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Abstract

This paper investigates rationalizable implementation of social choice functions
(SCFs) in incomplete information environments. We identify weak interim ratio-
nalizable monotonicity (weak IRM) as a novel condition and show that weak IRM
is a necessary and almost sufficient condition for rationalizable implementation.
We show by means of an example that interim rationalizable monotonicity (IRM),
found in the literature, is strictly stronger than weak IRM as its name suggests,
and that IRM is not necessary for rationalizable implementation, as had been pre-
viously claimed. The same example also demonstrates that Bayesian monotonicity,
the key condition for full Bayesian implementation, is not necessary for rationaliz-
able implementation. This implies that rationalizable implementation can be more
permissive than Bayesian implementation: one can exploit the fact that there are

no mixed Bayesian equilibria in the implementing mechanism.
JEL Classification: C72, D78, D82.

Keywords: Bayesian incentive compatibility, Bayesian monotonicity, weak interim
rationalizable monotonicity, interim rationalizable monotonicity, implementation,

rationalizability.

1 Introduction

A leading solution concept in game theory is rationalizability (Bernheim (1984), Pearce
(1984), Brandenburger and Dekel (1987), Lipman (1994)). When players are rational

and there is common belief among them that this is the case, they must find themselves

*We thank Pierpaolo Battigalli for helpful comments and encouragement. All remaining errors are
our own.
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playing rationalizable strategies, without necessarily imposing the additional assumption
that their beliefs are correct, as is the case in an equilibrium.! Its extension to incomplete
information, our concern in this paper, is the notion of interim correlated rationalizability,
due to Dekel, Fudenberg, and Morris (2007), which will be defined in a later section.?

Despite the impressive effort made by implementation theorists in the 1980’s and
1990’s, using a plethora of game-theoretic solution concepts, a characterization of the
rules that are implementable in rationalizable strategies under incomplete information has
remained an open problem. The current paper settles this issue, by essentially providing
such a characterization, for the case of single-valued rules or social choice functions (SCFs).
A previous working paper (Bergemann and Morris (2008)) provides valuable results for
the case of finite mechanisms.?

Our main finding is to propose a novel condition, which we term weak interim rational-
izable monotonicity (weak IRM), that is necessary and almost sufficient for implementa-
tion in interim rationalizable strategies — Theorems 4.5 and 6.3. Weak IRM is a weakening
of the interim rationalizable monotonicity (IRM) condition proposed in Bergemann and
Morris (2008), which will be shown not to be necessary for rationalizable implementation
(Example 7.1). We stress this point because Oury and Tercieux (2012) makes an incorrect
claim that IRM is necessary for interim rationalizable implementation in their footnote
4. IRM — but not weak IRM — implies Bayesian monotonicity, a necessary condition for
implementation in Bayesian equilibrium (Lemma 5.8).% Indeed, we show in Example 7.1

that weak IRM can be satisfied even when Bayesian monotonicity fails. Our results thus

1Some authors refer to the former property as “common knowledge of rationality” and to the latter
as the “rational-expectations assumption.” We remain neutral about such issues of terminology.

2Battigalli and Siniscalchi (2003) defines A-rationalizability by imposing extra restrictions on the first-
order beliefs, and Battigalli et al. (2011) shows that (a suitably defined) A-rationalizability is equivalent
to interim correlated rationalizability.

3Important related answers were previously given for the case of virtual or approximate implementation
(Abreu and Matsushima (1992)), with its robust counterparts (Bergemann and Morris (2009), Artemov,
Kunimoto, and Serrano (2013) — the latter paper using A-rationalizability). The different conclusions
reached in Bergemann and Morris (2009) and Artemov, Kunimoto, and Serrano (2013) can be traced
back to the different results in the two papers by Serrano and Vohra (2001, 2005), explained by the
issue of negligibility of types that cannot be distinguished by their interim preferences. A recent paper —
Kunimoto and Saran (2020) — studies the robust version of the implementation notion we use here.

40ury and Tercieux (2012) are mainly concerned with continuous partial Bayesian implementation.
They show that if an SCF is strictly continuously partially Bayesian implementable, then it must satisfy
IRM. It follows from our results that strict continuous partial Bayesian implementation is even more
difficult than interim rationalizable implementation. Di Tillio (2011) shows that continuous interim
implementation in rationalizable strategies is not more demanding than interim rationalizable implemen-
tation when the designer is restricted to use finite mechanisms. That is, if a finite mechanism implements
an SCF in interim rationalizable strategies, then the same mechanism continuously implements the SCF
in interim rationalizable strategies. It remains an open question whether Di Tillio’s result extends to
infinite mechanisms, such as the canonical mechanism that we construct to prove our sufficiency result.



demonstrate that rationalizable implementation may be more permissive than equilibrium
implementation.

The finding just described, that making the assumption of equilibrium or correct ex-
pectations may be restricting the set of rules that can be decentralized by means of play
in mechanisms, ought to be compared to results in complete information environments.
In contrast to our finding, Bergemann, Morris, and Tercieux (2011) and Xiong (2018)
show that rationalizable implementation of SCFs under complete information is more
restrictive than equilibrium implementation. For set-valued rules, however, Kunimoto
and Serrano (2019) come to the reverse conclusion that rationalizable implementation is
generally more permissive than equilibrium implementation under complete information.®
For general correspondences, Kunimoto and Serrano (2019) identifies uniform monotonic-
ity, which is a weakening of the classic Maskin Monotonicity (Maskin (1999)) and which
reduces to it in the case of SCFs, as a necessary and almost sufficient condition for ratio-
nalizable implementation. Since Maskin monotonicity is necessary and almost sufficient
for Nash implementation, regardless of whether one wishes to implement SCFs or gen-
eral correspondences, finding rules that are Nash implementable but not implementable
in rationalizable strategies is generally very difficult: such rules are Maskin monotonic,
which in addition to the other weak conditions identified in Kunimoto and Serrano (2019),
will also make them rationalizably implementable. On the other hand, it is easy to find
set-valued rules that are implementable in rationalizable strategies, but not in Nash equi-
librium. Our results show that the permissiveness of rationalizable implementation, in
comparison to equilibrium implementation, carries over to incomplete information en-
vironments but now even for SCFs.5 This happens if the implementing mechanism in
rationalizable strategies fails to have equilibria, showcasing the additional requirement of
the best-response correspondence having fixed points (Example 7.1 illustrates this point
well). We plan to generalize the findings in Kunimoto and Serrano (2019) as well as those
in the current study by a separate paper, posing the question of set-valued rules under
incomplete information.

This paper is organized as follows. Section 2 presents preliminaries. Section 3 intro-
duces our notion of implementation in interim rationalizable strategies. Weak IRM, as
the necessary condition for rationalizable strategies, is presented in Section 4. Section 5
relates weak IRM and IRM to previous conditions (Bayesian incentive compatibility and

Bayesian monotonicity). Section 6 shows that weak IRM and an additional weak condition

®See also Jain (2020), which follows the approach in Mezzetti and Renou (2012) of implementation
via supports.
6Kunimoto and Saran (2020) come to a similar conclusion for robust implementation.



are sufficient for interim rationalizable implementation. Section 7 features our important
Example 7.1 to show that IRM and Bayesian monotonicity are not necessary for interim
rationalizable implementation, and Section 8 discusses the issues of finite mechanisms
and complete information environments. Section 9 concludes the paper with a few open

questions. Some proofs are relegated to the Appendix.

2 Preliminaries

Let I = {1,...,n} denote the finite set of agents and T; be a finite set of types of agent
i.Let T=Tyx - xTy,andT ; =Ty X - xTj_y X Tyyg X - x T,,.T Let A(T_;) denote
the set of probability distributions over 7';. Each agent i has a system of “interim”
beliefs that is expressed as a function m; : T; — A(T-;). Then, we call (T}, ;) a type
space. Let A denote a finite set of pure outcomes, which are assumed to be independent
of the information state. Let A(A) be the set of probability distributions over A. We let
A*(A) be any countable dense subset of A(A). Agent i’s state dependent von Neumann-
Morgenstern utility function is denoted w; : A(A) x T" — R. We can now define an
environment as € = (A, {u;, T;, 7; }ier)-

A (stochastic) social choice function (SCF) is a single-valued function f : T — A(A).
Let T* C T be such that

{t eT:.diels.t. Wl(tl)[t_l] > O} c T

We interpret T™ as the set of states the designer cares about. Consider any two SCFs
f.f. We say that f and f  are equivalent (denoted by f =~ f') if f(t) = f'(t) for all
te T

A mechanism (or game form) I' = ((M;);er,g) describes: (i) a nonempty countable
message space M; for each agent i, and (ii) an outcome function g : M — A(A), where
M =Tl,c; M;. Let TPR = ((T;)er, f) denote the direct revelation mechanism associated
with an SCF f, i.e., a mechanism where M; = T; for all 7z and g = f.

In the direct revelation mechanism associated with an SCF f, the interim expected
utility of agent ¢ of type ¢; who pretends to be of type ¢, while all other agents truthfully

announce their types, is defined as:

Ui(fitilt) = Z 7 () [t —a]ws (F (5, 10), (it ).

t_;e€T_;

“Similar notation will be used for products of other sets.



Let Ui(f[t:) = Ui(f; tilta).
For any ¢ € I and function y : T_; — A(A), we define

Ui(lt) = Y milta)[t-dui (y(t-), (ti,t-s)).

t_;e€T_;

3 Implementation in Interim Rationalizable Strate-
gies

We adopt interim correlated rationalizability (Dekel, Fudenberg, and Morris (2007)) as
a solution concept and investigate the implications of implementation in interim corre-
lated “rationalizable” strategies.® We fix a mechanism I' = (M, g) and define a message
correspondence profile S = (Si,...,S,), where each S; : T; — 2Mi and we write S for
the collection of message correspondence profiles. The collection S is a lattice with the
natural ordering of set inclusion: S < S if S;(t;) C Si(t;) for all i € I and t; € T;. The
largest element is S = (Sy,...,S,), where S;(t;) = M; for each i € I and t; € T;. The
smallest element is S = (S4,...,S,,), where S,(t;) = 0 for each ¢ € I and t; € T;.

We define an operator b to iteratively eliminate never best responses. The operator
b:S — S is thus defined as: for every i € I and t; € T;,

I\, € A(T-; x M_;) such that

(1) Ni(t—i,m—;) >0=m_; € S_;(t_;);

(2) margy A = mi(t:);

(3) m; € argmaxy, >, At mog)ui(g(mi, m_y), (ti,t-:))

bi(S)[ti] =< m; :

Observe that b is increasing by definition: ie., S < S = b(S) < b(S’). By Tarski’s
fixed-point theorem, there is a largest fixed point of b, which we label ST, Thus, (i)
b(ST™M) = ST and (ii) b(S) = S = § < ST,

We can also construct the fixed point ST(™) by starting with S — the largest element
of the lattice — and iteratively applying the operator b. Let the message correspondence
profile ST™0 = S and, for all i € I, t; € T}, k > 1, iteratively define,

SZ-F(T)’k(ti) = b, (SF(T)Jf—l) [tz]

8Unlike Dekel, Fudenberg, and Morris (2007), we do not have the payoff-relevant state space separately
from the type space in our formulation of interim correlated rationalizability. We chose this specification
to be consistent with most of the papers on implementation in incomplete information environments.



If the message sets are finite, we have

Sty = (81w

k>0

for each 7 € I and t; € T;. However, since the mechanism I" may be infinite, transfinite
induction may be necessary to reach the fixed point. Thus, SZ-F (T)(ti) are the sets of
messages surviving (transfinite) iterated deletion of never best responses of type t; of
agent 1. We denote by o, a selection from SZr ™ and call it a rationalizable strategy of

agent i. We recall the following structure of ST():
ST = [ 57,
icl

Definition 3.1. A mechanism I' implements an SCF f in interim rationalizable strategies
if there exists an SCF f ~ f such that the following two conditions hold:

1. Nonemptiness: SiF(T) (t;) £ 0 for all t; € T; and i € 1.
2. Uniqueness: for any t € T, m € ST (¢) implies g(m) = f(¢).

Remark: The uniqueness requirement in interim rationalizable implementation is stronger
than the usual one, because we require that every rationalizable strategy profile induces
outcomes specified by the equivalent SCF f over the entire 7' rather than 7. This
strengthening allows us to obtain a clean characterization for interim rationalizable im-

plementation.

We say that an SCF f is implementable in interim rationalizable strategies if there

exists a mechanism I' that implements f in interim rationalizable strategies.

