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Abstract

In this paper we develop methods for statistical inferences in a partially identified nonparametric panel
data model with endogeneity and interactive fixed effects. We consider the case where the number of
cross-sectional units (N) is large and the number of time series periods (7)) as well as the number of
unobserved common factors (R) are fixed. Under some normalization rules, we can concentrate out the
large dimensional parameter vector of factor loadings and specify a set of conditional moment restrictions
that are involved with only the finite dimensional factor parameters along with the infinite dimensional
nonparametric component. For a conjectured restriction on the parameter, we consider testing the null
hypothesis that the restriction is satisfied by at least one element in the identified set and propose a test
statistic based on a novel martingale difference divergence (MDD) measure for the distance between a
conditional expectation object and zero. We derive the limiting distribution of the resultant test statistic
under the null and show that it is divergent at rate-/NV under the global alternative based on the U-process
theory. To obtain the critical values for our test, we propose a version of multiplier bootstrap and establish
its asymptotic validity. Simulations demonstrate the finite sample properties of our inference procedure.
We apply our method to study Engel curves for major nondurable expenditures in China by using a panel

dataset from the China Family Panel Studies (CFPS).
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1 Introduction

Recently there has been a growing interest on panel data models with interactive fixed effects (IFEs). Under a
linear specification of the regression relationship, these models have been extensively studied in the literature;
see, Coakley, Fuertes and Smith (2002), Phillips and Sul (2003, 2007), Pesaran (2006), Kapetanios and
Pesaran (2007), Greenaway-McGrevy, Han and Sul (2008), Bai (2009), Pesaran and Tosetti (2011), Moon
and Weidner (2015, 2017), and Lu and Su (2016), among others. More recently, in an effort to relax the
linear specification, much attention has been turned to the study of nonparametric panel data models with
interactive-effects. See, e.g., Su and Jin (2012), Su, Jin and Zhang (2015), Freyberger (2018), Dong, Gao
and Peng (2018), and Su and Zhang (2018) for an overview. In particular, Freyberger (2018) studies a very
general nonparametric and nonseparable panel model with IFEs. Nevertheless, all of these papers restrict the
covariates to be either strictly or weakly exogenous and assume that the model parameters are point-identified.

In this paper we consider the following nonparametric panel data regression model
it = 0% (@at) + N FY + i, (1.1)

where i =1,...,N,t =1,...,T, x;; is a d; X 1 vector of general regressors with support X, y;; is scaler output
variable with support ), F and /\? are R x 1 vectors of unobserved factors and factor loadings, respectively,
u; is a zero-mean error term, and the functional form of ¢° (-) is unknown. We allow z;; and u; to be
correlated, and are interested in the inference of ¢ (-) by assuming the presence of a d, x 1 vector of weakly

exogenous instruments z;; with support Z, such that
E (wit| i1, -, zit) = 0 almost surely (a.s.). (1.2)

Throughout the paper we assume that 7" and R are fixed with T" > R + 1, and the asymptotic theory is
established by passing N to infinity.

When ¢%(z;4) is linear in x;; so that g% (z;4) = ﬁwxit for some 50 € R% | x;; is strictly exogenous, and
R =1, Ahn, Lee and Schmidt (2001) follow the lead of Holz-Eakin, Newey and Rosen (1988) to study the
asymptotic properties of the GMM estimator of 8 based on the quasi-differencing of the equation in (1.1).
Ahn, Lee and Schmidt (2013, ALS hereafter) consider the GMM estimation of 8 when x;; is either strictly
or weakly exogenous and R > 1. Su and Jin (2012) study the asymptotic properties of the sieve estimator of
g" in (1.1) when z;; is strictly exogenous. Su and Zhang (2018) consider the sieve estimation of ¢ when x;;
is weakly exogenous. Freyberger (2018) considers the point-identification and estimation of a model that is
more general than that in (1.1), but still restricts x;+ to be either strictly or weakly exogenous.

The nonparametric IV (NPIV) model for cross-sectional data (i.e., y; = ¢° (z;) +u; with B (u;]z;) = 0 a.s.)
has been widely studied in the literature. NPIV is encompassed by our model as a special case where T' =1
and R = 0. Point-identification of ¢° (-) in NPIV relies heavily on a completeness assumption regarding the
joint distribution of z; and z;, as formalized by Newey and Powell (2003). Nevertheless, Santos (2012) shows
that ¢° (-) in the NPIV model is only partially identified in general. In Model (1.1) under our investigation,
with the IFEs treated as fixed parameters to be handled, nonparametric point-identification of ¢° (+) is even
harder to achieve without imposing strong ad hoc assumptions. Therefore, we aim at developing an effective

inference method for ¢° (+) that is consistent under a potential lack of point-identification in this paper.



For a conjectured restriction on ¢ (-), we develop a consistent procedure for testing the hypothesis that
the restriction is satisfied by at least one element in the identified set of g (-). A broad group of restrictions
can be tested in this way, making the procedure applicable to various inference tasks, including testing model
specification and constructing a confidence set for g¥ (+) at any given point. We derive the limiting distribution
of our test statistic under the null and show that it is divergent at rate-IN under the global alternative based
on the U-process theory. To obtain the critical values for our test, we propose a version of multiplier bootstrap
and establish its asymptotic validity. We conduct Monte Carlo simulations to demonstrate the finite sample
properties of our inference procedure.

Our test statistic is based on a novel martingale difference divergence (MDD) measure for the distance
between a conditional expectation object and zero. This way of constructing statistic for testing conditional
moment specification is rather different from the widely adopted method, dating back to Bierens (1982), that
involves transforming conditional moments into infinitely many unconditional ones via a family of instrument
functions and then constructing Kolmogorov Smirnov (KS) or Cramér-von Mises (CvM) type statistic over
the instrument function family. As shown in the paper, under partial identification, our MDD-based statistic
has two main advantages over Bierens-type statistics: (i) Computing our MDD based statistic is relatively
simple regardless of the dimension of the conditioning variables (i.e., z;; = (%}, ...,2};) for t = 1,..,T in
our model). So it does not suffer from high computational cost even if the dimension of the conditioning
variables is moderately large; (ii) The null asymptotic distribution of our statistic is free of any drifting
terms, which commonly appear in the null asymptotic distributions of many existing test statistics built to
be robust against partial identification (e.g., Santos (2012) and Hong (2017)). This makes it straightforward
to implement our testing procedure to obtain an asymptotically exact test.!

The main technical challenges of our analysis arise largely because our test statistic is associated with
a second order U-process asymptotically that is degenerate under the null and non-degenerate under the
alternative. First, out test statistic can be written as a minimizer of a MDD-based process indexed by
0= ((ﬁ/, g)/ where ¢ is a finite-dimensional vector associated to the unobserved factor F' = (Fy, ..., FT)/ and
g is the infinite dimensional parameter of interest. The MDD-based process is a third order U-process that
can be decomposed into the summation of a bias term, a second order canonical U-process and a third order
canonical U-process via standard Hoeffding decompositions. To study these canonical U-process components,
we find helpful insights from de la Pefia and Giné (1999) who state some weak convergence results for canonical
U-processes with kernel functions belonging to the VC-subgraph class. Such results are not directly applicable
to our setting because the kernel functions of our U-processes do not belong to the VC-subgraph class due to
the presence of the infinite dimensional parameter g (). Fortunately, we can verify some primitive conditions
in Acrones and Giné (1993) to show that the second order canonical U-process in our Hoeffding decomposition
converges weakly to a Gaussian chaos process and the third order term asymptotically vanishes. To the best
of our knowledge, such results are the first ones for degenerate U-processes indexed by a non-VC-subgraph

class, which complements the literature in both econometrics and statistics.

ISantos (2012) employs additional sieve parameters to mimic the corresponding drafting term in his bootstrap procedure
so that the resulting test is exact. In comparison, Hong (2017) sets the corresponding drafting term to zero in his bootstrap

procedure, which saves computational cost, but leads to potentially conservative tests.



Second, to derive the null asymptotic distribution for our statistic, we borrow ideas from the growing
literature on nonparametric partial identification; see, Santos (2012), Andrews and Shi (2014), Chernozhukov,
Newey and Santos (2015), and Hong (2017), among others. Our study complements this literature and
is closely related to Santos (2012) and Hong (2017). The big difference is that Santos (2012) and Hong
(2017) establish their limiting distributions based on standard empirical process theory while we establish
our asymptotic results based on the U-process theory. As a first step, we manage to show that any minimizer
On of our MDD-based process lies in the 0,(N~1/%) neighborhood of the identified set under the L?-norm.
Then we show that our test statistic converges to the minimum of a well-defined (noncentered) Gaussian
chaos process without the usual drifting terms that appear in Santos (2012) and Hong (2017). Given the fact
that our test statistic is not asymptotically pivotal, we propose a multiplier bootstrap procedure to obtain
the bootstrap p-values for asymptotic inference. To show the asymptotic validity of the bootstrap procedure,
an essential step is the study of the unconditional central limit theorem (CLT) for the underlying U-process
of our bootstrap statistic, which is analogous to the unconditional multiplier CLT for empirical processes
studied in van der Vaart and Wellner (1996) and Kororok (2008). It extends the unconditional multiplier
CLT for degenerate second order U-statistics in Leucht and Neumann (2013) to degenerate second order
U-processes.

As an empirical illustration, we apply our method to study Engel curves for four major nondurable
expenditures in China by using a panel dataset from the China Family Panel Studies (CFPS). One of our
interesting findings is that, even with a nonparametric specification on g (-), the model does not suffice to
adequately describe the Engel curve for food consumption among urban households in China when setting
the number R of factors to be 0 or 1. While in comparison our test fails to reject the log-linear specification
for the Engel curves among rural households when setting R = 1. Our empirical study suggests a difference
in the degree of heterogeneity on consumption patterns between within the urban population and within
the rural population in China. It also suggests that, even a nonparametric specification on g (-), as general
as it is, might still be insufficient to compensate for an inadequate handling of heterogeneity to make the
corresponding Engel curve a correctly specified one. These results provide some new insights to the huge
literature on empirical studies of Engel curves.

The rest of the paper is organized as follows. In Section 2, we introduce the model, the moment conditions
and the hypotheses. In Section 3, we construct the MDD-based test statistic, derive its asymptotic behavior,
and propose a consistent multiplier bootstrap procedure to obtain the p-values. In Section 4, we study the
finite sample performance of our inference procedure by Monte Carlo simulations. In Section 5, we apply our
method to study Chinese households’ Engel curves. Final remarks are contained in Section 6. The proofs
of all theorems and lemmas are delegated to Appendix A. Additional materials are provided in the online
supplementary Appendices B and C.

NOTATION. For a vector or matrix A, we denote its transpose as A’ and its Frobenius norm as |A|
(= [tr(AA")]Y/?), where = means “is defined as”. We use ||-|| to denote generic (pseudo) norm. For example,
for 6 = (¢', g)/ where ¢ is a finite-dimensional vector to be specified later on and g is the infinite dimensional
parameter, we define ||0]| = |¢| + ||g|| to denote a generic (pseudo) norm for § = (¢/7g)/, and one popular

choice for ||-|| is the L? norm, yielding [|0]|;> = |¢| + ||gl;2- The true value of § = ((ﬁ',g)/ is denoted as



0° = (¢”, go)/. The operator 2, —=+, and == denote convergence in probability, weak convergence, and

convergence in law in the sense of Chapter 1.3 in van der Vaart and Wellner (1996), respectively.

2 The model and hypotheses

Let X; = (zi1,.2ir) s Y = Wity ¥ir) s Zi = (zitso zir), 8°(X5) = (90(%1)7--~790(%T))/, FO =
(FY, ...,FJQ)/, and U; = (ui1, ..., uir) . We can rewrite Model (1.1) with Condition (1.2) in vector form:

Y; = g%(X;) + FON) + U; with E (ui|z;;) = 0 as., (2.1)

— ! 1 \/
where z;, = (21, ..., 2},)

2.1 The moment condition

To proceed, we show that Model (2.1) is equivalent to a number of conditional moment equations. Like in
a typical factor model, F° and )\? are not separately identifiable without restrictions.? So as a first step, to
rule out such trivial non-identification, we make the normalization assumption that the T'x R matrix F' takes

a form similar to ALS and Freyberger (2018), as follows:

F= ® (2.2)
—In
where @ is a (T'— R) x R matrix of unrestricted parameters, and (2.2) imposes R? restrictions by requiring
the last R rows of F' to be —Ig. Let ¢ =vec(®') = (¢}, ..., o7_p)’, where ¢, denotes the ¢tth column of ' for
t=1,..T—R.
Then we define the T' x (T — R) matrix:

It R
H (¢) = & = [Hl (¢1) ) "'7HT—R ((ZST—R)} . (23)
Note that
0\’ 770 0 o7
H (¢°) F* = (Ip_g,®°) = 0(r_R)xR> (2.4)
—In
where ¢° zvec(éo’ ) = (Y, ..., 0% r) denotes the true value of ¢. Consequently, premultiplying both sides

of (2.1) by H (gbo)/ helps to eliminate the incidental parameters {)\?} from the equation:

H(¢°) Y = H (¢°) g"(X:) + H (¢°) Us (2.5)
where _
Hy (1) Ui w1 + ¢4 U;
Ha (¢5)' Ui i+ U
H(¢) U, = 2 (02) | e
Hr_gr (¢T_R)/ Ui uir—r + Or_pUi

2This is because FO)\? = FOC*:[C)\? = F* )} for any nonsingular matrix C where F* = FOC~1 and A} = C)\?. To identify

F and A = (\1,...,An)’, we need to impose R? restrictions.



3 !
and U; = (Ui, 7—R41, Ui, T—R42, -, Ui, ) - Let

m(Y;, ¢,g(X:)) = H(¢) [Yi — g(Xi)]
Hy (¢1)'[Y; — g(X3)] ma (Y, 61, 8(Xi))
Hy (6,)' [Yi — g(Xi)] ma(Yi, ¢y, 8(X5))
_ = ' (2.6)
Hr_g (ér_p) [Yi — 8(X0)] mr—p(Yi, b g, 8(Xi))
Then under the condition that the instrument z;; is weakly exogenous, we can easily see that
E [m,(Y;, 62, 8°(X:))|2:5] =0 as. for s=1,..,T — R. (2.7)

When ¢" and ¢° are point-identified, various methods have been proposed to study the estimation of ¢
and ¢ in the above model. See Ai and Chen (2003) and Chen and Pouzo (2012), among others.

2.2 The parameter space ©

The parameter space © for § = (¢', g)’ is specified as © = ® x G as in Hong (2017), where ® is a compact

subset of RT=E and G is a bounded subset of the following Sobolev space:
WA (X)={g: X =R | gis d-times differentiable and ||g||, < oo}

with |||, being a commonly used norm for weighted Sobolev spaces, defined as
o2 = Y [ D@ (450 do
ay<d’X

where A € N%= ()\) = Z?;l Aj, DAg(z) = 6<’\>g(:c)/H?;1 81’?, d € N measures the degree of smoothness,

and (o > 0. Define another norm ||-||, as follows

lgll. = max [sup ’D)‘g(:r)} (1+ $’z)</2
(MN<g lzex

with ¢ = 0 for bounded X, and (% [£4]) /(|

largest integer that is no larger than a.

[\SJisH

] — %) < ¢ < ¢, for unbounded X. Here, |a] represents the

To be precise, we specify the parameter space © = ® x G as follows:

Assumption 2.1 (i) ® ¢ RT=®F s compact; (i) G = {g € W*(X) : |lgll, < B} for some B < oo and
d>d,+2. (, =0 for bounded X, and (o > (%-[2]) /(14] — %) for unbounded X; (iii) let

(d—1d/2]+¢)d./{¢(d—|d/2])} if X is unbounded,
d./(d—1d/2]) if X is bounded.

T
Il

(2.8)

Then v < 1; (iv) X satisfies a uniform cone condition.

Remark. Assumption 2.1(i) is standard and Assumption 2.1(ii)-(iii) parallels Assumption 2.1(i)-(ii) in
Santos (2012). Assumption 2.1(ii) specifies G to be a bounded ball under ||-||, with radius B in W?* (X). Such



a specification brings the following benefits: (i) As noted by Santos (2012), G is compact under the norm
|- Consequently, © = & x G is compact under ||-||, defined on RE=ME x Ws (X) as

161l = I¢l + llgll, (2.9)

for 0 = (d)', g)/. (We formalize this compactness result for © as Lemma A.3 in the Appendix.) It immediately
follows that © is compact under any norm that is weaker than |-||., such as ||-||; and [|-||;2; (ii) As noted by
Hong (2017), the compactness of © under |[|-||, makes the results in Schumaker (2007) applicable to developing
primitive conditions for the required uniform rate (over ©) of sieve approximation errors (to be specified by

Assumption 3.3 later in the paper).

2.3 Hypotheses and notion of test

Define
Or={0=(¢",9) € ® xG:E[ms(Vi, d,,8(X;))|z;s) =0 as. for s=1,...T — R}. (2.10)

Oy is referred to as the identified set in the literature. We say that 0 = (¢, g)’ is partially identified by (2.7)
if ©; contains more than one element. The following lemma suggests that there is no loss of information by

considering O defined in (2.10) instead of (1.1)—(1.2), i.e., the original model.

Lemma 2.1 (No loss of information) ©;, the identified set defined by (2.10), is the same as the identified
set characterized by (1.1)—(1.2). That is, ©p is equivalent to

For some R-dimensional random vector \;, it holds
0=(5.9) €O By —glaa) - Nylzy] =0 as. fort =1,...T R
E [yl-t —g(xi) — N, (—Lt_(T_R)) |gzt] =0as. fort=T—-R+1,..,T

where 1 represents the t’th column of the R x R identity matrix.

For hypothesis testing on a conjectured restriction on @, in the generic form

we consider testing whether such a restriction is satisfied by at least one element of the identified set.
Equivalently, defining the restricted set as Or = {6 € © : L(0) =1}, the null and alternative hypotheses

under our consideration are
Hy:09;NOr#0 vs. H;:0;NOr =0,

where () denotes the empty set.

The notion of the above testing hypotheses is widely adopted under partial identification. When 6° =
(¢0/, g")" is point-identified by (2.7), the above null hypothesis Hy simply tests whether 0° satisfies the specified
restriction in O : L(6°) = 1.

We consider the same family of restrictions as in Santos (2012) and Hong (2017):

Assumption 2.2 For (L, |||;) a Banach space, L : (G, |-||.) — (£,||lz) is a bounded linear operator.



As discussed in Santos (2012), Assumption 2.2 appears restrictive but actually encompasses a broad
group of restrictions since one can flexibly choose the Banach space (£, ||-||;). For example, we can test
whether the value of the function ¢° at a point z° is given by a value 7° by setting (£, [|-|,) = (R, |]),
Or={9eW*(X):g(2°) =7°}, L(9) =g (2°), and I =+°. For another example, we can test whether g°
is an affine function by setting (£, ||-]|;) = (L* (X), ||l 2) , ©r = {g € W (X) : g (z) = B, + Biz for some
(80.;)' € BI=+1}, L(g) = g — Pa(g)., and I = 0. Hore, L2 (X) = {b: X — B : Bb(X)?] < oo}, [ ;» =
{E[b(X)?]}*/2, and P4 (g) denote the projection of g € L?(X) onto A={g € W¢(X) : g(z) = By + 1z
for some (BO, Bi)/ € Ré%=*11. For additional examples of restrictions that satisfy Assumption 2.2, see Santos
(2012).

In the panel data model with IFEs, g(-), or its functional, is typically the parameter of interest, in which
case ¢ can be regarded as a nuisance parameter. For this reason, we mainly consider hypotheses that impose
restrictions on g(-) alone, in which case the restriction to be tested takes the special form L(g) = . Then the

restricted set becomes Or = {0 = (¢,9) € ® x G : L(g) = }.

