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Quantile Treatment Effects and Bootstrap Inference under

Covariate-Adaptive Randomization®

Xin Zheng! Yichong Zhang?

Abstract

This paper studies the estimation and inference of the quantile treatment effect under
covariate-adaptive randomization. We propose three estimation methods: (1) the simple quan-
tile regression (QR), (2) the QR with strata fixed effects, and (3) the inverse propensity score
weighted QR. For the three estimators, we derive their asymptotic distributions uniformly over
a set of quantile indexes and show that the estimator obtained from inverse propensity score
weighted QR weakly dominates the other two in terms of efficiency, for a wide range of random-
ization schemes. For inference, we show that the weighted bootstrap tends to be conservative
for methods (1) and (2) while has asymptotically exact type I error for method (3). We also
show that the covariate-adaptive bootstrap inference has the exact asymptotic size for all three
methods. We illustrate the finite sample performance of the new estimation and inference meth-

ods using both simulated and real datasets.

Keywords: Bootstrap inference, quantile treatment effect

JEL codes: C12, C14

1 Introduction

The randomized control trial (RCT), as pointed out in Angrist and Pischke (2008), is one of the
five most common methods (along with instrumental variable regressions, matching estimations,
differences-in-differences, and regression continuity designs) for causal inference. Researchers can
use it to estimate not only average treatment effects (ATEs) but also quantile treatment effects
(QTESs), which capture the heterogeneity of sign and magnitude of treatment effects varying depend-
ing on their place in the overall distribution of outcomes. RCTs have been routinely implemented

with covariate-adaption, so that individuals are first stratified based on some baseline covariates,
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and then, within each strata, the treatment status is assigned (independent of covariates) to achieve
some balance between the sizes of treatment and control groups. See, for example, Imbens and
Rubin (2015, Chapter 9) for a textbook treatment of the topic and Duflo, Glennerster, and Kre-
mer (2007) and Bruhn and McKenzie (2009) for two excellent surveys focused on implementing
RCTs in development economics. To achieve such balance, treatment status for each individual
is assigned sequentially and dependently, which introduces (negative) cross-sectional dependence.
The standard inference procedures that rely on cross-sectional independence are usually conserva-
tive and lack power. How to estimate QTEs under covariate-adaptive randomization? What are
the asymptotic distributions for the QTE estimators, and how to make proper inference? These
questions have yet to be addressed.

We propose three ways to estimate QTEs: (1) the simple QR, (2) the QR with strata fixed
effects, (3) the inverse propensity score weighted QR. We establish the weak limits for the three
estimators uniformly over a set of quantile indexes and show that the estimator obtained from
method (3) weakly dominates the other two in terms of efficiency, for a wide range of randomization
schemes. In particular, when strong balance! is achieved, the three estimators are asymptotically
first-order equivalent. For inference, we show that the weighted bootstrap inference is conservative
for methods (1) and (2), but has asymptotically exact size for method (3). In addition, we also study
the covariate-adaptive bootstrap which respects the cross-sectional dependence when generating the
bootstrap sample. We show that the estimator based on the covariate-adaptive bootstrap sample
can mimic that of the original sample in terms of standard error. Thus, the covariate-adaptive
bootstrap inference can produce asymptotically exact size for all three estimators.

As originally proposed by Doksum (1974) and Firpo (2007), the QTE, for a fixed percentile,
corresponds to the horizontal difference between the marginal distributions of the potential out-
comes for treatment and control groups. Our estimators (1) and (3) directly follow those in Doksum
(1974) and Firpo (2007), respectively. When estimating ATEs, Bruhn and McKenzie (2009) rec-
ommend running a linear regression of outcomes on treatment assignment and indicators for each
of the strata. We modify such a regression and incorporate strata fixed effects when estimating
QTEs, which leads to our second method.

Under covariate-adaption, Shao, Yu, and Zhong (2010) first point out that the usual two-sample
t-test for the ATE is conservative. Then, they propose a covariate-adaptive bootstrap which can
produce the correct standard error. Shao and Yu (2013) extend the results to generalized linear
models. However, both papers parametrize the (transformed) conditional mean equation by a
specific linear model and focus on a specific randomization scheme (covariate-adaptive biased coin
method). Ma, Qin, Li, and Hu (2018) derive the theoretical properties of ATE estimators based
on general covariate-adjusted randomization under the linear model framework. Bugni, Canay,

and Shaikh (2018a) substantially generalize the previous results to a fully nonparametric setting

"'We will define “strong balance” in Section 2.



with a general class of randomization schemes. However, they mainly focus on the ATE and show
that the standard two-sample t-test and the t-test based on the linear regression with strata fixed
effects are conservative. Then, they obtain analytical estimators for the correct standard errors and
study the validity of permutation tests. More recently, Bugni, Canay, and Shaikh (2018b) study
the estimation of ATE with multiple treatments and propose a fully saturated estimator.

Our paper complements the above papers in four aspects. First, we consider the estimation
and inference for QTEs, which are functions of quantile index 7. We rely on the empirical pro-
cesses theories in van der Vaart and Wellner (1996) and Chernozhukov, Chetverikov, and Kato
(2014) to obtain uniformly weak convergence of our estimators over a compact set of 7. Based on
the uniform convergence, we can construct not only point-wise but also uniform confidence band.
Second, we study the asymptotic properties of the inverse propensity score weighted estimator
under covariate-adaptive randomization. We show it is weakly more efficient than the other two
estimators considered in the paper. Analogously, for estimating the ATE, we show that the inverse
propensity score weighted estimate is weakly more efficient than the two estimators considered in
Bugni et al. (2018a), and is asymptotically first-order equivalent to the fully saturated estimator
proposed by Bugni et al. (2018b). Third, we show that the weighted bootstrap inference ignores
the (negative) cross-sectional dependence generated due to the covariate-adaptive randomization
and is conservative for estimators (1) and (2). However, estimator (3) is robust to such dependence
because the randomization scheme does not affect its influence function. Therefore, the weighted
bootstrap inference is valid for estimator (3) under a wide range of randomization schemes. Fourth,
we establish that the covariate-adaptive bootstrap has the exact asymptotic size for all three esti-
mation methods paired with a wide range of randomization schemes. Shao et al. (2010) first propose
the covariate-adaptive bootstrap and establish its validity for the ATE in a linear regression model
under the null hypothesis that the treatment effect is not only zero but also homogeneous.? We
modify the covariate-adaptive bootstrap and establish its validity for the QTE in the nonpara-
metric setting proposed by Bugni et al. (2018a). In addition, our results rely on neither the null
hypothesis nor homogeneity of the treatment effect. Compared with the analytical inference, the
two bootstrap inferences for QTEs studied in this paper avoid estimating the infinite-dimensional
nuisance parameters such as the densities of the potential outcomes, and thus, the choices of tuning
parameters. In addition, unlike the permutation tests studied in Bugni et al. (2018a), the validity
of bootstrap inferences does not require either the strong balance condition or studentization.

The rest of the paper is organized as follows. Section 2 describes the model set-up and notation.
Sections 3.1, 3.2, and 3.3 discuss the asymptotic properties for estimators (1), (2), and (3), respec-
tively. Sections 4 and 5 investigate the validity of the weighted bootstrap and covariate-adaptive
bootstrap inferences, respectively. Section 6 examines the finite-sample performance of the estima-

tion and inference methods. Section 7 applies the new methods to estimate and infer the average

ZWe say the average treatment effect is homogeneous if the conditional average treatment effect given covariates
is the same as the unconditional one.



and quantile treatment effects of iron efficiency on educational attainment. Section 8 concludes.

An appendix provides proofs for all results.

2 Setup and Notation

First, denote the potential outcomes for treated and control groups as Y (1) and Y (0), respectively.
The treatment status is denoted as A, where A = 1 means treated and A = 0 means untreated. The
researcher can only observe {Y;, Z;, A;}I_ | where Y; = Y;(1)A; +Y;(0)(1— A;), and Z; is a collection
of baseline covariates. Stratum are constructed from Z using a function S : Supp(Z) — S, where
S is a finite set. For 1 < i < n, Let S; = S(Z;) and p(s) = P(S; = s). We make the following

assumption on the data generating process (DGP) and the treatment assignment rule:
Assumption 1. 1. {Y;(1),Y5(0), S;}7, is i.i.d.,

2. 4Yi(1), Yi(0) Yy AL { A}, {Sitiy,
3. {{D%>}SES

Dy, (s) = Z(AZ —m)1{S;=s} and Xp = diag{p(s)y(s):se S}
i=1

{Si}?zl} ~ N(0,Xp) a.s., where

with 0 < 7(s) <7w(1—m).

Several remarks are in order. First, Assumptions 1.2 and 1.3 are exactly the same as Bugni et al.
(2018a, Assumption 2.2). Assumption 1.1 is also maintained in Bugni et al. (2018a) implicitly. We
refer interested readers to Bugni et al. (2018a) for more discussion of these assumptions. Second,
note that, in Assumption 1.3, the parameter 7 is the target proportion of treatment for each strata
and D, (s) measures the imbalance. Bugni et al. (2018b) study the more general case that m can
take distinct values for different stratum. Extending the results in this paper to this general set-
up is left as an interesting topic for future research. Third, we follow the terminology in Bugni
et al. (2018a), which follows Efron (1971) and Hu and Hu (2012), saying a treatment assignment
rule achieves strong balance if v(s) = 0. Fourth, we do not require that the treatment status
is assigned independently. Instead, we only require Assumption 1.3, which is satisfied by several
treatment assignment rules such as simple random sampling (SRS), biased-coin design (BCD),
adaptive biased-coin design (WEI), and stratified block randomization (SBR). Bugni et al. (2018a,
Section 3) provides an excellent summary of these four examples. For completeness, we briefly
repeat their descriptions below. Note that both BCD and SBR assignment rules achieve strong

balance.



Example 1 (SRS). Let {A;}]', be drawn independently and independent of {S;} as Bernoulli

random variables with success rate w, i.e.,
P (Ac = 1S {4 m ) = P(Ac=1) =
Then, Assumption 1.3 holds with ~(s) = m(1 — 7).
Example 2 (WEI). The design is first proposed by Wei (1978). Let Dy_1(s) = 21:11 (AZ- — %) 1{S; =

s}, ngp—1(Sk) = Zfz_ll 1{S; = Sk}, and

P (ae =it (aitt) - o 228),

where ¢(-) : [—1,1] — [0,1] is a pre-specified non-increasing function satisfying ¢(—x) =1 — ¢(x).
Here, % is understood to be zero. Then, Bugni et al. (2018a) show that Assumption 1.3 holds

with ™ = § and v(s) = $(1 — 4¢/(0)) 1.

Example 3 (BCD). The treatment status is determined sequentially for 1 <k <n as

3 if Dy—1(Sk) =0

P(Ap =1{SH {4} ) =48 D
ifim1s \Aifi—1 if Dp—1(Sk) <0
1—X if Dp_1(Sk) >0,

where Dy,_1(s) is defined as above and 3 < X\ < 1. Then, Bugni et al. (2018a) show that Assumption
1.3 holds with ™ = & and ~(s) = 0.

Example 4 (SBR). For each strata, |mn(s)]| units are assigned to treatment and the rest is assigned
to control. Then, Bugni et al. (2018a) show that Assumption 1.3 holds with v(s) = 0.

Our parameter of interest is the 7-th QTE defined as

q(7) = q1(7) — qo(7),

where 7 € (0,1) is a quantile index and g;(7) is the 7-th quantile of random variable Y (j) for

7 =0, 1. The following regularity conditions are common in the literature of quantile estimations.

Assumption 2. For j = 0,1, denote f;(-) and f;(-|s) as the PDFs of Y;(j) and Y;(j)|S; = s,
respectively. Then (1) fi(q;j(7)) and fi(q;j(7)|s) are bounded and bounded away from zero uniformly
over T € T and s € S, where T is a compact subset of (0,1); (2) f;(-) and f;(:|s) are Lipschitz
over {q;(1) : T € T}



3 Estimation

3.1 Simple Quantile Regression

In this section, we propose to estimate ¢(7) by a QR of ¥; on A;. Denote (1) = (Bo(7), 51(7)),
Bo(T) = qo(7), and B () = q(7). We estimate 3(7) by 3, where

3 = i . T }/;,_A,b )
B(r) b:?gfb?;}&z;p ( )

A; = (1, A;), and p,(u) = u(t — 1{u < 0}) is the standard check function.

Theorem 3.1. If Assumptions 1 and 2 hold, then, uniformly over T € T,

Vi (Bi(r) = a(r)) = Bun(7),

where Bggr(+) is a Gaussian process with covariance kernel Ys4(-,-). The expression for g (-,-)

can be found in the Appendiz.
In particular, the asymptotic variance for /n <31(7) — (7')) is & (m, 1) + & (m, 1) + &4(7),
where

7(1—7)—Em3(S,7) 7(1—7)—Emi(S,71)
mf(q1(7)) (1 —=7)f3(qo(7))

G(m, 1) =

m1(S,T) mo(S,7) >2
_I_

2 _
Ca(m,7) = En(S5) <7rf1(q1(7')) (1 —m)fo(qo

2, m1(S, 1) B mo(S, T) 2
) =E (f1(cn(f)) fo(qo(T))> ’

and m;(s,7) = E(t — 1{Y'(j) < ¢j(7)}|S = s). Note that, when the treatment assignment rule

achieves strong balance, ¢4 (m,7) = 0.

3.2 Quantile Regression with Strata Fixed Effects

The strata fixed effects estimator for the ATE is obtained by a linear regression of outcome Y; on
the treatment status A;, controlling for strata dummies {1{S; = s}ses}. Bugni et al. (2018a) point
out that, due to the Frisch—-Waugh—Lovell theorem, this estimator is equal to the linear coefficient
in the regression of Y; on A;, in which A; is the projection of A; on the strata dummies. Unlike the

expectation, the quantile operator is nonlinear. Therefore, we cannot consistently estimate QTEs



by a linear QR of Y; on A; and strata dummies. Instead, based on the equivalence relationship,
we propose to run the QR of ¥; on A;. Formally, let 4; = A; — #(S;) and fll = (1, 4;), where
7(s) = ni(s)/n(s), ni(s) = > A 1{S; = s}, and n(s) = > ; 1{S; = s}. Then, the strata fixed
effects estimator for the QTE is Bszl(T), where

Bspe(r) = (/Bsfe,O(T)a Bsfe,l(T))/ = argmin En:,oT (YZ — [léb) .

b=(b0,b1)’€§R2 i=1
Theorem 3.2. If Assumptions 1 and 2 hold, then, uniformly over T € T,
VI (Bogea (7) = a(7)) ~ Boge(r),

where Bsge(-) is a Gaussian process with covariance kernel Xs¢e(-,-). The expression for Xgsc(:,-)

can be found in the Appendiz.

In particular, the asymptotic variance for Bs fea(T) is

G (m, ) + (R, 7) + G5 (7),

where (% (m,7) and (3(7) are the same as those defined below Theorem 3.1,

12 = m T)—m T l-m T
) =805t 7) = a5 (5~ )

A@®IS)  folao(D)I$)\T?
*‘“”( A@)  olao(r) )] ’

and f;(+|s) is the conditional density of Y (j) given S = s.

Three remarks are in order. First, if the treatment assignment rule achieve strong balance,
then (/7 = 0 and the asymptotic variances for Bl(T) and Bsfejl(T) are the same. Second, if the
treatment assignment rule does not achieve strong balance, then it is difficult to compare the
asymptotic variances of By (1) and By fe,1(7). Based on our simulation results in Section 6, the
QR estimator with strata fixed effects usually has a smaller standard error. Third, in order to
analytically compute the asymptotic variance Bs fe,1(T), one needs to nonparametrically estimate
not only the unconditional densities f;(-) but also the conditional densities f;(:|s) for j = 0,1 and

s € §. However, such difficulty can be avoided by the bootstrap inference considered in Section 5.

3.3 Inverse Propensity Score weighted Quantile Regression

In the simple random sampling, 7(S;) defined in the previous section is also an estimator of the
propensity score, i.e., w. In addition, Assumption 1.2 implies that the unconfoundedness condition

holds. Therefore, following the lead of Firpo (2007), we can estimate g;(7) by the inverse propensity



score weighted quantile regression. Let

. I~ A - R U el
q1(7) = argqmmﬁ ; ﬁ_(Si)pT(}/i —q) and qo(7) = argqmlnﬁ Z ﬁ(si)p'r(yi —a)-

Then, we estimate ¢(7) by §(7) = G1(7) — Go(7).

Theorem 3.3. If Assumptions 1 and 2 hold, then, uniformly over T € T,

vV (4(r) = a(7)) ~ Bipu(7),
where Bipy(-) is a scalar Gaussian process with covariance kernel Yip,(-,-). The expression for

Yipw(+, ) can be found in the Appendiz.

In particular, the asymptotic variance for ¢(7) is

G m7) + ().

Because both ¢4 (m,7) and (Z(m,7) are nonnegative, §(7) is weakly more efficient than By (1) and

ﬁs fe,1(7) for all randomization schemes that satisfy Assumption 1:
Bipw(7,7) < Vgqr(7,7)  and  Bipu(7,7) < Egpe(T, 7).

When the strong balance is achieved, both (3 (m,7) and (3(m,7) are zero. In this case, the three
estimators are asymptotically first-order equivalent.

Analogously, we can also estimate the ATE by the inverse propensity score weighting method.
Let # =E(Y (1) — Y(0)) denote the true ATE. Then, we can estimate it by

s 1 GYA 1 GR\Yi(1—-4)
bipw = n;fr(&-) _nz 1—#(S;)

i=1

Theorem 3.4. If Assumption 1 holds, E(Y?(1)+Y?2(0)) < oo, and, for some s € S and a € {0,1},
V(Yi(a)|S; =s) > 0, then

\/’ﬁ(eipw - 9) ~ N(O) O-i2pw)’

where N (0, O'Z-zpw) 15 a normal distribution with mean 0 and variance

g

2 :{Em(l) — E(Y;(1)]5;)]? N E[Y;(0) —]E(E‘(O)’Si)F} N {E[E(Yi(l)\&) —Em(())ysi)]?}

T 1—m
=G (m) + C3

The proof of Theorem 3.4 is basically the same as that of Theorem 3.3, and thus, is omitted for



brevity. Denote the two sample means and the strata fixed effects estimators proposed in Bugni
et al. (2018a) as 6 and ésfe, defining them as

§_ s AYi 21— A)Y;

n1(s) n(s) —ni(s)
and
) Z?:l AiYi
esfe = —n__ 19
Zi:l Az?

respectively. Further denote the asymptotic variances for 6 and 6, fe s o2 and agfe, respectively.
Then, by Bugni et al. (2018a, Theorems 4.1 and 4.3), we have

ol =G (M) + G+ and ol =G () + G+
where both 521 and é?r are nonnegative. Therefore, the inverse propensity score estimator for ATE
has the smallest asymptotic variance among the three:

2

2 2 2
pw S 05 and o, < o

g pw —

Such efficiency is also achieved by the fully saturated linear regression proposed in Bugni et al.
(2018Db).

4 Weighted Bootstrap Inference

In this section, we consider the weighted bootstrap inference. Let {&;} ; be a sequence of bootstrap
weights which will be specified later. Further denote n{’(s) = >7i_; §A;1{S; = s}, n"(s) =
S &il{Si = s}, #U(s) = nf(s)/n"(s), Ai = (1, A4), AP = A; — 7(S), and AY = (1, Ap).
Then, the weighted bootstrap counterparts of the three estimators studied in this paper can be

written as

5(r) = argmin 3 o, (Vi — A10).

b4

() = argmin 3_&ip- (v: — Av),



and

where

o 0§ G " s G- A
G’ (t) = argmlnz Ai g pr(Yi—q) and gy (r)= argmlnz g(S)pT (Yi—q).
g o7 (5) N —— )

1— 7 (S,

In particular, the second elements 3%(7) and Bg}e 1(7) of vectors B (r) and B;‘}e(r), respectively,
and ¢*(7) are the three bootstrap estimators of the 7-th QTE. Next, we specify the bootstrap
weights.

Assumption 3. Suppose {&}7 | is a sequence of nonnegative i.i.d. random variables with unit

expectation and variance and a sub-exponential upper tail.

The nonnegativity is required to maintain the convexity of the quantile regression objective
function. The other conditions in Assumption 3 are common for the weighted bootstrap inference.
In practice, we generate {;}I' ; by the standard exponential distribution. In this case, the weighted

bootstrap is also known as the Bayesian bootstrap.

Theorem 4.1. If Assumptions 1-3 hold, then uniformly over 7 € T and conditionally on data,

Vi (Br(r) = u(r)) > Bugn (7).

vn (B;vfe,l(T) - Bsfe,l(T)) o Boge(T),

and
Vn(q¥(1) = (1)) ~ Bipw(7),

where BSqT(T) and Bsfe(T) are two Gaussian processes with covariance kernels being equal to those
of Begr(T) and Bsye(T) defined in Theorems 3.1 and 3.2, respectively, with v(s) being replaced by

m(1 — ), and Bipy(T) is the same Gaussian process defined in Theorem 3.3.

Five remarks are in order. First, the weighted bootstrap sample does not preserve the negative
cross-sectional dependence in the original sample. Asymptotic variances of the weighted bootstrap
estimators equal to those of their original sample counterparts as if simple random sampling gener-
ated the data. This asymptotic variance is intuitive as the weight &; is independent with each other,

which implies that, conditionally on data, the bootstrap sample observations are independent.

10



Second, for both the QR with or without strata fixed effects, the weighted bootstrap inference

is conservative. In fact, the asymptotic variances for B}”(T) and B;"f 6’1(7') are
& (m,7) + (A, 7) + GE(7)

and
G (m,7) + R, 7) + (),

respectively, where

m (S, 7) N mO(S,T)(T»)?

o
Cilm7) =En(1 )<7rf1(q1(7)) 0= ) folao

and

. irt1 - [ (8. ) — m - l—m m
&2(x, 1) =En(1 )[( (S,7) 0(S,7)) <7rf1(Q1(T)) (1—7r)fo(QO(T)))

A@)IS)  folao(m)SH\]
*“T’( A folao(r) ﬂ |

Because v(s) < 7(1 — 7), we have

Gimm) < Gmr) and (1) < G(m7).

The inequalities are strict if the treatment assignment rule achieves strong balance.

Third, the weighted bootstrap inference has the exact asymptotic size for the inverse propensity
score estimator. Theorem 3.3 shows that the asymptotic variance for §(7) is invariant against the
treatment assignment rule applied. Therefore, even though the weighted bootstrap sample ignores
the cross-sectional dependence and behaves as if the treatment status is generated randomly, the

asymptotic variance for ¢*(7) is still

Gm,7) + ).

Fourth, by checking the proof of Theorem 4.1, the validity of weighted bootstrap for the inverse

propensity score weighted estimator still holds if Assumption 1.3 is relaxed to

sup |Dy,(s)] = Op(v/n).

seS

Fifth, it is also possible to consider the conventional nonparametric bootstrap which generates

the bootstrap sample from the empirical distribution of the data. If the observations are i.i.d.,

11



van der Vaart and Wellner (1996, Section 3.6) shows that the conventional bootstrap is first-order
equivalent to a weighted bootstrap with Poisson(1) weights. However, in the current setting,
{A;}i>1 is in general not independent. It is technically challenging to rigorously show that the

above equivalence still holds. We leave it as an interesting topic for future research.

5 Covariate-Adaptive Bootstrap Inference

In this section, we consider the covariate-adaptive bootstrap procedure as follows:
1. Draw {S}}"; from the empirical distribution of {.S;}! ; with replacement.
2. Generate {A7}!" ; based on {S;}? ; and the treatment assignment rule.

3. For A7 = a and S = s, draw Y;* from the empirical distribution of ¥; given A; = a and

S; = s with replacement.

