7 is the unique path

in G4 connecting z and zy. [

We construct the following five sets:

there exists a path (zi, ..., zs_1, 25) in G2
B=<{zecA: ( ° s) ,
connecting z and zj such that z;_1 = x5
_ there exists a path (21, ..., 2,1, %) in G2
B=<zeA: ( ° s) ,

connecting z and z7 such that z,_; = 7,

A=BU{x}, A=BU{ap}and M = {2 € A: z ¢ BUB}.
LEMMA 17 We have GA = GAU GM U GA.

PrOOF: First, it is clear that A = AUM U A and €4 D EAUEM U EA To
complete the proof, we show £4 = AU EM U 55. It suffices to show that in G4,
no alternative of B is adjacent to any alternative not in A, and no alternative of
B is adjacent to any alternative not in A.

Given z € B and y ¢ A, we show (z,y) ¢ £4. Suppose not, i.e., 2 ~ y. By
Lemma 16, let (21,...,2s 1, 25) denote the unique path in G2 that connects z and
x. Thus, z1,...,2,.1 € B and hence y ¢ {z1,...,25_1}. Clearly, y ¢ A implies
y # 1 = zs. Therefore, we can construct a path (y,21,...,2s 1, 2) in G2 that
connects y and . Since z,_1 = xp_1, the definition of B implies y € B C A.

Contradiction! Therefore, (z,y) ¢ £4. Symmetrically, given 2’ € B and 3/ ¢ A,
we have (2/,1/) ¢ EA. |
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LEMMA 18 Adjacency graphs G2 and G2 are two trees. Moreover, we have [A #*

{zr}] = [zr € Bat(GA)] and [ A # {ap}] = [a5 € Ea:t(Gg)].

PROOF: If A = {z,} is a singleton set, and vacuously G4 is a tree. Next, assume
A # {x}. Given an arbitrary alternative z € B, by statement (i) of Lemma 16,
we have a unique path (z1,..., 2, 1,2s) in G2 connecting 2 and . Moreover, we
know {z1,...,2s-1 = xx_1} € B by the definition of B. Therefore, there exists a
unique path in G2 connecting z and zj. Hence, G4 is a tree. Furthermore, given
A # {xy}, we notice that x;_1 ~ x; which implies 251 € B, and furthermore by
the definition of B and statement (i) of Lemma 16, there exists no z € B\{zj_1}

such that z ~ z. Therefore, z), € Ext(G2). Symmetrically, G4 is also a tree and

(A # {ag}] = [ag € Ext(GT)]. n
Now, we arrange all alternatives of M on a line, denoted (xy,...,zz). Then,
by Lemmas 17 and 18, we combine the tree G4, the line (zy, ..., 7z) and the tree

G2 to construct a tree 7. Clearly, 7}A = G2, (zp, 2] T) = (2g,...,25) and
7}2 = G4, By construction, zj, and 7 are two thresholds in 7. Hence, we have
A" = A and A% % = A. In the rest of proof, for notational convenience, we

use the notation A and A, instead of A% and A%F —%k,

The next lemma shows that voter 1 dictates on M = (xy, 27| T/').
LEMMA 19 We have f(z,2') = z for all z,2" € (xy, x| T/).

PROOF: We first show (zy, 25| L) C M. Suppose that there exists z € (xy, x5|L£)N
B. By definition, z;_1 ¢ (x4, 25|£) and z # x,. On the one hand, by the def-

inition of B, statement (i) of Lemma 16 and Lemma 17, we have a path 7 =

(21, .., 2s-1,25) In G4 that connects z and 2. Moreover, we have z,_1 = j_1.
. T2 | L) . .
On the other hand, since GUE"HE) s A connected graph, there exists a path
/ / / AT (zg, 25| L) :
= (21,...,2_1,%2) in G connecting z and zy. Clearly, 21 # xp_1.

Thus, according to paths 7 and 7/, we identify two distinct neighbors for x;. Con-
sequently, since both paths connect z and xj, we infer that there exists a cycle

C such that C C 7 U7’ and z;_1, 2, € C. Since voter 1 dictates on (g, x5|L) by
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Lemma 15, by xj, € C N (xg, x5|L), the proof of Lemma 2 implies that voter 1 dic-
tates on C. Consequently, we have f(2p—1, %) = Tr—1 7 Tmed(k—1,k,k) Which contra-
dicts Lemma 15. Therefore, (z, 25| £)NB = 0. Symmetrically, (zx, 2z|£)NB = 0.
Therefore, it is true that (zy, x5|L) C M.

Since G4 is a connected graph and both G4 and Gg are trees, Lemma 17

. . apl T

implies that GM = G ) ust be a connected graph. Thus, for each z €
. . gl TH

(g, 25| T7'), there exists a path in G2 HT7) that connects z), and z. Recall that

Iﬁ,wg‘[»

voter 1 dictates on (zg, zz|£) by Lemma 15 and el is a connected graph.

To complete the proof, by Lemma 2, it suffices to show that given an arbitrary

T, x| TA
z € (xp, o5 T\ (2, 27| £) and a path (21, ..., %) in GrTf)

that connects zj,
and z, voter 1 dictates on (g, zz|L) U {z1,..., 2}

Since 2 = xy, we have (xy, vz|L) U {21} = (zg, 25|L). Therefore, by Lemma
15, voter 1 dictates on (zy, 25| L)U{z1 }. Next, we provide an induction hypothesis:
given 1 < [ <t forall 1 <I' <1, voter 1 dictates on (g, zz|L) U{z1,..., 21}
We show that voter 1 dictates on (xy, z5|L) U{z1,...,z1}. If 2, € (xp, x| L), then
(g, 25| L) U{z1, ..., 21} = (wg, 25| L) U{#1, ..., 21}, and hence by the induction
hypothesis, voter 1 dictates on (g, zz|L) U {z1,...,2}. Henceforth, we assume
21 ¢ (xy,zg|L). Note that voter 1 dictates on (zg, x5|L) U {z1,..., 21} by the
induction hypothesis and the adjacency graph over (xy, zz|£) U{z1,..., 21} is a
connected graph. Therefore, if we show that voter 1 dictates on {z_1, 2}, then
the proof of Lemma 2 implies that voter 1 dictates on (zg, zz|L)U{z1,. .., 211, 21},
which hence proves the induction hypothesis. Hence, in the rest of the proof, we
show f(zi—1,21) = zi-1 and f(z, 21-1) = 2.

Since z_1 ~ z;, statement (i) of Lemma 9 implies f(z_1,2) € {z1-1,2} and
f(z1,z1-1) € {z1-1,2}. Suppose f(z_1,2) = z. Then, according to the path
(z1-1,...,21), statement (ii) of Lemma 9 implies f(z1,2) = 2. Given P, = P,
and Py = P;, Lemma 15 implies f(21, Py) = f(2p, 71) = 2 = 21 and f(z1, Py) =
f(zy,w,) = 1, = z1. Then, strategy-proofness implies 2P,z and z; Pyz which
contradicts the hypothesis that P, and P, are completely reversed. Therefore,

f(zi-1,21) = 211, as required.
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Next, we show f(z,2_1) = z. Suppose not, i.e., f(z,2-1) = z_1. We first
fix a path 7 € I(ay,an,) = (z1,2,). We know that xy, xp € m, (21, 24|7) =
(1, xy), (T, x0|T) = (25,. .., 20), T € (@1, 25|7) and x € (T, Tp|m). Ac-
cording to the paths (z_1,...,21 = xx) and (g, zz|m), by statement (iii) of
Lemma 9, f(z,2-1) = z-1 implies f(z,21) € {#,...,z-1} and f(z,25) €
{#z1,..., 221} U (zp, x5|m). Meanwhile, by the induction hypothesis, we have
f(z1-1,21) = zi-1 and f(z-1,25) = z-1. Then, according to 2z ~ z_1, statement
(iii) of Lemma 9 implies f(z,21) € {z-1, 2} and f(z;,x3) € {zi-1, z1}. Therefore,
flz,21) € {z1,.. .,z N {zo1, 21 = {z21) and f(z,25) € [{21, e Z-1p U
(zp, wp|m)] N {221, 21} = {1} Hence, f(z,21) = f(21,21) = 221 and f(z, 25) =
z1—1. We will show f(z;,z1) = 21 and f(z,x,) = z_1. There are three cases: (i)
211 ¢ {wg, x5}, (i) 221 = 2 and (iii) 21 = 2.

In case (i), according to the paths (xy,zg|m) and (xy, z,|7), by statement (ii)
of Lemma 9, f(z,xx) = 2z implies f(z,21) = z-1, and f(z, ) = 21 implies
f(z,2) = z-1. In case (ii), we first refer to the path (xg,z,|7). Then, by
statement (ii) of Lemma 9, f(z;, x) = 21 implies f(z, x,) = z-1. We next claim
f(z,21) = zi-1. Given f(z,x,) = 21 = a3, according to the path (xq,xg|m),
statement (iii) of Lemma 9 implies f(z;,z1) € (z1,2g|m) = (21,..., 7). Suppose
f(z1,21) = xy, for some 1 < k < k. Then, we combine (2, 2;-1 = xp) and (xy, z,|T)
to construct a path from z; to x,, which clearly excludes xy. According to this
path, by statement (ii) of Lemma 9, f(z;, z1) = x) implies f(x,, 1) = x}, which
contradicts the fact f(x,,x1) = x3. Therefore, it must be the case that f(z,z1) =
T = z-1. Symmetrically, in case (iii), we have f(z;,x1) = 21 and f(z,2,) =
xz = z_1. Overall, given P, = P, and Py = P;, we have f(z, Py) = f(z,11) =
21 and f(z, P3) = f(z,2,) = z_1. Then, strategy-proofness implies f(z;, Py) =
21Pyzy = f(z,2) and f(z, Py) = z_1Pyz = f(2,%) which contradict the
hypothesis that P, and P, are completely reversed. Therefore, f(z;,2_1) = 2, as

required. This completes the proof of the lemma. [ |
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LEMMA 20 According to the tree 7}‘4 and the two thresholds xj, and xz;, we have

T if v € (g, ZL’E|7}A>,
Jlwy) =\ Proj (zx, (w,y[T) if v € A\{wy},
Proj (g, (z, y|7}A)) if v € A\{z}.

PrROOF: We first know that voter 1 dictates on (xy, xg|7}‘4> by Lemma 19. Next,
given z € (zp, 2] Tf') and y € A\{x} or y € A\{ag}, we show f(z,y) = =
We assume w.l.o.g. that y € A\{z)}. The verification for the case y € A\{zz}
is symmetric. Since y € A\{zy}, we know A # {z;} and hence zy_1 € A\{zx}
by the construction of 77‘. Then, we have f(xy,25—1) = x5 by Lemma 15. In

Sﬁbx%leA>, there exists a path (zi,...,zs) connecting x; and x. Then, by state-
ment (iii) of Lemma 9, f(zy,xgx—1) = xy implies f(z,xp—1) € {z1,...,2s}. Sup-
pose f(x,z5-1) = 2z for some 1 < k < s. Then, strategy-proofness implies
f(x,2z) = 2 which contradicts the fact that voter 1 dictates on (zy,zz|T7").

Therefore, f(z,7,_1) = 2z, = x. Furthermore, in the tree G4,

we have a path
(y1,...,y:) that connects zx_; and y, and excludes x. Then, by statement (ii) of
Lemma 9, f(x,x;_1) = x implies f(z,y) = z, as required.

Second, given € A\{z;} and y € A, we show f(z,y) = Proj (zx, (x,y|T/)).
Since z € A\{xy}, we know A # {z;} and hence z_, € A\{zx} by the construc-
tion of 7}‘4. We consider two cases: y € (xy, $E|7}A> UA and y € A\{x}. First, let
y € (xp, 2 T) UA. By Lemma 15, we know f(z_1,2x) = zp. In the adjacency
graph over (xy, xEW}A) UA, we have a path (yi, .. .,ys) connecting x; and y. Thus,
by statement (iii) of Lemma 9, f(zg_1,x) = % implies f(xg_1,9) € {y1,...,ys}
Meanwhile, since f(xy,y) = x5 and xp_1 ~ xy, statement (iii) of Lemma 9 implies
f(ze-1,y) € {aw, xi—1}. Therefore, f(zp-1,y) € {zn = y1,. .. ys} N {zp 21} =
{zx}, and hence f(xp_1,y) = xp. Furthermore, we have a path (z,...,2) in
the tree G4 that connects x;_; and x, and excludes z;. Then, by statement (ii)
of Lemma 9, f(z4_1,y) = x5 implies f(z,y) = xx = Proj (w, <x,y\7}‘4)), as re-
quired. Next, let y € A\{zz}. We have a path 7 in the tree G4 connecting
x and y. Then, statement (i) of Lemma 9 implies f(z,y) € m. Meanwhile, we
have f(zg,y) = xx and f(z,z,) = Proj (z, (az,xﬁ|’7}A)) = 1, by the first case.
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Note that in the tree G4, there exist a path 7' connecting z; and x and a path
7" connecting z; and y. Then, by statement (iii) of Lemma 9, f(xg,vy) = xx
implies f(z,y) € 7', and f(x,x) = x; implies f(z,y) € 7”. Last, since G4
is a tree, it is true that f(z,y) € m Na' Na" = { Proj(ay, (z,y|T/))}. Hence,
f(z,y) = Proj (z, (z, y|7}A)), as required.

Symmetrically, we can show f(z,y) = Proj (z, (z,y[T/')) when z € A\{az}.

This completes the characterization of f. [ |

LEMMA 21 We have D C Dgu(T/, xp, x7,).

ProoF: To prove D C DSH(EA, Ty, T5), we fix an arbitrary preference P; € D,
let 71(P;) = z and show that the three conditions of Definition 4 are satisfied on
the tree 7}’4 w.r.t. the thresholds z; and .