3 The testing procedure

3.1 Test statistics

A popular method to handle hypothesis testing for conditional moment models is to construct test statistics
based on equivalent unconditional moments. This method dates back to Bierens (1982) and has been adopted
in many papers on point-identification analysis (see, e.g., Stinchcombe and White (1998) and Dominguez and
Lobato (2004)), and in more recent papers on partial identification analysis such as Santos (2012), Andrews
and Shi (2013), and Hong (2017). To adopt this method in our study, it requires the choice of a family
of generically revealing functions (¢, (t1,-), py(t2,-), ... p_g(tr—g,-)) indexed by t = (t],5, ... ,t’T_R)/ €
HST;R T, = T that satisfies the following condition

E [ms(Yi, ¢4, 8(X:))|zis) = 0 as. iff E[ms(Y:, d,, 8(Xi))ps(ts, 2;5)] = 0 for all ¢5 € T.

Then we can construct the following test statistic

= . ] 2
T = i, N 1w 0.0, 1)
where
LN mat (61,9) @1 (t, 21) In1 (01,95 11)
iZ]\L mlg((ﬁ ,g)gO (tg,z- ) JN2(¢ 7g,t2)
Ty (0,8) = remm T = -2 ’
% Zil\il mi, T—R (¢T7Ra 9) @TfR(tTflﬁgi,T—R) JNT-R (¢)T7Ra 9, tTfR)

with m;s (¢, 9) = ms (Y, ¢, g (X;)) and O is an approximating sieve space for ©.
Hong (2017) shows under a general setting that statistics of the form (3.1) weakly converge to certain

functional of a Gaussian process under the null, and proposes a penalized bootstrap procedure for testing.



These results are potentially applicable to the statistic Jy in our study. However, note that the dimension
of z;, is given by sd., and the dimension of the index t is typically equal or comparable to (ZST;R 3) d,,
which can get relatively large for moderate sizes of T — R and d.. As a result, the computation of Jy can be
extremely expansive. For this reason, we opt for a different test statistic based on the notion of MDD.

An MDD-based statistic for our study is motivated by two recent papers: Shao and Zhang (2014) and
Su and Zheng (2017). For any real-valued variable V and vector-valued variable W, the original version of

MDD, denoted by MDD, (V|W)?, is defined by Shao and Zhang (2014) as
MDD, (VIW)? = —-E{[V —E(V)] [VI —=E (V)] [W - WT|}, (3.2)

where (VT WT) is an independent copy of (V,W). Shao and Zhang (2014) show that under some suitable
moment conditions (E(V2) < oo and 0 < E(|[W|*) < c0), MDD,, (V|W)* > 0 and

MDD, (V|W)? = 0 iff E(V|W)=E (V) as. (3.3)

Based on the above properties, they propose a consistent test for conditional mean independence condition
of (3.3).
Su and Zheng (2017) propose a modified version of MDD, defined as:

MDD (¢|W)? = —E [ee! |[W — WT|] + 2B [¢|W — W] E [¢T], (3.4)

where ¢ is the error term of a nonlinear regression model, W is the regressor, and (sT, WT) is an independent

copy of (¢, W). Su and Zheng (2017) show that MDD (¢|W)? > 0 and
MDD (¢|W)* = 0 iff E(e[W) =0 a.s. (3.5)

Then they propose a novel and effective test for correct (parametric) specification of the regression function
based on the above properties of MDD. Notably, in their setting, the regression function is correctly specified
if and only if the conditional mean zero condition of (3.5) holds. Simulation results in Su and Zheng (2017)
indicate that a test statistic based on the MDD significantly outperforms many popular specification tests in
the literature, and that it performs well even when the dimension of W is large.

Following the insights from Su and Zheng (2017), it can be shown, under our setting of © and ©p, that
O;NOg # () if and only if:

0cONOR

T—-R
min {Z MDD [m, (Y, ,, g (X)) w} =0. (3.6)

s=1

And the construction of the test statistic for
H():@Iﬂ@R?é@ vs. H:0;NOr=10 (37)
proceeds in two steps as follows:

I. Fix 0 € © and derive a test statistic Sy (0) for the null hypothesis Hy : E[ms (Y, ¢,,g (X)) |z,] = 0
a.s. for all s = 1,...,T — R, or equivalently, Hy : ZZ;R MDD [m (Y, ¢, g (X)) |z,]> = 0 for all
s=1,....T —R.



II. Let ©y be a sieve approximating space for ©. Then, following (3.6), test Hy : ©; N Or # 0 by using

the statistic Sy = min Sy (6).
N 0eEONNOR N( )

For Step I, we propose the following statistic:

T-R
Sn ()= Sns(0) (3.8)
s=1
where Sy (0) is constructed in a way similar to Su and Zheng (2017):
1 2 1 o
Sns (0) = -5 > mis (0)mys (0) ki s + i > mis(0) Kij,s 3y > mis (6) (3.9)
1<i#j<N 1<i#j<N k=1

with ms (0) = ms (Y3, 65,8 (X;)) and ks = |2, — gjs} fors=1,..,T — R.
For Step II, we define the test statistic accordingly as

N = 96511\71291% SN (9) 5 (3.10)

where O = ® x Gy is an approximating space for © = ® x G, with
Gn ={g€G:g()=p™ (B for some § € R*}
being an approximating space for G by using a ky-vector of basis functions p*~ () = (p1 (-), ..., Dy (+))
defined on X.
3.2 Definitions and notations
For 0° = (¢”,¢°)" € ©, N Op, let

¢O

N6° .
lgyg

(3.11)

be the projection of #° onto On N Ox.

Definition 3.1 (Weak pseudo-metric) Let m; (Y, X,0) = ms (Y, ¢,,8 (X)) . Define the following pseudo-

metric dy (-, ) on O:

T-R 1/2
duw (01,02) = {ZMDD [(ms (Y, X, 01) —ms (Y, X, 02)) éslz} ,

for any 01, 05 € O.

Note that ©; forms an equivalent class under d (-, ), i.e., for any 9(1) € Oy and 93 €0y, duw (9?,93) =0,
which is made clear by Lemma A.1 in the Appendix. It also follows from Lemma A.1 that for any given

0 c O and 0° € Oy,
T-R

1/2
dw (0,0°) = {Z MDD [m (Y, X, 0) gsﬁ} :

s=1
The following lemma shows that d,, (-, -) is weaker than the L2-metric and satisfies a triangle-like inequality

around the identified set.
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Lemma 3.1 Let Assumptions 2.1 hold. Suppose that E[|Y|?] < oo and E|Z| < oo. Then there exists a
finite constant ¢ > 0 s.t. dy (01,02) < c||01 — 02| ;2 for any 61, 02 € ©. In addition, d. (01,02) <
2 [dw (61,0°) + duw (02,0°)] for any 60° € ©;.

Definition 3.2 (Pathwise derivatives) For the functions ms (Y, X,-):© =R, s =1,...,T — R, we define
the first-order pathwise derivative of ms (Y, X, ) at 0° in the direction of A as

oms (Y, X,0°) A Oms (VX 0° +7A)
A= or Ir=o;

and the second-order pathwise derivative of ms (Y, X,-) at 0° in the direction of A as

Pms (Y, X,60°)
06*

Pms (Y, X,0° + 7A)
or2 lr=o-

[A’ A] =

Given the functional form of my as specified in (2.6), it holds that

(v, X, 0°
my (Y, X, 0) —m, (Y, X, 6°) :w 06 +

%%&X’HO) [0—0°0-0"]. (312

As formalized in Lemma A.6(i) in Appendix A, under mild conditions (Assumptions 2.1, 2.2, and 3.1 —
3.3(i) to be specified in the next subsection), any minimizer 6y of Sy (#) over O would lie in the o0,(1)
neighborhood of the identified set ©; under the L?-norm. Given this consistency result, we can restrict our

attention on a shrinking L? sieve neighborhood around ©j, defined as
Oon ={0€OnN :dj,. (0,01) <sn}
for some positive ¢ | 0.> And we define the following measure of local ill-posedness.

Definition 3.3 (Sieve measure of local ill-posedness) Define the following sieve measure of local ill-

posedness
ov=  sup Wl (0,1Ix01)
N pco,n:0¢iye; duw (0,1INOr)

In our analysis, we allow for moderate ill-posedness in the sense that on T 0o but at a slow rate. oy
provides a link between d,, (-,-) and the L? distance. So once we establish the rate of convergence under
dw (-,+), a certain rate of convergence under the L? distance can be established via oy. Note that gy is

defined in almost the same way as in Hong (2017), except that our pseudo metric is different from Hong’s
[[o-Tix6°|

m, which is similar to the sieve measure
wlt,

(2007). Under point-identification, o = Supgeg, 502116
of local ill-posedness in Chen and Pouzo (2012).

3 .
dj. 0,07) = inf
Il 660 = inf
Definition 3.3, dyw (6,IIn©O;) = _ inf  dw(0,0) represents the distance between a point 6 and the set IIny©; under dy, (-, -)-
fellnO;

0—9HL2 represents the distance between a point 6 and the set ©; under |-|| 2. Similarly, in
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3.3 Asymptotic theory

In this section we study the asymptotic properties of Sy (6) and Sy, defined in (3.8) and (3.10), respectively.

To establish the asymptotic behavior of Sy (0), we impose the following assumption.

Assumption 3.1 (i) {X;,Y;, Zi}i]il are i.i.d. with support XT x YT x ZT such that all marginal and joint
density functions of X;,Y; and Z; are bounded.
(it) BI([Y;|* + 1)(|Z:f* + 1)] < 00

Assumption 3.1(i) is commonly imposed for panel data analyses with individual fixed effects or IFEs. And
it does not rule out dynamic panels as along as we treat the unobserved factors F’s as nonrandom. In the
case where F))’s are random, the independence assumption can be replaced by conditional independence: the
lagged dependent variables (e.g., Y; ;—1) can be independent across ¢ given the minimal sigma-field generated
by the common factors. Assumption 3.1(ii) specifies some moment conditions on Y; and Z;.

Let & = (Y/, X/, Z}) and g, (0) = ms (Yi, X;i,0) — B[mg (Y;, X;,0) |2;,]. Define the second order U-

process indexed by 6 as follows:

= (3) T e,

1<i<j<N
where h (&;,€;;0) = mis (0) 125 (0) [Bj(Kij,s) + Bi(Kij,s) — Kij,s], and Bj(k;,5) denotes the expectation with
respect to (w.r.t.) the variable z;, alone in r;; s = }gis — gjsy . Denote by < -,- > the usual inner product
on L?(P), for P a generic probability measure (or a generic marginal one) on X7 x YT x Z7. For f €
L? (P?) = L? (P ® P), define a Hilbert-Schmidt operator Hy on L*(P) by (Hyg) (€) = Pf(£,-)g(-). Also,
define a process C on F by .
C(f)= Z < Hywg, wy > (WO% — 1),
a=1

where {w,} denotes the eigenfunctions of the operator Hy, and {W,} is a sequence of independent N (0,1)
random variables.

The following theorem studies the asymptotic properties of the process {Sy (0)}.

Theorem 3.1 Let Assumptions 2.1, 2.2, and 3.1 hold. Then

(i) For each s = 1,...,T — R, Sns(0) = 2B [m? (Y, ¢,,8 (X)) |z, — 2I|] + Uns () + Op(N~V/?) =
Bs (0) + C, (0) in L™ (1) where B, () = 2B [m? (Y, ¢S,g ) |zs — 2l|] and C, () = C(hs(-,0)) is a
Gaussian chaos process on L™= (01).* Sy (0) = Z [ (0) + C5(0)] on L (©7).

(ii) +Sn (0) = X1 FMDD [m, (Y, X, 0) |2,]* + Op(N V2) uniformly in 0 € ©\O7.

Theorem 3.1(i) indicates that Sy (6), after being recentered around B, (), is essentially a degenerate
second order U-process on Oy that converges weakly to a Gaussian chaos process {C; (6)}. Theorem 3.1(ii)
indicates that for § € ©\©;, Sy () is dominated by its deterministic component that is associated to the
MDD measure.

To establish the asymptotic behavior of S ~, we need to impose some further assumptions.

4Let D (b) be a generic stochastic process indexed by b € B. D (b) is said to be a process on L™= (B) if D(-) (treated as a

random function with domain B) has almost sure bounded paths (i.e., realizations) on B.
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Assumption 3.2 The eigenvalues of | [pkN () PPN (24)| for t = 1,..,T are uniformly bounded and uni-

formly bounded away from zero.

Assumption 3.3 O is a closed subset of O, and there exists II,0 € Oy for each 8 € O such that: (i)

Son = sup | 0—0], = o(N"V4); (i) Swny = sup  dw (I1,0,0) = o (N~Y2); (iii) For some
0eONOR 0eONOR
v 10 st VNyy Too, sup 0], <B—y-
0cONOR

Assumption 3.4 o5 =0 (N(lfﬁ)/(‘l(z*e))) for arbitrarily small € > 0.

Assumption 3.2 is identical to Assumption 3.3(i) in Santos (2012) and is commonly assumed in the
literature on sieve estimation. Assumption 3.3(i) requires a uniform sieve approximation error rate under |-/
over O©NOp. As discussed previously, the compactness of © under |||, makes the results in Schumaker (2007)
applicable to developing a primitive condition for Assumption 3.3(i). Specifically, according to Theorem
6.25 in Schumaker (2007), supycg ||[1In0 — 0|2 = O(k;;,(dfl)) for B-splines with simple knots. Therefore,
Assumption 3.3(i) is satisfied by picking ky — oo fast enough such that 1/ky = o (N~Y/44=1))  Since
dw (I, 6, 0) is controlled from above by |IIn60 — 6||,- as shown by Lemma 3.1, Assumption 3.3(ii) can be
verified by using results for [|-||, .. Assumption 3.3(iii) is identical to Assumption 3.4(iii) in Santos (2012).
Assumption 3.4 allows g — 00, but restricts its divergence rate to be slow enough. Essentially, this requires
us to pick ky to grow sufficiently slow. Similar assumptions are commonly required in semi/non-parametric
analyses for regularization of ill-posed problems. See, e.g., Blundell, Chen, and Kristensen (2007), Chen and
Pouzo (2012), and Hong (2017). As acknowledged in Hong (2017), Assumption 3.4 is generally hard to verify
because the nature of the dependence of gy on kx has not been well studied. In the mildly ill-posed case as
classified by Chen and Pouzo (2012), where g5 < k¥ for some nonnegative constant w, Assumption 3.4 is
satisfied with ky = O (N(l’e)/(‘i(%e)w)). Consequently, as long as we require g () to be sufficiently smooth
such that d > (2 —¢€)w/ (1 —€) + 1, there exists ky whose rate would satisfy both Assumptions 3.3 and
3.4. Also, in the special case of R = 0 (i.e., no IFEs) and point-identification, Assumption 3.2 is sufficient
to guarantee d, (6,6%) < |0 — 6°||,, asymptotically for any 6° € ©; and |6 — 6°||,, = o(1), which implies
that oy = O(1). Then Assumption 3.4 holds trivially. In the online supplementary Appendix C, we clarify
this claim for the case where R = 0 and also provide some further discussions on the sufficient conditions for
Assumption 3.4 when R > 1.

With the above additional assumptions, we can state the next main result in this paper.

Theorem 3.2 (Consistency of éN) Let Assumptions 2.1, 2.2, and 3.1 - 3.4 hold. For any Oy € argmin
0cEONNOR
Sn (0), it holds that

dw (0,01 1O1) = Op(min(N 14, 0y N71/2)) = 0, (N5 047), (3.13)

A close examination of the proof of Theorem 3.2 suggests that we can first show that d, (é N,©OrnNe R) =
Op(N~1/%) under Assumptions 2.1, 2.2, and 3.1 - 3.3. Such a rate can be improved to 0,(N =311 oL"¢) by
using the link between d,, and dj.| , through the sieve measure of ill-posedness and some iterative argu-
ments. By Assumptions 3.3 - 3.4 and Lemma A.6 in Appendix A, we can show that d. , (91\;, orn @R) =

op(g?\feN_%"’i) = 0,(N~1/%), which will be used in the proof of the next main result.
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Theorem 3.3 (Asymptotic distribution under Hy) Let Assumption 2.1, 2.2, and 3.1 - 3.4 hold. Under
the null hypothesis Hy : ©1 N Og # (), we have
T—R

o
N hede ; B, () + Cs (0)].

Theorem 3.3 studies the asymptotic distribution of Sy under the null hypothesis. Apparently, Sy is not
asymptotically pivotal and we will provide a bootstrap method in the next subsection to obtain its bootstrap

p-value for the purpose of inference.

Theorem 3.4 (Asymptotic behavior under H;) Let Assumption 2.1, 2.2, and 3.1 - 3.4 hold. Under the
alternative hypothesis Hy : O N Or = 0, we have

T—R
N-1Sy -2 i MDD [m, (V. X Z50.
Sy = min ; [ms (Y, X,0) [2,] > 0

Theorem 3.4 studies the asymptotic behavior of Sy under the alternative. It indicates that Sy diverges

to infinity in probability at rate— NV, which gives the power of the MDD-based test.

3.4 A multiplier bootstrap

As shown by Theorem 3.3, the asymptotic distribution under the null hypothesis is nonstandard and unfa-
miliar. Here we propose a bootstrap procedure to obtain the bootstrap p-values. To ensure the consistency
of the bootstrap procedure, we need to find appropriate ways to: (i) mimic the limiting law of Sy that is
associated with a Gaussian chaos process C (6) = (Cy (0) , ...,Cr_g ()" on L™ (6;) under the null, and (ii)
ensure the bootstrap statistic is well behaved or divergent to infinity at a slower rate than Sy under the
global alternative.

Let {vi}ijil be an ii.d. sequence that has mean zero and variance 1 and that is independent of the
sample {(V, X;, Zi)}ijil . Two popular choices of distributions for {Ui}ij\il are given by the standard normal
distribution (N (0,1)) and the two-point distribution:

b I B D /2 with prob. (VB +1) / (25) (3.14)

(V5+1)/2  with prob. (vV5—1) / (2V/5)

Let m}, (0) = ms (Vi, ¢4, 8 (X;))vi. Motivated by the idea of multiplier bootstrap that is widely used for

statistic tests involved with empirical processes or non-degenerate U-processes, we consider the following

process
T-R
Sy ()= > Sy, (0), (3.15)
s=1
where
1 2 1 &
1<i#j<N 1<i#j<N k=1

Let P* and E* denote respectively the probability law and expectation associated with (Y;, X;, Z;,v;) in

the bootstrap world. We make two remarks on the construction of Sy (6). First, note that we perturb
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ms (Yi, ¢,, 8 (X;)) through the multiplication by the random variable v; that ensures E* [m?, (6)] = 0. This
ensures that the dominant random component in the process {S% (0)} is given by a degenerate second order
U-process that converges to a Gaussian chaos process. More importantly, we can show that the limiting law
of {Sys(0)} coincides with that of {Sns(6)} on ©. Second, {Sk, (8)} is also well behaved for 6 € ©\0;
(i.e., it is not divergent on ©\Oy), and if we were to define the bootstrap statistic as mingegyne, Sx (6),
there is no way to ensure that the minimum is achieved at some value in ©; N O asymptotically. In order to
obtain the same limiting law for the bootstrap test statistic as Sy under the null, we must ensure that the
minimum is achieved in the bootstrap world for some value of 6 in ©; N ©r when the null hypothesis holds

true. Fortunately, this can be achieved be adding a suitable penalty term to the bootstrap minimization

objective function, yielding the following bootstrap test statistic:

5= el |5 O+ v =R

where Py (0) = %SN (0) is a penalty term that ensures the minimum is achieved asymptotically for 6 €
O; N O©g under the null, and py is a tuning parameter that diverges to infinity at a suitable rate (see
Assumption 3.5 below). As a result, Sj*v shares the same limiting distribution as Sy under the null. This
ensures the first goal mentioned above.

To ensure the good power properties of the bootstrap test, we require that S'I*V be well behaved under
the alternative. When puy diverges to infinity at a rate slower than N/log (log (N)), we will show that
pNtSy 2 mingeone, Yoy B |{MDD [m, (Y, X, 6) |;s}}2} under H, : ©; N Og = 0. That is, 5% diverges
to infinity at rate p,r, which is slower than the rate N at which Sy diverges to infinity under the alternative.
This implies that Sy > S’]*V with probability approaching one (w.p.a.l) under the alternative, ensuring the
second aforementioned goal.

