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Local Powers of Least-Squares-Based Test for Panel
Fractional Ornstein-Uhlenbeck Process

Katsuto Tanaka* Weilin Xiao! Jun Yu?
February 25, 2020

Abstract

Based on the least squares estimator, this paper proposes a novel method to
test the sign of the persistence parameter in a panel fractional Ornstein-Uhlenbeck
process with a known Hurst parameter H. Depending on H € (1/2,1), H =
1/2, or H € (0,1/2), three test statistics are considered. In the null hypothesis
the persistence parameter is zero. Based on a panel of continuous record of
observations, the null asymptotic distributions are obtained when T is fixed and
N is assumed to go to infinity, where T is the time span of the sample and
N is the number of cross sections. The power function of the tests is obtained
under the local alternative where the persistence parameter is close to zero in the
order of 1/ (T\/N ) The local power of the proposed test statistics is computed
and compared with that of the maximum-likelihood-based test. The hypothesis
testing problem and the local power function are also considered when a panel of
discrete-sampled observations is available under a sequential limit.

Keywords: Panel fractional Ornstein-Uhlenbeck process, Least squares, Asymptotic
distribution, Local alternative, Local power

JEL Classification: C22, C23

1 Introduction

The fractional Ornstein-Uhlenbeck (fO-U) process, which extends the specification of
standard Ornstein-Uhlenbeck process, has found a wide range of applications in many
fields, including but not limited to economics, finance, biology, physics, chemistry,
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medicine, and environmental studies. The fO-U process is described by the following
stochastic differential equation:

dY (t) = aY (t)dt + dB(t), (1.1)

where a@ € R is the persistence parameter and B(t), a fractional Brownian motion
(fBm) with the Hurst parameter H € (0,1), is a zero-mean Gaussian process with the
following covariance

E [B(t)B(s)] % (L2 4 |82 — [t — s|?) = Ry(s.t). (1.2)

Several methods have been proposed to estimate a in Model (1.1) when a continuous
record of observations is available. For example, the maximum likelihood estimator
(MLE) has been investigated in the ergodic case (i.e. a < 0) by Kleptsyna and Le
Breton (2002) and in the non-ergodic case (i.e. a > 0) by Belfadli et al. (2011) and
Tanaka (2015). The least squares estimator (LSE) has also been studied in the ergodic
case by Hu and Nualart (2010) and Hu et al. (2019) and in the non-ergodic case by
El Machkouri et al. (2016). Moreover, in the ergodic case, the minimum contrast
estimator (see, e.g., Tanaka (2013)) and the method of moments estimator (see, e.g.,
Hu and Nualart (2010); Hu et al. (2019)) have been also investigated.

Unlike estimation, hypothesis testing in the fO-U process is less extensively studied.
To the best of our knowledge, only a few studies are available in the literature. When
a continuous record of observations is available, Moers (2012) proposed a test statistic,
based on the function of Y?(7T') and fOT Y2 (t) dt, to test three types of hypothesis: (1)
Ho: a > 0 against Hi: a < 0; (2) Ho: a < 0 against Hq: « > 0; (3) Ho: a = 0 against
Hi: a # 0. For H > 1/2, Tanaka (2013) studied the testing problem Hy: « = 0 against
Hi: o < 0 based on the MLE and minimum contrast estimator while Tanaka (2015)
considered the testing problem Hy: o = 0 against H;: «a > 0 based on the MLE. For
H € (0,1), Kukush et al. (2017) proposed a test statistic for the sign of « based on a
logarithmic function of Y'(¢). It is worth emphasizing that the test statistic proposed
by Kukush et al. (2017) is based on the observation of Y at one point ¢. Kukush et
al. (2017) presented some algorithms for testing Ho: o < 0 against Hq: « > 0 for all
H e (0,1).

The discussion above focuses on the hypothesis testing problem of an fO-U process
when a single time series is observed (i.e. N = 1). However, more and more panel data
are available, which means multiple time series are observed (i.e. N > 1). Consequently,
hypothesis testing in a panel framework is of interest. Assuming that H is known and
a panel of continuous records of observations is available, Tanaka (2019) investigates
the hypothesis testing problem using the MLE of the panel fO-U process. The limiting
distributions and the local power function are obtained in Tanaka (2019).

In practice, it is rare that a panel of continuous records of observations is available.
When discrete-sampled data is available, it is not clear how to construct the likelihood
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function of a fractional continuous-time model. As a result, it is not known how to do
maximum likelihood. This is why we consider the least squares estimator (LSE) of «
and propose the test statistics based on the LSE in this paper.

To facilitate the construction of the LSE from discrete-sampled data, we first assume
that a panel of continuous records of observations is available. We construct the LSE
of « in the panel fO-U process based on the idea of the LSE for the discrete-time
fractional local-to-unit root model. We then propose three test statistics, depending
onl/2< H<1,0<H <1/2 or H=1/2. The proposed statistics are used to test
the null hypothesis that & = 0. The null asymptotic distributions are obtained when
N is assumed to go to infinity, where N is the number of cross sections. The limiting
power function of the tests is obtained under the local alternative where « is close to
zero in the order of 1/ (T\/N > The limiting power function of the LSE-based tests is

compared with that of the MLE-based test of Tanaka (2019).

When a panel of discrete-sampled observations is available, we introduce three ver-
sions of the LSE of o and three corresponding test statistics. The null asymptotic
distributions are obtained when h is assumed to go to zero and then N is assumed to
go to infinity, where h is the sampling interval between any two consecutive observation-
s. The limiting power function of the tests is obtained. The limiting distributions and
the power function are shown to be the same as those based on a panel of continuous
records of observations.

