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Abstract

This paper is concerned about the problem of estimating the drift parameters in the
fractional Vasicek model from a continuous record of observations. Based on the Gir-
sanov theorem for the fractional Brownian motion, the maximum likelihood (ML) method
is used. The asymptotic theory for the ML estimates (MLE) is established in the sta-
tionary case, the explosive case, and the null recurrent case for the entire range of the
Hurst parameter, providing a complete treatment of asymptotic analysis. It is shown that
changing the sign of the persistence parameter will change the asymptotic theory for the
MLE, including the rate of convergence and the limiting distribution. It is also found that
the asymptotic theory depends on the value of the Hurst parameter.

JEL classification: C15, C22, C32
Keywords: Maximum likelihood estimate; Fractional Vasicek model; Asymptotic distri-
bution; Stationary process; Explosive process; Null recurrent process

1 Introduction

Since Vasicek (1977) introduced a model to describe the evolution of short-term interest rates,
the so-called Vasicek model has enjoyed a wide range of applications. Jamshidian (1989) used
it to price bond options. Scott (1987) used it to model the evolution of instantaneous volatility
of stock price and to price European call options.

Many extensions have been made to generalize the specification of Vasicek. For exam-

ple, motivated by the phenomenon of long-range dependence found in data of hydrology,
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geophysics, climatology, telecommunication, economics and finance, the Brownian motion in
the Vasicek model has been replaced by a fractional Brownian motion (fBm), leading to the

following fractional Vasicek model (fVm)
dX; =k (pn— X;) dt + odBE (1.1)

where o is a positive constant, u,x € R, B! is an fBm with H € (0,1) being the Hurst
parameter. An fBm BY is a zero mean Gaussian process, defined on a complete probability

space (2, F,P), with the following covariance function

E(B{'B{) = 5 (It + sl — |t = s[*") . (1.2)

| =

The process Bf! is self-similar in the sense that Ya € R*, B 4 gt B, Tt becomes the
standard Brownian motion Wy when H = 1/2 and can be represented as a stochastic in-
tegral with respect to the standard Brownian motion. It is negatively correlated when
0 < H < 1/2. When 1/2 < H < 1, it has long-range dependence in the sense that
S E(Bff(BI,, — Bl’)) = co. In this case, the positive (negative) increments are likely to
be followed by positive (negative) increments. The parameter H, which is also called the self
similarity parameter, measures the intensity of the long range dependence.

Parameter « is often referred to as the persistence parameter. When s > 0, X, is stationary
and ergodic. In this case, u is the unconditional mean of X; and k is the mean-reversion
parameter. When x < 0, X; is explosive and hence non-ergodic. When x = 0, X; is null-
recurrent and the drift term s (u — Xy) dt disappears. So p is superfluous in this case. The
ergodic fVm has been used to model the evolution of instantaneous volatility in Comte and
Renault (1998), the evolution of quadratic variation in Ait-Sahalia and Mancini (2008), the
evolution of realized variance in Gatheral et al. (2018), the evolution of VIX in Xiao et al.
(2019).

An alternative to and perhaps slightly more general specification than Model (1.1) is
dX; = (a — kX;)dt + cdB}, (1.3)

In Model (1.3), even when xk = 0, the drift term does not vanish and it is adt. This alternative
specification for the drift term was used in Chan et al. (1992) and Yu and Phillips (2001).
When « in (1.3) is known (without loss of generality, it is assumed to be zero), (1.3) becomes
the fractional Ornstein-Uhlenbeck (fOU) process.

Assuming that a continuous record of observations is available for X; with ¢ € [0, 7],
a number of studies have introduced methods to estimate x and « (or u) and developed
asymptotic distributions for the proposed estimators under the scheme of T — oco. When
H > 1/2 and k > 0, borrowing the idea of Hu and Nualart (2010) and Hu et al. (2017), Xiao
and Yu (2019a) considered two methods, the least squares (LS) estimates and the ergodic-type



estimates of k and u. When H > 1/2 and k = 0 or k < 0, Xiao and Yu (2019a) considered
the LS method. Xiao and Yu (2019b) extends the results of Xiao and Yu (2019a) from the
case where H € (1/2,1) to where H € (0,1/2). Lohvinenko and Ralchenko (2017) considered
the maximum likelihood (ML) estimates of x and o when x > 0 and H € (1/2,1).

Our paper also focuses on the ML estimators (MLE) of x and a. We aim to develop the
asymptotic distributions for the MLE of x and « under the following scenarios: (1) x > 0 and
H € (0,1/2]; (2) k =0and H € (0,1); (3) xk < 0 and H € (0,1). Therefore, together with
Lohvinenko and Ralchenko (2017), a complete coverage of asymptotic theory for all possible
cases is provided to the MLE of k and «a.

The rest of the paper is organized as follows. Section 2 introduces the MLE of x and
a. Section 3 is devoted to the asymptotic theory for the stationary case (i.e., k > 0) but
H € (0,1/2]. Section 4 studies the asymptotic properties of the MLE in the null recurrent
case (i.e., k = 0) and for the entire range for the Hurst parameter H € (0,1). In Section 5,
we establish the asymptotic behaviors of the MLE for the non-ergodic case (i.e., k < 0) and
for the entire range for the Hurst parameter H € (0,1). Section 6 contains some concluding
remarks and gives directions of further research. All the proofs are collected in the Appendix.

We use the following notations throughout the paper: ﬁ’ % and ~ denote convergence in
probability, convergence in distribution, and asymptotic equivalence, respectively, as T" — oo.
Throughout this paper, the constant C' only depends on H, whose values can differ at different

places.

2 ML Estimation

Following Kleptsyna et al. (2000) and Lohvinenko and Ralchenko (2017), by applying the
Girsanov theorem for the fBm developed in Norros et al. (1999), one can get the expression

for the continuous-record log-likelihood function for Model (1.3) as follows:

T T
o) = [ Quarf + 5 [ (Qute) st

where L4 .
Qu(t) = defl/g kg (t,s) (a — kXs) ds, (2.1)
kg (t,s) = k’i (s(t— s))%_H , kg =2HT <2 — H> r (H—i— ;) , (2.2)
H
e Lpan, o
2HT (3—-2H)T (H + 1
t
MtH:/ ky(t,s)dBI . (2.5)
0
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Taking the derivatives of the log-likelihood function with respect to x and « and setting them
to zero, Lohvinenko and Ralchenko (2017) obtained the following expressions for the MLE of

« and k:
) St fif PE () dwl! — [ Py (t)dS; [ Py () dwl!
ar = 2 g, (26)
Wl 3 PR () duf! — (J P (1) duf!)
St [T Py (t)d Py (t)dS
Rr = Tf‘; i () duf’ —of Jy P S, (2.7)
73 P (t)dwﬁ—(fo Pi (t) duof?)
where
1 t
Sy = — kH(tvs)dX57 (28)
g Jo
Pu) = 1.9 /tk (t, ) Xods (2.9)
H - O'dth 0 H b s ) .

