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Abstract

We study Random Social Choice Functions (or RSCFs) in a standard ordinal mech-
anism design model. We introduce a new preference domain called a hybrid domain
which includes as special cases as the complete domain and the single-peaked domain.
We characterize the class of unanimous and strategy-proof RSCFs on these domains
and refer to them as Restricted Probabilistic Fixed Ballot Rules (or RPFBRs). These
RSCFs are not necessarily decomposable, i.e., cannot be written as a convex combina-
tion of their deterministic counterparts. We identify a necessary and sufficient condition
under which decomposability holds for anonymous RPFBRs. Finally, we provide an
axiomatic justification of hybrid domains and show that every connected domain satis-
fying some mild conditions is a hybrid domain where the RPFBR characterization still
prevails.
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1 INTRODUCTION

Two familiar preference domains in the literature on mechanism design in voting environ-
ments are the complete domain and the domain of single-peaked preferences. The complete
domain arises naturally when there are no a priori restrictions on preferences. The classic
results of Gibbard (1973), Satterthwaite (1975) and Gibbard (1977) apply here. According
to them, requiring strategy-proofness forces the mechanism to be a dictatorship in the de-
terministic case and to be a random dictatorship in the probabilistic case. Single-peaked
preferences on the other hand, require more structure on the set of alternatives. However,
they arise naturally in a variety of situations such as preference aggregation (Black, 1948),
strategic voting (Moulin, 1980), public facility allocation (Bochet and Gordon, 2012), fair
division (Sprumont, 1991) and assignment (Bade, 2019). The single-peaked domain also
admits well-behaved strategy-proof social choice functions. In this paper, we propose a flex-
ible preference domain that admits both the complete domain and the single-peaked domain
as special cases. We call them hybrid domains and completely characterize unanimous and
strategy-proof random social choice functions (or RSCFs) over the hybrid domains. We refer
to these random social choice functions as Restricted Probabilistic Fized Ballots Rules (or
RPFBRs) and analyze their salient properties. Finally, we provide an axiomatic justification
of hybrid domains and show that all domains that satisfy some richness properties must be

hybrid.
We briefly recall the definition of single-peaked preferences. The set of alternatives is a
finite set A = {ay,aq,...,ay,} which is endowed with the prior order a; < as < +-+ < ap.

A preference ordering over A is single-peaked if there exists a unique top-ranked alternative,
say ay, such that preferences decline when alternatives move “farther away” from ay. For
instance, if “a, < a, < a; or a, < as < a,” , then a, is strictly preferred to a,. A preference
is hybrid if there exist threshold alternatives a, and aj with a; < az such that preferences
over the alternatives in the interval between a;, and az are “unrestricted” relative to each
other, while preferences over other alternatives retain features of single-peakedness. Thus,
the set A can be decomposed into three parts: left interval L = {ay,...,az}, right interval
R = {ag,...,a,} and middle interval M = {ay,...,a;}. Formally, a preference is (k,k)-
hybrid if the following holds: (i) for a voter whose best alternative lies in L (respectively
in R), preferences over alternatives in the set L U R are conventionally single-peaked, while
preferences over alternatives in M are arbitrary subject to the restriction that the best
alternative in M is the left threshold a; (respectively, right threshold az), and (ii) for a voter
whose peak lies in M, preferences restricted to L U R are single-peaked but arbitrary over
M. Observe that if k = 1 and k = m, then preferences are unrestricted, while the case where
k — k =1 coincides with the case of single-peaked preferences.

A (k, k)-hybrid preference is a preference ordering which is single-peaked everywhere
except over the alternatives in the middle interval. Consider the location of candidates



in the forthcoming Democratic party primary elections in the USA, in the usual political
left-right spectrum. It is clear that candidates such as Sanders and Warren belong to the
left, while others such as Biden (perhaps) belong to the right. However, there are several
candidates who cannot easily be ordered in this manner. The typical reason is that they are
left on some issues and right on others. Hybrid preferences treat these candidates as ones
belonging to the middle part, and the hybrid domain reflects the reversals in the relative
rankings of these alternatives that arise from the underlying multidimensional issues. A more
general way to model departures from single-peaked preferences would be to consider several
intervals of alternatives where single-peakedness fails. However, as suggested by Theorem 3,
this complicates the analysis significantly without adding substantial new insights.

We study unanimous and strategy-proof RSCFs on hybrid domains. A RSCF associates
a lottery over alternatives to each profile of preferences. Randomization is a way to resolve
conflicts of interest by ensuring a measure of ex-ante fairness in the collective decision process.
More importantly, it has recently been shown that randomization significantly enlarges the
scope of designing well-behaved mechanisms, e.g., the compromise RSCF of Chatterji et al.
(2014) and the maximal-lottery mechanism of Brandl et al. (2016).

In order to define the notion of strategy-proofness, we follow the standard approach of
Gibbard (1977). For every voter, truthfully revealing her preference ordering must yield a
lottery that stochastically dominates the lottery arising from any unilateral misrepresentation
of preferences according to the sincere preference. Unanimity is a weak efficiency requirement
which says that the alternative that is unanimously best at a preference profile is selected
with probability one.

The main theorem of the paper shows that a RSCF defined on the (k, k)-hybrid domain
is unanimous and strategy-proof if and only if it is a RPFBR (see Theorem 1). A RPFBR
is a special case of a Probabilistic Fized Ballot Rule (or PFBR) introduced by Ehlers et al.
(2002). A PFBR is specified by a collection of probability distributions Ss, where S is a
coalition of voters, over the set of alternatives. We formally call Bg a probabilistic ballot. If
k—k =1, then a RPFBR reduces to a PFBR. However, if k —k > 1, then a RPFBR requires
an additional restriction on the probabilistic ballots: each voter i has a fixed probability
weight ¢; such that the probability of the right interval R according to (g is the total weight
Y _ics € of the voters in .S and that of the left interval L is the total weight >, q&; of the
voters outside S.

We use our characterization result to investigate the the following classical decompos-
ability question on these domains: Can every unanimous and strategy-proof RSCF be de-
composed as a mixture of finitely many deterministic unanimous and strategy-proof social
choice functions? Decomposability holds on several well-known domains, for instance the
complete domain (Gibbard, 1977) and the single-peaked domains (Peters et al., 2014; Pycia
and Unver, 2015). Thus, decomposability holds for the cases when k—k = 1 or k—k = m—1.
Surprisingly, it does not hold for any intermediate values of k and k. In other words, random-



ization non-trivially expands the scope for designing strategy-proof mechanisms. We identify
a necessary and sufficient condition for decomposability under an additional assumption of
anonymity, which requires the RSCF be non-sensitive to the identities of voters (see Theorem
2). We further observe that non-decomposable RPFBRs dominate almost all decomposable
RPFBRs in recognizing social compromises.

Finally, we formally demonstrate the salience of hybrid domains. We consider connected
domains, where connectedness is a property of a graph that is induced by the domain.
Essentially, connectedness ensures the existence of a path from one preference to another by
a sequence of specific preference switches. Connected domains have been used extensively
in the literature on strategic social choice (e.g. Monjardet, 2009; Sato, 2013; Puppe, 2018).
According to Theorem 3, every connected domain that satisfies the weak no-restoration
property of Sato (2013) and includes two completely reversed preferences must be a hybrid
domain over which the RPFBR characterization still holds. An important feature of this
result is that the condition on the domain does not specify an underlying structure of single-
peakedness or threshold alternatives. These are derived endogenously from our hypotheses.

The paper is organized as follows. Section 1.1 reviews the literature, while Section 2 sets
out the model and definitions. Section 3 and 4 introduce hybrid preferences and RPFBRs,
respectively. Section 5 presents the main characterization result as well as the result on
decomposability. Section 6 provides an axiomatic justification for hybrid domains.

1.1 RELATIONSHIP WITH THE LITERATURE

The analysis of strategy-proof deterministic social choice functions on single-peaked domains
was initiated by Moulin (1980) and developed further by Barbera et al. (1993), Ching (1997)
and Weymark (2011). In the deterministic setting, Nehring and Puppe (2007), Chatterji
et al. (2013), Reffgen (2015), Chatterji and Masso (2018), Achuthankutty and Roy (2018)
and Bonifacio and Massé (2019) analyze the structure of unanimous and strategy-proof social
choice functions on domains closely related to single-peakedness.

The structure of unanimous and strategy-proof RSCFs on single-peaked domains was
first studied by Ehlers et al. (2002). They considered the case where the set of alternatives
is an interval in the real line and characterized the unanimous and strategy-proof RSCFs in
terms of probabilistic fixed ballot rules. Recently, Roy and Sadhukhan (2018) strengthen the
characterization result on a single-peaked domain which does not require maximal cardinal-
ity. Characterizations of unanimous and strategy-proof RSCFs as convex combinations of
counterpart deterministic social choice functions were provided by Peters et al. (2014) and
Pycia and Unver (2015).

Recently, Peters et al. (2019) have considered the case where the set of alternatives is
endowed with a graph structure. Single-peakedness is defined w.r.t. such graphs as in
Demange (1982) and Chatterji et al. (2013). Peters et al. (2019) investigate the structure of
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unanimous and strategy-proof RSCFs. Their characterization result (Theorem 5.6 of Peters
et al. (2019)) implies our Theorem 1 for a special graph structure. However, the extension
of our result in Theorem 3 is more general than their result since we do not assume a
prespecified graph over the set of alternatives. In particular, our result covers many domains
that are excluded by theirs. Finally, we emphasize that the motivation, formulation, and
proof techniques in the two papers are completely different.

2 PRELIMINARIES

Let A ={ay,as,...,a,} be a finite set of alternatives with m > 3. Let N = {1,2,...,n} be
a finite set of voters with n > 2. Each voter i has a preference ordering P; (i.e., a complete,
transitive and antisymmetric binary relation) over the alternatives. We interpret asP;a; as
“as is strictly preferred to a; according to P;”. For each 1 < k < m, ri(P;) denotes the kth
ranked alternative in P;. We use the following notational convention: P, = (agasa; -+ )
refers to a preference ordering where a;, is first-ranked, a, is second-ranked, and a; is third-
ranked, while the rest of the rankings in P; are arbitrary.

We denote the set of all preference orderings by P, which we call the complete domain.
A domain D is a subset of P. We say that two distinct preferences P;, P/ € D are adjacent,
denoted P; ~ P!, if there exist as, a; € A such that (i) ri(P;) = rgr1(P)) = as and ri(P}) =
rre1(P;) = a; for some 1 < k <m —1, and (ii) r(P;) = r(P!) for all [ ¢ {k,k+ 1}. In other
words, alternatives as and a; are consecutively ranked in both P; and P/ and are swapped
between the two preferences, while the ordering of all remaining alternatives is unchanged.
In this case, we say alternatives a, and a; are locally switched between P; and P/. Given
distinct P;, P/ € D, a sequence of preferences {PF}t_| C D is called a path connecting P,
and P/ if P! = P, P! = P/ and P¥ ~ P for all k = 1,...,t — 1. Two preferences P;, P!
are completely reversed if for all a,, a; € A, we have [asP;a;] < [a;Plas].

A domain D is minimally rich if for each a; € A, there exists a preference P; € D such
that 71 (P;) = ax. Throughout the paper, we assume the domain in question is minimally rich.
A preference profile is an n-tuple of preferences, i.e., P = (P, P, ..., P,) = (P;, P_;) € D".

Let A(A) denote the space of all lotteries over A. An element A € A(A) is a lottery or a
probability distribution over A, where A(ay) denotes the probability received by alternative
ay. For notational convenience, we let e,, denote the degenerate lottery where alternative
ay, receives probability one. A Random Social Choice Function (or RSCF) is a map
¢ : D" — A(A) which associates each preference profile to a lottery. Let ¢,, (P) denote the
probability assigned to ap by ¢ at the preference profile P. If a RSCF selects a degenerate
lottery at every preference profile, it is called a Deterministic Social Choice Function
(or DSCF). More formally, a DSCF is a mapping f : D" — A.

In this paper, we impose two basic axioms on RSCFs: unanimity and strategy-proofness.
A RSCF ¢ : D™ — A(A) is unanimous if for all P € D" and ax € A, [r1(P;) = ay, for all i €



N] = [¢(P) = e,,]. We adopt the first-order stochastic dominance notion of strategy-
proofness proposed by Gibbard (1977). This requires the lottery from truthtelling stochas-
tically dominate the lottery obtained by any misrepresentation by any voter at any possible
profile of other voters’ preferences. Formally, a RSCF ¢ : D" — A(A) is strategy-proof
if for all i € N, P;, P/ € D and P_; € D", ¢(P;, P_;) stochastically dominates ¢(P/, P_;)
according to P, i.e., Sp Oryp) (Ps, P—i) > S Orypy (P, P;) for all k = 1,...,m. In
addition, a RSCF ¢ : D™ — A(A) satisfies the tops-only property if for all P, P’ € D",
we have [r1(P;) = r(P}) for all i € N|] = [p(P) = ¢(P’)]. In other words, the tops-only
property ensures that the social outcome at each preference profile depends only on the
first-ranked alternatives at that preference profile.

An important class of unanimous and strategy-proof RSCF's is the class of random dicta-
torships. Formally, a RSCF ¢ : D" — A(A) is a random dictatorship if there exists a “dic-
tatorial coefficient” £; > 0 for each i € N with ) ,_\ &; = 1 such that p(P) = >"._y €i € (p)
for all P € D™. In particular, if &; = 1 for some ¢ € N, the random dictatorship degenerates
to a dictatorship. It is evident that every random dictatorship is a mizture (equivalently,
a convex combination) of dictatorships. Gibbard (1977) showed that every unanimous and
strategy-proof RSCF on the complete domain P is a random dictatorship.

An important restricted domain is the domain of single-peaked preferences (Black, 1948;
Moulin, 1980). A preference P; is single-peaked w.r.t. a prior order < over A if for all
as,a; € A, we have [ay < a; < r1(P;) or r1(P;) < a; < as] = [a;Pas]. Let D denote the
single-peaked domain which contains all single-peaked preferences w.r.t. <. Whenever
we do not mention the prior order <, we assume that it is the natural order, aj_1 < ay for
all kK = 2,...,m. For notational convenience, let a;, < a; denote either a, < a; or a, = ay,
and [ag, a;] = {ap € A : as = ap < a;} denote the set of alternatives between ay and a; on
<, provided as; = a;. Note that the single-peaked domain D contains a pair of completely
reversed preferences P, = (ay -+ ap_1ay -+ ap) and Py = (ap, -+ g ap_1 -+ ap).!

3 HYBRID DOMAINS

Hybrid domains are supersets of single-peaked domains where single-peakedness may be
violated over a subset of alternatives that lie in the “middle” of the alternative set. We use
the term “hybrid” to emphasize the coexistence of such violations, with other features of
single-peakedness.

Consider the natural order < over A. Fix two alternatives a; and aj with a; < az, which
we refer to as the left threshold and the right threshold, respectively. We define three subsets
of A using these two thresholds: Left Interval L = [a;, a;|, Right Interval R = [ag, a,,]

IThe notation P, =(ay - ag—1ax - an) and P, = (@m -+ agag—1 --- a1) denote the preferences P,
and P; where a;_1P;a) and a,P;a,_1 for all k =2,... m.



and Middle Interval M = [a, az].? In what follows, we present the structure of preference
orderings in a hybrid domain.

Consider a preference ordering whose peak belongs to M (see the first diagram of Figure
1). The ranking of the alternatives in M is completely arbitrary, while the ranking of the
alternatives in L and R follows the conventional single-peakedness restriction w.r.t. <. In
other words, the only restriction that the preference ordering satisfies is that preference
declines as one moves from a; towards a;, or from az towards a,,. Note that this allows some
alternatives in L or R be ranked above some alternatives in M.