The rest of this paper is organized as follows. Section 2 introduces the panel model,
the LSE of «a, the null and alternative hypotheses, and the test statistics when a panel
of continuous records of observations is available. The asymptotic properties of the pro-
posed test statistics and their limiting power function are also obtained and compared
with those of the MLE-based test proposed. Section 3 constructs the LSE of «, the
asymptotic properties of the proposed test statistics, and their limiting power functions
when a panel of discrete-sampled observations is available. Section 4 contains some
concluding remarks and directions of further works. All the proofs are collected in the
Appendix.

We use the following notations throughout the paper: -, £, and ~ denote conver-
gence in probability, convergence in distribution and asymptotic equivalence, respec-
tively. Moreover, we will use the notation C' for generic constants depending on H,
which may change from line to line.



2 Model, Estimator, Test Statistics, and Power

2.1 Model and LSEs

Let B(t) be defined on the complete filtered probability space <Q,]—" , P, {‘Ft}te[o,oo)>‘
The panel fO-U model is

dY(t) = aYy(t)dt + dB,(t),Yi(0) = 0,i = 1,..., N, t € [0, 7], (2.1)

where o € R is an unknown persistence parameter and N is the cross-section dimension.
Assume a continuous record of observations is available for Y;(¢) for 0 < ¢ < T and
for alli =1,..., N. Following Tanaka (2019), we assume that B;(t) is independent of
B;(t) for all i # j. When a < 0, Y;(?) is ergodic for all .. When a > 0, Y;(¢) is explosive
and hence non-ergodic for all i. When a = 0, Y;(¢) is null-recurrent for all .

One may test the following one-sided hypothesis

Ho:a=0 against H":a <0, (2.2)

or
Ho:a=0 against HT:a >0. (2.3)

Following Tanaka (2019), we consider the hypothesis testing problems with a local
alternative, that is,

Ho:a=0 against Hf:azé/(TW) with § <0, (2.4)

or

Ho:a =0 against Hf:azé/(TW) with 6 > 0. (2.5)

Note that Y;(¢) reduces to B;(t) under H,.
Let I'(-) denote the gamma function. Tanaka (2019) considered the MLE of « from
a panel of continuous records of observations:

SNy Qi(6)dZ (1)
SN Q2 () dw(t)

&(N,T) = (2.6)



where, for any i € {1,..., N},
d

w(t) = N
k(ts) = k' (s(t—s) "
ko= 2HF<§—H)F(H+%>,
. 2HT (3—2H)T (H + 1)
r(;—H) ’

M) = /Ok;(t,s)dBi(s).

Tanaka (2019) introduces the test statistic v NT& (N, T) and shows that, under the
null hypothesis Hy, as N — oo,

VNTG (N, T) 5 N (0, 6%1) , (2.7)

h
where 1 1

P =73+ 16H (1— H)
Under the alternative, regardless of HZ or HE, Tanaka (2019) shows that, as N — oo,

VNT& (N, T) 5 N (5, BLH) . (2.8)

Therefore, the limiting (local) power function of the MLE-based test is

P <\/N—5HTa (N, T) < z,y) S (,zV - 5\/5_H) ,as N — oo, (2.9)

where ®(-) is the distribution function of N'(0, 1) and 2, is the 100 x~v% point of N'(0, 1).
Tanaka (2019) also gives the exact power function of the test when 7" and N are finite.

The estimator considered in this paper is based on the least squares. To motivate
the LSE from a panel of continuous records of observations, let us first review the idea
of the LSE in the discrete-time model defined by

1 o iid
y; = pyj—1 + v, (1 — L) vi=¢j Yy =0, p=1+ L A (0,0%), (2.10)

where H € (0,1). By definition, v; is a stationary and fractionally integrated process
defined by

B (H-1/2) = T(k+H-1/2)
V]_(l_L> e kz: _1/2 (k'—|— )gj—k-



Model (2.10) is a local-to-unit root model with a fractionally integrated error term.
The LSE of p takes the form of

1 2 n 2
Z] 1 y] ly] o 1 + Z;'Lzl (yj - yj—1> yjfl . 1 + 2 <yn - Zj:l (y] - yj—l) )

ﬁ ~—n 9 n n
Z 1yg 1 Zj:1?/g2‘—1 Zj:1yg2'71

(2.11)
From Tanaka (2017, page 605), for any 0 < H < 1, as n — oo, we have

n

y2 = O, (n*"), Z(yj—yj )P =0,( Zy] L =0, (n*h) . (2.12)
j=1
Denote as Y () the solution of (1.1). Combining (2.11) with (2.12), we get
1y2(1
n(ﬁ—1)£>2—(),when 1/2< H <1, (2.13)
[V () dt
0
— 502 Vi i — Yi— —5A
w2t (p—1) 5 "2 lar(y Yirt) _ 20 when 0< H < 1/2,  (2.14)
Jo Y2 (t)dt f 2(lﬁ)dﬁ
n(p—1 5 Jo Y , when H = 1/2, (2.15)
Jo Y2( )dt
where Ay = 12((2;3];))
2

Borrowing the idea in (2.13), (2.14) and (2.15), we propose the following three LSEs
of a in the panel f{O-U model, depending on the true value of H,

1\ 2
1SN y2(r
& (N, T) = 2sz:2{ ’2( ) , when 1/2 < H < 1, (2.16)
Yt Jo Y2 () dt
1 N
A
a(N,T): —3 2 An ,when 0 < H < 1/2, (2.17)
2
z 1f0 Y; dt
f (t
a(N,T) = “fof 20 d ),whenH:1/2. (2.18)
t
z 1J0 7

To test the hypotheses specified in (2.4) and (2.5), we propose the following three test s-
tatistics, VN (T'a& (N,T) — (H + %)), VN (T*"*'a (N, T) + (H + %) Ag), VNTa (N, T),
depending on the true value of H. The reason why Ta& (N, T) and T?#a (N, T) need

to be re-centered will become clear soon.