To proceed, we add the following assumption on {vi}ivzl and the tuning parameter iy .

Assumption 3.5 (i) {vi}i]\il is i.1.d. with mean zero and variance one, and is independent of {(Y;, X, Zi)}fvzl .

(i) As N — 0o, uy — 00 and ppy = o(N/log (log (N))).

The following theorem states the asymptotic properties of 5']*\, when the null hypothesis holds true or is

violated.

Theorem 3.5 (Consistency of the multiplier bootstrap) Let Assumption 2.1, 2.2, and 3.1 - 3.5 hold.
IfHy : ©1 N Or # (0 holds true, then

And if Hy : ©7; N O = 0 holds true, then
T-R

—1 Ax p : 2
K SN - 96%1%1%13 52:; MbD [ms (Y7 X, 0) |§J .

Remark. Theorem 3.5 shows that, with a properly chosen sequence of {u }, Sj*v converges weakly to the

same asymptotic distribution as the original test statistic Sy does under the null hypothesis. This ensures
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the asymptotic level of the multiplier-bootstrap-based test. Theorem 3.5 also shows that, under any fixed
alternative, S’J*V diverges to infinity at rate-p;, which is slower than rate-IV at which Sy diverges to infinity.’
Therefore, the proposed bootstrap procedure has asymptotic power one against any fixed alternative.

An essential step in the proof of Theorem 3.5 is the study of the unconditional central limit theorem
(CLT) of S} (#), which is analogous to the unconditional multiplier CLT for empirical processes studied in
van der Vaart and Wellner (1996, pp.177-181) and Kororok (2008, pp.181-183). It extends the unconditional
multiplier CLT for degenerate second order U-statistics in Leucht and Neumann (2013) to degenerate second
order U-processes. A close examination of the proof suggests that S’]*V is asymptotically independent of Sy
under the null and different S'J*V’s based on different independent sequences {vi}f\il are also asymptotically
independent of each other. This suggests that in practice, we can draw {vi}ij\il B times independently from

N B
suitable distributions to construct B bootstrap test statistics {S;V(b)} . Then we can calculate the bootstrap

p-value for our test statistic Sy as p* = % Zle 1 {SN < Sjv(b)} with 1 {-} being the usual indicator function,

and reject the null hypothesis when p* is smaller than the prescribed level of significance.

4 Monte Carlo Simulations

In this section, we conduct Monte Carlo simulations to evaluate the finite sample performance of our proposed

inference method.

4.1 Design 1

First, we consider a data generating process (DGP) similar to the one used by Santos (2012) in his Monte
Carlo study, with an added IFE term. We set T'= 2 and R = 1. For each period t = 1,2, we generate an
i.i.d. sample by

z¥ 1.0 05 0.3
2| ~N|[0,]05 1.0 0.0
ud, 0.3 0.0 0.5

Then we use the latent variables (z¢, 2¥, u? ) to generate (x4, 2, us) as follows:

zip =2 [W (28/3) — 0.5], 2 =2 [V (284/3) — 0.5], and uy = ul),

where W (-) is the CDF of the standard normal distribution. Finally, the dependent variable y; is generated
as

Yit = 2 cos (xi,nr) -2 + )\th + Uit

with F’ = (Fl FQ) = (0.1 71.()) and \; ~ ii.d. N(0,0.5). Here we generate {\;} independently of all

other variables.

SRecall that if Hy : ©; N ©g = 0 holds true, then mingeonep ZZ:lR MDD [m (Y, X, 0) |z,]? > 0, which has already been
stated in Theorem 3.4.
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Table 1: Size performance for Desgin 1

N =250 N =500
B=5 B =15 B=5 B =15
« LN 2-pt  Norm 2-pt  Norm 2-pt  Norm 2-pt  Norm
0.10 O 0.172 0.168 0.196 0.184 0.224 0.216 0.236 0.252

0.10 N'/4 0.118 0.122 0.146  0.148 0.132 0.114 0.164 0.162
0.10 N3 0.092 0.100 0.126  0.130 0.096 0.102 0.132 0.140
0.10 N2 0.064 0.060 0.082 0.092 0.046 0.044 0.068 0.064

0.06 0 0.090 0.086 0.134 0.128 0.106 0.106 0.132 0.144
0.05 N4 0.072  0.070 0.098 0.092 0.058 0.062 0.096 0.098
0.05 N3 0.058 0.062 0.088 0.086 0.044 0.046 0.078  0.060
0.05 N2 0.038 0.040 0.060 0.062 0.018 0.018 0.038 0.032

0.01 O 0.028 0.026 0.060 0.042 0.014 0.016 0.034 0.036
0.01 N4 0.024 0.020 0.046  0.050 0.010 0.012 0.030 0.028
0.01 N3 0.022  0.020 0.038 0.048 0.002 0.010 0.020 0.024
0.01 N'/2 0.012  0.008 0.030 0.026 0.000 0.000 0.018 0.014

Note: « is the nominal size; B is the norm upper bound; ‘2-pt’ and ‘Norm’ refer to two-point and

standard normal distributions, respectively.

We primarily focus on studying the effect of the penalty weight 1 and the norm constraint B on the

empirical size/level of the test. For this purpose, we consider the family of null hypotheses

Hy: 07N @R(W) #0, @R(’Y) ={0: g/ (0) =~}. (4.1)

Under the DGP specified above, the model is nonparametrically identified with a location normalizing con-
dition g (0) = 0. And the null hypothesis in (4.1) is true only at v = 0, and is false otherwise. We set d = 3,
which satisfies the requirement d > d, + 2 of Assumption 2.1(i). The sieve was chosen to be B-spline of
order 3 with knots {—1,—1,—1,0,1,1,1}, which implies ky = 4. We conduct 200 bootstrap evaluations to
calculate the bootstrap p-values. The Monte Carlo study consists of 500 replications.

In Table 1, we report the simulated size under Design 1 for testing the null hypothesis in (4.1) with
v = 0, as a function of the targeted size «, norm constraint B, penalty weight u,, and sample size N, for
two different disturbance distributions used in the multiplier bootstrap procedure (the two-point distribution
specified by (3.14) and the standard normal distribution). As mentioned above, the null hypothesis in (4.1) is
true at v = 0 under Design 1. From Table 1 we have the following observations: (i) The choice py =0 (i.e.,
no penalty in the bootstraps) leads to severe size distortions, as expected from our theory, and is considered
to illustrate the extreme case of selecting too small a penalty weight; (ii) The size is not sensitive to either
the choice of disturbance distribution or the choice of B; (iii) The size is somewhat sensitive to the choice of
- Overall, choosing iy = N 1/3 gives good size control under the current design.

In Table 2, we report the simulated probability of rejecting the null hypothesis in (4.1) at v = +1.3, +1.9,
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and 3.1, under a nominal size of 0.05 and Design 1. Since the null hypothesis in (4.1) is false at any of
these v values, Table 2 means to assess the finite sample power performance against fixed alternatives. Note
that the further 7 is away from zero, the further the hypothesis in (4.1) deviates from a true one. From
Table 2 we have the following observations: (i) Overall, the rejection probabilities are noticeably larger than
the nominal size 0.05, and they keep getting larger as v moves away from zero. This indicates good power
performance; (ii) For almost all given values of v and given choices of iy, B, and disturbance distributions
used in bootstraps, the rejection probabilities generally increase as we increase the sample size from N = 250
to N = 500;° (iii) The powers are not sensitive to the choice of disturbance distribution; (iv) The powers are
somewhat sensitive to the choice of u and B. With a smaller B and a smaller p,y, we get higher rejection

probabilities. Nevertheless, the overall results indicates good power performance, as noted in (i).

4.2 Design 2

As a robustness check, we also conduct Monte Carlo simulations under a DGP that is different from Design
1. Now we allow the IFEs to be correlated with the covariate x;;. Specifically, now we generate x;; as
zip = 2 [V (2 + N;F})/3) — 0.5] while keeping everything else unchanged from the previous DGP. We still
consider the null hypotheses specified in (4.1). Under the current DGP, the model is nonparametrically
identified. And the null in (4.1) is true only at v = 0, and is false otherwise. Like in Design 1, we conduct 200
bootstrap evaluations to calculate the bootstrap p-values. The Monte Carlo study consists of 500 replications.
Under Design 2, we report simulated probabilities of rejecting the null at v = 0 in Table 3. And we report
simulated rejection probabilities at v = +1.3, £1.9, and 3.1, under a nominal size of 0.05, in Table 4. From

these results, we obtain observations very similar to those obtained from Tables 1 and 2.

4.3 Design 3

Now we focus on testing for linearity. We test the null hypothesis
Ho:0;NOf, #0, Op, ={0€0:g(z)=a+bx for some (a,b) € R*}. (4.2)

And we adopt a series of DGPs indexed by v with T'= 3 and R = 1, as follows:

Yie = i+l + NF gy
Tit = 0.25/\2Ft+0.52it—|—0.5uit+5it
with
Zit 1.0 0.0 0.0
gt | ~N10,10.0 1.0 0.0 ,
Wit 0.0 0.0 0.5

6There are only few exceptions found in Table 2, where the rejection probabilities do not increase as we increase the
sample size from N = 250 to N = 500. They all happen when setting B = 15, with {'y =-13, uy = N/4 Two-pt},
{’y =-13, uy = N1/3, Normal}, {'y =-13, uy = N1/4, Normal}7 {’y =-13, uy = N1/2, Normal}, and
{7: 1.9, uny = N1/2 Two—pt}, respectively. For the former two, the rejection probabilities decrease slightly. For the

latter three, the rejection probabilities stay the same.

18



Table 2: Power performance for Desgin 1 (nominal size: 0.05)

N =250 N =500
¥ U 2-pt  Norm 2-pt  Norm 2-pt  Norm 2-pt Norm
1.3 N1/4 0.250 0.244 0.154 0.140 0.444 0.442 0.182 0.178
1.3 N1/3 0.230 0.234 0.138 0.140 0.410 0.392 0.142 0.138
1.3 N1/2 0.150 0.150 0.080 0.088 0.262 0.264 0.074 0.074
-1.3 N1/4 0.194 0.198 0.098 0.090 0.314 0.330 0.082 0.090
—-1.3 N1/3 0.174 0.174 0.068 0.072 0.278 0.260 0.074 0.068
—-1.3 N1/2 0.106 0.114 0.056  0.058 0.182 0.182 0.060 0.058
1.9 N1/4 0.534 0.536 0.240 0.242 0.826 0.820 0.338 0.340
1.9 N1/3 0.498 0.488 0.224 0.210 0.786 0.782 0.284 0.310
1.9 N1/2 0.390 0.386 0.146 0.146 0.670 0.646 0.150 0.154
-1.9 N1/A4 0.360 0.370 0.140 0.142 0.650 0.644 0.182 0.166
—-1.9 N1/3 0.346  0.350 0.118 0.128 0.602 0.610 0.152 0.150
—-1.9 N1/2 0.258 0.260 0.088 0.082 0.490 0.492 0.088 0.086
3.1 N1/4 0.960 0.952 0.714 0.714 0.998 0.998 0.934 0.922
3.1 N1/3 0.942 0.936 0.680 0.676 0.998 0.998 0.912 0.922
3.1 N1/2 0.898 0.908 0.552 0.522 0.994 0.998 0.818 0.820
3.1 N1/4 0.796 0.792 0.438 0.432 0.972 0974 0.746 0.740
—3.1 N1/3 0.776  0.768 0.416 0.418 0.968 0.964 0.708 0.698
—-3.1 N1/2 0.680 0.662 0.352  0.348 0.948 0.942 0.606 0.602

Note: B is the norm upper bound; ‘2-pt’ and ‘Norm’ refer to two-point and standard normal distributions, respectively.
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Table 3: Size performance for Desgin 2

N = 250 N =500

B=5 B =15 B=5 B =15
« Iy 2-pt  Norm 2-pt  Norm 2-pt  Norm 2-pt  Norm
0.10 O 0.162 0.156 0.160 0.184 0.224 0.212 0.210 0.216
0.10 N4 0.090 0.090 0.126  0.118 0.120 0.126 0.148 0.152
0.10 N'/3 0.060 0.060 0.100 0.102 0.098 0.094 0.134 0.128
0.10 N1'/2 0.032 0.038 0.052 0.048 0.044 0.054 0.082  0.008
0.05 0 0.068 0.066 0.094 0.098 0.104 0.102 0.132  0.140
0.05 N4 0.038 0.038 0.058 0.056 0.052  0.058 0.108 0.102
0.05 N/3 0.036 0.034 0.050 0.048 0.046 0.044 0.086 0.086
0.05 N2 0.018 0.016 0.024 0.024 0.012 0.018 0.046 0.048
0.01 O 0.010 0.016 0.018 0.024 0.014 0.018 0.046  0.046
001 N4 0.012 0.014 0.014 0.018 0.004 0.006 0.034 0.040
0.01 N'/3 0.010 0.012 0.014 0.012 0.004 0.004 0.026  0.026
0.01 N2 0.004 0.008 0.010 0.008 0.002 0.002 0.016 0.018

Note: « is the nominal size; B is the norm upper bound; ‘2-pt’ and ‘Norm’ refer to two-point and

standard normal distributions, respectively.
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Table 4: Power performance for Desgin 2 (nominal size: 0.05)

N =250 N =500
o % 2-pt  Norm 2-pt  Norm 2-pt  Norm 2-pt Norm
1.3 N1/4 0.260 0.262 0.158 0.140 0.478 0.482 0.170 0.188
1.3 N1/3 0.230 0.230 0.114 0.130 0.422 0.434 0.150 0.146
1.3 N1/2 0.152 0.152 0.050 0.062 0.286 0.280 0.080 0.074
-1.3 N1/4 0.162 0.160 0.058  0.062 0.274 0.258 0.084 0.076
—1.3 N1/3 0.132 0.128 0.056  0.058 0.238 0.228 0.066 0.068
—-1.3 N1/2 0.076 0.074 0.052 0.054 0.154 0.156 0.052 0.052
1.9 N1/4 0.550 0.552 0.252 0.258 0.874 0.880 0.368 0.364
1.9 N1/3 0.510 0.514 0.226 0.232 0.850 0.848 0.294 0.316
1.9 N1/2 0.406 0.418 0.138 0.142 0.742 0.746 0.174 0.186
-1.9 N1/4 0.330 0.346 0.102 0.106 0.624 0.610 0.146 0.146
-1.9 N1/3 0.296 0.302 0.086 0.094 0.600 0.578 0.114 0.116
—-1.9 N1/2 0.226 0.202 0.060 0.066 0.458 0.448 0.072 0.066
3.1 N1/4 0.926 0.932 0.696 0.700 1.000 1.000 0.944 0.950
3.1 N1/3 0.914 0.916 0.680 0.676 1.000 1.000 0.936 0.930
3.1 N1/2 0.886 0.884 0.574 0.560 1.000 1.000 0.874 0.880
-3.1 N1/4 0.764 0.746 0.420 0.426 0.970 0.974 0.712 0.696
-3.1 N1/3 0.736  0.720 0.404 0.378 0.966 0.972 0.684 0.682
—-3.1 N1/2 0.628 0.626 0.302 0.294 0.936 0.938 0.562 0.562

Note: B is the norm upper bound; ‘2-pt’ and ‘Norm’ refer to two-point and standard normal distributions, respectively.
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Table 5: Size and power performance for Design 3 (nominal size: 0.05)

y e N =250 N = 500 N = 1000
0 N4 0.012 0.026 0.044
0 N3 0.010 0.020 0.040
0 N2 0.006 0.016 0.028

0.2 N4 0.046 0.156 0.296

0.2 N3 0.038 0.150 0.272

02 N1/2 0.016 0.102 0.188

05 N/A4 0.112 0.410 0.848

0.5 N3 0.106 0.392 0.832

0.5 N2 0.068 0.290 0.788

1.0 N4 0.232 0.570 0.956

1.0 N3 0.204 0.526 0.940

1.0 N2 0.126 0.454 0.908

Note: Rows with v = 0 show size and all other rows show power.

F' = (F1 2 F3> = (0.7 0.2 71,0)7 and A\; ~ 1.1.d.N(0,0.1). Again, we generate {);} independently
of all other variables.

For a given +, denote the above DGP as DGP(y). Under DGP(7), the null in (4.2) is true or false,
depending on the value of 4. The null is true under DGP(0), and is false under DGP(v) at any given
v # 0. And 7 can be viewed as a measure of how far the DGP is away from a linear specification. We do
200 bootstrap evaluations using the two-point distribution and adopt 500 replications. Table 5 reports the
simulated probabilities of rejecting the null in (4.2) under a nominal size of 0.05 for DGP(y) with v = 0,
0.2, 0.5 and 1, and for N = 250, 500 and 1000. Note that rows with v = 0 show size, while all other rows
show power. From Table 5 we have the following observations: (i) N = 250 seems to be too small for this
design; (ii) As we increase the sample size, the simulated size keeps getting closer to the targeted size of
0.05. When N = 1000, the simulated size is reasonably close to 0.05 with py = N'/4 and N'/3; (iii) The
rejection probabilities increase noticeably as v deviates away from zero, for all choices of py and all sample
sizes. This indicates good power performance. (iv) Similar to what we observe in the previous two designs,
i = N2 seems to be a bit too large for the penalty weight, which leads to undersizing even at N = 1000

for the current design. Nevertheless, py = N 1/2 gtill provides good power performance.

5 Empirical Application

In this section, we apply our method to study Engel curves for major nondurable expenditures in China,

using data from the China Family Panel Studies (CFPS) for the period 2010 - 2014. The CFPS is similar to
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the U.K. Family Expenditure Survey (U.K.FES), but is conducted every other year. Specifically, the CFPS
data are collected in 2010, 2012, and 2014, which produces a three-period (T" = 3) balanced panel data set
of 6627 households.

According to the panel data from CFPS and its consumption categorization, on average, food (including
dining) expenditures take the largest share of total nondurable expenditures (averaging at 41.54%), which
is followed by medical and health care expenditures (averaging at 12.01%), expenditures on commute and
communication (averaging at 9.99%), and grocery expenditures (averaging at 9.63%). We study the Engel
curves for these four major categories of consumption.

For household ¢ at period ¢, let y¢ i, Ym.it, Ye,it, Yqg,i¢ be the share of its total nondurable expenditures
spent on food including dining (FD), medical and health care (MH), commute and communication (CC),
grocery(GY), respectively. Let x;; be the log of total annual nondurable expenditures, and let z; be total

household annual income. The Engel curves are assumed to take the following additive form:
Yjit = gj (Tie) + X i Fje + e, (5.1)

for t € {1,2,3} and j € {f,m,c,g}. Fj+, \ji, and u;;; are unobservable terms, representing the vector of
factors, the vector of factor loadings, and other heterogeneity, respectively. Some observations are dropped
because they have key variables out of reasonable range.” For studying Engel curves for FD and MH, we also
condition on households who exhibited positive consumption of both categories. These restrictions yield a
three-period panel of 3811 cross-sectional observations for FD and MH (consisting of 1787 urban households
and 2024 rural households). Similarly, for studying Engel curves for CC and GY, we condition on households
who exhibited positive consumption of these two categories both, which yields a three-period panel of 4584
cross-sectional observations for CC and GY (consisting of 2287 urban households and 2297 rural households).

We set the support for z;; as X = [7,14], which includes all observations for all four categories of
consumption. Since X is compact, we set ¢ =0 (i.e., no tail control needed). For nonparametric inferences,
we employ B-spline of order 3 on [7, 14], with 2 interior knots which are the 33.3th percentile and the 66.7th
percentile of the corresponding z;; sample. And we specify B = 15. Finally, we conduct hypothesis tests with

200 bootstrap repetitions, and with py = N1/4 and Uy = N1/3 as suggested by our Monte Carlo simulations.