First, we show the first condition of Definition 4, i.e., given z € A\{xx}, P; is
semi-single-peaked on 7}A w.r.t. ag, max’™ ((zy, 2] 7)) = x5 and max" (A) = .
By the characterization of f in Lemma 20, we infer f(z,y) = Proj (xE, (x, y|7}A)) =
Proj (:UE, (x,y|’7}é)) for all x,y € A. Then, by the proof of Lemma 14, strategy-
proofness of f implies that P; is semi-single-peaked on 7}A w.r.t. xy, as required.
Fixing an arbitrary alternative z € (zy,z5|7/)\{zx}, given Pi = P;, we have
f(Py,x) = Proj (xﬁ, (z, :1:|7}A)) =z, by Lemma 20. Then, strategy-proofness im-
plies f(Py,x) = xxPiz = f(x,x). Therefore, we have max" ((zy, 25| T/)) =, as
required. Symmetrically, fixing an arbitrary alternative y € A\{xz}, given P, =
P;, we have f(y, P») = Proj (z, (y,z|7}A>) = 27 by Lemma 20. Then, strategy-
proofness implies f(y, P») = 2Py = f(y,y). Therefore, we have max?(A4) = z7,
as required.

Symmetrically, given z € A\{xz}, we can show that P; is semi-single-peaked
on 7}2 w.r.t. oy, max’ ((zy, a:E|7}A)) = 27 and max”i(A) = 2. This confirms the
second condition of Definition 4.

Last, we show the third condition of Definition 4, i.e., given z € (xy, xg|7}A>,
we show max’i(4) = x; and max”(A) = z7. Fixing arbitrary alternatives z €

A\{z;.} and y € A\{zz}, given P, = P;, we have f(z, P») = Proj (xﬁ, (x, z|7}A)) =
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z, and f(y, P,) = Proj (a, (y,z|7}A>) = 23 by Lemma 20. Then, strategy-
proofness implies f(x, ) = zpPor = f(x,x) and f(y, ) = 2Py = f(y,y).
Therefore, we have max™(A4) = z;, and max’(A) = 7, as required.

In conclusion, we have D C DSH(EA, Tk, Tf)- [ |

Let €2 denote the set of two-voter tops-only and strategy-proof rules defined on
D. Clearly, 2 is a finite and non-empty set, and we hence label Q = {f, ..., f7}.
We apply the aforementioned characterization of f on every rule of €2 and sum-

marize all results in the following observation.

OBSERVATION 3 For each k = 1,...,n, we construct a tree 7, and identify two

thresholds a”, b* € A such that the following six conditions are satisfied:

(i) thresholds a* and b* are contained in the line £ = (z1,. .., z,), where a* =

andbk:ngorsome1§E<E§v,

(ii) given A" = Art bt Gat = 77€Ak, {x1,..., 2} € A% (xy,..., 1) is the unique

path in G4 connecting ay and a, and [A* # {a"}] = [a* € Bat(T))],

(iii) given g AbF—at ng = ﬁzk, {zg,..., 2} C ﬂk, (g, ..., 0,) is the unique

path in G4 connecting b* and a,,, and [ﬁk £ {bk}] N [bk c Ext(’]?k)L

(iv) set {xp, ..., 25} C (aF, 0F|TA), (a, b¥|T,A) is a line constructed over all al-
ternatives of [A\(Ak U Zk)] U {a*, b*} where a* and b* are the two extreme

k,bk|7—kA>

vertices, and G is a connected graph,

ak k A —
(v) the adjacency graph G4 = GA" U Gy Gfk, and

(vi) D C Dsu (7,4, a*,b%), and f* behaves like a dictatorship on (a*,b*|T4). O

According to condition (i) of Observation 3, among a',...,a", we can iden-
tify a® such that a* € (x1,a*|L) for all K = 1,...,7n, and symmetrically, among
bl,...,b", we can identify b* such that b* € (b*, x,|L) for all k = 1,...,n. Thus,
we refer to the rules f* and f!. Accordingly, we have the pair of thresholds a® and

b* and the pair of thresholds a' and b’.
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LEMMA 22 The following two statements hold:
(i) For allk € {1,...,n} with a* # a®, we have 7;& CTA.

(ii) For all k € {1,...,n} with b* # b, we have 77?]c C 7;?.

ProOOF: The two statements are symmetric. We focus on verifying the first one.

Given k € {1,...,n} with a® # a®, by Observation 3(i) on both f* and f*,
let a* = x, € £ and a® = z, € L. Since a* # a®, the definition of a® implies
1 < p < g. Then, Observation 3(ii) on both f* and f* implies a* = z, € A® and
a* =z, ¢ A"

Next, we show ’ﬁfk C TA°. Given an arbitrary alternative z € A"\ {a*}, since
G4" = 7;& by Observation 3(ii) on f*, there exists a unique path (z1,...,2y)
in G4" connecting z and af = x,. Moreover, by items (iii) and (iv) of Ob-
servation 3 on f*, we know x,y1,..., 2, 1,7, ¢ AF. Therefore, {z1,...,2,} N
{xpt1,. .., 2q-1,2,} = (. Since x, ~ x,41, we have a concatenated path (z1, ..., 2, =
Tp, Tpils - - Tg1,Tq) in G4 that connects z and a® = z, and includes z,,_;. Conse-
quently, by the construction of 74, z must be included in A°. Therefore, A* C A®.
More precisely, since a® € A® and a® ¢ A*, we have A¥ C A® and A" C A%\{a*}.
Since the proof also implies that for each z € A"\{a*}, its unique path to a* in

T2 is contained in T4, A* C A® implies Eké C £4°) and hence 7;34 cTA. n

Given k € {1,...,n}, if a* = a®, it is true by the construction of 7,4 and TA
that ﬁék = T4 Symmetrically, if b* = b!, then ’Efk = ’7;?.

LEMMA 23 We have A® N A =0,

PROOF: The proof consists of four claims.
Cram 1: If a® ¢ A’ and b° ¢ A', we have A° nA = 0.

Suppose z € A*NA". Since a* ¢ A and bt ¢ A° it is clear that z ¢ {a®,b'}.
Now, according to Observation 3(vi) on f°, by the definition of (a®,b*)-semi-
hybridness on T4, z € A® and V' ¢ A® imply a*Pb! for all P, € D*. However,
according to Observation 3(vi) on f*, by the definition of (a’, b*)-semi-hybridness
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on TA, z € A’ and * ¢ A" imply b Pia* for all P, € D*. Contradiction! Therefore,
AN A" = (. This completes the verification of the claim.

By Claim 1, to complete the verification, it suffices to show a® ¢ A’ and b* ¢ A
We focus on showing a® ¢ A By a symmetric argument, one would immediately
prove b* ¢ A", By Observation 3(i) on both f* and f%, let a' = x, and b = z,, for
some 1 <p<q<w,andlet a®* =z, for some 1 <r <.

Suppose a® € A by contradiction. By items (i) and (iv) of Observation 3
on f*, it is clear that zy,..., 2,1 ¢ A Therefore, z, = a® € A implies r > q.
By Observation 3(ii) on f*, we know that {z1,...,2p,...,24, ..., 2.} € A% and
(1, Tpy .o, Ty, x,) is the unique path in G4* connecting a; and a®. Thus,
a' =z, € A’ and o' # x, = . Then, Lemma 22 implies ﬁét C TA" and hence
A" C A®. Next, we show (af,b*|T,4) C A°. There are two cases: b # a® and b’ = a*.
CLAIM 2: Given b # a®, we have {(a’, b!|TA) C A®.

Clearly, ©, = b' # a°* = x, implies ¢ < r. Fixing an arbitrary alterna-
tive z € (a',b!|T4), we show z € A°. By Observation 3(iv) on f!, we know
that there exists a path (z1,...,2z,) in GE YT connecting z and b = Zq.

Since x, = a°® € A by the contradictory hypothesis, we infer, by Observation

—1
3(iii) on f!, that (z,,...,2,_1,,) is the unique path in G2 connecting b and
a®. Therefore, Ty1,..., 01,7, & {(a’,0'|T/"). Then, the concatenated path
(21, s 20 = Tgy -+, Ty_1,7,) in G2 connects z and af = x,, and includes z,_;.

Consequently, by the construction of T4, it is true that z € A®, as required. This

completes the verification of the claim.
CLAIM 3: Given b = a®, we have {(a’, b!|TA) C A®.

Clearly, z, = b' = a®* = x, implies ¢ = r. First, Observation 3(ii) on f* implies
that (z1,...,%p,...,x,) is the unique path in G2 connecting a; and a®. Similarly,
according to f', Observation 3(iii) implies that (z,,...,z,) is the unique path
in G2 connecting b' and a,,. Consequently, the line £ = (x1,...,2p,..., 7, =
Zg, ..., T,) must be the unique path in G4 connecting a; and ayn,.

Let N4(a®) = {z € A: z ~ a®}. We next show N4(a®) = NX(a*) N L, in

other words, there exists no z € A\L such that z ~ a®. Suppose not, i.e., there
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exists z € A\L such that z ~ a®. On the one hand, if A* = {a®}, it is clear that
z € A\A®; if A° # {a°}, then Observation 3(ii) on f* implies a® € Ea:t(TSAS) which
by z ~ a® and z € A\L further implies z € A\A®. Given a; € A® by Observation
3(ii) on f*, by Observation 3(vi) on f*, (a*,b*)-semi-hybridness on 7 implies
a*P,z. On the other hand, if A= {b'}, it is clear that z € A\Zt; if A' # {b'},
then Observation 3(iii) on f* implies b* € Ext(7,**) which by z ~ a* = b and
z € A\L further implies z € A\ﬁt. Given an, € A' by Observation 3(iii) on f*,
by Observation 3(vi) on f*, (a’,b)-semi-hybridness on 7,4 implies b'P;z. Thus,
P, and P; agree on the relative ranking of a® = b* and z, which contradicts the
hypothesis that P, and P; are complete reversals. Hence, there exists no z € A\L
such that z ~ a®, as required. Thus, we have N(a®) = N4 (a*)NL = {xy_1, 7411}
(if ¢ < v) and N4(a*) = N (a*) N L = {x, 1} (if ¢ = v). Furthermore, since
Observation 3(iv) on f! implies 7, ; € (a*,b*|T;A) and z,1 ¢ (a',b*|T;A), we have
NZ (@) 0 {a, 0T = {@g-1}-

Now, we prove the claim. Fixing an arbitrary z € (a’,b*|7,4) in T4, we show
z € A®. By Observation 3(iv) on f*, there exists a path (z1,..., 24 1,2s) In
Gla" b'IT) connecting z and b’ = a®. Since z,_1 ~ 2, = a® and z,,_; € {a’,b'|T*),
we know z,_; € NA(a®) N (a',b"|T;*). Therefore, 2z, 1 = x41 = x,_;. Conse-
quently, we have a path (z1,...,24_1, 2y) In G4 that connects z and ¢® = z,, and
includes x,_;. This by the construction of T} implies z € A, as required. This

completes the verification of the claim.
Henceforth, for notational convenience, let B = A'U{a’, v|T;*). Thus, B C A®.
CLAIM 4: The adjacency graph G4 is a tree.

Since B C A, it is clear that GZ C G4". According to f*, Observation 3(v)
implies that GB = G4 U G Y1) is a connected graph. By Observation 3(ii)
on f*, we know that G4* = TA" is a tree. Therefore, GE C G4 implies that GB
must be a tree nested in GA* = TA". Last, according to f*, since G%t = ’Ezt is
tree, G4 = G4" U G VT th =GP U Gét in Observation 3(v) implies that

G4 is a tree. This completes the verification of the claim.

CLAIM 5: According to the tree G2, for all z € B, we have b* € (z, a®|G2).
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Given z € B, we have the unique path (z,b|G%) connecting z and b* in G4.
Since G® is a tree nested in G4 and z,b' € B, it is true that (z,b'|G4) C B.

Next, since a® € A by the contradictory hypothesis, we know, by Observation

3(iii) on f*, that (z,,...,z,) is the unique path in th that connects b and a®,
and {x,,...,z,} C A n particular, if o' = a®, then ¢ = r and hence (zq, ..., z,)
is a null path. Then, the concatenation of (z,b*|G4) and (b* = x,...,z, = a®)

forms a path in G4 connecting z and a®. Last, since G is a tree, it is true that the
concatenated path equals (z,a*|G4). Therefore, b € (z,a*|G4). This completes

the verification of the claim.
CLAIM 6: Domain DD is semi-single-peaked on the tree G4 w.r.t. b’.

Fix an arbitrary preference P; € D and let r1(F;) = z. Note that 0’ separates
G4 into two subtrees th and GB. If x = b', P, by definition is semi-single-peaked
on GA w.r.t. b'. Henceforth, we consider two cases: z € A’ \{b'} and z € B\{b'}.

First, assume z € Zt\{bt}. According to f*, by Observation 3(vi), the defi-
nition of (a, b')-semi-hybridness on 7,4 implies that P; is semi-single-peaked on
7;? w.r.t. b, where 7;? = G* by Observation 3(iii), max’ ((a’,b'|T;*)) = V'
and max”(A") = a’. Since A" N (a',b"|T;*) = {a'}, b' = max ((a’,V'|T*)) and
a' = max’(A") together imply ' = max” (A" U (a', b'|T;*)) = max™(B). There-
fore, P; is semi-single-peaked on G4 w.r.t. b'.

Next, assume z € B\{b'}. Since B C A°®, we have x € A°. Then, by Observa-
tion 3(vi) on f*, (a®,b%)-semi-hybridness w.r.t. 7 implies that P; is semi-single-
peaked on TA" w.r.t. a®. Recall that GZ is a tree nested in G4*, and G4" = TA" by
Observation 3(ii) on f*. Then, Claim 5 implies that P, is semi-single-peaked on G
w.r.t. b'. Furthermore, since z € B\{b'} C A" U (a’, b"|T;*), by Observation 3(vi)
on f!, (at,b')-semi-hybridness w.r.t 7,4 implies max® (Zt) = b'. Therefore, P; is

semi-single-peaked on G2 w.r.t. b*. This completes the verification of the claim.

