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Abstract

This dissertation consists of two papers that contribute to the estimation and

inference theory of the panel data models with two-way slope heterogeneity. The

first paper considers the panel quantile regression model with slope heterogeneity

along both individuals and time. By modelling this two-way heterogeneity with the

low-rank slope matrix, the slope coefficient can be estimated via the nuclear norm

regularization followed by sample-splitting, row- and column-wise quantile regres-

sion, and debiasing. The inferential theory for the final slope estimator along with

its factor and factor loading is derived. Two specification tests are proposed: one

tests whether the slope coefficient is a constant over one dimension (individual or

time) without assuming the slope coefficient is homogeneous over the other dimen-

sion under the case that the true rank of the slope matrix equals one, and the other

tests whether the slope coefficient follows the additive structure under the case that

the true rank of slope matrix equals two. The second paper focuses on the estimation

and inference of the linear panel model with interactive fixed effects and two-way

slope heterogeneity. Specifically, individual coefficients are allowed to form by a

latent group structure cross-sectionally, and such a structure can change after an

unknown structural break. A multi-stage estimation algorithm is proposed, which

involves nuclear norm regularization, break detection, and a K-means procedure,

to estimate the break date, the number of groups, and the group structure. Under

some regularity conditions, the break date estimator, number of groups estimator,

and the group structure estimator can be shown to enjoy the oracle property. Monte

Carlo studies and empirical applications are conducted to illustrate the finite sample

performance of the proposed algorithms and estimators.
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Chapter 1

Introduction

In recent years, high-dimensional panel data model is one of the most active

and popular fields in modern econometrics research. Compared to the traditional

econometric models, high-dimensional panel data models allow for different kinds

of unobservable heterogeneity, which provides a more reliable and realistic inferen-

tial theory. However, technical difficulties arise with the rich heterogeneity arising

in the model.

In high-dimensional statistics, reduced rank regression is a classical method for

the estimation, which leads to the fast development for the study of the nuclear norm

regularization (NNR) in statistics and econometrics, see Koltchinskii et al. (2011),

Rohe et al. (2011), Negahban and Wainwright (2011), Fan et al. (2019), Moon and

Weidner (2018), Chernozhukov et al. (2019), Belloni et al. (2023), Alidaee et al.

(2020) among others. In this dissertation, we apply the NNR to study two important

questions in high-dimensional panel data models: two-way heterogeneity issue in

low-rank panel quantile models and time-varying latent group structure in the linear

panel model.

In the second chapter, we consider a class of low-rank panel quantile regres-

sion models which allow for unobserved slope heterogeneity over both individuals

and time. By modelling the two-way slope heterogeneity with the low-rank slope

matrix, we estimate the heterogeneous intercept and slope matrices via NNR fol-

lowed by sample splitting, row- and column-wise quantile regressions and debias-

ing. NNR is used as the first step to obtain the initial matrix estimators which are

shown to converge to their truth in terms of the Frobenius norm on average. We
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then show that the estimators of the factors and factor loadings associated with the

final slope matrices are asymptotically normally distributed. In addition, we de-

velop two specification tests: one for the null hypothesis that the slope coefficient is

a constant over time and/or individuals under the case that true rank of slope matrix

equals one, and the other for the null hypothesis that the slope coefficient exhibits

an additive structure under the case that the true rank of slope matrix equals two.

We apply the estimation procedure to study the heterogeneity effect in the invest-

ment equation and the heterogeneous quantile effect of foreign direct investment on

unemployment.

In the third chapter, we consider a linear panel model with interactive fixed ef-

fects such that individual heterogeneity is captured by some latent group structures

and time heterogeneity is captured by an unknown structural break. We allow the

model to have different numbers of groups and/or different group memberships be-

fore and after the break. With the preliminary estimates by NNR followed by row-

and column-wise linear regressions, we estimate the break point based on the idea

of binary segmentation and the latent group structures together with the number

of groups before and after the break by sequential testing K-means algorithm si-

multaneously. We show that the break point, the number of groups and the group

membership can be estimated correctly with probability approaching one. Monte

Carlo simulations demonstrate excellent finite sample performance of the proposed

estimation algorithm. An application to the empirical to the real house price growth

across 377 Metropolitan Statistical Areas in the US from 1975 to 2014 suggests

both structural breaks and group membership changes.

Chapter four concludes and all technical results are provided in the appendix.
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Chapter 2

Low-rank Panel Quantile

Regression: Estimation and

Inference

2.1 Introduction

Panel quantile regressions are widely used to estimate the conditional quantiles,

which can capture the heterogeneous effects that may vary across the distribution

of the outcomes. Such effects are usually assumed to be homogeneous across in-

dividuals and over time periods. However, in empirical analyses, it is usually un-

known whether the slope coefficients are homogeneous across individuals and/or

time. Mistakenly forcing slopes to be homogeneous across time and individuals

may lead to inconsistent estimation and misleading inferences. This prompts two

questions to be answered: how can we estimate the true model at different quantiles

when we allow for heterogeneous slopes across individuals and time at the same

time? How to conduct specification tests for homogeneous effects over individuals

or time and tests for the additive structure of the slope coefficients?

To answer the first question, we propose an estimation procedure for hetero-

geneous panel quantile regression models where we allow the fixed effects to be

either additive or interactive, and the slope coefficients to be heterogeneous over

both individuals and time. We impose a low-rank structure for both the intercept
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and slope coefficient matrices and estimate them via nuclear norm regularization

(NNR) followed by the sample splitting, row- and column-wise quantile regres-

sions and debiasing steps. The estimation algorithm is inspired by Chernozhukov

et al. (2019), where the main difference is that we split the full sample into three

subsamples rather than two because we need certain uniform results which require

independence of regressors and regressand used in the debiasing step, and we do

not have the closed form for the quantile regression estimates. At last, we derive

the asymptotic distributions for the estimators of the factors and factor loadings

associated with slope coefficient matrices.

To answer the second question, under the case when the rank of slope coefficient

matrix equals one, we conduct sup-type specification tests for homogeneous effects

over individuals or time following the lead of Castagnetti et al. (2015) and Lu and Su

(2023). We show that our sup-test statistics follow the Gumbel distribution under the

null, and the tests have non-trivial power against certain classes of local alternatives.

Under the case when the rank of slope matrix equals two, our sup-type test statistic is

also shown to follow the Gumbel distribution under the null that the slope coefficient

exhibits an additive structure.

This paper relates to three bunches of literature. First, we contribute to the

large literature on panel quantile regressions (PQRs). Since Koenker (2004) stud-

ied the PQRs with individual fixed effects, there has been an increasing number

of papers on PQRs. Galvao and Montes-Rojas (2010), Kato et al. (2012), Galvao

and Wang (2015), Galvao and Kato (2016), Machado and Silva (2019), and Galvao

et al. (2020) study the asymptotics for PQRs with individual fixed effects. Chen

et al. (2021) study quantile factor models and Chen (2022) considers PQRs with

interactive fixed effects (IFEs). We complement the literature by allowing for unob-

served heterogeneity in the slope coefficients of PQRs.

Second, our paper also pertains to slope heterogeneity in panel data models.

Latent group structures across individuals and structural changes over time are two

common types of slope heterogeneity that have received vast attention in the liter-

ature. To recover the unobserved group structures, various methods have been pro-

posed. For example, Lin and Ng (2012), Bonhomme and Manresa (2015) and Ando

and Bai (2016) use the K-means algorithm; Su et al. (2016) propose the C-lasso al-
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gorithm which is further studied and extended by Su and Ju (2018), Su et al. (2019)

and Wang et al. (2019); Wang et al. (2018) propose an clustering algorithm in re-

gression via data-driven segmentation called CARDS; Wang and Su (2021) propose

a sequential binary segmentation algorithm to identify the latent group structures

in nonlinear panels. Recent literature on the estimation with structural changes in

panel data models includes, but is not limited to, Chen (2015), Cheng et al. (2016),

Ma and Su (2018), Baltagi et al. (2021). In addition, Galvao et al. (2018) and

Zhang et al. (2019) consider individual heterogeneity in PQRs while they assume

homogeneity across time. To allow for both latent groups and structural breaks,

Okui and Wang (2021) study a linear panel data model with individual fixed effects

where each latent group has common breaks and the breaking points can be differ-

ent across different groups, and they propose a grouped adaptive group fused lasso

(GAGFL) approach to estimate slope coefficients. Lumsdaine et al. (2023) consider

a linear panel data model with a grouped pattern of heterogeneity where the latent

group membership structure and/or the values of slope coefficients can change at

a breaking point, and they propose a K-means-type estimation algorithm and es-

tablish the asymptotic properties of the resulting estimators. Compared with the

models studied above, our model combines both individual and time heterogeneity

and only requires certain low-rank structure in the slope coefficient matrix. So the

unobserved heterogeneity takes a more flexible form in our model than those in the

literature such as Okui and Wang (2021) and Lumsdaine et al. (2023).

Last, our paper also connects with the burgeoning literature on nuclear norm

regularization. Such a method has been widely adopted to study panel and network

models. See, Alidaee et al. (2020), Athey et al. (2021), Bai and Ng (2019), Belloni

et al. (2023), Chen et al. (2020), Chernozhukov et al. (2019), Feng (2019), Hong

et al. (2022), Miao et al. (2023), among others. In the least squares panel frame-

work, Moon and Weidner (2018) consider a homogeneous panel with IFEs by using

NNR-based estimator as an initial estimator to construct iterative estimators that

are asymptotically equivalent to the least squares estimators; Chernozhukov et al.

(2019) study a heterogenous panel where both the intercept and slope coefficient

matrices exhibit a low-rank structure and establish the asymptotic distribution the-

ory based on NNR. In the presence of endogeneity, Hong et al. (2022) proposes a
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profile GMM method to estimate panel data models with IFEs. In the panel quantile

regression setting, Feng (2019) develops error bounds for the low-rank estimates in

terms of Frobenius norms under independence assumption; Belloni et al. (2023)

relaxes the independence assumption to the β -mixing condition along the time di-

mension. Our paper extends Chernozhukov et al. (2019) from the least squares

framework to the PQR framework, derives the asymptotic distribution theory and

develops various specification tests under some strong mixing conditions along the

time dimension that is weaker than the β -mixing condition. We also rely on the

sequential symmetrization technique developed by Rakhlin et al. (2015) to obtain

the convergence rates of the nuclear norm regularized estimators.

The rest of the paper is organized as follows. We first introduce the low-rank

structure PQR model and the estimation algorithm in Section 2.2. We study the

asymptotic properties of our estimators in Section 2.3. In Section 2.4, we propose

two specification tests: one for the no-factor structure and one for the additive struc-

ture, and study the asymptotic properties of the test statistics. In Section 2.5, we

show the finite sample performance of our method via Monte Carlo simulations. In

Section 2.6, we apply our method to two datasets: one is to study how Tobin’s q and

cash flows affect corporate investment and whether firm’s external investment to its

internal financing exhibits heterogeneity structure, and the other is to study the rela-

tionship between economics growth, foreign direct investment and unemployment.

Section 2.7 concludes. All proofs are related to the online supplement.

Notation. ∥·∥1, ∥·∥op, ∥·∥
∞

, ∥·∥max ∥·∥2, ∥·∥F , ∥·∥∗ denote the matrix norm in-

duced by 1-norms, the matrix norm induced by 2-norms, the matrix norm induced

by ∞-norms, the maximum norm, the Euclidean norm, the Frobenius norm and the

nuclear norm. ⊙ is the element-wise product. ⌊·⌋ and ⌈·⌉ denote the floor and ceil-

ing functions, respectively. a∨ b and a∧ b return the max and the min of a and b,

respectively. The symbol ≲ means “the left is bounded by a positive constant times

the right”. Let A = {Ait}i∈[n],t∈[T ] be a matrix with its (i, t)-th entry denoted as Ait ,

where [n] to denote the set {1, · · · ,n} for any positive integer n. Let {A j}p
j=0 denote

the collection of matrices A j for all j ∈ {0, · · · , p}. When A is symmetric, λmax(A)

and λmin(A) denote its largest and smallest eigenvalues, respectively. The operators

⇝ and
p→ denote convergence in distribution and in probability, respectively. Be-
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sides, we use w.p.a.1 and a.s. to abbreviate “with probability approaching 1” and

“almost surely”, respectively.

2.2 Model and Estimation

In this section, we introduce the PQR model and estimation algorithm.

2.2.1 Model

Consider the PQR model

Qτ

(
Yit

∣∣∣∣{X j,it
}

j∈[p],t∈[T ] ,
{

Θ
0
j,it (τ)

}
j∈[p]∪{0},t∈[T ]

)
= Θ

0
0,it(τ)+

p

∑
j=1

X j,itΘ
0
j,it(τ),

(2.1)

where i ∈ [N] , t ∈ [T ] , τ ∈ (0,1) is the quantile index, Yit is the dependent variable,

X j,it is the j-th regressor for individual i at time t, {Θ0
j,it} j∈[p] is the corresponding

slope coefficient, Θ0
0,it is the intercept, and

Qτ

(
Yit

∣∣∣∣{X j,it
}

j∈[p],t∈[T ] ,
{

Θ
0
j,it (τ)

}
j∈[p]∪{0},t∈[T ]

)
denotes the conditional τ-quantile of Yit given the regressors

{
X j,it

}
j∈[p],t∈[T ] and the

parameters
{

Θ0
j,it (τ)

}
j∈[p]∪0,t∈[T ]

.1 Alternatively, we can rewrite the above model

as

Y = Θ
0
0(τ)+

p

∑
j=1

X j⊙Θ
0
j(τ)+ ε(τ) and

Qτ

(
εit(τ)

∣∣∣∣{X j,it
}

j∈[p],t∈[T ] ,
{

Θ
0
j,it (τ)

}
j∈[p]∪{0},t∈[T ]

)
= 0, (2.2)

where ε(τ) is the idiosyncratic error matrix with the (i, t)-th entry being εit(τ).

Similarly, X j, Θ j (τ), and Y are matrices with the (i, t)-th entry being X j,it , Θ j,it (τ),

and Yit , respectively. In this model, we assume p, the number of regressors, is fixed

and both N and T pass to infinity. In Assumption 2.1 below, we characterize the

dependence of the data, under which (2.1) holds.

In the paper, we focus on the panel quantile regression for a fixed τ and thus

suppress the dependence of Θ0
j(τ) and ε(τ) on τ for notation simplicity. In addition,

we impose low-rank structures for the intercept and slope matrices, i.e., rank(Θ0
j) =

1We will assume that both the intercept term Θ0
0,it and the slope coefficients {Θ0

j,it} j∈[p] have
low-rank structures, and follow the convention in the panel data literature by treating the factors to
be random. Therefore, {Θ0

j,it} j∈[p]∪{0} are random as well.
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K j for some positive constant K j and for each j ∈ {0, · · · , p}. By the singular value

decomposition (SVD), we have

Θ
0
j =
√

NTU 0
j Σ

0
jV

0′
j =U0

j V 0′
j ∀ j = 0, · · · , p,

where U 0
j ∈RN×K j , V 0

j ∈RT×K j , Σ0
j = diag(σ1, j, · · · ,σK j, j), U0

j =
√

NU 0
j Σ0

j with

each row being u0′
i, j, and V 0

j =
√

TV 0
j with each row being v0′

t, j.

The low-rank structure assumption includes several popular cases. For the in-

tercept term, one commonly assumes that Θ0
0,it to take the forms α0

i , µ0
t , or α0

i +µ0
t

in classical PQRs. Then the matrix Θ0
0 has rank 1, 1, and 2, respectively. It is also

possible to assume Θ0
0,it to take an interactive form, say, Θ0

0,it = λ 0′
0,i f 0

0,t , where both

λ 0
0,i and f 0

0,t are K0-vectors. For the slope matrix Θ0
j , j ∈ [p] , the early PQR models

frequently assume that Θ0
j,it is a constant across (i, t) to yield a homogenous PQR

model. Obviously, such a model is very restrictive by assuming homogenous slope

coefficients. It is possible to allow the slope coefficients to change over either i, or

t, or both. See the following examples for different low-rank structures.

Example 1. When Θ0
j,it = Θ0

j,i ∀t ∈ [T ] , or Θ0
j,it = Θ0

j,t ∀i ∈ [N] , or Θ0
j,it = Θ0

j

∀(i,t) ∈ [N]× [T ], and this holds for all j ∈ [p] , we have the PQR models with

only individual heterogeneity, with only time heterogeneity, and with homogeneity,

respectively. We observe that K j = 1 for these three cases.

Example 2. When Θ0
j,it = λ 0

j,i + f 0
j,t , we notice that

Θ0
j√

NT
=


1√
N

λ 0
j,1√
N

...
...

1√
N

λ 0
j,N√
N


 f 0

j,1√
T
· · · f 0

j,T√
T

1√
T
· · · 1√

T

 := A jB′j.

Let ΣA, j := A′jA j and ΣB, j := B′jB j. Let Σ
1
2
A, j (resp. Σ

1
2
B, j) be the symmetric square

root of ΣA, j (resp. ΣB, j). By eigendecomposition, we have Σ
1
2
A, j = Pj,1S j,1P′j,1

and Σ
1
2
B, j = Pj,2S j,2P′j,2. Besides, we apply singular value decomposition to matrix

S j,1P′j,1Pj,2S j,2: S j,1P′j,1Pj,2S j,2 = Q j,1R jQ′j,2. Then it follows that

Θ0
j√

NT
= A jB′j = A jΣ

− 1
2

A, j Pj,1S j,1P′j,1Pj,2S j,2P′j,2Σ
− 1

2
B, j B

′
j

= A jΣ
− 1

2
A, j Pj,1Q j,1R jQ′j,2P′j,2Σ

− 1
2

B, j B
′
j := U 0

j Σ
0
jV

0′
j ,

8



where U 0
j = A jΣ

− 1
2

A, j Pj,1Q j,1, Σ0
j = R j and V 0

j = B jΣ
− 1

2
B, j Pj,2Q j,2. Given Pj,1, Pj,2,

Q j,1 and Q j,2 are orthonormal matrices, it’s easy to that U 0
j and V 0

j are also or-

thonormal so that U 0′
j U 0

j = V 0′
j V 0

j = I2. When j = 0,
{

λ 0
0,i

}N

i=1
and

{
f 0
0,t

}T

t=1
are

usually referred to as the individual and time fixed effects, respectively, so that the

intercept term exhibits an additive fixed effects structure.

Example 3. Let Θ0
j,it = ∑k∈[K j,t ]α j,kt1{i ∈ G j,kt}, where

{
G j,kt

}
forms a partition

of [N] for each specific time t and K j,t is the number of groups at time t. Moreover,

let

α j,kt =

α
(1)
j,k , for t = 1, . . . ,Tb,

α
(2)
j,k , for t = Tb +1, . . . ,T,

G j,kt =

G(1)
j,k , for t = 1, . . . ,Tb,k = 1, . . . ,K(1)

j ,

G(2)
j,k , for t = Tb +1, ...,T,k = 1, ...,K(2)

j ,

where K(1)
j and K(2)

j are the number of groups before and after the break point Tb.

If K(1)
j = K(2)

j , it is clear that rank(Θ0
j) = 1. If the group structure does not change

after the break but α
(1)
j,k = cα

(2)
j,k for some constant c, we also have rank(Θ0

j) = 1.

Except for these two cases, we can show that

Θ
0
j =



∑

k∈[K(1)]

α
(1)
j,k 1
{

1 ∈ G(1)
j,k

}
, ∑

k∈[K(2)]

α
(2)
j,k 1
{

1 ∈ G(2)
j,k

}
...

...

∑

k∈[K(1)]

α
(1)
j,k 1
{

i ∈ G(1)
j,k

}
, ∑

k∈[K(2)]

α
(2)
j,k 1
{

i ∈ G(2)
j,k

}
...

...

∑

k∈[K(1)]

α
(1)
j,k 1
{

N ∈ G(1)
j,k

}
, ∑

k∈[K(2)]

α
(2)
j,k 1
{

N ∈ G(2)
j,k

}



 ιTb 0Tb

0T−Tb ιT−Tb

′

where ιTb is a Tb×1 vector of ones and 0Tb is a Tb×1 vector of zeros. In this case,

we notice that rank(Θ0
j) = 2.

Example 4. When Θ0
j,it = λ 0′

j,i f 0
j,t with λ 0

j,i and f 0
j,t being two K j-vectors, we have

the IFEs structure. This is the most general example without further restrictions.

Like Chernozhukov et al. (2019), we assume that for each j ∈ [p] , X j,it exhibits a

factor structure: X j,it = µ j,it +e j,it = l0′
j,iw

0
j,t +e j,it , where w0

j,t and l0
j,i are the factors

and factor loadings of dimension r j.

9



2.2.2 Estimation Algorithm

In this subsection we provide the estimation algorithm by assuming that K j are

all known for all j. In the next subsection, we will introduce a rank estimation

method to estimate K j consistently.

Define the check function ρτ(u) = u(τ−1{u≤ 0}). The estimation procedure

goes as follows:

Step 1: Sample Splitting and Nuclear Norm Regularization. Along the cross-

section span, randomly split the sample into three subsets denoted as I1, I2

and I3, where Iℓ has Nℓ individuals such that N1 ≈ N2 ≈ N3 ≈ N/3. Using

the data with (i, t) ∈ I1× [T ], we run the nuclear norm regularized quantile

regression (QR) and obtain {Θ̃(1)
j } j∈{0,··· ,p}, i.e.,

{Θ̃(1)
j }

p
j=0 = argmin

{Θ j}p
j=0

1
N1T ∑

i∈I1

T

∑
t=1

ρτ(Yit−
p

∑
j=1

X j,itΘ j,it−Θ0,it)+
p

∑
j=0

ν j
∥∥Θ j

∥∥
∗ ,

(2.3)

where ν j is a tuning parameter. For each j, conduct the SVD: 1√
N1T Θ̃

(1)
j =

ˆ̃U
(1)
j

ˆ̃
Σ
(1)
j

ˆ̃V
(1)′
j , where ˆ̃

Σ
(1)
j is the diagonal matrix with the diagonal elements

being the descending singular values of Θ̃
(1)
j . Let Ṽ

(1)
j consists the first

K j columns of ˆ̃V
(1)
j . Let Ṽ (1)

j =
√

T Ṽ
(1)
j and ṽ(1)′t, j be the t-th row of Ṽ (1)

j

∀t ∈ [T ].

Step 2: Row- and Column-Wise Quantile Regression. Using the data with (i, t)∈

I2× [T ], we first run the row-wise QR of Yit on
(

ṽ(1)t,0 ,
{

ṽ(1)t, j X j,it

}
j∈[p]

)
to

obtain {u̇(1)i, j }
p
j=0 for i ∈ I2, and then run the column-wise QR of Yit on

(u̇(1)i,0 ,{u̇
(1)
i, j X j,it} j∈[p]) to obtain {v̇(1)t, j }

p
j=0 for t ∈ [T ]. That is,

{u̇(1)i, j }
p
j=0 = argmin

{ui, j} j∈[p]∪{0}

1
T ∑

t∈[T ]
ρτ

(
Yit−u′i,0ṽ(1)t,0 −

p

∑
j=1

u′i, jṽ
(1)
t, j X j,it

)
,∀i ∈ I2,

(2.4)

{v̇(1)t, j }
p
j=0 = argmin

{vt, j} j∈[p]∪{0}

1
N2

∑
i∈I2

ρτ

(
Yit− v′t,0u̇(1)i,0 −

p

∑
j=1

v′t, ju̇
(1)
i, j X j,it

)
,∀t ∈ [T ].

(2.5)

Similarly, we run the row-wise QR of Yit on (v̇(1)t,0 ,{v̇
(1)
t, j X j,it} j∈[p]) to obtain
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{u̇(1)i, j }
p
j=0 for i ∈ I3, i.e.,

{u̇(1)i, j }
p
j=0 = argmin

{ui, j} j∈[p]∪{0}

1
T ∑

t∈[T ]
ρτ

(
Yit−u′i,0v̇(1)t,0 −

p

∑
j=1

u′i, jv̇
(1)
t, j X j,it

)
,∀i∈ I3.

Step 3: Debiasing.

Step 3.1: For each j ∈ [p], we conduct the principle component analysis (PCA)

for X j,it with (i, t) ∈ [N]× [T ] to obtain the factor and factor loading

estimates as{
l̂ j,i, ŵ j,t

}
i∈[N],t∈[T ] = argmin

{l j,i,w j,t}i∈[N],t∈[T ]

1
NT ∑

i∈[N]
∑

t∈[T ]

(
X j,it− l′j,iw j,t

)2
,

(2.6)

subject to the normalizations: 1
N ∑

N
i=1 li, jl′i, j = Ir j and 1

T ∑
T
t=1 w j,tw′j,t is

a diagonal matrix with descending diagonal elements. Then we define

µ̂ j,it = l̂′j,iŵ j,t and ê j,it = X j,it− µ̂ j,it .

Step 3.2: For (i, t)∈ I3× [T ], let Ỹit =Yit−
p
∑
j=1

µ̂ j,it u̇
(1)′
i, j v̇(1)t, j . We run the row-wise

QR of Ỹit on (v̇(1)t,0 ,{v̇
(1)
t, j ê j,it} j∈[p]) to obtain the final estimates û(3,1)i, j ,

i.e.,

{û(3,1)i, j }
p
j=0 = argmin

{ui, j}p
j=0

1
T ∑

t∈[T ]
ρτ

(
Ỹit−u′i,0v̇(1)t,0 −

p

∑
j=1

u′i, jv̇
(1)
t, j ê j,it

)
,∀i∈ I3.

(2.7)

Updating Ŷit = Yit −∑
p
j=1 µ̂ j,it û

(3,1)′
i, j v̇(1)t, j , we run the column-wise QR

of Ŷit on (û(3,1)i,0 ,{û(3,1)i, j ê j,it} j∈[p]) to obtain v̂(3,1)t, j , i.e.,

{v̂(3,1)t, j }
p
j=0 = argmin

{vt, j}p
j=0

1
N3

∑
i∈I3

ρτ

(
Ŷit− v′t,0û(3,1)i,0 −

p

∑
j=1

v′t, jû
(3,1)
i, j ê j,it

)
,∀t ∈ [T ].

(2.8)

In order to obtain the final estimators for the full sample, we propose to switch

the role of each subsample for the low-rank estimation, row- and column-wise QR

and debiasing, then repeat Steps 1-3 to obtain
{

û(a,b)i, j

}p

j=0
and

{
v̂(a,b)t, j

}p

j=0
for

a ∈ [3] and b ∈ [3] \ {a}. Here (a,b) denotes the final estimates for subsample

Ia obtained from the first step NNR estimates with subsample Ib. Table 2.1 shows

the final estimators we obtain by using different combination of subsamples.

Several remarks are in order. First, we randomly split the full sample into three
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Table 2.1: Estimators using different subsamples at different steps in algorithm.

Step 1 (b) Step 2 Step 3 (a) estimators (a,b)

I1 I2 I3 û(3,1)i, j , v̂(3,1)t, j

I2 I1 I3 û(3,2)i, j , v̂(3,2)t, j

I1 I3 I2 û(2,1)i, j , v̂(2,1)t, j

I3 I1 I2 û(2,3)i, j , v̂(2,3)t, j

I2 I3 I1 û(1,2)i, j , v̂(1,2)t, j

I3 I2 I1 û(1,3)i, j , v̂(1,3)t, j

subsamples, each playing a significant role in the algorithm. We use the first sub-

sample for the low-rank estimation to obtain the preliminary NNR estimators of

the submatrices of the intercept and slope matrices. But these estimators are only

consistent in terms of Frobenius norm, and one cannot derive the pointwise or uni-

form convergence rates for them. With the low-rank estimates, we use the second

subsample to do the row- and column-wise QRs and can now establish the uniform

convergence rates for each row of factor and factor loading estimators. Then we

use the remaining subsample to debias the second-stage estimator and to obtain the

final estimators that have the desirable asymptotic properties.

Second, to reduce the randomness of sample splitting, one can run the estima-

tion algorithm several times with different splittings in practice. Once one obtains

factor and factor loading estimates, one can construct estimators for Θ0
j under differ-

ent splittings and then choose the one specific splitting which yields the minimum

quantile objective function.

Third, the bias in the second-stage estimator is inherent from the first-stage NNR

estimator. We follow the lead of Chernozhukov et al. (2019) to assume that X j,it

has a factor structure with an additive idiosyncratic term, and remove the bias by

a QR with the demeaned X j,it as regressors. In the least squares panel regression

framework, the objective function is smooth and one has closed-form solutions in

the last stage so that Chernozhukov et al. (2019) only need to split the sample into

two subsamples. In contrast, in the PQR framework, the objective function is non-

smooth, we do not have closed-form solutions in any stage. In order to remove the

bias from the early stage estimation and to derive the distributional results, we need

12



to split the sample into three subsamples.

To save space, we relegate the detailed algorithm for the nuclear norm regular-

ization to the online supplement.

2.2.3 Rank Estimation

In this subsection we discuss how to estimate the ranks K j consistently. To

estimate the ranks, we consider the full sample NNR QR estimation:

{Θ̃ j}p
j=0 = argmin

{Θ j}p
j=0

1
NT

N

∑
i=1

T

∑
t=1

ρτ(Yit−
p

∑
j=1

X j,itΘ j,it−Θ0,it)+
p

∑
j=0

ν j
∥∥Θ j

∥∥
∗ . (2.9)

For j ∈ {0, · · · , p}, we estimate K j by the popular singular value thresholding (SVT)

as follows

K̂ j = ∑
m

1
{

λm
(
Θ̃ j
)
≥ 0.6

(
NT ν j

∥∥Θ̃ j
∥∥

op

)1/2
}
.

It is standard to show that P(K̂ j = K j)→ 1 as (N,T )→ ∞ under some regularity

conditions given in the next section; see also Proposition D.1 in Chernozhukov

et al. (2019) and Theorem 2 in Hong et al. (2022). Since the ranks can be estimated

consistently, we assume that they are known in the asymptotic theory below.

2.3 Asymptotic Theory

In this section, we study the asymptotic properties of the estimators introduced

in the last section.

2.3.1 First Stage Estimator

Recall that

X j,it = µ j,it + e j,it = l0′
j,iw

0
j,t + e j,it

for each j ∈ [p]. Let Xit = (X1,it , ...,Xp,it)
′ and eit = (e1,it , ...,ep,it)

′. Define εi =

(εi1, · · · ,εit)
′, e j,i =

(
e j,i1, · · · ,e j,iT

)′, W 0
j as the T × r j matrix with each row being

w0′
j,t , and V 0

j as the T ×K j matrix with each row being v0′
t, j. Further define ait = τ−

1{εit ≤ 0} with ai = (ai1, · · · ,aiT )
′ and a = (a1, · · · ,aN)

′. Throughout the paper, we

treat the factors {v0
t, j}t∈[T ], j∈[p]∪{0} and {w0

j,t}t∈[T ], j∈[p] as random and their loadings

{u0
i, j}i∈[N], j∈[p]∪{0} and {l0

j,i}i∈[N], j∈[p] as deterministic.
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Table 2.2 defines several σ -fields. We use D to denote the minimal σ -field gen-

erated by
{

V 0
j

}
j∈[p]∪{0}

⋃{
W 0

j

}
j∈[p]

; the superscripts I1 and I1∪ I2 are associated

with the first subsample and the first two subsamples, respectively. For example,

D I1
ei denotes the minimal σ -field generated by D , {eit}t∈[T ] and {εit ,eit}i∈I1,t∈[T ] .

Table 2.2: Definition of various σ -fields

Notation σ -fields generated by

D
{

V 0
j

}
j∈[p]∪{0}

⋃{
W 0

j

}
j∈[p]

Deit D
⋃

eit

Dei D
⋃
{eit}t∈[T ]

De D
⋃
{eit}i∈[N],t∈[T ]

D I1∪I2 D
⋃
{εit ,eit}i∈I1∪I2,t∈[T ]

D I1
{eis}s<t

D
⋃
{eis}s<t

⋃
{εi∗t∗,ei∗t∗}i∗∈I1,t∗∈[T ]

D I1
ei D

⋃
{eit}t∈[T ]

⋃
{εi∗t∗,ei∗t∗}i∗∈I1,t∗∈[T ]

D I1∪I2
ei D

⋃
{eit}t∈[T ]

⋃
{εi∗t∗,ei∗t∗}i∗∈I1∪I2,t∗∈[T ]

D I1∪I2
e D

⋃
{eit}i∈[N,]t∈[T ]

⋃
{εit ,eit}i∈I1∪I2,t∈[T ]

Let M denote a generic bounded constant that may vary across places. Let

Gi,t−1 denote the minimal σ -field generated by D ∪ {els}l≤i−1,s∈[T ] ∪ {eis}s≤t ∪

{εls}l≤i−1,s∈[T ]∪{εis}s≤t−1. Let Fit(·) and fit(·) be the conditional cumulative dis-

tribution function (CDF) and probability density function (PDF) of εit given Gi,t−1,

respectively. Similarly, let Fit(·) and fit(·) denote the conditional CDF and PDF of

εit given Dei; Fit(·) and fit(·) denote the conditional CDF and PDF of εit given De.

Let f ′it (·), f′it (·) , and f ′it (·) denotes the first derivative of the density fit (·), fit (·) , and

fit (·) , respectively.

We make the following assumptions.

Assumption 2.1. (i) {εit ,eit}t∈[T ] are conditionally independent across i given

D .

(ii) E
(

ait

∣∣∣∣De

)
= 0.

(iii) For each i, {εit , t ≥ 1} is strong mixing conditional on Dei , and {(εit ,eit) , t ≥

1} is strong mixing conditional on D . Both mixing coefficients are upper
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bounded by αi(·) such that maxi∈[N]αi(z)≤Mαz for some constant α ∈ (0,1).

(iv) maxi∈[N]
1
T ∑t∈[T ] ∥Xit∥3

2 ≤M a.s., maxt∈[T ]
1

N2
∑i∈I2

∥Xit∥4
2 ≤M a.s.,

max(i,t)∈[N]×[T ]E
[
∥Xit∥3

2

∣∣∣∣D]≤Ma.s., maxi∈[N]

√
1
T ∑t∈[T ]

[
E
(

ε2
it

∣∣∣∣Dei

)]2

≤

M a.s., and

max(i,t)∈[N]×[T ]E
(
∥Xit∥2

2

∣∣∣∣D{eis}s<t

)
≤M a.s.

(v) For j∈ [p], there exists a positive sequence ξN such that max(i,t)∈[N]×[T ]
∣∣X j,it

∣∣≤
ξN a.s.

(vi) min(i,t)∈[N]×[T ] fit(0)≥ f > 0 and max(i,t)∈[N]×[T ] supε |f ′it (ε)| ≤ f̄ ′.

(vii) min(i,t)∈[N]×[T ] fit(0)≥ f> 0 and max(i,t)∈[N]×[T ] supε |f′it (ε)| ≤ f̄′.

(viii) min(i,t)∈[N]×[T ] fit(0)≥ f > 0 and max(i,t)∈[N]×[T ] supε | f ′it (ε)| ≤ f̄ ′.

(ix) ξ 4
N log(N∨T )

√
N∨T

N∧T = o(1) and (N
T ∨1)

1/2

(N∧T )
1

4+2ϑ

(log(N∨T ))
3+ϑ

4+2ϑ ξ

5+ϑ

2+ϑ

N = o(1) for any

ϑ > 0.

Assumptions 2.1(i) imposes conditional independence of the error terms and

covariates X j,it given the fixed effects. Assumptions 2.1(ii) imposes the moment

condition for QR. Assumptions 2.1(iii) imposes the weak dependence assumption

along the time dimension via the use of the notion of conditional strong mixing. See

Prakasa Rao (2009) for the definition of conditional strong mixing and Su and Chen

(2013a) for an application in the panel setup. Assumptions 2.1(iv)-(v) essentially

imposes some conditions on the moments and tail behavior of the both covariates

and errors. Note that we allow X j,it to have an infinite support. Assumptions 2.1(vi)-

(viii), which are used in the proofs of Theorems 2.1, 2.2 and 2.3, respectively, spec-

ify conditions on the conditional density of εit given different σ -fields. Assumption

2.1(ix) imposes some restrictions on N, T and ξN in order to obtain the error bound

of NNR estimators and to achieve the unbiasedness. It allows not only the case that

N and T diverge to infinity at the the same rate, but also the case that N diverges to

infinity not too faster than T , and vice versa.

Assumption 2.2. Θ0
0 is the fixed effect matrix with fixed rank K0 and

∥∥Θ0
0

∥∥
max≤

M. For each j ∈ [p], Θ0
j is the slope matrix of regressor j with rank being K j such

that max j∈[p]
∥∥Θ j

∥∥
max ≤M and max j∈[p]K j ≤ K̄ for some fixed finite K̄.
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Assumption 2.2 is the low-rank assumption for the intercept and slope matrices,

which is the key assumption for the NNR. The uniform boundedness of elements of

these matrices facilitates the asymptotic analysis, but can be relaxed at the cost of

more lengthy argument. See Ma et al. (2020) for a similar condition.

Assumption 2.3. There exist some constants Cσ and cσ such that

∞ >Cσ ≥ limsup
N,T

max
j∈[p]∪{0}

σ1, j ≥ lim inf
N,T

min
j∈[p]∪{0}

σK j, j ≥ cσ > 0.

Assumption 2.3 imposes some conditions on the singular values of the coeffi-

cient matrices. It implies that we only allow pervasive factors when these matrices

are written as a factor structure. Such an assumption is common in the literature;

see, e.g., Assumption 3 in Ma et al. (2020).

To introduce the next assumption, we need some notation. Let Θ0
j = R jΣ jS′j be

the SVD for Θ0
j . Further decompose R j =

(
R j,r,R j,0

)
with R j,r being the singular

vectors corresponding to the nonzero singular values, R j,0 being the singular vectors

corresponding to the zero singular values. Decompose S j =
(
S j,r,S j,0

)
with S j,r and

S j,0 defined analogously. For any matrix W ∈ RN×T , we define

P⊥
j (W ) = R j,0R′j,0WS j,0S′j,0, P j (W ) =W −P⊥

j (W ) ,

where P j (W ) and P⊥
j (W ) are the linear projection of matrix W onto the low-rank

space and its orthogonal space, respectively. Let ∆Θ j = Θ j−Θ0
j for any Θ j. With

some positive constants C1 and C2, we define the following cone-like restricted set:

R(C1,C2)

:=

{(
{∆Θ j}

p
j=0

)
:

p

∑
j=0

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1

p

∑
j=0

∥∥P j(∆Θ j)
∥∥
∗ ,

p

∑
j=0

∥∥∆Θ j

∥∥2
F
≥C2

√
NT

}
.

