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Non-separable Models with High-dimensional Data*

Liangjun Su' Takuya Ural Yichong Zhang®

September 28, 2017

Abstract

This paper studies non-separable models with a continuous treatment when the di-
mension of the control variables is high and potentially larger than the effective sample
size. We propose a three-step estimation procedure to estimate the average, quantile,
and marginal treatment effects. In the first stage we estimate the conditional mean,
distribution, and density objects by penalized local least squares, penalized local maxi-
mum likelihood estimation, and penalized conditional density estimation, respectively,
where control variables are selected via a localized method of Li-penalization at each
value of the continuous treatment. In the second stage we estimate the average and

the marginal distribution of the potential outcome via the plug-in principle. In the
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third stage, we estimate the quantile and marginal treatment effects by inverting the
estimated distribution function and using the local linear regression, respectively. We
study the asymptotic properties of these estimators and propose a weighted-bootstrap
method for inference. Using simulated and real datasets, we demonstrate the proposed

estimators perform well in finite samples.

Keywords: Average treatment effect, High dimension, Least absolute shrinkage and
selection operator (Lasso), Nonparametric quantile regression, Nonseparable models,

Quantile treatment effect, Unconditional average structural derivative

JEL codes: C21, 119

1 Introduction

Non-separable models without additivity appear frequently in econometric analyses, because
economic theory motivates a nonlinear role of the unobserved individual heterogeneity (Al-
tonji and Matzkin, [2005) and its multi-dimensionality (Browning and Carrol, 2007} |Carneiro,
Hansen, and Heckman|, [2003; |Cunha, Heckman, and Schennach| 2010). A large fraction of
the previous literature on non-separable models has used control variables to achieve the
unconfoundedness condition (Rosenbaum and Rubin, [1983)), that is, the conditional inde-
pendence between a regressor of interest (or a treatment) and the unobserved individual
heterogeneity given the control variables. Although including high-dimensional controls
make unconfoundedness more plausible, the estimation and inference become more chal-
lenging, as well. It remains unanswered how to select control variables among potentially
very many variables and conduct proper statistical inference for parameters of interest in
non-separable models with a continuous treatment.

This paper proposes estimation and inference for unconditional parameters, including

unconditional means of the potential outcomes, the unconditional cumulative distribution



function, the unconditional quantile function, and the unconditional quantile partial deriva-
tive with the presence of both continuous treatment and high-dimensional covariates[l] The
proposed method estimates the parameters of interest in three stages. The first stage selects
controls by the method of least absolute shrinkage and selection operator (Lasso) and pre-
dicts reduced-form parameters such as the conditional expectation and distribution of the
outcome given the variables and treatment level and the conditional density of the treatment
given the control variables. We allow for different control variables to be selected at different
values of the continuous treatment. The second stage recovers the average and the marginal
distribution of the potential outcome by plugging the reduced-form parameters into doubly
robust moment conditions. The last stage recovers the quantile of the potential outcome
and its derivative with respect to the treatment by inverting the estimated distribution
function and using the local linear regression, respectively. The inference is implemented
via a multiplier bootstrap without recalculating the first stage variable selections, which
saves considerable computation time.

To motivate our parameters of interest, we relate our estimands (the population objects
that our procedure aims to recover) with the structural outcome function. Notably, we
extend [Hoderlein and Mammen| (2007) and Sasaki (2015) to demonstrate that the uncondi-
tional derivative of the quantile of the potential outcome with respect to the treatment is
equal to the weighted average of the marginal effects over individuals with same outcomes
and treatments.

This paper contributes to two important strands of the econometric literature. The first

is the literature on non-separable models with a continuous treatment, in which previous

'We focus on unconditional parameters, in which (potentially high-dimensional) covariates are employed
to achieve the unconfoundedness but the parameters of interest are unconditional on the covariates. Un-
conditional parameters are simple to display and the simplicity is crucial especially when the covariates are
high dimensional. As emphasized in [Frolich and Melly| (2013) and |Powell (2010), unconditional parameters
have two additional attractive features. First, by definition, they capture all the individuals in the sample at
the same time instead of investigating the underlying structure separately for each subgroup defined by the
covariates X. The treatmen effect for the whole population is more policy-relevant. Second, an estimator
for unconditional parameters can have better finite/large sample properties.



analyses have focused on a fixed and small number of control variables; see, e.g.,

(2003), (Chernozhukov, Imbens, and Newey| (2007)), Hoderlein and Mammen| (2007, Imbens|

and Newey| (2009), Matzkin (1994) and Matzkin| (2003). The second is a growing literature

on recovering the causal effect from the high-dimensional data; see, e.g., Belloni, Chen, Cher-|

nozhukov, and Hansen| (2012), Belloni, Chernozhukov, and Hansen| (2014al), (Chernozhukov |

Hansen, and Spindler| (2015a), Chernozhukov, Hansen, and Spindler| (2015b)), Farrell (2015)),

'Athey and Imbens| (2015]), Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, and Neweyl|

(2016)), Belloni, Chernozhukov, and Hansen| (2014b), |Wager and Athey| (2016]), Belloni|

\Chernozhukov, Ferndndez-Val, and Hansen| (2017a)), and Belloni, Chernozhukov, and Wei

(2017bf). Our paper complements the previous works by studying both the variable selection

and post-selection inference of causal parameters in a non-separable model with a contin-

uous treatment. Recently, |(Cattaneo, Jansson, and Newey| (2016)), Cattaneo, Jansson, and|

(2017a)), and |Cattaneo, Jansson, and Newey| (2017b) considered the semiparametric es-

timation of the causal effect in a setting with many included covariates and proposed novel
bias-correction methods to conduct valid inference. Comparing with them, we deal with the
fully nonparametric model with an ultra-high dimension of potential covariates, and rely on
the approximate sparsity to reduce dimensionality.

The treatment variable being continuous imposes difficulties in both variable selection
and post-selection inference. To address the former, we develop penalized local Maximum
Likelihood and Least Square estimations (hereafter, MLE and LS, respectively), which select
control variables for each value of the continuous treatment. By relying on kernel smooth-

ing method, we require a different penalty loading than the traditional Lasso method.

Zhu, and Wang| (2011]) and Ning and Liu (2017) developed general theories of estimation,

inference, and hypothesis testing of penalized (Pseudo) MLE. We complement their re-

sults by considering the local likelihood with an L; penalty term. Belloni, Chernozhukov|

\Chetverikov, and Wei (2016b)) constructed uniformly valid confidence intervals for the Z-




estimators of unconditional moment equalities. Our results are not covered by theirs, either,
as our parameters are defined based on conditional moment equalities. To prove the sta-
tistical properties of the penalized local MLE and LS, we establish a local version of the
compatibility condition (Bihlmann and van de Geer, 2011]), which itself is new to the best
of our knowledge.

For the post-selection inference, we establish doubly robust moment conditions for the
continuous treatment effect model. Our parameters of interest is irregularly identified by
the definition in Khan and Tamer (2010)), as they are identified by a thin-set. Therefore,
by averaging observations only with their treatment levels close to the one of interest, the
convergence rates of our estimators are nonparametric, which is in contrast with the /n-
rate obtained in [Belloni et al. (2017a) and [Farrell| (2015)). Albeit motivated by distinct
models, Belloni, Chen, and Chernozhukov| (2016a) also estimated the irregular identified
parameters in the high-dimensional setting. However, the irregularity faced by Belloni et al.
(2016a)) is not due to the continuity of the variable of interest. Consequently, Belloni et al.
(2016a) did not study the regularized estimator with localization as we do in this paper.
To obtain uniformly valid results over values of the continuous treatment, we derive linear
expansions of the rearrangement operator for a local process which is not tight, and establish
a new maximal inequality for the second order degenerate U-process, extending the existing
results in Chernozhukov, Fernandez-Val, and Galichon|(2010)) and |[Nolan and Pollard| (1987)),
respectively.

We study the finite sample performance of our estimation procedure via Monte Carlo
simulations and an empirical application. The simulations suggest that the proposed es-
timators perform reasonably well in finite samples. In the empirical exercise, we estimate
the distributional effect of parental income on son’s income and intergenerational elasticity
using the 1979 National Longitudinal Survey of Youth (NLSY79). We control for a large

dimension of demographic variables. The quartiles of son’s potential income are in general



upward slopping with respect to parental income. However, the intergenerational elasticities
are not statistically significant. We also found that speaking a foreign language at child-
hood, years of education, and being born outside U.S. are the leading confounding variables
selected by our procedure.

The rest of this paper is organized as follows. Section [2| presents the model and the
parameters of interest. Section [3| proposes an estimation method in the presence of high-
dimensional covariates. Section [4] demonstrates the validity of a bootstrap inference pro-
cedure. Section [5] presents Monte Carlo simulations. Section [f illustrates the proposed
estimator using NLSY79. Section [7] concludes. Proofs of the main theorems and Lemma
3.1| are reported in the appendix. Proofs of the rest of the lemmas are collected in an online
supplement.

Throughout this paper, we adopt the convention that the capital letters, such as A, Y,
X, denote random elements while their corresponding lower cases and calligraphic letters
denote realizations and supports, respectively. C' denotes an arbitrary positive constant
that may not be the same in different contexts. For a sequence of random variables {U,, }22
and a random variable U, U,, ~» U indicates weak convergence in the sense of van der Vaart
and Wellner| (1996). When U,, and U are k-dimensional elements, the space of the sample
path is %% equipped with Euclidean norm. When U,, and U are stochastic processes, the
space of sample path is L>®({v € R* : |v| < B}) for some positive B equipped with sup
norm. The calligraphic letters P,,, P, and U,, denote the empirical process, expectation, and

U-process, respectively. In particular, P, assigns probability % to each observation and U,

1
n(n—1)

assigns probability to each pair of observations. E also denotes expectation. We use
P and E exchangeably. For any positive (random) sequence (u,, v, ), if there exists a positive
constant C' independent of n such that u, < Cv,, then we write u, < v,. || - ||, denotes

L% norm under measure (), where ¢ = 1,2,00. If measure () is omitted, the underlying

measure is assumed to be the counting measure. For any vector 6, ||6||o denotes the number



of its nonzero coordinates. Supp(), the support of a p-dimensional vector 6, is defined as
{j:0; #0}. For T C {1,2,---,p}, let |T'| be the cardinality of T', T be the complement of
T, and 01 be the vector in P that has the same coordinates as # on T" and zero coordinates

on T°. Last, let a V b = max(a,b).

2 Model and Parameters of Interest

Econometricians observe an outcome Y, a continuous treatment 7', and a set of covariates

X, which may be high-dimensional. They are connected by a measurable function I'(+), i.e.,

Y = I(T, X, A),

where A is an unobservable random vector and may not be weakly separable from observables
(T, X), and T" may not be monotone in either 7" or A.

Let Y(t) = I'(t, X, A). We are interested in the average EY (¢), the marginal distribution
P(Y(t) < u) for some u € R, and the quantile ¢.(¢), where we denote ¢.(t) as the 7-th
quantile of Y (¢) for some 7 € (0,1). We are also interested in the causal effect of moving T’
from t to t', i.e., E(Y(t) — Y(¥)) and ¢,(t) — ¢-(t'). Last, we are interested in the average
marginal effect E[0,['(¢, X, A)] and quantile partial derivative 0y¢,(t). Next, we specify

conditions under which the above parameters are identified.

Assumption 1 1. The sample {Y;,T;, X;}7, is i.i.d.
2. The random variables A and T are conditionally independent given X.
Assumption [I}1 can be relaxed at the cost of lengthy arguments, which is not pursued

here. Assumption [I}2 is known as the unconfoundedness condition, which is commonly as-

sumed in the treatment effect literature. See Cattaneo| (2010)), |Cattaneo and Farrell (2011)),



Hirano, Imbens, and Ridder| (2003)) and [Firpo| (2007)) for the case of discrete treatment and
Graham, Imbens, and Ridder| (2014)), |Graham, Imbens, and Ridder| (2016), Galvao and
Wang (2015)), and Hirano and Imbens| (2004) for the case of continuous treatment. It is also
called the conditional independence assumption in [Hoderlein and Mammen| (2007), which
is weaker than the full joint independence between A and (7, X). Note that X can be
arbitrarily correlated with the unobservables A. This assumption is more plausible when

we control for sufficiently many and potentially high-dimensional covariates.

Theorem 2.1 Suppose Assumption holds and () is differentiable in its first argument.
Then the marginal distribution of Y (t) and the average marginal effect O,EY (t) are identified.
In addition, if Assumption [ in the Appendiz holds and X is continuously distributed, then
01qr(t) = B, [0 I(t, X, A)], where, for fix a) denoting the joint density of (X, A), prz is

f(x,4)
Hv(z,a)r(tv'v')‘l )

the probability measure on {(x,a) : I'(t,z,a) = ¢.(t)} and proportional to

Several comments are in order. First, because the marginal distribution of Y'(¢) is identi-
fied, so be its average, quantile, average marginal effect, and quantile partial derivative. As
pointed out by [Imbens and Newey| (2009), a non-separable outcome with a general distur-
bance is equivalent to treatment effect models. Therefore, we can view Y (¢) as the potential
outcome. Under unconfoundedness, the identification of the marginal distribution of the
potential outcome with a continuous treatment has already been established in |Hirano and
Imbens| (2004)) and Galvao and Wang| (2015)). The first part of Theorem just re-states
their results. Second, the second result indicates that the partial quantile derivative iden-
tifies the weighted average marginal effect for the subpopulation with the same potential
outcome, i.e., {Y(t) = ¢,(t)}. The result is closely related to, but different from Sasaki
(2015). We consider the unconditional quantile of Y'(¢), whereas he considered the condi-
tional quantile of Y'(¢) given X. Note that ¢, (t) is not the average of the conditional quantile

of Y(t) given X. Third, we require X to be continuous just for the simplicity of derivation.

If some elements of X are discrete, a similar result can be established in a conceptually

8



straightforward manner by focusing on the continuous covariates within samples homoge-
nous in the discrete covariates, at the expense of additional notation. Finally, we do not

require X to be continuous when establishing the estimation and inference results below.

3 Estimation

Let f;(X) = frix(t|x) denote the conditional density of 7" evaluated at ¢ given X =  and

d¢(+) denote the Dirac function such that for any function g(-),

/ 9(s)0,(5)ds = g(t).

In addition, let Y, (t) = 1{Y(¢) < u} and Y, = {Y < u} for some u € R. Then E(Y (1))
and E(Y,(t)) can be identified by the method of generalized propensity score as proposed

in Hirano and Imbens (2004), i.e.,

Yo,(T)
fe(X)

E(Y (1)) = ]E( (3.1)

) and E(Yu(t)):]E(Yudt<T)).

Ji(X)

There is a direct analogy between ({3.1]) for the continuous treatment and E(Y,(t)) =

Y 1{T=t}
E( P(T={]X)

) when the treatment 7' is discrete: the indicator function shrinks to a Dirac
function and the propensity score is replaced by the conditional density. Following this
analogy, Hirano and Imbens| (2004) called f;(X) the generalized propensity.

Belloni et al.| (2017a)) and [Farrell| (2015) considered the model with a discrete treatment
and high-dimensional control variables, and proposed to use the doubly robust moment for
inference. Following their lead, we propose the corresponding doubly robust moment when
the treatment status is continuous. Let v4(z) = E(Y|X = 2,7 =t) and ¢, ,(z) = E(Y,|X =

x, T =1), then

E(Y(t) =E K(Y - ?fg()))@m) + mxﬂ (3.2)



and

B, = | (D=2t g 0. (33)

We propose the following three-stage procedure to estimate u(t) = EY (¢), a(t,u) = P(Y(t) <
u)a QT(t)v and atQ’T(t):

1. Estimate 14(z), ¢ru(x), and fi(z) by vi(x), (Etu(x) and f(t|z), respectively.

2. First, estimate pu(t) and a(t,u) by

=1

and

n

o 1 Y ¢tu( z)) T‘z -1 N ) .
a(t,u) == ;{( S Xh K( - )) + ¢t7u(Xl)], respectively,

where K (-) and h are a kernel function and a bandwidth. Then rearrange a(t, u) to

obtain a”(t, ), which is monotone in u.