First, step 1 is the conventional nonparametric bootstrap. The sample {S}}!" ; is obtained by
drawing from the empirical distribution of {S;}? ; with replacement n times. Second, step 2 re-
peats the treatment assignment rule, and thus preserves the cross-sectional dependence structure
of the bootstrap sample, even after conditioning on data. The weighted bootstrap sample, by con-
trast, is cross-sectionally independent given data. Third, step 3 applies the conventional bootstrap
procedure to the outcome Y; in the cell (S;, 4;) = (s,a) € S x {0,1}. Given that the original data
contain n,(s) observations in this cell, in this step, the bootstrap sample {Y;*};. At=a,Sr=s 1S Ob-
tained by drawing from the empirical distribution of these n,(s) outcomes with replacement n’ (s)
times, where nj(s) = > ; 1{Af = a, S’ = s}. Unlike the conventional bootstrap, here both ng(s)
and n’(s) are random and are not necessarily the same. Last, to implement the covariate-adaptive
bootstrap, researchers need to know the treatment assignment rule for the original sample. Unlike
in the observational study, in RCTs, such information is usually available. If one only knows that
the assignment rule achieves strong balance, then Theorem 5.1 below still holds, provided that the
bootstrap sample is generated from any assignment rule that achieves strong balance. Even worse,
if no information on the treatment assignment rule is available, then one cannot implement the
covariate-adaptive bootstrap inference. In this case, the weighted bootstrap for inverse propensity
score weighted estimator can still provide a non-conservative t-test, as shown in Theorem 4.1.
Using the bootstrap sample {Y;*, A¥, S¥}I |, we can estimate QTE by the three methods consid-
ered in the paper, i.e., simple QR, QR with strata fixed effects, and inverse propensity score weighted
QR. Let ni(s) = Yr, AT{S; = s}, n(s) = Ly 1S = s}, #%(s) = 25, Ay = (1,47,

Af = Ar — 7%(S;), and AF = (1, A¥). Then, the three bootstrap estimators can be written as

3*(r) = argmin T(Y;*—A;b),
(r) = arg: ;p
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Bipelr) = argmin Y~ pr (V7" — A7b).

and

where

n n
Al 1- A
~%k — 3 Y* p— d Ak _= i [ — Y* - .
q1 argqmln ;1: ﬁ.*(sl*) pT( % Q) an ) aI‘ngl’llIl ;1: 1— ,ﬁ.*(SZ*) pT( i q)

In particular, the second elements BI (1) and B:fe 1 (1) of vectors B* (1) and B:fe(T), respectively,
and ¢*(7) are the three bootstrap estimators of the 7-th QTE. Parallel to Assumption 1, we make

the following assumption on the bootstrap sample.

Assumption 4. Let Dj(s) = > 1" | (Af—m)1{S} = s}. Then, {{D\:}g)} s
se

(s: } - N(0,2p)

a.s.

Assumption 4 is a high-level assumption. Obviously, it holds for SRS. For WEI, this condition

n*(s)

holds by the same argument in Bugni et al. (2018a, Lemma B.12) with the fact that = > SLEN p(s).
For BCD, as shown in Bugni et al. (2018a, Lemma B.11),

Dy (s)[{S7 iz = Op(1).

Therefore, D (s)/v/n —= 0 and Assumption 4 holds with ~(s) = 0. For SBR, it is clear that
|D;(s)| < 1. Therefore, Assumption 4 holds with v(s) = 0 as well.

Theorem 5.1. If Assumptions 1, 2, and 4 hold, then, uniformly over T € Y and conditionally on
data,

Vi (Bi(7) = (7)) ~ Buge (7).

VI (Bifea () = Q(7)) ~ Buge(r),
and
VA () = (7)) ~ Bigu(7),

where Bygr (T), Bsfe(T), and Bipw(T) are three Gaussian processes defined in Theorem 3.1, 3.2, and

3.3, respectively.
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Several remarks are in order. First, unlike the weighted bootstrap estimator, the covariate-
adaptive bootstrap estimators are not centered on their corresponding counterparts from the orig-
inal sample, but rather the inverse propensity score weighted estimator ¢(7). The reason is that
the treatment status A] is not generated by bootstrap. In the linear expansion of the bootstrap
estimator, the part of the influence function that accounts for the variation generated by A} need
not be centered. We also know from the proof of Theorem 3.3 that the linear expansion of §(7)
do not have the influence function that represents the variation generated by A;. Therefore, it is
natural to use it as the center.

Second, we do not necessarily need to estimate ¢(7) in order to make bootstrap inference. Note
that the asymptotic distribution of the bootstrap estimator has the same dispersion as that of the
original estimator. Therefore, we can use interdecile range® to estimate the standard error. Taking
B;f&l(T) as an example, we first compute the bootstrap estimator B times and denote them as

{B;‘fe 15(T) 2. Then, the standard error estimator 2sfe(7, 7) can be computed as

isfe(TvT) = ?(09> — g

where Q(7) is the 7-th empirical quantile of the sequence {ﬁ:fe’l’b(ﬂ}le and ®(-) is the standard
normal CDF.

Third, for inferring the ATE, we can use the same bootstrap sample to compute the standard
errors for é, és fe, and éz-pw and construct corresponding t-tests. We expect that all the conclusions
for QTEs hold for the ATE as well. The simulation results in Section G of the Appendix provide

some finite sample evidences.

6 Simulation

6.1 Data Generating Processes

We consider four DGPs with parameters v = 4, 0 = 2, and p which will be specified later.

1. Let Z be the standardized 5(2,2) distributed, S; = 327 {Z; < g;}, and (g1,--- ,04) =
(—0.25/20,0,0.254/20, 0.54/20). The outcome equation is

Y = Aip+Zi + mi,

where 1; = 0A;e;1 + (1 — Aj)ei2 and (g,1,€;2) are jointly standard normal.

3Tt is valid to consider the difference of other two quantiles, such as 0.75 and 0.25. We recommend the interdecile
range because it performs well in finite sample.
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2. Let S be the same as in DGP1. The outcome equation is
}/i = Ai,u + ’yZiAi — ")/(1 — AZ)(IOg(ZZ + 3)1{21 S 05}) + ;-

where n; = 0A;e;1 + (1 — Ai)ei2 and (g1, €;,2) are jointly standard normal.
3. Let Z be uniformly distributed on [-2,2], S; = Z§:1{Zi <gj},and (g1, -- ,g4) = (—1,0,1,2).
The outcome equation is

Y, =Aju+ Aimi,l + (1 - Ai)mi,o + 1,

where mio = ’nyl{|Z,] > 1}+%(2—ZZ»2)1{‘ZZ'| < 1}, m = U(l+ZZ‘2)Ai5i,1+(1+Zi2)(1_14i)5i,27
and (g1, €i,2) are mutually independent 7'(3)/3 distributed.

4. Let Z; be normally distributed with mean 0 and variance 4, .S; = Z?Zl{Zi <gi}, (g1, ,94) =
(2971(0.25),2®71(0.5),2®71(0.75), 00), and ®(-) is the standard normal CDF. The outcome

equation is
Yi=Aip+ Aimy1 + (1 — Aj)myo + s,
where m; o = —’yZi2/4, ms1 = ’YZ?/‘L
n; = o(1+0.5exp(—27/2))Asein + (1 +0.5exp(—Z7/2))(1 — A)ei o,

and (gi1,€i,2) are jointly standard normal.
When 7 = %, for each DGP, we consider four randomization schemes:

1. SRS: Treatment assignment is generated as in Example 1.
2. WEL Treatment assignment is generated as in Example 2 with ¢(z) = (1 — z)/2.
3. BCD: Treatment assignment is generated as in Example 3 with A = 0.75.

4. SBR: Treatment assignment is generated as in Example 4.

When 7 # 0.5, WEI and BCD are not defined in the literature. Therefore, we only consider SRS
and SBR as in Bugni et al. (2018a). We conduct the simulations with sample sizes n = 200 and 400.
The numbers of simulation replications and bootstrap samples are 1000. Under the null, p = 0
and the true parameters of interest are computed by simulations with 10% sample size and 10?
replications. Under the alternative, we perturb the true values by 4 =1 and p = 0.75 for n = 200
and 400, respectively. Throughout this section, we focus on the median QTE. The simulation
results for QTEs with 7 = 0.25 and 0.75 can be found in Section G in the Appendix. Section G

also contains the simulation results for ATE. All the observations made in this section still apply.
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6.2 QTE, 7=0.5

For the inference of QTEs, we consider eight t-tests with 95% nominal rate. For all of them, we
construct the t-test statistics by one of the three point estimates studied in this paper and some
estimate of the standard error. The null hypothesis will be rejected when the absolute value of the
t-statistic is greater than 1.96. The details about the point estimates and standard errors are as

follows:

“s/naive”: the point estimator is computed by the simple QR and its standard error opgive

is computed as

o2 _7(1—7)—A%Z?:1m%(5i77) 7(1—7)—%21 M3 (Si, 7)
T 7))

where ¢;(7) is the 7-the empirical quantile of Y;|A4; = j,

Doy Ail{Si = s}(r — {Y; < qu(7)})
ni(s) 7

> i1 (1= A)1{Si = s} — 1{Yi < qo(7)})
n(s) —na(s) ’
and for j = 0,1, fj() is computed by the kernel density estimation using the observations

Y; provided that A; = j, bandwidth h; = 1.066]-71;1/ 5, and the Gaussian kernel function,

where ¢; is the standard deviation of the observations Y; provided that A; = j, and n; =
>i{di =3}, j=0,L
2. “s/adj”: exactly the same as the “s/naive” method with one difference: replacing (1 — ) in

o-rzLaive by V(SZ)

3. “s/B”: the point estimator is computed by the simple QR and its standard error op is

min(s,7) =

mi’o(s, ’7') =

computed by the weighted bootstrap procedure. The bootstrap weights {£;}7_; are generated
from the standard exponential distribution. Denote {/31 w2, as the collection of B estimates
obtained by the simple QR applied to the samples generated by the weighted bootstrap

procedure. Then,




where ®(-) is the standard normal CDF and Q(7) is the 7-th empirical quantile of {ﬂAfb}szl.

4. “sfe/B”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the QR with strata fixed effects.

5. “ipw/B”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the inverse propensity score weighted QR.

6. “s/CA”: the point estimator is computed by the simple QR and its standard error o4 is
computed by the covariate-adaptive bootstrap procedure. Denote {Bf b}le as the collection
of B estimates obtained by the simple QR applied to the samples generated by the covariate-

adaptive bootstrap procedure. Then,

Q(0.9) — Q(0.1)
-1 d-1

7CAT 3-1(0.9) — 2-1(0.1)

P
where Q(7) is the 7-th empirical quantile of {Bib}{il.

7. “sfe/CA”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the QR with strata fixed effects.

8. “ipw/CA”: the same as above with one difference: the estimation method for both the original

and bootstrap samples is the inverse propensity score weighted QR.

Tables 1 and 2 present the coverage rates for the eight t-tests under the null with sample
sizes n = 200 and 400, respectively. In these two tables, column M and A represent DGPs and
treatment assignment rules, respectively. We can make six observations. First, the naive t-test
(“s/maive”) is conservative for WEI, BCD, and SBR, which is consistent with the findings for
ATE estimators discovered by Shao et al. (2010) and Bugni et al. (2018a). Second, although the
adjusted t-test (“s/adj”) is expected to have the exact asymptotic size, it does not perform well.
The main reason is that, in order to analytically compute the standard error, one needs to compute
nuisance parameters such as the unconditional densities of Y (0) and Y (1), which requires tuning
parameters. We further compute the standard errors following (6.1) with 7(1 — ) and the tuning

parameter h; replaced by v(5;) and 1.06Cf&jnj_1/5

, respectively, for some constant Cy € [0.5,1.5].
Figure 1 plots the rejection probabilities of the “s/adj” t-tests against C'y for the BCD assignment
rule with n = 200, 7 = 0.5, and 7 = 0.5. We see that (1) the rejection probability is sensitive
to the choice bandwidth, (2) there is no universal optimal bandwidth across different DGPs, and
(3) the covariate-adaptive bootstrap t-tests (“s/CA”) represented by the dotted dash lines are
quite stable across different DGPs and close to the nominal rate of rejection. Third, the weighted
bootstrap t-test for the simple QR estimator (“s/B”) is conservative, especially for the first two

DGPs with BCD and SBR assignment rules: both BCD and SBR achieve strong balance. Fourth,
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the weighted bootstrap t-test for the fixed effects estimator (“sfe/B”) is slightly conservative, even

for the assignment rule that achieve strong balance. For example, the rejection rates are 0.43 and
0.35 for DGP 2 and 4 with assignment rule SBR in Table 1. We will provide more evidence to

illustrate the conservatism later. Fifth, the rejection probabilities of the weighted bootstrap t-test

for the inverse propensity score weighted estimator (“ipw/B”) is close to the nominal rate even for

sample size n = 200. This is consistent with Theorem 4.1. Last, the rejection rates for the three

covariate-adaptive bootstrap t-tests (“s/CA”, “sfe/CA”, and “ipw/CA”) are close to the nominal

rate, which is also consistent with Theorem 5.1.

Table 1: Hp, n =200, 7 =0.5

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.058 0.058 0.065 0.039 0.042 0.044 0.039 0.038
WEI | 0.009 0.055 0.019 0.042 0.039 0.045 0.039 0.038
BCD | 0.002 0.054 0.002 0.041 0.047 0.048 0.041 0.044
SBR 0.002 0.057 0.001 0.060 0.0561 0.049 0.047 0.049
2 | SRS 0.049 0.049 0.046 0.064 0.059 0.044 0.054 0.060
WEI | 0.040 0.063 0.045 0.057 0.061 0.068 0.061 0.063
BCD | 0.014 0.055 0.022 0.048 0.058 0.056 0.061 0.058
SBR 0.020 0.057 0.019 0.043 0.054 0.052 0.051 0.055
3 | SRS 0.015 0.015 0.052 0.055 0.063 0.053 0.056 0.055
WEI | 0.012 0.012 0.052 0.051 0.060 0.0568 0.054 0.059
BCD | 0.016 0.017 0.058 0.059 0.063 0.062 0.062 0.063
SBR 0.013 0.015 0.054 0.062 0.057 0.057 0.057 0.058
4 | SRS 0.021  0.021 0.064 0.062 0.063 0.061 0.053 0.061
WEI | 0.017 0.017 0.052 0.044 0.061 0.059 0.057 0.058
BCD | 0.018 0.019 0.057 0.048 0.060 0.062  0.062 0.061
SBR 0.017 0.018 0.048 0.035 0.061 0.054 0.053 0.054
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Table 2: Hy, n =400, 7 = 0.5
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.040 0.040 0.048 0.031 0.030 0.039 0.029 0.031
WEI | 0.009 0.036 0.008 0.033 0.033 0.030 0.035 0.033
BCD | 0.000 0.041 0.000 0.035 0.036 0.037 0.034 0.035
SBR 0.000 0.047 0.001 0.047 0.051 0.046 0.046 0.047
2 | SRS 0.061  0.061 0.061 0.062 0.052 0.054 0.046 0.048
WEI | 0.027 0.060 0.030 0.058 0.064 0.059 0.065 0.065
BCD | 0.017 0.049 0.015 0.043 0.0561 0.055 0.051 0.047
SBR | 0.015 0.047 0.016 0.047 0.055 0.057 0.056 0.056
3 | SRS | 0.016 0.016 0.045 0.049 0.054 0.048 0.048 0.054
WEI | 0.017 0.017 0.0563 0.049 0.056 0.059 0.054 0.055
BCD | 0.012 0.012 0.055 0.056 0.055 0.060 0.057 0.058
SBR 0.007 0.007 0.064 0.063 0.067 0.065 0.064 0.066
4 | SRS 0.017 0.017 0.041 0.043 0.050 0.042 0.050 0.052
WEI | 0.020 0.020 0.073 0.054 0.073 0.072 0.064 0.072
BCD | 0.020 0.020 0.046 0.037 0.054 0.049  0.050 0.054
SBR | 0.020 0.020 0.035 0.036 0.039 0.037 0.042 0.041

DGP 1 DGP 2
0.1 0.1

0.05 0.05

0 0
0.5 1 1.5 0.5 1 1.5
DGP 3 DGP 4
0.1 0.1
o o \
0 0
0.5 1 1.5 0.5 1 1.5

Note: Rejection probabilities for BCD assignment rule with n = 200, = = 0.5, and

7 = 0.5. The X-axis is Cy. The solid lines are the rejection probabilities for “s/adj”.
The densities of Y; is computed using the tuning parameters h; = 1.060f&jn]._1/5, for
j =0,1. The dotted dash lines are the rejection probability for “s/CA”.

Figure 1: Rejection Probabilities Across Different Bandwidth Values

Tables 3 and 4 show the powers of the eight t-tests for sample sizes n = 200 and 400, respectively.
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We can make three observations. First, for DGPs 2 and 4, “sfe/B” has lower power than “ipw/B”,
“sfe/CA” and “ipw/CA” for assignment rules “WEI”, “BCD”, and “SBR”, which illustrate that
the weighted bootstrap inference for QR with strata fixed effects is conservative. Second, for BCD
and SBR, the powers for “ipw/B”, “s/CA”, “sfe/CA”, and “ipw/CA” are close. This is because
both BCD and SBR achieve strong balance. In this case, the three estimators proposed in this

paper are asymptotically first-order equivalent. Third, for assignment rules SRS and WEI in Table
3, “ipw/CA” is more powerful than “sfe/CA” and “s/CA”. This confirms our theoretical finding

that the inverse propensity score weighted estimator is strictly more efficient than the other two

when the assignment rule does not achieve strong balance. In Table 4, “ipw/CA” is still more
powerful than “s/CA”. However, the power of “sfe/CA” is close to that of “ipw/CA”.

Table 3: Hy, n =200, 7=10.5

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.198 0.198 0.210 0.435 0.438 0.209 0.420 0.432
WEI | 0.132 0.303 0.150 0.442 0.443 0.320 0.431 0.440
BCD | 0.077 0.463 0.101 0.442 0.443 0.420 0.443 0.443
SBR 0.068 0.483 0.089 0.445 0.452 0.446 0.448 0.444
2 | SRS 0.256 0.256 0.253 0.361 0.372 0.263 0.361 0.372
WEI | 0.207 0.287 0.205 0.303 0.326 0.292  0.320 0.333
BCD | 0.205 0.359 0.212 0.318 0.343 0.333 0.343 0.342
SBR 0.211 0375 0.214 0350 0.371 0.357  0.369 0.354
3 | SRS 0.800 0.800 0.905 0.895 0.902 0.907 0.900 0.907
WEI | 0.805 0.809 0.905 0.902 0.908 0.912 0.901 0.904
BCD | 0.795 0.797 0.904 0.901 0.906 0.902 0.906 0.903
SBR 0.808 0.817 0.913 0.916 0916 0.913 0.914 0.914
4 | SRS 0.170  0.170 0.295 0.266 0.319 0.307 0.296 0.315
WEI | 0.170 0.171 0.298 0.268 0.319 0.307  0.308 0.318
BCD | 0.180 0.187 0.312 0.291 0.319 0.318 0.318 0.318
SBR 0.168 0.171 0.290 0.269 0.311 0.318 0.312 0.312
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Table 4: Hy, n =400, 7 = 0.5

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 [ SRS | 0.216 0.216 0.227 0.500 0.502 0.227  0.495 0.493
WEI | 0.133 0.343 0.161 0.507 0.506 0.353  0.493 0.497
BCD | 0.093 0.503 0.098 0.491 0.489 0.476 0.482 0.479
SBR 0.094 0493 0.109 0470 0.471 0.469 0.473 0.473
2 | SRS 0.276  0.276 0.275 0.389 0.424 0.285  0.395 0.419
WEI | 0.266 0.370 0.254 0.398 0.415 0.359 0.414 0.409
BCD | 0.263 0.455 0.269 0.409 0432 0432 0434 0.434
SBR | 0.257 0.443 0.268 0.417 0.438 0.438 0.447 0.436
3 | SRS | 0.897 0.897 0.954 0.949 0.953 0.953  0.948 0.952
WEI | 0886 0.887 0.946 0.949 0.948 0.947  0.947 0.949
BCD | 0.888 0.889 0.945 0.941 0.945 0.945 0.943 0.944
SBR 0.889 0.889 0.946 0.947 0.949 0.949 0.948 0.948
4 | SRS 0.239 0.239 0.360 0.347 0.355 0.353 0.360 0.355
WEI | 0.245 0.245 0.356 0.341 0.373 0.360  0.368 0.369
BCD | 0.208 0.213 0.352 0.329 0.359 0.363 0.356 0.355
SBR | 0.222 0.223 0.344 0.330 0.351 0.358  0.362 0.359

6.3 QTE, 7 =0.7

Tables 5-8 show the similar results with 7 = 0.7. In addition to the observations made previously,

we want to highlight that, under the null, the rejection rates of “sfe/B” for DGP 4 and assignment

rule SBR are 0.020 and 0.038 in Tables 5 and 6, respectively, which are below the nominal rate. Un-

der the alternative, the rejection rates are 0.186 and 0.239, which are lower than those of “ipw/B”,
“s/CA”, “sfe/CA”, and “ipw/CA”. Both observations indicate that “sfe/B” is conservative even

for the assignment rule that achieves strong balance, such as SBR.

Table 5: Hy, n =200, 7 = 0.5

M A  s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.052  0.052 0.067 0.042 0.049 0.040 0.044 0.044
SBR | 0.000 0.043 0.001 0.035 0.037 0.042 0.035 0.034
2 | SRS 0.049 0.049 0.047 0.040 0.063 0.039 0.043 0.050
SBR | 0.020 0.056 0.022 0.050 0.050 0.052 0.052 0.050
3 | SRS 0.010 0.010 0.052 0.052 0.062 0.063 0.056 0.058
SBR | 0.010 0.012 0.056 0.058 0.060 0.058  0.064 0.060
4 | SRS 0.015 0.015 0.050 0.042 0.064 0.046 0.051 0.064
SBR | 0.007 0.012 0.035 0.020 0.051 0.047 0.045 0.047
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Table 6: Hy, n =400, 7 = 0.5

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.039 0.039 0.057 0.037 0.037 0.040 0.032 0.031
SBR | 0.000 0.047 0.001 0.043 0.046 0.045 0.043 0.041
2 | SRS 0.056  0.056 0.0564 0.053 0.063 0.044 0.051 0.050
SBR | 0.016 0.058 0.014 0.056 0.060 0.058  0.060 0.061
3 | SRS 0.013 0.013 0.049 0.056 0.064 0.051 0.051 0.060
SBR | 0.006 0.006 0.045 0.050 0.055 0.051 0.053 0.051
4 | SRS 0.014 0.014 0.048 0.039 0.055 0.050 0.048 0.057
SBR | 0.016 0.024 0.049 0.038 0.066 0.069 0.065 0.065
Table 7: Hy, n =200, 7 =0.5
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.186 0.186 0.195 0.407 0.419 0.181  0.397 0.400
SBR | 0.037 0.446 0.061 0.424 0.438 0.423 0.410 0.410
2 | SRS 0.261 0.261 0.248 0.319 0.333 0.247  0.320 0.331
SBR | 0.228 0.381 0.225 0.359 0.380 0.353  0.363 0.368
3 | SRS 0.774 0.774 0883 0.866 0.881 0.885 0.866 0.879
SBR | 0.801 0.815 0.904 0.900 0.909 0.917 0.910 0.913
4 | SRS 0.125 0.125 0.262 0.197 0.289 0.269 0.231 0.280
SBR | 0.104 0.142 0.274 0.186 0.323 0.322  0.323 0.321
Table 8: Hy, n =400, 7= 0.5
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.182 0.182 0.193 0.483 0496 0.194 0.476 0.481
SBR | 0.055 0.513 0.076 0.485 0.496 0.503 0.491 0.491
2 | SRS | 0328 0.328 0.298 0.420 0.409 0.290 0.416 0.410
SBR | 0.269 0.423 0.252 0.398 0.404 0.384 0.402 0.400
3 | SRS 0.860 0.860 0.927 0.915 0.931 0.925 0.917 0.931
SBR | 0.860 0.867 0.932 0.930 0.934 0.936 0.933 0.936
4 | SRS | 0.200 0.200 0.333 0.278 0.372 0.348  0.296 0.371
SBR | 0.157 0.204 0.317 0.239 0.348 0.346 0.344 0.344

6.4 Summary

First, “s/naive”, “s/B”, and “sfe/B” are conservative while “s/adj”, “ipw/B”, “s/CA”, “sfe/CA”,
and “ipw/CA” are not. Second, among the non-conservative t-tests, when the treatment assign-
ment rule does not achieve strong balance (such as SRS and WEI), “ipw/B” and “ipw/CA” are
strictly more powerful than “s/adj”, “s/CA”, and “sfe/CA”. When the treatment assignment rule
does achieve strong balance (such as BCD and SBR), “s/adj”, “ipw/B”, “s/CA”, “ste/CA”, and
“ipw/CA” are asymptotically first order equivalent. Third, the bootstrap based t-tests (“ipw/B”,
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“s/CA”, “sfe/CA”, and “ipw/CA”) have better finite sample performances than the analytically
adjusted t-test (“s/adj”).