4 Necessity for Implementation of an SCF in Interim

Rationalizable Strategies

In this section, we uncover a necessary condition for interim rationalizable implementation

of an SCF. First, we turn to some preliminary definitions.

Definition 4.1. A deception is a profile of correspondences § = (f3, ..., 3,) such that
Bi: Ty — 2T\ () and t; € Bi(t;) for all t; € T; and i € I.

9For our necessity result, we require that S’Z—F () (t;) # 0 for all ;. For sufficiency, our implementing
mechanism has the same property.



Remark: These set-valued deceptions have already been used in previous literature on
interim rationalizable implementation (Bergemenn and Morris (2008), Oury and Tercieux
(2012)). On the other hand, the requirement that ¢; € §;(¢;) for all ¢; is made to simplify

the writing of some steps in the proof below. It is not essential at all for our results.

Definition 4.2. A deception 8 is unacceptable for an SCF f if there exist t € T and
t € B(t) such that f(t) # f(t'); otherwise, 3 is acceptable for f.

Unacceptable deceptions are a concern for the designer since they undermine her goal
of implementing the outcome f(t) for any ¢t € T..
Given an SCF f, for each ¢ € I and t; € T;, define
ith ti,t_;) = J(t;,1—; ,‘v’t_i eT_;
Yilti, f]=<y:T-; — A(A) : clthery( )=/ ) .
or  U(f[t:) > Ui(ylt:)

Thus, Y;[t;, f] is the collection of all mappings y : T_; — A(A) that individual i of type
t; considers to be “equivalent” to f or strictly worse than f.
For any SCF f and individual i € I, we define a binary relation ~/ on T} x T} as

(2

follows: We say that t; N{ t; if f is not responsive to this change in i’s type, i.e.,

f(tit_g) = flt;,t_),Vt_; € T,

Otherw1se we say t; 76f Notice that ~7 is symmetric, that is, ¢; N t; if and only if

)

t, Ni t;. We say that an SCF f is unresponsive to agent i’s type if t; le t; for all t;,t; € T;.

Definition 4.3. A deception (3 that is unacceptable for an SCF f is weakly refutable if
there exist i € I, t; € T}, and t; € B;(t;) satisfying t; 762f t; such that for all ¢, € A(T_; xT)
satisfying ¥;(t_;, 1) > 0= t_; € B_i(t_;) and 7;(t;)[t_s] = Y e Vit t) forall t_; € T_;,
there exists an SCF f' such that f'(f;,-) € Yi[t;, f] for all £; € T} and

sz t—w uz ( tut Z¢z t—w uz (t'ag—i>7 (twt—z))

toii toii

Unlike equilibrium, the solution concept of rationalizability allows different types of
an agent to hold distinct beliefs about the behavior of the other agents. To illustrate
this while keeping matters simple, suppose for each type t; of each agent j we can find
a strategy profile ¢ 7, such that ag_jj(t_j) € SEST)(t_j), for all £_;, which rationalizes the
behavior of type tj (i.e., type fj has a rationalizable message that is a best response
to the belief that the other agents play according to the rationalizable strategy profile

at_jj). Now suppose that instead of reporting their own rationalizable messages, agents

7



use the deception B (i.e., agents of types t report rationalizable messages corresponding
to types in 4(t)). When the deception f3 is weakly refutable, the designer finds an agent’s
type (type t; of agent i) as an ally to undermine the deception. Specifically, this type
finds a collection of SCFs, one for each belief ¢); € A(T_; x T') that is compatible with
the fact that the other agents are using the deception S_;. Notice that the belief 1); is
defined over T_; x T rather than T_; x T_; because player i is aware that types t_; are
playing messages that are rationalizable for types S_;(f_;), which in turn rationalize the
behavior of different types of player ¢. Therefore, the rationalizable messages for types
B_i(t_;) could vary depending upon which type of player i’s behavior they rationalize. For
instance, o' (B_i(t_;)) € SE&T)(B_i(f_i)) that rationalize the behavior of type t; of player
i might be different from at_;i(ﬁ_i(f_i)) e S"(B_,(t_;)) that rationalize the behavior
of type t; of player 7. Thus, when contemplating the behavior of types #_; under the
deception f3, player 7 needs to form a belief over messages in (J;, ETi{aZ(ﬁ_i(tA_,-))}, which
explains why the domain of ¢; includes T} as a component.

It is instructive to appreciate this feature of 1; in comparison with equilibrium im-
plementation in incomplete information environments. In equilibrium implementation in
incomplete information environments, such as Bayesian implementation, all players share
a common belief that one particular equilibrium strategy profile ¢* is played in the mech-
anism. Then, when contemplating the behavior of types t_; under the deception /3, player
i’s belief is simply that types f_; report o*(5_;(f_;)), which is independent of player i’s
type.

The collection of SCF's that the ally finds to undermine the deception is required to
satisfy the following two properties. First, by definition, each type t; places each of these
SCFs f' in the strictly lower contour set of f under truth-telling whenever f'(f;,-) #
f(#;,-). Second, when the deception 3 is used, then under belief v;, type t; strictly prefers
the corresponding SCF f in the collection to f. If one insists on restricting the collection
of SCFs to those f that are unresponsive to agent i’s type, then one would speak of
strong refutability. Under this restriction, there is a mapping y : T_; — A(A) such that
f'(t;,-) =y for all ;. Then, the requirement that f'(f;,-) € Y;[t;, f] for all t; € T; means
that y € (N;.cp, Yilfi, f]. This will be important to understand the difference with the

previous condition proposed in the literature. We discuss this in the next section.

Definition 4.4. An SCF f satisfies weak interim rationalizable monotonicity (weak IRM)

if every deception [ that is unacceptable for f is weakly refutable.

If an SCF satisfies weak IRM, the designer can plan on using the services of the

ally identified in the definition of weak refutability in order to succeed in her attempt of



implementing f. If she insisted on the deception being strongly refutable, then the SCF
would satisfy interim rationalizable monotonicity (IRM), a stronger condition introduced
in the literature (Bergemann and Morris (2008), Oury and Tercieux (2012)). In particular,
it is claimed in Oury and Tercieux (2012, footnote 4) that IRM is necessary for the interim
rationalizable implementation of SCFs. We will show this claim to be incorrect in the
sequel.

Next, we present our first main result, which shows that weak IRM is necessary for

implementation in rationalizable strategies:

Theorem 4.5. If an SCF f is implementable in interim rationalizable strategies, then
there exists an SCF f ~ f that satisfies weak IRM.

Proof. Suppose the mechanism I' = ((M;);er, g) implements f in rationalizable strategies.
Then, there exists an SCF f ~ f such that

1. Nonemptiness: SZ-F(T)(ti) # () for all t; € T; and i € I.
2. Uniqueness: for any ¢t € T, m € ST@(t) implies g(m) = f(t).

For any i € I, t; € T), we set m' € S} @) (t;) (such a message m,' exists by the nonempty-
ness requirement of implementability in interim rationalizable strategies). By the unique-
ness requirement,
ft)=glmt, ... omk), VteT.

We now argue that f satisfies weak IRM.

Asmli € SZr @ (t;), by the definition of rationalizable strategies, there exists a belief
A€ A(T-; x M_;) such that marg; Aj = m(t;); A (t_;,m—;) > 0=m_; € SE&T)(t_i);
and

m; € arg max Z A (toymop)ui (g(ma, m_y), (L, t3)).

m;EM;
t_i,m—;

For each t_; such that m;(t;)[t_;] > 0, define the conditional distribution o";(t_;) €
A(M_;) as follows: for any m_; € M_,,

At me)
o omt)[t]

For each t_; such that m;(t;)[t_;] = 0, let 0" (t_;) € A(M_;) denote the degenerate
distribution that puts probablhty one on m' i
ol (t)[m_] >0=m_; € S_Z. ( _;). This is true by construction if ¢_; is such that
mi(t)[t_s] = 0; whereas if t_; is such that m;(¢;)[t_;] > 0, then o"(t_;)[m_;] > 0 =

Ai(t_sm_y) >0=m_; € S" ().

ie., o' (t_;)[m5] = 1. In either case,



Now for each m; € M;, define y™" : T_; — A(A) as follows: for all t_; € T,

y ) = Y ot m-g(mi,moy).

m_;EM_;

Since marg; A = m(t;), if m;(t;)[t_;] = 0, then A/ (t_;,m_;) = 0 for all m_; € M_,.
Hence,

Z )\t (t_i,m ( (i, m_q), (ti, t- ))

t_i,m—;

= Y > Nt moui(glm my), (8, t0))

t_qumi(t)[t—s]>0 m—;
B AtL“ i)
— Z Zﬂ-z 7 —1 Wuz(g(mza ) (tmt ))

t,ilﬂi(tl)[ }>0m i

= Z T, ti [t_z]zagl(t—z)[m—z (g(mm ) (tl’t ))

t_iimi(t:)[t—i]>0 i
R Vim_] = Xgi(t—iam—i)
(+ ottt-otmd = 20657
S mlt) o (i (), ()

tfiiﬂ'i(ti)[tfi}>0

(. by linearity of expected utility w;(-, (t;,t_;)))

Define the set
L,(tz) = {ymi’ti Tm; € M,}

Consider the message m,’ set forth in the beginning of the proof. Recall that m' €

SZF (T)( t;). By the requirement of implementation and the fact that o" (t_;)[m_;] > 0 =
r()
m—_; € S_; (t—;), we get

Yt () = f(tito), VW € Tl

Therefore, the following is true for all m; € M;:
Uz(fA|t7,) = m tl Z )\tl t—l> ( ( —i)a (tzat—z))
> Z N (t_gym_i)us (g(ma, mey), (ti, t—s))

10



= U;(y™" |t:), (2)

where the second and last equalities follow from (1) and the weak inequality follows
because m;' is a best response of type t; against the belief \".

We now claim that if m; is such that y™iti(t_;) # f(ti, t_;) for some t_; € T_;, then it
must be that

Ui(flt:) > Us(y™ " |t,).

If the foregoing strict inequality were not true, then it would follow from (2) that

Us(fIt:) = Us(y™"[t:)
= Z A (i, mog)u (g(my mey), (L, t=)) = Z A (t—iymeg)ug (g(ma,m_y), (8, 25)).

t_i,m_g

Thus, m; would also be a best response of type t; against the belief A\, and hence m; €
ST (4

(2

(t;). Then, by the requirement of implementation and the fact that o";(t_;)[m_;] >

I‘(T (t

O0=m_; €5 i), we get

Yt = fltte), Vi € T,

which is a contradiction. This establishes that the strict inequality above holds.
We are now ready to prove that f satisfies weak IRM. Consider any deception [.
Define the message correspondence profile S = (S, ..., 5,) such that

U s

€8 (t:)

Suppose [ is unacceptable for f but not weakly refutable. Then, by definition of weak
refutability, for all i € I, t; € T}, and t, € Bi(t;) satisfying t; 74{ t;, there exists 1); €
A(T-; x T'), which satisfies ¢;(t_;, 1) > 0= t_; € B_;(t_;) and m;(t;)[t_s] = D rer Yi(t—i, 1)
for all t_; € T_;, such that for all SCFs f' that satisfy f'(;,-) € Yi[t;, f] for all {; € Tj, we

have

Zwl toa Dy (f(t,120), (tiyt—s Zzpz tos Dui(f (D), (i t-)) (3)

We first show that for any i € I, t; € T;, and t; € SBi(t;) satisfying ¢, le t;, there
exists ¢; € A(T_; x T), which satisfies 1;(t_;,1) > 0 = t_; € B_;(t_;) and m;(t;)[t_i] =
Sier ¥i(t_s, 1) for all t_; € T_;, such that (3) holds for all SCFs f that satisfy f'(f;,-) €

11



Yi[t;, f] for all ¢; € T;.

Pick any i € I, t; € T;, and t, € Bi(t;) satisfying ¢, Nf t;. We set the belief ¢; €
A(T_; x T) such that ;(t_;,) = 0 whenever either #; # t; or t_; # t_; and ;(t_;,t) =
mi(t:)[t_i] whenever ¢, = t; and t_; = t_;. As t_; € B_;(t_;), the belief 1); satisfies
Vi(t_i, ) > 0= 1_; € B_;(t_;). Moreover, m;(t;)[t_;] = Y jep thi(t_;, 1) for all t_; € T_;.