2.2 Asymptotic properties and local power of the tests

Since the expressions of the LSE and the test statistic depend on the true value of
H, we consider the hypothesis testing problem for 1/2 < H < 1,0 < H < 1/2, and
H = 1/2 separately. In all cases, Y; (t) = B; (t) under the null hypothesis.
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221 Caseof 1/2<H <1

We are now consider the asymptotic distribution of a properly centered vV NT& (N, T),
which is presented in the following theorem.

Theorem 2.1 For1/2 < H < 1 and under Hy, as N — oo, the asymptotic distribution
of a properly centered NTé& (N, T) is

VN (Td (N,T) — <H+ %)) 5 N(0,0%) (2.19)

2 2HAV)T2(2H+1)  (2H+1)(4H+3
where 0% = (2H + 1) [% + ¢ 4}()4H(+2)+ ) _ ¢ 8’;421(+1)+ )]. For1/2 < H <1 and under

HE or HE, as N — oo, the asymptotic distribution of a properly centered /NTé& (N, T)
. 1 c
VN (Ta (N, T)— | H+ = _
( ¢ < +2))_>N(4(H+1)7(

where Fiy = 3+ 22 B (2H +1,2H + 1) — % and B (-, ) is the beta function.

2H + 1)2FH) : (2.20)

Remark 2.1 When 1/2 < H < 1, as N — oo, the limiting (local) power function of
the LSE-based test s

VN (Ta(N,T) - (H +1)) 5
P( 2H + 1) vy =5 _>®<Z”_4(H+1)(2H+1)\/F_>'

(2.21)
This limiting (local) power function compares to that of the MLE-based test in (2.9).
Figure 1 plots the two sets of limiting (local) power functions for the ergodic alternatives.
The limiting (local) power functions for the non-ergodic alternatives should be the mirror
image to those for the ergodic alternatives for both tests. Clearly, the MLE-based test
is always more powerful than the LSE-based test when 1/2 < H < 1.

Remark 2.2 Under Hy, Té& (N, T) converges in probability to H + % Hence, & (N, T)
1s not a consistent estimator of a. The inconsistency in the LSE is also found in the
case of a single time series; see Xiao and Yu (2019a).

2.2.2 Caseof 0< H <1/2

The asymptotic distribution of a properly centered v NT?#+1a (N, T) is presented in
the following theorem.

Theorem 2.2 For(0 < H < 1/2 and under Hy, as N — oo, the asymptotic distribution
of a properly centered V NT?"+1a (N, T) is

VN (T2H+1a (N, T) + (H + %) AH) 5N (0,0%) (2.22)

7
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Figure 1: Limiting local powers of the LSE-based test and the MLE-based test against
the ergodic alternative H¥ : a = §/(v/NT) (6 < 0) when 1/2 < H < 1.

where Ay =

I'(2—2H) 2 _ A3 (2H+1)! AH+3 ow2(2H+1)\ _ A2 (2H+1)*
r2(2-H) and Ny = = 4 ((4H+1)(4H+2) T THAH+3) > = 7 .
For 0 < H < 1/2 and under HY or HE, as N — oo, the asymptotic distribution of a
properly centered T*"+1a (N, T) is

VN <T2H+1a(N, T) + <H+ %) AH> 5N <%,qu) : (2.23)

Remark 2.3 When 0 < H < 1/2, as N — oo, the limiting (local) power function of
the LSE-based test is

VN (T*"+'a (N, T) + (H + %) Ay) 5
P( A =5 _>¢<Z”_2(H+1)(2H+1)\/1_>‘

(2.24)
This limiting (local) power function compares to that of the MLE-based test in (2.9).
Figure 2 plots the two sets of limiting (local) power functions for the ergodic alternatives.

The limiting (local) power functions for the non-ergodic alternatives should be the mirror
image to those for the ergodic alternatives for both tests. Clearly, the MLE-based test
is always more powerful than the LSE-based test when 0 < H < 1/2.

Remark 2.4 Under Hy, Ta(N,T) converges in probability to — (H—i— %) Hence,
a (N, T) is not a consistent estimator of ce. The inconsistency in the LSE is also found
in the case of a single time series; see Xiao and Yu (2019b).
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Figure 2: Limiting local powers of the LSE-based test and the MLE-based test against
the ergodic alternative H¥ : a = §/(v/NT) (6 < 0) when 0 < H < 1/2.

2.2.3 Caseof H=1/2

When H = 1/2, B;(t) = W;(t), where W; (t) denotes a standard Brownian motion.
Under Hy, we have

S - S WL AW ) S (W) ) 025

SN wEwydt TN [ WE()dt

Consequently, we obtain

Iy Y wE() - 1)
SN W dt

The asymptotic distributions of v NT& (N, T) is presented in the following theorem.

Ta (N, T) =

(2.26)

Theorem 2.3 For H =1/2 and under Hy, as N — 0o, we have
VNT& (N, T) 5 N (0,2) . (2.27)
For H =1/2 and under HY or HE, as N — oo, we have

VNTG& (N, T) 5 N (6,2) . (2.28)
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Figure 3: Limiting local powers of the LSE-based test against the ergodic alternative
HE o= 6/(V'NT) (6§ < 0) and non-ergodic alternative H¥ : o = 6/(v/NT) (5 > 0)
when H = 1/2.