Assumption 2.4. Let C2 > 0 be a sufficiently large but fixed constant. There are

constants C3,C4, such that, uniformly over ({∆Θ j}
p
j=0) ∈R(3,C2), we have∥∥∥∥∥∆Θ0 +

p

∑
j=1

∆Θ j ⊙X j

∥∥∥∥∥
2

F

≥C3

p

∑
j=0

∥∥∆Θ j

∥∥2
F
−C4(N +T ) w.p.a.1.

The same condition holds when Θ0
j is replaced by {Θ0

j,it}i∈Ia,t∈[T ] for a = 1,2,3.

Assumption 2.4 parallels the restricted strong convexity (RSC) condition in As-

sumption 3.1 of Chernozhukov et al. (2019) who also provide some sufficient prim-

itive conditions.
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For any j ∈ {0, · · · , p}, define ∆̃Θ j = Θ̃ j−Θ0
j and ∆̃

(1)
Θ j

= Θ̃
(1)
j −Θ

0,(1)
j , where

Θ
0,(1)
j =

{
Θ0

j,it

}
i∈I1,t∈[T ]

. The following theorem establishes the convergence rates

of the NNR estimators of the coefficient matrices.

Theorem 2.1. If Assumptions 2.1-2.4 hold, for ∀ j ∈ {0, · · · , p}, we have

(i) 1√
NT

∥∥∆̃Θ j

∥∥
F
= Op

(√
log(N∨T )

N∧T ξ 2
N

)
, 1√

NT

∥∥∥∆̃
(1)
Θ j

∥∥∥
F
= Op

(√
log(N∨T )

N∧T ξ 2
N

)
,

(ii) maxk∈[K j]

∣∣σ̃k, j−σk, j
∣∣= Op

(√
log(N∨T )

N∧T ξ 2
N

)
,

maxk∈[K j]

∣∣∣σ̃ (1)
k, j −σk, j

∣∣∣= Op

(√
log(N∨T )

N∧T ξ 2
N

)
,

(iii) 1√
T

∥∥∥V 0
j −ṼjO j

∥∥∥
F
= Op

(√
log(N∨T )

N∧T ξ 2
N

)
,

1√
T

∥∥∥V 0
j −Ṽ (1)

j O(1)
j

∥∥∥
F
= Op

(√
log N∨T

N∧T ξ 2
N

)
,

where O j and O(1)
j are some orthogonal rotation matrices defined in the proof.

Remark 1. Theorem 2.1(i) reports the “rough” convergence rates of the NNR

estimators of the coefficient matrices in terms of Frobenius norm for both the full-

sample and sub-sample estimators. Unlike the traditional (N∧T )−1/2-rate in the

least squares framework, NNR estimators’ convergence rates in the PQR framework

usually have an additional
√

log(N∨T ) term due to the use of some exponential in-

equalities. The extra term ξ 2
N in our rate is due to the upper bound of |X j,it |, and it

disappears in case X j,it’s are uniformly bounded. Theorem 2.1(ii)-(iii) report the

convergence rates for the estimators of the factors and factor loadings of Θ0
j , which

are inherited from those in Theorem 2.1(i). To derive these results, we establish the

symmetrization inequality and contraction principle for the sequential symmetriza-

tion developed by Rakhlin et al. (2015). See Lemmas A.8 and A.9 in the online

supplement for more detail.

2.3.2 Second Stage Estimator

To study the asymptotic properties of the second-stage estimators, we add some

notation. Define

Φi =
1
T

T

∑
t=1

Φ
0
itΦ

0′
it and Ψt =

1
N2

∑
i∈I2

Ψ
0
itΨ

0′
it ,
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where Φ0
it = (v0′

t,0,v
0′
t,1X1,it , · · · ,v0′

t,pXp,it)
′ and Ψ0

it = (u0′
i,0,u

0′
i,1X1,it , · · · ,u0′

i,pXp,it)
′. Let

K = ∑
p
j=0 K j. Note that Φi and Ψt are K×K matrices. We add the following two

assumptions.

Assumption 2.5. There exist constants Cφ and cφ such that a.s.

∞ >Cψ ≥ limsup
T

max
t∈[T ]

λmax(Ψt)≥ liminf
T

min
t∈[T ]

λmin(Ψt)≥ cψ > 0,

∞ >Cφ ≥ limsup
N

max
i∈I2

λmax(Φi)≥ liminf
N

min
i∈I2

λmin(Φi)≥ cφ > 0.

Assumption 2.5 is similar to Assumption 8 in Ma et al. (2020). To introduce

Theorem 2.2, we define

ϖ̇it =
(

v̇(1)′t,0 , v̇(1)′t,1 X1,it , · · · , v̇
(1)′
t,p Xp,it

)′
,

ϖ
0
it =

((
O(1)

0 v0
t,0

)′
,
(

O(1)
1 v0

t,1

)′
X1,it , · · · ,

(
O(1)

p v0
t,p

)′
Xp,it

)′
,

u0
i =

(
u0′

i,0, · · · ,u0′
i,p
)′
, ∆̇t, j = O(1)′

j v̇(1)t, j − v0
t, j, ∆̇t,v =

(
∆̇
′
t,0, · · · , ∆̇′t,p

)′
,

∆̇i, j = O(1)′
j u̇(1)i, j −u0

i, j, ∆̇i,u =
(
∆̇
′
i,0, · · · , ∆̇′i,p

)′
,

DI
i =

1
T

T

∑
t=1

fit(0)ϖ0
it ϖ

0′
it , DII

i =
1
T

T

∑
t=1

[τ−1{εit ≤ 0}]ϖ0
it ,

Ji

({
∆̇t,v
}

t∈[T ]

)
=

1
T

T

∑
t=1

[
1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}]

ϖ
0
it .

Theorem 2.2 below gives the uniform convergence rate and linear expansion of the

factor loading estimators from second stage estimation.

Theorem 2.2. Suppose Assumptions 2.1-2.5 hold. Then for each j ∈ {0, · · · , p},

we have

(i) max
i∈I2∪I3

∥∥∥u̇(1)i, j −O(1)
j u0

i, j

∥∥∥
2
= Op

(√
log(N∨T )

N∧T ξ 2
N

)
,

(ii) max
t∈[T ]

∥∥∥v̇(1)t, j −O(1)
j v0

t, j

∥∥∥
2
= Op

(√
log(N∨T )

N∧T ξ 2
N

)
,

(iii) ∆̇i,u =
[
DI

i
]−1
[
DII

i +Ji

({
∆̇t,v
}

t∈[T ]

)]
+op

(
(N∨T )−1/2

)
uniformly over i∈

I3.

Remark 2. Theorem 2.2(i) reports the uniform convergence rate for the factor

loading estimators of Θ0
j for i ∈ I2 ∪ I3; Theorem 2.2(ii) reports the uniform con-

vergence rate for the factor estimators of Θ0
j for t ∈ [T ]; Theorem 2.2(iii) reports
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the linear expansion for the factor loading estimators of Θ0
j for i ∈ I3. However, the

Ji

({
∆̇t,v
}

t∈[T ]

)
term is not mean-zero and represents the bias induced by the first

stage NNR. In the third stage below, we aim to remove such a bias from the linear

expansion.

2.3.3 Third Stage Estimator

In the debiasing stage, we first apply PCA to all independent variables X j,it , and

then run the row- and column-wise QRs to obtain the final estimators. Below we

give Assumptions 2.6-2.8 for the PCA procedure and establish the asymptotic linear

expansions of PCA estimates in the online supplement. Theorem 2.3 below gives

the asymptotic distribution of our final factor and factor loading estimates.

Assumption 2.6. For all j ∈ [p], there exists a constant M > 0 such that

(i) E
(
e j,it |µ j,it

)
= 0,

(ii) E
[

1√
N ∑

N
i=1
[
e j,ite j,is−E(e j,ite j,is)

]]2
≤M,

(iii) for all i ∈ [N], 1
T ∑

T
t=1 ∑

T
s=1
∣∣E(e j,ite j,is)

∣∣≤M,

(iv) maxt∈[T ]
1

N
√

T

∥∥∥e′j,tE j

∥∥∥
2
= Op

(
logN∨T

N∧T

)
,

maxi∈[N]
1

T
√

N

∥∥∥e′j,iE
′
j

∥∥∥
2
= Op

(
logN∨T

N∧T

)
, where e j,i =

(
e j,i1, ...,e j,iT

)′, e j,t =(
e j,1t , ...,e j,Nt

)′, and E j = {e j,it}i∈[N],t∈[T ].

Assumption 2.7. For all j ∈ [p],

(i) recall that L0
j =
(

l0
j,1, · · · , l0

j,N

)′
and W 0

j =
(

w0
j,1, · · · ,w0

j,T

)′
. limN→∞

L0′
j L0

j
N =

ΣL j > 0 and limT→∞

W 0′
j W 0

j
T = ΣW j > 0,

(ii) the r j eigenvalues of ΣL jΣW j are distinct.

Assumption 2.8. For all j ∈ [p], there exists a constant M > 0 such that

(i) maxt∈[T ]E
∥∥∥ 1√

N ∑
N
i=1 l0

j,ie j,it

∥∥∥2

2
≤M and maxt∈[T ]

1
NT e′j,tE

′
jL

0
j =Op

(
log(N∨T )

N∧T

)
,

(ii) maxi∈[N]E
∥∥∥ 1√

T ∑
T
t=1 w0

j,te j,it

∥∥∥2

2
≤M and maxi∈[N]

1
NT e′j,tE

′
jW

0
j =Op

(
log(N∨T )

N∧T

)
.

Assumption 2.9. For ∀ j ∈ [p],
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(i) E
[

fit(0)e j,it

∣∣∣∣D]= 0,

(ii) for each i ∈ [N] and j ∈ [p],
{

fit(0), fit(0)e j,it
}

is stationary strong mixing

across t conditional on D .

Assumptions 2.6-2.8 are stronger than those in Bai and Ng (2020) because we

strengthen their Assumptions A1(c) and A3 to hold uniformly. Assumption 2.9

imposes some moment and mixing conditions. Even though fit(·) (the PDF of εit

given De) is a function of
{

e j,it
}

j∈[p],i∈[N],t∈[T ], we can show that Assumption 2.9

holds under some reasonable conditions. For example, we consider the location

scale model:

Yit = β0,it + ∑
j∈[p]

X j,itβ j,it +

(
γ0,it + ∑

j∈[p]
X j,itγ j,it

)
uit , with X j,it = l0′

j,iw
0
j,t +e j,it ,

where uit is independent of {w0
j,t ,e j,it} j∈[p],t∈[T ] and l0

j,i and β j,it are nonrandom.

In this case, Θ0
j,it = β j,it + γ j,itQτ(uit), εit =

(
γ0,it +∑ j∈[p]X j,itγ j,it

)
[uit−Qτ(uit)],

where Qτ(uit) is the τ-quantile of uit . It is clear that fit(·) is the function of{
e j,it
}

j∈[p],i∈[N],t∈[T ] and all factors. However, if uit is independent of sequence{
e j,it
}

j∈[p],t∈[T ], we observe that fit(0) is the PDF of uit −Qτ(uit) evaluated at

zero point, which is independent of
{

e j,it
}

j∈[p],t∈[T ]. Therefore, Assumption 2.9(i)

holds under mild conditions that uit is independent of the sequence {eit}t∈[T ] and

E
(
eit
∣∣D)= 0.

Define

V̂u j,i =
1
T

T

∑
t=1

E
[

fit(0)e2
j,it
∣∣D]v0

t, jv
0′
t, j, Vu j,i = E

(
V̂u j

)
Ωu j,i =Var

[
1√
T

T

∑
t=1

e j,itv0
t, j(τ−1{εit ≤ 0})

]
,

V̂ (3)
v j,t =

1
N3

∑
i∈I3

fit(0)e2
j,itu

0
i, ju

0′
i, j, Vv j = E

(
V̂ (3)

v j,t

)
,

Ω
(3)
v j = τ (1− τ)

1
N3

∑
i∈I3

E
(
e2

j,itu
0
i, ju

0′
i, j
)
.

Let Σu j,i = O(1)
j V−1

u j,iΩu j,iV
−1
u j,iO

(1)′
j , Σ

(3)
v j = O(1)

j

(
V (3)

v j

)−1
Ωv j

(
V (3)

v j

)−1
O(1)′

j , b0
j,it =

e j,itv0
t, j(τ−1{εit ≤ 0}) and ξ 0

j,it = e j,itu0
i, j (τ−1{εit ≤ 0}). The following theorem

establishes the asymptotic properties of the third-stage estimators.

Theorem 2.3. Suppose that Assumptions 2.1-2.9 hold. Suppose that Assump-
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tion A.1 in Appendix B.3 of the online supplement hold. Let O(1)
u, j be the bounded

matrix defined in the appendix that is related to rotation matrix O(1)
j . Then we have

that ∀ j ∈ [p],

(i) û(3,1)i, j −O(1)
u, ju

0
i, j = O(1)

j V̂−1
u j,i

1
T ∑

T
t=1 b0

j,it +R j
i,u and

√
T
(

û(3,1)i, j −O(1)
u, ju

0
i, j

)
⇝ N

(
0,Σu j,i

)
∀i ∈ I3,

(ii) v̂(3,1)t, j −
(

O(1)′
u, j

)−1
v0

t, j = O(1)
j

(
V̂ (3)

v j,t

)−1
1

N3
∑i∈I3 ξ 0

j,it +R j
t,v and

√
N3

(
v̂(3,1)t, j −O(1)

v, j v0
t, j

)
⇝ N

(
0,Σ(3)

v j

)
∀t ∈ [T ],

where maxi∈I3

∣∣∣R j
i,u

∣∣∣= op

(
(N∨T )−1/2

)
, maxt∈[T ]

∣∣∣R j
t,v

∣∣∣= op

(
(N∨T )−

1
2

)
.

Remark 3. Theorem 2.3 reports the linear expansions for the factor and factor

loading estimators for each slope matrix obtained in Step 3. Compared with Cher-

nozhukov et al. (2019), Theorem 2.3 obtains the uniform convergence rate rather

than the point-wise result for the reminder terms R j
i,u and R j

t,v. In addition, since

the regressors in the debiasing step are obtained from Step 2 instead of Step 1, we

don’t have independence between the regressors and error terms, which makes the

proof more complex than that in Chernozhukov et al. (2019). See the proof in the

appendix on how to handle the dependence. Assumption A.1 in the online supple-

ment is a regularity condition on the density of εit .

Following Theorem 2.3 and estimators defined in Table 2.1, we have that ∀ j ∈

[p], ∀i ∈ [N] and ∀t ∈ [T ],

û(a,b)i, j −O(b)
u, ju

0
i, j = O(b)

j V̂−1
u j,i

1
T

T

∑
t=1

v0
t, jb

0
j,it +R j

i,u,

v̂(a,b)t, j −
(

O(b)′
u, j

)−1
v0

t, j = O(b)
j

(
V̂ (a)

v j,t

)−1 1
Na

∑
i∈Ia

u0
i, jξ

0
j,it +R j

t,v,

where V̂ (a)
v j,t =

1
Na

∑i∈Ia fit(0)e2
j,itu

0
i, ju

0′
i, j, a ∈ [3] and b ∈ [3]\{a}.

Given the above estimates for the factors and factor loadings, we can estimate

Θ0
j,it by

Θ̂ j,it =
1
2 ∑

a∈[3]
∑

b∈[3]\{a}

{
û(a,b)′i, j v̂(a,b)t, j

}
1ia

where 1ia = 1{i ∈ Ia} for i ∈ [N]. Let Ξ0
j,it =

1
T v0′

t, jΣu j,iv
0
t, j +∑

3
a=1

1
Na

1iau0′
i, jΣ

a
v j

u0
i, j.

The following proposition studies the asymptotic properties of Θ̂ j,it .
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Proposition 2.1. Under Assumptions 2.1-2.9 and Assumption A.1, ∀ j ∈ [p] we

have

(i) Θ̂ j,it −Θ0
j,it = ∑

3
a=1 u0′

i, j

(
V̂ (a)

v j,t

)−1
1

Na
∑i∗∈Ia ξ j,i∗t1i∗a + v0′

t, jV̂
−1
u j

1
T ∑

T
t∗=1 b0

j,it∗ +

R j
it , where maxi∈I3,t∈[T ]

∣∣∣R j
it

∣∣∣= op

(
(N∨T )−1/2

)
,

(ii) maxi∈[N],t∈[T ]

∣∣∣Θ̂ j,it−Θ0
j,it

∣∣∣= Op

(√
logN∨T

N∧T

)
,

(iii)
(

Ξ0
j,it

)−1/2(
Θ̂ j,it−Θ0

j,it

)
⇝ N(0,1).

Remark 4. Proposition 2.1 establishes the distribution theory for the slope es-

timators. Recall that we remove the principle component from the independent

variables X j,it which is the key point in the debiasing step and why we don’t have

the distribution theory result for the intercept estimates Θ̂0,it in the current frame-

work. However, once we have the distribution theory for the slope estimates, we can

follow Chen et al. (2021) and obtain a new estimator for Θ0
0,it from the smoothed

quantile regression and establish its distribution theory. We leave this for the further

research.

To make inference for u0
i, j, v0

t, j, and Θ0
j,it , one needs to estimate their asymptotic

variances Σu j,i, Σv j and Ξ0
j,it consistently. Let k(·) be a PDF-type kernel function and

K(·) be its survival function such that
∫

k(u)du = 1 and K(u) :=
∫

∞

u k(v)dv. Let hN

be the bandwidth such that hN → 0 with N→ ∞. Define KhN (·) = K( ·hN
), khN (·) =

1
hN

k( ·hN
). Let ε̂it =Yit−Θ̂0,it−∑ j∈[p]X j,itΘ̂ j,it , v̂t,s, j =

1
6 ∑a∈[3]∑b∈[3]\{a} v̂(a,b)t, j v̂(a,b)′s, j ,

and ûi,i, j =
1
2 ∑a∈[3]∑b∈[3]\{a} û(a,b)i, j û(a,b)′i, j 1ia. Define

V̂u j =
1

NT ∑
i∈[N]

∑
t∈[T ]

khN (ε̂it)ê2
j,it v̂t,t, j, V̂v j =

1
NT ∑

i∈[N]
∑

t∈[T ]
khN (ε̂it)ê2

j,it ûi,i, j,

Ω̂u j =
1

NT ∑
i∈[N]

{
∑

t∈[T ]
τ(1− τ)ê2

j,it v̂t,t, j +
T−T1

∑
t=1

t+T1

∑
s=t+1

S j,its +
T

∑
t=1+T1

t−1

∑
s=t−T1

S j,its

}
,

Ω̂v j =
τ(1− τ)

NT ∑
i∈[N]

∑
t∈[T ]

ê2
j,it ûi,i, j, Σ̂u j = V̂−1

u j
Ω̂u jV̂

−1
u j
, Σ̂v j = V̂−1

v j
Ω̂v jV̂

−1
v j
,

where S j,its = ê j,it ê j,isv̂t,s, j

[
τ−K

(
ε̂it
hN

)][
τ−K

(
ε̂is
hN

)]
. We further define

Ξ̂ j,it =
1
2 ∑

a∈[3]
∑

b∈[3]\{a}

(
1
T

v̂(a,b)′t, j Σ̂u j v̂
(a,b)
t, j +

1
Na

1iaû(a,b)′i, j Σ̂v j û
(a,b)
i, j

)
.
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Let Fi,ts(·, ·) and fi,ts(·, ·) denote the joint CDF and PDF of (εit ,εis) given De, respec-

tively. To justify the consistency of the variance estimators, we add the following

assumption.

Assumption 2.10. (i)
∫+∞

−∞
k(u)du= 1,

∫+∞

−∞
k(u)u jdu= 0 for j∈{1, · · · ,m−

1} and
∫+∞

−∞
k(u)umdu ̸= 0 for m≥ 1.

(ii) hN → 0 and
(

log(N∨T )
N∧T

)1/4
ξ 2

N
hN
→ 0.

(iii) T1→ ∞ and
√

log(N∨T )
N∧T

ξ 2
NT1
h2

N
→ 0.

(iv) fit(c) is m times continuously differentiable with respect to c and fi,ts(c1,c2)

is m times continuously differentiable with respect to (c1,c2).

(v) ∀i ∈ [N], Vu j,i =Vu j and Ωu j,i = Ωu j .

(vi) ∀a ∈ [3], V (a)
v j = 1

N ∑
i∈[N]

E
[

fit(0)e2
j,itu

0
i, ju

0′
i, j

]
+op(1) and

Ω
(a)
v j = τ(1−τ)

N ∑
i∈[N]

E
(

e2
j,itu

0
i, ju

0′
i, j

)
+op(1).

Assumption 2.10(i)-(iv) are standard for consistent estimation of the asymptotic

variance matrix; see, e.g., Chen (2022) and Galvao and Kato (2016). Assumption

2.10(v) imposes the homogeneity moment condition across individuals, and As-

sumption 2.10(vi) assumes the moments calculated from subsamples are close to

those from the full sample given the random splitting. Under Assumption 2.10,

following the idea of Chen (2022), we establish in Lemma A.33 of the online sup-

plement the consistency of Σ̂u j and Σ̂v j . Similar conclusions hold for the other

estimates.

2.4 Specification Tests

In this section, we consider two specification tests under different rank condi-

tions.

2.4.1 Testing for Homogeneity across Individuals or Time

When K j = 1 for some j ∈ [p], it is interesting to test whether the matrix Θ0
j is

homogeneous across individuals (i.e., row-wise) or across time (i.e., column-wise).
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For these two cases, we can write factors and factor loadings as

u0
i, j = u j + cu

i, j and v0
t, j = v j + cv

t, j, respectively,

where u j =
1
N ∑

N
i=1 u0

i, j and v j =
1
T ∑

T
t=1 v0

t, j. For the homogeneity across individuals,

the null and alternative hypotheses can be written as

HI
0 : cu

i, j = 0 ∀i ∈ [N] v.s. HI
1 : cu

i, j ̸= 0 for some i ∈ [N]. (2.10)

Similarly, for the homogeneity across time, the null and alternative hypotheses can

be written as

HII
0 : cv

t, j = 0 ∀t ∈ [T ] v.s. HII
1 : cv

t, j ̸= 0 for some t ∈ [T ]. (2.11)

Note that we aim to test the two null hypotheses separately. That is, we can test

for homogeneous slope across individuals while allowing for heterogeneous slopes

across time and vice versa. This is different from the majority of the literature which

either tests for slope homogeneity across individuals while assuming the slopes are

homogeneous across time or tests for structural breaks across time while assuming

the slopes are homogeneous across individuals.

We first consider testing HI
0. Following the lead of Castagnetti et al. (2015), we

define2

S(a,b)u j = max
i∈Ia

T (û(a,b)i, j − ˆ̄u(a,b)j )′Σ̂−1
u j
(û(a,b)i, j − ˆ̄u(a,b)j ) and

Su j = max
(

S(3,1)u j ,S(2,3)u j ,S(1,2)u j

)
, (2.12)

where ˆ̄u(a,b)j = 1
Na

∑i∈Ia û(a,b)i, j . Similarly, to test for HII
0 , we construct

Sv j = max
(

S̃(3,1)v j , S̃(2,3)v j , S̃(1,3)v j

)
,

where

S(a,b)v j = max
t∈[T ]

N(v̂(a,b)t, j − ˆ̄v(a,b)j )′Σ̂−1
v j
(v̂(a,b)t, j − ˆ̄v(a,b)j ), S̃(a,b)v j =

1
2

S(a,b)v j −b(T ),

ˆ̄v(a,b)j = 1
T ∑

T
t=1 v̂(a,b)t, j , and b(n) = logn− 1

2 log logn− logΓ(1
2) for n ∈ {N,T,NT} .

To proceed, we introduce some notation. Recall that b0
j,it = e j,itv0

t, j(τ−1{εit ≤ 0})

2Alternatively, we can also define So
u j

= max
(

S(3,2)u j ,S(2,1)u j ,S(1,3)u j

)
. It is easy to show that this

statistic shares the same asymptotic null distribution as Su j . But due to the unknown dependence
structure between the two, we cannot take the maximum or the other continuous function of Su j and
So

u j
as a new test statistic.

24



and ξ 0
j,it = e j,itu0

i, j (τ−1{εit ≤ 0}). Define

b
(1)
j,it = V̂−1

u j
b0

j,it , b
(2)
j,it =

(
V̂ (3)

v j,t

)−1
ξ

0
j,it , b

(3)
j,it =

(
V̂ (2)

v j,t

)−1
ξ

0
j,it , and b

(4)
j,it =

(
V̂ (1)

v j,t

)−1
ξ

0
j,it .

Let B(ℓ)
j,t =

(
b
(ℓ)′
j,1t , · · · ,b

(ℓ)′
j,Nt

)′
for ℓ ∈ [4] . Define

Σ
(1)
B, j =

1
T

T

∑
t=1

T

∑
s=1

E
(
B

(1)
j,t B

(1)′
j,s

)
, Σ

(2)
B, j =

1
N3

∑
i∈I3

E
(
B

(2)
j,i B

(2)′
j,i

)
,

Σ
(3)
B, j =

1
N2

∑
i∈I2

E
(
B

(3)
j,i B

(3)′
j,i

)
, and Σ

(4)
B, j =

1
N1

∑
i∈I1

E
(
B

(4)
j,i B

(4)′
j,i

)
.

We add the following two assumptions.

Assumption 2.11. ∀ j ∈ [p], we assume

λ̄ ≥ λmax
(
Σu j

)
≥ λmin

(
Σu j

)
≥ λ > 0, λ̄ ≥ λmax

(
Σv j

)
≥ λmin

(
Σv j

)
≥ λ > 0.

Assumption 2.12. (i) There exists a high dimensional Gaussian vector Z(1)
B ∼

N
(

0,Σ(1)
B, j

)
such that

∥∥∥ 1√
T ∑

T
t=1B

(1)
j,t −Z(1)

B

∥∥∥
max

= op(1).

(ii) There exists high dimensional Gaussian vectors Z(ℓ)
B ∼ N

(
0,Σ(ℓ)

B, j

)
for ℓ =

2,3,4 such that
(
Z(2)
B ,Z(3)

B ,Z(4)
B

)
are independent,∥∥∥∥∥ 1√

N3
∑
i∈I3

B
(2)
j,i −Z(2)

B

∥∥∥∥∥
max

= op(1),

∥∥∥∥∥ 1√
N2

∑
i∈I2

B
(3)
j,i −Z(3)

B

∥∥∥∥∥
max

= op(1), and∥∥∥∥∥ 1√
N1

∑
i∈I1

B
(4)
j,i −Z(4)

B

∥∥∥∥∥
max

= op(1).

Assumption 2.11 implies that both Σu j and Σv j are well behaved. Assumption

2.12 imposes that we can approximate high dimensional vectors 1√
T ∑t∈[T ]B

(1)
j,t ,

1√
N3

∑i∈I3 B
(2)
j,i , 1√

N2
∑i∈I2 B

(3)
j,i and 1√

N1
∑i∈I1 B

(4)
j,i by four Gaussian vectors. Similar

conditions have been imposed in the literature; see, e.g., Assumption SA3 Lu and

Su (2023).

The following theorem reports the asymptotic properties of Su j and Sv j under

the respective null and alternative hypotheses.

Theorem 2.4. Suppose that Assumptions 2.1-2.12 and Assumptions A.1 in the

online supplement hold and (N,T )→ ∞. Then

(i) Under HI
0, we have P

(1
2Su j ≤ x+b(N)

)
→ e−e−x

; and under HII
0 , we have

P
(
Sv j ≤ x

)
→ e−3e−x

.
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(ii) Under HI
1, if T

logN maxi∈[N]

∥∥∥cu
i, j

∥∥∥2

2
→ ∞, we have P

(
Su j > cα,1·N

)
→ 1 with

cα,1·N = 2b(N)− log |log(1−α)|2 and α is the significance level. Under

HII
1 , if N

logT maxt∈[T ]

∥∥∥cv
t, j

∥∥∥2

2
→ ∞, we have P

(
Sv j > cα,2

)
→ 1 with cα,2 =

− log
(
−1

3 log(1−α)
)
.

Remark 5. Theorem 2.4 implies that our test statistics follow the Gumbel dis-

tributions asymptotically under the null, are consistent under the global alternatives,

and have non-trivial power against the local alternatives. The power function of Su j

approaches 1 as long as T
logN maxi∈[N]

∥∥∥cu
i, j

∥∥∥2

2
diverges to infinity as (N,T )→ ∞.

2.4.2 Test for an Additive Structure

When K j = 2 for some j ∈ [p], it is interesting to test whether Θ0
j,it exhibits the

additive structure which is widely assumed in a two-way fixed effects model. That

is, one may test the following null hypothesis

HIII
0 : Θ

0
j,it = λ j,i + f j,t , ∀(i, t) ∈ [N]× [T ], (2.13)

The alternative hypothesis HIII
1 is the negation of HIII

0 .

Let Θ̄ j,i· =
1
T ∑t∈[T ]Θ

0
j,it , Θ̄

Ia
j,·t =

1
Na

∑i∈Ia Θ0
j,it , and Θ̄

Ia
j = 1

NaT ∑i∈Ia ∑t∈[T ]Θ
0
j,it

for a ∈ [3]. Define

Θ
∗
j,it = Θ

0
j,it− Θ̄ j,i·− Θ̄

Ia
j,·t + Θ̄

Ia
j , ∀i ∈ Ia, t ∈ [T ], j ∈ [p].

Note that Θ∗j,it = 0 ∀(i, t) ∈ [N]× [T ] under HIII
0 . So we can propose a test for HIII

0

based on estimates of Θ∗j,it . Define

ˆ̄
Θ j,i· =

1
T ∑

t∈[T ]
Θ̂ j,it ,

ˆ̄
Θ

Ia
j,·t =

1
Na

∑
i∈Ia

Θ̂ j,it , and ˆ̄
Θ

Ia
j =

1
NaT ∑

i∈Ia

∑
t∈[T ]

Θ̂ j,it

for a ∈ [3]. Then, we can define the sample analogue of Θ̂∗j,it as

Θ̂
∗a
j,it = Θ̂ j,it− ˆ̄

Θ j,i·− ˆ̄
Θ

Ia
j,·t +

ˆ̄
Θ

Ia
j , ∀i ∈ Ia, t ∈ [T ], j ∈ [p].

Its corresponding asymptotic variance can be estimated by Σ̂∗j,it defined as

Σ̂
∗
j,it =

1
2 ∑

a∈[3]
∑

b∈[3]\{a}

1
Na

(
û(a,b)i, j − ˆ̄u(a,b)j

)′
Σ̂v j

(
û(a,b)i, j − ū(a,b)j

)
1ia

+
1
6 ∑

a∈[3]
∑

b∈[3]\{a}

1
T

(
v̂(a,b)t, j − ˆ̄v(a,b)j

)′
Σ̂u j

(
v̂(a,b)t, j − ˆ̄v(a,b)j

)
,
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where ˆ̄u(a,b)j = 1
Na

∑i∈Ia û(a,b)i, j and ˆ̄v(a,b)j = 1
T ∑t∈[T ] v̂

(a,b)
t, j . Then, the final test statistic

is

SNT = max
i∈[N],t∈[T ]

(
Θ̂
∗
j,it
)2
/Σ̂
∗
j,it .

The following theorem studies the asymptotic properties of SNT under the null

and alternatives.

Theorem 2.5. Suppose that Assumptions 2.1-2.12 and Assumptions A.1 in the

online supplement hold and (N,T )→ ∞. Under HIII
0 ,

P
(

1
2

SNT ≤ x+b(NT )
)
→ e−e−x

;

under HIII
1 , if N∧T

logNT maxi∈[N],t∈[T ]

∣∣∣Θ∗j,it∣∣∣2→∞, then we have P(SNT > cα,3·NT )→ 1

with cα,3·NT = 2b(NT )− log |log(1−α)|2.

Similar remark after Theorem 2.4 holds here. In particular, SNT has the desired

asymptotic Gumbel distribution under the null and is consistent under the global

alternative.

2.5 Monte Carlo Simulations

In this section, we conduct a set of Monte Carlo simulations to show the finite

sample performance of our low-rank quantile regression estimates and specification

tests.

2.5.1 Data Generating Processes

Below we will consider the following data generating process (DGP):

Yit = Θ0,it +X ′itΘit +(1+0.1X1,it +0.1X2,it)uit ,

where Xit = (X1,it ,X2,it)
′, Θit = (Θ1,it ,Θ2,it)

′, Θ0,it is the intercept term which will

be specified via the IFEs.

First, we consider four DGPs where the rank of each slope matrix is 1:

DGP 1: Constant slope with i.i.d. error. Let Θ0,it = λi ft , where λi, ft ∼ N(2,5).

Then let Θ1,it = Θ2,it = 2 ∀(i, t) ∈ [N]× [T ], and X j,it = l0
j,iw

0
j,t +U(0,1)

for j ∈ {1,2} with l0
1,i, l0

2,i, w0
1,t and w0

2,t ∼U(0,1). uit
i.i.d∼ t(3)√

3
.
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DGP 2: Factor slope with rank 1 and i.i.d. error. Same as DGP 1 except that

the slope coefficients follow the factor structure with one factor rather than

homogeneous across both individuals and time, i.e., Θ1,it = a1,ig1,t , Θ2,it =

a2,ig2,t , where a1,i, g1,t , a2,i and g2,t ∼ N(0,2). Except these, all other

settings remain the same as in DGP 1.

DGP 3: Constant slope with serial correlation. Same as DGP 1 except that we set

uit = 0.2ui,t−1 + εit , εit
i.i.d∼ t(3)√

3
and all other settings remain the same.

DGP 4: Factor slope with rank 1 and serial correlation. Same as DGP 2 except

that we set uit = 0.2ui,t−1 + εit , εit
i.i.d∼ t(3)√

3
and all other settings remain the

same.

For the case that the rank of the slope matrix is 2, we consider two DGPs which

have the additive structure for the slope coefficient of one regressor and the factor

structure with two factors for the slope coefficient of another regressor. Specifically,

DGP 5: Additive and factor slopes with i.i.d. error. Θ0,it = λi ft , Θ1,it = a1,i +

g1,t and Θ2,it = a′2,ig2,t such that a2,i = (a2,i,1,a2,i,2)
′, g2,t = (g2,t,1,g2,t,2)

′,

λi, ft ,a1,i,g1,i ∼ N(2,5) and a2,i,1,a2,i,2,g2,i,1,g2,i,2 ∼ N(0,5). Moreover,

X1,it = l0
1,iw

0
1,t +U(0,4), X2,it = l0

2,iw
0
2,t +Beta(2,5) with l0

1,i,w
0
1,t ∼U(0,4)

and l0
2,i,w

0
2,t ∼ Beta(2,5). uit

i.i.d∼ t(3)√
3

.

DGP 6: Additive and factor slopes with serial correlation. Same as DGP 5 except

that the error uit follows AR(1) process like in DGPs 3 and 4.

2.5.2 Estimation Results

For Θ ∈ RN×T , define RMSE(Θ) = 1√
NT

∥∥Θ−Θ0
∥∥

F . Table 2.3 shows the RM-

SEs of the full-sample low rank matrix estimates under different quantiles for each

DGP. As Theorem 2.1(i) predicts, the RMSEs decrease as both N and T increase.

Given the fact that N ∧ T = T in the simulations, the decrease of the RMSEs is

largely driven by the increase of T.

Table 2.4 reports the frequency of correct rank estimation by the singular value

thresholding (SVT) approach based on 1000 replications. Note that the true ranks

of the intercept and slope matrices in DGPs 1-4 and 5-6 are 1 and 2, respectively.
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The results show that the SVT can accurately determine the correct rank of the

coefficient matrices in all DGPs for all three quantile indices under investigation.

Table 2.3: RMSEs of low rank estimates in the full sample

DGP N T
τ = 0.25 τ = 0.50 τ = 0.75

Θ̃0 Θ̃1 Θ̃2 Θ̃0 Θ̃1 Θ̃2 Θ̃0 Θ̃1 Θ̃2

1
75

35 0.922 0.324 0.329 1.242 0.288 0.297 1.839 0.609 0.658
70 0.707 0.280 0.275 0.819 0.220 0.203 1.266 0.519 0.523

150
35 1.012 0.337 0.340 1.099 0.258 0.262 1.932 0.661 0.623
70 0.745 0.272 0.265 0.825 0.205 0.206 1.324 0.522 0.504

2
75

35 0.871 0.521 0.505 0.881 0.704 0.680 1.278 1.055 0.970
70 0.692 0.401 0.373 0.672 0.553 0.537 1.057 0.744 0.768

150
35 0.877 0.507 0.480 1.022 0.790 0.815 1.334 1.018 1.040
70 0.703 0.374 0.373 0.689 0.531 0.538 1.059 0.829 0.787

3
75

35 0.945 0.334 0.329 1.115 0.280 0.265 1.876 0.630 0.627
70 0.682 0.286 0.279 0.809 0.230 0.214 1.244 0.486 0.492

150
35 0.973 0.334 0.331 1.211 0.287 0.291 1.771 0.590 0.612
70 0.757 0.274 0.272 0.801 0.208 0.195 1.360 0.494 0.527

4
75

35 0.885 0.515 0.519 0.915 0.693 0.723 1.382 1.125 1.037
70 0.669 0.393 0.384 0.652 0.511 0.520 1.053 0.812 0.774

150
35 0.889 0.513 0.483 0.905 0.761 0.686 1.409 1.118 1.133
70 0.725 0.376 0.377 0.717 0.547 0.565 1.058 0.724 0.775

5
75

35 0.218 0.268 0.450 0.307 0.308 0.606 0.844 0.466 0.936
70 0.174 0.226 0.414 0.213 0.200 0.493 0.610 0.388 0.838

150
35 0.236 0.245 0.458 0.299 0.291 0.634 1.299 0.863 1.778
70 0.174 0.214 0.423 0.216 0.203 0.450 0.629 0.377 0.679

6
75

35 0.253 0.267 0.293 0.382 0.227 0.421 1.293 0.609 0.892
70 0.207 0.239 0.278 0.261 0.192 0.366 0.576 0.287 0.415

150
35 0.225 0.254 0.269 0.363 0.225 0.422 1.486 0.695 0.992
70 0.193 0.254 0.263 0.254 0.171 0.379 0.797 0.391 0.551

2.5.3 Test Results

In Section 4, we define Su j and Sv j as the sup-type test statistics. Table 2.5

reports the empirical size and power at the 5% nominal level for the null hypothesis

that the slope coefficient is homogeneous across either i or t. The results in DGPs 1

and 3 give the empirical size, and those in DGPs 2 and 4 give the empirical power.