Combining (1.3), (2.2) with (2.9), we deduce that

la 1 « ~
Pi(t) = ~= 4~ <X0 - E) Vi (£) + Py (t) (2.10)
where
d t
Vi) = - /0 kot (1 5) e—"ds (2.11)
t
- d t
Pu) = - /0 kot (¢, ) Usds | (2.12)
t
t
U = / e r =) gBH (2.13)
0

Using the idea of Kleptsyna and Le Breton (2002), Lohvinenko and Ralchenko (2017)

obtained the following results

«

Qu () = - kP (), (2.14)
t t
S = [ Quedel + Ml =%~ [ Pu) el £ MP, 215
0 0
S, = ZdwH — Py (t) dw? +dMH . (2.16)
ag

The process M/?, the so-called fundamental martingale, is a Gaussian martingale with the
variance function being wf’. Moreover, the natural filtration of the martingale M coincides
with the natural filtration of the fBm. Based on (2.15) and (2.16), the MLE of a and x can

be represented as

ME [T P2 (1) dwf! — [ Py (t)dM [)] Py (1) dwf!
fo PZ (t) dwl — (fo Py (t) dw, )2

ME [T Py () dwff — Wl [T Py (t) dM !

ol JT P 0y dolt — (7 Py (1) dwt>2

ar = o+

o, (2.17)

Fr = K+ : (2.18)
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When a continuous record of observations of X; is available, Lohvinenko and Ralchenko
(2017) studied the consistency and the asymptotic normality of the MLE defined by (2.6)
and (2.7) when H > 1/2 and k > 0. The goal of the present paper is to establish asymptotic
theory for the MLE of o and & for all the other cases, including H < 1/2 and x > 0, H € (0,1)
and k =0, H € (0,1) and x < 0.

3 Asymptotic Theory When « > 0

In this section, inspired by Lohvinenko and Ralchenko (2017), we extend the asymptotic
properties of ar and R from the case of H € (1/2,1) to the case of H € (0,1/2]. For the
sake of comparison, we first introduce the main result of Lohvinenko and Ralchenko (2017).
When H > 1/2, Lohvinenko and Ralchenko (2017) obtained the asymptotic normality for the
MLE of « and &, i.e.,

T (ar—a) % N(0,Ago?), (3.1)
VT (fr — k) 5 N(0,25) . (3.2)

The objective of this section is to obtain the consistency and the asymptotic normality of
ar and k7 when H € (0,1/2]. Since the asymptotic laws of & are different when H € (0,1/2)

from those when H = 1/2, we need to treat them separately.

3.1 Asymptotic theory when H € (0,1/2)

Before presenting asymptotic properties of &r and & for H € (0,1/2), we first state a useful

technical lemma.

Lemma 3.1 For k > 0 and H € (0,1) in Model (1.3), and for any € > 0, as T — oo, we

have
Vir (T) = O(TH*% , (3.3)
T
Vir (1) dol! = O(T%—H>, (3.4)
0
T
/ Py (1) dMI = O, (ﬁ) (3.5)
0
T
| Brwast = o,(1). (3.6)
0
/TVEI(t)dwf{ — o), (3.7)
0
/T Py (t) dwf! = O, (T7H17°) | (3.8)
. 0
/ Vi () Py () dwl = 0, (ﬁ) (3.9)
0



We can now describe the asymptotic laws of ar and K as T — oc.

Theorem 3.1 For x >0 and H € (0,1/2) in Model (1.3), as T — oo, we have

VT (6r—a) 3 N (0, 2:2> , (3.10)
VT (ir — k) 5 N(0,2k) . (3.11)

Remark 3.1 Comparing the asymptotic theory with that obtained in Lohvinenko and Ralchenko
(2017), the asymptotic normality continues to hold for both estimators. Moreover, compar-
ing (3.11) with (3.2), we can see that the asymptotic theory for kr is the same regardless of
H € (0,1/2) or H € (1/2,1). Comparing (3.10) with (3.1), we can see that the asymptotic
variance of & depends on H. The asymptotic variance is A\go? with the consistency order
T'H if H € (1/2,1) whereas it does not depend on H with the consistency order T as T
becomes large if H € (0,1/2).

Remark 3.2 The asymptotic theory for the MLE of k in the fOU when H € (0,1/2) has been
developed in the literature; see, for example, Theorem 2 in Brouste and Kleptsyna (2010). It is
the same as in (3.11). So having to estimate an additional parameter «, there is no efficiency

loss in estimating k asymptotically.

Remark 3.3 Following the idea of Hu et al. (2017), Xiao and Yu (2019b) obtained the

asymptotic distribution of the LS estimate and the ergodic-type estimate of k for H € (0,1/2).

The LS estimator of k is given by

(X1 — Xo) [ Xedt — T [ X;dX,
T Jy Xt~ (fy Xtdt>2

N

KLS =

, (3.12)

where the stochastic integral fOT X d Xy is interpreted as a divergence integral. The ergodic-type
estimate of k is given by

__L

) T [y xpar— ( J) Xtdt>2 "

RHN = T262HT (2H) (3.13)
Moreover, Xiao and Yu (2019b) showed that

VT (ks — k) 4N (0,r07g) as T — oo, (3.14)
where 67 = (4H — 1) + % and that

VT (kgn — k) 4N (0, k0% y) as T — oo, (3.15)



where 6%{]\, = ﬁ (4H — 1) + W . Setting k = 1, Figure 1 compares the efficiency
of ML, LS and ergodic-type estimates of k by plotting 5%5, 6% against 2 when H takes a
value between (0,0.5). It can be seen that the LS estimate is the most efficient, followed by the
MLE and then by the ergodic-type estimate. The efficiency gap is larger for a smaller value

of H and disappears when H = 1/2.