Remark 2.5 When H = 1/2, the limiting (local) power function of the LSE-based test

’ VNT&(N,T) )
P (T < ZW> — (Zw - E) . (2.29)

Remark 2.6 When H = 1/2, the LSE of « is the same as the MLE of . It can
be verified that By = 1/2 in this case. Hence, the limiting distributions in (2.27) and
(2.28) are the same as those in (2.7) and (2.8). Not surprisingly, the limiting power
function in (2.29) is the same as that in (2.9). Figure 3 plots the limiting local power
function against the ergodic and the non-ergodic alternative when H = 1/2.

3 Discrete-sampled Data

In Section 2 it is assumed that a panel of continuous-record observations is available.
In practice, data are almost always available in discrete-time. Therefore, hypothesis
testing for discrete-sampled fO-U processes is of great interest for practitioners. In this

section we assume that a panel of discrete-sampled data Y;(jh), where ¢ = 1,... N,
13=0,1,.... M (:: %), is generated from model (2.1) and observed by econometricians.
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Here, N is the number of cross-sectional units and 7" := Mh is the time span of each
time series with h being the sampling interval between any two consecutive observations.
Based on these discrete-sampled data, we propose the following three LSEs of a:

5 2o Y7 (MR)

& (N, T, h , when 1/2 < H < 1, 3.1
( ) S Yty hY2(jh) / .
1 N
A
a(N,T,h) = % =L when 0< H <1/2, (3.2)
S 2ty hYR(ih)
1 Y2(Mh) — Mh
a(N,T,h) = s Loy (WP (Mh) - >,When H=1/2. (3.3)

Y Y hY?(ih)

Before deriving the power of our test, we first establish a few lemmas.

Lemma 3.1 For all H € (0,1) and a fived T, we have

M- 1 Mh
2 B2

7=0

< orslerpti=e (3.4)

with0 <e< H andp>1, foranyi=1,...,N.

Lemma 3.2 Fora <0, H € (0,1) and a fized T, we have

1 2 1 " H
. ‘ < .
E Y:® (jh) h/o Y2 (t)dt Ch™, (3.5)

foranyi=1,... N.

Lemma 3.3 Let 3 be the class of nonnegative random variables ¢ with the following
property: there exists C' > 0 independent of M such that Eexp{z(*} < oo for any
0<z<C. Fora>0,Hec(0,1) and a fired T, we have

M-1

/Tms)ds—hzmkm

where ( € 3 and for anyi=1,..., N.

< Ce*T¢?h, (3.6)

We are now in the position to report the following three theorems under a sequential
limit, that is, h — 0 followed by N — oo.
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Theorem 3.1 For 1/2 < H < 1 and under Hy, as h — 0 followed by N — oo
and Nhf=¢ — 0 with 0 < € < H, the asymptotic distribution of a properly centered
VNTG (N, T, h) is

VN (Td (N, T,h) — (H+ %)) 5 N(0,0%) (3.7)

where 0% is defined in Theorem 2.1.
For1/2 < H < 1 and under HY or HE, as h — 0 followed by N — oo and NhH~¢ —
0 with 0 < € < H, the asymptotic distribution of a properly centered VNTé& (N, T) is

. 1 c 4] 9
N|(Ta (N, T,h)— | H+ = — (2H + 1) F; .
Vi (raira - (14 1)) SN (i @H 1P R) . 39
where Fy is defined by Theorem 2.1.

When 1/2 < H < 1, as h — 0 followed by N — 0o and NhH#~=¢ — 0 with 0 < ¢ < H,
the limiting (local) power function of the LSE-based test is

VN (Té (N, T,h) — (H +3)) 5
P( (2H + 1) VFx SZ’Y>_>(I)(ZW_4(H+1)(2H+1)\/F_)'
(3.9)

Theorem 3.2 For 0 < H < 1/2 and under Hy, as h — 0 followed by N — oo
and Nh"=¢ — 0 with 0 < € < H, the asymptotic distribution of a properly centered
VNT?H+1q (N, T, h) is

VN (T2H+1a (N,T,h) + (H + %) AH) 5N (0,A%) . (3.10)

where Ay and Ay are defined in Theorem 2.2. For 0 < H < 1/2 and under Hf or
HE, as h — 0 followed by N — oo and NhH=¢ — 0 with 0 < € < H, the asymptotic
distribution of a properly centered T*'**a (N, T, h) is

VN (T2H+1a (N, T,h) + (H + %) AH> 5N (%7)@) : (3.11)

When 0 < H < 1/2, as h — 0 followed by N — oo and Nh=¢ — 0 with 0 < e < H,
the limiting (local) power function of the LSE-based test is

. (m (T?+'& (N, T, h) + (H + 1) Ay)

)
< — @ —
hye = Z”) (Z” 2(H+ 1) (2H + 1) \/IH> ’
(3.12)
where Iy is defined in Theorem 2.2.