3 Estimate ¢.(t) by inverting a"(¢,u) with respect to (w.r.t.) w, i.e., ¢ (t) = inf{u :
ar(t,u) > 7}; estimate dyu(t) = EO, (¢, X, A) by §'(t), which is the estimator of the
slope coefficient in the local linear regression of Y (T}) on T}; estimate d,q, (t) by (),
which is the estimator of the slope coefficient in the local linear regression of ¢,(T)

on T;.

3.1 The First Stage Estimation

In this section, we define the first stage estimators and derive their asymptotic properties.
Since v4(z), ¢ru(x), and fi(z) are local parameters w.r.t. 7 = ¢, in addition to using

L, penalty to select relevant covariates, we rely on a kernel function to implement the

10



localization. In particular, we propose to estimate v4(x), ¢¢.(x), and fi(z) by a penalized
local LS, a penalized local MLE, and a penalized conditional density estimation method,

respectively. All three methods are new to the literature and of their own interests.

3.1.1 Penalized Local LS and MLE

Recall v(z) = E(Y|X =2, T =t) and ¢y ,(z) = E(Y,|X =2, T =t) where Y, = {Y < u}.
We approximate v;(z) and ¢, (x) by b(x)' v and A(b(z)'6;.,), respectively, where A(-) is the
logistic CDF and b(X) is a p x 1 vector of basis functions with potentially large p. In the
case of high-dimensional covariates, b(X) is just X, while in the case of nonparametric sieve
estimation, b(X) is a series of bases of X. The approximation errors for v;(z) and ¢, ()
are given by r7(x) = v (x) — b(x) 7y, and rf’u(x) = ¢ru(r) — A(b(2)'01.), Tespectively.

Note that we only approximate v;(z) and ¢;,(x) by a linear regression and a logistic
regression, respectively, with the approximation errors satisfying Assumption [2| below. How-
ever, we do not necessarily require v4(z) and A™*(¢;.(x)) to be linear in z. Assumption
below will put a sparsity structure on 14(x) and ¢;,(x) so that the number of effective
covariates that can affect them is much smaller than p. If the effective covariates are all
discrete, then we can saturate the regressions so that there is no approximate error. If some
of the effective covariates are continuous, then we can include sieve bases in the linear re-
gression so that the approximation error can still satisfy Assumption[2l Last, the coefficients
v and 60, are both functional parameters that can vary with their indices. This provides
additional flexibility of our setup against misspecification.

We estimate v;(x) and ¢, (x) by v(x) = b(x)' 4 and QAﬁtu(ac) — A(b(z)'0;,,), respectively,

where
) 1 T—t. A ~
fi = argmin 3 (Y = b(X;)7)* K (=5—) + ~[|Enlh, (34)

n
v i=1

11



T, —t
h

. 1 <
0. = in=Y MUY <u}, X;;0)K
o = argmin S MY, < u}, XK

=1

A~

|||, denotes the L; norm, A\ = £,(log(p V n)nh)'/? for some slowly diverging sequence
ln, and M(y,z;9) = —[ylog(A(b(x)'g)) + (1 — y)log(1l — A(b(x)'g))]. In (3.4) and (3.5),
ét = diag(l}yl, _ ,l~tﬁp) and \T!t,u = diag(lyu1, - -, liup) are generic penalty loading matrices

to be specified below.

The ideal loading matrices are ét,g = diag(l;o,l, cee l~t70,p) and \/I}t,u,O = diag(liuo1s "+ liwoyp)
in which
7 r—t -1/2
o = |[(V =m0 (O K (=)
Pn,2
and
Tt 1y
a0 = ||(Ya = G0u(X))bj (X) K (——)h ,
Pn,2

respectively. Since 14(-) and ¢, ,(-) are not known, we propose the following iterative algo-

rithm to obtain the feasible versions of the loading matrices.

Algorithm 3.1 1. Let =0 = diag(I?y, -+ ,10,) and (I\l?u = diag(lf 1, ;100,), where

tu,p

;= Y0 (X)K(GOR g2 and 1, ; = |[Yuby(X)K(GYR 2|, 0. Using =}

and \/I}?’u, we can compute 4Y and é?u by (3.4) and (3.5). Let 7(x) = b(x)'4? and
& (x) = A(b()'00,) for z = X1, ..., X..

2. Fork=1,---, K for some fized positive integer K, we compute Ef = diag(iﬁl, e ,Zﬁp)
and @fu = diag(lf 1. . 1f,,), where
7 ~k—1 T—t 1
Ly = ||(Y =27 (X))o (X)K(——)h
7 h P2
and
k k-1 -t -1/2
= || = B O (O K ()
P2

12



>

Using % and V% we can compute 3 and éfu by (3.4) and (3.5)). Let UF(x) = b(z)

k
t,u’ t

(11>

and ggfu(:n) = A(b(x)’éfu) for x = Xy, ..., X,,. The final penalty loading matrices =K

and (I\/f{u will be used for =; and (I\/t,u in (3.4) and (3.5)).

Let S and gtu contain the supports of 4, and ét,u, respectively, such that |§t“ | <
sup;er ||Vl o, and |§tu] S SUD(weTu H@qu For each (t,u) € TU =T xU where T and U
are compact subsets of the supports of T and Y, respectively, the post-Lasso estimator of

v and 6, based on the set of covariates gt“ and gtu are defined as

n

F¢ € argmin » (Y — b(X;)'7) K

v i=1

T, —t
h )

s.t. Supp(y) € SI',

and
T, —t
h

éw € argminZM(l{Y} <u}, Xi;0)K( ), s.t. Supp(f) € gtu
T

The post-Lasso estimators of v4(x) and ¢, ,(X) are given by 7(X) = b(X)'4; and @U(X) =

A(b(X)'0, ), respectively.

3.1.2 Penalized Conditional Density Estimation

As in Fan, Yao, and Tong| (1996), we can show that E(+ K(£)|X) = f,(X) 4+ O(h?) when
K (+) is a second order kernel. We approximate f;(x) by b(x)' g, for some /3; and denote the
approximation error as r{ (x) = fi(x) — b(x)' Bs. Note again that we only approximate the
density f;(X) by a linear regression with the approximation error satisfying Assumption
below, but do not necessarily require f;(X) to be linear in X. The remark in the previous

subsection also applies here.

We estimate f; and f;(X) by
. B R S S . o .
b = ang min | K ()b Bl BBl amd (%) = WX respectively.
(3.6)

13



Here A = £, (log(pV n)nh)"/2 and W, = diag(l,1,- - - ,li,) is a generic penalty loading matrix
specified below.

The ideal penalty loading matrix is Uy o = diag(lo1, - - ,liop) where

K R0, (x)

_ h1/2
h

lio

P2

Since f; (+) is not known, we propose to apply the following iterative algorithm to obtain

~

v,.

1. Let U9 = diag(l)y,- - ,10,) where I, = ||[h 2K (54)b;(X)||p, 2. Using U0, we can

compute 32 and f2(X) by the penalized conditional density estimation.
2. For k=1,---, K, we compute \T/f = diag(lﬁl, e ,léfp) where

() — B x0)h(x)

iy = b .

Using \Tff, we can compute Bf and ft’“ (X) by the penalized conditional density estima-

tion. The final penalty loading matrix \TftK will be used for \T/t in (|3.6).

~Y

Let S, contain the support of 3, such that |S,| < supt€7-||3t||0. For each t € T, the

post-Lasso estimator of 3; based on the set of covariates g’t is defined as

. 1 T—t , N
By € argmin| |2 K (——) = b(X) I}, 0, st Swpp(d) € S,

The post-Lasso estimator of f,(X) is f,(X) = b(X)'f;.

3.1.3 Asymptotic Properties of the First Stage Estimators

To study the asymptotic properties of the first stage estimators, we need some assumptions.

Assumption 2 Uniformly over (t,u) € TU,

14



1. [[max;<p [b;(X)[||lpoo < Gn and C <Eb;(X)* <1/Cj=1,--,p.

2. max(||vello, |18t ]os ||0eullo) < s for some s which possibly depends on the sample size

3. lr (X)]lp,.2 = Op((slog(p V n)/(nh))'/?) and

T—1
h

T—1

It (OK( -

)2 P2 + [ u(X) K (=) |p,2 = Op((slog(p v n) /n)'7%).

4. ] (X[ poe = O((log(p V n)s*¢;/(nh))'/2) and

17w (Ol poo + 17 (X)]| o = O((log(p V n)s*¢/ (nh))'?).

5. (25?02 log(p vV n)/(nh) — 0.

Assumption [2]1 is the same as Assumption 6.1(a) in Belloni et al| (2017a)). Assumption
.2 requires that v;(x), ¢r.(x), and fi(z) are approximately sparse, i.e., they can be well-
approximated by using at most s elements of b(z). This approximate sparsity condition
is common in the literature on high-dimensional data (see, e.g., Belloni et al.| (2017a)).
Assumption [2|3 and [2]4 specify how well the approximations are in terms of Lp, 5 and
Lp norms. The exact rates are not the same as those in Belloni et al.| (2017a)) since
the approximations in this paper are local in T" = t. In the case of nonparametric sieve
estimation, Assumptions .2 and .4 can be verified under some smoothness conditions (see,
e.g., [Chen| (2007)). Assumption [2|5 imposes conditions on the rates at which s, ¢,, and p
grow with sample size n. In particular, we notice that, when all covariates are bounded, i.e.,
(, is bounded, p can be exponential in n. A similar condition is also imposed in Assumption

6.1(a) in Belloni et al. (2017a).

Assumption 3
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1. K() is a symmetric probability density function (PDF) with [uK(u)du = 0 and
[u*K (u)du < co. There exists a positive constant C such that sup, 'K (u) < Cp

forl=0,1.

2. There exists some positive constant C < 1 such that C < fi(z) < 1/C uniformly over

(t,z) € TX, where TX is the support of fr(X) for T € T.

3. n(z) and ¢r(x) are three times differentiable w.r.t. t, with all three derivatives being

bounded uniformly over (t,z,u) € TXU.

4. For the same C as above, C < E(Y,(t)|X = x) < 1 — C uniformly over (t,z,u) €
TXU=TX xU.

Assumption [3]1 holds for commonly used second-order kernels such as the standard
normal PDF. Since fr(X) was referred to as the generalized propensity by Hirano and
Imbens (2004)), Assumption .2 is analogous to the overlapping support condition commonly
assumed in the treatment effect literature; see, e.g., Hirano et al.| (2003)) and [Firpo| (2007).
Since the conditional density also has the sparsity structure as assumed in Assumption 2]
at most s members of X’s affect the conditional density, which makes Assumption [3}2 more
plausible. In addition, Assumption [3]2 is only a sufficient condition. In theory, we can allow
for the lower bound to decay to zero slowly as the sample size increases. This will affect
the convergence rates of our first stage estimators but not the ones in the second and third
stages. Assumption [3]3 imposes some smoothness conditions that are widely assumed in
nonparametric kernel literature. Assumption [3]4 holds if XU is a compact subset of the

joint support of X and Y'(¢).

Assumption 4 There exists a sequence £, — oo such that, with probability approaching

one,

b(X)' b(X)'d "
§70,([8]|o<sbn 110]]2 5£0,([3]j0<56n 116]]2
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Assumption [ is the restricted eigenvalue condition commonly assumed in the high-
dimensional data literature. We refer interested readers to Bickel, Ritov, and Tsybakov
(2009) for more detail and Bithlmann and van de Geer| (2011) for a textbook treatment.

Since there is a kernel in the Lasso objective functions in and , the asymptotic
properties of 4; and ét,u cannot be established by directly applying the results in Belloni
et al. (2017a)). The key missing piece is the following local version of the compatibility
condition. Let S;, be an arbitrary subset of {1,---,p} such that sup; ,e7/ [St.ul < s and

Aciu = {01 |[0s¢, [l1 < cl|ds,,[|1} for some ¢ < oo independent of (¢, u).

Lemma 3.1 If Assumptions hold, then there exists k = H/Q1/2/4 > 0 such that, for n

sufficiently large, w.p.a.1,

. b)Y SR (T2,
inf n 2B
() ETU §EAe 1,0 105, |l2v/R

Note S;,, in Lemma is either the support of 60;,, or the support of ;. For the latter
case, the index u is not needed. We refer to Lemma [3.1] as the local compatibility condition
because (1) there is a kernel function implementing the localization; and (2) by the Cauchy

inequality, Lemma |3.1| implies

_ s [b(X ) SK (L4125
inf n = &
(tu)ETU SE D10 |65, |1V

Based on Lemma [3.1] we can establish the following asymptotic probability bounds for the

first stage estimators.
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Theorem 3.1 Suppose Assumptions[1H{3, [3 1-{3.3, and[4) hold. Then

sup [|(B(X) — r(GO)K (ot

it i)l = Oyt (log(p v m)s)*n~12),
te

sup ||7:(X) — 1(X)|| oo = Op(lu(log(p V n)s*G;/ (nh))'/?),

teT
§u£ (7 (X) — Vt(X»K(%)I/Q”PnQ = 0, (La(log(p V n)s)2n~12),
sup [74(X) = ()| re = Op(Cullog(p v m)sC:/ (nh)) 7).

and supyer ||3ello = Op(s). If in addition, Assumption[54 holds, then

~ T—t¢ _
Sup ||(@1,u(X) = $uu(X) K (=—)"llp. 2 = Op(La(log(p V n)s)'*n~"12),
(t,w)eTU

Sup_[[61,u(X) = 610 (X)||poe = OplLullog(p V n)s°Ch/ (nh))'/?),

(tw)eTU
- T —¢ _
D [[(Ga(X) = (XK ()" |p,2 = Oy tallog(p v n)s) 2n~112),
(tu)eTU
e 1B10(X) = G1u(X)[ o0 = Oplbn(log(p V )s2C2/(nh))/2),
t,u)e

and SUD(t,u)yeTu 101ullo = Op(s).

Several comments are in order. First, due to the nonlinearity of the logistic link function,
Assumption [3]4 is needed for deriving the asymptotic properties of the penalized local MLE
estimators ggm(x) and gtu(x) Second, the Lp, » bounds in Theorem are faster than
(nh)_l/ 4 by Assumption [5| below. This implies the estimators are sufficiently accurate so
that in the second stage, their second and higher order impacts are asymptotically negligible.
Last, the numbers of nonzero coordinates of 4; and ét,u determine the complexity of our first
stage estimators, which are uniformly controlled with a high probability.

For the penalized conditional density estimation, the kernel function will not affect the
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bases. Therefore, the usual compatibility condition that

1/2 /
e, . [16(X)6]|p, .2
(t)ETU SEA e 10 1108, | |1

2K

suffices and we obtain the following results.

Theorem 3.2 Suppose Assumptions[1HZ, [3 1-{3.3, and[4 hold. Then
Sup 17:(X) = (X[ P2 = Op(€a(log(p V n)s/(nh))'/?),
S

Sup 1£(X) = Fi(X)| oo = Op(La(log(p v n)s°C2/ (nh)) V%),
Sup 1£:(X) = fuX)lIp,.2 = Op(lu(log(p v m)s/ (nh))'?),
Sup [17:(X) = fo(X)l|poe = Op(La(log(p V n)s*C/ (nh))'1?),
and sup;er |60 = Op(s).

The penalized conditional density estimation is similar to the common linear Lasso
method. The key difference is that the dependent variable here, namely, %K (%), is

O,(h™1). This affects the rates of our first stage density estimators.

3.2 The Second Stage Estimation

Let W ={Y,T,X} and W, = {V,, T, X}. For three generic functions &(-), ¢(-) and f(-) of

X, denote
, 5 v_(Y—ﬁ(X)) T—t 5
(0,9, f) = S Ee R () 4 7(X)
and
P e (0.0) I T
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Then the estimators fi(t) and &(t,u) can be written as
ﬂ(t) = ’PnH;(Wv ﬁt??t) and d(t>u) = PnHt,U(Wuaat,th)’

where 7,(+), ¢,,,(-), and f,(-) are either the Lasso estimators (i.e., 7;(-), ;b;u('), and f,(+)) or

the post-Lasso estimators (i.e., 74(+), qgt,u(), and ft()) as defined in Section

Assumption 5 Let h = Cyn™ for some positive constant C},.
1. H € (1/5,1/3) and ¢s*1og(p V n)*/(nh) — 0.