As the results in Table 2.5 indicate, our tests have reasonable size despite the fact

that they are slightly conservative like most extreme-value based sup-tests in the

literature. In terms of power, out tests have superb power in both DGPs across all

three quantile indices.
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Table 2.4: Frequency of correct rank estimation via the SVT approach

DGP N T
τ = 0.25 τ = 0.50 τ = 0.75

K̂0 K̂1 K̂2 K̂0 K̂1 K̂2 K̂0 K̂1 K̂2

1
75

35 1.00 0.996 0.996 1.00 0.999 1.00 1.00 0.999 0.999
70 1.00 0.994 0.996 1.00 1.00 1.00 1.00 1.00 1.00

150
35 1.00 0.994 0.995 1.00 1.00 0.999 1.00 1.00 0.999
70 1.00 0.995 0.996 1.00 0.999 1.00 1.00 0.999 1.00

2
75

35 1.00 0.993 0.999 1.00 0.999 1.00 1.00 1.00 1.00
70 1.00 0.997 0.998 1.00 1.00 1.00 1.00 1.00 1.00

150
35 1.00 0.995 0.996 1.00 0.998 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 0.998 1.00 1.00 1.00

3
75

35 1.00 0.990 0.997 1.00 0.997 0.997 1.00 0.999 0.999
70 1.00 0.994 0.994 1.00 0.999 0.999 1.00 0.999 0.998

150
35 1.00 0.999 0.992 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 0.996 0.994 1.00 0.998 1.00 1.00 1.00 1.00

4
75

35 1.00 0.992 0.991 1.00 0.999 0.999 1.00 0.999 1.00
70 1.00 0.995 0.995 1.00 0.999 0.999 1.00 1.00 1.00

150
35 1.00 0.996 0.997 1.00 0.999 1.00 1.00 1.00 1.00
70 1.00 0.997 0.999 1.00 0.999 1.00 1.00 1.00 1.00

5
75

35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

150
35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

6
75

35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

150
35 1.00 1.00 0.999 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table 2.6 shows the empirical size and power of our test for DGPs 5 and 6.

The findings are similar to those in Table 2.5. In particular, our tests are a bit

conservative under the null. The empirical power tends to 1 quickly as T increases.

2.6 Empirical Study

In this section we consider two empirical applications: the heterogeneous invest-

ment equation and the heterogeneous quantile effect of foreign direct investment on

unemployment.

2.6.1 Investment Equation

In this subsection, we revisit the investment equation. Fazzari et al. (1988) point

out that investment may show sensitivity to movements in cash flow when firms
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Table 2.5: Empirical size and power of testing slope homogeneity across either i or t
(nominal level: 0.05)

DGP N T
τ = 0.25 τ = 0.5 τ = 0.75

u1 v1 u2 v2 u1 v1 u2 v2 u1 v1 u2 v2

DGP 1
75

35 0.040 0.051 0.049 0.032 0.024 0.054 0.034 0.054 0.036 0.047 0.036 0.048
70 0.040 0.055 0.050 0.044 0.020 0.056 0.017 0.068 0.025 0.037 0.029 0.029

150
35 0.028 0.036 0.058 0.048 0.065 0.054 0.052 0.055 0.074 0.030 0.076 0.024
70 0.034 0.025 0.030 0.023 0.035 0.048 0.028 0.040 0.035 0.025 0.039 0.025

DGP 2
75

35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

150
35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

DGP 3
75

35 0.045 0.057 0.050 0.041 0.022 0.050 0.038 0.089 0.054 0.047 0.049 0.047
70 0.048 0.031 0.031 0.033 0.028 0.086 0.023 0.069 0.041 0.046 0.032 0.038

150
35 0.065 0.054 0.058 0.034 0.064 0.051 0.068 0.045 0.084 0.018 0.089 0.023
70 0.046 0.030 0.044 0.025 0.022 0.037 0.037 0.030 0.046 0.022 0.048 0.015

DGP 4
75

35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

150
35 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
70 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table 2.6: Empirical size and power for testing additive slopes (nomial level: 0.05)

DGP N T
τ = 0.25 τ = 0.50 τ = 0.75

size power size power size power

DGP 5
75

35 0.027 0.807 0.034 1.00 0.026 0.979
70 0.065 1.00 0.061 1.00 0.034 1.00

150
35 0.018 1.00 0.026 1.00 0.011 1.00
70 0.012 1.00 0.029 1.00 0.010 1.00

DGP 6
75

35 0.039 0.796 0.058 1.00 0.045 0.979
70 0.024 1.00 0.06 1.00 0.032 1.00

150
35 0.019 1.00 0.025 1.00 0.022 1.00
70 0.01 1.00 0.022 1.00 0.014 1.00

face constraints for external finance. Since Fazzari et al. (1988), there has been a

large literature on the effect of cash flow on the corporate investment; see Devereux

and Schiantarelli (1990), Gilchrist and Himmelberg (1995), Kaplan and Zingales

(1995), Cleary (1999), Rauh (2006), and Almeida and Campello (2007), among

others. Using the panel dataset, we consider the scaled version of the investment

equation as follows:

Iit

Ki,t−1
= Θ0,it +Θ1,it

CFit

Ki,t−1
+Θ2,itqi,t−1 +uit ,

where I is the corporate investment, CF is the cash flow, q is the Tobin’s q, K is

the capital stock and u is the innovation. Θ0,it refers to the fixed effects (FEs).

Rather than the mean estimation, Galvao and Wang (2015) estimate the effects of

the firm’s cash flow and Tobin’s q on investment at different quantiles. By using the
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panel quantile regression with individual FEs, they show that the slope estimates

change across τ . However, they do not allow the slope coefficients, Θ1 and Θ2,

to change either over i or t. Inspired by Galvao and Wang (2015), we estimate the

following model

Qτ

(
IKit
∣∣{CFKit ,qi,t−1

}
t∈[T ] ,

{
Θ j,it

}
t∈[T ], j∈{0,1,2}

)
= Θ0,it(τ)+Θ1,it(τ)CFKit +Θ2,it(τ)qi,t−1, (2.14)

where IKit =
Iit

Ki,t−1
, and CFKit =

CFit
Ki,t−1

. Here we don’t restrict the specific structure

on the FEs and they can be either additive or interactive.

The data are taken from the China Stock Market & Accounting Research (CS-

MAR) Database. We use quarterly data for 195 manufacturing firms in China

from 2003 to 2020. Based on the model (2.14), we define corporate investment

as Iit = LIit−LIi,t−1, where LIit is the total value of long-term corporate investment

as the sum of long-term equity investment, long-term bound investment, fixed assets

and immaterial assets. The investment measures the change of firm’s total invest-

ment compared to the last period. All these four variables can be easily obtained

from the balance sheet. We directly use Tobin’s q from the CSMAR database, where

by definition q = MV
K and MV is the market value of the firm. We obtain a balanced

panel dataset with 195 firms and 72 time periods. The units of corporate investment,

capital and cash flow are measured by billions of Chinese RMB.

By using the SVT approach, we obtain the estimates of the ranks of Θ1 and Θ2 :

r̂1 = r̂2 = 1 for each τ = {0.25,0.5,0.75}. Consequently, we can consider the test

that whether Θ j,it is constant over i or constant over t for both j = 1,2. Specifically,

we want to test whether the effect of cash flow and Tobin’s q on the firm’s investment

is homogeneous over i or across t with market imperfection. That is, for j ∈ {1,2},

we shall test

• Ha
0 : Θ j,it is a constant over i,

• Hb
0 : Θ j,it is a constant over t.

Figure 2.1 shows the estimation results for the factor and factor loadings of two

slope coefficient matrices under different quantiles. In each sub-figure, the first and

second rows report the results for Θ1 and Θ2, respectively. Specifically, the first row
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(a) factor loading estimates
under τ = 0.25

(b) factor loading estimates
under τ = 0.5

(c) factor loading estimates
under τ = 0.75

(d) factor estimates under
τ = 0.25

(e) factor estimates under
τ = 0.5

(f) factor estimates under
τ = 0.75

Figure 2.1: Factor loading and factor estimates under different quantiles

of Figure 2.1(a) gives the plot of
{

ûi,1
}

i∈[N]
as a catenation of {û(1,2)i,1 , û(2,3)i,1 , û(3,1)i,1 }

at the left and as a cantenation of {û(1,3)i,1 , û(2,1)i,1 , û(3,2)i,1 } at the right in the first row, and

similarly the plot of
{

ûi,2
}

i∈[N]
in the second row. Similarly, the first row of Figure

2.1(d) shows {v̂(a,b)t,1 }t∈[T ] for a ∈ [3], b ∈ [3] \ {a} in the first row and {v̂(a,b)t,3 }t∈[T ]
for a ∈ [3], b ∈ [3]\{a} in the second row.

Table 2.7 reports the test statistics, critical values, and p-values. Tobin’s q can

measure a firm’s investment demand. After controlling the Tobin’s q and the in-

tercept FEs, the coefficient of cash flow captures a firm’s potential for external in-

vestment with the variation of internal finance. It is clear that we can reject the

homogeneous hypotheses for both i and t at the 1% significance level for each

τ ∈ {0.25,0.5,0.75}. This indicates that with high probability, the slope coefficient

of both CFK and Tobin’s q follow the factor structure with one factor.

The above study shows strong evidence that under imperfect market, the sen-

sitivity of corporate investment to cash flow exhibits both individual heterogeneity

and time heterogeneity across quantiles. It implies that neither the usual homoge-

nous panel QR model nor the panel QR model with either cross-section or time

heterogeneity alone in the slope coefficients fails to fully capture the unobserved

heterogeneity in the investment equation.
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Table 2.7: Test results under different quantiles for the investment equation

τ Test S cvα=0.01 cvα=0.05 cvα=0.1 p-value

0.25

uCFK 1.28×103

16.94 13.68 12.24
0.00

uq 4.16×104 0.00
vCFK 13.85

5.70 4.07 3.35
0.00

vq 870.85 0.00

0.50

uCFK 148.28
16.94 13.68 12.24

0.00
uq 1.24×105 0.00

vCFK 49.57
5.70 4.07 3.35

0.00
vq 138.83 0.00

0.75

uCFK 313.21
16.94 13.68 12.24

0.00
uq 2.03×104 0.00

vCFK 31.50
5.70 4.07 3.35

0.00
vq 58.29 0.00

Notes: S is the test statistics for the factor or factor loadings under
different quantiles, Ha

0 (CFK) and Ha
0 (q) refer to the hypotheses

that the slope of CFK and Tobin’q is homogeneous across i, re-
spectively. Hb

0 (CFK) and Hb
0 (q) refer to the the hypotheses that

the slope of CFK and Tobin’q is homogeneous across t, respec-
tively. cvα=a is the critical value under the significance level a
where a=0.1, 0.05, and 0.01.

2.6.2 Foreign Direct Investment and Unemployment

Investment is one of the major driving forces for economic growth and em-

ployment. Among the investment, foreign direct investment (FDI) is an important

contributor to the employment. See Craigwell (2006), Aktar et al. (2009), Karlsson

et al. (2009), Mucuk and Demirsel (2013), and Strat et al. (2015), among others.

Controversially, Mucuk and Demirsel (2013) argue that FDI may have both positive

and negative effects on employment. On the one hand, FDI adds to the net capital

and creates jobs through forward and backward linkages and multiplier effects in lo-

cal economy. On the other hand, acquisitions may rely on imports or displacement

of existing firms which may result in job loss.

To study the relationship of FDI, economic growth rate and unemployment at

the country level, we consider the following panel quantile regression model,

Qτ

(
Uit
∣∣{Gi,t−1,FDIit

}
t∈[T ] ,

{
Θ j,it

}
t∈[T ], j∈{0,1,2}

)
= Θ0,it(τ)+Θ1,it(τ)Gi,t−1 +Θ2,it(τ)FDIit ,

where Uit is the unemployment rate of country i at year t, Gi,t−1 is the economic

34



growth measured by the growth of real GDP. Θ0,it is the FEs of country i and year t,

Θ1,it is the elasticity of the economic growth in the previous year to the unemploy-

ment this year, and Θ2,it is the elasticity of FDI to the unemployment.

We draw the data for 126 countries from 1992-2019. The data for the unem-

ployment rate are taken from International Labor Organization (ILO) and GDP

growth and FDI are from the World Bank Development Indicators (WDI) histor-

ical database. The rank estimation procedure shows that r̂1 = 2 and r̂2 = 1. Con-

sequently, we can test whether the elasticity of FDI to the unemployment rate is

homogeneous across individual countries and over years 1992-2019, and whether

the elasticity of growth rate to unemployment follows the additive structure, i.e.,

• Hc
0 : Θ1,it = Θ1,i +Θ1,t ,

• Hd
0 : Θ2,it is a constant over i,

• He
0 : Θ2,it is a constant over t.

Table 2.8 reports the test results under quantiles 0.25, 0.5 and 0.75 for the above

three null hypotheses. Figure 2.2 gives the estimation results for the factor and factor

loading estimates of the slope coefficient Θ2. As Table 2.8 suggests, we can reject

all the above three null hypotheses safely at the conventional 5% significance level.

This means that the effect of FDI on the unemployment rate is different across both

countries and time even though the estimated rank of Θ2 is one, and the effect of

economic growth rate on the unemployment is heterogeneous across both countries

and time and it does not exhibit an additive structure.

Table 2.8: Test results under different quantiles

Test τ S cvα=0.01 cvα=0.05 cvα=0.10 p-value

Hc
0

0.25 38.92 35.55 32.29 30.85 0.00
0.50 80.84 22.29 19.03 17.59 0.00
0.75 66.24 35.55 32.29 30.85 0.00

Hd
0

0.25 1.41×106

16.15 12.89 11.45

0.00
0.50 6.39×106 0.00
0.75 3.07×107 0.00

He
0

0.25 36.36

5.70 4.07 3.35

0.00
0.50 164.03 0.00
0.75 5.44 0.013
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(a) factor loading estimates
under τ = 0.25

(b) factor loading estimates
under τ = 0.5

(c) factor loading estimates
under τ = 0.75

(d) factor estimates under
τ = 0.25

(e) factor estimates under
τ = 0.5

(f) factor estimates under
τ = 0.75

Figure 2.2: Factor loading and factor estimates of Θ2 under different quantiles

2.7 Conclusion

This paper considers panel QR model with heterogeneous slopes over both i

and t. Compared to Chernozhukov et al. (2019), to remove the bias from the nu-

clear norm regularization, we split the full sample into three subsamples. We then

use the first subsample to compute initial estimators via NNR, the second sample to

refine the convergence rate of the initial estimator, and the last subsample to debias

the refined estimator. Our asymptotic theory shows that the factor estimates, factor

loading estimates and the slope estimates all follow the normal distributions asymp-

totically. By constructing the consistent estimator for the asymptotic variance, we

also conduct two specification tests: (1) the slope coefficient is constant over time or

individuals under the case that true rank of slope matrix equals one and (2) the slope

coefficient exhibits the additive structure under the case that true rank of the slope

coefficient matrix equals two. Our test statistics are shown to follow the Gumbel

distribution asymptotically under the null, consistent under the global alternative

and have non-trivial power against local alternatives. Monte Carlo simulation and

empirical studies illustrate the finite sample performance of our algorithm and test

statistics.
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Chapter 3

Panel Data Models with

Time-Varying Latent Group

Structures

3.1 Introduction

Heterogeneous panel data models have been widely used in empirical research

in economics because they can capture a rich degree of unobserved heterogeneity.

But models with complete heterogeneity along either the cross section or time di-

mension tend to possess too many parameters to be identified, which results in slow

convergence and inefficient estimates. For this reason, more and more researchers

advocate the use of panel data models with certain structures imposed along either

the cross section or time dimension. On the one hand, the recent burgeoning on pan-

els with latent group structures can be motivated from the observation that different

groups of individuals may respond differently to an exogenous shock. For instance,

Durlauf and Johnson (1995), Berthelemy and Varoudakis (1996), and Ben-David

(1998) show economies in different groups of income per capita and/or education

level may converge to different steady state equilibria. Klapper and Love (2011),

Chu (2012), and Zhang and Cheng (2019) show an exogenous shock like policy im-

plementation has different impacts on different individuals, and Long et al. (2012)

argue that the influence of 2008 financial crisis on the economic growth is different
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for emerging and developed economies. On the other hand, the recent popularity

of panels with structural changes can be motivated from the occurrence of financial

crises, technological progress, and economic transitions, etc, during the time peri-

ods covered by the data. See Qian and Su (2016) for a survey on panel data models

that consider the estimation and tests of structural changes.

Even though there exists a large literature on the study of individual or time

heterogeneity alone in the slope coefficients of a panel data model, few of them

consider both types of heterogeneity simultaneously. Exceptions include Keane and

Neal (2020) and Lu and Su (2023) who consider linear panel data models with two-

dimensional unobserved heterogeneity in the slope coefficients that are modelled

via the usual additive structure, and Chernozhukov et al. (2019) and Wang et al.

(2022) who model the slope coefficients via the use of low-rank matrices for con-

ditional mean and quantile regressions, respectively. In addition, Okui and Wang

(2021) and Lumsdaine et al. (2023) consider both individual heterogeneity and time

heterogeneity by modeling them as a grouped pattern and structural breaks, respec-

tively. Specifically, Okui and Wang (2021) develop a new panel data model with la-

tent groups where the number of groups and the group memberships do not change

over time but the coefficients within each group can change over time and they may

have different breaking dates; Lumsdaine et al. (2023) consider the panels with a

grouped pattern of heterogeneity when the latent group membership structure and/or

the values of slope coefficients change at a break point. Both papers provide algo-

rithms to recover the latent group structure based on linear panel models with or

without individual fixed effects, but cannot allow for the presence of more compli-

cated fixed effects such as the interactive fixed effects (IFEs) to capture the strong

cross-sectional dependence in the data.

In this paper, we propose a linear panel data model with IFEs such that the slope

coefficients exhibit two-way heterogeneity. Following the lead of Okui and Wang

(2021) and Lumsdaine et al. (2023) and to encourage the parameter parsimony, we

use a latent group structure to capture the individual heterogeneity and an unknown

structural break to capture the time heterogeneity. As for the latent group structure,

we allow the model to have different group numbers and different group member-

ship before and after the break. Given the complicated structure of the model, we
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propose to estimate the break point, the number of groups before and after the break,

the group membership before and after the break, and the group-specific parameters

in multiple steps. Our key insight is that for each of the p regressors, their slope co-

efficients, when allowed to vary across both the cross section and time dimensions,

can be written as a factor structure with a fixed number of factors so that they can

be stacked into a low-rank matrix.

In the first step, we explore the low-rank nature of the slope matrices and pro-

pose to obtain their initial estimates by the nuclear norm regularization (NNR), a

popular machine learning technique in computer sciences. Such initial matrix esti-

mates are consistent in terms of Frobenius norm but do not have the pointwise or

uniform convergence for their elements. Despite this, by applying singular value

decomposition (SVD) to these estimates, we can obtain estimates of the associated

factors and factor loadings that are also consistent in terms of Frobenius norm. In

the second step, we use the first-step initial estimates of the factors and factor load-

ings to run the row- and column-wise linear regressions to update the estimates of

the factors and factor loadings which now possess pointwise and uniform consis-

tency and can be used for subsequent analyses. In the third step, we estimate the

break point by using the celebrated idea of binary segmentation as commonly used

for break point estimation in the time series literature. Once the break point is es-

timated, the full-sample is naturally split into two subsamples. In the fourth step,

we follow the lead of Lin and Ng (2012) and Jin et al. (2022) to focus on each sub-

sample before and after the estimated break point and propose a sequential testing

K-means algorithm to recover the latent group structure and obtain the number of

groups simultaneously. In the last step, we use the estimated group structure to esti-

mate the group-specific parameters. Asymptotic analyses show that the break point,

the number of groups and the group memberships can be consistently estimated in

Steps 3-4, so that the final step estimates for the group-specific coefficients can en-

joy the oracle property. This means they have the same asymptotic distributions as

the ones obtained by knowing the break point and the latent group structures before

and after the break points.

This paper relates to two branches of literature. First, our paper contributes

to the panel data literature on one-way heterogeneity, especially with either latent

39



group structures or structural breaks. As for the latent group structures, there are

several popular ways to recover the latent groups. The first approach is K-means

algorithm. Lin and Ng (2012) apply the K-means algorithm to linear panel data

models with grouped slope coefficients and propose an information criterion and a

sequential testing approach to estimate the true number of groups. Sarafidis and We-

ber (2015) analyze the unknown grouped slopes in the large N and fixed T frame-

work, and Zhang et al. (2019) provide an iterative algorithm based on K-means

clustering for panel quantile regression model. Bonhomme and Manresa (2015)

and Ando and Bai (2016) consider panels with grouped fixed effects. The second

approach is the Classifier-Lasso (C-Lasso) that has become a popular clustering

method since Su et al. (2016). This method is extended by Lu and Su (2017), Su and

Ju (2018), Su et al. (2019), Wang et al. (2019), and Huang et al. (2020) to various

contexts. In addition, both clustering algorithm in regression via data-driven seg-

mentation (CARDS) approach and binary segmentation are also considered in Ke

et al. (2015), Wang et al. (2018), Ke et al. (2016) and Wang and Su (2021), among

others. As for the panel data models with structural breaks, binary segmentation has

become a common approach to estimate the break point. See Bai (2010), Lin and

Hsu (2011), Kim (2011), Kim (2014) and Baltagi et al. (2017), among others. These

papers focus on the case of one break point in the model. In contrast, Qian and Su

(2016) and Li et al. (2016) allow for multiple breaks in linear panel data models

with either the classical fixed effects or the IFEs, and propose the adaptive grouped

fused lasso (AGFL) approach to estimate the break points. Compared to existing

panel literature on one-way heterogeneity, we allow for two-way heterogeneity in

our model. In particular, we allow not only different membership structures in dif-

ferent time blocks but also the change of number of groups over time. As a result,

our model is more flexible than the vast existing models that allow for only latent

group structures or structural breaks, but not both.

Second, this paper contributes to the recent burgeoning literature that models

two-way heterogeneity in the slope coefficients of a panel data model. As men-

tioned above, there are two approaches to model the two-way heterogeneity in the

slope coefficients. One is to model them as an additive structure so that both the

individual and time effects enter the slope coefficients additively, as in Keane and
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Neal (2020) and Lu and Su (2023). The other is to impose certain low-rank struc-

tures on the slope coefficient matrices in which case one models each slope coeffi-

cient via the use of IFEs as used to model the strong cross sectional dependence in

the panels. In view of the low-rank structures, we can resort to the NNR that has

attracted increasing attentions recently in panel data analyses. NNR has been used

in recent researches in econometrics, see Bai and Ng (2019), Moon and Weidner

(2018), Chernozhukov et al. (2019), Belloni et al. (2023), Miao et al. (2023), Feng

(2019), and Hong et al. (2023), among others. But none of these papers impose

any latent group structures in the slope coefficients. With latent group structures

and structural breaks imposed, Okui and Wang (2021) allow the slope coefficients

within each group to have common breaks and the break points to vary across dif-

ferent groups, and they propose to estimate the latent group structures, the structural

breaks, and the group-specific regression parameters by the grouped adaptive group

fused lasso (GAGFL). Note that neither the number of groups nor the group mem-

berships is allowed to change over time in Okui and Wang (2021). In a companion

paper, Lumsdaine et al. (2023) allow the latent group membership structure and/or

the values of slope coefficients to change at a break point, and propose an estima-

tion algorithm similar to the K-means of Bonhomme and Manresa (2015). Note

that both Okui and Wang (2021) and Lumsdaine et al. (2023) allow for at most one-

way heterogeneity (individual fixed effects) in the intercept and neither allows for

IFEs to capture strong cross section dependence. In contrast, this paper proposes

the algorithm to detect the unknown break point and to recover the group structure

based on linear panel model with IFEs, which leads to a more general model. In

addition, Lumsdaine et al. (2023) first assume the number of groups is known in the

estimation algorithm and then estimate the number of groups via an information cri-

terion but they do not establish the consistency result for such an estimate. Instead,

we estimate the number of groups and group membership simultaneously by the

sequential testing K-means algorithm and establish the consistency of the number

of groups estimator.

The rest of the paper is organized as follows. We first introduce the linear panel

model with time-varying latent group structures in Section 3.2 and provide the es-

timation algorithm in Section 3.3. The asymptotic properties are given in Section
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3.4. In Section 3.5, we propose an alternative approach to detect the break point,

provide the test statistics for the null that the slope coefficients exhibit no struc-

ture change against the alternative with one break point, and discuss the estimation

for the model with multiple breaks. In Sections 3.6 and 3.7, we show the finite

sample performance of our method by Monte Carlo simulations and an empirical

application, respectively. Section 3.8 concludes. All proofs are related to the online

appendix.

Notation. Let ∥·∥max , ∥·∥op , ∥·∥, and ∥·∥∗ denote the (elementwise) maximum

norm, operator norm, Frobenius norm, and nuclear norm, respectively. Let ⊙ de-

note the element-wise Hadamard product. ⌊·⌋ and ⌈·⌉ denote the floor and ceiling

functions, respectively. Let a∨b = max(a,b) and a∧b = min(a,b). an ≲ bn means

an/bn = Op (1) and an≫ bn means bna−1
n = o(1). Let A = {Ait} be a matrix with its

(i, t)-th entry denoted as Ait . Let denote {A j} j∈[p]∪{0} be the collection of matrices

A j, j ∈ {0,1, · · · , p}. For a specific A ∈Rm×n with rank n, let PA = A(A′A)−1A′ and

MA = Im−PA. When A is symmetric, λmax(A), λmin(A) and λn(A) denote its largest,

smallest and n-th largest eigenvalues, respectively. The operators⇝ and
p−→ denote

convergence in distribution and in probability, respectively. Let [n] = {1, · · · ,n} for

any positive integer n. Let 1{·} be the usual indicator function. Besides, w.p.a.1 and

a.s. abbreviate “with probability approaching 1” and “almost surely”, respectively.

3.2 Model Setup

In this paper, we consider the following linear panel model with IFEs:

Yit = Θ
0
0,it +X ′itΘ

0
it + eit , (3.1)

where i ∈ [N], t ∈ [T ], Yit is the dependent variable, Xit = (X1,it , · · · ,Xp,it)
′ is a p×1

vector of regressors, Θ0
it = (Θ0

1,it , · · · ,Θ0
p,it)
′ is a p× 1 vector of slope coefficients,

Θ0
0,it = λ 0′

i f 0
t is an intercept term that exhibits a factor structure with r0 factors, and

eit is the error term. Here, we assume r0 is a fixed integer that does not change

as (N,T )→ ∞. Let Λ0 =
(
λ 0

1 , · · · ,λ 0
N
)′ and F0 =

(
f 0
1 , · · · , f 0

T
)′. Let Y = {Yit} ,

X j =
{

X j,it
}
, Θ0

j = {Θ0
j,it} and E = {eit} , all of which are N×T matrices. Then
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we can rewrite (3.1) in terms of matrices as follows:

Y = Θ
0
0 +

p

∑
j=1

X j⊙Θ
0
j +E. (3.2)

We assume that the slope coefficients follow time-varying latent group structures,

viz.,

Θ
0
it = ∑

k∈[Kt ]

αkt1{i ∈ Gkt},

where {Gkt}k∈Kt
forms a partition of [N] for each specific time t with Kt being the

number of groups at time t. Moreover, we assume that the group-specific slope

coefficients αkt or the memberships change at an unknown time point T1, i.e.,

αkt =

α
(1)
k , for t = 1, . . . ,T1,

α
(2)
k , for t = T1 +1, . . . ,T,

Gkt =

G(1)
k , for t = 1, . . . ,T1, k = 1, . . . ,K(1),

G(2)
k , for t = T1 +1, . . . ,T, k = 1, . . . ,K(2),

with K(1) and K(2) being the number of latent groups before and after the break

point, respectively. Let g(1)i and g(2)i respectively denote the individual group indices

before and after the break:

g(1)i = ∑
k∈K(1)

k1{i ∈ G(1)
k } and g(2)i = ∑

k∈K(2)

k1{i ∈ G(2)
k }.

Let r j be the rank of Θ0
j for j ∈ [p]∪{0}. It is easy to see that Θ0

j exhibits a

low-rank for all j. By the SVD, we have

Θ
0
j =
√

NTU 0
j Σ

0
jV

0′
j :=U0

j V 0′
j , j ∈ [p]∪{0},

where U 0
j ∈ RN×r j , V 0

j ∈ RT×r j , Σ0
j = diag(σ1, j, · · · ,σr j, j), U0

j =
√

NU 0
j Σ0

j with

each row being u0′
i, j, and V 0

j =
√

TV 0
j with each row being v0′

t, j.

Note that we allow
{

Θ0
it
}N

i=1 to exhibit latent group structures before and after

the break. For a particular j ∈ [p], the N×T matrix Θ0
j may have no group structure

before or after the break, or no break, or more or fewer groups after the break. Let

K(1)
j and K(2)

j denote the number of groups before and after the break, respectively,

for {Θ0
j,it}N

i=1. Let G
(ℓ)
j = {G(ℓ)

1, j, · · · ,G
(ℓ)

K(ℓ)
j , j
}, ℓ = 1,2, denote the associated latent

group structures. Define N(ℓ)
k, j = |G

(ℓ)
k, j| and π

(ℓ)
k, j =

N(ℓ)
k, j
N for ℓ= 1,2, where |A| denotes

the cardinality of set A. Further define τT := T1
T . We show that Θ0

j has a low-rank
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structure in all of the following cases:

Case 1: Θ0
j exhibits neither structural break nor group structure.

In this case, K(1)
j = K(2)

j = 1, and Θ0
j,it = α j ∀(i, t) ∈ [N]× [T ]. Without loss

of generality, assume that α j > 0. Then by the SVD, we have

U j =
1√
N

ιN ∈ RN×1, Σ j = α j, V j =
1√
T

ιT ∈ RT×1,

U j = α jιN ∈ RN×1, Vj = ιN ∈ RT×1,

where ιd = (1, · · · ,1)′ ∈ Rd×1 for any natural number d. Obviously, r j = 1

under Case 1.

Case 2: Θ0
j exhibits no structural break but a group structure.

In this case, K(1)
j = K(2)

j = K j, G(1)
k, j = G(2)

k, j = Gk, j, N(1)
k, j = N(2)

k, j = Nk, j, π
(1)
k, j =

π
(2)
k, j = πk, j ∀k∈

[
K j
]
, and Θ0

j,it = ∑
k∈[K j]

αk, j1
{

i ∈ Gk, j
}

for t ∈ [T ]. Therefore,

we have

U j,i =
∑k∈[K j]αk, j1

{
i ∈ Gk, j

}√
∑k∈[K j]Nk, j

(
αk, j
)2

, Σ j =

√
∑

k∈[K j]

πk, j
(
αk, j
)2
, V j =

1√
T

ιT ,

ui, j = ∑
k∈[K j]

αk, j1
{

i ∈ Gk, j
}
, Vj = ιT ,

where U j,i is the i-th element in U j. Obviously, r j = 1 under this case.

Case 3: Θ0
j exhibits both a structural break and a group structure.

(i) K(1)
j ̸= K(2)

j , where we have different numbers of groups before and after the

break;

(ii) K(1)
j = K(2)

j = K j and G(1)
k, j ̸= G(2)

k, j , where we have the same number of groups

before and after the break, but the group memberships change after the break

point;

(iii) K(1)
j = K(2)

j = K j, G(1)
k, j = G(2)

k, j = Gk, j for ∀k ∈ [K j], and α
(1)
k, j ̸= α

(2)
k, j for at

least one k ∈ [K j], where even though neither the number of groups nor group

membership changes after the break, there exists at least one group whose

slope coefficients change.
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For any positive integer d, we use 0d to denote a d× 1 vector of zeros. The

following lemma lays down the foundation for the detection of break point in our

model.

Lemma 3.1. For any j∈ [p] such that Θ0
j lies in Case 3 above, we have rank(Θ0

j)≤

2. When rank(Θ0
j) = 2, we have

(i) Θ0
j = U jΣ jV ′j = U jV ′j where U j = U jΣ j/

√
T , Vj =

√
TV j = D jR j, D j = 1√

τT
ιT1 0T1

0T−T1
1√

1−τT
ιT−T1

 and R′jR j = I2;

(ii)

∥∥∥∥∥ v0
t, j

∥v0
t, j∥
−

v0
t∗, j∥∥∥v0
t∗, j

∥∥∥
∥∥∥∥∥=√2 for any t ≤ T1 and t∗ > T1.

By Lemma 3.1 for Case 3 and the above analyses for Cases 1 and 2, we conclude

that Θ0
j is a low-rank matrix with rank equal to or less than 2. In view of the

low-rank structure of the slope matrices, we propose to adopt the NNR to obtain

the preliminary estimates below. Moreover, under Case 3, Lemma 3.1(ii) indicates

that singular vectors of the slope matrix with rank 2 contain the structural break

information.

3.3 Estimation

In this section we provide the estimation algorithm. We first assume that the

ranks r j for j ∈ [p]∪{0} are known, and then propose a singular value thresholding

(SVT) procedure to estimate them. After we recover the break point and the latent

group structures, we propose consistent estimates of the group-specific parameters.

3.3.1 Estimation Algorithm

Given r j, ∀ j ∈ [p]∪{0}, we propose the following four-step procedure to esti-

mate the break point and to recover the latent group structures before and after the

break.

Step 1: Nuclear Norm Regularization (NNR). We run the nuclear norm regular-

ized regression and obtain the preliminary estimates as follows:

{Θ̃ j} j∈[p]∪{0} = argmin
{Θ j}p

j=0

1
NT

∥∥∥∥∥Y − p

∑
j=1

X j⊙Θ j−Θ0

∥∥∥∥∥
2

+
p

∑
j=0

ν j
∥∥Θ j

∥∥
∗ , (3.3)
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where ν j is the tuning parameter for j ∈ [p]∪{0}. For each j, conduct the

SVD: 1√
NT

Θ̃ j =
ˆ̃U j

ˆ̃
Σ j

ˆ̃V ′j , where ˆ̃
Σ j is a diagonal matrix with the diagonal

elements being the descending singular values of Θ̃ j. Let Ṽ j consist of the

first r j columns of ˆ̃V j, and Ṽj =
√

T Ṽ j. Let ṽ′t, j denote the t-th row of Ṽj for

t ∈ [T ].

Step 2: Row- and Column-Wise Regressions. First run the row-wise regressions

of Yit on
(
ṽt,0,{ṽt, jX j,it} j∈[p]

)
to obtain {u̇i, j} j∈[p]∪{0} for i∈ [N]. Then run the

column-wise regressions of Yit on
(
u̇i,0,{u̇i, jX j,it} j∈[p]

)
to obtain {v̇t, j} j∈[p]∪{0}

for t ∈ [T ]. Let Θ̇ j,it = u̇′i, jv̇t, j for (i, t) ∈ [N]× [T ] and j ∈ [p]∪{0}. Specifi-

cally, the row- and column-wise regressions are given by

{
u̇i, j
}

j∈[p]∪{0} = argmin
{ui, j} j∈[p]∪{0}

1
T ∑

t∈[T ]

(
Yit−u′i,0ṽt,0−

p

∑
j=1

u′i, jṽt, jX j,it

)2

i ∈ [N],

(3.4)

{
v̇t, j
}

j∈[p]∪{0} = argmin
{vt, j} j∈[p]∪{0}

1
N ∑

i∈[N]

(
Yit− v′t,0u̇i,0−

p

∑
j=1

v′t, ju̇i, jX j,it

)2

t ∈ [T ].

(3.5)

Step 3: Break Point Estimation. We estimate the break point as follows:

T̂1 = argmin
s∈{2,··· ,T−1}

1
pNT ∑

j∈[p]
∑

i∈[N]

{
s

∑
t=1

(
Θ̇ j,it− ¯̇

Θ
(1s)
j,i

)2
+

T

∑
t=s+1

(
Θ̇ j,it− ¯̇

Θ
(2s)
j,i

)2
}
,

(3.6)

where ¯̇
Θ
(1s)
j,i = 1

s ∑
s
t=1 Θ̇ j,it and ¯̇

Θ
(2s)
j,i = 1

T−s ∑
T
t=s+1 Θ̇ j,it .

Step 4: Sequential Testing K-means (STK). In this step, we estimate the num-

ber of groups and the group membership before and after the break by us-

ing the STK algorithm. For each j ∈ [p], define Θ̇
(1)
j,i = (Θ̇ j,i1, · · · ,Θ̇ j,iT̂1

)′,

Θ̇
(2)
j,i = (Θ̇ j,i,T̂1+1, · · · ,Θ̇ j,iT )

′, β̇
(1)
i = 1√

T̂1
(Θ̇

(1)′
1,i , · · · ,Θ̇

(1)′
p,i )

′, and also β̇
(2)
i =

1√
T̂2
(Θ̇

(2)′
1,i , · · · ,Θ̇

(2)′
p,i )

′. Let zς be some predetermined value which will be

specified in the next subsection. Given the subsample before and after the

estimated break point, initialize m = 1 and classify each subsample into m

groups by K-means algorithm with group membership obtained as Ĝ
(ℓ)
m :=

{Ĝ(ℓ)
k,m}k∈[m]. Next, we construct test statistic Γ̂

(ℓ)
m , compare it to zς , set m =

m+ 1 and go to the next iteration if Γ̂
(ℓ)
m > zς and stop the STK algorithm
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otherwise. At last, define K̂(ℓ) = m and Ĝ (ℓ) = Ĝ
(ℓ)
m . In the next subsection,

we will present each step of the STK algorithm in detail.

Figure 3.1: The flow chart of STK algorithm

Several remarks are in order. First, we assume the ranks of the intercept and

slope matrices are known in Step 1 but will propose consistent estimates for them

by the SVT below. Second, we obtain the preliminary estimates by NNR based

on the low-rank structure of the intercept and slope matrices in the model. These

estimates are consistent in terms of Frobenius norm but we cannot establish the

pointwise or uniform convergence for their elements. Despite this, we can conduct

SVD to obtain preliminary estimates of the factors and factor loadings to be used

subsequently. Third, we conduct the row- and column-wise linear regressions to

obtain updated estimates of the factors and factor loadings where we can establish

their pointwise and uniform convergence rates. Fourth, with the consistent estimates

obtained in the second step, we can estimate the break point in Step 3 consistently

by following the idea of binary segmentation. Fifth, the STK algorithm in Step 4

will yield the estimated number of groups and group memberships at the same time.