Next, consider a preference ordering whose peak belongs to L (see the second diagram
of Figure 1). The ranking of the alternatives in L and R follows single-peakedness w.r.t. <.
In other words, preference declines as one moves from the peak towards a; or aj, or moves
from az towards a,,. Furthermore, all alternatives in M are ranked below a; in an arbitrary
manner. Notice that an alternative in R may be ranked above some alternative in M, but
can never be ranked above a;. For a preference ordering with the peak in R, the restriction
is analogous.

am

Figure 1: A graphic illustration of hybrid preference orderings

The formal definition of hybrid domains is given below.

DEFINITION 1 Let < be the natural order over A and let 1 < k < k < m. A preference P,
is called (k, k)-hybrid if the following two conditions are satisfied:

(i) For all ap,as € L or a,,as € R, [a, < as < r1(B;) orri(P;) < as < a,] = [asPa,].

(ii) [r1(P) € L] = [axPia, for all a, € M with a, # a;| and
[r1(P;) € R] = [agPas for all as € M with as # ag].

Let Dy(k, k) denote the (k, k)-hybrid domain which contains all (k, k)-hybrid prefer-
ence orderings. Note that D C Dy(k, k) for all 1 < k < k < m, and ]I))H(E,El) C Du(k, k)
forall k <k <k <k

Now, we explain the relation of hybrid domains with five important preference domains
studied in the literature.

*Note that LN M = {ay}, RN M = {az} and LN R = 0.



The single-peaked domain: Consider a hybrid domain Dy(k, k) with & — k = 1. This
means M = {ay,az} and LU R = A. Then, conditions (i) and (ii) of Definition 1 boil down
to the single-peakedness restriction (see the first diagram of Figure 2), and consequently,
Dy(k, k) coincides with the single-peaked domain D..

The complete domain: Consider the hybrid domain D(k, k) with k — k = m — 1 (equiv-
alently, k = 1 and k¥ = m). This means L = {a,}, R = {az}, and M = A. Then, both
the conditions of Definition 1 become vacuous. In other words, no restriction is imposed on
the preference orderings (see the second diagram of Figure 2) in Dg(1, m), and consequently,
Dy (1, m) becomes the complete domain P.

P P
| |
| |

|
[ | [
I I I I
o & . . o b o
ai Qg Qg Qg Am ay Qg am

Figure 2: Two hybrid preferences with k —k=1and k —k =m — 1

Multiple single-peaked domains: Hybrid domains generalize the notion of multiple
single-peaked domains introduced by Reffgen (2015). Let Q = {<,}5_;, s > 2 be a col-
lection of linear orders over A. For each order <, in €2, let the single-peaked domain w.r.t.
=<, be denoted by D . Then, the union Dg = U;_,;D_  is called the multiple single-peaked
domain w.r.t. .3

One can first identify the maximum common left part Lq of all orders {<,}5_, over A,
and relabel all alternatives of Lo = {a1,...,ax} (if Lo # 0), i.e., for all orders <, in €, after
relabeling, either a; <, --- <, a; <, @, for all a, € A\Lq, or a, <, ai <, -+ <, ay for all
a, € A\Lg holds. Second, one can symmetrically identify and relabel the maximum common
right part Ro = {ag,...,am} C A\Lq of all orders {<,}:_, over A (if Rq # 0) and finally
arbitrarily relabel all remaining alternatives as ag1,...,az,,. We correspondingly relabel
all alternatives in the preferences of Dg. Then, after setting a;, and a as two thresholds, it is
clear that each preference ordering in Dg is (k, k)-hybrid.* Usually, Dq, is “strictly” contained
in Dy (k, k). This will be illustrated in the following example.

Note that by definition, a multiple single-peaked domain cannot be a single-peaked do-
main, whereas a hybrid domain can be single-peaked for a suitable choice of thresholds (when
k—Ek=1).

3If two orders <; and < are completely reversed, the two single-peaked domains D, and D, become
identical. Therefore, we assume that there is no pair of orders in ) that are completely reversed.

4As ) contains at least two orders and no pair of orders are completely reversed, it must be the case that
k—k>1when Lg # 0 and Ry # 0. If Lo = () and R # ), then Dq is (1,k)-hybrid, while if Lo # ()
and R = 0, then Dq is (k, m)-hybrid. If both Lo and Rg are empty sets, then Do C P = Dy(1,m) and
Dq € Dy(k, k) for any other k and k.



Multidimensional single-peaked domains in voting under constraints: We provide
an example to show that hybrid preferences arise from a model of voting under constraints
studied in Barbera et al. (1995).

Let X = X; x Xy, X7 = {1,2,3,4,5} and Xy, = {1,2,3}, where both X; and Xj
are ordered according to the natural order, denoted by <; and <5. A preference P;, with
r1(P;) = x, is multidimensional single-peaked over X w.r.t. <; and <y if for all y,z € X,
we have [zr <p yr <p @) or xp < yr < 2 for both k = 1,2] = [yP;z]. Meanwhile, let
A ={ay,as,a3,a4,as,a6} C X be the set of feasible alternatives, which are depicted by the
black nodes in Figure 3 below.

36 a3 o

9 al az as ae

1g a4 o
1 2 3 4 5

Figure 3: The Cartesian product of <; and <,

Note that in a multidimensional single-peaked preference, (i) if ay is first-ranked, then
as must be second-ranked within A, and as is preferred to ag; if ao is first-ranked, then
as is preferred to ag, and (ii) if a3 is first-ranked, then ay is better than a;, and ajs is
better than ag. Analogous preference restrictions over the ranking of feasible alternatives are
observed for multidimensional single-peaked preferences with peaks ag, a5 and a4. These two
observations coincide with the two preference restrictions in the definition of the (2, 5)-hybrid
domain Dy(2,5) if we rearrange all feasible alternatives according to the natural order <.
In conclusion, when we restrict attention to all multidimensional single-peaked preferences
whose peaks are feasible, the domain of induced preferences over the feasible alternatives is
identical to Dy(2,5).

We may alternatively extract the two linear orders <;= (ajasazasasag) and <o= (ajasasazasag)
over feasible alternatives from Figure 3, and induce the multiple single-peaked domain
D., UD.,. Notice that D, UD., is strictly contained in Dg(2,5). For instance, as and
ay are always ranked above a; and ag in every preference of D, UD_, that has peak ay,
whereas we can identify a particular multidimensional single-peaked preference with peak a,
that induces the preference ordering over feasible alternatives as (ajasasagasay).

This illustrates the additional flexibility that a hybrid domain affords, and may be useful
for formulations (for example, political economy or public goods location models) that seek to
reduce a model where the underlying issues are multidimensional, to one where the preference
restriction is generated via a one dimensional order over alternatives.

Semi-single-peaked domains: The notion of semi-single-peaked domains was introduced
by Chatterji et al. (2013). Consider the natural order < and fix one threshold alternative.
The semi-single-peakedness restriction on a preference requires that (i) the usual single-
peakedness restriction prevail in the interval between the peak and the threshold, and (ii)
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each alternative located beyond the threshold be ranked below the threshold.

One can extend the semi-single-peakedness notion by adding more thresholds and re-
quiring preferences to be semi-single-peaked w.r.t. each threshold alternative. In particular,
suppose that there are two distinct thresholds a; and az with a; < az. Consider a preference
P; with a,, < 71 (P,) < az. If P is (k, k)-hybrid, then the usual single-peakedness restriction
prevails on the left and right intervals, and no restriction is imposed on the ranking of the
alternatives in the middle interval (see the first diagram of Figure 4). On the contrary, if P;
is semi-single-peaked w.r.t. both a; and agz, then the single-peakedness restriction prevails
on the middle interval but fails on the left and right intervals (see the second diagram of
Figure 4). Thus, the notions of hybrid preferences and semi-single-peaked preferences are
not entirely compatible with each other.

Chatterji et al. (2013) show that under a mild domain richness condition, semi-single-
peakedness is necessary and sufficient for the existence of a unanimous, anonymous, tops-only
and strategy-proof DSCF.? This, in particular, implies that when k —k > 1, the (k, k)-hybrid
domain cannot admit such a well-behaved strategy-proof DSCF.

Figure 4: A hybrid preference v.s. a semi-single-peaked preference

4 RESTRICTED PROBABILISTIC FIXED BALLOT RULES

In this section, we introduce the notion of Restricted Probabilistic Fixed Ballot Rules (or
RPFBRs). Ehlers et al. (2002) introduce the notion of Probabilistic Fixed Ballot Rules (or
PFBR); RPFBRs are special cases of these rules.

A PFBR g is based on a collection of parameters (8s)scn, called probabilistic ballots.
Each probabilistic ballot Bg, which is associated to the coalition S C N, is a probability
distribution on A satisfying the following two properties.

e Ballot unanimity: [y assigns probability 1 to a,,, and Sy assigns probability 1 to a;.

®Recently, Chatterji and Massé (2018) introduce the semilattice single-peaked domain which significantly
generalizes semi-single-peakedness, and Bonifacio and Massé (2019) characterize all unanimous, anonymous,
tops-only and strategy-proof DSCFs on the semilattice single-peaked domain.
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e Monotonicity: probabilities according to S5 move towards right as S gets bigger, i.e.,
Bs([ak, am]) < Br([ax, a,]) for all S C T and all a, € A.°

For an example, suppose that there are two agents {1, 2} and four alternatives {a1, as, as, as }.
Then, a choice of probabilistic ballots could be gy = (1,0,0,0), By = (0.5,0.2,0.1,0.2),
Bray = (0.4,0.3,0.2,0.1) and Sy = (0,0,0,1). Here, we denote by (z,y,w,z) a probability
distribution where a;, as, az and a4 receive probabilities z, y, w and z, respectively.

A PFBR ¢ w.r.t. a collection of probabilistic ballots (8s)scy works as follows. For
each 1 < k < m, let S(k,P) = {i € N : ap = r(F;)} be the set of agents whose
peaks are not to the left of a;. Consider an arbitrary preference profile P and an arbi-
trary alternative a,. We induce the probabilities Bgw,p)((ak, am]) and Bsr1,p)([art1, m])-
If ax = ay,, then set Bsmi1,p)([@m+1, am]) = 0. The probability of the alternative aj, selected
at the preference profile P is defined as the difference between these two probabilities, i.e.,
@ar(P) = Bsw,py([ak, am]) — Bs+1,p)([ars1, am]).” For an example, consider the PFBR ¢
w.r.t. the parameters presented in the predecessor paragraph. Consider a preference profile
P = (P, P,) where r1(P) = ay and ri(P,) = a4. Then, we calculate

Pa, (P) = Bsq,p)([a1, as]) — Bsz,p)([az, as]) = Bn([ar, as]) — Bn(laz, as]) = 0,

Pay (P) = Bs,p)([az, as]) — Bss,p)([as, as]) = Bn([az, as]) — By ([as, as]) =1 -0.3 = 0.7,

©as (P) = Bsa,py([as, as]) — Bsw,py([as, as]) = By ([as, as]) — By ([as, as]) = 0.3 = 0.1 = 0.2, and
Pas (P) = Bs(a,p)([as, as]) — 0 = Bpay([as, as]) = 0.1.

Clearly, the PFBR satisfies the tops-only property.

It is worth mentioning that the probabilistic ballot B¢ for a coalition S C N represents
the outcome of ¢ at the “boundary profile” where agents in S have the preference P; =
(G + -+ agag_q1 - -+ ay), while the others have the preference P, = (aj -+ a1 ax -+ ).
For ease of presentation, we call such a preference profile a S-boundary profile.® If a PFBR
 is unanimous, then it follows that 5y assigns probability 1 to a; and Sy assigns probability
1 to a,,, which in turn implies ballot unanimity. In what follows, we argue that if ¢ is
strategy-proof, then (Ss)scny must be monotonic. Consider a proper subset S C N and
i€ N\ S. Let P and P’ be the S-boundary and S U {i}-boundary profiles, respectively. In
other words, only agent i changes her preference P; in the S U {i}-boundary profile to P;.
Strategy-proofness of ¢ implies that the probability of each upper contour set of P; is weakly
increased from ¢(P) to ¢(P’). Since the interval [ag, a,,] coincides with the upper contour set

6For a subset B of A, we denote the probability of B according to 8s by Bs(B).

"Since S(k + 1,P) C S(k,P) and [akt1,am] C [ag,am|, monotonicity ensures ¢,, (P) =
Bsk,p)([ak; am]) = Bs(rr1,p)([ak+1, am]) > 0. Moreover, note that >33, @, (P) = >3, Bs(r,p) ([ak, am]) —
Bse+1,p)([ar+1, am]) = Bs(1,p)([a1, am]) = 1. Therefore, p(P) € A(A) and ¢ is a well defined RSCF.

8Note that for every S C N, there is a unique S-boundary profile.
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of ay, at P;, it follows that Bs([ax, an]) < Bsugiy ([ak, an]). Monotonicity of (Bs)scn follows
from the repeated application of this argument.

Note that the outcome of a PFBR at any preference profile is uniquely determined by
its outcomes at boundary profiles. It is shown in Ehlers et al. (2002) that every PFBR is
unanimous and strategy-proof on the single-peaked domain. Thus, unanimity and strategy-
proofness of a PFBR at every preference profile can be ensured by imposing those only on
the boundary profiles.

The deterministic versions of PFBRs can be obtained by additionally requiring the prob-
abilistic ballots be degenerate, i.e., Sg(ax) € {0,1} for all S C N and a;, € A. These DSCFs
were introduced by Moulin (1980); we refer to these as Fized Ballot Rules (or FBRs).” Moulin
(1980) showed that a DSCF is unanimous, tops-only and strategy-proof on the single-peaked
domain if and only if it is an FBR. It can be easily verified that an arbitrary mixture of FBRs
is unanimous and strategy-proof on the single-peaked domain, and is a PFBR. Theorem 3
of Peters et al. (2014) and Theorem 5 of Pycia and Unver (2015) prove that the converse is
also true.

Below, we present the formal definition of PFBRs.

DEFINITION 2 A RSCF ¢ : D" — A(A) is called a Probabilistic Fixed Ballot Rule (or
PFBR) if there exists a collection of probabilistic ballots (Ss)scn satisfying ballot unanimity
and monotonicity such that for all P € D™ and a, € A, we have

‘P%(P) = BS(k,P)([aka Um]) — /BS(kJrl,P)([ak-i-la am)),
where ﬂS(m-l-l,P)([am—O—la am]) = 0.

We are now ready to present the notion of RPFBRs. The structure of a (k, k)-RPFBR
depends on the values of k and k. If k—k = 1, then the (k, k)-RPFBR is the same as a PFBR.
However, if k — k > 1, then the (k, k)-RPFBR is a PFBR whose probabilistic ballots satisfy
the following additional restriction: for each agent ¢ € IV, there is a “conditional dictatorial
coefficient” ¢, > 0 with ) ._\ &; = 1 such that for all S C N, Bs([az, am]) = > ;g€ and
Bs([a1, ar]) = ZieN\S g;. Note that this, in particular, means that no g assigns positive
probability to an alternative that lies (strictly) between ay and ag, i.e., Bs(ax) = 0 for all
S C N and ay, € [agt1,a5_4]. In what follows, we present an example of a RPFBR.

EXAMPLE 1 Let N = {1,2,3} and A = {ay, as,as,a4,as}. Take k = 2 and k = 4, and con-
sider the (2,4)-hybrid domain Dy(2,4). Let e; = &5 = e5 = 1. Consider the 8 probabilistic
ballots in Table 1, where both ballot unanimity and monotonicity can be easily verified. Note

9Moulin (1980) called these Augmented Median Voter Rules, while Barbera et al. (1993) called these
Generalized Median Voter Schemes. For an FBR ¢, the subtraction form in Definition 2 can be simplified to
a max-min form (see Definition 10.3 in Nisan et al., 2007). Moulin (1980) originally defined an augmented
median voter rule in the min-max form which can be equivalently translated to a max-min form.
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that they also satisfy the property that Ss([as, as]) = >-;cs& and Bs([ar, az]) = > iy s &
for all S C N. Therefore, the PFBR w.r.t. these probabilistic ballots is a (2,4)-RPFBR. O

Bo | Buy | Bey | Bsy | Brzy | Brsy | Bresy | By
a | 1|13 1313 13| 1/3 | 1/3 ] 0
a | 01313113 0 | 0 | 0 |o
az | 0 0 0 0 0 0 0 0
a0 0 00 1313 1/3]0
as | 0 | 1/3 | 1/3 | 13| 1/3 | 1/3 | 1/3 | 1

Table 1: The probabilistic ballots (8s)scn

Below, we present a formal definition of RPFBRs.