2. H € (1/4,1/3) and (1s*log(p VvV n)?/(nh?) — 0.

Assumption [5} 1 imposes conditions on the bandwidth sequence. As usual, we apply the
undersmoothing bandwidth to ensure that the bias term from the first stage kernel estima-
tion does not affect the asymptotic distribution of the last stage estimators. The second
condition in Assumption [5}1 is comparable to the corresponding condition in Assumption
6.1 in Belloni et al.| (2017a) up to some log(n) term when nh is replaced with n. Since
our objective function is local in 7" = ¢, the effective sample size for us is nh instead of n.

Assumption [f]2 is needed to derive a tighter bound of the remainder term.

Theorem 3.3 Suppose Assumptions[IH] and[4.1 hold. Then
fu(t) = p(t) = (Po = P)IL(W, w1, f1) + R,(1)
and
é‘<t7 U) - Oé(t, u) = (,Pn - ,P)Ht,u(Wm (bt,uv ft) + Rn(ta ’U,),

where sup,cr R.,(t) = 0,((nh)~Y2) and SUP (¢ uyeru Bnlt,u) = 0,((nh)=Y2). If Assumption
@.1 is replaced by Assumption @.2, then sup,c R (t) = 0,(n"/?) and SUP (g e Bn(t; u) =

0,(n"1/?%).

20



Theorem presents the Bahadur representations of the nonparametric estimator [i(t)
and &(t, ) with a uniform control on the remainder terms. For most purposes (e.g., to obtain
the asymptotic distributions of these intermediate estimators or to obtain the results below),
Assumption [5]1 is sufficient. Occasionally, one needs to impose Assumption [5}2 to have a
better control on the remainder terms, say, when one conducts an Lo-type specification test.

See the remark after Theorem B.4] below.

3.3 The Third Stage Estimation

Recall that ¢.(t) denotes the 7-th quantile of Y (¢) which is the inverse of «(t,u) w.r.t. w.
We propose to estimate g, (t) by §¢.(t) where ¢,(t) = inf{u : &"(t,u) > 7}, where &"(t,u) is
the rearrangement of &(t, u).

We rearrange G(t,u) to make it monotonically increasing in u € U. Following (Cher-
nozhukov et al.| (2010), we define Q = Q o 1)~ where 1 is any increasing bijective mapping:

U — [0,1]. Then the rearrangement Q@  of @ is defined as
Q (u) = F=(u) = inf{y : Fy) > u},

where F(y) = fol 1{Q(u) < y}du. Then the rearrangement Q" for Q is Q" = Q" o ().

The rearrangement and inverse are two functionals operating on the process
{a(t,u) : (t,u) € TUY

and are shown to be Hadamard differentiable by Chernozhukov et al. (2010) and van der
Vaart and Wellner| (1996)), respectively. However, by Theorem

sup (nh)"?(a(t, u) — a(t, u)) = Oy(log'*(n)),
(tu)eTU
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which is not asymptotically tight. Therefore, the standard functional delta method used
in |Chernozhukov et al.|(2010) and van der Vaart and Wellner (1996)) is not directly appli-

cable. The next theorem overcomes this difficulty and establishes the linear expansion of

the quantile estimator. Denote TZ, {q-(t) : 7 € Z}*, {¢,(t) : T € I}¢, and U, as T x I, the
e-enlarged set of {¢,(t) : 7 € I}, the closure of {¢.(t) : 7 € 7}, and the projection of TU

on T = t, respectively.

Theorem 3.4 Suppose that Assumptions and@.] hold. If {q,;(t) : 7 € T} C U, for any

teT, then

G(t) = q-(t) = —(Pn — P (We, (1)5 Grogr (1) [1) ] frvy(a-(t)) + RE(t, 7),

where fy is the density of Y (t) and sup; pyerr RL(E, 7) = 0,((nh)~'/?). If Assumption @.1

is replaced by Assumption @ 2, then sup(; ez RA(t,7) = 0,(n"1/%).

Under Assumption .2, the remainder term RY(¢,7) is o,(n~'/?) uniformly in (¢,7) €
TZ. This result is needed if one wants to establish an Lo-type specification test of ¢, ().
For example, one may be interested in testing the null hypotheses of the quantile partial
derivative being homogeneous across treatment. In this case, the null hypothesis can be

written as

Hy : g (t) = Bo(r) + pu(7)t for all (t,7) € TZ,

and the alternative hypothesis is the negation of Hy. One way to conduct a consistent test
for the above hypothesis is to employ the residuals of the linear regression of ¢,(7;) on T;

to construct the test statistic Y, (7), i.e.,

n

Yalr) = = ST) — o~ ATYUT € T),

i=1

where (ﬁo, ,5’1) are the linear coefficient estimators. This type of specification test has been
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previously studied by [Su and Chen! (2013)), Lewbel, Lu, and Su| (2015)), |Su, Jin, and Zhang
(2015)), Hoderlein, Su, White, and Yang (2016), and Su and Hoshino| (2016) in various
contexts. One can follow them and apply the results in Theorem [3.4]to study the asymptotic
distribution of T,,(7) for each 7. In addition, one can also consider either an integrated or a
sup-version of T, (7) and then study its asymptotic properties. For brevity we do not study

such a specification test in this paper.

Given the estimator f(t) and ¢,(t), we can run local linear regressions of [i(7;) and
-(T;) on (1,T; — t) and obtain estimators 31(t) and BL(¢) of du(t) and 8,q,(t), respectively,

as estimators of the linear coefficients in the local linear regression.ﬂ Specifically, we define

(30(0), B1(1)) = argmax(3(Ty) — 8° — B(T, — 1)K (7))
Bo,81
and
30 31 - 0 1 9, i —1
(39(0), B2(1)) = argmax(@(T) — 3 — 3'(T; — ) K (")

50”31 h
The following theorem shows the asymptotic properties of 3 1(t) and Bi (t). The asymptotic

property of S (t) can be established in the same manner.

Theorem 3.5 Suppose Assumptions and @.1 hold. If {q;(t): T € I} C U, for any

teT, then
Bl(t) - &y(t) = %Z(@ft(Xj)hz)l {Y} - Vt(Xj)] F(T]h_ t) + R;(t)
and
51 BN 2\—1 =1t 1
Br(t) = 0iq-(t) = - D (Rafy(g-(8) fi(X;)h?) [Kh(t),y‘ _¢t,q7(t)(Xj)} K(T)+Rn(t,T),

j=1

2 Alternatively, one can consider the local quadratic or cubic regression.
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where sup, ¢ ]é}t(t)H—sup(t,T)eTI |RL(t,7)| = 0,((nh?)"Y?) and K (v) = [ wK (v—w)K (w)dw.

Theorem presents the Bahadur representations for Bl and Bi(t) Since they are
estimators for the first order derivatives dyu(t) and O.q,(t), respectively, we can show that

1/2

they converge to the true values at the usual (nh3)"/“-rate.

4 Inference

In this section, we study the inference for u(t), ¢, (t), and 0,q.(t). We follow the lead of Belloni
et al.| (2017a)) and consider the weighted bootstrap inference. Let {n;}!; be a sequence of
i.i.d. random variables generated from the distribution of n such that it has sub-exponential
tails and unit mean and Variance.ﬁ For example, n can be a standard exponential random
variable or a normal random variable with unit mean and standard deviation. We conduct

the bootstrap inference based on the following procedure.
1. Obtain v(z), @u(a;), fi(x), 7(x), ggtu(x) and f,(z) from the first stage.

2. For the b-th bootstrap sample:

Generate {n;}!' , from the distribution of 7.

ComPUte ﬂb(t) = % Z?:l UZHQ(VVM ﬁt’ 7t) and é‘b(t7 ’LL) = % Z?:1 nth,u(Wuia at,m 775)7
where (,(-), F()) are cither (dpu(-), fi(-) or (Gru(-), fi(:)):

e Rearrange a°(t,u) and obtain & (¢, u).

Invert a® (¢, u) w.r.t. u and obtain ¢°(¢) = inf{u : a* (t,u) > 7}.

Compute 3"(¢) and 3P(¢) as the slope coefficients of local linear regressions of

n:i 02 (T;) on (n;, ni(T; — t)) and 1;¢°(T;) on (n;, n;(T; — t)), respectively.

3A random variable 1 has sub-exponential tails if P(|n| > z) < Kexp(—Cx) for every x and some
constants K and C.
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3. We repeat the above step for b=1,--- , B and obtain a bootstrap sample of

HORHONCONCG) Y

4. Obtain Q" (), Q°(v), Q"' (ar), and Q' () as the a-th quantile of the sequences {fi°(t)—

AOYE L, {320 — G (D}, {37(0) — BAOYE,, and {32(t) — BA(O)}E,, respectively.
The following theorem summarizes the main results in this section.

Theorem 4.1 Suppose that Assumptions[IH4 and[3 1 hold. Then

and

Theorem says that the 100(1 — «)% bootstrap confidence intervals for u(t), ¢,(t),
Oyu(t), and 0yq,(t) have the correct asymptotic coverage probability 1 — «. With more
complicated notations and arguments, we can show that the convergences hold uniformly

in (¢,7).

5 Monte Carlo Simulations

This section presents the results of Monte Carlo simulations, which demonstrate the finite

sample performance of the estimation and inference procedure. We modify the simulation
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designs of Belloni et al.| (2017a)) to the case with a continuous treatment. In particular, Y

is generated via

Y =A (U - 2(zp:j‘2Xj - 7r2/12) + (T/2)2>

J=1

while T" solves the following equation:
p
V= (T/2+0.10)_j°X;)(0.5 — cos(nT/2)/2 — T/2)),
j=1

where U and V' are two independent standard logistic random variables, A(-) is the logistic
CDF, p = 200, X is a p-dimensional normal random variables with mean 0 and covariance
[0.26=F,4. T ranges from 0 to 2. The parameters of interest are ¢, (t) and d;q,(t), where
7 =0.25,0.5,0.75 and ¢ € (0.2,1.8).

We have two tuning parameters: h and ¢,. First, we build our rule-of-thumb A based on
h.+(7), which is the rule-of-thumb bandwidth for the local 7-th quantile regression suggested
by 'Yu and Jones| (1998). In particular, h,(7) = C(7) x 1.08 x sd(T) x n~'/° where C(7)
is a constant dependent on 7, and C(0.5) = 1.095 and C(0.25) = C(0.75) = 1.13. We
refer interested readers to (Yu and Jones| 1998, Table 1) for more detail on C(7). In order
to achieve under-smoothing, we define h = n='/1% x h,,, where our choice of the factor
n~'/1 follows |Cai and Xiao| (2012, p.418). For ¢,, we use £, = 0.75y/log(log(n)) for the
penalized conditional density estimation and ¢,, = 0.5\/m for the penalized local
MLE. Based on our simulation experiences, the choice of ¢,, does have an impact on the first
stage variable selections, but does not significantly affect the finite sample performances of

the second and third stage estimators.

We repeat the bootstrap inference 500 times. The sample size we use is n = 1, 000.
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Although the sample size is quite large compared to p, in this DGP, the bandwidth is as
small as 0.083, which leads to an effective sample size of nh ~ 83 < 200. In fact, we obtained
warning signs of potential multi-collinearity and were unable to estimate the model when

implementing the traditional estimation procedures without variable selection (i.e., without

penalization).
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Figure 1: Finite sample performances of ¢,(t)
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True values of the derivatives Bias and tMSE for {35 ()
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Figure 3: Coverage probability

The upper-right subplot of Figures|l|and [2| report the true functions of ¢, (t) and 9q,(t)
for 7 =0.25,0.5,0.75 and t € (0.2,1.8). Both ¢,(t) and 0;q,(t) are heterogeneous across 7

and t, which imposes difficulties for estimation and inference. The rest of the subplots in
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Figures|l|and [2fshow that all the biases of our estimators are of smaller order of magnitude of
the root mean squared error(rMSE), which indicates the doubly robust moments effectively
remove the selection bias induced by the Lasso method. The estimators of the quantile
functions are very accurate. The estimators of the quantile partial derivatives are less so
because they have slower convergence rates. Figure |3| shows the 90% bootstrap confidence
intervals have reasonable performances for both the quantile functions and their derivatives,
across all 7 and t values considered, with slight over-covers for the quantile function when
7 = 0.75. The results of variable selections depend on the values of ¢ and (¢,u) for the
penalized conditional density estimation and penalized local MLE, respectively, which are
tedious to report, and thus are omitted for brevity. However, overall, about 7 covariates for

the density estimations and 1 to 8 covariates for the MLE method are selected.

6 Empirical Illustration

To investigate our proposed estimation and inference procedures, we use the 1979 National
Longitudinal Survey of Youth (NLSY79) and consider the effect of father’s income on son’s
income in the presence of many control variables. Our analysis is based on |[Bhattacharya and
Mazumder| (2011)). The data consists of a nationally representative sample of individuals
with age 14-22 years old as of 1979. We use only white and black males and discard the
individuals with missing values in the covariates we use. The resulting sample size is 1,795,
out of which 1,272 individuals are white and 523 individuals are black.

The treatment variable of interest is the logarithm of father’s income, in which father’s
income is computed as the average family income for 1978, 1979, and 1980. The outcome
variable is the logarithm of son income, in which son income is computed as the average
family income for 1997, 1999, 2001 and 2003. We create control variables by interacting

a list of demographic variables with the cubic splines of the AFQT score and the years of
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education. The list includes the mother’s education level, the father education level, the
indicators of (i) living in urban areas at age 14, (ii) living in the south, (iii) speaking a
foreign language at childhood, and (iv) being born outside the U.S. The resulting number

of control variables is 112.
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Figure 4: Whites. First row: the father’s log income (X-axis), the son’s log income (Y-
axis), the estimated unconditional quantile function at 7 (solid line), and its 90% confidence
interval (dot-dash line). Second row: the father’s log income (X-axis), the intergenerational
elasticity (Y-axis), the estimated derivative of the unconditional quantile function at 7 (solid
line), and its 90% confidence interval (dot-dash line).

We apply the proposed estimation and inference procedures for black and white indi-
viduals separately. We use the same bandwidth choices as in the previous section, such
that our effective sample size is nh = 106 for whites and nh = 60 for blacks. The number
of control variables, 112, is larger than the effective sample size. Figures {4 and |5 show
the estimated unconditional quantile functions and the estimated derivative, as well as the
point-wise confidence intervals for 7 = 25%, 50%, and 75%. Under the context of inter-

generational income mobility, the unconditional quantile and its derivative represent the
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quantile of son’s potential log income indexed by father’s log income and the intergener-
ational elasticity, respectively. The unconditional quantile functions have a slight upward
trend and the estimated derivative is positive in most part of father’s log income. The
confidence intervals for the unconditional quantile functions are quite narrow. However, we
cannot reject the (locally) zero intergenerational elasticity for most of the values of father’s
log income, except for the whites with father’s log income around 10 and 7 = 50% and 75%.

This is considered as the cost of our fully nonparametric specification.
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Figure 5: Blacks. First row: the father’s log income (X-axis), the son’s log income (Y-
axis), the estimated unconditional quantile function at 7 (solid line), and its 90% confidence
interval (dot-dash line). Second row: the father’s log income (X-axis), the intergenerational
elasticity (Y-axis), the estimated derivative of the unconditional quantile function at 7 (solid
line), and its 90% confidence interval (dot-dash line).

It is worthwhile to mention the variable selection in this application. For whites, on
average, about 7 and 5 control variables are selected for the density estimations and the
penalized local MLE, respectively. The indicator of speaking a foreign language at childhood

and the (linear term of) years of education are the two leading control variables selected. For
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blacks, on average, about 10 and 7 control variables are selected for the density estimations
and the penalized local MLE, respectively. The interaction of the indicator of speaking a
foreign language at childhood and (the quadratic term of) the years of education and the

indicator of being born outside the U.S. are the two leading variables selected.