12



Theorem 3.3 For H = 1/2 and under Hy, as h — 0 followed by N — oo and
NhY2=¢ — 0 with 0 < € < 1/2, we have

VNT& (N, T, h) 5 N(0,2) . (3.13)

For H = 1/2 and under HY or HE, as h — 0 followed by N — oo and Nh'/>=¢ = 0
with 0 < e < 1/2, we have

VNTG& (N, T,h) 5 N (5,2) . (3.14)

When H =1/2, as h — 0 followed by N — oo and Nh'/>=¢ — 0 with 0 < € < 1/2,, the
limiting (local) power function of the LSE-based test is

P(\/NT&(N,T,h) S%) —>(I)<Zﬂ,—i> _ (3.15)

V2 V2

4 Conclusion

This paper considers the estimation problem and the hypothesis testing problem for the
persistence parameter, «, in the panel fO-U process based on the LSE, with a known
Hurst index H € (0,1). The proposed LSE takes different expressions depending on the
true value of H, namely, whether 1/2 < H < 1,0or 0 < H < 1/2, or H = 1/2. Similarly,
the test statistics, which test the null of a = 0, take different expressions under these
three cases. When a panel of continuous record observations is available, we derive the
local power functions of the test statistics in the three cases, facilitating the comparison
of the efficiency of the proposed tests based on the LSE with those based on the MLE.
It is shown that when 1/2 < H < 1 and 0 < H < 1/2, the proposed tests based on
the LSE are less powerful than those based on the MLE. However, when H = 1/2, the
proposed test based on the LSE is as powerful as that based on the MLE.

When a panel of discrete-sample data is available, it is not known yet how to apply
the MLE. Hence, it is unclear how to construct the test statistic based on the MLE.
We then propose the LSE of o based on a panel of discrete-sample data and construct
the test statistic under each case of the true value of H, whether 1/2 < H < 1, or
0 < H < 1/2, or H=1/2. We also we derive the local power function of the test
statistics in the three cases under the sequential limit.

This study also suggests several important directions for future research. First,
in the present paper the cross-sectional independence was assumed, that is, the fBm
By(t), ..., By(t) which generate the panel fO-U processes are independent of each other.
An extension to the cross-sectional dependence is an important topic to be pursued.
Second, this paper assumes that a continuous record of the fO-U process is available for
the development of asymptotic theory. In practice, it is usually only possible to observe
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these processes in discrete-time samples (e.g., stock prices collected once a day or, at
best, at every tick). Therefore, the hypothesis testing of the sign of the mean-reversion
parameter in the panel fO-U process based on discrete observations has been an active
research area and at the same time it posed a challenging problem. Third, this paper
considers the hypothesis testing problem of the panel fO-U process for all H € (0, 1).
However, the fractional version of the Cox-Ingersoll-Ross process, which is called the
fractional Cox-Ingersoll-Ross process, is extensively used for capturing the volatility of
an asset price. Actually, under some mild conditions, this process is strictly positive and
never hits zero. Due to zero probability of hitting zero, the fractional Cox-Ingersoll-Ross
process is suitable for modeling asset volatility and interest rates. Hence, statistical
inference for the fractional Cox-Ingersoll-Ross process has attracted much attention
recently. The main difficulty lies in the fact that it is not clear whether the solution
exists for the case H < 1/2. It would be interesting to estimate the unknown parameters
or consider the hypothesis testing of the fractional Cox-Ingersoll-Ross process, which is
an ongoing project and will be reported in later work.

5 Appendix

5.1 Proof of Theorem 2.1

Under Hy, using (2.16) and the scaling property of the fBm, we obtain

Iy BT Iy B YN U

T&(N,T) = = = ,
D ZLIKB?(t)dt T2 SN B2 (Hdt SN, Vi(1)

where U; (1) = 1B? (1) and V; ( fo B? (t) dt.
Elementary calculations yleld

E(U: (1) = (B (1) =

Var (U; (1)) = }lVar(B?(l)):%, (5.3)

E(V;(1)) = /OE(BE(t))dtz/O t2Hdt:2H1+1. (5.4)

Using (5.1)-(5.4), we obtain, as N — oo,

: (5.2)

N | —

1
Ta (N, T) % =H+5.

2H+1

Consequently, we consider the following statistic

Ao -(1+3) - BRI,
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Applying Isserlis’ Theorem (or Wick’s theorem) from Isserlis (1918) and (1.2), we obtain

E [B? (8) Bf (t)} = E [Bi (S) B; (S)] E [Bi (lf) B; (t)] + 2 [Bi (8) B; (t)] E [Bi (S) B; (t)]

1 2
_ —<52H—|—t2H—|S—t|2H> 4 g2Hy2H (5.6)
2
Using (5.6), we have
1 4H+3 1 1
/E[BZ()BZ<t>]dt 4H+1X2+2H+1 B((2H +1,2H +1) ,
1,1 AH +3 212 (2H + 1) 1
E [B? (s) B? = -
// [ B} (s) B ()] dsdt (4H +1)(4H +2) T (4H +3) +(2H+1)2’

where B (+,-) denotes the beta function. Using the above results, we have

E <U (1) — (H + %) v; (1))2]

= E Ui2(1)_(2H+1)Ui(1)‘/i(l)+<H+%)2‘/i2<1)
= iE [Bf(l)]—2H2+1E{Bf(1)/O Bf(t)dt]—l—(]—l—i—%) E (/0 Bf(t)dt)]
— Z_QHQH/OE[B§(1)B§(t)}dt+( )// E [B7 (s) B} (t)] dsdt
_ 3 (g LY [4H3 1 1 T2 (2H +1)
- Z_( +§) [4H+1X§+2H+1 F(4H+2)}

+( ) { 4H +3 2% (2H +1) 1 ]

(4H +1)(4H+2) TMAH+3) ' (2H+1)?