DEFINITION 3 Let 1 <k <k <m. A PFBR ¢ w.r.t. probabilistic ballots (Bs)scn is called
a (k, k)-Restricted Probabilistic Fixed Ballots Rule (or (k,k)-RPFBR) ifk —k > 1
implies that for each i € N, there exists ; > 0 with ), i = 1 such that for all S C N,

BS([CLEJ am]) = ZiES & and BS([CL17 a@]) - ZieN\S E;-

It is worth mentioning that when k—k > 1, at the preference profiles where all peaks are in
the middle interval M = [ay, az], a (k, k)-RPFBR behaves like a random dictatorship where
each agent 4’s dictatorial coefficient is ¢;. More formally, if ¢ is a (k, k)-RPFBR, then ¢(P) =
Y icn Ei €r(py) for all preference profile P such that r,(P;) € [ag, a] for all i € N. Therefore,
in the extreme case where & = 1 and k = m, the (1,m)-RPFBR reduces to a random
dictatorship. For ease of presentation, we call the condition satisfied by the probabilistic
ballots (8s)scy in Definition 3 the constrained random-dictatorship condition.

5 A CHARACTERIZATION OF UNANIMOUS AND STRATEGY-PROOF
RSCFs oN HYBRID DOMAINS

In this section, we provide a characterization of unanimous and strategy-proof RSCF's on
hybrid domains. Theorem 1 says that a RSCF ¢ is unanimous and strategy-proof on the
(k, k)-hybrid domain if and only if it is a (k, k)-RPFBR. Ehlers et al. (2002) consider the
case of continuum of alternatives (for instance, the interval [0,1]) and show that a RSCF
is unanimous and strategy-proof on the single-peaked domain if and only if it is a PFBR.
Since when k — k = 1, the (k, k)-hybrid domain boils down to the single-peaked domain
and the (k, E)—RPFBR becomes a PFBR, Theorem 1 implies their result in the case of finite
alternatives.

THEOREM 1 Let 1 < k < k < m. A RSCF ¢ : []D)H(E,E)]n — A(A) is unanimous and
strategy-proof if and only if it is a (k, k)-RPFBR.
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We present a formal proof of Theorem 1 in Appendix A. Here, we provide an intuitive
explanation. The “if part” of the theorem, i.e., the fact that every RPFBR on a hybrid
domain is unanimous and strategy-proof, intuitively follows from the observations: (i) the
(k, k)-hybrid domain satisfies single-peakedness on the intervals [a;, ax] and [az, a,,], and (ii)
the RPFBR behaves like a PFBR over these intervals. For the “only-if part”, we first show
how in a two-voter setting a PFBR fails to satisfy strategy-proofness on the (k, k)-hybrid
domain if any of its probabilistic ballots assigns a positive probability to some alternative in
the interval [agy1, agz_]-

Consider the model with two agents. Suppose that some probabilistic ballot of ¢, say
Bray, assigns a strictly positive probability to some alternative ay € [ag41,az_,]. First, by
the definition of the (k, k)-hybrid domain, there is a preference where a; is the first-ranked
alternative and ag is preferred to a,. Correspondingly, consider a preference profile where
agent 1 has such a preference and the first-ranked alternative of agent 2 is az. By the defini-
tion of PFBR, the probability of a; at this profile equals B2} (ay), which is strictly positive
by our assumption. However, using unanimity agent 1 can manipulate by misreporting a
preference that has az as the first-ranked alternative.

An important point to note is that the aforementioned argument only indicates that a
PFBR which is strategy-proof on the (k, k)-hybrid domain is a (k, k)-RPFBR. In order to
complete the verification of the “only-if part”, a crucial step in the proof of Theorem 1 is to
show that every unanimous and strategy-proof RSCF on the hybrid domain is some PFBR.

5.1 DECOMPOSABILITY OF ANONYMOUS RPFBRS

In this section, we investigate the decomposability property of RSCFs. We say that a
unanimous and strategy-proof RSCF is decomposable if it can be expressed as a mixture
(equivalently, a convex combination) of finitely many unanimous and strategy-proof DSCF's.
Formally, a unanimous and strategy-proof RSCF ¢ : D" — A(A) is decomposable if there
exist finitely many unanimous and strategy-proof DSCFs f¥ : D* — A, k = 1,...,q and
weights o, ..., a? > 0 with }7_; o* =1, such that ¢(P) = Y>_{_, o* e (p) for all P € D".
Decomposability is an important property of RSCFs and has been widely investigated in a
large class of domains (e.g., Gibbard, 1977; Peters et al., 2014; Pycia and Unver, 2015; Gaurav
et al., 2017). As mentioned earlier, when k — k = 1, the (k, k)-hybrid domain coincides with
the single-peaked domain, and the (k, k)-RPFBR becomes a PRBR. It is shown in Peters
et al. (2014) and Pycia and Unver (2015) that every PFBR is a mixture of their deterministic
counterparts. In the other extreme case where k — k = m — 1, every (k, k)-RPFBR becomes

1ONote that the strength of unanimity reduces considerably as the number of agents increases. So, the
argument presented above does not extend straightforwardly to the case of arbitrary number of agents. We
provide these details in our formal proof.
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a random dictatorship, which is, by definition, a mixture of dictatorships. Thus, a (k, k)-
RPFBR is decomposable when k —k = 1 or k —k = m — 1. However, for the remaining cases
1 < k—k < m—1, we observe that decomposability fails in some RPFBRs (see Example 2
below). A complete characterization of decomposable RPFBRs in the general case, appears
to be difficult.!’ In this section, we investigate the decomposition of anonymous RPFBRs
for the remaining cases 1 < k —k < m — 1.12

Formally, a RSCF ¢ : D" — A(A) is anonymous if for all permutations o : N — N and
profile (Py, ..., P,) € D", we have ¢(Py, ..., P,) = ¢(Prq), - . -, Ps(n)). More specifically, one
can easily verify that a (k, k)-RPFBR ¢ : [Dy(k, k)] — A(A) is anonymous if and only if
all probabilistic ballots are invariant to the size of coalitions, i.e., for all nonempty S,S’ C N
with |S| = |S’|, we have g = fBs. For instance, recall the probabilistic ballots in Table 1.
The corresponding RPFBR is anonymous.

We next provide a necessary and sufficient condition, per-capita monotonicity, for the de-
composition of all anonymous RPFBRs. Consider a (k, k)-RPFBR ¢ w.r.t. the probabilistic
ballots (8s)scn. Recall the left interval L = [ay, ag| and the right interval R = [ag, a,,]. This
condition imposes two restrictions that strengthen the monotonicity requirement between the
probabilistic ballots of two nonempty coalitions S, S” C N with S C S’. The first restriction

B

says that the average probability, ﬁ, of any interval [a;, a,,] in R for the coalition S’ is at

least as much as the counterpart for the coalition S, i.e., for all a; € R, Bs(

E%lam}) > BS([Ttulam])
57 = s
The second restriction is the analogue of the first one. Here, we consider any interval [ay, as]

in L and the respective complements of S’ and S. Recall from the constrained random-
dictatorship condition that the probabilities S\ s/([a1, as]) and By s([a1, as]) are related to
the conditional dictatorial coefficients of voters in S” and S respectively. We require here

that the average probability w be weakly higher than w

DEFINITION 4 A RPFBR ¢ : [Dyu(k, k)|" — A(A) satisfies per-capita monotonicity if,
for all nonempty S C 8" C N, a; € R and as € L, we have

Bsanan)) | Billanan)) B (anal) | Ans(lor.a.)
ST s I TR

Our main theorem of this section says that per-capita monotonicity is both necessary
and sufficient for the decomposability of anonymous RPFBRs. The proof of Theorem 2 is
contained in Appendix B.

"Tn the general case, we show that every two-voter (k, k)-RPFBR is unconditionally decomposable, and
provide a necessary condition for the decomposition of a (k, k)-RPFBR with more than two voters. These
results are available in the Supplementary Material to this paper.

121t is important to mention that in the case 1 < k — k < m — 1, Theorem 1 implies that there exists no
anonymous, unanimous and strategy-proof DSCFs on the (k, k)-hybrid domain. Therefore, the decomposition
of an anonymous (k, k)-RPFBR (if it exists) is a mixture of finitely many unanimous and strategy-proof
DSCFs, all of which violate anonymity.
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THEOREM 2 Let1 < k—k < m—1. Then, an anonymous (k,k)-RPFBR ¢ : [Du(k, k)]" —
A(A) is decomposable if and only if it satisfies per-capita monotonicity.

To conclude this section, we observe using an example that a non-decomposable RPFBR
may dominate a decomposable one in terms of admitting “social compromises”. This indicates
that randomization enhances possibilities for economic design in a meaningful way, since
the non-decomposable RPFBRs we characterize may allow for more flexibility in assigning
probabilities to compromise alternatives.

EXAMPLE 2 Let N = {1,2,3} and A = {ay,as,as,a4,as}. Recall the (2,4)-hybrid domain
Dy(2,4) and the probabilistic ballots (Sg)scy in Table 1. It is easy to verify that (8s)scn
satisfy ballot unanimity, monotonicity and the constrained random-dictatorship condition
when the conditional dictatorial coefficients are ¢ = g9 = €3 = %, and are invariant to
the size of coalitions. Therefore, the PFBR ¢ : [DH(2,4)]3 — A(A) wrt. (Bs)scn is an

anonymous (2,4)-RPFBR. Furthermore, it can be verified that ¢ is not decomposable as it
fails to satisfy per-capita monotonicity, i.e., ﬂ{f{f—g(ﬁf’) = % < % = B{|1{}1(}f1\5)

Consider now a random dictatorship, ¢(P) = >,y s€r (p) for all P € Dy (2,4)])°. We
show that ¢ dominates ¢ in admitting “social compromises”. Formally, we recognize an

alternative a; as a social compromise alternative at a preference profile P if some voters
disagree on the peaks, and all voters agree on a; as the second best.

First, as a random dictatorship, ¢ at every preference profile assigns zero probability to
any alternative that is not first-ranked in any voter’s preference, and therefore admits no
social compromise. However, we notice that for all profile P € [Dy(2,4)]*, whenever a social
compromise alternative a;, arises, the probability of a; in ¢ is at least as much as that in ¢,
i.e., Pa,(P) > ¢q, (P),”® and at some profile P € [Dy(2,4)]* which has a social compromise
alternative, ¢ assigns strictly higher probability to the social compromise alternative than ¢.
Indeed, consider a preference profile P € [Dy(2,4)]° such that r1(Py) = as # a5 = r1(P,) =
r1(Ps) and ro(Py) = ro(P) = 72(P3) = ag; we have @q,(P) = § > 0 = ¢,,(P). Thus a non-
decomposable anonymous RPFBR may dominate a decomposable one in terms of admitting
social compromises.'4 0]

13Tt is possible that both ¢ and ¢ assign zero probability to the social compromise alternative at the same
preference profile. For instance, consider a preference profile P € [Dy(2, 4)]3 such that r1(P) = ag # a4 =
r1(Py) = r1(Ps) and ro(Py) = ro(Ps) = 12(Ps) = az. Then, @q,(P) = ¢q,(P) = 0.

14Tn the Supplementary Material to this paper, we provide a general analysis on social compromises which
(i) characterizes all RPFBRs that are dominated in admitting social compromises, and (ii) identifies a
condition under which an anonymous decomposable RPFBR is dominated in admitting social compromises
by an anonymous non-decomposable RPFBR.

16



6 THE SALIENCE OF HYBRID DOMAINS AND RPFBRSs

Our purpose in this section is two-fold. We first propose an axiomatic justification of hybrid
domains. Specifically, we show that any domain that satisfies certain “connectedness” and
“richness” properties must be contained in a hybrid domain (say the (k, k)-hybrid domain).
Secondly, and more importantly, the set of unanimous and strategy-proof RSCFs on this
domain is precisely the set of unanimous and strategy-proof RSCFs on the (k,k)-hybrid
domain, i.e., (k, k)-RPFBRs. Thus, the set of unanimous and strategy-proof RSCFs on such
a domain is the set of RPFBRs associated with the minimal hybrid domain in which it is
embedded.

Recall the notions of adjacency and path introduced in the beginning of Section 2. A
domain is said connected if every pair of two distinct preferences is connected by a path in
the domain. We restrict attention to a class of connected domains which in addition satisfies
the weak no-restoration property of Sato (2013).

DEFINITION 5 A domain D satisfies the weak no-restoration property if for all distinct
P, Pl € D and ay,a, € A, there exists a path {PF}._, C D connecting P; and P/ such that

T
we have

la,P}" a, and a,PF *'a, for some 1 < k* < 1]

= [a,PFa, for allk =1,....k*, and a,Pla, for alll =k +1,...,1].

Evidently, the weak no-restoration property implies connectedness, and suggests that
according to each pair of alternatives a, and a4, one path can be constructed in the domain
to reconcile the difference of P, and P/ shortly in the manner that the relative ranking of a,
and a, is switched for at most once on the path. In particular, if a, and a, are identically
ranked in P; and P/, then their relative ranking does not change along the path.

Proposition 3.2 of Sato (2013) shows that the weak no-restoration property is necessary
for all DSCFs which only forbid misrepresentations of preferences that are adjacent to the
sincere one, to retain strategy-proofness. The weak no-restoration property is satisfied by
many important voting domains in the literature, e.g., the complete domain, the single-
peaked domain and some multiple single-peaked domains, and also covers our hybrid domains
(see the proof of Fact 1 in Appendix D).

Our last result establishes two features of domains that satisfy the weak no-restoration
property and include two completely reversed preferences. The first is that every such domain
is a subset of some hybrid domain. The second is that every unanimous and strategy-proof
RSCF on such a domain is a RPFBR. The proof Theorem 3 is available in Appendix C.
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THEOREM 3 Let domain D satisfy the weak no-restoration property and contain two com-
pletely reversed preferences. Then, there exist 1 < k < k < m such that D C Dy(k, k) and
D ¢ Du(k k) where k' > k or k < k. Moreover, a RSCF ¢ : D" — A(A) is unanimous
and strategy-proof if and only if it is a (k, k)-RPFBR, where k and k are as described above.
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APPENDIX

A  PROOF OF THEOREM 1

When k — k = 1, Dy(k, k) = D<, and then Theorem 1 follows from Theorem 4.1 and Proposition 5.2 of
Ehlers et al. (2002). Henceforth, we assume k — k > 1.

(Sufficiency part) Let ¢ : [Dy(k, E)]n — A(A) be a (k, k)-RPFBR. First, ballot unanimity implies that
¢ is unanimous. We next show strategy-proofness of ¢ in two steps. In the first step, we introduce a
notion weaker than strategy-proofness, local strategy-proofness, which only requires a RSCF be immune to
the misrepresentation of preferences that are adjacent to the sincere one.'® Fact 1 below shows that every
locally strategy-proof RSCF on Dy(k, k) is strategy-proof. In the second step, we show that ¢ is locally
strategy-proof.

FACT 1 Ewvery locally strategy-proof RSCF on Dy (k, k) is strategy-proof.

By Theorem 1 of Cho (2018), to prove Fact 1, it suffices to show that Dy (k, k) satisfies the no-restoration
property of Sato (2013). Therefore, the verification of Fact 1 is independent of RPFBR ¢, and for ease of
presentation, is delegated to Appendix D.

