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ASYMPTOTIC THEORY FOR
ESTIMATING DRIFT PARAMETERS IN
THE FRACTIONAL VASICEK MODEL

WEILIN XIAO
Zhejiang University

JUN YU
Singapore Management University

This article develops an asymptotic theory for estimators of two parameters in the
drift function in the fractional Vasicek model when a continuous record of obser-
vations is available. The fractional Vasicek model with long-range dependence is
assumed to be driven by a fractional Brownian motion with the Hurst parameter
greater than or equal to one half. It is shown that, when the Hurst parameter is
known, the asymptotic theory for the persistence parameter depends critically on its
sign, corresponding asymptotically to the stationary case, the explosive case, and
the null recurrent case. In all three cases, the least squares method is considered,
and strong consistency and the asymptotic distribution are obtained. When the per-
sistence parameter is positive, the estimation method of Hu and Nualart (2010) is
also considered.

1. INTRODUCTION

The Vasicek model of Vasicek (1977) has found a wide range of applications in
many fields, including but not limited to economics, finance, biology, physics,
chemistry, medicine, and environmental studies. An intrinsic property implied by
the standard Vasicek model is short-range dependence in the stochastic compo-
nent of the model because the autocovariance decays at a geometric rate. This
property is at odds with abundant empirical evidence that indicates long-range
dependence or long memory in time series data (see, e.g., Lo, 1991; Comte and
Renault, 1996; Granger and Hyung, 2004). As a result, stochastic models with
long-range dependence have been used to describe the movement of time series
data in hydrology, geophysics, climatology, telecommunications, economics, and
finance.
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In continuous time, the fractional Brownian motion (fBm), with the Hurst pa-
rameter greater than one half, is an important stochastic process to characterize
long-range dependence (see, e.g., Mandelbrot and Van Ness, 1968). An fBM can
produce burstiness, self-similarity, and stationary increments in the sample path.
Excellent surveys on fractional Brownian motions can be found in Biagini, Hu,
@ksendal, and Zhang (2008) and Mishura (2008).

If the Brownian motion in the Vasicek model is replaced with an fBM, we get
the following fractional Vasicek model (fVm)

dX,=x(u—X,)dt+odBF, (1.1)

where ¢ is a positive constant, 4, x € R, and B/? is an fBM (which will be defined
formally below) with the Hurst parameter H > 1/2. Long-range dependence in
X, is generated by B,H .

In Model (1.1), x (« — X;) is the drift function and there are two unknown pa-
rameters in it, 4 and x. Parameter « determines the persistence in X;. Depending
on the sign of x, the model can capture stationary, explosive, and null recurrent
behavior. The fVm was first used to describe the dynamics in volatility by Comte
and Renault (1998). Other applications of the fVm can be found in Comte, Coutin,
and Renault (2012), Chronopoulou and Viens (2012a, 2012b), Corlay, Lebovits,
and Véhel (2014), Bayer, Friz, and Gatheral (2016) and references therein. De-
spite many applications of the fVm in practice, estimation and asymptotic theory
for the fVm have received little attention in the literature. The main purpose of the
present article is to propose estimators for x and x and to develop an asymptotic
theory for these estimators based on a continuous record of observations over an
increasing time span (i.e., the period of [0, 7] with 7" — oo) when the Hurst pa-
rameter H is known and H € [1/2, 1). This range of values for H is empirically
relevant for much economic and financial data; see, for example, Cheung (1993),
Baillie (1996).

A very important special case of fVm is the so-called fractional Ornstein—
Uhlenbeck (fOU) process given by

dX,=—xX,dt +odB}!, Xg=0. (1.2)

The key difference between (1.1) and (1.2) is that x is assumed to be zero and
known in (1.2) while y is unknown in (1.1). A smaller difference between (1.1)
and (1.2) is that Xo = 0 in (1.2) while Xy may not be zero in (1.1). The order of
the initial condition will be assumed when we develop the asymptotic theory.

In fact, the fOU process is closely related to the following discrete-time model

K
yo=(1=%) o+ (=LY =z, 30=0, (t=1,....T), (1.3)

where L is the lag operator, d = H — 1/2 is the fractional differencing parameter,
and & ~ i.i.d.(O,az). When H =1/2,d =0, u; = &, and y; follows a standard
AR(1) model with an i.i.d. error term. When 1/2 < H < 1,0 <d < 1/2, and u;
is a stationary long memory process given by
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o0
_ (- T(j+d)
w=0-L)e=0-L)"1Pg =" ——_j,
ST@OrG+1

where I'(x) is the gamma function. Davydov (1970) and Sowell (1990) related
the process in (1.3) to that in (1.2) by showing the following functional central
limit theorem,

oul'(H+1/2)
oTH
where [z] denotes the smallest integer greater than or equal to z, dy =

\/ % (see also Tanaka, 2013, 2015). If x = 0, y; has a unit root;

if x > 0, y; is asymptotically stationary; if x < 0, y, has an explosive root.

Depending on the sign of x, alternative estimation methods have been pro-
posed in the literature to estimate x in the fOU model and the asymptotic theory
for these estimators has been obtained. When x > 0, Kleptsyna and Le Breton
(2002), Tudor and Viens (2007), Tanaka (2014) studied the maximum likelihood
(ML) estimator; Hu and Nualart (2010) studied the least squares (LS) estima-
tor; Tanaka (2013) studied the minimum contrast (MC) estimator; Hu and Nu-
alart (2010) introduced and studied an estimator based on the ergodic property
of X;. When x < 0, two estimators have been studied, namely, the ML estimator
(Tanaka, 2015) and the LS estimator (Belfadli, Es-Sebaiy, and Ouknine, 2011; El
Machkouri, Es-Sebaiy, and Ouknine, 2016). When x = 0, the ML method and the
MC method were considered in Kleptsyna and Le Breton (2002), Tanaka (2013).
Prakasa Rao (2010) is a textbook treatment of alternative methods and the asymp-
totic theory for estimating parameters in the fOU model.

In almost all empirically relevant cases, the parameter, u«, in the drift function
of model (1.1) is unknown. Thus, it is important to estimate both x and w. This is
the reason why we consider the problem of estimating both x and g in the fVm.
As in the fOU model, asymptotic theory for « critically depends on the sign of «,
namely whether x > 0,k <0 orx =0. When x > 0, two estimators are considered,
i.e., the LS estimators and the estimators of Hu and Nualart (2010). The estimators
of Hu and Nualart (2010) do not contain any stochastic integral and hence are
easier to calculate. Our results suggest that, unless H = 1/2, the estimators of
Hu and Nualart (2010) are asymptotically more efficient than the LS estimators.
The relative asymptotic efficiency increases with H when H € [1/2,3/4) and
also when H € (3/4,1). When x < 0 or ¥ = 0, the LS estimators are considered.
Strong consistency and asymptotic distributions are established for both x and
. The proof is based on the Malliavin calculus, the It6—Skorohod integral and
the Young integral for fractional Brownian motions. In particular, we use the It6—
Skorohod integral for the stationary case and the Young integral for the explosive
case. To the best of our knowledge, this is the first article in the literature where
an fVm is estimated and an asymptotic theory is developed.

A drawback of the model considered here is that H is assumed to be known a
priori. In practice, H is always unknown unless a Brownian motion is used. It is

y[TS]:>X39VOSSS 1,
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possible to estimate H with a continuous record of observations by the general-
ized quadratic variation of Gradinaru and Nourdin (2006). Section 4 will provide
more details about this estimator of H. However, the study of asymptotic proper-
ties of this estimator is beyond the scope of the present article.

A related drawback of our approach is that a continuous record of observations
is required. In economics and finance, this assumption is too strong. However, as
high-frequency data are now widely available, it is possible to approximate a con-
tinuous record of observations by discretely sampled high-frequency data and to
approximate the fVm by the discrete-time model (1.3). The underlying assump-
tion for these approximations to work well is to allow the sampling interval in
discretely sampled data to go to zero. The asymptotic theory for H under the long-
span asymptotic scheme is expected to correspond to that of d under the long-span
and in-fill asymptotic scheme. It is important to point out that alternative estima-
tion methods, such as log-periodogram regression and local Whittle estimation,
have been suggested in the discrete-time literature to estimate d. The long-span
asymptotic theory has been developed for d; see for example, Geweke and Porter-
Hudak (1983), Robinson (1995a, 1995b), Shimotsu and Phillips (2005).