7 Empirical Application

We illustrate our methods by estimating and inferring the average and quantile treatment effects
of iron efficiency on educational attainment. The dataset we use is the same as the one analyzed
by Chong, Cohen, Field, Nakasone, and Torero (2016) and Bugni et al. (2018a).

7.1 Data Description

The dataset consists of 215 students from one Peruvian secondary school during the 2009 school
year. About two thirds of students were assigned as treatment group (A = 1 or A = 2). The
other one third of students were assigned as control group (A = 0). One half of the students
in the treatment group were exposed to a video of encouraging iron supplements by a physician
(A =1) and the other half were exposed to the same encouragement from a popular soccer player
(A = 2). Those assignments were stratified by the number of years of secondary school completed
(8=

(1/3,1/3,1/3) for each group, which achieves strong balance (v(s) = 0).

{1,---,5}). The field experiment used a stratified block randomization scheme with fractions

In the following, we focus on the observations with A = 0 and A = 1, and estimate the treatment
effect of the exposure to a video of encouraging iron supplements by a physician only. This practice
was also implemented in Bugni et al. (2018a). In this case, the target proportions of treatment
is m = 1/2. As in Chong et al. (2016), it is also possible to combine the two treatment groups,
i.e., A =1and A = 2 and compute the treatment effects of exposure to a video of encouraging
iron supplements by either a physician or a popular soccer player. Last, one can use the method
developed in Bugni et al. (2018b) to estimate the treatment effects under multiple treatment status.
However, in this setting, the validity of bootstrap inference has not been investigated yet and is an
interesting topic for future research.

For each observation, we have three outcome variables: number of pills taken, grade point
average, and cognitive ability measured by the average score across different Nintendo Wii games.
For more details about the outcome variables, we refer interested readers to Chong et al. (2016).

In the following, we focus on the grade point average only as the other two outcomes are discrete.

7.2 Test Statistics

Based on our theoretical and simulation results, we consider four non-conservative t-statistics:
(1) the simple estimates (difference of the two sample means or sample quantiles) with covariate-

adaptive bootstrap standard errors, (2) the strata fixed effects estimates with covariate-adaptive
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bootstrap standard errors, (3) the inverse propensity score weighted estimates with covariate-
adaptive bootstrap standard errors, and (4) the inverse propensity score weighted estimates with
weighted bootstrap standard errors. We denote them as “s/CA”, “sfe/CA”, “ipw/CA”, “ipw/B”,
respectively. For the ATEs, we also compute the simple estimates with the adjusted standard errors
based on the analytical formula derived in Bugni et al. (2018a), i.e., “s/adj”. For QTE estimates,
we consider quantile indexes {0.1,0.15,---,0.90}. The number of replications for the two boot-
strap methods is 1000. For the weighted bootstrap, we use the standard exponentially distributed
weights.

7.3 Main Results

Table 9 shows the estimates with the corresponding standard errors in the parenthesis. From the
table, we can make three remarks. First, for both ATE and QTE, the three estimates (simple,
strata fixed effects, and inverse propensity score) and their standard errors computed via analytical
formula, weighted bootstrap, and covariate-adaptive bootstrap are very close to each other. This is
consistent with our theory that, under strong balance, all these estimators are first-order equivalent.
Second, the four bootstrap-based p-values for the ATE are close to that of the adjust t-statistics
computed in Bugni et al. (2018a, Table 6). Third, we do not compute the adjusted standard
error for the QTEs as it requires tuning parameters. QTEs provide us a new insight that the
impact of supplementation on grade promotion is only significantly positive at 25% among the
three quantiles. This may imply that the policy of reducing iron deficiency is more effective for

lower-ranked students.

Table 9: Grades Points Average

s/adj s/CA sfe/CA ipw/B ipw/CA
ATE | 0.35"(0.16) 0.35"(0.17)  0.37(0.17)  0.37*(0.16)  0.37*(0.17)
QTE,25% 0.43** (0.15)  0.42*** (0.16) 0.43°™ (0.15) 0.43"* (0.15)
QTE,50% 0.29(0.21) 0.30(0.22) 0.29(0.20) 0.29(0.21)
QTE,75% 0.35(0.24) 0.38(0.24) 0.36(0.26) 0.36(0.24)

Notes: * p < 0.1, ** p < 0.05, *** p < 0.01.

In order to provide more details on the QTE estimates, we plot the 95% point-wise confidence
band in Figure 2 with quantile index ranging from 0.1 to 0.9. The blue line and the shadow area
represent the point estimate and its 95% point-wise confidence interval, respectively. The confidence

interval is constructed by

18— 1.966(B), B + 1.965(B)],

where 3 and &(B) are computed in four combinations: “s/CA”, “sfe/CA”, “ipw/CA” ,and “ipw/B”.
As we expected, all the four figures look the same and the estimates are only significantly positive
at low quantiles (15%-30%).
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7.4 Subsample Results

propensity score weighted estimator is valid if

n

sfe/CA

- 014 02 03 04 05 06 07 08 09

ipw/CA

- 014 02 03 04 05 06 07 08 09

Figure 2: 95% Point-wise Confidence Interval for Quantile Treatment Effects

Following Chong et al. (2016), we further split the sample into two based on whether the student
is anemic, i.e., Anem; = 0 or 1. We anticipate that there is no treatment effect for the nonanemic
individuals and positive effects for anemic ones. In this subsample analysis, only the inverse propen-
sity score weighted estimator with the weighted bootstrap is applicable. There are two reasons.
First, the covariate-adaptive bootstrap is infeasible in the two subsamples, as the strong-balance
condition may be lost and the treatment assignment rule is not necessarily the stratified block
randomization anymore and is generally unknown. Second, however, the weighted bootstrap is still
feasible as it does not require the knowledge of the treatment assignment rule. According to the

fourth remark after Theorem 4.1, instead of Assumption 1.3, the weighted bootstrap for the inverse

sup |D{(s)] = (As — m)1{S; = s}1{Anem; = 1} = O,(v/n)

seS i—1
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and

seS

sup DI (s)| = > (A; — m)1{S; = s}1{Anem; = 0} = Oy(v/n).
i—1

We assume this weaker condition in this section.
From Table 10 and Figure 3, we see that the QTE estimates are significantly positive for the
anemic students when the quantile index is between around 20%-75%, while are insignificant for

nonanemic students.

Table 10: Grades Points Average

Total Anemic Nonanemic
ATE 0.37**(0.16)  0.69***(0.19) 0.19(0.21)
QTE, 25% | 0.43**(0.15) 0.76™*(0.25) 0.22(0.27)
QTE, 50% | 0.29(0.22) 1.05**(0.27) -0.14(0.25)
QTE, 75% | 0.36(0.25) 0.76*%(0.32)  0.14( 0.40)
Notes: * p < 0.1, ** p < 0.05, *** p < 0.01.

Anemic Nonanemic

0.5 F

-0.5 -0.5

Figure 3: 95% Point-wise Confidence Interval for Anemic and Nonanemic Students

8 Conclusion

This paper studies the estimation and bootstrap inference for QTEs under covariate-adaptive ran-
domization. We show that the weighted bootstrap inference is only valid for the inverse propensity
score weighted estimator while the covariate-adaptive bootstrap is valid for all three estimators
considered in the paper. In the empirical application, we find that the QTE of iron supplementa-
tion on grade promotion is trivial for nonanemic students, while the impact is significantly positive

for middle-ranked anemic students.
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A Proof of Theorem 3.1

Let u = (ug,u1)" € R% and

n

Lo(u,7) = 3 [pr(Yi = AIB(r) = A/ V) = p, (Vi = AiB(7))]

=1

Then, by the change of variable, we have that

Vn(B(r) — B(r)) = arg min Ly (u, 7).

u
Notice that L, (u,7) is convex in u for each 7 and bounded in 7 for each u. In the following, we
aim to show that there exists
/ ]‘ /
gn(u, 7) = ='Wy (1) + U Q(T)u

such that (1) for each w,

sup | Ln(u, 7) — gn(u, 7)| — 0;

TEY
(2) the maximum eigenvalue of Q(7) is bounded from above and the minimum eigenvalue of Q(7)
is bounded away from 0, uniformly over 7 € Y; (3) W,,(7) ~» B(7) uniformly over 7 € Y, in which

B(-) is some Gaussian process. Then by Kato (2009, Theorem 2), we have

Va(B(r) = B(7)) = [Q(D)] T Wa(r) + ra(r),

where sup,cv || (7)|| = 0p(1). In addition, by (3), we have, uniformly over 7 € T,

V(B(r) = B(r)) ~ [Q(7)] ' B(r) = B(r).

The second element of B(7) is Bsgr(7) stated in Theorem 3.1. In the following, we prove require-
ments (1)—(3) in three steps.
Step 1. By Knight’s identity (Knight, 1998), we have

Ly(u,T)

Aju

_ u; \}ﬁAi (r— 1% < &B(n)}) + ;/O (1Y - () < 0} = 1Y - AjB(r) < 0}) du

= — u'Wp(r) + Qn(u, 1),
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where
Walr) = 3" =i (7 = 1% < Ajs()})

and

i/
Aiu

Qi) =30 [ (14 = A1B() < v} = 1= A{B(r) < 0}) o

1

3

7

uptug

-3 4 /f (1{Yi(1) - qi(7) < v} = {Yi(1) — q1(7) < 0}) v

=1

3

n

30— 4 /f1{Y()—QO()<’U}—1{Y()—QO()<0})

i=1

EﬂgnJ(u,T)‘%CQnﬂ(u7T)

We first consider @, 1(u, 7). Following Bugni et al. (2018a), define {(¥;*(1),Y;*(0)) : 1 < i < n}
as a sequence of i.i.d. random variables with marginal distributions equal to the distribution of
(Yi(1),Y5(0))]|S; = s. The distribution of Qy1(u,7) is the same as the counterpart with units
ordered by strata and then ordered by A; = 1 first and A; = 0 second within strata, i.e.,

N(s)+ni(s) ,uwotur

Qui () LY > /” (1) - ) < 0} = 10700) = () < 0) )

s€S i=N(s 0
=3 [F2 V) + (o) 7) — TV )| ()
seS

where N(s) = > 1{S; < s}, ni(s) = > 1{S; = s}A;, and

k
s (k,7) Z/
=1 0

In addition, note that

uo+u1

8 (1{1@-8(1) () < o} — LY — i (r) < 0})dv

P( sup [[3([nt],7) — By ([nt],7)| > €)

te(0,1),7eY
o s
—P(lglgécn igg |05 (k,7) — EL3 (k,7)| > ¢€)
<3 max P(sup T, (k,7) — ET (k, 7)| > €/3)
<k<n rex

<9P(sup |I';, (n,7) — EL; (n,7)| > £/30)
TEY
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< 270E sup, ¢~ I (n, 7) — EI'S (n, 7)]
- €

= o(1). (A.2)

The first inequality holds due to Lemma F.1 with Sy, = I'j, (k, 7)—EI;, (k, 7) and ||Sk|| = sup,ey [T (k, 7)—
ETI'Y (k,7)|. The second inequality holds due to Montgomery-Smith (1993, Theorem 1). For the last

inequality of (A.2), consider the class of functions

vn

F = {/ <1{Yis(1) —qi(r) < v} - Y1) —aqi(r) < O})dv T E T}
0

|uo+u1]
n

with envelope and

2
up + up s Up + U1 ~3/2
supEf2gsupE[ 1{Yi 1) —q(r)] < H Snt
feF TeY \/ﬁ ’ () ( )| \/ﬁ

Note that F is a VC-class with a fixed VC index. Therefore, by Chernozhukov et al. (2014, Corollary
5.1),

Esup [T}, (n,7) — EL) (n,7)| = n||P, = P||z Sn
7T

log(n log(n
[ el | ni(/j]:o(l).

Therefore, (A.2) implies that

sup
TeY

Qn(u,7) = ZE[FZ(WN(S)/” +ni(s)/n)],7) = FZ(LH(N(S)/H)J,T)] = 0p(1),

seS

where following the convention in the empirical process literature,

E[qun(N(s)/n Fa(s)/n)],7) - rmn(N(s)/n)Jn)]

is interpreted as

E[ra(nta). ) - T (Lo 7)|

fo= N’fbs) o= N(s)«;nl(s)

In addition, N(s)/n - F(s) = F(S; < s) and n1(s)/n —= wp(s). Thus, uniformly over 7 € T,

(q1(7))(uo + U1)2’

E[FWWW”+m<s>/n>w> - mems)/n)m] 2, TS
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Therefore, uniformly over 7 € T,

T f1(q1 (7)) (wo + u1)?
5 .

P
Qn,l(ua T) —
Similarly, we can show that, uniformly over 7 € T,

(1 —7) folqo(7))ug

Qn,O (u, T) L

5 )
and thus
Qn(u, 1) LN }u'Q(T)u,
where
Q(r) = <7Tf1(QI(T)) + (1 =) folqo(7)) 7Tf1((J1(T))> '
T f1(q1(7)) T f1(q1(7))
Then,

sup |Ln(u, 7) = gn(u, 7)| = SuplQn(u =35
TEY TEY

This concludes the first step.

Step 2. Note that det(Q(7)) = 7(1 — ) f1(q1(7)) fo(go(7)), which is bounded and bounded
away from zero. In addition, it can be shown that the two eigenvalues of () are nonnegative. This
leads to the desired result.

Step 3. Let e; = (1,1)" and ey = (1,0)". Then, we have

_elzz A8 = s} - 1{Yi(1) < (1)}

se8S i=1

foY 3 L Ta(1= A8 = s}~ 1Y) < (7))

seS =1

Let m;(s,7) = E(7 — {Yi(j) < ¢;(1)}5i = s) and m;j(s,7) = (1 — H{Y;(j) < ¢;(7)}) — my(s, 7),
j=0,1. Then,

[elzZ\fA 1{S; = s}nii(s, T +6022\f A)1{S; = s}nio(s, T):|

seS 1=1 seS§ i=1

|:61 ZZ \f m)1{S; = s}mi(s,7) — e ZZ \/15 —m)1{S; = s}mo(s,T)]

seS i=1 seS =1
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+ [elzz —71{S; = s}mq(s, 1) —i—eozz (1 —m)1{S; = s}mo(s,7)
seS i=1 \/> seS i=1 \/>
=W (7) + Waa(7) + Wi s(7). (A.3)
By Lemma F.2, uniformly over 7 € T,

(W1 (), Waa(7), Wi 3(7)) ~ (Bi(7), B2(7), B3(7)),

where (B1(7), B2(7), B3(7)) are three independent two-dimensional Gaussian processes with covari-

ance kernels 1 (71, 72), Ya(71,72), and 33(71, 72), respectively. Therefore, uniformly over 7 € T,
Wh(r) ~ B(7),

where B(7) is a two-dimensional Gaussian process with covariance kernel

3
X(m,m) = sz(ﬁ,m).
j=1
Consequently,

Vi(B(r) = B(r)) ~ [Q(T)] "' B(r) = B(r),
where B(7) is a two-dimensional Gaussian process with covariance kernel

S(r1,72) =[Q(1)] 8 (11, 72)[Q(72)]

1 _ -
=@ () () T ) M = B (S, m)ma (S, 7)) (o 1)
+ 1 [min( ) — — Emo(S, 71)mo(S, 72)] 1 -1
A=) folaolr) folaor)) T ) = mime = Emo(S, rmo(S, )l

ml(S,Tl)ml(S,Tg) 0 O ml(s 7’1) 0(8,7’2) 0 0
*SGZSP(SMS)[ﬂfl(ql(m)fl(qlm)) (o 1) " T A () folao() (1 —1)
)

B mo(s, 71)mi(s, m2) 0 1 N mo(s, T1)mo(s, m2) 1 -1 ]
m(1 —7)fo(ao()) filar(2)) \O -1/ (1 —m)%folao(1)) folao(m2)) \ -1 1

+ Eml(S’,ﬁ)ml(S 7‘2) 0 0 + Em1 S 7‘1 mo S 7’2 0 0
fi(q1(m)) f1(q1(72) filqi(m1)) fo(qo(2)) \1 —1

)
n Emo(S, m1)m1(S, m2) 1 n Emo(S,m1)mo(S,m2) { 1 -1
folgo(11)) f1(q1(72)) folgo(1)) fo(qo(m2)) \ =1 1 ]
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A~

\/ﬁ(ﬂl (T) - q(T)) ~ Bqu’(T)7

Focusing on the (2, 2)-element of (71, 72), we can conclude that

where the Gaussian process By (7) has a covariance kernel
min(n, 7'2) — T172 — Emo(S, Tl)m()(S, 7'2)

(1 =) fo(qo(1)) fo(qo(72))

Ysqr(T1,72)
7rnin(7'1,7'2) — T172 — Eml(S, Tl)ml(S, 7'2)
™ fi(q1(m1)) fi(qr(72))
ml(S, Tl)ml(S, 7'2) ml(S, Tl)mo(S, 7'2)
R GIE e e R ey ey )
mo(S, Tl)ml(S, 7'2) mo(S, Tl)mo(s, ’7’2) :|
(1 =m)2folao(r1)) folqo(72))

T AT — ) folao () il (72))
ml(S,Tl) mo(S,Tl):| |:m1(S,7'2) B mo(S,Tz):|
f1(6h(7'2)) fo(CIo(Tz)) .

e {fl(%(ﬁ)) ~ folgo(m))

(7’))/, and Az = (I,Al — 7T)/.
,u = (ug,u1) € R?, and

B Proof of Theorem 3.2
B(T> = (60(7_)7/51
7))

Define BI(T) = q(7), BO(T) =7mqi(7) + (1 — m)qo(7),
For arbitrary by and by, let ug = /n(by — BO(T)), up = /n(by — 51(

Lygenlus) = Y |pr(Yi = Aif(r) = (Al — AB(r))) = pr(Yi = AiB(7))] -

=1

Then, by the change of variable, we have that
\/ﬁ(Bsfe(T) - B(T)) = argmin Lsfe,n(u7 T)'

Notice that Lgfe n(u, ) is convex in u for each 7 and bounded in 7 for each w. In the following, we

aim to show that there exists
! 1 !
—U' W fen(T) + §u Qste(T)u

Gsfen (’LL, T)

such that (1) for each wu,
sup |Lsfe,n(u7 T) - gsfe,n(ua 7-) - hsfe,n(T)| L) 07

TEY
where hgfe,(7) does not depend on u; (2) the maximum eigenvalue of Qsf.(7) is bounded from

above and the minimum eigenvalue of Q4f.(7) is bounded away from 0 uniformly over 7 € T; (3)
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Wi fen(T) ~ B(1) uniformly over 7 € Y for some B(7).* Then by Kato (2009, Theorem 2), we have

\/E(Bsfe(T) - B(T)) = [ste(T)]ilwg‘ife,n(T) + Tsfe,n(T),

where sup,cv |[7sfen(7)|| = 0p(1). In addition, by (3), we have, uniformly over 7 € T,

\/E(Bsfe(’r) - B(T)) ~ [ste('r)]_lg(’r) = B(T)

The second element of B(7) is Bsfe(7) stated in Theorem 3.2. Next, we prove requirements (1)—(3)
in three steps.
Step 1. By Knight’s identity (Knight, 1998), we have

Lsfe,n(uvT)
== LU + ) - 4B (r = 1% < AiB(n)})
n AR+ -AB()
*Z/o (140 - AiB(r) < v} - 1{Y; - 4if(r) < 0})

Step 1.1. We first consider Lj ,,(u, 7). Note that B (1) = q(7) and

LLn(u,T)
_n i =] Yo —frsg T —7(s T T — : T
—;SEZSAA{SZ (224 (1= #E) 2 4 (r = el ) (7 = 1K) < ()
#2S0 - A 8= o} (400 G () ) - 100 < )
=L110(u,7) + Lion(u, 7). (B.1)

Let 11 = (1,1 — )" and o = (1, —7)’. Note that 7(s) — 7 = n*Es“; . Then, for L j »(u, ), we have

Llln(u T)
=Y S aasi=o) [+ a6 (st + )] 10 2w
“”ZZA 1{S; = s} (r = 1{Yi(1) < a1 (7)})
i=1 s€S

“We abuse the notation and denote the weak limit of Wifen(T) as l’;’(r) This limit is different from the weak
limit of Wy, (7) in the proof of Theorem 3.1.
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(r = 1{Yi(1) <a(m)})

A{S; = stmia(s,7) 4+ (A — m)1{S; = stma(s,7) + 71{S; = s}ml(s,T)} + hy1(7)

|
N
-]
s
L
i

stnia(s,7) + (A — m)1{S; = s}mi(s,7) + 71{S; = s}ml(s,T)]

I
&
SR
]
=
=
n
I

D, (s)mmq(s, T
— 1Dn(s)mma (s, 7) + h1,1(7) + Repe1,1(u, 7), (B.2)

() =Y (r = 7(s)a(r) Y Ail{S; = s} (r = {Y;(1) < a1 (7)})
i=1

and

D, (
Rsfpe,1(u,7) Z @ j Z [Ail{si = s}nia(s,7) + (Ai — m)1{Si = s}ma(s,7)|.
i=1

By the same argument in Lemma F.2 and Assumption 1.3, we have for every s € S,

sup = 0,(1) (B.3)

T€Y

1 n
—= g A S = simia(s,
\/ﬁ pa {S 8}77 71(5 7_)

and

Dy, (s)mi(s, 1)

su E m)1{S; = s}mi(s,7)|| = sup = 0,(1
Teg f [ { } 1( ):| TeT \/’E p( )
In addition, note that n(s)/n —— p(s). Therefore,

sup |Rsre11(u, 7)| = = 0,(1).

ey el O Vvn P

Similarly, we have
Ll ,0,m (U, T)
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M

Z[ ADNI{S; = stmio(s, 7) — (Ai — m)1{S; = stmo(s, 7) + (1 — m)1{S; = s}mo(s, T)
u1 D (

)(1 —m)mo(s,T)

Vn

+ h1,0(7) + Rsfe,1,0(u, 7), (B.4)

MM“

where

n

ho(r) =) (m—t(s)a(r) Y (1= A)L{S; = s} (r — 1{Yi(0) < qo(7)}),

seS i=1

n

Rafero(u,7) Z“lD > Z[ ANUS; = s3mio(7) = (Ai — 1)1{S; = stmo(s, 7) |,
=1

S

and

1
sfe = =) = 1).
Elel'II)"R f 71,0(7-)‘ Op(\/ﬁ) Op( )

Combining (B.1), (B.2), (B.4) and letting o = (1,1 — 27)’, we have

L1 p(u,7) \fZZ[U L A{S; = stnia(s, ) +u'vo(1 — A;)1{S; = s}nio(s,T)

se8S i=1

+ZUL

seS

(my(s,7) —mo(s, 7))

\f Z w o my (Si,7) 4+ uw'io(1 — m)mo(S;, 7))
+ Rofen1(u, 7) + Rope1,0(u, 7) + h11(7) + h1o(7). (B.5)
Step 1.2. Next, we consider Ly ,(u, 7). Denote E, (s) = y/n(7(s) — m). Then,

(En(8)}acs = {%ﬂj)} N0 Z5) = 0,0)

where ¥, = diag(v(s)/p(s) : s € S). In addition,

Loy (u,T)
L8 (q(r)+ ok
S S A = 5) / i) (Y1) < qu(7) + v} — HYi(1) < qu(7)}) do
seS i=1
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+ZZ (1- A1, —s}/“ NS (L 0) < ao(r) + ) - L0) < o)y
=L21n(u,7) + Laon(u, 7). (B.6)

By the same argument in (A.1), we have

+’n1 \F Enns 7_+u1)
L) 45 Z / Y1) < () + v} — Y (1) < @ (n)}) do
s€S i=N(s
=S [PV (5) + ma(s), 72 Eu(s)) = Ta(N(s), 7 Bu(s))], (B.7)
seES
where
u'ig — e(q<r>+f>
Pk, Z / A7) € a(7) + o) - 1Y) < () do.