Now, to complete the verification, we show that ¢ is locally strategy-proof. Fixing ¢ € N, P;, P/ €
Dy (k, k) with P; ~ P/ and P_; € [DH (k, E)}n_l, we show that ¢(P;, P_;) stochastically dominates ¢(P/, P_;)
according to P;. Let r1(P;) = as and r1(P/) = a;. Evidently, if a5 = a;, the tops-only property implies
o(P;, P_;) = (P!, P_;). Next, assume as; # a;. Then, P; ~ P/ implies r1(F;) = r2(P]) = as, 11 (P)) =
ro(P;) = a; and ri(P;) = 7, (P)) for all k ¢ {1,2}. Thus, to show local strategy-proofness, it suffices to show
the following condition:

Pas (Pivpfi) > Pas (Pi/»P*i) or ‘pat(PivP*i) < ‘pat(Pi/vP*i)v and (#)
P =

Pay, (P’H *i) Pay, (P’L/7 P*l) for all 93 ¢ {a’S7a’t}'

By the definition of Dy(k, k), P; ~ P/ implies one of the following three cases: (i) as,a; € L and

K2

a; € {as—1,as41}, (i) as,a; € R and a; € {as—1,as+1}, and (iii) as,a; € M. Note that the first two cases
are symmetric. Therefore, we focus on cases (i) and (iii).

CLAIM 1: In case (i), condition (#) holds.
If a; = as—1, then we know S(s, (P;, P—;)) D S(s, (P!, P_;)) and S(k, (P;, P—;)) = S(k, (P}, P_;)) for all
ar, € A\{as}, and derive
Pa. (P, P—i) = Bs(s,(p.,p_.)) ([as: am]) = Bs(s+1,(p;,P_)) ([@st1, am])
> Bs(s,p,p_))([as, am]) = Bs(st1,p p_;))([@s+1,am]) by monotonicity

i

= Pa, (Pilv P—i)v
and for all a ¢ {as—1,as},

©ay, (Ps, P_i) = Bse,(pi,p_,)) [0k, am]) = Bset1,(p,p_,)) ([aks1, am])
= Bstk, PP [0k am]) = Bses1,pr,p_)) ([@k+15 Gm]) = ay (P, P-y).

5Formally, a RSCF ¢ : D" — A(A) is locally strategy-proof if for all i € N, P;, P/ € D with P, ~ P/
and P_; € D"1, o(P;, P_;) stochastically dominates (P!, P_;) according to P;.
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If at = as41, then we know S(s+1,(P;, P_;)) C S(s+1, (P}, P_;)) and S(k, (P;, P-;)) = S(k, (P!, P_;))
for all ay, € A\{as+1}, and derive
Pasis (Pis Poi) = Bs(s41,(p,po)o([@s41,am]) = Bs(sa,(p,poy)) ([ast2, am])
< Bs(s+1,p P ([@s+1, am]) = Bs(st2,pr,p_;)) ([@s+2,am]) by monotonicity

i

= Pagia (P, P-;).
and for all ay, ¢ {as,ast1},
Par (P, Poi) = Bsr,(pi,p_o)) ([ak; am]) = Bskr1,(p,, p_s)) ([ak+1, am])
= Bstk,p,p_)) [k, am]) = Bses1,pr,p_)) ([ak 41, am]) = a, (P, P—i).
This completes the verification of the claim.

CLAIM 2: In case (iii), condition (#) holds.

We assume a; < as. The verification related to the situation as < a; is symmetric, and we hence omit
it. First, note that S(ag, (P;, P—;)) = S(ag, (P}, P_;)) for all a;, € A with ar < a; or as < aj. Then, for each
ar € A with ap < a; or as < ax, we have

Pay, (Ps, P—i) = Bs,pi,p_,)) [0k, am]) = Bsrt1,(p,p_.)) ([aks1, am])
= Bsk, PP [0k am]) = Bses1,p7,p_)) ([ak+15 am]) = ay (P, P-y).
Next, given a; < ar < a5, we know ap < ap < ag and ag < apy1 = agz. Then, Definition 3 implies

that for all S C N, Bs(lak, am]) = > ;565 = Bs([an+1,am]). Moreover, note that S(k, (P, P—;))\S(k +
1, (P, P—;)) ={j € N\{i} : r(P}) = ap} = S(k, (P}, P_;))\S(k + 1, (P}, P_;)). Therefore, we have

Pay,(Pi; P_i) = Bsk,p,,p_.)) [0k, am]) = Bst1,p,,p_.)) ([akt1, Gm])
= 2 s PP NS,
JES(ky(P},P-i))\S(k+1,(P{,P-:))
= Bstk,p.p_)) [0k am]) = Bses1,p7,p_y) ([ak+15 am]) = ay (P, P-y).
Overall, we have @, (P;, P—;) = ¢q, (P}, P_;) for all ay, ¢ {as, a;}. Last, since a; < as implies S(s, (P;, P—;)) D
S(s, (P!, P-;)) and S(asy1, (P, P—;)) = S(as41, (P}, P_;)), we have

©a,(Pi, P_i) = Bs(s,(pi,p_,)) ([ass am]) = Bs(st1,(pi,p_ o)) ([@s41, am])
> Bs(s,pr,p_i))[as, am]) = Bss+1,pr,p_,)) ([@s11,am]) by monotonicity

= Pas (Pilv P—Z)
This completes the verification of the claim.
Therefore, ¢ is locally strategy-proof, as required. This hence completes the verification of the sufficiency

part of Theorem 1.

(Necessity part) Let ¢ : [Du(k,k)]" — A(A) be a unanimous and strategy-proof RSCF. Since D4 C
Du(k, k), we can elicit a unanimous and strategy-proof RSCF ¢ : [D]™ — A(A) such that ¢(P) = ¢(P)
for all P € [D<]™. First, Theorem 3 of Peters et al. (2014) or Theorem 5 of Pycia and Unver (2015) and
Proposition 3 of Moulin (1980) together imply that ¢ is a mixture of finitely many FBRs. Then, it follows
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immediately that ¢ is a PFBR. Let (8g)scn be the probabilistic ballots of ¢. Evidently, (8g)scwn satisfies
ballot unanimity and monotonicity. Next, by the proof of Fact 1 and Proposition 1 of Chatterji and Zeng
(2018), we know that ¢ satisfies the tops-only property. Last, since both D~ and Dg/(k, k) are minimally rich,
the tops-only property of ¢ implies that ¢ is also a PFBR and inherits ¢’s probabilistic ballots (8s)scn-
Therefore, for all P € [Dy(k,k)]" and aj, € A, we have ¢, (P) = Bsgi,p)([ar: am]) — Bsr1,p) ([ak+1, am)),
where Bs(m+1,P)([@m+1,am]) = 0. To complete the proof, we show that ¢ is a (k, k)-RPFBR.

Let D = {R- € Dy(k, k) :m(P;) € M } denote the subdomain of hybrid preferences whose peaks are in
M. Since |M| > 3 and D has no restriction on the ranking of alternatives in M, according to the random
dictatorship characterization theorem of Gibbard (1977), we easily infer that there exists a “conditional
dictatorial coefficient” e; > 0 for each i € N with ), e; = 1 such that o(P) = > ;.\ €i ey (p,) for all
P € [Du(k,k)]" with r1(P;) € M for all i € N.

Fix an arbitrary coalition S C N. We first show Bs([ag,am]) = >°;cg€;. We construct a profile
P € [Du(k, E)]n where every voter of S has the preference with the peak a; and all other voters have
the preference with the peak ag. Thus, S = S(k, P) and ¢(P) = 3 ;cg€j€a; + 3 jen 5 Ej €a,- We then

have Bs(lag, am]) = Bgi py(lag, am]) = 23 g ﬁS(k,P)([akvam]*ﬁS(k—H,P)([akJrlaam])} = Y hf Par(P) =
‘Pag(P*) = Zjes €j-

Last, we show Bg([a1,ak]) = > cns€j- Since Bs(lar,an]) = 1 — Bs(lag, am]) — Bs(lawt1,a5_,]) =
ZjeN\S g5 — Bs([ap+1, az_4)), it suffices to show Bs(ar) = 0 for all ay, € [ag41,a5_,]. Given ax < ap < ag,
since S(k,P) = S = S(k + 1,P), we have Bs(ax) = Bs([ar,am]) — Bs([ak+1,am]) = Bsw,p)(lak, am]) —
Bsk+1,P)([ak+1,am]) = @a, (P) = 0, as required. This completes the verification of the necessity part of
Theorem 1.

B PROOF OF THEOREM 2

We first show the sufficiency part of Theorem 2, and then turn to proving the necessity part. Before
proceeding the proof, we formally introduce the deterministic version of a (k,k)-RPFBR, which we call a
(k, k)-Restricted Fized Ballot Rule (or (k,k)-RFBR).

DEFINITION 6 A DSCF f : [Du(k,k)]" — A(A) is called a (k,k)-Restricted Fized Ballot Rule (or
(k,k)-RFBR) if it is an FBR, i.c., there exists a collection of deterministic ballots (bs)scn satisfying ballot
unanimity, i.e., by = a,, and by = a1, and monotonicity, i.e., [S C T C N| = [bs =< br], such that

for all P € [Dy(k, E)}n, we have f(P) = glgaz)vﬁ (Ijréiéﬁ (rl(Pj),bs)), and in addition, (bg)scn satisfy the

constrained dictatorship condition, i.c., k —k > 1 implies that there exists i € N such that [i € S] =
[bs € R] and [i ¢ S] = [bs € L].

(Sufficiency part) Fixing an anonymous (k, k)-RPFBR ¢ : [Dy(k,k)]" — A(A), assume that ¢ satisfy
per-capita monotonicity. Let (8s)scn be the corresponding probabilistic ballots. By anonymity and the
constrained random-dictatorship condition, Ss = Bs: for all nonempty S,S" C N with |S| = |9’|, and each
voter has the conditional dictatorial coefficient % We are going to decompose ¢ as a mixture of finitely
many (k, k)-RFBRs.

We provide some new notation which will be repeatedly used in the proof. Given S C N, let supp(Bs) =
{ar € A: Bs(ar) > 0} denote the support of 8s. Given S C N with S # @ and N\S # 0, the constrained
random-dictatorship condition implies supp(Ss) N R # 0 and supp(Bs) N L # (. Hence, we define

b = min~ (supp(ﬂs) N R) and laé = max™ (supp(ﬂs) N L).
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Evidently, EL =< ?JR Moreover, let b% = a,, and let I;Q = ay. It is evident that (i) Sy (bE) = 1 and 8y (bL) =1,
and (ii) for all nonempty S C N, BS(bR) > 0, ﬂg(bL) > 0 and Bs(ay) =0 for all a; € A with bL < ap < bR
Note that anonymity of ¢ implies b = bS, and b b for all nonempty 5,5’ C N with |S| = |5].

LEMMA 1 For all nonempty S C S’ C N, we have l;f; < Eg/.

Proof: 1If S’ = N, it is evident that Z;S = Gy = Eg,. Next, let S C N. Suppose l;SR - IA)g/. We then have

ﬂs/([ aam]) BS’([ak G'M]) BS’( /) |S |/n _ 1 _ ﬁs([aﬁﬂlm]) _ ﬁs([?)gﬁlm]) : s _ 3
K < 9] < TsT = n < ST = K , which contradicts per-capita

monotonicity. O

LEMMA 2 For all S € S’ C N, we have lA)g < bE,.

Proof: If S = (), it is evident that IA)é =a; < bL,. Next, let S # (). Suppose IA)Q >~ Bé’, For notational
convenience, let § = N\S and $' = N\S’. Thus, S # 0, 5" #0, S > 5" and b]LV . = bk = bk, = b We

\S S N\S"
Bxs(anbysl) _ Bws(lavasD=Bus®ins) _ 8)n _ 1 _ Bwsr(lover]) _ By (fanby o)
then ha.ve E) < B B <Eg = a = K = K , which
contradicts per-capita monotonicity. [l

Given an arbitrary i € N, we construct deterministic ballots (b%)scn:
5 = bg and bly, g = b g for all S C N withi € S.

Since by = b% = a,, and bj) = bk W= b = a1, ballot unanimity is satisfied. Next, we show monotonicity is
satisfied. Fix S € 8" C N. If i € S, then i € S/, and Lemma 1 implies by = 0B < bE =bi,. Ifi¢ S, then
i ¢ S, and Lemma 2 implies b%, = bN\ IN\S] = bN\ (N\§] = =L < bk = bN\ (NS = bN\ (NS = =b%,. Ifi € S'\S,
then b% € L and b, € R, and hence by < b%,. Overall, b, < b%,, as required. Correspondlngly7 let f% be the
FBR w.r.t. the deterministic ballots (b%)sc . Moreover, given S € N, we have [i € S] = [bi, = b¥ € R], and
[i.e N\S] = [bh = b}\,\[ NS = b%\[ M) € L] which mfet the constrained dictatorship condition. Therefore,
ftis a (k, k)-RFBR which is strategy-proof on Dy (k, k) by Theorem 1.
Next, we mix all (k, k)-RFBRs (f%);en with the equal weight %, and construct the (k, k)-RPFBR:

1 = n
o(P) = Z —efip) for all P € [DH(E7 k)] .
ieN

Let (ys)scn denote the corresponding probabilistic ballots, which obviously satisfies ballot unanimity, mono-
tonicity and the constrained random dictatorship condition. We make two observations on (vs)scn: (1)

Vs =D ien i€ ey, LN s e+ o ZzeN\S ey = |S|eb + = n!slebL for all S C N, and (2) ¢ is anonymous.
Given distinct S S' C N with |S| 1571, anonymlty of cp implies e = o, and €L = €pL - We then have
vy = %el;g + = ‘S‘ebL = leb + = |S |ebL = g/, as required.

Furthermore, we 1dent1fy the real number

iR L
“= SCIJI\lfi:g;aé@ (min (ﬁigbﬁ)’ 58_(bf€)| ))

Evidently, 0 < a < s S( ) for all nonempty S C N. Moreover, given a nonempty S C N, the constrained

‘ 1
random-dictatorship condltlon implies o < B S‘g‘ s) < % = %
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LEMMA 3 We have o = % if and only if |supp(Bs)| = 2 for all nonempty S C N. Moreover, if a = %, then
@(P) = ¢(P) for all P € [Dy(k, E)]n, and hence @ is decomposable.

Proof: First, assume |supp(Bs)| = 2 for all nonempty S C N. Thus, for all nonempty S C N, we know
supp(Bs) = {bR bL} 5S(bR) 15 and Bs(bk) = "_TIS‘ by the constrained random-dictatorship condition.

w2
Consequently, o = 71l by definition.

_ 1 : s Bs (b£) 1 Bs(bS) ~
K - N . b iy - pi
Next, assume a = . Fix an arbitrary nonempty S C N. By definition El > a=; and 7= TS

o = 1. Meanwhile, the constrained random-dictatorship condition implies ﬁs(l;g) < % and Bs(bg) < n=lsl

Therefore, Bg(bE) = ‘nﬂ and Bg(b%) = 2= |S| , and hence |supp(Bs)| = 2.
Furthermore, note that (i) 5N = eam =y and By = e,,, = 79, and (ii) for all nonempty S C N,
Bs = |S|ebR + = n‘SlebL =Y ien o weyi, =7s. Therefore, p(P) = ¢(P) for all P € [Du(k, k)]", and hence, ¢

is decomposable O

Henceforth, we assume 0 < a < %, and define the following

. _ Bs — a|S|ejr — a(n —[S])e;
By Ps —ams _ bs "5 for all S C N, and

1—an 1—an

p(P) — ang(P)

o forall P € [Duk, k)"

$(P) =

It is easy to show that Bg € A(A) for each S C N. Hence, (BS)SQN are probabilistic ballots. It is
evident that (8s)scn satisfy ballot unanimity. Since both ¢ and ¢ are anonymous, ¥ is also anonymous
by construction. Next, let each voter have the conditional dictatorial coefficient % We show that (8s)scw
satisfy the constrained random-dictatorship condition. Given nonempty S C N, we have fs([ag, am]) =

7 a - ‘S‘ —« A ai,a|)—oa(n— L‘S‘fa n— —
quired. Next, we show that ¢ is a PFBR w.r.t. (BS)SQN. Given P € []D)H(E, E)}n and a; € A, we have
Yo, (P) = Yay (P)—anga, (P)  (Bsw,p)([ak,am])=Bs+1,p) ([akt1,0m]))—an(vsk, ) ((a8,0m]) =Vsgt1.p) (axt1,0m]))
ak - 1—an - 1—an =
Bs<k,P>([akaam])liz?::s(k,zv)([ak»am])_ﬂs<k+1,P>([ak+1vam])lio;TZL'YS(Hl,P)([ak+1’am]) _ BS(k,P)([almam])_BS(k+1,P)([ak+1aam])7

as required.
The next two lemmas show that (8s)scn satisfy monotonicity and 1 satisfies per-capita monotonicity
respectively. Hence, we conclude that 1) is an anonymous (k, k)-RPFBR and satisfies per-capita monotonicity.