The third drawback of the model considered here is that the asymptotic theory
developed here is only applicable for H € [1/2,1). Some empirical studies based
on economic and financial time series have found the estimated d to be smaller
than O or larger than 1 (see, for example, Baillie, 1996; Baillie, Bollerslev, and
Mikkelsen, 1996), which implies that H ¢ [1/2, 1). While the asymptotic theory
for x and u can be extended to a wide range values of H by using the exact local
Whittle method of Shimotsu and Phillips (2005), such an extension is complicated
and will be reported in later work.

The rest of the article is organized as follows. Section 2 contains some ba-
sic facts about fractional Brownian motions and introduces the LS method and
the method of Hu and Nualart (2010) for estimating the two parameters in
the drift function of the fVm. In Section 3, we establish consistency and the
asymptotic distributions for x and u. Section 4 contains some concluding re-
marks and gives directions of further research. All the proofs are collected in the

Appendix.

. . . s, L d
We use the following notations throughout the article: —p>, = , >, =, =,and ~

denote convergence in probability, convergence almost surely, convergence in dis-
tribution, weak convergence, equivalence in distribution, and asymptotic equiva-
lence, respectively, as T — oo.

2. THE ESTIMATION METHODS

Before introducing our estimation techniques, we first state some basic facts about
fractional Brownian motions. For more complete treatments on the subject, see
Nualart (2006), Biagini et al. (2008), Mishura (2008) and references therein.

An fBM with the Hurst parameter H € (0, 1), BtH for t € R, is a zero mean
Gaussian process with covariance
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1
E(B!BH) = Ry (s,1) = 5 (|r|2H +s2H - |t—s|2H) . @.1)

This covariance function implies that the fBm is self-similar with the self-
similarity parameter H, that is,

d
BH = HpH . (2:2)

For ¢ > 0, Mandelbrot and Van Ness (1968) presented the following integral rep-
resentation for B,H (see also in Davidson and De Jong, 2000):

B = [/O [ =) =12 = (w12 aw, +/0,(t —u)H‘”deu}»

CH —0

(2.3)

where W; is a standard Brownian motion, cy =
12
[# + fo° ((1+s)H_1/2—sH_1/2)2ds] . If H=1/2, BY becomes the

standard Brownian motion W;. If 0 < H < 1/2, BtH is negatively corre-
lated. For 1/2 < H < 1, B/ has long-range dependence in the sense that if
r(n)=E (BIH(BrfI+1 - B,{{)), then Y2, r(n) = co. In this case, B[ is a persis-
tent fBm, since the positive (negative) increments are likely to be followed by
positive (negative) increments. Given that long-range dependence is empirically
found in many financial time series, the fVm with H € [1/2,1) is the focus of
the present article. To estimate x and u in the fVm, we assume that one observes
the whole trajectory of X, for ¢ € [0, T']. The asymptotic theory is developed by
assuming T — oo, which corresponds to a long-span scheme.

Motivated by the work of Hu and Nualart (2010), Belfadli et al. (2011), El
Machkouri, Es-Sebaiy, and Ouknine (2016), we denote the LS estimators of x
and u to be the minimizers of the following (formal) quadratic function

T
L) = [ (= (u=x0)ar, (2.4)

where X; denotes the differentiation of X, with respect to ¢, although fOT X tzdt
does not exist. Consequently, we obtain the following analytical expressions for
the LS estimators of x and u (denoted by k7 s and /i g, respectively),

(X7 —Xo) Jyf Xidt =T [ X:dX,

T fy X2dr— () X,dt)2

A

KLS =

) (2.5)

(X7 —Xo) [y X2dt— [ X,dX, [} X.dt
(X7 —Xo) i Xedt =T [ XdX,

~

MLS

(2.6)

When H = 1/2, it is well-known that we can interpret the stochastic inte-
gral fOT X:dX; as an It integral. When H e (1/2,1), X; is no longer a
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semimartingale. In this case, for kzg and fips to consistently estimate x and
i, we have to interpret the stochastic integral fOT X,dX, carefully. In fact, we
interpret it differently when the sign of « is different. If ¥ > 0, we interpret
it as an Ito—Skorohod integral; if x < 0, we interpret it as a Young integral;
if x = 0, we can interpret it as either an It6—Skorohod integral or a Young
integral. The asymptotic distributions of ks are different across these three
cases.

If « > 0, we can consider alternative estimators of ¥ and u (denoting them by
kun and ftgn, respectively). The estimators are motivated by Hu and Nualart
(2010) where the stationary and ergodic properties of a process were used to con-
struct a new estimator for x in the fOU model. To fix ideas, the strong solution of
the fVm in (1.1) is given by

t

X = u+ (Xo— p)exp(—«t) —I—a/ e_"('_s)stH, 2.7

—00
which leads to the following discrete-time representation
t
X;=pu+e (X1 —u)+o / e =g BH, (2.8)
1—1

When « > 0, X; is asymptotically stationary and ergodic. When x = 0, X; has a
unit root and is null recurrent. When x < 0, X, has an explosive root.

When x > 0, by the ergodic theorem, % fOT X,dt &5 . So an alternative esti-
mator of y is the continuous-time sample mean

1

T
AHN = T /0 X dt. (2.9)

Moreover, following Hu and Nualart (2010), we can show that when x > 0,
Lt 2 L ’ as. 2 _OH
—/ X;dt— —/ Xidt) S ok “"HI' 2H).
T Jo T Jo

Hence, an alternative estimator of « is

L
2H

”y -
T fy X2di = (fy Xdr)
T262HT 2H)

KHN = (2.10)

Compared with the LS estimators in (2.5) and (2.6) which involve the stochastic
integral fOT X:dX;, pgn and gy in (2.9) and (2.10) do not contain any stochas-
tic integral with respect to fBm but only involve quadratic integral functionals.
Hence, they are conceptually easier to understand and numerically easier to com-
pute than the LS estimators.
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3. ASYMPTOTIC THEORY FOR « AND u

In the case of a Brownian motion-driven or a Lévy process-driven Vasicek model,
it is known that the asymptotic theory for ¥ depends on the sign of x (see, Wang
and Yu, 2016). In the case of the fVm, we show below that the asymptotic theory
for x continues to depend on the sign of «.

3.1. Asymptotic theory when « > 0

In the context of the fVm in (1.1), we can represent the stochastic integral
T
fo XIdXI as

T T T T
/ XthI:KILl/ Xtdt_K/ thdt+0'/ XtdBtI-I
0 0 0 0

When H = 1/2, the stochastic integral fOT X.d BtH , which can be interpreted as
an [to integral, is approximated by forward Riemann sums. When H > 1/2, we in-
terpret fOT X:d B,H as an [to—Skorohod stochastic integral. In this case, following

Duncan, Hu, and Pasik-Duncan (2000), fOT X:d B,H is approximated by Riemann
sums defined in terms of the Wick product, i.e.,

T n—1
H_ H _ pH
/O Xid!! = ;}EOZ(;XGO(B,M B! ) 3.1)
=
where # : 0 =1ty <t <--- <t, =T is a partition of [0,T] with |z| =

maxo<i<p—1 (fi+1 —1).
Unfortunately, this approximation is less useful for computing the stochastic
integral because the Wick product cannot be calculated just from the values of

X, and B,’_H+1 — Bf. In other words, unless H = 1/2, there is no computable

representation of the term fOT X:dX; given the observations X,,t € [0, T].

Using the Itd—Skorohod integral for fBm and the Malliavin derivative for X;,
we can rewrite i s and fi7 s as!

T 2 2
Xr—Xq Jo Xudt X7 X5 apc® (T (t 2H-2 —«s
T ——\ar— =% hos edsdt
Ris = 5 , 3.2)
i XZdr o Xdt
T T

T T
Xr—Xo Jo Xpdt [y Xudt (X% X5 apo? fT ftszH_ze_"sdsdt)
0 JO

T T T T T T
ars = T o o - ,(3.3)
Xr—Xo Jo Xidt _ (X3 X _apgo? T (t 2H—2 ,—ks
T T (2T 3T = Jo Jos e~*dsdt

where ay = H(2H — 1). Clearly, k15 and fips in (3.2) and (3.3) are easier to
compute than those in (2.5) and (2.6).
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Before we prove consistency of ©ys and fi;s, we first obtain consistency of
kg and i gy which follows directly by ergodicity.