7 Conclusion

This paper studies non-separable models with a continuous treatment and high-dimensional
control variables. It extends the existing results on the causal inference in non-separable
models to the case with both continuous treatment and high-dimensional covariates. It
develops a method based on localized Li-penalization to select covariates at each value of
the continuous treatment. It then proposes a multi-stage estimation and inference procedure
for average, quantile, and marginal treatment effects. The simulation and empirical exercises

support the theoretical findings in finite samples.
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Appendix

A Proof of the Main Results in the Paper

Before proving the theorem, we first introduce some additional notation and Assumption
@, which is a restatement of [Sasaki (2015, Assumptions 1 and 2) in our framework. Denote
by dimyx (resp. dim,) the dimensionality of X (resp. A). We define 0V (y,t) = {(z,a) :
['(t,z,a) = y} and OV (y,t) can be parametrized as a mapping from a (dimy + dimy —1)-
dimensional rectangle, denoted by 3, to OV (y, t). Hdmx Tdima—Ljg the (dimy + dimy —1)-
dimensional Hausdorff measure restricted from RImx Fdima to (9V (y, t), B(y,t)), where
B(y,t) is the set of the interactions between OV (y,t) and a Borel set in Rdmx +dima

ov(y, - u) /0y (resp. Ov(-,t;u)/0t) is the velocity of OV (y,t) at u with respect to y (resp.

t).
Assumption 6 1. T is continuously differentiable.
2' ||v(fl?7a)r(t7 ) )H 7& O on 8V(y,x)

3. The conditional distribution of (X, A) given T is absolutely continuous with respect to

the Lebesgue measure, and fx ayr is a continuously differentiable function of T to

Ll (Rdimx +dimA)‘

4- f@V(y,t) f(X,A)\TdeimXerimA “Hu) > 0.

5.t OV (y,t) is a continuously differentiable function of ¥ x T to RYmx +dima for cpery
y and y — OV (y,t) is a continuously differentiable function of ¥ x Y to Rdimx +dima

for every t.

6. The mapping Ov(y, -;-)/0t is a continuously differentiable function of T to Rdimx +dima

and Ov(-,t;-)/0y is a continuously differentiable function of Y to Rdimx +dima
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7. There 1s p,q > 1 with % + % =1 such that the mapping (z,a) — ||V ot z,a)||
is bounded in LP(OV (y,t), HY™mx Tdma) qnd that the mapping (z,a) = fix,A)=(z,a) 1S
bounded in L1(OV (y,t), [ dimx +dimA)'

Assumption |§| is a combination of Assumptions 1 and 2 in [Sasaki (2015). We refer the
readers to the latter paper for detailed explanation.

Proof of Theorem [2.1 For the marginal distribution of Y (), we note that, by Assumption
P(Y(t) <u) =E[E(1{Y(t) < u}|X,T = t)]. The first result follows as E(1{Y (¢t) < u}|X, T =t)
is identified.

For the second result, consider a random variable T which has the same marginal distribution

as T and is independent of (X, A). Define
Y*=T(T",X,A). (A.1)

Note that the (i) (X, A) and T* are independent, and (ii) the 7-th quantile of Y* given T = ¢ is
g-(t) for all ¢, because P(Y* < ¢,(t) | T* =t) = P(T'(t, X, A) < ¢-(t)) = 7. Assumption [f] implies
Assumptions 1 and 2 in |Sasaki| (2015)) for (Y*, 7%, U*) with U* = (X, A), and then his Theorem 1
implies that the derivative of the 7-th quantile of Y™ given T™ =t is equal to E,_,[0,I'(¢, X, A)].
|

Lemma [3.1] is the local version of the compatibility condition, which is one of the key building

blocks for Lemma Then, Lemma is used to prove Theorem

Proof of Lemma (3.1 By Assumption [4] we can work on the set

16(X)0llp, 2 _ » }
X}y sup ———7—= <k <o0.
{eo ol

We use the same partition as in Bickel et al| (2009). Let Sp = S;, and m > s be an integer
which will be specified later. Partition Sf,,, the complement of St ,,, as ZZL: 1 Si such that |S§;| = m

for 1 <1 < L, |Sz| < m, where S, for | < L, contains the indices corresponding to m largest
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coordinates (in absolute value) of ¢ outside U;;%Sj and Sy, collects the remaining indices. Further

denote d; = ds; and dp1 = ds,us,- Then

[[b(X )5K( - )1/2\|Pn2>\|b( )501K( 1/2|!Pn,2—2|!b 51K )WHPTL,Q‘ (A.2)

For the first term on the right hand side (r.h.s.) of (A.2)), we have

T—

DX b K () 2,
> (XY 801 K ()Y [ — [P~ PY(B(X Y 500K ()|
>Chb(X Y S0l — 1P — PG S0 K ()] (A3)
> Chb(X Y5013, 2 ~ CHI(Pn — P)B(XY501)?] (P — P)B(X) o) K (1)
>Chdn B2 ~ ChI(P — P)(b(XY301)?] (P~ PO b0 K ()]
where the second inequality holds because
E(b(X)' 601 )2 K (" Lo by = RE(b(X)'601) / Fron(X)K (0)dv > CRE(b(X ) 601)2.

We next bound the last term on the r.h.s. of (A.2]). The second term can be bounded in the

same manner. Let gy = 001/||901]|2. Then we have

(P = PYOOX) S K ()] = 1150r 1P — YO b’ ().

Let {n;}?_; be a sequence of Rademacher random variables which is independent of the data and

F = {nb(X) 0K (L) : ||6]]o = m + s,||6]|]2 = 1,t € T} with envelope F = Cx(,(m + s)Y/2.
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Denote 1, as (WI%)I/Q with m = st/ Then,

< Tt
E sup (P = P)(O(X) G01)* K (——)
[[001]lo<m+s,|[d01||2=1,t€T
17 2 L —t
<2E sup |Prn(b(X) d01)" K ( : )|

[1601[Jo <m-s,|[601|]2=1,t€T

§24n< ) sup ||501!|1> <E sup !Pnnf!>
[1601]]o<m—+s,||d01]]2=1 fer

2 + )2 (LY il o) oo/ )+

~ n

27, ~2\ 1/2
<<log(p\/n)(s +m) hCn) — by,

where the first inequality is by Lemma 2.3.1 in jvan der Vaart and Wellner| (1996)), the second
inequality is by Theorem 4.4 in |Ledoux and Talagrand| (2013), and the third one is by applying
Corollary 5.1 of Chernozhukov, Chetverikov, and Kato| (2014) with 0? = sup;c zEf? < h and, for

some A > e,

A ST+m Ap STm
up N7 eqellFllgz) < Gy (07 5 ()

By Assumption [2} 71, — 0. Then we have, w.p.a.1.,
/ 2 Tr—t N2 2
|(Pr = P)(b(X) 001) K (——)| < 3hC(x)7[[01[[2/8. (A.4)
By the same token we can show that

E sup (P — P)(B(X)'001)?| S Vhin — 0.
1801 |0 <m+s,||001||2=1,teT

Therefore, we have, w.p.a.l.,

|(Pn = P)(0(X)'001)*| < 3(+")?||601113/8. (A.5)
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Combining (A.3), (A.4), and (A.5)) yields that w.p.a.1.,

T
[16(X) Go1 K (—— 1/2!\pn2>H501H2 (K)2C/A.

Analogously, we can show that, w.p.a.l,

T
(X 01K (—— 1/2!\pn2<4H5z|!2 th(")?.

Following ({A.2]), we have, w.p.a.1,

XY S (Y2 =126y o' V22 — h”zzzmuwcw

=2

L
>h'2||80u|[o1/C 2 /2 = B2 " 2k CVA(|[G1al 18] [) Y /v/m
=2

> 012|601 ||/ CY/2 /2 = 2012 €011 /v /m
> Y2001 |1/ CY/2 /2 — 2012 €262 30l v/

Zh1/2H(501H2H,Q1/2/2 . 2h1/2/€”Q—1/201/2"50"2\/§/\/m

h

Zh1/2||50”2 K’Q1/2/2*QK//Q_1/2CI/2\/§/\/E ’

where the second inequality holds because, by construction, ||&||3 < ||6;—1]1]|6:]]1/+/m. Since
m = 3&1/2, s/m = E;UQ — 0, and thus, for n large enough, the constant inside the brackets is
greater than x/'C'/? /4 which is independent of (¢,u,n). Therefore, we can conclude that, for n

large enough,
- XY SK (5 2]l 2

in > K/Icl/Q 4=k
(t,u)ETU §E€EN25 £, ||5§t,u|’2\/ﬁ - / n

This completes the proof of the lemma. N

We aim to prove the results with regard to (/ﬁ\m(X ) and ét,u in Theorem ﬂ The derivations
for the results regarding QZM(X ) and gtu are exactly the same. We do not need to deal with

the nonlinear logistic link function when deriving the results regarding v;(X), (X)), 4, and ;.
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Therefore, the corresponding results can be shown by following the same proving strategy as below
and treating wy,, defined below as 1. The proofs for results regarding v;(X), 74(X), 4+, and 7; are

omitted for brevity.

Let 70, = ALY BV X, T = t))=b(X) .0, Ot = Oru—0t0, St = |01l wi = E(Ya ()| X)(1—

t,u

E(Y.(t)|X)), and §tu be the support of @u We need the following four lemmas, whose proofs are

relegated to the online supplement.

Lemma A.1 If Assumptions[1H hold, then

Tt

sup [\ 2b(X) 0K (

(tu)eTU )2 lp, 5 = Op((log(p v n)s) 20 112)
7u E

and

sup_|[[0¢ull1 = Op((log(p v n)s®)Y2(nh)~1/?).
(tuw)eTU

Lemma A.2 Suppose Assumptions hold. Let & =Yy — ¢ru(X). Then

sup #0200 | = Outttonto v mn/m )
(t,w)eTU 00

Lemma A.3 If the assumptions in Theorem hold, then there exists a constant Cy € (0,1)

such that w.p.a.1,

Cp/2< inf ||U < sup ||¥ <2/Cy. A6
b2 il Bl S s (Bl < 2/C (A.6)
For any k=0,1,--- , K and \Tlfu defined in Algom'thm@ there exists a constant Cy € (0,1) such
that, w.p.a.1,

Cp/2< inf [|UF [l < sup [[TF,[|x < 2. (A7)
(t,uw)eTU (tw)eTU
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In addition, for anyk =0,1,--- | K and \T/fu defined in Algom'thm@ there exist constantsl <1 < L

independent of n, (t,u), and k such that, uniformly in (t,u) € TU and w.p.a.1,

l‘:I\It,u,O < (I\’l];u < L(I\’t,u,o- (AS)

Lemma A.4 If the assumptions in Theorem[3.1] hold, then w.p.a.1,

T—t _ _ p
sup 1D(X) 5K (——)"2lp, 2h™"/% < 20712
teT,|16]|2=1,]|d]lo<stn

Proof of Theorem . By the mean value theorem, there exist 6,, € (GM,Q},U) and

Ff’u € (O,ﬁ(fu) such that
[66u(X) = Gru(X) < ABX) B +T80) (1= AB) Gy + 7)) ((X) Gru + 7).
where 0, = ét,u—Qt,u. By the proof of Lemma we have, w.p.a.l,
7l < [C/200 = Cr2)] M.

Therefore, by Lemma and Assumptions 3.4-3.5 we have

sSup ‘b(X),Qt,u + Ffu - b<X)/6t7U - ffu‘
(tw)eTU ' ’

< sup B(X) 0l + sup [l

(t,w)eTU (t,w)eTU
<o sup  [[8sull1 + O((log(p v n)s*Cr/ (nh)™1/2) = 0,(1),
(tuw)eTU

where the last equality is because sup ,)e7 ||0tullt = Op((log(p v n)s?)1/2(nh)~1/?) by Lemma
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and log(p V n)s%¢2/(nh) — 0 by Assumption 3.5. In addition, under Assumption 4.4 we have
AB(X) O +77,) = E(Yu|X, T =t) € [C,1 - C].
Hence, there exist some positive constants ¢ and ¢’ only depending on C such that, w.p.a.l,

ABX) Oy + 701 — ADB(X),, +T1,)) < ¢

t,u

and uniformly over (¢,u) € TU,
|6t,0(X) = Gru(X)] < e(B(X) 61 +70,) < ¢ (BX) 00 +77,). (A.9)

By Assumptions 3.3-3.4, Lemma and the fact that w;, is bounded and bounded away from

zero uniformly over TU, we have, w.p.a.l,

Tt

sup ||(61.u(X) — dru(X)K(——) "I, 2
(tw)eTU
Tt Tt
< sup el [[6(X) G K (<) b2 I, K (=) I, 2
(t,uw)eTU

=0, ((10g(p v n)s/n)"/?)

and

sup  ||61.u(X) = Sru(X)|[poe SG sup |16rull1 + O((log(p v n)s*C2/ (nh)'/?)
(t,w)eTU (t,w)eTU

=0p((log(p v n)s*(1/(nh)'/?).

This gives the first and second results in Theorem
Next, recall that A\ = £, (log(pV n)nh)/2. By the first order conditions (FOC), for any j € rSA’t’u,

we have

P |0 = AR () | = By
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Denote &4, = Yy, — ¢r(X). By Lemmas [A.1} [A.2{ and [A.3] for any € > 0, with probability greater

than 1 — ¢, there exist positive constants C and C, which only depend on ¢ and are independent

of (t,u,n), such that

1/2
)‘Stu

n

~

_ \1155{7% [(Yu - A<b<X>’éw>>b<X>K<h)] }s

- Tt
< sup [0l sup !I‘I’t,i(Pn&,ub(X)K(T))l!oo
1161l0<5.0,][6]]2=1 (tu)eTU
{I}—l
+H t,u,0 |OO sup
Lo ollo<seliolla=1

{2 (M08 = M0G0~ e |

O Wl T
S () B+ ) K ()

P2

T—1
< sup [BX)OK (=)
[10]l0<5t,u,]|0]]2=1
1/2

S u S
<2 Clog(p v m)s/m) 2 )

.1/2
ASih, N O\ 1/2

~ 2n nhl/2 "M

(§t7u)

where $mas(s) = sup|g),<s,joomt DXV OK (L)Y 5 and 7f, = r{,(X). This implies that

there exists a constant C' only depending on ¢, such that, with probability greater than 1 — ¢,
ét,u § 05¢max(§t,u)/h- (Al())

Let M ={m € Z : m > 2Cs¢pmaz(m)/h}. By (A.10), for any m € M, 8, < m. In addition, by

Lemma we can choose Cs > 4CC~!(k")?, which is independent of (¢,u,n), such that

QCSQbmax(CsS)/h < 4CQ_1(I€”)28 < Cgs.

This implies Css € M and thus with probability greater than 1 — ¢, 5, < Cgs. This result holds

uniformly over (t,u) € TU. n

To prove Theorem we need the following two lemmas, whose proofs are relegated to the
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online supplement.

Lemma A.5 If the assumptions in Theorem hold, then there exists a constant Cy € (0,1)
such that w.p.a.1,

Cp/2 < inf |[Wy0lloo < sup|[Trollo < 2/Cy. (A.11)
teT teT

For any k =0,1,--- , K and (I\’f defined in Algorithm @ there exists a constant Cy € (0,1) such
that, w.p.a.1,

C1/2 < inf || UF]|o < sup ||TF||o < 2Ck. (A.12)
teT teT

In addition, for any k =0,1,--- | K and \Tlf defined in Algom'thm@ there exist constantsl <1 < L

independent of n, t, and k such that, uniformly int € T and w.p.a.1,

W, o < UF < LU, (A.13)

Lemma A.6 Let & (X) = %K(%) — fi(X). Suppose that the assumptions in Theorem hold.

Then supyer ||Pa 0 & (X)D(X)|loo = Op((log(p V 1)/ (nh))V/?).

Proof of Theorem . Recall that A = £, (log(p VV n)nh)Y/?, and some Cy large enough such

that C;l <l <1< L. In addition, denote

Ev = {llr{ X)llp, 2 < Cr(log(p Vv n)s/(nh)) "/},

~_ A
By = {sup Cx||Pn W30 & (X)b(X) oo < 1,
teT nh

and

By = {100 < Wy < L¥p and  Cp/2 < inf [Tyl < sup 110l < 2/Cf}
te

where €, and Cy are some positive constants which will be defined later in this proof and in

42



Lemma respectively. @t,O = Diag(lt0,1,- - ,lt,0,p) With

oy = [Pnh<}1lK(T;t) - ft(X))2fj2(X)} V2

is the ideal weight.