5.1 Testing for log-linearity

Since the seminar work of Deaton and Muellbauer (1980), a log-linear specification (i.e., linear in the log of
total nondurable expenditures) has been commonly adopted to parameterize Engel curves in the literature.
The use of log-linear Engel curves to estimate and correct bias in directly measured macroeconomic indicators
is very prevalent in empirical studies. For instance, a popular way to construct an alternative measure of
household income or expenditure relies on the log-linear Engel curves as a key assumption to infer incomes
or expenditures. See Aguiar and Bils (2015), Browning and Crossley (2009), Hurst, Li, and Pugsley (2014),

and Pissarides and Weber (1989), among others. Besides, there are papers focusing on estimating CPI bias

"We drop observations with extremely low total annual expenditures (< 2188 CNY, which corresponds to the 0.01 quantile
of total expenditures distribution) or extremely low total household annual income (< 3000 CNY, which equals the poverty line

per capita set by the State Council Leading Group Office of Poverty Alleviation and Development of China in 2015)

23



based on the log-linear form of Engel curves; see Hamilton (2001) and Nakamura, Steinsson, and Liu (2016),
among others. On the other hand, there are also papers advocating advantages of building nonparametric
Engel curves over the parametric ones for studies of demand. See, e.g., Blundell, Browning and Crawford
(2003) and Blundell, Chen, and Kristensen (2007).

In our empirical study, we first examine whether the log-linear relationship could adequately describe the
Engel curves for major nondurable expenditures in China. Under a potential lack of point-identification, the
linear specification can be tested through the hypothesis specified in (4.2) that we previously studied in our

Monte Carlo simulations, i.e.,
Ho:0;NOk, #0, Op, ={0€0:g(z)=a+bx for some (a,b) € R*}. (5.2)

To account for potential differences in consumption pattern/habit between urban and rural households, we
conduct tests of the above hypotheses using the whole sample, the urban subsample, and the rural subsample,
respectively. In Table 6, we report the bootstrap p-values of corresponding test statistics for each consumption
category, and for specifying the number of factors as R = 1 or 2. According to Table 6, when setting R = 1
and applying the conventional 5% significance level, we obtain the following testing results: (i) For FD, our
tests reject the null except for the rural subsample; (ii) For MH, interestingly, our tests fail to reject the null
when conditioning on either urban or rural households, yet are able to reject the null for the whole sample
(i.e., without conditioning on urban or rural households); (iii) For both CC and GY, our tests reject the
null regardless of whether we condition on urban households, rural households, or not. We get the same
testing results regardless of whether pp = N 1/4 or N1/3 and the p-values seem to be insensitive to these two
choices of ppy. In short, these results suggest nonlinearity for some Engel curves and noticeable difference in
consumption pattern/habit on FD and MH between urban and rural households.

Also according to Table 6, when setting R = 2, however, we fail to reject the null of log-linear specification
for the Engel curves for all cases under our investigation. A possible explanation is that the IFE terms
encompass unobserved heterogeneity of more flexible forms under R = 2 than that under R = 1; and
consequently, under R = 2, the log-linear relationship might suffice to adequately describe the Engel curves,
with heterogeneity being more flexibly taken care of by the IFEs. As noted by Santos (2012), failing to
reject the null that there are log-linear Engel curves in the identified set does not necessarily justify adopting
such a parametric specification. If the model is partially identified, then even when log-linear specifications
are indeed in Oy, there is no guarantee that the true model is one of them. Therefore confidence intervals

constructed under the log-linear assumption may asymptotically exclude the true parameter of interest.

5.2 Confidence interval for g (7)

Next, we examine the robustness of our testing results regarding the log-linear specification by comparing
95% confidence intervals for food Engel curves at the sample average (across both N and T') Z with and

without assuming log-linearity and by setting R = 1 or 2 and ), = N/3. Define

Or, ={0cO:9(T)=7}. (5.3)
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Table 6: Bootstrap p-values for testing the log-linear null for the Engel curves

NO. of factors R =1 NO. of factors R =2

Cat.  puy all  urban rural all  urban  rural
FD N4 0.000 0.000 0.915 0.520  0.460  0.930
MH NU/4 0.010 0.655 0.165 0.260 0.740  0.255
cc N4 0.000  0.000  0.000 0.060 0.415 0.185
GY N4 0.000 0.010 0.010 0.790 0.860  0.810

FD N3 0.005 0.000 0.865 0.635 0.495  0.960
MH N'/3 0.005 0.745 0.145 0.240 0.795  0.400
cc N3 0.000  0.000 0.000 0.075  0.460  0.230
GY N'/3 0.000 0.030 0.010 0.825 0.875  0.790

Note: FD, MH, CC and GY abbreviate food, medical and heath care, commute

and communication, and grocery, respectively.

We obtain the confidence intervals for ¢ (Z) under the log-linear specification by inverting tests of a series of

null hypotheses, indexed by ~, defined as follows:
HO,W 5®Im(eRLm®R~,) 75@, (5'4)

where O, is defined in (5.2). We also obtain the nonparametric confidence intervals g (Z) by inverting tests
of the following null hypotheses:
Ho,, : ©7NOp, # 0, (5.5)

where Op_ is defined by (5.3). For comparison purpose, we also construct confidence intervals using the
method developed by Santos (2012), as well as standard IV confidence intervals. To make Santos’ (2012)
method applicable here, we pool the panel into a large cross-section data set, ignoring any potential fixed
effects (which effectively turns into a situation with 7' =1 and R = 0). Standard IV confidence intervals
are constructed based on the pooled data set, too. To make a direct comparison between our method and
Santos’ (2012), we also construct confidence intervals based on the pooled data set using our method. All
these confidence intervals are reported in Table 7. Here we mainly focus on results from the urban subsample
for a detailed discussion. According to Table 7, for food consumption by urban households, while the log-
linear confidence interval based on Santos (2012) is somewhat larger than the standard IV one, we end up
with an empty set constructing log-linear confidence interval based on the pooled data set using our method.
Moreover, based on the original panel data set, when setting R < 2, we obtain empty confidence intervals
even under the nonparametric specification. Conducting further tests (to be discussed in the next subsection)
on specifications using our method confirms our finding of these empty sets: for food consumption by urban
households, based on the pooled data set, our test rejects the null of a log-linear specification; based on the

original panel data set, our test reject both the null of a log-linear specification and that of a nonparametric
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specification when setting R < 2.8 In the next subsection we focus on the joint specification of functional
forms and the number of factors.

Interestingly, several confidence intervals are given by [0, 1] in Table 7 under R = 2. This suggests that
the inference does not provide any informative/powerful results regarding ¢ (Z) when we allow for both a very
flexible heterogeneity specification (R = 2) and a lack of point-identification. Overall, Table 7, in particular
its first 6 rows, can be interpreted as results from a sensitivity analysis which demonstrates how the degree
of informativeness/powerfulness of our inference procedure varies in response to changes in the strength of
the model assumptions. These results pretty much reflect the law of decreasing credibility as coined by
Manski (2003): Stronger assumptions yield inferences that may be more powerful but less credible, which is
a dilemma faced by empirical researchers as they decide what assumption to maintain. Here, we also take
Manski’s (2003) view that statistical theory cannot resolve the dilemma but can clarify its nature. That said,
Table 7 suggests our inference procedure still provides informative results under the already quite general

setting of R = 1, nonparametric g (-) and partial identification.

5.3 Further investigation on heterogeneity and specification

We further investigate the specification of the functional form of g () and the number of factors (R), again
focusing on food consumption. Ignoring the index j for different expenditure categories, we can rewrite the

Engel curves in (5.1) as

Yit it (Tit) + Ui, (5.6)
git (wa) = g(wa) + N, (5.7)

where ¢t = 1,2, 3, the subscripts on g;; (-) capture potential heterogeneity cross individual and time, while
(5.7) assumes the heterogeneity to take a special form of a common part g (-) augmented with an additive
IFE term. A specification under the (5.6) - (5.7) framework is characterized by the combination of two
specifications: (i) the functional form specification on g (-), and (ii) the specification on the number of factors
R. The less restrictive a functional form specification on g (-), the more flexible/general the model is w.r.t.
the common part relationship. The larger the number of factors, the more flexible/general the model is w.r.t.
unobserved heterogeneity. It is easy to see that, within the (5.6) - (5.7) framework, the model achieves its
maximum flexibility /generality when g (-) is treated nonparametrically and R is set to 2. We use our method
to test the specification of a variety these combinations.!”

The p-values obtained from these tests are reported in Table 8. As suggested by Table 8, even with a
nonparametric specification on g (-), the model does not suffice to adequately describe the Engel curve for
food consumption among urban households in China when setting B < 2.!! Interestingly, in comparison,

our test fails to reject a log-linear specification on Engel curve among rural households when setting R = 1.

8When R = 0, one can continue to implement our testing procedure in the absence of the nuisance parameter ¢.
9Recall that the maximum number of factors allowed is T — 1 for our method to work.
10Tn other words, here we view these tests as jointly testing for the specification on R and the specification on the functional

form of g (-). While for obtaining CI for g (Z), we take a narrow view and interpret corresponding tests as only testing for the

specification on the functional form of g (-), assuming any given specification on R to be true.
T As mentioned earlier in this section, we employ a specific B-spline (i.e., of order 3 on [7,14] with 2 interior knots) to
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Table 7: 95% confidence intervals of ¢ (Z) for the food Engel curves

All Urban Rural
R = 2, nonparametric [0.000, 1.000] [0.000, 1.000] [0.000, 1.000]
R = 2, log-linear [0.000, 1.000] [0.110, 0.890] [0.000, 1.000]
R = 1, nonparametric Empty Empty [0.308,0.633]
R =1, log-linear Empty Empty [0.390, 0.585]
R = 0, nonparametric Empty Empty Empty
R =0, log-linear Empty Empty Empty
Pooled, nonparametric [0.325,0.530] [0.387,0.550] [0.258,0.511]
Pooled, log-linear [0.406, 0.412] Empty [0.400, 0.410]
Pooled, nonpara., Santos [0.119, 0.810] [0.252,0.712] [0.000, 0.791]
Pooled, log-linear, Santos ~ [0.378, 0.440] [0.366, 0.533] [0.377, 0423]
Pooled, standard IV [0.411,0.418] [0.419, 0.429] [0.401,0.411]

Note: Given R, a log-linear CI for g (Z) is empty if the null Ho - : ©7 N Og, # 0 is rejected at 5% level;

Similarly, a nonparametric CI for g (Z) is emply if the null Ho,, : ©7 N ©Og # 0 is rejected at 5% level.

[Note that our test still rejects a nonparametric specification for the rural population when setting R = 0.] In
contrast, Banks, Blundell, and Lewbel (1997) pool a panel data set into a cross-sectional one and their study
suggests that a log-quadratic specification suffices to adequately describe most Engel curves. Admittedly,
such a comparison is only indirect because Banks, Blundell, and Lewbel (1997) use a different data set, one
obtained from the U.K.FES, for their study. Our findings suggest: (i) There is a great degree of heterogeneity
on food consumption pattern among urban households in China; (ii) There is a lesser degree of heterogeneity
on food consumption pattern among rural households, compared with that among urban households in China;
(iii) Even a nonparametric specification on g (-), as general as it is, might still be insufficient to compensate
for an inadequate handling of heterogeneity to make the whole model a correctly specified one; (iv) When
a panel data set is available, using methods that fully extract information from the panel structure, such as
ours, could potentially provide more informative results than those obtained based on cross-sectional data

sets, or based on panel data sets but treated as pooled cross-sectional ones.

approximate g (-) for corresponding tests where g () is supposed to be treated nonparametrically. This practice shares the same
spirit with many existing nonparametric testing procedures. In an utterly strict sense, what is really tested here is where the

specific cubic B-spline with 2 interior knots is adequate to describe the Engel curve for the given finite sample.
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Table 8: P-values for testing joint specification on ¢ (-) and R

All Urban Rural
R = 2, nonparametric 0.750 0.960 0.975
R = 2, log-linear 0.635 0.495 0.960
R =1, nonparametric 0.015 0.005 0.595
R =1, log-linear 0.005 0.000 0.865
R = 0, nonparametric 0.000 0.000 0.000
R =0, log-linear 0.000 0.000 0.000
Pooled, nonparametric 0.870 0.990 0.905
Pooled, log-linear 0.285 0.000 0.390
Pooled, nonpara., Santos 0.760 0.925 0.220
Pooled, log-linear, Santos 0.065 0.835 0.195

6 Conclusion

In this paper we propose a statistical inference procedure for partially identified nonparametric panel data
models with endogeneity and IFEs. Even though the original identified set is specified through a set of
conditional moment restrictions under the weak exogeneity assumption, we are able to translate it into
an equivalent set of unconditional moment restrictions by using the novel MDD measure for the distance
between a conditional mean object and zero. We construct the test statistic based on such a measure which
is associated with a second order U-process in the limit that is degenerate under the null and non-degenerate
under the alternative. We derive the limiting distribution of the resultant test statistic under the null and
show that it is divergent at rate-N under the global alternative. To obtain the critical values for our test,
we also propose a version of multiplier bootstrap and establish its asymptotic validity. Simulations show
that our test behaves well in finite samples. We apply our method to study Engel curves for several major
nondurable expenditures in China by using a panel dataset from China Family Panel Studies (CFPS).

The paper can be extended in various directions. First, our panel data model is of nonparametric nature
in the presence of IFEs and we have a single nonparametric object of interest. It is also interesting to
consider more general nonparametric panel data models with more than one nonparametric project (e.g.,
additive models) or semiparametric panel data models with both nonparametric and parametric components
that are of interest. Second, it remains unclear how to determine the number of factors in our framework.
Difficulty arises because one cannot apply existing methods (e.g., Bai and Ng (2002), Onatski (2010), Ahn
and Horenstein (2013), Su, Miao and Jin (2019)) that are developed under the large N and large T setup to
our framework with large N and fixed T. Further complication is due to the partial identification nature of
nonparametric panel. Third, it is possible to extend the current theoretical framework to conditional moment
inequality models through the introduction of some slackness parameter. This will greatly broadens the scope

of the current paper. We leave the extensions for future research.
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APPENDIX

The appendix contains the proofs of the main results in the paper. In proving these results, we make use

of several lemmas whose proofs can be found in the online supplement.

A Proofs of the main results

1/2
Let MDD (e|W) = [MDD (E\W)Q] . To prove the main results, we make use of the following lemmas.

Lemma A.1 Let Z be a real random vector s.t. B|Z| < co. For any real-valued random variables Wi
and Wy, if MDD (W1|Z)* = 0 a.s., then MDD (Wy — W1|Z)*> = MDD (W5|Z)? and B[(Wy — W) (W) —
Wf) X }Z — ZW =E |:W2W2T ’Z A ] , where Wf,WJ, and Z1 are independent copies of Wy, Wa, and Z,

respectively.

Lemma A.2 Let Z be a real random vector s.t. B|Z| < co. Let W be a set of real-valued random variables

with uniformly bounded second moment, i.e., sup E (W2) < 00. Then there exists a finite constant b, s.t.

wew
for any Wi, Wy € W, it holds that
MDD (W1|Z)2 — MDD (VV2|Z)2 < bMDD (W7 — W5|Z) < 2b[MDD (W;]Z) + MDD (W5|Z)] .

Lemma A.3 The parameter space © is compact under the norm |-||. as defined by (2.9). Consequently,
there ewists a constant B, < oo s.t. for all g € G, sup,cy |D’\g($)| < B. for any vector of nonnegative

integers A with (\) < £. In particular, for all g € G, sup,cy |g(z)| < Be.

Lemma A.4 Let Assumption 2.1 and 3.1(i) hold. Define Q(0) = Z;F:_IR MDD [m, (Y, X, 0)|z,]°. Then

Q (-) is Lipschitz continuous w.r.t. ||| ;2 in ©.

Lemma A.5 Consider a generic econometric model Q (0) = 0, the identified set of which is characterized

by O = {0€0:Q(0) =0 a.s.}. Suppose the following conditions hold: (i) Q(-) > 0 and © is compact

under (pseudo-)metric d (+,-); (i) On C © are closed and s.t. 3 N0 for each 6 € O s.t. d(IIn6,0) = o (1)

and o = supgoce, d (IIn0°,60°) = o(1); (iii) 0Selé)p QN (0) — Q (0)] = O, (bn) for some by = o(1); (iv) 3
N

positive constants a; and as s.t. ay d (0, @1)2 <Q(0) <axd(9, @1)2. Then for Oy € argmin@y (6), it holds
6cON

that d(On,01) = O, (maX{UN, b}f}).

Lemma A.6 (i) Let Assumptions 2.1, 2.2, 3.1, 8.2, and 3.3(i) hold. For any O € argmin Sy (0), it holds
0cEONNOR

that dj.|, , (91\;, OrnN @R) = o, (1); (1) If, in addition, Assumption 3.3(i), (iii), and 8.4 hold, then it holds
that d||.HL2 (9]\7, OrnN @R) = Op (QN dw (éN, OrN @R) + (5571\7) .

Proof of Lemma 2.1. Recall from (2.10) that ©; = {¢ = (g{)/,g)/ €®xG:Ems (Y, b, 8(X5)) 2] =0
a.s. for s=1,..,T — R}. Let

For some R-dimensional random vector )\;, it holds
Or=10=1(¢,9) €0 : B[y — g(xit) — Nidy|z;s] =0 as. fort =1,..,7 — R (A1)
E [yit — 9(zit) = N; (—te—(r—r)) |2:¢] =0 as. for t =T — R+1,..,T
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where ¢, is the r’th column of the R x R identity matrix. We need to show that ©; = 0.
For any given 0 = (a)/, §)’ € Oy, it holds that

E [yil —g(wi1) — >\2€$1 ‘Eﬂ}

E [yz',T—R — §(zir-Rr) — Nidr_g |§z‘,T—R}

=0 a.s. (A.2)
E [yir—re1 — §(@ir—re1) — X; (—1) ‘zi,TfRJrl]

E [yir — g(zir) — X (—tr) |zi7]
By (2.6), multiplying both sides of (A.2) by the (T — R) x T matrix H(¢)' = (Ir_g, ®) yields
B [ (i, 61, 8(X0) ) 2]
: =0 as,,
E [mT—R (Yiv(%T—Rvg(Xi)) |§i,T7R:|
which clearly implies that 0 € ©;. Since this holds for any 0e6 1, it holds that 6; C 0.
Next, for any given 0" = (q{)O/, go)l € Oy, it holds that
E [ml (Yiv¢(1)7go(Xz’)) |§z‘1]
: =0as.,
E [mr—r (i, ¢%—R7gO(Xi)) i1 R
or, equivalently,
E {yil —g° (i) + 27{11 ¢(1)'r‘ [?Jz‘,T—R+r —q° (xi,TwaLr)} \111}
: =0 a.s. (A.3)
E {yi,T—R — 0° (@ir—R) + Sory 80y (Vi e — 9° (@i Rr)] |§i1}
Let A = (yir—ri1 — ¢° (@ir—ri1), iz — ¢° (zir))’. Then by (A.3) and the fact that A (—.) =

Yi 7—R+r — 9° (T3 7—Rtr), it holds that

E [ya — ¢°(xa) — N'6] |24 ]

E [yi,TfR —9%(xir—Rr) — )‘?IQZ)OTfR ‘E,T—R]

o =0 a.s., (A4)
Eyir—ri1 — °(@ir—re1) = N (=) |zir_ g1

E [yir — ¢°(@ir) — A (—tr) |2ir]
which clearly implies that 6° € ©;. Since it holds for any 6° € @y, it holds that ©; C ©;. This completes
the proof of the lemma. W

Proof of Lemma 3.1. Note that for any real-valued random variable W and real vector-valued random
variable Z,

MDD (W|Z)* = MDD, (W|2)* + [E(W)]’E|Z - Z1],
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which follows directly from the definitions of MDD, and MDD. By Definition 3.1, we have that for any
01 = (¢1,91) € © and 02 = (¢, 92)" € ©,

dw (91792)2
T—R
= Z MDD [ms (Y, X, 91) — Mg (Yu X7 92) |§s]2

s=1

T—-R T-R
= Y MDD, [m, (Y, X,01) — m (Y, X,0) |z,)* + > {E[ms (Y, X,01) — ms (Y, X,0)]}° E |2, — z[| .(A.5)

s=1 =
The rest of the proof is organized into three parts. In Part I, we show the existence of a constant ¢; < oo s.t.