In the latent group literature, it is standard and popular to assume the number of

groups in the K-means algorithm is known and then estimate the number of groups

by using certain information criteria. In this case, one needs to consider not only

under- and just-fitting cases, but also over-fitting cases. It is well known that the

major difficulty with this approach is to show that the over-fitting case occurs with

probability approaching zero. As for the STK algorithm, it ensures us to focus on

under-and just-fitting cases, which helps to avoid the theoretical difficulty caused

by K-means classification with a larger than the true number of groups. Besides,

although we adopt this sequential algorithm, the error from the previous iteration

will not accumulate in the following iterations owing to fact that the classification

in each iteration is new and not based on the K-means result in previous iterations.
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3.3.2 The STK algorithm

In this subsection, we describe the K-means algorithm and the construction of

test statistics Γ̂
(ℓ)
m in the STK algorithm for ℓ ∈ {1,2}.

First, we define the objective function for the K-means algorithm with m clusters

at each iteration. Let a(ℓ)k,m be a pT̂1×1 and p(T − T̂1)×1 vector for ℓ= 1,2, respec-

tively. We obtain the group membership with m groups by solving the following

minimization problem:{
ȧ(ℓ)k,m

}
k∈[m]

= argmin{
a(ℓ)k,m

}
k∈[m]

1
N ∑

i∈[N]

min
k∈[m]

∥∥∥β̇
(ℓ)
i −a(ℓ)k,m

∥∥∥2
, (3.7)

which yields the membership estimates for each individual at the m-th iteration as

ĝ(ℓ)i,m = argmin
k∈[m]

∥∥∥β̇
(ℓ)
i − ȧ(ℓ)k,m

∥∥∥ ∀i ∈ [N]. (3.8)

Let Ĝ(ℓ)
k,m := {i ∈ [N] : ĝ(ℓ)i,m = k}.

Second, we discuss the construction of the test statistic based on the idea of

homogeneity test for several subsamples. At iteration m, we have m potential sub-

groups (Ĝ(ℓ)
1,m, · · · , Ĝ

(ℓ)
m,m) after the K-means classification for ℓ= 1 and 2. Let T̂1 =

[T̂1], T̂2 = [T ]\[T̂1], T̂1,−1 = T̂1\{T̂1}, T̂2,−1 = T̂2\{T}, T̂1, j = {1+ j, · · · , T̂1},

and T̂2, j = {T̂1 + 1+ j, · · · ,T} for some specific j ∈ T̂ℓ,−1. Based on these esti-

mated subgroups, we can obtain the estimates of the coefficients, factors and factor

loadings for each subgroup in regime ℓ as follows:({
θ̂
(ℓ)
i,k,m

}
i∈Ĝ(ℓ)

k,m

, Λ̂
(ℓ)
k,m, F̂

(ℓ)
k,m

)
= argmin
{θi,λi, ft}

i∈Ĝ(ℓ)
k,m,t∈T̂ℓ

∑
i∈Ĝ(ℓ)

k,m

∑
t∈T̂ℓ

(
Yit−X ′itθi−λ

′
i ft
)2
,

where Λ̂
(ℓ)
k,m = {λ̂ (ℓ)

i,k,m}i∈Ĝ(ℓ)
k,m

and F̂(ℓ)
k,m = { f̂ (ℓ)t,k,m}t∈T̂ℓ

. For all i∈ [N] and t ∈ [T ], define

the residuals

êit =
2

∑
ℓ=1

(
Yit− f̂ (ℓ)′t,k,mλ̂

(ℓ)
i,k,m−X ′it θ̂

(ℓ)
i,k,m

)
1{t ∈ T̂ℓ}.

Let X̂ (1)
i = (Xi1, · · · ,XiT̂1

)′, X̂ (2)
i = (Xi,T̂1+1, · · · ,XiT )

′, and T̂2 = T − T̂1. Define

ˆ̄
θ
(ℓ)
k,m =

1

|Ĝ(ℓ)
k,m|

∑
i∈Ĝ(ℓ)

k,m

θ̂
(ℓ)
i,k,m, M

F̂(ℓ)
k,m

= IT̂ℓ
− 1

T̂ℓ
F̂(ℓ)

k,mF̂(ℓ)′
k,m ,

Ŝ(ℓ)ii,k,m =
1
T̂ℓ

X̂ (ℓ)′
i M

F̂(ℓ)
k,m

X̂ (ℓ)
i , â(ℓ)ii,k = λ̂

(ℓ)′
i,k,m

(
|Ĝ(ℓ)

k,m|
−1

Λ̂
(ℓ)′
k,mΛ̂

(ℓ)
k,m

)−1
λ̂
(ℓ)
i,k,m.
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Let ẑ(ℓ)′it being the t-th row of M
F̂(ℓ)

k,m
X̂ (ℓ)

i . For each subgroup Ĝ(ℓ)
k,m with k ∈ [m], we

follow the lead of Pesaran and Yamagata (2008) and Ando and Bai (2015) and define

Γ̂
(ℓ)
k,m as follows:

Γ̂
(ℓ)
k,m =

√
|Ĝ(ℓ)

k,m| ·

1
|Ĝ(ℓ)

k,m|
∑i∈Ĝ(ℓ)

k,m
Ŝ(ℓ)i,k,m− p

√
2p

where

Ŝ(ℓ)i,k,m = T̂ℓ(θ̂
(ℓ)
i,k,m−

ˆ̄
θ
(ℓ)
k,m)

′Ŝ(ℓ)ii,k,m(Ω̂
(ℓ)
i,k,m)

−1Ŝ(ℓ)ii,k,m(θ̂
(ℓ)
i,k −

ˆ̄
θ
(ℓ)
k )

1−
â(ℓ)ii,k

|Ĝ(ℓ)
k,m|

2

,

Ω̂
(ℓ)
i,k,m =

1
T̂ℓ

∑
t∈T̂ℓ

ẑ(ℓ)it ẑ(ℓ)′it ê2
it +

1
T̂ℓ

∑
j∈T̂ℓ,−1

k( j/ST ) ∑
t∈T̂ℓ, j

[ẑ(ℓ)it ẑ(ℓ)′i,t+ jêit êi,t+ j + ẑ(ℓ)i,t− j ẑ
(ℓ)′
it êi,t− jêi,t ],

k(·) is a kernel function and ST is a bandwidth/truncation parameter. Noted that the

above expression for Ω̂
(ℓ)
i,k,m is the traditional HAC estimator. Let Γ̂

(ℓ)
m =maxk∈[m](Γ̂

(ℓ)
k,m)

2.

We will show that Γ̂
(ℓ)
m is asymptotically distributed as the maximum of m inde-

pendent χ2(1) random variables under the null hypothesis that the slope coefficients

in each of the m subsamples is homogeneous, while it diverges to infinity under the

alternative. Let zς denote be the critical value at significance level ς , which is cal-

culated from the maximum of m independent χ2(1) random variables. We reject the

null of m subgroups in favor of more groups at level ς if Γ̂
(ℓ)
m > zς .

3.3.3 Rank Estimation

To obtain the rank estimator, we use the low-rank estimators from (3.3) and

estimate r j by the singular value thresholding (SVT):

r̂ j =
N∧T

∑
i=1

1
{

σi
(
Θ̃ j
)
≥ 0.5

(
ν j
∥∥Θ̃ j

∥∥
op

)1/2
}
∀ j ∈ {0}∪ [p],

where σi (A) denotes the i-th largest singular value of A and N∧T = min(N,T ). By

arguments as used in the proof of Proposition D.1 in Chernozhukov et al. (2019)

and that of Theorem 3.2 in Hong et al. (2023), we can show that P(r̂ j = r j)→ 1 for

each j as (N,T )→ ∞.

3.3.4 Parameters Estimation

Once we obtain the estimated break point, the number of groups and the group

membership before and after the estimated break point, we can estimate the group-
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specific slope coefficients {α(ℓ)
k }k∈[K̂(ℓ)] along with the factors and factor loadings

as follows:(
Λ̂
(ℓ), F̂(ℓ),

{
α̂
(ℓ)
k

}
k∈[K̂(ℓ)]

)
= argminL

(
Λ,F,

{
a(ℓ)k

}
k∈[K̂(ℓ)]

)
(3.9)

where L
(

Λ,F,
{

a(ℓ)k

}
k∈[K̂(ℓ)]

)
= 1

NT̂ℓ
∑

K̂(ℓ)

k=1 ∑i∈Ĝ(ℓ)
k

∑t∈T̂ℓ

(
Yit−λ ′i ft−X ′ita

(ℓ)
k

)2
. Here,

we ignore the fact that the prior- and post-break regimes share the same set of factor

loadings and estimate the group-specific parameters separately for the two regimes

at the cost of sacrificing some efficiency for the factor loading estimates. Alter-

natively, we can pool the observations before and after the break to estimate the

parameters as follows:(
Λ̂, F̂ ,

{
α̂
(1)
k

}
k∈[K̂(1)]

,
{

α̂
(2)
k

}
k∈[K̂(2)]

)
= argminL

(
Λ,F,

{
a(1)k

}
k∈[K̂(1)]

,
{

a(2)k

}
k∈[K̂(2)]

)
where

L
(

Λ,F,
{

a(1)k

}
k∈[K̂(1)]

,
{

a(2)k

}
k∈[K̂(2)]

)
= L

(
Λ,F,

{
a(1)k

}
k∈[K̂(1)]

)
+L

(
Λ,F,

{
a(2)k

}
k∈[K̂(2)]

)
. (3.10)

In either case, as one can imagine, due to the presence of group structures, the

establishment of the asymptotic properties of the post-classification estimators of

the group-specific slope coefficients becomes much more involved than that in Bai

(2009) and Moon and Weidner (2017). For this reason, we will focus on the esti-

mates defined in (3.9).

3.4 Asymptotic Theory

In this section, we study the asymptotic properties of the estimators introduced

in the last section.

3.4.1 Basic Assumptions

Define ei = (ei1, · · · ,eiT )
′ and X j,i =

(
X j,i1, · · · ,X j,iT

)′
. Let V 0

j be a T × r j ma-

trix with its t-th row being v0′
t, j, and U0

j be the N× r j matrix with its i-th row being

u0′
i, j. Throughout the paper, we treat the factors {V 0

j } j∈[p]∪{0} as random and their
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loadings {U0
j } j∈[p]∪{0} as deterministic. Let D :=σ({V 0

j } j∈[p]∪{0}) denote the min-

imum σ -field generated by {V 0
j } j∈[p]∪{0}. Similarly, let

Gt := σ(D ,{Xis}i∈[N],s≤t+1 ,{eis}i∈[N],s≤t).

Let maxi = maxi∈[N], maxt = maxt∈[T ] and maxi,t = maxi∈[N],t∈[T ] . Let M and C be

generic bounded positive constants which may vary across lines.

Assumption 3.1. (i) {eit ,Xit}t∈[T ] are conditionally independent across i given

D .

(ii) E(eit |Xit ,D) = 0.

(iii) For each i, {(eit ,Xit) , t ≥ 1} is strong mixing conditional on D with the mix-

ing coefficient αi(·) satisfying maxi αi(z)≤Mαz for some constant α ∈ (0,1).

(iv) There exists a constant C > 0 such that maxi
1
T ∑t∈[T ] ∥ξit∥2 ≤ C a.s. and

maxt
1
N ∑i∈[N] ∥ξit∥2 ≤C a.s. for ξit = eit , Xit and Xiteit .

(v) maxi,t E[∥ξit∥q ∣∣D ] ≤ M a.s. and maxi,i∗,t E[∥Xitei∗t∥q ∣∣D ] ≤ M a.s. for some

q > 8 and ξit = eit , Xit and Xiteit .

(vi) As (N,T )→ ∞,
√

N(logN)2T−1→ 0 and T (logN)2N−3/2→ 0.

Assumption 3.1∗. (i), (iv) and (v) are same as Assumption 3.1(i), (iv) and (v).

Besides,

(ii) E(eit |Gt−1) = 0 ∀(i, t) ∈ [N]× [T ], and maxi,t E(e2
it

∣∣Gt−1)≤M a.s..

(iii) {eit}i∈[N] is conditionally independent across t given D .

Assumption 3.1(i) imposes conditional independence on {eit ,Xit}t∈[T ] across the

cross sectional units. Assumption 3.1(ii) imposes the moment condition. Assump-

tion 3.1(iii) imposes conditional strong mixing conditions along the time dimension.

See Prakasa Rao (2009) for the definition of conditional strong mixing and Su and

Chen (2013b) for an application in the panel setup. Assumption 3.1(iv)-(v) imposes

some conditions which restricts the tail behavior of ξit . Note that we don’t restrict

either the regressors or error terms to be bounded. Assumption 3.1(vi) imposes

some restrictions on N and T but does not restrict N and T diverge to infinity at the
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the same rate. It is possible to allow N to diverge to infinity faster but not too faster

than T , and vice versa.

Assumption 3.1∗ is for the study of dynamic panel data models. To be specific,

Assumption 3.1∗(ii) requires that the error sequence {eit , t ≥ 1} be a martingale

difference sequence (m.d.s.) with respect to the filter Gt , which allows for lagged

dependent variables in Xit . Assumption 3.1∗(iii) imposes the conditional indepen-

dence of error term across t. The presence of serially correlated errors in dynamic

panels typically cause the endogeneity issue, which invalidates the least-squares-

based PCA estimation.

Assumption 3.2. rank(Θ0
j) = r j ≤ r̄ for j ∈ [p]∪ {0} and some fixed r̄, and

max j∈[p]∪{0} ||Θ0
j ||max ≤M.

Assumption 3.2 imposes the low-rank conditions on the coefficient matrices,

which facilitates the use of NNR to obtain the preliminary estimates in the first

step. As discussed in the previous section, we see that the low-rank assumption for

the slope matrices is satisfied for the model in Section 3.2. Moreover, we follow

Ma et al. (2020) and assume the elements of the coefficient matrices are uniformly

bounded to simplify the proofs. The boundedness of the slope coefficients is rea-

sonable given that their cardinality does not grow with the sample size. The bound-

edness assumption for the intercept coefficient can be relaxed at the cost of more

lengthy arguments.

Assumption 3.3. Let σl, j denote the l-th largest singular values of Θ0
j for j ∈

[p]∪{0}. There exist some constants Cσ and cσ such that

∞ >Cσ ≥ lim sup
(N,T )→∞

max
j∈[p]

σ1, j ≥ lim inf
(N,T )→∞

min
j∈[p]

σr j, j ≥ cσ > 0.

Assumption 3.3 imposes some conditions on the singular values of the coeffi-

cient matrices. It implies that we only allow pervasive factors when these matrices

are written as a factor structure. This condition can be easily verified given the latent

group structures of the slope coefficients.

Consider the SVD for Θ0
j : Θ0

j = U jΣ jV ′j ∀ j ∈ [p]∪ {0}. Decompose U j =(
U j,r,U j,0

)
and V j =

(
V j,r,V j,0

)
with

(
U j,r,V j,r

)
being the singular vectors cor-

responding to nonzero singular values and
(
U j,0,V j,0

)
being the singular vectors
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corresponding to zero singular values. Hence, for any matrix W ∈RN×T , we define

P⊥
j (W ) = U j,0U

′
j,0WV j,0V

′
j,0, P j (W ) =W −P⊥

j (W ) ,

where P j (W ) can be seen as the linear projection of matrix W into the low-rank

space with P⊥
j (W ) being its orthogonal space. Let ∆Θ j = Θ j −Θ0

j for any Θ j.

Based on the spaces constructed above, with some positive constants C1 and C2, we

define the restricted set for full-sample parameters as follows:

R(C1,C2) :=
{
({∆Θ j} j∈[p]∪{0}) : ∑

j∈[p]∪{0}

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1 ∑

j∈[p]∪{0}

∥∥P j(∆Θ j)
∥∥
∗ ,

∑
j∈[p]∪{0}

∥∥Θ j
∥∥2 ≥C2

√
NT
}
. (3.11)

Lemma A.4 in the online appendix shows that our nuclear norm estimators are in

a restricted set larger than (3.11), which deprives of the restriction on the Frobenius

norm in the definition of R (C1,C2). Intuitively, the first restriction in 3.11 means

the projection onto the orthogonal low-rank space of the estimator error can be

controlled by its projection onto the low-rank space. Theorem 3.1 below will greatly

rely on this property.

Assumption 3.4. For any C2 > 0, there are constants C3 and C4 such that for

any ({∆Θ j} j∈[p]∪{0}) ∈R(3,C2), we have∥∥∥∥∥∆Θ0 +
p

∑
j=1

∆Θ j ⊙X j

∥∥∥∥∥
2

≥C3 ∑
j∈[p]∪{0}

∥∥∆Θ j

∥∥2−C4(N +T ) w.p.a.1.

Assumption 3.4 imposes the restricted strong convexity (RSC) condition, which

is similar to Assumption 3.1 in Chernozhukov et al. (2019). The latter authors also

provide some sufficient conditions to verify such an assumption.

Let r = ∑ j∈[p]∪{0} r j. Define the following r× r matrices:

Φi =
1
T

T

∑
t=1

φ
0
it φ

0′
it ∀i ∈ [N] and Ψt =

1
N ∑

i∈[N]

ψ
0
itψ

0′
it ∀t ∈ [T ],

where φ 0
it = (v0′

t,0,v
0′
t,1X1,it , · · · ,v0′

t,pXp,it)
′, and ψ0

it = (u0′
i,0,u

0′
i,1X1,it , · · · ,u0′

i,pXp,it)
′.

Assumption 3.5. There exist constants Cφ and cφ such that

∞ >Cφ ≥ limsup
T

max
t∈[T ]

λmax(Ψt)≥ liminf
T

min
t∈[T ]

λmin(Ψt)≥ cφ > 0,

∞ >Cφ ≥ limsup
N

max
i∈[N]

λmax(Φi)≥ liminf
N

min
i∈[N]

λmin(Φi)≥ cφ > 0.
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Assumption 3.5 is similar to Assumption 8 in Ma et al. (2020) and it imposes

some rank conditions.

3.4.2 Asymptotic Properties of the NNR Estimators and Singular Vector Es-
timators

Let ηN,1 =
√

logT√
N∧T

and ηN,2 =

√
log(N∨T )√

N∧T
(NT )1/q. Let σ̃k, j denotes the k-th largest

singular value of Θ̃ j for j ∈ [p]∪{0}. Our first main result is about the consistency

of the first-stage NNR estimators and the second-stage singular vector estimators.

Theorem 3.1. Suppose that Assumptions 3.1–3.4 hold. Then ∀ j ∈ [p]∪{0}, we

have

(i) 1√
NT
||Θ̃ j −Θ0

j || = Op(ηN,1), maxk∈[r j] |σ̃k, j −σk, j| = Op(ηN,1), and ||V 0
j −

ṼjO j||= Op(
√

T ηN,1) where O j is an orthogonal matrix defined in the proof.

If in addition Assumption 3.5 is also satisfied, then we have

(ii) max
i∈[N]
||u̇i, j−O ju0

i, j||= Op(ηN,2), max
t∈[T ]

∥∥∥v̇t, j−O jv0
t, j

∥∥∥
2
= Op(ηN,2),

(iii) max
i∈[N],t∈[T ]

|Θ̇ j,it−Θ0
j,it |= Op(ηN,2).

Theorem 3.1(i) reports the error bounds for Θ̃ j, σ̃k, j, and Ṽj. The logT term in

the numerator of ηN,1 is due to the use of some exponential inequality for (condi-

tional) strong mixing processes. Theorem 3.1(ii)–(iii) reports the uniform conver-

gence rate of the factor and factor loading estimators. The extra (NT )1/q term in the

definition of ηN,2 is due to the nonboundedness of X j,it in Assumption 3.1(v), and it

disappears when X j,it is assumed to be uniformly bounded.

3.4.3 Consistency of the Break Point Estimate

Recall that g(1)i and g(2)i denote the true group individual i belongs to before and

after the break, respectively. To estimate the break point consistently, we add the

following condition.

Assumption 3.6. (i)
√

1
N ∑i∈[N] ||αg(1)i

−α
g(2)i
||2 =C5ζNT , where C5 is a pos-

itive constant and ζNT ≫ ηN,2.

(ii) τT := T1
T → τ ∈ (0,1) as T → ∞.
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Assumption 3.6(i) imposes conditions on the break size in order to identify the

break point. Note that we allow the average break size to shrink to zero at the rate

slower than
√

log(N∨T )
N∧T (NT )1/q. This rate is of much bigger magnitude than the op-

timal (NT )−1/2-rate that can be detected in the panel threshold regressions (PTRs)

for several reasons. First, in PTRs, the slope coefficients are usually assumed to

be homogeneous so that each individual is subject to the same change in the slope

coefficients and one can use the cross-sectional information effectively. In contrast,

we allow for heterogeneous slope coefficients here and the change can occur only

for a subset of cross section units but not all. In addition, in the presence of latent

group structures, we not only allow the slope coefficients of some specific groups to

change with group membership fixed, but also allow the slope coefficient to remain

the same for some groups while the group memberships change after the break.

Second, our break point estimation relies on the binary segmentation idea borrowed

from the time series literature where one can allow break sizes of bigger magnitude

than T−1/2 in order to identify the break ratio consistently but not the break point

consistently. As we can see, even though we require bigger break sizes, we can es-

timate the break date consistently by using information from both the cross section

and time dimensions. Third, as mentioned above, the additional term log(N∨T ) in

the above rate is mainly due to the use of some exponential inequality and the term

(NT )1/q is due to the fact that we only assume the existence of q-th order moments

for some random variables.

The following theorem indicates that we can estimate the break date T1 consis-

tently.

Theorem 3.2. Suppose Assumptions 3.1–3.6 hold, with the true break point

being T1 and the estimator defined in (3.6). Then P(T̂1 = T1)→ 1 as (N,T )→ ∞.

Theorem 3.2 shows that we can estimate the true break date consistently w.p.a.1

despite the fact that we allow the break size to shrink to zero at a certain rate.

3.4.4 Consistency of the Estimates of the Number of Groups and the Latent
Group Structures

To study the asymptotic properties of the estimates of the number of groups and

the recovery of the latent group structures, we first add the following definition.
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Definition 3.1. Fix K(ℓ) > 1 and m≤ K(ℓ). The estimated group structure Ĝ
(ℓ)
m

satisfies the non-splitting property (NSP) if for any pair of individuals in the same

true group, the estimated group labels are the same.

Definition 3.1 describes the non-splitting property introduced by Jin et al. (2022).

The latter authors show that the STK algorithm yields the estimated group structures

enjoying the NSP.

To proceed, we add following assumptions.

Assumption 3.7. (i) Let ks and ks∗ be different group indices. Assume that

min1≤ks<ks∗≤K(ℓ)

∥∥∥α
(ℓ)
ks
−α

(ℓ)
ks∗

∥∥∥
2
≥C5 for ℓ ∈ {1,2}.

(ii) Let N(ℓ)
k be the number of individuals in group k for k ∈ [K(ℓ)]. Define π

(ℓ)
k =

N(ℓ)
k
N for ℓ= 1,2. Assume K(ℓ) is fixed and

∞ > C̄ ≥ limsup
N

sup
k∈[K(ℓ)]

π
(ℓ)
k ≥ liminf

N
inf

k∈[K(ℓ)]
π
(ℓ)
k ≥ c > 0, ℓ= 1,2.

(iii) For any combination of the collection of n true groups with n≥ 2, we have

Tℓ√
N

n

∑
s=1

N(ℓ)
ks

∥∥∥∥∥ ∑
s∗∈[n],s∗ ̸=s

(α
(ℓ)
ks∗
−α

(ℓ)
ks

)

∥∥∥∥∥
2

/(logN)1/2→ ∞, ℓ= 1,2.

Remark 3. Assumption 3.7(i)–(ii) is the standard assumption for K-means al-

gorithm, which is comparable to Assumption 4 in Su et al. (2020) and greatly fa-

cilitates the subsequent analyses. Assumption 3.7(i) assumes that the minimum

distance of two distinct groups is bounded away from 0, and Assumption 3.7(ii)

imposes that each group has asymptotically non-negligible number of units. For

Assumption 3.7(iii), it can be shown to hold under mild conditions. Below we ex-

plain this assumption in detail. When n = 2, it’s clear that

Tℓ√
N

n

∑
s=1

N(ℓ)
ks

∥∥∥∥∥ ∑
s∗∈[n],s∗ ̸=s

(α
(ℓ)
ks∗
−α

(ℓ)
ks

)

∥∥∥∥∥
2

=
Tℓ√
N

(
N(ℓ)

k1

∥∥∥α
(ℓ)
k2
−α

(ℓ)
k1

∥∥∥2
+N(ℓ)

k2

∥∥∥α
(ℓ)
k1
−α

(ℓ)
k2

∥∥∥2
)

≥
C2

5Tℓ(N
(ℓ)
k1

+N(ℓ)
k2

)
√

N
= O(T

√
N)

by Assumptions 3.6(ii) and 3.7(i)–(ii). When n > 2, we consider a special case such

that Ss =: ||∑s∗∈[n],s∗ ̸=s(α
(ℓ)
ks∗
−α

(ℓ)
ks

)|| = 0 for some specific s = s0 ∈ [n]. Then it is

easy to see Ss is non-zero for all s ∈ [n]\{s0} under Assumption 3.7(i). Hence, if
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we assume Ss is lower bounded by a constant c for any s ∈ [n]\{s0}, Assumption

3.7(iii) will holds naturally. Similar arguments hold for the other general cases.

Assumption 3.8. Let T1 = [T1] and T2 = [T ]\ [T1].

(i) 1
Tℓ ∑t∈Tℓ

f 0
t f 0′

t
p−→ Σ

(ℓ)
F > 0 as T → ∞. 1

N(ℓ)
k

Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

p−→ Σ
(ℓ)
Λ,k > 0 as N→

∞, where Λ
0,(ℓ)
k is a stack of λ 0

i for all individuals in group k and k ∈ [K(ℓ)].

(ii) There exists a constant C > 0 such that maxi
1
Tℓ ∑t∈Tℓ

∥ξit∥2 ≤C a.s. for ξit =

eit , Xit and Xiteit .

Assumption 3.8(i) imposes some standard assumptions on the factors and factor

loadings. Assumption 3.8(ii) is similar as Assumption 3.1(iv), which strengthen the

Assumption 3.1(iv) to hold for two time regimes.

The next theorem reports the asymptotic properties of the STK estimators.

Theorem 3.3. Fix ς = ςN ∈ (0,1). Suppose that Assumption 3.1∗ and Assump-

tions 3.2–3.8 hold. Then for ℓ ∈ {1,2}, we have

(i) if m = K(ℓ),

(a) max
i∈[N]

1{ĝ(ℓ)
i,K(ℓ) ̸= g(ℓ)i }= 0 w.p.a.1,

(b) Γ̂
(ℓ)

K(ℓ) is asymptotically distributed as the maximum of K(ℓ) independent

χ2(1) random variables,

(c) P(K̂(ℓ) ≤ K(ℓ))≥ 1− ς +o(1),

(ii) if m < K(ℓ), Γ̂
(ℓ)
m → ∞ w.p.a.1. Thus P(K̂(ℓ) ̸= K(ℓ))≤ ς +o(1).

Theorem 3.3 studies the asymptotic properties of the STK algorithm. Since

we allow ς = ςN to shrink to zero at rate N−c, the critical value zς diverges to

infinity at rate logN as N→ ∞ by the tail properties of χ2(1) random variables. At

iteration m such that m < K(ℓ), w.p.a.1, the test statistics Γ̂
(ℓ)
m diverges to infinity,

which means the iteration will continue at the (m+ 1)-th iteration. At iteration m

with m = K(ℓ), if we set ςN → 0 as N → ∞, by the joint distribution function for

K(ℓ) independent χ2(1) random variables, we can easily find that zς → ∞ while

the test statistics Γ̂
(ℓ)
m is stochastically bounded. As a result, the iteration stops
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w.p.a.1 and we have P(K̂(ℓ) = K(ℓ))→ 1 provided that ς = ςN → 0 as N → ∞. As

aforementioned, Theorem 3.3 ensures the application of K-means algorithm only

for the under-fitting and just-fitting cases and it avoids the theoretical challenge in

handling the over-fitting case in the classification.

For dynamic panels, we can focus on Assumption 3.1∗, where the error term is a

martingale difference sequence (m.d.s.). Under this assumption, the HAC estimator

Ω̂
(ℓ)
i,k,m degenerates to 1

T̂ℓ
∑t∈T̂ℓ

ẑ(ℓ)it ẑ(ℓ)′it ê2
it . For static panel, we typically allow for

serially correlated errors and employ the HAC estimator, and the results in Theorem

3.3 continue to hold with Assumption 3.1∗ replaced by Assumption 3.1. For the

kernel function and bandwidth, we can follow Andrews (1991) and let k (·) belongs

to the following class of kernels:

K =

{
k(·) : R 7→ [−1,1] | k(0) = 1, k(u) = k(−u),

∫
|k (u)|du < ∞,

k(·) is continuous at 0 and at all but a finite number of other points
}
.

See, e.g., Andrews (1991) and White (2014) for details.

3.4.5 Distribution Theory for the Group-specific Slope Estimators

For ℓ ∈ {1,2}, let {α̂∗(ℓ)k }k∈K(ℓ) be the oracle estimators of the group-specific

slope coefficients before and after the break point by using the true break and mem-

bership information for all individuals. To study the asymptotic distribution theory

for {α̂(ℓ)
k }k∈K(ℓ), ℓ ∈ {1,2}, we only need to show that for the oracle estimators

{α̂∗(ℓ)k }k∈K(ℓ) based on Theorems 3.2 and 3.3 by extending the result of Bai (2009)

and Moon and Weidner (2017).

To proceed, we add some notation. For ℓ ∈ {1,2}, we first define the ma-

trix notation for each subgroup. For j ∈ [p], let X (1)
j,i =

(
X j,i1, · · · ,X j,iT1

)′, X (2)
j,i =(

X j,i(T1+1), · · · ,X j,iT
)′, e(1)i = (ei1, · · · ,eiT1)

′ and e(2)i =
(
ei(T1+1), · · · ,eiT

)′. Then

we use X(ℓ)
j,k ∈ RN(ℓ)

k ×Tℓ and E(ℓ)
k ∈ RN(ℓ)

k ×Tℓ to denote the regressor and error ma-

trix for subgroup k ∈ [K(ℓ)] with each row being X (ℓ)
j,i and e(ℓ)i , respectively. Let

X
(ℓ)
j,k = M

Λ
0,(ℓ)
k

X(ℓ)
j,kMF0,(ℓ) ∈ RN(ℓ)

k ×Tℓ with the (i, t)th entry given by X
(ℓ)
j,k,it . Let

X
(ℓ)

k,it = (X
(ℓ)

1,k,it , · · · ,X
(ℓ)

p,k,it)
′. Further define

B(ℓ)
NT,1, j,k =

1

N(ℓ)
k

tr
[
PF0,(ℓ)E

(
E(ℓ)′

k X(ℓ)
j,k

∣∣D)] ,
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B(ℓ)
NT,2, j,k =

1
Tℓ

tr
[
E
(

E(ℓ)
k E(ℓ)′

k

∣∣D)M
Λ

0,(ℓ)
k

X(ℓ)
j,kF0,(ℓ)

(
F0,(ℓ)′F0,(ℓ)

)−1(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
Λ

0,(ℓ)′
k

]
,

B(ℓ)
NT,3, j,k =

1

N(ℓ)
k

tr
[
E
(

E(ℓ)
k E(ℓ)′

k

∣∣D)MF0,(ℓ)X(ℓ)
j,kΛ

0,(ℓ)
k

(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1(
F0,(ℓ)′F0,(ℓ)

)−1
F0,(ℓ)′

]
,

B(ℓ)
NT,m,k =

(
B(ℓ)

NT,m,1,k, · · · ,B
(ℓ)
NT,m,p,k

)′
, ∀m ∈ {1,2,3},

Ω
(ℓ)
k =

1

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

e2
itX

(ℓ)
k,it X

(ℓ)′
k,it .

Let W(ℓ)
NT,k be a p× p matrix with ( j1, j2)-th entry being

1

N(ℓ)
k Tℓ

tr
(

MF0,(ℓ)X(ℓ)′
j1,k

M
Λ

0,(ℓ)
k

X(ℓ)
j2,k

)
.

Then we define the overall bias term for each subgroup as

B(ℓ)
NT,k =−ρ

(ℓ)
k B(ℓ)

NT,1,k− (ρ
(ℓ)
k )−1B(ℓ)

NT,2,k−ρ
(ℓ)
k B(ℓ)

NT,3,k

where ρ
(ℓ)
k =

√
N(ℓ)

k
Tℓ

. To state the main result in this subsection, we add the following

assumption.

Assumption 3.9. (i) As (N,T )→ ∞, T (logT )N−4/3→ 0.

(ii) plim(N,T )→∞
1

N(ℓ)
k Tℓ

∑i∈G(ℓ)
k

∑t∈Tℓ
XitX ′it > 0 for ℓ ∈ {1,2} and k ∈ [K(ℓ)].

(iii) For ℓ∈ {1,2} and k ∈ [K(ℓ)], separate the p regressors of each subgroups into

p1 “low-rank regressors" X(ℓ)
j,k such that rank(X(ℓ)

j,k) = 1, ∀ j ∈ {1, · · · , p1},

and “high-rank regressors" X(ℓ)
j,k such that rank(X(ℓ)

j,k)> 1, ∀ j∈{p1+1, · · · , p}.

Let p2 := p− p1. These two types of regressors satisfy:

(iii.a) Consider the linear combinations b ·X(ℓ)
high,k := ∑

p
j=p1+1 b jX

(ℓ)
j,k for high-

rank regressors with p2-vectors b such that ∥b∥2 = 1 and b=
(
bp1+1, · · · ,bp

)′.
There exists a positive constant Cb such that

min
{∥b∥2=1}

N

∑
n=2r0+p1+1

λn

[
1

NTℓ

(
b ·X(ℓ)

high,k

)(
b ·X(ℓ)

high,k

)′]
≥Cb w.p.a.1.

(iii.b) For j ∈ [p1], write X(ℓ)
j,k = w(ℓ)

j,kv(ℓ)′j,k with N(ℓ)
k -vectors w(ℓ)

j and Tℓ-vectors

v(ℓ)j . Let w(ℓ)
k =(w(ℓ)

1,k, · · · ,w
(ℓ)
p1,k

)∈RN×p1 , v(ℓ)=(v(ℓ)1 , · · · ,v(ℓ)p1 )∈RTℓ×p1 ,

M
w(ℓ)

k
= I

N(ℓ)
k
−w(ℓ)

k (w(ℓ)′
k w(ℓ)

k )−1w(ℓ)′
k and Mv(ℓ) = ITℓ−v(ℓ)

(
v(ℓ)′v(ℓ)

)−1
v(ℓ)′.

There exists a positive constant CB such that (N(ℓ)
k )−1Λ

0,(ℓ)′
k M

w(ℓ)
k

Λ
0,(ℓ)
k >

CBIr0 and T−1
ℓ F0,(ℓ)′Mw(ℓ)F0,(ℓ) >CBIr0 w.p.a.1.
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(iv) For ∀ j ∈ [p], ℓ ∈ {1,2}, and k ∈ K(ℓ),

1

N(ℓ)
k (Tℓ)

2 ∑
i∈G(ℓ)

k

∑
t1∈Tℓ

∑
t2∈Tℓ

∑
s1∈Tℓ

∑
s2∈Tℓ

∣∣Cov
(
eit1X̃ j,it2,eis1X̃ j,is2

)∣∣= Op(1),

where X̃ j,it = X j,it−E
(
X j,it |D

)
.

Assumption 3.9 imposes some conditions to derive the asymptotic distribution

theory for the panel model with IFEs which allows for dynamics. Assumption

3.9(i) strengthens Assumption 3.1(vi) a bit. Assumption 3.9(ii) is the standard

non-collinearity condition for regressors, which is analogous to Assumption 4(i)

in Moon and Weidner (2017). Assumption 3.9(iii) is the identification assumption

which is comparable to Assumption 4 in Moon and Weidner (2017). With the con-

ditional strong mixing condition in Assumption 3.1(iii), we can verify Assumption

3.9(iv).

The following theorem establishes the asymptotic distribution of {α̂(ℓ)
k }k∈K(ℓ).

Theorem 3.4. Suppose that Assumption 3.1 or 3.1∗ and Assumptions 3.2–3.9

hold. For ℓ ∈ {1,2}, the estimators {α̂(ℓ)
k }k∈K(ℓ) are asymptotically equivalent to

the oracle estimators {α̂∗(ℓ)k }k∈K(ℓ) , and we have

W(ℓ)
NTD

(ℓ)
NT


α̂
(ℓ)
1 −α

(ℓ)
1

...

α̂
(ℓ)

K(ℓ)−α
(ℓ)

K(ℓ)

−B(ℓ)
NT ⇝ N

(
0,Ω(ℓ)

)
,

such that D(ℓ)
NT = diag

(√
N(ℓ)

1 Tℓ, · · · ,
√

N(ℓ)

K(ℓ)Tℓ

)
, W(ℓ)

NT = diag
(
W(ℓ)

NT,1, · · · ,W
(ℓ)

NT,K(ℓ)

)
,

B(ℓ)
NT = diag

(
B(ℓ)

NT,1, · · · ,B
(ℓ)

NT,K(ℓ)

)
and Ω(ℓ) = diag

(
Ω

(ℓ)
1 , · · · ,Ω(ℓ)

K(ℓ)

)
.

Theorem 3.4 establishes the asymptotic distribution for the estimators of the

group-specific slope coefficients before and after the break. It shows that the pa-

rameter estimators from our algorithm enjoy the oracle property given the results in

Theorems 3.2 and 3.3. The proof of the above theorem can be done by following

Moon and Weidner (2017) and Lu and Su (2016).

3.5 Alternatives and Extensions

In this section we first consider an alternative method to estimate the break point

and then discuss several possible extensions.
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3.5.1 Alternative for Break Point Detection

The algorithm proposed in Section 3.3 uses low-rank estimates of Θ0
j to find

the break point estimates. However, by Lemma 3.1(ii), we observe that the right

singular vector matrix of Θ0
j , i.e., V 0

j , contains the structural break information when

r j = 2. For this reason, we can propose an alternative way to estimate the break point

under the case where the maximum rank of the slope matrix in the model is 2. Let

v̇∗t, j := v̇t, j

∥v̇t, j∥ and v̇∗t :=
(

v̇∗′t,1, · · · , v̇∗′t,p
)′
, with the true values being v∗t, j :=

O jv0
t, j

∥O jv0
t, j∥

and v∗t :=
(

v∗′t,1, · · · ,v∗′t,p
)′

, respectively. Then Step 3 can be replaced by Step 3*

below:

Step 3*: Break Point Estimation by Singular Vectors. We estimate the break

point as follows:

T̃1 = argmin
s∈{2,··· ,T−1}

1
T

{
s

∑
t=1

∥∥∥v̇∗t − ¯̇v∗(1)s
∥∥∥2

+
T

∑
t=s+1

∥∥∥v̇∗t − ¯̇v∗(2)s
∥∥∥2
}
, (3.12)

where ¯̇v∗(1)s = 1
s ∑

s
t=1 v̇∗t and ¯̇v∗(2)s = 1

T−s ∑
T
t=s+1 v̇∗t .