We want to show, for some any sufficiently large constant M,

sup ‘FfL(LntJ7T’ 6) —EFZ(LTHJJ,T, €)| = Op(l)' (BS)
0<t<1,7€Y,le|<M

By the same argument in (A.2), it suffices to show that

sup  n||P, —P||Fr = Op(l)v
TEY |le|<M

where

u'iy—e(a(r)+L)
—
F = / (Y (D) < qu(r) + o} = H{Y () <qu(n)})dv:TeT,le| < M
0

Juo |+t |+ M sup, ey lq(r)|+

v Note that

with an envelope F' =

vn
Juol + Jun| + Mlq(7)| + 124 Juol + |ur| + Mlg(r)| +
supEf2 <supE Vi g Y1) — qi(1)] < vn
feF TEY N4 NG
<n¥?,
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and F is a VC-class with a fixed VC index. Then, by Chernozhukov et al. (2014, Corollary 5.1),

1 1
E sup |[%(n,7e)—ED(n,7,e)| = n||By — P||r <n [ Oisz) n Ogs(g)] —o(1). (B.9)
n n

TET |e|<M

In addition, we have

u'iy—e(a(r)+4)
EL7 ([nt], 7,e) =|nt] /0 v [Fi(qi(7) + vls) — Fi(qu(7)]s)]dv

_fi@ls)

5 (w1 — eq(7))2 +o(1), (B.10)

where Fj(-|s) and f;(:|s), 7 = 0,1 are the conditional CDF and PDF for Y (j) given S = s,
respectively, and the o(1) term holds uniformly over {r € T,|e| < M}. Combining (B.8) and
(B.10) with the fact that an(s) 2, 7p(s), we have

S
Lo nn.7) =3 wpls) ) () B (g2 4 Rl 07)
seS
o 7TDn s)u't
]01(2 (W'n)? =) fila(r qum + 2,1 (7) + Rspe1(u,7), (B.11)
seS "
where

sulesfezl(u ) =o0p(1), sup|Rspeaa(u, )] = 0p(1),
TEY TeY

and

Similarly, we have

Loom(u,7) (- TF)J;O(CIO(T)) (W'10)? — ;9(1 - W)fo((]g(T)’S)l)n(\SFEL/LOQ(T)
+ hoo(T) + Rspe2,0(u, 7), (B.12)
where
Sup [ Rygeno ) = 0p(1) and hog(r) = 3 LD o)
T€Y sES
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Combining (B.6), (B.11), and (B.12), we have

Lan(,7) =5 Qugelr)u = X o) [ (r)lymalin + folan()ls)(1 = '] 2o
seS
+ Rsfe7271(u, 7') + Rsfe7270(u, ’7') + h271(7') + h270(7'). (Bl?))

where

Qse =mf1(q(T))ur + (1 = ) folgo())eotg

_ < mfilar()) + (1 = 7) fo(qo(7)) m(1 = m)(f1(q1(7)) = folgo(7))) ) '
m(1=7)(filar(T)) = folao(7))) 7(1 =m)((1 =) fi(qr (7)) + 7 folgo(7)))

Step 1.3. Last, by combining (B.5) and (B.13), we have

1
LSfGJL(u? T) = _UIWSfE,TL(T) + iulQSfe(T)u + RSfe(ua T) + hsfe,n("_)y

where

W fen(T)
fgghm“”mw“w—ﬂwdmwﬂ
+ g{m (ma(s,7) —mo(s,7)) +q(7) | fi(qr(7)]s)me1 + folgo(T)]s)(1 — W)LO} }D;%g)
v i (i (83, 7) + to(1 = m)mo (S, 7))
sfen, 1221) + Wigena(T) + Wigen3(7), (B.14)

Rsfe(ua T) = Rsfe,l,l(ua T) + Rsfe,l,O(“a T) + Rsfe,Z,l(ua T) + Rsfe,Q,O(ua T)
such that sup,cy |Rsfe(u, 7)| = 0p(1), and
hsfen(T) = h11(T) + h1,0(7) + ho1(T) + hoo(7).

This concludes the proof of Step 1.

Step 2. Note that det(Qsye(7)) = 7(1 — ) fo(qo(7)) f1(q1 (7)), which is bounded and bounded
away from zero. In addition, it can be shown that the two eigenvalues of Qsf.(7) are nonnegative.
This leads to the desired result.
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Step 3. Lemma F.3 establishes the weak convergence that

(ste,l,n (T)a ste,Q,n (7—)7 ste,?),n(T)) M (Bsfe,l(T)a Bsfe,Q (T)7 Bsfe,3 (T))7

where (Bgfe1(7), Bsfe,2(T), Bsge,3(T)) are three independent two-dimensional Gaussian processes
with covariance kernels X1 (71, 72), ¥o(71,72), and X3(71,T2), respectively. Therefore, uniformly

over T € T,

Wipen(T) ~ B(T),

where B(7) is a two-dimensional Gaussian process with covariance kernel

3
(71, T2) E (71, T2).
J=1
Consequently,

\/E(Bsfe('r) - B(T)) ~ B(T) = ste( )B( )

where (71, 72), the covariance kernel of B(7), has the expression that

2(7'1,7'2)
=Q.7.(11)5(11, 72) Q. (72)
1 . w2
:{Tffl(Q1(7'1))fl(q1(T2)) [min(7y, 72) — 1172 — Emy (S, 71)ma (S, 72)] (W 1)
1 ) 1-7)?2 7—1
T D laotm) folaolry) ™) =TT = Bl m)molS, ) ( ol >}

= 1 Flatr filgi(r)]S) (=
+ {E’Y(S) {(ml(S, 71) — mo(S,71)) ( fO(QO( 1)) fl( ( 1)) ) + () T 12) ( )
e~ TR filar(m)) \1

1— Ty +
+q(m1) f(} %o(1 ’S ( > (m1 (S, 72) — mo(S, 12)) ( {3(7‘50‘”” fl(ql(ﬁ)) )
0(q0(71)) @) (@)

f1Q172 |S ™ foqug |S 1—7 ]}
+Q(T fl (I1 7’2 (1) +q fo qg 7'2 ( )
2)

i {E filqr(m)) <71T> }:0(15:11 (1 _ﬂ>] [Zléf(ﬁ)) ( ) +m (1—_17r>],}'
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By checking the (2, 2)-element of (71, 72), we have

Esfe(ThTQ)

:min(Tl,Tg) — 11 — Emy (S, 71)m1(S,72)  min(m,12) — 1112 — Emgo (S, 71)mo(S, 72)
7 f1(q1(1)) f1(q1(72)) (1 —m)folgo(m1)) fo(qo(72))
-7 T fi(g(m)]S)  folg(m1)]S)
+B7(8) (.7 = a5 ) (s = i) 1 (o~ hian)]
1—7 m filg(m2)|S)  folq(m2)]S)

om0 (gt~ ) 1 i)~ bt )

+E|:m1(5,7'1) _ mO(S,Tl):| |:m1(5,7'2) _ mO(S,TQ):|
filar(m))  folao(m)) ] Lfi(ar(m))  folao(m2))]

C Proof of Theorem 3.3

By Knight’s identity, we have

Vi(@(7) — au(r) =argmin L (u, 7),

where
Lalm) =3 5 [0~ ) = ) = o3 - ()
=1 W(SZ) \/ﬁ
=—Lip(T)u+ Lop(u, 1),
Lialr) = = 3 = = 1Y < ()
i=1 t
and

Loy (u,7) = ZZ:; ﬁ(f}i) /Oﬁ(l{l/; <qi(r)+v} = H{Y; < qi(7)})dv.

We aim to show that there exists
1 2
Gipon (1:7) = ~Wipun (1) + 5 Qipu (1) (1)
such that (1) for each u,

sup ’Ln(ua T) - gipw,n(% 7—)‘ L 0;
T7€T
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(2) Qipw(7) is bounded and bounded away from zero uniformly over 7 € T. In addition, as a
corollary of claim (3) below, sup,cy [Wipw,1.n(7)| = Op(1). Therefore, by Kato (2009, Theorme 2),

we ave
V(@i (r) — qi(7)) = z'_piu,l(T)Wipw,l,n(T) + Ripw,1n(7),
where sup,cv |Ripw,1,n(7)| = 0p(1). Similarly, we can show that
Vn(go(T) = qo(7)) = ;;L,o(T)Wipw,O,n(T) + Ripw,o,n(7),
where sup,cvy |Ripw,0,n(7)| = 0p(1). Therefore,
V(G(r) = q(7)) = Qi 1 (M) Wipw 1:0(T) = Qi 0(T) Wi 0.0(T) + Ripw,1.0(7) — Ripuw 0,0 (7).
Last, we aim to show that, (3) uniformly over 7 € T,
z‘_p}u,l(T)Wipw,l,N(T) - z‘_piu,o(T)Wipw,O,n(T) ~ Bipw (7)),

where B;,,(7) is a scalar Gaussian process with covariance kernel ¥;,,, (71, 72). We prove statements
(1)—(3) in three steps.
Step 1. For Ly ,(7), we have

Lin(r fzz—l{s = s}(r — 1{Yi(1) < au(7)})

i=1 s€8S

- ZZ Ail{Si = S}< 6 =) 1) < )]

i=1 seS (3)7{'
2271{5 = s} — 1{Y;(1) < q1(7)})
i=1 seS

AI{S —S}D (s) s 1) D, (s)mi(s, ) o) — D, (s)m1(s, 1)
ZZS Fom T T 2 e D T L T )

A; 1{5 = s} D, (s) = m1(S;, 7)
_ZIZ ——mia(s, 7')+Z S m1(5,7)+:1 BV

seS seS

AUS D), ) S PlImT) ) 5 D)
ZZS Hor O 2 e Y T 2 )

ipw,l,n('r) + Ripw (T)a
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where

n

1 Al{S = s} m1(Si, 7)
I/Vipw,,n — (5 T)‘% - =
1n(7) = SGZS\FZ 75,1 ; Jn

and

Ripu ZZAl{S_S}D<)77i,1(SaT) ZD()mlsT +Z m187')

n(s)y/ni(s)

(s)m

i=1 seS seS

Because of (B.3) and the facts that DRTS) = Op(1), supges rex [m1(s, 7)| is bounded, and

we have

sup |Ripw (7)| = op(1).
TeY

For Ly, (u,T), by the same argument in (B.7), we have

p Ve
LQv"(u’T):Z% Z / (H{YF(1) < qui(r) + v} = H{YP(1) < qu(7) + v})dv
seS
—Z s) +n1(s), 7) = T (N(s), 7)],

where
k _u_
D) = Y [T AR S )+ - 1070) £ a) + oo
=1

By the same argument in (B.8), we can show that

sup |[7([nt], 7) — EL ([nt], 7)| = op(1).
te(0,1),7€Y

In addition,

ET; (N(s) + ni(s),7) — EI;(N(s),7) —
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Therefore,

sup Lo (u, 7) — =—————| = 0p(1),
TeY 2

where we use the fact that #(s) — 7 and

Y p() fila(T)ls) = filai (7).
seS
This establishes (C.1) with Qipw,1(7) = fi(q1(7)) and Wiy »n(7) defined in (C.2).
Step 2. Statement (2) holds by Assumption 2.

Step 3. By a similar argument in Step 1, we have

" ADNS; —s} — mo(S;,7)
szwOn Z nz ].-71' (S,T)—FZT
SES i=1 i=1

and Qipw,0(7) = fo(qo(7)). Therefore,

Ail{S; = stmia(s,7) (1= A){Si = s}nio(s, 7)
vnia ZSZ ) e
my Sl,T mo(S;, 7) A .
fz (Fat) ~ Fmy )| +Rorenls
= n,l(T) + Wn,2 (7_) + Ripw,n(T) (03)

where sup,cvy |Ripwn(7)| = 0p(1). Last, Lemma F.4 establishes that

Wi (7)s Wh2(7)) ~ (Bipw,1 (T), Bipw,2(T)),

where (Bipw,1(7), Bipw,2(7)) are two mutually independent scalar Gaussian processes with covariance

kernels

min(’i‘l,Tz) — T17T2 — Eml(S, Tl)ml(S, 7'2) min(Tl,TQ) — T1T — Emo(S, Tl)m()(S, 7'2)

Yipw,1(T1,72) =

7 Fulan () 1 (1 (72) - (1= ) folao(m)) fo (0(72))

and

Eipwﬂ(ﬁ,rz):E(ml(S’Tl) mo<5’ﬁ>><m1<5,w> mo<s,fz>>

fila(m)  folao(m)) ) \filar(r2))  folao(r2))

respectively. In particular, the asymptotic variance for § is
G (m,7) + CE(7),
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where (2 (m,7) and (%(7) are the same as those in the proof of Theorems 3.1 and 3.2.

D Proof of Theorem 4.1

We focus on the strata fixed effects estimator and derive the asymptotic distribution of its bootstrap
counterpart. The argument for the simple QR estimator is similar but easier. Therefore, the details
are omitted. Last, we will highlight parts of the derivation for the inverse propensity score estimator
to show that why its bootstrap inference is valid.

Note that

Vvn( A;"fe — B) = arg min L;“f&n(u, T),

u

where

L) =& [prm- - A3+ 20) = e - 2B,

; n
=1

AP = (1, A%, A% = A; — #°(S;), and

Yo &AL{S; = s}
Z?:l gil{si = S} .

Similar to the proof of Theorem 3.2, we divide the proof into two steps. In the first step, we

7 (s) =

show that there exists

1
gg}e,n(uﬂ T) = —u ;lj)ce,n(T) + iu/ste(T)u

and hY

«fen(7) independent of u such that for each u

w

p
Slelg |Lsfe,n(u7 T) - gg}e,n(u’ T) - hq;Ufe,n(T” > 0.
.

In addition, we will show that sup ¢y [[Wg}, ,(T)]| = Op(1). Then, by Kato (2009, Theorem 2), we

have

\/ﬁ( A;Ufe(T) - B(T)) = [ste(T”il su])”e,n(T) + R;Ufe,n(T)7

where

sSup HR;Ufe,n(T)H = Op(l)'
TeY
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In the second step, we show that, conditionally on data,
\/E(Bg}e,l(ﬂ - BSfe,l(T)) ~ BSfe(T)-
Step 1. Following Step 1 in the proof of Theorem 3.2, we have

gfe,n(“? T) = _quu,n(u? 7_) + Lg],n(u? 7_)7

where
ln(u 7-)
S eALls = 5) (S + =)+ (r = #6aln) ) (7 = 105 < ()
i=1 sES
361 - 418 = 5} #(8) L 4 (= #(s))a(r) ) (r — 1{Y; < qo(r)})
) (0% o) g
=LY o (u, 7) + LY (u, 7),
¥, 7)
S e, = s}/ (L{Y; < a1(7) + v} — L{Y; < (7)) do
seS =1
E’Ul)ns (a(r)+2%
PN 6 - A= s}/ w ) (1{Yi < qo(7) + v} — 1{Y; < go()}) v
s€S i=1

EL2,1,n (uv 7—) + LlQﬁO,n(“) T)?

and EY(s) = /n(7%(s) — ).
Step 1.1. Recall that 11 = (1,1 —7)" and ¢p = (1, —7)’. In addition, denote #*(s) —m = Dy (s)

nw(s) I

where
Zgz i—m1{Si=s} and n"(s) =) &1{S; = s}.
i=1

Then, we have

7101 n(u T)
_ Z u'tq Zfi AL, = shsr(s,7) + 71{S; = shma (s, 7)] + Z wo DY (s)m1(s,T)
sGS =1 seS \/ﬁ
+ hl,l(T) + Réufe,l,l(ua T): (Dl)

45



where 1; 1(s,7) = (1 — 1{Y¥;3(1) < q1(7)}) — ma(s, 7),

P1(r) = Y (= #())a(r) (Z §AL{S: = s}(r - 1{Yi < qlm})) :
seS i=1
and
Rifera(u,7) == “fiw {Z@ [AL{Si = shmia(s,7) + (A — M)L{S; = s}m(smn}.
seS

(D.2)

By Lemma F.5, we have

sup ‘Rsfe 1, l(u T)‘ - Op(l)

TEY
Similarly, we have
LquO n(u77—)
u u'Lo u'1o

—Z Z{z 1 — 1)1{51 = 8}’!72‘,0(8, 7') + 7T1{Si = S}ml(S,T)] — 7(14@ — 7T)1{Si = S}mo(S,T)

seS i=1 \/ﬁ

+ hio(T) + Rijpe10(u,7), (D.3)
where

SUP‘Rsfelo u, 7)| = o0p(1).
TEYT

Combining (D.1) and (D.3), we have
LY, (u, 7)

\F ZZ& [u 1 A1{S; = stmia(u, 7) + u'eo(1 — A)1{S; = s}nio(u, )

se8S i=1

+ ' 19(A; — m)1{S; = s}H(ma(s,7) — mo(s, 7)) + 1{S; = s}/ tymmy (s, 7) + v 1o(1 — 7)mo(s, 7))
+ Rypen1(u, 7) + Ripe10(u, 7) + hY1(7) + Ao (7).

Furthermore, by Lemma F.6, we have

s V(s)u't w w
LYy p(u,m) = f1(q21 (u'11)? Z fila (T ¢Q(7) + hy (1) + Rpeo1(u,7) (D.4)
seS
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and

Loon(u7) = - W)J;O(QO(T)) (u'10)* = > _ folao(7)]s) 0= 7T)\l;f»;(s)u/mcz(r) + hio(T) + Ripeno(u,7),
seS
(D.5)
where
hia(r) =2 Wm)wﬁ(s»?q%r),
seS
pa(r) = 3 =IO o) e )
seS

sup [Rfe 2,1 (us T)] = 0p(1),
and

igg ‘Réufe,ZO(u’ )| = 0p(1).
Therefore,

L a(,7) =30 Quge(r)u = 3 o) [ (r)shmadin + folan(r)]s)(1 = '] 2

seS
+ Rg’fe,?,l(uv T) + Rlsvfe,Q,O(uv T) + hgjl(T) + hg),()(T)

Combining (D.1), (D.3), (D.4), and (D.5), we have

~ ]_ ~
L;Ufe’n(u’ T) - _UIWSUJ]ceun(T) + §ulef€u + R;Ufe,n(u7 T) + h’;ufe,n(T)a
where
Wten(T)
1 n
~n 2.6 [LlAz'l{Sz‘ = s}mia(s,7) + (1 — A)1{S; = s}mio(s,7)

seS i=1

+ \/171 Z Zfz‘{m(m1(s,7) —mo(s, 7))+ q(7)| filq(7T)|s)me1 + folqo(7)]s)(1 — W)Lo] }

s€S i=1
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X (A; —m)1{S; = s} + \/15 Zfi(Llﬂml(Si,T) + wo(1 — m)mo(S;, 7)),
=1
Nofen(T) = hT1(T) + hYo(T) + h31(T) + hio(T),

and

Sup |Rsfe n(u T)’ = Op(l)'

In addition, by Lemma F.7, sup ¢y W}, . (7)| = Op(1). Then, by Kato (2009, Theorem 2), we

have

\/ﬁ( A:}e(T) - B(T)) = [ste( )] ste n( )+ Rsfe n( )

where
Sup HRsfe n( )H = Op(l)'

This concludes Step 1.
Step 2. We now focus on the second element of ij} (7). From Step 1, we know that

\/ﬁ(ég}e,l(T) q T \/}ZZ&Z 5T +Rsfen1( )

where
atern) = | - A
A hwey ~ T e )
ran [ - S s
(Pl Faey) 1=+
and

sup ’Révfe,n,l(TN = 0p(1).
7T
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By (B.14), we have

VitBagen() = a(1) = = 3" 3" Fi(5,7) + Regema (1),

where

Taking the difference of the above two equations, we have

\/E(B:}e,l( ) Bsfel \FZZ u7z 5 T +Rw( )

seS i=1

where
sup |[R"(7)| = o0p(1).
7eY

Lemma F.8 shows that, conditionally on data,

\FZZ 1)Ji(s,7) WBsfe()

seS 1=1

where Bsr.(7) is a Gaussian process with covariance kernel

i)sfe(Tlv 7—2)

~min(7y,72) — 7172 — Emy (S, 71)ma(S, 72) | min(7y, 72) — 1112 — Emo (S, 71)mo(S, 2)

7 f1(q1(71)) f1(q1(72)) (1 =) folgo(71)) fo(qo(72))
#Ex(l =) o (57 o) (7 - )
i (0T -t )]
< |omitsim —mots ) (et~ =) 1 by i)
+E[m1(5,n) B mo(S,Tl))] {ml(s,fz) B mo(S,TQ)]

filai(m))  folao(m)) ] Lfilar(m2))  folao(m2))] (D.6)

This concludes the proof for the strata fixed effects estimator. Next, we turn to the inverse propen-

sity score weighted estimator. Denote (j;f”(T), j = 0,1 the weighted bootstrap counterpart of ¢;(7)
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We have

where

where

and

Recall

and

Vi(gr (7) = aa(7)) = arg min Ly (u, 7)),

L) = 3 S5 o= a(r) = o) = oY = an(r)

== Lllu,n(’r)u + Léu,n(uﬂ 7-)7

LY (r) = VFZf%AT—um<MﬂD

w
L2n

1{Y <q(r)+v} =Y <q(r)})dv.

Z&, i —m1{S; =s}, n"(s)= Zfil{Si = s},
i=1

ﬁ_w(s) _ Z?:l &All{sl - 3} _

Then, for LY, (), we have

L'LU

AL{S; =s Dy
_Z\fzm (S,T)-I-Z \/ﬁ(ﬂ) (s,7) +Z

fzzéuwwwwwxmm

i=1 s€8S

) ZZ £ A1(S; :Asj(ﬂ ) =) 1) < g
Vni(s)m
i=1 seS

fzzguwwwwwwmm

n'(s) o n(s)

i=1 seS
AL — DL, (5 DEm(e
;; @wm“);wmmm

SES seS =1
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Dy(s) =Y

sES
glml SZ; 7—)
Jn

Dy (s)yma(s, )

Vi (s)



B w &A{S; = s} 67 DY ()ml(ST (s)m(s, 1)
ZD Z \fww)n(’)z w(s)/ni®(s) Z \fww

SES seS seS
iqglij,l,n( )+R;11})w( )
where
w ng 1{S = 3} S - &imi 5177')
i1 (T) = ; WZ— +;\/ﬁ (D.7)
and
Rip(T)
_ w( &Al{S—S} e Dy (s)ma(s,7) mlsT)li
~ e 93 )~ X e O TS R

By Step 1 in the proof of F.5, we have sup,cs|Dy(s)| = (\/ﬁ) By the standard bootstrap

|
argument, we have nT() 25 p(s) > 0. Therefore, #%(s) — 7 — 0. In addition, by Step 2 in the

proof of Lemma F.5, we have

sup |Z§ZA 1{S; = s}nia(s,7)| = Op(v/n).