T—-R
>~ MDD, [my (Y, X, 01) — m (Y, X, 02) |2,]° < 1 |01 — 027 -
s=1

In Part II, we show the existence of a constant c; < 0o s.t.

T—R
D ABm (V. X, 00) = my (V, X, 0:)]}° B |z, — 20| < 2 (|62 — 057
s=1

And in Part III, we combine the results from Parts I and II to complete the proof.

Part I. The compactness of ® according to Assumption 2.1(i) implies that Bs = supyee |¢| < co. By
Lemma A.3, for all g € G, it holds that sup,cy [g(z)| < B. < oo. Note that m, (Y, X,0) = [ys — g (zs)] +
Zle b5 [Yr—R+r — g (v7—R4)] - Then for any 6, = ((ﬁ'l,gl)l € 0O and 0, = (¢/2,gg)/ € O, we have

R
ms (Y7 X7 91) — M (Y7 X7 62) = - [gl (.’,US) — 92 (mé)] + Z(¢17s,7‘ - ¢2,s7r>[yT—R+7‘ — g1 (mT—R"!‘T)]
r=1
R
=Y b0l (@r-rir) = g2 (BT _R4r)] - (A.6)
r=1
Then by the triangle inequality, we have
|m5 (KX701) — My (KX702)|
R R
< g1 (@s) — g2 (ws)| + Z |¢1,5,1‘ - ¢2,s,r| lyr—R+r — 91 (T7-R4r)| + Z |¢2,s,r| l91 (27— R4r) = 2 (TT—R4r)|
r=1 r=1
R R
< o1 (@) — g2 @) + (Y14 Be) D [b160 — bosr| + Bae D lo1 (w0 rir) — 92 (37— n1s))|
r=1 r=1
R
< g1 (ws) = g2 (@) + (IY |+ Bo)R6y — dol + Ba Y _ 91 (21— rir) — 92 (@1 Rtr)| -
r=1

It follows that for s =1,...,T — R,

[ms (Y, X,601) — ms (Y, X, 05)]?

R
< 3 {[91 (2s) = g2 (x))* + (Y| + B R? |6, — 6o + RBE Y g1 (wr—mir) — 95 (xTR+r)]2}
< Bim {[91 (#:) = 2 (@)]" + D _ o1 (a7 rsr) — 92 (a?TR+r)]2} +3(Y] + B)* R ¢y — ¢o” (A7)
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where By, = 3max {RB?i,, 1}, and the first inequality follows from the Cauchy-Schwarz inequality and
Jensen inequality.

Denote by ¢, (s) = E [exp (is’Z)] the characteristic function of Z. It holds that

Var (exp (is'2))| = [B [exp (i52)°] ~Blexp (is'2)%| = | (25) = [0 ()]
< ez (29)|+ ez (1 <2, (A8)

where the last inequality follows from the fact that |¢, ()] < 1. Now, by equation (2.4) in Su and Zheng
(2017),

MDD, [m (Y, X, 61) = m, (Y, X, 65) |z,)*
- / [COV (ms (Y, X, 91) — My (Yv X, 62) , €XP (i5/Z>)}2 q (5> ds
Riz

< Var(ms (Y, X,601) —ms (Y, X, 02))/ [Var (exp (is'Z))| q (s) ds
Rz
< 2B [ms (Y, X, 601) —ms (Y, X, 05)] d
< 2B {fm. X0 —m, (VX)) [ as)ds
R
< 2 |BinE {[91 (@) = 92 () + Y [91 (@1 R4r) — 2 (wTRJrr)]z} +3R?B[([Y| + Be)?] |61 — 6ol
r=1
< 26 [Bumem (R+1) gy = 92172 + Bam |61 — 6]
< Bu{llgr = glliz +16) = 6al*} = Bun 161 — 2]]7:

where i = /—1, q(s) = 1/ [c\s\(Hdzq, ¢ = q+d2)/2 )7 (44z) T (.) is the complete gamma function:
I'(z) = [[CtE Vexp (—t)dt, cqg = [ga, q(s)ds < 00, Bom = 3R*E[(|Y| + B.)?] < 00, ¢m < 00 is a constant
that depends on the density of X, and B,, = 2¢, max {Bimcm (R+ 1), Bay} < 0. In the derivation above,
the first inequality follows from Cauchy-Schwarz inequality, the second one holds by Jensen inequality and
(A.8), and the third one holds by (A.7), and the fourth one holds by the boundedness of all density functions,
according to Assumption 3.1(i). Consequently, we have that for any 6; € © and 65 € O,

T—R
> MDD, [my (Y, X, 01) — ms (Y, X, 02) [2,]° < e [161 — 057 (A.9)

s=1
where ¢; = (T — R) B,, < 0.
Part II. For any 6; € © and 05 € O, we have

{E [ms (Y, X,601) —ms (Y, X,0:)]}E |2, — 21|
< {Blm, (v, X,00) = ms (V, X, 012 E| 2 = 21| <E{[m, (v, X,01) = m, (v, X, 02)° } B |2 — 71|

R
< | BB {[91 (@) = 92 ()" + Yo (w1—sr) = 02 (-'L'TR+r)]2} +3RE[([Y] + Bc)*] 6y — ¢2|2]
r=1
xB|Z — Z7|
< | Bunen (B+1)llgn = g2lli2 + Bow |61 — 6’| B|Z - 2|
< B 6y =032,
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where B,, = max {Bimcm (R+1), By} E ]Z - ZT‘ < 00, the second inequality holds by Jensen inequality,
and the third one follows from (A.7). Consequently, we have that for any 6; € © and 65 € O,
T-R
> {E[ms (Y, X,601) — my (Y, X, 02)]}° B |z, — 2| < 2 [161 — 02|72, (A.10)
s=1
where ¢ = (T — R) B, < oc.
Part IILI. Combining (A.5), (A.9) and (A.10) yields that for any 6; € © and 6y € ©, dy, (01,05)° <
(c1+¢2) |01 — 02]]32 = ¢ |01 — 02|32, where ¢ = \/e1 F ¢z. This proves the first claim in Lemma 3.1.

The second claim in Lemma 3.1 follows immediately from the second inequality result of Lemma A.2. B

To prove Theorem 3.1, we introduce some notations adopted from Arcones and Giné (1993) and de la
Petia and Giné (1999, Chapter 5). Let (S, S, P) be a probability space and {51'}?;1 be an i.i.d. sequence with
probability law P. Let F be a class of measurable real functions on S™. The mth order U-process based on

P and indexed by F is

N —m)!
UR(f) =UR(f: P) = % > f(&hmti) fETF, (A.11)
’ im €I
where i, = (i1, ...,0m) , IN = {(i1, .., 0m) 1 15 € N, 1 < i < N, and i; # iy, if j # k}. We will repeatedly use
the Hoeffding’s decomposition of a U-statistic. The operator 7y, = Wi m acts on P™-integrable function

f:8™ — R as follows
Trmf (€1, &) = (6¢, — P) -+ (8¢, — P) P™F (A.12)

where 65], is the Dirac measure at the observation &;. Note that 7y ., f is a P-canonical function of k variables.
Then we have the following Hoeffding’s decomposition
m G m m
UN(f) = Z UN (Tk,m © Sm.f), (A.13)
ko \ F
where S, f is a symmetric version of f : Sy, f(&y, .., &) = (m!)_1 > f (&, &,,) with the sum extended
over m! permutations (i, ...,4,,) of {1,...,m}.
Given a pseudometric space (F, e), the e-covering number of (F, e) is
N(e, F, €) = min {n 23f1, . frn € F sit. supmine (f, f;) < e} .
feF isn

We define Ny, (¢, F) = Ny, (e, F,en,p ) as the random e-covering numbers of (F, en ), where en,, (f,9) =
{UR(f —g|” )}1/  where p > 1. Note that ey, denotes the L distance corresponding to the random measure
that assigns mass LN%X to each of the points (&;,,...,&;, ) € S™, in € Iff. When F is a class of real

symmetric measurable functions on S™, we define pseudo-distances ey 2 on F as follows

Nk
62N,Ic,2 (fv g) = (T)Ujlif (ﬂ-k,m (f - 9)2) :
K
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By the proof of Corollary 5.7 in Arcones and Giné (1993), there exist some positive finite constants ¢ , such

that for all € > 0,

€

k
Ny (6, T,mF) < N|{—mm—
2 ( ) 71;[0 (2 (k + 1)1/2 Ck.,2

7?7 ||.|L2(U1’(,><Pmr)> 5 (A14)
where for r > 0, Uy, x P™~" denotes the random probability measure

r m—r __ (N B T)' m—r

UN X P - N| Z 5(51'1»'“75';7\) X P
irely

defined on (S™,8™) and for r = 0, U x P™ just means P™. Here L? (U% x P™~") defines the pseudometric
on S™ :

I1f 7g||i2(U}(,><Pm*T) =UR x P™7"(f—9)".
Note that

N (E,}", ||"|L2(U§3,><Pm)> ~2P™F/e if ¢ <2P™F and equals 1 otherwise (A.15)

Proof of Theorem 3.1. Note that Sy (6) = Sys,1 (0)+Sns,2 (6), where Sy (0) = — % S 1cizjen Mis ()
XMjig (9) Rij,s and SNs,Q (9) = % Zlgi;éjgN Mg (0) Hij,s% lecvzl Mis (9) . Let m;s (0) = [mis (0) |§is] and
Mis (0) = mis (0) — mis (0) . Then

1 - _ - _
Snsi () = —% Y [riis (0) + ihvis (0)] s (60) + s (0)] ks
1<i#j<N
1 . 1 _ 2 - _
= _N Z mis (6) mjs (9) :‘f”’s N Z Mis (6) mjs (9) K’lj,S N Z Mmis (9) ij (0) K’ij’SV
1<i#j<N 1<i#j<N 1<i#j<N

and

N
Snen () = — S s (0) s () i+ gy D0 s 60) s (6) i

1<i#j<N k=1

1
9 N
+m Z [mismks (6) + My (9) mk:s (9)] Rij,s-

Then Sy (0) = Snea (8) + Sns2 (0) + Syas (), where

N
- 1 . - 2 - -
Sns1(0) = N Z Mis (0) mMjs (0) Kij,s + N2 Z Zmis (0) Ms (0) Kij,s
1<iZj<N 1<iAT<N k=1
- 1 2 al
Sns2(0) = N Z Mis (0) mjs (0) Kij,s + e Z Z Mis (0) Mis (0) Kij,s
1<i#j<N 1<i#j<N k=1
- 2 2 al
Sns3(0) = N Z Mis (0) My (0) Kij,s + N2 Z Z [Misiks (0) + M (0) Mk (0)] Kijs-
1<i#j<N 1<ij<N k=1

We prove parts (i) and (ii) of the theorem in turn.

Part I. Proof of part (i).
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When 6 € Or, ;s (0) =0foralli =1,..,N and s = 1,...,T— R. This implies that Sy (§) = Sys3 (0) =
0. We are left to study SN5,1 (0) . For the second term in the definition of SN5,1 (0), we have

9 N
Z Z Mis (0) Mis (0) Kijis

N Genia
2 - 2 2 - - 2 - -
= N2 Z Mis (0)° Kij,s + N2 Z Mis (0) mjs (0) Kij,s + e Z Mis (0) Mis (0) Kij,s
1<i#j<N 1<i#j<N 1<iF#j#k<N
2 - 2 - - N —-1)(N -2
= N Z s (0)° Kij,s + N2 Z Mys (0) Mjs (0) kij,s + %NUQNS
1<i#j<N 1<i#j<N

-1 - - -
where Uans = (g) Zl§i<j§k§N (R (fiafj,fm@) and 1 (fivijfme) = %[mis (0) s (0) Kij,s + s (0)
X’ﬁljs (9) Kik,s Jrﬁljs (0) Mks (9) Kjk,s + ’ﬁljs (0) Mis (9) Kjk,s T Mis (9) Mis (9) Kjk,s + Mis (9) ﬁljs (9) Hik,s] is a

symmetrized version of (@, §r6k 9) = 25 (0) mys (0) kij,s. Note that

B, (€1,62,85:0)] = 0, B[ (§1,65,85;0)[€1] =0 and

By (€1,62,85:0) 161,€] = %mls(@m%(@)[Ea(fﬂs,s)+E3(f€23,s)]Ehg)(ﬁpfz;@)

Let 7™ (€1.65.65:0) = 0, (€1.62.€5:0) — [0 (€1,65:0) + 1Y (61.65:0) + 1) (€,64:0)])- By Hoeffding’s
decomposition in (A.13) (see also Lee (1996, p.26) and de la Pena and Giné (1999, p.137)), we have Uan (0) =
SHo v s (9) + Hsns (9) , Where

—1 -1
Hon, (0) = <]2V ) S A (6,€,160) and Hay, (6) = @) SR (6, 6c6)

1<i<j<N 1<i<j<k<N

Similarly, we can write the first term in the definition of Sy 1 (6) as follows: -+ doi<izj<n Mis (0) My () Kijs

-1
N

= 8L NUyng (0) , where Upy (6) = — ( ) ) > 1<izj<n Mis (0) Mjs (0) Kij,s. Then we have

~ N -1 N —-1)(N -2 2 -

SNs,l (9) = TNUINS (9) + %NUQNS + m Z Mis (9)2 Kij,s

1<i#j<N
2 - -
taz DL s (0) My (0) rijs
1<i#j<N
2 - 2 3N —2 3N —2
= NUNS (6) + NH3NS (0) + m Z mis (9) Rij,s — TUlNS (0) - N U2N87
1<i#j<N

where Uy, (0) = Uy, (0) + 3Hans (0) = () Sicseyon bs (65:65:0) and hy (€,,€,50) = iy (0) 1z, (6)
X[Ej(kijs) + Bi(kijs) — Kij,s]-

Let X and Z, denote the supports of 2;; and z,,, respectively. Note that m, (Y, X;0) = H, (¢,) [Y — g (X)]
= [ys — 9 (@) + X0y ber [Yr—Rir — 9 (@T—R4r)] and b, = (¢4 1, ... 05 5) for s = 1,..,T — R. Let 0, =
(¢%,9)". Define

R

Fis = {ms ('7 ~;95) : RT X XT —R: my (yv‘r;es) = [ys -9 (xs)] + Z¢s,r [nyRJrT - g(‘rT*RJrT)]

r=1

for some 05 = ((;5;79)/ € o, x G}, (A.16)
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where ®, = {¢, € R® : [|¢,]| < ¢y} for some constant ¢y, and G ={g € W* (X): ||g||, < B}. Similarly, let
E=(y,2',2") and S =RT x X7 x ZT. Define

Is = {ms(505) : 5 = R s (§05) = [ys — 9 (25)] = Bl(yis — g (wis))|2i5 = 2]
R
+ Z G5 {lyr—rer — 9 (@r—R4r)] = Bl(Yi,r—R4r — 9 (Tir—R4r))|2is = 2]}

for some 0, = (gb's,g)l € o, x G}, (A.17)

Fas = {fs('a '§0s) :SxS—=R: f (§1a§2§9s) = My (51505)7713 (§2§05)’%12,s
for some 0, = (cé/s,g)/ € ®, x G}, (A.18)

and

Fas = {fs('7'7';98) SxSxS—=R: fs (517§2a§3;05) =My (fl;es) M (52;05) ’%1275
—|—T7ls (§1; 05) ’ﬁ’ls (§3; 05) ’%13,3 + ms (§2; 05) ’ﬁ’ls (§3; 05) ’%23,3
for some 05 = (¢;,g)/ € o, x G}, (A.19)

/ v .
where, e.g., z;; = (2l1,...%) and Rijs = Ej(kijs) + BEi(Kijs) — Kijs. The compactness of @ according

to Assumption 2.1(i) implies that Be = supyeq |¢| < oo. By Lemma A.3, for all g € G, it holds that
sup,cy |9(z)| < B. < 0o. Then for any § € © and s = 1,...,T — R, we have

R
ms (Y, X,01 < llysl + 19 @)l + Y [be | Hyr—reee| + 19 (27— )]

r=1

< V|4 Bt BoR[Y|+ B = (BeR+1)[V] + B < K [IV| + 1] = Fy (V) (A.20)

/

where Y = (y1,...,yr), X = (z1,...,z7), ¢, denote the rth element in ¢, and K is a generic positive

constant that may vary across lines. By (A.6),

Ims (Y, X, 01) —ms (Y, X, 05)]

IN

(IY[+ Be)R ¢y — ¢of + (RBe +1) l91 — 92/l
K(Y[+ 1D {lor — dal + llgr — g2l } -

IN

It follows that the class Fi, is Lipschitz in @5 x G (w.r.t.) the norm |-| + ||-|| . Then by Theorem 2.7.11 in
van der Vaart and Wellner (1996), we have

N[] (6 HF1H7 Fis, ||||L2>

IN

N(e/2, @5 x G, [+ [lllo) <N(e/4, @5, [NN(e/4, G, [I]l0)

() =[(2))

where the first inequality follows from Theorem 2.7.11 in van der Vaart and Wellner (1996) and the last one
follows from Lemma A.3 in Santos (2012), which indicates that N (¢, G, [|-|| ) < Kexp ((%)V) with v being
defined in (2.8). This also implies that

iy @l o W < (2) e 2 (2)]. (A22)

36

IN



Let F» (£1,€&5) = K(Jya] + 1)(Jya| + 1)(Jz1] + |22] + 1) with &; = (v}, z}, 2])’ € S. By arguments as used in the

proof of Theorem 6 in Andrews (1994), there is a finite positive constant ¢g such that

4R v
2 4 4
Ny Qeoe | Bl Fasy |]) < [Np e |Full, Fas, [IF)]” < K (;) exp {4 (—) } : (A.23)

€

We verify the conditions in Theorem 5.6 of Arcones and Giné (1993, AC hereafter). First, by Assumption

3.1(1)-(ii),

B([F 6, &)) < 2K2E{[(V]+1)(Yal+ 1) |17 + (il + D(Yal + 1) 12}

4KE (] + 1?12 P B2l +1)?] < oo

IN

This verifies Condition (a) in Theorem 5.6 of AC. Applying (A.14) with m = k = 2 yields

2 €
Nn 2 (e, F2s) = N2 (€, m22F2s) < rl;loN (m,fgs, ||'||L2(U§szr)> .