Consider any SCF f such that f'(%;,-) € Yi[t;, f] for all #; € T;. Then

sz (tois Bus (f (1 120), (bt Zm (i B (f(ti,120), (ti,-4))

ZU'(f\t')
> Ui(f (ti,-)|t:)

= 2wt D7 . 0 -0)

where the first equality follows from the fact that t; sz t;, the second and last equalities
follow from the construction of the belief ;, and the inequality follows from the fact that
f(ti,) € Yilts, f.

Thus, if we combine the above result with the hypothesis that 3 is not weakly refutable,
then we can hypothesize that for all i € I, t; € Tj, and t; € B;(t;), there exists 1); €
A(T_; x T'), which satisfies ¢;(t_;, 1) > 0 = t_; € B_;(t_;) and m;(t;)[t_s] = D jor Yi(t—i, 1)
for all t_; € T_;, such that (3) holds for all SCFs f' that satisfy f (f;,-) € Yi[t;, f] for all
t; € T;.10

We next show that b(S) > S. Pick any i € I, t; € T;, and m; € Si(t;). We now
construct a belief \I' € A(T_; x M_;) satisfying AL (t_;, m_;) > 0 implies m_; € S_;(t_;)
and marngi)\iF = m;(t;) such that m; is a best response for agent i of type t; against Al

By the definition of S, we have m, € S @) (t;) for some t; € B;(t;). Then, by our
hypothesis, there exists 1; € A(T_; x T'), which satisfies ¥;(t_;,t) > 0 = t_; € B_;(t_;)
and m;(t;)[t—i] = D sep Yi(t_s, t) for all t_; € T_;, such that (3) holds for all SCFs f* that
satisfy f'(;,-) € Yi[t;, f] for all £; € T.

Define the belief A\l € A(T_; x M_;) as follows: for any (t_;, m_;),

AL(t,m Z@bz (b, ) x ol (F3)[m].

By construction, AF'(t_;,m_;) > 0 implies that there exists £ € T such that ;(t_;, ) > 0
and o” Jt_)[m_;] > 0. But ¢;(t_;,t) > Oimpliest_; € B_;(t_;). Moreover, o",(t_;)[m_;] >

10We are able to drop ¢’ 74{ t; as part of the qualification in the hypothesis.
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0 implies m_; € SEET) (t_;) — recall the definition of az(f_i)[m_i] from the beginning of
this proof. Since t_; € B_;(t_;) and m_; € SF(T (t_;), it follows from the definition of S
that m_; € S_;(t_;).

Again, by construction, for all t_; € T'_;,

marg; A; (t_ Z)\F t_i,m sz toi, ) = mi(t)[t—i).

Thus, margy, A} = m;(t;).

Pick any m; € M; and consider yﬁ” i as defined earlier in the proof. Now define
the SCF f™ such that f™(f) = y™(t_;) for all £ € T. Recall that if m; is such that
ymiti(t_)) % f(&;,t_;) for some t_; € T;, then it must be that U;(f|f;) > Ui(y™|i;). So
fmi(E;, ) =yl e Yi[t;, f] for all #; € T;. So inequality (3) holds for f™.

By the requirement of implementability, we have

fltni) = ot(Ea)lm g(mi,m i), Vi €T,

m_;EM_;

We are ready to show that m, is a best response for agent i of type t; against Al

Consider any m; € M;. Then

> Aty miyui(g(my, m_y), (t,1-))

t_i,m—;

= Z (Z@Di(t_i,f) xa?i(f_,-)[m ]u,(g(m m_;), (tiat—i)>>

t_im—;

(by definition of Al')

= Y it ) | Dot () mdui(g(mi mo), (6, 14)

t,i,f

= Z¢2(t_l’ Zatl t (m m_ ) (tlat—l)
t,i,f
(by linearity of expected utility w; (-, (¢;,t-4)))

= > it (o), (ti 1))
t_id
(by the requirement of implementability of f)

D it Dus(f7 (), (birt0)

t,i,f

vV
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(. inequality (3) holds for fm™)
= Zwl (t—i> f)ul (ymi7£i (f—i)> (tia t—z))

7(by definition of f™)
N Z%(Li’ t) Z Uéi(g—i)[m—i]ui (g<mi7 m-;), (t, t_z’))

(by definition of ™ and linearity of expected utility w;(-, (t;,t_;)))

= ) Nt moi)u (g0, my), (ti, 1))

(by definition of Al').

Since m; is a best response of player i of type t; against A" satisfying Al (t_;, m_;) >
0= m_; € S_;(t_;) and marg; A = m(t;), it follows by definition that m; € b;(S)[t;].

As b(S) > S, we have S < S'™). Consider any ¢t € T and t € B(t). Pick a
message profile mt € S (t') as defined in the beginning of the proof. By definition,
g(mt/) = f(t). Now ST@)(t')y C S(t) C ST@)(t), where the first set inclusion follows
from the definition of the message correspondence profile S and the second set inclusion
follows from S < ST(T). Therefore, m¢ € ST(T) (t). Hence, g(mt/) — f(t) by the uniqueness
requirement of implementation. Thus, f (t) = f (t). So [ is acceptable for f, which is a

contradiction. This completes the proof. O

5 Weak IRM, IRM, and Other Relevant Conditions

In this section, we investigate the connections between weak IRM, IRM, and the condi-
tions of incentive compatibility and Bayesian monotonicity, central in the characterization
of SCF's that are implementable in Bayesian equilibrium. Further connections will be un-

covered in a later section, after we state and prove our sufficiency result.

Definition 5.1. An SCF f satisfies Bayesian incentive compatibility (BIC) if for all i € T
and t; € T;,
Ui(fIts) = Us(f3t:]t:), Yt € T,

If these constraints are strict whenever t; 74{ t;, then we say that f satisfies strict-if-

responsive Bayesian incentive compatibility (SIRBIC).

Clearly, SIRBIC is a strenghthening of BIC, while it is a weakening of strict IC, which

imposes strict inequalities on all incentive constraints. Then, we can show the following:

14



Lemma 5.2. If an SCF f satisfies weak IRM, then it satisfies SIRBIC.

Proof. Suppose the SCF f satisfies weak IRM. Fix ¢ € I and t; € T;. Pick any t; eT; If
t; ~! t), then clearly Us(f|t;) = Ui(f:t|t:).
Next, suppose t; 7éf Consider the deception 3 such that 8;(t;) = {¢;} for all t; € T

and j # i but
iy = Lot
{t;}, otherwise.

Since t; 745 t;, the deception 3 is unacceptable for f. Hence, by weak IRM, it must
be weakly refutable. That is, there exist j € I, t; € Tj, and f;- € Bj(t;) satisfying
t; 74; t; such that for any v; € A(T_; x T) satisfying 1;(t_;,t) > 0 = t_; € B_;(t_;)
and m;(t;)[t_;] = Sjep¥;(t_;,t) for all t_; € T_;, there exists an SCF f such that
f (&,-) € Ylt;, f] for all {; € Tj and

ij t—w UJ ( t]’t—J ij t—m UJ ( i i) (5, t—j)>'

toj tojt

Since ¢ 7éft and t; € B;(f;), it must be that j =i, {; = ¢; and {; = 1.

Consider the belief 1; such that (i) ¥;(t_;,t) = 0 whenever either ; # t; or t_; # t_;
and (i) ¥;(t_s, t) = m(t;)[t_;] whenever t; =t; and t_; =t_;. Ast_; € B_;(t_;), the belief
Yy satisfies ¢;(t_;,€) > 0 = t_; € B_;(t_;). Moreover, m;(t;)[t_;] = Y ;oqy ¥i(t_;, 1) for all
t_; € T_;. Hence, we must have some SCF f* such that f'(f;,-) € Yi[t;, f] for all £; € T}
such that

Us(f'[t:) =Y wiltes, Dui(f (F), (. t=0)) > D waltes, Dua(f (1), (ki)

toid toid

= U(f; t:]t:).

which completes the proof. O

As discussed in the previous section when we defined weak refutability, one can propose

a stronger notion of refutability.

Definition 5.3. A deception 3 that is unacceptable for an SCF f is strongly refutable if
there exist i € I, t; € T;, and t; € Bi(t;) satisfying t; 74{ t; such that for all ¢; € A(T_; xT)
satisfying ¥;(t_;, 1) > 0= t_; € B_i(t_;) and 7;(t;)[t_s] = Y e Vit t) forall t_; € T_;,
there exists an SCF f such that f is unresponsive to agent i’s type, f (£;,-) € Yi[t;, f]

15



for all t; € T}, and

sz t—w uz ( tut Z¢z t—w uz (t'atN—i>7 (tut—z))

toist toist

Remark: Note how the SCF f' in the statement for strong refutability is required to
be unresponsive to agent i’s type, as opposed to allowing f that could respond to a
change in agent i’s type in the statement for weak refutability. This additional require-
ment for strong refutability, in conjunction with the stipulation that f'(Z;,-) € Yi[t;, f]
for all t; € T;, implies that there exists a mapping y € Nier, Y;[t:, f] that is strictly
preferred to f by type t; of agent ¢ when the deception [ is used. Interim rationalizable
monotonicity introduced by Bergemann and Morris (2008) requires the existence of such
mappings y € ﬂt T, Y;[ti, f] in order to undermine unacceptable deceptions. Indeed, as
we show next, interim rationalizable monotonicity is equivalent to strong refutability of

every unacceptable deception.

Definition 5.4. An SCF f satisfies interim rationalizable monotonicity (IRM) if, for
every deception § that is unacceptable for f, there exist i € I, t; € T;, and t; € B;(t;)
satisfying ¢, 74{ t; such that for all ¢; € A(T_,- x T_;) satisfying ¢;(t_;,t_;) > 0 =
t; € B(ty) and m(t)[t] = > T, ¢i(t_s,t_;) for all t_; € T_;, there exists y €
Nz, Yilts, f] such that

Z ¢z’(t—z’,t~—z‘)uz’( (t=s), (tit— Z Gi(t_s,t_ z(f(t t—i)>(tiat—i)>'

oty t_it_;

Lemma 5.5. An SCF f satisfies IRM if and only if every deception [ that is unacceptable
for f is strongly refutable.'*

As it is clear that strong refutability implies its weak version, we state the following

result without proof:
Corollary 5.6. If an SCF f satisfies IRM, it also satisfies weak IRM.

A single-valued deception [3* is a profile of functions (5, ..., 32) such that 57 : T; — T;
for alli € I. The single-valued deception 8° is unacceptable for an SCF fif f(5°(t)) # f(¢)
for some t € T'; otherwise, 3° is acceptable for f.

Next, we introduce a necessary condition for full implementation in Bayesian equilib-

rium:

1Proof is relegated to the Appendix.
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Definition 5.7. An SCF f satisfies Bayesian monotonicity (BM) if, for every single-
valued deception [3° that is unacceptable for f, there exist i € I, t; € T;, and y : T_; —
A(A) such that

Ui(y o B2,[t:) > Ui(f o B%|t),
while for all ¢; € T},

Ui(flt:) > Ui(ylts).

By undermining an unacceptable deception, as with weak IRM or IRM, type ¢; can be
used as an ally to a designer who wishes to implement f, this time in Bayesian equilibrium.
However, since equilibrium (as opposed to rationalizability) is the solution concept used,
the deceptions considered in BM are single-valued and the requirements on beliefs over
the preference reversal are significanly reduced. For IRM, but not for weak IRM, we can

show the following implication:

Lemma 5.8. If an SCF f satisfies IRM, it satisfies BM.

Proof. Suppose that the SCF f satisfies IRM. Fix a single-valued deception 3¢ that is
unacceptable for f. Define the “multi-valued” deception § such that 5;(t;) = {t;, B (t;)}
for all t; € T; and ¢ € I. Since ° is unacceptable, the deception f is also unacceptable.
By IRM, there exist i € I, t; € T, and t, € Bi(t;) satisfying ¢, 74{ t; such that for
all ¢; € A(T_; x T_;) satisfying ¢;(t_s,t_;) > 0 = t_; € p_i(t_;) and m;(t)[t_] =
S e, @it 1) for all t_; € T_;, there exists y € ;. o, Yilti, f] such that

Z Gilt i Ti)us (y(Fs), (it Z it_iy Eiyui (F(tT-), (Lt ).