THEOREM 3.1. Let H € [1/2,1), Xo/~T = 0a5.(1), andx > 0 in (1.1). Then
we have Ry =3 x and LHN ey i

Remark 3.1. Almost sure convergence of <z in Theorem 3.1 extends that of
Hu and Nualart (2010) from the fOU model to the fVm.

Remark 3.2. Applying the well-known result % fOT észH 27 dsdt —
k!=2HT(2H — 1) to (3.2) and (3.3) and using Lemma 5.2 in Hu and Nualart
(2010), we can show that ks 3k and ars =y ufor He[1/2,1).

To establish the asymptotic distributions for the two sets of estimators, we first
consider k15 and /i1 g, and then use the asymptotic distributions of s and fi s
to develop the asymptotic distributions of kg x and figy.

THEOREM 3.2. Let Xo//T = op(1) and x > 0 in (1.1). Then the following
convergence results hold true.

(i) For H €[1/2,3/4), we have
IT (fps—x) 5 N (0.6Ch) (3.4)

_ I G3—4H)I (4H—1
where Cyy = (4H — 1) (1+ S 20).
(ii) For H =3/4, we have

VT L 4k
—— (ks — N{0,—). 3.5
Tog) (LS )= ( ﬂ) G
(iii) For H € (3/4, 1), we have
N o —x2H-1
T (KLS —K) rd mR(H), (3.6)

where R(H) is the Rosenblatt random variable whose characteristic func-
tion is given by

c(s) = exp(% > Qiso(H) %) 3.7)
k=2
withi =+/—1,0(H) = /H(H —1/2) and

1 1
H-1 H-1 H-1
ak=/ / lx1 — x2| o k=1 — xkl |xx — x11 dxy---dxy.
0 0
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Remark 3.3. A straightforward calculation shows that

Xr—Xo 1 T 2 1 rT 1 T
LT o X dt—7 [, X,dX,T—HfO X, dt
Xr—Xo 1 (T 1 T
Tt Jo Xedi =1 Jy XidX,

— T T
#(XTTHXOL det_TLHfo Xth[)

T (fns — ) =

T JO

Xr—Xo 1 (T T
LT Jo Xedt =1 [ Xed X,

For H €[1/2,1) and Xo/~/T = 0p (1), we can easily obtain the following asymp-
totic distribution of fiy g,

1—H (A L a’
T (,uLS—,u)—>N 0,—2 . 3.8)
K
THEOREM 3.3. Let H € [1/2,1), Xo/~/T = op(1), and k > 0 in (1.1). Then,
we have
o

2
T (i — 1) £>N(0,;). (3.9)

Moreover, let Xo//T = 0p(1), and k¥ > 0 in (1.1). Then the following conver-
gence results hold true.

(i) For H €[1/2,3/4), we have

A L
VT (Ruy —x) = N (0. xpn), (3.10)
4H—1 I'G—4H)I'(4H-1 C
where py = ¥ (1 + l("(ZH)12(2(—2H))) = 4—:2.
(ii)) For H =3/4, we have
T 16
T () SN (0.55). @31
J1og(T) 152

(iii) For H € (3/4,1), we have

KZH—]

HTQH+1)

KHN —K (H), 3.12)

where R(H) is the Rosenblatt random variable defined in (3.7).

Remark 3.4. Comparing the two sets of asymptotic theory for x, we can draw
a few conclusions. First, the rate of convergence of kg is the same as that of K g
which is +/7 and independent of H. Second, the two asymptotic variances depend
on H. When H = 1/2, the two estimators have the same asymptotic variance
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which is 2x. In this case, the asymptotic distribution is identical to that in Feigin
(1976),i.e., N (0,2x). When 1/2 < H < 3/4, 4H? > 1 and hence the asymptotic
variance of K7 is smaller than that of <1 g, suggesting that the method of Hu and
Nualart (2010) can estimate x more efficiently. Third, the asymptotic distribution
of k5 and Ky is the same as given in the fOU model; see p. 1034 and p. 1037
in Hu and Nualart (2010).

Remark 3.5. The two sets of asymptotic theory for u are identical and the rate
of convergence is 7!~ . These two features differ from those for r.

Remark 3.6. The asymptotic variance of kg y and ks depends on H . Figure 1
plots py and Cy as a function of H. Obviously, both py and Cy monotonically
increase in H over the interval [1/2,3/4). They reach the minimum value of 2
when H = 1/2. As H — 3/4, both diverge to infinity. Hence, both py and Cy
have a singularity at H = 3/4. Since pp diverges faster than Cpg, the relative
asymptotic efficiency of Ky to k15 increases in H.

Remark 3.7. If we interpret the integral fOT X,dX, in (2.5) as a Young integral,
then we can obtain

X7—Xo) foT Xidt (X7-X3)
ks =—7L L 2 (3.13)

2
F 0o X2dr— (4 i Xudr)

which converges to zero, following (A.9), (A.16) and Lemma 5.2 in Hu and Nu-
alart (2010). Hence, s defined by (3.13) is inconsistent. For this reason, we

Hurst parameter

FIGURE 1. Plots of pg and Cg.
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have interpreted the stochastic integral fOT X:dX; in (2.5) as an It6—Skorohod
integral, which corresponds to the classical It6 integral when H = 1/2. For the
same reason, fOT X:dX; in (2.6) should be interpreted as an [t6—Skorohod integral
as well.

Remark 3.8. For H = 3/4, it is interesting to find that both xrg and
kgn are still asymptotically normally distributed with rate of convergence of
VT //1og(T). For H > 3/4, we established the noncentral limit theorem for both
ks and kg . In fact, we have identified the asymptotic distribution of ©z g and
KuN as a Rosenblatt random variable. The central limit theorem (H < 3/4) and
the noncentral limit theorem (H > 3/4) of k15 and kg share the spirit of a result
in Breton and Nourdin (2008), where it was shown that the asymptotic distribution
of the empirical quadratic variations of fBm is normal if H < 3 /4 but non-normal
if H>3/4.

Remark 3.9. Comparing (3.5) with (3.11), we see that the asymptotic vari-
ance of xpg is 2.5 times as large as that of kyy when H = 3/4, sug-
gesting krg is asymptotically much less efficient. Moreover, since T'(2H +
1)/T(2H) = 2H € (1.5,2) when H € (3/4,1), comparing (3.6) with (3.12)
we see that k7 s continues to be asymptotically less efficient than kpy when
He@3/4,1).

Remark 3.10. Combining Remarks 3.4 and 3.9, we can conclude that kg is
asymptotically more efficient than kg when H € (1/2,1). When H = 1/2, the
two estimators are asymptotically equivalent.

3.2. Asymptotic theory when x <0

When x < 0, the model of (1.1) is explosive. In this case, the stochastic integral
fOT X,dX; is interpreted as a Young integral (see Young, 1936). Indeed, using
the Young integral, we can obtain strong consistency of the LS estimators, K7 s
and fi;s. Moreover, it turns out that the pathwise approach is the preferred way
to simulate numerically LS estimators, x7s and jiys. As a consequence, using
the Young integral, we can easily obtain fOT X dX; = (X% - X(%) /2. The tech-
niques used here are related to those in recent articles by Belfadli et al. (2011), El
Machkouri et al. (2016).

Applying the Young integral to (2.5) and (2.6), we can rewrite ks and ft1s
as

T
O = Xo) 7 Xodi = 5 (55— X))
2
T fy X2di ([ Xidr)
X1 ok T ok T fOT X,dt — %e"Te"T fOT X,dt — lX%ez"T + %X%ez"T

=1 HEA ,(3.14)
e2xT fOT X,zdt—ez"T% (fOT X,dt)

A

KLS =
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T X7-X§ (T
_ (X1 —Xo) fy XPdr—=1570 [ Xdt
X2-Xx32
2

MLS

(X7 —Xo) Jy| Xedt =T

T (T 52 Xr+Xo kT (T
X;dt — e X dt
— T Lf() 1 2T Lf() 3 . (3.15)

xT T
o I Xodi— ST

Before considering strong consistency of ks and fips, we first introduce a
lemma, which will be used to prove strong consistency.