1 @H+DT?@H+1) (2H+1)(4H +3) 57
R ) 8(4H +1) (5.7)

Combining (5.2), (5.4), (5.5) with (5.7), we obtain (2.19).
Now, we consider (2.20). Put dx = §/v/N for notational simplicity. Using the scal-
ing property of fBm and using o; = dx /T, we can write the following result immediately

1N 26N T —uéy 2
30 € (fo e dB,; (u)>

2
S gy eon (g emondBy (u))

LYY X2 (1)
YLy fo XE(t)dt

Ta(N,T) =
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Using the fact e* = 1+ x + O(z?) as z — 0, we have, as oy — 0,

E[X7(t)] = H(2 25’”// N gy — P2 dudy
= H(2H — %Nt / / lu — o[22 dudv
t
—(5N/ / (u+v) ]u—v[2H72dudv+O(5]2V)}

_ 25Nt |:t2H 5 H 2H — 1 / / u + 1) v|2H_2dudv + O (512\7)

_ 25Nt [tQH 6 t2H+1+O 52
= 4+ 65"+ O (03) - (5.9)

Combining (5.8) with (5.9), we get

lim E[Ta(N,T)] = H + % | (5.10)

N—o00
Applying (5.8) and (5.10), we consider the following result

1)):\/%2?{1(%)92(1) (H )foX2 dt)

VN <Td (N,T) — (H +5 e . (5.11)

Using (5.9), we have
1 2 1 ! 2 2
E|5X; (1) — H+ 5 X7 ()dt| = =(1+én+0(6%))
0
1 1 1 )
- (H+§> <2H+1 +2H+25N+O(5N)>

1
- 5N<1— H+2)+O(512V)

N | —

2 2H+2

= 4(}%1)% +0(6%) - (5.12)

Let w11 = E [Xz (S) Xz (S)], W12 = E [Xz (S) Xz (t)] and Wog = E [Xz (t) X7, (t)] Then,
using (5.9), we have

wip = T4+ 0 (6%) (5.13)
wer = T+ T+ O (6%) (5.14)
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Moreover, an elementary but tedious calculation yields

s t
Wiy = E[e‘m/ e NU(B; (u)e‘sNt/ e NYqB; (U):|

0 0

t
= NG (20 — 1)/ / e N gy — o PH =2 qudy
0 Jo

= NGHH (2H +1) /
0

/Ov (1—6n(u+v)+0(63)) (v— w)?

*/t (L= by (u+0)+ O (%)) (=) du|dv

_ eéN(s-i-t) [% (82H + 20 _ |S N t|2H)

+%N (=T — 2T 4 (s + 1) |s — ") + O (6%) ]

= %(SQH—FtQH—’S—t‘ZH)—i-%V(StQH—I—tSQH)—l—O(d]QV), (5‘15)

Applying (5.13)-(5.15) and Isserlis” Theorem (or Wick’s theorem) by Isserlis (1918),
we can see that

E [XZQ (s) X7 (3)} = 2w}, + wiws

_ % (SZH +2H s — t,QH)2 4 2Hp2H

+5N<(52H + 2 — s — 7)) (st* + $*Mh)

| g2HHL2H | Sth2H+1) +0(8%)
= g(s,t)+nh(s, 1)+ O (6%) , (5.16)

where h (s, t) = (s + 2 — |s — t|27) (st? 4 2H1) 4 2HH12H 4 2H2HHL and g (s,t) =

% (SZH 4g2H s — t|2H)2 4 g2H2H
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Using (5.16), we can obtain

E[/OI/OIXE(S)Xf(t)dsdt] = // stdsdt+5N// stdsdt+(9(62)

4H + 3 212 (2H + 1

(4H + 1) (4H +2) F(4H+3)

2 1
+5N<(H+1)(2H+1) T
|

(H+1)(2H +1) (4H + 3)

4H + 3

(2H +1)°

B(2H + 1,2H+2)> +0(6%) . (5.17)

Using (5.16) again and following similar arguments as above, we can derive that

E[Xfu)/o Xf(t)dt] = /0(g(l,t)+5Nh(1,t)+(’)(6]2\,))dt
4H +3 1

= - —~ B(2H +1,2H + 1)

24H+1) 2H+1

+on L + L +1+ L
H+3i H+4+1 2 4H+1

—B(2H +1,2H +1) — B(2,2H + 1)) + O (63]5.18)

Combining (5.17) with (5.18), we have

(52 (103) [ 0]
- et - (neg)e (o [ xron)+ (1) e

= Fy+0vGy ++40 (63) ,

E

([ xr0s)]

(5.19)

H+1

_1
where Fyy = 3+ 2550 (2H + 1,20 + 1)~ 200159 ¢ PUs)
<H+§)B(2 2H+1)+%B(2H+1,2H+1).

T 2(H+1)(4HF3)

Finally, applying (5.11), (5.12) and (5.19), we obtain (2.20). This concludes the

proof of the theorem.
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5.2 Proof of Theorem 2.2

We first focus on (2.22). Under H, and using (2.17), we have

—LTRHALN Ay —1NA
T2HH g (N, T) = y N 2~ (5.20)
z 1.[0 B dt i:I f() Bz (t) dt

A standard calculation yields

/1E [B? (t)] dt = L (5.21)

2H +1
By combining (5.20) with (5.21), we can obtain

16 (N, T) 5 (H + 1> Ay . (5.22)

2
Consequently, under Hg, we have

. AHZ 1—(2H+1)folB§(t)dt
(s (s ) ap) - FEEL L GTDRIHO2)

which implies (2.22) by similar arguments as (5.7).
Under H;, we can write

—lNA
T+ (N, T) = - (5.23)
z 1 fD X2 dt

where X; (t) = e°N! f(f e ON3dB; (s) = nedNt fo e NS B, (s)ds + By (t).
Using (5.22) and (5.23), we consider the following statistic