By Assumption 3.4, for any ¢ > 0, there exists a constant C,. (possibly dependent on &) such
that E7 holds with probability greater than 1 — . Lemma and the fact that £, — oo imply
that, for any € > 0 and any C) > 0 such that C’;l < [ and Fs holds with probability greater than
1 —e. By Lemma there exists [ < 1 < L independent of n,t such that F3 holds uniformly
over t € 7 with probability greater than 1 — ¢, for some ¢, — 0. Under EFy, F5, and E3, which
occur with probability greater than 1 — 2¢ — ¢,,, by Lemma J.3 and J.4 in Belloni et al.| (2017a)
with their X replaced by £, (log(p V n)nh)/2/h (i.e., our X divided by h) and their ¢, replaced by

(log(p V n)s/(nh))Y/?, we have
Sup 1/e(X) = fi(X)][ 22 = Op(€n(log(p v n)s/(nh))/?),

5 =sup|[Billo = Op(s),
teT

and

sup [[8; — Bel[1 = Op(€n(log(p v n)s*/(nh))'?).
teT

Following the analysis of H(Etu (X) = ¢,.,(X)[|poo in the proof of Theorem [3.1| we can show that

Sup [1£e(X) = fe(XO)llpoc = Op(ta(log(p v n)s*C/ (nh))'/?).

In addition, by Lemma J.5 in Belloni et al. (2017a) with their A and ¢, replaced by ¢, (log(p V

n)nh)'/2/h and (log(p V n)s/(nh))/?, respectively,

sup [1£:(X) = £1(X)]|p,.2 = Op(tu(log(p vV n)s/ (nh))'/?),
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and

U [|i(X) = f(X)lloc = Oltnllog(p V 1)/ (nh))2).
€
This completes the proof of the theorem. M

Proof of Theorem 3.3  Let &*(t,u) = PnnHm(Wu,ggt,u,ft) where either n = 1 or 7 is
a random variable that has sub-exponential tails with unit mean and variance. When n = 1,
&*(t,u) = &(t,u), which is our original estimator. When 7 is random, &*(¢,u) is the bootstrap
estimator. In the following, we establish the linear expansion of both the original and bootstrap

estimators together.
Let €, = £,(log(pV n)s/(nh))'/? and 6, = £,(log(p Vv n)s>¢2/(nh))*/2. For some M > 0, which

will be specified later, denote

b(X)B: ||Bllo < Ms, [[b(X)'B— fi(X)]
16(X)'8 = fi(X)llp, 2 < Men

P,c0 < M(Sna

Gt =

and

” Ab(z)'0) = [16lo < Ms, [[(AB(X)0) = du,u( X)) K (T 2|, 2 < Menh'/?,
tau —

)

IA(B(X)'0) = b,u(X)|| oo < My

By Theorem and for any € > 0, there exists a constant M such that, with probability
greater than 1 — ¢, ft() € G; uniformly in ¢t € T and q/b\m() € My, uniformly in (¢,u) € TU. We

focus on the case in which ($t7u, ft) € Gt X H¢y. Then

d* (t, U,) - (X(t, 'LL) :(Pn - P)nHt,u(Wuu ¢t7u7 ft) + (Pn - 7)) |:77Ht,u(WU7¢a ?) - nHt,u(Wua ¢t7uy ft):|
+P UHt,u(Wm 67 ?) - nHt,u(Wu, d)t,u; ft):| + |:7D77Ht,u(Wua ¢t,u7 ft) - Oé(t, u):|

=T+ 11+ 11141V,

where (¢, f) = (Q?t,u, ft)
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Below we fix (¢, f)€ G; X Hiy. Term IV is O(h?) uniformly in (t,u) € TU. For term II1,

uniformly over (¢t,u) € TU, we have

PU |:Ht,u(Wua 5, ?) - Ht,u(WUa th,u» ft):|

E(K (L=4)]X) Y, (%) \ ( H(X) — FUX)\ . T 1
RF(X) >+E<ft<X>ft<X>>( h )K( P

(500 - 61,3 ) (1 -

—O(enh?) +E<Z?X)ﬁt((§))> (ft(X) . ft(X)>K(Th 3
=0(6,1%) + O(h™[(¢,u(X) —$(X))K($)1/2\|P72\|(ft(X) = Tt(X))K($)1/2Hp,2)
=0(c2 + h?).

(A.14)

The second equality of (A.14)) follows because that there exists a constant ¢ independent of n such

that

and then

Tt
h
Tt
h

<ch®(|(B(X) = (X)) K (——)"/?

P2

—ch*[EI|(B(X) — b (X)) K ()|, 5] = O(enh?).

The third equality of (A.14) holds by the fact that |[f,(X) — fi(X)||poo = O(0,) = o(1), fi(x) is

assumed to be bounded away from zero uniformly over ¢, 7, the Cauchy inequality, and

T—t
sup E((Yy — ¢t,u(X))K(T
(tw)eTU

)IX) = O(h?).
The fourth inequality of (A.14]) holds because

T—1
h

T-—1

L[ G2 = Ofenh?)

[1(6e,u(X) — $(X)) K ( )'|p2 = [El[(¢ru(X) — ¢(X)) K (
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and for some constant ¢ > 0 independent of (¢, u,n),

10X) = Fu VK ) 21 p2) < eRBILA(X) = FUX)lI, o' = Ofeah ).

For the term I, we have
E(Py — Pt | MW ) ~ Wi (W0 0| < BIIP, — Pl
where
F=UtweruFtu and Fru= {77 [Ht,u(Wu,Cﬁ, Fe) = e u(Wa, Bt ft)} 1h € Hiu, fr € Qt} :
Note F has envelope ||,

o2 =sup Ef?
feF

< sup E[(¢(X) —6(X))*(1- K(Tht)>2]

(t,u)eTU
Y, _$(X) -t
Fi(X) fe(X)h

2
S swp B|600) - oGP+ swp B[40 - F(0| a7
(t,w)eTU

+ sup E[
(t,u)eTU

and F is nested by

10]]o < Ms, |[Bllo < Ms

where
1
suplog N(F,eq,€||F||gz2) S slog(pVn) + slog(g) Vv 0.
Q

~

In addition, we claim || maxi<i<n |17i/h||[p2 < log(n)h™1. When n = 1, the above claim holds
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trivially. When 7 has sub-exponential tail, and the claim holds by Lemma 2.2.2 in [van der Vaart

and Wellner| (1996). Therefore, by Corollary 5.1 of |Chernozhukov et al.| (2014)), we have
E||P, — Pl S en(nh) 1252 10g"2(p v n) + log(n)(nh) 'slog(p vV n) < 2.
This implies that sup ey I1 = Op(€2). Combining the bounds for IT, ITI, and IV, we have

a*(t,u) —a(t,u) = (Pn — P)nllyu(Wy, G, fi) + Rn(t,u) and sup |R,(t,u)| = Op(ei + hz).
(tuw)eTU

Then, Assumption 5] implies the desired results. =

Proof of Theorem We first derive the linear expansion of the rearrangement of &* (¢, u)

as defined in the proof of Theorem For z € (0,1), let
1 1
F(t,2) = / Halt, ¢ (v)) < 2}dv,  F(t, 2lhn) = / 1{a" (1, (¢)) < y}do.
0 0

Then, by Lemma we have

F(tvz‘hn) — F<t’ Z) + hn(t7¢(q,z(t)))¢/(Qz(t))

- [N PR ) AL (4.15)

and

& (t,u) — alt,u) N F(t, aft,u)|hn) — F(t, a(t,u)) fy @) ()

- —o = 0,(5n). (A.16)

where s, = (nh)il/Za hn(t7 U) = (nh)l/Q(é‘*(ta ¢F(U)) —Oé(t, ¢H(U)))a fY(t)() is the density of Y(t)7
q-(t) is the z-th quantile of Y (¢), and d,, equals to either 1 or h'/2, depending on either Assumption

Bl1 or Bl2 is in place.
Combining (A.15)) and (A.16), we have

(nh)' 2 (& (8, 1) = alt, w)) = ha(t, (u) + 0p(dn) = (nh)2(&7 (8, 1) = a(t, ) + 0p(8n)  (A.17)

uniformly over (¢,u) € TU.
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We can apply Lemma on &7 (t,u) again with J,(t,u) = (nh)"2(&*" (t,u) — a(t,u)),
F(t,u) = P(Y(t) <u) = aft,u), f(t,u) = fyu(u), and F*(t,7) = ¢-(t). Then, for J, equals 1 or

h/2 under either Assumption 1 or 2, respectively, we have,

() —ar(t) _ _ Inlter(t) | 0p(6n) = — (nh)'2(&*" (¢, ¢-(t)) — 7)

Sn fY(t) (q-(t))

uniformly over (t,7) € TZ.

Combining (A.17)), (A.18), and Theorem |3.3) we have
Gr(t) = ar(t) = =(Pu = PITLeu(Wy, (1), G, 1) 1)/ Py (@ (5) + Ru(t,7) + 0p(Gn(nh) '72).

By taking 6, = 1 and d,, = h'/2 under Assumptions 1 and 2, respectively, we have establish

the desired results. =

Proof of Theorem [3.5] We consider the general case in which the observations are weighted
by {n;i}?_, as above. For brevity, denote § = (d,01) = (B20(t), 3 (t)) and & = (8p,01) =

(B(t), BL(t)). Then § = £71%;, where

e

LS K(Lhymgi(Ty)

S =
L3 K (BT — tymid (T)
and
o Ly KB Ly K(E2(T -ty
2 pu—
LS CK(EEN(T -t 2300 K(BE (T — )%
f(t) 0 Rt 0
Let > = and G = . Then we have
rafW () Kaf(t) 0 A3

G35 — By = O3 (log"?(n)(nh®)~/2).
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In addition, note

QT( ) _50+51( )+(QT( z) 50_51( ))+((ﬁ(TZ)_QT(TZ))

and

%Zyle(%> <QT( z) (50—51( )) o M—I—hQ)

P
s K (ST -ty (qu) o - 81(T - t)) n
Therefore,

Ly KT (@(T» - qT<Ti>>m

GS = GYy0 +
s R(TEt(T - ) (qu - qu))m

By Theorem the fact that E%X%X)K(%) = O(h?), and that E¢y , ) (X) = 7, we have

()= (1) = %Z < (;Zi}f)( Dpediz t)+¢t,qf(t)(Xj)—T>+o;((nh)1/2),

(A.20)

fYt QT

where of((nh)~ 1/2) term is uniform over (t,7) € TZ. Let Y; = (Y;,T;, X;,m;). Then, by plugging

(A.20) in (A.19)) and noticing that

SUP¢eT ﬁ Z?:l K(Tih_t)m Op(l)

spre s iy K (HH)|Ti — th Op(h™")

)

we have

GS =G0+ ——

op((nh)112)
n(n 5 2wl (Ta Titr) + 9

1751 0;((nh3)71/2)

where T'(Y;, Tj;t,7) = (Lo(Ys, Yy5t,7), T1(Ys, Ty5t, 7)), and

- =t (Yo 1), — 10, m) (X
Lo(Y3, Yy5t,7) = (T, t) K T t)( qT(Tz)va ¢Tz,qT(Tz)( 5)
T;

T - T,
R+ fye (g-(Th)) ( h (X,)h K( jh )+¢Ti,qf(Ti)(Xj)—T)
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for =0, 1. Let FS(Ti,Tj;t,T) = (F(Ti,Tj;t, 7') + F(Tj, Ti;t,T))/z. Then we have
By (8) = BH(E) = eh(GZ2) " Un(t, ) + 0p((nh*)71/?), (A.21)
where ez = (0,1) and U,(t,7) = (C2)~! > 1<icj<n MiNiL? (- ¢, 7) is a U-process indexed by (¢, 7).

By Lemma

T. —

¢h(G%2) " Un(t,7) Z”ﬂ rafy () (gr(t ))ft(XJ')h2)_1{Klf(t),j—%qf(t)(Xj)}K( ¥ t)+0;((nh3)_1/2)-

(A.22)

Combining (A.21]) and (A.22)), we have

B0 530) = 2 D 1y a0 SO (Yo 5= KL o ()2,
j=1

Proof of Theorem [4.1. By the proofs of Theorem [3.4] and we have
Q7(t) = 4r(t) = —=(Pu = P)( = Dea(Wo, (1, Srg, (1) fo) / Folar(8)) + 0p((nh) ~1/?)

n

B =) = = > (=1 (2 fy iy (ar (0) XD 7 Yo, 0.5 = Grgr 0 (X )F(TJ

Jj=1

1y or ()12,

S|

Then, it is straightforward to show that vnh(¢2(t) — ¢-(t)) and (nh®)Y/2(3L(t) — BL(t)) converge
weakly to the limiting distribution of vnh(G(t) — ¢-(t)) and (nh3)/2(BL(t) — BL(t)), respectively,

conditional on data in the sense of van der Vaart and Wellner| (1996, Section 2.9). The desired

results then follow. m
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This supplement is composed of three parts. Appendix [B| provides the proofs of some technical
lemmas used in the proofs of the main results in the paper. Appendix [C|studies the rearrangement
operator on a local process. Appendix [D] derives a new bound for the second order degenerate

U-process.

B Proofs of the Technical Lemmas

Lemma and Lemma below are closely related to Lemmas J.6 and O.2 in Belloni et al.
(2017a) with one major difference: we have an additional kernel function which affects the rate of
convergence. We follow the proof strategies in Belloni et al.| (2017a) in general, but use the local
compatibility condition established in Lemma when needed. We include these proofs mainly
for completeness. Lemma and are proved without referring to the theory of moderate
deviations for self-normalized sums, in contrast to the proof of Lemma J.1 in |Belloni et al.| (2017al).
Consequently, we have the additional ¢,, term but avoid one constraint on the rates of p, s, and n,

as well.

Proof of Lemma [A.1I We define the following three events.

@
T T—-1
By = {Crllog(ev ms/m) 2 > sup |2 e Tty )
(tyw)eTU W
A ~ T—t
E, = { > sup C, \Pt,&,opn [ftMK()b(X)] H },
T (tu)eTuU h o0




and

b3 = {Z\I’t,u,O < \Ijt,u < L\Ijt,u,(] and Cw/2 < inf ||\I}t,u,0 |oo < sup H‘I"t,u,o
(t,uw)eTU (t,w)eTU

|oo < 2/C¢}

where [, L, and Cy are defined in the statement of Lemma and the generic penalty loading
matrix is \/I\'t,u = </I;,]fu fork=0,---, K.