) 1)
By (A.15), [, logN (ﬁ,fgs, H'HLQ(UR,X}DZ)) de < [ log 2de. Note that

5
£
/0 log N (m,fzsv ||'|L2(U}V><P1)> de

§/[2v/Bea UL (PTF?))V? B
= 23, [UL(P'F)]? / log N (= [UK(P'F)]"" Fas, IFllgawy wpny ) de

0

5/[2\/502,1U11\7(P1F22)]1/2 4 4\"Y
ok [ s (2) +(2) ] &

PN

0
/6/[2\/§C2,1U}V(P1F§)]

1/2

< [Uk(PLE)Y? eV de

0
< [Uk(PF])5

where the first equality follows from the change of variables, the first inequality holds by (A.23), and the second
inequality follows from the fact that the integrand is dominated by the term (£/4)~" in the neighborhood of
0, v < 1 by Assumption 2.1(iii), and foy log (1/¢) de < oo for any §' < oo. Similarly, we have

5
€
/0 log N (m,fzs, ||'|L2(U12V)> de

1/2

8/[2v3c2 2 UR (F?)]
= 1/2 1/2
= 2V3cap [UR(F?)] / /0 1ogN(e [UR(F?)] 2. F H'||L2(U12v)> de
5/[2\/562,2U12\7(F2)]1/2 4 A\ Y
=< [U]%,(PQFg)}W/ [10g <—> + <—> }da
0 € €
§/[2v/Be2,2UZ (F2))'? ,
=< [U?V(Fg)]m/ e vde < [UR(F2)]"? 54
0
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Then

s
lim lim supE°® l/ log Ny 2 (g, Fas) de}

6—0 Nooo
/ ZIOgN < \/— o, f2s; |'||L2(UX]XP2_T>> d6‘|

v/2 v/2 v
< lim limsup UO log = de+E{[U}V(P1F22)] + [UR (R} 8" ]:o,

= lim lim supE*
-0 N—oo

where the last equality follows from the fact that E{ [U% (F3)] V/Q} < {E [U%(F3)] }V/Q = {E([Fy (&, &) 1/? <

oo by Jensen inequality and similarly E{ [Ux (P'F3)] vf ?} < co. This verifies condition (c) in Theorem 5.6 of
AC. Next, notice that N( \/_ s Fos, || HLQ(UT  p2— T)) =1 as. for r = 0,1,2 and for sufficiently large ¢,
say, € > €q, by the total boundedness of ® x G and the law of large numbers for U-statistics. It follows that

for some small € > 0 and by the above calculations,

0o 1+€
EO/ log Ny 2 (€, m2,2F25) de
0
o 1+e€
< ]EO/ log N 2 (€, 2,2 F25) de
0
€0 1 14e v 312
< |[Cota] em{ne ) s e ) <o
0

where E° denotes the outer-expectation associated to B, the last inequality holds by choosing e sufficiently
small such that (1+€) /2 < 1. This implies that the sequence { [~ log N 2 (¢, Fas) ds};j:l is uniformly
integrable. That is, condition (b) in Theorem 5.6 of AC is verified. Then by Theorem 5.6 of AC, we have
NUpy (0) = C, (0) in L (09).

Next, note that Hszy () is a third order P—canonical U—process with the envelope function for the kernel
in the definition of Hsx (6) given by F3 (&1,&5,&3) = K{(Jy1| + 1)(Jy2| + 1)(Jz1| + |z2] + 1) + (Jya| + 1) (Jys| +
D) (Jz1] + |z3] + 1) + (Jy2| + 1)(lys] + 1)(|22| + |23] + 1)}. Following the analysis of Uy (), it is easy to show
that E[Fs (£1,&,,&3)°] < 0o under Assumption 3.1(i)-(ii),

0—0 Nooo

s
lim lim supE° [/ [log Ny 2 (e, .7'—35)]3/2 de] =0
0
b (o)
and the sequence { fooo [log Nn 2 (6,.7-'35)]3/ 2 de}N is uniformly integrable. Here we use the fact that
3(1+€)v/2 < 1 for sufficiently small . As a result, N%?Hjy (0) converges to a Gaussian chaos process
and supgcg |[NHsy (0)] = Op (N~1/2) . Our condition is sufficient to ensure the uniform law of large num-

bers to hold for the U-process with kernel function associated with 77 (0)2 Kijs- As a result, we have

2

— Z 1Mis (0)° Kijs = 2 [Thls (6) "112,5} + 0,(1) = By (0) + 0,(1) uniformly in 6 € ©.

1<iAj<N
Following the analysis of Uy (#) , we can also show that both NUj y, (6) and NUapn (6) converge to Gaussian

chaos processes. Consequently, we have

S’Ns,l (9) = Bs (9) + (Cs (6) . (A24)
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When 6 € Oy, we also have Sy (0) = B, () + C, (0) given the fact that Sy, () = 0 for £ = 2,3 in this
case. As a result, we have Sy (6) = B (0) + C ().

Part II. Proof of part (ii).

When 6 ¢ Oy, (A.24) continues to hold. By the law of large numbers for U-processes and the definition
of MDD, we have

1 ~ 1 _ a 2
NSNS,Q(Q) = v Z mis<9)mjs(0)ﬁij,s+m Z Zmzs Mis (0) Kijs

1<iZj<N 1<iZj<N k=1
= —E[mus (0) mas (0) k12,5] + 2E [mas (0) K12,s] B [Mas (0)] + op (1)

= MDD |m, (Y, X,0) |z,]* + op (1) uniformly in 0 € ©\O;.

In fact, applying Hoeffding decomposition to %S Ns,2 (0) and arguments as used in Part I, we can strengthen
p (1) to Op (N~1/2) in the last claim.

Now, define Uz (0) = (N 2 Zl<z7$]<N mhis (0) myjs (0) kij,s and Uy (0) = (N 2 Zl<z7ﬁ];ﬁk<N[m25mkS (0)
+Mis (0) Mis (0)]Kij,s. It is easy to see that Usy (6) and Uy (6) are non—degenerate second and third order
U-processes, respectively. One can easily apply symmetrization and similar calculations as above to verify
the entropy condition in Theorem 4.10 of AC holds to conclude both N'/2Usy () and N'/?Uyy (0) converge

to Gaussian processes. This implies that

Snss (0 ‘
e lez [Snes (0)
2 2 N
= sSup 3/2 Z Mg (6) mjs (9) Kij,s + N5/ Z Z [mismks (9) + Mis (6) M (0)] Rij,s
veorer | N 1<iAj<N No/ 1<i#<N k=1
< sup [NV2Upy (0)|+ sup [NV2Uy (8)] = 0, (1).
0cO\O 0cO\O

Consequently, we have + Sy (0) = S Ze L2 SNse (0) = ZZ:_lR MDD [m, (Y, X, 0) |z,]° + Op(N—1/2)
uniformly in § € ©\6;. R

Proof of Theorem 3.2. In this proof Conditions (i) — (iv) listed in Lemma A.5 are referred to as C(i) —
C(iv), respectively. Let Q (0) = ZT " MDD [m, (Y, X,0) |2,]* and Qn () = +Sx (0) = ZT fL ~Sns (0).
Our goal is to show that, over the restricted parameter space © N O under d, (+,-), @ (-) and Qu (+) as
specified above satisfy C(i) - C(iv) in Lemma A.5.

We first prove that d (O, ©1) = O, (max{d,,n, N~/*}) = 0, (N~/*) and then argue that such a rate
can be improved to Op(ony N -1 2) by iterative arguments.

Due to the nonnegativity of MDD, @ (-) > 0. By Lemma A.3, © is compact under |-||, and hence
is compact under d (-,-), which is weaker than ||-[[.. Since ©p is closed due to the continuity of L (-)
under Assumption 2.2, ©NOp is also compact under d,, (-, ). So C(i) is satisfied. Assumption 3.3(i) and (ii)
guarantee C(ii) to hold with o = §,, v = o (N~1/2). C(iii) holds according to Theorem 3.1 with by = N~1/2.
Obviously, C(iv) holds with a; = as = 1 by Lemma A.1 and the fact that MDD [m, (Y, X,6°) |z,] = 0 for
any 0° € ©;. Then by Lemma A.5, we have

dw (91\;,@1) =0, (max {5w,N,N*1/4}> =0, (N*1/4) .
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This, in conjunction with Assumption 3.4 and Lemma A.6, implies that d. , (éN, O1) = Op(on duw (éN, orn
Or) +0s,5) = Op(oxyN~14).

For any € > 0, there exists a constant K. > 0 such that Pr (d||'\|L2 (éN, Or) < KeQNN_1/4> >1—ce. Let
On ={0: djj-,. (0,01) < K.onyN~/4}. Now, we can consider minimization of Qx () over § € © . Using
arguments as used in the proof of Theorem 3.1 and the expressions in (A.31)-(A.35) in the proof of Theorem
3.3 below, we can show that
sup | Qu (0) = Q(8) = N"120, (oxN"/1) = 0, (oxN~*/1) (A.25)
0€ON
by showing that supycg . }%pZNS (90, 0 — 00) — Pus (90, 0 — 90)’ =0, (QNN’3/4) for £ =1,2,3 and supgocg,
| % SN (90)| =Op (N7'). The last claim holds by Theorem 3.1(i). Next, we argue that the first claim holds
for £ =1 only as the other two cases can be studied analogously. Note that with A =6 — 6°,

1
Nple (0070 - 00) — P1s (005 0 — 00)

= Z 8r’nsz ams_] [ ] Rijs — E {ams‘ [A] amt [A] }gs - &i’}

1<1;£]<N

N
+2 % > 0ma (A kijs0ma [A] - B {0m, [A] |z, — 21|} E [om] [A]]

1<i#£j<N k=1
= —D15(0)+2D95 (),

where we suppress the dependence of Dy, (6) and Do (6) on 0°. Let s, (Ei, &5 A) = Omyg; [A] Omg; [A] Kij,s,
¢s (A) = B [ (€, €53 A)], and sa15 (€55 A) = By[ses (€, €53 A)]—¢s (A), where E; denotes expectation w.r.t.
§; alone. Let (fi, & A) = 2, (52-, &5 A) — o015 (€55 A) — 3014 (§j; A) + ¢s (A) . By Hoeffding decomposition,
we have

2

Dls (0) = m Z {377151 [A] amsj [A] Rij,s — E [amSl [A} amSj [A] ﬂij)s}} + Op (Nil)
1<i<j<N
IS ) ey X A6 8) 10, () (A26)
N i=1 S N(N-1) 1<z'<j<N}fS v P( ) .

where O, (N~!) holds uniformly in 6 (and 6"). Noting that the second term in (A.26) is a degenerate second

order U-process, we can readily follow the proof of Theorem 3.1(i) and show that it is Op (N ') uniformly

(v,x,6°)

in A=0-0"c©—6°. For the first term in (A.26), we can apply the expression of % [A] in (A.35)

and entropy calculations as used in the proof of Theorem 3.1(i) to show that

sup Z%ls &0 — 90)
0edn

= sup Z{E [Omg; [0 — 6°] Om; [0 — 0°] kij ] — BiBj[0me; [0 — 6°) Omg; [0 — 6°] iy 6]}
9€@N i=1

= N0, (QNN_1/4> =0, (QNN_3/4) )

Then supyeg . [D1s (0)] = Oy (o N~3/%) . Analogously, we can show that SUPgeg, [Das (0)] = Op (on N~ 8/4).
It follows that supycg | %P1ns (0°,0 —6°) — py, (6°,60 — 90)| = 0, (oyN73/%) and (A.25) holds. Then we
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can apply Lemma A.5 with by = o5 N34 to conclude
du (éN, @1) =0, (max {5w,N, Q}V/QN—3/8}) = 0, (oN2N"3/8). (A.27)

Now, given the first iteration result in (A.27), we can focus on O = {6 : djl,. (6,0r) < K.oyox N=3/8}
and show that

sup |Qw () —Q(0)| = N71?0, (onoX*N=/%) = 0, (o}*N"T%)
0ebf;

which, in conjunction with Lemma A.5 implies that
du (ém @,) -0, (max {5w,N, 9%4]\7_7/16}) = 0,2/ IN=T7/16), (A.28)

Repeating such an arguments for any finite m times, we can obtain
0 1/4 1/4 Titiar
dw(HNaG)I):N_/Op((N_/QN) )

By choosing m = m (e) sufficiently large, we obtain dy, (fx, 0;) = op(N_%“‘i o ) for any fixed small positive

number ¢ > 0. H

Proof of Theorem 3.3. We organize this proof into three parts. In Part I, we establish that, to calculate
the test statistic, we only need to minimize over a neighborhood of @y N Og; in Part II, we show further that
the minimization would focus on ©; N O asymptotically; and in Part III, we combine the results in Parts
I and II to complete the proof. Note that continuity and compactness imply that all minimums are indeed
attained.

Part I. Recall that Oy € argmin Sx (9). Then djl-[,2 (9]\7,@1 N @R> =0, (QN dw(éN,@I) +537N) -
0cONNOR

O,(on0(0N  N=2H5) 4+ 6, ) = 0,(N"1/4) by Lemma A.6, Theorem 3.2, and Assumption 3.4. This, in
conjunction with the fact that §;, y = sup [II,0—0|;.=0 (N’1/4) by Assumption 3.3(i), implies that

0cONOR
Jsome dy | 0
on =0 (N7V), . (On, 011 0R) = 0p (), max {65, N71/2} = 0(6n). (A.29)
Define BfVN (90) = {9 €cONNOR: H9 — 6?0||L2 < 51\7} . Then (A.29) implies that
ocdNnOn Sv (0) = 906(192%@12 eegrgrflvflvn(e()) Sn (0)] +0p (1) (A.30)
because V ¢ > 0,
08B N O 7 ol [ A <9>] - }

SN (@N> — inf [ min Sy (0)]

0 s
0°€ONOR 0B (6°)

>5}

< Prié u o B (8°
= T N¢90€@m®R N( )}

[
n
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where the convergence follows from the second condition in (A.29).
Continuing with (A.30),

peliin S (6)

= inf l min Z Sns (0)| + o0, (1)

0 5
0°cONOR 0e B} N (90) —i

T—R
_ : : 0 0 0 0
T Le o sizlj [Sns (0°) + puwvs (07 AA) + pans (67, 8) + pans (6%, )] + 0 (1) (A31)

where A =0 —6°,

N
1 2
PiNs (007 A) = _N Z 8msz 8m6] [ ] Kij,s m Z Z Omy; [A] Kij,samsk [A] ) (ASQ)
1<z;£j<N 1<i#j<N k=1
pans (00,8) = = D Omg [A]8Pma; [A] ki
1<z;£j<N
N
> {0mai [A]Pma [A] + 0Pmi [A] Ok [A]} Kijs, (A.33)
1<i#j<N k=1
pans (0°,0) = Z 0*mg; [A] 9Pmj [A] Kij s +5nz Z ZB mei [A] Kij,s0*mgk [A], (A.34)
1<l7$j<N 1<z;ﬁj<Nk 1

- X. 99 2m - x. g0
with Omg; [A] = % [A] and 8%*my; [A] = % [A, A]. Note that the last equality in (A.31)

above is obtained by plugging

omy (Y, X,6° 19°my (Y, X,6°

Oms (VX,0°) | | 10 (Y. X.0°)
o0 2 00

(with A = 0—0°) into Sns (0) = =7 Y1 <ivjc v Ms (Yo, Xi, 0) s (Y5, X5,0) kijst0m >y <ijc s (Vi Xiy 0)

XKijos Yopey Ms (Vie, X, 0).

. 0 m t oyt g0 20 0

Let 8m, [A] = Z220X9) (7] ami [A] = 22X (7] g2, [A] = 22059 (A A] and 8% [A]
2m5 T7 T7 0 — — —

= %{ﬂxe) [A, A]. The population analogue of N~ p, v, (6%, A), N=1p, . (6°,A) and N7 g, (67, A)

are respectively given by

m, (Y, X,0) =m, (Y, X,0°) + (A, A]

p1s (0°,A) = —E{0m,[A]om![A]|z, — 21|} + 2B {0m, [A] |z, — 2L |} E [om] [A]],
pas (0°,A) = —E{0m,[A]0®ml [A] |z, — 2|} + E{0om, [A] |z, — 2!|} B [0°m] [A]]
+E {0*m, [A ’gs fgl’} E [8m§ [A]], and
pss (00,A) = —iE {0®m, [A] *m![A] |z, — 28]} + %E {0®ms [A] |z, — 2|} E [0°m] [A]].
By straightforward pathwise derivative calculations,
oms (Y, X,6°
% [A] = ; Z‘JT R+t — 90 (xT—R-i-t)} - [9 (xs) - 90 (st)]
=Y 80 [9(@r-ri) = 8" (wr-ree)]
t=1
ms (Y, X,0°) 0 0
202 [AA] = -2 Z (05, = Do) (9 (@r—R1t) = ° (TT-R1e)] - (A.35)

t=1
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It is easy to verify that 22’21 Prs (90, 60— 00) = MDD [m, (Y, X,0) —m, (Y, X, 60) |2,] = MDD [ms (Y, X,0)]2.]°,
where the last equality follows from Lemma A.1.
Using arguments analogous to those in the proof of Theorem 3.1(ii), we can show that for any given
0° € Oy,
1
Nple (007 A) = P1s (007 A) + OP (N_l/Q)
uniformly in A =0 -0 c © —¢° = {é —60°:0¢ @}. It follows that v N (% P1ns (HO,A) — P1s (GO,A)} =
O, (1) uniformly in A = — 0% € © — ¢°, which in turn implies the uniform asymptotic ||-||;.-equicontinuity
in probability in the sense that V ey | 0, it holds that
1 1
. VF | (0°.00) = 01, (0°.0)] = | o (9.0 < . (00| | =0, 0. (230

[101—=02| ;2 <en

It is easy to see algebraically that apq (00, A) = pins (00, VaA) and apy (90, A) = py, (00, VaA) for any

scalar constant a > 0. These algebraic properties imply that

1o 7081ﬁp <s |[p1Ns (00701) - Npls (00’01)} - [ple (00702) - Npls (00’02)”

1 1 1 1 1 1
= sup \/N) |:Np1Ns(90aN401) - p15(007N401>:| - |:NP1NS(007N462) - pls(607N462):| ’
||N%917N%92||L2§N%6N

= o0,(1), (A.37)

where the last equality holds because N 1§ ~ | 0 according to (A.29). This, in conjunction with the fact that
PINs (00,0) = P (90, 0) = 0, implies that

sup |pins (0,0 —0°) — Npy, (6°,0 —6°)]| =0, (1). (A.38)
0:[160-6°l| .2 <o

Analogously to the analysis of p; 4 (90, A), it can be shown that

—p , —p , = 1) uniformly in A=60—-60" € © —0" an
W}VQNSGOA 2 (07, Oy formly in A =0 —0° € © — 6" and

sup ’p2Ns (005 0 — 00) - Np2$ (00’ 0 — 00)’ = Op (1) ) (A39)
0: 110-6°]] 2 <o

where we use the fact that apy (90, A) = pons (907 a1/3A) and ap,, (00, A) = py, (00, a1/3A) for any scalar
constant a > 0, py s (00,0) = Pas (90, O) =0, and that NééN 1 0. Similarly, it can be shown that

1
VN TN (0°,A) — ps, (0°,A)| = 0, (1) uniformly in A =60—6"€ ©—¢° and

sup |p3Ns (90, 0 — 90) - NpSs (90, 0— 90)| = Op (1) ’ (A40>
0: 110—0][ 2 <6
where we use the fact that that apsy, (90, A) = pyns (90, a1/4A) and aps (90, A) = ps, (90, a'/*A) for any
scalar constant a > 0, pyy, (0°,0) = ps, (6°,0) = 0, and that N3dy | 0. Combining (A.38), (A.39), and
(A.40), we have

3 3
> oo (0°.0=0°) =N "y (6°,0—6°) + 0, (1) = N - MDD [m, (Y, X,0) |z,]° + 0, (1),  (A41)
=1 =1
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where each o, (1) holds uniformly in § € B (¢°).
Plugging (A.41) in (A.31) yields

T-R
. _ : . 0 . 2
pin Sy (0) = 906(191351@3 Leé?vfgl(eo) ;:1 {SNS (6°) + N - MDD [m; (Y, X, 0) |z,] } + 0, (1)

+o,(1). (A.42)

0 )
6°€cO:NOr 90BN (0°) o1

T—-R
= inf lSN (6°) + min N> MDD [m. (Y, X,0)|z,)’

Part II. Next, we show that the term mineerVN (69) NZZ;R MDD [m, (Y, X, 0) |£s}2 in (A.42) can be
dropped asymptotically. The nonnegativity of MDD implies that

T—-R
min N > MDD [m, (Y, X,0)]|z,]° > 0. (A.43)
0BV (09)

According to the third condition in (A.29),i.e., sup [II,60—6| .. =0 (dxn),it holds that ||IT 0" — 90“];? <
0cONOR

0N, or equivalently, IT N0° e B}SVN (Ho)for all 0° € ©; N Og and large enough N. Therefore,

T—-R T—-R
min N Y MDD [m, (Y, X,6)[2,]* < N Y MDD [m, (¥, X, 50" 12, (A.44)
HEBNN(GD) s=1 s=1

for all ° € ©, N Ok and large enough N. Then for all 0° € ©;N O,

T—-R
0 < N MDD [m, (Y, X,TIx6%) |z,]”
s=1
T-R 9
= N ) MDD [m, (Y, X, Tx6") —ms (Y, X,0°) |z,]
s=1
2

= Ndy (Tx6°,6°)° < |N1/2 sup dy (6", 6°) | =o(1),
0°cONOR

where the first equality follows from Lemma A.1 and the fact that MDD [ms (Y, X, 00) \gS]Q = 0, and the
last equality follows from Assumption 3.3(ii). It follows that
T—R

sup NS MDD [m, (¥, X, TIx6°) |2,]” = o(1). (A.45)
9066106[1 s=1

Combining (A.43)—(A.45) yields

T—-R
sup min N > MDD [m, (Y, X,0)|z,]* = o(1) (A.46)
0°c0;NOR 0€BN (0°) i1

As a result, substituting (A.46) into (A.42) delivers

T—R
. o . 0 . j : 2
bcONNOR Sv(0) = 906(1911%@12 {SN () + Geé?vjlvn(@“) » s=1 MDD m (124 0) 12 } rortt
= inf Sy (6° 1). A.47
ool | Sn (07) +0p (1) (A.47)
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Part III. By Theorem 3.1(i) and the extended continuous mapping (see, e.g., Theorem 1.11.1 in van der
Vaart and Wellner (1996)), we have

T—-R T—-R
. 0 L . 0 0
it |5 @) £t S ) @),

which, in conjunction with (A.47), implies that mingeo yno, S (0) £, infgoco,nox ZST:_1R B, (6°) +Cs (69)] .