(2

VE (rmia )+ (14 3) Au) = VA —a N+ (4 5) Au s o X2
7 11f0X2 dt

Using the definition of X, (¢) and Corollary 1.44 in Kukush et al. (2018), we have
t ¢
E [Xf (t)} = H/ wH=edNu gy + H/ w10 2w gy,
0 0
t
_ H/ (14 byt O (83)) du
0

t
+H/ w1+ 6y (2t — ) + O (0%)) du
0

= T4t + O (63) - (5.24)
Using (5.24), we can easily obtain
! 2H +1
]E{l—(QHJrl)/ Xf(t)dt} = 2H+ oy + 0O (%) - (5.25)
0

Combining (5.23) and (5.25) with (5.19), we obtain (2.23).
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5.3 Proof of Theorem 2.3

Under Hy, using (2.26), we can easily obtain

i (W2 (1) - 1)

VNT@& (N, T) =

LY fy WE () dt

7

Using the properties of the standard Brownian motion, we have

Combining (5.26), (5.27), (5.28) with (5.29), we can easily obtain (2.27).
On the other hand, under H; : a = %N with oy = \/iﬁ, we can obtain

P (X (1) 1)

Ta (N, T) =

where X; (t) = &N [! e ONSdW (s).
Elementary calculations yield

E[X7(t)] =t+dnt> + O (63) -

Combining (5.30) with (5.31), we have

YL fy X2 (t)dt

0,
1
27

1
5"

e TN (X2 (1)~ 1)

VNT& (N, T) =

5 N(5,2),

LN fy X2 (1) dt

which is (2.28) and hence, completes the proof of the theorem.

5.4 Proof of Lemma 3.1

|Bi(t)—Bi(s
|t_s|H7€

Let n; := sup
t#s€[0,T

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

I with 0 < € < H and 1, := 2 sup |B;(u)|. Using the self-
u€[0,T]

similarity property of the fBm, for any p > 1, we have E [p}] = CT?¢ and E [}] = CTPH.
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Then, using the Cauchy—Schwarz inequality, we can calculate the difference between the
integral and the corresponding integral sum as

) 1 Mh )

, 1 Mh
— — B2 (ih) — —— B t
E . hB; (jh) Mh/o S (t)d

E

M—-1

1 /(j+1)h y . 1 (GJ+1)h )
B2 (jh)dt — —— / B2 (1) dt
M

I
=

j=0 7k
9 M-1 .(j+1)h . o
< 7 / [jh = "7 E [mn.] dt
j=0 “Jh
M—-1 i
2 U+Dh e 1/2 1/2
< [l @ ) (R )
j=0 73
2 _p
< TTf(EJFH)hH_E(Mh), (5.33)

which is (3.4) and the proof of this lemma is completed.

5.5 Proof of Lemma 3.2

When « < 0, (2.1) is stationary. For any ¢ = 1,..., N, we can see that (2.1) has a
unique solution, which can be presented as

Y; (t) = B; (t) + ae™ /t B; (s) e *ds. (5.34)

From (5.34), for any i = 1,..., N, we can easily obtain E[Y; (¢)] = 0 and, as t — oo,
HT(2H)

t
Var|Y; (t)] = H/ 2 (e 4 eo‘(%_z)) dz — W
0 a
Since Y; () is normally distributed for all H € (0,1) and p > 1, there exists a
positive constant C' such that

E|Y; () < C. (5.35)
On the other hand, for any i = 1,..., N, we can write the unique solution of (2.1)
as
t
n@:a/yﬂg@+&@y (5.36)
0
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Using (5.36), for any i = 1,..., N, we get
t
Vi) -Yi)l <a [ Yiwldut B0 - Bi(s)] (5.37)
Applying the Cauchy-Schwarz inequality, (5.35) and (5.37), we obtain

E[Y, ()~ Y;(s)? < 20°E ( / |n<u>|du) LR (B, (1) - B, (5))°

IN

t
2a2(t—s)/ E|Y; (u)|* du+ 2 (t — s)*"
< Clt—s*. (5.38)

Moreover, since Y; (t) — Y; (s) has a normal distribution, using (5.38), for all H €
(0,1) and p > 1, there exists a positive constant C' such that

EY;(t) = Yi(s)] <Ot — s (5.39)

Using the Cauchy-Schwarz inequality, (5.35) and (5.39), we have

1 M-1 1 Mh
E|—Y Y2(jh)——— [ Y2(@)dt
_MjOZ(J) Mh/o 2 (¢)
[ 1 M-l 9 1 Mh )
h 2 hY; (jh) Mh/o 2 (t) dt
1 & eron ) 1 ]\f GHDR
= E|— / Y, (jh)dt—— / Y, (t)dt
L h 7=0 jh Mh =0 jih
1 MZI rG+DA
~ Mh / E[(Y: (jh) = Y (1)) (Yi (jh) + Y (1))] dt
j=0 /b
M-1
1 (G+1)h .
=T /h VELY: Gh) = Y (0] E [V (B + Yi (1))t
j=0
M-1 (j4+1)h
= < / ljh — t|"dt
T = )y
C H
= g, (5.40)

which implies the desired result of (3.5).
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5.6 Proof of Lemma 3.3

Using (5.34) and the well known result of supy,<, |B; (s)| < (¢ log®t + 1) ¢, for any ¢
and any ¢ = 1,..., N, we have

sup |Y; (u)] < aeo‘s/ e " sup |B;(t)|du+ sup |B;(u)