Thus, D is semi-single-peaked, and hence admits an invariant, tops-only and
strategy-proof rule by the sufficiency part of Statement (i), which contradictions
the hypothesis of Statement (ii). Therefore, the contradictory hypothesis a® € A
cannot hold, and hence a® ¢ A holds, as required. This proves the lemma. W
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Now, let M* = {x € A: 2 ¢ A°UA}U{a,b'}. Clearly, M* # (). Then,
we arrange all alternatives of M* on a line (a®,...,b") where a and b are the
two extreme vertices. By the definition of M* and Lemma 23, we know A* N
M* = {a*}, A N M* = {p} and A* N A" = §. Then, we combine the tree
TA the line (a®,...,b") and the tree 7;? to construct a tree T4, ie., T4 =
TA U (a®,..., b)) U ﬁzt. Clearly, a® and bt are thresholds in 74. Henceforth, for

s

notational convenience, let @ = a® and b = b*. Thus, according to 74, we have
A = A° {a, b|TA) = (a®,...,b") and AP~ = A'. Note that (a,b|T4)y = M* C
AVATU '} = AVA (e} and (0 HT4) = M € (VAU {8} = AV ()

LEMMA 24 Domain D is an (a,b)-semi-hybrid domain on T4.

PrROOF: The proof consists of 4 claims.
CLAIM 1: Domain D C Dsu(7T4, a,b).

We fix an arbitrary preference P; € D and let r1(P;) = x.

First, let x € A2~%\{a} = A*\{a*}. By Observation 3(vi) on f*, (a*, b*)-semi-
hybridness on 74 implies that P; is semi-single-peaked on 72" = TA™" wort.
a® = a, and max" ((a*,b°|T*) U A) = a* = a. Furthermore, since (a,b|T*) C
(a®,b*|TAY U A, it is evident that max” " ({a,b|T*)) = a. Moreover, since z €
A*\{a*}, we know = ¢ A’ by Lemma 23. Then, according to f!, by Observation
3(vi), (a,b')-semi-hybridness on 7,4 implies max’ (ﬂt) = b'. Hence, we have
max?i(A*=?) = b, as required by Definition 4.

Symmetrically, if z € A*~\{b}, we can show that P; is semi-single-peaked
on T4 wrt. b, maxP " ((a,b|T*)) = b and max"(A*~?) = q, as required by
Definition 4.

Last, let = € (a,b|T*). Since z € {a,b|T*), we know x ¢ A*~\{a} = A°\{a*}
and z ¢ A*=9\{b} = Zt\{bt}. Furthermore, according to T4, z ¢ A®\{a®} implies
z € (a®,b°|TA) UA". Then, according to f*, by Observation 3(vi), (a®, b*)-semi-
hybridness on T4 implies max’ (A®) = b*. Hence, we have max’(A?~?t) = q, as
required by Definition 4. Symmetrically, according to T4, = ¢ A \{b'} implies
x € A" U {(a!, b'|T/A). Then, according to f*, by Observation 3(vi), (a’, b')-semi-

hybridness on 7;4 implies max’*(A") = b*. Hence, max’*(A*~%) = b, as required
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by Definition 4. This confirms the third condition of Definition 4. Therefore,
P, € Dgu(T#, a,b). This completes the verification of the claim.

CrLAM 2: We have [{(a, b|T4)| > 3.

Clearly |(a,b)| > 2. Suppose |(a,b)| = 2. Consequently, Dsg(7%, a,b) =
Dssp (T4, a) N Dggp(T4,b). Therefore, D is semi-single-peaked on 7, which im-
plies that D admits an invariant, tops-only and strategy-proof rule by the suffi-
ciency part of Statement (i). This contradicts the hypothesis of Statement (ii).

Therefore, |(a,b)| > 3. This completes the verification of the claim.

CLAIM 3: Every tops-only and strategy-proof rule behaves like a dictatorship on
(a,0]T4).

First, by the Second Ramification Theorem, to prove the claim, it suffices to
show that every rule of Q behaves like a dictatorship on (a,b|T*). Next, recall
by Observation 3(vi) that for each k = 1,...,n, f* behaves like a dictatorship on
(a®, bF|TA). Then, it suffices to show (a,b|T4) C (a*, bF|T,A) for all k =1,...,n.
Given 1 < k < n, suppose by contradiction that we have z € (a, b|T)\ (a*, b¥|TA).
Thus, according to T2, it is true that either z € A"\ {a*} or z € AN\ {1 holds.
We assume w.lo.g. that x € AF\{a*}. On the one hand, recall (a,b|T4) C
A\[A*\{a’}]. Therefore, z € A\[A*\{a"}], and hence = ¢ A°\{a®}. On the other
hand, it is clear that either a* # a® or a* = a® holds. If a* # a°, the proof of
Lemma 22 implies A* C A*\{a*}. Hence, v € A*\{a*}. If a* = a*, we know
A* = A® by the construction of T and T4, Hence, 2 € AF\{d*} = A°\{a*}.
Overall, z € A®\{a*}. Contradiction! Therefore, (a,b|T*) C (a* b*|TA), as

required. This completes the verification of the claim.

Since by hypothesis there exists no invariant, tops-only and strategy-proof,
Statement (i) of the Theorem implies that D is never semi-single-peaked. There-
fore, there exists no tree 74 such that D C Dggp(T4,a) or D C Dggp(T4,b).
Now, by Definition 4, to prove that D is an (a, b)-semi-hybrid domain on 74, it
suffices to show that there exist no tree 74 and thresholds a,b € A such that
D C Deu(T4, a,b) and (a,b|TA) C (a, b|TA).
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CLAIM 4: There exist no tree 74 and thresholds d,i) € A such that D C
Ds (T4, a,b) and (@, b|T4) C (a,b|T4).

Suppose that the claim is not correct. Thus, we have a tree T4 and thresholds
a,b € A such that D C Dgy(T4,a,b) and (@, b|T4) C (a,b|T4). Let A = {z €
A:ac (:p,b|7A’A>} and Ab—e = {zred:be (m,a|7A‘A>}. According to T4, we
construct the following SCF":

r(Py) if ri(Py) € (a,b|T4),
[A(P1, P) = § Proj (a, (r(P),(P)|T?)) if ri(P) € A\{a},
Proj (b, (r(P1), i (Py)[T4)) if ri(Pr) € A0\ {b}.

It is clear that f* is unanimous, and hence is a rule. Moreover, f* satisfies the
tops-only property. Next, we show that f* is strategy-proof.

Given (P, P,) and (Py, P;), voter 2 has two possible manipulations:
(1) f*(Pr, Py) = Proj (a, (r1(P1),m1 ()| T4)) and f*(Pr, Py) = Proj (a, (r(Py), r1(Py)|T#)), and
(2) 1*(Py, P2) = Proj (b (r(Py), ra(Po) 7)) and 1*(Py, P4) = Proj (b, (Py), ra (B 74)).
The two possible manipulations are symmetry, and we hence focus on the first one.
In the first possible manipulation, it is true that r(P;) € A&Ai’\{d}. Thus, we
induce f*(Py,P;) = Proj (a, (rl(Pl),rl(Pg)]’?A» e (r(P),a]T4) C A" and
f*(P1, Pj) = Proj (a, (rl(Pl),rl(Pz’)]?A» € (r(P),a|T4) € A%b We consider
two cases: 71(Py) € (a,b|TA) U A= and ry(P) € A%P\{a}. In the first case,
f*(Py, P,) = a. Since Pj is (@, b)-semi-hybrid on T4 and r(P2) € (a, lé)l’?A)UAiH&,
we have a = max'? (A&Ai’), which implies either f(P, P) = f(P,P)) = a or
f(Pr, Py)Pof(P1, Py). In the second case, P, is semi-single-peaked on TA wort.
a, and f*(Py, P,) = Proj (a, <7‘1(P1),7“1(P2)|7:A>) = Proj (a, (ri(Py), rl(P2)|7:Aa4b>) €
(ri(Py), a|TA"). If r(P}) € (a,b|TA) U AP=4, then f(P,, P}) = a. Furthermore,
since P, is semi-single-peaked on TA™ w.rt. @ wehave @ = min’ ((ri(P2), d|7A'APB>).
Hence, either f*(Py, Py) = f*(Py, Py) or f*(Py, Py)Paf*(Py, Py) holds. If r(P}) €
AP0 F2(Py, Py) = Proj (a, (ru(Py), mu(Py)|T4)) = Proj (a, (r(Py), m(Py)[TA")).
Then, either f*(Py, Py) = f*(P1, Py) holds, or f*(Py, P) # f*(Py, Py) and semi-
single-peakedness of P; on TA wrt. a implies f*(Py, Po)Paf*(P1, P}). There-

fore, voter 2 has no incentive to manipulate.
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Given (P1, P,) and (Pj, P»), voter 1 has six possible manipulations:

(1) f*(P1, Py) = Proj (a, (r1(Py), 1 ( P2)|TA>) and f*(P], Py) = Proj (a, (r1(P}), 11 (P)|T*)),
(2) £*(P1, P2) = Proj (b, (ri(P1), i (Py)|T4)) and (P, P2) = Proj (b, (ri(P)), m(P)| T4)),
(3) f*(P1, Py) = Proj (a, (ri(Py), 1 (Po)|T™)) and f*(P}, P,) = Proj (b, (r (), (Po)|T)),
(4) £*(Py, Py) = Proj (b, (ri(Py), 1 (P2)[T*)) and f*(P{, P2) = Proj (a, (r1(P}), r1(P)[T*)),
(5) f*(P1, P») = Proj (d, (ri(Py rl(Pg)]’/fA» and f*(P/, Py) = r(Py]), and

(6) f*(P1, Py) = Proj (b, (ri(Py), r1(P2)|T)) and f*(P], Po) = r1(P).

Similar to voter 2, voter 1’s first two possible manipulations are not profitable. In
the third case, we know r1(P;) € A*=\{a}, f*(P;, P,) = Proj (a, (r(Py), rl(Pg)UA’A» €
(r(Py),a|TA) C A% and f*(P},P) = Proj (b, (ri(P}),m(Py)|T4)) € A=t
Since Py is (@, b)-semi-hybrid on 74 and r1(P;) € A%=\{a}, it is true that @ =
min® ((ry(Py), a|’TA>) and a = max ((a, b|T AU fl?’éd). Therefore, f*(Py, Po) P f*(P], P,).
Symmetrically, in the fourth case, we have f*(Py, P5)Pf*(P], P,). In the fifth
case, we know 1(P) € A™N\{a}, (P, Po) = Proj (a, (n(P),r(P)|T")) €
(ri(P),a| T4, r(P]) € (a,b|TA) and f*(P],Py) = r1(Pl) € (a,b|T4). Since
P, is (@, b)-semi-hybrid on T4, it is true that @ = min” L ((r(P), a]TA>) and a =
max™ ((a, b|TA>). Therefore, either f*(Py, Py) = f*(P], P2) = aor f*(Py, P) P f*(P], P»)
holds. Symmetrically, in the last case, we have f*(Py, Py) = f*(P/,P,) = b or
(P, Py) P f*(P{, P,). Therefore, voter 1 has no incentive to manipulate. In
conclusion, f* is strategy-proof.

Now, we are ready to induce a contradiction from f*. Since f* is strategy-proof,
we know f* € Q. Since (a,b]T4) C (a,b|T4), we have z € (a, b|T4)\(a, b|T4).
According to T4, it is clear that z € A‘AHE’\{&} or xr € AP“\{Z;} We assume
w.lo.g. that z € A"\{a}. On the one hand, by construction, we have f*(z,a) =
Proj (a, (z, &|7\'A>) = a. On the other hand, since f* € , Claim 3 implies that f*
behaves like a dictatorship on (a, b|74). Then, by the construction of f*, it must
be the case that voter 1 dictates on (a, b|T#). Consequently, given x,a € (a, b|T4),

we have f*(z,a) = x. Contradiction! This completes the verification of the claim.

This complete the verification of the lemma, and hence proves the necessity

part of Statement (ii) of the Theorem. [
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E PRrRoor orF COROLLARY 2

To prove statements (i) and (ii) of Corollary 2, we fix a rich non-dictatorial tops-
only domain D.

We first show statement (i). Clearly, the sufficiency part follows from the
sufficiency part of Statement (i) of the Theorem. Next, given that D admits an
invariant and strategy-proof rule, by the necessity part of Statement (i) of the
Theorem, we know that ID is semi-single-peaked on a tree 74 w.r.t. some z € A.
Furthermore, since D is a tops-only domain, statement (i) of Proposition 1 implies
that D must be single-peaked on 7. Last, since D includes the pair of completely
reversed preferences P; = (ay -+ ap Gpy1 -+~ Q) and Py = (@, -+~ Gppy ag -+ - ay),
it must be the case that 74 = £4. Therefore, D is single-peaked on £4. This
proves statement (i) of Corollary 2.

We next move to statement (ii). To verify the sufficiency part, we further let D
be a non-trivial (a,, a,)-hybrid domain on £4, where 1 < ¢ —p < m — 1. Clearly,
D is also a semi-hybrid domain, and hence the sufficiency part of Statement (ii)
of the Theorem implies that there exists no invariant, tops-only and strategy-
proof rule. Moreover, since I is a tops-only domain, there exists no invariant and
strategy-proof rule. This proves the sufficiency part of statement (ii).

