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Abstract

This dissertation consists of three chapters on Search Models of Money.

The first chapter is a review of recent advances in Search Models of Money.
It reviews the Lagos and Wright (2005) framework which is the workhorse of many
modern search models with applications to models with Competing Media of
Exchange to Fiat Currency, and models with Money and Credit. We trace the
history of the development of search models of money from the first generation to
present day. We highlight recent developments that address puzzles such as the co-
existence of money in an environment where an asset serves as both an alternative
means-of-payment and a superior store of value. We look at search models of
money with credit which address the fact that in the original LW framework, credit
could not exist because agents are anonymous in the decentralized market while in
the centralized market all agents can work with linear utility in hours rendering
credit unnecessary.

The second chapter explores the adoption and acceptance of alternative
means-of-payment to fiat currency. We determine the inflation rate and transaction
costs of adoption that encourage the adoption of an alternative means-of-payment.
However, the buyer’s bargaining power must also be high enough for money and
the asset to co-exist as means of payment, otherwise buyers will choose to use
money only for low inflation and asset only for high inflation. We observe that when
inflation is low, for a given fraction of acceptance of the alternative means-of-
payment by sellers, and the cost of holding money is not great so the benefit of
using the asset as an alternative means-of-payment to the buyer is negative or zero,
and buyers will not adopt the asset. At high inflation when the asset is adopted and

accepted as an alternative means-of-payment, when acceptance rate is low, welfare



gains are limited because agents do not use too much of the asset as an alternative
means-of-payment. However, when the acceptance rate is high, the welfare gains
are much higher. In equilibria where money and the asset co-exist as means of
payment, increasing the seller’s acceptance rate of the asset as means-of-payment
encourages the adoption of the asset as means-of-payment at lower inflation rates.
The third chapter investigates consumer behaviour in an environment with
two types of credit — secured and unsecured credit, and with four types of agents —
(1) low-income agents with high consumption needs, (2) high-income agents with
high consumption needs, (3) low-income agents with low consumption needs, and
(4) high-income agents with low consumption needs. Given each agent has a strictly
less than one probability of access to financial markets or credit, this gives rise to a
total of eight heterogenous agents. As inflation increases, the cost of money
increases resulting in agents carrying less fiat currency and relying more on credit
to finance their consumption needs. Low-income agents with high consumption
needs are always the first to require credit while in most situations, high-income
agents with low consumption needs never need credit. Credit relaxes liquidity
constraints of agents and as inflation increases, welfare decreases because agents
carry less money and rely on credit to finance consumption needs. At high levels of
inflation, agents start to have insufficient liquidity to obtain the optimal DM
quantity of good. Calibrating to US data, we find welfare loss range from 1% to 4%
for every 0.1% increase in inflation. Because of our diverse types of agents, we are
able to show that inflation affects high consumption agents the most, especially

those without access to credit.
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Chapter 1

Advances in Search Models of Money

1.1. Introduction

New Monetarist search models of money show that money is essential as a medium
of exchange to facilitate trade in environments where trading frictions and the
absence of double coincidence of wants exists, or in environments where the
presence of anonymous agents and imperfect record-keeping make credit difficult.

In the first-generation search models of money, to maintain tractability,
Kiyotaki and Wright (1989, 1993) had to model both money and goods as
indivisible, and agents can hold either money or goods but not both. In addition,
only agents without money will want to produce. As a result, prices are exogenous
and limit the amount of analytical work that can be carried out on monetary policy,
for example, the impact of inflation.

In the second-generation search models of money, Shi (1995) and Trejos
and Wright (1995) endogenized prices by introducing divisible goods in their
models. However, due to random matching and uncertainty in consumption and
production opportunities, agents have different needs and would carry different
portfolios making the distribution of money holdings across agents non-degenerate.
As aresult, money had to remain indivisible to keep the model and results tractable.
Like the first-generation search models of money, monetary policy analysis is
limited due to the non-degenerate money holdings of agents.

In the third-generation search models of money, Shi (1997) solved the non-
degenerate distribution of money holdings by grouping agents into families and

having family members consolidate their money holdings at the end of each period.



Lagos and Wright (2005) on the other hand, solved the non-degenerate distribution
of money holdings by introducing quasi-linear preferences and periodic access to
centralized markets (a decentralized subperiod followed by a centralized subperiod).
In both cases, any match-specific risks and uncertainty in consumption among
agents are eliminated by the law of large numbers and the agent’s portfolio or
distribution of money holdings is degenerate in equilibrium. Money can finally be
made divisible. The Lagos-Wright framework has since emerged as a workhorse in
modern monetary economics, given its ability to address the divisibility of money
and goods simultaneously.

Liu (2018) provides a rich overview of recent advances in search models of
money. In Section 2, we describe the Lagos and Wright (2005) framework in detail.
In Section 3, we look at recent search models of money with competing media of
exchange, particularly electronic money. In Section 4, we look at recent search
models of money that incorporate credit into the framework. Section 5 then

concludes.

1.2. The Lagos and Wright Framework

In this section, we describe the Lagos and Wright (2005) framework which has
become the workhorse of many modern search models of money. The framework
incorporates many elements of standard search and general equilibrium theory
including a large class of pricing mechanisms, such as bargaining, price taking,
posting, etc. Its main attractive feature is its tractability and ability to generate useful
analytic results, for example, the Friedman rule is the optimal policy for models
with Walrasian pricing or Kalai bargaining, but not for models with Nash

bargaining.



In the standard LW framework, there is a [0,1] continuum of ex-ante
identical and infinitely lived agents. Time is divided into discrete periods with each
period sub-divided into day and night subperiods. Agents discount periods with the
discount factor 8 € (0,1), but not between the two subperiods within a period.

During the day, agents are anonymously matched bilaterally in a
decentralized market (DM) with probability a. Each agent specializes in production
and can turn labour one-for-one into specific DM goods which is non-storable, that
is, it may not be carried over to the next subperiod. Agents cannot produce goods
that they want to consume. Hence, for any two randomly drawn agents i and j, there
are four possible matching — (1) with probability &, a double-coincidence of wants
happens, that is, i produces what j wants and j produces what i wants, (2) with
probability o, a single coincidence of wants, i produces what j wants but not vice
versa, (3) with probability o agent j produces what i wants but not vice versa, and
(4) with probability 1 — 20 — § neither i nor j produces what the other wants. DM
trade is carried out through Nash bargaining. Anonymity and limited commitment
results in the non-existence of credit in DM trade.

At night, agents interact in a Walrasian centralized market (CM), where all
agents produce and consume a general CM good which is non-storable and may not
be carried over to the next subperiod. The production of the CM good is linear with
real wage w = 1 in terms of the CM good.

Let (x, h) and (X, H) represent consumption and labour pairs during the day
and night, respectively. The period utility function is

Ux,h, X, H) =ulx)—cth)+UX)—H
where u, ¢ and U are twice continuously differentiable with u’ > 0>, ¢’ > 0, U’ >

0,u" <0,c¢" >0, and U" < 0. In addition, u(0) = c(0) =0, u'(q*) = c'(q")



for some g* € (0,0) where g* is the optimal DM quantity traded that a central
planner would aim to achieve, and U'(X*) = 1 for some X* with U'(X*) > X*
making U linear in H. Agents aim to maximize the lifetime discounted period utility
function.

Fiat money is supplied by the government and its sole purpose is to serve as
a medium of exchange to facilitate trade due to the non-existence of credit in DM
trade. Fiat money does not pay dividends, is perfectly divisible and storable. The
money supply at time ¢ is given by M; = (1 + 7)M;_, where 7 are taxes via lump-
sum monetary transfers at the end of the CM subperiod.

Let F;(m) denote the distribution of money holdings across agents, and
M, = [ m; dF,(m) the total amount of money at time t, where m is an individual
state variable based on the choice of the agent, while F is an aggregate state variable.

Let V;(m) be the value function of an agent with m dollars entering the DM
at time t, and W;(m) be the value function of an agent with m dollars entering the
CM at time t. Let q.(m, M) denote the amount of goods and d,(m, ) the amount
of money exchanged in a single-coincidence meeting, where m denotes the money
holdings of the buyer and 7 denotes the money holdings of the seller. Similarly, let
B (m, m) denote the payoff for an agent holding m who meets another agent with
m in a double-coincidence meeting.

In the DM, the agent’s value function is

Vi(m) = ao j (ulge(m, )] + W,[m — d,(m, )]} dF, (770)
ao f (= clqe (7, m)] + W, [m + d (7, m)]} dF, (1)

+ab f B, (m, ) dF, () + (1 — 26 — §)W,(m)



where the first term is the expected payoff from buying in a single-coincidence
meeting, the second term is the expected gain from selling in a single-coincidence
meeting, the third term is the expected payoff from a double-coincidence meeting,
and the last term is the expected value of not trading in the day market and going to
the CM with the agent’s portfolio m intact.

In the CM, the agent solves

We(m) = max {U(X) — H + pViy, (M’ + M)}

subject to
X=H+¢tm_¢tm,

X>0,0<H<H,andm' >0

where ¢, is the price of money in the CM, and H is the upper bound on labor hours
(which oftentimes is assumed to be non-binding). Let m;,; = m; + T™; be the
money holdings taken into the next period by the agent.

Next, we work backwards to solve the monetary equilibrium. In the DM, in
double-coincidence meetings, matched pairs give each other the optimal quantity
q* of DM goods with u’'(q*) = ¢'(q*) and hence B;(m,m) = u(q*) — c(q*) +
W;(m). In single-coincidence meetings, the terms of trade (g, d) through Nash
Bargaining solves

H;%X[u(q) + W (m — d) = W, (m)]°[~c(q) + W, (7 — d) — W,(7)]*~°

subject to
d<m,andq =0
where 8 € (0,1] is the bargaining power of the buyer.
Re-writing the CM value function as

Wi (m) = ¢pym + ?%’,({U(X) =X —¢pm' + Vi (m' + M)}



and differentiating with respect to X and solving for X gives X;(m) = X* with
U'(X*) = 1. Here m'(m) is independent of m, and the continuation value W,(m)
is linear in m with slope ¢,. This implies the key result which is the distribution of
money F;(m) is degenerate and each agent leaves the CM and enters the DM with
that same money holdings, thus simplifying analysis and analytical work. The
lump-sum monetary transfer can also be thus evenly distributed to every agent.

Given the linearity of W; in m, the DM bargaining problem simplifies to
n;;%x[u(q) — ¢¢d1[—c(q) + ¢.d]*?

subject to
d<m,andq =0
Solving the DM maximization problem, we get

Ge(m) if m<my

m if m<mg

dy(m, ) = {m* if m>m;

where §,(m) is the solution to ¢,m = z(q;, ), with

_ Oc(q)u'(q) + (1 = )ul(q)c'(q)
ou'(q) + (1 —0)c'(q)

z(q,6)

and m; = z(q",0)/¢; where the terms of trade are independent of the seller’s
money balance. Let g, (m, M) = q;(m), and d;(m, M) = d.(m) for simplification.
The only rational choice in equilibrium is d = m given the curvature assumptions
of the DM consumption utility function and because no agent will bring more
money than is needed for transactions in the DM due to the cost of holding money
and given the access to the CM where all agents can adjust their money holdings by
producing the general good.

The DM value function can be simplified to



Vi(m) = v, (m) + ¢pym + n;nr?x{—d)tm' + BVes (m' + M)}

=v,(m) + pm
+ Z Bt g_ax{—(ﬁjmjﬂ + Blvjr1(Mj1) + jeamyia]}
]:t j+1

where

ve(m) = ao{ulq.(m)] — ¢¢[d:(M)]} + ao f{—C[qt(ﬁi)] + ¢ed (M)} dF ()

+adlu(g’) —c(g)] + UX") - X~
The optimal choice of m,, ; is given by solving the optimization problem

gllax{_¢tmt+1 + Llver1(Mesq) + Perimesq]}
t+1

where the necessary condition for the existence of equilibrium is ¢; = L;yq.

To derive the difference equation, for m,;, we differentiate v;(m) to get
Vip1(Mey1) = ao[u' (qee1)q (Mpy1) — Praa] where 2(q, 0) = pymy = ¢ M, in
stationary equilibrium. We then substitute it into the first order condition ¢, =

Bldes1 + vip1(meyq)] to obtain a difference equation in q:

z(q., 0) _ ﬂZ(qu’g) u'(qes1)

ao +1—ao
M, M;iq Zq(CIt+1r9)

which defines a monetary equilibrium if g, = 0 for all t. Since M;,; = (1 + T)M,,
the equilibrium condition for stationary monetary equilibrium with ¢ M, =

Pry1Miyqis

u'(q) _1+1+T—,6'_1+1+i

z4(q,0) B aof ao

where1+i=1+r)(1+n),r=tandr =1 —pB)/B.
The results in the paper found that the Friedman rule is always optimal

though not always efficient as there is a holdup problem on money holdings when



buyers do not have full bargaining power. This source of inefficiency makes the

estimated welfare cost of inflation considerably higher than conventional methods.

1.3. Models with Competing Media of Exchange
In this section, we review models with the coexistence of competing media of
exchange in the presence to fiat money. These competing media of exchange are
often interest-bearing real or nominal assets. One question to answer is why fiat
money is valued in the presence of an interest-bearing competing media of
exchange, which serves the function of money in facilitating exchange and is a
superior store of value as compared to money. In particular, we focus on recent
literature on electronic money given the rise in popularity in e-money. One common
theme across these literature in e-money is that the introduction of e-money may
not necessarily be welfare enhancing.

Lagos and Rocheteau (2008) modifies the LW framework by allowing the
CM goods to be storable, and physical capital to be used directly as an alternative
medium of exchange. They show that agents tend to over-accumulate capital when
they face a shortage in liquidity, and fiat money helps to alleviate this inefficiency.
The Friedman Rule is found to be optimal and efficient. In their model, g2 denotes
the quantity of special goods consumed by an ex-ante identical agent, g; the
quantity of special goods produced, and y, the net consumption of general goods in
period t. The instantaneous utility is u(qf? ) - c(qé’ ) + y; where y = X — H and
U(X) = X. Agents have two storage technologies: (1) storing x;; units of general
goods at time t that generates dividends kj;,; = f;(x;;) units of general goods
before entering the DM of the following period, and (2) storing x;; at time t

generating dividends k;;,; = f;(x;;) units of general goods after leaving the DM of



the following period. However, the goods stored using the f; technology cannot be
brought into the DM as a medium of exchange. f; and f; are assumed to be strictly

concave, with f;'(0) = f/(0) = +, £;(0) = £;(0) =0, lim f/(x;) < B!, and
xl—)OO

lim f;(x;) < B~1. The value functions V,(z, k;, k;) and W;(z, k;, k;) derived are

xl—>00

similar to the V;(m) and W;(m) in the LW framework. However, they did not
manage to solve the rate-of-return dominance puzzle as liquid capital (k;) and real
balances (z) both earn the same rate of return in monetary equilibrium in their
model.

Many factors affect the prices of assets used as competing medium of
exchange — (1) their intrinsic properties such as portability, storability, divisibility
and recognizability, and (2) extrinsic factors such as informational frictions and
subjective beliefs. Lester, Postlewaite and Wright (2012) investigates how
information and liquidity affect the prices of assets that are used as alternative

means-of-payment. Recognizability leads to acceptability which leads to liquidity

u'(q)
z'(q)

by facilitating exchange. The liquidity premium of an asset is £(q) =

where u(q) is the buyer’s DM utility and z(q) is the DM payment from trade. The

liquidity premium enters the equilibrium via the first-order condition of the DM

value function where % = (aj +¢ j){l + X pstlqgs(a)]} where 9; is the dividend
]

from holding one unit of asset a;, ¢; is the CM price of asset a; and p; is the
recognizability of asset a;. Recognizability is endogenized by allowing agents to

invest in information which allows to recognize and differentiate a good version of
the asset (genuine) from a bad version of the asset (fake). They showed that if the

asset is in high-demand and if there is not enough asset to go around, the asset can



be valued for more than its rate of return due to its ability to relax liquidity
constraints.

Chiu and Wong (2014) develops a search model with indivisible electronic
and investigates optimal policies. The problem they tried to tackle is that the use of
money normally results in cash-in-advance economies where buyers hold too little
cash (due to discounting, inflation, liquidity shocks, etc.) and are liquidity
constrained in decentralized trading, leading to inefficient allocation. E-money can
restore efficiency with targeted redistribution of trade surplus between buyers and
seller since policy makers can know the exact balances in agent’s e-wallets. In their
model, each period consists of three subperiods — (1) loading day subperiod, (2)
DM trading subperiod, and (3) CM night subperiod. Money and e-money have three
distinct differences — (1) money circulates forever and the supply is constant while
e-money is retired at the end of each period and new e-money is issued at the start
of each period, (2) money is not redeemable on demand while e-money is
guaranteed at face-value, and (3) money is transferable between agents in both
subperiods, e-money is only transferable within the subperiod and not across the
loading and trading subperiods. Sellers accept both fiat money and electronic
money with probability oz and fiat money only with probability 1 — az. DM goods
however is indivisible to maintain tractability of the equilibrium solution. The CM

value function W, is

! !
m e
max —l—ekc —ekg + ,[S'WT(SZ ,ez )
gezm z¢€

where [ is the labour hours worked, € € {0,1} is the decision whether to carry
money, K. is the cost for using money, e € {0,1} is the decision whether to carry e-
money, Kg is the cost for using e-money, and Wy is the DM value function. Because

of the indivisibility of the DM good, the DM value function is given by

10



u+w,(z™—-d,z° ifz">d
Wr=Roaglu+W,(0,z6+2z"—d)+ (1 —ag)W, (2™, 2°)] ifzé+z">d>z"
W, (z™, z¢) ifd>z%+zm

They found that when the usage of money is costly, the introduction of e-
money is always enhances welfare. However, when money is widely accepted, the
introduction of e-money is not necessarily welfare enhancing. Efficiency depends
on several factors related to liquidity constraints faced by consumers, market
powers between consumers and merchants, the network externality in adoption, and
monopoly distortion in e-money issuance. When money is not a viable alternative
to e-money (e.g. online transaction), both public and private issuance of e-money
leads to under-adoption. Efficiency can be restored by providing positive incentives
to consumers and merchants.

Dovoodalhosseini (2018) studies central bank issued digital currency
(CBDC) to better understand the interactions between cash and CBDC. However,
cash gives agents the advantage of anonymity. The paper aimed to answer the
question as to whether banks should eliminate cash from circulation and also
determine the optimal monetary policy under the following scenarios- (1) when
only cash is available to agents, (2) only CBDC is available to agents, or (3) both
cash and CBDC are available to agents.

In his model, CBDC is differentiated from cash by being taxable, having the
possibility of bearing interest, and that CBDC transfers can be tailored based on the
CBDC balances of the agent while lump sum transfers can only be accomplished
for cash. Buyers have an i.i.d. preference shock w; € [Wy,in, Wingx] to their DM
utility function. There is a cost c,(z,) to carrying CBDC from the CM to the DM
incurred by the buyer, while there is no cost for cash. The CM function of buyer of

type w is W, and is given by

11



max {X b Ce(Ze + te(ze,w)) + ﬁVW(zC +t., 2z, + te(ze,w))}

XY, ZZo
where X is the CM good produce, Y is the labour hours worked, and t, transfers.
The DM value function V,, is

VW(ZCI Ze) = ]EWW(ZC + Ze)

+0o (Wu(qw (z., Ze))

+ ]EWW (Zc + Ze — dc,w(Zc; Ze) - de,w(zcr Ze)) - ]EWW(ZCJ Ze))

where d., (2., z.) is the DM payment in cash and d,,, (2., z,) is the DM payment
in CBDC.

For cash and CBDC to be used by agents, the cash inflation must be strictly
positive. A negative cash inflation rate can be implemented through open market
operations where cash is traded for CBDC, but this would induce CBDC users to
use cash instead and thus CBDC would not be adopted under a negative cash
inflation rate.

If the cost of carrying CBDC is sufficiently small, and if CBDC is interest
bearing, the central bank is able to achieve better allocations with CBDC than with
cash only. It is possible to achieve the first-best level of production by using CBDC
if agents are patient enough and if the bargaining power of buyers is sufficiently
high, while it is never possible to achieve the first best by using cash. When cash
and CBDC are both available to agents and valued in equilibrium, the monetary
policy may be more constrained, i.e., welfare may be lower compared to the case
when only CBDC is available or only cash is available to agents.

In an economy where only cash is available, the optimal inflation in the
economy is zero. A positive inflation would lead agents to allocate their real

balances relative to the first best. If only CBDC is available, the set of

12



implementable allocations is larger because the CBDC is transferrable and the first-
best level of production can be achieved even with positive inflation. However,
there is welfare loss resulting from the cost of carrying CBDC. The optimal policy
would then to compare the trade-off between the first best under the cash-only
scheme and the welfare loss when agents incur the cost of carrying CBDC under
the CBDC-only scheme.

In an economy where both cash and CBDC are available, agents with lower
transaction needs endogenously choose to use cash, and agents with higher
transaction needs choose to use CBDC. Agents may also endogenously choose cash
to evade CBDC tax. To discourage these agents from using cash, the central bank
could target a high cash inflation rate, but it would hurt cash users. Therefore, the
availability of cash in the presence of CBDC imposes a constraint for the central
bank’s maximization problem. Whether or not the co-existence scheme is optimal
(i.e., leading to higher welfare) relative to cash-only or CBDC-only schemes
depends on how tight this constraint is. If the constraint is too tight, the central bank
would prefer to have only one means of payment used by agents. In this case, if the
cost of carrying CBDC is not too high, the central bank eliminates cash, and if the
cost is too high, the central bank eliminates CBDC. On the other hand, if this
constraint is relatively relaxed, the central bank would prefer having both cash and
CBDOC circulating in the economy.