- =

LS

HN

0 0.05 0.1 015 02 0.25 03 035 04 045 05

Figure 1. Plots of 67 g and 6% against 2 as functions of H

3.2 Asymptotic theory when H =1/2

When H = 1/2, Bt1 /2 = W, which is a standard Brownian motion and the fVm becomes

the standard Vasicek model. In this case, it can be shown that fundamental martingale M7
becomes a standard Brownian motion and the MLE reduces to the LS estimate. The model
has been extensively studied in the literature; see, for example, Kubilius et al. (2018) and
Xiao and Yu (2019a). Since our model is slightly different from that in Xiao and Yu (2019a)
(i.e., p versus «a), before we report our asymptotic theory, we review asymptotic theory of the

LS estimate of x and p in the Vasicek model given in Xiao and Yu (2019a).
Lemma 3.2 For k >0 and H =1/2 in Model (1.1), as T — 0o, we have

VT (kp — K) 4

N(0,2k) , (3.16)
VT (i —p) S N

(17, )



where

Xr—Xo) [T x,a0t — T [T X,dX
hr = (X7 = Xo) Jy Xi Jo Xi i (3.18)

2
T fy Xt~ (Jy Xedt)
. (X7 — Xo) fy X2dt — [ X;dX, [ X,dt

12— y 3.19
(X7 — Xo) fy Xudt — T [ X,dX, (319

and fOT Xd Xy is interpreted as an Ité integral.

While it was not shown, 47 and jir are independent asymptotically. Using the results of
Lemma 3.2 and the independence, we can obtain the asymptotic laws of a7 and Kp defined
by (2.6) and (2.7).

Theorem 3.2 For k >0 and H =1/2 in Model (1.3), as T — oo, we have
~ d 2 20{2
VT (7 —a) 5 N (0,0 +— (3.20)
VT (kr — k) > N(0,25) . (3.21)

Remark 3.4 When a # 0, we can summarize the three sets of asymptotic theory for the
MLE of « as follows:

IfH € (0,1/2), VT (67 —a) > N(O,fz),

2
IfH=1/2, VT (61 —a) % N<0,02+20‘>,

K

FHe(1/2,1), TV (ar—a) 5 N (0, go?) ,

where the last asymptotic theory was obtained in Theorem 3.4 of Lohvinenko and Ralchenko
(2017). While the three sets of asymptotic theory for kp are identical, the three sets of asymp-
totic theory for ar are different. When H changes from a value in (0,1/2) to 1/2, while the
rate of convergence stays the same (i.e., ﬁ), the asymptotic variance changes from % to
o? + % When H changes from a value in (0,1/2] to (1/2,1), both the rate of convergence

and the asymptotic variance change.

Remark 3.5 When « is known and assumed to be zero and H = 1/2, the asymptotic theory
for the MLE of k was obtained in Brown and Hewitt (1975) and in Feigin (1976). The two
sets of asymptotic theory are the same, suggesting that there is no efficiency loss in estimating

k when « s estimated or not.



4 Asymptotic Theory When x =0

In this section, we consider the asymptotic laws of & and Fp for the entire range for the

Hurst parameter, i.e., H € (0,1). Note that when x = 0, we have
X;=Xo+at+oBH. (4.1)

For the model dU; = —xUydt +dB}?, it is well known that the MLE of x can be expressed

as
— [T Py (t) dM}
[ Jo f L (4.2)
fo PH()th

where Py (t) = de fo ky (t,s) BHds.
Before con81der1ng asymptotic properties of & and K7, we first introduce a lemma, which

will be used to derive the asymptotic theory.

Lemma 4.1 For k =0 and H € (0,1) in Model (1.1), as T — oo, we have

T
| Puyavi = o, (4.3)
0
T A
/ Pg (t)dw/! = 0, (T?), (4.4)
0
T 1 2-2H
H _ ety w2 4
/0 O , (4.5)
T
/thth _ L1- HT4 2 (4.6)
0 )\H2—
T A
/ Py (t)dwf’ = 0O, (T* 1), (4.7)
0
T A
/ tPy (t)dwf’ = O, (T* 1), (4.8)
0
Vi (T) = 2fp <—H3—H) (4.9)
ko \2
d t
dw{{/o ki (t,s)sds = apyt, (4.10)

where B(-,-) is the Beta function, g is defined by (2.4) and ag = 4%1__25).
We can now describe the asymptotic behavior of ar and &7 as T" — oo.

Theorem 4.1 For k=0, a #0 and H € (0,1) in Model (1.1), as T — oo, we have

T Gr—a) 4 N (0.0%m) (1.11)
2
T H (ip—r) 5 /\/(0,22¢H>, (4.12)
32H(1—H)(2—H)D'(3—2H)I(H+1)

where pg = A (3 — 2H)2, o =

NE= and \pr is defined by (2.4).

9



Remark 4.1 In the case of H = 1/2 and a # 0, we can see that Xy = Xo+ at + ocW;. A
straightforward algebraic calculation shows wfl =t, Py (t) = 1X,, M =W, Py (t) = W,
and that

1 T a?
TS/O X2dt = ?+op(1), (4.13)
1 T
T2/0 Xydt = g+op(1), (4.14)
1 T T
NT/ Xtth = Oé/ tth+0p(1) (415)
0 0

Then, by the scaling properties of the Brownian motion, (2.17), (4.13), (4.14) and (4.15), we
deduce that

Wy [ X2dt — [ X,dw, [T Xudt

VT (ar —a) = VT
' T Jy Xdt— (Jfy Xuat) ’

LW s [ X2dt —

= I X dW s [ Xydt

1
T\/Tfo
1 T y2 1 T 2
7 Jo X2dt = (5 Jy Xuat)

a? W a
ST o I fy Wi+ 0,(1)
2

2

H‘H

% - (%) + Op(l)
Wr T )
= 120 (=L~ _ | W 1
0(3\/:7 2T\/T , 1) Fonld)
i> N(0,402) ,

which is identical to (4.11) with H = 1/2. Moreover, using (2.18), (4.13), (4.14) and (4.15),

we can write
T T
(W Jy Xt =T [} Xiaw;) o

T Jy xpdt— (f; Xtdt)Q

TVT (fp — k) = TVT

X,dt — T Xtth] o

Ve fy Xt - 72 g
2
o Jy Xpd (o J) Xaat)

1202
N(o,g > :
(0%

which is identical to (4.12) with H = 1/2 being assumed.

1

Remark 4.2 In the case of H =1/2 and o = 0, with o and k being estimated, by the scaling

10



properties of the Brownian motion, we have
2
S Wi (fy Wedt)” = [y Wadt f; WedW,
ar — o 2
Jy wzdt — ( Jy widt)
4 W oy Wedt — [} WidW,
5 -
Jy wdt — (Jy wiat)

Thus, the limiting distributions of &r and Fp are not normal. In particular, the asymptotic

o,

T (kr — k)

distribution of RKr is a Dickey-Fuller-Phillips type distribution with the rate of convergence
being T'. Hence, when k = 0 is unknown, the value of o plays an important role in the study
of asymptotic laws for the MLE.