To prove the necessity part of statement (ii), let I admit no invariant and
strategy-proof rule. We show that D is a non-trivial (a,, a,)-hybrid domain on
LA where 1 < g —p < m — 1. Since D is a tops-only domain, the hypothesis
also implies that D admits no invariant, tops-only and strategy-proof rule. Then,
by applying Statement (ii) of the Theorem and its proof on D, we know that (i)
D is a semi-hybrid domain on a tree 74 w.r.t. some thresholds a and b, and (ii)
every tops-only and strategy-proof rule behaves likes a dictatorship on (a, b|74).
Moreover, since D is a tops-only domain, it is natural that every strategy-proof
rule behaves likes a dictatorship on (a,b|/7#). Then, the necessity part of the
Auxiliary Proposition implies that I is non-trivial on {(a,b|74). Furthermore,
since D is a tops-only domain, statement (ii) of Proposition 1 refines D to be

(a,b)-hybrid on T4. Therefore, D is a non-trivial (a, b)-hybrid domain on T4. We
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next show that D is non-degenerate. Otherwise, D is a non-trivial and degenerate
(a,b)-hybrid domain on 74. Consequently, the sufficiency part of the Auxiliary
Proposition implies that every strategy-proof rule behaves like a dictatorship on
{a,b|T4) = A, and hence D is a dictatorial domain which contradicts the non-
dictatorial-domain hypothesis. Therefore, D is a non-trivial and non-degenerate
(a,b)-hybrid domain on 74. Furthermore, since D includes the completely reversed
preferences P, = (ay -+ ap apq1 -+~ ) and P; = (@, -~ agy1ag - -ay), to be
compatible with (a,b)-hybridness on 74, it must be the case that 74 is a line.
Thus, 74" is a line if A*~* # {a}, and T4 is a line if A*~¢ # {b}. We last

refine D to be an (a,, a,)-hybrid domain on the line £4, where 1 < g—p < m—1.7°

LEMMA 25 Domain D is an (a,,a,)-hybrid domain on LA, where 1 < ¢ —p <

m— 1.

PROOF: Recall Step 1 in the proof of Statement (ii) of the Theorem, where we
elicit the line £ = (a1 = x1,...,2, = a,,) (when there exists a unique path in
G4 connecting a; and a,,) and construct the line £ = (a; = x1,...,2, = ap)
(when there are multiple paths in G2 connecting a; and a,,). Furthermore, by the
construction of 74 right above Lemma 24 and the definition of (a, b)-hybridness
on T4, we know that (i) a = x, and b = z; for some 1 < p < t < v, (i) (21,...,2p)
is included in 74", and (iii) (x,...,,) is included in 74",

We next show 747" = (z1,...,x,). If A% = {a}, it is evident that TA"" is
a graph of the singleton vertex a = z1. Next, let A%~ = {a}. Then, the inclusion
of two completely reversed preferences implies x, = a € Ext(TAPb) (see Clari-
fication 3 of Appendix G). Recall that 74" is a line and contains (1,0, xp).
Hence, to show 74" = (zy,...,z,), it suffices to show z; € Ext(T4"""). Sup-
pose not, i.e., we have z € A" such that  # x5 and (z,21) € EA"". Clearly,
(z,71) € EA Note that a,, = z, € A\A*~’. Thus, since T4 is a line, it is
true that z; € (a,,,z|T*). Consequently, (a,b)-hybridness on 74 implies x, Pix

for all P, € D%, This contradicts the fact that z; = a; is bottom ranked in

"ONote that so far the line 74 here is not necessarily the line £4.
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the preference P;. Therefore, z; € Ext(T4"""), and hence T4 = (z1,...,z,).
Symmetrically, we have T4 = (2,,...,x,).
Moreover, according to the labeling of alternatives in the preference P, =

(a1 -+ @y agyr - -~ ay) which is (a,b)-hybrid on T4, T4 = (z,...,z,) and

TA™ = (x4, ...,x,) respectively imply xp = a for all k = 1,...,p, and z; =
Qm_yyg Tor all I = ¢, ... v. For notational convenience, let ¢ = m — v 4+ t. There-
fore, a = a,, b = a, TAT = (ai,...,a,) and TA™ = (agy...,am). Since

|(a, b| T4)| > 3 by the definition of (a, b)-hybridness on T4, we know A9~PUAP~* =
{a1,...,ap,aq,...,an} # Aand hence g—p > 1. Therefore, D is an (a,, a,)-hybrid
domain on £4. Last, since D is non-degenerate, we know that either p > 1 or ¢ < m
holds, which implies ¢ — p < m — 1. This completes the verification of the lemma

and hence proves the necessity part of statement (ii) of Corollary 2. |

Next, we show that given a rich domain D, it is a tops-only domain if and only
if it is single-peaked on £4 or non-trivially hybrid on £4.

First, let D be a rich tops-only domain. We know that D is either a non-
dictatorial domain or a dictatorial domain. If D is a non-dictatorial domain,
statements (i) and (ii) of Corollary 2 imply that D is either single-peaked on
LA, or non-trivially and non-degenerate hybrid on £4. Next, let D be a dicta-
torial domain. Clearly, D C P = Dgu(L4, a1, a,,). Thus, as a dictatorial do-
main, every strategy-proof rule behaves like a dictatorship on A = (ay, a,,|£4).
Then, by the necessity part of the Auxiliary Proposition and Remark 1, we know
that D is a non-trivial (a1, a,,)-semi-hybrid domain on (ay, a,,|£*). Furthermore,
D C Dsu(LA, a1, a,) = Dyg(L£4, a1, a,,) implies that D is also a non-trivial and
degenerate (ay, a,,)-hybrid domain on £4. In conclusion, D is either single-peaked
on L4 or non-trivially hybrid on £4.

Second, let a rich domain D be single-peaked on £4, or non-trivially hybrid on
L£4. We show that D is a tops-only domain. If D is single-peaked on £4, we can
apply Theorem 3 of Achuthankutty and Roy (2018) to show that D is a tops-only

domain.™

"L Achuthankutty and Roy (2018) study a single-peaked domain on £ satisfying the following
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Last, let D be a non-trivial (a,, a,)-hybrid domain on £ where ¢ —p > 1. We
show that D is a tops-only domain. We will adopt an inductive argument for the
proof. To simplify the proof, we follow the method of Chatterji and Sen (2011) by
including the single-voter SCF's into consideration.

Clearly, unanimity implies the tops-only property in every single-voter SCF.

We then provide an induction hypothesis.

INpDUCTION HYPOTHESIS: Given n > 2, for all 1 < n’ < n, every strategy-proof

rule f: D" — A satisfies the tops-only property.

We show that every n-voter strategy-proof rule satisfies the tops-only property.
Henceforth, we fix an arbitrary n-voter strategy-proof rule f : D" — A, and show
that it satisfies the tops-only property. It suffices to show that for all ¢ € N and
(P, Pi), (P, P;) € D", [ri(P) = ri(P)] = [f(P, Poi) = f(P], P-y)].

First, by the sufficiency part of the Auxiliary Proposition, we know that f
behaves like a dictatorship on <ap, aq|£’4>. Furthermore, we can identify 1 < s <p
and ¢ <t < m such that (i) f behaves like a dictatorship on (as, a;|£*), and (ii)
foralll1 <& <sandt <t <mwitht —s >1t—s, f does not behaves like
a dictatorship on (ay,ay|£*). In particular, if condition (i) is satisfied at s = 1
and t = m, then f is a dictatorship and hence satisfies the tops-only property.
Henceforth, we further assume either s > 1 or ¢ < m. According to condition (i),
we assume w.l.o.g. that voter 1 dictates on {(a,, a;|/£4) at f. Furthermore, if n > 2,
according to f, we induce a two-voter function: h(Py, P) = f(P1, Py, -+, P,) for
all P, P, € D. It is clear that h is a well defined SCF, inherits unanimity and
strategy-proofness from f, and hence is a strategy-proof rule.

The claim below shows that when voter 1 reports a preference with the peak
in {a,, a;|£?), the social outcome follows exactly from voter 1’s peak regardless of

the others’” preferences.

CLAIM 1: Given a preference P; € D with ry(P}) = ax € (as, a;|£?), we have

f(Pl*aPﬂ) = a; for all P_, € D™ 1.

richness assumption: a; € S(D*+1) and a1 € S(D*) for all 1 < k < m — 1, which is weaker

than the imposition of path-connectedness on a single-peaked domain on £4.
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Suppose not, i.e., there exists P_; € D" such that f(P},P_) = a, # ax.
It is clear that strategy-proofness implies f (Pl*, (ar---)) = a, (if n = 2) and
f(Pr (ar-++),...,(a++)) = a (if n > 2). There are three cases: (i) a, €
(as, a;|LY), (ii) ar € (a1, as_1|L?) and (iii) a, € (a1, am|L). In each case, we
induce a contradiction.

In case (i), since voter 1 dictates (as, a;|L?), we have f(Py, (a,---)) = ay, (if
n=2)and f(Pf,(a--),...,(a-++)) = ax (if n > 2). Contradiction! In case
(i), we first identify a path (z1,...,7,) in G4 that connects a; and a,. By the
definition of (a,, a,)-hybridness on £4, according to G2, there exist 1 < n < v such
that x, = a,, the subpath (z1,...,z,) is contained in Glasatlt?) " and the subpath
(2, .-+, xy) = {as, a,| L) is the unique path in G2 connecting a, and a,.. If n > 1,
71, Ty € {as, a/|[L4). If n = 1, we identify 2 € (as, a;/L*) such that zq ~ z;, and
construct the path (xg,z1,...,x,). Overall, we have a path 7 = (1,29, ...,2,),
v > 3, in G4 such that x,, 2y € (as, a|L?), ap € {71, 22} and a, = ,,.

We first consider the case n = 2. On the one hand, given a preference
Py € D% by path-connectedness, we have f(Pj, Py) = a,. On the other hand,
since voter 1 dictates on (a,, a;|£*) at f, we have f((z1---), (22--+)) = 21. Then,
according to the path m = (z1,29,...,2,), statement (i) of Lemma 1 implies
f(@r-), (zp--+)) = @ and f((wa---), (w,--+)) = z2. Since ap € {z1,22},
we have either f(Pf,Py) = x1 # a, or f(P},Py) = x93 # a,. Contradic-
tion! Next, assume n > 2. On the one hand, given a preference Py € D%
by path-connectedness, we have h(Py, Py) = f(Pf,P;,...,Py) = a,. On the
other hand, given P, € D* and P, € D™ by path-connectedness, by voter 1’s
dictatorship on (as,a;|£4) at f, we have h(pl,l%) = f(ﬁhpg,...,]%) = .
Then, according to the path © = (z1,29,...,2,), statement (i) of Lemma 1
implies h((z1--+),(zy-++)) = 1 and h((z2-+),(zy--+)) = x2. Consequently,
since ay, € {1, x2}, we have either f(P}, Py,..., Py) = h(P{,P}) = x1 # a, or
f(Pf,P;,....,P}) = h(Pf, Py) = x2 # a,. Contradiction!

By a symmetric argument, a contradiction can induced in case (iii). This

completes the verification of the claim.
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The next claim shows that when voter 1 reports a preference with a peak
ar, € {ay,as_1|L*) (vespectively, ax € (as1,am|L?)), then social outcome falls

into the interval {ay, as|£4) (respectively, (as, ax|L4)).

CLAIM 2: Given a preference Py € D with r(P}) = ai, € {as, a;|L*), the following

two statements hold:
(i) If ay, € (a1, a,1|L4), then f(P}, P_y) € (ag, as| L) for all P_; € D1
(ii) If ax € {asy1, am|L?), then f(Py, P_y) € {as, ax|L?) for all P_; € D" L.

The two statements are symmetric, and we hence focus on showing state-
ment (i). Given Py € D" let f(Pf,P.;) = a,. Clearly, Claim 1 implies
f((as--+), P_1) = ay, and (a,, ag)-hybridness on £# implies a, = max’? ({as, an|L?)).
Suppose a, & {ay, as|L*). Clearly, either a, € (asi1, am|LA) or a, € {ay, ap_1|L?)
holds. If a, € ({asi1,amn|L?), then voter 1 will manipulate at (P, P_;) via
some P, € D%, ie., f(P,P.1) = asPfa, = f(P},P-1). Next, assume a, €
{ay,ar_1|£?). Consider the unique path @ = (a,,apy1,..., 0%, Git1, ..., 0;) in
G that connects a, and a,. Since a, ~ a,,1, we have 151,151’ € D such that
r(P) = (P = ay, r(P)) = ro(P) = ayyy and r(P) = r(P)) for all
Il =3,...,m. Clearly, strategy-proofness first implies f(f)l, Py)=a, = 7“2(?1’)
Then, strategy-proofness implies f(P/, P_) € {7"2(151’),7“1(]51’)} ={a,,a,4+1}. Sup-
pose f(P],P_1) = a,. Then, strategy-proofness implies f(]51’, (ar--+)) = a, (if
n = 2) and f(ﬁ{,(ar~~-),...,(ar---)) =a, (if n > 2).

We first consider the case n = 2. Given a preference Py € D%, we have
f(P!,P;) = a,. Then, according to the path ™ = (a,, Gyy1, ..., Gk, o1, - - -5 Gs),
statement (ii) of Lemma 1 implies f((as---),(a,--+)) = a, # a,. This con-
tradicts Claim 1. Next, assume n > 2. Given a preference Py € D, we
have h(P],P;) = f(P/,P;,...,P;) = a,. Then, according to the path 7 =
(Gpy Qi1 ..y Ak, Qi1 - - -, s), statement (ii) of Lemma 1 implies h((as ) (@ )) =
a,. Consequently, we have f((as---),P5,...,P;) = h((as--+),P;) = a, #
as, which contradicts Claim 1. This means that the contradictory hypothesis

f(P/,P_y) = a, cannot hold. Therefore, f(P/,P_;) = a,+; = ri(P]) holds,
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and hence strategy-proofness implies f ((ar+1 e ),P_l) = a,41. Following the
path 7 from a,,; to ag, by repeatedly applying the argument above step by
step, we eventually induce f ((al€ ), P,l) = ay, which contradicts the hypoth-
esis f(P,P1) = a, ¢ (ag,as|L?). Therefore, f(P}, P_1) € {ay,as|L*). This

completes the verification of the claim.