The following two theorems state the consistency of v̇∗t and T̃1, respectively.

Theorem 3.5. Suppose that Assumptions 3.1–3.5 hold. Then maxt ∥v̇∗t − v∗t ∥ =

Op(ηN,2).

Theorem 3.6. Suppose that Assumptions 3.1–3.6 hold. Then P(T̃1 = T1)→ 1

as (N,T )→ ∞.

Since the singular vectors of the slope matrices contain the structural change in-

formation, Theorem 3.5 indicates that we can consistently estimate the break point

by using the factor estimates instead of the slope matrix estimates in (3.6). Given

Theorem 3.5 and Lemma 3.1(iii), we can prove Theorem 3.6 with arguments anal-

ogous to those used in the proof of Theorem 3.2.

3.5.2 Test for the Presence of a Structural Break

In Section 3.2, we consider time-varying latent group structures with one break

point. In this subsection, we propose a test for the null that the slope coefficients are

time-invariant against the alternative that there’s one structural break as assumed in

Section 3.2.
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Since various scenarios can occur once we allow for the presence of a structural

break in the latent group structures, and the number of group may and may not

change under the alternative and so do some of the group-specific coefficients. As

a first try, one may ignore the information on the latent group structures and test

for the possible time-varying feature of the slope coefficients. In this case, we can

rewrite Θ0
it as follows:

Θ
0
it = Θ

0
i + cit ,

where Θ0
i := 1

T ∑t∈[T ]Θ
0
it . Then we specify the null and alternative hypothesis re-

spectively as

H0 : cit = 0 for all i ∈ [N], and

H1 : cit ̸= 0 for some i ∈ [N]. (3.13)

To construct the test statistics, we can follow the idea of Bai and Perron (1998)

and consider a sup-F test. Let Tε := {T1 : εT ≤ T1 ≤ (1− ε)T} , where ε > 0 is a

tuning parameter that avoids breaks at the end of the sample. Define

FNT (1|0) := max
i∈[N]

sup
T1∈Tε

Fi(T1),

where

Fi(T1) =
T −2p

p

[
β̃
(1)
i (T1)− β̃

(2)
i (T1)

]′ [
Σ̂i(T1)

]−1
[
β̃
(1)
i (T1)− β̃

(2)
i (T1)

]
,

β̃
(1)
i (T1) and β̃

(2)
i (T1) are the PCA slope estimators of Θ0

i in the linear panels with

IFEs for each individual i with the prior-break observations {(i, t) : i ∈ [N], t ∈ [T+]}

and post-break observations {(i, t) : i ∈ [N], t ∈ [T ]\[T+]}, respectively,1 and Σ̂i(T+)

is the consistent estimator for the asymptotic variance of β̃
(1)
i (T1)− β̃

(2)
i (T1). Fol-

lowing Bai and Perron (1998), we conjecture that the asymptotic distribution for

sup
T1∈Tε

Fi(T1) is associated with the p-vector of Wiener processes on [0,1] , based on

which one can derive the corresponding distribution of FNT (1|0).

Alternatively, we can estimate the model with latent group structures by assum-

ing the presence of a break point at T1. Then we obtain the estimates of the group-

specific parameters {α(1)
j (T1)} j∈K(1) prior to the potential break point T1 and those

of the group-specific parameters {α(2)
j (T1)} j∈K(2) after the potential break point T1.

1See Section B.3 in the appendix for the detail of the PCA estimation in linear panels with IFEs.
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It is possible to construct a test statistic based on the contrast of these two sets

of estimates or the corresponding residual sum of squares (RSS) and then take the

supremum over T1 ∈Tε . As one can imagine, this approach is also quite involved as

one has to determine the number of groups before and after the break, K(1) and K(1),

at each T1. It is not clear how the estimation errors from these estimates and those

of the factors and factor loadings with slow convergence rates affect the asymptotic

properties of the estimators of the group-specific parameters.

Last, it is also possible to estimate the model with latent group structures under

the case of no structural change to obtain the restricted residuals. If there exists

a structural change in the latent group structure, it should be reflected into the re-

stricted residuals obtained under the null. Then we can consider the regression of

the restricted residuals on the regressors and construct an LM-type test statistic to

check the goodness of fit for such an auxiliary regression model as in Su and Chen

(2013b) and Su and Wang (2020). We leave this for future research.

3.5.3 The Case of Multiple Breaks

In Section 3.2, we only consider a one-time structural break in the latent group

structures. In practice it is possible to have multiple breaks especially if T is large.

Here we generalize the model in Section 3.2 to allow for multiple breaks. In this

case, we have

αkt =



α
(1)
k , for t = 1, . . . ,T1,

α
(2)
k , for t = T1 +1, . . . ,T2,

...

α
(b+1)
k , for t = Tb +1, . . . ,T,

where b≥ 1 denotes the number of breaks.

To estimate the number of breaks and the break points T1, · · · ,Tb, in principle we

can follow the sequential method proposed by Bai and Perron (1998). First, using

the full-sample data, we can construct FNT (1|0) defined in the previous subsection

and estimate the break point as in (3.6). Second, for each regime before and after

the estimated break point, we test the hypothesis in (3.13) and estimate the break

point for each regime separately. At last, we repeat this sequential method until we

can not reject the null for all subsamples. At the end, we can obtain the break point
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estimates {T̂a}a∈[b̂] where b̂ is the estimated number of breaks. We conjecture that

we can establish the consistency of b̂ and {T̂a}.

After we obtain the estimated number of breaks and break points, for each sub-

sample {
(i, t) : i ∈ [N], t ∈ {T̂a−1 +1, · · · , T̂a}

}
,

a ∈ [b̂+ 1] with T̂0 := 0 and T̂b̂+1 := T , we can continue Step 4 in the estimation

algorithm in Section 3.3 to obtain the estimated group structure for each subsample.

3.6 Monte Carlo Simulations

In this section, we show the simulation results for the low-rank estimates, break

point estimates, group membership estimates and the group number estimates with

1000 replications, and we choose the tuning parameter ν j by the similar procedure

described in Chernozhukov et al. (2019). We will focus on the linear panel model

Yit = λ ′i ft +X ′itΘit + eit , where Xit = (X1,it ,X2,it)
′ and Θit = (Θ1,it ,Θ2,it)

′.

3.6.1 Data Generating Process (DGP)

We focus on the following four main DGPs:

DGP 1: [Static panel with homoskedasticity] X1,it ∼ i.i.d.U(−2,2), X2,it ∼ i.i.d.

U(−2,2), error term eit ∼ i.i.d. N(0,1). For Θ1, we randomly choose the

break point T1 from 0.4T to 0.6T .

DGP 2: [Static panel with heteroscedasticity] Compared to the DGP 1, error term

eit ∼ i.i.d. N(0,σ2
it ) such that σ2

it ∼ i.i.d. U(0.5,1). The settings for the re-

gressors and break point are the same as those in DGP 1.

DGP 3: [Serially correlated error] Compared to the DGP 2, error term eit =

0.2ei,t−1+ηit , where ηit ∼ i.i.d. N(0,1) and all other settings are the same as

in DGP 2.

DGP 4: [Dynamic panel] In this case, X1,it =Yi,t−1 with Yi,0∼ i.i.d.N(0,1). X2,it ∼

i.i.d. U(−2,2), and eit ∼ i.i.d. N(0,0.5).

For each DGP above, λi and ft are each i.i.d. N(0,1) and mutually independent.

We define the slope coefficient based on three subcases below.
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DGP X.1: In this case, the group membership and the number of groups don’t

change after the break point and only the value of the slope coefficient changes.

We set the number of groups to be 2, the ratio of individuals among the two

groups is N1 : N2 = 0.5 : 0.5, and the group membership G1 is obtained by a

random draw from [N] without replacement. For DGPs 1.1, 2.1, and 3.1,

Θ1,it = Θ2,it =



0.1, i ∈ G1, t ∈ {1, · · · ,T1},

0.9, i ∈ G2, t ∈ {1, · · · ,T1},

0.05, i ∈ G1, t ∈ {T1 +1, · · · ,T},

0.45, i ∈ G2, t ∈ {T1 +1, · · · ,T}.

For DGP 4.1, Θ2,it is same as other DGPs X.1 for X∈ {1,2,3}, and

Θ1,it =



0.1, i ∈ G1, t ∈ {1, · · · ,T1},

0.7, i ∈ G2, t ∈ {1, · · · ,T1},

0.05, i ∈ G1, t ∈ {T1 +1, · · · ,T},

0.35, i ∈ G2, t ∈ {T1 +1, · · · ,T}.

DGP X.2: Compared to DGP X.1, the values of the slope coefficients for differ-

ent groups do not change after the break point, but the group membership

changes. The number of groups is 2, the ratio of individuals among the group

groups is still N1 : N2 = 0.5 : 0.5. Nevertheless, {G(1)
1 ,G(1)

2 } is different from

{G(2)
1 ,G(2)

2 } so that elements in both G(1)
1 and G(2)

1 are independent draws

from [N] without replacement. In addition, for DGPs 1.2, 2.2, and 3.2,

Θ1,it = Θ2,it =



0.1, i ∈ G(1)
1 , t ∈ {1, · · · ,T1},

0.9, i ∈ G(1)
2 , t ∈ {1, · · · ,T1},

0.1, i ∈ G(2)
1 , t ∈ {T1 +1, · · · ,T},

0.9, i ∈ G(2)
2 , t ∈ {T1 +1, · · · ,T}.

For DGP 4.2, Θ2,it is defined same as other DGPs X.2 for X ∈ {1,2,3}, and

Θ1,it =



0.1, i ∈ G(1)
1 , t ∈ {1, · · · ,T1},

0.7, i ∈ G(1)
2 , t ∈ {1, · · · ,T1},

0.1, i ∈ G(2)
1 , t ∈ {T1 +1, · · · ,T},

0.7, i ∈ G(2)
2 , t ∈ {T1 +1, · · · ,T}.
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DGP X.3: Under this scenario, the number of groups changes after the breaking.

We set N(1)
1 : N(1)

2 = 0.5 : 0.5 and N(2)
1 : N(2)

2 : N(2)
3 = 0.4 : 0.3 : 0.3 before and

after the break, respectively. Specifically, for DGPs 1.3, 2.3, and 3.3, we have

Θ1,it = Θ2,it =



0.1, i ∈ G(1)
1 , t ∈ {1, · · · ,T1},

0.9, i ∈ G(1)
2 , t ∈ {1, · · · ,T1},

0.1, i ∈ G(2)
1 , t ∈ {T1 +1, · · · ,T},

0.5, i ∈ G(2)
2 , t ∈ {T1 +1, · · · ,T},

0.9, i ∈ G(2)
3 , t ∈ {T1 +1, · · · ,T}.

For DGP 4.3, Θ2,it is defined as in DGP X.3 for X∈ {1,2,3}, and

Θ1,it =



0.1, i ∈ G(1)
1 , t ∈ {1, · · · ,T1},

0.7, i ∈ G(1)
2 , t ∈ {1, · · · ,T1},

0.1, i ∈ G(2)
1 , t ∈ {T1 +1, · · · ,T},

0.4, i ∈ G(2)
2 , t ∈ {T1 +1, · · · ,T},

0.7, i ∈ G(2)
3 , t ∈ {T1 +1, · · · ,T}.

3.6.2 Results

Table 3.1 reports the proportion of correct rank estimation for the intercept (IFE)

and slope matrices based on the SVT in Section 3.3. Note that r0 denotes the true

rank of the intercept matrix and r1 and r2 denote that of the two slope matrices. From

Table 3.1, we notice that the true ranks of both the intercept and slope matrices can

be almost perfectly estimated for the sample sizes under investigation.

Table 3.2 reports the results for the break point estimation in Step 3 based on

different (N,T ) combinations. We summarize some important findings from Table

3.2. First, when the group membership and the number of groups do not change

as in DGP X.1 for X∈ [3] , the frequency of correct break point estimation may not

be 1 especially if N is not large. This suggests that the binary segmentation does

not work perfectly in such a scenario. Second, the change of group membership or

the number of groups help to identify the break point as reflected in the simulation

results for DGP X.2 and X.3 for X∈ [4] . In general, the binary segmentation works

well in our setting.
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Table 3.3 reports the results for the group membership estimation when the

number of groups are either known (infeasible in practice) or estimated from the

data (feasible). With known number of groups, the STK algorithm degenerates to

the traditional K-means algorithm. The “Infeasible” part of Table 3.3 reports the

frequency of correct group membership estimation before and after the estimated

break point, GB and GA, based on the known true number of groups and K-means

algorithm. Obviously, the K-means classification exhibits excellent performance in

this case. Nevertheless, without prior information on the true number of groups,

STK algorithm is able to estimate the group membership and the number of groups

simultaneously. In this case, the frequency of correct estimation of the group mem-

bership and that the number of groups are shown in the “Feasible” part in Table 3.3

and in Table 3.4, respectively. As expected, the performance of the STK algorithm

is slightly worse than that of the K-means algorithm with true number of groups.

But the performance improves when both N and T increase. Table 3.4 suggests that

the number of groups can be nearly perfectly estimated in DGPs 1.1, 1.2, 1.3 and

2.1. For the more complicated DGPs (e.g., the dynamic case in DGPs 4.1, 4.2, and

4.3 or the static panel with serially correlated errors in DGPs 3.1, 3.2, and 3.3), the

performance is not as good as that in the simple DGPs.

Table 3.5 presents more detailed results for the estimation of the number of

groups. For DGPs 1.X and DGP 2.X where we have static panels with independent

errors, the results show that the group membership and the number of groups can be

well estimated with nearly 100% correct rate under different (N,T ) combinations.

For DGPs 3.X and 4.X where we have static panels with serially correlated errors

and dynamic panels, respectively, the frequency of correct estimation of the group

membership and the number of groups estimation are not great when T is small, but

they are gradually approaching 1 as T increases. One reason for this is that we need

to use HAC estimates of certain long-run variance object in the STK algorithm and

it is well known that a relatively large value of T is required in order for the HAC

estimates to be reasonably well behaved in finite samples.

Table 3.6 shows the result for the post-classification estimator for the first slope

coefficient. We follow Su et al. (2016) to define the evaluation criteria as bias and

coverage. Specifically, we define the bias to be the weighted versions of bias for
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slope estimator from all estimated groups, i.e. Bias=∑
K(1)

k=1 Bias(α(ℓ)
k,1) for ℓ∈{1,2}.

Similarly, we define the weighted version of coverage ratio of the 95% confidence

interval estimators. The “Infeasible" panel shows the result assuming the number

of groups information is known, and the “Feasible" panel shows the result without

knowing the number of groups information by STK algorithm. From Table 3.6,

we notice that the coverage ratio for DGP 1 and 2 is close to 95% under different

combination of N and T for both the “Infeasible" and “Feasible" panels, which is

owing to the higher correct classification ratio. For DGP 3 and 4, by using the STK

algorithm, although the coverage ratio is a bit lower when T equals 100, which is

due to inaccuracy of the number of groups and group membership estimator, the

coverage ratio becomes better with T approaching 100.

3.7 Empirical Study

In this section, we apply the proposed estimation methods to analyze the time-

varying latent group structure of real house price changes at Metropolitan Statistical

Areas (MSAs) in the United States. The studies of the U.S. house price changes are

plentiful in the literature. Malpezzi (1999), Capozza et al. (2002), Gallin (2006),

and Ortalo-Magne and Rady (2006) show that the house price changes are closely

correlated with the real income in the long run. Su et al. (2023) consider a heteroge-

nous spatial panel and show that real income growth affects the U.S. house prices

in different ways for different MSAs. In this application, we examine whether there

exist latent group structures for the real income growth elasticity of house price

changes and whether they change over the time dimension.

3.7.1 Model

We consider the panel model with IFEs and two-way slope heterogeneity as in

(3.14):

πit = λ
′
i ft +Θ1,itgincit +Θ2,itginci,t−1 + eit , (3.14)

where the dependent variable πit measures the percentage of real house price growth

for MSA i at time period t. λi and ft are the individual fixed effects and time

fixed effects, respectively, the covariate gincit denotes the percentage of income
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Table 3.1: Frequency of correct rank estimation

N 100 200 N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1
r0 = 1 1.00 1.00 1.00 1.00

DGP 3.1
r0 = 1 1.00 1.00 1.00 1.00

r1 = 1 1.00 1.00 1.00 1.00 r1 = 1 1.00 1.00 1.00 1.00
r2 = 1 1.00 1.00 1.00 1.00 r2 = 1 1.00 1.00 1.00 1.00

DGP 1.2
r0 = 1 1.00 1.00 1.00 1.00

DGP 3.2
r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00
r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

DGP 1.3
r0 = 1 1.00 1.00 1.00 1.00

DGP 3.3
r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00
r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 0.998 1.00 1.00 1.00

DGP 2.1
r0 = 1 1.00 1.00 1.00 1.00

DGP 4.1
r0 = 1 1.00 1.00 1.00 1.00

r1 = 1 1.00 1.00 1.00 1.00 r1 = 1 1.00 1.00 1.00 1.00
r2 = 1 1.00 1.00 1.00 1.00 r2 = 1 1.00 1.00 1.00 1.00

DGP 2.2
r0 = 1 1.00 1.00 1.00 1.00

DGP 4.2
r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 1 1.00 1.00 1.00 1.00
r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

DGP 2.3
r0 = 1 1.00 1.00 1.00 1.00

DGP 4.3
r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 1 1.00 1.00 1.00 1.00
r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

Table 3.2: Frequency of correct break point estimation

N 100 200 N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1 0.980 0.993 1.00 1.00 DGP 3.1 0.985 0.972 1.00 0.999
DGP 1.2 0.999 1.00 1.00 1.00 DGP 3.2 1.00 1.00 1.00 1.00
DGP 1.3 1.00 1.00 1.00 1.00 DGP 3.3 1.00 1.00 1.00 1.00

DGP 2.1 0.998 0.999 1.00 1.00 DGP 4.1 1.00 1.00 1.00 1.00
DGP 2.2 1.00 1.00 1.00 1.00 DGP 4.2 1.00 1.00 1.00 1.00
DGP 2.3 1.00 1.00 1.00 1.00 DGP 4.3 1.00 1.00 1.00 1.00
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Table 3.3: Frequency of correct group membership estimation

Infeasible

N 100 200

Feasible

N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1
GB 1.00 1.00 1.00 1.00

DGP 1.1
GB 1.00 1.00 1.00 1.00

GA 1.00 1.00 1.00 1.00 GA 1.00 1.00 1.00 1.00

DGP 1.2 GB 1.00 1.00 1.00 1.00 DGP 1.2 GB 1.00 1.00 1.00 1.00
GA 1.00 1.00 1.00 1.00 GA 1.00 1.00 1.00 1.00

DGP 1.3
GB 1.00 1.00 1.00 1.00

DGP 1.3
GB 1.00 1.00 1.00 1.00

GA 0.989 0.999 0.978 0.999 GA 0.989 0.999 0.978 0.999

DGP 2.1
GB 1.00 1.00 1.00 1.00

DGP 2.1
GB 1.00 1.00 1.00 1.00

GA 1.00 1.00 1.00 1.00 GA 1.00 1.00 1.00 1.00

DGP 2.2 GB 1.00 1.00 1.00 1.00 DGP 2.2 GB 0.989 0.999 0.992 0.999
GA 1.00 1.00 1.00 1.00 GA 0.992 0.999 0.977 0.998

DGP 2.3
GB 1.00 1.00 1.00 1.00

DGP 2.3
GB 0.992 0.999 0.961 0.999

GA 0.998 1.00 0.999 1.00 GA 0.989 0.999 0.992 0.999

DGP 3.1
GB 1.00 1.00 1.00 1.00

DGP 3.1
GB 0.981 0.999 0.949 0.999

GA 1.00 1.00 1.00 1.00 GA 0.981 0.993 0.979 0.996

DGP 3.2 GB 1.00 1.00 1.00 1.00 DGP 3.2 GB 0.985 0.996 0.962 0.993
GA 1.00 1.00 1.00 1.00 GA 0.985 0.994 0.973 0.998

DGP 3.3
GB 1.00 1.00 1.00 1.00

DGP 3.3
GB 0.985 0.998 0.973 0.995

GA 0.981 0.997 0.982 0.999 GA 0.971 0.994 0.968 0.998

DGP 4.1
GB 1.00 1.00 1.00 1.00

DGP 4.1
GB 0.975 0.999 0.984 0.999

GA 1.00 1.00 1.00 1.00 GA 0.985 0.998 0.949 0.997

DGP 4.2 GB 1.00 1.00 1.00 1.00 DGP 4.2 GB 0.994 0.998 0.952 0.997
GA 1.00 1.00 1.00 1.00 GA 0.977 0.999 0.985 0.999

DGP 4.3
GB 1.00 1.00 1.00 1.00

DGP 4.3
GB 0.983 0.998 0.948 0.999

GA 1.00 1.00 1.00 1.00 GA 0.982 0.998 0.983 0.998

Table 3.4: Frequency of correct estimation of the number of groups

N 100 200 N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1
K(1) = 2 1.00 1.00 0.999 1.00

DGP 3.1
K(1) = 2 0.880 0.993 0.675 0.985

K(2) = 2 1.00 1.00 1.00 1.00 K(2) = 2 0.890 0.960 0.873 0.971

DGP 1.2 K(1) = 2 1.00 1.00 1.00 1.00 DGP 3.2 K(1) = 2 0.868 0.985 0.759 0.940
K(2) = 2 1.00 1.00 1.00 0.999 K(2) = 2 0.897 0.971 0.829 0.987

DGP 1.3
K(1) = 2 0.999 1.00 1.00 1.00

DGP 3.3
K(1) = 2 0.889 0.988 0.802 0.965

K(2) = 3 1.00 0.999 1.00 1.00 K(2) = 3 0.932 0.977 0.907 0.988

DGP 2.1
K(1) = 2 1.00 1.00 1.00 1.00

DGP 4.1
K(1) = 2 0.807 0.981 0.825 0.982

K(2) = 2 1.00 1.00 1.00 1.00 K(2) = 2 0.919 0.988 0.714 0.980

DGP 2.2 K(1) = 2 0.919 0.995 0.940 0.994 DGP 4.2 K(1) = 2 0.933 0.988 0.630 0.975
K(2) = 2 0.930 0.993 0.809 0.982 K(2) = 2 0.758 0.988 0.870 0.989

DGP 2.3
K(1) = 2 0.940 0.989 0.724 0.990

DGP 4.3
K(1) = 2 0.877 0.991 0.657 0.991

K(2) = 3 0.946 0.995 0.952 0.992 K(2) = 3 0.900 0.987 0.874 0.980
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Table 3.5: Determination of the number of groups

DGP N T
K̂(1) K̂(2)

2 3 4 ≥5 2 3 4 ≥5

DGP 1.1
100

100 1.00 0 0 0 1.00 0 0 0
200 1.00 0 0 0 1.00 0 0 0

200 100 0.999 0.001 0 0 1.00 0 0 0
200 1.00 0 0 0 1.00 0 0 0

DGP 1.2
100 100 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

200 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

200 100 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00
200 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

DGP 1.3
100 100 0.999 0.001 0.00 0.00 0.00 1.00 0.00 0.00

200 1.00 0.00 0.00 0.00 0.00 0.999 0.001 0.00

200
100 1.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00
200 1.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00

DGP 2.1
100

100 0.933 0.058 0.009 0.00 0.936 0.060 0.003 0.001
200 0.990 0.010 0.00 0.00 0.987 0.013 0.00 0.00

200 100 0.864 0.126 0.010 0.00 0.901 0.090 0.009 0.00
200 0.989 0.011 0.00 0.00 0.990 0.010 0.000 0.00

DGP 2.2
100 100 0.919 0.074 0.007 0.00 0.930 0.067 0.003 0.00

200 0.995 0.003 0.00 0.002 0.993 0.006 0.00 0.001

200 100 0.940 0.056 0.004 0.00 0.809 0.164 0.027 0.00
200 0.994 0.006 0.00 0.00 0.982 0.018 0.00 0.00

DGP 2.3
100 100 0.940 0.055 0.005 0.00 0.00 0.946 0.039 0.015

200 0.989 0.011 0.00 0.00 0.00 0.995 0.002 0.003

200
100 0.724 0.230 0.046 0.00 0.00 0.952 0.031 0.017
200 0.990 0.010 0.00 0.00 0.00 0.992 0.006 0.002

DGP 3.1
100

100 0.880 0.097 0.022 0.001 0.890 0.062 0.031 0.017
200 0.993 0.007 0 0 0.960 0.019 0.012 0.009

200 100 0.675 0.224 0.099 0.002 0.873 0.081 0.041 0.005
200 0.985 0.015 0 0 0.971 0.023 0.005 0.001

DGP 3.2
100 100 0.868 0.109 0.023 0.00 0.897 0.099 0.004 0.00

200 0.985 0.008 0.003 0.004 0.971 0.021 0.006 0.002

200 100 0.759 0.198 0.042 0.001 0.829 0.147 0.024 0.00
200 0.940 0.055 0.005 0.00 0.987 0.013 0.000 0.00

DGP 3.3
100 100 0.889 0.100 0.011 0.00 0.00 0.932 0.055 0.013

200 0.988 0.009 0.003 0.00 0.00 0.977 0.013 0.010

200
100 0.802 0.175 0.023 0.00 0.00 0.907 0.073 0.020
200 0.965 0.035 0.000 0.000 0.000 0.988 0.010 0.002

DGP 4.1
100

100 0.807 0.084 0.089 0.02 0.919 0.041 0.019 0.021
200 0.981 0.013 0.004 0.002 0.988 0.004 0.005 0.003

200 100 0.825 0.107 0.061 0.007 0.714 0.118 0.084 0.084
200 0.982 0.011 0.006 0.001 0.98 0.010 0.004 0.006

DGP 4.2
100 100 0.933 0.051 0.012 0.004 0.758 0.141 0.089 0.012

200 0.988 0.006 0.004 0.002 0.988 0.005 0.006 0.001

200 100 0.630 0.158 0.196 0.016 0.870 0.080 0.048 0.002
200 0.975 0.013 0.012 0.000 0.989 0.009 0.002 0.000

DGP 4.3
100 100 0.877 0.076 0.042 0.005 0.000 0.900 0.055 0.045

200 0.991 0.006 0.002 0.001 0.000 0.987 0.010 0.003

200
100 0.657 0.191 0.129 0.023 0.000 0.874 0.072 0.054
200 0.991 0.005 0.004 0.000 0.000 0.980 0.012 0.008
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Table 3.6: Point estimation of α
(1)
·,1 and α

(2)
·,1

DGP N T

Infeasible Feasible

Before the break After the break Before the break After the break

Bias(×10−6) Coverage Bias(×10−6) Coverage Bias(×10−6) Coverage Bias(×10−6) Coverage

1.1
100

100 2.585 0.951 -2.869 0.946 2.585 0.951 -2.869 0.946
200 -1.944 0.944 -8.920 0.945 -1.958 0.944 -8.920 0.945

200
100 -1.096 0.943 1.407 0.947 -1.096 0.943 1.407 0.947
200 -1.910 0.945 0.960 0.947 -1.910 0.945 0.960 0.947

1.2
100

100 -1.050 0.949 -27.398 0.941 -1.050 0.949 -27.398 0.941
200 -5.449 0.930 7.616 0.953 -5.449 0.930 7.655 0.953

200
100 4.770 0.949 1.866 0.951 4.770 0.949 1.866 0.951
200 1.317 0.941 1.874 0.945 1.317 0.941 1.874 0.945

1.3
100

100 -0.961 0.943 11.417 0.944 -1.050 0.949 -27.398 0.941
200 -4.213 0.951 -5.002 0.941 -5.449 0.930 7.655 0.953

200
100 -1.571 0.938 -3.756 0.938 4.770 0.949 1.866 0.951
200 0.403 0.941 -4.159 0.945 1.317 0.941 1.874 0.945

2.1
100

100 14.840 0.944 9.410 0.950 14.816 0.943 9.406 0.950
200 -7.222 0.951 1.795 0.951 -7.222 0.951 1.795 0.951

200
100 0.916 0.940 3.575 0.948 0.916 0.940 3.575 0.948
200 0.452 0.948 -0.797 0.947 0.452 0.948 -0.797 0.947

2.2
100

100 -21.379 0.946 0.234 0.937 -21.379 0.946 0.234 0.937
200 0.264 0.942 -15.542 0.953 0.264 0.942 -15.542 0.953

200
100 -1.379 0.945 -1.489 0.951 -1.379 0.944 -1.489 0.951
200 -1.101 0.950 1.127 0.949 -1.101 0.950 1.127 0.949

2.3
100

100 -8.610 0.945 5.254 0.952 -8.610 0.945 5.261 0.952
200 0.927 0.949 5.840 0.949 0.927 0.949 5.840 0.949

200
100 -1.560 0.943 -2.569 0.941 -1.560 0.943 -2.569 0.941
200 -0.775 0.947 4.408 0.947 -0.775 0.947 4.386 0.947

3.1
100

100 -20.928 0.955 -73.947 0.945 -26.250 0.927 -77.613 0.920
200 3.066 0.949 -12.443 0.937 2.884 0.940 -13.116 0.934

200
100 -2.663 0.951 -8.742 0.944 -3.517 0.857 -7.730 0.888
200 -3.747 0.949 -2.107 0.945 -3.642 0.939 -1.971 0.938

3.2
100

100 -55.980 0.952 -10.846 0.943 -58.714 0.926 -15.109 0.863
200 -2.774 0.950 4.690 0.946 -3.218 0.945 4.913 0.942

200
100 6.979 0.951 8.879 0.945 6.287 0.858 6.894 0.848
200 -1.704 0.947 0.438 0.945 -2.122 0.928 0.381 0.940

3.3
100

100 -25.340 0.950 37.639 0.907 -29.905 0.924 37.016 0.890
200 2.042 0.947 -6.431 0.960 1.667 0.940 -6.245 0.960

200
100 -2.391 0.946 14.364 0.892 -2.735 0.891 13.680 0.840
200 4.339 0.943 4.890 0.942 4.493 0.932 5.113 0.938

4.1
100

100 800.620 0.930 -466.590 0.929 777.650 0.928 -454.980 0.924
200 126.760 0.931 550.210 0.942 126.220 0.942 548.160 0.943

200
100 -224.960 0.931 -339.020 0.939 -214.900 0.904 -313.430 0.876
200 417.320 0.938 412.500 0.947 415.110 0.941 410.700 0.944

4.2
100

100 1246.000 0.921 726.940 0.943 1205.600 0.918 709.260 0.903
200 -440.880 0.943 83.433 0.944 -436.670 0.943 81.585 0.951

200
100 -1600.500 0.930 1937.500 0.927 -1538.300 0.901 1781.600 0.819
200 -1513.300 0.950 -272.500 0.946 -1502.000 0.935 -271.420 0.953

4.3
100

100 -2067.900 0.931 -505.100 0.940 -1951.700 0.866 -491.200 0.929
200 317.360 0.946 411.770 0.945 316.550 0.951 407.820 0.935

200
100 1279.900 0.930 3660.100 0.888 1246.900 0.906 3355.100 0.874
200 -772.380 0.940 -335.250 0.948 -768.870 0.932 -334.190 0.940
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growth for MSA i at time period t, and ginci,t−1 is the lagged value of gincit . Unlike

Aquaro et al. (2021) and Su et al. (2023) who consider individual fixed effects and

additive two-way fixed effects, respectively, we allow the model to have IFEs. In

the above model, we allow the slope parameters (Θ1,it ,Θ2,it) to be exhibit latent

group structures along the cross-sectional dimension and an unknown break along

the time dimension.

3.7.2 Data

The data we use is obtained from Aquaro et al. (2021), which is the quarterly

data for 377 MSAs over 1975 to 2014. To construct the growth rate and the lagged

term, we lose two periods of observations, which yields T = 158. Similarly to Su

et al. (2023), we deseasonalize the growth rate of real house price and real income.

We don’t defactor the variables since our model contains the IFEs to control the

common shocks.

3.7.3 Empirical Results

We first apply the singular value thresholding to estimate the ranks of Θ0 =

{λ ′i ft}, Θ1 = {Θ1,it} and Θ2 = {Θ2,it}. The estimates are: r̂0 = 1, r̂1 = 2, and

r̂2 = 2. Before applying the proposed estimation algorithm in Section 3.3, we first

test the presence of the structural break showing in Section 3.5.2. As provided

in Bai and Perron (2003), for each individual i, the critical value of test statis-

tic supT1∈Tε
Fi(T1) is 15.37. We then construct the sup-F test statistic for each

MSA. Results show that min
i∈[N]

supT1∈Tε
Fi(T1) = 0.0195 and the final test statistic

is FNT (1|0) = max
i∈[N]

supT1∈Tε
Fi(T1) = 2161.65. Based on this, we reject the null that

there is no structural break for slope coefficient Θ1,it and Θ2,it at 1% significance

level.

With the presence of a structural break, we apply the proposed multi-stage esti-

mation result in Section 3.3 to estimate the break date and numbers of groups before

and after the break. The estimated break date is given by T̂1 = 51, which suggests

that the structural break happens at the first quarter in 1988. We conjecture that

this is owing to the catastrophic stock market crash that occurred on October 1987,

which is known to be the first contemporary global financial crisis.
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By setting ςN = N−2 for the STK algorithm as in the simulations, we obtain the

estimated prior- and post-break numbers of groups given by K̂(1) = 6 and K̂(2) = 2,

respectively. As for the group structure, Figures 3.2 and 3.3 use six and two colors

to show the classification results for the 377 MSAs during 1975Q3 to 1987Q4 and

1988Q1 to 2014Q4, respectively. Table 3.7 reports the pooled regression results for

the full sample in column (1), the subsample before the estimated break point in

column (2), and the subsample after the estimated break point in column (3). All

the slope estimators are bias-corrected. The pooled regression results in Table 3.7

show that the real income growth has positive and significant effect on the house

price. Comparing the two subsamples before and after the estimated break, we

observe that, with 1 percentage increase for the real income growth rate, the real

house price growth rate will increase 0.09 percentage before year 1988, which is

0.02 percentage higher than that after year 1988. Besides, we notice that the slope

estimates for the lagged term are similar for the two subsamples.

Table 3.7: Results for the pooled regressions

Pooled (full sample) Pooled (1975Q3−1987Q4) Pooled (1988Q3−2014Q4)
(1) (2) (3)

gincit 0.1021∗∗∗ 0.0904∗∗∗ 0.0702∗∗∗

(0.0067) (0.0119) (0.0065)
ginci,t−1 0.0590∗∗∗ 0.0392∗∗∗ 0.0401∗∗∗

(0.0067) (0.0117) (0.0066)
#individuals 377 377 377
Note: Column (1) reports the pooled regression results for the full sample. Columns (2) and (3)
report the pooled regression results for the subsamples before and after the estimated break point,
respectively. Slope estimators are all bias-corrected. Values in parentheses are standard errors
and ∗∗∗ indicates significance at 1% level.

To examine the difference for each of the 6 estimated groups before the break,

Table 3.8 reports the post-classification regression results for each estimated group

before the estimated break. Even though the effects of the real income growth are

positive for all estimated groups, they differ vastly across groups. The effect of

the real income growth for Group 2 is the highest, followed by Groups 5 and 3,

and the effects of real income growth on the real house price in all of these three

groups are higher than 0.15 percentage. In contrast, the effects of the real income

growth for the remaining three groups, viz., Groups 1, 4, and 6, are less than 0.07

percentage. Similarly, Table 3.9 reports the post-classification regression results for

each estimated group after the estimated break. The estimated slope coefficient for
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both groups are statistically significant. Especially, during 1988Q1-2014Q1, the

slope estimator for the lagged term in the first group is much higher than that for the

second group.

We also apply the C-Lasso algorithm in Su et al. (2016) to estimate the group

structure before and after the estimated break point. The C-Lasso approach together

with the IC detects 2 groups both before and after the break. With the six groups

shown by our algorithm, we conjecture that it may due to the smaller time periods

before the break.

Table 3.8: Results for the post-classification regressions

Group 1 Group 2 Group 3 Group 4 Group 5 Group 6
(1) (2) (3) (4) (5) (6)

gincit 0.0301 0.3169∗∗∗ 0.1522∗∗∗ 0.0168 0.1877∗∗ 0.0661∗∗∗

(0.0345) (0.0292) (0.0408) (0.0561) (0.0775) (0.0153)
ginci,t−1 0.1217∗∗∗ −0.0191 −0.0089 −0.0298 −0.1269∗ 0.0331∗∗∗

(0.0348) (0.0288) (0.0407) (0.0560) (0.0754) (0.0151)
#individuals 60 92 35 12 36 142
Note: Each column reports the regression results for each estimated group during 1977Q3-
1987Q4. Slope estimators are all bias-corrected. Values in parentheses are standard errors.
∗∗∗, ∗∗, and ∗ indicate significance at 1% level, 5% level, 10% level, respectively.

Table 3.9: Results for the post-classification regressions after the break

Group 1 Group 2
(1) (2)

gincit 0.0670∗∗∗ 0.0714∗∗∗

(0.0130) (0.0079)
ginci,t−1 0.0870∗∗∗ 0.0275∗∗∗

(0.0135) (0.0079)
#individuals 103 274
Note: Each column reports the regression results for each
estimated group during 1988Q1-2014Q4. Slope estima-
tors are all bias-corrected. Values in parentheses are stan-
dard errors. ∗∗∗ indicates significance at 1% level.

3.8 Conclusion

This paper considers the linear panel model with IFEs and two-way hetero-

geneity such that the heterogeneity across individuals is captured by latent group

structures and the heterogeneity across time is captured by an unknown structural

break. We allow the model to have different group numbers, or different group
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memberships, or just changes in the slope coefficients for some specific groups be-

fore and after the break. To estimate the unknown structural break, the number of

groups and group memberships before and after the break point, we propose an esti-

mation algorithm with initial nuclear-norm-regularized estimates, followed by row-

and column-wise linear regressions. Then, the break point estimator is obtained by

binary segmentation and the group structure together with the number of groups are

estimated simultaneously by sequential testing K-means algorithm. We show that

the structural break estimator, the group number estimators, and the group mem-

bership estimators before and after the break point are all consistent, and the final

post-classification slope coefficient estimators enjoy the oracle property.