LEMMA 4 Probabilistic ballots (Bs)sg\] satisfy monotonicity.

Proof: Given S C S’ C N, if S =0 or S = N, monotonicity holds evidently. We hence assume S # () and
S" # N. We first identify b5 < bk, < aj < ap X bE < bE by Lemmas 1 and 2. We assume w.l.o.g. that
|S'] = [S| + 1. Given a; € A, we have five cases: (1) b§ < ar, (2) b§ < ar 2 bg,, (3) bg < ar X bF, (4)
bs < ap = bS,, and (5) a; < bL We show Bs([ar, am]) > Bs([ar, am)) in each case.

Bs/([U«uam])—ﬂs([amam]) > O

l1—an

First, in either case (1) or case (5), Bg: ([at, am]) — Bs([at, am]) =
Br(lonan])=alS'|=Bs((anan)) 5 S=alS'D-[As (@S an)-ps®H] _

In case (2), BS’([atyam])_BS([ataam]) = ’ 1—an 1-an
IS4 o (15]41)— 814 o (B _ ,_a)_,_‘s‘(%@_a)

[~ o > 0, where the first inequality follows from Eg < a; = i)g,
and the constrained random dictatorship condition of ¢, and the last inequality follows from the hypothesis
a < % and the definition of «.

5 5 1([at,am])—a|S | — at,am])—a s S'|—(El—qs
In case (3), Ay (lar, am]) = Bs(lar, ap)) = Zorllonamb=elSI=Palanan)zals] . SrelSIECazalSh -

1
@
Y S0
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Last, in case (4), we have B ([ar, am]) — Bs(|as, am]) = B (lanam])=alS'|~a(n=15') - [Bs(ar.am]) ~alS] =

l1—an
L8148 (fae,ap])—a(n—IS) = [ +Bs(far,ar))] _ 1485 (BE)—a(n—|s’|+1) <La>+(n*\5’\>(ﬁs’(5§')* )
w +Bse (la, et n ) > ntlsrlbs)—ol — r e > 0, where

the first inequality follows from b% < a; < b%, and the constrained random dictatorship condition of ¢, and
the last inequality follows from the hypothesis a < % and the definition of «.
In conclusion, Sg([at, am]) > Bs([at, am]) for all a; € A. O

LEMMA 5 RPFBR 9 satisfies per-capita monotonicity.

Proof: Fixing S € 8" C N, we have I;SR =< Bg, and IA)Q\S, =< Bﬁ\s by Lemmas 1 and 2. If S =0 or S’ = N,
per-capita monotonicity holds evidently. We hence assume S # () and S’ # N.
Given a; € R, either one of the three cases occurs: (1) b%, < a;, (2) bE < a; < b, and (3) a; < bE.

In case (1), Zorlanenl) — 1 duonanl) 5 1 paloon) _ Bsllocon)) where the inequality follows

from per-capita monotonicity of .
Bsr(laram)) _ 1 Bs(avan)—als| _ 1 Bl-als| 1 1 1 (1 BsB)y _
In case (2), =2 Ed = Tan = Tan 5] = (=) > = (5 - %) =
sl IR . _ iR A
E— \%T(bS) = = ﬂs([“’““"”s]f Psbs) > —L BS([Té"a”']) = BS([Tg‘a"‘D, where the first inequality follows
from the definition of & and the second inequality follows from i)g < ay.
: B r(lat,am]) _ 1 Bgr(lav,am])—alS| _ 1 Bsr([at;am]) 1 Bs([at,am])

Last, in case (3), =g = =g =778 = o |2 - o] 2 o [ - o

= 1_1om Bs ([“?’l‘gll)_o‘ls | — Bs (['llé’la"”]), where the inequality follows from per-capita monotonicity of .

Symmetrically, given as € L, either one of the three cases occurs: (i) as < 6]L\,\S,, (ii) Z;JL\,\S, <as < IA)@\S,

and (iii) B%\S =< as.

. ﬁ /([ ) S]) B /([ ’ b]) B ;s B ;s : :
In case (i), N\Slsjlll L= N\S|s?|1 ) > N\Sl(gl‘l o) _ N\Sl(gl‘l 2D \here the inequality
follows from per-capita monotonicity of ¢.
oy Bawvsr(lan,as]) 1 Bws(lana)—aln—(n—|S'D] 1 4 1 (1 BnsOrie)y
In case (11), 157] T l-an [S7] - 1fom(ﬁ B a) 2 170471(5 T n—(m—9) ) -
[S] pL 7L A
o Bvsbins) 1 Bwys(la,ar])—Bn\s(brs) 1 Bns(lansas]) _ Bwys(lar,as)) .
F—— 5] = 1o 5] > o 5] = E , where the first in-
equality follows from the definition of a and the second inequality follows from as < b%\ 5
. oo Bwnsr(laas) 1 Bawsr(lavas)—aln—(n=|S'D] 1 [Byxsr([a1,as])
Last, in case (iii), —=~ &7 = === Ed = [ N e —al >
1_1om ﬂN\S‘(glll’asD —al = 1_10m BN\S([al’asb‘gla["_(”_|s‘)] = BN\Sl(glll’aS]), where the inequality follows from
per-capita monotonicity of .
In conclusion, 1 satisfies per-capita monotonicity. (I

The next lemma shows that the support of every ¢’s probabilistic ballot is refined by that of ¥, and the
support of some ¢’s probabilistic ballot is strictly refined.

LEMMA 6 For all nonempty S C N, supp(ﬁs) C supp(Bs), and for some nonempty S* C N, supp(Bs*) C
supp(Bs+).

5s—a\S|eg1Sa—a(n—|S\)egé

Proof: Given nonempty S C N, since Bs = — , it is true that supp(Bs) C supp(Bs).
IR 7L

Next, by the definition of «, there exists a nonempty S* C N such that o = %})"5*) ora = % Hence,

cither B+ (bE.) = 0 or Bg- (b%.) = 0 holds. Therefore, supp(Bs~) C supp(Bs-). O
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By spirit of Lemma 6, we call 9 the refined (k,k)-RPFBR of ¢. Now, we have (k,k)-RFBRs (f%)ien
and an anonymous (k, k)-RPFBR 1 which satisfies per-capita monotonicity. More importantly, the original
(k,k)-RPFBR ¢ can be specified as a mixture of (f*);cnx and 1, i.e., ¢(P) = and(P) + (1 — an)y(P) =
a) ey epipy+ (1 —an)p(P) for all P e [DH(E,E)]H.

Note that if we repeat the procedure above on the anonymous (k, k)-RPFBR. v, we can further decom-
pose . Therefore, by repeatedly applying the procedure, we eventually can decompose ¢ as a mixture of
finitely many (k, k)-RFBRs, provided that the procedure can terminate in finite steps. In each step of the
procedure, Lemma 6 implies that the support of the refined (k, k)-RPFBR’s probabilistic ballots strictly
shrinks. Since the alternative set A is finite, it must be the case that after finite steps, the support of the
refined (k, k)-RPFBR’s every probabilistic ballot becomes a binary set. Furthermore, by Lemma 3, the re-
fined (k, k)-RPFBR becomes a mixture of n (k, k)-RFBRs. Hence, the procedure terminates, and we finish
the decomposition of ¢. This completes the verification of the sufficiency part of Theorem 2.

(Necessity part) Fix an anonymous decomposable (k, k)-RPFBR ¢ : [Du(k, E)]n — A(A). Let (Bs)scn
be the corresponding probabilistic ballots. By Theorem 1, we know that (8s)scn satisfy ballot unanimity,
monotonicity and the constrained random-dictatorship condition. Moreover, anonymity of ¢ implies that
every voter has the conditional dictatorial coefficient 1, and s = B¢ for all §,5" C N with |S| = |S’|. By
decomposability and Theorem 1, we have finitely many (k, k)-RFBRs f* : [Du(k,k)]" — A(A), k=1...,q,
and weights al,...,a? > 0 with 3>7_, of = 1 such that o(P) = 3"7_, a®esu(py for all P € [Dy(k, k)]". For
each 1 < k < g, let (b%)scn denote the deterministic ballots of f*. Evidently, for each 1 < k < ¢, (b%)scn
satisfy ballot unanimity, monotonicity and the constrained-dictatorship condition. For ease of presentation,
we call the voter specified in the constrained dictatorship condition of f* the constrained dictator, denoted
by i*. Moreover, let I; = {k € {1,...,q} : i* =i} collect the indexes of RFBRs where i is the constrained
dictator. Last, by monotonicity of both (8s)scny and (b%)scn, k =1,...,¢, it is true that B = Y7 _, ozkebx5
for all S C N.

LEMMA 7 Foralli € N, ) ;. b =1

Proof: Suppose that it is not true. Then, there exist i,7 € N such that Zkeh ak #£ Zkelj aF. Then, by

the constrained random dictatorship condition, we have B¢ ([ag, am]) = > 71—, akl(b’{“i} €ER)= > kel ok #£
> kel ab =31, akl(b"}fj} € R) = By ([ag, am]), which contradicts the fact By = Bg;y.'6 O

For each i € N, let ¢'(P) = > kel oFnegrpy for all P € [Dy(k, E)}n By Lemma 7, ¢ is a mixture
of RFBRs (f*)rer, according to the weights (a*n)ker,, and hence is a (k, k)-RPFBR. Let (8%)scn denote
the corresponding probabilistic ballots. Evidently, (ﬁg)gg ~ satisfy ballot unanimity and monotonicity, and
' satisfies the constrained random-dictatorship condition. Note that voter i has the conditional dictatorial
coefficient 1 in .

LEMMA 8 For all S C N, Bg = ZieN %523

Proof: By the definition RPFBRs (¢)ien, we can rewrite ¢ as follows: @(P) = Yi_ afepp) =

DoieN 2okel: O‘kef’“(P) = Dien %(Ekefi aknef’“(P)) = Yien n#'(P) for all P € [DH(&E)]H' There-
fore, Bs =3 ;cn %ﬂg for all S C N. O

Now, for each ¢ € IV, we construct another collection of probabilistic ballots (Bg) scn by equally mixing
probabilistic ballots {(8%)scn : j € N} in a particular way. Specifically, given S C N, say |S| = k, we

16The notation 1(-) denotes an indicator function.
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construct 3 % in two steps. In the first step, we refer to each coalition S’ C N that has the same size as S, the
k corresponding probabilistic ballots (/3% S,) jes’ and the n — k correspondmg probabilistic ballots (4 S,) JEN\S'-
We then make two equal mixtures deS' kﬁs, and EJGN\S, — kﬁs, In the second step, we check whether

+BL, for all CF = n__ subsets S’ of N that have

i is included in S or not. If i € S, we refer to ) = W

jeSs’
the same size as S, and make their equal mixture as BS, ie.,

- 1 1 . 11 i
Bi= Y ()= X Xk
S'CN:|S'|l=k ™ jes’ n " SICN:|S!|=k jES’

otherwise we refer to ZjeN\S, ﬁﬁg/ for all C* = #lk), subsets S’ of N that have the same size as S,

and make their equal mixture as %, i.e.,

- 1 1 ; 1 1 i
= Y G Y mh) g, 2 XA

S'CN:|S'|=k JEN\S S/CN:|S'|=k jEN\S’

We are going to show that (8%)scy satisfy ballot unanimity, monotonicity and the constrained random-
dictatorship condition. First, it is easy to verify the following four statements:

(i) BL € A(A) forall SC N and i € N.

(ii) (BiS)SCN satisfy ballot unanimity, i.e., 6(2) = ZS’CN\S'\ OZggZS/ BS, = %ZjeN ﬁé = ey, and
j 1
By = ZS’CN |S7|=n ZjeS’ Be =4 ZjeN ﬁ?v = €a,p,-
(iii) (BL)scn satisfy the constrained random dictatorship condition, i.e., given S C N, say |S| = k,

if i € S, we have B5([ag,am]) = ZS’QN:\S’\:k%(ZjES/ %6%,([&57%1])) = 1; otherwise, we have
(a1, ax]) = ESIQN:W\:k c%fg(zj‘eN\S' ﬁﬁé([alaa&])) =1
(iv) For all nonempty S C N and distinct 4,j € S or i,j ¢ S, we have 3% = qu

Next, we focus on showing monotonicity of (3%)sc -

LEMMA 9 Given nonempty S C N, s = .cn nﬂs

Proof: Let |S| = k. Thus, 0 < k < n. We then have
1
Ps =75 Y. Bs (by anonymity)
n S/CNAS! =k

:Lk Z Z BS, (by Lemma 8)

" §ICN|S!|=kiEN

—arr 2 (T X o)

SICNIS =k i€’ iEN\S
ks 11 . n—ky/s 1 1 .

=— ﬁ’b/ + = B’L/
<Ckks'c1\72|;q/| meis:/ S) n (Cﬁn_ks'g\%/\:meg\zs' S)

for some i € S and some j € N\S (by the definition of 5% and BJS)

= Z BS + Z 76] (by statement (iv) above)

ZGS ]EN\S
_ Z ﬁS
ZGN
This completes the verification of the lemma. O
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LEMMA 10 Probabilistic ballots (qu) satisfy monotonicity.

SCN
Proof: Fix SC S CN.IfS=0orS =N, the condition of monotonicity holds evidently. Henceforth,
let S # 0 and S # N. We assume w.l.o.g. that |S| = k and |S'| = k+ 1. If S'\S = {i}, we have
Bi ([az, am]) = 1 and Bilar,ax] = 1 by the constrained random-dictatorship condition, which immediately
imply the condition of monotonicity.

Next, assume 4 € S. Then, ¢ € S’. Now, given a; € A, we have

. . 1 1 1
B llowsaml) = Billan am) = ey 3 3 Ahllenan) ~ grp Blar,am))

SCN:|S|=k+1j€S SCN:|S|=kjeS

=ci+1ki1i[ > () - ((n—k)Zﬂ;aawmn)]
n SCNiE 5 SCNIIS|=k

CN:|S|=k+1 jES jES
1 1 1 : ;
=G T [ > (£ Taged)- ¥ (09 Zﬁ;([auamn)}
n SCN:|S|=k \vEN\SjeS SCN:|S|=k jES
1 1 1 ;
=T ETE S (Bl (s am)) = BL(lat, am)) )
n SCN:|S|=kveN\SjeS
>0. (by monotonicity of (ﬁg)JgN,j €9)
Last, assume ¢ ¢ S’. Then, i ¢ S. Now, given a; € A, we have
B (lat, am]) — B5([at, am])
1 1 1 ;
Zwm Z Z 5 ([at, am]) — Ck e Z Z /ng([atyam])

SCN:|S|=k+1jEN\S SCN:|S|=kjEN\S

1 1 1 . .
:Fﬁn—km |:S Z ((k+1) Z 5]5([at,am])>— Z ([”—(k+1)] Z 52([at,am})>:|

SCN:|S|=k+1 JEN\S SCN:|S|=k JEN\S

1 1 1 ; .
C}in—k‘n—(k-ﬁ-l)[ Z <(k+1) Z 5;([at7am])>—s Z (Z Z 6§\{V}([at,am])>:|

SCN:|S|=k+1 JEN\S SCN:|S|=k+1 \veSjeN\S

1 1 1 ;
T O g, o 2 sl = 35 (oo

N:|S|=k+1veES jEN\S

>0. (by monotonicity of (Blj})(]gN,j € N\S)
This completes the verification of the lemma. (]

Now, we are ready to show per-capita monotonicity of ¢. Given nonempty S C S’ C N, a; € R and
as € L, we have

Bs ([at; am]) _ Bs(lat; am]) _ZieN %Bfg/([atvam}) ZieN %Bg([aham})

[S’] |S| - [S7] - 1] (by Lemma 9)
1 5 ) 176
:ZiES/ wBglar,aml]) s 7 Bs([at, am]) (by statement (i)
) s S|
_ B (lar, am)) — Bi([at, am])

(select ¢ € S and apply statement (iv))
n

>0 (by Lemma 10), and
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Bwsr(lar,as))  Byys(la,as]) — Dien #Bisrlar,asl)  Yien 7Bk s(lar, as))

(by Lemma 9)

‘S’| |S| - |S" - ‘S‘
:Eies/ %ﬁ;\’\s’([al’as]) _ >ies %/B}bv\s([al,as]) (by statement (iii))
B s S|
_Bis(lar,as]) = By g (a1, as)

(select 4 € J and apply statement (iv))
n

_Bis(last1,am)) = By s/ ([as+1,am])
B n
>0. (by Lemma 10)

This completes the verification of the necessity part of Theorem 2.