CrLAM 3: Given two distinct profiles (P, P_y), (P}, P-1) € D™ with ri(P) =
r1(P]) = a ¢ {as, a;|L?), we have f(Py, P_1) = f(P], P_1).

We know that either ay € (a1, as_1|L4) or ap € (ari1,am|L4) holds. The
verification for these two cases are symmetric. We hence assume w.l.o.g. that a; €
{ay, as_1]L*). Then, by Claim 2, we can assume f(P, P_)) = a, € {ay,a,|L*)
and f(P],P_1) = ay € {ay,as|L*). Suppose a, # a,.. We know that either
E<r<r <sork <71 <r<sholds. If Kk <r <7 <s, (ap,a,)-hybridness
on L4 implies a,Pla,,, and hence voter 1 will manipulate at (P/, P_;) via P,
ie., f(P,P-1) = a,Play = f(P[,P_y). It k <7r" <r <s, (a,,a,)-hybridness
on L4 implies a, Pia,, and hence voter 1 will manipulate at (P, P_;) via P,
ie, f(P,P_1) = anPa, = f(P;,P_1). Therefore, it must be the case that
f(P1, P_y) = f(P], P_1). This completes the verification of the claim.

Now, one would easily observe from Claims 1 and 3 that for all distinct prefer-
ence profiles (Py, P_1), (P[], P_1) € D" with r{(P,) = ri(P]), we have f(P,P_1) =

f(P], P_1). Next, we move to voters other than 1.

CrAM 4: Given ¢ # 1 and two distinct profiles (P, Py, P_(1.3y), (P1, P/, P_(1,53) €
D™ with 7”1(P£> = Tl(Pi/), we have f(Pl, PZ‘, P—{l,i}) = f(Pl, Pi/7 P_{M})_m

For notational convenience, let ri(P;) = a and r(P;) = r1(P/) = a,. Clearly,
if ar, € (as,a,|L?), Claim 1 implies f(PL,P,P.py) = f(PL,P,P 13) = ag.
Next, we assume ap € (as,a;|£4). Thus, either a, € (ay,a,_1|£4) or a; €
(ary1, am|L?) holds. The verification for these two cases are symmetric. We hence
assume w.l.o.g. that a, € (aj,a,_1|L*). Suppose f(PL, PP yy) = ap # ap =
f(P, P/,P_r15). Clearly, strategy-proofness implies a,P;a,» and a,Pja,, and

"2If n = 2, then i = 2 and the notation (P;, P;, P_ry ;1) represents the profile (P;, P,).
{14}
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Claim 2 implies a,,a,» € {ay, as|£A>. We can assume w.l.o.g. that k <r <1’ <s.
The verification for the case k <1’ < r < s is symmetric and hence is omitted.

We first show a, € {(a,41,a_1|LY). If a, € (a1, a,|L?), (ap, a,)-hybridness on
L4 implies a, Pla,.. Contradiction! If a, € (a,, am|L*), (ap, a,)-hybridness on £
implies a,» Pia,. Contradiction! Therefore, a, € {a,,1,a._1|L4).

We next induce a manipulation in the case n = 2. Thus, + = 2, and unanimity
implies f(Py, Py) = a,. Since ri(P,) = ay, € {ay,as_1|L*), a,,a € {ay,a,|L*) and
ao € {ari1,am_1|LY), (ap, a,)-hybridness on £4 implies a,Pia,.. Consequently,
voter 1 will manipulate at (P, Py) via Py, i.e., f(Py, Py) = a,Pia. = f(P1, Py).
Therefore, it must be the case that f(Py, P5) = f(P1, Py).

Last, we induce a manipulation in the case n > 2. We combine voters 1 and
i as one, and induce an (n — 1)-voter function: g(pl,P,{u}) = f(f)l,f)l,p,{lyi})
for all P, € D and 15_{1,2-} € D" 2. Clearly, g is a well defined SCF, inherits una-
nimity and strategy-proofness from f, and hence is an (n — 1)-voter strategy-proof
rule. Therefore, the induction hypothesis implies that ¢ satisfies the tops-only
property. Hence, we have f(F;, P;,P_p13) = 9(P, P-pngy) = 9(P,P_p3y) =
f(P,P/,P_t1;3) = a,. Furthermore, according to the profile (P, P;, P_1,y),
Claim 2 implies a,, € (a,, as|L*). Thus, since a, € (a,41,a_1|L1), either a, €
(ag, ap—1|LA) o1 ay, € {ay, as] L) holds. If a, € (a,, a_1|L1), (a,, a,)-hybridness
on L4 implies a,,Pia,s, and then voter 1 will manipulate at (Pi, P/, P_{14) via
P! ie., f(P,P/,P_q13) = awPiay = f(Py, P}, P_{1;). Therefore, it must be
the case that a, € <a7«/,as|£‘4>. Recall a,P;a, by strategy-proofness of f, and
a, = max’: ((ar/, as|£A>) by the definition of (a,, a,)-hybridness on £4. There-
fore, a, Pja,,. Consequently, voter 1 will manipulate at (P;, P;, P_g14) via Py, i.e.,
f(P, P, P_14) = ayPray, = f(P;, P;, P_11;). Therefore, it must be the case that
f(P, P, P_1y) = f(P1, P/, P_{1,). This completes the verification of the claim.

Now, by Claims 1, 3 and 4, we know that for all: € N and (P;, P_;), (P!, P_;) €
D", [r(P) = r(P)] = [f(P,P-;) = f(P],P-)], as required. Therefore, f
satisfies the tops-only property. This completes the verification of the induction

hypothesis, and hence shows that D is a tops-only domain.
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F PROOF OF PROPOSITION 3

Fixing a tree 74 and thresholds a,b € A, let |{a,b|/T*)| > 3 and the semi-hybrid
domain Dgy (T4, a,b) contain a pair of completely reversed preferences. We fix a
tops-only and strategy-proof rule f : [ID)SH(’TA, a, b)]n — A. We henceforth assume
w.lo.g. that A*~% £ {a} and A*~* # {b}, and show that f is a hybrid rule w.r.t.
a and b.™ Since Dgy (T4, a,b) includes the completely reversed preferences P,
and P;, we infer that a € Ext(TA"") and b € Ext(T*""). Henceforth, let a be
the unique neighbor of a in TA(Hb, and b be the unique neighbor of b in TA™",
Furthermore, note that every two alternatives of (a, b|7) are adjacent, and hence
Ext(G@bTY = ¢ which implies that Dgy (7, a,b) is non-trivial on (a, b|T4).
Then, the sufficiency part of the Auxiliary Proposition implies that f behaves like
a dictatorship on {a,b|7*). Henceforth, we assume w.l.o.g. that voter 1 dictates
on (a,b|T4), ie., forall P € [Dsu(T4,a,b)]", [r1(P) € (a,b|T*) for alli € N| =
[f(P) :TI(PI)]'

CLAM 1: For all P € [Dsu(T4,a,b)]", if r1(Pr) € {a,b|T4), then f(P) = ri(P).

We can employ the verification of Claim 1 in the proof of Corollary 2 to prove

this claim.

Given arbitrary x € Ext(T4) N A% and y € Ext(T4) N A*~¢, we can label
the path (z,y|T4) = (z1,..., %5 1, Ts, ..., Tt, Tys1, ..., Ty) Where 31 = x, 1,1 = @,
Ty =a, 1, = b, 2,41 = band 2, = y. Clearly, (z1,...,2,_1,75) = (z,a|T?) =
(2,a|TA"Y = (2,a|GA"Y and (x4, Zigr, ... ) = (b,y|TA) = (b,y|TA") =
(b,y|GA"™"). Furthermore, since every two alternatives of (a,b|74) form an edge
in G4, it is true that the line (a,b|74) is contained in the adjacency subgraph
GL@bIT?), Therefore, (zg,...,x;) is a path in G@¥T?) that connects a and b, and
includes all alternatives of (a,b|T*). Last, we construct a linear order <%¥ over
all alternatives of (x,y|T*) such that zp <*Y xj4 forall k =1,..., 0 — 1.7

Since Dgp(T4) € Dsu(T4, a,b), we can extract an SCF from f: f(P) = f(P)
for all P € []D)SP(TA)}H. Clearly, f inherits unanimity, the tops-only property and

BWhen A%~ = {a} or A*=% = {b} holds, the proof is relative simpler.
"For notational convenience, given ¢, d € (x,y|T4), let ¢ <*¥ d denote ¢ = d or ¢ <*¥ d.
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strategy-proofness from f. Then, by Theorem 1 of Schummer and Vohra (2002),

we know that

(1) for all x € Ext(T4) N A*~ and y € Eat(T4) N A= f behaves like a
generalized median voter rule on {(x,y|T*), i.e., there exists a fixed ballot
by = f(%,NL\J) € {(x,y|T*4) for each coalition J C N, which satisfies
ballot unanimity, by’ = y and byY = x, and monotonicity, [J C J] =
[bﬁ’y <Y b?,y}, such that for all P € [DSP(TA)]n, we have

JCN jeJ

[r1(P;) € (z,y|T*) for alli € N] = {f(P) = max~ " (min<z’y (r1(P;), b7Y)

(2) for all x,2’ € Ext(T4) N At and y,y' € Ext(T*) N A9, given = # 2/ or
y # iy, f behaves consistently on {(x,y|T*) and (z',y'|T4), i.e., given the

two families of fixed ballots (%) ;cn and (b?’yl) Jcn, forall J € N, we have

[l 91T 0! 1T 0 (/1T 1] =[G gl T4 0 /T4 0 (05,65 T4 <1

[ w72 0! 1T 0 (2| T4 < 1] =[Gyl T4 0l /174 0 (o5, 55V T4 < 1

Since both Dgp(74) and Dgy (T4, a,b) are minimally rich, by the tops-only
property of f and the construction of f, condition (1) implies that for all z €
Ext(TYNA"  and y € Ext(TA)NA"¢, f also behaves like a generalized median
voter rule on (z,y|7*) w.r.t. the fixed ballots (b7") ;cn. Hence, b7 = f (-, N“<J)
for all J C N.

The claim below shows that by voter 1’s dictatorship on (z,y|7*) and the def-

inition of Dgy (T4, a,b), additional restrictions are embedded in the fixed ballots.

CLAIM 2: Given 2 € Ext(T4) N A"t and y € Ext(T4) N A% we have [1 €
J] = [b5Y € {b,y}] and [1 ¢ J] = [b}Y € {z,a}].

We focus on showing [1 € J] = [b¥ € {b,y}]|. The verification for [1 ¢ J] =
(b7 € {x,a}] is symmetric.

Fixing a coalition J C N, let 1 € J. Clearly, J is non-empty. If J = N,
b’ = y by definition. We next assume J C N. Consider the profile (b, ﬁ, NL\J)

Claim 1 first implies f(b, J\%l}’ NaiJ) = b. Next, along the path (b,y|T4) =
110
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b—a . . T . .
(b, y|GA™"), similar to statement (iii) of Lemma 9, f(b, J\%l}’ N\J) = b implies
f(y, NAVEVE NL\J) € (b,y|T?). Hence, b%5¥ € (b, y|T4).
Suppose b = z € (b, y|T*)\{b,y}. We induce a two-voter SCF: f(P;, P;) =

f (13 )W J) for all P, P; € Dsu(T#,a,b). Clearly, f is well defined, and inher-

its unanimity, tops-onlyness and strategy-proofness from f. Thus, f(y,a:) =

f(%, NL\J) = bY = 2. By the definition of Dgg(7T*,a,b), we have a prefer-
ence P; € Dgu(T4,a,b) such that 7 (P;) = z and yP;z. Consequently, agent j
will manipulate at f, i.c., f(y,y) = yPiz = fly, P;). Therefore, b%Y € {b,y}. This

completes the verification of the claim.

CLAIM 3: Given x € Ext(T4) N At and y € Eat(T4) N A%, there exist
WY C N and W* C N with 1 € WY N W?® such that the following two statements
hold: for all J C N,

(i) given 1 € J, [W¥ C J] = [b}Y =y] and WY € J] = [b7Y = b], and
(ii) given 1 ¢ J, [W* C JU{1}] = b5 =z] and [W¥ € JU{1}] = [b7Y = a.

The two statements are symmetric, and we hence focus on showing the first
one. Clearly, b?ly} € {b,y} by Claim 2. If bg{”ly} = y, monotonicity implies b%Y =y
for all J C N with 1 € J. Then, we set W¥ = {1} to meet statement (i). Next, we
assume bg{”ﬁ = b. Since by’ = y by definition, there exists W¥ C N with 1 € W¥
such that bjj%, =y and [1 € J and |J| < [W¥|] = [bY = b]. By monotonicity, we
know that for all J C N, [W¥ C J] = [b}Y = y]. In the rest of verification, we
consider an arbitrary coalition J C N such that 1 € J and WY ,@ J.

For notational convenience, let W¥ = {1,..., 0,1+ 1,...,k}, WW\J = {l +
Sk} and A\NWY = {k+1,...,r}. Clearly, WN\J #£ 0, J = {1,..., 1,k +
ryand N\J={l+1,...,k,r+1,...,n} # 0. Note that if J\W¥ = (), then

|J| < |W¥|, and hence the definition of W¥ implies b7 = b. Henceforth, we assume
J\W?¥ = (. Then, according to f, we induce an SCF: f : [Dsu (T4, a, b)]3 — A
such that f(P;, P;, P,) = flg2 5 » 7) for all By, Pj, P, € Dsu(T*, a,b).