LEMMA 3.1. Let H € [3,1), Xo = 0, (1), and x <0 in (1.1). Then, as T —
00, we have

eKT T

—7 [ XidB[ =0,
0

THEOREM 3.4. Let H € [%, 1), Xo =0, (1), and k < 0 in (1.1). Then, as
T — 00, ks 3k and jips a—s>,u

The asymptotic distributions of xrs and fips are developed in the following
theorem.

THEOREM 3.5. Let H € [1/2,1), Xo = O, (1), and x < 0 in (1.1). Then as
T — oo,

e L 7 ITKFI(Hz—H)U (3.16)
—K) > s .
2K (KLS K) Xo—,u—i—a“/Hr(HzH)w
||

where v and o are two independent standard normal variables. Moreover, as T —
m?

2
T (s — ) 5 /\/(0, ”—2) (3.17)
K

Remark 3.11. In (3.16), if we set Xo = w, the limiting distribution of
—«T

5— (ks — x) becomes v/w which is a standard Cauchy variate. This limiting
distribution is the same as that in the fOU model (see, e.g., Belfadli et al., 2011;
El Machkouri et al., 2016) and that in the Vasicek model driven by a standard
Brownian motion (see, e.g., Feigin, 1976). Moreover, the asymptotic theory in
(3.16) is similar to that in the explosive discrete-time and continuous-time mod-
els when discretely sampled data are available (see, e.g., White, 1958; Anderson,
1959; Phillips and Magdalinos, 2007; Wang and Yu, 2015, 2016).

Remark 3.12. In the context of the fOU model, Belfadli et al. (2011) showed
that the LS estimator of x is consistent and derived the asymptotic Cauchy distri-
bution. Our result here not only extends their results on x to a general model with
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an unknown x and a general initial condition, but also includes the asymptotic
theory for «. The asymptotic distribution of fi7g is normal with rate of conver-
gence of 7'~ and variance o2 /x2. This asymptotic distribution is the same as
that of fips and ft gy when x > 0, as shown in (3.8) and (3.9).

3.3. Asymptotic theory when x =0

When k = 0, the fVm is null recurrent. In this case, we have

X, =Xo+oB/,

and the parameter u vanishes. By a simple calculation, we have

BH (T (xo+oBH)dt —To [! (Xo+0BH)dBH
]’(\:LS:U Tf() ( O+0- I) Ufo( 0+0- I) 1 (3.18)

2
Tfy (Xo+o ) di—(Ji (Xo+oB)dr)
B! [y B/'di—T | Bf'aBl
= 2
T fy (B ydi—(f) Blar)

On the one hand, if we interpret fOT B,H d B,H as the [to—Skorohod integral, we
can rewrite (3.18) as

2
B Bar=L((B) -T2H)
frs = —_ (3.19)
T fy (Bydi—(f) Blar)

On the other hand, if we interpret fOT BtH d BtH as a Young integral, we can also
rewrite (3.18) as

BH (T BH4r — T (BH)?
’%LS _ T f() t 2 ( T) 5. (3.20)
T fy (B ydi—(f) Bar)

Using the law of the iterated logarithm for fBm (see, for example, Taqqu, 1977)
and the scaling properties of fBm (see, for example, Nualart, 2006), we develop
the following strong consistency and asymptotic distribution for . s.

THEOREM 3.6. Let H € [1/2,1), Xo = 0,(1), and xc =0 in (1.1). Then, as
T — o0, kLS 23 0. Moreover,

B, dBH
Tips L — fo (3.21)

I (3)a

where ELI;I =Bl - fol BHdr.
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Remark 3.13. Interestingly, for x5 to consistently estimate x, the stochastic

integral fOT BHdB! can be interpreted as either an Itd—Skorohod integral or a
Young integral.

Remark 3.14. This limiting distribution is neither a normal variate nor a mix-
ture of normals. In addition, the distribution depends on H. If H = 1/2, the
limiting distribution becomes a Dickey—Fuller—Phillips type of distribution (see,
e.g., Phillips and Perron, 1988) which has been widely used for testing unit
roots in autoregression with an intercept included. Tanaka (2013) derived the
limiting distribution of the LS estimator of x in the fOU model when x = 0.
His limiting distribution is another Dickey—Fuller—Phillips type of distribution
(see, e.g., Phillips, 1987) and corresponds to that in autoregression without
intercept.

4. CONCLUDING REMARKS AND FUTURE DIRECTIONS

Models with long-range dependence are growing in popularity due to their em-
pirical success in practice. In the continuous-time setting, long-range dependence
can be modeled with the help of an fBM when the Hurst parameter is greater than
one half. Consequently, statistical inference for stochastic models driven by an
fBM is important. This article considers the Vasicek model driven by an fBM and
deals with the estimation problem of the two parameters in the drift function in
the fVm and their asymptotic theory when a continuous record of observations is
available.

As the time span goes to infinity, it is shown that the LS estimators of u
and « are strongly consistent regardless of the sign of the persistence parameter
x. Moreover, the asymptotic distribution of the LS estimator of u is asymptot-
ically normal regardless of the sign of x. However, the asymptotic distribution
of the LS estimator of x critically depends on the sign of «. In particular, when
x> 0and H € [1/2,3/4), we have shown that the asymptotic distribution of
the LS estimator of « is normal with rate of convergence of +/7. The asymp-
totic variance depends on H which monotonically increases in H. Moreover,
when x > 0 and H = 3/4, we have shown that the asymptotic distribution of
the LS estimator of x is also normal with rate of convergence of,/7T/log(T).
However, a noncentral limit theorem for the LS estimator of x is established
for H € (3/4,1). In this situation, we have established the asymptotic law as
a Rosenblatt random variable. When x < 0, it is shown that the limiting distri-
bution is a Cauchy-type with rate of convergence of e ™7 . If x is the same as
the initial condition, it becomes the standard Cauchy distribution. When x = 0,
the asymptotic distribution is neither normal nor a mixture of normals, but a
Dickey—Fuller—Phillips type of distribution. The rate of convergence is 7. In
addition, we have considered an alternative estimation technique by exploit-
ing the ergodic property of fVm when x > 0. Borrowing the idea of Hu and
Nualart (2010), we have studied the asymptotic properties of the ergodic type
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estimators. The asymptotic properties of these two alternative estimators are
compared.

This study also suggests several important directions for future research. First,
what are the asymptotic properties of the ML estimators for x and u? Given that
the model is fully parametrically specified, one may wish to estimate the fVm
using ML. Based on the fractional version of Girsanov’s theorem, one can obtain
the Radon—-Nikodym derivative and the likelihood ratio function. Consequently,
the ML estimators can be obtained. The asymptotic properties of ML estimators
can be derived by using the Laplace transform and the properties of deterministic
fractional operators determined by the Hurst parameter.

Second, the present study assumes that a continuous record is available for pa-
rameter estimation. This assumption is too strong in almost all empirically rele-
vant cases. How to estimate parameters in an fVm from discrete-time observations
and how to obtain the asymptotic theory are open questions. In fact, we can ap-
proximate an fVm by the Euler approximation and appeal to an in-fill asymptotic
scheme. In this case, however, it is not clear how to get an explicit approximation
for the increment of an fBM. To overcome this obstacle, we may replace the in-
crement of an fBM by a disturbed random walk. Consequently, we can obtain the
corresponding LS estimators and consider their asymptotic properties under both
the long-span and the in-fill asymptotic schemes.

Third, the asymptotic theory developed in this article is valid for a narrow
range of values for H € [1/2,1). This corresponds to d € [0, 1/2) in the discrete-
time model (1.3). Existing empirical studies have fitted the discrete-time model
(1 — L)%y; = u; with u, being a stationary and ergodic process to financial and
macroeconomic time series. Most studies obtained the estimated d in the range
of [0, 1/2). However, some studies found the estimated d to be smaller than O or
larger than 1 and this implies that H ¢ [1/2,1). There is a clear need to extend
the asymptotic theory to a wider range of values for H. Such an extension will be
considered in a separate study.