C PROOF OF THEOREM 3

Let domain D satisfy the weak no-restoration property and contain two completely reversed preferences.
Thus, D is connected. Note that I is minimally richness. We first show that D is (k, k)-hybrid for some
unique k and k. The proof consists of Lemmas 11 - 17.

We first introduce an important new notion. A pair of distinct alternatives ag, a; € A is said adjacent
in D, denoted as ~ at, if there exist P;, P/ € D with r1(P;) = as and r1(P!) = a; such that P, ~ P).
Then, we induce a graph, denoted by Gp, such that the set of vertex is A, and in the set of edges, every
pair of alternatives forms an edge if and only if they are adjacent in D. An alternative-path, denoted by
P, connecting a, and a; is a sequence of (non-repeated) vertices {xx}._, C A such that z1 = ag, 7, = a;
and xp ~ xpy; for all k = 1,...,1 — 1. For notational convenience, let II(as,a;) denote the set of all
alternative-paths connecting as and a:,'" and (as, a;) denote one alternative-path connecting as and ay.

LEMMA 11 Every pair of distinct alternatives as, a; € A is connected via an alternative-path, i.e., U(as, ar) # 0.

Proof: Given P; € D with r1(P;) = a5 and P/ € D with r1(P/) = a; by minimal richness, since D is
connected, we have a path {P¥}t_, C D connecting P, and P/. We partition {PF}!_, according to the
peaks of preferences (without rearranging preferences in the path), and elicit all preference peaks:

P,...,P" Pkt pke PPt PP | Blicit peaks ( \

the same peak z;’ the same peak xo’ "~ the same peak z, T E2 Tty
where x, # x4, and xp ~ x4 for all k =1,...,¢— 1. Note that {z1, 29, ... ,xq} may contain repetitions.
Whenever a repetition appears, we remove all alternatives strictly between the repetition and one alternative
of the repetition. For instance, if x; = x; where 1 < k <[ < g, we remove zj, Tjy1,...,2—1, and refine the
sequence to {z1,...,Tk—1,%,...,Tq}. By repeatedly eliminating repetitions, we finally elicit an alternative-
path {z;}}_, connecting a, and a;. O

Let P, and P; be the pair of completely reversed preferences contained in D. Assume w.l.o.g. that
P, = (ay---ap_1ax---any) and P; = (am - -agar_1---a1). Note that the way we specify P; and P;
determines the labeling of all alternatives.

LEMMA 12 Gliven distinct ap,as,a; € A, let ay be included in every alternative-path of Il(ay,as). Given
P, € D, we have [r1(P;) = ap] = [atPias] and [r1(F;) = as] = [arPap).

"n particular, if as = ay, then I(as, a;) = {{as}} is a singleton set of a null alternative-path.
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Proof: Suppose that r(P;) = a, and asP;a;. Pick an arbitrary preference P/ € D with r1(P]) = as by
minimal richness. By the weak no-restoration property, there exists a path {Pf}fczl C D connecting P;
and P! such that asPFa; for all k = 1,...,1. Thus, r1(PF) # a; for all k = 1,...,l. According to path
{PF} _,, we elicit an alternative-path (a,,as) which excludes a;. This contradicts the hypothesis of the

lemma. Therefore, a;P;as. Symmetrically, if r1(P;) = as, then a;Pia,. a

LEMMA 13 Given as,a; € A\{a1,am} with as ~ ay, If one alternative-path of (a1, a,) includes a;, there
exists an alternative-path of (a1, am) including as.

Proof: Let {z;},_, € A and a; = x, for some 1 < n < p. If a; € {z;}}_,, the lemma holds evidently.
Henceforth, assume a, ¢ {x},_,. Note the alternative-path {a1 = 1, z2,..., 2y = as, a5} € I(ay,as), and
the alternative-path {as,ar = @y, ..., Tp_1,Tp = am } € l(ag, am).

Since P and P; are completely reversed, either a,P;a; or asP;a; holds. Assume w.l.o.g. that asP;a;.
The verification related to asP;a; is symmetric and we hence omit it. Pick an arbitrary preference P; € D
with 71(P;) = as by minimal richness. By the weak no-restoration property, we have a path {Pf}¥_ C D
connecting P, and P; such that aSPikat forallk=1,...,v. Thus, rl(Pf) #aqsforallk=1,...,v. According
to {PF}Y_,, we elicit an alternative-path {y;}7_, € (a1, as) such that a; ¢ {yx}i_,.

Evidently, {yx}{_, N{zx}i_; 2 {a1}. I {yp}i_; N {zk}i_; = {a1}, then the concatenated alternative-
path {a1 = y1,...,yq = as;a4 = Ty, ..., 2p = an} € (ay,ar,) includes as. Next, we assume {yx}i_; N
{zi}_; D {a1}. We identify the alternative in {y}7_; that has the maximum index and is also included
in {zx}?_,, i.e., y; = x4 for some 1 < k < g and 1 < k* < p and Wigrs - Yq) N{xr -, = 0. Note that
a; = xy, 1 <n < pand a; # y;. Therefore, either 1 < k* <nor n < k* < p must hold. If 1 < k* < 7, the

concatenated alternative-path {a1 = 1,..., Tk = Yp;Yp g5+ -»Yg = As3 @t = Ty, Tp = am } € (a1, am)
includes as. If n < k* < p, the concatenated alternative-path {a1 = z1,..., 2, = a;;a5 =Yg, - - -, Yir1: Vi =
Ty, Tp = G} € (a1, an,) includes as. O

LEMMA 14 Given as € A\{a1,an}, there exists an alternative-path of Il(ay, an,) including as.

Proof: Pick an arbitrary preference P; € D with r1(P;) = as by minimal richness. Note that asP;am,
and asP;a,,. By the weak no-restoration property, we have a path {Pf 2:1 C D connecting P; and F;
such that asPFa,, for all k = 1,...,1. Thus, r1(PF) # a,, for all k = 1,...,1. According to {PF}_,, we
elicit an alternative-path {z;};_, € II(a1,as) that excludes a,,. Symmetrically, we have an alternative-path
{yr}i_; € O(as, an,) that excludes ay. Thus, {zx}_; N{ye}i_; 2 {as}t I {ze}i_; N {ye}i_; = {as}, then
the concatenated alternative-path {a1 = x1,...,2p = a5 = y1,...,Yq = am} € II(a1,an,) includes as. If
{zi¥_y N {ur}i_, D {as}, we identify the alternative a; included in both {zy}7_; and {yx}{_, with the
maximum index in {x;}}_; and the minimum index in {yx}{_;, i.e., a; = zj, = yp~ for some 1 < k < p
and 1 < k* < ¢ such that {z1,...,2; ;} NV {yr=41....,y¢} = 0. Thus, the concatenated alternative-path
{21, 25,2 = @t = Yr=, Yk 41, - - - Y} € (@1, ar,) includes a;, and excludes ay. Furthermore, we refer
to the sub-alternative-path {a; = z;,...,2, = a5}, by repeatedly applying Lemma 13 step by step from a;
to as along the sub-alternative-path, we eventually find an alternative-path of II(a1, a,,) that includes a;. O

Note that (a1, ay,) is a finite nonempty set. Hence, we label II(ay, a,,) = {P1,...,Pn}, and make sure
that each alternative-path of II(ay, a,,) starts from a; and ends at a,,. Given P; € II(aq, a,,) and as, a; € Py,
let (as,a;)™" denote the interval between as and a; on P;.

LEMMA 15 If (a1, an) is a singleton set, D is (k, k)-hybrid for all 1 <k <k <m with k —k = 1.
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Proof: Since (a1, a,,) is a singleton set, Lemma 14 implies that all alternatives must be included in a
unique alternative-path. Thus, Gp must be a line and include all alternatives. More importantly, Lemma 12
implies that all preferences of D must be single-peaked w.r.t. Gp. Since P, and P; are single-peaked w.r.t.

Gp, it must be the case that Gp is a line of {a1,aq,...,ak, agt1,...,am} which coincides to the natural
order <. Hence, D C D = Dy(k, k) for all 1 < k < k < m with k — k = 1. Evidently, as ]D)H(E,E/), where
E >kork <F, is not well defined, D ¢ Dy (k' % ). O

Henceforth, we assume that II(aq, a,,) is not a singleton set. Since all alternative-paths of TI(aq, a,,) start
from a; and end at a,,, we can identify the left maximum common part and the right maximum common
part of all alternative-paths of II(a1, a,,), i.e., there exist two alternatives ay, agz € A (either k <k or k > k
so far) such that the following three conditions are satisfied:

(i) a,ag € Py for all Py € Il(ay, am),
(ii) <a1,aﬁ>731 = (al,agp”, and (ar, am)Pt = (ar, )P for all P, P, € Il(a1, a,,), and

(iii) there exist no ay,ap € A such that ay,ap € Py for all Py € Il(ay, ar,), and (a1, a5)"" C (a1, ap )™
or (ag, am)"" C (agr, am)™ for all P; € (ay, am).

We claim that ay # ap. Otherwise, II(ai, a,,) degenerates to a singleton set. Note that condition (iii)
implies that aj and ag are unique. Fix an arbitrary P; € (a1, a,). We first claim (a1, ag)™ N (ag, an) ™t =
(0. Suppose not, i.e., there exists as € (a1, ar)™ N (ag,an)™" such that (a1,as)™ N (as,am)™ = {as}.
Since ap # aj, we know either a; # aj or a;, # az. Consequently, the concatenated alternative-path
{{a1,as)™, (as,am)”™'} € (a1, am) excludes either aj or ag, which contradicts condition (i). Therefore,
(a1, a)™" N {az, am)™' = 0. Next, we claim that (a1,ax)”" U {az,am)™ # A. Otherwise, condition (ii)
implies (a1, ax)™ U (ag,am)” = A for all P, € I(a1,an), and consequently, II(a1,a,,) degenerates to a
singleton set.

LEMMA 16 The following two statements hold:
(i) (a1, ak) is a singleton set of the unique alternative-path {ai,...,ak, Gkt1,- .., 0%}
(i) IL(ag,am) is a singleton set of the unique alternative-path {ar, ..., ax, Gkg1,. .., 0m}.
Proof: By symmetry, we show the first statement, and omit the verification of the second statement.
First, let II(ay, ai) be a singleton set. We show that II(a1,ay) = {{al, ey Oy i1y - - ,aE}}, which co-
incides to the nature order < from a; to aj. Since II(a1, ax) is a singleton set, Lemma 12 implies that all pref-

erences of D must be single-peaked w.r.t. the unique alternative-path of II(a1, a;). Moreover, since the com-
pletely reversed preferences P; = (a1 -+ Qp@pt1 -+ Qg -z am) and Py = (Qp -+ ag - Qg -+ py1a - Q1)

are contained in I, this implies that the unique alternative-path of II(a1, ai) must be {a1, ..., ax, ax+1, ..., ax}-

Next, we show that II(a1,ar) is a singleton set. If a3 = aj, statement (i) holds by the definition
of (ay,ar). We next assume a; # ai. Pick an arbitrary alternative-path P; = {a1 = x1,...,2, =
Ak, .-, T4 = @} € (a1, a,,). Given an arbitrary alternative-path (a1, ax) = {a1 = y1,...,yu = ax}, we
show (a1, ax) = (a1, a,)™". Since ax = x, = y,, we can identify the alternative y; = ) for some 1 < k<u
and v < k* <t such that {y1,...,y;_;} N {Zr=41,..., 2.} = 0. Then, we have a concatenated alternative-
path P, = {y1,...,¥i_1,¥j = Tk, Tho41,...,2¢} € Il(a1,a,). By condition (i) above, we know aj € P,.
Since ax ¢ {y1,---,y;_1} and ax ¢ {Tg41,...,2:}, it must be the case y; = a; and xj+ = az. Hence,
(a1, ax) = (a1,a)P”. Last, by condition (ii) above, we have (a1,ax) = (a1, ax)”” = {a1,ax)”". Since both
P, and (a1, ay) are arbitrarily selected, (a1, a;) = (a1, ax)”" implies that II(a;,ay) is a singleton set. O

Henceforth, let L = {ay, ..., ax, apy1,--- a1}, R={ag, ..., ap, ary1, ..., a0} and M = {ag, ..., ax, Gpg1, - - -

As mentioned before, we know k — k > 1.
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LEMMA 17 Domain D C Dy(k, k), and D ¢ ID)H(E,EI) where k' >k or % <E.

Proof: By Lemma 12, we know that all preferences of D are single-peaked w.r.t. the natural order < on
both L and R. Therefore, the first restriction of Definition 1 is satisfied. We focus on showing the second
restriction of Definition 1.

Fix P; € D with 7 (P;) = a, € L and a, € M\{ax}. If a, = ag, arP;a, holds evidently. We next assume
ap # a. By Lemma 12, to prove ayP;a,, it suffices to show that ay is included in every alternative-path of
II(ayp, ar). Suppose not, i.e., there exists an alternative-path (a,, a,) such that ay ¢ (ap,a,). Since a, # ax,
we have the alternative-path (a1,a,) = {a1,...,ax, ary1,...,ap} which excludes aj. Next, if a, = ag, we
have the alternative-path (a,,a,) = {ag,...,an} which excludes ay. If a, € M\{a,az}, by Lemma 14,
we have an alternative-path P; € II(aq, a,,) that includes a,. Moreover, by condition (i) above and Lemma
16, we write Py = {a1,...,ax, T1,..., T4, a5, ..., Ay } Where a, = x, € {x1,...,2,} € M\{ay,az} for some
1 <wv < t. Then, we have an alternative-path {a, = ,,...,2¢,az, ..., an} which excludes aj. Overall, we
have an alternative-path (a,,a,,) that excludes a;. Now, we have three alternative-paths (a1, a,), {ap,a,)
and (a,, a,,) which all exclude a;. By combining them and removing repeated alternatives, we can construct
an alternative-path of II(a1, a.,) that excludes ai. This contradicts condition (i) above. Therefore, ay is
included in every alternative-path of II(ap,a,), as required. Symmetrically, given P; € D with r(P;) € R
and as € M\{az}, we have a;P;as.

Last, recall condition (iii) above. Since aj and aj are uniquely identified, D ¢ Dy (E,El) where k' > k
or & < k. This completes the verification of the lemma, and hence proves the first part of Theorem 3. [

Now, we turn to the second part of Theorem 3. By the first part of Theorem 3, we know that D C Dg/(k, k)
forsome 1 <k<k<mandD SZ Dy (E’,EI) where k' > k and <E By the sufficiency part of Theorem 1,
it is evident that every (k, k)-RPFBR is unanimous and strategy-proof on ID. Therefore, we focus on showing
that every unanimous and strategy-proof on D is a (k, k)-RPFBR. We provides four independent lemmas
which show some important properties on all unanimous and strategy-proof RSCFs defined on D. Then,
these four lemmas together enable us to complete the characterization of (k, k)-RPFBRs.