He found that having both cash and CBDC available to agents sometimes
results in lower welfare than in cases where only cash or only CBDC is available.
However, CBDC provides more flexibility for the central bank to conduct monetary
policy through targeted transfers and improve monetary policy effectiveness. This

is because the central bank can monitor agents’ portfolios of CBDC and can cross-

13



subsidize between different types of agents, which is not possible if agents use cash.
The welfare gains of introducing CBDC are estimated at up to 0.64% for Canada.

Lotz and Vasselin (2019) studies the tension between cash (fiat money) and
e-money, and explore why cash remains the most widely used means of payment
for everyday transactions. Their aim is to better understand why some economies
find it difficult to replace cash with e-money, or have them coexist, while others are
more successful. For example, in Europe, e-money in the form of e-purses were
introduced in the 1990s but adoption was muted and many of these e-purses have
ceased to exist. On the other hand, the adoption of e-money has been successful in
Asia and the United States with the trend of adoption increasing.

The focus of the paper is on the adoption of an alternative means of payment
to fiat money and whether this new means of payment will replace fiat money in all
or some transactions. For cash and e-money to co-exist, it is essential that one means
of payment has an advantage over the other (e.g. security, investment cost, and
acceptability) so that agents will choose one over the other under specific conditions.
E-money has the advantage over fiat money in that it is immune to theft. Using the
LW framework, agents choose their money holding composition m = ms + m,
upon leaving the CM where my is the fiat money holdings and m,, is the e-money
holdings. Due to risk of theft a, the DM trade payment d in terms of fiat money is
discounted (1 — a)dy, whereas for e-money it is undiscounted d.. Adoption of e-
money depends on three variables — (1) safety level of the monetary instrument used
as a medium of exchange, (2) the cost of investment in a new e-payment terminal,
and (3) the seller’s e-money adoption rate.

If all sellers accept e-money, when there is no risk of theft of fiat money,

and when both currencies are accepted by all sellers, buyers are indifferent to
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holding cash or using e-money. An additional unit of one or the other type of money
involves the same marginal increase in the buyers’ surplus. However, when the risk
of theft of cash « is strictly positive, it is not rational for a buyer to use fiat money
given that e-money, which is safer, is always accepted. Since e-money has a higher
return, and a lower holding cost than fiat money, the equilibrium is such that only
e-money is used. In this equilibrium, fiat money is no longer used and valued, and
the quantity exchanged with e-money is higher than the quantity that would have
been exchanged with cash. However, when i > 0, the quantity traded is less than
the optimal quantity q*. The monetary authority can drive the holding cost of e-
money to zero. Indeed, when y = f3, the opportunity cost of holding money i is zero,
whereas the cost of insecurity of fiat money remains positive for all @ > 0.
Therefore, if the opportunity cost of e-money is zero i = 0, at the Friedman rule
buyers will hold enough e-money to buy the optimal quantity of output q*.

If no seller accepts e-money then, even if e-money is less costly to hold,
buyers neither hold nor trade e-money.

If some sellers but not all accept e-money, payment with e-money allows
exchanging a larger amount of goods than cash. Therefore, if buyers anticipate that
e-money may be accepted by some sellers, all of them will decide to possess e-
money in addition to cash. When the risk of theft is low enough a < @, different
multiplicities may appear, depending on the value of the investment cost. Three
monetary equilibria may coexist, where no sellers, all sellers, or a fraction of them
choose to invest in the new technology, so long as the investment cost is not too
high. There is also a region where the investment cost is within an intermediate
range such that a mixed monetary equilibrium does not exist, but such that a pure

fiat money and a pure e-money \equilibrium coexist. However, if the investment
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cost is too high for the pure e-money equilibrium to exist, then the economy will
end up in a pure fiat money equilibrium. If the investment cost is zero, then e-money
dominates fiat money, and the only equilibrium is with e-money.

The adoption of e-money may improve welfare compared to the exclusive
use of fiat money, or reduce it, depending on the risk of theft, the investment cost,
and the number of sellers who accept e-money. By introducing e-money, welfare
may be higher or lower than an economy where only fiat money exists depending
on the three factors mentioned earlier. Due to multiplicity of equilibria, entire
replacement of cash with e-money is unfeasible. Low inflation can facilitate the
adoption of e-money in parallel with fiat money.

Carli and Uras (2022) modelled e-money into the LW framework by
modelling agents belonging to a two-member family with different idiosyncratic
income shocks spatially separated into different DM markets. They aim to answer
the following questions — (1) What are the welfare implications of introducing e-
money products for consumers, who demand both fiat money and e-money payment
instruments for their transactions? And (2) Should the provision of e-money be
regulated by public authorities; and if so, what are the effective means of policy
instruments that would improve consumer welfare? In their model, e-money solves
spatial separation frictions that fiat money is subject to, but its usage comes with
electronic transaction fees — set by monopolistic technology providers with private
profit incentives.

E-money has the property that it can travel across space to induce financial
integration among spatially separated individuals while fiat money is not
transferable across space. To do this, agents receive an endowment € € {€;, €y}

units of the CM good at the beginning of each DM where €5 > €, = 0. The
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endowment can be stored until the next subperiod (CM) and perished if not
consumed by then. There are two possible states of nature § € {s;, s,}, determining
the endowment profile of each family. When § = s;, the endowment profile of the
family is {€y, 0}, and if § = s,, the endowment profile of the family is {0, €4}. E-
money allows the family member receiving €y to transfer excess cash balances after
trade to the family member receiving €;, = 0. They found that as long as the e-
money provider is a monopolist with private profit incentives, having e-money
reduces the equilibrium price of fiat money and welfare as compared to an economy
with only fiat money because buyers have to work harder in acquiring fiat money
balances to be utilized when purchasing goods from the market and e-money units
from the provider.

E-money could improve the net welfare of consumers by helping to
mobilize their insurance agreements. However, as a surprising key finding, we also
observe that the positive welfare effect could only prevail when the scope of
insurance is not so large among the members of a family. The technology provider
could extract all the surplus when the dispersion in income shocks is large enough
by charging a large e-money transaction fee. E-money adoption has real effects on
consumption allocations and improves consumer welfare when the equilibrium
conversion fee is such that buyers benefit from saving idle cash balances. The
reason is that buyers could always replicate the equilibrium consumption allocation
by acquiring enough cash balances and not resorting to the e-money technology.
When the equilibrium conversion fee makes buyers indifferent between adopting e-
money and only using fiat money, consumption allocations are identical to the
benchmark case (of no e-money in place). Differently, when buyers strictly prefer

to make use of e-money, their consumption improves relative to the benchmark case.
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Lump-sum taxation of the technology provider can move the economy with
e-money to a Pareto superior allocation if and only if the scope of insurance is small
enough. In that particular case, their analysis shows that it is possible to redistribute
profits to increase consumer welfare and overcome the pecuniary externality due to
e-money adoption. However, when the scope of insurance is large, the most that
taxation can do is to achieve the same allocation efficiency of the economy with fiat
money only. In this respect, their findings are highly relevant for e-money
development policies that aim to stimulate financial inclusion of low income
households. If the scope of insurance is large, monopolistic provision of e-money
may cause welfare losses and redistributive taxes are ineffective to reduce the
welfare losses, arguing for the regulation of the e-money sector and influencing its

degree of competitiveness.

1.4. Models with Money and Credit

In this section, we review search models of money with credit considering the fact
that in the original LW framework, credit could not exist because agents are
anonymous in the decentralized market while in the centralized market all agents
can work and produce rendering credit unnecessary.

Berentsen et al. (2007) modified the LW framework to include banks, which
can record financial transaction history at no cost, but cannot record goods trade
history. Banks provide uncollateralized credit in the form of bank loans to ease
agents’ liquidity constraints. The DM in the LW is replaced by a perfectly
competitive market to simplify pricing. At the beginning of the day market, there is
a preference shock such that with probability 1 — N an agent can consume but

cannot produce while with probability N the agent can produce but cannot consume.
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Money balances is defined by M;,, = (1 + t)M,, where T = 1, + T, where T M,
denotes the lump-sum monetary transfers in the day market and 7, M, the transfers
in the night market. In addition, 7, = (1 — N)t, + Nt,, where T, and T4 represent
the shares of DM transfer going to buyers and sellers, respectively. V;(m) denotes
the value function for an agent with m dollars when entering the day market, and
W;:(m, L, D) the value function for an agent entering the night market with m
dollars, L loans, and D deposits at time t. The CM value function is modified as

Wy(m,L,D) = Xr,r}{%(,{U(ﬁ) —H + V41 (m')}

such that

X+¢m =H+¢d(m+1,Me1) + (1 +ig)D — (1 +i))L
where i;is the nominal loan rate, and iy the nominal deposit rate. Notably,
W.(m, L, D) is linear in m, L and D. The DM value function is modified as

Ve(m) = (1 = N[u(g®) + W,(m + 1, M,y + L — pq®, L, 0)]

+ N[—c(q®) + W(m + 7sM;_1 + D — pq°,0,D)]

where p is nominal price of goods in the day market, q” and q° the corresponding
quantities consumed by a buyer and produced by a seller. Note that buyers will
never deposit money in the bank and sellers will never take out loans, and that
sellers cannot deposit receipts of cash pq?®, since the bank closes before the onset
of goods trading in the day market. Buyers solve

max[u(q®) + Wy(m + ©,M;—1 + L — pq®, L, 0)]
q°,L

st.pg? <m+t,M,_; +L—pq®,L<L
where L is buyers’ borrowing constraint. A seller faces the problem
mi';lx(il - ld)L

st.L<L,u(g?) —¢p,(1+i)L=>T
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where T is a borrower’s surplus by accepting a loan from another bank.

They showed that credit extended by banks is welfare-improving as money
is reallocated across agents who have heterogeneous preferences for consumption
and production.

Gu et. al. (2016) investigates a similar model whose primary goal is to
develop a framework that can be used to study the relationship between money and
credit in their roles as competing payment instruments. They found that in a variety
of environments, in equilibrium where money is valued, credit is inessential and
changes in credit conditions are neutral, that is, the set of equilibria, or the set of
incentive-feasible allocations, is bigger or better with an institution than without it.
In monetary equilibrium, tightening the debt limit is neutral — it has no impact on
allocations or welfare and, as a special case, shutting down credit does not matter,
making it inessential. The real value of money adjusts endogenously to changes in
debt limits so that total liquidity remains the same—something one would miss if
one concentrated solely on models without money. Whenever money is valued,
credit is inessential and changes in the debt limit are policy neutral, as real balances
adjust endogenously to changes in the debt limit while keeping the total liquidity
the same. This result holds for both secured and unsecured credit, exogenous and
endogenous debt limits, and any general DM pricing mechanism.

Lotz and Zhang (2016) develops a similar model but endogenizes seller’s
decision to accept credit. The seller’s problem is

max{—k + (1 — 0)S(z+ b) — S(2)}
where k is the investment cost to accepting credit, o the probability of matching in
the DM, 6 the buyer’s bargaining power, S the surplus from DM trade, z the real

balances of the buyer and b the debt of the buyer. They aim to address if improved
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record-keeping can drive out money, and in economies where both money and
credit are used, how does monetary policy affect output and welfare through the
credit channel.

One key feature of their paper is the endogenizing of the credit limit. When
the government’s ability to enforce repayment is limited, borrowers may have an
incentive to renege on their debt obligations. To support trade in a credit economy,
the punishment for default is the permanent exclusion from the credit system. In
that case, a borrower who defaults can only use money for all future transactions.
The equilibrium credit limit, b, is determined so the buyer voluntarily repays his
debt.

In an equilibrium where money is not valued, if credit is tight, the flow cost
of default increases with the size of the loan. Since a higher credit line makes default
more tempting, a harsher punishment is needed to ensure credit is incentive-feasible.
When credit is not tight, credit alone is sufficient to finance the first best, and the
flow cost of default becomes constant. Default is less costly at the margin when
money is valued than when money is not valued since in the former, the buyer can
still use money for future transactions.

They showed that imperfect record keeping is a necessary but not sufficient
condition for money and credit to co-exist. However, inflation is a necessary
condition for money and credit to co-exist as high inflation lowers the rate of return
of money and makes default more costly. But if inflation is too high, money is not
valued, while if inflation is too low, agents default on their debts. By raising the
cost of default and lowering the rate of return on money, higher inflation relaxes

credit constraints and agents shift from money to credit. This is important as in an
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environment when money and credit are used, policy changes in debt limits will not
crowd out money completely.

When record-keeping is perfect, there can be trades with credit only or
trades with money only, but generally not trades with both. This special case also
points to the fundamental difficulty of getting money and credit to coexist when all
trades are identical and record-keeping is perfect: either only credit is used as money
becomes inessential, or only money is used since the incentive to renege on debt
repayment is too high.

Limited commitment yields an endogenous debt limit that depends on
monetary policy. Money and credit coexist for a range of parameters, and
bargaining related hold-up problems can lead to inefficiencies in the adoption of
monitoring technologies. Changes in monetary policy generate multiplier effects in
the credit market due to complementarities between consumer borrowing and the
adoption of credit by merchants.

Heet. al. (2015) develops an interesting spin to the credit model by allowing
assets, (e.g. housing) to be pledged as collateral for credit relaxing credit frictions.

The CM value function W;(d;, h;) is

max {U(xy, hy) — e + BVis1(hesq)}

xe,lehesr
st.x; +Yrhiy1 =l +Yihy —de + T,

where x; is the CM good produce, [; is the labour hours worked, 1), is the price of

the asset (housing), h; housing, d; the debt from previous DM, and T; transfers.

Debt is subject to a debt limit where d; < D(e;) = Dy + D;e; with e; = P.h;. The

DM quantity y traded is thus given by

o) - @ 2 <t

y otherwise

22



where f is strictly increasing with f(0) = 0, and d* the debt limit that renders the
constraint slack, f(d*) = y*. The debt taken on d(D) is

D ifD<d"
d* otherwise

d(D) = {

The DM value function V; is given by

Vi(he) = (1 —a)W (0, hy) + aluly,) + W(d, he)]
with a the probability of matching in the DM.
Solving the FOCs, the Euler equation obtained is
e = Up(Xey1, herr) + Wee1 — o) + aDipe 1 A(ye)
where A(y;) is the liquidity premium. The RHS of the Euler equation says that the
price of an asset is determined by (1) the utility it provides, (ii) potential capital
gains, and (iii) liquidity value in relaxing credit restrictions.

They showed the existence of 2-cycles. They also showed the existence of
3-cycles in asset pricing which implies that n-cycles are inherently built into the
model by the Sarkovskii theorem and the Li-Yorke theorem on chaotic dynamics
whereby if a 3-cycle exists then there are n-cycles for all n. Hence volatility in prices
can emerge because of self-fulfilling prophecies. For example, for a 2-cycle for
housing, at time t, agents expect the price of housing in the next period Y, will
be high. This relaxes liquidity constraints and home equity and liquidity will be
relatively plentiful in t + 1, which lowers the amount people are willing to pay for
it at time t. Thus, low 1), can be consistent with market clearing given high ¥, ;.
On the other hand, high 1,1 is consistent with low 1, ,. Agents are willing to pay
more for H when they know the price is about to fall, because liquidity will be scare
the next period given the low price of the asset. Hence prices for liquid assets

alternates leading to a 2-cycle based on beliefs.
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They then introduced banking and a new subperiod for access to banks

before the DM subperiod. The CM function is W;(d, h;, m;) now

max (Uxe, he) =l + Blesr(Mepr, Meyr)}

Xl Rty Mer
st.xe + Pehepr + emess =l +Pehy + demy —de + Ty
where ¢, is the value of money. The banking subperiod value function J; is

a n;n?ﬁx Vel(1 + pe) (M — M) b, he, Me] + (1 — )W [—(1 + pr)mecpy, hy, 0]

s.t. (1 + p) (M —me)pe < D(Pehy)
where p; is the bank interest rate. The DM value function is straight-forward.
Three types of equilibria results — (i) aggregate and individual limits are
slack, and housing is priced fundamentally, (ii) individual limit binds but the
aggregate is slack and p, > 0, and (iii) both bind and p; = 0. Two conditions
determine which equilibrium follows — (1) individual debt limit binds with liquidity
bearing a premium, and (2) the aggregate condition where if there are more deposits

than bowers can borrow relaxing borrowing constraints.

1.5. Conclusion

Lagos and Wright (2005) offer a tractable search model for analysis of many aspects
of money together with other forms of payment such as credit or assets as collateral
facilitate trade in the presence of various DM meeting frictions. The literature spun
off from the LW framework is enormous and actively researched. Search models of
money based on the LW framework allows us to have a better understanding about
the essentiality of money, the relationship among money, credit and banking, the
mechanisms by which policy can affect allocations and welfare, liquidity and asset

pricing, and about economic growth in monetary economies.
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We focus on recent literature related to Chapter 2 (alternative means of
payment) and Chapter 3 (consumer behavior with credit) of this paper. For an
alternative means of payment to co-exist with fiat money, it is essential that one
means of payment has an advantage over the other (e.g. security, investment cost,
and acceptability) so that agents will choose one over the other under specific
conditions. The literature found that the introduction of an alternative means of
payment may not always be welfare improving. The introduction of credit enables
agents to consume beyond what they would normally with only money. The ability
of assets to be pledged as collateral for credit eases liquidity constraints which gives
rise to interesting results on their prices based on their scarcity and the extent to

which it can ease liquidity constraints.
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Chapter 2

Adoption and Acceptance of Alternative Means-of-Payment

2.1 Introduction

This chapter aims to understand what determines a buyer’s decision to adopt
an alternative means-of-payment in an economy where fiat currency is already
widely accepted. It also aims to understand what determines a seller’s decision to
accept this alternative means-of-payment. We extend the framework developed by
Lagos and Wright (2005), by introducing an alternative asset as an alternative
means-of-payment to fiat money which is universally accepted. This asset can be
foreign currency, bonds, T-bills, equity shares, mortgage-backed securities, digital
currencies (issued by either a private company or central bank), debit accounts, or
commodities like gold or silver. Note that this alternative asset may not be
universally accepted as a means-of-payment.

In an economy where fiat money is universally accepted, why would buyers
adopt, and sellers accept an alternative means-of-payment? One reason comes to
mind is that both money and the alternative means-of-payment are perfect
substitutes, that is, both are universally accepted by sellers and hence buyers carry
both. However, in an environment where there are adoption and acceptance costs
to the alternative means-of-payment, it is not so obvious why would agents use the
alternative means-of-payment especially when it is assumed that there are no
adoption and acceptance costs to using money. As our results show, as inflation
increases, the cost to using money makes adopting and accepting the alternative

means-of-payment more attractive.
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To differentiate the asset that is used as an alternative means-of-payment
from money, the asset has the potential to earn dividends. The dividend  may be
thought of as the fixed interest payments on bonds or T-bills, or simply the dividend
payments of equity shares and mortgage-backed securities. In the case of digital
currencies or gold which do not pays dividends, n can be thought of as price
appreciation. To further differentiate the alternative asset from money, an adoption
cost is introduced for buyers who want to adopt the asset as a means-of-payment.
Similarly, an acceptance cost is imposed on sellers who wish to accept the asset as
a means-of-payment. On contrast, there are no adoption or acceptance cost to using
money as a means-of-payment. The holder to the asset earns dividends across
periods which makes the asset a desirable store of value. Hence the asset may be
valued for its rate of return and liquidity, and in scenarios where it is scarce, may
even command a liquidity premium on its price.

Our main contribution is the analysis of simultaneous endogenous adoption
of the asset as a means-of-payment by buyers and the endogenous acceptance by
sellers. This has the potential to generate multiple equilibria because as more sellers
accept the asset as a means-of-payment, more buyers adopt it which in turn result
in more sellers willing to pay the acceptance cost. The stability of equilibrium points
in environments with multiple equilibria are analysed.

Analytical results show that in a low inflation rate environment, buyers are
unlikely to adopt an alternative means-of-payment unless the alternative means-of-
payment is almost as widely accepted as money. In contrast, in a high inflation
environment, buyers are more ready to adopt an alternative means-of-payment due
to the high cost of holding money. Similarly, in a low inflation rate environment,

because the mass of buyers willing to adopt and the amount of the asset they carry
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as a means-of-payment is low, the cost of accepting the asset as means-of-payment
outweighs the benefit from DM trade in accepting the asset as a means-of-payment
resulting in sellers unlikely to accept the asset as means-of-payment to begin with.
In contrast, in a high inflation environment, where a sufficient mass of buyers
adopts and carry the asset as a means-of-payment, more sellers are willing to invest
in the acceptance cost to accept the asset as a means-of-payment. This sheds light
on the policies necessary for the successful adoption and acceptance of an asset as
an alternative means-of-payment such as low adoption and acceptance costs,
sufficient quantity of the asset to provide liquidity, and the buyer’s bargaining
power in DM trade.

In terms of welfare, it is found that a positive adoption cost deters buyers
from obtaining the optimal quantity in DM trade if they would with money only.
This is because they substitute the asset from a means-of-payment to a store of value.
However, in general, the introduction of an alternative means-of-payment increases
DM trade.

The paper is organized as follows. Section 2 reviews literature related to
alternative means of payment. Section 3 describes the model and environment,
including the trading mechanisms and terms of trade. Section 4 describes the
general equilibrium and investigates how the various equilibrium regions vary with
parameters as well as adoption decision of the buyer and endogenizes the
acceptance decision of the seller. Section 5 describes welfare and policy

recommendations, and Section 6 concludes.
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2.2 Literature Review
We present a brief literature review in this chapter as extensive review of the
literature is covered in Chapter 1.