For each (t_;,t_;) € T_; x T_;, we set

=) mt)[t), if ty= B, (t)
¢i(t—i, t_i) - { O, if E—i 7& ﬁiz(t_z)

By construction, ¢;(t_;,1_;) > 0=1_; € f_;(t_;) and m;(t;)[t_s] = D7 op . di(t—i, 1—;) for
all t_; € T_;. Moreover, since t; € 3;(;) is such that ¢ 76- t;, it follows from construction

of g that t = (7(t;). Therefore, the above inequality becomes

Z mi(ta) [t—iui (y (B, (t=0)), (ti, t—i)) > Z () [E—sJui (F (B (), B2 5(t=0)), (ti, =),

t_i

which is equivalent to U;(y o 82,[t;) > U;(f o 5°[t;). In addition, y € (;,oq, Yilts, f] implies
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that for any t; € T},
Hence, f satisfies BM. O

6 Sufficiency for Implementation of an SCF in In-

terim Rationalizable Strategies

In this section, we show that weak IRM is sufficient for implementation in interim ratio-

nalizable strategies under a mild additional assumption: weak no-worst-rule (NWR) (as

discussed below, our definition is weaker than the one appearing in Kunimoto (2019)).
For each i € I and t; € T}, define

Yitlts, fI={y - T = A(A) - Ui(f[t:) = Ui(ylts) } -

Thus, Y;*[t;, f] is the collection of all mappings y : T_; — A(A) such that y is weakly

(2

worse than f for individual i of type t;. Notice that Y;[t;, f] is a subset of Y;“[t;, f].

Definition 6.1. The SCF f satisfies the weak no-worst-rule condition (weak NWR) if,
foralli e I, t; € Ty, and ¢; € A(T_; x T_;), there exist y,y € Y[t;, f] such that

Z ¢i(t—i7t/_i)ui( ( tzat 7£ Z ¢2 t—la Uq (t—i>7(ti7t—i))‘

t,t t,t

—1 —1

Remark: The weak NWR condition implies that the strictly lower contour set of f is
nonempty for all types. Kunimoto (2019) also defines a “no worst rule” condition which
is stronger than our definition. Kunimoto (2019) requires the existence of mappings y
and y in the set ﬂt}- er Y3 [t;, f] whereas we only require the existence of y and y' in the
set Y"[t;, f].

In the sufficiency result below, we focus on a countable subset of Y;*[t;, f], as defined
next. Recall that A*(A) is a countable dense subset of A(A). For each i € I and t; € T;,
define

Vot f] = {y:T_HA(A): () y(t-i) € A(A) Uy df(ut-0)} Ve € Ty, and }

(i)  Ui(flt:) = Us(ylts).

Note that Y;*[t;, f] C Y;"[t;, f]. Since T, is finite and A*(A) Ut{eTi{f(t;-, t_;)} is countable,
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Y;*[t:, f] is also countable. Thus, we denote Y;*[t;, f] by {v0[ti, f1, vilti, f1, - -, yE[ts, £1, .-}
For each i € I and t; € T;, we then define yff such that

y:“f(t—l) = (1 - 5) Z 5k Yi [ f](t—z)’ \v/t—ia
k=0

where § € (0,1).

Similarly, since A is countable, we denote it by {ag, a1,...,ax,...}. Then, we define
= (1 - 77) Z nkaka
k=0

where n € (0, 1).
The following lemma notes two important consequences of weak NWR, (proof is rele-

gated to the Appendix):
Lemma 6.2. If an SCF f satisfies weak NWR, then the following statements are true:

(a) Foralli€ I, t; € T;, and ¢; € A(T_; x T_;), there exists y € Y [t;, f] such that

(2

D diltoitua(y (o)), (b t)) > Y bt t-wi (g (1), (ti, t-4)).

t,t t,t

—1 —1

(b) Foralli€ I, t; €Ty, and z} € A(T-;), there exists a € A such that

Zz i toi) >zt i@, (b, t)).

t_i

We now state and prove our sufficiency result for implementation in interim rational-

izable strategies:

Theorem 6.3. For any SCF f, if there exists an SCF f ~ f such thatf satisfies weak
IRM and weak NWR, then the SCF f is implementable in interim rationalizable strategies.

Proof. We propose the following mechanism I' = ((M;);er,g) to prove the sufficiency

result: For each individual ¢, pick any one type from 7;. We denote this type as t;.

Each individual i sends a message m; = (m}, m?, m3, m}), where

e m; = (m}[j]);er such that m}[j] € T} for all j € I,

e m? €N,
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A

o m? = (m[ti])s,er, such that m3[t;] € Y*[t;, f] for all t; € T,

e and m; € A.

Note that each M; is countable.
The outcome function g : M — A(A) is defined as follows: For each m € M,

Rule 1: m2 = 1foralli € I = g(m) = f(m![1],md[2],...,m}[n]).

Rule 2: If there exists i € I such that m? > 1 but m? =1 for all j € I'\{i}, then one of
the following sub-rules apply:

Rule 2-1: If there exists ¢; € T; such that m}[i] = t; for all j € I\{i}, then

(m) m3[t;] ((m; [7])j) with probability m?/(m? + 1),
m) = ;
g yff((m; 1])j)  with probability 1/(m? +1).

Rule 2-2: If m;, [i] # mi[i] for some j', k € I\{i}, then

(m) m3[t:] ((mj1 [1])j») with probability m?/(m? + 1),
g\m) = * f
yf”f((mjl- [1])j)  with probability 1/(m? +1).
Rule 3: In all other cases:

m{ with probability m?/(1 +m?)n,

mj with probability m2/(1 + m3)n,

m?  with probability m?2 /(1 4+ m?2)n,

a  with the remaining probability.

We now prove that the mechanism I' implements the SCF f in interim rationalizable

strategies. The proof consists of Steps 1 through 3.
Step 1: m; € S V(1) = m2 = 1.
Proof. Suppose by way of contradiction that m,; € SZ-F (T)(ti) but m? > 1. Then, m; is

a best response of individual i of type t; against some conjecture \; € A(T_; x M_;)

satisfying marg, A; = m;(t;).
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For each t; # t* and t_; € T_;, we define
Mzz(t;,tl_z) = {m_i : m? =1 and mjl[z] = t;,Vj # 1,and (m}[j])#i = tl_l} )
For ¢! and each t_, € T_;, we define

(mi 7] = £, and
M2 (tt) = {m_;: either m? =1 and m} [i] = tF, V] # 1,
or m? = 1,Vj # i, but m;,, [i] # m}[i] for some j', k # i

Also, define

M3 = {m_i : there exist one or more j # i such that m? > 1} .

—1

Note that ((M2;(ti,t ) cry e ,» M?;) defines a partition of M_;. As m? > 1, if
m_; € M?,(t;,t_,), then Rule 2 is used under the profile (m;, m_;), whereas if m_; € M3,
then Rule 3 is used under the profile (m;, m_;).

For each t; € T}, define

A?’Ei = Z Z Ai(t_i,m_i).

1’ ~ 1"
toit, mogeM? (Lt )

Thus, A?’ii is the probability of the event that all other individuals report a message profile
in Ut’i. M2,(E5,12).
Also, define

t—g m,iEMEi
Thus, A? is the probability of the event that all other individuals report a message profile
in M3,
If £, is such that A?’ti > 0, then define qbf’ti € A(T_;xT_;) such that forallt_;,t_; € T_;,

7. / )\Z t—i7 —1
Gty = Y Allema)

2,8
. A;
m,ieMgi(ti,tii) ¢

Thus, qﬁ?’{i (t_i, t’_z) is the conditional probability of the event that the type profile of all
other individuals is ¢_; and they report a message profile in M2, (;,t_;) given the event
that all other individuals report a message profile in J,» M?2,(#;,t_,).

If the type profile of all other individuals is t_; anditzzhey report a message profile in
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M?2,(t;,t_;), then when individual i of type t; plays m;, she expects the outcome to be
given by the lottery

m? - m? Lo
() miid(e) + (1= s i ().

As a result, conditional on the event that all other individuals report a message profile in

Utﬁ M2, (t;,t",), the expected payoff of individual i of type ¢; when she plays m; is

<1+m ) Z S0 (it Jus (MBEN(E,), (bt 1))

t_it —i

+(1—1+m) S e ) 1.1-0). (4)

t_it —i

If A? > 0, then define ¢} € A(T_;) such that, for any t_; € T_;

sey= Y M)

mfiGMEi g

Thus, ¢3(t_;) is the conditional probability of the event that the type profile of all other
individuals is ¢_; and they report a message profile in M3, given the event that all other
individuals report a message profile in M?3,.

If the type profile of all other individuals is ¢_; and they report a message profile
m_; € M?,, then when individual i of type t; plays m;, she expects the outcome to be

given by the lottery

1/ m? .1 m? 1/ m? 1 m?
— : '+ (1-—)a+ —(—L5 |mi+—-(1-—L5)a].
n(l%—mf)ml n( 1+m?)a ;<n<1+mg Ty 14 m? “

As a result, conditional on the event that all other individuals report a message profile in

M3, the expected payoff of individual i of type ¢; when she plays m; is

<1+m)z¢3 m?, (t;,t_ ))+%< 1+m)2¢3 (i)
DY t_“ )Z(%(lfjjn?)u( ) (tir ))+%(1—1Ti§)ui(a,(ti,t_i))).

t—i m_;eM3, Z J#i
()
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2 m32,mj) such that

Now let individual 7 of type t; deviate to m; = (m
° mf = mf + 1.

e 13 is defined as follows: for each ¢; € T;:

> If A2t > 0, then let m?[f;] € Y;*[f;, f] be such that

Z ¢2tz t—za Z( [i](t ) tmt Z ¢2tl t—za Z( [EZ](t/—i)’(tiat—i))

t_

t_i,t it
and

S R (w2, (t =) > Y O (tJwly (), (1, 10)).
t,i,t:i tfzytfz

Note that such m3[t;] exists because of Lemma 6.2.

> If A25 = 0, then let m3[f] = m3[f].

e 1} is defined as follows:

> If A? > 0, then let 7} € A be such that

Z¢3 (Lt Z¢3 mi, (ti,t—;))

and

Z &5 (t- (t b Z &2 (t_i)us (@, (i, 1)),

Note that such m;} exists because of Lemma 6.2.
> If A? =0, then let 7} = m;.

If A2’£i > (, then conditional on the event that all other individuals report a message

profile in Ut” M?2,(t;,t";), the expected payoff of individual i of type ¢; when she plays

m; 18

(flzwu,xmmww»

+(1- 2

which is, by construction, greater than her expected payoff in (4) when she plays m,.

) S e (). 6 -0),

tfzy —i
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If A2 > 0, then conditional on the event that all other individuals report a message

profile in M?3,, the expected payoff of individual i of type ¢; when she plays 7; is
1
( tity)) + — 3(¢ (it
<1+m3)2¢’ my, (t, >)+n( )Z¢ )
t_z, 1 m? 4 1 m? ~
o x4 (o)

—i m_ EMS Z ]#Z

which is, by construction, greater than her expected payoff in (5) when she plays m;.
As Y AP 4 A3 = 1 (because m? > 1), it follows that 7; is a better response for
individual ¢ of type t; against \;, a contradiction. This completes the proof of Step 1. [

Step 2: For each 7 € [ and t; € T}, let
Bi(t)) = {t:} U{t; € Ty : 3m; € SI' D (t;) such that m![i] = ¢,}.
Then, the deception 5 = (f3;):er is acceptable for f.

Proof. Suppose not, that is, # is unacceptable for f . Then, by weak IRM, § must be
weakly refutable. That is, there exist ¢ € I, t; € T;, and t; € Bi(t;) satisfying t; 745 t; such
that for all ¢; € A(T_; x T) satisfying ;(t_s, 1) > 0 = t_; € B_;(t_;) and m(t;)[t_;] =
Y er Yilt—i, t) for all t_; € T_;, there exists an SCF f' such that f'(;,-) € Yi[ti, f] for all
t; € T, and

sz t—u uz ( tzat sz t—z, Uz t t ) (tz,t_l))

tzt tlt

Ast, o4l t; and t, € B(t;), we can find a message m; € SZ-F(T)( t;) such that m![i] = t;.
From Step 1, we know that m? = 1. Then, m; is a best response to some belief \; €
A(T_; x M_;) such that A\;(t_;,m_;) > 0= m_; € SEET)(t_Z-) and marg, A; = m(t;).
From Step 1, it follows that A;(t_;, m_;) > 0 implies m? =1 for all j # i. We next define
a partition of all those message profiles in M_; such that m? =1 for all j # .