By Assumption [2}3, for an arbitrary ¢ > 0, we can choose C, and n sufficiently large so that
P(E;1) > 1—¢. By LemmalA .2 below and the fact that ¢, — oo, for any £ > 0 and any C) > 0, for
n sufficiently large, we have P(E3) > 1 — . In particular, we choose C) such that C\l > 1. Last,

by Lemma below, P(E3) > 1 — &, for some deterministic sequence &, | 0.
From now on we assume FE7, Fo, and E3 hold with constants C,., Cy, I, and L, which occurs

with probability greater than 1 —2¢ —¢&,,. Let d;,, = ét,u — 0, and ngu = Supp(b,,). Let

T—1
Prac = |l o) St K (=) 2

and

¢ = max(4(LCx + 1)(ICx — 1) 7102, 1),

Then, under FEj,

&> max((LCx +1)/(ICxy —1) sup |[¥rup

(tw)eTU ool 1%L ooy 1) > 1.
U

Let Quu(0) = PpuM(Yy, X;0)K (L), By the fact that ét,u solves the minimization problem in
(3.5, we have

~ A~ A~ ~
Qt,u(at,u) - Qt,u(et,u) S;H\I]t,uat,uul - ﬁ”qlt,uet,uul

A= A~ -
<= [Wu(Oru)sp, = —[Weu(Bru)spe, 11

y ’ Y ’ (B.1)
= M¥eu(Otu)sy M1t = I1Peu(Otu)soe [l

AL~ Al -~
< l%ru0(0u)sp, I = 11Wru0(0u)spe, 11

Because the kernel function K(-) is nonnegative, Q¢ () is convex in . It follows that Qt,u(ét,u) —

Qt,u(et,u) > a@Qt,u(‘gt,u)ldt,u-



Let Dyy = —Ppb(X)& oK (52) and &, = Yy — ¢¢,u(X). Then,

‘aGQt,u(gt,uy(st,u
! T—t !
=[Pu(AGX) Oru) = Yu) K (——)b(X) 0rul
T—t
1Pt DXV 5y K () 4 D)
@ T—t\1/2
~ ~ T K (5)
< w0 Dl loo W 4,.00tul[1 + Ht’ul—/};Hmet,u (B.2)
t,u
¢ T—t\1/2
)\ = rt uK( h )
<— L N
Sy W00l + || W P, 2Lt
¢ T—t\1/2
A~ A~ e ()
STCAH‘I’t,u,O((Stu)sgqu + Ta\\|‘1’t,u,0(5t,u)sgg||l + Huwl—/gHPnzrt,u,
t,u
where r{,, = 7{,(X). Combining (B.1) and (B.2), we have
] T—t\1/2
MICy — 1)~ AMLCy 4+ 1) ~ K (5)
W||Wt,u,0(5t,u)sgz|’1 < T|“I’t,u70(5t,u)sgu||l + ||uwl—/2HPn,2Ft7u‘
t,u
Then
T— @ T—t\1/2
LCy+1, ~_ = nC/\H\I't,l,oHoo K ()
s <7, I ol oG, I + =S 2375172 o llenal
U
O olloo | i K ()2
<l (dtu)so |1+ =7 P2t
" AMCN=1) wté
We will consider two cases: d;y & Aozt and 0y € Aoz gy
First, if 8,4, & Aoz tu, i€, H(ét,u)sgzﬂl > 26|\(6t,u)52u|\1, then
1
19 ullr <(1 4 ) 1(0ku)spe 11
1 1 OV, olloo, 70, K (572
S<c+5)”(5t,u)52u"1+(1+%) )\(C)\l—l) H w1/2 HPn,QFt/U»
t,u
1,1 1 1O Wolloo, T K (57412
<(=+ —=)||(6 c 1+ — 2 : T
U
11 1 nCAl[W ) olloo 70, K (L)Y
<G+ Dall + (1 o) [ | T
2 4¢ 2¢7 AMCAl—-1) Wt/
U



Noting that ¢ > 1, we have

[404—2] nC)\H\I,tuOHOOHrtuK(%)l/2|| -
P2l
20—1] MO\ —-1) wtl,{f u
<6”CA”W;5*°”°°|\T3“K(%l/2u -
o )\(C)\l — 1) w1/2 P2t tu = Lu-

t,u

Now, we consider the case where d;,, € Agzy . By Lemma we have

16(X)§K (59 2|p, 2
Kk < inf i
(ta)ETU 5€ Aoz 1.0 Vh||0so |l2

In addition, wy, € (C(1 —C),1/4). If 6, € Aoz, then

1Gra)sp, I < f .
’ hw

In this case, |0 u||1 < (14 26)111 4.

In sum, we have

5 nCO\ WL oo 70 K (L)1) 1+ 2¢
6tallt < Lo + (14 28)IT, < (6 P || +( )\f Iyu (B.3)
MO\ —1) Wi

and 6tu S Atu = AQE,t,u U {5 : H(SHl < It,u}'
Recall 7, = A~ (A(b(X)'0:.u) + rfu) — b(X)'0,, and denote

[P
in
b€AL L Pn[

XY R (G
(XS K (L)

Then, w.p.a.l., for some Ffju between 0 and rffu,

7] ={ABX) 0r) + T — ADX) u) =77, rdl
e4lr?, ], {(C/2)1 —C/2)y g,

where the second line holds because sup; ,)e7u Hrf? lpoo == 0. In addition, by Lemma below



and equations (B.1)—(B.3)), we have

.1 qa,.,
min(G13,, 2T,)
: P K (52
SQt,u(Ht,u + 5t,u) - Qt,u(et,u) - 89Qt,u(9t,u) 5t,u + 2‘|T|’Pn,2rt,u
wt,u
=0 T—t\1/2
A 1.~ A 1~ P K (55)
SE(L + a)’\q’t,u,o(dt,u)sgu’\l - ﬁ(l - a)H‘I’t,u,O@,u)sngl + 3HjHPn72Ptvu
U
~¢ T—t\1/2
A 1~ P K (57)
<AL+ 2 Frolloe el + 311 2 T
" Cx Wti
~¢ T—t\1/2 -
T () A 1.~ (142¢)4/s
< <QCH e —|lp,2 + E(L + a)\’mt,u,o ’OOW Lt o,

)

where the last inequality holds because |7‘§s Wl < ]ff’ ol If

7 g (T=t\1/2 _
_ T K () A PN (1+20)\/§}
> 3 9¢|| ——75— + —(L+ )Y u0llco——F=—— ¢, B4
Tae, > 808 e+ 5+ g Bl (5.4
then
~¢ T—t\1/2 -
T () A PN (1+2c)\/§}
Ty < 34 92| -2 ot DL+ =) W02 VE B.5
o <3001+ S+ Bl (5.5
and
ol (67 sl KCEE, | 12005
B N (o | TV b
' B.6
5O g (T=t\1/2 N
T K () A 1.~ (1+28)/s
afocl " 4 3L+ Tl T

t,u

Since F; holds,

=0 T—t\1/2
P K () _ log(p VvV n)s
sup (|2 o < 0201 - )y B
(tw)eTU Wi n

Further note that A = £,,(log(p V n)nh)*/2. Hence, if (B.4) holds, then (B.5) and imply that

sup I'yy < Crl,(log(p Vv n)s)/2n=1/2
(t,w)eTU



with Cr = 3(9¢[C/2(1 — C/2)]71C; 4+ (LCy + 1)2Cy (1 + 2¢) /k) and

sup_ ||0ulls < Ciln(log(p v n)s®)"/?(nh) /2
(tw)eTU

with Cq = L:%)CF, which are the desired results.
Last, we verify (B.4). By Lemma [B.1] since ¢2 log(p V n)s?¢2/(nh) — 0

— 00.

qa,, > \/ nh
7 uK(u 1428)/3 IOg pVvn 82€2€2
{0l U 2 A+ ) Bl 22 ) (e vn)

This concludes the proof. m

Proof of Lemma . By Lemma below, \/I\lt_& is bounded away from zero w.p.a.l,

uniformly over (¢,u). Therefore, we can just focus on bounding

Prlsrcm] |

sup
(tw)eTU

For j-th element, 1 < j <p,

T—1

|E[£t,uK(7

)5 (X)] < BJb;(X)|h? < el[b;(X) [ p2h® < ch®.

where ¢ is a universal constant independent of (j,¢,u,n). In addition,
nh®/(log(p V n)hn)*/? = (nh®/log(p v n))"/? — 0.

So sup(,uye7u [|E[Eu K (L4)b(X) || is asymptotically negligible. We focus on the centered term:
supyeg |(Pn — P)g|, where G = {&ubj(X)K(5L) « (t,u) € TU,1 < j < p} with envelope G =
Ck(n. Note that supycg Eg* < h and supg N(G, eq,¢||G|]) < p<g> for some A > e and v > 0.
So by Corollary 5.1 of |Chernozhukov et al.| (2014), we have

Esup |(B, — P)g| < (log(p v n)h/n)"/? +log(p vV n)¢/n S (log(p Vv n)h/n)'/?
g€g

because log(p vV n)¢2/(nh) = 0. =

Proof of Lemma [A.3l  We only show the first result. The rest can be derived in a similar

manner. In addition, analogous to the proof of Lemma below, we only need to compute

E(Y, — ol X)) RO K ()



Let 1 = [ K(u)?du. Then,

E(Y, — duu(X)PB K (0

=K / |:¢t+hv,u(X) - 2¢t+hv,u(X)¢t,u(X) + ¢?,U(X):| ft-l—hv (X)K(U)2dvb]2(X)

ZCIE/ [@,u(X)(l — ¢ru(X)) - h\at@,u(X)U@ K (v)*dvb3 (X)

>k1C*(1 — C)Eb;(X)/2 > Cy.

Similarly,

BV, — 60 (X) B (O K (20

=E / |:¢t+hv,u(X) - 2¢t+hv,u(X)¢t,u(X) + ¢?,u(X):| ftJrhv(X)K(v)zdvb]z(X)

SC’E/ |:¢t,u(X)(1 - (bt,u(X)) + h‘atd){,u(X)U@ K(U)debg(X)

<2k1CEb? (X) < 1/Cy,.

Proof of Lemma Following the same arguments as used in the proof of Lemma and

by Assumption 5, we have, w.p.a.l,

T—t
sup Hb(X)/Mf(ih Y21, o
tGT,\|5H2=1,H5||0§s€n
ren2 g L —1
< sup |(Pn, — P)(b(X)'H) K(T)\
teT,|[0]]2=1,]|5|lo<sln

+ sup IP(b(X)'8)*K( )
teT[|6]la=1,]16]l0 <stn h

<Op(hmp) +Cth sup |P(b(X)'6)?
tET,H(SHQ:l,H(SH()SSZn

<op(h) +C7'h( sup |(Pa = P)(b(X)'6)?| + sup [P (b(X)'6)%])
(€T |18ll2=1.][8llo st €T ||6lla =116 lo <5t

<op(h) + C ' W(Op(na) + £ %)
<207 1x"2h

where the second inequality holds because

T—-1

1 8\2
E(b(X)'9)*K ( h ):E(b(X)Ifs)Q/ft+hu(X)K(u)du < H-Z(b()(g)(i)



Proof of Lemma [A.5, For (A1), we denote F = {h(1 K (L) — fi(X)2B2(X) : t € T, j =
1,---,p} with envelope 2C Kgn /h. By the proof of Lemmabelow, the entropy of F is bounded
by p(2)?. In addition, sup e Ef? < (2. Therefore,

1Py — PlI% < Op(log(p V )G/ (nh)).

In addition,

2
hE(;lK(T;t) - ft(X)> b} (X) = E/ [KQ(U) —2hK (u) + hsz(X)] Femu(X)dub (X).

Note that fi(x) is bounded and bounded away from zero uniformly over (¢,2) € TX. Therefore,

there exists some positive constant C'y such that,

1 T—t 2
< i SR TN 2
eyt w(3rh - h0) B
1 T—t 2
<h s B(GECT - 100) 800 < 1705
teTj=1,-p \N h
Therefore, w.p.a.l,
ozen e P teCEh - ) )
= TN Al S t i

1 T—t 2,
<h  sup Pn<K()ft(X)> B(X) < 2/Cy.
teT,j=1,,p

For k =0, we let F = {%KQ(%)J‘"JZ(X) cteT,j=1,---,p} with envelope C? 2.(2/h. By the

same argument as above, we can show that, w.p.a.l,

Co/2< _inf P, K2(T

1 T—1
b2 n7K2 - v
€T.j=1,.p h WiX)s swp P h (

o A )b3(X) < 2/Co.
€T.j=1,-p



For k> 1, by Theoremwith \T/t = \Tlf_l, we have, w.p.a.1,

T—-1

— )

1 T-—t .

<2 sup  [Puh(3K(——) = f(X)0H(X)[+  sup  [Puh(f{(X) = fu(X))?5 (X))
teT j=1,p teT j=1,p

1
sup |73nh(ﬁK(

A ]
teT,j=1,-,p

<2 sup lﬁo,j + Op(Ly log(p V n)s¢2h/n)
teT . j=1,,p

<2/Cy.
Similarly, we can show that w.p.a.l. infier j—1,... p \]Pnh(%K(%)—ff(X))Qb?(X)HOO > Cy/2. This
concludes ((A.12) wit C, = Cffork =1,--- , K. Last, (A.13)) holds with [ = min(CoC/4,--- ,CyCr/4,1)
and L = max(4/(CoCy), -+ ,4/(CrCf),1). =

Proof of Lemma Let F = {&(X)bj(X) : t € T,j = 1,--- ,p} with envelope F =
2C g (n/h. Then

SUp [[ P W, 3 &(X)b(X) oo < sup [ W oo 5up || P (X)(X)] oo
teT teT teT

<Op(1)(|[Pn = Pl + [|Pll7)
<Op()(|[Pn = PllF + O(h?))

where the second inequality because sup;cr ||‘/1}; olloo = Op(1) by Lemma

Next, we bound the term ||P,,—P||7. Note that there exist some constants A and v independent

of n such that the entropy of F is bounded by
A v
sup N (F, eq, e[| Fllg2) <p{ =) -
Q 9
In addition, sup ez Ef? < h~!. Therefore, by Corollary 5.1 of (Chernozhukov et al. (2014),
|Pn—Pllr < Op ((bg(p vn)/(nh))'? + G log(p v n)/(nh)> = Op((log(p v n)/(nh))"/?).
This concludes the proof. =

Prwi,u|b(X) 52K (L-1))3/2
Prwt u[b(X)SPK(LE) 7

Ff’u = sz’{?b(X)’éK(%)l/%|pn72, and sy = ||Orullo. Let events Eq, Ea, and E3 defined in the

Lemma B.1 Recall that Qyu(8) = PuM (Y, X:0)K(Zet). Letqy, , = infsea,, |




proof of Lemma hold. Then, for any (t,u) € TU and 6 € Ay, we have

()
Frou(8) = Quu(Oru + 0) = Qru(Oru) — 06Qu.u(01) 5+2||%||pn,zr Pu
t,u

1/2 1*
> min( Hw/b( xysr (=t . )1/2Hpn,27§th,uF5)

t,u

and w.p.a.1,

sv/h (/i ~ 1)
QAtu = amln mﬂ +25) Ttu (%)1/2 '
’ 6|/, wollol == |lp, 2

t,u

Proof. The proof follows closely from that of Lemma O.2 in Belloni et al.| (2017al). Note that
Qtau(Oru +0) — Qru(Oru) — 09Qutu(011)'6 = Prldeu(1) — Geu(0) — g1.,(0)],

where gy.u(s) = log[1 + exp(b(X)' (fr,u + sO))K (T51). Let gru(s) = log[l + exp(b(X)' (B, + 50) +
7P 1K (Lt). Then

6h.a(0) = OOYOENIX, T = K (),
01.4(0) = (OOXSPEVGIX,T = (1 — BY|X,T = 0)K(—),
and
011(0) = (B(X Y8V E(Y, X, T = (1~ E(V|X.T = ))(1 — 2B(V,|X, T = 1) i),

By Lemmas O.3 and O.4 in Belloni et al.| (2017a)),

Tt [a)(X)'a)Z B |b(X)’6I3]

ul - u — g > uK
9tu(1) = 91,u(0) = 91,,(0) > wi K (— 5 .

Let Tt,u(s) = gt,u(s) - gt,u(s)' Then
Ay

1/2
t,u

T-—t
T3 (3)] < lon DX Y 6K (=)

10



It follows that

Palgtu(1) = gtu(1) = (Gtu(0) = 91u(0)) = (92,(0) — 91.,(0))]
=Pn|Tra(1) = T (0) = 17, (0)]

=9 T—t\1/2
T —t Ty o I
2Py, DX K (— )2 = .
t,u
7O R (T=ty1/2
s [Ttu ( 3 )

§2Ft,u 1—/2 5

W P2

and
T—1t 1 T—t

1
F;4(6) > ipnwt,u(b(X)/(s)QK( ) — gpnwt,u’b(X)/‘S’SK(

h h)'

We consider two cases: F?,u <14qg,, and I’gu >y,
First, if F?,u <14a,,, we have

Tt
P alb(XY SR (T ) < ot ZBX) SR () 21
and 1
Ft,u(é) g(ré )2.