There are several interesting topics for further research. First, even though we

discuss a possible test for the existence of a break in the panel data models with

latent group structures, we have not fully worked out the asymptotic theory. Second,

we assume the presence of a single break in the data and it is interesting to extend

our theory to allow for multiple breaks. Third, our theory rules out both unit-root-

type nonstationarity and nonstochastic trending nonstationarity and it is interesting

to extend our theory to allow for nonstationarity. We will pursue these topics in

future research.

76



Figure 3.2: Group classification result before the break

Figure 3.3: Group classification result before the break
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Chapter 4

Conclusion

This study contributes to the estimation and inference of the high-dimensional

panel models with two-way slope heterogeneity. We have considered the hetero-

geneity in two models: (1) two-way heterogeneity modeling as low-rank slope ma-

trix in panel quantile model, (2) time-varying latent group structure in linear panel

model. In the first model, the asymptotic theory for the debaised slope estimators

is established, and we propose two specification tests for the slope coefficient un-

der different rank conditions. In the second model, we recover the unknown break

point, the number of groups, and the latent group structure before and after the un-

known break point and show that proposed estimators enjoy the oracle property.

Monte Carlo experiments are done to show the good performance of the proposed

estimators and tests. In empirical applications, estimation algorithms are employed

to study several problems in microeconomics and macroeconomics.

In the future research, it is interesting to extend models and estimation pro-

cedures in several directions. First, the inference theory for the low-rank panel

quantile regressions is obtained by sample-splitting. One can try to change the

sample-splitting approach to the full sample estimation, which obtains more stable

estimates. Second, one can also generalize the time-varying latent group structure

with multiple breaks by using the potential sequential testing approach. Third, one

can also extend our model to the non-stationary and nonlinear framework.
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Appendix A

Technical Results for Chapter 2

A.1 Proofs of the Main Results

A.1.1 Proof of Theorem 2.1

We focus on the full sample estimators ∆̃Θ j , σ̃k, j, and Ṽj in the proof. The results

for their subsample counterparts can be established in the same manner, and we omit

the detail for brevity.

Proof of Statement (i)

Recall that

R(C1,C2) :=
{
({∆Θ j}

p
j=0) :

p

∑
j=0

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1

p

∑
j=0

∥∥P j(∆Θ j)
∥∥
∗ ,

p

∑
j=0

∥∥∆Θ j

∥∥2
F
≥C2

√
NT
}
.

Define R(C1) :=
{
{∆Θ j}

p
j=0 : ∑

p
j=0

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1 ∑

p
j=0

∥∥P j(∆Θ j)
∥∥
∗

}
. By Lemma

A.4, P{{∆̃Θ j(τ)}
p
j=0 ∈ R(3)} → 1. When {∆̃Θ j}

p
j=0 ∈ R(C1) and {∆̃Θ j}

p
j=0 /∈

R(3,C2), we have ∑
p
j=0

∥∥∆̃Θ j

∥∥2
F
<C2

√
NT , which implies

1√
NT

∥∥∆̃Θ j

∥∥
F
= Op

(
(N∧T )−1/2

)
, ∀ j ∈ [p]∪{0}.

It suffices to consider the case that {∆̃Θ j}
p
j=0 ∈R(3,C2).
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Define

Qτ

({
Θ j
}p

j=0

)
=

1
NT

N

∑
i=1

T

∑
t=1

ρτ

(
Yit−Θ0,it−

p

∑
j=1

X j,itΘ j,it

)
, and

Qτ(
{

Θ j
}p

j=0) =
1

NT

N

∑
i=1

T

∑
t=1

E

[
ρτ

(
Yit−Θ0,it−

p

∑
j=1

X j,itΘ j,it

)∣∣∣∣Gi,t−1

]
,

where Gi,t−1 is defined in Assumption 2.1. Then we have

0≥Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)
+

p

∑
j=0

ν j

(∥∥Θ
0
j + ∆̃Θ j

∥∥
∗−
∥∥Θ

0
j
∥∥
∗

)
=
{
Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)
−
[
Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)]}
+
[
Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)]
+

p

∑
j=0

ν j

(∥∥Θ
0
j + ∆̃Θ j

∥∥
∗−
∥∥Θ

0
j
∥∥
∗

)
,

(A.1)

where the first inequality holds by the definition of the estimator. Noted that

ν j

∣∣∣∥∥Θ
0
j + ∆̃Θ j

∥∥
∗−
∥∥Θ

0
j
∥∥
∗

∣∣∣≤ ν j
∥∥∆̃Θ j

∥∥
∗ ≤ c8ν j

p

∑
j=0

∥∥∆̃Θ j

∥∥
F

(A.2)

where the first inequality is due to triangle inequality and the second inequality

holds by Lemma A.7 with positive constant c8 defined in the lemma.

Define

ρit

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
= ρτ

(
εit−∆0,it−

p

∑
j=1

X j,it∆Θ j,it

)
−ρτ (εit) , (A.3)

ρ̄it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
= E

[
ρτ

(
εit−∆0,it−

p

∑
j=1

X j,it∆Θ j,it

)
−ρτ (εit)

∣∣∣∣Gi,t−1

]
,

ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
= ρit

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
− ρ̄it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
,

(A.4)

A1 =

 sup{
∆Θ j

}p

j=0
∈R(3,C2)

∣∣∣ 1
NT ∑

N
i=1 ∑

T
t=1 ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)∣∣∣
∑

p
j=0

∥∥∆Θ j

∥∥
F

≤C5aNT

 ,

with aNT =

√
(N∨T ) log(N∨T )

NT for some positive constant C5, and A c
1 as the comple-

ment of A1.

On A1, following (A.1), we have w.p.a.1

0≥
[
Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)]
−
∣∣∣Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)
−
[
Qτ

({
Θ

0
j + ∆̃Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)]∣∣∣
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−
p

∑
j=0

ν j

∣∣∣∥∥Θ
0
j + ∆̃Θ j

∥∥
∗−
∥∥Θ

0
j
∥∥
∗

∣∣∣
≥ c7C3

NT ξ 2
N

p

∑
j=0

∥∥∆̃Θ j

∥∥2
F
− c7C4

NT ξ 2
N
(N +T )−

C5 ∑
p
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∥∥∆̃Θ j

∥∥
F

√
(N∨T ) log(N∨T )

NT

− c8

p

∑
j=0

ν j

p

∑
j=0

∥∥∆̃Θ j

∥∥
F
,

where the first inequality is by triangle inequality, the second inequality holds by

(A.2) and Lemmas A.6 and A.11. It follows that

c7C3

NT ξ 2
N

p

∑
j=0

∥∥∆̃Θ j

∥∥2
F
−

c8 (p+1)c0
√

N∨ (T logT )+C5
√

(N∨T ) log(N∨T )
NT

p

∑
j=0

∥∥∆̃Θ j

∥∥
F

− c7C4

NT ξ 2
N
(N +T )≤ 0,

which implies
1√
NT

∥∥∆̃Θ j

∥∥
F
= O

(√
log(N∨T )ξ 2

N√
N∧T

)
under the event A1.

By Lemma A.11, for any δ > 0, we can choose a sufficiently large C5 such that

P
{
A c

1
}
≤ δ . This implies

1√
NT

∥∥Θ̃ j−Θ
0
j
∥∥

F = Op

(√
log(N∨T )ξ 2

N√
N∧T

)
, ∀ j ∈ {0, · · · , p} . ■

Proof of Statement (ii)

With the statement (i), the second statement holds by the Weyl’s inequality. ■

Proof of Statement (iii)

For ∀ j∈{0, · · · , p}, let D̃ j =
1

NT Θ̃′jΘ̃ j =
ˆ̃V j

ˆ̃
Σ j

ˆ̃V ′j , and recall that D0
j =

1
NT Θ0′

j Θ0
j =

V 0
j Σ0

jV
0′
j . Define the event A2(M)=

{
1√
NT

∥∥∥Θ̃ j−Θ0
j

∥∥∥
F
≤MηN ,∀ j ∈ {0, · · · , p}

}
with ηN =

√
log(N∨T )ξ 2

N√
N∧T

. On event A2(M), for some positive constant C6,∥∥D̃ j−D0
j
∥∥2

F ≤C6ηN .

By Lemma C.1 of Su et al. (2020) and Davis-Kahan sinΘ theorem in Yu et al.

(2015), there exists an orthogonal rotation matrix O j such that∥∥∥V 0
j − ˆ̃V jO j

∥∥∥
F
≤
√

K j

∥∥∥V 0
j − ˆ̃V jO j

∥∥∥
op
≤
√

K j

√
2C6ηN

Σ2
K j,1−C6ηN

≤
√

K j

√
2C6ηN

c2
σ −C6ηN
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≤
√

K j

√
2C6ηN

C7c2
σ

≤C8ηN ,

for C8 =
√

2C6
√

K̄
C7c2

σ

. The second last inequality holds with some positive constant C7

and the fact that ηN is sufficiently small.

Then
∥∥∥V 0

j −ṼjO j

∥∥∥
F
≤ C8

√
T ηN by the definition of Ṽj and Vj. Let A c

2 (M)

be the complement of event A2(M). Combining the fact that P
{
A c

2 (M)
}
→ 0, it

implies
∥∥∥V 0

j −ṼjO j

∥∥∥
F
= Op

(√
T ηN

)
. ■

A.1.2 Proof of Theorem 2.2

Proof of Statement (i)

We prove that maxi∈I2

∥∥∥O(1)′
j u̇(1)i, j −u0

i, j

∥∥∥
2
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max
i∈I3

∥∥∥O(1)′
j u̇(1)i, j −u0
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∥∥∥
2
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can be derived in the same manner once statement (ii) is satisfied. Define
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∑
j=1

u′i, jṽ
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0 ṽ(1)t,0

)′
,
(

O(1)′
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and for i ∈ I2, recall that D I1
ei is the σ -field generated by
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⋃
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0 ṽ(1)t,0 −

p

∑
j=1

u̇(1)′i, j O(1)
j O(1)′

j ṽ(1)t, j X j,it

)

82



− 1
T

T

∑
t=1

ρτ

(
Yit−u0′

i,0O(1)′
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(
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7

∑
m=1

Am,i, (A.5)

where the first inequality holds by the definition of the estimator and the second

equality holds by Knight’s identity in Knight (1998) which states that

ρτ(u− v)−ρτ(u) = v(τ−1{u≤ 0})+
∫ v

0
(1{u≤ s}−1{u≤ 0})ds.

After simple manipulation, we have∣∣A4,i
∣∣= A4,i ≤−A1,i−A2,i−A3,i−A5,i−A6,i−A7,i

≤
∣∣A1,i

∣∣+ ∣∣A2,i
∣∣+ ∣∣A3,i

∣∣+ ∣∣A5,i
∣∣+ ∣∣A6,i

∣∣+ ∣∣A7,i
∣∣ .

Define, for some constant M, an event set

A3(M) =

{
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i∈I2

(
|Am,i|/

∥∥∆̇i,u
∥∥

2

)
≤MηN , m = 1,2,3,5,6,7

}
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and

qI
i = inf

∆

[
1
T ∑t∈[T ]

(
Φ̃

(1)′
it ∆

)2
] 3

2

1
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∣∣∣Φ̃(1)′
it ∆

∣∣∣3 . (A.6)

Then, under A3(M), we have
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(A.7)

where c11 < min(3f
f̄′
,1) and the second inequality holds by Lemma A.15. In addi-

tion, note that
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with C9 being a positive constant, where the first inequality holds by Lemma A.13(ii)

and the second inequality is by Assumption 2.1(iv). Then we have by Lemma A.14
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2 ηN ,

as C10 is defined to be the positive constant and ηN = o(1). Combining this with

(A.7), we have
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∥∥∥
2
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for some constant M′ which may depends on M. In addition, for an arbitrary con-

stant e > 0, we can find a sufficiently large constant M such that P(A c
2 (M)) ≤ e,

which implies maxi∈I2
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j u̇(1)i, j −u0
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2
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Proof of Statement (ii)

Differently from the proof in the previous subsection, owing to the dependence

of u̇(1)i, j and εit , we can not directly use conditional exponential inequality. In this

subsection, we will show how to handle this dependence in detail. Recall that Deit

is the σ -field generated by {e j,it} j∈[p]∪
{

V 0
j

}
j∈[p]∪{0}

∪
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W 0
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}
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∑
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=
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}

+
1

N2
∑
i∈I2

∫
Ψ̇

(1)′
it ∆̇t,v

0

(
1
{

w3,it ≤ s
}
−1{εit ≤ s}

)
ds

:=
6

∑
m=1

Bm,t (A.8)

where

w3,it =Yit−v0′
t,0O(1)′

0 u̇(1)i,0 −
p

∑
j=1

v0′
t, jO

(1)′
j u̇(1)i, j X j,it =Yit−v0′

t Ψ̇
(1)
it = εit−v0′

t

(
Ψ̇

(1)
it −Ψ

0
it

)
,

the last equality is by the fact that the third and the last terms after the second

equality are identical. Then we obtain
∣∣B4,t

∣∣ ≤ ∑m ̸=4 |Bm,t | . By Lemma A.16 and

similar arguments for Theorem 2.2(i), we obtain that

max
t∈[T ]

∥∥∥O(1)′
j v̇(1)t, j − v0

t, j

∥∥∥
2
≤
∥∥∆̇t,v

∥∥
2 = Op(ηN).

■

Proof of Statement (iii)

In this proof we derive the linear expansion of {u̇(1)i, j } j∈[p]∪{0} for each i ∈ I3.

Recall that ∀i ∈ I3,{
u̇(1)i, j

}
j∈[p]∪{0}

= argmin
{ui, j} j∈[p]∪{0}

1
T

T

∑
t=1

ρτ

(
Yit−u′i,0v̇(1)t,0 − ∑

j∈[p]
u′i, jv̇

(1)
t, j X j,it

)
.

Define ϖ̇it =
(

v̇(1)′t,0 ,X1,it v̇
(1)′
t,1 , · · · ,Xp,it v̇

(1)′
t,p

)′
and

Ḣi
(
{ui, j} j∈[p]∪{0}

)
=

1
T

T

∑
t=1

[
τ−1

{
εit ≤ git({ui, j} j∈[p]∪{0})

}]
ϖ̇it ,

Ḣi
(
{ui, j} j∈[p]∪{0}

)
=

1
T

T

∑
t=1

E
{[

τ−1
{

εit ≤ git({ui, j} j∈[p]∪{0})
}]

ϖ̇it

∣∣∣∣D I1∪I2
ei

}
,

=
1
T

T

∑
t=1

{[
τ−Fit

(
git({ui, j} j∈[p]∪{0})

)]
ϖ̇it
}
,
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Ẇi

(
{u̇(1)i, j } j∈[p]∪{0}

)
= Ḣi

(
{u̇(1)i, j } j∈[p]∪{0}

)
− Ḣi

(
{O(1)

j u0
i, j} j∈[p]∪{0}

)
−
{

Ḣi

(
{u̇(1)i, j } j∈[p]∪{0}

)
−Ḣi

(
{O(1)

j u0
i, j} j∈[p]∪{0}

)}
,

where D I1∪I2
ei being the σ -field generated by

{εi∗t ,ei∗t}i∗∈I1∪I2,t∈[T ]
⋃
{eit}t∈[T ]

⋃{
V 0

j
}

j∈[p]∪{0}

⋃{
W 0

j
}

j∈[p] ,

and

git({ui, j} j∈[p]∪{0}) = u′i,0v̇(1)t,0 + ∑
j∈[p]

u′i, jv̇
(1)
t, j X j,it−u0′

i,0v0
t,0− ∑

j∈[p]
u0′

i, jv
0
t, jX j,it .

Then we have

Ḣi

(
{u̇(1)i, j } j∈[p]∪{0}

)
= Ḣi

(
{O(1)

j u0
i, j} j∈[p]∪{0}

)
+Ḣi

(
{u̇(1)i, j } j∈[p]∪{0}

)
−Ḣi

(
{O(1)

j u0
i, j} j∈[p]∪{0}

)
+Ẇi

(
{u̇(1)i, j } j∈[p]∪{0}

)
. (A.9)

By Assumptions 2.1(v) and 2.2 and Theorem 2.2(ii), we have maxi∈I3,t∈[T ] ∥ϖ̇it∥2 ≤

C11ξN a.s.. By the first order condition of the quantile regression, we have

max
i∈I3

∥∥∥Ḣi

(
{u̇(1)i, j } j∈[p]∪{0}

)∥∥∥
2
= Op

(
1
T

max
i∈I3,t∈[T ]

∥ϖ̇it∥2

)
= Op

(
ξN

T

)
. (A.10)

Next, we show that maxi∈I3

∥∥∥Ẇi

(
{u̇(1)i, j } j∈[p]∪{0}

)∥∥∥
2
= op

(
(N∨T )−1/2

)
. No-

tice that

Ẇi

(
{u̇(1)i, j } j∈[p]∪{0}

)
=

1
T

T

∑
t=1

ϖ̇it

(
1
{

εit ≤ git({O(1)
j u0

i, j} j∈[p]∪{0})
}
−1
{

εit ≤ git({u̇(1)i, j } j∈[p]∪{0})
})

− 1
T ∑

t∈[T ]
ϖ̇it

[
Fit

(
g({O(1)

j u0
i, j} j∈[p]∪{0})

)
−Fit

(
git({u̇(1)i, j } j∈[p]∪{0})

)]
= ẆI

i −ẆII
i

(
{u̇(1)i, j } j∈[p]∪{0}

)
, (A.11)

where ẆI
i =

1
T ∑

T
t=1 ẆI

it with

ẆI
it = ϖ̇it

{(
1
{

εit ≤ git({O(1)
j u0

i, j} j∈[p]∪{0})
}
−1{εit ≤ 0}

)
−
[
Fit

(
git({O(1)

j u0
i, j} j∈[p]∪{0})

)
−Fit(0)

]}
and

ẆII
i

(
{u̇(1)i, j } j∈[p]∪{0}

)
=

1
T

T

∑
t=1

ϖ̇it

{(
1
{

εit ≤ git({u̇(1)i, j } j∈[p]∪{0})
}
−1{εit ≤ 0}

)
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−
[
Fit

(
git({u̇(1)i, j } j∈[p]∪{0})

)
−Fit(0)

]}
.

Noting that

git({O(1)
j u0

i, j} j∈[p]∪{0}) =
(

O(1)
0 ui,0

)′(
v̇(1)t,0 −O(1)

0 v0
t,0

)
+ ∑

j∈[p]

(
O(1)

j ui, j

)′(
v̇(1)t, j −O(1)

j v0
t, j

)
X j,it ,

and maxi∈I2,t∈[T ]

∣∣∣git({O(1)
j u0

i, j} j∈[p]∪{0})
∣∣∣=Op(ξNηN), we have, maxi∈I3,t∈[T ]

∥∥ẆI
it

∥∥
2 =

Op(ξN), E
(
WI

it

∣∣∣∣D I1∪I2
ei

)
= 0, and for some positive constants C11,

max
i∈I3,t∈[T ]

∥∥∥∥Var
(
ẆI

it

∣∣∣∣D I1∪I2
ei

)∥∥∥∥
F

≤ max
i∈I3,t∈[T ]

∥∥∥∥E{ϖ̇itϖ̇
′
it

(
1
{

εit ≤ g({O(1)
j u0

i, j} j∈[p]∪{0})
}
−1{εit ≤ 0}

)2
∣∣∣∣D I1∪I2

ei

}∥∥∥∥
F

≤ max
i∈I3,t∈[T ]

∥ϖ̇it∥2
2E
(

1
{

0≤ |εit | ≤
∣∣∣g({O(1)

j u0
i, j} j∈[p]∪{0})

∣∣∣}∣∣∣∣D I1∪I2
ei

)
= Op(ξ

3
NηN),

and

max
i∈I3,t∈[T ]

T

∑
s=t+1

∥∥∥∥Cov
(
ẆI

it ,ẆI
is

∣∣∣∣D I1∪I2
ei

)∥∥∥∥
F

≲ max
i∈I3,t∈[T ]

T

∑
s=t+1

[
E
(∥∥ẆI

it
∥∥2+ϑ

F

∣∣∣∣D I1∪I2
ei

)] 1
2+ϑ
[
E
(∥∥ẆI

is
∥∥2+ϑ

F

∣∣∣∣D I1∪I2
ei

)] 1
2+ϑ

[α(t− s)]1−
2

2+ϑ

≤ max
i∈I3,t∈[T ]

[
E
(∥∥ẆI

it
∥∥2+ϑ

F

∣∣∣∣D I1∪I2
ei

)] 2
2+ϑ

max
t∈[T ]

T

∑
s=t+1

[α(t− s)]1−
2

2+ϑ a.s.

= Op

(
ξ

6+2ϑ

2+ϑ

N η

2
2+ϑ

N

)
,

for any ϑ > 0, where the first inequality holds by Davydov’s inequality for condi-

tional strong mixing processes, and the last equality holds by the fact that

E
(∥∥ẆI

it
∥∥2+ϑ

∣∣∣∣D I1∪I2
ei

)
= Op

(
ξ

3+ϑ

N ηN

)
following the similar argument as in (A.10). Combining (A.10) and (A.11) yields

max
i∈I3,t∈[T ]

{∥∥Var
(
ẆI

it
)∥∥

F +2 ∑
s>t

∥∥Cov
(
ẆI

it ,ẆI
is
)∥∥

F

}
= Op

(
ξ

6+2ϑ

2+ϑ

N η

2
2+ϑ

N

)
.

For any constant C12 > 0, define

A5,i(C12) =

{
max
t∈[T ]

{∥∥Var
(
ẆI

it
)∥∥

F +2 ∑
s>t

∥∥Cov
(
ẆI

it ,ẆI
is
)∥∥

F

}
≤C12ξ

6+2ϑ

2+ϑ

N η

2
2+ϑ

N

}
,

88



A5(C12) =

{
max

i∈I3,t∈[T ]

{∥∥Var
(
ẆI

it
)∥∥

F +2 ∑
s>t

∥∥Cov
(
ẆI

it ,ẆI
is
)∥∥

F

}
≤C12ξ

6+2ϑ

2+ϑ

N η

2
2+ϑ

N

}
.

For any e> 0, we can find a sufficiently large constants C12 such that P(A c
5 (C12))≤

e. Therefore, we have

P

{
max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T

}

≤ P

{
max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T
,A5(C12)

}
+ e

≤ ∑
i∈I3

P

{∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T
,A5(C12)

}
+ e

≤ ∑
i∈I3

P

{∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T
,A5,i(C12)

}
+ e

= ∑
i∈I3

EP

{∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T

∣∣∣∣∣D I1∪I2
ei

}
1{A5,i(C12)}

+ e, (A.12)

where the second inequality is by the union bound, the third inequality is by A5(C12)⊂

A5,i(C12), and the last equality is owing to the fact that A5,i(C12) is D I1∪I2
ei measur-

able. Given D I1∪I2
ei , the randomness in ẆI

i only comes from {εit}t∈[T ], which are

strong mixing given D I1∪I2
ei . Therefore, on A5,i(C12), Lemma A.12(ii) implies

P

{∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T

∣∣∣∣∣D I1∪I2
ei

}

= P

{∥∥∥∥∥ T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ √

T log(N∨T )

∣∣∣∣∣D I1∪I2
ei

}

≤ exp

−
c12C2

13T
(

log(N∨T )
N∧T

) 1
2+ϑ

ξ

10+2ϑ

2+ϑ

N log(N∨T )

D1 +D2 +D3

 , (A.13)

with

D1 =C12T
(

log(N∨T )
N∧T

) 1
2+ϑ

ξ

10+2ϑ

2+ϑ

N , D2 =C2
11ξ

2
N , and

D3 =C11C13
√

T log(N∨T )ξ
7+2ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

(logT )2 ,
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which further implies

P

{
max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

>C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T

}
= o(1)+ e.

As e is arbitrary, by Assumption 2.1(ix), we obtain that

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ẆI
it

∥∥∥∥∥
2

= Op

(
C13ξ

5+ϑ

2+ϑ

N

(
log(N∨T )

N∧T

) 1
4+2ϑ

√
log(N∨T )

T

)
= op

(
(N∨T )−1/2

)
.

For ẆII
i

(
{u̇(1)i, j } j∈[p]∪{0}

)
, we observe that

git({u̇(1)i, j } j∈[p]∪{0}) = u̇(1)′i,0 v̇(1)t,0 + ∑
j∈[p]

u̇(1)′i, j v̇(1)t, j X j,it−u0′
i,0v0

t,0− ∑
j∈[p]

u0′
i, jv

0
t, jX j,it

=
(

u̇(1)i,0 −O(1)
0 u0

i,0

)′
v̇(1)t,0 +

(
O(1)

0 u0
i,0

)′(
v̇(1)t,0 −O(1)

0 v0
t,0

)
+ ∑

j∈[p]

(
u̇(1)i, j −O(1)

j u0
i, j

)′
v̇(1)t, j X j,it + ∑

j∈[p]

(
O(1)

j u0
i, j

)′(
v̇(1)t, j −O(1)

j v0
t, j

)
X j,it

= ∆̇
′
i,uΦ̇

(1)
it + ∆̇

′
t,vΨ

0
it ,

where ∆̇i,u =
(

∆̇′i,0, · · · , ∆̇′i,p
)′

with ∆̇i, j = O(1)′
j u̇(1)i, j − u0

i, j, ∆̇t,v =
(

∆̇′t,0, · · · , ∆̇′t,p
)′

with ∆̇t, j = O(1)′
j v̇(1)t, j − v0

t, j,

Φ̇
(1)
it =

[(
O(1)′

0 v̇(1)t,0

)′
,
(

O(1)′
1 v̇(1)t,1 X1,it

)′
, · · · ,

(
O(1)′

p v̇(1)t,p Xp,it

)′]′
, and

Ψ
0
it = (u0′

i,0,u
0′
i,1X1,it , ...,u0′

i,pXp,it)
′.

Unlike the analysis for ẆI
it , to handle the dependence between εit and ∆̇i,u, for any

constant C14 > 0, we first define an event set A6(C14) =
{

maxi∈I3

∥∥∆̇i,u
∥∥

2 ≤C14ηN
}

with P(A c
6 (C14))≤ e for any e > 0 by Theorem 2.2(i), then we have

P

(
max
i∈I3

∥∥∥ẆII
i

(
{u̇(1)i, j } j∈[p]∪{0}

)∥∥∥
2
>C13ξ

5+ϑ

2+ϑ
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(
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N∧T
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4+2ϑ

√
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T

)

≤ P

(
max
i∈I3

∥∥∥ẆII
i

(
{u̇(1)i, j } j∈[p]∪{0}

)∥∥∥
2
>C13ξ

5+ϑ

2+ϑ
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≤ P

(
sup
s∈S

max
i∈I3

∥∥∥WII
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(A.14)
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with S=
{

s ∈ R(∑ j∈[p]∪{0}K j)×1 : ∥s∥2 ≤C14ηN

}
and

WII
i (s) =

1
T

T

∑
t=1

ϖ̇it

{(
1
{

εit ≤ s′Φ̇(1)
it + ∆̇

′
t,vΨ

0
it

}
−1{εit ≤ 0}

)
−[

Fit

(
s′Φ̇(1)

it + ∆̇
′
t,vΨ

0
it

)
−Fit(0)

]}
.

Similarly as in (A.95), we sketch the proof. Divide S into Sm with center sm for

m = 1, · · · ,nS if s ∈ Sm, then ∥s− sm∥2 <
ε

T and nS ≲ T ∑ j∈[p]∪{0}K j . Then, ∀s ∈ Sm,

we have ∥∥∥WII
i (s)

∥∥∥
2
≤
∥∥∥WII

i (sm)
∥∥∥

2
+
∥∥∥WII

i (s)−WII
i (sm)

∥∥∥
2
, (A.15)

with
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i∈I3,m∈[nS]
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∥∥∥WII
i (s)−WII
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∥∥∥

2
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∥∥∥∥∥ 1
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′
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0
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0
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})∥∥∥∥∥
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∥∥∥∥∥ 1
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′
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0
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)
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(
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(1)
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′
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T ∑
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∥ϖ̇it∥2E

(
1

{∣∣∣εit− ∆̇
′
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T

}∣∣∣∣D I1∪I2
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∣∣∣WIII
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such that WIII
i (m) := 1

T ∑t∈[T ]W
III
it (m) and

WIII
it (m) := ∥ϖ̇it∥2

[(
1
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′
t,vΨ

0
it− s′mΦ̇

(1)
it

∣∣∣≤ ε||Φ̇(1)
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T
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T
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ei

)]
.

Like (A.97), we can show that

max
i∈I3,m∈[nS]

1
T ∑

t∈[T ]
∥ϖ̇it∥2E

(
1
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0
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T

}∣∣∣∣D I1∪I2
ei

)
=Op(

ε

T
)

because ∆̇′t,vΨ0
it + s′mΦ̇

(1)
it and ||Φ̇it || are measurable in D I1∪I2

ei and the conditional

density of εit given D I1∪I2
ei is bounded. Also we have

max
i∈I3,m∈[nS]

sup
s∈Sm

1
T ∑

t∈[T ]
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(1)
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ε
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1
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.
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In addition, we note that

max
i∈I3,m∈[nS],t∈[T ]

∥ϖ̇it∥2 = Op(ξN), max
i∈I3,m∈[nS],t∈[T ]
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ξ 3
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N

(
ε
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)
,

and for any positive constant C15 and C16, define event set

A8,N

=

 max
i∈I3,m∈[nS],t∈[T ]
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(
ε
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 ,
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 ,

with P
(
A c

8,N

)
≤ e for any positive e. Then we have

P

(
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∣∣∣WIII
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√
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+ e

= o(1)+ e, (A.17)

where the last line is by Bernstein’s inequality similar to (A.13). As e is arbitrary,

we have
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∥∥∥WIII
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2
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ξ
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√
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,

which implies that
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Following the same argument in (A.17), we can show that
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∥∥∥WII
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2
= Op
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2+ϑ
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(
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√
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T

)
,

which, combined with (A.14) and (A.15), implies that
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i∈I3

∥∥∥ẆII
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(
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, and thus,
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Next, we observe that

Ḣi

(
{O(1)

j u0
i, j}

p
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p
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(A.19)

where the first equality holds by Taylor expansion and Lemma A.17 and the second

equality is by Assumption 2.1(ix). Combining (A.9), (A.10), (A.18) and (A.19), we

have shown that

∆̇i,u =
[
ḊI

i
]−1

ḊII
i +op

(
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)
uniformly over i ∈ I3, (A.20)

where ḊI
i := 1

T ∑
T
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(
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′
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we have by (A.20) and Lemma A.18, uniformly
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by Assumption 2.1(ix). ■

A.1.3 Proof of Theorem 2.3

In this section, we extend the distribution theory of the least squares framework

in Chernozhukov et al. (2019) to the quantile regression framework and obtain the

uniform error bound. We assume the model has only one regressor in this section

for notation simplicity.

Proof of Statement (i)

For ∀i ∈ I3, recall from (2.7) that{
û(3,1)i, j

}
j∈[p]

= argmin
{ui, j} j∈[p]

1
T

T

∑
t=1

ρτ

(
Ỹit−u′i,0v̇(1)t,0 −u′i,1v̇(1)t,1 ê1,it

)
. (A.21)

where Ỹit = Yit − µ̂1,it u̇
(1)′
i,1 v̇(1)t,1 . Let ∆̂i,u =

û(3,1)i,0 −O(1)
0 u0

i,0
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1 u0

i,1

 and ω̇it =
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 .
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i,1v0
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(A.22)

We can see that

Ĥi

(
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)
=
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where D I1∪I2
e is the σ -field generated by

{εit}i∈I1∪I2,t∈[T ]
⋃
{eit}i∈[N],t∈[T ]

⋃{
V 0

j
}

j∈[p]∪{0}

⋃{
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j
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j∈[p] .

Then it is clear that
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)
= Ĥi
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)
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(A.23)

For specific ui,0 and ui,1, let ui =
(

u′i,0,u
′
i,1

)′
. Following similar arguments as used

in the proof of Lemma A.17, the second order partial derivative of the function

Ĥi(·) with respect to ui at the true value can be shown to be bounded in probability.

By Taylor expansion, it yields

Ĥi
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∂Ĥi
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where maxi∈I3 |Ri|≲maxi∈I3

∥∥∆̂i,u
∥∥2
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Combing (A.23) and (A.24), we have
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uniformly over i ∈ I3, where the second line is due to the fact that

max
i∈I3
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max
i∈I3

∥∥∆̂i,u
∥∥2

2 = Op
(
η

2
N
)
= op

(
(N∨T )−1/2

)
,

following similar arguments as in (A.9) and the proof of Theorem 2.2.

Next, we analyze the term Ĥi
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=
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(A.26)

For the second term after the last equality, we notice that
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where |ι̃it | lies between 0 and
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The first equality above is due to the mean-value theorem and the definition for
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O(1)
1 u0

i,1

+ Î1,i + Î2,i + Î3,i. (A.28)

Combining (A.25) and (A.28), we obtain that

∆̂i,u =
(
ḊF

i
)−1
{

ḊJ
i

O(1)
0 u0

i,0

O(1)
1 u0

i,1

+ Î1,i + Î2,i + Î3,i +Ŵi

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)

+op

(
(N∨T )−1/2

)}
, (A.29)

where the op

(
(N∨T )−1/2

)
term holds uniformly over i ∈ I3. To prove Theorem

2.3(i), we analyze each term in (A.29) step by step.

Step 1: Uniform Convergence for ḊF
i and ḊJ

i .

Define

DF
i =

1
T

T

∑
t=1

fit(0)

O(1)
0 v0

t,0v0′
t,0O(1)′

0 0

0 e2
1,itO

(1)
1 v0

t,1v0′
t,1O(1)′

1

 ,
DJ

i =
1
T

T

∑
t=1

fit(0)

v̇(1)t,0

(
O(1)

0 v0
t,0− v̇(1)t,0

)′
0

0 e2
1,itO

(1)
1 v0

t,1

(
O(1)

1 v0
t,1− v̇(1)t,1

)′
 .

Lemmas A.22 and A.23 show that

max
i∈I3
||ḊF

i −DF
i ||F = Op(ηN) and max

i∈I3
||ḊJ

i −DJ
i ||F =

∥∥∥∥∥∥
Op(η

2
N) Op(ηN)

Op(η
2
N) Op(η

2
N)

∥∥∥∥∥∥
F

,

with ηN =

√
log(N∨T )ξ 2

N√
N∧T

.

Step 2: Uniform Convergence for Î1,i.
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Let ω0
it =

 O(1)
0 v0

t,0

O(1)
1 v0

t,1e1,it

. Then we can see that

Î1,i =
1
T

T

∑
t=1

ω
0
it (τ−1{εit ≤ 0})+ 1

T

T

∑
t=1

(
ω̇it−ω

0
it
)
(τ−1{εit ≤ 0}) .

Noting that

ω̇it−ω
0
it

=

 v̇(1)t,0 −O(1)
0 v0

t,0

v̇(1)t,1 ê1,it−O(1)
1 v0

t,1e0
1,it


=

 v̇(1)t,0 −O(1)
0 v0

t,0(
v̇(1)t,1 −O(1)

0 v0
t,1

)
(ê1,it− e1,it)+ e1,it

(
v̇(1)t,1 −O(1)

0 v0
t,1

)
+O(1)

1 v(1)t,1 (ê1,it− e1,it)

 ,
(A.30)

we have

max
i∈I3

1
T ∑

t∈[T ]

∥∥ω̇it−ω
0
it
∥∥

2 = Op(ηN). (A.31)

In addition, maxi∈I3

∥∥ 1
T ∑

T
t=1
(
ω̇it−ω0

it
)
(τ−1{εit ≤ 0})

∥∥
2 = Op

(
η2

N
)

by Lemma

A.24. It follows that

Î1,i =
1
T

T

∑
t=1

ω
0
it (τ−1{εit ≤ 0})+Op

(
η

2
N
)
, (A.32)

uniformly over i ∈ I3.

Step 3: Uniform Convergence for Î2,i.

Note that

Î2,i =
1
T

T

∑
t=1

ω̇it fit (ι̃it)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
i,1 v̇(1)t,1

)
=

1
T

T

∑
t=1

ω
0
it fit(0)

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)
+

1
T

T

∑
t=1

(
ω̇it−ω

0
it
)
[ fit (ι̃it)− fit(0)]

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)
+

1
T

T

∑
t=1

(
ω̇it−ω

0
it
)

fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
i,1 v̇(1)t,1

)
+

1
T

T

∑
t=1

ω
0
it [ fit (ι̃it)− fit(0)]

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)
(A.33)
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where

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

(
ω̇it−ω

0
it
)
[ fit (ι̃it)− fit(0)]

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)∥∥∥∥∥
2

= Op(η
3
N),

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

(
ω̇it−ω

0
it
)

fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
i,1 v̇(1)t,1

)∥∥∥∥∥
2

= Op(η
2
N),

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ω
0
it [ fit (ι̃it)− fit(0)]

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)∥∥∥∥∥
2

= Op(η
2
N).

To see why these three equalities hold, we focus on the third one. By Cauchy’s

inequality, Theorem 2.2, and Lemma A.21, we have

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ω
0
it [ fit (ι̃it)− fit(0)]

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)∥∥∥∥∥
2

≲

√
max
i∈I3

1
T ∑

t∈[T ]

∥∥ω0
it

∥∥2
2 |ι̃it |2

√
max
i∈I3

1
T ∑

t∈[T ]

∣∣∣µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
i,1 v̇(1)t,1

∣∣∣2 = Op
(
η

2
N
)
.

For the first term on the right hand side (RHS) of the second equality of (A.33), we

have by Lemma A.25

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

O(1)
0 v0

t,0 fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
i,1 v̇(1)t,1

)∥∥∥∥∥
2

= Op(ηN),

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

e1,itO
(1)
1 v0

t,1 fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
i,1 v̇(1)t,1

)∥∥∥∥∥
2

= Op
(
η

2
N
)
,

and thus maxi∈I3

∥∥Î2,i
∥∥

2 =

∥∥∥∥∥∥
Op(ηN)

Op(η
2
N)

∥∥∥∥∥∥
2

.

Step 4: Uniform Convergence for Î3,i.