0<u<s 0 0<t<u 0<u<s
< ae®( T (uH log® u + 1) du + (sH log?® s + 1) ¢
< Cae™( + (SH log? s + 1) ¢
< (Ce* + sMlog?s) (. (5.41)

Let us mention that, for any 0 < s < t < oo, we can obtain the important result of in-
crements of the fBm, that is, | B; (t) — B; (s)| < (t — s)™ <|log (t—s)|"* + 1> Clog (t + 2).
See Remark 3 of Kukush et al. (2015) for details. Consequently, for any kh < s <
(k+ 1)h and any 0 < r < H, by a similar argument as Remark 3 of Kukush et al.
(2015), we can obtain

[Bi(s) = B, (kh)| < ¢(s—kh)" (|log (s — kh)["* + 1) log (s +2)
— ¢ [(s = km)" log (5 — kR)[V* + (s — khﬂ log (s + 2)

C(s—kh)" " log (s +2) . (5.42)

(5.

42), we have, for s € [kh, (k+ 1) h],

<
Using (5.36), (5.41) and

sup |Y;(u) =Y;(kh)| < « ]Y,-(u)|du+ sup |B; (u) — B; (kh)|

kh<u<s kh kh<u<s

< ((hs"log?s + he™ +h" " log(s +2)) . (5.43)

Let 1,¢/p) be an indicator function, which takes the value 1 if x € [a,b) and 0
otherwise. Then, using (5.41) and (5.43), we have

T M-1
| vz —n Y v o)
0 k=0

T
< [0 (6) = Y2 ) L
0

IN

T
/ Y (5) — Y (k)| Y () + Vi (k)| Locungosmds
0

T
< 2 / Y, (s) = Y (k)] sup [V ()] Locionqesmds
0

0<u<s

IN

T
2(2/ [(hs™ log® s + he™® + " log(s + 2)) (Ce* + s log®s)] ds
< C€2aTC2h , (544)
which implies (3.6).
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5.7 Proof of Theorem 3.1

Under H,, using (3.1), (3.4), (2.19) and Slutsky’s theorem, as h — 0 followed by
N — oo and NhH ¢ — 0 with 0 < ¢ < H, we obtain

W(T@(N,T,h) - (H+ %))

(Bt (r-)

B 3 i B (T) _ 1
- Zfil[%zjﬂngf(jh) o B (ydt+ £ [ B2 (¢ dt} (H+2>

£> N(O,J?{) ,

which implies (3.7).
Similarly, under H%, using (3.1), (3.5), (2.20) and Slutsky’s theorem, as h — 0
followed by N — oo and Nh — 0, we can see that

W(Td(N,T,h) — (H+ %))

- (e ()

) L0 V(D) (st
- \/N ZL[%Z%IW( h)_MLh thY?()dt‘i‘Tfo Yz’2 dt} (H+ >

L

S (2H +1)° FH) :

J
(4 (H+1)
which is (3.8) under HE.
Using (3.1), (3.6), (2.20), Slutsky’s theorem and similar arguments as above, we
can obtain (3.8) under H%. Moreover, (3.9) is a direct application of (3.8) and hence,
completes the proof of the theorem.
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5.8 Proof of Theorem 3.2

Under H,, using (3.2), (3.4), (2.22) and Slutsky’s theorem, as h — 0 followed by
N — oo and NhH=¢ — 0 with 0 < € < H, we can see that

VN (TQH“a (N,T,h) + (H + 2) AH)

- m(zf;; 12522( 5 () AH)

N N 1 1 M- 1B2 h 1 MhBQ d B2 d + +§ "
Zilez—H sz =0 (jh) — an Jo (t) t+Tf0 t
5 N(0,0%)

which implies (3.10).
Under HE, using (3.2), (3.5), (2.23) and Slutsky’s theorem, as h — 0 followed by
N — oo and NhH — 0, we can see that

VN <T2H+la (N,T,h) + <H + ) AH)

= VN (ZI?;; 123;2( m + <H+ %) AH>

- VN _%ZZNlAH +(H+1)AH
S g | S0 YEGR) = o YR (O de+ ) Y2 (8

r (2H+1)AH(5 9
& (S )

which is (3.11) under HE.

Using (3.2), (3.6), (2.23), Slutsky’s theorem and similar arguments as above, we
can obtain (3.11) under HE. Moreover, (3.12) is a direct application of (3.11) and we
complete the proof.

25



5.9 Proof of Theorem 3.3
Under H,, using (3.3), (3.4), (2.27) and Slutsky’s theorem, as h — 0 followed by

N — oo and Nh'/?7¢ — 0 with 0 < € < 1/2, we can obtain
v i 3 (W2 (Mh) — Mh)
N7 Lica Ljno WWE(jR)
LS [ (W2 (M) — M)

VNT& (N, T,h) =

2N H N WE ) = o [ WE () de+ & f)WE ()
5 N(0,2),
which implies (3.13).

Similarly, under HY and HE, using (3.3), (3.5), (3.6), (2.28) and the Slutsky’s
theorem, as h — 0 followed by N — oo and Nh'/?2 — 0, we have

SN 3 (0 (MR) = M)
7Yt Do hY2(jh)
T i [3 (V7 (Mh) — Mh)]
o | I YR ) = s YR ) & ) VR (@) at]
5 N(G,2),

1
VNT&(N,T,h) = YN°
¥

which is (3.14). Moreover, a straightforward application of (3.14) yields (3.15) and we
finish the proof.
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