When I, > qa,.,, we let 5= (56At’u/Ff,u € A;y. Then by the convexity of Fy,(0) and the fact
that F},,(0) = 0, we have

Fru(0) > i Fru(d) > Lg’u 1||W1}/Qb( )5K( )1/2HP 2 :1@1 .
’ - QAtu n th,u 3 “ h " S
1d V2 JAvu s
Consequently, we have F; ,(6) > min(5(I'¢,)%, —3T%,).

For the second result, note that

e 2B(X) 8K (52, o
SEAL Cnlldln

If 6 € Agztu, then by Lemma 3.1

2 —
My et DX SEE e 1 wvh
Gl = g, a1+ 2082~ G 1+ 20)

11



If ||6]]1 < I, where I, is defined in the proof of Lemma [A.1] then

Ml It X SK ) 2 e 1 (A/n)(zcx -1
n o nI u Ttu (Ti:t)l/2
erllolh ol 66 [Ty L e I
t,u
Combining the above two results, we obtain that
1 < &Vh (A/n)(ICy — 1) )
thu = min ~\ ¢ T—t :
n Stu(l+2¢ - i K ()12
G AV 20 gt KR

t,u

Lemma B.2 Let q,(t) be the y-th quantile of Y (t), fy«)(-) the unconditional density of Y (t),

1 1
Flty) = /0 Ha(t, 0 (v) < yhdv,  F(t,ylhy) = /0 {6 (1,4 (0)) < y}do,

sn o= (nB) "2, Bu(t,0) = (nh)V2(6* (1,9 (v) — alt, v (v)), and Jy(t,y) = Flulinl=F),

Sn

Then, for 6, being either 1 or h'/2, depending on either Assumption @.1 or @2 is in place,

F(t,ylhn) — F(t,y) | ha(t,¥(qy (1)) (gy(t))

w0 oo 7
and
Oé*’r(t7 u)s— a(t, u) 4 F(t, Oé(t, u)|hn)8—j((i,)0é(t, u))fy(t) (u) _ op(5n)_ (BS)
uniformly over (t,y) € {(t,y) : y = a(t, v (v)), (t,v) € T x [0, 1]}.

Proof. Let Q(t,v) = a(t,v* (v)) for v € [0,1]. Then, we have
1 1
F(t,y) = / H{Q(t,v) <y}dv and F(t,y|hy) = / H{Q(t,v) + sphy < y}dv.
0 0

We prove the lemma by applying Propositions and in Appendix C.

First, we verify Assumptionwith (6n,€n) = (1, (nh)~%log(n)) and (6, €,,) = (b2, (nh) =1/ log(n))
under Assumptions 1 and 2, respectively, in order to apply Proposition to prove . We
only consider the case in which 8, = h/? as the §, = 1 case can be studied similarly. Note that
Q(t,v) = a(t, v (v)), ua(t,u) = fy()(u) > 0 uniformly over (¢,u) € TU, and ¥(-) can be chosen

such that 9,1* (v) > 0 uniformly over v € [0, 1]. This verifies Assumption [7]1.

12



For Assumption 27 by Theorem SUP(¢,)eTx[0,1] [An(t, V)| = 0,(log"?(n)). So we can take
e, = (nh)~Y%log(n). In addition, SUD(¢,0) €T x[0,1] |h2(t,v)|sn, = Op(log(n)(nh)~?) = o,(h'/?)

because nh?/log?(n) — co. So we only need to show

sup |ha(t,v) = ho(t,0")| = 0, (RY/?). (B.9)
(t,o,0")ET x[0,1]2,|v—"|<ep

Let
g = nHt,u(Wua ¢t,u7 ft) - Ht,u’(quu ¢t,u’a ft) U= ¢H(U)v ul = 77/}%(”,)7
(t,0,0) € T x 0,12, v — /| < &

with envelope cnh~!. By Theorem we have
hn(t,v) = b (t,0") = (Pa = P)g + Ra(t, ¥ (v)) — Ra(t, 97 (V).
SUP(¢. vy e7x[0,1] Fon(t, ¥ (v)) = 0p(05). So we only have to show that

sup [(P, — P)g| = 0p(h1/2).
geg

We know that G is VC-type with fixed VC index and that supgeg Eg? < e,h~!. In addition, as
shown in the proof of Theorem || maxi<i<n [m:h ||| p2 < log(n). Therefore, by Corollary 5.1
of |(Chernozhukov et al.| (2014)), we have

(nh)'2|(Pn = P)gllg = Op((log(n)en)'/?).

Given e, = (nh)~Y%log(n), (log(n)e,)/? = o(h'/?) because h = Cypn for some H < 1/3. This

establishes (B.9). Then (B.7) follows by Proposition [C.1]

To prove(B.8)), we apply Proposition by verifying Assumption |8, We note that &*"(¢,u) =
F<(t,¢(u)|hy) and J,(t,y) = Etylhn)=F(tY)  Fyrthermore, notice that o (t,u) = a(t,u) =

Sn

FE(t9(w), FO (@4 v) = alt, 9 (v),

F(t,y) = /0 1{Q(t,v) < y}do = /O 1o < ¥(gy(t)) Yo = (g (1)),

and

O F(t,y) =¥ (qy(t)/ fre)(ay(t))-

Because fy(4)(qy(t)) is bounded and bounded away from zero uniformly over (¢,y) € 7)), so be
OyF(t,y). In addition,

Oy F(t,y) = [ (ay(1)/ 17y (ay(1)) = &' (ay (D) Fy 4 (ay () ) f5 0y (0 (1))

13



which is bounded because fl’/(t)(qy(t)) is bounded. This verifies Assumption 2.
For Assumption [8]3, we note that
_ F@tylhn) — F(tylhn) _ ha(t,9(gy (1)) (gy (1))

Inlt,y) = Sn T fyy(ay(t)) *on(0n)

where the 0,(0y,) is uniform over (¢,y) € TY. In addition, by definition, (¢, g,(t)) € TU, fy()(qy(t))

is bounded away from zero, and we can choose 1 such that v¢’(g,(t)) is bounded. Therefore, by

Theorem ,

sup | Ju(t,y)| = Op( sup  |hn(t,1b(w))]) + 0p(0n) = Op(log'/*(n)).
(ty)eTY (tuw)eTU

We can choose e, = s, log(n). In addition, sup( ,ye7y |Jn(t, Y)|?sn = 0,(h'/?) because nh3 — oco.

So we only need to show that

sup ’Jn(tay) - Jn(tv y/)’ = Op(én)'
(ty,y ) ETYY, |y—y'|<max(en,5ndn)

Note that, for v = ¥(Qy,(y)) and v' = P (Qy, (¥'))
[Tty y) = Jn(t,0')| S Nhalt,v) = b (t,0")] 4 0p(0n).

In addition, ¢(Qy,(y)) is Lipschitz uniformly over (¢,y) € T). Thus,

sup | Jn(t, y) — Jnlt, y')\
(t,yy")ETYY,ly—y'|<max(en,5n6n)
< sup ‘hn(t7 U) - hn(t7 U/)| = Op(én)v

(t,o,0")ET x[0,1]2,|lv—0'|<Cen
given that h = Cp,n~ " for some H < 1/3. This completes the verification of Assumption 2.
Last, it is essentially the same as above to verify Assumptionfor Jo(t,w) = (nh)YV2(&* (t,u)—

a(t,u)). The proof is omitted. m

Lemma B.3 Suppose the conditions in Theorem[3.5 hold. Then

eh(GSy) UL (t,7)

T, —t

)+ op(nh)72),

1 & —
= > milsafy e (@ (0) f(X)R) Y )5 — Prar () (X5) | K
j=1

14



Proof. Note that

Un(t,T) = Znﬂ?rs Yyt T) F UnH (-, 58, 7)),
] 1

where U,, assigns probability ( ) to each pair of observations and

H(Y3, Yyt 1) = mim (0, Ty t, 7) — mPLE(, Yy t, 7) — my PT (Y5, 5 t, 1) + P,

Further denote 7; = n;1{|n;| < C"log(n)}, xn = 1 — E7j;, and
— (1 = xn)PL3(Yy, 58, 7) + (1 — XH)QPFS(-, St T).

Since 7 has a sub-exponential tail, we can choose C’ large enough such that

IXn| <772 and  lim P(max Ini| > C'log(n )> = 0.

n—00 1<i<

This means that, w.p.a.l,

max
(t,7)eTT

~ Y

U, |:H(Ti,Tj;t,T) — ﬁ(Ti,Tj;t,T):| ‘ <pt

because

—)(Ti — )| < Ch,

sup(gyerz U9 (Ti, Ti5t, 1) S h=3, and nh?® — oco.

(B.10)

t,T).

(B.11)

We next bound the U-process Un,H(-,-;t,7) = (C2)~! Zl§i<j§nlff(Ti,Tj;t,T) Let H =

{H(-,-;t,7),(t, 7) € TZ}. Then H is Euclidean and has envelop (C'log?(n)h~2, C'log?(n)h~

°) f

some large constant C. Denote g(Y;t,7) = EH?(Y,-;t,7) with envelope (C'log?(n)h=3, C'log?(n )

By simple moment calculations, we have

sup Eg(Y;t,7) < (Ch™2,Ch™%Y
(t,7)eTT

and

sup Eg?(Y;t,7) < (Ch™5,Ch7™Y).
(t,7)eTT

Then, by Proposition in Appendix D, we have

sup  UnH (-, t,7) = (Op(log(n)(nh) ™), 0y (log(n)(nh*) "))
(t,7)ETT

15
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and thus

sup U H(-,t,7) = (Op(log(n)(nh)_l), Op(log(n)(nhz)_l))’. (B.12)
(t,m)eTT

We now compute PI'*(-, YTj;t, 7).
P, Yyt 7)
fr(t+hv) Yor (t4hv) 5 =Prthogr (trho) (Xy) 7o T —t—hv
ffyt+hi(q7(tihv))< ar(tth JfH;:("qu)h”h CK () + bithoge (t4-h) (X5) _T>K(U)dv

B v fr (t4hv) Yor (t4hv) . =Pt hv.gr (t4he) (X5) 70 Tj—t—hv ,
J hfm;(qfw»( settolsOespanete ) [ (D) 4 g ) (X5) = 7 ) K (0)do

By the usual maximal inequality,

sup
(t,r)eTTIT

/ T(t+ hv) <Y (t4h)j — Perhosgr (t+he) (X5)  Tj —t — ho
fYt+hv qr(t + hv)) ft+hv(X )h

+¢Hhu%ammc¥>—f)kxmdv::OAkg“%nxnm“%.

For the second element in PI'*(:, Yj; ¢, 7), we first note that

sup vfr(t + hv)
etz J hfvin, (@ (t+ho

»@HMMWMMW—Q (v)de] = Op(h?).

So we can focus on

r Y, v) v v X ) — U —

where f(Xj;t) = Since

fr(t)
Ty (ar () fe(X;)

T b Y, v v v X T, —t—
( sglpTIE/v[ (Xjst+hv)—f (X3 t)] ar(t+hv) ¢;:;h ar (w4 )K( it hv)K(v)dv = O(h?)
t,T)E

and

rd - Y, v),j v v X j — U —
( s;lpTIE[/v[f(Xj;t+hv)f(Xj;t)] ar (trhv).g d’;;h ar () ( ])K(T] ¢ h”)K(u)dv
t,7)€E

T _ 4 _
gsup/h_szEK2(Mm})K(v)dv <h 1
teT h

16



we have

- Y, v v v X T —t—
sup L3 0y [l CGst 4 ) P Tttt Ot O5) g T L
(tmeTT ™ ;3

=0, (log'/*(n)(nh) /).
Furthermore, uniformly over (t,7) € TZ,

vf( Xt T, —t—hv
[ L Yot = Gt 5) = (Va0 = Gt (X)| K= )

has O(h?) bias and

r )(7 t T, —t — h 2
E{/ vf(h;) |:qu(t+hv = Pt hogr (t4h) (X;) — (YqT(t),j — Ot (t) (X])):| K(]hU)K(U)dU}

S/EUQh_4 <’¢Tj,q7—(t+hv) (Xj) - ¢Tj,q-,—(t) (X])| + (¢t+hv,q7—(t+hv) (XJ) - (lst,qT(t) (XJ))2>

Therefore,
vf (X; ,t T, —t— hv
- Z / j - (t+hv),j — ¢t+hv,q7(t+hv) (X;) — (qu(t),j - <l5t,qf(t) (Xj))]K(%)K(U)dU
1/2 2\—1/2
:Op(log 2(n)(nh?)~1/?).

Combining the above results and denoting K (u) = [vK (u — v)K (v)dv, we have

1 = v X T,—t—h
5 277] /'U t + ho ) qT(t-i-h'U),j d)l;;;h ,qT(t—l—h'U)( J)K( j : U)K(’U)dv
=1

1< f(X5it T —t . _
LS g T s g COTRCE) = 031082 () ()7
j=1

and

9 M 0O*(1 1/2 h -1/2

*Z’I’Ij'PFS(',Tj;t,T) = {1 n ?(X]-;t) p( o8 (n)(ﬁ z“j—t ) * 1/2 2\—1/2
o4 w21 i Yo (1), — Prar (X5 K (Z5=) + Op(log™/=(n)(nh*) /%)

(B.13)

Combining (B.10} , and (B.13 , we have the desired results. ®
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C Rearrangement Operator on A Local Process

The rearrangement operator has been previously studied by |Chernozhukov et al.| (2010), in which
they required the underlying process to be tight to apply the continuous mapping theorem. How-
ever, the local processes encountered in our paper are not tight due to the presence of the kernel
function. Therefore, the original results on the rearrangement operate cannot directly apply to
our case. Instead, in this section, we extend the results in |(Chernozhukov et al. (2010)) and show
that the linear expansion of the rearrangement operator is valid under general conditions, allowing

for the underlying process not to be tight.
Let Q(t,v) be a generic monotonic function in v € [0,1]. The functional ¥ maps Q(¢,v) to
F(t,y) as follows:

1
Q) = Ft.y) = [ 1HQ(t.v) < ).
0
We want to derive a linear expansion of ¥(Q + sph,) — ¥(Q) where s, | 0 as the sample size
n — oo and hy,(t,v) is some perturbation function.
Assumption 7

1. Q(t,v) is twice differentiable w.r.t. v with both derivatives bounded. In addition, 0,Q(t,v) >

¢ for some positive constant ¢, uniformly over (t,v) € T x [0,1].

2. There exist two vanishing sequences €, and 6, such that

sup |hn(t,v) — hp(t,0")] = 0(6n),
(t,0,0")ET x[0,1]2,|v—v"|<en,
sup |hn(tv U)"Sn = 0(571)’ and sup |hn(ta v)|25n = 0(671)'
(tw)eTx[0,1] (t0)ETX[0,1]

The following proposition extends the first part of Proposition 2 in|Chernozhukov et al.| (2010)).

Proposition C.1 Let (t,y) € TY = {(t,y) : y = Q(t,v),(t,v) € T x [0,1]}, F(t,ylh,) =
fol H{Q(t,v) + sphn(t,v) <yl}dv, and y = Q(t,vY). If Assumption B holds, then

F(t7y|hn) _F(tv y) _ (
Sn an(ta Uy)

uniformly over (t,y) € TY.
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Proof. Consider (t,,yn) — (to,yo) and denote v, as y, = Q(t,, v,). Note that

1
F(tnvyn|hn) :/ 1{Q(tn,’[)) + thn(tna U) < yn}dU
0
1
:/ H{Q(tn,v) + sp(hn(tn, vn) + hn(tn,v) — hn(tn, vn)) < yn}do.
0
Let B.(v) = {v' : [v — /| < €}. For fixed n, if v € B, (v,) N [0, 1], by Assumption [7]
B (tn, ) = B (tn, vn) = 0(0y).
Then for any 6 > 0, there exists ny such that if n > ny , |hy(tn, v) — hy(tn, v,)| < 86, and
1
Fltn, yulhn) < / 1{Qtns0) + 50l (b ) — 56) < o o
0
If v ¢ B, (v,), then there exists ny such that for n > ng,

|Q(tn,’0) - yn| > CEp. (Cl)
Furthermore, by Assumption [7}

Sphn(tn,v) < sup [ (t,0) |80 = o(en).