Note that

Î3,i =
1
T

T

∑
t=1

ω̇it

{[
1{εit ≤ 0}−1

{
εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}]
−
(

Fit(0)−Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)])}

=
1
T

T

∑
t=1

ω
0
it

{[
1{εit ≤ 0}−1

{
εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}]
−
(

Fit(0)−Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)])}

+
1
T

T

∑
t=1

(
ω̇it−ω

0
it
){[

1{εit ≤ 0}−1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}]
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−
(

Fit(0)−Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)])}
. (A.34)

By (A.132), we can show that

ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)
≤ R1

ι ,it
(∣∣µ1,it

∣∣+ ∣∣e1,it
∣∣)+R2

ι ,it with

max
i∈I3,t∈[T ]

∣∣R1
ι ,it
∣∣= Op(ηN), max

i∈I3,t∈[T ]

∣∣R2
ι ,it
∣∣= Op(ηN). (A.35)

For the second term on the RHS of the second equality in (A.34), we notice that

max
i∈I3

∥∥∥∥ 1
T

T

∑
t=1

(
ω̇it−ω

0
it
){[

1{εit ≤ 0}−1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}]
−
(

Fit(0)−Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)])}∥∥∥∥∥
2

≤max
i∈I3

1
T

T

∑
t=1

∥∥ω̇it−ω
0
it
∥∥

2 1
{

0≤ |εit | ≤
∣∣∣ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)∣∣∣}
+max

i∈I3

1
T

T

∑
t=1

∥∥ω̇it−ω
0
it
∥∥

2

∣∣∣Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit(0)

∣∣∣
≤max

i∈I3

1
T

T

∑
t=1

∥∥ω̇it−ω
0
it
∥∥

2 1
{

0≤ |εit | ≤
∣∣∣ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)∣∣∣}
+Op(η

2
N), (A.36)

where the last line is by (A.30), (A.35) and Assumption 2.1(iv).

Define the event

A9(M) :=
{

max
i∈I3,t∈[T ]

∣∣∣ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)∣∣∣≤MηN
(∣∣µ1,it

∣∣+ ∣∣e1,it
∣∣+1

)}
with P

{
A c

9 (M)
}
≤ e for any e > 0. Then for a large enough constant C17, we have

P

(
max
i∈I3

1
T

T

∑
t=1

∥∥ω̇it −ω
0
it

∥∥
2 1
{

0≤ |εit | ≤
∣∣∣ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)∣∣∣}>C17η
2
N

)

≤ P

(
max
i∈I3

1
T

T

∑
t=1

∥∥ω̇it −ω
0
it

∥∥
2 1
{

0≤ |εit | ≤
∣∣∣ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)∣∣∣}>C17η
2
N

∣∣∣∣A9(M)

)
+ e

≤ P

(
max
i∈I3

1
T

T

∑
t=1

∥∥ω̇it −ω
0
it

∥∥
2 1{0≤ |εit | ≤MηN (|µ1,it |+ |e1,it |+1)}>C17η

2
N

)
+ e

≤ E

{
P
(

max
i∈I3

1
T

T

∑
t=1

∥∥ω̇it −ω
0
it

∥∥
2

[
1it − 1̄it

]
>

C17η2
N

2

∣∣∣∣D I1∪I2
e

)}

+E

{
P

(
max
i∈I3

1
T

T

∑
t=1

E
{∥∥ω̇it −ω

0
it

∥∥
2 1{0≤ |εit | ≤MηN (|µ1,it |+ |e1,it |+1)}

∣∣∣∣D I1∪I2
e

}
>

C17η2
N

2

)}
+ e

= o(1)+ e (A.37)
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where

1it− 1̄it := 1
{

0≤ |εit | ≤MηN
(∣∣µ1,it

∣∣+ ∣∣e1,it
∣∣+1

)}
−E

(
1
{

0≤ |εit | ≤MηN
(∣∣µ1,it

∣∣+ ∣∣e1,it
∣∣+1

)}∣∣∣∣D I1∪I2
e

)
,

the last line holds by the fact that

max
i∈I3

1
T

T

∑
t=1

E
{∥∥ω̇it−ω

0
it
∥∥

2 1
{

0≤ |εit | ≤MηN
(∣∣µ1,it

∣∣+ ∣∣e1,it
∣∣+1

)}∣∣∣∣D I1∪I2
e

}
=Op(η

2
N)

and

P

(
max
i∈I3

1
T

T

∑
t=1

∥∥ω̇it−ω
0
it
∥∥

2

[
1it− 1̄it

]
>C17η

2
N

∣∣∣∣D I1∪I2
e

)

≲ exp
(
−

T 2η4
N

T ξ 2
Nη2

N +T η3
NξN logT log logT

)
= o(1)

by Bernstein’s inequality in Lemma A.12(i). Combining (A.36) and (A.37), we

have shown the second term on the RHS of the second equality in (A.34) is Op(η
2
N)

uniformly over i ∈ I3. This result, in conjunction with Lemma A.25, (A.34) and

Assumption 2.1(ix), implies that maxi∈I3

∥∥Î3,i
∥∥= op

(
(N∨T )−

1
2

)
.

Step 5: Uniform Convergence for Ŵi

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)
.

Note that

Ŵi

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)
=

1
T

T

∑
t=1

ω̇it

(
1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}
−1
{

εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)})
− 1

T

T

∑
t=1

ω̇it

(
Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])
=

1
T

T

∑
t=1

(
ω̇it−ω

0
it
)(

1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}
−1
{

εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)})
− 1

T

T

∑
t=1

(
ω̇it−ω

0
it
)(

Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])
+

1
T

T

∑
t=1

ω
0
it

{(
1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}
−1
{

εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)})
−
(

Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])}

:=
1
T

T

∑
t=1

(
ω̇it−ω

0
it
)(

1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}
−1
{

εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)})
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− 1
T

T

∑
t=1

(
ω̇it−ω

0
it
)(

Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])
+ŴI

i −ŴII
i ,

where we define

ŴI
i =

1
T

T

∑
t=1

ω
0
it

{
1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}
−1{εit ≤ 0}

−
{

Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit(0)

}}
and

ŴII
i =

1
T

T

∑
t=1

ω
0
it

{
1{εit ≤ 0}−1

{
εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)}
−
{

Fit(0)−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1 ,

)]}}
.

We first observe that

ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)
− ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)
=
(

û(3,1)i,0 −O(1)
0 u0

i,0

)′
v̇(1)t,0 +

(
û(3,1)i,1 −O(1)

1 u0
i,1

)′
v̇(1)t,1 ê1,it

=
(

O(1)′
0 û(3,1)i,0 −u0

i,0

)′
v0

t,0 +
(

O(1)′
1 û(3,1)i,1 −u0

i,1

)′
v(1)t,1 e1,it +Op(η

2
N)

= R3
ι ,ite1,it +R4

ι ,it (A.38)

such that maxi∈I3,t∈[T ]

∣∣∣R3
ι ,it

∣∣∣ = Op(ηN) and maxi∈I3,t∈[T ]

∣∣∣R4
ι ,it

∣∣∣ = Op(ηN). As in

Step 4, we can show that

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

(
ω̇it−ω

0
it
)(

1
{

εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}
−1
{

εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)})∥∥∥∥∥= Op(η
2
N)

and

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

(
ω̇it−ω

0
it
)(

Fit

[
ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)]
−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])∥∥∥∥∥= Op(η
2
N).

Then by Lemma A.26, Lemma A.27 and Assumption 2.1(ix), we obtain that

max
i∈I3

∥∥∥Ŵi

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)∥∥∥
2
= op

(
(N∨T )−

1
2

)
.
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Combining the above results, we have that uniformly over i ∈ I3,û(3,1)i,0

û(3,1)i,1

=

O(1)
0 u0

i,0

O(1)
1 u0

i,1

+ (ḊF
i
)−1
{

ḊJ
i

O(1)
0 u0

i,0

O(1)
1 u0

i,1

+ Î1,i + Î2,i + I3,i

+Ŵi

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)
+op

(
(N∨T )−

1
2

)}

=
[
IK0+K1 +

(
DF

i
)−1

DJ
i

]O(1)
0 u0

i,0

O(1)
1 u0

i,1

+[(ḊF
i
)−1

ḊJ
i −
(
DF

i
)−1

DJ
i

]O(1)
0 u0

i,0

O(1)
1 u0

i,1


+
(
DF

i
)−1 1

T

T

∑
t=1

ω
0
it (τ−1{εit ≤ 0})

+
[(

ḊF
i
)−1−

(
DF

i
)−1
] 1

T

T

∑
t=1

ω
0
it (τ−1{εit ≤ 0})

+
(
DF

i
)−1 Î2,i +op

(
(N∨T )−

1
2

)
. (A.39)

Owing to the fact that

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

ω
0
it (τ−1{εit ≤ 0})

∥∥∥∥∥
2

= Op

(√
log(N∨T )

T

)
(A.40)

by similar arguments as (A.116) using Bernstein’s inequality in Lemma A.12(ii)

and Lemma A.22, we notice that

max
i∈I3

∥∥∥∥∥[(ḊF
i
)−1−

(
DF

i
)−1
] 1

T

T

∑
t=1

ω
0
it (τ−1{εit ≤ 0})

∥∥∥∥∥
2

= op

(
(N∨T )−

1
2

)
.

Next, we define

DF = O(1)


1
T ∑

T
t=1E

[
fit(0)

∣∣∣∣D]v0
t,0v0′

t,0 0

0 1
T ∑

T
t=1E

[
e2

1,it fit(0)
∣∣∣∣D]v0

t,1v0′
t,1

O(1)′,

DJ = diag

(
1
T

T

∑
t=1

E
[

fit(0)
∣∣∣∣D] v̇(1)t,0

(
O(1)

0 v0
t,0− v̇(1)t,0

)′
,

O(1)
1

1
T

T

∑
t=1

E
[

e2
1,it fit(0)

∣∣∣∣D]v0
t,1

(
O(1)

1 v0
t,1− v̇(1)t,1

)′)
,

where O(1) = diag
(

O(1)
0 ,O(1)

1

)
. Here DF and DJ do not depend on i owing to

stationary assumption of sequence
{

fit , fit(0)e j,it
}

j∈[p] conditional on all factors

in Assumption 2.9(iii). By Bernstein’s inequality conditional on all factors simi-

larly as in (A.116), we can show that maxi∈I3

∥∥DF
i −DF

∥∥
F = Op

(√
log(N∨T )

T ξN

)
.

Analogously, by Bernstein’s inequality conditional on D I1∪I2 , we can show that
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maxi∈I3

∥∥DJ
i −D j

∥∥
F = Op

(√
log(N∨T )

T ηNξN

)
. Then it follows that

max
i∈I3

∥∥∥(DF
i
)−1

DJ
i −
(
DF)−1

DJ
∥∥∥

F
= Op(η

2
N).

In addition, uniformly over i ∈ I3,(
ḊF

i
)−1

ḊJ
i −
(
DF

i
)−1

DJ
i

=
[(

ḊF
i
)−1−

(
DF

i
)−1
][

ḊJ
i −DJ

i
]
+DJ

i

[(
ḊF

i
)−1−

(
DF

i
)−1
]
+
(
DF

i
)−1 [

ḊJ
i −DJ

i
]

=
(
DF

i
)−1 [

ḊJ
i −DJ

i
]
+Op(η

2
N)

=

Op
(
η2

N
)

Op(ηN)

Op
(
η2

N
)

Op
(
η2

N
)
 ,

where the upper right block is dominated by 1
T ∑

T
t=1 fit(0)O

(1)
0 v0

t,0v0′
t,1O(1)′

1 (e1,it− ê1,it)

in the analysis of J2
1,i in (A.121).

Let IK0+K1 +
(
DF)−1 DJ = O(1)

u,1 :=

Ōu,0 0

0 Ōu,1

, O(1)
u,0 = Ōu,0O(1)

0 , and O(1)
u,1 =

Ōu,1O(1)
1 . Combining the above arguments, we obtain that

û(3,1)i,1 −O(1)
u,1u0

i,1 = O(1)
1 V̂−1

u1

1
T

T

∑
t=1

e1,itv0
t,1 (τ−1{εit ≤ 0})+R1

i,u, (A.41)

û(3,1)i,0 −O(1)
u,0u0

i,0 = O(1)
0 V̂−1

u0,i
1
T

T

∑
t=1

v0
t,0 (τ−1{εit ≤ 0})

+O(1)
0 V̂−1

u0,i
1
T

T

∑
t=1

fit(0)v0
t,0v0′

t,1u0
i,1 (e1,it− ê1,it)

+O(1)
0 V̂−1

u0,i
1
T

T

∑
t=1

fit(0)v0
t,0

(
µ1,itu0′

i,1v0
t,1− µ̂1,it u̇

(1)′
i,1 v̇(1)t,1

)
+R0

i,u

(A.42)

such that

max
i∈I3

∣∣R0
i,u
∣∣= op

(
(N∨T )−

1
2

)
,max

i∈I3

∣∣R1
i,u
∣∣= op

(
1√
T

)
,

V̂u0 =
1
T

T

∑
t=1

E
[

fit(0)
∣∣D]v0

t,0v0′
t,0 and V̂u1 =

1
T

T

∑
t=1

E
[

fit(0)e2
1,it
∣∣D]v0

t,1v0′
t,1.

From (A.41), owing to the fact that V̂u1 is bounded a.s. and

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

e1,itv0
t,1 (τ−1{εit ≤ 0})

∥∥∥∥∥
2

= Op

(√
log(N∨T )

T

)
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by Bernstein’s inequality in Lemma A.12(ii), we obtain that

max
i∈I3

∥∥∥û(3,1)i,1 −O(1)
u,1u0

i,1

∥∥∥
2
= Op

(√
log(N∨T )

T

)
and

max
i∈I3

∥∥∥û(3,1)i,0 −O(1)
u,0u0

i,0

∥∥∥
2
= Op(ηN). (A.43)

Last, noting that O(1)
1 is a rotation matrix and the normal distribution is invariant

to rotation, for each i ∈ I3, we have

√
T
(

û(3,1)i,1 −O(1)
u,1u0

i,1

)
⇝ N(0,Σu1,i),

where Σu1,i = O(1)
1 V−1

u1
Ωu1V

−1
u1

O(1)′
1 , Vu1,i =

1
T ∑

T
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(
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0
t,1v0′
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)
, and
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[
1√
T

T

∑
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e1,itv0
t,1 (τ−1{εit ≤ 0})

]
. ■

Proof of Statement (ii)

Steps for the proof for statement (ii) are the same as those in the proof of state-

ment (i). Hence, we only sketch the proof. Recall from (2.8) that ∀t ∈ [T ],

{v̂(3,1)t, j } j∈[p] = argmin
{vt, j} j∈[p]

1
N3

∑
i∈I3

ρτ

(
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)
,
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i,1 v̇(1)t,1 . Let
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(
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 .
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{
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}]
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with
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1
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∑
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E
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{
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∣∣∣∣D I1∪I2
e

}
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1
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and
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û(3,1)i,0 , û(3,1)i,1 , v̂(3,1)t,0 , v̂(3,1)t,1

)
− Ŝt
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û(3,1)i,0 , û(3,1)i,1 ,

(
O(1)

u,0

)′−1
v0

t,0,
(

O(1)
u,1

)′−1
v0

t,1

)
−
{

Ŝt
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.

Then a similar result to that in (A.29) holds:

∆̂t,v =
(
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t
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t


(

O(1)
u,0
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where
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1
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(3,1)
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,

and |ρ̃it | lies between 0 and
∣∣∣∣ρit

(
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(
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u,0
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(
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Then, we derive the linear expansion for ∆̂t,v by analyzing each term in (A.44).

Define
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1
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t =

1
N3

∑
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such that
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(
η

2
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)

uniformly over t ∈ [T ] by analogous analysis as in Step 2 in the previous subsection.

With Lemma A.29 and by similar arguments as in Step 3 in the previous subsection,
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We then observe that, uniformly over t ∈ [T ],
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=
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 ,

where the third equality holds by (A.45) and similar arguments as used in (A.36)

and (A.37), and the last equality holds by Lemma A.30.

Similarly, combining Lemma A.30 and Lemma A.31, it yields
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.
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O(1)′
u,1

)−1 (
V̂ 3

v1,t
)−1 1

N3
∑
i∈I3

e1,itu0
i,1 (τ−1{εit ≤ 0})+R1

t,v,

= O(1)
1
(
V̂ 3

v1,t
)−1 1

N3
∑
i∈I3

e1,itu0
i,1 (τ−1{εit ≤ 0})+R1

t,v.

(A.46)

where the second line holds by the fact that
∥∥∥O(1)

u,1−O(1)
1

∥∥∥
F
= Op(ηN), V̂ I

v1,t is uni-

formly bounded and that

max
t∈[T ]

∥∥∥∥∥ 1
N3

∑
i∈I3

e1,itu0
i,1 (τ−1{εit ≤ 0})

∥∥∥∥∥
2

= Op

(√
log(N∨T )

N

)
by similar arguments as in (A.40). Further define

Σv1 = O(1)
1 V−1

v1
Ωu1V

−1
u1

O(1)′
1 , Vv1 =

1
N3

∑
i∈I3

E
(

fit(0)e2
1,itu

0
i,1u0′

i,1
)
, and
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Ωv1 = τ (1− τ)
1

N3
∑
i∈I3

E
(
e2

1,itu
0
i,1u0′

i,1
)
.

Then we have√
N3

(
v̂(3,1)t,1 −

(
O(1)

u,1

)′−1
v0

t,1

)
⇝ N(0,Σv1),

max
t∈[T ]

∥∥∥v̂(3,1)t,1 −O(1)
u,1v0

t,1

∥∥∥
2
= Op

(√
log(N∨T )

N

)
, and

max
t∈[T ]

∥∥∥v̂(3,1)t,0 −O(1)
u,0v0

t,0

∥∥∥
2
= Op(ηN), (A.47)

where the second line holds by Bernstein’s inequality with independent data and is

similar to (A.43). ■

A.1.4 Proof of Proposition 2.1

Proof of Statement (i)

Focusing on the slope estimators for i ∈ I3, we notice that

Θ̂ j,it =
1
2

{
û(3,1)′t, j v̂(3,1)t, j + û(3,2)′t, j v̂(3,2)t, j

}
.

It follows that

Θ̂ j,it−Θ
0
j,it

=
1
2

{(
û(3,1)i, j −O(1)

u, ju
0
i, j

)′(
v̂(3,1)t, j −O(1)

u, jv
0
t, j

)
+
(

O(1)
u, ju

0
i, j

)′(
v̂(3,1)t, j −O(1)

u, jv
0
t, j

)
+
(

û(3,1)i, j −O(1)
u, ju

0
i, j

)′
O(1)

u, jv
0
t, j

}
+

1
2

{(
û(3,2)i, j −O(2)

u, ju
0
i, j

)′(
v̂(3,2)t, j −O(2)

u, jv
0
t, j

)
+
(

O(2)
u, ju

0
i, j

)′(
v̂(3,2)t, j −O(2)

u, jv
0
t, j

)
+
(

û(3,2)i, j −O(2)
u, ju

0
i, j

)′
O(1)

u, jv
0
t, j

}
= u0′

i, j

(
V̂ (3)

v j,t

)−1 1
N3

∑
i∈I3

e j,itu0
i, j (τ−1{εit ≤ 0})

+ v0′
t, jV̂

−1
u j

1
T

T

∑
t=1

e j,itv0
t, j (τ−1{εit ≤ 0})+R j

it

= u0′
i, j

(
V̂ (3)

v j,t

)−1 1
N3

∑
i∈I3

ξ
0
j,it + v0′

t, jV̂
−1
u j

1
T

T

∑
t=1

b0
j,it +R j

it ,

such that maxi∈I3,t∈[T ]

∣∣∣R j
it

∣∣∣ = op

(
(N∨T )−1/2

)
by Theorem 2.3 and the second

equality above combines Theorem 2.3 and the fact that
∥∥∥O(1)

u,1−O(1)
1

∥∥∥
F
= Op(ηN).

With similar results hold for slope estimators for subsamples I1 and I2, and then we

obtain the statement (i).
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Proof of Statement (ii)

Combining (A.43), (A.47) and Lemma A.13(i), it’s clear that

max
i∈I3,t∈[T ]

∣∣Θ̂ j,it−Θ
0
j,it
∣∣= Op

(√
log(N∨T )

N∧T

)
∀ j ∈ [p] and

max
i∈I3,t∈[T ]

∣∣Θ̂0,it−Θ
0
0,it
∣∣= Op(ηN). (A.48)

Proof of Statement (iii)

For i ∈ Ia and a ∈ [3], with the distribution theory defined in Theorem 2.3, we

notice that(
1
T

v0′
t, jΞu j,iv

0
t, j +

1
Na

u0′
i, jΞ

a
v j

u0
i, j

)−1/2 (
Θ̂ j,it−Θ

0
j,it
)
⇝ N(0,1),

which leads to the proof. ■

A.1.5 Proof of Theorem 2.4

Proof of Statement (i)

The proof is analogous to that in Castagnetti et al. (2015) and Lu and Su (2023).

Recall that Su j = max(S(1,2)u j , S(2,3)u j , S(3,1)u j ). For a ∈ [3] and b ∈ [3] \ {a}, Theorem

2.3 shows that

û(a,b)i, j −O(b)
u, ju

0
i, j = O(b)

j V̂−1
u j

1
T

T

∑
t=1

b0
j,it +R j

i,u ∀i ∈ Ia,

where maxi∈Ia

∣∣∣R j
i,u

∣∣∣ = op

(
(N∨T )−1/2

)
. Recall that ˆ̄u(a)j = 1

Na
∑i∈Ia û(a,b)i, j . Under

HI
0 : u0

i, j = u j,∀i ∈ [N], we have

ˆ̄u(a,b)j −O(b)
u, ju j = O(b)

j V̂−1
u j

1
NaT ∑

i∈Ia

T

∑
t=1

b0
j,it +

1
Na

∑
i∈Ia

R j
i,u = op

(
(N∨T )−1/2

)
,

(A.49)

where the last equality holds by a simple application of Bernstein’s inequality. Note

that

T
(

û(a,b)i, j − ˆ̄u(a,b)j

)′ (
Σ̂u j

)−1
(

û(a,b)i, j − ˆ̄u(a,b)j

)
= T

(
û(a,b)i, j −O(b)

u, ju j

)′ (
Σ̂u j

)−1
(

û(a,b)i, j −O(b)
u, ju j

)
+T

(
ˆ̄u(a,b)j −O(b)

u, ju j

)′ (
Σ̂u j

)−1
(

ˆ̄u(a,b)j −O(b)
u, ju j

)
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−2T
(

û(a,b)i, j −O(b)
u, ju j

)′ (
Σ̂u j

)−1
(

ˆ̄u(a,b)j −O(b)
u, ju j

)
:= I1i j + I2i j−2I3i j. (A.50)

For I2i j, we have

max
i∈Ia

∣∣I2i j
∣∣≤max

i∈Ia
T
∥∥∥ ˆ̄u(a,b)j −O(b)

u, ju j

∥∥∥2

2

{
λmin(Σu j)+op(1)

}−1
= op(1) (A.51)

by Lemma A.33, Assumption 2.11 and (A.49). For I3i j, we have

max
i∈Ia

∣∣I3i j
∣∣≤ T

(
max
i∈Ia

∥∥∥û(a,b)i, j −O(b)
u, ju j

∥∥∥
2

)(∥∥∥ ˆ̄u(a,b)j −O(b)
u, ju j

∥∥∥
2

)[
λmin(Σu j)+op(1)

]−1

= TOp

(√
log(N∨T )

T

)
op

(
(N∨T )−1/2

)
= op(1) (A.52)

by (A.43) and (A.49). It suffices to study I1i j below.

Now, let Z(1)
B =

(
Z(1)′
B,1, · · · ,Z

(1)′
B,N

)′
, where Z(1)

B,i∼N
(

0,O(1)′
j Σu jO

(1)
j

)
for i∈ I3,

Z(1)
B,i∼N

(
0,O(3)′

j Σu jO
(3)
j

)
for i∈ I2 and Z(1)

B,i∼N
(

0,O(2)′
j Σu jO

(2)
j

)
for i∈ I1. Note

that

I1i j =
(

O(b)
j Z(1)

B,i +op(1)+R j
i,u

)′
Σ
−1
u j

(
O(b)

j Z(1)
B,i +op(1)+R j

i,u

)
+T

(
û(a,b)i, j −O(b)

u, ju j

)′ [
Σ̂
−1
u j
−Σ

−1
u j

](
û(a,b)i, j −O(b)

u, ju j

)
= Z(1)′

B,i

(
O(b)′

j Σu jO
(b)
j

)−1
Z(1)
B,i +op(1) uniformly over i ∈ [N]. (A.53)

It follows that

Su j = max
i∈[N]


Z(1)′
B,i

(
O(2)′

j Σu jO
(2)
j

)−1
Z(1)
B,i +op(1), ∀i ∈ I1,

Z(1)′
B,i

(
O(3)′

j Σu jO
(3)
j

)−1
Z(1)
B,i +op(1), ∀i ∈ I2,

Z(1)′
B,i

(
O(1)′

j Σu jO
(1)
j

)−1
Z(1)
B,i +op(1), ∀i ∈ I3,

(A.54)

with Z(1)′
B,i

(
O(2)′

j Σu jO
(2)
j

)−1
Z(1)
B,i→ χ2(1) for each i∈ I1, Z(1)′

B,i

(
O(3)′

j Σu jO
(3)
j

)−1
Z(1)
B,i→

χ2(1) for each i ∈ I2, and Z(1)′
B,i

(
O(1)′

j Σu jO
(1)
j

)−1
Z(1)
B,i→ χ2(1) for each i ∈ I3. As

in Castagnetti et al. (2015), we can conclude that

P
(

1
2

Su j ≤ x+b(N)

)
→ e−e−x

as (N,T )→ ∞. (A.55)

For the test statistic for HII
0 , the proof is similar. Let Z(2)

B =
(
Z(2)′
B,1, · · · ,Z

(2)′
B,T

)′
,

where Z(2)
B,t ∼ N

(
0,O(1)′

j Σv jO
(1)
j

)
. As in (A.54), we can show that

S(3,1)v j = max
t∈[T ]

Z(2)′
B,t

(
O(1)′

j Σv jO
(1)
j

)−1
Z(2)
B,t +op(1).
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By the strong mixing condition in Assumption 2.1(iii), we have

max
j∈[p],i∈[N]

∥∥∥Cov
(
b
(2)
j,it ,b

(2)
j,is

)∥∥∥
∞

log(t− s) = o(1)

as t− s→ ∞ by Davydov’s inequality. Then by Theorem 3.5.1 in Leadbetter and

Rootzen (1988), we have that

P
(

1
2

(
max
t∈[T ]

Z(2)′
B,t

(
O(1)′

j Σv jO
(1)
j

)−1
Z(2)
B,t

)
≤ x+b(T )

)
→ e−e−x

,

which implies that

P
(

1
2

S(3,1)v j ≤ x+b(T )
)
→ e−e−x

as (N,T )→ ∞.

Recall that S̃(a,b)v j = 1
2S(a,b)v j −b(T ) and Sv j =max(S̃(1,2)v j , S̃(2,3)v j , S̃(3,1)v j ). Noting that Sv j

is asymptotically distributed as the maximum of three independent Gumbel random

variables under HII
0 , we have P(Sv j ≤ x)→ e−3e−x

as (N,T )→ ∞.

Proof of Statement (ii)

Under HI
1, we have that ∀i ∈ Ia,

û(a,b)i, j − ˆ̄u(a,b)j =
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u, jc
u
i, j−

(
ˆ̄u(a,b)j −O(b)

u, ju j

)
.

Then

T
(
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û(a,b)i, j − ˆ̄u(a,b)j

)
= T

(
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)′
Σ̂
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(
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where maxi∈Ia

∣∣∣S(b)u j,i,1

∣∣∣=Op (logN) by (A.53) and (A.55),
∣∣∣S(b)u j,2

∣∣∣= op (1) by (A.51),

maxi∈I3

∣∣∣S(b)u j,i,3

∣∣∣= op (1) by (A.52). Next,
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∣∣∣S(b)u j,i,5

∣∣∣= max
i∈Ia
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u
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Σ
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u
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≳

[
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∥∥2

2
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∥∥cu
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∥∥2

2 ,
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which diverges to infinity at the rate faster than logN by condition in statement (ii).

By Cauchy-Schwarz inequality, we obtain that

max
i∈Ia

∣∣∣S(b)u j,i,4

∣∣∣≲max
i∈Ia

(
S(b)u j,i,1

)1/2(
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)1/2
= op
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∣∣∣) , and
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(
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u j,i,2

)1/2(
S(b)u j,i,5

)1/2
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(
max
i∈Ia

∣∣∣S(b)u j,i,5

∣∣∣) .

It follows that P
{

Su j > cα,N
}
→ 1 as cα,N ≍ logN, and the final result follows.

The power of the test statistic Sv j can be analyzed analogously. ■

A.1.6 Proof of Theorem 2.5

We first derive the linear expansion of Θ̂∗j,it −Θ∗j,it for i ∈ I3, and similar results

hold for i ∈ I1∪ I2. Let v̄0
j := 1

T ∑t∈[T ] v0
t, j and ū0,Ia

j := 1
Na

∑i∈Ia u0
i, j. By Proposition

2.1, we obtain that uniformly in i ∈ Ia,
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T

T
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(
(N∨T )−1/2

)
, (A.56)

where the third equality holds by the fact that
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)
= op

(
(N∨T )−1/2

)
,

by conditional Bernstein’s inequality given De in Lemma A.12(i), Assumption 2.1(i)-

(ii) and Assumption 2.1(ix). Similarly, uniformly in t ∈ [T ], we have
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Θ
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, (A.57)

and

ˆ̄
Θ

Ia
j − Θ̄

Ia
j =

1
NaT ∑

i∈Ia

∑
t∈[T ]

(
Θ̂ j,it−Θ
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)
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=
1
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. (A.58)

Combining (A.56)-(A.58), we obtain that ∀i ∈ Ia and t ∈ [T ],
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and Σu j and Σv j are as defined in Theorem 2.3. The reason why Σ∗j,it is not indexed

with b is owing to the fact that O(b)
j shown in the right side of the equality can be

absorbed by O(b)
j not shown in Σu j and Σv j .

Define Σ̂∗j,it =
1
2 ∑b Σ̂

(b)∗
j,it with

Σ̂
(b)∗
j,it = ∑

a∈[3]

[ 1
Na

(
û(a,b)i, j − ˆ̄u(a,b)j

)′
Σ̂v j

(
û(a,b)i, j − ū(a,b)j

)
1ia

+
1
T

(
v̂(a,b)t, j − ˆ̄v(a,b)j

)′
Σ̂u j

(
v̂t, j− ˆ̄v(a,b)j

)]
,

where ˆ̄u(a,b)j = 1
Na

∑i∈Ia û(a,b)i, j and ˆ̄v(a,b)j = 1
T ∑t∈[T ] v̂

(a,b)
t, j . By Theorem 2.3 and Lemma

A.33, we have

max
j∈[p],i∈[N],t∈[T ]

∣∣Σ̂∗j,it−Σ
∗
j,it
∣∣= op(1).

By arguments as used in the proof of Theorem 2.3, we have that as (N,T )→ ∞,

P
(1

2SNT ≤ x+b(NT )
)
→ e−e−x

under HIII
0 , and P(SNT > cα,3·NT )→ 1 under HIII

1

provided N∧T
logNT maxi∈[N],t∈[T ]

∣∣∣Θ∗j,it∣∣∣2→ ∞. ■
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A.2 Some Technical Lemmas

In this section we state and prove some technical lemmas that are used in the

proofs of the main results in the paper.

A.2.1 Lemmas for the Proof of Theorem 2.1

Lemma A.1. Consider a matrix sequence {Ai, i = 1, · · · ,N} whose values are

symmetric matrices with dimension d,

(i) suppose {Ai, i = 1, · · · ,N} is independent with E(Ai) = 0 and ∥Ai∥op ≤ M

a.s. Let σ2 =
∥∥∑i∈[N]E

(
A2

i
)∥∥

op. Then for all t > 0, we have

P

∥∥∥∥∥ ∑
i∈[N]

Ai

∥∥∥∥∥
op

> t

≤ d · exp
{
− t2/2

σ2 +Mt/3

}
.

(ii) suppose {Ai, i = 1, · · · ,N} is sequence of martingale difference matrices with

Ei−1 (Ai) = 0 and ∥Ai∥op ≤ M a.s., where Ei−1 denotes E(·|Fi−1), where

{Fi : i≤ N} denotes the filtration that is clear from the context. Further let∥∥∑i∈[N]Ei−1
(
A2

i
)∥∥

op ≤ σ2. Then for all t > 0, we have

P

∥∥∥∥∥ ∑
i∈[N]

Ai

∥∥∥∥∥
op

> t

≤ d · exp
{
− t2/2

σ2 +Mt/3

}
.

Proof Lemma A.1(i) and (ii) are Matrix Bernstein inequality and Matrix Freed-

man inequality, which are respectively stated in Theorem 1.3 and Corollary 4.2 in

Tropp (2011). ■

Lemma A.2. Consider a specific matrix A ∈ RN×T whose rows (denoted as

A′i where Ai ∈ RT ) are independent random vectors in RT with EAi = 0 and Σi =

E(AiA′i). Suppose maxi∈[N] ∥Ai∥2 ≤
√

m a.s. and maxi∈[N] ∥Σi∥op ≤ M for some

positive constant M. Then for every t > 0, with probability 1−2T exp
(
−c1t2), we

have

∥A∥op ≤
√

NM+ t
√

m+M,

where c1 is an absolute constant.

115



Proof The proof follows similar arguments as used in the proof of Theorem

5.41 in Vershynin (2010). Define Zi := 1
N (AiA′i−Σi) ∈ RT×T . We notice that {Zi}

is an independent sequence with E(Zi) = 0. To use the matrix Bernstein inequality,

we analyze ∥Zi∥op and
∥∥∑i∈[N]E

(
X2

i
)∥∥

op as follows. First, note that uniformly over

i,

∥Zi∥op≤
1
N

(∥∥AiA′i
∥∥

op +∥Σi∥op

)
≤ 1

N

(
∥Ai∥2

2 +∥Σi∥op

)
≤ m+M

N
, a.s. (A.59)

Next, noting that E
[
(AiA′i)

2
]
= E [∥Ai∥2 AiA′i]≤ mΣi and Z2

i = 1
N2 [(AiA′i)

2−AiA′iΣi

−ΣiAiA′i +Σ2
i ], we have∥∥E(Z2

i
)∥∥

op =
1

N2

∥∥∥E[(AiA′i
)2−Σ

2
i

]∥∥∥
op
≤ 1

N2

{∥∥∥E[(AiA′i
)2
]∥∥∥

op
+∥Σi∥2

op

}
≤ 1

N2

(
m∥Σi∥op +∥Σi∥2

op

)
≤ mM+M2

N2 uniformly in i.

It follows that ∥∥∥∥∥ ∑
i∈[N]

E
(
Z2

i
)∥∥∥∥∥

op

≤ N max
i∈[N]

∥∥E(Z2
i
)∥∥

op ≤
mM+M2

N
. (A.60)

Let ε = max
(√

Mδ ,δ 2) with δ = t
√

m+M
N . By (A.59)-(A.60) and the matrix Bern-

stein inequality in Lemma A.1(i), we have

P


∥∥∥∥∥ 1

N

(
A′A− ∑

i∈[N]

Σi

)∥∥∥∥∥
op

≥ ε

= P

∥∥∥∥∥ ∑
i∈[N]

Zi

∥∥∥∥∥
op

≥ ε


≤ 2T exp

{
−c1 min

(
ε2

mM+M2

N

,
ε

m+M
N

)}

≤ 2T exp
{
−c1 min

(
ε2

M
,ε

)
N

m+M

}
≤ 2T exp

{
−c1δ 2N

m+M

}
= 2T exp

{
−c1t2} ,

for some positive constant c1, where the third inequality is due to the fact that

min
(

ε2

M
,ε

)
= min

(
max

(
δ

2,δ 4/M
)
,max

(√
Mδ ,δ

))

=


min

(
δ

2,
√

Mδ

)
= δ

2, if δ
2 ≥ δ 4

M
,

min
(
δ

4/M,δ 2)= δ
2, if δ

2 <
δ 4

M
.
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That is, ∥∥∥∥∥ 1
N

A′A− 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

≤max
(√

Mδ ,δ 2
)

(A.61)

with probability 1−exp
(
−c1t2). Combining the fact that ∥Σi∥ ≤M uniformly over

i and (A.61), we show that

1
N
∥A∥2

op =

∥∥∥∥ 1
N

A′A
∥∥∥∥

op
≤

∥∥∥∥∥ 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

+

∥∥∥∥∥ 1
N

A′A− 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

≤max
i∈[N]
∥Σi∥op +

√
Mδ +δ

2

≤M+
√

Mt

√
m+M

N
+ t2 m+M

N
≤

(
√

M+ t

√
m+M

N

)2

.

It follows that ∥A∥op ≤
√

NM+ t
√

m+M. ■

Lemma A.3. Recall ait = τ − 1{εit ≤ 0} and a = {ait} ∈ RN×T . Under As-

sumption 2.1, we have
∥∥X j⊙a

∥∥
op = Op

(√
N +
√

T logT
)
∀ j ∈ [p] and ∥a∥op =

Op
(√

N +
√

T logT
)
.

Proof We focus on
∥∥X j⊙a

∥∥
op as the result for ||a||op can be derived in the same

manner. We first note that, conditional on D , the i-th row of X j⊙ a only depends

on {eit ,εit}t∈[T ], which are independent across i. Therefore X j⊙a has independent

rows, denoted as Ai = X j,i⊙ ai, given D , where X j,i and ai being the i-th row of

matrix X j and a, respectively. In addition, for the t-th element of Ai, we have

E
[

X j,itait

∣∣∣∣D]= E
{

X j,itE
[

ait

∣∣∣∣De

]∣∣∣∣D}= 0,

where the second equality holds by Assumption 2.1(ii) and the fact that given De,

X j,it is known. Therefore, In order to apply Lemma A.1, conditionally on D , we

only need to upper bound ∥Ai∥2 and E
[

AiA′i

∣∣∣∣D].