Clearly, f is well defined and inherits unanimity, tops-onlyness and strategy-

proofness from f.
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We show b7Y = b by contradiction. Suppose b"Y # b. Thus, b7Y = y by Claim
2. First, since {1,...,1} C WY, we have f(y,z, ) = f(7 L r},NL\J) =

b ~ b, strategy-proofness implies f(y, b, z) € {b,b}.

Second, we have f(y,y,x) = f({l,‘?{”l}, {k+1?{..4,r}’ NL\J) = f(%, NL\J) — b =y
According to the path (y, b|74) = (y, b|GA""), similar to statement (iii) of Lemma
9, f(y, y,r) = y implies f(y, b,x) € (y,b|T#). Therefore, we have f(y, b,x) €
{b,b} N (y,b|T4) = {b} and hence f(y,b,z) = b.

Third, since W¥ C {1,....[,l+1,...k,r+1,...,n} = {1,...,1} U[N\J],

,,,,,

f ({1,%.,1}7 T NL\J) = bf’lz,/...,l}u[N\J] = y. Moreover, according to G*, we have
a path 7 that connects x and b, and excludes y. Then, along the path =, similar
to statement (i) of Lemma 9, f(y,z,y) = y implies f(y,b,y) = .

Last, by the definition of Dgy (74, a,b), we have P, € Dgu (T4, a,b) such that
r1(P,) = z and yP,b. Then, voter v will manipulate at f, ie., f(y, by) =yP,b=
f(y,b, P,). Therefore, the hypothesis b)Y = y cannot hold, and hence we have

b’¥ = b. This completes the verification of the claim.

CLAIM 4: Given z, 2’ € Ext(TA)NAb and y,y € Ext(T*)NA "4 the following
two statements hold:

1o

(i) Given y # ¢/, we have [b%Y = ] < [b%Y = b] and [b%? = y] & b7V = ¢/
forall J C N with 1 € J.

(ii) Given z # 2/, we have [b7Y = a] & [bil’y/ =a) and [b}Y =1] & [b?’yl = 7/|

forall J C N with 1 ¢ J.

The two statements are symmetric, and we hence focus on showing the first
one. Let y # 3. Given J C N with 1 € J, we have b%¥ € {b,y} and b* ¥ € {b,y'}
by Claim 2. Suppose by contradiction that %Y = b and bﬁl’y/ =y Let y’ =
Proj (b, (y,y/|T*)). Clearly, (z,y[T*) N («",y'|T*) N {y,y'|T*) = {y"}. Then,
condition (2) above implies |(z,y|T*) N («/,y'|T*) 0 (b, ¢/'|T*)| = [(z,y[T*) N

"5The verification for the case b7¥ =y and b’ 'Y = b is symmetric, and we hence omit it.
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(' ' |T4) N (bﬁ’y,bﬁl’y,wﬂ)‘ < 1, which contradicts the fact b,b € (x,y|T4) N
(', 9| T4 N (b,y/|TA). Therefore, we have [b%Y = b] < [b%Y = b] and [b"Y =

yl < [bi/’yl =] for all J C N. This completes the verification of the claim.

Now, by combining Claims 2, 3 and 4, we induce two coalitions W*~¢ C N
and W=t C N with 1 € WP~ N W such that for all x € Ext(T4) N At
y € Ext(TA) N A*~% and J C N, we have that

e given 1 € J, Wr= C J] = [b5Y =y] and W' € J| = [b7Y = 1], and
o given 1¢ J, W70 CJU{1}] = b} = o] and AV~ ¢ JU{1}] = (b5 = a].

We call WP and W2 winning coalitions.

For the next three claims, we fix an arbitrary preference profile (P, P_y) €
[Dsu (T4, a,b)]" withr (P,) € A=\ {b} and let f(P;, P_;) = z. Clearly, strategy-
proofness implies f(z, P_;) = z. For notational convenience, let z; = ri(F;) for
all i € N and W= = {1,...,k}. We fix arbitrary = € Ext(T4) N A%~ and
y € Ext(T4) N A'>4 such that z; € (b,y|T*). Then, we have the path (z,y|T*).
Furthermore, let y; = Proj(z;, (z,y|T4)) for all i € N. Clearly, z; = y;, and
(zi, ;| T?) is a path in G4 connecting z; and y; for all i € N\{1}, which may be
a null path when z; = y;. We use the following diagram to illustrate.

z3

24 29

Z5 <1

T Ys a a Ys b b Y3 Y1 Y2 Y
Figure 14: Given W' = {1,2,3,4,5}, the peaks 21, 29, 23, 24, 25 and their pro-
jections y1, Y2, Y3, Y4, ys on {x, y|T™)
By Claim 1, we know f(b, P_1) = b. Then, according to the path (b, z;|T4) =
(b, z|GA"™"), similar to statement (iii) of Lemma 9, f(b, P_;) = b implies z =
f(z1, P_1) € {b, 21| T*). Note that b € (b, 2| T*) and b is the unique neighbor of b

in 747" = GA"™". Then, we have two cases: z € (b, 1|T4) and z = b.

CrAM 5: We have f(y1, .. Uk, Yktls- - Yn) = 2.
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Since y1 = 21, f(y1, P-1) = f(21, P-1) = 2. Wenext show f(y1,92, P-f12)) = 2.
Evidently, either z = yy or z # yy holds. If z = y,, strategy-proofness im-
plies f(y1,y2, P-p12y) = 2. If 2 # yo, given z € (b, z|T?) C (x,y|T?), yo =
Proj(zy, (z,y|T4)) implies z ¢ (23, y2|T*). Then, along the path (zo,y2|T4), sim-
ilar to statement (ii) of Lemma 9, f(y1, 22, P-f19y) = f(y1, P, P_{1,2y) = 2 implies
f(y1,92, P_{1,2y) = 2. By repeatedly applying this argument from voter 3 to n, we
eventually have f(yi1,..., Yk, Yks1,---,Yn) = 2. This completes the verification of

the claim.
CLAIM 6: Given z € (b, 2|T*), we have z = Proj (b, TF(PWbAa))_

We first show that y; € (z,y|T4) for all i € W’ Suppose not, i.c., there
exists i € W' such that y; € (z,2|T*\{z}. Thus, y; <*¥ z which fur-
ther implies that for all J € N with ¢ € J, Ijréi}ﬁm’y (y;,b7Y) ==V y; <™ 2.
Moreover, for all J C N with ¢ ¢ J, we know either 1 ¢ J which implies
min="Y (y;, b5Y) <= bY <™V a <™ 2z, or 1 € J and W™ ¢ J which imply

jeJ

min=" (y;, b5%) 2™¥ b7Y = b <™¥ z. Overall, we have min™*¥ (y;,b}") <™¥ z
jeJ j€J
for all J C N. Consequently, we induce the following contradiction:

_ _ <@y L <@y T,y ;
z—f(yl,...,yk,yk+1,...,yn)—Iygaj%c (I]nel}l (yj,bJ )) T

Therefore, y; € (z,y|T4) for all i € WP—e,

We next show that there exists i € W™ such that y; = z. Suppose not, i.c.,
y; # 2z for all i € WP=e. Thus, y; € (z,y|T*)\{z} for all i € W’ Conse-
quently, we have z <*¥ min™" (y;, f/\’%%), which further induces the following

j ewb—\a
contradiction:

. x,y xz,y . x,Y
z <" min™" (y;,b,%,) 2™ max™ (mlrﬁ (y5, b?’y)>
jEWb—e JCN jeJ

- f(yla"'aykayk—l-la"wyn):Z'
Therefore, there exists i € W™ such that y; = 2.
Now, we have NM;cppp—a (b, 2| T4) = Nicypp—a [(b, yi| T4 U [(yl, Zi|TA>\{yi}]] -
[ Niews=e b5l TH] U [ Niewme [ 2 TN {gid] | = (b, 2/T4),7 which further

T6First, note that N;cyyv—a (b, 4| T4) = (b, 2|T4). Second, since 1 € WP and z; = y;, we
have (y1, 21| T4)\{y1} = 0.
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implies Proj (b, TF(P Wb*‘Z)) = z. This completes the verification of the claim.
CrAamM 7: Given z = b, we have z = Proj (b, 7'F<PWb““)).

Clearly, y; = z; € A*\{b} implies b <% y;. We first show W= £ {1}.
Suppose by contradiction that W*=? = {1}. Thus, we have bffi = y and induce
the following contradiction:

— i <" Ty oy <wy (. <V 3y
yo=min™" (g, b)) = max (rjnel}l (vj, b5 ))

= f<y17...,yk,yk+1,...7yn>:z:b.

Therefore, W= #£ {1}.

Clearly, we have Proj (b, TF(PW‘H“)) = b if and only if b is included in the
tree T (Pwr—a), Furthermore, given z; € A*~%\{b}, we know that b is included
in the tree 77 (Pwi=a) if and only if there exists i € W*~%\{1} such that z; €
A=Y U {a,b|T4). Hence, in the rest of verification, we show that there exists
i € WP—a\{1} such that z; € A*~" U (a,b|T*). Suppose not, i.e., z; € A*~2\{b}
for all i € WP\ {1}. This implies y; € (b, y|T*) for all i € W’ Consequently,
we induce

7 . Y z,yY . z,Y
b <" min~"" (y;,b7%.,) 2" max™" [ min~" (y;, b7")
jEWh—a 7 Zypb—a JCN jeJ I

= fW Uk Yks1s 5 Un) =2 =0,

which contradicts the fact b <*¥ b. Therefore, there exists i € W*~\{1} such
that z; € A*~% U (a,b|T*), as required. This completes the verification of the

claim.

Overall, Claims 6 and 7 imply that for P € [Dgu(T4,a,b)]" with r(P;) €
AP=\{b}, f(P) = Proj (b, TF(PWP“)). Symmetrically, we can show that for
P e [Dsu(T,a,b)]" with ry(Py) € A*"\{a}, f(P) = Proj (a, 7"(Fwe=)). This

proves Proposition 3.
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G OTHER CLARIFICATIONS

G.1 CLARIFICATION 1

Given the semi-single-peaked domain Dggp(7, %), we show that Dggp (74, Z) in-

cludes a pair of completely reversed preferences if and only if [N4(z)] < 2.

(Sufficiency) Since |IN4(z)| < 2, we have a path (z1,...,7,) in T4 such that
(i) T = xp- for some 1 < k* < v, (ii) 21,2, € Ext(T4) and (iii) [1 < k* < 0] =
INA(Z) = {zp1, Tpe 11 }]

Given k* = 1, since 7 = z; € Ext(T*), we by definition have a preference
P, € Dgsp(T#, 1) such that ry(P;) = xz, and r,,(P) = x;. Next, we construct
a linear order P/ that is a complete reversal of P;. Since m(P/) = x4, it is true
that P/ € Dgsp(T4,z1). Symmetrically, if k* = v, we also have two completely
reversed preferences in Dggp(74,Z). Last, let 1 < k* < v. Since N4(7) =
{@p_1, T4}, it is natural that xp-_; and x4+ are two thresholds in 74, and z-
and -4, are two thresholds in 7#. Then, we identify the two subsets A%k 17
and A"+17%= - Note that zp« ¢ A™*-17% and xp- ¢ A"*+17%_ Moreover,
since NA(Z) = {xp+_1,Tp-41}, it is true that A" 177 N A% +17% = () and
Arer =0 YL U AT~ %e = A Now, pick two arbitrary preferences P;, P/ €
Dssp(T4, %) such that ry(P;) = x; and r1(P/) = x,. Then, we construct two linear
orders: P, and ]52-’ over A such that (i) for all x € A" 17 ¢ € ATk +17Tk"
rPx and kay, and ylf’i’q:k* and xk*f?i’m, (ii) P, and P, agree on the relative
rankings over A% -17%* je. for all z,y € A% 170 [a:f)zy] < [xPyl, and

—Tpx

P, and P! completely disagree on the relative rankings over A%+ , i.e., for

(2

all z,y € A% +1=% [zPy] < [yPz], and (iii) P/ and P! agree on the relative

(2 (2
rankings over A% 1% e for all z,y € A +17%  [zPly] < [xPly], and P!

*

and P; completely disagree on the relative rankings over A®**-1—%x* je., for all
z,y € A -1=me [zPly] < [yPa]. Tt is easy to show that P, and P! are complete

reversals and both are semi-single-peaked on T4 w.r.t. Z, i.e., Dgsp(T4, 7).
(Necessity) Let P, P/ € Dssp(T#,Z) be two completely reversed preferences.

We assume w.l.o.g. that r(FP) = a; and m(FP/) = a,. We first show that
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7 is included in the path between a; and a,, in 74. Suppose not, ie., T ¢
(a1, a,,|T4). We identify & = Proj(z, (a1, am|T4)). Clearly, # € (a;,z|T4) and
& € (am,z|T*). Consequently, the definition of Dggp(7T4,Z) implies £ P27 and
ZP!Z, which contradict the hypothesis that P, and P/ are complete reversals.
Therefore, Z € {ay, a,,|T4).

Now, we show |[N4(Z)| < 2. Suppose by contradiction |[N4(z)| > 2. Then,
there exists z € A such that z € NA(z) and = ¢ (a1, a,,|T4). Thus, Z € (ay, z|T4)
and 7 € {a,,, z|T*). Consequently, the definition of Dgsp(74, Z) implies Z Pz and
ZP/x, which contradict the hypothesis that P; and P/ are complete reversals.

Therefore, IN4(Z)| < 2.

G.2 CLARIFICATION 2

Given a path-connected domain D C Dggp (T4, Z), we show that D satisfies extreme-
vertex symmetry if and only if either # ¢ Ext(T%), or € Ext(T#) and D C
Dssp (T4, %) N Dsgp (T4, z) where N4(Z) = {z}.