LEMMA 18 FEvery unanimous and strategy-proof RSCF ¢ : D™ — A(A) satisfies the tops-only property.

Proof: Fix a unanimous and strategy-proof RSCF ¢ : D" — A(A). To prove the tops-only property, it
suffices to show that for alli € N, P;, P/ € Dand P_; € D" !, [r1(P;) = ri(P))] = [p(Pi, P—i) = (P!, P_;)].

We prove this in two steps. In the first step, by the proof of Theorem 1 of Chatterji and Zeng (2018),
we know that ¢ satisfies the following property: for all i € N, P;, P/ € D with P; ~ P/ and P_; € D"}
[ri(P;) = r(P)] = [p(P;, P_;) = ¢(P!,P_;)].'® In the second step, we consider P;, P/ € D such that
r1(P;) = r1(P!) = as, but P; is not adjacent to P;.

First, strategy-proofness implies ¢, (P;, P—;) = @q, (P!, P_;). Next, pick an arbitrary a; € A\{as}, we
show g, (P, P_;) = @q, (P!, P_;). By the weak no-restoration property, there exists a path {PF}{_, C D
connecting P; and P! such that a,PFa; for all k = 1,...,q. Start from P2. If ri(P?) = r1(P}), the result
in the first step implies @, (P!, P_;) = pq, (P2, P_;). If 11(P?) = a, # as = r1(P}), then P! ~ P? implies
r1(PY) = ro(P?) = as, 71(P?) = ro(P}) = a, and r(P}) = r;(P?) for all [ = 3,...,m. Hence, it must be
the case that a; = r/(P}) = r/(P?) for some 3 < < m, and then strategy-proofness implies ¢,, (P}, P_;) =

18Chatterji and Zeng (2018) introduce the interior and exterior properties on a domain and show that they
together are sufficient for endogenizing the tops-only property on all unanimous and strategy-proof RSCF's.
The weak no-restoration property implies the exterior property, but may not be compatible with the interior
property. However, the proof of their Theorem 1 can be directly applied to show the first-step result here.
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©a,(P?, P_;). Overall, we have ¢,, (P}, P_;) = p,, (P?, P_;). By repeatedly applying this argument along
the path from P? to P{, we eventually have @,, (PF, P_;) = ¢q,(P*™, P_;) for all k = 1,...,q — 1. Hence,
©0a, (Piy P_;) = @q, (P!, P_;). Therefore, ¢(P;, P_;) = p(P}, P_;), as required. O

Since D is minimally rich, the tops-only property implies that every unanimous and strategy-proof
¢ : D* — A(A) degenerates to a random wvoting scheme ¢ : A — A(A). Given an arbitrary random
voting scheme ¢ : A" — A(A), we say that (i) ¢ is unanimous on Dy(k,k) if for all (P,...,Py) €
(D (K, E)}n, [ri(P1) = -+ = r(P,) = ag] = [¢(ak,...,ar) = eq,], and (i) ¢ is strategy-proof (respec-
tively, locally stmtegy -proof) on Dy(k, k) if for all i € N, P;, P! € Dy(k,k) (respectively, P; ~ P!) and
P_; € [Du(k, k)] , ¢(r1(P;),r1(P-;)) stochastically dominates ¢ (ry(P}), 1 (P-

T‘l(P,i) = (7‘1(P1)7 N ,Tl(Pifl), rl(PZ'Jrl), . ,T‘l(Pn)). _

To show a unanimous and strategy-proof ¢ : D" — A(A) is a (k, k)-RPFBR, by Lemma 18, Fact 1
and the necessity part of Theorem 1, it suffices to show that the corresponding random voting scheme
¢ : A" — A(A) is unanimous and locally strategy-proof on Dy (k, k). Note that both D and Dy(k, k) are
minimally rich. Consequently, since RSCF ¢ is unanimous and satisfies the tops-only property, it follows
immediately that the random voting scheme ¢ : A™ — A(A) is unanimous on Dg(k, k). In the rest of the
proof, we show that every random voting scheme, which is induced from a unanimous and strategy-proof
RSCF ¢ : D™ — A(A), is locally strategy-proof on Dy (k, k).

For notational convenience, with a little notational abuse, we write (as,a;) as a two-voter preference
profile where the first voter presents a preference with peak as while the second reports a preference with
peak a;. We also write (as, P—;) as an n-voter preference profile where voter ¢ presents a preference with
peak as and P_; = (Py,...,Pi_1,Pix1,..., Pp).

;)) according to P;, where

LEMMA 19 (The uncompromising property) Let ¢ : D" — A(A) be a unanimous and strategy-proof
RSCF. Given an alternative-path {z}t_,, i € I and P_; € D", we have ¢4, (x1,P-;) = pa,(xs, P—;) for
all as ¢ {xi}i_,, and hence 22:1 Ou,, (21, P_;) = 2221 Ou, (T4, P—j).

Proof: We start with ¢(x1, P—;) and ¢(x2, P_;). Since 1 ~ x2, we have P, € D** and P/ € D" such
that P; ~ P{. Then, the tops-only property and strategy-proofness imply ¢, (z1, P—;) = @a, (P, P—;) =
Ga(PLy Pi) = g, (w2, P-s) for all a, ¢ {a1,22).

We next introduce an induction hypothesis: Given 2 < k < ¢, for all 2 < k' < k, ¢4, (v1,P—;) =
©Ya, (xr, P_;) for all ag ¢ {ml}fil We show ¢, (21, P—;) = @a,(7k, P—;) for all as ¢ {z;}F_,. Since zj ~
Zp—1, we have P; € D* and P; € D"~ such that P, ~ P/. Then, the tops only property and strategy-
proofness imply ¢, (2g, P—;) = @a. (R-,P i) = @a(Pl,P_;) = pa (xp—1,P_;) for all a5 ¢ {zr_1,2k}
Moreover, since @, (1, P—;) = ¢a,(vx—1,P-;) for all as ¢ {x;}F= by the induction hypothesis, it is true
that ¢, (21, P_;) = @a,(zg, P_;) for all as ¢ {x;}F_,. This completes the verification of the induction
hypothesis. Therefore, pq, (1, P—;) = pa, (2, P—;) for all as ¢ {zy}%_,. Then, we have 22:1 Ou,, (21, P_;) =
1- Zasg{wk};ﬁl Pa,(x1, P_) =1— Zasg{zk};é:l Pa, (T, P-i) = 22:1 Pay (T, P—y). U

Now, we can show that if k—k = 1, every unanimous and strategy-proof ¢ : D™ — A(A) is a PFBR. Recall
that k — k = 1 implies D C Dy (k, k) = D~. Correspondingly, Lemma 19 degenerates to the uncompromising
property of Ehlers et al. (2002), and the random voting scheme ¢ : A™ — A(A) satisfies the uncompromising
property on D_. Furthermore, Lemma 3.2 of Ehlers et al. (2002) implies that the random voting scheme ¢
is strategy-proof on D, as required. This completes the verification of the second part of Theorem 3 in the
case k — k = 1. Henceforth, we assume k — k > 1. We first make two observations on graph Gp, which will
be repeatedly used in the following-up proof.

OBSERVATION 1 Given ay € M\{a,az}, there exists an alternative-path (ay,az;) € M that includes a,. O
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OBSERVATION 2 There exists a cycle C1 = {ap},_; € M, p > 3, ie., & ~ x4 for all k = 1,...,p where
Tp+1 = T1, such that ai € C1.'? There exists a cycle Cy = {ue}i_, € M, q > 3, ie., yp ~ yg41 for all
k=1,...,p— 1 where yg1 = y1, such that aj € Cs. |

LEMMA 20 Every unanimous and strategy-proof RSCF ¢ : D™ — A(A) behaves like a random dictatorship
on the subdomain D = {P, € D:r(P) € M}, i.e., there exists a conditional dictatorial coefficient ; > 0
for each i € N with ), i =1 such that p(P) =, .y €i€p (p,) for all P € D"

Proof: We verify this lemma in two steps. In the first step, we restrict attention to the case n = 2, i.e.,
N = {1,2}, and show by Claims 1 - 4 below that every two-voter unanimous and strategy-proof RSCF on
D behaves like a random dictatorship on subdomain D. In the second step, we extend the result to the case
n > 2 by adopting the Ramification Theorem of Chatterji et al. (2014).

Fix a unanimous and strategy-proof RSCF ¢ : D? — A(A). By Lemma 18, ¢ satisfies the tops-only
property.
CrAaM 1: The following two statements hold:

(i) Given an alternative-path {z}._,, we have Zic:l Yz (21,21) = 1.

(ii) Given a circle {z;}}._,, we have o, (25, 2;) + ¢z, (25, 2¢) = 1 for all s # ¢.

The first statement follows immediately from unanimity and the uncompromising property. Next, con-
sider the circle {zk}ézl. Fixing z, and z;, assume w.l.o.g. that s < ¢t. There are two alternative-paths connect-
ing zs and z: the clockwise alternative-path P = {z, 2541, . . -, 2¢} and the counter clockwise alternative-path
P' = {26, 26-1,--+,21,2, 211, - -, %t} It follows immediately from statement (i) that } 5 ©.(2s,2:) = 1
and ) cps 0z(2s,2t) = 1. Last, since P NP’ = {z, 2}, it is true that ¢, (zs,2:) + ¢z, (2s,2;) = 1. This
completes the verification of the claim.

CLAIM 2: According to the cycle C; = {z}}_; of Observation 2, ¢ behaves like a random dictatorship on the
subdomain D = {P; € D : r1(P;) € C1}, i.e., there exists 0 < & < 1 such that p(zy, zx) = cey, +(1—¢)ey,,
for all zy, zy € Cy.

Claim 1(ii) first implies g, (21, 22) + @z, (T1,22) = 1. Let € = g, (21, 22) and 1 — & = @, (21, 22). Fix
another profile (zg,zx). If 2 = 2, unanimity implies p(zy, Tr) = ey, + (1 — €)eg,,. We next assume
xk # xp. There are four possible cases: (i) 1 # a2k and x9 = xpr, (i) z1 = g and zo # xp, (ii) 1 # 2k,
o # xp and (zg, xpr) # (2, 21), and (iv) (zg, xp) = (22, 21).

Since cases (i) and (ii) are symmetric, we focus on the verification of case (i), and omit the consideration
of case (ii). We first have @, (T, T2) + @z, (Tk, 22) = 1 by Claim 1(ii). We next show ¢, (zg,z2) =1 — €.
Note that there exists an alternative-path in C; that connects x; and xj, and excludes x3. Then, according
to this alternative-path, the uncompromising property implies ¢,., (zk, T2) = @., (1, 22) = 1 —¢, as required.

In case (iii), we first know either xy ¢ {21,229} or zx ¢ {x1,22}. Assume w.lo.g. that xp ¢ {x1,22}.
Then, by the verification of cases (i), from (z1,22) to (xg,22), we have p(zk,22) = cey, + (1 — €)ey,.
Furthermore, by case (i), from (xy,22) to (zx,xs ), we eventually have p(xy, 2p) = cey, + (1 —€)e,,, .

Last, in case (iv), since the cycle C; contains at least three alternatives, we first consider the profile
(z3,22) and have ¢(x3,z2) = cey, + (1 — €)ey, by the verification of case (i). Next, according to the
verification of case (iii), from (z3,z2) to (v2,x1), we induce p(z2,21) = €€y, + (1 — €)ey,. This completes
the verification of the claim.

9By the identification of ay, we know that there exist at least two distinct alternatives of M that are
adjacent to ag in ID. Then, we can identify two distinct alternative-paths in M which connect a; and az.
From these two alternative-paths, we can elicit a cycle in M that includes ay.
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Symmetrically, according to the circle C2 of Observation 2, ¢ also mimics a random dictatorship on the
subdomain D2 = {P; € D : r1(F;) € Ca}, i.e., there exists 0 < &’ < 1 such that ¢(yk, yir) = €€y, +(1—¢)ey,,
for all yi, yx € Ca.

Cramm 3: We have (i) e = €', (ii) w(ax, az) = € eq, + (1 — €)eq, and (iii) ¢(ag, ax) = c e+ (1 —€)eq, .

According to the graph Gp and the two cycles C; and Cy, we can construct an alternative-path P =
{#1,22,..., 211,21} € M such that (i) I > 3, (ii) 21,22 € C; and a3 € {z1,22}, and (iii) z_1,2 € Cy
and aj € {z-1,%}. First, Claim 2 and the uncompromising property imply ¢ = ¢, (21, 22) = ¥, (21, 21)
and 1 — e = @,,(22,21) = @z,(21,21). Symmetrically, we have 1 — & = ¢,,(zi-1,21) = ¢2,(21,21) and
e =, (z1,21-1) = ¢z (z1,21). Thus, e + 1 — € = ¢, (21,21) + ¢2,(21,21) < 1 which implies ¢ < &, and
1—e+4¢ = p,(2,21) + ¢z (21,21) < 1 which implies ¢ > ¢’. Therefore, ¢ = ¢’. This completes the
verification of statement (i).

Since statements (ii) and (iii) are symmetric, we focus on showing statement (ii) and omit the con-
z1,21) = €€y + (1 —
g)es,. Second, according to P, the uncompromising property implies ¢, (22, 2) = (z1,21) = 1—¢ and
0z (22,21) = @z (21,21) = 0 for all 2 < k < [. Moreover, since ZL 0@z (22,21) = 1 by Claim 1(i), w
have ¢,,(22,21) = 1 — ,,(22,21) = ¢, and hence p(z2,2) = e, + (1 — )e,,. Symmetrically, we also
have ¢(21,2-1) = €€, + (1 —¢)e,,_,. Recall that ar € {z1,22} and az € {z_1,z}. We hence con-
clude that when ax = 2z, or ap = z;, w(ax,az) = ceq, + (1 — €)eq.. Last, we show that when ay = 22
and ap = 211, plag,a;) = €e€qy, + (1 — €)eq . According to P, the uncompromising property implies
Pay, (K, a) = @z, (22, 21-1) = @2, (22,21) = € and pq_(ag, a) = Pz, (22, 21-1) = Pz, (21,21-1) = 1 — ¢, as
required. This completes the verification of statement (ii), and hence proves the claim.

(i
sideration of statement (iii). First, by the verification of statement (i), we have ¢(z
Pz

CLAIM 4: Given distinct as,a; € M, p(as,at) =ceq, + (1 —€)e,,.

First, consider the situation that there exists P; € (a1, a,,) such that as, a; € P;. Since as,a; € M, the
interval [ag, az]™ = {z},_, € M must include a, and a;. By Claim 3, we have (21, 2;) = € ey, + (1 —€)ey,
and ¢(x1,71) = €€y, + (1 — €)eg,. Then, according to the alternative-path {z;},_,, by repeatedly applying
Claim 1(i) and the uncompromising property, we have p(zy,rr) = ce,, + (1 — €)e,,, for all distinct
1 <k,k <I. Hence, p(as,at) =ceq, + (1 —¢)e,,.

Next, consider the situation that there exists no P; € Il(ay, a,,) that includes both ag and a;. According
to Observation 1, it must be the case that as ¢ {ax,az} and a; ¢ {ax, a;;}. Moreover, by Observation 1, let
{bi}._, € M be an alternative-path that connects aj and az, and includes a,, and let {c,}¢_; C M be an
alternative-path that connects ay and ag, and includes a;. Evidently, as ¢ {cx}}_; and a; ¢ {bi}L_,. Let
as = by and a; = ¢4 for some 1 < p < land 1 < ¢ < u. According to the sub-alternative-paths {b1,b,...,b,}

and {c1,ca,...,cq}, since by = 1 = ay, by ¢ {ck}¥_, and ¢, & {br}i_,, we identify 1 <np<pand 1 <v <gq
such that b, = ¢, and {by41,...,bp} N{cut1,...,¢q} = 0. Then, we have the concatenated alternative-path
P = {as = by,.. by =cyyeeg = at} € M which connects as; and a;. By the verification in the first

situation, we have ¢y (by, b,) = € and @, (c,,¢y) = 1 —¢. Furthermore, according to P, the uncompromising
property implies @q, (as,a:) = @b, (bp,cq) = @b, (bp, ) = @p, (by,by) = € and g, (as,a;) = @c, (bp,cq) =
©e, (b, cq) = e, (cu,cq) =1 —¢. Therefore, p(as,at) = € eq, + (1 —¢c)e,,. This completes the verification of
the claim.