Lester, Postlewaite and Wright (2012) lays out the basic framework and
investigates how information and liquidity affect the prices of assets that are used
as alternative means-of-payment. Recognizability leads to acceptability which in
turn leads to liquidity by facilitating exchange. Assets can be valued for more than
their rate of return if they provide liquidity, such as fiat currency whose price should
be zero since it pays zero dividends. In their paper, multiplicity in equilibria arise
because as more sellers recognize the asset, the asset becomes more liquid and more
buyers use it, making more valuable resulting in more sellers willing to pay the
investment cost to recognize and distinguish high-quality assets from their low-
quality counterparts. Our paper similarly generates multiple equilibria as more
sellers accept the asset as an alternative means-of-payment, the more buyers use it,
resulting in more benefit for sellers to invest in the acceptance cost.

Li (2011) introduces checking as an alternative means-of-payment with
fixed costs incurred in the centralized market whenever an individual uses bank
deposits or checking accounts to make payments in the decentralized market. As
long as the fixed cost is not too large or not to small, there exists an equilibrium
where money is used for all transactions while checks are used only for large
transactions.

Chiu and Wong (2014) develops a micro-founded, dynamic, general
equilibrium model of e-money for policy analysis and investigates optimal policies
for indivisible electronic money. The introduction of e-money is not necessarily

welfare enhancing, especially when money is widely accepted. Efficiency depends
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on several factors related to liquidity constraints faced by consumers, market
powers between consumers and merchants, the network externality in adoption, and
monopoly distortion in e-money issuance. In theory, efficiency can be restored by
providing positive or negative incentives to consumers and merchants.

Dovoodalhosseini (2018) studies central bank issued digital currency which
is taxable while cash is not. Having both cash and CBDC available to agents
sometimes results in lower welfare than in cases where only cash or only CBDC is
available. However, CBDC provides more flexibility for the central bank to conduct
monetary policy and improve monetary policy effectiveness. This is because the
central bank can monitor agents’ portfolios of CBDC and can cross-subsidize
between different types of agents, but these actions are not possible if agents use
cash. The welfare gains of introducing CBDC are estimated as up to 0.64% for
Canada.

Lotz and Vasselin (2019) studies electronic means-of-payment which
provides better security compared to cash. The adoption of e-money may improve
welfare compared to the exclusive use of fiat money, or reduce it, depending on the
risk of theft, the investment cost, and the number of sellers who accept e-money.

Our model aims to incorporate the features of the above models of
alternative means of payment, mainly the fixed cost incurred for adoption and
acceptance of the alternative means of payment, both to the buyer and seller
respectively. We also investigate the stability of the equilibria given the amount of
assets that buyers carry and fraction of sellers who accept the alternative means of

payment, which is often missing in the analysis in the above papers.
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23 Model

2.3.1 FEnvironment

As in the framework developed by Lagos and Wright (2005), time is discrete and
divided into periods. Each period is further divided into two subperiods called day
and night. The time horizon is infinite, and agents live forever. Agents apply a
discount factor 8 € (0,1) across periods but not between subperiods. We assume
that there is limited commitment and imperfect record keeping across period ruling
out credit, making a medium of exchange of means-of-payment essential for trade
across periods. There are two means-of-payment, money and an alternative asset.

During the day, agents meet bilaterally in a decentralized market (DM) with
matching probability o that a buyer meets a seller in the DM. To rule out barter
trade, only sellers can produce g € R, units of the DM good at cost c(q) which
only buyers want to consume with utility u(q) but cannot produce. The optimal
consumption and production g* is given by u'(q*) = ¢'(g*). It is assumed that
u(0) =0, u'(q) >0, u'(0) = 0, u"(q) <0, and c(0) =0, c'(q) > 0, c'(0) =
0, c"(q) > 0. The DM good is assumed to be perfectly divisible and non-storable
and cannot be carried over to the night subperiod, bringing the quantity of DM good
traded as q € [0, q*]. For simplicity, it is assumed that the group of buyers in the
DM are homogeneous.

At night, agents trade in a Walrasian centralized market (CM). Here, agents
can choose to work h units of labour to produce a general CM good where for
simplicity it is assumed that h is non-binding and it is normalised that 1 unit of
labour produces 1 unit of the CM good. Agents can also choose to consume x units
of the CM good at utility U(x) by producing the good themselves or buying from

an agent that produces the CM good. It Is assumed that U(0) = 0, U'(x) > 0 and
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U"(x) < 0. It is also assumed that the CM good is perfectly divisible, perishable,
and non-storable and may not be carried over to the day subperiod. At the end of
the CM subperiod, agents decide the quantity of money and assets they wish to
bring into the next subperiod DM.

Money or fiat currency (typically issued by a central bank) is assumed to be
accepted by all sellers in the DM. Money is priced at ¢ in terms of the CM good.
The money supply in the economy at any time is M, and the next period M. The

growth rate of money, y,,, is given by M = y,, M. Stationary equilibrium in terms

= ¥ Changes in the

XD

of real balances require that M = ¢pM which gives% =

money supply are accomplished in the CM by means of lump-sum transfers if y,,, >
1 and taxes if y,,, < 1. For simplicity, we rule out counterfeiting (so that money is
widely accepted by all sellers).

There is an asset which can serve as an alternative means-of-payment in the
DM. To model the asset to represent a large class of assets each with different
characteristics, such as bonds, T-bills, equity shares, mortgage-backed securities,
digital currencies (issued by either a private company or central bank), debit
accounts, or commodities like gold or silver, we allow the asset to pay dividends,
n = 0. The dividend n may be thought of as the fixed interest payments on bonds
or T-bills, or simply the dividend payments of equity shares and mortgage-backed
securities. In the case of digital currencies or gold which do not pays dividends, n
can be thought of as price appreciation. For this paper, we take the asset to represent
perpetual government bonds with fixed payments every period or stocks with real
rate of returns. The asset supply in the economy at any time is A, and the next period
A, but to simplify analysis, we take the asset to be fixed at A = A at equilibrium.

The asset may not be as widely accepted as money where a fraction a € [0,1] of
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sellers accept the asset as an alternative means-of-payment in the DM. Agents
incurs a transaction or adoption cost ¢ (a) payable in the CM to use the asset as a
means-of-payment. £(a) can be thought of as credit card annual fees or simply
purchasing a stored value card, or the brokerage account cost for bonds and shares.
Here we assume ¢’ (a) > 0 so that the adoption increases as the quantity a used for
DM trade increase. We assume that £(0) = 0 so that an agent will only pay the cost
if and only if he intends to bring positive amounts of the asset a into the next
period’s DM. Thus, an agent with portfolio A = a + b units of the asset uses a for
trade in the DM only needs pay ¢(a) for the transaction, while keeping and earning
dividends on portion, b. The seller who receives a earns dividends on a. The price
of the asset in terms of the CM good is ¥ and dividends are paid at the start of the

CM.

2.3.2 DM Terms of Trade

In the DM, in a match where a buyer meets a seller, the terms of trade are
determined by Kalai (1977) proportional bargaining. Let p be the payment handed
over to the seller for quantity g of the DM goods if an agreement is reached. The

proportional solution is then given by solving

max{u(q) — p}
p.q

st. u(q) —p =0[ulq) — c(q)]

where 6 € [0,1] is the buyer’s bargaining power. Define

w(q) = (1 =6)u(q) + 6c(q) 2.1
Let y* denote the liquid wealth required to acquire the optimal consumption,

that is, y* = w(q*) where q* is the optimal production and consumption given by
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u'(q*) = c'(q*). Hence buyers will only want to consume up to the optimal
quantity ¢, and we have the quantity of DM good traded g € [0, ¢*].

Depending on the liquid wealth y of the buyer, if the buyer has sufficient
liquid wealth, i.e. y > y*, he pays only p = y*, consumes g = q* units of the DM
good and keeps the rest of his money and asset holdings. If the buyer has insufficient
wealth, i.e. y < y*, he exhausts all his wealth holdings and pays p = y to consume
q < q" units of the DM good where q solves w(q) = y. This shows that p and g
are functions of the amount of liquid wealth the buyer can use in a meeting which
is dependent on the composition of his portfolio. We note that p € [0, y"].

The wealth of a buyer available for trade in a meeting depends on his
portfolio and the means-of-payment that the seller accepts in the meeting. Let us
denote a meeting between a buyer and a seller who only accepts money and does
not accept the asset as a means-of-payment as a type 1 meeting, and the meeting
between a buyer and a seller who accepts both money and the asset as a means-of-
payment as a type 2 meeting.

In a type 1 meeting, a buyer with portfolio (m, a, b) can only use the money
portion of his portfolio to trade. His equivalent liquid wealth in a type 1 meeting is
y,(m) = ¢m. In a type 2 meeting, a buyer with portfolio (m, a, b) can only use
both money and the liquid asset portion of his portfolio to trade. His equivalent

liquid wealth in a type 2 meeting is y,(m, a,b) = ¢m + (Y + n)a.

2.3.3  Optimal Portfolio Conditions
In the CM, the value function of an agent with portfolio (m, a, b) is W (m, a, b)
such that

W({m,a,b) = . ’rlnﬁelué B{U(x) —h+ ﬁV(fﬁ, a, 13)} (2.2)
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s.t. x+¢r’fl+1/)(&+13) =h+¢m+@+n)(a+b)—E&@+T
where U(x) is the utility from consuming x units of the CM good, h is the labour
worked and T are taxes or transfers. ¢ is the price of money in terms of the CM
good and 1y the price of the asset in the current period. 7 is the dividend paid per
unit of the asset to the holder of the asset and ¢ (a) is the adoption cost paid in order
to use a units of the asset for trade in the DM.

Substituting the budget constraint into the CM value function and assuming
there exists a x* such that maximizing with respect to x gives U'(x*) — 1 = 0, we
maximize with respect to x to obtain

Wim,a,b) =¢m+ @ +n)(a+b)—¢é@+T+UX")—x"+ Tr%%{—qbr’ﬁ —
W(a+b) +pv(m,a,b))

(2.3)

where (2.3) shows that W(m, a, b) is linear in the agent’s wealth y(m,a,b) =

¢m + ( +n)(a + b) and independent of the next period’s holding (17, &, b). The

envelope conditions are given by

ow(m,ab)
“om 9 24)
ow(mab) _ _08(a)
—a = Y+ o (2.5)
ow(m,a,b) _ 1,0 +1 (2.6)
b
The first-order conditions are given by
b>p av(m,a,b) @.7)
> P :
av(m,a,b
y > p2TED) 2.8)
av(m,a,b
p > p 2020 (2.9)
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where (2.7) holds with equality if m > 0, (2.8) holds with equality if @ > 0 and
(2.9) holds with equality if b > 0.

In the DM, an agent with portfolio (m, a, b) has liquid wealth y,(m,a,b) =
¢m in a type 1 meeting and y,(m,a,b) = ¢m + ( + n)a in a type 2 meeting.

The terms of trade from Kalai bargaining for a type 1 meeting are given by

T T AT

nen={ Smary DT o
And for a type 2 meeting

rmed) = many if man <y @1

nen={ fomary §HENZ o0

Here (2.10) and (2.11) says that if an agent has enough liquid wealth to
obtain q* in a type 1 meeting, he pays only p; = y* and consumes g; = q* units of
the DM good, otherwise he exhausts all his wealth to consume q; < q* units of the
DM good. Similarly, (2.12) and (2.13) says that if an agent has enough liquid wealth
to obtain g¢* in a type 2 meeting, he pays only p, = y* and consumes q, = q* units
of the DM good, otherwise he exhausts all his wealth to consume q, < g units of
the DM good.

Using the linearity of W (m, a, b), the DM value function of a buyer with
portfolio (m, a, b) is given as

V(im,a,b) = (1 —0)W(m,a,b)
+ 0{(1 - a) [u(ql(m, a, b)) — py(m,a,b) + W(m,a, b)]

+ a[u(qz(m, a, b)) —p,(m,a,b) + W(m,a, b)]}

38



where the first term on the RHS says that with probability 1 — o the buyer does not
meet any seller while the second term says that with probability o, he meets a seller.
If the buyer meets a seller, with probability 1 — « the seller does not accept the asset
as means-of-payment and with probability a the seller accepts the asset as means-
of-payment. Here because of the linearity of W (m, a, b), we extracted the terms of
payment p;(m,a,b) and p,(m,a,b) from the continuation value of the CM
function of buyers after going through a Type 1 meeting and Type 2 meeting
respectively.

The DM value function can be simplified to

V(m,a,b) = W(m,a,b) +o(1 — a) [u(ql(m, a, b)) — py(m,q, b)]

+ Ga[u(qz (m,a, b)) —p,(m,a, b)]
(2.14)

Differentiating (2.10), (2.11), (2.12) and (2.13) with respect to m, we have

M={0 if y1(m,a,b) = y* 015)
om ¢ if yi(mab) <y :
90, (ma) _ {0 ’ Fnman =y o
m N\ Grmary U nilmab) <y’
Op2(mab) _ {0 if y,(m,a,b) =2y~ e
om ¢ ify,(ma,b) <y :
9az(mab) _ {O ® if y,(m,a,b) > y* 2.18)
o TOaman) U y2(ma,b) <y

Differentiating (2.14) with respect to m we get
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aV(m,a,b) B oW (m,a,b)
om B om

0q;(m,a,b) 0dp,(m,a, b)l
m

+0(1—a) [u’(ql(m, a, b)) I 3

dq;(m,a,b)  dp,(m,a, b)l
m

+ oa lu’(qz (m,a, b)) F 3

Substituting (2.4), (2.15), (2.16), (2.17) and (2.18) into the above equation

we get
av(m,a,b)
TEEL = ¢[1+ 0(1 — @)L(q1(m, a,b)) + oaL(q,(m, a, b))](2.19)
where
’ 0 [ > y*
L(q) = “}(‘”) 1= { o[’ ()¢ (@)] iy - Y (220)
@l o @rec'@m Y <Y

is the liquidity premium L(q). As u'(q) — c¢’'(g) > 0, we have L(g) > 0 only if
bringing an additional unit of money or the asset into the DM provides liquidity to
the buyer, that is, the agent can use it to trade to acquire some strictly positive
amount of the DM good. Similarly, u’'(q) = c¢'(q) implies that L(g*) = 0, where
buyers have sufficient wealth to acquire the optimal consumption quantity and any
additional unit of money beyond will not be used to acquire additional units of the
DM good.

Advancing (2.19) one period and substituting into (2.7), we get
¢ 2 pd|1+0(1 - )L (q: (7 a,b)) + oaL (q,(m. @ b))| 221)

with equality if m > 0.

Similarly differentiating (10), (11), (12) and (13) with respect to a, we have

dp,(mab) _ {0 lf yl(m: a, b) = y* (2 22)
da 0 if y,(ma,b) <y" '
dq,(m,a,b) _ {0 lf yl(m: a, b) = y* (2 23)
da 0 if y,(ma,b) <y” '
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ap2(mab) _ (0 if y,(m,a,b) = y"
2=y if y,(m,a,b) < y* (224)
0qz(m,a,b) — {0 P lf Y2 (mr a, b) = y* (2 25)
da o' (y2(mab)) if y,(m,a,b) <y"

Differentiating (2.14) with respect to a, we get

dV(m,a,b) 0W(m,a,b)
da B da

+o(1— a)l "(q1(m,a, b)) a‘h(m ab) _ apl(m a, b)l

+ O_al (qz(m a, b)) aCIz(m a, b) apz(m a, b)l

Substituting (2.5), (22), (23), (24) and (25) into the above equation we get

av(m,a,b)

e =W+ n)[l + caL(qz(m a, b))] 65(‘1) (2.26)

where L(q) is as defined in (2.20).

Advancing (2.26) one period and substituting into (2.8), we get
W= B(P+7) [1 + oal (qz(r’ﬁ, a, B))] — (2.27)
with equality if @ > 0.
Lastly differentiating (2.10), (2.11), (2.12) and (2.13) with respect to b, we
have

9p, (mab) _ {0 if y,(ma,b) = y*

b 0 if y,(ma,b) <y" (2.28)
aql(m,a,b) _ {0 lf yl(m, a, b) = y* (2 29)
ob 0 if yl(m, ab) <y* '
opa(mab) _ (0 if yo(m,a,b) =2 y*

w=lo i yaimab) <y (2.30)
dqx(mab) _ (0  if y2(m,a,b) = y*

o {0 if y,(m,a,b) <y” 231)
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Differentiating (2.14) with respect to b and substituting (2.6), (2.28), (2.29),

(2.30) and (2.31) we get
av(ranl;a,m —p+n (2.32)

Advancing (2.32) one period and substituting into (2.9), we get

Y =B +1) (2.33)

with equality if b > 0.

24 General Equilibrium
In this section, we solve for the general equilibrium conditions for which money

and/or the asset is used as a means-of-payment. For this section, buyers take the

acceptance rate a as given. In the next section we will endogenize a. We

investigate how parameters such as the acceptance rate a and the buyer’s
bargaining power 6 affect these regions. Throughout this section, the following

assumptions are made:
Assumption 2.1 (A2.1). The economy is in stationary equilibrium, i.e., pM = ¢pM

= Ym, and ¢ = .

XD

which gives 2 =
¢
Assumption 2.2 (A2.2). u(0) = 0, u'(q) > 0, u'(0) = o0, u''(q) < 0, and

c(0)=0,c'(g) >0,c'(0)=0,c"(q) > 0.
A2.2 says that we have L(0) = % and L(q*) = 0. Differentiating (2.20) with

respect to g, we get
(2.34)

' _ 0" (@) (@-u'(@c" (9)]
L@ =~ gw@rec@nr
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and substituting A2.2 into (2.34), we have L'(q) < 0 for q € [0, q*] with L'(0) =
0. That is, we have L(q) € [0, %] and L'(q) < 0 for q € [0, q"] as depicted in the

Figure 2.1.

L(p)

1-0)

—>
q q
Figure 2.1: Curvature of Liquidity Premium L(q)

Assumption 2.3 (A2.3). Let1 +i = % where i is the inflation rate.

Substituting 1 +i = % into (2.21) and dropping notations for time steps, we get
i>o(1- a)L(ql(m, a, b)) + GaL(qz(m, a, b)) (2.35)

with equality if m > 0.

Assumption 2.4 (A2.4). Let é(Q) = K(lﬁ + ﬁ)c’i where k € [0,1]. Then %(;) =

K(lﬁ + ﬁ)
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Since the economy is stationary by A2.1, substituting 1) = ) and %(;) = K(l/j + ﬁ)

into (2.27), dropping notations for time steps, we have
Y =B+ |1+ oal(qz(m a,b))] — k@ +1n) (2.36)
with equality if a > 0.
Similarly substituting 1 = 1 into (2.33) and dropping notations for time
steps, re-arranging we get

W= L (2.37)

with equality if b > 0.

Note that (2.37) at equality gives the fundamental price of the asset in a

stationary equilibrium, i.e., the fundamental price of the asset is Y = f—nﬂ which is

also the infinite sum of the discounted dividend stream of the asset of future periods.

Proposition 2.1. Assuming A2.1, A2.3 and A2.4,ifk > 0 and gq; < g, then g, <

*

q .
Proof: Since q; < q*, the agent does not have enough money holdings to obtain the
optimal quantity of DM goods. If g, = q*, then the agent must carry a positive

amount of the asset, i.e. a > 0, and (2.36) holds at equality, re-arranging we get

Py > ﬁn[l + GaL(qz(m, a, b))] — Kn
~1-B[1+o0al(q,(m,a,b))] +x

(2.36a)
Substituting L(g*) = 0, we get

_ Pn—Kny

lp_l—ﬁ+rc

Next, observe that both (2.36a) and (2.37) define the stationary price of the

asset and markets clear in the CM, but there can only be one stationary price of the
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asset. Since k > 0 and n > 0, we have f" ﬁ+77 < — ﬁ 1 Wthh means that (2.36a) can’t

hold at equality if (2.37) holds at equality for g, = q*. So we must have L(g,) > 0
which implies that q, < q*. End of proof.

What Proposition 2.1 says is that if the adoption cost is strictly positive, and
that money holdings alone are insufficient to obtain the optimal quantity, then even
with an alternative means-of-payment, buyers will not consume the optimal
quantity because of the positive adoption cost.

Equating the RHS of (2.36a) to the RHS of (2.37), we can solve for the
liquidity premium agents are willing to pay before redirecting the remaining asset

as a store of value. We get

pnlL +oal(q,)| —xn _ pn
1-p[1+oaL(q,)]+x 1-8

Solving for L(g,), we have

L K
(QZ)—M

Hence agents will use the asset to trade until g, = L1 (&%) Beyond which

the excess asset will be carried as a store of value. Also note that if L(q,) > ﬁ—a
we have Y >y and (2.36) holds at equality while (2.37) holds at inequality,

meaning that all the asset is held for trade and there are insufficient money and asset

holding to obtain g, = L1 (&%) The asset is priced above its fundamental value.

Otherwise if L(q,) = both (2.36) and (2.37) hold at equality, meaning that the

agent obtains g, = L1 (ﬁ) in a type 2 meeting and the excess asset is not traded

but held as a store of value and Y = ﬂ .

In summary, Y > ¢ = and 0<q1<q, <L (L)

Boal’

45



2.4.1 Stationary Monetary Equilibrium
Definition 2.1. Define Z(K) as the inflation rate above which money is not valued.
Definition 2.2. Define k(i) as the adoption cost above which the asset is not used
as a means of payment.

To determine the shape of Z(K), we assume A2.1-A2.4 and observe the

following:

Claim 2.1. We have i(%) = 0 —.