For each t; # tf and t_; € T_;, we define

ML (t:, 1) = {m_;:mi=1and m}[i] =1;,Vj #i,and (m}[j]);z = -} .
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For ¢} and each t_; € T_;, we define

(m3i) = £, and
ML (t,t2;) = {m_;: either m? =1 and mlli] =t;,Vj # 1,
or m5 = 1,Vj # i, but mj,[ i) # mi[i] for some j', k # i

Define the belief 1)} € A(T_; x T) as follows: For each t_; € T_; and t € T, let

Vit = > Ailtme).

m_; €M (1;,1-;)

Thus, 1} (t_;, ) is the probability of the event that the type profile of all other individuals
is t_; and they report a message profile in M, (Z;,t_;). In this event, individual i of type
t; expects the outcome to equal f ( t_;) when she plays m;. As a result, the expected

payoff of individual ¢ of type ¢; when she plays m; is

Zw (i, D (F (£, F-0), (it ). (6)

Now, ¥} (t_;,t) > 0 implies that \;(t_;,m_;) > 0 for some m_; € M',(f;,t_;). But
Ai(t—;;m_;) > 0 also implies that m_; € SF(T (t_;). Hence, due to the construction of 3,
we have t_; € B_;(t_;). Moreover, since \;(t_;, m_;) > 0 implies m? =1 for all j # i, it

follows that

Z )\z (t_i, m_,-) = Z t_z, Z w t_z,

m_;€M_; m_i€Uzer ML, (F) teT

So, it follows from weak refutability of 3 that there exists and SCF f' such that f'(£;,-) €
Y;i[t;, f] for all #; € T, and

> it D (f (E), (=) > >l (b Dua(f(E, 1), (fit0)).

t_it t_g,t

A

It is without loss of generality to assume that the SCF f" is such that f'(#;,-) € Y;*[f;, f]
for all ¢; € T;. To see this, pick any ¢; € Tj.

If f'(t;,-) € Yi*[fi,f], then for each integer z > 1 and t_; € T_;, define f*(;,t_;) =
f(t;,t_;). Then f*(i;,-) € Y;*[i;, f] for all 2

It f'(#,-) & Y7[i;, f], then for each integer z > 1 and t_; € T_;, define f7(;,t_
A (A) Uy eq {F (1, 13)} such that (a) if f'(f;,t-;) = f(Ei, 1), then f*(E;,t) = f (£, 1)

7
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for all z whereas (b) if f'(#;,t_;) # f(&;,t_;), then f*(&;, t_;) converges to f (i;,t_;) as z —
co. Since f'(&;,-) € Yilli, f] but f'(i;,-) € Y;*[Ei, f], it must be that f'(f;,t_;) # f(&,t_;)
for some t_; € T_;. This implies that U;(f|5;) > Us(f (&, -)|&;). As f*(,-) converges
pointwise to f (£, ), T; is finite, and w;(-,t) is continuous over A(A), we can find a

sufficiently large integer 2[f;] such that
Ui(flE) > U0, i), e > o[

Therefore, f26)(E;,-) € Yi*[i;, f] for all z > z[f;].

Consider the sequence of SCFs {f*}.cn as defined above. As f* converges pointwise
to f', T; is finite, and w;(-,t) is continuous over A(A), we can find a sufficiently large
integer 2 such that f*(f;,-) € Y;*[;, f] for all i; € T; and

7

> bt Dus (D), (1)) > D) (b, Dua (f(E, 120, (ti, 1))

tzt tzt

Therefore, f'(L;,-) € Y;*[f;, f] for all §; € T;.
Now, let individual ¢ of type t; deviate to 7; = (m}, m?,m3, m}) such that
e M2 > 1, where the specific value is chosen later.

e 1} is defined as follows: m3[t;] = f (%, -) for all t; € T;.

Consider the event that the type profile of all other individuals is £_; and they report a
message profile in M?;(#;,7_;). In this event, after the deviation to 7, type t; of individual

1 expects the outcome to equal

m? /o~ ~ m? IF ~
(1 n m?) St b+ (1 - m) i ).

As a result, the expected payoff of individual i of type t; when she deviates to m; is

(1+m?);w ti, Dyui (f (t),(ti,t_i))+( )Z¢ (t i, Dy (T (T ), (ir ).

If 72 is large enough, then the above expression is greater than her expected payoff in
(6) when she plays m;. It follows that m; is a better response for individual i of type
t; against );, a contradiction. Thus, [ is acceptable. This completes the proof of Step
2. O

It follows from Steps 1 and 2 that m € ST (¢) = g(m) = f(¢).
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Step 3: Define the message correspondence profile S = (Sy, ..., S,) where each S; : T; —
2Mi such that for all i € I and t; € T},

Si(t) = {(m}, 1,m3 m$) . ml[i] = t;}.

Then, we have b(S) > S, which implies that S < ST™),

Proof. Pick any i € I,t; € T;, and m; € S;(t;). Pick any 6_; : T_; — M_; such that, for all
j#iandt; € Ty, (i) 6;(t;) € S;(t;) and (i) 6; (t;)[i] = t;. Let the belief X\; € A(T_; x M_;)
be such that for all t_; € T_;, N\i(t_;,m_;) = 0 whenever m_; # 6_;(t_;). Then, by
construction, Ai(t_;, m_;) > 0 implies that m_; € S_;(t_;) and marg; \; = m;(t;). When
individual 7 of type t; holds the belief \; and plays m;, then she expects the payoff of

Zm ) (Ftisto), (ti,t0)).

On the one hand, if she deviates to 7; such that m[i] = ¢, and /2 = 1, then she expects

the payoff of

Yo mlt)lt-iJus (F(t:, 1), (8, 1-0),

[

which is not improving due to SIRBIC. Recall that weak IRM of f implies that f satisfies
SIRBIC (Lemma 5.2). On the other hand, if she deviates to 7, such that m? > 1, then
she expects the payoff of

() o ml e e 0)+ (1= 17 ) St 1-0)

As m3[t;] € Y[t f], she cannot improve her payoff by any such deviation. Hence, m; €

Z (2

b;(S)[t;]. This completes the proof of Step 3. O

Steps 1 through 3 together comprise the proof of the theorem. O

7 IRM Is Not Necessary for Interim Rationalizable

Implementation

In this section, we disprove the claim made in Oury and Tercieux (2012, footnote 4) that

IRM is necessary for interim rationalizable implementation. We base our arguments on
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the following example, which is built upon the example presented in Kunimoto and Saran
(2020).

Example 7.1. There are two players i € {1,2}. Player 1 has three types: T} = {t,,t},t]}
and player 2 has two types: Ty = {ts,1,}. The beliefs of the players are as follows:

1"

mi(t)[ta] = 0.99, i (t))[ta] = i (¢7)[ta] = 0

and )
=3 mlE] =1

Notice that T* = T since for every state, there is a type of a player who puts positive

mo(ta)[th] = ma(ta)[ty] = ma(ta) [t

probability on that state. Thus, we need not discuss equivalent SCF's in this setup.
There are six pure alternatives: A = {a,b,c,d, 2,2 }. The following tables list the

payoffs of the two players:

a | ty | t b | ty | t c| ty | t d| ty | t
t1 | 4,4]4,0 t110,0]3,3 t110,0]3,1 t1 13,4120
£, 10,0 4,1 £, 11,1120 t,13,3]3,0 t,10,3]3,3
t]1,1]4,0 £ 10,021 t13,3]3,0 t10,3(3,3

2|ty |t 2ty |t

t 14,1120 t1 14,0 4,1

t,12,2]5,0 t 12,022

12,2120 12,0150

The SCF f selects the alternative which maximizes the aggregate payoff in each state.

flt |t
t1 | a

tlel|d
ti|c|d

We first show that f fails BM.
Claim 7.2. The SCF f wviolates BM.

Proof. Consider the single-valued deception 3° such that

5f(t1) =ty, ﬁf(tl) =1, 5f(t1) =1y,
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and
Ba(ta) =ty, Balty) =ty
First, consider player 2 of type to. There exists no y : Ty — A(A) such that

1"

U2(y © 6f|t2) = %u2 (y(t,l)a (tla t2)) + %u2 (y(tll)> (tlh t2)) + %u2 (y(tl)a (t,1,> t2))

> Ul(f 0 8°1t2) = a1, 1), (01,)) + ua (05,00, (1, 12)) + (7085, 1), 65, 1),

because f(t,,t,) = f(t],ty) = d is one of the best alternatives for player 2 of type t, in
each state.

Second, consider player 2 of type t,. There exists no y : Ty — A(A) such that

Us(y o Bilty) > Us(f o B°Ity) and Us(flty) > Us(ylty).

Since Us(f o 5°|ty) = ua(f(t), ty), (1, 15)) = Ua(flty), if the above inequalities were true,
then we must have Uy (y o 35|ty) > Us(y|t,). But that is impossible because Us(y o B{|ty) =

us (y(th), (t1: 1)) = Ua(ylty).
Third, consider player 1 of type ;. Pick any y : 7o — A(A) such that

Ur(fltr) > Us(ylty),  Uh(fIt) = Us(ylty),  and Uy (f]t7) > Us(ylty).

The last two inequalities imply that

Uy (f(tllv tl2)7 (tllv t/2)) > Uy (y(t/2>v (tlv t2))

Uy (f(tlllv tl2)7 (tlllv t;)) > Uy (y(t;)a (t17t2))‘
These two inequalities lead to
2y(ts)[2] + y(ta)[a] < y(ta)[2]+y(t)[b] and  2y(ty)[2] + y(t)[a] < y(t)[2] + y(ts)[b],

where y(t,)[x] is the probability of alternative z in the lottery y(t,). Summing these two
inequalities, we obtain y(t,)[z] + y(ty)[2'] + 2y(ty)[a] < 2y(ts)[b].

In order to find the required preference reversal for type ¢;, we must satisfy U;(y o
Bs|t1) > Uy(f o B%|t1), that is,

0.99us (y(ty), (1, t2))+0.01ur (y(t5), (t1, ) > 0.99us (F(t1,t0), (1, £2))+0.01us (F(t1, 20), (t1, 15))-
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The above inequality is translated into

0.99(y (1) [2] + y(t)[2'] + y(ty)[a]) + 0.01(2y(t)[a] +y(t2) ] +y(ty)[e] + 2y(ta)[=])
> 0.99(3y(t,)[0] + 3y(ty)[c])-

As y(ty)[2] + y(ta)[2'] + 2y(t)[a] < 2y(t5)[b], we must have y(t,)[z'] < 2y(t,)[b]. Plugging
this into the left-hand side of the above inequality gives us

0.99(y(t5)[2] + y(ty) [z ] + y(ty)[a]) + 0.01(2y(ty)[a] + 5y () [b] + y(ty)[c])
> 0.99(3y () [b] + 3y(ty)[c]).

We claim that this inequality is impossible to be satisfied. Now plugging y(t;)[z] +
y(ty)[2'] + 2y(ty)[a] < 2y(t,)[b] into the right-hand side of the above inequality, we obtain

— 0.99y(ty)[a] + 0.01(2y(t3)[a] + 5y(ta)[b] + y(t)[c]) > 0.99(y(t2)[b] + 3y(t2)[c])
= —0.97y(ty)[a] — 0.94y(t,)[b] — 2.96y(t,)[c] > 0,

which is indeed impossible.
Fourth, consider player 1 of type ¢;. There does not exist any y : Ty — A(A) such
that

Ui(y o B3lty) > Ur(f o 3|t1) and Ur(flt1) > Ur(ylt).
Since Uy (f o B%|t7) = wi(f(t1.ts), (1. t5)) = Ui(f|t}), if the above inequalities were true,
then we must have Uy (yo B5|t;) > Ui (y|t;). But that is impossible because U (y o B5|t)) =
ur(y(ta), (1, 13)) = Ua(ylt)).
Finally, consider player 1 of type #;. There does not exist any y : T — A(A) such
that
Us(y o B3[t:) > Ur(f © B°[ty) and Ur(f[t1) > Ur(ylty).
Since Uy (f o B°|t7) = ui (f(t],t5), (t1, 1)) = Ur(f|t}), if the above inequalities were true,
then we must have U, (yo S3t;) > Uy(y|t;). But that is impossible because U, (yo B5|t;) =
ur(y(ta), (81, 15)) = Ui (ylty).
We therefore conclude that the SCF f does not satisfy BM. O

Since we know from Lemma 5.8 that IRM implies BM, we state the following result

without proof.

Claim 7.3. The SCF f wviolates IRM.

Next, we argue that f satisfies weak IRM.
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Claim 7.4. The SCF f satisfies weak IRM.