5 Asymptotic Theory When « < 0

When £ < 0, the model given by (1.3) is non-ergodic or explosive. Since the proofs of
the asymptotic theory of ap and R when H = 1/2 are different from those when H €
(0,1/2)U(1/2,1), we first consider the case of H = 1/2. For the sake of notational simplicity,
we introduce the process & = o fg e dWy for t > 0. Obviously, &, ~ N <0, —%) Moreover,

using (2.13) and the definition of &, we can easily obtain

T T &-
Je“T/ Updt = e”T/ ertedt B 32 (5.1)
0 0 k
’ §
ae%T/ et dt B 32 (5.2)
0 2K

5.1 Asymptotic theory when H = 1/2
Now, we can state the key results of the asymptotic theory for &y and &7 when H = 1/2.

Theorem 5.1 For k <0, H=1/2 in Model (1.1), as T — oo, we have

VT (ar—a) 5 N(0,0%), (5.3)
—kT
62,{/ (I;JT — K}) i} m , (54)

where £o and Ns are two independent N'(0, —o?/(2k)) random variables.

Remark 5.1 In (5.4), if we set Xo = <, the limiting distribution of % (kr — K) becomes
a standard Cauchy variate. This limiting distribution is the same as that in the Vasicek
model driven by a standard Brownian motion (see, e.g., Feigin, 1976). The asymptotic theory
in (5.4) is similar to that in the explosive discrete-time and continuous-time models when
discretely-sampled data are available (see e.g., White, 1958; Anderson, 1959; Phillips and

Magdalinos, 2007; Wang and Yu, 2015, 2016).

11



5.2 Asymptotic theory when H € (0,1/2) U (1/2,1)

We now turn to the case when H € (0,1/2) U (1/2,1) assuming x < 0. The limiting theory is

the most difficult to derive in our paper. Let A = An ‘/]CEIE(_Q'?;II;;;G’Q/ §‘H). Applying (2.10) and

(2.11), we can obtain

d

t
Vi (t) = thH/Ok:H(t,s)e ds

% fg kg (t,s)e "ds
dwf
dt

_H _=nt Kt K 1_g _nt Kt
(1-H)t He 2I_g <—2>—2t1 He=%I_ g <—2>

= A

_ mﬁ(}f;()j_l;;l ()S — ) [(1 - (140 ()
_’;tH\/e_%t 1+0@t™) - ZtH\/e_%t (1+0(t))
o]

_ )\H(;Z)(I;_—ll;lgf%_l) —“[u—H) (R (10 (7))
by (P (L0 (1)

FTE (R (140 (7)) + 5 (R HE (140 (1)
_ O(tm%ewﬁ (5.5)

where I,,(z) is the modified Bessel function of the first kind defined by

2/2 l/+2k
Zk'l“ wrk+1)

and we used the asymptotic expansion that, as z — oo,

I,(z)= \/% (1 +0 (z_l) ) :

12




Consequently, we can state the following lemma.

Lemma 5.1 For k <0 and H € (0,1) in Model (1.1), we have

/Tpé(t)dwf{ = Op (e 7T, (5.6)
0
/ TPH(t)thH = Op (e, (5.7)
° T
/ Vir (t) dol! = O(T%—He—”), (5.8)
0
T
/ Py ()dwf = 0, (e*”TT%*H), (5.9)
0
T
/ Vi (t)dwi’ = O (e, (5.10)
0
/TVH(t)PH(t)dw{{ = Op(e7*7) | (5.11)
0
/ TVH(t)thH = Op(e ™). (5.12)
0

Now, we can state the asymptotic theory for &r and R for K < 0 and H € (0,1/2) U
(1/2,1).

Theorem 5.2 When x <0, H € (0,1/2)U(1/2,1), and Xo = & in Model (1.1), as T — oo,

we have

T (Gr—a) % N(0,6%), (5.13)
e a X+/sin(wH)
5 (RT —K) = ————, (5.14)

where X and Y are two independent N(0,1) random variables.

Remark 5.2 For the entire range of H € (0,1), the asymptotic distribution of &t is normal
with the rate of convergence of TY™M and variance o®. This asymptotic distribution is the
same as that of the LS estimate (see Theorem 3.5 in Xiao and Yu (2019a) and Section 3 in

Xiao and Yu (2019b)).

e—nT

Remark 5.3 According to (5.14), the asymptotic law of “5— (kr — k) is the standard Cauchy

times \/sin (rH). For H € (0,1/2)U(1/2,1), «/sin(7wH) € (0, 1), suggesting that as H draws

further away from 1/2, k is estimated with higher accuracy.

Remark 5.4 When Xo # 2, using Lemma 5.1, we can obtain

—T . .- —2kerT foT [% (Xo— ) Vi (t) + Py (t)} dMH + 0,(1)
2K T 4x2e2kT f(]T [% (XO _ %) Vi (t) + pH (t)]Q dth N Op(l) .

e
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In this case, to obtain the asymptotic distribution of e™*T (kr — k) /(2k), one needs to calcu-
8 2
late the Laplace transform of fOT [% (Xo—2) Vi (t) + Py (t)} dw!!. This is complicated and

we leave it in our future work.

6 Concluding Remarks and Future Directions

The fVm has found more and more applications in practice. In this paper, we consider the
MLE of parameters in the drift term when a continuous record of observations is available.
The ML estimation is made possible due to the presence of the fundamental martingale and
the generalized Girsanov theorem. The asymptotic theory is based on the assumption that
T — oo.

It is shown that the MLE of « is asymptotically normal regardless of the sign of k.
However, the asymptotic law of the MLE of k critically depends on the sign of k. More
precisely, when « > 0 and H € (0,1), we have shown that the asymptotic distribution of
the MLE of  is normal with the rate of convergence being /T. The asymptotic variance
is 2k, which is independent of H. When k = 0 and « # 0, the asymptotic distribution of
the MLE of x is normal with the rate of convergence being 72~ . The asymptotic variance
depends on H. When x = 0 and a = 0, the asymptotic distribution of the MLE of & is
a Dickey-Fuller-Phillips distribution with the rate of convergence being T'. When x < 0, it
is shown that the limiting distribution is a Cauchy-type with the rate of convergence being
e "1 If one further assumes that Xy = a/k, the limiting distribution becomes a standard
Cauchy variate multiplied by \/sm(TH) .