(Sufficiency) First, let 7 ¢ Ext(T*). Then, semi-single-peakedness on 74
w.r.t. 7 implies |[S(D?)| = 1 for all z € Ext(T*). Next, let # € Ext(T%) and
D C Dssp (T4, 2)NDgsp (T4, x) where N4(z) = {z}. Clearly, x ¢ Ext(T*). Then,
semi-single-peakedness on 74 w.r.t. o implies |S(D?)| = 1 for all z € Ext(T4).
Overall, |S(D?)| = 1 for all z € Ext(T*). Last, since D C Dgsp(T4,7) is path-
connected, it is true that G2 = T4, Then, we have |S(D?)| = 1 for all z €

Ext(T4) = Ext(G2). Therefore, extreme-vertex symmetry is vacuously satisfied.

(Necessity) Let the path-connected domain D C Dggp(7T4, Z) satisfy extreme-
vertex symmetry. Clearly, G4 = T#. Note that either 7 ¢ Ext(T*) or 7 €
Ext(T4) holds. If Z ¢ Ext(T#), the verification is completed. Henceforth, let
T € Ext(T?) and N4(7) = {z}. Clearly, G4 = T4 implies 7 € Ext(G2) and
r € S(D7). Given the hypothesis D C Dgsp (T4, ), to prove D C Dggp (T4, 7) N
Dgsp (T4, ), it suffices to show D C Dsgp (T4, z).

Fix an arbitrary preference P; € D. Either r(P;) # & or r(F;) = Z holds.
First, let r1(P;) # z. Then, Z € Ext(T*) and N4(z) = {x} imply x € (ri(P), z|T4).
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Hence, semi-single-peakedness on 74 w.r.t.  implies that P; is also semi-single-
peaked on 74 w.r.t. z. Second, let r{(P;) = Z. According to z € Ext(T*) and
NA(z) = {x}, to show that P; is semi-single-peaked on T4 w.r.t. x, it suffices
to show ro(P;) = x. Suppose not, i.e., ro(P;) # x. Thus, |S(D¥)| > 1, and then
extreme-vertex symmetry implies that there exists z € S(ID*) such that z € S(D?)
and z # z. Clearly, 2 # 7 and z € (z,Z|T*). Then, by semi-single-peakedness on
T4 wrt. Z, we have xP/z for all P/ € D?, which implies 7 ¢ S(D?). Contradic-

tion! Therefore, we have ro(P;) = x, as required.

G.3 CLARIFICATION 3

Given the semi-hybrid domain Dgy (74, a,b), where |(a, b|T*)| > 3, we show that
Dsu(T4, a,b) includes a pair of completely reversed preferences if and only if we

have (A%~ # {a}] = [a € Ext(T*" )] and [A= # {}] = [b € Eat(T4)].

(Sufficiency) If A% = {a} and A~ = {b}, then Dgy (T4, a,b) = P includes
a pair of completely reversed preference. If A%~ = {a} and A"~ # {b}, we
know that b has a unique neighbor in the line (a, b|74), and [A*~¢ # {b}] = [b €
E:Et(’TAbéa)] implies that b has a unique neighbor in the subtree 74" ", Since 74
is a union of the line (a, b|74) and the subtree 74" it is true that |N4(b)| = 2.
Moreover, since A*~? = {a}, it is true that Dgsp(T4,b) C Dgu(T4,a,b). Then,
the sufficiency part of Clarification 1 implies that Dggp(7%,b) contains a pair
of completely reversed preferences. Therefore, Dy (7T, a,b) includes a pair of
completely reversed preferences. Symmetrically, if A4~ # {a} and A*~® = {b},
Dsu(T4, a,b) includes a pair of completely reversed preferences.

Last, we consider the situation that A~ # {a} and A~ # {b}. Thus, we
have a € Ext(TA"") and b € Ext(TA""). Let @ be the unique neighbor of a in
the subtree 72" and b be the unique neighbor of b in the subtree 74" . Note
that Dgp(7T4) C Dsu(T4,a,b). We fix two arbitrary alternatives z,y € Ext(T4)
such that x € A*~% and y € A~ Clearly, x € {a,b} and y ¢ {a,b}. According
to Dgp(T4), we fix two single-peaked preferences P; and P! such that 7 (FP;) =

and r(P!) = y. Clearly, P, and P! completely disagree on the relative rankings
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over (a,b|T4), ie., for all z,2" € (a,b|T?), [2P;2'] & [/ P/z]. Now, we construct
two linear orders P; and 15{ over A such that the following three conditions are
satisfied: (i) for all z € A**?\{a}, 2’ € (a,b|T*) and 2" € A*=\{b}, 2P, 2/ P,2",
2"P!z and 2’ P!z, (ii) P, and P; agree on the relative rankings over A*~U(a, b|T*),
and P, and P! completely disagree on the relative rankings over A*~%\{b}, and
(iii) P! and P! agree on the relative rankings over (a,b|74)U A*~% and P! and P,
completely disagree on the relative rankings over A°~*\{a}. By construction, it is

casy to show that P, and P/ are (a, b)-semi-hybrid on 74 and complete reversals.

(Necessity) Let P, P/ € Dsy(T#,a,b) be two completely reversed preferences.
We assume w.lo.g. that 7 (F) = a; and r(P)) = a,. Let A% # {a}.
Thus, either a; € A*~"\{a} or a,, € A*~"\{a} holds. We assume w.l.o.g. that
a; € A*"\{a}. Then, it must be the case that a,, € A\A*"’. Suppose by con-
tradiction that a ¢ Ext(TA""). Then, we have distinct 2,5y € A° such that
(z,a) € E2" and (y,a) € £A7". Immediately, the definition of Dgy (T4, a,b)
implies aP/z and aPly. Clearly, either z ¢ (aj,a|T2"") or y ¢ (ay,a|TA"")
holds. We assume w.l.o.g. that z ¢ (ay,a|T4""). Then, (z,a) € £ implies
Proj(z, (a1, a|T2""")) = a, and hence the definition of Dgy (74, a,b) implies a Pz,
which contradicts the hypothesis that P, and P/ are complete reversals. Therefore,

a € E:pt(’TAaéb). Symmetrically, we have [A°~¢ # {b}] = [b € E:Et(’TAbA“)]'

G.4 CLARIFICATION 4

Suppose by contradiction that there exist a tree T4 and thresholds &,13 € A such
that D C Dgu(T4,a,b) and (a,b|T4) C {(as, ag|L?) = {as, a3, as,as, ag}. Thus,
a,b € {ay, as, as, as,a5}. Let A0 = {z € A:a e (z,b|TA} and A% = {z ¢
A:be (z,a|T4)}. Note that either a; € A%=0\{a} or a; € A=\ {b} holds. We
assume w.l.o.g. that a; € A%~0\{a}.

Then, according to path-connectedness and (a, l;)-semi-hybridness on 7A’A, we
know that G4 is a union of the subtree Géa% = ’7A'A[H6, the connected graph
fo}’i)ﬁ/‘> and the subtree G’i‘géa = ?Agéa.

First, since A" £ {a} and |(a,b|T4)| > 2, it is true that a has at least two
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neighbors in G4. Therefore, @ # as and hence a € {ay, a4, as, ag}. Next, we show
a = ay. Suppose a = ag. Since a; € A‘A’Ab, the path (a;, ag|G2) = (a1, az, as, as, ag)

fa—b ~ ja—b .
AP — T4 Moreover, since as ~ a4, as must be

must be included in G
contained in A®~? as well. Hence, {a1,as,as,as,as,ag} C AP and the sub-
graph Glovezasaasast of GA in Figure 4 is included in Gépi) = TA Thus,
it must be the case that Proj(as, (al,aﬁl?fiaég)) = Proj(as, (a1, ag|G2)) = ay.
Consequently, (d,l;)—semi—hybridness on T4 implies that a4 ranks above az in
every preference of D* | which contradicts preference P, of Table 1. Suppose
a = as. Since a; € Adq’, the path (a,as5|G2) = (a1, as,a4,as) must be in-
cluded in Géa% = ?APB. Moreover, since az ~ a4, as must be contained in
A= as well. Hence, {a1,as,as, as, a5} C A%t and the subgraph Gloazaesaias)
of G4 in Figure 4 is included in Gédég = ’?A[HB. Thus, it must be the case
that Proj(as, (a1, as|T4)) = Proj(as, (a1, as|GA)) = as. Consequently, (a, b)-semi-
hybridness on TA implies that a4 ranks above a3 in every preference of D* | which
contradicts preference P; of Table 1. Last, suppose @ = a4. Recall that D in-
cludes two completely reversed preference. Then, a; € A&AE’\{&} implies that ay
has a unique neighbor in ?APB = G’:‘:&Aé. Hence, 7\"4&46 must be identical to the
line (ay,as|GA) = (a1,as,a4). Thus, ag ¢ A** and (a,b)-semi-hybridness on
TA implies that a4 ranks above a3 in every preference of D', which contradicts
preference P; of Table 1. Therefore, it must be the case that a = as.

Now, according to the adjacency graph G4 of Figure 4, we can infer Aa—b =
{a1,as}. Recall (a,b]T4) C {as,as,as, a5 a6}. Then, it must be the case that

b # ar and a; € fle“\{lA)} Consequently, symmetric to a, b also has two
A

neighbors in G2, which further implies b # ag. Therefore, b € {ay, a5, ag}.
We will induce a contradiction in each case. Suppose b = ag. We first infer
according to the adjacency graph G4 of Figure 4 that Ab—a = {ag,ar}. Con-
sequently, A = {ai,a2} = A®~% and Aba = {ag,a7} = A%~ imply
(a,b|T*) = (ag,a6)/C?). Contradiction! Suppose b = as. Since a; € A4,
the path (as,a7|GA) = (as, ag, a7) must be included in Géééa = TA™ Then,

(a, B)—semi—hybridness on T4 implies that a5 ranks above ag in every preference of
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D?2 which contradicts preference P5 of Table 1. Suppose b = a,. Since as € AE’A‘A‘,
the path (a4, a7|G2) = (a4, as, as, a7) in G must be included in Gfpa = %Agé&.
Then, (a, l;)—semi—hybridness on T4 implies that a4 ranks above as in every pref-
erence of D', which contradicts preference P, of Table 1.

In conclusion, there exist no tree T4 and thresholds @ and b such that D C

D (T4, a,b) and (@, b|T4) C (ag, ag|L4).

G.5 CLARIFICATION 5

Let domain D C Dgy (T4, a,b) be path-connected and satisfy extreme-vertex sym-
metry. Moreover, let D be non-trivial on (a, b|7%). We show that D is an (a, b)-
semi-hybrid domain on 74.

Since D C Dsu (T4, a,b) is path-connected, we know that G4 is a union of the
subtree TA(Hb, the connected graph G@bT*) and the subtree T4,

First, we show that D satisfies condition (1) of Definition 4. Suppose by con-
tradiction that |(a,b|74)| = 2. Thus, (a,b|T4) = {a,b}. Since GHTY is a
connected graph, it is true that £@H7 = {(a,b), (b,a)}. Hence, Ext(G@MT")) =
{a,b}. Consequently, we have max” ((a,b|T*)\{a}) = max?({b}) = b for all
Py € D with r1(P) € At and max® ((a, b|TA)\{b}) = max” ({a}) = a for all
P! € D with r1(P!) € A’ which respectively violate conditions (ii) and (iii) of
Definition 5. Therefore, |(a,b|T4)| > 3.

Second, we show that I satisfies condition (3) of Definition 4. Suppose by
contradiction that there exists a tree 74 such that either D C ]D)ssp(?A,a) or
D C Dssp(%A,b) holds. We assume w.l.o.g. that D C ]D)SSP(%A,OL). Since D is
path-connected, it is true that G4 = T4, Recall that G4 is a union of the subtree
GA™" = TA°™" the connected graph G@T*) and the subtree GA"™" = TA™".
Then, G4 = TA implies TAT = AT = GA™", TAT = AT = GA and
GL“’MTA> — T is a subtree nested in TA. Thus, TA = G4 is a union of

a—b —~ pa—b a—b A ~ A b—a ~ Ab—a b—a
GA _ TA _ TA 7 G<Na’b|T ) — T(a,b|7’ ) and Gf —_ TA _ TA _

~

. . -~ A . . .
We consider two cases: (i) T7*Y7") has an extreme vertex z which is nei-

ther a nor b, and (ii) THabT*) has exactly two extreme vertices which are a
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and b. In the first case, z € Ext(T T N\{a,b} = Ext(G¥MT)\{a,b} im-
plies # € Ext(GA) = Exzt(T4). On the one hand, since z € Ext(T*) and
© # a, semi-single-peakedness on T4 wr.t. a implies |[S(D*)] = 1. On the
other hand, since = € Ext(G"T"))\{a,b}, condition (i) of Definition 5 im-
plies [S(D7)| > 1. Contradiction! In the second case, we know that G(@bT —
T (@7 g a line which contains all alternatives of {a,b|T*) and has the extreme
vertices a and b. For notational convenience, let T @bTh) = (215, 2p—1, 2y)
where 2y = a and 2, = b. Since T4 is a union of the subtree 'TA(Hb, the line
TlablT) = (21,...,2y-1, 2;) and the subtree TA™" we know that for all P, € D
with r1(P;) € A”% and 1 < k < n — 1, it is true that 2, 2,1 € (ri(5), alT4)
and z,_1 € (ri(F), 2|T*). Consequently, semi-single-peakedness on 74 w.rt. a
implies z, 1 = max’ ({z1,...,2,-1}) = max’((a, )| TH\{b}) for all P, € D with
ri(P;) € A= which contradicts condition (iii) of Definition 5. Therefore, there
exists no tree 74 such that I C Dsgp (T4, a) or D C Dggp (T4, b).