Proof. First, we consider any unacceptable deception [ such that either t’l € Pi(ty) or
t] € Bi(t1). Pick any belief ¢, € A(Ty x T). Then

> (b, Dua (f(t),82), (1, 1))

= ZM (t2, F1, t2)ur (F(£, 12), (t1,12)) + Zw1<t2,&,t;>u1 (f(t1.15), (t1,12))
+ Z@Dl (ty, Fr, o)ur (F(£,2), (f1,15)) + Zwl(t;, f1, to)ur (f(1, 1), (11, 1))

= 32101(75/2,51,152) + 32%@2751715,2) + 221#1(15,2,517{2)-
i 3 i

Since f(t),t) = f(t],t2) = c and f(t},t,) = f(t],t,) = d, we also obtain
Z U1 (ta, Duy (f(t;la t2), (t1, fz)) =3 Z¢l(t;7 ti,ta) + 3 Z%(tz, th, tlg) +2 Z¢1(t;7 ty, tlg)
ia,l t 2 2

Consider the SCF f’ defined as follows:

ot th
t1 | a %z—l—%z/

/ /

t, | a z

1 4
ty | a| sc+52

It is straightforward to confirm that f'(¢,-) € Yi[t1, f] for all ¢, € Ty. Moreover,

Z% ta, t)us ( (#), (t1,12)) Z% t27t17t2>u1(f/(t17£2)7(t17£2>)

ta,t to,ta

+ Y ey, B )us (f (1. 8), (11, £2))
i2,t2
+ Z U (ta, 1], E2)uy (f/(t;,, ta), (t1,2)).
52752
We consider each term on the right-hand side of the above equation separately. The

first term is:

Z¢1(f2, tr, ba)uy (f (1, £2), (t1, £2))

= i(ta,tr, t)ur (F (1, 2), (1, 12)) + a(fas b, ty)un (F (t1, ), (t1, £2))
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F o (ty t, to)us (f (B, t2), (1, 65)) + b (B, b to)un (f (B, 1), (t1, 25))
1 1 8 ! !
= dy(te, ty, ta) + Ay (ty, t1, to) + diby (2, t1, 1) + §¢1(t27 t1,ty).

The second term is:

> il ty, E)un (f (). F2), (t1, £2))
to,ta
= Pulta, by, to)ur (f (1, t2), (B, t)) + i (ta, By, o) ua (f (8, 8), (t1, 12))
iy (ty, by, to)us (f (£, 1), (t1 1)) + i (ty, 1y, to)us (f (£, 1), (t1, 1)
= Ay (ta, by, o) + Ay (ty, Ty, 1) + day (tg, Ty, ty) + daby (ty, T, ).

The third term is:

> il by, Bo)us (f (1, 12), (11, 1))
£2,£2

= ,lvbl (t2a tllla t2)u1 (f/ (tl1l7 t2)a (tla t2)) + 'le (t2a tllla tl2)u1 (f (tl ) t2) (tla t2))
+¢1 (tl27 t/llv t2)u1 (f/ (tlllv t2)7 (tlu tl2)) + 1?1 (tl27 tlllv tl2>u1 (f (tl 9 t2)7 (t17 tl2))
" ! " 16 " / 11 ! " /
= 4’(/11(152, t1’t2) + 4¢1(t2>t1at2) + €¢1(t2a t1>t2) + Ewl(t2>t1>t2)'

Summing the three terms, we get

Z¢l ty, t)uy (f (#), (t1,t2))

tgt

= 4) Wit tr b)) +4 ) Wi(ty, b1, 1)
t~1 t~1

! 1 1 ].6 1 /
+ (4wl(t2a tla t2) + 4,¢1(t27t17t2) + Ewl(t27t1at2))
8 ! ! ! ! ! 11 / 1" /
+ —@Dl(tza ti ty) + 4 (ty, . ty) + _wl(t2>t1at2)
11 ;o~
4Z¢1 (t2, T, t2) +4Z¢1 (ty,t1,t2) + —Z% (t2,11,t5) + gg:@bl(tz,tl,%)
1

1

v

> 3le1 ty, 11, 12) +3Zw1 ta, 11, ty) +2Z¢1 (L, T1, ).

We therefore conclude that

Z% to, )ur (f (1), (t1,12)) Z@bl b, t)us ( t1a£2)>(t1,52))-

t2t tgt
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Similarly,

Z¢1(£27£)U1( t17t2 Z% ta,1) Ul t1,£2),(t1,£2))-

l?g,{ tz t

It follows that any unacceptable deception 3 satisfying ¢, € B1(t,) is weakly refutable
using the tuple (1,t;,;) whereas any unacceptable deception 3 satisfying t; € B, (t;) is
weakly refutable using the tuple (1,%,t]).

Second, we consider any unacceptable deception 3 such that t, € B5(t) and Sy (t1)
{t;}. Pick any belief 1), € A(T} x T) such that 1y (t1,1) > 0 = £; € By (1) and ma(ts)[t1] =
d: Yy(ty, 1) for all £;. Then we have 1)y(t1,) = 0 whenever #; # ¢, and Zt Uo(t1, 1, 12)
1/3. Therefore,

> (b, Dyuz(f (T, 1), (1, 1))

t1,t

= Z% (b1, Eyuz (f(Frs o), (1, 1) +Z¢2 £y, Eyus (f(F1, t5), (1, t2))
+Z¢2 tr, Dus (f(F1,t5), (1], 12))
= Z Vot tr, B us (f(t, 1), (b1, 1)) + D Wty b1, Ea)ua(f (11, 1), (£, 1))

+ Z ¢2 tla tla t2)u2(f(t,1a tl2)> (tlla t2)) + Z ¢2(t,1> tllla 52)'“2 (f(tIII’ tl2)> (tlla t2))
+ Z ¢2 tlvtlv t2)u2 (f(tlv tl2)7 (tlllv t2)) + Z 7vb2(tl1l7 tllv t~2)u2 (f(tllv tl2)7 (t/1/7 t2))

+Z¢2 £y, by, E)ua (F (1), 1), (17, 12))

sz ty th, 1) + 32 (valty, t, 1) + wha(ty, £y, E2) + Walt], £y, E) + Ua(t], 11, £2)).

52 g2

Consider the SCF f defined as follows:

[t |ty
t1| 2] 2
t, | d|d
t) | d|d

It is straightforward to confirm that f'(-,%y) € Ya[ts, f] for all £, € Ty. Moreover, because
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f'(t1,t2) = f (1, 1) for all £, € Ty, we have

Z¢2(£ht~)u2 (1, t2)) Z% b, tua(f (f1, 1), (t1,12)).

tAl ,E tl t

Since vy(ty,t) = 0 whenever ; # ¢, and > i, Valt, t, ty) = 1/3, by applying here similar
arguments as in the case of the SCF f, we obtain that

> a(ty, Dyus (f (Fr, 1), (F1, 12))

tlt

D it ) 42 (ot f) + ta(t], 11, 12))

+3Z (a(ty, £y, Ta) + oty £y, B2) + Uty £y, Ta) + alty, 1), 1))
t2
> Y a(ty b f) + 3D (alty, b f) + oty 1y, F2) + Wty 1y, Ta) + a(t), 17, 12)).

t~2 t~2

It follows that

Z%(flag)%( t17t2 Z% t1,1) us (f tlat/2>7(£17t2>)-

tAl ,E t1 t

Therefore, any unacceptable deception 3 such that t, € fy(ts) and B1(t,) = {t;} is weakly
refutable using the tuple (2, ta, t,).

Third, we consider any unacceptable deception § such that t5 € (55 (tlz) and £ (t1) =
{t;}. Pick any belief 10y € A(T} x T) such that 1y (t,,) > 0 = £; € $1(¢;). Then we have
that 1)5(t1,) = 0 whenever #; # t;. Therefore,

Z Vot Bus (f(Trt2), (1, 1))

— i@ tr, Dus (f(E1, 1), (1, 15)) +Z¢2 (t1, Dus (f(F1, t2), (t1, )
+ng (t1, Dua (f (T, ta), (1, 1))

= sz tr, t, Ea)us (£ (1, 1), (t1, 1)) + Y Ualty, trs Ea)us (f(t, t2), (11 1))

t2

+ Z¢2 tlv tlv t2)u2 (f(tllv t2)7 (tllv t/2)) + Z 7vb2(tl17 tlllv {2)’&2 (f(t;7 t2)7 (tllv tl2))

tz t~2
+ Z ?/12(15,1,, tla EZ)UQ (.f(tla t2)7 (t/lla t,2)) + Z wQ(t,l,a tlla EZ)UQ (.f(t,la t2)7 (t/lla t,Q))
52 g2
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+Z¢2 (t),ty, ) U2(f(tl1lat2)a (t;atlz))

Z¢2(t/1a tla 52)
io

Consider the constant SCF [ such that f'(f) = b+ 22" for all £ € T. It is
straightforward to confirm that f'(-,f,) € Ya[ta, f] for all £, € Th. Moreover, because
f(t1,ts) = f (1, ty) for all £, € Ty, we have

Z’l/}g tl, U2 tl,t2 Zw2 tla u2 t1>t2) (tlat;))'

tlt tlt

Since 95(t1,t) = 0 whenever ¢, # t;, by applying here similar arguments as in the case of
the SCF f, we obtain that

D (it Dus(f (B, 1), (1, 1))

tlt
3 ~ 3 ’ ~ ’ /o~ ’ "o~
= §Z¢2(t17t1,t2)+§Z(¢2(t17t1,t2)+¢2(t17t17t2)+¢2(t17t17t2))
- 3

+ Z Yalty, tr, b)) + oty 1y, Ta) + ¥a(ty, 1, 1))

> sz th,t1, ).
to
It follows that

ng tl, ’lLQ tl,tQ Z¢2 t1> Ug tlat2)>(£1>tl2))‘

tlt tlt

Therefore, any unacceptable deception 3 such that ty € B5(ty) and Bi(t1) = {t,} is weakly
refutable using the tuple (2, t,, ts).

Fourth, we consider any unacceptable deception such that 51(¢1) = {t1}, fa(t2) = {t2},
and B»(ty) = {t,}. Such a deception involves either ¢; € B,(t}) or t; € B(t]). Then the
fact that f satisfies SIRBIC implies that 8 is weakly refutable. We show this formally
for the case when t; € $;(t;) and we skip the case when t; € B(]), as we can show it
similarly. So suppose t; € Bi(t;). Pick any belief vy € A(Ty x T) such that 1, (5, ) >
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0 = 3 € Ba(t3). Then we have that v, (fs, 1) = 0 whenever £, # t,. Therefore,

> (b, Dyus (f (1, B2), (8, 1))

to,t
= Z% (ta, F1, ta)ua (f(t1, 1), (£, 82)) + > W (ta, Fr, to)ua (F(t1, 1), (11, 85))
t
= 22% (ty, 11, 15).
Consider the SCF f’ defined as follows:

flt |t
tl C
ti | c|d
t) | cld

It is straightforward to confirm that f'(f;,-) € Yi[ty, f] for all £, € Ti. Moreover, since
¢1 (tz, ) = 0 whenever tg §£ tg,

Z% to, t)us (f (1), (t1>t2))

= Z¢1(t27 t~17 t2)u1(f/(t~17 t2)7 (tllv t2)) + Z 7pl(t;v t~17 t;)ul(fl(glu t/2)7 (tl17 tl2>

= 32 (¥1(t2, 11, t2) + i (ty, F1, 1))
> QZ% ty, L1, t

— Zwl t2, Ul t1>t~2)7(t/1a£2))'

tzt

It follows that the deception 3 is weakly refutable using the tuple (1,%;,%;).
We thus conclude that every unacceptable deception is weakly refutable, and hence f
satisfies weak IRM. O

We now check that the SCF f satisfies weak NWR.
Claim 7.5. The SCF f satisfies weak NWR.

Proof. First, we consider player 1 of type t;. Let y : Ty — A(A) be such that y(t3) = a
and y(t,) = z. Also, let 3 : T, — A(A) be such that y'(ty) = b and y'(t,) = d. It is
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straightforward to confirm that y,y € Y"[t1, f]. Now,

Z ¢1 (527 g2)u1 (y(té)v (tlv 52))

= ¢1(ta, to)ur (y(t2), (t1, t2)) + ¢1(t2, ty)uy (y(t;), (t1,t2))
+1(ty, to)ur (y(t2), (tr, 1)) + b1 (ty, tr)ur (y(t2), (11, 1))
= Adi(ta, ta) + A1 (ta, y) + 41 (ty, 1) + 201 (ty, 1)

whereas

Z ¢1(£2> 5,2)”1 (yl(fé)’ (tla 52))
= (bl <t27 t2)u1 (y/ (t2)7 (tlv t2)) + ¢1 (t27 t;)ul (y/<tl2>7 (tlv t2))
+¢1 (tl27 t2>u1 (y, (t2)7 (tlv tl2)) + ¢1 (t/27 t,Z)ul (y,<t;>7 (tlv t;))
= 301 (ta, 1) + 361 (1t 12) + 261 (Lo, ).