Proof: When k >k, agents do not use the asset for trade and a =0, so

q.(m,0,b) = q,(m,0,b) = q(m,0,b) and (2.35) simplifies to >

oL(q(m,0,b)). At i(¥), agents are indifferent between carrying and not carrying

money into the DM and assume m = 0. Substituting L(0) = % into { =
oL(q(m,0,b)) at equality we get iK)=0 %. End of proof.

Claim 2.2. For k < ¥, we have i(x) < i(k), and i(k) = i(k) as k = K.
Proof: For k = k, agents are indifferent between using the asset for trade and we

assume a = 0. For k < k, agents use the asset for trade and a > 0. For a > 0, we

have q,(m,a, b) > q,(m,0,b) so L(qz(m, a, b)) < L(qz(m, O,b)). Hence (2.35)

at equality, form = 0, we get i(x) = o(1 — ) % + caL(qz (m,a, b)) <o(l-

0 6 6 <,
Q)5+ oaL(q,(m,0,b)) < o(1 — @) — oaL(q,(0,0,b)) = 60— =i(1)

End of proof.
Claim 2.3. For x € [0,%], we have i(k) = o(1 — a)i 4= [i +Kx— ﬁ] is
T 1-6 B ly+n

6

linear.
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Proof: Solving (2.36) at equality we get L(q,(m,a,b)) = ﬁ[ﬁ+ K — ﬁ].

Substituting into (2.35) we get i(k) = 6(1 — a) % + % [ﬁ +Kx— ﬁ] From the

expression, i(k) is linear in k by factor of % The horizontal intercept is given by

substituting ¥ = 0 and solving to get i(0) = o(1 — @) (139) + % [ﬁ - ,6']. End of

proof.

Figure 2.2 shows the regions demarcated by i(x).

V'
i)
Money is used in
DM trade
Moneyis not used
in DM trade
6 11 ¢ 0 }
1- ) s+ 57— ] o i
oo R Ea -9

Figure 2.2: Cut-off for Usage of Money in DM trade

To determine the shape of ¥(i), we observer the following:

Claim 2.4. We have k(1) = 8|1+ oa 55| - &

Proof: When i > i, agents do not carry the money for trade and m = 0. Atk = X,

a = 0 and (2.36) at equality gives k = f8 [1 + O'CZ% — ﬁ End of proof.

Claim 2.5. For i < i, we have k(i) < %(i), and k(i) > (i) as i > i.
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Proof: Fori =i, agents are indifferent between using money for trade and we
assume m = 0 and for i < i, m > 0. Note that for a = 0 we have q,(m,0,b) =
q,(m,0,b) = q(m,0,b) . For m>0, we have g(m,0,b) > q(0,0,b) so

L(q(m,0,b)) < L(q(0,0,b)). Solving (2.35) at equality gives L(q(m,0,b)) = ﬁ

. i 0 o i
So L(q(m, 0, b)) < L(q(0,0, b)) gives — < —. Substituting L(q(m, O,b)) ==

Y _

into (2.36) at equality gives k(i) = B[1 + ai] — ﬁ <p [1 + G(Xi] o

1-6
E(Z). So k(i) < E(f). End of proof.

Claim 2.6. For i € [O, f], we have k(i) = B[1 + ai] Y_is linear.

g
Proof: From k(i) = B[1 + ai] — ﬁ, K (1) is linear in i by factor of fa. The

vertical intercept is given by substituting i = 0 and solving to get k(0) = 8 —

ﬁ. Note that 8 — ﬁ < 0. The horizontal intercept is given by solving k(i) = 0
which gives i = L [L - ,6']. End of proof.
Ba ly+n
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Figure 2.3 shows the regions demarcated by k(i).

b | _______Assetisnotusedin

Y
1- 0] Y+ DM trade

B [1 +oa
x(@)

Asset is used in DM
trade

galira l

Figure 2.3: Cut-off for Adoption of Asset as Means-of-Payment in DM trade

Putting together i(x) and k(i), we get the following equilibrium regions
depicted in Figure 2.4:

e Region [ — Autarky/no trade in DM

e Region II — Only money is used as means-of-payment

e Region III — Only asset is used as means-of-payment

e Region IV — Both money and asset are used as means-of-payment
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0 ] Y
1-6 Y+ Only money is used
in DM trade

ﬁ[1+aa

\"
Both money and
asset is used in DM

trade ~4

1
Neither money not

(k) asset is not used in

DM trade

®(0)

n
Only asset is used
in DM trade

galirs

o(1-a) o 1[ v

1613

Figure 2.4: Cut-off Regions in DM trade

Note Y is endogenous and depends on exogenous parameters such as x and

2.4.2  Numerical Analysis

Throughout the rest of the sections, we assume the following functional forms for

u(q) and c(q):

(q+e)r -

Y+

14&
q

For illustration we assign the following values to the following parameters

and study how parameters the acceptance rate a and the buyer’s bargaining power

0 affect the equilibrium regions.




| 1.00 | 0.00 | 0.60 | 1.00 | 3.80 | 0.90 | 0.25 | 0.70 | 0.50 | 0.10 |

where we assume the asset is sufficient for the agent to obtain g* so f§ = ﬁ
We have the following regions as shown in Figure 2.5.
i(x) = =0.25
i(x) e
- 6 Y
k(i)=F[1+ ] — = 0.1575
k(i) =F [ ] Ry
0.3 | | Equililbrium
i
R
0.25 1 7
0.2 ! 1
€ 015 n 7
01F 7
0.05 - n i
v
0 | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04

i
Figure 2.5: Numerical Example of Cut-off Region

2.4.3  Effect of Acceptance Rate a

Figure 2.6 illustrates how the equilibrium regions vary with varying values of .

The values of i(¥) and E(f) are computed below:

a 030 | 050 | 0.70 | 1.00
i(®) | 025 | 025 | 025 | 025
%(i) |0.0675]0.1125 | 0.1575 | 0.2225
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Equilibrium 037

0 0.05 0.1 0.15 0.2 0.25 03 0.35 04

a = 0.30 a = 0.50

Equilibrium Equilibrium
T 1 r T T

a=0.70 a =1.00

Figure 2.6: Equilibrium Regions when a changes

Proposition 2.2. As o — 1, region IV vanishes.
. )i e _
Proof: Note that as @ —» 1, we have (1 — @) — T 5 [¢+n ﬁ] adr] e ,8]

P

and = o

—B - % [ﬁ — B], and region IV vanishes. End of proof.

Claim 2.7. i(¥) is independent of a.

Proof: 01t

= 0. End of proof.

— =
Claim 2.8. E(f) is increasing in a.

Proof: %g) = G% > 0. End of proof.

As a = 1, the asset becomes a perfect substitute for money as a means-of-
payment, agents substitute money out for the asset. The cut-off k increases as a —
1 meaning it will take more to discourage agents from using the asset as a means-

of-payment. When a = 1 and the asset is a perfect substitute for money, Region IV
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vanishes and agents use either money or the asset as means-of-payment depending

on which side of the cut-off the equilibrium is in.

2.4.4 Effect of Bargaining Power 0

Figure 2.7 illustrates how the equilibrium regions vary with varying values of 6:

0 0 025 | 050 | 0.75
i(%) 0 0.0833 | 025 | 0.75

x (i) 0 [0.0525|0.1575 | 0.4725

Equilibrium ilibri
06 - q . . 06 Equilibrium

05 05
0.4 0.4
<03 ©03
02 02

0.1 0.1

6 = 0.00 6 = 0.25

0 0.1 0.2 03 0.4 05 06 0.7 0.8

6 =0.50 6 =0.75

Figure 2.7: Equilibrium Regions when 6 changes
When 6 = 0, the buyer has no bargaining power and is unable to extract any

surplus from a meeting. i(¥) = 0 and E(f) = 0, and the only equilibrium is Region
I where Autarky or no trade in the DM.

Claim 2.9. i(¥) is increasing in 6.
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9i(x) _ o

Proof: FIRRCEE

> 0. End of proof.

Claim 2.10. E(f) is increasing in 6.

Proof: %g) = % > 0. End of proof.

As the buyer’s bargaining power 6 increases, Regions II, I and IV expands
as the buyer is more willing to trade as he can extract more from the trade surplus.
The cut-offs i (x) shifts right and E(Z) shifts up as buyers are willing to pay more
costs to use money or the asset trade, making the coexistence of money and the

alternative means of payment possible.

2.4.5 Effect of Asset Size A

If the asset is in short supply, there is insufficient asset to relax liquidity constraints
and the asset commands a liquidity premium and is priced above its fundamental
value. On the other hand, if the asset is in excess supply, agents will only use just
enough asst to obtain the optimal DM quantity and keep the rest as a store of value.
Hence the asset will be priced at its fundamental value. This result is consistent with

Lester et.al. (2012). Figure 2.8 illustrates the effect of varying asset size.
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Figure 2.8: Effect of Asset Size on Asset Price

In Region II, agents do not use the asset at all, the asset is priced at its
fundamental value regardless of the size of the asset. In Region III, only the asset is
used for trade in the DM. Hence the availability of asset for trade reduces the
liquidity premium and price of the asset greatly. Note that because of the adoption
cost, agents never obtain the optimal quantity trading only using the asset. In
Region IV, at low values of A, there is insufficient asset for agents to acquire the
quantity of DM good that they desire and there is a liquidity premium to the asset
and the asset is priced above its fundamental value. As A, increases, the price of the
asset falls towards its fundamental value. Note the discontinuity in the asset price
and DM quantity traded is due to the adoption cost of using the asset as an
alternative means of payment.

Staying in Region IV, as we move away from the origin agents use less of
the asset as a means-of payment. Hence the cut-off size in which the liquidity price

premium decreases. Figure 2.9 illustrates the cut-off liquidity price premium.
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Figure 2.9: Cut-off Liquidity Price Premium
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2.4.6 Comparative Statics
It is natural to ask how the quantity of asset used as a means-of-payment where a =
q2 — qq varies with the various parameters. We show this through comparative
statics for the following regions:

e Regions [ — Autarky
The endogenous variables are independent of the exogenous variables since qg; = 0
and g, = 0.

e Region II — Only money is used

Y i a K
ﬂ — no effect | no effect
5119
49z — no effect | no effect
dy
da
o no effect | no effect | no effect

Proof: Only (2.36) hold at equality with g, = g, = q.
Differentiating with respect to i and solving we get

g, _ aq; _ 1 <
ai di ol (q)

0

End of proof-

e Region III — Only asset is used

Y i a K
% no effect | no effect | no effect
d
492 no effect + —

219
aa no effect + —
dd

Proof: Only (2.37) hold at equality

Differentiating with respect to i we get

OQZ
20 0

Differentiating with respect to a we get
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_ L(qz)
al'(q)

Differentiating with respect to k we get

a9, _
Ja

>0

aq; 1 <
ok oal'(q,)

0
End of proof-

e Region IV — Both money and asset are used

) i
dg;
d?9
dg,
d?9
da

— +
d9
Proof: Both (2.36) and (2.37) hold at equality

a

+

depends

i=o0(1- a)L(ql(m, a, b)) + GaL(qz(m, a, b))
0 = BoaL(q,(m,a,b)) — k
Differentiating with respect to i and solving we get

0q; 1

3 o -G

0

0q; 1

i oal'(qy) <

0

Since g, > q4, L(qy) > L(g;) and L'(q,) < L'(q;) < 0.If @ = 0.5, then

992
ai

0qq __

— _9qa
oi

. . 9qq .
50 > 0. However, if @ < 0.5, then the sign of% is not fixed.

Differentiating with respect to @ and solving we get

0q,
a0
9 L
q: __ (q2) S0
Jda al'(q,)
dq, 09q, 0qq
FTERREF TR T
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Differentiating with respect to k and solving we get

dqq 1
=— >0
ok o(1-a)Ll'(qy)
aq, 1 0

ok o(l-al(q)

0q, _0q; _ 0q, <

0k 0k 0k 0

End of proof-

2.5  Waelfare and Policy
In this section, we investigate the welfare which is given by the surplus extracted
from DM trade.

Assume that there are a total of n, buyers and n; sellers in the economy.
The probability oz of a buyer meeting a seller in the DM, and the probability o5 of

a seller meeting a buyer in the DM are

1 .
S 8 if ny =ns
B7)—  ifn, <ng
ng
ng ,
— if ny = ng
O¢c =1{n A
s 13 if ny <n

Let the buyer’s surplus in a DM trade meeting be S® = u(q) — p, then the
total surplus of a buyer is
SPWeT = gp[(1 — @)SP(q1) + aSP(q)] — k(Y +ma
where the first term on the RHS says with probability op the buyer meets a seller,
and with probability 1 — a the seller does not accept the asset but only money as a
means-of-payment and with probability a the seller accepts both the asset and
money as a means-of-payment. The second term in the RHS is the adoption cost for

loading the portfolio with a units of liquid asset to be used in a type 2 meeting.
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Let the seller’s surplus in a DM trade meeting be S° = p — ¢(q), then the

surplus of the j-th seller is
sfelter = o[- [S5(g)] + 1 — D) - S(q)] — 1+

where I is the indicator function indicating whether the seller had invested in the
acceptance cost to accept the asset as a means-of-payment. The RHS says with
probability os the seller meets a buyer in the DM. If the seller had invested in the
acceptance cost, he becomes a type 2 seller and extracts the surplus from a type 2
meeting. On the other hand, if the seller did not invest in the acceptance cost, he
becomes a type 1 seller and extracts surplus from a type 1 meeting.

If the j-th seller had invested in the acceptance cost, any meeting between
the seller and a buyer is a type 2 meeting and the seller’s surplus simplifies to

ﬁlﬁlfr = USSS(QZ) —

If the j-th seller did not invest in the acceptance cost, any meeting between

the seller and a buyer is a type 1 meeting and the seller’s surplus simplifies to
]:?]Iezu()er = 055°(q1)
Letting S(q) = u(q) — c(q), from the bargaining solution we have
S%(q) = 65(q)

SS(q) = (1 -6)S(q)

So
SBuver = g5[afS(q,) + (1 — a)8S(q,)] — k(Y + n)a (2.38)
PN = as(1 - 0)S(q2) — I (2.39)
PP = a5(1—6)S(q1) (2.40)

Total welfare is given by the sum of welfare of all sellers is

All sellers — vV Seller ng Seller
S - i=15i,11=1 + Zi:j+1 Si,]I:O (2-41)
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Let y; =% {=1 I; be the average acceptance cost of all the sellers who

invested in the acceptance cost. Let Mz € [0,1] be the measure of buyers and Mg €

[0,1] be the measure of sellers. Then Z{zl STEET = MsalosSS(qs) — . Also

note that 3,75 Ziv1 ST = M(1 — a)ogSS(qy). Substituting into (2.41), together
with (2.38), we simplify the total welfare of the economy W = Z?Bl SlB wer 4
] lSHellleT + Zl ]+1 lSHellOeT as

W = Mplop[abS(qz) + (1 — @)8S(q)] — k(¥ +n)a]
+ M[alos(1 = 0)S(a2) — w1 + (1 — a)[os(1 - 6)S(q1)]]
Simplifying gives
W = [Mpop6 + Msos(1 — 0)][aS(qz) + (1 — a)S(g1)] — Mpr(¥ +n)a
— Msap,;
where the first term of the RHS is the surplus generated from DM trade, the second
term is the adoption costs paid by buyers for using the asset as a means-of-payment
and the last term is the acceptance costs paid by sellers who invested in the

acceptance costs.

2.5.1 Endogenous Adoption
To endogenize the buyer’s adoption of the asset as a means-of-payment, we look at
the shape, uniqueness and concavity of the buyer’s response, that is, the quantity of
asset used as means-of-payment a in response to the fraction of sellers @ who

accept the asset as a means-of-payment.

Shape
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Note that the buyer’s optimal portfolio (m, a, b), m(a) and a(a) depends
on a and are functions of a. Subsequently, g, (a) and g, (a) depends on m(a) and

a(a) which are functions of «a.

For 1+i=-2 and yazﬁ fixed, we assume m >0 and a > 0 and

B
interior solutions of the bargaining problem, i.e. (2.35) and (2.36) hold at equality.
Let @ > da, then for k fixed, from (2.36), we have L(qz (d)) < L(qz (0'()) which
implies that
q2(d) > qz(a)

However note that c'fL(q2 (d)) = o'zL(q2 (0'()) because (2.36) holds at
equality for a > 0. From (2.35) at equality for & > ¢, we must have L(q,(&)) >
L(q,(d)) which implies

q1(@) < q.(a)
Since g4 solely depends on m only, as more sellers accept the asset, buyers
hold less money and substitute out money for the asset, that is
m(a@) < m(a)
with m(@) < m(d). It is obvious that for g, (&) > q, (&), and we must have
a(d@) > a(a)
So a is increasing in a.
Uniqueness
For uniqueness of a, we can re-arrange (2.36) and substitute into (2.35). This
uniquely determines g, (a) which in turn pins down the uniqueness of g, (a).

Alternatively, one can prove uniqueness of g, and g, by expressing m(a)

as function of a and a(m) as function of m, and then showing that they cross at a

unique point.
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Concavity

o[u"" (@)c'(@)—u'(@)c" (q)]
[(1-6)u'(q)+6c' (@)]?

Note that L'(gq,) = <0 and L"(g,) >0 for g, €

[0,G,]. For (2.36) at equality, for a small, we have L(q,(a)) large and a small
increase in a reduces L(q2 (a)) by the same amount. For L(q2 (a)) large, q,(a) is
close to zero and a small increase in g, (@) is able to achieve this. Similarly, for «
large, we need a large amount of q,(a) increase L(q,(a)). So q;(a) is convex in

a, or in other words a(«) is convex in a.

1
Figure 2.10: Buyer’s Response Function

R

2.5.2  Endogenous Acceptance
Assume that there are n sellers in the economy. Let [; > 0 be the investment cost
to the seller j for accepting asset a as means-of-payment payable in the CM before
the start of the DM. This could be in the form of a card-reader, or charges by banks
for clearing checks. Assume that [; is increasing in j.

In the DM, if a seller chooses not to pay the acceptance cost to accept asset
a, he will only receive payment based on the money holdings of the buyer during
the DM, which is p;(m) — ¢;(m). On the other hand, if he chooses to pay the

investment cost, he will be able to accept asset a and can potentially receive

64



payments in both money and asset (if the buyer adopts the alternative asset), that is,
p2(m, a) — c,(m, a) in the DM.

The benefit for a seller accepting asset a as means-of-payment is

em,a,b) =¢c [(p2 (m,a,b) — c;(m, qa, b)) - (pl(m, a,b) — c,(m,qa, b))]

(2.42)

where the RHS says with probability ¢ the seller meets a buyer and if he accepts

asset a, the entire buyer’s wealth can be used as payment, while if he does not

accept asset a, only the buyer’s money holdings can be used as payment. Note that

here, unlike in the case of the buyer where a buyer has a probability of either

meeting a seller who accepts both means of payment or only money, the seller meets

the homogeneous buyer with probability ¢ since buyers enter the DM with the same
portfolio.

A seller j will only accept asset a if I; < £(m, a, b). Re-order the measure

of sellers in increasing values of I;. We denote j as the highest j where [; <

e(m, a, b). The fraction of sellers é gives the probability of acceptance a. Thus we

have
=0 lf]_ =0
aje (0,1) if0<j<n (2.43)
=1 if j=n

We investigate the seller’s optimal acceptance choice taking as given a, the

asset used as means-of-payment in the portfolio of buyers entering the DM.
Assuming that sellers are ordered in increasing acceptance cost, we have j =

Y=l 1;<e(m,a,b) which is the sum of all the sellers whose acceptance cost is equal

to or less than the benefit for accepting asset a as means-of-payment, making it
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worthwhile for them to invest in the acceptance cost. As a increases, é(m, a, b)

increases, meaning j increases and « increases.

The seller’s maximization problem is

max {]I [a (pz(m, a,b) —c,(m,a, b)) — I]

Hle{0,1}

+ (1= Do (p,(m,a,b) — c,(m, a, b))}

Using (1 - 6)S(qy) = U(Ch(m; a, b)) — pi(m,a,b) and (1 — 0)S(q,) =
u(q2 (m,a, b)) — py(m, a, b), the above simplifies to

a(1-6)S(q) + max{lo(1 - 6)[S(q2) — S(q)] — 1,0}

Iefo,1}
Let
V=10 0(1-0)[S(qz)—S(q)]—-1
Given q, is increasing in a, we have S(q,) — S(q;) increasing in a and ¥
increasing in a.

Max {¥, 0}

Ire(0,1)
The seller will choose I = 1 if ¥ = 0. As a increases, the number of seller

with W > 0 increases and so a increases.
The shape and uniqueness of the seller’s response function is
straightforward. Figure 2.11 illustrates the seller’s response given the quantity of a

buyers use in the DM.
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seller

R

Figure 2.11: Seller’s Response Function

Putting the buyer’s and seller’s response functions together, the model may
permit multiple equilibria depending on the number of crossover points as shown

in Figuer 2.12.

buyer

seller

>
1

a
Figure 2.12: Buyer’s and Seller’s Response Functions

For « € (0,1) to admit an equilibrium, since a and a are uniquely
determined by the buyer’s response function, from the seller’s response function,

for a (and m) given, we need

17_1 >0 [(pz(m, a,b) —c,(m,a, b)) — (pl(m, a,b) — c;(m,a, b))]
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17 <o [(pz(m, a, b) —C (m, a, b)) - (pl(m; a, b) — (1 (mr a, b))]
We demonstrate how the fraction of sellers accepting the asset as means-of-
payment affect the stability of the equilibrium.