T7€Y,s€S i—1

Therefore,

Sup ’Rzpw( )| = Op(l)'

7Y

Similar to the strata fixed effects estimator, we can show that
sup ‘LQ n(u T)

TEY 2

Therefore,

Vil (e) - () = ety g

where sup,cvy |RY(7)| = 0p(1). Similarly,

Vg (r) — aofr)) = reonT) | gy

o1



where

il;zl)]w,On Z Z & 1{5 — 5}77 S T +Z£Zm0\/ﬁ“ )
=1

sES

and sup,cy | Ry (7)| = 0p(1). Therefore,

oS 7 f1(q1(7)) (1 =) fo(qo(7))

mi(s,7)  mo(s,7) )
i [ﬁ(qlm) fo(qo(T))] 1= }}+ (D),

where the op,(1) term holds uniformly over 7 € Y. In order to show the conditional weak convergence,

B Ail{S; =stnii(s,7) (1 —A)L{S; = s}mio(s,7)
-3 Jrae o]

we only need to show the conditionally stochastic equicontinuity and finite-dimensional convergence.
The former can be shown in the same manner as the strata fixed effects estimator. For the latter,

we note that

1 ZZ{A {Si = stmia(s, ) (1 — A)1{S; = sinio(s,7) N [m1(8,7) mo(s,T) ] . S}}Q

242 thla() (1 -m)fole(n) fil@(m)  folao(r))
RN G RN e
Sl - e s}
t2n Z{Azl{i}li}fﬁ(s T)} {}7555553 B }qu(jE:)))]
2 Z{ e ) Tt T

() + G(r)-

Note that the RHS of the above display is the same as the asymptotic variance of the original

estimator ¢(7). This concludes the proof.

E Proof of Theorem 5.1

We focus on the strata fixed effects estimator and aim to show that, uniformly over 7 € T and

conditionally on data,

~

V(Bige1 (1) = 4(7)) ~ Bsge(T).
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The results for 5%(7) and ¢*(r) can be established by a similar but simpler argument.
Recall the deﬁnltlon of B(1) = (Bo(7),B1(7)) in the proof of Theorem 3.2. Let ug = /n(by —
Bo(7)), w1 = v/n(by — B1(r)) and u = (ug,u1)’ € R2. Then,

A~

\/ﬁ( :fe(T) - B(T)) - argmlanfe n(u77-)7

where

u

\/ﬁ)) —pr(Yi" = AY'B(7))

L) =3 [m A +

i=1

and A* = (1, A* — 7). Following the proof of Theorem 3.2, we divide the current proof into two
steps. In the first step, we show that there exist

* * 1
gsfe,n(“? 7-) = —u' sfe,n(T) + §U,Q8f6(7-)u

and hg;, ,(7) independent of u such that for each u

* * p
Slelp |Lsfe n( ) - gsfe,n(u’ T) - hsfe,n(T)| > 0.
r

In addition, we show that sup ¢y [[Wj, ,(7)|[ = Op(1). Then, by Kato (2009, Theorem 2), we

have
Vi(Bige(r) = B(T) = [Quse(T] ™ Wite n(7) + Rigen(7),
where
SupHRsfen( Tl = 0p(1).
In the second step, we show that, conditionally on data,
V(Bipen (1) = Q(7)) ~ Boge(7).
Step 1. Following Step 1 in the proof of Theorem 3.2, we have
sten(s ) = =11, (u, 7) + Lg  (u, 7),
where

Ly (u,7)
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= Z SOASE = s [ L 4 (1= 7))+ (1 — 7 (s))a(r) ) (T — {7 < ar()})
v v

i=1 s€S
F3S 1 A = s} (M ()M 4 (= (5))a(n) ) (r — Y < qo()})
2.2, (e i) @

ELT,Ln(uv T) + Lio,n(% 7—)7

Ly (u,T)
u'y E;’kb() q +M
=Sy angs=s) [0 ) (07 <) 4o} -1 < o
ses i=1
+ZZ (1— AN1{S; _s}/“ (0 R) ({Y;" < qo(7) + v} = H{Y;" < qo(7)}) dv
seS =1

ELQ,I,n(u7 T) + LS,O,n (uv 7-)7

and E}(s) = +/n(7*(s) — m).
Step 1.1. Recall that 11 = (1,1 — 7)" and ¢ = (1, —x)". In addition, 7*(s) — 7 = Df((;)). Then,

L1 5(u,7)

=2 v Z [AF1{SF = s}nfy(s,7) + (Af — m)1{S} = syma(s,7) + 71{S] = s}mi(s,7)]

SES
ulD;“L s)mmy(s, T . N
- Z ( ) ( ) + hl,l(T) + Rsfe,l,l(uaT)7 (El)
sES \/ﬁ

where 77 (s,7) = (1 = {Y;"(1) < q1(7)}) = ma (s, 7),

L) =) (= #*(s))a(7) (Z AFHST = s}(r — 1{Y]" < QI(T)})) ,

i=1

spen1 (s T) = —Z ulD* s {Z ATUST = sinia(s,7) + (A7 —m)1{S] = S}m1(877)} - (E2)

Lemma F.9 shows that

SuP|Rsfell(u 7-)| p(l/\/ﬁ)

TeY
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Similarly, we have

TOn(uﬂ—)
n

_Z u'1p Z [(1 — AD)1{S; = s}nf,l(s, 7) — (Af — m)1{S] = s}mo(s,7) + (1 — m)1{S; = s}mo(s,T)}

568

-3 s UMD ) + Rige o) ©3
where
fo(r) = S~ w6t (i(l ~AS = s} - 1 < QO(T)})) ,
and

Ripesolur) = = 5 008 {Z(1—A:>1{s:=s}nzo<sm>—(Af—7r>1{s;*=s}mo<s,f>}.

sES 1
(E4)
Lemma F.9 shows that
sgp |R3pe1,0(u, 7)) = Op(1/y/n).
Therefore,
Lj o (u,7) ZZ Wi AFI{S] = s}y (s, 7) + ulwo(1 — AD)L{S] = stnfo(s,7)]
\/> seS i=1
D*
+ZUL ml(S,T)—mo(S,T))
SES
+ =Y (Wurmi(SH,7) +u'o(l — 7)mo(SF, 7))
7 Z
+ Rife11(u, ) + Ripe o(u, ) + ha1(7) + hao(7).
Furthermore, by Lemma F.10, we have
. T 7w D} (s)u't . .
L2,l,n(u7 T) = fl( u Ll Z fila (T ¢Q(7) + h2,1(T) + Rsfe,2,1(u7 7) (E.5)

N

seS
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and

L3 gl r) = L@ (02 5™ ) LD 0 0y 4 e 0y 4 Re o),

2 seS \/ﬁ
(E.6)
where
3a(r) = 30 PO ) i 0)202r),
seS
yo(r) = 30 LTI ) )202r),
seS
sup ‘R:fe,2,1(ua )| = 0p(1),
TEY
and
sup [Rpe 90(u, 7)| = op(1).
TEYT
Therefore,
* 1 / / / DZ(S)
Lyn(u,7) =50 Qspe(T)u — > a4 [Aila(7)]s)mu'n + folgo(r)]s) (1 — m)u'so] n
seS
+ Rfen1(usT) + Ropeoo(u, ) + ho 1 (1) + h3o(7).
Combining (E.1), (E.3), (E.5), and (E.6), we have
L:fe,n(u7 T) = _u/Ws*fe,n(T) + %ulefeu + R:fe,n(u7 T) + h:fe,n(T)a
where
W:fe,n(’r)
1 = * * * * * *
:% g; |:L1Ai Hs; = 5}771,1(877’) + (1 — AD){S] = 5}771‘,0(577')]
+ S {iatoms () = mo(s 7))+ )| Al (Do) + flan(rls)1 = | | 2

seS
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n

1
+ — tmmy (S, 1) + (1 — m)mo(S], 7)),
NG ;1( (S5, 7) + to( )mo(S;, 7))
Popen(T) = h11(T) + By o(T) + h5 1 (7) + h5 o(7),
and

sup |Rsfe n(u T)’ = Op(l)'
TeT

By Lemma F.11, sup ey [W, ,,(7)| = Op(1). Then, by Kato (2009, Theorem 2), we have

V(Blpe(r) = B(r)) = [Qsse ()] Wipe(T) + Rigen (),

where
Sllp HRsfen( )H = Op(l)'

This concludes Step 1.

Step 2. We now focus on the second element of B;‘fe(r). From Step 1, we know that

\F(B:fel( ) —q(7))
ASUSE = shf(s,7) (1= AD{SE = shgio(s,7)
> iz nae ]

S50 thae) A=)
1 . L TA@@) S]] D)
+s§{<wﬁ )~ T ) (e = mates ) | FE - LR 100

tRl Z (Rt ~ Ty ) + Borama(®)
=Wetena(T) + Wepeno(T) + Witens(7) + Rige 1 (7),
where
sup [ Rfen (T)] = 0p(1).
By (C.3), we have

Vn(g(r) = q(7))
1 "~ AIS—S i, 1\S, T 1—Ai151':8 5.0(S, T
HZZ[ { 1nia(s,m) )1 tnio(s, 7)

T fi(qi(T)) (1 =) folqo(7))

seS i=1
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filq(r fo(QO(T))> * Ripn(7)

1 (T) + Who(T) + Ripw,n(T)a

1 "y SZ,T mo(S;, T)
Vn -1

where

sup | Ripuw,n (7)| = 0p(1).
TeY

Taking the difference of the above two equations, we have

Vi(Bie1 (1) = () = Wipen (1) = Wat (1)) + Wipe o (1) + (Wi (1) = Waa() + R (7),

(E.7)
where
sup |[R(7)] = 0p(1).
TeY
Lemma F.11 shows that, conditionally on data,
(Wepen 1 (T) = Waa (7)), Wepen 2 (1), Wige 3 (1) = Waa(7)) ~ (Bui(7), Ba(7), B3 (7)),
where (B1(7), B2(7), B3(7)) are three independent Gaussian processes and Z?:l B;(T) 4 Bste(T).

This concludes the proof.

F Technical Lemmas

Lemma F.1. Let S be the k-th partial sum of Banach space valued independent identically dis-

tributed random wvariables, then

P >e) < P >
(max [|Sill > €) < 3 max P(||Sk[| = &/3).

When Sy takes values on R, Lemma F.1 is Pena, Lai, and Shao (2008, Exercise 2.3).

Proof. First suppose maxy IP(||S,, — Sk|| > 2¢/3) < 2/3. In addition, define

Ap = {l[Skll = & (|5l <&, 1 <j <k}
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Then,
P(max ||St]| > &) <P(1ISll = /3) + Y P[5l < &/3, Ar)
k=1

<P([Sull = £/3) + S B(||S, — Sill = 2¢/3)B(Ay)
k=1

2
<P(|ISn]l 2 &/3) + gP(max|[[Sk|| = €).
This implies,
P(max [|Sk[| = €) < 3P(||S]| = €/3).

On the other hand, if maxy P(||S,, — Sk|| > 2¢/3) > 2/3, then there exists ko such that P(||.S, —
Skoll = 2¢/3) > 2/3. Thus,

P(|Snll = £/3) + P(|[Skol| = €/3) = 2/3.
This implies,

3 max P[] > e/3) = 3max(P([[Snl| 2 &/3), P({[Sk, || = €/3)) = 1 > P( max [|S|| > €).

This concludes the proof. ]

Lemma F.2. Let W), ;(7), j = 1,2,3 be defined as in (A.3). If Assumptions in Theorem 3.1 hold,

then uniformly over Tt € T,

(Wi i (), Wa2(7), Waa(7)) ~ (Bi(7), B2(T), B3(7)),

where (B1(7), B2(7), B3(7)) are three independent two-dimensional Gaussian processes with covari-
ance kernels X1(11,72), 3o(11,72), and 33(11, 12), respectively. The expressions for the three kernels

are derived in the proof below.

Proof. We follow the general argument in the proof of Bugni et al. (2018a, Lemma B.2). We divide
the proof into two steps. In the first step, we show that
d
(Wi (7), Wao(7), Was(7)) = (W5 1 (7), Waa(7), W 3(7)) + 0p(1),

where the 0,(1) term holds uniformly over 7 € T, Wy, (1) WL (Wy2(7), Wy 3(7)), and, uniformly
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over T €Y,
1 (T) ~ Bu(7).
In the second step, we show that
(Wh,2(7), Wi 3(7)) ~> (Ba(7), B3(7))

uniformly over 7 € T and Ba(7) L Bs(7).
Step 1. Let 7; (s, 7) = 7 — 1{Y;*(j) < qj(7)} — m;(s,7), for j =0, 1, where {Y;*(0), Y*(1)}i>1

are the same as defined in Step 1 in the proof of Theorem 3.1. In addition, denote

+n1 )
1
Wyi(r) = e E E fml $,7) + €0 ) E f\/ﬁm,o(s,f),
s€S i=N(s s€S i=N(s)+n1(s)+1

where n(s) = > | 1{S; = s}. Then, we have

(Waa (1) [{ A, iy} £ (W () [{A SiH}-

Because both W, o(7) and W, 3(7) are only functions of {4;,S;}!" ;, we have

(Wo 1 (7), W2 (), W (7)) £ (W1 (7), Waa(7), Waa(7)).

Let

[n(F(s)+mp(s))] [n(F(s)+p(s))]

=e Z Z \}ﬁﬁi,l(s, T) + €o Z - Z \}ﬁﬁi,o(S, 7).

SES  i=|nF(s)|+1

Note that Wy, (7) is a function of only (Y;(1
construction. Therefore, Wy, (7) 1L (Wy2(7), Wiy 3(7)).

Furthermore, note that

'~<
»
—~
()
=
N
=
=
E
o
=
7
=)
(oW
D
o
[¢]
=}
Q.
]
B
=+
o
=
—
=
n
:v—’
_
o
<

B2 Ee, B (e, and B ),

Denote I'y, j(s,t,7) = ZlelJ \}ﬁ”(s 7). In order to show sup,cy [Wy1(7) — W1 (1) = 0p(1) and

w1(7) ~ Bi(7), it suffices to show that, (1) for j = 0,1 and s € S, the stochastic processes

{IT'nj(s,t,7):te€(0,1),7 €T}

in stochastically equicontinuous; and (2) Wy, () converges to Bi(7) in finite dimension.
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Claim (1). We want to bound
sup |Fn7j(8, tQ, 7'2) — ij(s, tl, 7'1)‘,

where supremum is taken over 0 < t1 <ty < t1+e < land 74 < 79 < 74 +¢ such that 7,71 +c € Y.
Note that,

sup [y (s, t2, 2) — I'n (s, t1,71)|
< sup Ty j(s,ta, 7) — Ty j(s, t1,7)| + sup ITyi(s,t,m2) — Ty (s, t, 1)l
0<ti<to<ti+e<l,T€Y te(0,1),71,2 €Y, 11 <T2<T1+€
(F.1)

Let m = |ntz] — |nt1| < [ne] + 1. Then, for an arbitrary § > 0, by taking ¢ = 6%, we have

P( sup \y,i(s,ta, 7) — Ty (s, t1,7)] > 9)
0<t;<to<t;+e<l,reY

Z'ZLntQJ
=P( sup > dys.m)| = v/nd)
0<ti<ta<ti+e<l,7€Y . _
i=|nt1]+1
[nt]
=P( sup [ (s, )| = Vnd)

0<t<e,reY i—1

< >
S g Sl 2 V)
<270E SUP ey ! ZEZ?J ﬁi,j(sa 7)|
<@ <8

N\/ﬁ(s ~

where in the first inequality, Sk(7) = Zle 7;,j(s,7) and the second inequality holds due to the
same argument in (A.2). For the third inequality, denote

F={nij(s,7): 7€ T}

with an envelope function F' = 2. In addition, because F is a VC-class with a fixed VC-index, we

have

J(1,F) < o0,
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where

d
7(5.F) = sup |1+ 0eNClFlloa, 7. L(@))de,
0

N(e||F||g,2, F, L2(Q)) is the covering number, and the supremum is taken over all discrete proba-
bility measures ). Therefore, by van der Vaart and Wellner (1996, Theorem 2.14.1)

2T0E sup, oy | S0 (s, 7)| _ Vel [E\/WJHPLnsJ —Pl\f} _ VInelJ(1, F)
NG ~ NG ST e

For the second term on the RHS of (F.1), by taking ¢ = 6%, we have

P( sup |Fn7j(57t>7—2) - Fn,j(s,t, 71)| > 9)
t€(0,1),m1,m2 €Y, 1 <T2<T1+e
=P( max sup |Sk (11, 2)| > V/nd)

1Sk<n 7y reX,m<r<ri+te

<2701[4:supﬁmequzqﬁg\Z?:ﬁfh,j(smg) — i (5, 7))| _ 5110 (g)
< N SV

where in the first equality, Sk (11, 72) = Zle(ﬁivj(s, T2) — 7;.5(s, 7)) and the first inequality follows
the same argument as in (A.2). For the last inequality, denote

F={ni;(s,7)—nij(s,m):m,m €L, 71 <Tp <7 +¢}
with a constant envelope function F' = C' and

02 = sup Ef? € [c1¢, coe],
feF

for some constant 0 < ¢; < ¢ < oo. Last, F is nested by some VC class with a fixed VC index.
Therefore, by Chernozhukov et al. (2014, Corollary 5.1),

270K SUPr| meY,ri<ro<rmi+e | Z?:l(ﬁl}j(s’ 7—2) - ﬁivj(sﬂ 7—1))‘

\/nd
2 (& c
S\/HIEHPH—PH;S o log(0)+Clog(0) <s llog(g),
) 62 \/né 52

where the last inequality holds by letting n be sufficiently large. Note that log(é%) — 0 as
9 — 0. This concludes the proof of Claim (1).
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Claim (2). For a single 7, by the triangular CLT,

21 (T) ~ N (0, X1(7)),

n,1

where X1 (1) = w[r(1 — 7) = Em2(S, 7)]ere] + (1 — m)[7(1 — 7) — EmZ(S, 7)]eoef. The convergence in
finite dimension can be proved by using the Cramér-Wold device. In particular, we can show that

the covariance kernel is

21(7'1,’7'2) :W[min(ﬁ,ﬁ) — T1T2 — Eml(S, Tl)ml(S, 7’2)]616’1

+ (1 — 7r)[min(7‘1,7'2) — T17T2 — ]Emo(S, Tl)mo(s, TQ)]€0€6.

This concludes the proof of Claim (2), and thus leads to the desired results in Step 1.
Step 2. We first consider the marginal distributions for W, o(7) and W, 3(7). For Wy, 2(7), by

Assumption 1 and the fact that m;(s,7) is continuous in 7 € T j = 0, 1, we have, conditionally on

{Sitieq,

D, (s)
Whoa(r) = [exmi(s,T) — egmo(s, T)] ~ Ba(T), (F.2)
2 ; n 1m1 0mo 2

where Ba(7) is a two-dimensional Gaussian process with covariance kernel

Yo(11,72)

= ZP(S)V(S) [616’,17711(37 m1)ma(s, 72) — €1€6m1(8, T1)mo(s, T2)
seS

— epeymo(s, 71)mi(s, T2) + eoeamo(s, T1)mo(s, 72) |-

For W, 3(7), by the fact that m;(s, 7) is continuous in 7 € T j = 0,1, we have that, uniformly

over T € T,
W a(r) = \}ﬁ S lermma(Si,7) + eo(1 — m)mo(Si, 7)] ~ Bs(7), (F.3)
=1

where B3(7) a two-dimensional Gaussian process with covariance kernel

23(7'1, 7'2) =€1€I17T2Em1(5, Tl)ml(S, 7'2) + 61667T(1 — 7T)ETYL1<S, Tl)mg(s, TQ)

+ egey (1 = m)Emo (S, 71)mi (S, 72) + eoeh(1 — ) *Emo (S, 71)mo(S, 72).
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In addition, we note that, for any fixed 7,

P(Wh2(7) < wi, Wy 3(7) < w2) =EP(Wy (1) < wi{S;}i;) { Wy 3(7) < wa}
:E]P)(N(O, EQ(T, T)) < ’wl)l{Wn,g(T) < wg} + 0(1)
—P(N(0, S3(7, 7)) < wa)P(N(0,Za(r, 7)) < w1) + o(1).

This implies Ba(7) L B3(7). By using the Cramér-Wold device, we can show that

(Wn,Q(T)a Wn,3(7-)) ~ (82(7)7 83(7-))

jointly in finite dimension, where by an abuse of notation, By (7) and Bs(7) have the same marginal
distributions of those in (F.2) and (F.3), respectively, and By(r) AL Bs(7). Last, because both
Wi,2(7) and W), 3(7) are tight marginally, so be the joint process (W, 2(7), Wi, 3(7)). This concludes
the proof of Step 2, and thus the whole lemma. O

Lemma F.3. Let Wype,, j(7), j = 1,2,3 be defined as in (B.14). If Assumptions in Theorem 3.2
hold, then uniformly over T € Y,

(ste,n,l(T)u ste,n,2 (T)7 ste,n,fi (T)) ~ (Bsfe,l(T)a Bsfe,Q (7—), Bsfe,3 (T))’

where (Bsfe,1(T), Bsfe,2(T), Bsge,3(T)) are three independent two-dimensional Gaussian process with
covariance kernels Xgfe1(71,72), Xsfe2(T1,72), and Xgpe 3(71,2), respectively. The expressions for

the three kernels are derived in the proof below.

Proof. The proofs of weak convergence and the independence among (Bsye,1(7), Bsfe,2(7), Bsfe,3(T))
are similar to that in Lemma F.2, and thus, are omitted. In the following, we focus on deriving the
covariance kernels.

First, similar to the argument in the proof of Lemma F.2,

N(s)+ni(s) N(s)+n(s)

stenl = le Z \/1>7711 S, T +LOZ Z \}ﬁﬁi,O(Sﬂ—)‘

S€S i=N(s)+1 S€ES i=N(s)+ni(s)+1

Therefore,

¥1(71, 72) =n[min(7y, 72) — 7170 — Emq (S, 71)ma (S, 7)1t}

+ (1 — m)[min(7, 72) — 172 — Emg (S, 71)mo(S, 72)]coth-

For W e n,2(7), we have
So(r1, 72) =Ey(S) | ta(m1 (S, 71) = mo(S, 7)) + a(r1) (f1<q1 (r)IS)mer + folao(m)IS) (1 — moﬂ
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% [1a(m1(S,7) — mo(S,m2)) + () (f1<q1<m>|s>ml T folao(m)|S)(1 - m)] .
Next, we have
23(7‘1,7‘2) = E(blﬂ'ml(s, Tl) + Lo(l — 7T)m0<5, Tl))(Llﬂml(S, TQ) + L()(l — W)mo(s, TQ))/.

In addition,

1 1
[ste(T)]*l — ( (Qg(r)) + fl((h(r)) fl((il(‘r)) - fo(qO(Tl)) > .
Rt~ @) i) T )

Therefore,
¥(11,72)
1 . w2
| SR M)~ (S mm(S ) <7r 1>
1 . 1-7)?2 7—1
+ (1 — ) folgo(1)) fo(qo(T2)) [min(71, 72) = 717> = Emo(S, m1)mo(S, 72)] ( T—1 1 > }

T T filgi(m)]S) (=
+ {E’Y(S) [(ml(S, 71) — mo(S,711)) ( fo(%( 1)) f1( ( 1)) ) + () T 2) ( )
7Tf1(q1(n)) (- 7r)fo( 0(11)) fila()) \1

1— T + 1—7
+q(n) fO qo(T1 ’S ( > (m1(S, 72) — mo(S, 7)) ( fo(qo(72)) fl(‘h7(r7'2)) )

fo(gqo(m1)) 1—m

nfi(qi(r2))  (1—7)fo(qo(m2))
flqlrzls 7r foqoms 1—77]}
+ q(12 +
a(r2) filai(m)) \1 atr fo qo(2))
2)

m1 (S,m1) (m mo(S,m) (1—m mi(S, T mo(S,m2) (1—m !
+{E filai(m)) <1> folgo(m1)) ( >] [fl q1(72)) ( ) * fo(qo(72)) ( -1 )] }

Lemma F.4. Let W, (1), j = 1,2 be defined as in (C.3). If Assumptions in Theorem 3.3 hold,
then uniformly over T € Y,

O

Wi (7)s Wh2 (7)) ~ (Bipw,1 (T), Bipw,2(T)),

where (Bipw,1(T), Bipw,2(T)) are two independent two-dimensional Gaussian process with covari-
ance kernels Yipy, 1(T1,T2) and Eipy 2(11,T2), respectively. The expressions for Yipy, 1(T1,T2) and

Yipw2(T1,T2) are derived in the proof below.