This study also suggests several important directions for future research. First, it is worth
investigating to generalize the results in this paper to nonlinear stochastic differential equa-
tions driven by the fBm. The ergodic theorem, fractional calculus and Malliavin calculus will
be employed for obtaining the asymptotic properties of both the MLE and the LS estimators.

Second, in this paper, H and o are assumed to be known. In practice, both H and o
are almost always unknown. Although many approaches have been proposed to estimate the
Hurst coefficient and the volatility parameter from discrete time observations, how to estimate
H and ¢ in fVm with a continuous record of observations is an open question. It is interesting
to realize that we can use the generalized quadratic variation to estimate both the Hurst

parameter and the volatility parameter in fVm. For T' > 0 and any € # &,

() og (foT (Xrvg = Xi)* dt) p2 _ limao fy (Xee = X0 at
3 ST (Xipe — Xo)* dt T

It would be interesting to study the asymptotic properties of these estimators mentioned
above, which will be reported in later work.
Third, this paper assumes that a continuous record of an increasing time span is available

for the development of asymptotic theory. In practice, data is typically observed at discrete

14



time points with (0, h,2h, ..., Nh(:= T')) where h is the sampling interval and T is the time
span. When high frequency data over a long span of time period is available, one may consider
using a double asymptotic scheme by assuming h — 0 and T" — oo. The discretized model

corresponding to (1.3) is given by
yih = i+ exp(—kh) (Yo—1yp — 1) +up, (1= L)'y =g, t =1,.., N,

where L is the lag operator, d = H — 1/2. As shown in Wang and Yu (2016), under the
double asymptotic scheme, exp(—rh) = exp{—k/kn} = 1 — r/ky + O(ky?) — 1 where
kny :=1/h — oo as h — 0 and ky/N = 1/T — 0 as T — oo. This implies an autoregressive
(AR) model with the AR root being moderately deviated from unity and with a fractionally
integrated error term with d € (—1/2,0). This model is closely related to a model considered
in Magdalinos (2012) where it is assumed that d € (0,1/2). Developing double asymptotic
theory based on discretely sampled data will allow one to extend the results of Magdalinos
(2012) to the case where d € (—1/2,1/2). The development of the MLE and the asymptotic
theory is beyond the scope of this paper and will be reported in later work.

7 Appendix

7.1 Proof of Theorem 3.1

We first consider (3.3). Using (2.11), (2.2) and the properties of the modified Bessel function
of the first kind, for T' tending to infinity, we get

d T
Vi (D) = o [ ka (Tes
T
S VIR (3~ H) g sr (m)
dwT kg 2
H-3
T2 (2—2H), s H_5
= T2 +0(T"2) , (7.1)
r'(i-H) ( )

which is (3.3).
Then, as T — oo, using Lemma 4.2 of Lohvinenko and Ralchenko (2017), we can obtain

T T 1
/ Vi (t) dwll = / ku (T,s)e "¥ds = O <T§7H> ,
0 0

which yields (3.4).

By the proof of Theorem 3 in Tanaka (2013), we can easily obtain (3.5) and (3.6). The
result of (3.7) follows directly from fol V2 (t) dwf’ < oo and flT V2 (t) dwl < oo (see the proof
of Lemma 4.7 in Lohvinenko and Ralchenko, 2017). Applying Lemma 4.5 in Lohvinenko and
Ralchenko (2017), we can easily obtain (3.8).
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Now, we are left with (3.9). Using the Cauchy-Schwarz inequality, (3.6) and (3.7), we

obtain

IN

T T
\/ / V2 (t) dwtl / P2 (1) dutt
0 0

= OMO(T),

T
/0 Vir (8) Pur (8) deot?

which implies (3.9).

7.2 Proof of Theorem 3.1

To simply notations, let Xo = Xo— *. Using (2.10), we have

T Tra 1z ~ 2
/ P% (t)dwlf = / [+ ~XoVy (t) + Py (t)] dwf?
0 0 o

oK

042

= 02n2“T+ Xo/ VA (t) dwt /PH (t) dwll
0
—I—Xo/ VH dwt +/ PH dwt
+2 XO/ Vir (£) Py (£) dust? .

Using (2.10) again, we obtain

(/OTPH<t>dwf)2 - [/OT (£ 2xoVir 0+ P (1) dwﬁr

(7.2)

a2 9 1 . T 2 T _ 2
— G 2% ([ viwad) + ([ Prwad)
0 0

2 T 2 [T
+22H / Py (t) dwl! -}-UTO;WQI:IXO / Vir (t) dw!
0

OKR 0

2 = T H T H
—{—;Xo \%7; (t) dw; Py (t) dwy” .
0 0
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Using (7.2), (7.3) and Lemma 3.1, we deduce that

T
wH /0 t) dwll — < / Py (t) dwy >
200
H

H T _ T
- U /0 V2 (1) doot” + ol / B () df! + wff 2 Ry /0 Vi (1) dol?

T
vt 2 [ g (0t o XO/ vH<t>PH<t>dwff

B / TV ) d / Py (t)d 2
270y i (1) dwy’! i (1) dwy’! o2k
20 4 (T - 2 < ~ "
——wrp Py (¢ )dwt - 2X, VH (t )dwt PH (t) dwy
0 g 0 0
— / P2 (1) dwl + 0, (T52M).

0

Moreover, using (2.10), we get

T T
/ Py (t)dME / Py (t)dwl
0 0
o 1 ~ T T
= [M$+X0/ Vi (t) thH+/ Py (t) thH] X
OR g 0 0

a 1~ [T T
LWQEIJFJXO/ Vi (t) dw{{+/ Py (t) dw{f]
0

K 0
o2 T
- 2%2M7{{ 7+ *M Xo/ Vi (t) dwy” + — M7 / Py (t) dwf
0
1~ T . yo1 oy [T T
e / Vir (1) aMf ol 4 X / Vi @) aM? [ Vi (8) do!
0 0
1~ T T T
—i—;X() / Vy (t) th Py (t) dw{{ + 7&)7& / Py (t) th
0 0 0
1~ T
—i—;XO / Py (t) th / Vi (t) dwt / Py th / Py ( ) dwt
0 0 0
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By combining (7.2), (7.5) and Lemma 3.1, we have