Scenario 1:

qa
V' N

- E seller

0 aequilibrium

Figure 2.13: Unstable Equilibrium point

Off-equilibrium moves away from Qequyiiprium-
o Ifleft of apquitiprium, buyers do not carry enough g, so sellers start to exit
the market and a decreases.

- If o5 =1, o5 increases and seller’s response shifts downwards.
Aequitibrium Shifts left but economy may continue to move away
from Qequilibrium-

- If ag =1, o decreases and buyer’s response shifts upwards.
Aequitibrium Shifts left but economy may continue to move away
from aequilibrium-

e Ifright of &eqyitibrium. buyers carry more than enough g, so sellers start to

enter the market and « increases.
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- If o5 =1, g5 decreases and seller’s response shifts upwards.
®equitibrium Shifts Tight but economy may continue to move away
from aequilibrium-

- If og =1, oy increases and buyer’s response shifts downwards.
Aequitibrium Shifts right but economy may continue to move away
from aequilibrium-

Scenario 2:

qa

0 aequilibrium

Figure 2.14: Stable Equilibrium point

Off-equilibrium moves towards from equilibrium a.
o If left of @equitibrium, buyers carry more than enough qg, so sellers start to
enter the market and « increases.
- If o5 =1, g5 decreases and seller’s response shifts upwards.
Aequitibrium Shifts left and economy reaches @eqyiriprium SOONer.
- If g =1, gz increases and buyer’s response shifts downwards.

Aequitibrium Shifts left and economy reaches @eqyitiprium sooner.
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o Ifright of @eqyiibrium, buyers do not carry enough q,, so sellers start to exit

the market and a decreases.

- If o5 =1, g5 increases and seller’s response shifts downwards.

Aequitibrium Shifts right and economy reaches degyiiprium sooner.

- If oy =1, o decreases

and buyer’s response shifts upwards.

Aequitibrium Shifts right and economy reaches degyiiprium sooner.

Hence the equilibrium points in scenario 1 are unstable while the points in

scenario 2 are stable. To illustrate the stability and feasibility of equilibrium points,

we assume the baseline values for the following parameters

Ay, | ¢ |y A | & | B

Op Og 0 n K i

(o
0.60 | 0.00 | 0.90 | 1.00 | 3.80 ] 0.95 | 0.025 | 1.00 | 0.95 | 0.10 | 0.01 | 0.04

In addition, sellers assume acceptance cost function:

( 0

I[;_4 + 0.0000050

I;_; + 0.0000675

l;_; +0.0000500

[;_; +0.0020000

\J;_1 +0.0002500

Figure 2.5 shows the possible equi

ifj=1

if 1<j<03ng

if 0.3ng <j < 0.6ng
if 0.6ng <j < 0.8ng
if 0.8ng <j <09ng
if j > 0.9ng

librium points where an * indicates stable

equilibrium points. We note that there are two potential stable equilibrium points,

one near ¢ = 0.4 and the other near ¢ = 0.8.
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Buyer vs Seller Response
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Seller Response
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(0%
Figure 2.15: Equilibrium points of baseline parameters

Note that as the values of the parameters change, the buyer’s response and the
seller’s response function shifts. Hence, we cannot vary the values of the parameters
too much without losing equilibrium points. For example, as i increases, the buyer’s
response curve shifts upwards as depicted in Figure 2.16.

Figure 2.17 shows the change in equilibrium «a as i changes. Because of the
gentler slope of the seller’s response at the equilibrium point near & = 0.40, the
equilibrium « shifts more as the buyer’s response curve shifts. In contrast, because
of the steep slope of the seller’s response at the equilibrium point near « = 0.80,

there is little change to the equilibrium a because the buyer’s response and seller’s

response functions cuts at nearly the same equilibrium « value.
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Figure 2.16: Change in buyer’s response as i changes
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Figure 2.17: Change in equilibrium « as i changes

2.5.3  Feasibility of Equilibrium Points
To check the feasibility of equilibrium points, we need to check the buyer’s welfare
in an economy with both money and the asset as means-of-payment vis-a-vis an

economy with only money as a means-of-payment, and also the marginal seller’s
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welfare for accepting the asset as means-of-payment vis-a-vis not accepting the
asset as means-of-payment.
Let ~ denote quantities in an economy where only fiat currency is available.
Substituting § = q; = q, into (2.35), the equilibrium condition becomes
i > oL(g(Mm))
with equality if m > 0.

We investigate the effect of 8 on the buyer’s welfare in Figure 2.18.

0 Buyer’s Welfare DM Trade

DM quantity

Buyer Welfare

5
W
o 0131 1 I
8
0.90 | e
0125 04r
03

02 I

—a
01—
a

L I | ok L L
001 002 003 004 005 006 007 008 009 01 001 002 003 004 005 006 007 008 008 01
i i

Buyer Welfare ; DM quantity
—
—nir 09
0148 \
08
0.1475 1 07
06
£ o147
095 | : —
. =

0.1465

0.146
Y
0.1 —n
0.1455 \ q

0
001 002 003 004 005 006 007 008 009 01 001 002 003 004 005 006 007 008 008 0.1
i i

Figure 2.18: Effect of 6 in a pure fiat economy vis-a-vis economy with fiat and
alternative means of payment
First, we observe that for low buyer’s bargaining power 6, the buyer’s
welfare will not improve by introducing an alternative means-of-payment. Hence
the buyer will not choose to adopt the asset as an alternative means-of-payment, i.e.,
an equilibrium where money and the asset as an alternative means-of-payment co-
existing does not happen. At very high levels of inflation, the agent will substitute

the asset for money completely as a means-of-payment instead. However, if the
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buyer’s bargaining power 6 is high enough, buyer’s welfare is improved for high
levels of inflation and the buyer is most likely to adopt the asset as an alternative

means-of-payment.
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Figure 2.19: Effect of  in a pure fiat economy vis-a-vis economy with fiat and
alternative means of payment
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Assuming 6 is high enough that the equilibrium where both money and the
asset as an alternative means-of-payment co-exists, from Figure 2.19, we see that
as more sellers accept the asset as an alternative means-of-payment, the feasible
equilibrium region where both money and the asset as an alternative means-of-
payment co-exists shifts to the left, i.e., it exists at lower levels of inflation.

Next, we investigate the incentive for sellers to invest in the acceptance cost.
In Figure 2.20, S, denotes a seller who did not invest in the acceptance cost while
S1 denotes a seller who invested in the acceptance cost. For a = 0.40, we see that
the welfare of the seller who pays the investment cost and accepts the asset as a
means-of-payment exceeds that of a seller who did not pay the investment cost and
does not accept the asset as a means-of-payment for i > 0.0294. This means that
any equilibrium point i > 0.0294 is feasible from the seller’s standpoint. From the
buyer’s standpoint, equilibrium is only feasible for i > 0.0703 when the welfare of
a buyer who adopts the asset as means-of-payment exceeds the welfare of a buyer
in a pure fiat economy. Putting together, equilibrium points are only feasible for
i >0.0703.

Similarly, for ¢ = 0.80, equilibrium points after i > 0.01963 are feasible
from the seller’s standpoint and equilibrium points after i > 0.04036 are feasible
from the buyer’s standpoint, implying that equilibrium points are only feasible for

i > 0.04036.
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Figure 2.20: Effect of @ on Buyer’s, Seller’s and Total Welfare
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In terms of total welfare, similar to Chiu and Wong (2014), Lotz and
Vasselin (2019), and Carli and Uras (2022), the introduction of an alternative
means-of-payment may not always be welfare improving. For @« = 0.40, when i is
low, the cost of holding money is not great so the total welfare of using the asset as
an alternative means-of-payment as compared to a pure fiat economy is negative.
This is due to the adoption and acceptance costs. At high i > 0.06644, the asset is
adopted and accepted as an alternative means-of-payment, and the welfare gains are
positive as compared to a pure fiat economy due to the high cost of holding money
and the liquidity the asset brings to DM trade. For a = 0.80, due to higher
acceptance cost for the tail-end sellers from the step function of the cost, total
welfare of adopting and accepting the asset as an alternative means-of-payment is
always negative as compared to a pure fiat economy. This implies that encouraging
widespread adoption of an alternative means-of-payment is not always welfare

improving.

2.6  Conclusion

This chapter investigates what determines a buyer’s decision to adopt an
alternative means-of-payment and a seller’s optimal strategy to accept the means-
of-payment.

We derive the cut-off values for inflation and adoption costs, beyond which
money and the asset are not used as means-of-payment respectively. Equilibrium
conditions are sensitive to the seller’s acceptance cost distribution. Multiple
equilibria may exist for the right cost function chosen, provided i is not too high or

not too low.
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We find that welfare decreases as i increases. In addition, for money and the
asset to co-exist as means of payment, the buyer’s bargaining power must be high
enough. In such equilibria, increasing the proportion of sellers who accept the asset
as an alternative means of payment encourages the adoption of the asset at lower
inflation rates.

In general, buyers will not choose to adopt the asset as an alternative means
of payment unless inflation is high enough. Widespread adoption of an alternative
means-of-payment is not always welfare improving due to higher acceptance cost
for the tail-end sellers. Unless inflation is very high, having a smaller fraction of
sellers accepting the alternative means-of-payment has higher welfare than a larger
fraction of sellers accepting the alternative means-of-payment. Sellers who do not
accept the alternative means-of-payment are better off because buyers carry more
money when a smaller fraction of sellers accepts the alternative means-of-payment

than when a larger fraction of sellers accepts the alternative means-of-payment.
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Chapter 3

Consumer Behaviour and Credit

3.1 Introduction

This chapter aims to study how agents with different profiles such as income level
and consumption needs use credit to smooth consumption. Credit is useful when
there is a cost to carrying money and agents want to consume more than their money
wealth can obtain in the rare event of higher consumption needs. We model secured
and unsecured credit and investigate how the various agents use the different types
of debt to improve their liquid wealth when faced with liquidity constraints.

Our main contribution is the analysis of a wide variety of agents with
different liquidity and consumption needs co-existing simultaneously in the Lagos
and Wright (2005) framework. There are four types of agents — (1) low-income
agents with high consumption needs, (2) high-income agents with high
consumption needs, (3) low-income agents with low consumption needs, and (4)
high-income agents with low consumption needs. Along with each agent’s
probability of accessing a financial market, this gives rise to a total of eight different
agents. Here, everyday consumption such as grocery purchases is modelled as low
consumption while big ticket items such as car purchases are modelled as high
consumption. We then determine the conditions under which each type of agent will
use credit to finance their consumption needs. Because of our variety of
heterogeneous agents, wea are able to analyse individually the welfare loss of
increasing inflation on each type of agent.

As inflation increases, the cost of money increases resulting in agents

carrying less fiat currency and rely more on credit to finance their consumption
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needs. Low-income agents with high consumption needs are always the first to
require credit while in most situations, high-income agents with low consumption
needs never need credit. Calibrating our model to US data, we find that a half-
percent increase in inflation leads to about 10% welfare loss. Low-income agents
finance their big ticket items with secured credit while using unsecured credit for
everyday purchases. High-income agents on the other hand also finance big ticket
items with secured credit but almost never need credit for their everyday purchases.

The paper is organized as follows. Section 2 reviews literature related to
alternative means of payment. Section 3 describes the model and environment,
including the trading mechanisms and terms of trade. Section 4 describes the
general equilibrium and investigates how the various equilibrium regions vary with
parameters. Section 5 provides quantitative analysis with calibration, and Section 6

concludes.

3.2 Literature Review
We present a brief literature review in this chapter as extensive review of the
literature is covered in Chapter 1.

Due to imperfect record keeping (or agent anonymity), the original LW
model does not permit credit. In an attempt to incorporate credit, Telyukova and
Wright (2008) introduced a third subperiod where a centralized market with no
anonymity assumption operates and agents choose to use interest-bearing credit
even when they have money due to idiosyncratic uncertainty about liquidity need.

Sanches and Williamson (2010) introduced the threat of theft with money
holding for credit to coexist as competing media of exchange under different record-

keeping technologies and ways of money injections.
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Nosal and Rocheteau (2011) introduced endogeneous record-keeping but
assumes that repayments are perfectly enforced. Lotz and Zhang (2015) extends the
model by deriving an endogenous debt limit under limited commitment.

Bethune et. al. (2015) integrate the LW with a frictional Mortensen-
Pissarides labour market to demonstrate the relationship between household
unsecured debt, liquid assets, and aggregate unemployment. Households cannot
commit and are heterogeneous in terms of their access to unsecured credit.

We aim to incorporate the features of existing literature in a general search
model. One key feature of this chapter is the co-existence of secured and unsecured
credit. Secured credit usually has lower interest rate then secured credit but there is

a fixed cost associated to assess it.

33 Model
Receive € with Access with DM consumption with
probability p probability a probability o
(m+¢a) Financial »
v
Market
»
@)Y/ (m,a) C™Mm
' (m,a) Financial DM >
Market

v

1 Financial
i R
become seller Market

Probability 1 — o

Figure 3.1: Timing of a period

As in the framework developed by Lagos and Wright (2005), time is discrete and
divided into periods. Each period is further divided into two subperiods called day
and night. The time horizon is infinite, and agents live forever. Agents apply a
discount factor f € (0,1) across periods but not between subperiods. There is only

one means-of-payment used for trade which is money m. However, agents can take
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on unsecured or secured debt to finance their consumption needs. There is an asset
a which pays dividend 1 and can be pledged as collateral for secured debt.

Agents leave the night market with a probability o of being a buyer in a day
DM market and a probability 1 — o of being a seller in the DM market.

During the day, agents have a probability p of receiving an endowment ¢.
This endowment income process can be thought of as a state-independent random
model where all agents own Lucas trees, but some agents’ trees bear fruits that
period, while the trees of other agents do not bear fruit.

Upon realising their income, agents then get to access a credit market with
probability a. The credit market can be thought of as a small open economy where
the banks have access to funds in an international financial market at the risk-free
interest rate. As there is cost (e.g. legal fees) to lending credit, these firms mark up
the interest rate on credit to b,, for unsecured credit and b, for secured credit. Due
to the free entry of firms, all firms have zero profits and provide credit at the same
interest rates. Also, as unsecured credit is more risky than secured credit, we assume
that b,, = b,. Sellers in the DM market always have full access to the credit market
where they can deposit their money holdings and receive interest payments b;. For
simplicity, buyers can only borrow and may not deposit money.

After the chance of accessing the credit market and re-adjusting their
portfolio, agents then meet bilaterally in a decentralized market (DM). To rule out
barter trade, only sellers can produce g € R, units of the DM good at cost c¢(q)
which only buyers want to consume with utility éu(q) but cannot produce where
& € {&,&"} is shock to DM consumption utility. The optimal consumption and
production g* is given by éu'(g*) = ¢'(g*). It is assumed that u(0) = 0, u'(q) >

0, u'(0) = o, u"(q) <0, and c(0) =0, c'(q) >0, c'(0) =0, c""(q) > 0. The
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DM good is assumed to be perfectly divisible, perishable. Since the DM good is
non-storable, it is not carried over to the night subperiod, bringing the quantity of
DM good traded as g € [0, g*].

At night, agents trade in a Walrasian centralized market (CM). Here, agents
can choose to work h units of labour to produce a general CM good where for
simplicity it is assumed that h is non-binding and it is normalised that 1 unit of
labour produces 1 unit of the CM good. Agents can also choose to consume X units
of the CM good at utility U(x) by producing the good themselves or buying from
an agent that produces the CM good. It is assumed that U(0) = 0, U'(x) > 0 and
U"”(x) < 0. It is also assumed that the CM good is perfectly divisible, perishable,
and non-storable and may not be carried over to the day subperiod. In the CM,
agents have to pay all debts owed or risk being excluded from trade forever. At the
end of the CM subperiod, agents decide the quantity of money and assets they wish

to bring into the next subperiod DM.

3.3.1 CM Value Function

An agent entering the CM with a portfolio of m units of money, a units of asset, d,,
units of unsecured debt, d, units of secured debt and [ units of deposits has the

following CM function:
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W(mr a, dur dal l)

= max {U(x) — h
x,h,

,a
+ Bolanp]" (M + €,a@) + an(1 — p)J" (M, &)
+a(1—m)p/t(M+ &a) + a(1 —n)(1 — p)Ji (M, a)
+ (1 —a)mpV(m +£,4,0,0) + (1 — o) (1 — p)V™(m, &, 0,0)
+ (1 -a)(1—mpVi(m + £4a,0,0)
+(1-a)1—-m)(1-p)Vi(m,a0,0)]
+ (1 —o)pW(m +é€,4a,0,0,1)
+B8(1—-0)(1—-p)W(m,a,0,0,0)}
st. x+¢pm+ypa=h+¢m+ @ +n)a—-A+by)d,—A+by)d, +
A+bppl+T
where ] is the credit market value function and V is the DM value function. ¢ is the
price of money, Y is the price of the asset, 7 is the dividend obtained from holding
the asset, x the CM good, h labour worked, b,, is the interest payment on unsecured
debt and b, is the interest payment on secured debt. T are taxes for balancing
endowments received at the beginning of the period.

Assuming there is a x* such that U(x*) = x*, then above becomes
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W(mr a, dur dal l)
=¢pm+@+n)a—-A+b)dy—(1+b)d, +(1+b)L+T

+ max{—¢m — ya
m,a

+ Bolanp]" (M + €,a@) + an(1 — p)J" (M, &)
+a(1—-m)p/t(M+ &a) + a(1 —n)(1 — p)Ji(m,a)
+ (1 — a)npV"*(@ +€,8,0,0) + (1 — a)w(1 — p)V"(m, &,0,0)
+(1-—a)(1—m)pVim +a,0,0)
+(1-a)A -1 - p)Vim,a 00)]
+ (1 -0)W(0,4,0,0,m)}
(3.1)
That is, with probability p the agent receives an endowment &, with
probability 7 the agent has high consumption needs in the DM and with probability
a the agent gets to access the credit market. With probability o the agent gets to
consume in the DM and with probability 1 — o the agent are sellers in the DM and
goes straight to the period’s CM. Note that since sellers have no need for money,
they will deposit all their money to earn interest.

The FOCs with respect to m are

(M + &,a) aJ"(m, @)
> - - @7 — )= 7
¢ = B |oanp F + oan (1 — p) 37
aJ' (M + & a) aJ (m, @)
+ G(X(l - TI.')phT + oa(l - 7'[)(1 - p)w
avVi(m + £,4a,0,0)
+o(1—a)mp F
ovh(m,a, 0,0
+o(1—-a)n(1—p) ( — )
am
aVi(m + €,a,0,0
+o(l-a)(1—m)p ( — )
o
avt(m,a,0,0
+0(1l—-a)(1—m)(1 - p)%

ow (0, a, 0,0, m)
om

+ (1 —-o0)
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with equality if m > 0.

FOCs with respect to 4 is

oJ"(m + £,a) oJ"(m, a)
> -~ =7 EPOC I it hatd
Y = B |oanp 72 + oan(1 — p) "4
oJL (M + ¢, ) aJ'(m, @)
+oa(l — n)pT +oa(l—m)(1-— p)T
aVh(m + £,4,0,0
+o(1—a)mp (m 6&8 4,00)

AV (i, @, 0,0)
94

+o(1—-a)n(1—p)

ovVi(m + £,a,0,0)

+o0(1—-a)(1—m)p 74

avi(m, a,0,0)
+o(l- )1 -m)(1 - p)———="">

aw (0,4, 0,0, )
94

+ (1 —o0)

with equality if @ > 0.

3.3.2 Credit Market Value Function

After receiving their endowment if any and learning of their DM consumption needs,
the agent get to access a Credit Market with probability a where they can take on
unsecured and secured credit to finance their DM consumption. To access secured

credit, agents need to pay a fixed cost ¢ and pledge their asset holdings as collateral.

JMm+ea) = max, {V"(m +e+ (" +diM /b, a,di", di) =T uns, - C}

u a

(3.2a)

st.  di" <D, and d" < kipa = D(a)
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Jim+¢,a) = max, {Vl(m +e+ (dit +diD /b, a,dit diY — Ty, - C}

(3.2b)

st. dit <D, and d?' < kipa = D(a)

J*(m,a) = max, {V"(m +(di* +dg") /b, a, Ay, di) — T yins, - c}

u a

(3.2¢)

st. d:it <D, and di* < kpa = D(a)
Jiom, @) = max, {ViGn -+ (@ + dE)/,a, b dE) — 1o - )

(3.2d)
st.  dit <D, and d5 < kpa = D(a)
where D, is the debt limit on unsecured debt and D (a) is the debt limit on secured
debt. Here it is assumed that due to transaction costs to liquidating seized assets in
secured debt, the borrower can only get funds up to a fraction k of the total assets
pledged.

Let the subscript ¢ denotes the scenario where secured credit is used and the
subscript 71 denote the scenario where secured credit is not used which could be just
money alone or money with unsecured credit. If the agent does not use secured
credit, he will have

Ja(m,a) =V(m+dqe/$,a,0,dg)

= [Eu(qs) — wz] + W (m + ¢ +@,a, 0,d,, O)
(0]

If he uses secured credit, he will have
jé(m, a) =—c+ V(m + (du + da)/¢l a, dul da) = [fu(CIg) - (1)5]

(dy +da)

=_C+W<m+g+ laldulda’0>
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Using W(m+e+%,a,du,da,0) =W(m+e+%,a,0,da,0)+

% —(A+by)d, =W (m +e+ %, a,0,dg,, O) — b,d, , and agents are will

prefer using secured credit as long as Jz(m, a) = J;(m, a), we have
[fu(qc”) - 0)5] —C— (1 + ba)da = [Eu(Qﬁ) - wﬁ]
Agents will borrow secured credit as long as the benefit from using secured

credit exceeds the fixed cost c.