In conclusion, every two-voter unanimous and strategy-proof RSCF behaves like a random dictatorship
on the subdomain D. For the general case n > 2, we adopt an induction argument.

INDUCTION HYPOTHESIS: Given n > 3, for all 2 < n/ < n, every unanimous and strategy-proof 1 : D" —
A(A) behaves like a random dictatorship on the subdomain D.
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Given a unanimous and strategy-proof RSCF ¢ : D" — A(A), n > 2, we show that it behaves like a
random dictatorship on the subdomain D. If n > 4, the verification follows exactly from Propositions 5
and 6 of Chatterji et al. (2014). Therefore, we focus on the case n = 3, i.e., N = {1,2,3}. Analogous to
Propositions 4 and 6 of Chatterji et al. (2014), we split the verification into the following two parts:

1. There exists €1,e9,e3 > 0 with €; + €5 + £3 = 1 such that for all P € ﬁ?’, we have
[P; = P; for some distinct 4,5 € N| = [go(P) =¢e1€er(p,) T E2€r (P,) T+ E3 67/-1(133)}.

2. Forall P € ﬁs, we have o(P) = €1 e, (p,) + €2 €r, () + €3 (Py)-

The second part follows exactly from Proposition 6 of Chatterji et al. (2014). Therefore, we focus on
showing the first part.2°

According to ¢, we first induce three two-voter RSCFs by merging two voters respectively: For all
Py, Py, P3 €D, let ' (P1, Py) = @(P1, Py, P2), ¥*(Py, Py) = p(P1, Py, Py) and ¢*(P1, P3) = @(P1, Py, P3). Tt
is easy to verify that all ¥!,? and 9> are unanimous and strategy-proof on . Therefore, the induction
hypothesis implies that there exist 0 < €1, 9,3 < 1 such that for all Py, Py, Py € D, (P, P2) = &1 e (p)t
(1—c1)er (py)s V2P, Py) = (1 — €2)€r, (p,) + €2 €, (p,) and 3 (P, P3) = (1 — €3)€,, () + €3 €, (p,). Note
that to show the first part holds, it suffices to prove €1 + &9 + €3 = 1.

Recall the cycle C; = {xx},_; € M in Observation 2. First, according to the three alternative-paths
{2, 23}, {x1,22} and {x1,2p,..., 24,23} in Ci1, the uncompromising property implies respectively that (i)
Py (X1, 2, 23) = o (X1, 2, 22) = 1y, (21, 22) = €1 and @, (¥1,22,23) = @a, (1,22, 22) = Yy (21,22) = 0
for all as ¢ {21, 22,23}, (1) Qus(®1, T2, 23) = Qau, (22,22, 23) = w33(x2,x3) = g3, and (iii) @g, (21,22, 23) =

©ay (T3, 22, x3) = 2 (w3,22) = e3. Then, we have 1 + ez 4+ €3 = @q, (#1,22,23) + Qa, (21, 2, 73) +
Vg (X1, T2, T3) + Zasg{zl,zz,wg} Pa,(T1,72,73) = D, 4 Pa,(T1,22,23) = 1, as required. This completes
the verification of the induction hypothesis, and hence proves Lemma 20. (]

LEMMA 21 Let ¢ : D™ — A(A) be a unanimous and strategy-proof RSCF. Given distinct as,a; € M and
P_; € D" we have @q, (as, P—;) = @a, (at, P_;) for all ay ¢ {as,a;}.

Proof: First, Lemma 18 implies that ¢ satisfies the tops-only property, and Lemma 20 implies that ¢
mimics a random dictatorship on the subdomain D = {P; e D : r(P;) € M }.

Cramv 1: The two statements hold: (i) [ax ¢ {as,at}] = [@a,(as, P—i) = @a,(as, P_;)], and (ii) [a; ¢
{asvat}] = [@a;(a&P—i) = gpaz(ahp—i)]'

By symmetry, we focus on showing statement (i) and omit the consideration of statement (ii). Note
that if there exists an alternative-path that connects a; and a; and excludes aj, then the uncompromising
property implies @, (a5, P—i) = ©a, (as, P—;). Therefore, to complete the verification, we will construct such
an alternative-path.

If as # ag, we pick an alternative-path (ay,az) that includes as by Observation 1, and elicit the sub-
alternative-path (as,az). If as = ag, we refer to (as,az) = {as}. Thus, ap ¢ (as,az). Similarly, we have an
alternative-path (az, a;) which excludes ay. According to (as,az) and (az,a¢), we construct an alternative-
path which connects as and a;, and excludes ay, as required. This completes the verification of the claim.

Since ag, a; € M, by the verification of Claim 4 in the proof of Lemma 20, there exists an alternative-path
{zi},_; € M connecting a, and a;. The uncompromising property first implies @,, (a5, P—;) = @q, (as, P—;)
for all ai ¢ {xx},_,. Therefore, to complete the proof of the lemma, it suffices to show that ¢, (as, P—;) =

20Proposition 4 of Chatterji et al. (2014) is not applicable for the verification of the first part since they
impose an additional domain condition (see their Definition 18) which cannot be confirmed on domain D.
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Oap(ag, P_;) forallk = 2,...,p—1. If ;. € {ay, az}, it follows immediately from Claim 1 that ¢, (as, P—;) =
©uy (ar, P—;). Hence, we let © = {x,...,2p_1}\{ax, az} and show ¢, (as, P_;) = ¢.(as, P—;) for all z € ©.
For notational convenience, let ¢ = n. We partition {1,...,n — 1} into three parts: I = {1,...,j},
T=1{j+1,...,0}and T = {I+1,...,n—1}, and assume w.lo.g that r(P1),...,m1(P;) € L\{ax},
r1(Pj4+1),-..,7r1(F) € R\{az} and 71(Py1),...,71(Po—1) € M. Note that if I = 0, Lemma 20 implies
v (as, P ) . (ay, P_y,) for all z € ©. Next, assume [ > 0. We construct the following preference profiles:
P<> (Pr,..., anm, , P;, ) n=0,1,...,4, and P = (P, Pjy1,..., Py,m, Q) s
v=j+1,...,1. Note that P(O) = (GTA, —+=, Pj,a s) and P = (a,, P_,).
Given an arbitrary 0 < 7 < 7, consider PV and P71 Note that voter n+1 has the preference peak ay
at P and has the preference peak r1(Ppy1) = ar < a at POH+Y By Lemma 16, {ak, ari1,---,a5} C L
is the unique alternative-path that connects a, and ai, and hence excludes all alternatives of ©. Then,
the uncompromising property implies ¢, (P™) = o, (P@+1) for all z € ©. Therefore, we have ¢, (P(®)) =
- = goz(P(j)) for all z € ©. Next, given an arbitrary j < v < [, consider P®*) and P®*+1). Note that
voter v + 1 has the preference peak az at P and has the preference peak r1(Py41) = ap = ag at p+D),
By Lemma 16, {ag,...,ax—1,ar} € R is the unique alternative-path that connects az and ay, and hence
excludes all alternatives of ©. Then, the uncompromising property implies @, (P®*)) = P (P("+1)) for all
z € O©. Therefore, we have ¢,(PU)) = ... = ¢, (P®) for all z € ©. In conclusion, <pz( , —E Pj,a,) =
0. (PO) = 0. (PY) =, (as, P_, ) for all z € 0.
Symmetrlcally, we also derive ¢, (%, %, Pj,a;) = ¢.(ar, P—,) for all z € ©. Last, since Lemma 20

(2733 -

implies @Z(T, 7,PI,a8) = cpz( 7 7 7P ,at) for all z € ©, we have v, (as, P_,) = ¢.(as, Py, for all
z € O, as required. O

Now, fixing a unanimous and strategy-proof RSCF ¢ : D® — A(A), we are ready to show that the
corresponding random voting scheme ¢ : A™ — A(A) is locally strategy-proof on Dy (k, k).

Fix i € N, P, P/ € Du(k, k) with P, ~ P/,
ri(P) = as, 1(P}) = a; and r(P;) = z; for all j # i. Let z—; = (z1,...,%i—1, Tit1,...,Zn). We show
that ¢(as,x_;) stochastically dominates p(as, x—;) according to P;. If as = at, w(as,z—;) = @(ay,z_;),
as required. Next, assume as # a;. Then, P; ~ P/ implies r1(P;) = r2(P/) = as, m1(P)) = ro(P;) = ay
and ri(P;) = ri(P]) for all k = 3,...,m. To complete the verification, it suffices to show ¢, (as,z_;) >

and P_; € []D)H(E, E)]n_l. For notational convenience, let

©Ya, (as, ;) and g, (as, T—;) = pa, (at, z_;) for all ay, ¢ {as,a:}. Since r1(P;) = as, r1(P!) = a; and P; ~ P/,
we know as ~ a; in Dy (k, k). Then, there are three possible cases: (i) as,a; € L and [s—t| =1, (ii) as,as € R
and |s—t| = 1, and (iii) as,a; € M. The first two cases are symmetric, and hence we focus on the verification
of the first case and omit the consideration of the second case. In the first case, since |s — t| = 1, it is also
true that as ~ a; in D. Hence, we have P;, P/ € D such that r{(P;) = as, r1(P/) = a; and P; ~ P!. Then,
the tops-only property and strategy-proofness of ¢ on D imply @, (as,2—;) = @a, (P, 7—i) > pa.(Pl,x_;) =
Ga.(as,_;), and @, (as, 7)) = Pap (P, 2—;) = Pa, (P!, 2_;) = pa, (ar, ;) for all ai, ¢ {as, a;}, as required.
Last, assume as,a; € M. Fixing P;, P! € D with r1(P;) = a5 and r1(P!) = a; by minimal richness, we have
Va.(as, ;) = Qa, (P, x_;) > a,(Pl,2_;) = @a,(as,v_;) by the tops-only property and strategy-proofness
of p on D, and ., (as,T—;) = @a, (at, z_;) for all a ¢ {as,a;} by Lemma 21, as required. Therefore, ¢ is
locally strategy-proof on Dy (k, k). This completes the verification of the second part of Theorem 3 in the
case k — k > 1, and hence completely proves Theorem 3.

D Proor or FAcT 1

We first introduce some new notation and the formal definition of the no-restoration property of Sato (2013).
Let aP;!b denote that a is contiguously preferred to b in P;, i.e., aP;b and there exists no ¢ € A such that
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aP;c and cP;b. Recall the notions of adjacency and path in the beginning of Section 2. A domain D satisfies
the no-restoration property if for all distinct P;, P/ € D, there exists a path {Pf}fcz1 C D connecting P;
and P/ such that for all a,,a, € A, we have

[a, PF ag and a, PF *a, for some 1 < k* < t] = [a,PFa, for all k = 1,...,k*, and a,Pa, for all ] = k* +1,...

By Theorem 1 of Cho (2018), to prove Fact 1, it suffices to show that Dy(k, k) satisfies the no-restoration
property. Before proceeding the proof, we introduce an important observation on Dy (&, k).

OBSERVATION 3 Given P; € Dy(k, k), let 71(P;) = as and a,P;la, (it is possible that a5 = a,). Let P! be
a preference such that P, ~ P/ and a,P}'la,. If one of the three conditions is satisfied: (i) r1(P;) = r1(P}),
and ap < as < a4 Or aq < a5 < ap, (i) r1(P;) = r1(P}') € M and neither both a,, aq € L nor both ap, aq € R,
and (iii) 71 (P;) # r1(P}"), and either ap,aq € L and [p—¢| =1, or ap,a, € R and [p—q| =1, or ap,aq € M,
then P/ € Dy(k, k). O

To show that Dy (k, k) satisfies the no-restoration property, it suffices to show that for every pair of
distinct preferences P;, P! € Dy(k, k), there exist a,,a, € A and P/’ € Dy(k, k) such that P; ~ P/, a,P;la,,
aqP/'la, and a,P/a,. Henceforth, we fix distinct P;, P/ € Dy(k, k), and let r1(P;) = a5 and r1(P)) = a;.

We first assume as = a;. We identify 1 < k < m such that r(P;) = r(P]) forall I =1,...,k — 1, and
ri(P;) # ri(P}). Let ri(P}) = a4 and aq = r,(F;) for some k < v < m. Meanwhile, let r,_1(P;) = a,. We
generate a preference P/’ by locally switching a,, and a4 in P;. Thus, P; ~ P/, a,P;laq, aqgP{'la, and a,P}a,.
Note that 71 (P;) = 71 (P!") = r1(P!). We next show P! € Dy(k,k). Suppose not, i.e., P!’ ¢ Dy(k,k). On
the one hand, since P; and P! share the same peak and differ exactly on the relative rankings of a, and ag,
P; € Dy(k, k) and P! ¢ Dy(k, k) imply that a,P/"a, must violate Definition 1. On the other hand, since P/’
and P/ share the same peak and the same relative ranking of a, and a,, P/ € Dy(k, k) implies that a,P/'a,
does not violate Definition 1. Contradiction! Therefore, P!’ € Dy (k, k).

Next, we assume as; < a;. The verification related to the situation a; < as is symmetric, and we hence
omit it. We consider the four possible cases: (1) as < ag, (2) ap = as, (3) ap = as < ai = a; and (4)
ap 2 as < ay < ag.

In case (1), we notice as < as41 < ap and as < as41 < a;. Let asp1 = r(P;) for some 1 < k < m
and 7,_1(P;) = ap. Thus, apPilas41. Since r1(P;) = as € L, apPiasyq implies a, = a, by Definition 1.
Hence, we know a, = as < asy1 = a and ap < a5 < as41 < a¢, which imply as41P/a, by Definition 1.
By locally switching a, and asyq in P;, we generate a preference P/’. Thus, P; ~ P/, apP;lasi1, ast1P]ay
and asy1Pla,. We last show P/ € Dy(k, k). If ri(P) = r1(P;) = as, it is true that a, < as < asi1,
and Observation 3(i) then implies P! € Dy(k, k). If 71(P/') # r1(P), it is true that r1(P;) = as = a, and
r1(P!") = as11, and Observation 3(iii) then implies P!’ € Dy (k, k).

The verification of case (2) is similar to that of case (1), and we hence omit it.

In case (3), let ap = r(F;) for some 1 < k < m and 741 (P;) = ap. Thus, a,Pilaz. Since ay = as < ag,
apP;az; implies a, < az by Definition 1. Thus, we know either a, < ap < aj =< a; which implies azP/ay
and ayPja, by Definition 1, or ax = a, < az =< a; which implies a;P/a, by Definition 1. Overall, azP/a,.
By locally switching a,, and az in P;, we generate a preference P/’. Thus, P; ~ P/, a,P;laz, azP{'\a, and
apPla,. We last show P/ € Dy(k, k). If ri(P}) = ri(P;) = as, Observation 3(ii) implies P/’ € Du(k, k).
If 1 (P]") # r1(F;), it is true that r(P;) = as = ap and r1(P]) = ag, and Observation 3(iii) then implies
Pi” S DH(E,E)

In case (4), let a; = r(P;) for some 1 < k < m and r,_1(P;) = a,. By locally switching a, and a; in
P;, we generate a preference P/’. Thus, P, ~ P/, a,Pla;, a;P/'\a, and a;P/a, (recall 1 (P}) = a;). We last
show P! € Du(k, k). If r1(P!") = r1(P;) = as, Observation 3(ii) implies P!’ € Dy (k, k). If r(P!) # r1(P),
it is true that 71 (P;) = as = a, and r1(P!") = a;, and Observation 3(iii) implies P! € Dy (k, k).

In conclusion, domain Dy (k, k) satisfies the no-restoration condition of Sato (2013), as required. O
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