We therefore have that

Zﬁbl(fz,fé)ul( , (t1,12)) Z¢1 (fa. T)us (¥ (B), (t1,82)) & 1 (ty,ty) = 1.

-
t2,ty t2 t

Thus, for all ¢; € A(Ty x Ty) such that ¢;(t,,t,) < 1, we have found y,y" € Y;*[t;] that
satisfy the requirement for weak NWR. If ¢, is such that ¢, (t,,t,) = 1, then we define
y : Ty — A(A) such that y(ty) = y(t,) = band y : Ty — A(A) such that y'(t5) =
Yy (t,) = d. Tt is straightforward to confirm that y,y € Y[t;, f]. Since ¢1(ty,ty) = 1,
ur(y(ty), (t1, 1)) = uy(b, (t1,5)) = 3 and uy (3 (), (t1,ty)) = ui(d, (t1, 1)) = 2, we obtain

Z%({mgg)ul( t17t2 Z¢1 t27t2 Ul ( 2)) (tlv£2))-

-
t2,ty tz t2

Thus, if ¢, is such that ¢, (t,,t,) = 1, then the requirement for weak NWR is also satisfied.

Second, we consider player 1 of type ¢;. Then we define y : Ty — A(A) such that
y(ts) = y(ty) = cand 5 : Ty — A(A) such that y'(t2) = y'(t,) = b. It is straightforward
to confirm that v,y € Y*[t}, f]. Fix ¢, € A(Ty x T3). Now,

Z ¢1 (527 g2)u1 (y(té)v (tllv 52))

o
t2,ty
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= ¢1(ta, ta)ur (y(t2), (t), ts)) + ¢1(ts, to)uy (y(t;% (t1, ts))
o1 (ty, ta)ur (y(ta), (£, 85)) + dulty, t)us (y(ty), (£, 1))
= 3¢1(ta, t2) + 301 (ta, y) + 361 (L, t2) + 31 (L, 1)

whereas

Z ¢1(£2> 5,2)“1 (yl({{;)’ (tlla 52))
= Gulta,ta)ur (y (), (11, 12)) + (b, ta)ua (3 (12), (£, 12))
+¢1(t27t2)u1( ( ) (tlv )) +¢1(t27 ) (y,(t,2>7(t/17t/2))
- ¢1(t2> t2) + ¢1(t2> : ) + 2¢1(t2a t2) + 2¢1(t2> t2)

This implies that for any ¢; € A(Ty x T),

Zgbl(fg,flz)ul( tl,tg Z¢1 tg,t2 Ul ( ) (tll,fg)>

G
t2,ty tz t

Thus, the requirement for weak NWR is met.

Third, we consider player 1 of type ;. Once again, we define y : Tp — A(A) such that
y(ts) = y(ty) = cand 3 : Ty — A(A) such that y'(ty) = y'(t,) = b. It is straightforward
to confirm that y,y € Y“[t], f]. Fix ¢1 € A(Ty x Ty). Now

Z ¢1(ta, flz)ul(y(t;)a (t1, t))

= Gulta, ta)ur (y(ta), (1], 12)) + dr(ta, ty)ur (y(L3), (), 1))
o (ty, to)ur (y(ta), (t, 1)) + duta. to)ua (y(ts), (£, 15))
= 301(ta, t2) + 301(ta, ty) + 301 (ty, t) + 361 (ts, o)

whereas

Z ¢1 (527 g2)u1 (y/(i;)v (tlllv ng2))

= ¢i(ta, ta)ur (yl(t2), (tlllat2)) + ¢1(ta, ty)un (y,(t;% (tg,tz))
o (ty, ta)ur (y (f2), (81, 1)) + d1(ty, to)ur (v (£5), (1, 15))
= 21 (ty, ta) + 201 (ty, ).
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This implies that for any ¢, € A(Ty x Ty),

Z%(gz,gg)m( ), (t1,2)) Z¢1 fa,a)u (y (£), (£7, £2)).

~
to ,t2 tz t2

Thus, the requirement for weak NWR is satisfied as well.

Fourth, we consider player 2 of type ts. Then we define y : T} — A(A) such that
y(t) = y(t)) = y(t)) = ta+ cand y : Ty — A(A) such that y'(t;) = y'(t;) = y(t]) =b.
It is straightforward to confirm that v,y € Y3"[ts, f]. Fix ¢p € A(Ty x Ty). Now

Z¢2 b, )ua(y(t), (B 1))

tlt

= ga(tr, t)us(y(tr), (tr,t2)) + do(te,t ) 2 (y(t), (t1,2)) + da(te, ) Jua(y(t]
ooty t)us (y(th), (£, t2)) + da(ty, £ 2(y(t,1 (1, t2)) + da(ty, £ Jua(y(
oty t)uz (y(t), (1, t2)) + @a(ty, t)ua(y(ty), (t1,82)) + da(ty, £y )ua(y(

= 2(¢1(tr,t1) + 1t 1) + 1 (tr, 1)) + §(¢2(t1, th) + ¢a(ty, 1) + Pa(ty, 1))
+2(ha(t), 1) + oty 1)) + Pa(ty, 1)),

1"

,(t1,t2))
1), (th,2))

)
b
ty), (1, t2))

whereas

Z% tl, Jus(y ) (t1,12))

= ¢2(t1>t1)u2( (1), (t1, 1)) + da(tr, 1)z (' (1), (1, t2)) + Galte, t)ua(y (1)), (1, 1))
oty t)ua(y (), (£, 1)) + da(ty, t)ua (y (1), (1, 12)) + a(ty, 1 ualy (£1), (£, 12))
oty t)uz (v (1), (), 1) + G2(ty, t)ua (Y (1), (£, 12)) + da(t), 1) )ualy (1), (£, t2))

= Go(ty, 1) + da(ty, 1) + da(ty, 1)

This implies that for any ¢, € A(Ty x T1),

Z% t17 Yua(y(t)), (F1, t2)) Z¢2 t1, Jus(y ) (t1,t2)).

t1t t1t

Thus, the requirement for weak NWR is also met.
And finally, we consider player 2 of type t,. Then we define y : T} — A(A) such that
y(t) = y(t)) = y(t)) = b+ jd and ' : Ty — A(A) such that y'(t,) =y () = y(t)) = c.
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It is straightforward to confirm that y,y € Y3*[ty, f]. Fix ¢y € A(Ty x Ty). Then

Z% tl, Jua(y 1) (t17t2>)

= ¢2(t1>t1)u2(y(t1)> (ti,ty)) + da(tr, t)ua (y(ty), (b1, 15)) + alts, 6 ua(y(t)), (t1, 1))
oty 1 )ua(y(t), (t1, 1)) + d2(ty, 1) ua (y(1y), (B, 15)) + Galty, 1) ua(y(t)), (£, 1))
+oa(t), 1) us (y (), (8, 1)) + Galty, 1 )ua(y(t)), (81, 1)) + Gty 1 ua(y(t)), (81, 15))

= g(ﬁbl(tbtl) +ou(te, 1) + du(te, 1)) + §(¢2(tl1at1) + dalth, 1)) + dalt, 1))
+2(a(ty, t1) + Gty 1)) + a(ty, 1))

1"

)
t

whereas

Z¢2 t1> Juz(y ( )(t1>t2))

tlt
o

= ¢a(ty, t1)us(y "(t), (t1,t )) + po(ty, t))u 2(y (/1)>(t1,t/2)) + goltr, t)ua(y (1)), (t1,15))
+0a(th, ) ua (Y (1), (£, 1)) + Gty 1) ua (¥ (1), (B, 15)) + da(ty, 1 ualy (1)), (11, 15))
1), (85 83)) + da(ty, ) uz (y (81, (8, 82)) + dalty, £ ualy (1)), (87, 15))
= Gats, t1) + alts, ) + da(tr, ).

+oo(t) t)us(y (¢ ’

This implies that for any ¢, € A(Ty x T7),

Z¢2 t17 Jua(y t17t2 Z@ tla Jua(y ( )(tlatz))

tlt

Thus, the requirement for weak NWR is satisfied.
We therefore conclude that f satisfies weak NWR. O

We now show that the SCF f is implementable in interim rationalizable strategies.

Claim 7.6. The SCF f is implementable in interim rationalizable strategies by the canon-

1cal mechanism we used in Theorem 6.3.

Proof. We have shown that the SCF f satisfies weak IRM and weak NWR. Thus, by
Theorem 6.3, f is implementable in interim rationalizable strategies by the canonical

mechanism used in the proof of the theorem. O

We further claim that there are no mixed Bayesian equilibria in that canonical mech-

anism.
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Claim 7.7. There are no mized Bayesian equilibria in the canonical mechanism imple-
menting the SCF f used in Theorem 6.3.

Proof. Since the SCF f fails BM, which is a necessary condition for Bayesian implemen-
tation, in particular it cannot be implemented in equilibrium (mixed or pure) by our
canonical mechanism.'? But every strategy profile induced by an equilibrium is rational-
izable. Therefore, if there are any equilibria in the canonical mechanism, their outcome
should be the SCF (because the SCF is implemented in rationalizable strategies). It then
follows that the reason for the failure of implementation in Bayesian equilibrium by the

canonical mechanism is that it does not have any equilibria in mixed or pure strategies. [

To illustrate the fact that there are no mixed Bayesian equilibria in the canonical

mechanism, we consider the following strategy profile o where o;(t;) = (m}, m?, m?, mj):

e m![i] =t; (i.e., each player announces her own type truthfully)

e ml[2] = t, and mi[l] = ¢; (i.e., player 1 always announces t, as player 2’s type
and player 2 always announces t; as player 1’s type in the first component of the

message)

e m? = m2 =1 (i.e., each player announces 1 in the second component of the message)

By Step 1 of the proof of Theorem 6.3, every rationalizable strategy profile induces
Rule 1. By construction, the strategy profile o induces Rule 1. In Step 3 of the proof
of Theorem 6.3, each such o;(t;) is rationalizable. However, we argue that the strategy
profile ¢ does not constitute a Bayesian equilibrium. If this were true, either player 1 of
some type or player 2 of some type has a profitable deviation that triggers Rule 2-1. We
indeed show that type ¢, of player 1 has a profitable deviation that triggers Rule 2-1.

Player 1 of type t; receives the following payoff under o:

UL(fIt) = 0.99 x 4+ 0.01 x 3 = 3.99.
Define 3 : Ty — A(A) such that y(t;) = y(t,) = 0.99 x a + 0.01 x b. Then, we obtain

Uy (ylt)) = 0.990 (alt1) + 0.01U; (bl¢1) = 0.99 x 4 + 0.01 x 0.03 = 3.9603 < 3.99,

12See Postlewaite and Schmeidler (1986), Palfrey and Srivastava (1989), and Jackson (1991) for the
necessity of BM for implementation in pure Bayesian equilibrium, and Serrano and Vohra (2010) and
Kunimoto (2019) for the necessity of mixed BM for implementation in mixed Bayesian equilibrium. Note

that mixed BM is a strictly stronger condition than BM, as shown in Example 1 of Serrano and Vohra
(2010).

41



where Uy (alt;) = 4 and Uy (b|t;) = 0.03. This implies that y € Y{*[t1, f]. Next, we compute
Uy (y|ty) = 0.99U1 (alty) 4+ 0.01U; (b]t}) = 0.99 x 44 0.01 x 2 = 3.98 > 3 = U;(f]t,),

where U, (alt;) = 4 and Uy (b|t}) = 2. Define ry = (1}, 13, m3,m?) as being the same as
o1(t,) except that we set m3[t;] = y and m? as an integer high enough. Then, 1, becomes
type t,’s profitable deviation that triggers Rule 2-1 where player 2 announces m3[1] = t;.

This shows that ¢ is not an equilibrium.

8 Discussion of Other Issues

In this section, we briefly discuss and raise other questions that are connected to our

work.