¢ < [Eu(qe) — we] — [§u(qsn) — wal — bad,

3.3.3 DM Value Function

In the DM, in a match where a buyer meets a seller, the terms of trade are
determined by Kalai (1977) proportional bargaining. Let p be the payment handed
over to the seller for quantity q of the DM goods if an agreement is reached. The

proportional solution is then given by solving

max{éu(q) — p}
p.q

st Sulq) —p = 0[Sulq) — c(q)]
where 6 € [0,1] is the buyer’s bargaining power. Define the payment in a
successful trade as
w(q) = (1= 6)¢u(q) + c(q)

Let y* denote the wealth required to acquire the optimal consumption, that
is, y* = w(q*) where q* is the optimal production and consumption given by
&u'(q*) = c'(g*). Hence buyers will only want to consume up to the optimal
quantity q*, and we have the quantity of DM good traded q € [0, q"].

Depending on the liquid wealth y of the buyer, if the buyer has sufficient

liquid wealth, i.e. y = y*, he pays only p = y*, consumes q¢ = q* units of the DM
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good and keeps the rest of his money and asset holdings. If the buyer has insufficient
wealth, i.e. y < y*, he exhausts all his wealth holdings and pays p = y to consume
q < q" units of the DM good where q solves w(q) = y. This shows that p and g
are functions of the amount of liquid wealth the buyer can use in a meeting which
is dependent on the composition of his portfolio. We note that p € [0, y"].

DM terms of trade with payment w for g units of DM goods are

Hh _ q" if p(m+¢) +di" + df" = y™
©" =01 (pm + €) + d + dHYY  if d(m + €) + dHh 4+ dHn < yh*
Wit = w(ghh) = v if p(m +e) +dfi* + dlih =y
‘ ‘ p(m+e) +di" +diit if p(m+e) + diit + dlih <y
i q" if p(m+¢) +dit +dlit > y*
¢ w l(pm+¢e) +dit +adihy if p(m+¢e) +alit + alit <y
o' = w(giH) = v if p(m+e) +dfi' +di' = y»
¢ ¢ dm+e)+dilt +di if p(m+ &)+ dit +dit <yt
i — q" if p(m+e) = y™
n w Y pm+e) if p(m+e) <y™

h* . > h*
Wt = (gt = y l.f p(m+e) = }’h*
p(m+e) if p(m+e)<y
gl = q" if p(m+¢) = y"
n w Hpm+e) if p(m+e) <y“
wil = (g = v if p(m+e) = y"
n n p(m+¢e) if p(m+e) <y
th _ q" if p(m+¢) +di + dih = y™*
1 w l(pm+¢e) +di +dEM)  if p(m + ) +dEt + dkh <y
W = w(gth) = " if p(m+e) +dit +dit = y™
‘ ‘ dpm+e) +di +dih if p(m+e) +dit + dir <y
gl = q" if p(m+e) +di +dit > y»
¢ w Y (pm+e) +dit +di) if p(m+e) +dit + dE <yt
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W = w(gh) = yb if p(m+e) +dlt +dt =y
¢ = w(qs p(m+e) +dif +dit if plm+e) +dif +dit <y
i _ q" if p(m+e) =y
T o (pm+ ) if plm+e) <y

_ _[ o ifetmte) =y
wi = w(gi™) = {¢(m +&) if p(m+e) <y
gl = { q" if plm+e) =y
"o (pm+ ) if p(m+e) <yb

) (Y ifpmte) >yt
= olan) = {¢(m+€) if p(m+e) <y

The FOCs are

om ¢ if qih < g™
gt K?/, if gt > g™
da Hh' if qglh < qh*
wC

dwt! {0 if gt = q"

om ~ |¢ if qi
aqht Jal =
da == 7 ifqﬁ”
Hl
aw?l { if gt > q"
Y+n if g

91



oqin g if an" = q"
om | a4t <q"™
wn

dw" _ (0 if qi" =2 q™
om ¢ if ¢i" <q™

oqn" (0 if giit > g™
da |0 if ¢t < gh

dwy" {o if an" = q™

da 0 if qgiih < gt
. Hl > I*
oqit g if qn- = q
om — if ait < q"
a)n

don' _ (0 if g 2q"
om ¢ if gt <q"

0qn' (0 if it > q"
da 0 ifqlt<q®

dwyi' (0 if gfft = q"
0 ifqn' <q"

. Lh > h*
oqih g ifqc* = q
om | if " <q™
a)C

dwc" _ (0 if qt" = q™
om ¢ if g <q™

if qc" < q"

h {0 if q¢" = q™
C

do" (0 ifqzq"
da Y+ if gt <q™

Ll 0 ifqlt=q"

om ~ |—= ifqtt<q®
w




dug' _ {0 if ¢¢' = q°

om (¢ ifqi<q
. Ll > £3
aqlgl B (l).[) lf dc =4
da — if qit < g™
w

c

dw¢! 0 ifqlt=q"
da

“W+n ifqt<q”

aqul,h B g if quih 2 qh*
om — |—5 ifait<q™
wn

dwr" _ (0 if gh = q™
om ¢ if gkt <q™

dqr* (0 if gkt > g™
da |0 if gt <q™

dor" _ {o if qit = g™

da 0 if gkt <q™

aqﬁl B g if quil = ql*

om —7 if it <q"
wn

dwr' _ (0 if it =q"
om ¢ if gkl <q"

0qn _ (0 if gt =q"
da 0 ifqkt<qg®

dwrl (0 if gt = q"
da 0 if gkt <q®

The buyer’s DM value functions are
Vim + e + (df" + dE™)/p, a, dF, dHT)

(di™ + dim)

22 air o)

= &hu(gi") — Wi + W <m te+
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Viim + e + (df' + diY /¢, a, df, dHY)
=&u(@f) — o' + W(im + e+ (di* + dfV) /¢, a,di', i, 0)
Vh(m+ ¢,a,0,0) = E"Mu(gi™) — o + W(m + ¢, a,0,0,0)
Vim+¢,a,0,0) = E'u(ghh) — ' + W(m + ¢,a,0,0,0)
Vi(m + (di* +dg") /b, a, d, dEM)
= &Mu(qi™) — i + W(m + (dy + do) /¢, a,di, dg", 0)
Vim + (dit +dgh /¢, a, dif, dih)
= &u(gt) — wi + W(m+ (dit + dih /¢, a,dit, i, 0)
Vh(m,a,0,0) = E"Mu(qi™) — wi* + W(m, a,0,0,0)
Vi(m,a,0,0) = Eu(gkh) — wkt + W(m, a,0,0,0)

(3.3a) to (3.3h)

3.4  General Equilibrium
WLOG, we drop subscripts and superscripts for ease of notation. Define the

liquidity premium as

o 0 ifq=q"
1h(q) = fwﬁ‘((‘;) S eEv@-c@l
1 A-o&u(g+oc@ 7151
0 ifq=q"

RO W
IMq) = o) 1=1 6[§u'(q)—c'(9)] if g <q

(1-6)¢u'(q) +6c'(q)
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L(q)

O]

M)

>

L* hx q
Figure 3.2: L"(q) vs L'(q) * ¢

From assumptions of u(q) and its curvature, we have, we have L'(q) < 0
and L' (q) < 0 for q € [0,q"]. This implies that for g, > q;, we have L(gq,) <
L(qy).

u(q)
Erhu(q)

Eu(q)

q * qh*

Figure 3.3: £"u(q) vs &'u(q)

N 4

Let q. denote the DM quantity consumed with access to credit market and

. . d .. .
q, without access to credit market. Let g, = ?“ denote the additional DM quantity

. . da . .
consumed with unsecured credit and g, = ?“ with secured credit. Then q. = q,, +

qu + qq- Note that q. > q,, so L(q.) < L(q,)-
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Next to solve the debt decision, we substitute (3.3a)-(3.3d) into (3.2a)-(3.2d)

to get
J"(m+¢,a) = _pax [fhu(q whh
dHh +dHh
+ W <m +e+ U(ﬁfa), a, dfih, diit, 0) — Dgnsg cl
J'tm+¢,a) = max [{lu(qc wht

+Wn + e+ (@l + diY /¢, a,dl dH 0) — Ty, c]

Jm,a) = max, [fhu(q ") — W+ W(m + (dy, + dg)/$, a,dif, d", 0)
— lgznso C]
Jt(m,a) = Ipax [flu(qC Ly W(im+ (d5 + diY /¢, a, dEE, dEL 0)
— ]Id1&1>0 : c]

WLOG, we show the solution for g, Solving the rest of the DM quantities

are similar. Substituting th = C[n q

+ qf", we get
J"(m+¢,a) = _pax [fhu(q whh
+W(mn + e+ (di + di) /¢, a, A", dH", 0) — Tyans, - c]
FOC with respect to df"* gives
oJ" h Hh | JHh Hh JHR
S = dHh[f u(gl") = " + W(m + e + (@ff" + ")/, a,dff", i, 0)
u
— lgrngg - C]
aj* _ _, ou(qt h) aq awé”’ dqhh N d m+ &+ (di" + alit)
adlih — > T gghh gqlih T ggih gqiR T gghh @

REYTD [(1+ by)dl"]
u
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oJ"

1
g = S @™ 2 (Hh) w’(qé’h)-mﬂ—(ubu)

aJt
ad{jh = Lh(qé‘-lh) - bu
Maximizing d", we get
by 2 L"(q¢™)

with equality if df"

> 0. This says that agents will take on additional unsecured
debt up till the level b, = L*(qf").

This also implicitly implies that agents will only take on additional
unsecured debt if b, < L*(qH") if unsecured debt is cheaper than secured debt or
b, < L"(gH" 4+ qH™) if secured debt is cheaper than unsecured debt.

For secured debt, we can derive similar condition
bq = L"(qf™)

with equality if df"

> 0 and agents will take on additional secured debt up till the
level b, = L*(qH™).

However, in addition to the conditions for unsecured debt, agents will only
take on secured debt if the additional utility from taking on the debt exceeds the
fixed cost to access the debt.

If b, > b,, the fixed cost condition is

¢ < &Mu(@d™ —ul@h™] — wi™ — wff" = bad,
If b, < b,, the fixed cost condition is
¢ < §Mulqd™ —u(gi™ + qi™] — wi™ — Wity — bad,
Next for optimal portfolio decision for m and a, we work backwards by

differentiating 3a-3h with respect to m and a. In general,

ov dq 0W(m,a,d,dg,0)

om = LG+ am
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v dq 0oW(m,a,d,,d,0)

9a = L@t 32
FOC for q,
9n 0 if qn =2 q
om i <qg*
gy <A

ow(qy) _ {0 if g, = q"
om ¢ ifqgu<q”

%:{0 if g2 q°
da 0 ifq.<q

dw(qn) _ {0 if qn=q"
da 0 ifqu<q”

where we dropped the superscripts for brevity.
FOC for q,

0 ifq.=q"
ifq.<q"

09,

om

w'(q.)

dw(qe) _ {0 if q. = q"
am ¢ if qc < CI*

5 0 l'f q = q*
le = Kl/) ‘

da — if qc < q*
w,(CIC) ¢

aw(qc):{ 0 ifq. = q"
Y+n ifq. <q’

da
where we dropped the superscripts for brevity.
Putting everything together, we get
¢ = ¢BI1 + oanpL" (™) + can(1 — p)L"(q¢™) + oa(1 — m)pL (g
+oa(l—m(1-p)L'(qe") + o(1 — a)mpLl(q;™)
+0o(1 - a)n(l - p)L"(gi") +o(1 — ) (1 — m)pL'(q)H)

+o(1—a)(1—m)(1 - p)L'(g5H]
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Letl+i= % Then above becomes

i = oanpLl(qi™) + can(1 — p)L"(qé") + oa(1 — m)pL* (gt
+oa(l—m)(1—p)L'(ge) + o(1 — a)mpL™(gf™)
+0(1 - a)n(1—p)L"(g5") + o(1 — a)(1 — m)pL (")
+0(1—a)(1 —m)(1 - p)L(g:h)
(3.4)
Similarly, for the asset
Y 2 (P + 7)1+ oanpl"(qi") + oan(1 — p)L"(gE) + oar (1 — M)pLH (")
+oa(l —m)(1 - p)L'(ge) + o(1 — a)mpL (™)
+0(1—a)n(l - p)L"(g5") + o(1 — &) (1 — m)pL*(q5")
+0o(1—a)(1-m)(1 - p)L(g:)]
(3.5)
Here, if the stock of asset is not limiting, then the asset is priced

fundamentally where 1 = (1/7 + ﬁ)ﬁ ory = f_—nﬁ For simplicity, we assume that

the asset is always in abundance so that it is priced fundamentally.
Refer to the appendix for alternative method of solving the equilibrium by

the Lagrangian method.

3.4.1 Equilibrium Regions
WLOG, agents take as given exogenous parameters such as the inflation rate i, and
borrowing costs b,, and b, along with the fixed cost for using secured credit c.

To solve for the general equilibrium we need to work our way upwards, by
first assuming that agents regardless of types carry sufficient money such that they

do not require credit to obtain g'*.
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Next we slowly reduce the money holding until the first agent that needs to
use credit is encountered while the rest of the agents still do not need credit. This
first agent is the low-income high-consumption need type. We work out the debt
conditions for this scenario and compare if the exogenous debt parameters meet
such a scenario.

If the exogenous debt parameters do not meet the above scenario, we then
continue by reducing the money holdings even further until the second agent who

requires credit is encountered, checking the debt conditions for a match. And so on.

Region qHt qHh ar '
A q“ q" q" q
B q“ g™ q" ¢pm
ct @ | emo | o #m
C2 q“ g™ om ¢m
D q“ p(m+¢) ¢pm ¢m
E p(m+¢) p(m+¢) ¢m ¢m
Region 4

Agents carry sufficient money and do not require credit to obtain g**. Here g >
q"* and g > q™*, and g% > q"* and g% > g"* so we have
al' = qn' = q"
qé" = qi" = q™
q' =qi =q"
a" = qi"* = q™

So (3.4) gives
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i = oanpL" (™) + can(1 — p)L*(qé") + oa(1 — m)pL* (g
+oa(l-m(1 - p)L(qe) + o(1 — )mpLl™(qi™)
+0(1 - (1 - p)L"(gz") + o(1 — )(1 — m)pL*(qf")
+0(1 - a)(1 - m)(1 - p)L'(gr)

i = canpLl®(q"*) + can(1 — p)L"(g™*) + ca(1 — m)pLt(q")
+oa(l—m)(1 - p)L'(g™) + o(1 — a)mpL"(q"*)
+o0(1—a)n(1 - p)L"(g") + o(1 — &) (1 — M)pL'(q"™)
+o0(1-a)(1 - m)(1 - p)L(g"™)

i=0 (3.6A)

This says that this scenario occurs only if i = 0 regardless of what the debt

onditions are

hx HAh....oHh.
q q5q

*
Hi... oLl
a Y4

lap

Figure 3.4: Region A

Region B
Since i > 0 generally, agents carry less money than what is optimal. As i increases

from 0, we have

ql' = qi' = q"
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qé" = qi" = q™
q' =qi =q"
at < q™
So (3.4) gives

i = oanpL" (™) + can(1 — p)L*(qé") + oa(1 — m)pL* (g
+oa(l-m(1-p)L(qe) + o(1 — a)mpLl™(q;™)
+0(1 —a)n(l - p)L"(gi") + o(1 — ) (1 — m)pL'(q)H)
+o(1—-a)(1—m)(1—p)L(qi)

i = oanpL"(@") + oan(1 — p)L"(gi") + oa(1 — m)pL (g™)
+oa(l-m)(1-p)L'(q") + o(1 — a)mpL"(g")
+o(1-a)n(1 - p)L"(gi") + o(1 — a)(1 = m)pL'(q"™)
+o(1-a)(1-m( - p)L'(q™)

i =on(1-p)lal(ge") + (1 — &)L (qz™M)]
(3.6B)
The above scenario (agents carry less and less money) continues until the
second agent requires who requires credit is encountered.
For continuity, the boundary i,p is defined when (A)=(B), and the
conditions are
0 =on(1-p)lal™(qé") + (1 — &)L (gz")]
0 =on(1-p)lal™(@™) + (1 - a)L*(g")]
which says that at i, low-income high consumption agents must carry enough

money to get q"**.
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Next we check the debt conditions.

V'
A B
qm it
g%
GHL gt
zAB fBC i

Figure 3.5: Region B

Low-income high consumption need agents will borrow until the limit
b, = L(q.)
b, = L(q.)

which means that if the debt limit and fixed costs are not binding, they will borrow
to consume g™ only if b, = 0, b, =0, or both. Else they will borrow up to a

quantity less than q™* indicated by the horizontal line just below g"*.

V'
A B
q" gt
q“
q".q
isp izc !

Figure 3.6: Region B with low money holdings
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Region C

As i increases further, agents carry less and less money. The next agent to
require credit to achieve g* depends on the size of the endowment ¢ and the levels
of g™ and q"*.

Assume the worst-case scenario where low-income agents carry just enough
money to consume q**. Then high-income agents can consume q** + &. If g"* >
q"* + ¢, then high-income agents do not have enough to consume g"*. If ¢g"* <
g" + &, then high-income agents have enough to consume g**, and as we move a
little more where low-income agents do not carry enough money to consume q**,
they are the next agents who need credit while high-income agents still can consume
g™ without credit.
Proposition 3.1: If g"* — g'* > ¢, Region C1 holds. If ¢"* — ¢"* < ¢, Region C2
holds.
Proof. See derivation of ¢"* for C1 and g** for C2 below. End of proof.

If g™ — q'* > &, the second agent requiring credit are high-income high

consumption agents.

V'S
A B Cl D
hx
a =g
.|
an
q- gt gt
T - i >l
Y:] lgc lep

Figure 3.7: Region C1
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al' = qn' = q"
" < q"
' =qi =q"
it < q™
So (3.4) gives

i = canpL®(gi™) + can(1 — p)L"(gt™) + oa(1 — m)pLt(gHY)
+oa(1—m)(1-p)L(qe) + o(1 — a)mpL"(gi™)
+0(1 - (1 - p)L"(gz") + o(1 — ) (1 — m)pL*(qf")
+0(1-a)(1 -m)(1 - p)L'(gi)

i = canpL®(gf") + can(1 — p)L"(gt") + oa (1 — m)pLt(q™)
+oa(1-m(1-p)L'(g") + o(1 — o)mpL"(qn")
+o(1—a)n(1 - p)L"(gi") + o(1 — a)(1 — m)pL(q")
+o(1-a)(1-m(1 - p)L(q")

i = ocampL®(gf") + o(1 — a)mpL(gi™)
+on(1 — p)[aLl"(gt") + (1 — )L (giM)]
(3.6C1)
For continuity, the boundary ig is defined when (B)=(C1), and the conditions are
on(1 - p)laLl(ge") + (1 — )L (qz")]
= canpLl(qgf") + 6(1 — a)mpL*(gih)
+ on(1 — p)[aLl"(gt") + (1 — )L (g&M)]
0 = canpL*(gf") + o(1 — a)mpL(gi")

which says that at i, high-income high consumption agents must carry enough

money to get q"**.
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If g™ — q"* < €, the second agent requiring credit are low-income low

consumption agents.