Proof. The proof of weak convergence and the independence between (Bipw.1(7), Bipw,2(T)) are
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similar to that in Lemma F.2, and thus, are omitted. Next, we focus on deriving the covariance
kernels.

First, similar to the argument in the proof of Lemma F.2,

N(s)+ni(s) N(s)+n(s)

1 1 N
=Y Y Rmeymen X Z - holaar) T

s€S i=N(s)+1 s€S i=N(s)+ni(s

Because (7,1 (s, 7), 7i.0(s, 7)) are independent across i, n1(s)/n - mp(s), and (n(s) —ni(s))/n ==
(1 —m)p(s), we have

min(7y, 72) — 1172 — Emq (S, 71)m1(S,72)  min(7y, 72) — 1172 — Emg(S, 71)mo (S, m2)

7 fi(qi (1)) fi(qi(m2)) (1 —m) folgo(71)) fo(qo(T2))

Yipw1(T1,T2) =

Obviously,

Sipwa(r1,72) = E <m1<5’ﬁ> _ mo(S, ﬁ)) <m1<S,Tz> - m(&n))

filar(n))  folgo(m1)) ) \i(aa(72))  folqo(72))
O

Lemma F.5. Recall the definition of Ry, | 1(u,7) in (D.2). If Assumptions 1 and 2 hold, then

s1€1p ‘Rsfe 1, 1(u, )| = 0p(1).

Proof. We divide the proof into two steps. In the first step, we show that sup,cg | D}y (s)| = Op(v/n).

In the second step, we show that

sup IZ&A 1{Si = s}ni(s, )| = Op(v/n). (F.4)

T7€Y,s€S i—

Then,

sup |Rsfe 1, 1(’LL 7-)|

7Y

|ua | n(s)[ A;1{S; = D)) ]
<2 vt | | L m [ 6t = e | oz
:Op(l/\/ﬁ>v

as n%(s)/n - p(s) > 0.
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Step 1. Because
sup | Dy (s)| = Op(v/n),
seS
we only need to bound the difference D} (s) — D, (s). Note that
n~Y2D%(s) —n V2D, (s) = n1/? Z ,—m)1{S; = s}. (F.5)
We aim to prove that, conditionally on data, for s € S,
n2 Y (&~ 1)(Ai = m)1{S; = s}~ N(0,p(s)m(1 — ) (F.6)
i=1
and they are independent across s € S. The independence is straightforward because

%Z(fz —1)%(A4; —1)%1{S; =s}1{S; =5} =0 for s#5.
=1

For the limiting distribution, let D,, = {Y;, A;, S;}" ; denote data. According to the Lindeberg-
Feller central limit theorem, (F.6) holds because (1)

ol imi — 1)2(Ai — m)21{S; = s}| D] =n ! i(m —2Aim 7 )US; = s}
=1 '
—12 i—7m—2A; —m)m+ 7 —7H)1{S; = s}

:1_27T Z(AZ‘—W>1{SZ‘:S}+7T(1—7T)ngj)

n

=1
(1 —7)p(s),
and (2) for every € > 0,
n~t Z —m)21{S; = s}E [(& — 1)21{|& — 1|(A; — 7)1{S; = s} > e\/n}|Dy]
<4E(& —1)°1{2/¢ — 1] > ev/n} — 0,

where we use the fact that |4; — 7|1{S; = s} < 2. This concludes the proof of Step 1.
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Step 2. By the same rearrangement argument and the fact that {&}!'; 1L D,,, we have

4 N(s)+na(s)
sup &AL{S; = stnii(s, )| = sup |— &inia(s, 1)l
TEY,s€S| T Z { } 1( ) TEY,s€S| T 2:];3)+1 1( )

Let Ty 1(s,t,7) = ZZLZ';J Eiﬁi&(ﬁs’ﬂ and F = {§7;1(s,7) : 7 € T,s € S} with envelope F; = C§;
and ||Fj||p2 < co. By Lemma F.1 and van der Vaart and Wellner (1996, Theorem 2.14.1), for any

€ > 0, by , we can choose M sufficiently large such that

270E SUPrey ses Tni(s,1,7)]

P( sup ITpi(s,t,7)| > M) <

0<t<1,7€Y,s€S M
_270Ey/n|[Pn —Pllr _ J(L F)I|Fillp2 _
M ~ M
Therefore,
sup ‘Fn,l(svtﬂ—)’ = Op<1)
0<t<1,7€T,seS

and

d 1 N(s)+n N{(s

sup Z&A 1{Si = s}ni1(s,7)| = sup n,1 <s, () ),T>—Fn1< ( ),T>‘

TET,seS| M TEY,s€S n

—0,(1/y/n). (F.7)
This concludes the proof of Step 2. O

Lemma F.6. If Assumptions 1 and 2 hold, then D.4 and D.5 hold.

Proof. We focus on (D.4). Note that

510 (U,T)
n S-S0 a4 35)
=3 ") LA = s} i (1{Y;(1) < qu(7) + 0} = 1{Yi(1) < q1(7)}) dv
seS$ i=1
=D > GALS; = s}ei(u, 7,5, B (5) — Egi(u, 7,5, B (5)]S; = 5)]
seS i=1
+D 0D GALLS = sYEi(u, 7, 5, BY ()| = 9),
s€S i=1
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where by Lemma F.5, E¥(s) = \/n(7"¥(s) — ) = — Duls) O,(1),

u'vg e 1
= (a+ %)
Gi(u,7,5,€) = / (H{Yi(1) < qu(7) + v} = {Yi(1) < qu(7)}) dv,
0
and E¢;(u,7,s, EY(s)|S; = s) is interpreted as E(¢;(u, T, s,e)|S; = s) with e being evaluated at

For the first term on the RHS of (F.8), by the rearrangement argument in Lemma F.2, we have

DD GALS; = sHei(u, 5, B () — Bi(u, 7,5, BY (5)[S; = 5)]
s€§ i=1
N(s)+ni(s)
—Z Z "Sl[(bz (u 7,8 Ew( )) _E¢f(u77—787Eﬁ<8>)]7

s€S i=N(s)+1

where

Gt (a0 Sk
;i (u, 7, 5,€) :/Of el ) (Y (1) < au(7) + v} = HYP (1) < a(7)}) do.

N(s)+ni(s)
sup > &5 (uT, s, EY(s)) — Bgi (u,7, 5, B (s))]| = 0p(1). (F.9)
7€T,s€S i=N(s)+1

For the second term in (F.8), we have

DY GAL{S; = s}Eei(u, T, 5, EX(s)|S; = 5)

s€S i=1
=3 iz 5”2{51' =5} Bt (u, 7, 5, EY (s +Z D8 B g (u, 7,5, B (s))
s€S seS
*pr [fl D@D (11, — g (ag(r))? 40,01 ] + 3 PR D - B(s)g()? + 0,0
s€ES sES
Wfl( (u'11)? Z Sfilq(r 77TD%(S)UIL1 q(1) + hy1(7) + 0p(1), (F.10)

vn

seS

where the o0,(1) term holds uniformly over (7,s) € T x S. The second equality holds by the same
calculation in (B.10) and the fact that 37 &1{S; = s}/n - p(s). The last inequality holds
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because D;IL;L(S) =o0p(1), E¥(s) = 75 () D:’;(ﬁs) = 0p(1), 75 (3) 25 1/p(s), and

g1(7) = 30 TR i )202(0)
seS

Combining (F.8)—(F.10), we have

TG S (o))

SES

210U, T) =

where
17 = 32 TR )22
seS

and

sup [Rgre 01 (u, 7)| = op(1).
TEY

This concludes the proof.

OJ
Lemma F.7. If Assumptions 1 and 2 hold, then sup.cy ||[W, ,(T)]| = Op(1).
Proof. 1t suffices to show that
1 n
sup |— A LS = stnia(s,7)| = Op(1 F.11
[ A (5= o) = 040 (F11)
1 n
su — il—Ailsi:S .0(S, T =0 1, F.12
S \/ﬁ;H ) bnio(s, T) p(1) (F.12)
1 n
sup |— &(A; — m)1{S; = s} = O,(1), F.13
Sup \/ﬁ; ( ) } (1) (F.13)
and
L S 6 (umma($1,7) + t0(1 — mymo(S:,7) | = 0,(1) (F.14)
sup ||[— i(t1mm (Si, 7) + 1o(1 — m)mo(S;, 7)) || = . )
SUP || 7 - 17Tmy 0 0 b

Note that (F.11) holds by the argument in step 2 in the proof of Lemma F.5, (F.12) holds similarly,
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(F.13) holds by (F.5) and (F.6), and (F.14) holds by the usual maximal inequality, e.g., van der
Vaart and Wellner (1996, Theorem 2.14.1). This concludes the proof. O

Lemma F.8. If Assumptions 1 and 2 hold, then conditionally on data,

IZZ 1)Ji(s,7) ~ Bage(r),

seS i=1
where Bsfe(T) 18 a Gaussian process with covariance kernel isfe(-, -) defined in (D.6).

Proof. In order to show the weak convergence, we only need to show (1) conditional stochastic
equicontinuity and (2) conditional convergence in finite dimension. We divide the proof into two
steps accordingly.

Step 1. In order to show the conditional stochastic equicontinuity, it suffices to show that, for

any ¢ > 0, as n — oo followed by § — 0,

P sup WTi(s,m2) — Ti(s,m))| >e | 250
¢ (Tl,T26T77'1<T2<7'1+578€S \F Z ‘ ’ ’
where P¢(-) means that the probability operator is with respect to &;,--- ,&, and conditional on
data. Note
n
EP sup — — ) (TJi(s,m1) — Ti(s,m1))| > €
¢ (n,TQET,T1<T2<T1+5,s€S \f z:: ' ’

( 1)(\7i(377—2)_~7i(377—1))

= 6)
> 5/3)
> 5/3)

> 5/3) ,
Ta(s,7) = Ail{Si = stmia(s,7) (1= A)1{Si = s}mio(s,7)
R mfi(qu(T)) (1 =) fo(go(7)) ’

=P sup
71,72€Y, 11 <T2<T1+0,5€S
<P sup
71,72€Y, 71 <12 <T1+6,5€S
+P sup
T1,72€Y, 11 <T2<T1+d,5€S

+ P sup
71,72 €Y, 11 <T2<T1+J,5ES

7

M= 1 M:

(& — )(Tin(s,m2) — Tin(s,m1))

§\H

1
n

~.
I

(& — 1)(Ji2(s,m2) — Ti2(s,11))

(& — )(Ti3(8,72) — Ji3(s,71))

- 5l
- 1

=1

where

%72(8,7') = Fl(S,T)(AZ‘ — 7T)1{Si = S},
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1—m us
) = (e~ T o) () et |

filai(m)ls) — folgo(7)]s)
filar(7))  folao(7)) |

mi(s,T) mo(s,T)

Ala(m)  folgo(r))

Jiz3(s,7) = ( ) 1{S; = s}.

Further note that

n N(s)+n1i(s) N N(s)+n(s) 5
= 1T 7 4 (& — 1)77z‘,1(577') B (& — 1)7]2‘70(877')
D D P ) D DI ey Trvice)

By the same argument in Claim (1) in the proof of Lemma F.2, we have

25/3)

3E SUDP7) meY,m <mo<r146,5€S ‘ﬁ Zznzl (51 - 1)(t7i,1(83 7—2) - t7i,1(5a 7—1))‘

\}ﬁ Z(El — 1)(%71(8,72) - %(877-1))
=1

P sup
71,72 €Y, <T2<T1+J,5€ES

<
g
/ 3C’10g(ci)
<3 CQ&IOg(%) + Tl(s

— )

€

where C, ¢; < ¢ are some positive constants that are independent of (n,¢,d). By letting n — oo
followed by 6 — 0, the RHS vanishes.
For J; 2, we note that Fi(s,7) is Lipschitz in 7. Therefore,
>e/ 3)

= (6~ D(Fias. ) — Fealom)
=1

P sup
71,72€Y, 11 <12 <T140,8€S

gZP(Ca

seS

=36~ DA = M5 = )
=1

> 5/3) =0
as n — oo followed by § — 0, in which we use the fact that, by (F.6),

sup
seS

= 0,(1).

=3 (6 — V(A= IS = )
=1

Last, by the standard maximal inequality (e.g., van der Vaart and Wellner (1996, Theorem 2.14.1))
and the fact that

<m1(s,7) B mo(s,7)>
fila(m))  folgo(7))
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is Lipschitz in 7, we have, as n — oo followed by é — 0,

sup \FZ (s,m2) — Ji3(s,71))

P
71,72 €Y, 7 <T2<T140,5€S

25/3> —0

Step 2. We focus on the one-dimension case and aim to show that, conditionally on data, for
fixed T €Y,

This concludes the proof of the conditional stochastic equicontinuity.

\FZZ 1) Ji(8,7) ~ N (0, Sy pe (7, 7))

seS 1=1

The finite-dimensional convergence can be established similarly by the Cramér-Wold device. In

view of Lindeberg-Feller central limit theorem, we only need to show that (1)

LSS s s )+ 83 7) + ()
i=1 se€S
and (2)
*ZZZ $,7)"Ee(€ — 1)*1{] ) (& — 1)Ti(s,7)| = ev/n} — 0.

i=1 se§S SES

(2) is obvious as | J;(s,7)| is bounded. Next, we focus on (1). We have

CSUIS Sl

i=1 se§
1 Ail{S; = sinia(s,7) (1= A)1{S;i = s}nio(s, 7)
ZZSH Thi(a (7)) (1 —=m)fo(g(7)) ]

Rl it =)+ [(FT - Fe T s =] |

EO‘% + 05 + U§ + 20192 + 2013 + 2093,

where

2 Lo [Ad{Si = s}nia(s,7) (1= A)1{Si = shmio(s,7)]?
T %;[ mfi(q1(7)) (1 =) folqo(7)) ] ’
oh= Y ) Y- S, =)

eS

i:l
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n

= 13| (s - el

(2

S

A{S; = stmia(s,7) (1= A)US; = stnio(s, 7) s WA — M1LS — s
712 = ZZS[ @) e R s =

o= ZZ[A i1{S; —3}?%1(3 7) (1—Ai)1{5i=8}7h‘,0(877)] Kml(SyT) B mo(&ﬂ)]’

7f1(q1(7)) - (1 —m)folgo(7)) fila(m))  folgo(T))

i=1 s€S

and

s 1 - s VA — . mi(s,T) B mo(s,T)
o= =323 A =S (0 ~ o))

i=1 s€8S

For 0%, we have

10

™ fi (a1 (7)) (1 —m)2f(qo(7))
N(s)+ni(s) =2 N(s)+n(s) ”
al 715, 7) 1 Mio(8:7)
- ZS Z L P @) T SEZSi:N(SHZm(S)H (1= m)2f§(q0(7))
T(l—7)— Em‘f(S, )  1(1—7)—Em(S, 1)
mfi (a1 (7)) (1 —m)f§(ao(T))

where the second equality holds due to the rearrangement argument in Lemma F.2 and the con-

1 A{S; = sinZi(s,m) (1= A)U{S; = s}nio(s,7)
o2 — ZSZ[ N "0 ]

= C%’(ﬂv 7_)7

l@

vergence in probability holds due to uniform convergence of the partial sum process.

For 03, by Assumption 1,

ZFl $,7) — 27Dy (s) + w(1 — m)1{S; = s}) 2 7(1 — m)EFE(S;, 7) = E3(m, 7).
SES

For o2, by the law of large number,

2 5(Fa )] -

For 019, we have

n

o1s :iZ(l—W)Fl(SJ)ZAl{S —8}77@187' ZT['FlsT Z AN{S; = s}nio(s,7)

seS i=1 ﬂ—fl((h( SGS i=1 1 -7 fO(QU( ))
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N(s)+ni(s) N(s)+n(s)

il . s T 771137' 1 TFi(s,7) ﬁ@o(S,T) P
S PR LCS I DR e R B 2 Tomhwr) "

seS i=N(s)+1 SGS i=N(s)+n1(s)+1

where the last convergence holds because by Lemma F.2,

1 N(s)+n1(s) ) 1 N(s)+n(s) ,
. Z Mi,1(s,7) — 0 and - Z Mi,0(s, 7) — 0.
i=N(s)+1 i=N(s)+n1(s)+1

By the same argument, we can show that
013 0.

Last, for 093, by Assumption 1,

B . mi(s,T) B mo(s,7) \ | Dn(s) »p
m‘gﬂ“ﬂgmm>hmwm no

Therefore, we have
1 & .
E Z[Z \%(87 7_)]2 i) C%/(ﬂ', T) + gg(ﬂv T) + gg(ﬂv T)'
i=1 s€8§
]

Lemma F.9. Recall Rj;, | (u,7) and Ry, o(u,7) defined in (E.2) and (E.4), respectively. If

Assumptions in Theorem 5.1 hold, then

sup |Rsf61 1(u, 7)] = p(l/\/ﬁ) and sug ‘R:fe,l,o(ua )| = Op(l/\/ﬁ)-
TE

TeY
Proof. We focus on Rj;, ;| (u,7). Note that

n

sup | Y (Af = m)U{S] = skma(s,7)[ = sup _[D(s)mi(s,7)| = Op(v/n).

seS,teY i—1 seS,7eY

If

sup | Y ATS] = shnfy (s, 7)| = Op(v/n), (F.15)

seS,TeY i—1

then, we have

sup ‘Rsfe 1, l(u T)‘
TeT
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w1 D3 ()
<S€ZSi‘é§ Vi (3)

—0,(1/Vn).

[sup IS A(SE = shta (s, 1)+ sup | SO(AT - 18T = shma(s,7)

seS,TeY i—1 seS,TeY i1

Therefore, it suffices to show (F.15). Recall {Y;*(0),Y;*(1)}?_, as defined in the proof of Theorem
3.1 and

ij(s,7) =7 = Y (G) < qi(7)} — my(s, 7),

j =0,1. In addition, let W,, = {n; 1(s, )},

N = {n(s)/n,n1(s)/n,n*(s)/n,ni(s)/n}ses

and given N,,, {M,;}1" | be a sequence of random variables such that the n;(s) x 1 vector

MTIL(S) = (Mn,N(s)—l-l’ e 7Mn,N(s)+n1(s))

and the (n(s) —ni(s)) x 1 vector

MT(L)(S) = (Mn,N(s)+n1(s)+17 T 7Mn,N(s)+n(s))

satisfy:

LoMY(s) = S0 my and MO(s) = im0 ml, where {ma}ii{7) and {m{}(7 T
are ni(s) i.id. multinomial(1,n;"(s), -+ ,ny'(s)) random vectors and n*(s) — ni(s) i.id.

multinomial(1, (n(s) —ni(s))~1, -+, (n(s) — n1(s))~!) random vectors, respectively;
2. M2(s) 1L M}(s)|N,; and
3. {M2(s), M}!(s)}ses are independent across s given N,, and are independent of ¥,,.

Recall that, by Bugni et al. (2018a), the original observations can be rearranged according to
s € § and then within strata, treatment group first and then the control group. Then, given N,
which is determined in Step 1 and 2 of the covariate-adaptive bootstrap procedure, the Step 3
implies that the bootstrap observations {Y;*}I ; can be generated by drawing with replacement
from the empirical distribution of the outcomes in each (s, a) cell for (s,a) € Sx{0,1}, n’(s) times,

a = 0,1, where nj(s) = n*(s) —nj(s). Therefore,

n d N(s)+ni(s)
ZA}‘l{S;-k =siniq(s,7) = Z Mpifjia (s, 7). (F.16)
i=1 i=N(s)+1

Following the standard approach in dealing with the nonparametric bootstrap, we want to

76



approximate
My, i=N(s)+1,--- ,N(s) +ni(s)

by a sequence of i.i.d. Poisson(1) random variables. We construct this sequence as follows. Let
Mnl(s) = Zf\i(f 1(s)) m;, where N (k) is a Poisson number with mean & and is independent of N,,.
The n1(s) elements of vector ML (s) is denoted as {Mni}N(sHm(s)

=N (s)+1 2 which is a sequence of i.i.d.
Poisson(1) random variables, given N,,. Therefore,

{Mnivi = N(S) + 17"‘ 7N(S) +n1(8)|Nn} i {5577’ = N(S) + 17'” ’N(S) +n1(3)|Nn}

where {£7},, s € S are i.i.d. sequences of Poisson(1) random variables such that {£}! ; are
independent across s € S and against N,,.

Following the argument in van der Vaart and Wellner (1996, Section 3.6), given ni(s), nj(s),
and N(ni(s)) = k, |& — My,| is binomially (|k — nj(s)|,n1(s)~!)-distributed. In addition, there
exists a sequence ¢, = O(y/n) such that

P(IN(n1(s)) = n1(s)] = €n) <P(IN(n1(s)) —na(s)| = €n/3) + P(|n1(s) — na(s)| = 26n/3)
<EP(|N(n1(s)) = na(s)| = €n/3[n1(s)) + P(|n1(s) —ni(s)| = 26,/3)
<e/3+P(|ni(s) — ni(s)| > 2¢,,/3)
<e/3+P(IDy(s)| + |Dn(s)| + 7|n*(s) — n(s)| = 2(,/3)
<2e/3 4+ P(n|n*(s) — n(s)| > £,/3)
<e

9

where the first inequality holds due to the union bound inequality, the second inequality holds
by the law of iterated expectation, the third inequality holds because (1) conditionally on ni(s),
N(ni(s)) —ni(s) = Op(y/n1(s)) and (2) ny1(s)/n — mp(s) > 0, the fourth inequality holds by the
fact that

wi(s) — n1(s) = D(s) — Da(s) + m(n*(s) — n(s)).

the fifth inequality holds because by Assumptions 1 and 4, |D}(s)| + [Dn(s)] = Op(v/n), and
the sixth inequality holds because {S;}!' ; is generated from {S;}? ; by the standard bootstrap
procedure, and thus, by van der Vaart and Wellner (1996, Theorem 3.6.1),

n

n*(s) —n(s) = (M = 1)(1{S; = s} = p(s)) = Op(Vn),

=1

where (MY,---, M}?)) is independent of {S;}? ; and multinomially distributed with parameters n
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and (probabilities) 1/n,--- ,1/n. Therefore, by direct calculation, as n — oo,

P( max & — Mpi| > 2)
N(s)+1<i<N(s)+n1(s)

< g — ; > <
<B( max e Myl > 2m(s) 2 ne) + B(m(s) < ne)

N(s)+ni(s)
<e+E Y P — Mui > 2,IN(na(s)) = ni(s)] < €n,n1(s) > nelna(s),nj(s)) +¢
1=N(s)+1

<2¢ + nEP(bin(£,, n; ' (s)) > 2|n1(s), ni(s))1{ni(s) > ne} — 2,

where we use the fact that

3 3
nP(bin(l,,ny(s)) > 2n1(s),ni(s))1{n1(s) > ne} <n <£n> < o ) 1{ni(s) > ne} < !

n ni(s)

Because ¢ is arbitrary, we have

P ( max &7 — M| > 2) — 0. (F.17)
N(s)+1<i<N(s)+ni(s)
Note that £ — Mpi| = >272, 1{|§ — My| > j}. Let I} (s) be the set of indexes i € {N(s) +
L,-++,N(s)+ni(s)} such that [ — My;[ > j. Then, & — My,; = sign(N(na(s)) —na(s)) 2272, Hi €
I} (s)}. Thus,

L Z (& — Mni)7ia (s, 7) = sign(N(ni(s)) *nl(S))Z #1i(s) . Z 7i,1(8,7)
vn i=N(s)+1 j=1 vn #1a(s) i€Ii (s)

(F.18)

In the following, we aim to show that the RHS of (F.18) converges to zero in probability
uniformly over s € S,7 € T. First, note that, by (F.17), maxy(g)+1<i<nN(s)4ni(s) 1§ — Mni| < 2
occurs with probability approaching one. In the event set that maxy(s)11<i<N(s)+n1(s) &2 — M| <
2, only the first two terms of the first summation on the RHS of (F.18) can be nonzero. In addition,

for any j, we have j(#I3(s)) < |N(ni(s)) —ni(s)| = Op(+/n), and thus, #%S) =0p(1) for j =1,2.