8.1 Finite Mechanisms

Bergemann and Morris (2008) shows that, if an SCF f is implementable in rationalizable
strategies by a finite mechanism, it satisfies IRM. Therefore, it follows as a simple corollary
of our Lemma 5.8 that, if an SCF f is implementable in rationalizable strategies by a
finite mechanism, it satisfies BM. It also follows that, if an SCF satisfies weak IRM but
not IRM (as in Example 7.1), the SCF could be implemented in rationalizable strategies,
but the implementing mechanism could never be finite.

For complete information environments, Chen et al. (2020b) characterizes rational-
izable implementation by means of finite mechanisms when lotteries and transfers are
allowed. The characterization is in terms of Maskin monotonicity®, a strenghthening of
Maskin monotonicity.'® Chen et al. (2020a) also shows, in the same environments, that
Maskin monotonicity is necessary and sufficient for Nash implementation in finite mech-
anisms, thereby identifying a class of domains for which rationalizable implementation is
more restrictive than Nash implementation. However, this result does not stand if one
performs robust implementation: as shown in Kunimoto and Saran (2020), using finite
mechanisms, robust implementation in rationalizable strategies and in interim equilibria

are equivalent.

13This condition features in Bergemann et al. (2011) for the rationalizable implementation of SCFs,
albeit allowing general mechanisms.
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8.2 Complete information environments

Example 7.1 shows that rationalizable implementation could be more permissive than
equilibrium implementation. Interestingly, this relation reverses in complete information
environments for SCF's, that is, equilibrium implementation of SCF's is more permissive
than rationalizable implementation in complete information environments. Bergemann et
al. (2011) show that the necessary condition for rationalizable implementation is stronger
than Maskin monotonicity, which is necessary for Nash implementation (Maskin, 1999).
They also give an example of an SCF that is implementable in Nash equilibrium but not in
rationalizable strategies. Xiong (2018) provides a complete characterization of SCFs that
are implementable in rationalizable strategies. For the sufficiency part of the argument,
he constructs a mechanism in which the set of Nash equilibria is nonempty; therefore,
the mechanism implements the SCF both in rationalizable strategies and Nash equilib-
rium. However, we emphasize that the restriction to SCFs is not innocuous. Indeed,
as shown in Kunimoto and Serrano (2019), when it comes to multi-valued social choice
correspondences, rationalizable implementation is more permissive than equilibrium im-

plementation in complete information environments.

9 Concluding Remarks

We have proposed weak interim rationalizable monotonicity (IRM) as a novel condition
and showed that it is a necessary and almost sufficient condition for interim rationalizable
implementation of social choice functions. We also show by means of an example that IRM
and Bayesian monotonicity are not necessary for interim rationalizable implementation.
This suggests that interim rationalizable implementation can be more permissive than
Bayesian implementation. We plan to generalize the findings in this paper to multi-
valued social choice rules, i.e., social choice sets, in a separate paper. We conclude the

paper with mentioning two open questions left for future research.

Double implementation: The foregoing discussion may lead to the question of double
implementation in Bayesian equilibrium and rationalizable strategies. Let BT™) be the

set of (possibly mixed) Bayesian equilibria in the game I'(T"). That is,
BT = {5 € 3| o constitutes a Bayesian equilibrium of the game I'(T)},

where ¥ = ¥y x -+ x X, and ¥; = {0y| 0; : T; — A(M;)}. Recall that any message profile
that is played by some types in a Bayesian equilibrium is rationalizable for those types.

This leads to the following definition of double implementation:
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Definition 9.1. A mechanism I' doubly implements an SCF f in Bayesian equilibria
and rationalizable strategies if there exists an SCF f &~ f such that the following two

conditions hold:
1. Nonemptiness: B'™) =£ ().
2. Uniqueness: for any ¢t € T, m € ST@(t) implies g(m) = f(t).

As we argue in the example of Section 7 that IRM is not necessary for interim ra-
tionalizable implementation and our canonical mechanism exploits the feature that there
are no mixed Bayesian equilibria, one could investigate the connections between IRM and

double implementation.

Responswe SCFs: An SCF f is responsive if, for all ¢ € I and t;,t;, € Tj: t; # t; =
t; 76{ t;. Otherwise, f is nonresponsive. Then, for a responsive SCF, one could also
investigate whether weak IRM and IRM are identical conditions. It is possible that the
global inequalities embodied in the definition of responsiveness leave room to translate

weak refutability into strong refutability, which makes weak IRM and IRM equivalent.

Appendix

Proof of Lemma 5.5: Pick any deception 3 that is unacceptable for an SCF f.

(Only-if part) Suppose f satisfies IRM. Then, there exist i € I, t; € T;, and t; €
Bi(t;) satisfying t; 742f t; such that for all ¢; € A(T_,- x T_;) satisfying ¢;(t_;, t_;) >
0=t € By(te) and m(t:)[t—i] = D7 .o, Gi(t—i 1) for all t_; € T_;, there exists
y € Ni.er, Yills, f] such that

Z Gilt i T-i)ui (y(T-), (ti,t_s Z Gilt iy Toi)us (F(t, o), (ti, i)

We argue that the tuple (z',t,-,t;) satisfies the requirement for strong refutability of
B. Pick any belief v; € A(T_; x T) satisfying ¥;(t_;,t) > 0 = t_; € B_;(t_;) and

T (tz)[t_l] = ZfET Qﬂi(t_i, tN) for all t_i S T—i-
Let gb; € A(T_; x T_;) be such that, for all t_;,t_; € T_;,

Bi(ti ;) sz toi it

Then, by construction, ¢;(t_;,t_;) > 0= 1_; € B_;(t_;) and m(t;)[t_;] = Db T, by(t_i t_;)
for all t_; € T_;. Therefore, it follows from IRM that there exists y € mt} T, Y;[ti, f] such
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that

Z Gyt i t_i)u; (y (F-5), (ti,t_s Z Oy (t—in Ti)ui (F(ti ), (tints)). (7)

Define the SCF f* such that f'(f) = y'({_;) for all £ € T. Then f (;,-) =y for all ;.
Hence, f is unresponsive to agent i’s type and f (f;,-) € Y;[t;, f] for all #;. Moreover, it
follows from (7) that

Z¢z t—za uz tzut sz t—Zu ul ) (t“t ))

t_it tid

Z Cb t—u U; (t—i)a(tiat—z’))
> Z byt Eoiyui (f (. T20), (tint=s)

t_id;

_ Z ity s (F(85,F0), (s t3)).

Thus, [ is strongly refutable.

(If-part) Suppose that every unacceptable deception for f is strongly refutable. Then,
there exist i € I, t; € T}, and t, € SB;(t;) satisfying ¢, 762f t; such that for all ¢, € A(T_; xT)
satisfying ¢;(t_;, %) > 0= 1_; € B_;(t_;) and m;(t;)[t_s] = Y ier Vit t) forall t_; € T_;,
there exists an SCF f' such that f' is unresponsive to agent i’s type, f (f;,-) € Yi[ts, f]
for all ¢; € T}, and

sz t—m uz tzat sz t_z, Uz t lr_i),(ti,t_i)).

We argue that the tuple (i, ;, ;) satisfies the requirement in IRM for deception 3. Pick
any belief ¢; € A(T_i x T_;) satisfying ¢;(t_;,t_;) > 0= 1t_; € B_;i(t_;) and m(t;)[t_i] =
dier, Gi(t_s,t_;) forall t_; € T_;

Let ¢; € A(T_; x T) be such that v,(t_;,t) = 0 whenever #; # t; and ;(t_;, 1) =
¢i(t_i,t_;) whenever f; = t;. Then, by construction, ;(t_;,t) > 0 = t_; € B_;(t_;) and
mi(t)[t=i] = S jep ¥i(ti, ) for all t_; € T_;. Therefore, it follows from strong refutability
of § that there exists an SCF f" such that f" is unresponsive to agent i’s type, f (£;,-) €
Yi[t;, f] for all ¢; € T;, and

> iltess D (11 (@), (tist Zw b D (£ T, (1)) (8)
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Define the mapping y : T_; — A(A) such that y(t_;) = f " (t;,t_;) for all £_; € T_;. Since
f" is unresponsive to agent i’s type, we have y = f" (;,-) for all #;. Hence, y = f (£;,-) €
Yi[ti, f] for all ; € T;. That is, y € Mier, Y;[ti, f]. Moreover, it follows from (8) that

Z Gi(t_s, toi)ui (y(t—s), (ti, Ziﬁ g, Dy @), (i, t_ i)
>Zw tog D (f(t,120), (tiyt—y))

toid

- Z Gilt—i, Ti)ui (f(t, 1), (i ts)).

Thus, f satisfies IRM. O
Proof of Lemma 6.2: We prove separate proofs of the two statements in the lemma.

We prove (a) first. Suppose an SCF f satisfies weak NWR. Pick any i € I, t; € T},
and ¢; € A(T_; x T_;).

First, it follows from the definition of weak NWR that there exists g € Y;“[t;, f] such
that U;(f|t;) > Ui(jlt:). To see this, consider the belief ¢; such that ¢;(t_;,t ;) = 0
whenever ¢, # t_; and ¢;(t_;,t ;) = m(t;)[t_;] whenever ¢t ; = t_;. Then, there must
exist 7,7 € Y;“[t;, f] such that

Us(fIt:) > Ui(7 [t:) Z it us (5 (123), (tirt-4))

> Z ¢z t—z; —i uz (t i)v(ti7t—i>)

77,

= Ui(ﬂ

ti)a

where the first weak inequality follows from the fact that § € Y“[t;, f] and the strict
inequality follows from weak NWR.
Second, since f satisfies weak NWR, there exist y,y € Y:*[t;, f] such that

D diltoat Jui(y(t,), (tit=)) > D> diltoit_Jua(y (t,), (ti t=3)).

’
toit toit

Pick any € € (0,1) and define y: T_; — A(A) such that y*(t_;) = (1 — €)y(t_;) + ey(t_;)
for all t_; € T_;. We similarly define y'*. By construction, y¢ and y'¢ are such that

Us(f1t:) > Us(y‘[ts) and Ui(f[t;) > Uiy “[ts).
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For e sufficiently close to 1, we have

D it Jua(y (), (b t=i) > Y diltit Jui(y“(t,), (tits)).

/
t_it toit

We fix any such sufficiently large e.

Third, since A*(A) is a dense subset of A(A), for each ¢_;, there exists a sequence
of lotteries {¢*(t_;)}2, € A*(A) converging to y“(t_;). For each z > 1, define y*
T ; — A*(A) such that y*(t_;) = ¢*(t—;) for all t_; € T_;. Similarly, we can define
y* : T_; — A*(A) such that y*(t_;) converges to y“(t_;) for all t_; € T_;. As T_; is

finite, there exists a sufficiently large integer z such that
Us(f1t:) > Ui(y*|t:) and Us(f|t:) > Ui(y*[t,).
and

Z ¢i(t—i7 t/—z)ul (t tlvt Z ¢2 t—lv 2 (t/—i)v (ti7 t—i))‘ (9>

/
t_it toit

The first set of inequalities imply that v, y'* € Y;*[t;, f].

)

Lastly, since yfi’f , by construction, assigns a positive weight to all y € Y*[t;, f], if,

7

contrary to what we want to establish, we had

Z ¢z t—w uz yz (t tzvt Z ¢z t—w z (t i)7 (tiat—i»vvy € }/;*[tzvf]v
t _ t _

7 [

then it must be that

Z ¢i(t—i7 t/—z)ul (t tlvt Z ¢z t—z; z (t/—i)7 (tz‘a t—i))7

!
t_it toit

which contradicts (9).

We prove (b) next. Suppose that an SCF f satisfies weak NWR. Pick any ¢ € I, t; € Tj,
and 2} € A(T_;). As a assigns a positive weight to all a € A, if

> touwi(a, (b to) > 2l t)ui(a, (t,t=)),Va € A,

t_; t—;
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then it must be that

Z z (tui(a, (L)) = Z 2t ui(a, (ti, 1),

t_; t_;

for all a,a’ € A. Now consider the belief ¢; € A(T_; x T_;) such that ¢;(t_;, t_;) = z}(t_;)
for all t_; € T_;. Then, by weak NWR, there must exist 7,7 € Y;*[t;, f] such that

> Gt Jwi(G(t,), (tit=)) > D> Giltoit_ (i (£,), (ti t=1)).

’
t_it toit

But the left-hand side of the above inequality equals Y-, =z} (t_;)u; (5(t—;), (t;,t—;)), while
the right-hand side equals Y, 2} (t_;)u, (4'(ts), (t;,t—;)), which contradicts the fact that

type t; is indifferent over all alternatives when she holds the belief z}. O
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