(tw)eTx[0,1]
Therefore,
1
Fltwnlha) = [ HQU0) <y}
and
F(tn7yn’hn) - F(tnvyn) _ (_hn(truvn))
Sn, an(tnuUn)
</ L (14O ) + 50t 00) — 862) < g} — 1{Q (b, 0) < g} )+ (2mln2¥n)
= Be. (0] o n n\Mn{ln, Un n) > Yn ny = YUn an(tn,Un)
_/ dy P, (tn, vn)
Tn Y sn =0 (i (tn0n)~560)] SnO0Q(tns vn(y)) — DQ(tn, vn)’
(C.2)

where the equality follows by the change of variables: y = Q(t,,v), v,(y) = Q (tn,)(y), and J,
is the image of B, (v,). By (C.1)) again, we know that [yn,yn — Sn(hn(tn,vn) — 3d,)] is nested
by J, for n sufficiently large. In addition, since 9,Q(t,v) > c¢ uniformly over 7 x [0,1], for
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RS [ynv Yn — 3n<hn(tn; Un) - 55n)]7

[un(y) — vnl = QT (tn, ) (y) — Q7 (tn, ) (yn)| < Csp( sup |hn(t,v)| + 66n).
(t0)ET%[0,1]

Then the r.h.s. of (C.2)) is bounded from above by

5. / N S B
DQ(tn,vn) iy ym—sn(hn(tnon)—56,)] OvQtn,vn(y))  OuQ(tn,vn)” sn

<CO0p + Csp( sup  |B2(t,0)| + 6262) < C'66,.
(t,0)€T x[0,1]

Since ¢ is arbitrary, by letting 6 — 0, we obtain that

F(tmyn’hn) - F(tnayn) *hn(tnyvn)

— On).
Sn (an(tnaUn)) o 0( )
Similarly, we can show that
F(tnayn’hn) - F(tnayn) o (_hn(tnavn)) > 0(5 )
Sn, an(tn; Un) "
Therefore, we have proved that
Sn an(tna Un) "

Since the above result holds for any sequence of (t,,yn), then by Lemma 1 |Chernozhukov et al.
(2010), we have that uniformly over (¢,y) € TV,

F(t7y|hn) B F(tvy) . (_hn(tavy)

5n 2.Q(t ) = 20

This completes the proof of the proposition. H

Let F(t,y) and F* (t,u) be a monotonic function and its inverse w.r.t. y, respectively. Next,

we consider the linear expansion of the inverse functional:

(F + spdp)” — F©

where s, | 0 as the sample size n — oo and J,,(t,y) is some perturbation function.
Assumption 8

1. F(t,y) has a compact support TY = {(t,y) : y = Q(t,v),(t,v) € TV =T x V}. Denote
Ve, TYe, Ve, and y, as a compact subset of V , {(t,y) : y = Q(t,v), (t,v) € T x V:}, the
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projection of TYe on T = t, and the lower bound of (V-), respectively. Then for anyt € T,

y, > —0o0 and (Vet)¢ C Vs

2. F(t,y) is monotonic and twice continuously differentiable w.r.t. y. The first and second
derivatives are denoted as f(t,y) and f'(t,y) respectively. Then both f(t,y) and f'(t,y) are

bounded and f(t,y) is also bounded away from zero, uniformly over TY.

3. Let TYY = {(t,y,9") : y = Q(t,v),y = Q(¢t,v'), (t,v,0") € T x V x V}. Then, there exist

two vanishing sequences &, and 0, such that

sup ’Jn(t7y) - Jn(tay/)’ = 0(571)7
(ty,y" ) ET YV, |ly—y'|[<max(en,5n0n)

sup \Jn(t,y)lsn = O<€n)7 and sSup ’Jn(tvy)|23n = O<5n)
(ty)eTY (ty)ETY
Proposition C.2 If Assumption[§ holds, then

(F + spdpn) (t,v) — F< (t,v)  Ju(t, F<(t,v))
Sn f(t>F<_(t?U)) B

uniformly over (t,v) € TV..

Proof. Without loss of generality, we assume F(¢,y) is monotonically increasing in y. Let £(t,v) =
F(t,v) and &, (t,v) = (F+8,Jn) " (t,0). Since for n sufficiently large, supy ey, snlJy (,v)] <&
and by the definition of V., we can choose £(t,v) € V; and &,(t,v) € ). In addition, since F is
differentiable, we have F(t,&(t,v)) = v. Denote n,(t,v) = min(s,62,&,(¢,v) — y,). Then, the

definition of the inverse function implies that
(F'+ snJn)(t; En(t,v) = ma(t,0)) S 0 < (F 4 80Jn)(E €n(t, 0)). (C.3)
Since f(t,y) is bounded uniformly in (¢,y) € TY, we have
E(t,6n(t,v) = nn(t,v)) —v = F(t, (L, v)) = F(t,£(t, ) + 0(sndn)
and

|San(t,§n(t,’U) _nn(ta U))| < sup 3n|Jn(tay)|'
(t,y)eTY

Therefore,

— sup  splJn(t,y)| < F(L,&a(t,v) — F(t,&4(tv) < sup  su|Ju(t,y)| + 0o(5,0n).
ty)ETY (t,y)ETY
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Since f(t,y) is bounded and bounded away from zero, we have

€n(t,v) = &(t,0)] = O( sup  sp|Jn(t, y)|) + 0(sndy) = o(max(en, sndn)).
(tLY)ETY

Then,
F(t7 gn(tv U) - 77n(t» U)) - F(ta f(t, U)) + San(t7 gn(tv U) - nn(ta U))
t

>F(t,&n(t,v) — F(t,(t,v)) + 0(800n) + snJu(t, §(t, ) = spsup [Jn(t,y) — Ju(t, )]
> f (8, &(t,0)) (€n(t,0) = E(,0)) + 80 Jn (8, (8, 0)) = O( sup  silJu(t,y)[*) = o(s387) — o(sn6n)

(t,y)ETY

Zf(ta £(t7 U))(fn(tv U) - f(t, U)) + San(t, g(t’ 1})) - O(Snén)v

where the supremum in the second line is taken over (t,y,y') € TYY, |y — ¢/| < max(en, $p0n),

and the third line is because f'(¢,y) is bounded uniformly in (¢,y) € TY.
On the other hand, by (C.3),

F(tvgn(tv U) - nn(ta U)) - F(tag(tvv)) + Sn']n(tvgn(tvv) - nn(ta U)) <0.

Therefore, we have

(fn(tvv) B f(t, U)) + Jn(t7£(tvv))
Sn [t €(t,v)

Similarly, we can show that

F(t,6n(t,v)) = F(L,€(0)) + sndn(t, Ea(l, v))
< €(E0)(En(t v) = (L, 0) + sndn(t, (8 0)) + 0(sn0n).

The r.h.s. of (C.3) implies that
F(t,&n(t,v)) — F(t,£(t,0)) + snJn(t, &n(t,v)) 2 0.
Therefore,

(fn(t, U) — é(t7 1))) + Jn(tv §(t7 U))
Sn f(t,f(t,?) )

(C.4) and (C.5) imply that

(fn(t’ U) — §(t7v)) Jn(tvf(t’ U))
Sn f(ta §(t’ v )

uniformly over (t,v) € TV. =
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D A Maximal Inequality for the Second Order P-degenerate U-process

In this section, we derive a new bound for the second order P-degenerate U-process, which sharp-
ens the results in [Nolan and Pollard (1987). We combine the symmetrization, the exponential
inequality, and the entropy bound of the U-process established in |[Nolan and Pollard (1987) with
the innovative proving strategy used in |Chernozhukov et al. (2014) for the empirical process. In
addition, we establish a contraction principle for the second order U-process in the same manner
as (Ledoux and Talagrand, |2013, Theorem 4.4) in our Lemma which seems to be new to the

literature.

Let {X;}7, be a sequence of ii.d. random variables taking values in a measurable space
(X, X) with common distribution P. Let F be a class of real-valued, symmetric functions with
a nonnegative envelope F, i.e., supser |f(+,)] < F(,). Let M = sup(,, 4o)exxx F(21,22) < 00,
I(x) = Ef?*(z,-), L= {l: f € F} with envelope L(z), and My, = sup,cy L(z) < oo. In addition,
denote

o2 =supEf? and o} =supEl°.
fer lel

f is P-degenerate, i.e., Pf(x1,-) = 0 for all z; € X. S,(f) = Zlgi;ﬁjgn [( X5, X5). Uy is

the empirical U-process that place probability mass n(nl_l) on each pair of (X, Xj), i.e., Upf =
1
Proposition D.1 If there exist constants A and v (potentially dependent on n) such that

A v
SupN(‘gHFHQaeQw’T) S <> )
Q e

then

o9 + m)v AllF P2 M AllF P2
sup |Un f| = Op(( 24 1) log( V7l )+ 50’ log2(b)),
feF n o9 n o9
2 __ vo2 ZAHLH 3 v||M || : 2AHL|| :
where T = Tllog( - P2y 4 i P2 Jog( 4 P2y

Proof of Proposition [D.1]

Step 1: Symmetrization. We symmetrize the U-process using Rademacher random variables.
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Take an independent copy Y1, Y2, -+ ,Y, of X1, Xo, -+, X, from P and define

) = Y nmi(f(Xi, X)) — F(X3,Y)) — f(Y3, X5) + F(Y3,Y5)),

1<i#j<n

and

Safy =D mmif(Xi, X5),

1<ij<n

where {n;}7_, is a sequence of Rademacher random variables. Then, by Lemma 1 of [Nolan and
Pollard| (1987)),
E sup |S(f)| < Esup |[T(f)| < 4E sup |S,(f)]-
fer fer fer

Define UJ(f) = S2(f)/(n(n — 1)). We have

E sup |ty (f)] < 4E sup |4 (f)]. (D.1)
feFr feFr

Therefore, we can focus on bounding E|UY(f)|.
Step 2: Entropy integral inequality. Following Corollary 4 of Nolan and Pollard (1987) with
T? replaced by SY, we have

x

0
Py(Sp(f) > ) < QGXP(—W)-
This means, for a realization (z1,--- ,zy),
I Z ninjf(x“x] Hi/u ~ Z f2 xz,SC] 1/2
1<i#j<n 1<i#j<n

where || - ||, is the Orlicz norm with ¢1(x) = exp(z) — 1. Let 07 = sup;crUy,f? and J(6) =
fo g)de where A(e) = 1 + supg log N (¢||F||q,2, eq, F), which is nonincreasing in €. Then by

Lemma 5 in Nolan and Pollard| (1987), we have

On
Pyn sup |Z/{2(f)] §/ (1+log N(e,ey,,F))de
feF 0
HFla\Zn,z
<1l / (1 -+ log N(e|| Flluy 2 e, F))de
0
HFﬁZn,Q
<1y / (1-+ suplog N2l Fllg 2. cq. F))d
0

g
suFuun,zJ(" )
Pl
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Taking expectation w.r.t. (X1, Xo, -+, X)) on both sides, we obtain that

On

TPl |

Prsup Uy (f)| < E|[|F |, 2 (
ferF

The following lemma is borrowed from Chernozhukov et al.| (2014):
Lemma D.1 Write J(0) for J(6,F,F) and suppose that J(1) < co. Then

1. 6 — J(0) is concave.
2. J(ed) <eJ(9), Ve > 1.
3. 86— J(3)/6 is non-increasing.

4. The map (x,y) — J(\/x/y)\/y is concave for (z,y) € [0,+00) x (0,400).

Although |Chernozhukov et al.| (2014)) proved this lemma for

Ae) = w +suplog N (e[| Fllq.es e F).
Q

their proofs work for A(¢) = 1 + supg log N (¢[|F||g,2,eq,F), as well. Therefore, by Jensen’s

Eo2
Z = Prsup U(f)] < |\F||p,2J(V). (D.2)
s 1FTlpe

inequality, we have

Step 3: Bound Eo2. To bound EoZ, let 05 = sup;erEf?, I(f)(z) = Ef*(x,-), £ = {I(f) :
f € F} with envelope L(z) = EF?(z,-), h(z1,22) = f2(x1,22) — l(21) — I(22) — Ef?(X1, Xo) +
El(X1) + El(X2), and H = {h : f € F}. In the following, we omit the dependence of [ on f and

simply write [(z). Then we have

fA(z1,22) = Ef3(X1, Xo) + (1) — EI(X1) + I(22) — EI(X3) + h(zy, z2).
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By the triangle inequality,

= = sup |U,h + ]EfQ(Xl,Xz) +2(Pp = P)I(-)|
feF

§a§ + E sup [Uph| 4+ 2E sup (P, — P)I(+)|
heH lel

§a§+n

R
(n—1)

_

n(n—1)

§a§ -+ 4FE sup ]U2f2| + 2E sup |(P,, — P)I(")].
feF leL

E sup [T°h| + 2Esup |(P, — P)I(-)|
heH lel

=3 + Esup |T;) f?| + 2Esup |(P, — P)I(-)]
feF lel

Step 4: A contraction inequality.

Lemma D.2 Ifsupscr|f| < M, then

E sup [t 2] < ME sup |U3f].
ferF fer

Proof of Lemma Note that {nn;}1<i<j<n takes each value of {agj}1§i<j§n €

{1,—1}“(”_1)/ 2 with equal probability. For j < i, let a(]{i = agj. Then, for any symmet-

ric {b;;}1<i£j<n, {nmjagjbi’j}lg#jgn and {nn;b;;}1<i+j<n have the same distribution. Let
(21, -+ ,xn) be an arbitrary realization of (Xy,---,X,) and f; ; = f(x;,2;). Then

Ey, sup {Up M f; ;| = E, sup |Uy, fi i Ma; il- (D.3)
feF feF

In addition, Esupfe}— |U2fi7jMai,j| is convex in {ai,j}lgiijgn . So for any |ai7j\ < 1, Aj 5 = Qj4,
0
E, sup |U, fij Mai ;|
feF

. . . . . O . 0 _ 0 .
obtains its maximal at extreme points, i.e., some {a; ;}1<izj<n With a;; = aj,;. This and (D.3)

imply that, for any any |a; ;| <1, a;; = a4,
ETI sup |L{2fi7jMai,j| < En sup |Z/[,2fl7]M|
fer fer
Letting a;; = fi;j/M, we have E,sup;cr \Ugffﬂ < ME, sup ez |Up f; ;. Taking expectations
w.r.t. (Xy,---,X,), we have the desired result. ®
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Step 5: The upper bound. Since

A

v
pr@ﬂFm»awf)§<>,
Q e

by Lemma L.2 in Belloni et al.| (2017a),

24\"
sgN@MM£@OS<e)-

Denote 0? = sup;c, EI%, L(x) = PF(z,-), and M}, = maxi<;<, L(X;), then we have

2 24||L M 9 AL
Esup |(P, — P)I(-)| 57725\/“0110g( I HP,2)+UH Lllp2 log( I HP’Q)
leL n o1 n o1

and thus
Eo? < 03+ 7+ MZ/n < ||F||pymax(A®, DZ) (D.4)

where A% = max(a%,wz)/HFH%Q, Z = Pnsupser |U(f)], and D = M/(nHFH%DQ) Plugging (D.4))
in (D.2)), we have

Z = ||F||paJ(Cmax(A,VDZ)) < ||F||paJ (max(A,VDZ)).

We discuss two cases.

1. vDZ < A. We have Z < ||F||p2J(A). In addition, recall 6 = o2/||F||p2, then A > § and

by Lemma |D
' _ATA) A0 wJ ()
J(A)=A A <A 5 max J((S),(SHFHP2 .

2. vV/DZ > A. Then by Lemma
JANDZ) < (VD7) = vD7I VP2 o 7l B) o 57l 0)
VDZ

It follows that Z < C||F||pavDZ @, or equivalently,

7 <||F 2 D~ <||F o 2
SIE P2 52 ~l ||P’2nHFHP,2 42

So overall,

Z S IF||p2 maX<J(5) mJ(0) M J2(5)>

Ol|F|lpe nl|Fllpa 62
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Note that J(§) < Cdvlog(%). So

AllF M AllF
Z = Pnsup |UL(f)| < (02 + W)vlog(m) + 222 1og2(M
fer 02 n g9

).

Then (D.1]) implies the desired result. m
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