So the proof is completed. B

Proof of Theorem 3.4. Let dy be the same as the one specified by (A.29) in the proof of Theorem 3.3.
By Theorem 3.1,

T—-R
1 2| »p
sup |—=Sn () — MDD [ms (Y, X, ) |z,]°| — 0. A48
SUp | N (0) ;:1 [ms ( ) |z5] (A.48)

Since © is compact under |-||. by Lemma A.3, it follows from the theorem of maximum and the continuous

mapping theorem that

T—R
o1 _ . 2
o2, OV 0) = amin, 2521 MDD [, (Y, X,0) |2,)” + 0, (1). (A.49)

Let Oy € argmin Sy (0). Note that
0€eONOR

1

. . 1
ee(gljvlgeRNSN(&)_ min — Sy (6)

0 <
bconer N

< () s ()

T—R ~ 2 T—R ~ 2
- ;MDD [ms (Y,X,HNQN) |gs} . ;MDD [ms (Y,X,HN) |§S} +o, (1)

T-R ) ) 0y 1/2
~< ; {MDD [ms (Y,X,HNGN) — my (Y,X,ON) \gs] } +0, (1)

T-R ) ) ) 1/2

< (TR)”Q{;MDD [ms (Y,X,HNHN)—mS (Y,X,GN) |gs} } +o,(1)
~ HHNéN ~ O], +0, (V)
= 0,(1), (A.50)

T—-R
s=1

MDD [m, (Y, X, 0) |z,]* (implied by (A.48) or by Theorem 3.1 directly) and the fact that HHNE?N - éNHLQ
= 0(6y) with §x | 0, the third inequality follows from Lemma A.2,'? the fourth inequality holds by Cauchy-

where the first equality holds because of the uniform asymptotic [|-||;.-equicontinuity of =S (6) — >

Schwarz inequality, and the last inequality holds by Lemma 3.1.
(A.50) and (A.49) imply
1. T-R

- . 1 _ . 2
NSN = eduin NSN 0) = puin ; MDD [m, (Y, X, 0) |z,]” + 0, (1).

12The finite moments requirement in Lemma A.2 can be easily verified by Assumption 3.1(ii), together with the result that
|ms (Y, X,0)] <|Y|+ 1, which is established in (A.20) in the proof of Theorem 3.1.

45



IfO;NOr =0, then V6 € © N Op it holds that ZZ;R MDD [m, (Y, X,0)|z,]° > 0. The compactness of
O N Op guarantees that

T-R
. 2
puin SEZI MDD [m, (Y, X, 0) |z,]” > 0,

which completes the proof.!> W

Proof of Theorem 3.5. Recall that mj (0) = m;s (0)v; Note that Sy (0) = Sy, (0) + S0 (0), where

SNsn 0) = _% Zlgi;ﬁjgN m; (0) mi, (0) Kij,s and SNs,2 0) = % Zlgi;ﬁjSN m; (0) "Eij,s% 2221 mj (0) -
Note that
. 2 . 2 . i N-1)(N-2)
ez O =g Y MO ket g S miO)mi (0)mye+ DN D g
1<i#j<N 1<i#j<N

-1 * * * * * * * * * *
where U;Ns = (];') Zl§i<j§k§N % (fz ’ gjvfk; 9) ’ 51 = (f;a Ui)/ and % (gz ) fjagk:; 0) = %[mzs (0) Mg (6> Kig,s

+mis (0) mj, (0) Kir,s +mis (0) mi, (0) £k, +mis (0) mis (0) jr s +mi (0) mis (0) wjk s +mi, (0) mi, (0) Kin s
is a symmetrized version of ¢, (&;,&;,&5;0) = 2mj, (0) mj, (0) kj,s. Note that

B [y, (£1,62,€5:0)] = 0, B"[v, (£1,63,€3;60) [€1] = 0 and
1

B[, (61,65, €5:0) 1€1,€65] = gmi, (0)mi, (0) By(as,s + ase) = WY (61,€5:0)

Let B (€1,€5,€5:0) = v, (€1, €5,€5:0) — [ (€1, €5:0) + 1) (€1,€5:0) + Y (€5,€5;0)). By Hoefidings
decomposition in (A.13), we have Ul (6) = 3H;y, (0) + Hjy, (8), where

N\ N\ ,
)= (3) X a0 mamw0=()) X (680,

1<i<j<N 1<i<j<k<N

where h$®™) (€7,65:0) = £ S0 WP (€], €03 240, 0) = Smi, (0) m, (0) Byo(kin s +Fjus). Similarly, Sk, , (8) =

Js

— * * -1 * *
NELNUs v, (0) , where Uy (6) = f(gf) Y i<izj<n Mis (0) M (0) Kij,s. Then we have

Sie (0) = NUX, (0) + NEiy, (0) + g S0 iy (07 migs — Sy, (6) — 252U,
1<iA<N
where Uy, () = Uiy, (0)+3H;y, (0) = (]:Y)il Zl§i<j§N by (&5, 5;; 0) and h3 (&7, 5;5 0) =m;, (0) mjg (0) Kijs
with Kij s = Br(Kik,s + Kjk,s) — Kij,s-
Define
R
Fro={mi (505 : RT x X7 xR) > R: m} ((y,2,0);05) = {lys — g (@) + Y by, [yr—rir — 9 (@142}

r=1

for some 0, = (¢,,9)" € & x G}, (A.51)

]:;s = {f:(a ';95) DS X ST =R fs* (5;;5;705) = m: (fiab)mz (§;aes) /%1275
for some 05 = (¢;,g)/ € o, x G}, (A.52)

13Note that ©p is a linear subspace, so it is closed, which, in conjunction with the compactness of ©, implies the compactness
of ®©NOR.
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and

Fo ={F3 (00 50s) 0 57 X 9" % 8" = R f7(€1,82, 835 05) = m (§1505) m (§2:05) Rz,
+m: (51;05) m: (53; 95) [2’;13’5 + m: (€2§ 05) m: (53; 95) "\%23,5
for some 6, = (aﬁ’s,g)/ € o, x G}, (A.53)

where S* = S x R. It is easy to see the envelope functions for Fj,, Fs, and Fj, are respectively given
by Fy(€7) = K (lyl + D vl, F5 (£1,€2) = K(lyal + D(|y2l + Dizs [orvs], and Fy (€1,83,€3) = K{(lyn] +
D(ly2l + Drz,s [vrva] +(lya]+ 1) (lys| + 1)E1s,s [vrvs] + ([y2] + 1) (lys| + 1)F2s s

in the proof of Theorem 3.1, we can readily show that

vav3|}. Following the analysis

1 1
log Ny (e |[F/ N, Fisy |I-llz2) = In (;) + - for £=1,2,3, (A.54)

Part I. Proof of part (i). It is easy to see that B*[F} (£, £5)°] < oo, verifying Condition (a) in Theorem
5.6 of AC. As in the proof of Theorem 3.1, we can readily show that

lim lim supE*

)
/ log Ny (¢, F5.) de]
0

0—0 Nooo
5 2 c
= lim lim supE°* / logN (| ———, F5,, |I o pea_m\ | de
6—0 N—»oop 0 Tz::(] 8 2\/§02,r ? H ||L2(UN><P ’ )

=< lim limsup
-0 Nooo

’ 1 * 1 %1 2\1V/2 2 «o\1V/2 1—v| _
[ logde+B {[Wh )] + (3] 6| =0,

where E°* is the outer-expectation associated to E*, the last equality follows from the fact that E*{[U% (F3?)] V/2}
< {E* [U}(F5?)] }V/2 = {E* (F5?)}"/? < oo by Jensen inequality and similarly E*{ [U}\,(P“FQ*Q)]V/2
This verifies condition (c¢) in Theorem 5.6 of AC. Note that N (ﬁ,}g‘s, H~||L2(U1rvxp*2,r)> =1 as. for

} < .

r = 0,1,2 and for sufficiently large ¢, say, ¢ > ;. It follows that for some small ¢ > 0 and by the above

calculations,

1+€
E°*

/ log Ny 2 (¢, m2,2F5;) de
0

68 1
/ log —de
0 €

where the last inequality holds by choosing e sufficiently small such that (1 4+ €)r/2 < 1. This verifies the

1+e€

j ‘E { [U]{,(P*lFQ*Q)](l-'_S)Vﬂ I [UJQ\}'(F2*2):| (1+e)1//2} < 00,

uniform integrability of the sequence { [, log Nn 2 (€, F3,) ds}})vo:l and thus condition (b) in Theorem 5.6 of
AC.

Then by Theorem 5.6 of AC, we have NU%, () = C (0) in L*> (0), where C} (§) = C (h% (,-;0)) and
hi(&5,€5505) = ms (65305) m% (€5:05) Rz, = mis (0) mys (0) vivjRia,s. We now argue that {C7 (6)} share the
same finite-sample distribution as that of {C, () = C (hs (-, ;6))} when 6 € ©;. That is, {NU%, (0q)),--.,
NUY, (H(L))} has the same limiting distribution as { NUx (9(1)) sy NUly s (H(L))} for any finite L when we

restrict 0(1),...,0(z) to lie in ©;. Without loss of generality, we can focus on the case L = 1.
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Note that for 0 € Oy, hy (Si,fj;G) = mys (0) mys (0) Ria,s and hi(&],E7;05) = hs (fi,ﬁj;ﬂ) v;vj. Let {\x}
denote an enumeration of the positive eigenvalues of A® (-) = B [hs (+,&;;0) ® (§;)] in decreasing order and
according to their multiplicity. The corresponding orthonormal eigenfunctions are denoted by {®y (*)},—; -

It follows from a version of Mercer’s theorem (e.g., Theorem 2 of Sun (2005)) that

hF) (¢, &0,) ZA,@k Z/\kﬂbk k(€) = hs(€,€;65)

for all £ and € on the support of the probability law of &, Let

N N
Vy = Nz hS(gi,ﬁj;Hs) and Vy = — ZZ £z7£]70 Uiy
; i=1 j=1

1 N N 1 N N
VO = 2SS R (66536.) and VY = 2 2 (g0 v

i=1 j=1 i=1

Noting that Vi — VIS,K) > 0, it is standard to show that

o

E‘VN—V]E,K)) = Z /\k—ZE{Q)k ]: Z Ar — 0 as K — oo and
k=K+1 k=K+1
(K= _ Z /\k_ZE*[ »]: i A — 0 as K — co.
k=K+1 k=K+1

Let ¢; = (®1 (&) ..., Px (€;)) and ¢ = (@1 (&), ..., Pk (&;)) vi. For any fixed K, it is trivial to show under
Assumption 3.1 that

0,Ik).

uMz

\/_ZC —>N(0 Ix) and

Then by the continuous mapping theorem, we have

K 2 K
W= 3o (s ) 3 A e
k=1 k=1
K 2 K
= S (G aen) £ S
k=1 k=1

where {W;} is a sequence of independent N(0,1) random variables. These results, in conjunction with
Theorem 2 in Dehling, Durieu and Volny (2009), imply that Vy £, ey AW and Vi £, e A WE

Consequently, we have

N s} N s}
1 L
NUy, (6) = Z:j o (E08s0) = Vi =3 Mg D Bel6)” = D M (Wi —1)
and
o) 1N c )
* 2 2 2
NUy, (0) Zh (€5,€:05) VN—kZ:lAW;%(@) vi—>kZ:1Ak(Wk—1)~

That is, NU%, (0) share the same asymptotic distribution as NUy, (6) when 6 € O7. As a result, we have
NU%, (0) = C; () in L™ (O;).
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Next, note that H, () is a third order P*—canonical U—process with the envelope function for its asso-
ciated kernel given by Fy. Following the analysis of Uy, (0), it is easy to show that B* [Fy (£7,£5,£5)] < oo,
lims_,o lim supE* Ug llog Ny 2 (g, F3,))*/2 de] = 0 and the sequence {fooo llog N2 (g, F3)]*/ dg}

N—o0

is uni-
formly integrable. As a result, N3/2Hj,; (6) converges to a Gaussian chaos process and supgeg |V ]g]lfg ;, 0)| =
Op (N~1/2) . In addition, by the uniform law of large numbers for U-statistics, <& doi<izj<nN Mis (0)° Kij.s
= 2E* [ﬁus (0) ’U%I{,12751| + 0,(1) = 2E* [ﬁzls (0) 51213] = B, (0) + 0p(1) uniformly in § € ©. Following the
analysis of Uy, (), we can also show that both NUjy, (6) and NUj,, (0) converge to Gaussian chaos

processes. Consequently, we have

Sns (0) = Bs (0) + C5(6), (A.55)

where the process {C?* (0)} coincides with {C; (6)} on O.
Part II. Proof of part (ii). When 6 ¢ O, (A.55) continues to hold, which implies that

T-R
N Sy (0) =y Z Sxs(0) =O0p (,ux,l) uniformly in § € ©\0O;.
s=1

By Theorem 3.1(ii) and Assumption , we can show that

T—-R

. 1 V4 . 2
peduin =Sy (0) - min ; {MDD [m, (Y, X, 6) |2,]}".
Then under H; : ©; N O = 0,
ptSy = min  |pytSk (9)+i5 (0)| = min g 0)| + O, (1y")
N =N pcoynon |I N TN NN pcoynor | NV P AN
T—R
P . 2
-, min ; {MDD [m, (Y, X,0) |z,]}>.

This completes the proof of the theorem. W
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B Proofs of Lemmas A.1-A.6

Proof of Lemma A.1. The proof is mainly based on the definitions of MDD, and MDD as specified in
Shao and Zhang (2014) and Su and Zheng (2017), respectively, as well as their properties as shown in these
two papers. Let dz denote the dimension of Z.

We first prove the first claim. Note that MDD, (W1|Z) = 0 if and only if B (W;|Z) = E (W;), which, in

turn, implies that for any given constant vector s € R%%,

Cov (W1, exp (is'Z)) = E[Wiexp(is'Z)] — E[W1]E[exp (is'Z)]
— E[E(W]2) exp (is'2)] — (Wi B exp (is'2)]
= E[W1]E[exp (is'Z)] — E [W1] E [exp (is'Z)]
= 0,

where the second equality follows from the law of iterated expectations. Then by equation (2.4) in Su and

Zheng (2017), we have
MDD, (Wy — W1|2)* = / [Cov (Wy — Wi, exp (is'2))] - ¢ (s) ds
Rz

= /Rdz [Cov (W, exp (is'Z)) — Cov (W1, exp (is'2))] - ¢ (s) ds

/ [Cov (W, exp (is'2))] - ¢ (s) ds
Riz

= MDD, (W,|2)?, (B.1)
where i = /—1, q(s) =1/ [ 5|12 ] ¢ = q1+d2)/2 )T (£d2) and T'(-) is the complete gamma function:

I(z)= [0t exp (—t) dt.

To proceed, note that for a generic real-valued random variable W,

MDD (W|Z)? = MDD, (W|2)* + [E (W)]*E (|Z - Z'|) (B.2)



which follows directly from the definitions of MDD, and MDD. Also note that MDD (W;|Z)* = 0 if and
only if B (W;|Z) = 0. It follows that MDD (W;|Z)* = 0 if and only if

MDD, (W1|Z)? = 0 and E (W;) = 0. (B.3)
This, in conjunction with the given condition that MDD (W;|Z)? = 0, implies that

MDD (Wo — W1|2)? = MDD, (Wa — W1|2)* + [E(W2 — W)’ E (|Z — Z])
= MDD, (Ws — W1|2)* + [E(W2))*E (|2 — 21|)
= MDD, (W2|2)* + [E(W2)*E (|2 — Z1))
= MDD (W,|2)?,
where the first and last equalities follow from(B.2), the second equality holds by (B.3), and the third equality

holds by (B.1). This proves the first claim.
Now, we prove the second claim. By Su and Zheng (2017),

MDD (W — W;|2)? E{(WQ—Wl( = ZT}
+ 2B [(W2 - Wh) |2 - 21| B [wf - W]

W)
]

—E (W, - wy) (W] = w]) |z - 21]]
)

+ 2B [W,|Z - 21| B [Wg — 2B W1 |z - 21| B |wf - wi]

~ 2B [W,|Z - 21 B [W]].

Noting that E (W:]Z) = 0, we have E(W;) = E(W]) = 0 and E [W; |Z — Z'|] = 0 by the law of iterated

expectations and the independence between (W7, Z) and ZT. Then we have
MDD (W; — Wi|2)* = ~B [(Wa = W1) (W) = W{) |z = Z1|| + 2B [W2 |2 - ZT[| B [Wi].  (B.4)
And we also know that
MDD (W2|2)* = =B [W2W] |2 - 2| | + 2B (W2 |2 - Z'[) B[] ]. (B.5)
(B.4)~(B.5), in conjunction with the fact that MDD (W5 — W;|Z)? = MDD (W,|Z)?, implies that

B|We—w) (Wi —wi) |z 21| =B [wow] |z - 27| . m

Proof of Lemma A.2. Note that for any real-valued random variable W it holds that
MDD (W|Z)* = MDD, (W|2)* + [E(W)]*E (|Z - Z'|). (B.6)

We prove the first and second inequalities in Parts I and II, respectively.