Therefore, it suffices to show that, for j =1, 2,

1

sup :
seS,TeY #LJ@(S)

S (s, )| = op(L).

i€l (s)
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Note that

1 N(s)+ni(s)
JEd Z i (s, 7) = Z Wit 1 (8, 7), (F.19)

#In(s) icli(s) i=N(s)+1
where wp; = %, i = N(s)+1,---,N(s) + ni(s) and by construction, {wp;},_ 5)+;ﬁg)
is independent of {n; 1(s,7)}!" ;. In addition, because {wm}N(S +;2(15) is exchangeable conditional

on Ny, so be it unconditionally. Third, .~ Nt)ni(l )wm = 1 and max;—n(s)41,- N(s)4n1(s) |Wnil <

1/#1I3(s) -2+ 0. Then, by the same argument in the proof of van der Vaart and Wellner (1996,
Lemma 3.6.16), for some r € (0,1) and any ng = N(s) +1,--- , N(s) + n1(s), we have

N(s)+ni(s) "
E{ sup | > wwiflia(s,7)| [¥n, Ny
T€Y,s€S i=N(s)+1
1 NEEm)
<(no — 1HE max wyi N | | —— su (s, T
stmo—1) LV(SHHOSiSN(S)-i—nl(S) | ] ni(s) z’:NZs:)-s-l TET,EES 157
. N(s)+k "
E ni Nn " E > 7 R, 5 Nnaan ; F.20
+ (BN max Bl s Y dneemen(e)| | (F.20)
J=N(s)+no
where (Rp,+1(k1,k2), -+, Rk, (k1, k2)) is uniformly distributed on the set of all permutations of
ki+1,---, ki +Fko and independent of N,, and ¥,,. First note that supycs ey [7,1(5,7)| is bounded
and
ma who < 1/(#I(s))" =5 0.
oGS H)

Therefore, the first term on the RHS of (F.20) converges to zero in probability for every fixed nqg.

For the second term, because wy;|N,, is exchangeable,

N(s)+ni(s)

n1()E(wnilNa) = Y E(wnilNy) = 1.

i=N(s)+1

In addition, let S, (ki,k2) be the o-field generated by all functions of {7;1(s,7)}i>1 that are

symmetric in their k1 + 1 to k1 + ko arguments. Then,

I N(s)+k r
max K| sup . Z n (5,7) |N,, ¥
no<k<ni(s) rEY,5€S k ) R;(N(s),n1(s)),1\%) ny *n

r T
S

= max [E| su - 7i1(8, 7)) INp, S, (N (s),n(s
o diix B S g (s, 7)| | (N(s),n1(s))
J=N(s)+no
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r T

N(s)+k

1
<2E — i N, S, (IV
<2 fmax | swp (g D0 dals,m)| | Ny Su(N () ma(s)

B T

k
1
=2E < max | sup 75 ni1(s, T N,,S,(0,n1(s ,
no<k |reT,seS k;j:1 nj, ( ) | n n( ( ))

where the inequality holds by the Jansen’s inequality and the triangle inequality and the last
equality holds because {7;1(s,7)};>1 is an i.i.d. sequence. Apply expectation on both sides, we

obtain that

T

1 N(s)+k
E E - in. )| N, w
noﬁrl?g;l(l(S) TES’IP,SPES k . 77R](N(s),n1(s)),1(5 T) | " "
J=N(s)+no
e '
<2E max su — ni1(s,T . F.21
=~ nogkgn TETE:ES k];n]’l( ) ( )

By the usual maximal inequality, as k — oo

1
sup Ezﬁjvl(s’ﬂ %00,

r r

1 1 a
- 4 < - P 2500,
x| sup kE Mja(s,7)| | <max | sup kE 7j,1(8,7) 0

is bounded. Then, by the bounded convergence theorem,

.. 1 k ~
In addition, sup, ¢y ses ‘E ijl nj,1(8,7)
we have, as ng — oo,

r

k
1 -
E max sup —Znﬂ(s,T) — 0.

no<k<n |reY ses |k o

which implies that,

r

N(s)+k
E max E su — R (N(s) (s s, 7)| N, T, NN
no<k<ni(s) TGT,EGS j_N%;+no TIR;(N(s),n1( ))71( )| |

Therefore, the second term on the RHS of (F.20) converges to zero in probability as ng — oo.
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Then, as n — oo followed by ng — oo,

N(s)+n1(s)
E sup Z wniin (s, 7)| [¥n, Ny Ls0.
TEY,s€S =N (s)+1

Hence, by the Markov inequality and (F.19), we have

1 . p
sup - Z mi1(s,7)| — 0.
seS,TeY #In(S) 2’6[%(8)
Consequently, following (F.18)
N(s)+n1(s)
sup > (& = Mui)iiia(s,m)| = op(V/n). (F.22)

seS,TeY =N (s)+1
Furthermore,
N(s)+ni(s) N(s)+n(s)

~ d N(s)+ni(s N N(s
Z Mnini,l(S’T)_ Z 57721 S, T < ()nl()77—> _Fn <5’ 72)77)7
i=N(s)+1 i=N(s)+1
where

[nt]
Ly (s,t,7) = 255771187 and I (s,0,7)=0.

Then, for any € > 0, we can choose a constant M > 0 sufficiently large such that

270E sup, ¢ | Z?zl & Mi1(s,7)] <e
VM -

P( s [Tt = VAM) £ Y

0<t<1l,7eY seS scS

where the first inequality is due to Lemma F.1 and a similar argument in (A.2), and the second
inequality follows Chernozhukov et al. (2014, Corollary 5.1) with the fact that £ has an exponential
tail. In addition, because, n1(s)/n — p(s)m € (0,1), we have

N(s)+ni(s)
sup | Y Myiiiia(s,7)| = Op(v/n). (F.23)
TEY,s€S i=N(3)+1
Combining (F.16), (F.22), and (F.23), we establish (F.15). This concludes the proof. O

Lemma F.10. Recall R;, 5,(u,7) and R, 5 o(u,T) defined in (E.5) and (E.6), respectively. If
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Assumptions in Theorem 5.1 hold, then (E.5) and (E.6) hold and

Sup [ Rfen(wsT)| = 0p(1)  and Slelp\Rsfego(u ) = 0p(1)-

Proof. We focus on (E.5). Following the definition of M,; in the proof of Lemma F.9 and the

argument in the Step 1.2 of the proof of Theorem 3.2, we have

L;ln(u 7—)
N(s)4+ni(s) Wy E;Fz (s) Uy
= (e + )
IR A{YF(1) < qu(r) + v} = 1{YP(1) < (7)) do
s€S i=N(s)+1

s)+n1(s)

N(s)+ni(s)
=3 > My [¢i(u, 7,5, Ej(s) — Ei(u, 7, B (s +Z Z My (u, 7, 5, 3 (5)),
s€S i=N(s)+1 s€S {=N(s)+1
(F.24)

where Ef(s) = /n(7*(s) — ) = n*(s) n

u/Lnl =(a(r)+x
si(u,m,s,0)= | " S (Y (1) < qu(r) + 0} = {YF(1) < qi(7)}) do,

0

and E¢;(u, 7, s, EX(s)) is interpreted as E¢;(u, 7, s, e) with e being evaluated at E (s).
For the first term on the RHS of (F.24), similar to (F.22), we have

N(s)+ni(s)
Z Z Mm [¢i(U,T,S,E;(S)) - Egbi(u’TasaE;(S))]

s€S i=N(s)+1

N(s)+ni(s)
=3 Y Glbilu,, 5, Ei(s) — Eilu, 7,5, E5(s))] + > ralu, 7,5, B (s)), (F.25)
s€S i=N(s)+1 sES

where {£7}7" , is a sequence of i.i.d. Poisson(1) random variables and is independent of everything

else, and

. = #1(s)
n(u, 7, 8,€) = sign(N(ni(s)) —ni(s))
g 1 1 ]; Jn o %

(u,7,s,€) — Epi(u,,s,e)].

n( ) i€l (s)

We aim to show

sup |70 (u, T, 8, €)| = op(1), (F.26)

le|<M,reY,seS
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Recall that the proof of Lemma F.9 relies on (F.21) and the fact that

k
1
E sup  sup 7277%1(5,7') — 0.
n>k>ng 7€Y,s€S kj:l

Using the same argument and replacing 7;,1(s,7) by v/n[¢i(u, T, s,e) — E¢;(u, T, s,e)], in order to
show (F.26), we only need to verify that, as n — oo followed by ng — oo,

k

E Sup sSup Z\/ﬁ[gbi(u"ru&e) _E¢i(u>7—7576)] —0
1

1
n>k>ng |e|<M,7€Y,s€S k j

Because sup|.j<u rer,ses ‘% Z?Zl Vi oi(u, 1, s,e) —E¢i(u, 7, s,€)]| is bounded as shown below, it
suffices to show that, for any € > 0, as n — oo followed by ng — oo,

k

1
P| sup sup - Z Vn[éi(u, T, s,e) — Eg;(u,7,5,e)]| >e| — 0. (F.27)
n>k>no le|<M,reX ses |k £

Define the class of functions F,, as
Fn={Vnloi(u,7,5,¢) —Ep;(u,7,s,€)] : le] <M, 7€ Y,s €S}

Then, F,, is nested by a VC-class with fixed VC-index. In addition, for fixed u, JF, has a bounded

(and independent of n) envelope function
F=ul+M (max lg(T)| + |u1\> :
TeY

Last, define 7; = {2!,2! +1,--. ,2!F1 — 1}, Then,

=

P sup sup
n>k>ng |e|<M,7€Y,s€S

k
Z Vn[oi(u, 7,8, e) — Eg;(u,7,5,e)]| > ¢
J=1

[logy(n)]+1

Z P | sup sup

I=[log, (n0)) k€T |e|<M,T€Y,s€S

[logy (n)]+1 &
< Z P| sup sup Z Vi oi(u, 7, s,€) — B (u, 7,5, €)]| > 2!
I=logs(no)] k<241 |e|<M,7€Y,5€8
[loga(n)|+1 gl+1

< Z 9P sup Z Vi [6i(u, 7, 5,€) — Egi(u, T, s,e)]| >e2'/30

<M, reY
1=|logy (o)) le|<M,7eY,seS

IN
R

k
Z \/ﬁ[(z)i(u”]—? S, 6) - E(Z)i(u’T? S, 6)] >e
7j=1

j=1

J=1
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[logy(n)|+1 270 SUD|e|<M,r€Y,5€S Z2l+1

Vnloi(u,,s,e) — E¢i(u, T, s,€)]

< 7
I1=logs (o)) c
Llogy(n)] +1

Ch

< §: e2l/2
I=logs (o)

_ 26

— 0,

=<V

where the first inequality holds by the union bound, the second inequality holds because on Z;,
241 > > 2! the third inequality follows the same argument in the proof of Theorem 3.1, the
fourth inequality is due to the Markov inequality, the fifth inequality follows the standard maximal
inequality such as van der Vaart and Wellner (1996, Theorem 2.14.1) and the constant C) is
independent of (I,&,n), and the last inequality holds by letting n — oo. Because ¢ is arbitrary, we
have established (F.27), and thus, (F.26), which further implies that

Sup ‘Tn(ua 7—787E;:(8))‘ - 0}7(1)7
TEY,s€ES

For the leading term of (F.25), we have

N(s)+ni(s)

Z Z éf [¢i(u77737E:L(3)) _E¢i(u7 T,S,E;:(S))]

s€S i=N(s)+1

=S T (N (s), 7, Ex(s)) — T3 (N(s) + na(s), 7 Ex(s))]

seS
where
uq—e(ﬁ)ﬂ—fﬁ)
D5 (k7 e 2@ / (1) < q1(r) + v} - HYZ () < qu(r)}) do

w'iy—e T 2L
1—e(a( )+\/ﬁ)

T
iz | [ (VP () £ a(r) + o} = L (1) < ()} do
0
By the same argument in (B.8), we can show that

sup Ly (k, 7, e)| = op(1),
0<tS177—€T7‘6‘SM
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where we need to use the fact that the Poisson(1) random variable has an exponential tail and thus

E  sup & =O(log(n).
ie{1,--,n},s€S

Therefore,
N(s)+ni(s)
sup > D M [di(u, T, Bj(s)) — Edi(u, 7, Ej(5))]| = 0p(1). (F.28)

TeT s€S i=N(s)+1

For the second term on the RHS of (F.24), we have

8)+n1(s)
Z Z MyiEgi(u,7,s,€e) = Z ni(s)E¢i(u,T,s,e)
s€S i=N(s)+1 SES
=S (o MO oy gy o), (F29)
s€S

where the o(1) term holds uniformly over (7,e) € T x [-M, M], the first equality holds because
ZZJ\L(;)(J; )nigs) M, = n3(s) and the second equality holds by the same calculation in (B.10) and the

facts that n*(s)/n - p(s) and

ni(s) _ Di(s) +7n’(s)

L 7p(s).

Combining (E.5), (F.24), (F.28), (F.29), and the facts that E}(s) = -2 D\;f(s) and -~ 25
1/p(s), we have

. mfi(q TFDZ(S)U'H \ .
L2,1,n(u7 T) = f u' 51 ;s filqu(r TQ(T) + h2,1(7') + Rsfe,2,1(uv ),

where

* 7Tf1 (Q1 (T)|S) *

h2,1(7') = Z fp(s)(En(s))Qf(T)
sES
and
Slelp ‘Rsfe 2, l(u T)‘ - 0P<1)

This concludes the proof. ]

Lemma F.11. Recall the definition of (W, ,1(T) = Wy (7), Wipe o (T), W, 1 5(T) = Wia(7))

S S
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n (E.7). If Assumptions in Theorem 5.1 hold, then conditionally on data,

(Wepena (1) = Wi (7), Wege 5o (7)s Wige 53(T) = Wa,a(7)) ~» (Bi(7), B2(7), B3 (7)),

where (By(7), Ba(7), B3(7)) are three independent Gaussian processes with covariance kernels

min(Tl,T2> — T1T2 — Eml(S, Tl)ml(S, Tg) miII(Tl,TQ) — T1T92 — Emo(S, Tl)m()(S, TQ)

Bilm,m) = mfi(a1 () fi(ar (r2)) (1 =m)folao(r))folao(m))

Yo(11,72)
N P o L (RaIS) _ fola(m)IS)
()| = ) (s = ) ) Ut~ i)

1—m T J1(q(m2)|S)  folq(m2)]S)

om0 (it~ =) 1 Rtw) bt )

and
o[ ma(S ) B mo(S,71) | [ m1(S,m2) B mo(S, m2)
Ba(11,72) = E[ﬁ(fh(ﬁ)) fo(qo(ﬁ))} [f1(Q1(T2)) fo(QO(Tz))}’

respectively.
Proof. Let A, = {(A},S},A;,S;) :i=1,---,n}. Following the definition of M,; and arguments

in the proof of Lemma F.9, we have

Wepen1(T) = Wi (T)[An}

) L [NEm) i1 (5.7) N(e)inle) 7i0(s, 7)
] [N(s)+n1(s) . i (s,7) N(s)+n(s) . iio(s, 7)
- {ZS v P D oo R Dl 7%>fo<qo<f>>] +R() A"} |

where sup,¢y [R1(7)] = 0,(1) and {£}7,, s € S are sequences of i.i.d. Poisson(1) random variables

that are independent of A, and across s € S. In addition, by the same argument in the proof of

Lemma F.2, we have

1 [VErm i1 (5.7) N(s)+n(s) eolo )
Nz gf —1 LR L é’f -1 7, )
g’s v | izNz(s:)H | )Wfl(QI(T)) i=N(s)—|—an(s)+1( - ™) folqo(7))
1 —Ln(F(§p(S))J 7i,1(8,7) Ln(F(ng(s))J 7i,0(8,7)
2 & =5 — & =D + Ra(1)
e RV e TR@) T (1= ) folqo(r))
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=Wi(7) + Ra(r),

where sup, ¢y [Ra(7)| = 0p(1). Because both W, |, 5(7) and W, , 5(7) =Wy 2(7) are in the o-field
generated by A, we have

( :fe,n,l(T) - Wn,l(T)? Ws*fe,n,Q (7-)7 s*fe,n,S (T) - WTL,Q(T))
d * * *
:(Wl (T) + Rl (T) + R2(7)7 ste,n,2(7-)> ste,n,S(T) - Wn,Q (T))

In addition, note that {£}7; and {7;1(s, 7),7i1(s, 7) }—, are independent of A,,, therefore, W7 (1) L
L (Witen2(T)s Wite n3(T) = Wha(7)). Applying van der Vaart and Wellner (1996, Theorem 2.9.6)

S S

to each segment

[nF(s)] + 1, [n(F(s) +7p(s))] or  [n(F(s) +7p(s))] +1,---, [n(F(s) +p(s))]

for s € S and noticing that {7; 1 (s, 7)}7; and {7;0(s, 7)}I_; are two i.i.d. sequences for each s € S,
independent of each other, and independent across s, we have, conditionally on {7; 1 (s, 7), 7i,0(s, 7) }1 1,
s €S,

Wi (7) ~ Bi(T)

with the covariance kernel X (71, 72).

For W:f en2(T), we note that it depends on data only through {S;}i_,. By Assumption 4,

spen2(TIH{SE Yy ~ Ba(T)

with the covariance kernel Yo(71,72).
Last, for W, 3(7) =W, 2(7), note that {57} is sampled by the standard bootstrap procedure.
Therefore, directly applying van der Vaart and Wellner (1996, Theorem 3.6.2), we have

mi(Si,7)  mo(S;,T)

sfen,3(T) = Wha(r \fz & - [fl (qi(1))  folgo(T))

+ Rg(T)

where sup,cy |[R3(7)| = 0p(1), {&/}7, is a sequence of i.i.d. Poisson(1) random variables that is
independent of data and {£}? ;, s € S. By van der Vaart and Wellner (1996, Theorem 3.6.2),
conditionally on data {S;}I" ;,

i ma SZ,T) m()(Si,T) -
; [fl @@ holwmy] B0

where Bs(7) has the covariance kernel ¥3(7y, 7). Furthermore, Ba(7) and Bs(7) are independent
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as Yo(71,T2) is not a function of {S;}? ;. This concludes the proof.

G Additional Simulation Results

G.1 QTE, Hy, 7 =0.5

Table 11: Hg, n =200, 7 = 0.25

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.044 0.044 0.058 0.051 0.058 0.048 0.049 0.054
WEI | 0.007 0.035 0.014 0.044 0.045 0.043 0.039 0.042
BCD | 0.002 0.040 0.003 0.040 0.039 0.040 0.037 0.037
SBR 0.003 0.036 0.004 0.033 0.035 0.037 0.037 0.034
2 | SRS 0.046 0.046 0.064 0.063 0.061 0.055 0.059 0.057
WEI | 0.026 0.041 0.047 0.054 0.064 0.0563 0.055 0.063
BCD | 0.016 0.037 0.032 0.048 0.051 0.053  0.053 0.051
SBR 0.013  0.027 0.027 0.045 0.052 0.049 0.050 0.049
3 | SRS 0.055 0.055 0.055 0.058 0.056 0.056  0.057 0.058
WEI | 0.049 0.052 0.054 0.053 0.054 0.056 0.054 0.053
BCD | 0.052 0.057 0.054 0.058 0.059 0.060 0.058 0.054
SBR 0.046  0.048 0.053 0.068 0.056 0.062 0.059 0.057
4 | SRS 0.075 0.075 0.060 0.069 0.053 0.055 0.054 0.057
WEI | 0.069 0.069 0.054 0.043 0.059 0.058 0.054 0.058
BCD | 0.063 0.066 0.055 0.041 0.061 0.063 0.063 0.060
SBR 0.066 0.070 0.048 0.034 0.064 0.062 0.063 0.062
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Table 12: Hg, n =200, 7 = 0.75

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.051 0.051 0.058 0.042 0.039 0.041 0.045 0.037
WEI | 0.012 0.052 0.015 0.037 0.040 0.052 0.034 0.034
BCD | 0.000 0.047 0.002 0.046 0.042 0.045 0.036 0.037
SBR 0.000 0.032 0.002 0.034 0.036 0.039 0.035 0.035
2 | SRS 0.044 0.044 0.065 0.061 0.053 0.048 0.046 0.047
WEI | 0.035 0.062 0.041 0.061 0.059 0.068 0.062 0.058
BCD | 0.012 0.044 0.022 0.046 0.049 0.056 0.053 0.048
SBR | 0.009 0.043 0.011 0.036 0.047 0.039 0.042 0.042
3 | SRS | 0.065 0.065 0.066 0.072 0.062 0.064 0.071 0.058
WEI | 0.068 0.070 0.063 0.067 0.073 0.066 0.067 0.073
BCD | 0.058 0.061 0.051 0.054 0.059 0.055 0.058 0.056
SBR 0.044 0.048 0.039 0.042 0.044 0.041 0.043 0.042
4 | SRS 0.045 0.045 0.065 0.067 0.072 0.059 0.054 0.069
WEI | 0.039 0.040 0.050 0.028 0.063 0.064 0.049 0.063
BCD | 0.032 0.038 0.044 0.019 0.055 0.056 0.050 0.054
SBR | 0.028 0.029 0.036 0.015 0.047 0.041 0.039 0.040
Table 13: Hy, n = 400, 7 = 0.25
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.040 0.040 0.059 0.048 0.049 0.0561 0.048 0.046
WEI | 0.012 0.043 0.017 0.038 0.037 0.046 0.042 0.039
BCD | 0.003 0.052 0.007 0.048 0.048 0.052 0.052 0.053
SBR 0.003 0.046 0.007 0.048 0.046 0.045 0.047 0.044
2 | SRS 0.038 0.038 0.052 0.050 0.050 0.047 0.046 0.044
WEI | 0.027 0.044 0.038 0.055 0.059 0.0564 0.059 0.059
BCD | 0.018 0.034 0.029 0.042 0.045 0.044 0.048 0.051
SBR | 0.027 0.047 0.045 0.062 0.065 0.062 0.064 0.065
3 | SRS 0.053 0.053 0.053 0.058 0.063 0.055 0.058 0.064
WEI | 0.061 0.061 0.054 0.054 0.058 0.060 0.057 0.060
BCD | 0.043 0.046 0.053 0.051 0.053 0.055 0.051 0.053
SBR 0.0563 0.057 0.042 0.044 0.049 0.047 0.047 0.051
4 | SRS 0.075 0.075 0.052 0.062 0.0568 0.056 0.052 0.062
WEI | 0.063 0.063 0.045 0.032 0.057 0.047 0.049 0.056
BCD | 0.058 0.062 0.050 0.036 0.059 0.052 0.055 0.058
SBR | 0.066 0.070 0.045 0.033 0.057 0.059  0.060 0.056
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Table 14: Hy, n =400, 7 = 0.75