T T T
MH / P2 (t) dwl! — / Py (t)dMH / Py (t)dw!?
0

_ M 4 2 H H T D2 H
= O_ MT T + 7X0 VH (t) dwt + MT PH (t) dwt
0 0

2 T 20 [T -
+MH aXO/O Vi (t)dthJrM%IUZ/O Py () dw!?
H a’ H, H

o Hlf( /Tv (t) dtt O‘MH/TP () dew?!
g ml i
OKR TO' 0 0 = ¢ OR T 0 = ¢

1< T HY @ 1 =9 T H T H
——Xp Vi (t) dM,” —wy — —QXO Vi (t) dM Vi (t) dwy
g 0 OR g 0 0

12 T T
— =X / Vi (¢) dMH / Py (t) dw!! —%wﬁ / Py (t) dMH
0 o 0

o 0

o

_ wT/ Py (t) dMH + o, (T*—QH)

1= TS H 4 H T H T 5 H
0 0 0

(7.6)

Combining (2.17), (7.6), (7.4), (4.4), (4.5) in Lohvinenko and Ralchenko (2017) with Slut-

sky’s theorem, we obtain

VT —a) - f[MHIOPH t)dwfl — [ Py (¢) M [ Py (¢ th}a

2
Wl o PR () duft = (J P (1) duof?)
T ok T\Ff() PH th +O (T2_2H)O_
wTT 0 P2 (t )dwt + op(T%72H)
2
N <0, ) .
K

Now, we consider (3.11). Using (2.10) and (7.3), we have

1=

T T
MH / Py (t) dwl!t — Wit / Py (t) dME
0 0
T T
= MT T+MT Xo/ VH(t)dw{erM{?/ Py (t) dwf
0 0
HY ' H gl T H H T~2 H
0 0

T
= —w%’/ Py (t)dM[ + o, (T%’2H> .
0

(7.7)

Finally, combining (2.18), (7.7), (7.4), (4.4), (4.5) in Lohvinenko and Ralchenko (2017)
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with Slutsky’s theorem, we have

H 1 H 2—2H
S TT[ t) dM" + op(T ) d,/\/' )
VT (kr — k) = Eiae ()d% o L N(0,2k) .

7.3 Proof of Lemma 3.2

For H = 1/2, using arguments similar to the proof Theorem 3.1 in Xiao and Yu (2019a), we

can easily obtain

1 [T o? o?
— XZat B T .
| ot 2 e (7.8)
1 T p (6%
- X, dt = 7.9
5| oxa 52 (79)
1 T o o T . t
— Xy dW, = ——Wp+ / e " / e dWdWy + 0,(1) . 7.10
T/o dWy ot oz | ; t + op(1) (7.10)

Now, we consider the second term on the right-hand side of (7.10). For convenience, let
Fr f fo L e=r(t=5) qW,dW;. By direct computations,

Jim E[FT = lim / / —26(=9) g st = (7.11)

T—oo 1

Moreover, using some basic facts on the Malliavin calculus for Gaussian processes (for
details, see Nualart, 2006), we obtain

D.Fr = \/»/ nsu)dW+/ tdet

Consequently, we have

0_2 T s 2 T
IDFr|3, = - / ( / e”@u)qu) +< / e“(ts)th>
Y ]ds

= Ji+Jo+ J;3, (7.12)

0.2 T s ( ) 2
J = / (/ e_’”_“qu> ds,
T Jo 0
o2 [T T 2
o= /0 ( / e—“@—s)th) ds,
2 2 T
Jy = / (/ —k(s— “)dW/ r(t— Sth> ds.
0
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A standard calculation yields

0.2 T ps
Eln] = & /0 /0 e~ 25 duds

0_2 T ps

= / /ez“udue_%sds
T Jo Jo
02 T 1 2Ks

- 2 - -1 —2Ii$d
T/o 2/1(6 )e s
o2

— —, as T — oo.
2K

Moreover, a standard calculation implies

T ;T 2 72
/ </ e”(s“)qu> ds]
4
_ 0'2/ E
T= Jis<i<T)

0.4 T t]. 5 ont
—4KS —zK
S

0.4

E[L])? = Ers

o® T 2%t o® T Akt 2kt
= te 2rtqt — ARt _ =26ty gt
2RT? / c 4272 / (e e)

— 0, as T — oo.

s 2 t 2
( / e“<3“>dwu> < / e”(t”)dWU) ]dsdt
0 0

(7.13)

(7.14)

By combining (7.13) with (7.14), we can obtain that J; converges in L? to % as T — oo.

For Js, we can easily obtain

/ </ ts)dW> ds_/ </ “”)dW>2du.

foiad

Hence J; also converges to - in L? as T — cc.

Finally, we consider J3. A standard calculation yields
E[J3] =0

Then, a simple calculation shows that

2 4o ° —k(s—v) “ —k(u—w)
E[J3]° = — E e dw, e dW
T2
{s<u<T} 0 0

T T
- / e =5) gy, / e*'f“*“)th]dsdu

_ 4H2T2 (62/45 o 1)(6—25u . 2/1T)d8du

— 0, as T — 0.
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T
/ / —k(stu— 2v / e—n(Zt—s—u)dt dsdu
{s<u<T} u

(7.15)

(7.16)



From (7.10)-(7.16), we obtain

2
2
|DFr| )2 25 2, (7.17)
K

L2 .
where — denotes convergence in mean square.

Using (7.11), (7.17) and Theorem 4 in Nualart and Ortiz-Latorre (2008), we have

Fr = \F/ / rlt— deth—>N<0 22) (7.18)

On the other hand, from (2.17), we have
1 1 (T x2 1L (T 1 T
——=Wrg [§ Xfdt — —= [ XedWir [ Xydt
VT (a7 —a) = YT TOTt ﬁOT o v. (7.19)
I Ay
Finally, combining (7.8), (7.9), (7.10), (7.18), (7.19) with Slutsky’s theorem, we obtain
(3.20). The proof of (3.21) is analogous to the proof of (3.4) in Xiao and Yu (2019a) and

omitted.