Last, we show that D satisfies condition (2) of Definition 4. Suppose by
contradiction that there exists a tree 74 and thresholds a,b € A such that
D C Deu(T4,a,b) and (a,b|T4) C (a,b|T4). Let A=t ={z e A:ac (z,bTA)}
and A0 = {z € A:b e (2,a/T*}. Since (a,b|T4) C (a,b|T?), we have
z € (a,b| T\ (@, b|T4). We assume w.l.o.g. that 2 € A%~>. On the one hand, by
the sufficiency part of the Auxilliary Proposition, we know that every strategy-
proof rule defined on I behaves like a dictatorship on (a,b|7%). On the other
hand, according to the contradictory hypothesis D C ]DSH(’?A, a, I;), by the verifi-

cation of Claim 3 in the proof of Lemma 24, we know that the following SCF:

Tl(P1> lf ’I"l(Pl) c <(A1,,ZA)|7:A>,
f(P1, Py) = ¢ Proj (a, (ri(Py), i (Po)|TY)) if ri(Pr) € A%\ {a},
Proj (b, (r1(Py), 1 (Po)|T4Y) if ri(Py) € A=\ {b}.

is a strategy-proof rule on . Clearly, voter 1 by construction dictates on (a, lA7|7A’A> C

(a,b|T4). Recall z € (a,b]T4) and @ € {(a,b|T4). According to x € A"

and @ € (a,b|T4), given P, € D* and P, € D%, the construction of f implies

f(Py, P5) = Proj (a, (r(P1), rl(P2)|’7A‘A)) = a # r1(P;). This indicates that voter
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1 does not dictate on {z,a}, and hence does not dictate on (a,b|74). Contra-
diction! Therefore, there exist no tree T4 and thresholds d,B € A such that
D C Dy (T4, a,b) and (@, b|T4) C (a,b|TA).

In conclusion, D is an (a, b)-semi-hybrid domain on 7.

G.6  CLARIFICATION 6

Fixing a tree 74 and two thresholds a,b € A with A2~ = {a} and A~ = {b}, let
domain D C Dgy (T4, a,b) be path-connected. Thus, {a, b|T4) = A. We show that
D satisfies the unique seconds property if and only if it violates the non-trivialness

condition on {a, b|T4).

(Sufficiency) Let the path-connected domain D violate the non-trivialness con-
dition on (a,b|74). Thus, it must be the case that Ext(G*¥T™") £ § and there
exist # € Ext(G@MT™Y and y € (a,b|T*) with (z,y) € £ such that one of

the following three conditions is satisfied:
(i) = ¢ {a,b} and ro(P;) = y for all P, € D*,

(ii) z = a and 7o(P;) = max’ ({a,b| T \{a}) = y for all P, € D with r{(P;) €
A+t = {a}, and

(ii) = b and ro(P;) = max?((a,b|T4)\{b}) = y for all P, € D with r(P) €
Ab=a = {p}.

Each of these three conditions implies S(D*) = {y} and hence |S(D")| = 1.

Therefore, domain D satisfies the unique seconds property.

(Necessity) Let the path-connected domain D satisfy the unique second property.
Thus, we have some x € A such that |S(D*)| = 1. We assume S(D*) = {y}. Since
D is path-connected, S(D*) = {y} implies that y is the unique neighbor of x in
GA. Thus, z € Ext(G2) = Ext(GYT) and hence Ext(G@T™) +£ (. Clearly,
either = ¢ {a,b}, or x = a, or x = b holds. If x ¢ {a,b}, then S(D*) = {y}
violates condition (i) of Definition 5. If z = a, then S(D*) = {y} and A*~? = {a}

imply max®({a,b|T4)\{a}) = ra(P;) = y for all P, € D with r(P) € A"t
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which clearly violates condition (ii) of Definition 5. Symmetrically, if = b, then
SD*) = {y} and A*~* = {b} imply max’i({a,b|TH\{b}) = ro(P;) = y for all
P, € D with r(P;) € A"~ which clearly violates condition (iii) of Definition 5.
Therefore, domain I violates the non-trivialness condition on (a, b|T4).
Moreover, we provide an example of a degenerate semi-hybrid domain that

satisfies the unique seconds property.

EXAMPLE 5 Let A = {ay,as,as,as}. All 9 preferences of the domain D and the

adjacency graph G4 are respectively specified in Table 4 and Figure 15.

P P P3P B B PP KR Py
a; a ay az az az asz dasg a4
a9 a9 as aq as aq a9 ay as
as a4 a2 az ap az aip daz a2
ag a3z Qa4 QA4 QA4 QA4 a4 a1 @

Table 4: Domain D

az

AN

al as [£2%
Figure 15: The adjacency graph G4

First, D is path-connected according to the adjacency graph of Figure 15,
satisfies extreme-vertex property vacuously, i.e., Ext(G2) = {as} and |S(D%)| =
1, and includes two completely reversed preferences P, and P,. Therefore, D is a
rich domain. Second, since |S(D*)| = 1, D satisfies the unique seconds property.
Last, we observe that the adjacency graph G4 contains a cycle, coincides with the
counterpart adjacency graph of the semi-hybrid domain Dsy(£4, a1, as3), and is
strictly included in the counterpart adjacency graph of Dsg(£4, a1, a4). Moreover,
since D C P = Dy (LA, a1, aq) and P is excluded by Dy (L4, ay, as), we infer that
D is an (ay, as)-semi-hybrid domain on £4, and hence a degenerate semi-hybrid

domain. 0
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G.7 CLARIFICATION 7

Fixing a tree T4 and two thresholds a,b € A, let D C Dgy (T4, a,b) be a rich
domain. We show that every tops-only and strategy-proof rule behaves like a

dictatorship on {(a,b|T%) if and only if D is an (a, b)-semi-hybrid domain on T4.

(Sufficiency) Let D be a rich (a,b)-semi-hybrid domain on 74. First, since
D C Dy (T4, a,b), by the verification of Claim 4 in the proof of Lemma 24, we
know that the following SCF"

Tl(Pl) if T1<P1) S <CL,b’TA>,
f(Pr, ) = § Proj (a, (ri(Py),r(P)|TH)) if ri(Pr) € A*"\{a},
Proj (b, (ri(Pr), r1(P)|T4)) if ri(Pr) € AP o\{b},

is a tops-only and strategy-proof rule. Note that f by construction behaves like
a dictatorship on (a,b|7*), and does not behave like a dictatorship on any non-
empty set that is not included in (a, b|T4).

Second, by the sufficiency part of Statement (ii) of the Theorem, since D is
a rich (a, b)-semi-hybrid domain on 74, it never admits an invariant, tops-only
and strategy-proof rule. Then, as a rich domain, the proof of the necessity part of
the Theorem implies that D is a (a, E)—semi—hybrid domain on some tree 7\”4, and
every tops-only and strategy-proof rule behaves like a dictatorship on (a, 6|7\’A>
Therefore, rule f above must behave like a dictatorship on (a, B|’7A‘A), which implies
(a,b|T4) C (a,b|T4). Last, since D is an (a, b)-semi-hybrid domain on 74, condi-
tion (2) of Definition 4 implies (a,b|T4) = (a,b|T4). Therefore, every tops-only

and strategy-proof rule behaves like a dictatorship on (a, b|T4).

(Necessity) Let every tops-only and strategy-proof rule defined on D behave like
a dictatorship on (a, b|T4).

First, suppose |{a,b|T4)| = 2. Then, D C Dgu(T*,a,b) = Dssp(T4,a) N
Dssp (T4, ). Consequently, D is semi-single-peaked on 74 w.r.t. a, and hence by
the sufficiency part of Statement (i) of the Theorem admits the following invariant,
tops-only and strategy-proof rule: f(Pp, Py) = Proj(a, (ri(P,),r1(P)|T4)) for all
P, P, € D. Clearly, rule f does not behave like a dictatorship on (a, b|T4).
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Contradiction! Therefore, |(a,b|T4)| > 3, and hence D satisfies condition (1) of
Definition 4.

Second, suppose that there exist a tree T4 and thresholds d,I; € A such that
D C Dgu(T4,a,b) and (a,b|T4) C (a,b|T4). Consequently, the verification of
Claim 4 in the proof of Lemma 24 indicates that D admits a tops-only and strategy-
proof rule that does not behave like a dictatorship on (a,b|74). Contradiction!
Therefore, D satisfies condition (2) of Definition 4.

Last, suppose that there exists a tree 74 such that either D C ]Dssp(’?A, a) or
DC DSSP(%A, b) holds. We assume w.l.o.g. that D C DSSP(?A, a). Then, by the
sufficiency part of Statement (i) of the Theorem, D admits the following invariant,
tops-only and strategy-proof rule: f(Py, Py) = Proj(a, (ri(Py), 1 (P)|T4)) for all
P, P, € D. Clearly, rule f does not behave like a dictatorship on (a, b|T4).
Contradiction! Therefore, D satisfies condition (3) of Definition 4.

In conclusion, D is an (a, b)-semi-hybrid domain on T4.

G.8 CLARIFICATION 8

We explain in detail how Corollary 1 of Bonifacio and Massé (2020) is applied to
establish Proposition 2.

Fix a tree 74 and an alternative Z € A such that z ¢ N“(x) for any
v € Ext(T#). We fix an anonymous, tops-only and strategy-proof rule f :
[Dssp(T4,2)]" — A.

First, we induce a binary relation > over A such that for all z,y € A, v = y
if and only if z € (z,y|T4). It is easy to show that = is a semilattice, i.e.,
supy (7, y) uniquely exists for all x,y € A. Clearly, for all z € A\{z}, T ~ x i.e.,
z = x and x ¥ . Moreover, it turns out that for all non-empty subset B C A,
sup,. (B) = Proj(z, T"®).

According to the semilattice =, we construct the semilattice single-peaked
domain SSP(>) of Bonifacio and Massé (2020), which contains every linear
order P; over A satisfying the following condition: given r(FP;) = =z, for all

Y,z € A, [supi(x,y) #* Supt(z,yﬂ = [supy(z,y)P;supy (z,y)]. We next show
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Dssp(T4,7) = SSP(>).

Fixing P, € Dgsp(T4,7), we show P, € SSP(>). Let ri(P) = z. Given
y,z € A, we know sup, (z,y) = Proj(z, (z,y|T*)) = Proj(y, (z,z|T*)) = y and
supy (z,y) = Proj(z, (z,y|T*)) = Proj(z,(y,z|T*)) = z. Assume § # Z, and
we show yPZ. We consider two cases: y € (z,Z|T4) and y ¢ (z,7|T4). If y €
(z,z|T?), then §j = y. Since z = Proj(z, (y,Z|T4)) € {y,z|T4) = (y,2|T4), we
know ¥, z € (z,Z|T?) and § € (z, 2| T*). Consequently, semi-single-peakedness on
T4 w.r.t. Zimplies §P;Z, as required. Next, let y ¢ (z, Z|T4). Note that (y, z|T4)
is the concatenation of (y,y|7T%) and (j,Z|T*). Thus, z = Proj(z, (y, Z|T4)) €
(y,Z|T*) and z # gy imply either z € (y,y|TH\{g}, or z € (g,z|TH\{y}. If
z € (y, g|T\{7}, it is true that z ¢ (z,z|7*) and Proj(z, (z,z|T4)) = 7.
Then, semi-single-peakedness on 74 w.r.t. Z implies §P;Z, as required. If z €
(y, 2| TY\{7}, it is true that z € (z,Z|T*4) and § € (z, 2|T*). Then, semi-single-
peakedness on 74 w.r.t. z implies §P;Z, as required. Overall, we have §P;Z.
Therefore, P, € SSP(=) and hence Dsgp(T4,7) C SSP(>).

Conversely, fixing P; € SSP(>=), we show P; € Dggp(T4, ). Let r1(P) = .
First, given distinct y,2z € (x,Z|T*4) such that y € (x,2|T4), we show yPiz.
Clearly, y € (z,z|T*) implies sup, (z,y) = y. Furthermore, y,z € (z,z|T*)
and y € (z,2|T*) imply 2z € (y,z|T#), which further implies sup, (z,y) = z.
Then, sup, (z, y) P; sup, (2, y) induces y P;z, as required. Next, giveny ¢ (z, Z|T*)
and §j = Proj(y, (z,z|T?)), we show yPy. Clearly, §j = Proj(y, (z,z|T4)) =
Proj(z, (x,y|T%)) implies sup.(z,y) = y. Then, P, € SSP(=) implies j =
supy (7, y) Py supy (y,y) = y, as required. Therefore, P; € Dgsp (T4, #) and hence
Dgsp(T4,2) D SSP(=). In conclusion, Dgsp(T4,7) = SSP(=). Thus, the
anonymous, tops-only and strategy-proof rule f : [DSSP(TA,E)]N — A can be
equivalently transferred to an anonymous, tops-only and strategy-proof rule f :
SSP(=)" — A.

Furthermore, let A*(=) = {# € A : for each y € A\{z}, [y # 2] = [z ¥
y and y # x|}. Recall that ¢ N4(z) for any x € Ext(T*). We show A*(=) = 0.
Suppose by contradiction that A*(>) # (). Then, we have z € A*(>=). Note that
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T x, x ¥ yand y ¥ x for all y € A\{zZ,z}. Accordingly, by the definition
of =, we know that for all y € A\{Z,z}, = ¢ (y,z|T?) and y ¢ (x,Z|T4),
which imply = € Ext(T%) and Z € N (z). This contradicts the hypothesis that
T ¢ N4(2) for any 2z € Ext(T?). Therefore, A*(>=) = 0. Now, we can apply
Corollary 1 of Bonifacio and Massé (2020), which implies that the anonymous,
tops-only and strategy-proof rule f : SSP(>)" — A has a supremum functional
form, i.e., for all P € SSP(=)", f(P) = supy (r1(P1),...,r1(Py,)). Therefore, for
all P € [Dgep(T4,2)]" = SSP(=)", we have f(P) = sup, (ri(P1),...,ri(P,)) =
Proj(z, TH(").
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