V'
A B Cc2
h
qn* q"
q“ _ g
e
ax
= = = i
lap lpc lep

Figure 3.8: Region C2

al' = qi' = q"
qé" = qi" = q™
0 <q"
" < q"
So (3.4) gives
i = canpL®(gf™) + can(1 — p)L"(gt") + oca(1 — m)pLt(gHY)
+oa(l—m)(1 - p)L(ge) + o(1 — a)mpL™ (g™
+0(1—a)n(1l - p)L"(gi") + o(1 — &) (1 — m)pL*(q7"
+0(1—-a)(1—m)(1 - p)L(grh)
i = canpLl®(g"*) + can(1 — p)L"(gt") + ca(1 — m)pLt(g™)
+oa(l-m)(1 - p)L(ge) + o(1 — a)mpL™ (™)
+0(1 - a)n(1—p)L"(g5") + o(1 — a)(1 — m)pL(q")

+o(1—a)(1—m)(1 - p)L'(gs)
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i =on(1-p)lal*(q"™) + (1 — a)L"(giM] + oa(l — m)(1 — p)L'(qé)
+o(1-a)(1-m(A - p)L(g:)
(3.6C2)
The above scenario (agents carry less and less money) continues until the
second agent requires who requires credit is encountered.
For continuity, the boundary i is defined when (3.6B) equals (3.6C2),
and the conditions are
on(1— p)lal(qe™) + (1 — )L (qz™)]
= on(1 - p)laLl(qgz™) + (1 — )L (qz")]
+oa(l-m(1-p)L(qe) + o1 — )1 - m)(1 - p)L'(qr)
0=0a(l-m(1-pL(q") + 01— a)1-m)(1-p)L(gr)
which says that at i, low-income low consumption agents must carry enough

money to get q**

Region D
As i increases further, agents carry even less money. In this region, three agents
require credit to achieve g* which are high-income high consumption agents, low-
income high consumption agents and low-income low consumption agents.
al' = qi' = q"

" < q"

' < q"

" <q"

So (3.4) gives
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i = oanpL" (™) + can(1 — p)L*(qé") + oa(1 — m)pL* (g
+oa(l-m(1-p)L(qe) + o(1 — a)mpLl™(q;"™)
+0(1 - a)n(1—p)L"(g;") + o(1 — a)(1 — m)pL ()
+o(1-a)(1-m)(1 - p)L(g)
i = oanpL"(g") + can(1 - p)L*(qé") + oa(1 — m)pL'(q")
+oa(l—m)(1 - p)L'(gé) + o(1 — a)mpL™(gi")
+0(1 - a)n(1—p)L"(g5") + o(1 — a)(1 — m)pL(q")
+o(1-a)(1-m( - p)L'(g:h)
i = oanpL"(qf™) + can(1 — p)L"(q¢") + oa(1 —m)(1 — p)L'(qc")
+0(1 - a)mpLl"(g") + o(1 — a)m(1 - p)L" (g5
+0(1-a)(1-m)(1 - p)Ligr)
(3.6D)
If we come here from Region C1, then for continuity (3.6C1) equals
(3.6D)
canpL™(qé"™) + o(1 — a)mpL"(g") + o (1 — p)[aLl(gé™) + (1 — a) L (g5™)]
= oanpLl(q{™) + oan(1 - p)L"(q¢™)
+oa(l—m(1-p)L(qe) + o(1 — a)mpLl™(gi™)
+0(1 - a)n(1 - p)L"(gi") + o(1 — a)(1 = m)(1 = p)L(gH)
0=oca(l-m)(1-p)LH(gi) +0o(1-a)(1—m)(1-p)L(g:")
which says that at ip, low-income low consumption agents carry enough money to

get g™
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A B Cc1 D E
hx
q p—
=._ -l Hh
\.\ \.‘h
.\ \-
~. ~
~ Hh
R
Ix HL
q =T q
S
=4 L
([71
i i i i i
lap BC cD DE

Figure 3.9: Region D from C1

If we come here from Region C2, then for continuity (3.6C2) equals
(3.6D)
oa(l1—m)(1—p)L'(gt) + o(1 — )1 —m)(1 — p)L'(gH)
= ocanpL"(gf") + can(1 — p)L*(qi™)
+oa(l—m)(1 - p)L'(gi) + o(1 — @)mpL" (gi™)
+0o(1-a)r(1 - p)L"(gi") +o(1 — a)(1 = m)(1 - p)L'(g7)
0 = oanpL"(gf™) + can(1 — p)L"(gi™)
which says that at ip, high-income high consumption agents must carry enough

money to get q"**.
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A B c2 D
h*
q i
~ _\\ q! h
. Hh
=~ an
1%
HL
q ~ o 4
<
~o .
LT ~
qﬂ. ~ ~ -
~ -~
~
-~ -~
< - < b L
ixp igc lep IpE

Figure 3.10: Region D from C2

Region E

As i increases further, agents carry even less money. In this region, all agents do
not carry enough money to consume q* and would rely on credit.
an' <q“
an" <q"
' < q"
at < q™
So (3.4) gives
i = oanpL" (™) + can(1 — p)L*(qé") + oa(1 — m)pL' (g
+oa(l—m(1-p)L'(qe) + o(1 — a)mpLl™(q;™)
+0(1 - a)n(1l - p)L"(gi") + o(1 — ) (1 — m)pL'(q)H)
+o(1-a)(1—m)(1 - p)L(g)
(3.6E)
For continuity, the boundary i is defined when (D)=(E), and the

conditions are
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canpL™(gf"™) + oan(1 — p)L*(qi") + oa(1 — m)(1 — p)L* (gé")
+0(1 — )mpLl™ (@™ + o(1 — a)n(1 — p)L"(q5")
+o(1—a)(1—m)(1—p)L(gi)
= oanpL™(qf™) + oan(1 — p)L"(qi") + oa(1 — m)pL'(qf")
+oa(l-m(1 - p)L(qe) + o(1 — )mpLl™(qi™)
+0(1 - a)n(1 - p)L"(gi") + o(1 — &) (1 — m)pL*(q7")
+0(1—a)(1 = m)(1 - p)L (g5
0 =oa(l—mpL (g +o(1 — a)(1 — m)pL'(qf")
which says that at ip, high-income low consumption agents must carry enough

money to get q"**.

VN
A B C1 D E
hx
q p—
~ ~. h
C— - qH
T~]. \.\C
~‘.\\.~
. Hh
~ .qn
Lx Hl
q < “
s
S~
~~_
~~ <
i i i i L
AB BC CcD DE

Figure 3.11: Region E from C1
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Figure 3.12: Region E from C2

3.4.2 Endogenous Choice of Debt

Zooming in to when the agent starts to require credit, agents’ choice of debt is
characterised by the following:
e [Region I] At the beginning, because the marginal benefit may not exceed
the cost of debt, agents may not take on debt and so g, = q,,.
e [Region II] When agents start to take on debt, if unconstrained by debt
limits, they will take on debt until b = L(q.).
e [Region III] As agents take on even more debt, they become constrained by

debt limits and borrow to consume q., but g, is now b < L(q,).
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L(qc)

q
}Difference between
q*and b = )

qn
Constrained by

\ debt limit

— ad

d = 0 because cost of
debt exceeds benefit

Figure 3.13: Regions I to III

Region [
In this region, agents do not find it optimal to increase consumption with debt.
Hence both unsecured and credit must be unattractive:

e For unsecured debt, the cost of debt exceeds the marginal benefit of any

additional consumption with credit
b, > L(qn)

e For secured credit, either the cost of debt exceeds the marginal benefit of
any additional consumption with credit in which the fixed cost does not
matter

ba > L(qn)
¢ does not matter
or the cost of debt does not exceed the marginal benefit of any additional
consumption with credit but the fixed cost is expensive
ba < L(qn)

¢ > §[ulqe) —ulga)] — [we — ws]
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Region 11

In this region, agents find it optimal to increase consumption with debt. Hence either

unsecured credit, secured credit or both must be attractive:

b, < L(q,,)
Case | bu=Llaw ¢ = lu(ge) o ulgn)] — [wg — o]
1 Yes No
11 No Yes
111 Yes Yes
o [Casei]

Agents will use unsecured credit only to increase consumption up till the
point
by = L(qc)
where q. = q,, + q,. The agent is unconstrained by debt limit
d, <D,

L(qn) .
Qn’ln

Note that since by assumption b,, > b, which implies b, < b,, <

this case, we must have ¢ > &[u(q:) — u(qs)] — [we — wz] in order for

agents to not want to use secured credit.

[Case ii]
Agents will use secured credit only to increase consumption up till the point
ba = L(qc)
where q. = q,, + q,. The fixed cost to access secured credit is less than the
benefit of increased consumption
¢ < &fulqe) —ulgn)] — [we — wyl
and the agent is unconstrained by debt limit

d, < kya
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e [Case iii]
Agents will use mixture of unsecured and secured credit to increase
consumption. Here, one debt constrain may bind but not both.
Since by assumption b,, > b,, we start with agents taking on secured debt
first.
Case iii-a
Agents use only secured debt.
ba = L(qq + qn)
¢ < §[u(qq + qn) — ulgn)] — [Wain — wnl
d, < kya
by > L(qa + qn)
Case iii-b
Agents use secured debt first, but reaches debt limit and supplement with
unsecured debt.
ba = L(qq + qn)
¢ < §[u(qq + qn) — ulgn)] — [Wain — wnl
d, = ka
by = L(qu + qa + qn)
d, < Dy
Case iii-c

Agents use only unsecured debt. Conditions are similar to Case 1.

Region 111

In this region, agents find it optimal to increase consumption with debt but are

constrained by debt limits.
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[Case 1]
Agents use only secured debt.
ba = L(qa + qn)
¢ < &[u(qq + qn) — u(gn)] — [wa4n — Wyl
d, = ka
by > L(qq + qn)
[Case ii]

Agents use secured debt first, but reaches debt limit and supplement with unsecured

debt.
ba = L(qa + qn)
¢ < &[u(qq + qn) — u(qn)] — [wg4n — @yl
d, = kpa
by = L(qu + qa + qn)
dy, = Dy

[Case iii]
Agents use only unsecured debt.

b, < L(gn)

c> f[u(Qa + qn) - u(Qn)] - [wa+n - wn]

b, = L(qu + qn)

Note that because of the curvature of u(q), if agents do not find it
worthwhile to take on secured credit first because of the fixed cost, they will find it
worthwhile to take on unsecured credit first than take on secured credit because the
marginal benefit at a lower level of q is greater than the marginal benefit for same

debt at higher q.
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Let G(c) be the g, required for fixed cost ¢, where
G7(e) = §ulqe) — u(gn)] — [we — w,]

L(q)

n L'(b,) L1(b,) q 4

G(o)
Figure 3.14: Curvature of L(q)

That is, if agents find it worthwhile to use secured credit, then there will be

a “jump” G(c) in the amount traded.

3.4.3 Comparative Statics

If only money is used

J i b, b, a p s
dm _ no no no _ +
do effect effect effect
dd, no no no no no no

d9 effect effect effect effect effect effect

dd, no no no no no no
d9 effect effect effect effect effect effect

Proof: Differentiating with respect to i, we get
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Hh ath aqu
1= oprLl" (") ——+ o(1 = p)nL" (¢"") ——+ op(1 — m)L" (") —
0i 0i 0i
aqu
+o(1-p)(1- ﬂ)Ll’(q“)T

WLOG, consider Region la where qf! = ¢m + € and q- = ¢m, which

simplifies to g = q* + €. The above various q can then be replaced in terms of q~.

i ' < ives 20 dm _ 99 , 09 am '
Since L'(q) < 0, this gives 5 < 0. From — = — /am , we get — < 0. Regions

1b to le is similar but easier since one or more of the q is ¢* and differentiating
with respect to a constant gives zero and the respective % can be removed from the
equation.

Differentiating individual q with respect to b, and b, gives Z—Z =0.

Differentiating with a, we get

hi ¢ HR i W ¢ Lh aq"" U ¢ HI g™
0 =opnLl*(q™™) Fy o(1-p)nl* (¢"") et op(1—m)L* (q"°) e
aqu
1-p)1-mL"(g")——
+o(1-p)A—-m)L" () e
. . 0q _
which gives us Py 0.
Differentiating with respect to p, we get
ath , ath
0 = onL"(qg"") + opr LV (¢''") e onl*(@"") + o(1 — p)rL™ (¢*") ¥T3
I aqu
+o(l=mLi(g™) +op(1 —mL (¢") =5 = — o1 — L' (g")

aqu
+o(1-p)A-mL"(@")——
dp
Again WLOG, consider Region 1a where g” = g% + ¢. Re-expressing the

. L aqf  aqt
above in terms of g~ where 90 = a0 Ve get
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d L , 0 L
0 = onL"(q" + &) + opnL™ (¢* + ) % — onl*(q") + o(1 = p)nl™ (¢") %

0 L
+0(1 —m)LHq* +¢€) + op(1 —m)LY(q* + e)%

oqt
—o(1-mL'(g") +0(1—-p)(1 - ﬂ)Ll'(qL)E

Since L(q) =0 and L'(q) <0, along with L(gt+¢) <L(q"), re-
arranging the above gives
—[Ganh'(qL + &)+ o(1 — p)rl (g¥) + op(1 — W)LV (g* + €)

a L
+0(1—p)(1 — ML (g")] %

= onL"(q* + &) — onL*(q") + (1 — m)L}(q" + &)

—o(1-mLi(q")

. . aqt dm _ dq ,dq dm
which gives us 20 < 0. From - ap/am , we get . <O0.

Differentiating with respect to r, we get

a Hh
1 = opL™(q"") + oprL™ (¢"™) g—n +0o(1-p)L"(g"")
n'( Lh aq*" Lo Hi
+o(1—p)rl* (") 5, —opL (@)
U HI aqu 1( Ll
+op(1—mL (™) p —o(1-p)L'(qg™)

aqu
1— 1— Lll Ll
+o(1-pA-mL"(q") -
Again WLOG, consider Region 1a where g = q* + £ with L*(q) > L'(q).

. . aqfl _ aql
Re-expressing the above in terms of g~ where aq_n = %, we get
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—[opnL? (¢* + &) + o(1 = p)nL" (¢") + op(1 — W)LV (¢" + €)

0
+o(1-p)(1 - ML (gh)] 5
= opL*(q" + &) — oLl (q" + &) + 6(1 — p)L*(q")
—o(1 - p)L(q")
dm 6q/§q

am
whlchglvesusa—>0 From — = — /-, we get — > 0.

End of proof-

If both money and unsecured debt are used

9 i b, b, a p T
dm no
d9 B + effect B B +
dd, no
do + B effect + B +
dd, no no no no no no
d9 effect effect effect effect effect effect
Proof: Differentiating with respect to i, we get
dqth d
1 = oprL" (q"") g +oa(1l — p)nLl" (qt") —— qc
Lh 0 qu
+o(1—a)(1 - p)nL" (g5 ) +op(1 —mL"(¢") ——

aqu
+o(1 = p)(1 - ML (¢ ——
WLOG, consider Region 2-lia where gt = gi" = ¢m and express the

various q in terms of g%t or g&". Since L'(q) < 0, this gives a_ <0orqgki<o0.

am 5} d dm . . . .
=27 e get — < 0. Regions 1b to le is similar but easier since one

From
di
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or more of the q is ¢* and differentiating with respect to a constant gives zero and

. D :
the respective a—? can be removed from the equation.

Since b, = L"(qf™) and differentiating with respect to b, gives 1 =

h(,Hh h Hh
L(q ). 20" . Because (qC)<0wehave <O From 2% = 24 6_q’
aq oby aq 6bu dby 0by, " Om
get E <0.
Differentiating individual g with respect to b, gives :Tq = 0.
Differentiating with respect to «, we get
Hh gLh
0 = opmL" (") +0(1—p)nl"(qt") + oa(1 — )ﬂL"’(qéh)

Joa

h
—o(1 - p)al"(giM) + o(1 —a)(1 - p)ﬂL’”(qﬁh) I

Hl aqu
+op(1— ﬂ)Ll'(qHZ) +o(1-p)(1 -m)L¥"(g") Pa
Re-expressing the above in terms of g™ or g, we get

aqu aqu
0 = opmL" (") 5o tol- p)rL"(qt") + oa(1 — p)mL™ (gt o

) aqu
—o(1 - p)nl*(@5") + o(1 — a)(1 — p)mL™ (g5™) v

aqu aqu
+op(1 —mL" (") 5 —+ 01— p)(1 ~ m)L"(g") — —

we

Since L(g) = 0 and L'(q) < 0, along with L(g:") < L(q%"), re-arranging

the above gives

~[opmL (¢"") + oa(1 — p)mL" (qi") + o(1 — a)(1 — p)mL™ (q5")

L
+0(1 - a)(1 - p)nL"(qz") + o(1 - p)(1 —m)L" (q")] aaip

= o(1 - p)nL™(g¢") — o(1 — p)mL (")
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. . aqt
which gives us % < 0. From

End of proof-

am

da

If both money and secured debt are used

__0q ,0q dm
—aa/am,wegetda < 0.

J [ b, b, a p T
dm no
d9 B effect + B B +
dd, no no no no no no
dy | effect effect effect effect effect effect
dd, no
49 + effect B + B +
Proof: Differentiating with respect to i, we get
Hh gL
1 = opnl" (¢""™) —— + oa(1 — p)nLV (¢tM) ——
adi adi
0 Lh 0 Hl
+o(1 = @)1 - L (gF) 2 + op(1 — ML (") o
0 Ll
+o(1-p)(1 - ML (") =

WLOG, consider Region 2-lia where gt = gi" = ¢m and express the
. . . .. oqH
various q in terms of g%t or g5, Since L'(q) < 0, this gives % <0orqgki<o.
dm dq , dq dm . . . .
From o E/ S Weget—= < 0. Regions 1b to 1e is similar but easier since one

or more of the g is g and differentiating with respect to a constant gives zero and

. @ .
the respective a—(z can be removed from the equation.

Differentiating individual g with respect to b, gives :Tq =0.
u
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Since b, = L"(gf") and differentiating with respect to b, gives 1 =

oL (qf") aqit
6qc by’

h(Hh

qé™) dm _ dq ,0q

. Beca 9Lc ) 0 we ha 0. From—=—/—F/, w
ecause FqLF < e Veaa< om 2= = - > WE

getd—ba< 0.

Differentiating with respect to a, we get

Hh a Lh
+0(1 = p)rl*(qc") + oa(1 - p)wl" (qc") 5 —

9
0 = opnL™(q"") g

Lh
—o(1 - p)aL"(gim) + o(1 — a)(1 — p)L" (g5" )

Hl aqu
+op(1— ﬂ)Ll’(q’”) +o(1-p)(1 -m)L¥"(g") ¥

Re-expressing the above in terms of g* or g5, we get

a Ll aqu
0= GpﬂL"’(q”h)— +0(1 - p)nl"(gt") + oa(1 — p)nL" (qf h)—a

aqu
—o(1—p)nl"(gi") + o(1 — ) (1 — p)mL" (g h)—a

+op(1 —m)L"( ”l)aqu+ (1-p)(A -mL"( ”)aqu
°p & T %q 7 ° P & T 5a

Since L(g) = 0 and L'(q) < 0, along with L(g:") < L(q%"), re-arranging

the above gives

~[opnL™ (") + oa(1 — p)nL™ (qé") + o(1 — a)(1 — p)m L™ (g
aqt
+o(1—a)(1 - p)nL" (g™ + o(1 — p)(1 — m)L" ("] o

= o(1 — p)nL"(gt") — o(1 — p)mL (g&"

. . aqt d
which gives us 2 < 0. From == =

adq , 0q dm
da ’ da aa/am , We get da <0.

End of proof-

123



If money, unsecured and secured debt are used

9

i

by,

by

dm

+

+

dd

ddy | _
v

dd,
v

no effect + - +

+ no effect — + — +

Proof: Differentiating with respect to i, we get

Hh

0
T+ oa(1 - pml (@) = qc

Hh)

1=opnl¥(q

Lh Hl

+o(l—a)(1— p)nLh’(qkh) +op(1 - n)Ll’(q’“)

Ll

+o(1 - p)(1 ~ LY (g agi

Lh _—

WLOG, consider Region 2-lia where q'! = g5* = ¢m and express the

various g in terms of g™ or g5*. Since L'(q) < 0, this glves —_ < 0or gk* < 0.

dm 0 0
From 2= =21 /%4

am . e . .
= 5./ 5 weget—< 0. Regions 1b to le is similar but easier since one

or more of the q is ¢* and differentiating with respect to a constant gives zero and
.9 .
the respective a—? can be removed from the equation.

Since b, = L"(gf") and differentiating with respect to b, gives 1 =

oL (qf") aqit oL (qHM) aqkh am  dq ,dq

— . Because ——— < 0 we ha ¢ <0.From—=-—/" w
Sqb "y Because — 7= < 0 we have = < om == 2= /o we
t— 0.

get o= <
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Since b, = L"(gf") and differentiating with respect to b, gives 1 =

oL (qf") aqit
6qc by’

h(Hh

qé™) dm _ dq ,0q

. Beca 9Lc ) 0 we ha 0. From—=—/—F/, w
ecause FqLF < e Veaa< om 2= = - > WE

getd—ba< 0.

Differentiating with respect to a, we get

Hh a Lh
+0(1 = p)rl*(qc") + oa(1 - p)wl" (qc") 5 —

9
0 = opnL™(q"") g

Lh
—o(1 - p)aL"(gim) + o(1 — a)(1 — p)L" (g5" )

Hl aqu
+op(1— ﬂ)Ll’(q’”) +o(1-p)(1 -m)L¥"(g") ¥

Re-expressing the above in terms of g* or g5", we get

a Ll aqu
0= GpﬂL"’(q”h)— +0(1 - p)nl"(gt") + oa(1 — p)nL" (qf h)—a

aqu
—o(1—p)nl"(gi") + o(1 — ) (1 — p)mL" (g h)—a

+op(1 —m)L"( ”l)aqu+ (1-p)(A -mL"( ”)aqu
°p & T %q 7 ° P & T 5a

Since L(g) = 0 and L'(q) < 0, along with L(g:") < L(q%"), re-

arranging the above gives

~[opnL™ (") + oa(1 — p)nL™ (qé") + o(1 — a)(1 — p)m L™ (g
aqt
+o(1—a)(1 - p)nL" (g™ + o(1 — p)(1 — m)L" ("] o

= o(1 — p)nL"(gt") — o(1 — p)mL (g&"

. . aqt d
which gives us 2 < 0. From == =

adq , 0q dm
da ’ da aa/am , We get da <0.

End of proof-
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3.4.4 Endogenous Debt Rates
Assuming a reserved ratio is imposed on banks. Based on the reserve ratio R, banks
can only loan out 1 — R of their deposits. The total deposits from sellers is (1 — )l
while the total loan to buyers is the sum of proportion of each type of buyers or
camp[di® + di"] + carn (1 — p)[d5* + dEM] + ca(1 — m)p[dft + dH'] +
oa(1—m)(1 - p)[di + dL']. Hence, we must have

camp[di™ + di"] + can (1 — p)[d5* + dEM] + ca(1 — m)p[dHt + dH

+oa(1—-m)(1—p)[di +di] < (1-R)(1 — o)l

which we assume is non-binding. Note here it is the total sum of debt issues, not the
expected sum of debt the banks expect to get back.

Banks optimize profit on debt issued:

max {(1 — n)oamp [(1 + b)diA" + (1 + b)di" + ¢ - ]Idgh>0]

dy,dg

+ (1= n)oan(l - p) (1 + b )AL + (1 + ba)d&" + ¢ - Lypns, ]
+ (1= n)oa(l - mp |1+ b)dl + (1 + b)dH + c - Iy, |
+ (1= n)oa(l - m)(1L - p) [(1+ b)dk! + (1 + b)ds +c

- Hd1&1>0] + noanprypat™ + noarw (1 — p)kpa”

+ noa(1 — m)prxpa™ + noa(1 — m)(1 — p)rxpa®t

— (1-0)(1+ bl
where banks are only able to recover 1 — n fraction of the loans. For the fraction n
loans that are forfeited, only kipa are recovered from the secured loans. We assume
perfect competition, so banks have zero profits and all have the same rates.