7.4 Proof of Lemma 4.1

From the proof of Theorem 2 in Tanaka (2013), we can easily obtain (4.3) and (4.4). A simple

calculation shows that

T T
1 1 2—2H
tdw! = t— (2 —2H)t'2Hgy = — =~ p3—2H
/0 wt /0 )\H( ) Ay 3—2H

Similarly, a standard calculation yields

T T
1 11-H
£2d, H:/ 12 2 —oH)t g = — — " pi-2H
/0 RCE A P ) Ay 2—H

Combining (4.4) with the Cauchy-Schwarz inequality, we have

T T
/ Py (t) dwlt < \/wf!/ P (t) dwl’ = O, (T2
0 0

Using (4.4), (4.6) and the Cauchy-Schwarz inequality, we obtain

T T T
/ tPy () dwl! < \/ / t2dwi! / P2 (t)dwl! = 0, (T3 H) .
0 0 0
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Now, we consider (4.9)

Ve (T) =

. Form the definition of Vy (T'), we conclude that

T

d/Tk (Ts)e_“ds—i kg (T,s)ds
0 H ) _d H H 3

H
dwT wr Jo

d [1 /ITI_QH(U(I—U))éHTdu}

dwsz a 0
d [ 1, o0om,(3 3 dwl!
- = S _HS-_-H =T
i e (51 1)| [
_ Mp(3 g3 g
ki 2 2
Finally, we deal with (4.10). A standard calculation yields
d [ d [1 [ Ly
—— | kgt ds = — |— t—s))2 " sd
dOJtH/o i (t,s)sds ol | kn ) (s(t—1s)) s s]

t
= d 1/ saH (t—S)éHds]
0

dwl | kg
d [1 ! 3S_H 1 g
= — | = 2 H (t — o)z H g
o [ ) @0 ot v
r 1
= —dH 1t3_2H/ vg_H(l—v)é_Hdv}
dwt _kH 0
[ 1
= dH t3_2HB<5—H,3—H>}
dw® | kn 2 2
= agt,

where ag = (3 —2H)/ (4 — 4H) and the proof of this lemma is completed.

7.5 Proof of Theorem 4.1

Using (2.9), (4.1) and (4.10), we have

Py (t)

1 d [
= — ki (t,s) Xsd
detH/O w (t,9) i
L _d /tk (t.s) [Xo + as+ 0B ds
= —_ 5 o s
o dwf! Jo " 0
Xo o d t .
= — 4+ — ki (t ds+ Py (t
< +de{,/0 1 (t,5) sds + Py (1
Xo

o A
= 7+*CLHLL+PH(LL),
o) g
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where Py (t) = deH f(f ky (t,s) BHds. Using (4.4)-(4.8) and (7.20), we have
t

T T XO o ~ 2
/ P% (1) dwl = / |:+CLH75—|—PH (t)] dwl!
0 0 g (o

Xg H o 2 T 2, H T 52 H
= TWT + 72CZH t d(JJt + PH (t) d(JJt
o o 0 0

2X, [T .

X
+2§aaH/ tdwfl + == Py (t) dwf
o 0 g Jo
2 T 4
—i—aaH/ 1Py (t) dwt!
o 0
o2 T
— 2aH/ t2dwl + o, (T*721). (7.21)
o 0

Similarly, combining (4.5) with (4.7) leads to

T X
/ Py (t) dwl = / [0 - gaHt + Py (t )} dwl?
0 0

(2

Xo u H T H
= —wp —l—aH/ tdwy —I—/ Py (t) dwy
o o 0 0
T
= jay/ tdwl! + 0,(T372H) . (7.22)
0

Moreover, using (4.3) and (7.20), we have

T = T XO a R "
/ PH (t) th = / |: + *CLHt—f—PH (t):| th
0 0 o

(2

XO a T T .
— —MT —|—JaH/ thtH+/ Py (t) dMH
0 0

X, T
= SOl %y / tdM? + 0, (T) . (7.23)

o 0

According to (7.21) and (7.22), we get

T
wjff/P ) dwf! — </ Py (t dwt>
0

1 2 1 (2—2H)?
_ 7T2—2H05 a2 / 2d H 0% 12L1 ( ) T6—4H+OP(T6—4H)
0

Y o2 23, (3—2H)?

5— 2
_ T6 4Ha72a2 1—H B (2—2H) +o (T6_4H)
2, o2 T\ \2—-H (3-2H)? P
o4, 1-H

2 6—4H
= a‘a + o0, (T . 7.24
o222 Te—_my@E-20)? " ( ) (7:24)
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Similarly, applying (7.21) and (7.23), we have

T T T
MH / P2 (t) dw? — / Py (t) dwt / Py (t) dM !
0 0 0

2 T T T
« (07
= M2 = H/o thth—aaH/O tdthJaH/O tdM{? + o0, (TP3H)

aj v pTA2H 1 — H_T3—2H2—2H
P e A W N Ay 3—2H

2 mb5—3H H T
a?a?,T ~-H ME  2-2H 1 / = s sy
= — tdM, T . 2
{2 — HT1-H 3—92H T2-H 0 t + 019( ) (7 5)

Consequently, combining (2.17), (7.24), (7.25) with Slutsky’s theorem, we have

T
tdM}? } + 0,(T573H)
0

Ago?

H 2 H " (T =
Tl—H (dT—Oé) _ T5— SH |:M fo P d fO PH th fO Py (t) dwt ]0_

1 ol 2 H 2
T6—4H fo Py t) dw (fo Py (t) dw; )

i) N(0,0’sz) .

y (7.22), (7.23), (2.3) and the fact MH = O,(T*~H), we obtain

MT/ Py (t) dw! —wT/ Py (t

= MT CLH/ tdwt —wIEI CLH/ tht + 0p (T4 SH)
0 0

_ ¢ gl 2-2H 5 oy L o om 4 H 4—3H
= —an [MT)\ T )\HT i tdM;" | 4 o, (T*")
H T
_ @ a—3p | My 2-2H 1 H 4—3H
= maHT [TI—H s _of T2 @ ; tdM;" | + op (T ) . (7.26)

Using (2.18), (7.24), (7.26) and Slutsky’s theorem, we can see that
- [MH I Py () dwl — Wl [T Py (t) dM; }

1 2 2
To—aH fo Py dwt (fo Py (t) dwy )

2
N (0, ;qu) .

T2H(T—I€) —

1=
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7.6 Proof of Theorem 5.1

Using (2.13), (5.1) and (5.2), we can obtain

T T o " 9
/ det = / [— + e‘”th + aUt} dt
0 0 LR

a? T T 20 ~ [T
= —ST+X; / et + o / Ufdt + —Xo / e "dt
k 0 0 k 0

200 (T

T
+— Udt + 2X oo / e "U,dt
K 0

0

T T T
= X? / e tdt + / e M dt 42X / e & dt + op (e7>T)
0 0 0

= /T e~ 2wt ()?0 + &)2 dt + op(e™*T) . (7.27)
0

Similarly, using (2.13), (5.1) and (5.2) again, we can easily have

T T _
/ Xedt = / [— + e"‘th + aUt] dt
0 0 LK

« > 1 —kT r
= —T—i—Xo—(l—e )+U Urdt
K K 0
= Op(e™). (7.28)
A straightforward calculation shows
T T g ~
/ X dWy = / [* + €_HtX0 + JUt] dW;
0 0 Lk
a T T
= EWT + X()/ €7thWt + O'/ Utth
0 0
= Op(e"). (7.29)