Lastly, in this article H is assumed to be known. In practice, H is almost al-
ways unknown. How to estimate H with a continuous record of observations
is an open question. One possibility for estimating H is to use the generalized
quadratic variation introduced by Gradinaru and Nourdin (2006). For T > 0, f >
0,y > 0and f # y, assume X, is observed continuously over the interval [0, T +
max(f5, y)]. Motivated by Gradinaru and Nourdin (2006), we can estimate H
by

I | T 2 g 2
H= 51og(ﬁ/y)1og (/ (X149 — Xi) dt// (Xi4p—Xi) dt) .
0 0
The asymptotic properties of this estimator will be reported in later work.

NOTE

1. The definition of the Malliavin derivative is given in A.3 of Appendix.
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APPENDIX

A.1. Proof of Theorem 3.1

We first consider strong consistency of & g . The solution of (1.1) is
t
X =1 —e_’”),u+X()e_Kt+a/ e t=9gpH . (A.1)
0
For t > 0, we define
t
Yi=o0 / e <= gpH (A.2)
—00

Since x > 0, (Y;,t > 0) is Gaussian, stationary, and ergodic, using the ergodic theorem and
the fact E [YO] =0, we obtain

1 T
— / Y,dt B3 E(Yy) =0. (A3)
T Jo
Combining (A.1) and (A.2), we can rewrite Y; as,
0
Y, :X,—i—(e_m—l),u—X()e_m+a/ e_"(’_s)dBSH. (A4)
—0o0
Hence,
1 T 1 T 0
—/ Yidt = —/ Xi+u (e —1) = Xoe ™ e cr/ SdBH ) |ar
T Jo T Jo -0
1 T T X T
:_/ X,dr+ﬁ/ (e—’“—1)dt——0/ e tdr (A.5)
T Jo T Jo T Jo

o (T 0
—|——/ e " / dBH )dr.
T Jo —00

For the second term in (A.5), it is obvious that

wo T —Kt
?/0 (e —l)dt%—,u.

Based on the assumption X/ VT =04, (1), we obtain

XOT
T Jo

e a3 o.
Using an argument similar to that in Lemma 5.1 of Hu and Nualart (2010), we have
0 2
E[/ e"SdBSHi| =x2HHTH). (A.6)
—00

Hence, fOT ¢ *(T=9) g BH has the limiting (normal) distribution of fi)oo e*SdBH . More-
over, a standard calculation yields
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T 1
/ eTFldt — —. (A7)
0 K

It is now necessary to investigate the asymptotic behavior of the last term in (A.5).
Denote Fr = % Vet ( f_oooe"sstH) dt. From (A.6) and (A.7), we see that

supy E UF% H < oo and supy E HF; H < 00. For any fixed ¢ > 0, it follows from Cheby-
shev’s inequality that

]P( %/()Te_m(/_‘)ooemdBf)dt >e) (|FT|> \/—e) 24 EUFTH?.

Then, the Borel-Cantelli lemma implies that

T 0
z / et / s dBH )ar %3 0. (A.8)
T Jo —00

Plugging all these convergency results to (A.5), we obtain

1T as.
N=—/ Xpdt > . (A.9)
T Jo

To establish strong consistency of kg defined in (2.10), we need to consider strong
consistency of & f() X 2dt From the expression of Y; in (A.4), we obtain

2
1 T 1 T 0
—/ vrdt = —/ Xp+p (€7 —1) = Xge ™ 47! a/ SaBf )| ar (A.10)
T Jo T Jo J—o0
1 g —Kt —K1]2 1 g —Kt 0 KS H ?
:7/0 [X:+ (e =1) = Xpe™™] dt+7/0 e 0/_006 dByg dt
2 (T 0
+—/ [Xi+p (e =1) = Xpe ™ ]| e zr/ dBl )| dr
T —00
= —/ e —1) = Xpe ] dt+—/ Xe[p (e —=1) = Xge ™" | dt
2
—/ 2dt+—/ [ ( / ”dBSH)] dt
2 (T 0
+—/ [Xi+p (e =1) = Xpe ]| e zr/ dBl ) |dr.
T Jo —00

By (A.8) and Lemma 3.3 in Hu and Nualart (2010), it is not hard to see that

o2 T rt 0 2 a.s
T/ /e_"('_s)stH +ext / sdpH z——/ [/ —Klr= f)dss”] dar3o.
JO L 0 J—00

Combining the above result and (A.8), we deduce that

2 Tr t 0 as
—/ a/ e_"(’_s)dBSH] e 0/ SdBl ) dar %S o.
T Jo L Jo —00
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Using (A.1) and the result above, we obtain

2 T 0
7/ [Xi+p (e —1) = Xge™™] [e—"' (0/ e"sdBSH)i| dr %30, (A.11)
0 —00

A standard calculation yields

T
%/ Xe [u(e7 =1) = Xge ™ ]dr 13 —242, (A.12)
0

1 T
7/ [ (e —1) = Xoe ™ [P dt &5 2. (A.13)
0
By (A.10)—(A.13) and the ergodic theorem, we obtain
Lt 20t S E(v? 2 A4
70X’t_> (YO)+'“‘ A19
Moreover, it is well-known that (see, e.g., Lemma 5.1 of Hu and Nualart, 2010)
o0 o0
E(Y) = aHaz/ / e 6 1y —sPH2 quds = 62 2H HT 2H) . (A.15)
0 0
Combining (A.14) and (A.15), we have
1 T
?/ X2dt S 62 2HHT QH) + 4. (A.16)
0

By (A.9), (A.16), and the arithmetic rule of convergence, we obtain strong convergence of

~ . ~ a.s.
KHN>1LEeL,KgN — K.

A.2. Proof of Theorem 3.2

First, we consider (3.4). Based on (2.5), (1.1), and (A.1), we can rewrite k7 g as

(X7 —X0) Ji Xedt —xuT [y Xidt+xT [} X2dt—oT [ X;dBl
KLS =

T fy x3de—(f) x,dz)2

2
(X7 = Xo) Jo Xedt =xuT f§ Xedt =T [ XedBH +xc (J3 Xodr)

Ty X3 = (fy Xedr)
oT [T X:dBH (X7 = Xo—ruT +x J Xyde) i Xear
=K —
2 2
T o X2di—( [y Xear) Ty x3di—(f Xear)

anOT ((1 —e ") u+Xoe ¥ +o fé e_"(’_s)stH) dB}

2
T o X3di—(fy Xudr)
(X7 =Xo+x Jg (Xoe™! e~ 40 Jje==)apH )ar) [ Xdi

T fy xpar—(fy X,dt)z
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Thus, we have the following decomposition

VT (ks —x)
o (w2h+ 2022 [T a4 o T e flas])
o 30 X2ai - (3 07 o)’
(R 4 20 7 oot — oo T onant o 2B ) 4 1 Ko

JT JT
2
T Jo X2dr = (4 Jy Xuar)

(A.17)

=hL+h+13,

where

[ 4 (‘% Jo e *dB/ — %foT Jo e_K(t_s)stHdeH) ’
307 xar— (3 7 xiar)”

e xT fOT e"SdBSH) %fOT X;dt

Xr—Xo , «Xo=p) (T ,—xt g, _ _o_
12:( N Jo e dt 7
3 ,
1 T y2 1 T
FJo X3di = (4 J3 Xuar)

2 (7 X,dr) 2L
L —uo + 7 Jo Xedt) 7
= 5 -
T I xpdi= (4 J¢ Xear)
We consider / first. Using (A.15), we have
2.2 T (T
il aH/ / e KOH) 1y o202 g4 5 0.
0o Jo

T 2
uo —Kt H
— e “'dB =

This implies

T
uo —xt yjpH P
— e dB;" = 0. (A.18)
VT Jo !
Since X = 04.5.(v/T), we have
(A.19)

Xgo [T
202 etaBl Lo

VT Jo

Furthermore, from Theorem 3.4 of Hu and Nualart (2010), (A.9) and (A.16), we obtain

o? IT t —k(t—s)ypH pH
-1 Joe dBYdB;
VT ’ £ (A.20)

= N(0,xCqg),
T T
7 Jo X2ar— (4 Ji Xuar)
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where Cpy = (4H — 1) (1 + %) Combining (A.18), (A.19), and (A.20)

and applying Slutsky’s theorem, we have

05 N©xCh) . (A.21)

Next, we consider /. From Lemma 5.2 and equation (3.8) in Hu and Nualart (2010), we
have