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.047 0.047 0.049 0.039 0.037 0.039 0.039 0.038
WEI | 0.011 0.042 0.022 0.050 0.049 0.048 0.053 0.054
BCD | 0.003 0.052 0.004 0.050 0.048 0.046 0.046 0.045
SBR 0.005 0.048 0.006 0.048 0.050 0.047 0.049 0.048
2 | SRS 0.042 0.042 0.053 0.047 0.054 0.044 0.045 0.051
WEI | 0.016 0.049 0.029 0.059 0.064 0.057 0.065 0.062
BCD | 0.007 0.033 0.015 0.041 0.051 0.044 0.042 0.051
SBR | 0.012 0.047 0.021 0.055 0.067 0.065 0.063 0.064
3 | SRS | 0.052 0.052 0.044 0.041 0.052 0.050 0.048 0.048
WEI | 0.067 0.060 0.045 0.047 0.046 0.048 0.044 0.046
BCD | 0.051 0.053 0.050 0.051 0.053 0.048 0.049 0.050
SBR 0.0564 0.057 0.044 0.043 0.040 0.043 0.041 0.041
4 | SRS 0.046  0.046 0.056 0.061 0.057 0.0563 0.059 0.055
WEI | 0.053 0.056 0.057 0.048 0.063 0.064 0.066 0.064
BCD | 0.055 0.060 0.053 0.028 0.059 0.057  0.057 0.053
SBR | 0.031 0.032 0.038 0.016 0.048 0.041 0.039 0.040
G.2 QTE, H,, 7=0.5
Table 15: Hy, n =200, 7 = 0.25
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.197 0.197 0.218 0.364 0.366 0.230 0.361 0.360
WEI | 0.135 0.293 0.159 0.360 0.369 0.301  0.353 0.360
BCD | 0.097 0.372 0.120 0.359 0.370 0.347 0.357 0.358
SBR 0.110 0420 0.134 0.373 0.378 0.405 0.369 0.367
2 | SRS 0.293 0.293 0.318 0.365 0.359 0.323 0.362 0.356
WEI | 0.239 0.282 0.268 0.322 0.329 0.319 0.344 0.330
BCD | 0.229 0.303 0.264 0.317 0.332 0.329 0.326 0.326
SBR 0.260 0.335 0.292 0.330 0.352 0.365 0.347 0.344
3 | SRS 0.719 0.719 0.686 0.716 0.706 0.699 0.713 0.702
WEI | 0727 0.731 0.702 0.705 0.720 0.713  0.705 0.712
BCD | 0.723 0.727 0.702 0.712 0.713 0.726 0.711 0.712
SBR | 0.705 0.714 0.691 0.677 0.689 0.708  0.689 0.682
4 | SRS 0.186 0.186 0.136 0.126 0.148 0.153  0.135 0.144
WEI 0.193 0.200 0.149 0.099 0.1564 0.161 0.148 0.151
BCD | 0.176  0.189 0.132 0.098 0.145 0.148 0.143 0.142
SBR 0.196 0.203 0.145 0.103 0.162 0.173 0.164 0.164
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Table 16: Hy, n =200, 7 = 0.75

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 [ SRS | 0.214 0.214 0.229 0.392 0.388 0.231  0.395 0.383
WEI | 0.135 0.296 0.161 0.369 0.369 0.317  0.367 0.366
BCD | 0.097 0.390 0.125 0.392 0.395 0.373  0.387 0.389
SBR 0.092 0.383 0.119 0.402 0.398 0.370 0.406 0.391
2 | SRS 0.252 0.252 0.291 0.385 0.412 0.313 0.387 0.407
WEI | 0.234 0.345 0.289 0.401 0.436 0.392 0.404 0.429
BCD | 0.197 0.381 0.272 0.404 0.424 0418 0.425 0.428
SBR | 0.187 0.382 0.256 0.418 0.438 0.420 0.439 0.429
3 | SRS | 0.693 0.693 0.626 0.603 0.621 0.639 0.613 0.610
WEI | 0.695 0.698 0.620 0.608 0.636 0.638  0.617 0.634
BCD | 0.706 0.711 0.635 0.641 0.647 0.651  0.640 0.641
SBR 0.679 0.686 0.601 0.639 0.646 0.618 0.647 0.648
4 | SRS 0.165 0.165 0.173 0.131 0.194 0.187 0.139 0.201
WEI | 0.162 0.1v4 0.171 0.101 0.187 0.190 0.177 0.185
BCD | 0.167 0.179 0.183 0.105 0.206 0.205 0.189 0.200
SBR 0.145 0.153 0.172 0.097 0.203 0.193 0.204 0.204
Table 17: Hy, n =400, 7 = 0.25
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.222  0.222 0.228 0.420 0.420 0.244 0.416 0.416
WEI | 0.137 0.289 0.166 0.407 0.410 0.308 0.405 0.410
BCD | 0.136 0.435 0.151 0.432 0427 0414 0.429 0.428
SBR 0.117 0.428 0.127 0.398 0.403 0.429 0.403 0.401
2 | SRS 0.324 0.324 0.350 0.405 0.406 0.355 0.401 0.400
WEI | 0300 0.343 0.328 0.380 0.397 0.380  0.390 0.399
BCD | 0.322 0.382 0.324 0.394 0.405 0.402 0.405 0.400
SBR | 0.323 0.395 0.344 0.391 0.398 0.416 0.407 0.398
3 | SRS 0.806 0.806 0.777 0.766 0.781 0.785  0.769 0.778
WEI | 0771 0.775 0.738 0.745 0.752 0.749 0.744 0.744
BCD | 0.777  0.781 0.753 0.746 0.756 0.759  0.751 0.754
SBR 0.796  0.799 0.770 0.752 0.761 0.775  0.760 0.754
4 | SRS 0.180 0.180 0.146 0.128 0.156 0.153 0.134 0.158
WEI | 0.203 0.206 0.151 0.123 0.151 0.156  0.155 0.157
BCD | 0.187 0.197 0.143 0.097 0.162 0.155 0.153 0.157
SBR 0.216 0.230 0.164 0.121 0.184 0.180 0.178 0.179
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Table 18: Hy, n =400, 7 = 0.75

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.228 0.228 0.234 0430 0.432 0.251 0.430 0.432
WEI 0.156  0.324 0.177 0.412 0.414 0.327  0.409 0.409
BCD | 0.112 0.421 0.137 0.412 0.412 0.407 0.408 0.407
SBR 0.102 0433 0.132 0438 0.439 0.431 0.449 0.444
2 | SRS 0.298 0.298 0.328 0.456 0.482 0.325 0.464 0.481
WEI | 0.260 0.369 0.302 0.423 0.446 0.416 0.448 0.454
BCD | 0.264 0.467 0.311 0.460 0.487 0.486  0.486 0.481
SBR | 0.258 0.472 0.317 0.488 0.510 0.495 0.516 0.508
3 | SRS | 0.759 0.759 0.697 0.693 0.701 0.702  0.691 0.697
WEI | 0730 0.736 0.675 0.677 0.683 0.690 0.682 0.673
BCD | 0.754 0.759 0.710 0.700 0.713 0.717  0.704 0.708
SBR 0.742 0.747 0.695 0.712 0.719 0.704 0.718 0.712
4 | SRS 0.212 0.212 0.218 0.151 0.227 0.229 0.172 0.236
WEI | 0.192 0.195 0.199 0.117 0.212 0.218 0.191 0.213
BCD | 0.180 0.189 0.202 0.117 0.218 0.227 0.214 0.222
SBR 0.17v1 0.176 0.178 0.104 0.211 0.203 0.213 0.213
G.3 QTE, Hy, 7=0.7
Table 19: Hy, n = 200, 7 = 0.25
M A  s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.027 0.027 0.044 0.031 0.037 0.030 0.026 0.037
SBR | 0.002 0.026 0.002 0.029 0.029 0.027 0.027 0.027
2 | SRS 0.042 0.042 0.055 0.047 0.046 0.053 0.047 0.051
SBR | 0.019 0.024 0.038 0.043 0.051 0.055 0.049 0.052
3 | SRS | 0.0563 0.053 0.062 0.059 0.056 0.063 0.058 0.060
SBR | 0.047 0.059 0.048 0.054 0.054 0.062 0.058 0.056
4 | SRS 0.076  0.076 0.064 0.061 0.070 0.055  0.052 0.058
SBR | 0.059 0.073 0.045 0.024 0.061 0.062 0.063 0.063
Table 20: Hy, n = 200, 7 = 0.75
M A  s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.044 0.044 0.058 0.050 0.047 0.043 0.047 0.049
SBR | 0.002 0.045 0.008 0.052 0.060 0.058 0.053 0.055
2 | SRS | 0.047 0.047 0.053 0.052 0.053 0.050 0.050 0.051
SBR | 0.013 0.041 0.021 0.044 0.054 0.046 0.048 0.046
3 | SRS 0.068 0.068 0.062 0.078 0.067 0.063 0.079 0.066
SBR | 0.052 0.053 0.050 0.048 0.056 0.058  0.056 0.056
4 | SRS | 0.029 0.029 0.062 0.058 0.063 0.063 0.066 0.066
SBR | 0.023 0.028 0.056 0.046 0.059 0.059 0.057 0.059
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Table 21: Hg, n =400, 7 = 0.25

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.041 0.041 0.059 0.049 0.049 0.062 0.050 0.051
SBR | 0.005 0.051 0.004 0.045 0.044 0.042 0.043 0.043
2 | SRS 0.042 0.042 0.061 0.068 0.060 0.059 0.065 0.057
SBR | 0.022 0.026 0.043 0.047 0.054 0.050 0.050 0.049
3 | SRS 0.047 0.047 0.043 0.037 0.046 0.045 0.037 0.046
SBR | 0.039 0.044 0.043 0.044 0.045 0.048 0.047 0.050
4 | SRS 0.070  0.070 0.048 0.060 0.047 0.052 0.045 0.048
SBR | 0.070 0.081 0.035 0.021 0.056 0.051 0.055 0.052
Table 22: Hy, n =400, 7 = 0.75
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.045 0.045 0.062 0.041 0.044 0.039 0.044 0.042
SBR | 0.002 0.040 0.004 0.041 0.042 0.039 0.042 0.042
2 | SRS 0.039 0.039 0.044 0.046 0.049 0.042 0.045 0.049
SBR | 0.018 0.046 0.025 0.048 0.061 0.061 0.064 0.065
3 | SRS 0.087 0.087 0.060 0.060 0.074 0.063 0.059 0.078
SBR | 0.061 0.063 0.045 0.040 0.047 0.051 0.051 0.051
4 | SRS 0.024 0.024 0.039 0.039 0.042 0.046 0.040 0.046
SBR | 0.037 0.039 0.056 0.048 0.059 0.059 0.057 0.057
G.4 QTE, H,, 7=0.7
Table 23: Hy, n =200, 7 = 0.25
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.150 0.150 0.173 0.324 0.309 0.178 0.318 0.323
SBR | 0.060 0.178 0.100 0.341 0.346 0.367 0.337 0.337
2 | SRS 0.273 0.273 0312 0334 0336 0.315 0.338 0.349
SBR | 0.269 0.301 0.312 0.327 0.352 0.361 0.353 0.352
3 | SRS | 0.725 0.725 0.677 0.679 0.678 0.702  0.689 0.707
SBR | 0.738 0.749 0.711 0.719 0.728 0.736  0.731 0.729
4 | SRS 0.130 0.130 0.100 0.090 0.118 0.102 0.090 0.123
SBR | 0.138 0.167 0.112 0.046 0.150 0.143 0.145 0.142
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Table 24: Hy, n =200, 7 = 0.75

M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.178 0.178 0.200 0.355 0.362 0.190 0.340 0.336
SBR | 0.063 0.319 0.074 0.342 0.348 0.326 0.334 0.339
2 | SRS 0.280 0.280 0.311 0.423 0446 0.320 0.415 0.436
SBR | 0.195 0.378 0.250 0.388 0.417 0.400 0.422 0.412
3 | SRS 0.669 0.669 0.586 0.572 0.602 0.599 0.573 0.598
SBR | 0.671 0.679 0.617 0.605 0.633 0.634 0.633 0.636
4 | SRS 0.145 0.145 0.198 0.172 0.211 0.203 0.180 0.213
SBR | 0.137 0.146 0.179 0.155 0.194 0.197 0.204 0.194
Table 25: Hy, n =400, 7 = 0.25
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.208 0.208 0.229 0.402 0.398 0.231  0.390 0.395
SBR | 0.075 0.372 0.100 0.352 0.359 0.373  0.350 0.349
2 | SRS 0.345 0.345 0.381 0.404 0408 0.382 0.396 0.414
SBR | 0.343 0.376 0.391 0.406 0.425 0.425 0.421 0.420
3 | SRS 0.786 0.786 0.756 0.758 0.763 0.758  0.756 0.763
SBR | 0.785 0.800 0.749 0.758 0.766 0.771  0.761 0.765
4 | SRS 0.173 0.173 0.113 0.081 0.136 0.118 0.089 0.133
SBR | 0.134 0.167 0.082 0.037 0.118 0.120 0.126 0.125
Table 26: Hy, n =400, 7 = 0.75
M A s/naive s/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.195 0.195 0.209 0.384 0.384 0.216 0.377 0.378
SBR | 0.086 0.375 0.099 0.396 0.394 0.385 0.387 0.391
2 | SRS 0.296 0.296 0.337 0.452 0.471 0.351  0.440 0.463
SBR | 0.315 0.478 0.356 0.491 0.507 0.502 0.510 0.503
3 | SRS 0.737 0.737 0.690 0.649 0.691 0.697 0.664 0.696
SBR | 0.717 0.721 0.670 0.641 0.678 0.673 0.672 0.671
4 | SRS 0.169 0.169 0.235 0.221 0.224 0.238 0.222 0.227
SBR | 0.162 0.164 0.204 0.171 0.218 0.219 0.213 0.223
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G.5 ATE, 7=0.5

Table 27: Hy, n =200, 7 = 0.5

M A s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.058 0.057 0.060 0.061 0.055 0.063 0.055 0.049 0.044
WEI | 0.003 0.068 0.064 0.004 0.067 0.068 0.061 0.059 0.062
BCD | 0.000 0.069 0.054 0.000 0.057 0.058 0.054 0.053 0.053
SBR | 0.000 0.063 0.0563 0.000 0.058 0.057 0.061 0.056 0.056
2 | SRS 0.063 0.0564 0.068 0.051 0.052 0.051 0.0563 0.053 0.046
WEI | 0.031 0.059 0.064 0.032 0.061 0.064 0.062 0.064 0.064
BCD | 0.014 0.062 0.058 0.015 0.060 0.061 0.060 0.055 0.054
SBR | 0.008 0.045 0.046 0.010 0.047 0.048 0.045 0.047 0.047
3 | SRS 0.059 0.059 0.063 0.064 0.070 0.067 0.061 0.062 0.061
WEI | 0.063 0.063 0.056 0.056 0.062 0.062 0.058  0.056 0.055
BCD | 0.062 0.063 0.064 0.063 0.066 0.064 0.061 0.061 0.061
SBR | 0.0561 0.054 0.0563 0.054 0.056 0.056 0.057 0.056 0.056
4 | SRS | 0.072 0.072 0.077 0.077 0.075 0.076 0.074 0.075 0.074
WEI | 0.073 0.073 0.075 0.074 0.075 0.078 0.077 0.073 0.075
BCD | 0.071 0.073 0.073 0.074 0.073 0.075 0.073 0.072 0.072
SBR | 0.070 0.070 0.070 0.069 0.069 0.071 0.070 0.070 0.070
Table 28: Hy, n =200, 7 = 0.5
M A s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0384 0.386 0.937 0.389 0.941 0.941 0.384 0.942 0.942
WEI | 0321 0.667 0.935 0.331 0.939 0.939 0.674 0.940 0.941
BCD | 0.256 0.922 0.937 0.265 0.944 0.944 0.894 0.938 0.938
SBR | 0.271 0.947 0.955 0.278 0.959 0.958 0.944 0.954 0.955
2 | SRS 0.523 0.518 0.745 0.529 0.747 0.762 0.525  0.742 0.752
WEI | 0.504 0.642 0.725 0.513 0.719 0.724 0.639 0.723 0.725
BCD | 0.497 0.744 0.737 0.498 0.740 0.746 0.729 0.741 0.740
SBR | 0.508 0.737 0.741 0.521 0.740 0.745 0.731 0.741 0.741
3 | SRS | 0772 0774 0.774 0.781 0.778 0.782 0.773  0.771 0.771
WEI | 0786 0.791 0.793 0.791 0.794 0.799 0.788  0.786 0.788
BCD | 0.785 0.786 0.784 0.790 0.794 0.795 0.787 0.785 0.786
SBR | 0.765 0.769 0.772 0.766 0.774 0.772 0.771 0.773 0.773
4 | SRS 0.201 0.199 0.216 0.209 0.206 0.210 0.198 0.203 0.208
WEI | 0.207 0.211 0.213 0.212 0.208 0.220 0.204 0.206 0.211
BCD | 0.213 0.215 0.216 0.222 0.223 0.232 0.213 0.214 0.215
SBR | 0.220 0.221 0.221 0.220 0.219 0.229 0.222 0.221 0.221
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Table 29:

Hy, n =400, t=0.5

M A s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.063 0.061 0.042 0.063 0.043 0.045 0.055 0.042 0.042
WEI | 0.005 0.050 0.050 0.006 0.052 0.052 0.052 0.050 0.050
BCD | 0.000 0.067 0.052 0.000 0.059 0.059 0.051 0.059 0.059
SBR | 0.000 0.059 0.058 0.000 0.057 0.057 0.063 0.060 0.060
2 | SRS 0.061  0.0567 0.055 0.058 0.065 0.054 0.061 0.054 0.051
WEI | 0.018 0.051 0.064 0.019 0.063 0.064 0.052 0.064 0.064
BCD | 0.009 0.045 0.046 0.006 0.046 0.047 0.043 0.049 0.049
SBR | 0.014 0.062 0.060 0.016 0.065 0.065 0.063 0.063 0.063
3 | SRS | 0.050 0.049 0.050 0.050 0.049 0.051 0.052 0.048 0.048
WEI | 0.046 0.047 0.049 0.047 0.046 0.047 0.048 0.047 0.046
BCD | 0.049 0.049 0.049 0.049 0.050 0.050 0.050 0.050 0.050
SBR | 0.055 0.056 0.056 0.059 0.058 0.059 0.055 0.056 0.056
4 | SRS 0.057  0.057 0.065 0.056 0.066 0.059 0.054 0.051 0.056
WEI | 0.051 0.051 0.053 0.052 0.054 0.054 0.051 0.051 0.052
BCD | 0.056 0.056 0.056 0.054 0.056 0.056 0.054 0.053 0.053
SBR | 0.056 0.058 0.058 0.055 0.056 0.057 0.057 0.057 0.057
Table 30: Hy, n =400, 1 = 0.5
M A s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS 0.453 0.453 0965 0.452 0.966 0.966 0.454 0.963 0.963
WEI | 0361 0.710 0.954 0.367 0.960 0.958 0.704  0.953 0.953
BCD | 0.322 0.964 0.973 0.331 0975 0974 0.955 0.971 0.971
SBR | 0.325 0.956 0.956 0.328 0.958 0.959 0.956 0.954 0.954
2 | SRS 0.578 0.576 0.811 0.580 0.803 0.814 0.576  0.803 0.812
WEI | 0593 0.707 0.798 0.595 0.794 0.799 0.705  0.797 0.795
BCD | 0.624 0.821 0.828 0.625 0.830 0.830 0.810 0.824 0.824
SBR | 0.586 0.800 0.808 0.586 0.804 0.807 0.802 0.805 0.806
3 | SRS 0.817 0.819 0829 0.826 0.823 0.827 0.811 0.817 0.815
WEI | 0.801 0.802 0.804 0.802 0.803 0.807 0.803 0.800 0.801
BCD | 0.804 0.806 0.807 0.809 0.814 0.814 0.807 0.806 0.806
SBR | 0.798 0.800 0.800 0.808 0.810 0.809 0.805 0.805 0.805
4 | SRS 0.211  0.211 0.220 0.213 0.214 0.223 0.220 0.224 0.224
WEI | 0.223 0.223 0.219 0.222 0.219 0.220 0.224  0.220 0.220
BCD | 0.212 0.215 0.217 0.221 0.220 0.221 0.217 0.215 0.215
SBR | 0.226 0.227 0.228 0.231 0.228 0.231 0.228  0.230 0.230
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G.6 ATE, 7 =0.7

Table 31: Hy, n =200, 7 = 0.7

M A  s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.0560 0.047 0.0564 0.052 0.054 0.061 0.050 0.054 0.056
SBR | 0.000 0.0564 0.043 0.000 0.051 0.056 0.053 0.049 0.049
2 | SRS | 0.050 0.050 0.079 0.047 0.053 0.0568 0.045 0.052 0.056
SBR | 0.014 0.045 0.044 0.013 0.022 0.045 0.046 0.041 0.041
3 | SRS | 0.061 0.064 0.074 0.067 0.065 0.069 0.061 0.062 0.061
SBR | 0.0564 0.057 0.056 0.058 0.050 0.063 0.060 0.061 0.058
4 | SRS | 0.055 0.0564 0.055 0.059 0.056 0.069 0.058 0.056 0.064
SBR | 0.055 0.059 0.057 0.055 0.041 0.063 0.060 0.059 0.061
Table 32: Hy, n =200, 7 = 0.7
M A  s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.343 0.344 0.935 0.347 0.945 0.945 0.341 0.938 0.938
SBR | 0.159 0.941 0.936 0.166 0.944 0.947 0.939 0.942 0.941
2 | SRS | 0539 0540 0.656 0.550 0.608 0.734 0.539  0.592 0.723
SBR | 0.547 0.733 0.736  0.556 0.647 0.753 0.724  0.736 0.743
3 | SRS | 0762 0.764 0.747 0775 0.738 0.777 0.766  0.734 0.766
SBR | 0.785 0.788 0.788 0.790 0.775 0.803 0.792  0.793 0.790
4 | SRS | 0.159 0.153 0.115 0.162 0.149 0.178 0.161  0.143 0.162
SBR | 0.139 0.161 0.160 0.147 0.103 0.166 0.168 0.164 0.164
Table 33: Hg, n =400, 7 = 0.7
M A s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0.041 0.036 0.055 0.043 0.050 0.049 0.040 0.050 0.048
SBR | 0.000 0.053 0.046 0.000 0.047 0.050 0.054 0.051 0.051
2 | SRS | 0.047 0.048 0.072 0.046 0.050 0.060 0.048 0.051 0.055
SBR | 0.024 0.053 0.055 0.023 0.029 0.052 0.049 0.053 0.048
3 | SRS | 0.068 0.067 0.075 0.067 0.065 0.067 0.065 0.066 0.066
SBR | 0.044 0.047 0.047 0.047 0.041 0.051 0.048 0.048 0.048
4 | SRS | 0.0564 0.051 0.050 0.055 0.053 0.059 0.052 0.053 0.058
SBR | 0.049 0.056 0.056 0.051 0.032 0.058 0.055 0.054 0.055
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Table 34: Hy, n =400, # = 0.7
M A s/naive s/adj sfe/adj s/B sfe/B ipw/B s/CA sfe/CA ipw/CA
1 | SRS | 0361 0.364 0965 0.371 0.966 0.968 0.361 0.967 0.967
SBR | 0.211 0.961 0.956 0.222 0.960 0.960 0.963 0.958 0.958
2 | SRS | 0.628 0.630 0.735 0.629 0.675 0.785 0.628 0.674 0.789
SBR | 0.665 0.806 0.810 0.667 0.731 0.818 0.810 0.816 0.822
3 | SRS | 0804 0.802 0.799 0.810 0.785 0.825 0.809 0.786 0.818
SBR | 0.808 0.812 0.813 0.810 0.804 0.823 0.822 0.821 0.821
4 | SRS | 0174 0.175 0.132 0.181 0.160 0.205 0.181  0.156 0.195
SBR | 0.164 0.183 0.184 0.168 0.126 0.191 0.187  0.187 0.188
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