Part I. We organize Part I into three subparts. In Part I (i), we show the existence of a finite constant

by s.t. for any pair {Wyi,Wa} C W, it holds that
2 2 2]1/2
MDD, (W1]2)? — MDD, (W2|2)?| < by - [MDD, (W1 — Wal2)?] .
In Part I (ii), we show the existence of a finite constant by s.t. for any pair {W7, Wa} C W, it holds that
[B(W1) B (12 - 2')) ~E(W2) B (|12 - 2'|)| < b [B(W2 — W2) B (|2 - ZT|)]

And in Part I (iii), we combine the results from Part I (i) and Part I (ii) via B.6 to prove the fist inequality.
Part I (i). By the definition of W,

sup Var (W) = sup {E (W?) — E(W)Q} < sup E(W?) = b3 < co. (B.7)
wew wew wew
Denote by ¢, (s) = Elexp (is'Z)], the characteristic function of Z. It holds that
Var (exp (is'Z))| = jE [exp (13'2)2] — Efexp (is’Z)ﬂ
= ez @)~ T (2] < loz @9 + oz ()P <2 (B.5)

where the last inequality follows from the fact that |¢, ()] < 1. By equation (2.4) in Su and Zheng (2017),
we have that for any pair {WW;, Wa} CW,

MDD, (W1]2)? ~ MDD, (W2|2)’|

/Rdz [Cov (W1, exp (is'Z))” — Cov (Wa, exp (is’Z))Q] q(s)ds

/]Rdz

/ |Cov (W1, exp (is'Z)) — Cov (Wa, exp (is'Z))]
Rz
x [|Cov (Wh,exp (i Z2))| + |Cov (Wa, exp (is'Z))|] q (s) ds

/ |Cov (W1, exp (is'Z)) — Cov (Wa, exp (is'Z))]
Riz

IN

Cov (Wi, exp (is'Z))* — Cov (Wa, exp (is’Z))Q) q(s)ds

IN

IN

1/2

X HVar I/Vl)l/2 Var (exp (is'Z)) ’ + )Var Wg) ? Var (exp (is'Z))l/QH q(s)ds

IN

2\/%/ |Cov (W1, exp (is'Z)) — Cov (Wa,exp (is'Z))| q (s) ds

= 2«/21)/ |Cov (W1 — Wa,exp (is'Z))| q (s) ds

1/2
< 24/2b3 [/ |Cov (W1 — Wa, exp (is' 2))|* ¢ (s) ds]
Riz

,711/2
— 2./2bs [MDDO (W1 — Wa|2) ]

where i = /—1, ¢(s) is as defined in the proof of Lemma A.1, the fourth inequality follows from (B.7)-
(B.8), and the last inequality follows from the Holder inequality. Consequently, we have that for any pair
{Wy, W} CW,

MDD, (1¥312)* ~ MDD, (W51 2)?| < by [MDD, (W, ~ Wa|2)?] " (B.9)



where by = 2+/2b3.
Part I (ii). By Jensen inequality and (B.7), we have

sup E|W| < sup [E (W2)]1/2 = /bs. (B.10)
wew wew

For any pair {W;, W} CW,

[EW)PE|Z - 2| - [BW2)E|Z - 21|

- )E(W1+W2)E|Z—ZT|1/2’)E(Wl—W2)(E|Z_ZTD1/2’
< [BWi|+E W[ (B|Z - z1])" [[E(W1—Wz)}2E|Z—ZT|T/2
< 2\/E(EyZ—ZT|)1/2 [[E(Wl—Wz)}2E|Z—ZT”1/2

]1/2 (B.11)

= b |[[BEW - Wo) B|Z - 21

where the last inequality follows from (B.9), and by = 2/b3 - E (| Z — ZJF})l/2 < 00 by the condition that
E’Z— ZT| < oo and the fact that b3 < co.
Part I (iii). For any pair {Wi, W2} C W, it holds that

IN

IN

IN

<

‘MDD (W1|Z)? — MDD (W2|Z)2‘

MDD, (W1]2)* - MDD, (W2|2)?| + [{ B (W) - B(W2)P } B (|2 - 27))|

1/2 1/2
by [MDDO (W — WQ\Z)z] + by [[E(Wl —Wo)PEB|Z - ZT”

max {b1, b2} { {MDDO Wy — W2|Z)2} 1/2 + [[E (Wy — W2)]2E }Z — Z}‘” 1/2}
VZmax {by, b} { MDD, (Wy = W5|2)” + [E (W — W) B|Z - ZT|}1/2

b [MDD (W) — W2|Z)2] 2

where b = V2 max {b1,b2} < oo, the first inequality follows from the triangle inequality, and the second
inequality holds by (B.9) and (B.11).
Part II. It is easy to see that

Next, note that

E(W, - W)’ E|Z - Zf| <2 {E(Wl)ﬁayz- ZH +E(WL)’E|Z - ZT” : (B.12)

IN

MDD, (W; — W,|Z)?
/ Cov (W1 — Wa, exp (is'2))? ¢ (s) ds
Riz
/ [Cov (W1, exp (is'Z)) — Cov (Wa, exp (is'2))]* ¢ (s) ds
Riz
2 Cov (W, exp (is'2))* q (s) ds + 2 Cov (Wa, exp (is'2))* ¢ (s) ds

Rz Rz

2 [MDDO (W1]Z)? + MDD, (W2|Z)2] . (B.13)

4



Combining (B.6), (B.12) and (B.13) yields MDD (W; — Wg\Z)2 < 2 {MDD (I/V1|Z)2 + MDD (W2|Z)2} It
follows that

1/2 /2

[MDD (W — W2|Z)2]

IN

V2 [MDD (W1]2)° + MDD (52)’] '

IN

5 { (MDD (177 2)7] R MDD (175 2)?] 1/2}

where the second inequality follows from the fact that (a2 + b2)1/2 < V2 (a+10b) for any a,b > 0. This

completes the proof. l

Proof of Lemma A.3. To prove the first claim, note that (R(T’R)R X W*(X), ||||.) forms a metric space,
in which compactness is equivalent to sequential compactness. So it is sufficient to show that (©, ||-||,) is
sequentially compact.

Recall that © = ® x G, where ® is compact by assumption. By Lemma A.2 in Santos (2012), (G, ||-[|,)
is also compact despite the difference in notations. Specifically, L%J is equivalent to Santos’s (2012) m, and
d— L%J is equivalent to his mg. In addition, the condition d > d,+2 required by Assumption 2.1(ii) guarantees
‘min {mg, m} > %1’, which is required in Santos (2012). Consequently, both ® and G are sequentially
compact. Then for any given sequence {fy = (qb?v,gzv)/} in O, there is subsequence {07, = (¢§»1N79MN)/}
st. ¢p, — ¢ under || for some ¢ € ® as My — oo, and there is also a subsubsequence {HLMN =
(q[)/LMN,gLMN )} in {Op, = (¢§\4N79MN)I} S.t. gLy, — g under |-, for some g € G as L7, — oo. In short,
for any given sequence {On = (¢, gN)/} in ©, we are able to find a subsequence {0r,, = (¢/LMN s 9Ly )"}
s.b. Opy,, — ((;5/,9)/ € © under ||-||. as Ly, — oo. This shows that (©, ||-||,) is sequentially compact.

To prove the second claim, note that V* (X), ||-]|,) is a metric space. The compactness of its subset
(G, |]ll.) as proven above implies total boundedness of G under |||, which in turn implies boundedness of
G under ||||.. So there exists a constant B. s.t. sup,cg [gll. < Be. As a result, for any given vector of
nonnegative integer A with (\) < %, it hods that

sup |[Dg(z)| < sup |D g(x)| (1 + x'z)C/Q < max |sup |[Dg(z)| (1 + $’x)</2
TeEX zEX (MN<E lzex

lgll, <suplgll, < Be,
geg

where the first inequality follows from the fact that (1+ 2’ a?)q 2 > 1 under the requirement that ¢ >

(%-14]) /(14] — %) > 0 as specified in Assumption 2.1(ii). W

Proof of Lemma A.4. Here we follow the same notations for various bounds as we have adopted in
the previous proofs. Specifically, the compactness of ® according to Assumption 2.1(i) implies that Bg =

Supgeq |¢| < 0o. By Lemma A.3, for all g € G, it holds that sup,cy |g(7)| < B. < oo. Then for any 6 € ©



and s =1,...,T — R, we have

R
s (Y, X, 01 = |lys =9 @) + D bos lyr—rer — 9 (20— psr)]
r=1
R
< Hyé‘ + |g (xs)|] + Z ‘(bs,r’ [|yT—R+r| + |g (xT—R+r)|]
r=1

where Y = (y1,....,yr) , X = (z1,...,z7), ¢, denote the rth element in ¢, and the first inequality holds
by the triangle inequality. It follows that for any § € © and s =1,...,T — R,
E{m, (v, X,0*} <2(BaR+1)" [B(VI") + B2] < o

where the last inequality follows from the fact that E(|Y|?) < co under Assumption 3.1(ii). In addition, by
1/2

the triangle inequality, Jensen inequality, and Assumption 3.1(ii), E ’gs — gl| <E |Z — ZT| <2 {E( \Z|2)}

< 00. Therefore, the result in Lemma A.2 is applicable here.

By Lemma A.2, we have that for any 6; € © and 65 € ©,

1/2
MDD [m (Y, X, 61) | 2.]> — MDD [m, (Y, X, 6) |gs]2‘ < b, {MDD lms (Y, X, 01) — ms (Y, X, 02) |g5]2}

N

bsc |01 — 02|12

for some finite constants bs; and ¢, where the first and second inequalities hold by Lemmas A.2 and 3.1,

respectively. As a result,

T—R T-R
Q(0) = Q(62)] = | MDD [my (¥:X,0) 2] = Y MDD [m, (¥, X.0) | z,]*
s=1 s=1
T-R
< Y [MDDm, (v.X,01) | 2] = MDD [m, (¥, X, 62) | 2,
s=1
T—-R
< [Z bs| |01 — 02l
s=1

This completes the proof of the lemma. l
Proof of Lemma A.5. We refer to Conditions (i) — (iv) listed in the statement of Lemma A.5 as C(i) —
C(iv), respectively.

By C(iii), V € > 0, 3 a constant L. < co and a positive integer N, s.t.

Pr(sup QN (0) — Q(9)] <L5bN) >1l—¢ (B.14)

0cOnN
for all N > N.. For any given ° € Oy, it follows from C(ii) that 3 a sequence {6%} with 6%, € Oy s.t.
d(6%,0°) <on.

Let A, = max{2\/m, \/M} < oo and py. = Ae max{aN,b}f}. Let ©)"< be the open PN e
enlargement of ©; under d (-, ). By C(i) (compactness of ©) and C(iv), it holds that

Ane = inf Q6 2a1p2 ,
€ QQ(G;N‘E)CHQ ( ) N,e



where A€ denotes the complement of set A. Note that

Q(ox) = Q%) = [Q(ox) = Qn (0)] +[Qn (0n) — @ (6%)] + [@n (6%) — Q (6)]

< @ (0n) = @n (0n)] + [@n (0%) - @ (6%)]
< [ (0w) — @ ()] + lox (8%) - @ (%) (B.15)
where the first inequality holds because Qn (91\;) — QN (9(])\,) < 0 by the definition of Ox. Then for N > N,
we have
Pr <Q (éN) <Q(6%) + ATN) — Pr <Q (éN) —Q(6%) < ATN)
> e (i) -0 08) < 5
> Pr(|Q(on) - Qu (0n)] +1@n (68) - @ (0%)| < 2L.bw)
> 1-—¢ (B.16)

where the second inequality follows from (B.15) and the fact that ay p?\h ./2>2L.by, and the last inequality
follows from (B.14).

It follows from C(iv) that @Q (0?\,) <asd (09\,, @1)2 < asd (0?\,, 00)2 < az0% < Ay /2 for N large enough,
which, together with (B.16), implies that

Pr (Q (éN) < AN@) > Pr <Q (@)N) <Q(0%) + A%) >1-¢ (B.17)

for N large enough.
Note that Q(@N) < Ap, if and only ifOy € @’;N’E, or, equivalently, d(éN, Or) < py, = Ac max{on, b}\{z}.

Therefore, we can rewrite (B.17) as
Pr (d (@N,G)I) < A, HlaX{O'N,b}\{Q}) >1-¢

for N large enough. This exactly shows that d (91\;, @1> =0, (max{aN, b}f}) .l
To prove Lemma A.6, we need the following Lemma.

Lemma B.1 Consider a generic econometric model Q (6) = 0, the identified set of which is character-

ized by ©r = {#€0:Q(0)=0 a.s.}. Suppose the following conditions hold: (1) Q(-) > 0 and © is

compact under (pseudo-)norm |-||; (i) On C O are closed and s.t. I I8 € Oy for each 6 € O s.t.

Supgee [[IIN0 — 0| = o(1); (iii) as%p QN (0) — Q(0)] =0, (1); (i) Q () is continuous w.r.t. ||-|| in ©. Then
€ON

for éN € argmin@y (0) , it holds that d”,”(éN, ©1) =0, (1).

0eON
Proof of Lemma B.1. Lemma B.1 is essentially the same as Lemma A.5 in Santos (2012), except that
we do not assume the continuity of Qn w.r.t. |-|| in On. A close inspection on the proof of Lemma A.5 in

Santos (2012) shows that the continuity of @ does not play a role in the proof. In other words, the proof



of Lemma A.5 in Santos (2012) works without assuming the continuity of @y, and therefore applies directly

to proving Lemma B.1 here. B

Proof of Lemma A.6. We prove parts (i) and (ii) of the Lemma in turn.

Part I. Proof of part (i).

Let Q (9) = ZZ:lR MDD [ (Y, X, 0) |z,]* and Qu (0) = + SN (0) = ZZ:lR ~Sns (0), as in the proof of
Theorem 3.2. Our goal is to show that, over the restricted parameter space © N O under ||-[|;2, Q (-) and
Qn (+) as specified above satisfy Conditions (i)—(iv) in Lemma B.1.

Due to the nonnegativity of MDD, @ (-) > 0. By Lemma A.3, © is compact under |||, and hence
is compact under ||-|| -, which is weaker than |-||.. Since O is closed due to the continuity of L (-) under
Assumption 2.2, ©NOp is also compact under ||-||,;.. So Condition (i) in Lemma B.1 is satisfied. Assumption
3.3(i) guarantees Condition (ii) in Lemma B.1 to hold; Condition (iii) in Lemma B.1 holds according to
Theorem 3.1. Condition (iv) in Lemma B.1 holds according to Lemma A.4. Consequently, the conclusion in
part (i) follows from Lemma B.1.

Part II. Proof of part (ii).

This part of the proof is similar to the proof of Lemma A.3 in Hong (2017) and it goes as follows. For

any given 0" € O,

HéN - 00‘ < HéN - HNHOHL2 + |[Tn6° = 6],
< ondw (éN,HNOO) + s, N
< 20y [du (03:0°) + du (10, 0%)| + 3sn
<

205 [du (05,0°) +un | +dv,

where the first inequality follows from the triangle inequality for ||-|| - , the second one holds by Definition 3.3
and Assumption 3.3(i), the third one follows from Lemma 3.1, and the last inequality holds by Assumption
3.3(ii). Taking infimum over 6° € ©; N O yields

dj,» ((Z)N, OrnN @R) < 20y [dw (éN,@I N @R) + 6w,N} +ds,N
= 0y (ox du (Bx,01NOR) +3,v)

where the equality holds by the fact that §,, y = o (N"1/2). B

C A discussion on Assumption 3.4

Recall that we have already required in Assumption 3.2 that the eigenvalues of E [pkN (z¢) pk (z4)| for
t = 1,...,T are uniformly bounded and uniformly bounded away from zero. Here, we mainly focus on
discussing sufficient conditions for g, to satisfy Assumption 3.4 for point-identification cases. Under point-

identification,

B TP G T
N 0c0un 02Tne0  dw (0,TINOF)



with O,y = {9 €Oy : HH — 00HL2 < gN} (where ¢y | 0) being the o(1) neighborhood of 0° under the
L? norm. Since a proper completeness condition is necessary for point-identification, we maintain such a

condition for most part of the discussion, stated as follows:

(Completeness condition) For any measurable function v(-) : X — R, Efv(xs)|z,] = 0 iff

v(-)=0a.s. fors=1,.,T—R.

/
Note that, for any § € Oy, we can write § — TIy0° = ((¢7 ¢0)/,A’NpkN) for some Ay € RE~V. By
Assumption 3.2, we have

16 - TIn6°| 5, = |6 — 6°” + |AN[>. (C.1)

C.1 Thecaseof R=0

We consider the special case of R =0 (i.e., no IFEs) and T' = 1. Generalization to the R =0 and T > 1 case
is straightforward. Note that, when R =0, § = ¢g(-) and © = G. Consequently, V 6 € Oy s.t. § # IN6°, it
holds that d,, (8, TTy6°)" = MDD [Aph™ (2,1) |2:1]” for some Ay # 0.

For a fixed N, the following three conditions are equivalent: (i) MDD [A\p"™ (z;1) \zﬂ]Q > 0 for all
Ay #0; (i) B [Ayp*Y (1) |2i1] # 0 for all Ay # 0; (iii) There is no multicollinearity among the elements
of the p*~ (-) vector. Note that the equivalence between (ii) and (iii) follows from the completeness condition.
The condition of the eigenvalues of E [pkN () pP~ (zt)} being bounded away from zero uniformly over N
by Assumption 3.2 guarantees that there is no multicollinearity in p*~ (-) even as N — oo and ky — oc.
for # € ©,5. Therefore, when R = 1,

Consequently, it can be shown that d., (H,HNOO) = ||t9 — HN@OHL2

Assumption 3.4 holds trivially with g5, = O(1) under Assumption 3.2.

C.2 Thecaseof R>1

Now we consider the case of R = 1 and T = 2. Generalization to the R > 1 and T = R + 1 case is
straightforward at the cost of more tedious algebra.
In the o (1) neighborhood of #° under the L? norm, which is also the o (1) neighborhood of Ix#° under
the L? norm by Assumption 3.3(i) (|HN90 — 90| | 0 sufficiently fast),
dw (6,TIN6°)" = MDD [my (Y, X,0) — my (Y, X, TIx6°) |z,]”

= P (QOaH_HNHO) +0(1)7
where

p11 (6°,0 — TIn0°)

omq (Y, X, 0° omq (YT, X1, 6°
_ [%[Q_HNHO} [ml(ag )[9—HN90] ‘zl—z}”
om, (Y, X,0° omy (YT, XT,6°




Recall 220557 19— 11,06%] = (6, — 69) [42 — 9° (22)] [ (1) — ng® (w1)] ~4 [ (w2) — Ing® (22)].
It then follows that
0 oy _ 0 Ar ¢1 — 1
P11 (9 aQ*HNG)—(%*%aAN)MN )
Apn

where

My = =B [Wy (X, X1,,Y7) |21 = 2f| ]| + 2B W (X, X1, ¥, Y1) B[ |21 - ]
with ,

yo — g° (2) v —g° (o)

Wy (X, X1, Y, YT)

—pV (21) — P (22) | \ —p™ ( ) GpN ( )
By the definition of the martingale difference divergence matrix (MDDM) in Lee and Shao (2018) (see their

Definition 1 and Lemma 1),!* we can rewrite My above as

0
My = MDDM, . Y279 (O“Z 21| + My

—pN (1) — PPN (w2)

with ,
0 0

Myi =E . Y2 9(;322 E . Y2 9(;522 E[zlfzu.
—p"N (1) — PPN (w2) —pN (1) — PPN (22)
Y2 — 90 (332)

By Lemma 1 and Theorem 1 in Lee and Shao (2018), MDDM,, |21 | is positive

—p*N (21) — 1P (22)

semi-definite (p.s.d.). This, in conjunction with the p.s.d. of My, implies that My is also p.s.d.
Note that the MDDM,, in Lee and Shao (2018) is defined to examine conditional mean independence. To

examine conditional mean zero, we shall redefine

MDDM (VW)

B (Vv W - ) + 2B (V)E (V1) B |W - W]
= MDDM, (V|W) +E(W)E (V) B|W - wf|.

Then it is straightforward to conclude, based on Theorem 1 in Lee and Shao (2018), that V V € RP and
W eR?st. B (|V|2 + |W\2) < 00, 3 p— s linearly independent combinations of V' s.t. they are conditionally
mean zero w.r.t. W, iff rank (MDDM (V|W)) = s. Consequently, My is strictly positive definite if and only
if:
no element of E - v2— 9" (;EZZN |z1| equals zero.
—pN (z1) — 41" (22)
If, in addition, we require that the smallest eigenvalue of My be bounded away from zero, a condition similar

to Assumption 3.2, then
dw (0,TTn6°)" = pyy (6,0 — TIn6°) + 0, (1)

|0 — 6" +|An[, (C.2)

MTee and Shao (2018) extend the MDD, (V|W) concept of Shao and Zhang (2014) for a scalar variable V to MDDM, (V|W)
to a vector-valuded V. Specifically, for variables V and W, both of which can be vector-valued, s.t. E (\V|2 + |W|2> < oo, Lee

and Shao (2018) specify MDDM, (V|W) = —E [(V —EB(V) (VI —E (V) |W - WT|]

Y
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which, in conjunction with (C.1), implies that d., (0, HN00)2 = HO — HNOOHiQ. This, together with Lemma
3.1, implies that d., (9, HN00)2 =[]0 — HNGOH:;Q in an o (1) neighborhood of #° under the L? norm. Conse-

quently, Assumption 3.4 is satisfied with o, = O (1).
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