X7 as. XO P (- /T Ks H
— 50, -0, —e oe"dB; 3. (A.22)
VT JT VT 0

A straightforward calculation shows that

X — T
*Xo—p) / e dr B o, (A.23)
0
Combining (A.22), (A.23), (A.9), and (A.16), we have

LBo0. (A.24)

Finally, we consider /3. Based on (A.1), we have

+U/TXd Bf (A.25)
—uo — | — .
H T Jo t JT
T t BH
o
=— (Xo— e_’“—i—a/ e_K(t_S)dBH)dt—T
7, (oo 0 )T
2 2 H H
_ o (Xo—u) Te_mdt— o e KT Te"SdBH+0— BT B_T
n 3_H Jo T73-H 0 § K p3-H )TH'
T2 K
It is easy to see that
X —
ol KR 2 / e ar %S (A.26)
T7_

From Lemma 5.2 and equation (3.8) in Hu and Nualart (2010), we obtain

s’ T T Ha
—e " / SdBH %50, (A.27)
KTi_H 0

Since H € [1/2,3/4), we have

2
2 pH 4

o Br _ T p4H-3

K pi-H 2 :

which implies

Bo. (A.28)
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By (A.25)—(A.28), we obtain

550. (A.29)

By (A.17), (A.21), (A.24), (A.29), and Slutsky’s theorem, we obtain the desired result in
(3.4).

Next, we deal with (3.5). Using an argument similar to (A.17), we have

JT
V1og(T)

where

(krs—x):=Ji+ 2+ J3, (A.30)

X T — H T rt —k(t— H H
(ﬂloT?Tfo Bl — g Jo e aB ] )

J b
' L (T y2 LT 2

1o X,dr—(ﬂ’o Xedr)

Xr—Xo kXo=p) (T ,—xty a —«T (T ks jpH\ 1 (T
; (dTlog(T) e 0 T T Jo B )Tfo Xudi
2= 3 R
FIo X?df—(%foT Xrdi)
H

_ a (T _Br
( ,uU+TfO X,dt)m

5
T Jo X2dr = (4 J3 Xuar)

When H = 3/4, from Theorem 5 of Hu, Nualart, and Zhou (2018), (A.9), and (A.16),
we obtain

2 Tt —x(t— H
~ e b o e aB B

2
1 T 1 T
FJo X3 = (F Ji Xudr)

Combining (A.18), (A.19), and (A.31) and applying Slutsky’s theorem, we have

£> N (O, ‘:T—K> . (A.31)

4
n&s N (0 —'“) (A.32)
Using arguments similar to /> and /3, we can easily obtain
P
Jr—0, (A.33)
;5 o. (A.34)

By (A.30), (A.32), (A.33), (A.34), and Slutsky’s theorem, we obtain the desired result in
(3.5).

Finally, we are left with (3.6) for 3/4 < H < 1. By an argument similar to (A.17), we
get

1272 (kg —K) == K1+ K5+ K3, (A.35)
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where

—Xo (T — T ot —x(—
(J}lzy—lf eMdBf — 7 [y Joe ¢ S)stHdBtH)

k1= 1 T 1 T 2 ’
T Jo X2dr— (4 Jy Xuar)
Xr—X X T _ T (T 1 (T
© (TT2H_10 K(Tz% 2 Jo e7'dr - TZ(;I—IE wT I eKSstH) 7 Jo Xedt
2= 5 ,
T T
FJo X3di = (4 J3 Xuar)
T B
(—,ua + %fo X;dt) —ng_l
K3 = .

2
1 (T 2 1 T
T Jo X2di = (3 Jy Xuar)
For H > 3/4, from Theorem 5 of Hu et al. (2018), (A.9), and (A.16), we get
2 Tt —x(t—
_% Jo Jo e “t=apf'aB/! £> 2R(H)
2

1 T 2 1 T K

FJo X2di = (4 J3 Xuar)
where R(H) is the Rosenblatt random variable defined in (3.7).

Using the fact 2H — 1 > 1/2 for H > 3 /4, Slutsky’s theorem and arguments similar to
(A.18) and (A.19), we have

2R(H
L
K

(A.36)

(A37)

Using the fact 2H — 1 > 1/2 for H > 3/4 and applying arguments similar to I and /3, we
can easily obtain

K 5o, (A.38)
K35 o0. (A.39)

By (A.35), (A.37), (A.38), (A.39), and Slutsky’s theorem, we obtain the desired result of
(3.6).

A.3. Proof of Theorem 3.3

We first consider the asymptotic distribution of zi g . Using (A.1), we obtain
T‘—”(l/T X,dt —#)
T Jo
1 T t
=r!-H {7/0 ((X()—,u)e_’” +a/0 e—"(’—s)stH) dt:| (A.40)

X — T T rt
_ 20 ”/ e—"'dt+i/ /e_"(t_s)stHdt.
TH Jo TH Jo Jo

A simple calculation yields

X — T
0—# / e a1 %S0, (A.41)
TH 0
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Moreover, a standard calculation together with Fubini’s stochastic theorem (see, e.g., Nu-
alart, 2006) yields

// =) gBHar = —/ / e drd BH (A.42)

H
_ / e~ (=) ggH oBr
KTH 0 kTH

From equation (3.8) of Hu and Nualart (2010), we know that

g e T=9)ggH %3¢, A43
KTH/ ( )

By (A.42), (A.43), and Slutsky’s theorem, we have

T rt 2
LH/ / e—"(f—5>dB[’dt£>N(o,”—2). (A.44)
0 Jo K
Combining (A.40), (A.41), and (A.44) and by Slutsky’s theorem, we obtain
1 T
T!-H 7/ Xsdt — £ /\/(o ) (A.45)
0
Note that
1 T
T!- H(,uHN ,u) T!-H ?/ Xedt—pu ). (A.46)
0

Using (2.9), (A.45), and (A.46), we obtain (3.9).

In what follows, we consider the asymptotic distribution of . First, we deal with
(3.10) for H € [1/2,3/4). We need to use a technique known as Malliavin calculus which
we define now. For a time interval [0, 7], we denote by H the canonical Hilbert space
associated to the fBm B, The construction and properties of # can be found in Nualart
(2006). We use the following notation for Wiener integrals with respect to BH.

T
BH () = aB
(») /O »(s)

The Malliavin derivative D with respective to B, which is an H-valued operator, is de-
fined first by setting that

DB (p) =0,

for any ¢ € H. As a consequence, for a smooth and cylindrical random variable

F = f(x1,....x0) = fF(BH(p)),..., B" (py)), with any ¢;,...,0, € H and any f €
Cp°(R",R) (infinitely differentiable functions from R” to R with bounded partial deriva-
tives), we define its Malliavin derivative as the H-valued random variable given by (see,
equation (1.29) of Nualart, 2006)

DF = Z (BH(col) B (on))e; .
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Using (A.1) and applying the Malliavin calculus to X; (see, equation (1.29) of Nualart,
2006), we have

'
DsX; = Dy |:(1 —e Y+ Xpe™! -I—J/O e_K(’_S)dBSHi| = ae_K(’_S)l[(),,](s),

where 1| is the indicator function. Consequently, we obtain

T X2 —x2 T rt
/ XdX; =L "0 4,62 / / w2754 gyt | (A.47)
0 2 o Jo

Based on (2.5) and (2.10), we can rewrite kg as

1

. ( 7262HT (2H) )W
KHN =
(X7 —Xo) Jg Xedt =T [{ X,dX,

1

2

(X7 —X0) Jy Xedt =T [} X,dX,

T o x3de—(fy x,dt)2

1
2.2 2 1
(XT —X())fo Xtdl‘—TfO Xid Xy

Substituting (A.47) into (A.48), we have

1
IH
. T?62HT (2H) . 5
KHN = T T 1 Ls
(X =Xo) Jy Xedt =T (3X3 = 1 X2 —ano? [ [3u?—2e="dudr)

g-

62HT QH) ks
:(¥%f X dt — 5 &i X,dt X3+ X +apott ftu”’ 2e‘"“dudr)
Hence,
VT (kpy —x) (A.49)
=T (#yy —x! MR +K1_#1€L2? —K)

L
o2HT (2H) 7
%%fo Xtdt—&l X,dt — 1 X2 +2TX0+(XH0' Tfo ft 2H=2p=xudydt

- ZH]«/_Kng—l—\/—K W(Azg —Kﬁ).