From the definition of &, we can rewrite X; as X; = %—l—e_”th—i-e_”t{t. As a consequence,

using (7.27), we can see that

T okt (v 2
S - Jo ¢ (X0+§t> di
o2 / X2dt = o, (1), (7.30)
0

672K/T

T _ T T
Ue“T/ X dW, = XoO‘/ T g, + O'/ e“(T_t)gtth + o0, (1) . (7.31)
0 0 0
Now, applying (2.17), (7.28), (7.29), (7.30) and Slustky’s theorem, we deduce

e2NT

Wr e2eT [T X2dt —
VT (ar —a) = VT Jo Xi VT

2
2T <f0T det — % (fOT Xtdt> )

Wr 25T 1T 2
_ ﬁeﬁ fo Xtdt+op(1)g:UWT+o(1)
AT X0 (1) | VT

ST XedW, ] Xdt
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which implies (5.3).
Finally, using (2.18), (7.28), (7.30), (7.31) and Slustky’s theorem, we have

We (T Xydt — [ XpdW,
2
Jy Xpat— 4 (Jy Xuat)

—oeT [ X dWi + 0, (1) 4= (Xo— 2 + &) Moo
T [T X2dt+0,(1)  —k (Xo— 2 +6)”

e (kp —k) = e

which yields (5.4) and the proof is done.

7.7 Proof of Lemma 5.1

Let us observe that (5.6) can be obtained easily from Theorem 2 in Tanaka (2015) and the

details are omitted here. For (5.7), using the Cauchy-Schwarz inequality, we have

E [(/OTPH (t) thH>2l ) /OTpIQJ (1) dl? = O~

which implies (5.7) directly.

Let 1 Fi(-,-,-) be the confluent hypergeometric function of the first kind. From (5.5), and
the well known result of the confluent hypergeometric function (see for example, Eq. 3.383
(1) in Gradshteyn and Ryzhik, 2007), we have

T H T s—H
Ve (t)d
fO 1H<) Wi _ C/ i(T—t) 2 en(T—t)dt
T2 He—rT o \T

1
= CT/ (u(l—u))%_He“T(l_“)du
0
1
= C’T/ (v(l—v))%_He”T”dv
0
= CT 1F <;) —H,3— 2H,I€T)
= 0(1),

which yields (5.8).
We now deal with (5.9). Let ¢, = Jfot e”sdBf. Then, as T' — oo, we have

B b~ N (0, HF(2H)0—2> . (7.32)

(_K}>2H

Using (2.2), (2.13), (7.32) and the property of the confluent hypergeometric function (see
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for example, Eq. 3.383 (1) in Gradshteyn and Ryzhik, 2007), we have

T T
/PH(t)dw{f = / kg (T,t) Updt
0 0
1 T —Kt
= = @@w-phe
k)H 0 g

Gedt
_ CT2—2H /1 (u (1 o u))%—H e—nTuC d
= TudU
0
1
= Op(l)T2_2H/ (u(l— u))%_H e "y
0

= 0,()T* 2" |k <;’ — H,3—2H, —KLT)

= 0,()T>2HO,(TH3erT)
= Op(T%_He_HT)v

which implies (5.9).
We now turn to the term (5.10). Using (5.5), we can easily obtain

T T
/ Vi () dwl! = C / et 1 =2H gy — O (28T |
0 0

which yields (5.10).
Using the Cauchy-Schwarz inequality, (5.6) and (5.10), we obtain

</0T Vi (t) Py (t) dw{{>2 < /OT VA (t) dwl! /OT P} (t)dwl’ = O, (6—4/{T) 7

which implies (5.11).
Similarly, using (5.10), we have

| ([ Vit 6y an i VA (1) duft = Op (e721)
(f /

which yields (5.12) and we complete the proof.
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7.8 Proof of Theorem 5.2

Using (2.10), (5.6), (5.8)-(5.10) and (5.11), we can obtain
T Tra 1< ~ ?
/ PZ% (t)dwl = / [ + =XV (t) + Py (t)] dwf!
0 0 OKR g
o? H 1 = T 2 H T 52 H
= WWT + ;XO 0 VH (t) dwt + 0 PH (t) dwt
206 ~ T H 20& T ~ H

T /1 . 2

WQEI 0 " wt W,II! 0 OKR g 0vH " t

From (2.10), (5.7) and (5.12), we can see that

/OT Py (t)dMfT = /OT [O‘ + lXOVH (t) + Py (t)] dMH

OR g

a 1 ~ T T
= M{3’+X0/ Vi (t) thH+/ Py (t) dMH
OK g 0 0

x, (T T _
= 70 / Vi (t) dM + / Py () dM 4 o,(e™"T).  (7.35)
0 0
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From (2.10) and the definition of w!’, we can obtain

/OT Py (t) dwf! = /OT {0& + KoV (1) + P (t)} duot!

OKR

= —wT+ Xo/ Vi (t) dw! / Py () dwl?

_ % /O Vit (1) dl? /0 w (8) defl + O(T22H) . (7.36)

Now, combining (2.17), (7.33), (7.34), Lemma 5.1 with Slutsky’s theorem, we have
T ) PR ) dof! — Lo I P () aM P (1) deof!

T " (ar—a) = = o

JE P2 @) dw{f— 'y (Jy P (2) de )2

4 N(O,O’2) .

Now, let X and Y be two independent N'(0,1) random variables. Then using (2.18),
(7.33)-(7.36), (2.10), Lemma 5.1, Slutsky’s theorem and Eq. (33) in Tanaka (2015), we can
see that

—rT

T oo |2 Jy P (8) deof? — [ i (¢) anf]

2
JT P2 (t) dolt — ( Iy Par (1) deof")
—2ke"T [ Py (1) th + 0p(1)
4k2e25T fOT PZ (t) dwf + 0,(1)
—2keT foT [%VH (t) + Pu (t)} dM{T + 0p(1)

2 26T (T [ Xo 5 2 ou
a2 [ [Zavy (1) + Py (1)] dof? + 0,(1)

4 X/sin (mH)
Y ?

with Xo = 0.
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