Hence
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0= (1 — moanp [(1+b)dll" + (1 + b)di" + - Lyns |
+ (1= m)oam(1 = p) [(1 + b )AL + (1 + bo)ds + ¢ Lns ]
+ (1= m)oa(l—mp [(1+b)df + (1 + b)dl +c - Ly, |
+ (1 —n)oa(l —n)(1 - p) [(1 +b)dY + (1 + b)d + ¢
- Hdél>0] + noanpkypat™ + noarw (1 — p)kpa”

+ noa(1 — m)prxpa’ + noa (1 — n)(1 — p)xpa*t
— (1 =0)(1+ B!
Re-arranging, we get

(1-0)(1+ b))l
= (1 = m)oanp [(1+ bl + (1 + b)d™ + ¢ Ty
+ (1= n)oan(l = p) (1 + b )AL + (1 + ba)d&" + ¢ - Lypns, ]
+ (1= m)oa(l—m)p [(1+ b )l + (1 + b)dl +c - Ly, |
+ (1 —n)oa(l —n)(1 - p) [(1 +b)dY + (1 + b)d + ¢
- Hdél>0] + noanpkypa™ + noarw (1 — p)kpa”

+ noa(1 — m)pxpa’t + noa (1 — n)(1 — p)xpa*t
which says that the income from debt must equal the cost of deposits.
Assuming banks loan out the maximum, substituting the reserve ratio

requirement at equality into the above equation, we get
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camp[dfi® + di"] + can(1 — p)[dE* + di*] + oa(1 — m)p[d + dPY] + ca (1 — m)(1 — p)[dLt + dL]
1—-R

(
+by)

= (1= moamp [(1+ bIL" + (1 + A" + ¢ Ty

+ (1 —n)oan(1 - p) [(1 +b)di* + (1 + by)di" + ¢ - Hdgh>o]

+ (1 —n)oa(1l —m)p [(1 +b)dit + (1 + by)d + ¢ - Hdgu>0]

+(1-n)oa(l —m)(1-p) [(1 +b)dM + (1+ by)d4 + ¢ - udgl>o] + noamprpal™
+ noan(l — p)pat® + noa(l — m)prpat + noa(l — )(1 — p)ipa

In real terms, Ya¥ = (1 + ba)dilj where i € {L,H} and j € {l,h}, we
further simplify the above to

camp[dfi® + di"] + can(1 — p)[dE* + di*] + oa(1 — m)p[d* + dFY] + ca (1 — m)(1 — p)[dLt + dL]
1—-R

¢!
+by)

= (1 — n)oanp [(1 + b)di" + (1 + b )di" + ¢ - ]Idgh>o]

+ (1= m)oan (1 — p) [(1 + b )4 + (1 + bo)d4" + ¢ - Iguns |

+ (1= n)oa(l —m)p [(1 + by )di + (1 + b)dH! + c - I |

+(1-n)oa(l —m)(1—p) [(1 +b)dH + (1+ by)d4 + ¢ - udy>0] + noanpr(1 + by)dH"

+ noan(1 — p)k(1 + by)d:" + noa(1 — m)pr(1 + by)d? + noa(1 — m)(1 — p)k(1 + by)dL

The first-order condition with respect to d,,’s give

1 b _ b
b, = b
“T(1-R(1-n)

which gives b, > b for0 < R<land0 <n < 1.

The first-order condition with respect to d,;’s give

(1—n+nK)ba=(1IilR)
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T (1-R)[1-(1-Kx)n]

bq

which gives b, > b for0< R<1,0<n<land0 <k < 1.
For0<n<1land0 < k < 1, we have
b, > b,
and b, is the discounted rate of b,, because nk units of assets from the total loans
can be recovered.
We show the comparative statics of the effects of the various parameters

on the endogenous debt rates:

Y b, R n K
% + + + no effect

dy
db

2 + + + -
d9
o _ b; _ b; .
Substituting b, = rEEr Yo~ and b, = R a—on into the FOC for m,

we solve the equilibrium.

3.5 Quantitative Analysis

We assume the following functional forms for u(q) and c(q):

— 1—-
(q+€u)1 y_gu 4

u(q) = Ay

1-vy
1+&,
q
=A
C(q) C 1 + fc
Para. Description Value Source

Venkateswaran and Wright (2014), § =
B | Discount Factor 095 |0.95
Zhang (2014), B = 0.966

Buyer’s 0.50 Egalitarian bargaining rule for Kalai
bargaining power ) bargaining
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o Probability of 0.20 Set directly. For reference He et. al
DM consumption ] (2015), 0 =0.25
Probability Of. 2021 US Adult Access to Credit Card
a | access to credit 0.84 1
from Forbes
market
Probability of
n | high DM 0.20 | Set directly
consumption
Low DM
&Y | consumption 0.10 | Set directly
utility shock
High DM
&" | consumption 1.00 | Set directly
utility shock
Probability of Hall and Kud!yak (2019) 1'5-m0nth
p | receiving 077 |average of being employ_ed.
endowment Employed to employed = 0.954
Unemployed to employed = 0.586
e | Endowment 0.50 | Set directly
Coefficient of
A, | buyer utility 2.18 | Heet. al (2015)
function
Coefficient in
&, | buyer utility 0.00 | Heet. al (2015)
function
Exponent in
y | buyer utility 0.16 | Heet. al (2015)
function
Coefficient of
A. | seller cost 1.00 | Heet. al (2015)
function
¢ Exponent in seller 380 | Heet. al (2015)
¢ | cost function ' '
. . 2015-2019 Average inflation rate from
' Inflation 0.0155 Board of U.S. Burgeau of Labor Statistics?
Tnterest payable 2015-2019 Average interest on personal
b, 0.1004 | loans from Board of Governors of the
on unsecured debt 3
Federal Reserve System
Interest payable 2015-2019 Average interest on car loans
b, 0.0562 | from Board of Governors of the Federal
on secured debt 4
Reserve System

I See https://www.forbes.com/advisor/credit-cards/credit-card-
statistics/#:~:text=84%25%200%20U.S.%20adults%20had%20a%20credit%20card%20in%2020
21

2 See https://www.rateinflation.com/inflation-rate/usa-historical-inflation-rate which extracted data
from Bureau of Labor Statistics.

3 See https://www.federalreserve.gov/releases/g19/hist/cc_hist_tc_levels.html

4 See https://www.federalreserve.gov/releases/g19/hist/cc_hist_tc_levels.html
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Interest payable 2015-2019 Average interest on savings
b, | on savings 0.00072 | deposits from Federal Deposit Insurance
deposit Corporation’
Rate of default on 201 §-20 19 Average US Auto Loans
n 0.0398 | Delinquency from Federal Reserve Bank
secured debt 6
of New York
R | Reserve Ratio 0.0529 | Set directly to match model
Pennington-Cross (2006) with
Fraction of asset foreclosure data from:
that can be Shilling, Benjamin and Sirmans (1990),
Kk | recovered in open 0.77 | 76%
market during Forgey, Rutherford and VanBuskirk
default (1994), 77%
Hardin and Wolverton (1996), 75%
c Fixed cost to 0.0116 | Set directly to match model
seller for loans

Let welfare W be given by the total surplus in all DM meetings.

W = 6[oapnl§u(g"c) — w(q")] + oa(l - p)mleu(gHe) — w(q" )]
+oap(1 —m)[§"u(q""™) — w(g"™)]
+oa(l—p)(A - m)["ulg"") — w(q )]
+o0(1 — )pr[E'u(q"™) — w(g"™)]
+o(1 - )1 - p)r[¢'u(@™™) — w(g ™)
+o(1—a)p(1 —m)[E"ul@"™) — w(g"™)]
+o(1 - a)(1 - p)(A - u(@"™) ~ w(q""™)]| + oapre
Tgmie,o + oa(l —p)mc- TgLieso + oap(1—m)c- TgHnesq
+oa(l—p)(A —m)c Izhe,
+ (1 - 0)|oaprlw(ge) - c(q")]
+oa(1 - p)nfw(q”c) — c(q*)]
+oap(1 — m)[w(g"") — c(g"")]
+oa(l—p)1 - m[wlg") — c(g")]
+oa(l — a)prlw(@”™) — w(g"™)]
+oa(l - a)(1 - p)rfw(@ ™) — c(g"™)]
+oa(l—a)p(l —m)[w(@?™) — c(g""™)]

+oa(1 - a)(1 - p)(1 - W[w(g"™) - c(q“™)]|

5 See https://www.thebalancemoney.com/savings-account-interest-rate-history-6742139 which
extracted data from FDIC.

6 See
https://ycharts.com/indicators/us_auto_loans_delinquent by 90_days#:~:text=US%20Aut0%20Lo
ans%20Delinquent%20by%2090%200r%20More%20Days%20is.long%20term%20average%20of
%203.46%25 which extracted data from Federal Reserve Bank of New York.
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which is the sum of the buyer’s surplus minus fixed costs if credit is used plus the

sum of the seller’s surplus.
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Figure 3.15: Effect of Inflation on Total Welfare

Welfare decreases as inflation increases because agents carry less money
and rely on credit to finance consumption needs due to the cost of carrying money.
Note that the welfare loss is not uniform. For a slight increase from equilibrium,
total welfare loss is about 1.67% for every 0.1% increase in inflation. However, as
inflation increase by about 0.3%, the welfare loss increases to 3.63% per 0.1%
increase in inflation as both low-income and high-income agents with high
consumption needs also become liquidity constrained. Thereafter, the welfare loss
decreases again as low-income agents with low consumption needs become the next
to be liquidity constrained. But because their liquidity needs are low, the welfare

loss is about 1.88% per 0.1% increase in inflation.
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Figure 3.16: Effect of Inflation on individual Welfare
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We study how the fixed cost ¢ for taking on loans affects welfare. We
investigate in the proximity of the equilibrium point by taking i = 0.0155 in the

above calibrated model, we have
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Figure 3.19: Effect of fixed cost on Welfare

Welfare decreases as the fixed cost ¢ increases as agents pay more to take
on debt. A 10% increase in c¢ results in about 0.0005% welfare loss. Due to liquidity
needs, agents still require and use secured credit (which relaxes liquidity constraint
greatly) even though the fixed cost increased. This is because agents would still like

to borrow to the debt limit to try and consume the optimal quantity.
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3.6 Conclusion

In this chapter we investigated the co-existence of two types of credit — secured and
unsecured, along with fiat currency, in an environment with four types of agents —
(1) low-income agents with high consumption needs, (2) high-income agents with
high consumption needs, (3) low-income agents with low consumption needs, and
(4) high-income agents with low consumption needs.

Low-income agents with high consumption needs are always the first with
liquidity needs. Next whether high-income agents with high consumption needs or
low-income agents with low consumption needs are the next to face liquidity
constraints depending on the size of the utility shock to the endowment received.
High-income agents with low consumption needs are always the last to face
liquidity constraints and, in most cases, almost never need credit.

As inflation increases, the cost of money increases resulting in agents
carrying less fiat currency and rely more on credit to finance their consumption
needs. Low-income agents with high consumption needs are always the first to
require credit while in most situations, high-income agents with low consumption
needs never need credit.

Welfare decreases as inflation increases because agents carry less money
and rely on credit to finance consumption needs because agents have insufficient
liquidity to obtain the optimal DM quantity of goods. Increase in the fixed cost for
taking on secured loans have little impact on welfare loss because agents borrow to
the debt limit to try and consume the optimal quantity.

Calibrating our model to US data, for a slight increase from equilibrium,
total welfare loss is about 1.67% for every 0.1% increase in inflation. However, as

inflation increase by about 0.3%, the welfare loss increases as both low-income and
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high-income agents with high consumption needs also become liquidity constrained.
The welfare loss now becomes about 3.63% per 0.1% increase in inflation.
Thereafter, the welfare loss decreases again as low-income agents with low
consumption needs become the next to be liquidity constrained. But because their
liquidity needs are low, the welfare loss is about 1.88% per 0.1% increase in

inflation.
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Appendix
Solving the optimal portfolio choice by the Lagrangian method:

L=—¢m —Ypa+ Bpe + (1 — o)bl — Boapnb,di'c — foapmb,di
— Boa(1 — p)mb,di/® — Boa(l — p)mbadg'
— Boap(1 — )b, dfi" — Boap(1 — m)b,dfi™
— Boa(1 - p)(1 — m)b,di* — Boa (1l — p)(1 — m)bad
+ pW(m, a, 0,0,0)
+ ploapn[§'u(q™) — w(q™')]
+oa(l - p)n[§'u(gh) — w(q")]
+oap(1 —m[§"u(@™™) — w(q"")]
+oa(l-p)(1 - m)["u(@"") — w(@")]}
+ p{o(1 - wprl§tu(@™™) — w(g™™)]
+0(1-a)(1 - p)rl[§'ul@™) — w(g"™)]
+0(1-a)p(1 - m["u@™) — w(g"™™)]
+o(1-a)(1-p)(A - m)[E"u(@™) — w(@""™]}
+ Meeapr|D, — dii¢] + Aqa(1 — p)r|D, — dL¢]
+ Mhegap(1 — ) [D, — dHe]
+ Aol — p)(1 — m)[D,, — di] + M¥oapr|D(a) — dH']
+ AL%oa(1 — p)n[D(a) — di¥]
+ Mheoap(1 — m)[D(a) — dlihe]
+ o1 — p)(1 — m)[D(a) — d5]
+ Meoapn[dm + & + ¢ — w(q')]
+ Aol — pIr[pm + dL — w(qhe)]
+ Mheaap(1 — m)[pm + & + dh — w(qHh9)]
+ Aroa(l — p)(1 — [P + dLhe — w(qh)]
+ Mg (1 — a)pr[pm + & — w(gH™)]
+ Mg (1 — ) (1 - p)r[pm — w(qt™)]
+ Mg (1 — a)p(1 — m)[dm + & — w(gH™™)]
+ 2o (1 - a)(1 - p)(1 - m)[p — w(g""™)]
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The First-order Conditions are

oL N oW (i, &, 0,0,0)
om ¢+p Bl

+ Meoapnd + Aoa(l — p)nd
+ Meoap(l —m)p + A" oa(l — p)(1 —n)d
+ M6 (1 — a)prd + AMa(1 — a)(1 — p)me
+2§"™o(1 - a)p(1 - m)p + 24" (1 — ) (1 - p)(1 — )
=—¢ + @p + Woapnd + A:0a(l — p)nd + A oap(1 — n)d +
Aheoa(l—p)(1 —m)p + 2"o(1 — )prd + A (1 — a)(1 —
P +2§"™Mo(1 - a)p(1 —m)$ + 2" (1 — ) (1 — p)(1 — )¢
>0

with equality if m > 0.

oL ow(m,a,0,0,1) .. oD (a) L oD (a)
i -+ 73 + A5 0pm SFTE + Agoa(l —p)m 74
dD(a dD(a
+ A ap(1 —n) l ai’i )l + Ahea(1 — p)(1 —n) l OE’i )

=—Y+ (P +7)B + Mapnr(P + 1) + Asoa(l — p)ur(P +4) +
Mhegap(l —mr(P + 1) + A oa(l — p)(1 — mx(P + 1)

>0

with equality if @ > 0.

0L — A Hlc Hlc
SaA = —poapnb, — Ay ‘oapm + Ag“oapn
u
=0

with equality if d2'¢ > 0.

0L
ddLe

= —Boa(l — p)nb, — Asa(1 — p)n + Aoa(1l — p)n

=0



with equality if d5¢ > 0.

oL

_ A Hh Hh
thc = —Boap(1 —m)b, — Ay “oap(l —m) + A" oap(1l — m)

>0
with equality if d7"¢ > 0.

oL N Lhc
S = —poa(1—p)(1 —m)b, — ;" ca(l —p)(1 —m)
u
+ A oa(1—p)(1 —m)

>0

with equality if d4* > 0.

0L

odg'

= —poapnb, — M%oapn + A% oapn

=0

with equality if d5'¢ > 0.

0L
2dze

= —Boa(l — p)nb, — Aoa(l — p)n + Aoa(1 — p)n
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with equality if d5'¢ > 0.
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Saihc = —Boap(1 —m)b, — A" oap(l — ) + A" cap(1 — m)
a
>0

with equality if d7¢ > 0.

oL N Lhc
ST = —poa(1—p)(1 —m)b, — A5 ca(1 - p)(1 —m)
a

+ A oa(1 - p)(1 —m)
=0

with equality if d5"¢ > 0.



oL au(quC) aw(qHZC)

aw(qHZC)
aquc = ﬂaapn gl aquc aquc

aquc

— M gapn [

= ﬁO'apn'[flu’(quc) _ w’(quC)] _ Aglcaapnw’(qmc)
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with equality if g7 > 0.

oL ou(q-c) odw(q*c)

dw(q")
aquc = '80_0((1 - p)T[ fl aquc - aquc

aquc

—Aoa(1 - p)n [

= Boa(1 — p)n[¢'u' (") — w'(¢")] — 2 oa(1 — p)nw' (q*)
>0

with equality if g%¢ > 0.

oL ou(q™)  dw(qthc)
dqtne ~ poap(l —m) Ifh dqHhc — ggHhe
HhC)
AHhCO'CZp(]. T[) [W

= Boap(1 — m)[§"u' (") — w' (")) = A oap(1 — m)w' (g""°)
>0

with equality if g > 0.

Lhc 0 thc

oL Lhc bl Lhc
5qme = boal=p)(1 - )[fh e

Lhc
— X oa(l-p)(1 - )[ 7 Jota 2)

= poa(1-p)(A - m[§"u'(¢"") — 0'(q"")] - A§*oa(1 - p)(A -
T[)w/(thC)
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with equality if g**¢ > 0.



oL au(qun) aw(qun)
dghin ~ po(l —a)pm Ifl dghin~— ggHin

dw(q"™)
_ Agllno'(]_ —a)pm [W

= Bo(1 — a)pro[E'u’' (") — w'(¢"™)] — 2H"e(1 — a)prow’ (¢7™)
>0

with equality if g > 0.

oL ou(gt™)  ow(q*™)
dqLn po(1-a)(1 - p)m lfl dqlin gl

. dw (qun)
ALZ 0'(1 - a)(l - ) [W
= po(1 - a)(1 - p)nl§'u'(@"™) — w'(¢"™)] = 2o (1 — )(1 -
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with equality if g% > 0.

oL au(thn) aw(thn)
dqHmm — po(1—a)p(1—m) Ifh dqihn—  ggHhn
dw(g""™)
AthO'(]. a)p(l - ) W

= po(1—a)p(1 - m[§"uw'(q"") — w'(g""™)] = 24" (1 — a)p(1 -
T[)w/(thn)

=0
with equality if " > 0.
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= fo(1 - @)(1 - p)(L ~ " (q") - ' (q™)] = AH"o(1 -

a)(1—-p)(1 - mw' ("™

>0

with equality if g“"* > 0.

2L
oATE

= gapr|D, — di¥|

>0

with equality if A€ > 0.

oL jLlc
W = O'(Z(l - p)TI.'[Du - du ]
u

>0
with equality if AL > 0.

0L

S = oap(1—m)[D, — dihe]
u

>0

with equality if 22"¢ > 0.

oL -
S = oa(l—p)(1 —m)[D, — dL]
u

>0
with equality if 25" > 0.

0L

P = gapn[D(a) — dfi¥]

=0

with equality if 24 > 0.

oL

Py ca(l — p)n[D(a) — di¥]
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with equality if AL > 0.

W = cm:p(l - T[)[D(Cl) - dghc]
a
=0

with equality if A5"¢ > 0.

0L

i = 0a(1 = p)(1 - m)[D(@) - d&*]

>0

with equality if AL"¢ > 0.

0L

T’qﬂc = gapn[pm + & + dH'C — w(q")]

>0

with equality if 24 > 0.

oL
AL

= oa(1 — p)n[pm + d*¢ — w(q")]

=0
with equality if 25 > 0.

0L

gl oap(l —m)[dM + & + dfhe — w(qh)]
q

>0
with equality if 2§"¢ > 0.

0L ~ i
dALRe = oa(1—p)(1 — m)[pm + d* — w(g )]
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with equality if A5"¢ > 0.
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=0

with equality if 4™ > 0.
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S o(1—a)(1 - p)r[dpm — w(g"™)]
q

=0

with equality if A5 > 0.

0L o
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with equality if /1’;’”‘ > 0.

oL
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where:

A, 1s a measure of how much unsecured debt the agent is willing to take on
to finance his consumption. If the agent does not need to exhaust his debt
entitlement or borrow to the debt limit D, then the constraint is slack and 4,, = 0. If
the agent does not have enough money holdings and need to borrow until the debt
limit, then the constraint is binding and 4,, > 0.

Aq 1s @ measure of how much secured debt the agent is willing to take on to
finance his consumption. If the agent does not need to exhaust his debt entitlement
or borrow to the debt limit D, then the constraint is slack and 1, = 0. If the agent
does not have enough money holdings and need to borrow until the debt limit, then

the constraint is binding and 1, > 0.



Aq is a measure of how far off the agent is from consuming optimal g*. For
example, for a high-income agent, if the agent has sufficient wealth to consume q*,
then the payment w(q) is less than his liquid wealth ¢ + £. So the constraint is

slack and A, = 0. Vice versa if the agent does not have enough liquid wealth, the

constraint is binding and 4, > 0.
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