By Theorem 3.2 and the delta method, we get

JT (37 Mo, (L5 ’ A.50
T(KLS —K2H>—) (ﬁk 2H ) xChy |. (A.50)
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By (A.9), equation (4.3) and Lemma 5.2 of Hu and Nualart (2010), we can obtain

5

¢2HT 2H)
(%—TO) fO X dt — X%+%X(2)+ayaz%f0T Joy utH=2e=rududt
15 !
=Kk 20 +o0 ﬁ . (A.Sl)

By Slutsky’s theorem, Remark 3.2, (A.49), (A.50), and (A.51), we obtain the desired
asymptotic distribution in (3.10).

Next, we consider (3.11) in the case of H = 3/4. Applying arguments similar to those
in (A.49) and using (A.51), we have

JT . 1 JT % JT A 2 2
7(1«;”\/— )— Kig Kjg—K3 ). (A.52)
JV1og(T) JV1og(T) ‘/log(T
For H = 3/4, using Theorem 3.2 and the delta method, we get

T 2 16
L( 3 K%)QN(O,—K%)‘ (A.53)
J1og(T) On

By Slutsky’s theorem, (A.52), and (A.53), we obtain (3.11).
Finally, for H € (3/4,1), similar arguments together with the delta method yield the
asymptotic law for kg in (3.12).

A.4. Proof of Lemma 3.1
Using (A.1), we obtain

eKT T
—/0 X.dB[!

TH
eKT T t
= _H/ |:(1—e_m),u+X()e_m+0/ e_K(t_s)dBSH:|dB,H
T 0 0
kT T kT t
Xn—
_ ”;H BH 4 ‘;H“e"T/O e tapH + 2 e*=)ggH gt (A.54)

First, it is easy to see that

eKT n
”T —BH 0. (A.55)

For H € (1/2,1), by Lemma 6 of Belfadli et al. (2011), we have

_ T
MeKT/ e dBH 5 0. (A.56)
TH 0

Let us mention that (A.56) also follows obviously when H = 1/2.
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Next, we consider the last term of (A.54). If H = 1/2, a simple calculation yields

O.eKT T rt 2 22KT
E / /e_"(’_s)stdB, - / / —26(t=5) g5t (A.57)
T3 Jo Jo
22
T2 2KT+ O- T
2 4k2ﬁ 41«2«/7

If H € (1/2,1), by the isometry property of the double stochastic integral, we have

2
kT T rt I
E aeH / /e_x(t—s)dBSHdBIH o2 —L
T2 JOo JO e—2kTTH
where

IT = / . e Kl=slg=rlu=rlyy o 2H=2 1 _ g 2H=2 gy 4vdrds .
[0,7]

Taking the derivative of /7 and e~ 2T TH with respect to 7', we have
dly 4f[0 P e KT =8) o=rlu=rl( — 1) 2H=2 1, _ s |2H=2qyqrds
d (e 2T TH) - HTH-1g—2T _p, 7 Hg—2xT :

By changing variables T —s = x;, T —r = xp, T —u = x3, we get

dir 40 T]ze_"xle_"'XZ_x3|x2H_2| —xp2H= deldxde3
d (e 2<TTH) = HTH—1g—2kT _ . 7 He—2xT

Indeed, we can decompose the above integral into integrals over six disjoint regions
{xz(1) <x¢(2) < X7(3)}, where 7 runs over all permutations of indices {1, 2, 3}. In the case
X1 < x3 < xp, making the change of variables as x| = a, x3 —xy =b and xp —x3 =c¢
(other cases can be handled in a similar way), we obtain

dit 4f[()jr]~ TKae=KC (q+b) 22 (b4 )2H - 2dadbdc
d(e—ZKTTH) = HTH—1o=2cT _ 24 TH p—2xT
Thus,

dly 4 fo.rp e M4 dadbdb
d (e—2KT TH) = HTH=1p=2cT _ )T H p—2kT

(A.58)
Then, from (A.57)—(A.58), we obtain

xT T rt
creH / / K= ggH pH
0 Jo

with H € [1/2,1) and C denotes a suitable positive constant. Consequently, we deduce
from (A.59) and Lemma 2.1 of Kloeden and Neuenkirch (2007) that

<cT %, (A.59)
12(Q)

e =apHapH 5 0. (A.60)

Flnally, the result in Lemma 3.1 follows by combining (A.54), (A.55), (A.56),
and (A.60).
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A.5. Proof of Theorem 3.4

We prove the convergence of kg first. For the sake of simple notations, we introduce the
two processes with 7 > 0

T
Zr = /0 s BHas, (A.61)

T
Er = /0 sdBH . (A.62)

By the definition of the Young integral, Bgl = 0. By the definition of Z7, we have
T
ér :eKTB;I—K/O eKSBSHds=e"TBZH—KZT. (A.63)

By Lemma 2.1 of El Machkouri et al. (2016), we obtain Zs = fooo ers Bsts which is
well-defined and

Zr 8B Zoo, (A.64)
IS o — (A.65)

Using (A.61) and the Young integral, we can rewrite the solution of (1.1) as
t
X =Xpe ¥+ (- +e—"’a/ SdBH (A.66)
0
=Xge M+ (Il—e " u+e o

!
=Xpe M+ (l—e " yu+e "o |:e"’BtH —/ BSHe’”kds]
0

'
=Xge " +(1—e ) u+oBl —ae_mlc/ BH e*sas
0

=Xge ™ +(1—e ) u+0B! —ce ™ x7,.

To prove strong consistency of k7 g, we will analyze separately the numerator and

the denominator of the estimator (3.14). First, we consider the term e* T fOT Xdt. Using
L’Hospital’s rule, (A.64), (A.65), and (A.66), we obtain

T T
eKT/ Xidt = eKT/ [Xoe ™ +(1—e ™) u+oe ™ &]dr (A.67)
0 0

T —xt
X e &dt
_ 0(1_eKT)+eKT#T+ﬁeKT(e—xT_l)Jrafo !
K K e—xT

X
‘3'——0+£+JZOO.
K K

Combining (A.64), (A.65), and (A.66), we deduce that

Lot T T T T
=T Xy = T[Xoe_" +(1—e—K ),u+ae_K gT] (A.68)

1
=7 [X0+ueKT —#+0§T]
a.s.

- 0.
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By (A.64) and (A.65), we have

2
X%eZKT = &7 [Xoe_KT + (l —e_KT) u +0e_KTd_‘Tj| (A.69)
2 2
— eZkT[(XOe—KT) +(1_E—KT) /12+026—2}CT§72_+2X06—}CTU€—KT§T
+2u (1 —e_"T) e ¥l er +2X0e T (l —e_KT) ,u]
2 (T _\* 2, 22 KT T
= X0+(e —1) U=+ Cr +2X00ér +2ucér (e’ —1)+2uXg (e —1)

Zgo —20X0kZoo +210KZoo —2X0 1t .

By (A.64) and (A.65) again, we obtain

T T
ez"T/ thdt = ez"T/ [Xoe™ + (1= u +zre_mfz]2df
J0O JO
T T T
_ eszXO/ e—2xtdt+eZKT/ /zz(l—e"")zdt+oze2”/ 2y
JO JO JO
T T
+2e2KT,uXO/ e (1 —e_m)dt-‘rZezKTXoa/ e~ & dt
JO JO
T
+2€2KT,ua/ (1—e™* e ™ &dr
0
Xo ( 2« 2| ot 1 2T %T
=—(e —1)+/z e T ——(1— )+ — (e —e™)
2K 2K
2T [T ok 1 wTy_ L (kT _ T
+oe ™ / e K ERdL +2u X |:—(1—e Yy — = (e’C —e™ )]
JO K

I et (fo Mg di foTe_z’”étdt)

+20 Xg

o—2xT 2T =T

2
X
i — Z2 +_,u 0+X00‘ZOO HoZoo. (A.70)

A standard calculation together with (A.67) yields

26T (T 2 T oy
/ Xidt ) = =7 / Xidt | 0. (A.71)
T 0 T 0

Combining (A.67), (A.68), (A.69), (A.70), (A.71), and (3.14), we obtain strong consistency
of }GLS

It remains to show strong consistency of f; g. From (1.1) and the fact that BH 0, we
can rewrite X; as

1
X, :X0+,u1ct—;c/ Xsds+o B} . (A72)
0

By (1.1), (3.15), (A.72), and the Young integral, we can rewrite /i g as
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T T X +,ttKT+0'BH—X
(Xt —Xo)fo Xlzdt—fo X;dxt%
s =

T T
X —Xo)fo X[dt—Tfo Xid Xy

T T X0+aB
(X1 —Xo) Jg X2dt—uT [ X;dX; —

(A.73)

fo X, [x (u—Xp)dt +0dBH]

(X7 —X0) J§ Xedt =T [ X,dX,

Xr=Xo, (T X,aBH - I'x,dx,

(X1 —Xo) J§ Xedt =T [ X,dx,

:‘u-}—

_ oBH X2 —x2
T X1 Xole"TfTdeBH— TT 2k T 72 0

=u+

0

X —x2
eKTXT XOe;ch X,dt—ez"T 5

Finally, using (A.67), (A.68), (A.69), Lemma 3.1, and (A.73), we obtain strong consistency

for jis.

A.6. Proof of Theorem 3.5

Using (1.1), (A.72), and the Young integral, we can rewrite K7 g as

(X7 —Xo) JI Xdt —T [ X, [K (1= Xy)dt +adB,H]

’%LS = T T 2
T o X2di—(fy Xudr)
(X7 —Xo—xuT) [§ Xedt+xT [} X2dt —oT [{ X;aBH
= 2
T fy x}di—(f) Xear)
H (T T H
. 0By [y Xidt—oT [y X;dB/
T 2 T 2
7 fy x3dr— (i Xear
Hence,

JB;Ie_"T fOT Xidt —oTe T fOT X,dBtH

T fy x3de—(f) Xtdt)z

oB &7 [[ Xt oeT ] X,dBY

T ot [T x2q; 2T [ X2d1
(e"T fO X,dt)
P I Gy
T T [T X2dr

A standard calculation yields

e oy —x) =

T — —ie(f—
o [T x,dB T J) [+ Xo=wye™ +o fje=9ap [ap!

=—0
26T fOT Xlzdt e2xT fOT Xlzdt

T rs
o kT pH «T —k(t—s) jpH ;pH
=————F——|ue' By —oe / / e dB;"dB;
T [T X%dt[ ’ o Jo P

T T
+e’<T/O e *apl |:(X0—,u)+0/0 e’“dBSHM.

(A.74)

(A.75)

(A.76)
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By Lemmas 6 and 3 of Belfadli et al. (2011), we have

r HT(2H
eKT/ apH 5 N 0,% , (A.77)
0 ||
r HT(2H
/ S dBH i/\/(o,#) : (A.78)
0 lre|2H

Moreover, it is easy to check
ueT 450, (A.79)

Obviously, both ¢*/ and ¢S are nonrandom Holder continuous functions. According to
Lemma 7 of Belfadli et al. (2011) and the relationship between the divergence integral and
pathwise integral (see, e.g., equation (2.4) in Belfadli et al., 2011), we can deduce that

T rt
UeKT/ / esdBletapl 5o, (A.80)
0 Jo

By (A.70), (A.76)—(A.80), and Slutsky’s theorem, we have

JHT CH)
ae"TfOTX;dB,H r 2KU7|K|H v

-
T 2 / ’
eZKTfO Xtdl‘ XO_#"FU%SJZH

(A.81)

with v and @ being two independent standard normal random variables. Combining (A.67),
(A.70), (A.75), and (A.81), we obtain (3.16).

Let us now obtain the asymptotic distribution of /i . From (A.73), we can rewrite /7 g
as

H
T v2 T Xo+uxT+o By — X7
_ (X7 —X0) fy Xidt— [y XpdX, ——TL—=

(X7 —X0) o Xedt =T [ X;ax;

X0+aB

(X7 = Xo) JT X2dt — uT [ X,dX, - X1 Ty, [K (u—Xp)dt +zrdBH]

(X1 —X0) Jy Xedt =T [ XidX,

H
XT oBy

X045 (I x;aBH - 2L [T x,dx,
(XT —Xo) Ji Xedt =T [ X,dx;

H y2 2
oBy X7-X§
K 2

Xr=Xo, [T x,aBH -

=pt X2 _x2
Xt —Xo)fo Xpdt =T 150

As a consequence, we have

H y2
_ 20 H _ _2Xgo T H D‘B aB; Xj
T1-H (A ) kTHX7r JO XtdB THx% f() XtdBt KTH + KTH Xz
HLs —H) =
=2 _ 2% (T _ Xo
TXT fo X, dt T Jo Xedt —1+ o
2k T H
26 T H_ _2Xps &7 (T H 037[:, s Tx2 BY
ke T x7 TH Jo XtdB KX%JKT TH fo X,dB, T kTH +K ezxrxz TH

Xo

2 T (T 2Xo _ kT
T X, e [y Xidt — ngxrxze " fo det—1+ T Y

By (A.67)—(A.69), Lemma 3.1, and the above equation, we can obtain the desued result in
(3.17).
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A.7. Proof of Theorem 3.6

We first prove strong convergence of K7 g, which can be rewritten as (3.19) and (3.20), re-
spectively. Using the isometry property of the double stochastic integral (see, e.g., equation
(5.6) of Nualart, 2006), we have

2

r 2

E (/Olgfdu) =E (/01/011[0,1]@)51355114)

- 11 2

=E (/0 /0 I[Ojl](s)dudBSH)
S )
=1E_(/0 (l—u)dBSH)

1 1
:aH/ / (I—M)(l—s)ls—u|2H_2dsdu
0 JO
< 00. (A.82)

From (A.82), we can see that fol B,fl du is a Gaussian process with mean zero and bounded
variance. Consequently, we have

1
/ Bl dau=0,(). (A.83)
0

Moreover, a standard calculation together with Isserlis’ Theorem (see Isserlis, 1918) yields

E [/01 (BuH)zdu:| = ﬁ (A.84)
; {(/0 ‘ (By)zdu)z} [ [ a2 iy (002 s

1,1 11 5

=/ / SZHtZHdsdt—i—/ / (|t|2H+|s|2H—|t—s|2H) dsdt
0 Jo 0 Jo

< oo (A.85)

From (A.84) and (A.85), we can easily obtain

1 2
/ (Bf) du=0,(1). (A.86)
0

By the law of the iterated logarithm for fBm (see, e.g., Corollary A.1 in Taqqu, 1977), for
any € > 0, we can have

BH .
THYe 0. (A.87)

Using (A.83), (A.86), and (A.87), we obtain

T
BH [ BHat as

(A.88)
T [ (BH)2dt
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Using a similar argument, we have

(s8)" .

1

=0, (A.89)
2fy (B2t
T2H
— o 0 (A.90)
2 [y (Bi")?dt
Now, using (3.19), (A.88), (A.89), and (A.90), we obtain
B Jy Bldi (81)° T2t
T (TBH2ar 2 [T(BHy2dr 2 [T (BH)2d
”C\LS: .[0(1) 4 ‘[‘0(1) tz f()(z) I‘SO (A.91)
(fOT B,Hdt)
7 T2
Similarly, using (3.20), (A.88), (A.89), and (A.90), we have
B fy Bl (8f)
T [T (BHydr 2 [T (BH)2d
fpg = Lo (B 2Jo (BIPdrag. (A.92)

2
(fOT BH dt)

7B

By (A.91) and (A.92), we complete the proof of strong consistency of k7 g.

Finally, we need to prove (3.21). By the scaling properties of fBm of (2.2) (see also in
Nualart, 2006), we have

Hd +HpH
B =1l |
H (T pH 2H+1 pH H
By [y Bf'dt =T="*1B{ [ B du
T[T BHapH L 72H+1 [l pHapH (A.93)
T d 1
T Jy (BrH)Zfz” <722 ) (Blfl)zd';
(o Bftar)” L7202 (fi Bflau)

Combining (3.18) and (A.93), we obtain the desired asymptotic distribution.
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