First, under Assumption 2.1(iv), we have 1
T ∑t∈[T ]

(
X j,itait

)2 ≤ 1
T ∑t∈[T ]X2

j,it ≤

c2 a.s. for some positive constant c2, which implies

||Ai||2 =
∥∥X j,i⊙ai

∥∥
2 ≤ c2

√
T a.s. (A.62)

Second, let Σi = E
{[(

X j,i⊙ai
)(

X j,i⊙ai
)′]∣∣∣∣D} with (t,s)th element being

E
(

X j,itX j,isaitais

∣∣∣∣D) . Recall that ∥·∥1 and ∥·∥
∞

are matrix norms induced by 1-
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and ∞−norms, i.e.,

∥Σi∥1 =max
s∈[T ]

∑
t∈[T ]

∣∣∣∣E(X j,itX j,isaitais

∣∣∣∣D)∣∣∣∣ , ∥Σi∥∞
=max

t∈[T ]
∑

s∈[T ]

∣∣∣∣E(X j,itX j,isaitais

∣∣∣∣D)∣∣∣∣ .
By Davydov’s inequality for conditional strong mixing sequence, we can show that

max
s∈[T ]

∑
t∈[T ]

∣∣∣∣E(X j,itX j,isaitais

∣∣∣∣D)∣∣∣∣
= max

s∈[T ]
∑

t∈[T ]

∣∣∣∣Cov
(

X j,itait ,X j,isais

∣∣∣∣D)∣∣∣∣
≤max

s∈[T ]
∑

t∈[T ]

{
E
[∣∣X j,itait

∣∣q ∣∣∣∣D]}1/q{
E
[∣∣X j,isais}

∣∣q ∣∣∣∣D]}1/q

×α (t− s)(q−2)/q

≤ max
i∈[N],t∈[T ]

{
E
[∣∣∣Xq

j,it

∣∣∣ ∣∣∣∣D]}2/q

max
s∈[T ]

∑
t∈[T ]

α (t− s)(q−2)/q

≤ c3 a.s.,

where c3 is a positive constant which does not depend on i and the last line is by As-

sumption 2.1(iii) and 2.1(iv). Similarly, we have maxt∈[T ]∑s∈[T ]

∣∣∣∣E(X j,itX j,isaitais

∣∣∣∣D)∣∣∣∣≤
c3 a.s. Then by Corollary 2.3.2 in Golub and Van Loan (1996), we have

max
i∈[N]
∥Σi∥op ≤

√
∥Σi∥1 ∥Σi∥∞

≤ c3 a.s. (A.63)

Combining (A.59), (A.60), and Lemma A.1 with t =
√

logT , we obtain the desired

result. ■

Recall that ∆Θ j = Θ j−Θ0
j for any Θ j and define

R(C1) :=

{
{∆Θ j}

p
j=0 :

p

∑
j=0

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1

p

∑
j=0

∥∥P j(∆Θ j)
∥∥
∗

}
.

Lemma A.4. Suppose Assumptions 2.1-2.3 hold. Then {∆̃Θ j}
p
j=0 ∈R(3) w.p.a.1.

Proof Define Qτ

({
Θ j
}p

j=0

)
= 1

NT ∑
N
i=1 ∑

T
t=1 ρτ

(
Yit−Θ0,it−∑

p
j=1 X j,itΘ j,it

)
for

generic
{

Θ j
}p

j=0. By the definition of the nuclear norm estimator in (2.9), we have

Qτ

({
Θ

0
j
}p

j=0

)
−Qτ

({
Θ̃ j
}p

j=0

)
+

p

∑
j=0

ν j

[∥∥Θ
0
j(τ)

∥∥
∗−
∥∥Θ̃ j(τ)

∥∥
∗

]
≥ 0. (A.64)

In addition, we have

Qτ

({
Θ

0
j
}p

j=0

)
−Qτ

({
Θ̃ j
}p

j=0

)
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=−

{
1

NT

N

∑
i=1

T

∑
t=1

ait

(
∆̃Θ0,it +

p

∑
j=1

X j,it ∆̃Θ j,it

)

+
∫

∆̃Θ0,it+∑
p
j=1 X j,it ∆̃Θ j,it

0
1{εit ≤ s}−1{εit ≤ 0}ds

}

≤

∣∣∣∣∣ 1
NT

N

∑
i=1

T

∑
t=1

ait

(
∆̃Θ0,it +

p

∑
j=1

X j,it ∆̃Θ j,it

)∣∣∣∣∣
≤

p

∑
j=1

∣∣∣∣∣ 1
NT

N

∑
i=1

T

∑
t=1

aitX j,it ∆̃Θ j,it

∣∣∣∣∣+
∣∣∣∣∣ 1
NT

N

∑
i=1

T

∑
t=1

ait ∆̃Θ0,it

∣∣∣∣∣
=

p

∑
j=1

1
NT

∣∣∣tr[∆̃′Θ j

(
X j⊙a

)]∣∣∣+ 1
NT

∣∣tr(∆̃′Θ0
a
)∣∣

≤
p

∑
j=1

1
NT

∥∥∆̃Θ j

∥∥
∗

∥∥X j⊙a
∥∥

op +
1

NT

∥∥∆̃Θ0

∥∥
∗ ∥a∥op

≤ c4

p

∑
j=0

(
√

N∨
√

T logT )
NT

∥∥∆̃Θ j

∥∥
∗ , w.p.a.1, (A.65)

where the first equality holds by Knight’s identity in Knight (1998) which states that

ρτ(u− v)−ρτ(u) = v(τ−1{u≤ 0})+
∫ v

0
(1{u≤ s}−1{u≤ 0})ds, (A.66)

the first inequality is due to the fact that the second term in the bracket of the second

line is non-negative, the second inequality holds by triangle inequality, the third

inequality is by the fact that tr(AB)≤ ||A||op||B||∗, and the last inequality holds by

Lemma A.3.

Combining (A.64) and (A.65), w.p.a.1, we have

0≤ c4

p

∑
j=0

{
(
√

N∨
√

T logT )
NT

||∆̃Θ j ||∗+ν j

(∥∥Θ
0
j
∥∥
∗−
∥∥Θ̃ j

∥∥
∗

)}
. (A.67)

Besides, we can show that∥∥Θ̃ j
∥∥
∗ =

∥∥∆̃Θ j +Θ
0
j
∥∥
∗ =

∥∥∥Θ
0
j +P⊥

j (∆̃Θ j)+P j(∆̃Θ j)
∥∥∥
∗

≥
∥∥∥Θ

0
j +P⊥

j (∆̃Θ j)
∥∥∥
∗
−
∥∥P j(∆̃Θ j)

∥∥
∗ =

∥∥Θ
0
j
∥∥
∗+
∥∥∥P⊥

j (∆̃Θ j)
∥∥∥
∗
−
∥∥P j(∆̃Θ j)

∥∥
∗

(A.68)

where the second equality holds by Lemma D.2(i) in Chernozhukov et al. (2019),

the first inequality holds by triangle inequality, and the last equality is by the con-

struction of the linear space P⊥
j and P j. Then combining (A.67) and (A.68), we
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obtain
p

∑
j=0

ν j

{∥∥∥P⊥
j
(
∆̃Θ j

)∥∥∥
∗
−
∥∥P j

(
∆̃Θ j

)∥∥
∗

}
≤ c4

p

∑
j=0

(
√

N∨
√

T logT )
NT

∥∥∆̃Θ j

∥∥
∗

= c4

p

∑
j=0

(
√

N∨
√

T logT )
NT

{∥∥P j
(
∆̃Θ j

)∥∥
∗+
∥∥∥P⊥

j
(
∆̃Θ j

)∥∥∥
∗

}
, w.p.a.1.

By setting ν j =
2c4(
√

N∨
√

T logT )
NT , we obtain ∑

p
j=0

∥∥∥P⊥
j
(
∆̃Θ j

)∥∥∥
∗
≤ 3∑

p
j=0

∥∥P j
(
∆̃Θ j

)∥∥
∗

w.p.a.1. ■

Recall Gi,t−1 is the σ -field generated by {V 0
j } j∈[p]∪{0}, {W 0

j } j∈[p], {els}l≤i−1,s∈[T ],

{eis}s≤t , {εls}l≤i−1,s∈[T ], and {εis}s≤t−1 and Fit(·) and fit(·) are the conditional CDF

and PDF of εit given Gi,t−1, respectively. Specifically, we note that ({X j,it} j∈[p],{Θ0
j,it} j∈[p]∪{0})

are measurable w.r.t. Gi,t−1.

Lemma A.5. For all u1,u2 ∈ R and all c5 ∈ (0,1], we have

(i)
∫ u2

0 (1{u1 ≤ z}−1{u1 ≤ 0})dz≥
∫ c5u2

0 (1{u1 ≤ z}−1{u1 ≤ 0})dz≥ 0,

(ii)
∫ u2

0 {Fit (u1 + z)−Fit (u1)}dz≥
∫ c5u2

0 {Fit (u1 + z)−Fit (u1)}dz≥ 0.

Proof Statement (i) is just Feng (2019, Lemma A2). To prove statement (ii),

notice that if u2 ≥ 0, then z ≥ 0 and Fit (u1 + z)− Fit (u1) ≥ 0 for all z ∈ [0,u2],

which leads to the existence of the second inequality naturally:∫ u2

0
{Fit (u1 + z)−Fit (u1)}dz−

∫ c5u2

0
{Fit (u1 + z)−Fit (u1)}dz

=
∫ u2

c5u2

{Fit (u1 + z)−Fit (u1)}dz≥ 0.

On the other hand, if u2 < 0, we have∫ u2

0
{Fit (u1 + z)−Fit (u1)}dz−

∫ c5u2

0
{Fit (u1 + z)−Fit (u1)}dz

=
∫ 0

u2

{Fit (u1)−Fit (u1 + z)}dz−
∫ 0

c5u2

{Fit (u1)−Fit (u1 + z)}dz

=
∫ c5u2

u2

{Fit (u1)5Fit (u1 + z)}dz≥ 0,

where the last inequality holds as the same reason for u2 ≥ 0 case. ■

Lemma A.6. Under Assumptions 2.1-2.4, for any
{

∆Θ j

}p
j=0 ∈ R(3,C2) such

that ||∆Θ j ||max ≤M for some constant M > 0, we have

Qτ

({
Θ

0
j +∆Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)
≥ c7C3

NT ξ 2
N

p

∑
j=0

∥∥∆Θ j

∥∥2
F
− c7C4

NT ξ 2
N
(N +T ) w.p.a.1,
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where Qτ(
{

Θ j
}p

j=0)=
1

NT ∑
N
i=1 ∑

T
t=1E

[
ρτ

(
Yit−Θ0,it−∑

p
j=1 X j,itΘ j,it

)∣∣∣∣Gi,t−1

]
, c7 =

fc2
6

4 with c6 being a positive constant between 0 and 1.

Proof We can choose a sufficiently large constant M such that c6 := 3f
2f̄ ′M(1+p) ∈

(0,1]. Then we have

Qτ

({
Θ

0
j +∆Θ j

}p
j=0

)
−Qτ

({
Θ

0
j
}p

j=0

)
=

1
NT

N

∑
i=1

T

∑
t=1

E

{
ρτ

(
Yit−Θ0,it−

p

∑
j=1

X j,itΘ j,it

)

−ρτ

(
Yit−Θ

0
0,it−

p

∑
j=1

X j,itΘ
0
j,it

)∣∣∣∣Gi,t−1

}

=
1

NT

N

∑
i=1

T

∑
t=1

E

{(
∆Θ0,it +

p

∑
j=1

X j,it∆Θ j,it

)
(τ−1{εit ≤ 0})

∣∣∣∣Gi,t−1

}

+
1

NT

N

∑
i=1

T

∑
t=1

E

{∫
∆Θ0,it+∑

p
j=1 X j,it∆Θ j,it

0
(1{εit ≤ s}−1{εit ≤ 0})ds

∣∣∣∣Gi,t−1

}

=
1

NT

N

∑
i=1

T

∑
t=1

E

{∫
∆Θ0,it+∑

p
j=1 X j,it∆Θ j,it

0
(1εit≤s−1εit≤0)ds

∣∣∣∣Gi,t−1

}

≥ 1
NT

N

∑
i=1

T

∑
t=1

E

{∫ c6ξ
−1
N

(
∆Θ0,it+∑

p
j=1 X j,it∆Θ j,it

)
0

(1εit≤s−1εit≤0)ds
∣∣∣∣Gi,t−1

}

=
1

NT

N

∑
i=1

T

∑
t=1

∫ c6ξ
−1
N

(
∆Θ0,it+∑

p
j=1 X j,it∆Θ j,it

)
0

[Fit (s)−Fit (0)]ds

=
1

NT

N

∑
i=1

T

∑
t=1

∫ c6ξ
−1
N

(
∆Θ0,it+∑

0
j=1 X j,it∆Θ j,it

)
0

[
sfit (0)+

s2

2
f ′it (s̃)

]
ds

≥
fc2

6

2NT ξ 2
N

N

∑
i=1

T

∑
t=1

(
∆Θ0,it +

p

∑
j=1

X j,it∆Θ j,it

)2

−
f̄ ′c3

6

6NT ξ 3
N

N

∑
i=1

T

∑
t=1

∣∣∣∣∣∆Θ0,it +
p

∑
j=1

X j,it∆Θ j,it

∣∣∣∣∣
3

=
fc2

6

4NT ξ 2
N

N

∑
i=1

T

∑
t=1

(
∆Θ0,it +

p

∑
j=1

X j,it∆Θ j,it

)2

+
1

NT ξ 2
N

N

∑
i=1

T

∑
t=1

 fc2
6

4

(
∆Θ0,it +

p

∑
j=1

X j,it∆Θ j,it

)2(
1− 2c6f̄

′

3fξN

∣∣∣∣∣∆Θ0,it +
p

∑
j=1

X j,it∆Θ j,it

∣∣∣∣∣
)

≥
fc2

6

4NT ξ 2
N

N

∑
i=1

T

∑
t=1

{
∆Θ0,it +

p

∑
j=1

X j,it∆Θ j,it

}2

=
fc2

6

4NT ξ 2
N

∥∥∥∥∥∆Θ0 +
p

∑
j=1

X j⊙∆Θ j

∥∥∥∥∥
2

F
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≥
fc2

6

4NT ξ 2
N

{
C3

p

∑
j=0

∥∥∆Θ j

∥∥2
F
−C4 (N +T )

}
w.p.a.1

=
c7C3

NT ξ 2
N

p

∑
j=0

∥∥∆Θ j

∥∥2
F
− c7C4

NT ξ 2
N
(N +T ) (A.69)

where the second equality is by (A.66), the first inequality is by Lemma A.5 and

the fact that c6/ξN ≤ 1, the fifth equality is by the mean-value theorem, the third

inequality is by the fact that

1− 2c6f̄
′

3fξN

∣∣∣∣∣∆Θ0,it +
p

∑
j=1

X j,it∆Θ j,it

∣∣∣∣∣≥ 1− 2c6f̄
′

3fξN
M(1+ p)ξN ≥ 0,

and the fourth inequality holds under Assumption 2.4. This concludes the proof. ■

Lemma A.7. Under Assumptions 2.1–2.4, for any
{

∆Θ j

}p
j=0 ∈ R(3,C2), we

have
∥∥∆Θ j

∥∥
∗ ≤ c8 ∑

p
j=0

∥∥∆Θ j

∥∥
F
∀ j ∈ {0, · · · , p} where c8 = 4

√
2K̄.

Proof For ∀ j ∈ {0, · · · , p}, we obtain that∥∥∆Θ j

∥∥
∗ =

∥∥P j(∆Θ j)
∥∥
∗+
∥∥∥P⊥

j (∆Θ j)
∥∥∥
∗
≤
∥∥P j(∆Θ j)

∥∥
∗+3

p

∑
j=0

∥∥P j(∆Θ j)
∥∥
∗

≤ 4
p

∑
j=0

∥∥P j(∆Θ j)
∥∥
∗ ≤ 4

p

∑
j=0

√
2K j

∥∥P j
(
∆Θ j

)∥∥
F

≤ 4
√

2K̄
p

∑
j=0

∥∥∆Θ j

∥∥
F

:= c8

p

∑
j=0

∥∥∆Θ j

∥∥
F
,

where the first equality is by Chernozhukov et al. (2019, Lemma D.2(i)), the first

inequality is by the definition of R(C1,C2), and the last two inequalities follow the

facts that ∥A∥∗ ≤
√

rank(A)∥A∥F for any matrix A∈RN×T and rank
(
P j
(
∆Θ j

))
≤

2K j, which hold by Chernozhukov et al. (2019, Lemma D.2.(iii)). ■

Let Z be a separable metric space, {Z1, · · · ,Zn} be a sequence of random

variables in Z adapted to the filtration {Ft}t∈[n], F = { f : Z → R} be a set

of bounded real valued functions on R, and u1, · · · ,un be i.i.d. Rademacher ran-

dom variables. Here we allow the dependence of sequence {Z1, · · · ,Zn}. Sim-

ilarly as in Rakhlin et al. (2015), we define a Z -valued tree z of depth n with

the sequence (z1, · · · ,zn) such that zt : {u1, · · · ,ut−1} → Z . For simplicity, we

denote as zt (u) = zt (u1, · · · ,ut−1) and Et [·] = E
[
·
∣∣Ft
]

for short. Also, denote

u1:t := (u1, · · · ,ut) and similarly for Z1:t .
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Lemma A.8. Let F be a class of functions. For any α > 0, it holds that

βnP

{
sup
f∈F

∣∣∣∣∣1n n

∑
t=1

( f (Zt)−Et−1 [ f (Zt)])

∣∣∣∣∣> α

}
≤ 2sup

z
P

{
sup
f∈F

∣∣∣∣∣1n n

∑
t=1

ut f (zt (u))

∣∣∣∣∣> α

4

}
.

where βn ≥ 1− sup f∈F
4∑

n
t=1 Var

(
f (Zt)
∣∣Ft−1

)
n2α2 and the outer supremum is taken over

all Z -valued tree of depth n.1

Proof Let Z′1:n be a decoupled sequence tangent to Z1:n. For the sequence of

random variables {Zt : t ∈ [n]} adapted to the filtration {Ft : t ∈ [n]}, the sequence

Z′1:n = {Z∗t , t ∈ [n]} is said to be a decoupled sequence tangent to {Zt : t ∈ [n]} if

for each t ∈ [n], Z∗t is generated from the conditional distribution of Zt given Ft−1

and independent of everything else. This means the sequence Z′1:n is conditionally

independent given Fn and for any measurable function f of Z∗t ,

E( f (Z∗t )|Fn) = E( f (Z∗t )|Ft−1) a.s. (A.70)

For ∀ f ∈F , with Chebyshev’s inequality, we have

P

(
1
n

∣∣∣∣∣ n

∑
t=1

f (Z∗t )−Et−1 [ f (Z∗t )]

∣∣∣∣∣> α/2
∣∣∣∣Fn

)

≤
4E
{
(∑n

t=1 f (Z∗t )−Et−1 [ f (Z∗t )])
2
∣∣∣∣Fn

}
n2α2

=

4∑
n
t=1E

{
( f (Z∗t )−Et−1 [ f (Z∗t )])

2
∣∣∣∣Fn

}
n2α2

=
4∑

n
t=1Var

(
f (Zt)

∣∣Ft−1
)

n2α2 ,

where the first equality holds by the fact that, given Fn, {Z∗t }t∈[n] are independent

and the last equality holds by (A.70). This implies

βn := inf
f∈F

P

(
1
n

∣∣∣∣∣ n

∑
t=1

f (Z∗t )−Et−1 [ f (Z∗t )]

∣∣∣∣∣≤ α/2
∣∣∣∣Fn

)

= 1− sup
f∈F

P

(
1
n

∣∣∣∣∣ n

∑
t=1

f (Z∗t )−Et−1 [ f (Z∗t )]

∣∣∣∣∣> α/2
∣∣∣∣Fn

)

≥ 1− sup
f∈F

4∑
n
t=1Var

(
f (Zt)

∣∣Ft−1
)

n2α2 .

Let function f ∗ be the function that maximizes 1
n |∑

n
t=1 [ f (Z

∗
t )−Et−1 ( f (Z∗t ))]| con-

1This means the supremum is taken over all z = {zt(·)}t∈[n].
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dition on Fn, and define the event A1 =
{

sup f∈F
1
n |∑

n
t=1 [ f (Zt)−Et−1 ( f (Zt))]|> α

}
.

Then we obtain that

βn ≤ P

(
1
n

∣∣∣∣∣ n

∑
t=1

f ∗ (Z∗t )−Et−1 [ f ∗ (Zt)]

∣∣∣∣∣≤ α/2
∣∣∣∣Fn

)
,

where the inequality follows by the definition of βn and the fact that Et−1 [ f ∗ (Z∗t )] =

Et−1 [ f ∗ (Zt)]. As A1 ∈Fn, we have

βn ≤ P

(
1
n

∣∣∣∣∣ n

∑
t=1

f ∗ (Z∗t )−Et−1 [ f ∗ (Z∗t )]

∣∣∣∣∣≤ α/2
∣∣∣∣A1

)
.

It follows that

βnP

{
sup
f∈F

∣∣∣∣∣1n n

∑
t=1

( f (Zt)−Et−1 [ f (Zt)])

∣∣∣∣∣> α

}

≤ P

(
1
n

∣∣∣∣∣ n

∑
t=1

f ∗ (Z∗t )−Et−1 [ f ∗ (Z∗t )]

∣∣∣∣∣≤ α/2
∣∣∣∣A1

)
P(A1)

= P

({
1
n

∣∣∣∣∣ n

∑
t=1

f ∗ (Z∗t )−Et−1 [ f ∗ (Z∗t )]

∣∣∣∣∣≤ α/2

}⋃
A1

)

≤ P

(
1
n

∣∣∣∣∣ n

∑
t=1

f ∗ (Zt)− f ∗ (Z∗t )

∣∣∣∣∣≥ α/2

)

≤ P

(
1
n

sup
f∈F

∣∣∣∣∣ n

∑
t=1

f (Zt)− f (Z∗t )

∣∣∣∣∣≥ α/2

)
, (A.71)

where the second inequality holds by the implication rule. Let φ (·)= 1{·> nα/2} .

By Lemma 18 in Rakhlin et al. (2015), we have

P

(
1
n

sup
f∈F

∣∣∣∣∣ n

∑
t=1

f (Zt)− f (Z∗t )

∣∣∣∣∣≥ α/2

)

= E1

{
1
n

sup
f∈F

∣∣∣∣∣ n

∑
t=1

f (Zt)− f (Z∗t )

∣∣∣∣∣≥ α/2

}

≤ sup
z1,z′1

Eu1 · · · sup
zn,z′n

Eun1

{
sup
f∈F

∣∣∣∣∣ n

∑
t=1

ut [ f (zt)− f (Z∗t )]

∣∣∣∣∣≥ nα/2

}

≤ sup
z1,z′1

Eu1 · · · sup
zn,z′n

Eun1

{
sup
f∈F

∣∣∣∣∣ n

∑
t=1

ut f (zt)

∣∣∣∣∣≥ nα/4

}

+ sup
z1,z′1

Eu1 · · · sup
zn,z′n

Eun1

{
sup
f∈F

∣∣∣∣∣ n

∑
t=1

ut f (Z∗t )

∣∣∣∣∣≥ nα/4

}

= 2 sup
z1,z′1

Eu1 · · · sup
zn,z′n

Eun1

{
sup
f∈F

∣∣∣∣∣ n

∑
t=1

ut f (zt)

∣∣∣∣∣≥ nα/4

}
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= 2sup
z
P

{
sup
f∈F

∣∣∣∣∣1n n

∑
t=1

ut f (zt (u))

∣∣∣∣∣> α

4

}
, (A.72)

where the standard text zt and Z∗t are Z -valued, the bold text zt = zt(u) is the t-th

root of a tree z(·) (i.e., a function of u1:t−1), and the outer supremum in the last line

is taken over all Z -valued tree of depth n. Combining (A.71) and (A.72), we can

conclude that

βnP

{
sup
f∈F

∣∣∣∣∣1n n

∑
t=1

( f (Zt)−Et−1 [ f (Zt)])

∣∣∣∣∣> α

}
≤ 2sup

z
P

{
sup
f∈F

∣∣∣∣∣1n n

∑
t=1

ut f (zt (u))

∣∣∣∣∣> α

4

}
.

■

The next lemma is an extension of the contraction principle, i.e., Ledoux and

Talagrand (1991, Theorem 4.12), to the case with sequential symmetrization.

Lemma A.9. Let function F : R+→R+ be convex and increasing and φt : R→

R be contractions such that φt (0) = 0, zt is the t-th root of a tree (z) which depends

on {u1, · · · ,ut−1}. Then we have

EF

{
1
2

sup
f∈F

∣∣∣∣∣ n

∑
t=1

utφt ( f (zt(u)))

∣∣∣∣∣
}
≤ EF

{
sup
f∈F

∣∣∣∣∣ n

∑
t=1

ut f (zt(u))

∣∣∣∣∣
}
.

Proof We first consider the statement without the absolute value. Let function

G : R→ R be convex and increasing. We observe that

EG

{
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))

}
= E

{
E

[
G

{
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))

}∣∣∣∣u1:n−1

]}
and

E

{
G

(
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))
∣∣∣∣u1:n−1

)}

= E

{
G

(
sup
f∈F

n−1

∑
t=1

utφt ( f (zt(u)))+unφn ( f (zn(u)))
∣∣∣∣u1:n−1

)}

= E

{
G

(
sup

k1,k2∈K
(k1 +unφn (k2))

)∣∣∣∣u1:n−1

}
,

where k1 = ∑
n−1
t=1 utφt ( f (zt(u))), k2 = f (zn(u)), and K = {(k1,k2) : f ∈F} ⊂R2.

We also note that k1 and k2 only depend on u1:n−1 and is independent of un. The

proof in Ledoux and Talagrand (1989, Theorem 4.12) shows

EG

{
sup

k1,k2∈K
k1 +u2φ2 (k2)

}
≤ EG

{
sup

k1,k2∈K
k1 +u2k2

}
,
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which implies

E

{
G

(
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))
∣∣∣∣u1:n−1

)}

≤ E

{
G

(
sup
f∈F

n−1

∑
t=1

utφt ( f (zt(u)))+un f (zn(u))
∣∣∣∣u1:n−1

)}
.

Taking expectation on both sides, we have

E

{
G

(
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))

)}
≤E

{
G

(
sup
f∈F

n−1

∑
t=1

utφt ( f (zt(u)))+un f (zn(u))

)}
.

Next, let k1 =∑
n−2
t=1 utφt ( f (zt(u))), k2 = f (zn−1(u)) and k3(un−1) = un f (zn(u)).

We emphasize that k1 and k2 only depend on u1:n−2 and un while k3 also depends on

un−1. The dependence of (k1,k2,k3(·)) on f is made implicit for notation simplicity.

Furthermore, given the fact that un−1 only takes values {-1,1}, we have

k3(un−1)=
un−1 +1

2
k3(1)+

1−un−1

2
k3(−1)=

k3(1)+ k3(−1)
2

+un−1
k3(1)− k3(−1)

2
.

Given these notation and conditioning on (u1:n−2,un), we have

Eun−1

{
G

(
sup
f∈F

n−1

∑
t=1

utφt ( f (zt(u)))+un f (zn(u))

)}

= Eun−1

[
G

(
sup
f∈F

k1 +un−1φn−1(k2)+ k3(un−1)

)]

= Eun−1

[
G

(
sup
f∈F

(
k1 +

k3(1)− k3(−1)
2

)
+un−1

(
φn−1(k2)+

k3(1)− k3(−1)
2

))]

= Eun−1

[
G

(
sup

(h1,h2,h3)∈H
h1 +un−1 (φn−1(h2)+h3)

)]
,

where Eun−1 means the expectation is taken conditionally on (u1:n−2,un), h1 =

∑
n−2
t=1 utφt ( f (zt(u)))+

un( f (zn(u1:n−2,1))+ f (zn(u1:n−2,−1)))
2 , h2 = k2, h3 =

un( f (zn(u1:n−2,1))− f (zn(u1:n−2,−1)))
2 ,

and H = ((h1,h2,h3) : f ∈F ) ∈ R3. Suppose (h∗1,h
∗
2,h
∗
3) ∈H and (h†

1,h
†
2,h

†
3) ∈

H achieve the supremum of

h1 +(φn−1(h2)+h3) and h1− (φn−1(h2)+h3) , respectively.

Then, we have

Eun−1

[
G

(
sup

(h1,h2,h3)∈H
h1 +un−1 (φn−1(h2)+h3)

)]
=

1
2

G((h∗1 +h∗3)+φn−1(h∗2))+
1
2

G((h†
1−h†

3)−φn−1(h
†
2))
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≤ 1
2

G((h∗1 +h∗3)+h∗2)+
1
2

G((h†
1−h†

3)−h†
2)

≤ Eun−1

[
G

(
sup

(h1,h2,h3)∈H
h1 +un−1 (h2 +h3)

)]
,

where the first inequality is by the fact proved in the proof of Ledoux and Talagrand

(1991, Theorem 4.12) that for any t1,s1, t2,s2,

1
2

G(t1 +φn−1(t2))+
1
2

G(s1−φn−1(s2))≤
1
2

G(t1 + t2)+
1
2

G(s1− s2).

Plugging back the definition of h1,h2,h3, we have

Eun−1

{
G

(
sup
f∈F

n−1

∑
t=1

utφt ( f (zt(u)))+un f (zn(u))

)}

≤ Eun−1

{
G

(
sup
f∈F

n−2

∑
t=1

utφt ( f (zt(u)))+
n

∑
t=n−1

ut f (zt(u))

)}
.

Taking expectation on both sides, we have

E

{
G

(
sup
f∈F

n−1

∑
t=1

utφt ( f (zt(u)))+un f (zn(u))

)}

≤ E

{
G

(
sup
f∈F

n−2

∑
t=1

utφt ( f (zt(u)))+
n

∑
t=n−1

ut f (zt(u))

)}
.

We can repeat a similar argument by taking conditional expectations given (u1:t−1,ut+1:n)

and removing φt for all t = n−2, · · · ,2. This leads to the result that

E

{
G

(
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))

)}
≤ E

{
G

(
sup
f∈F

n

∑
t=1

ut f (zt(u))

)}
. (A.73)

Next, we come back to the case with the absolute value. Note that

EF

[
1
2

sup
f∈F

∣∣∣∣∣ n

∑
t=1

utφt ( f (zt(u)))

∣∣∣∣∣
]

≤ 1
2

{
EF

[
sup
f∈F

(
n

∑
t=1

utφt ( f (zt(u)))

)+]
+EF

[
sup
f∈F

(
n

∑
t=1

utφt ( f (zt(u)))

)−]}

=
1
2

{
EF

[
sup
f∈F

(
n

∑
t=1

utφt ( f (zt(u)))

)+]
+EF

[
sup
f∈F

(
n

∑
t=1

u∗t φt ( f (z∗t (u
∗)))

)+]}

=
1
2

{
EF

[(
sup
f∈F

n

∑
t=1

utφt ( f (zt(u)))

)+]
+EF

[(
sup
f∈F

n

∑
t=1

u∗t φt ( f (z∗t (u
∗)))

)+]}

≤ 1
2

{
EF

[(
sup
f∈F

n

∑
t=1

ut ( f (zt(u)))

)+]
+EF

[(
sup
f∈F

n

∑
t=1

u∗t f (z∗t (u
∗))

)+]}
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=
1
2

{
EF

[
sup
f∈F

(
n

∑
t=1

ut ( f (zt(u)))

)+]
+EF

[
sup
f∈F

(
n

∑
t=1

u∗t f (z∗t (u
∗))

)+]}

=
1
2

{
EF

[
sup
f∈F

(
n

∑
t=1

ut ( f (zt(u)))

)+]
+EF

[
sup
f∈F

(
n

∑
t=1

ut f (zt(u))

)−]}

≤ EF

[
sup
f∈F

∣∣∣∣∣ n

∑
t=1

ut f (zt(u))

∣∣∣∣∣
]
, (A.74)

where u∗t = −ut , z∗t (u) = zt(−u), the first inequality is by the convexity of F , the

first and second equalities are by the fact that (v)− = (−v)+ for any v, and the

second inequality is by (A.73) and the fact that F((·)+) is convex and increasing.

This leads to the desired result. ■

Define Rademacher sequence u=(u11, · · · ,u1T , · · · ,uN1, · · · ,uNT )=
(
u(1), · · · ,u(NT )

)
∈

RNT×1. In the matrix notation, let U = {uit} ∈ RN×T . By vectorization, for a se-

quence of independent variables X j,it , we define(
X j,11, · · · ,X j,1T , · · · ,X j,N1, · · · ,X j,NT

)
=
(
X j,(1), · · · ,X j,(NT )

)
,

(ε11, · · · ,ε1T , · · · ,εN1, · · · ,εNT ) =
(
ε(1), · · · ,ε(NT )

)
,

∀ j ∈ [p]. Using the binary tree representation, let x∗j,(l) be (l)th root of the tree

which takes values in the support of X j,(l), i.e., x∗j,(l) : ul−1 7→ [−ξN ,ξN ] for ul−1 :=(
u(1), · · · ,u(l−1)

)
such that maxi∈[N]∑t∈[T ]

(
x∗j,it
)2
≤MT and maxt∈[T ]∑i∈[N]

(
x∗j,it
)2ℓ
≤

MN for some fixed constant M < ∞ and ℓ= 1,2. Similar notation follows for ε∗(l) =

ε∗(l)
(
ul−1). In the matrix notation, let x∗j =

{
x∗j,it
}
∈ RN×T such that x∗j,it = x j,(l)

with i = ⌈ l
T ⌉ and t = l− (i−1)T .

Lemma A.10. Under Assumption 2.1, for j ∈ [p], there exists an absolute con-

stant C that is independent of the trees (x∗,ε∗) such that when log(N∨T )≥ 2,

Eexp

(
∥U∥op√

(N∨T ) log(N∨T )

)
≤C and Eexp


∥∥∥U⊙ x∗j

∥∥∥
op√

(N∨T ) log(N∨T )

≤C.

Proof The proof here follows similarly as Lemma A.2 except that we have mar-

tingale difference matrices rather than independent matrices. For a specific j, let

A =U⊙x∗j = (A1, · · · ,AN)
′ ∈RN×T , Fi be the σ -field generated by {ui∗t}i∗≤i,t∈[T ],

Ei(·)=E(·|Fi), Σi =Ei−1 (AiA′i) and Zi =
1
N (AiA′i−Σi), with 1

N

(
A′A−∑i∈[N]Σi

)
=
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∑i∈[N]Zi. Note that Ei−1 (Zi) = 0,

max
i∈[N]
∥Ai∥2 = max

i∈[N]

√
∑

t∈[T ]

(
x∗j,ituit

)2
= max

i∈[N]

√
∑

t∈[T ]

(
x∗j,it
)2
≤
√

MT a.s., (A.75)

max
i∈[N]
∥Σi∥op = max

i∈[N]

∥∥∥diag
((

x∗j,i1
)2
, · · · ,

(
x∗j,iT

)2
)∥∥∥

op
≤ ξ

2
N a.s., (A.76)

and for ℓ= 1,2,∥∥∥∥∥ ∑
i∈[N]

Σ
ℓ
i

∥∥∥∥∥
op

=

∥∥∥∥∥diag

(
∑

i∈[N]

(
x∗j,i1

)2ℓ
, · · · , ∑

i∈[N]

(
x∗j,iT

)2ℓ

)∥∥∥∥∥
op

≤MN a.s.. (A.77)

Combining (A.75) and (A.76) yields

max
i∈[N]
∥Zi∥op ≤ max

i∈[N]

1
N

(∥∥AiA′i
∥∥

op +∥Σi∥op

)
≤ 1

N

(
max
i∈[N]
∥Ai∥2

2 +max
i∈[N]
∥Σi∥op

)
≤

MT +ξ 2
N

N
a.s. (A.78)

In addition,∥∥∥∥∥ ∑
i∈[N]

Ei−1
(
Z2

i
)∥∥∥∥∥

op

=

∥∥∥∥∥ ∑
i∈[N]

Ei−1

{
1

N2

[(
AiA′i

)2−Σ
2
i

]}∥∥∥∥∥
op

≤ 1
N2

 ∑
i∈[N]

∥∥∥Ei−1

(
∥Ai∥2

2 AiA′i
)∥∥∥

op
+

∥∥∥∥∥ ∑
i∈[N]

Σ
2
i

∥∥∥∥∥
op


≤ 1

N2

MT

∥∥∥∥∥ ∑
i∈[N]

Σi

∥∥∥∥∥
op

+

∥∥∥∥∥ ∑
i∈[N]

Σ
2
i

∥∥∥∥∥
op


≤ (MT +1)M

N
, (A.79)

where the last inequality holds by (A.75) and (A.77).

Combining (A.78) and (A.79), by matrix Bernstein’s inequality in Lemma A.1(ii),

for some sufficiently large constant c̄ that depends on M, we have

P

∥∥∥∥∥ ∑
i∈[N]

Zi

∥∥∥∥∥
op

> c̄
(N∨T )

N
log(N∨T )


≤ T exp

−
1
2 c̄2
(
(N∨T )

N

)2
(log(N∨T ))2

(MT+1)M
N +

MT+ξ 2
N

N c̄ (N∨T )
N log(N∨T )
3

= exp
(
−
(

c̄
2
−1
)

log((N∨T ))
)
,

which implies that with probability greater than 1− exp(−(c̄/2−1) log(N∨T )),∥∥∥∥∥ 1
N

(
A′A− ∑

i∈[N]

Σi

)∥∥∥∥∥
op

≤ c̄
(
(N∨T )

N
log(N∨T )

)
,
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∥∥∥∥ 1
N

A′A
∥∥∥∥

op
≤

∥∥∥∥∥ 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

+

∥∥∥∥∥ 1
N

(
A′A− ∑

i∈[N]

Σi

)∥∥∥∥∥
op

≤M+ c̄
(
(N∨T )

N
log(N∨T )

)
,

∥A∥op =
∥∥U⊙ x∗j

∥∥
op ≤

√
(1+ c̄)(N∨T ) log(N∨T ).

Consequently, when log(N∨T )≥ 2, we have

Eexp


∥∥∥U⊙ x∗j

∥∥∥
op√

(N∨T ) log(N∨T )


=
∫

∞

0
exp(u)P


∥∥∥U⊙ x∗j

∥∥∥
op√

(N∨T ) log(N∨T )
≥ u

du

=

(∫ 2

0
+
∫

∞

2

)
exp(u)P

(∥∥U⊙ x∗j
∥∥

op ≥ u
√

(N∨T ) log(N∨T )
)

du

≤
∫ 2

0
exp(u)du+

∫
∞

2
exp(u)exp

(
−(u2−3)

2
log(N∨T )

)
du

≤
∫ 2

0
exp(u)du+

∫
∞

2
exp

(
−
(

u− 1
2

)2

+
13
4

)
du

≤ exp(2)−1+
√

2π exp
(

13
4

)
:=C,

where the first inequality is by the fact that

P


∥∥∥U⊙ x∗j

∥∥∥
op√

(N∨T ) log(N∨T )
≥
√

1+ c̄

≤ exp
(
−
(

c̄
2
−1
)

log((N∨T ))
)

and by letting u =
√

1+ c̄≥ 2 for large c̄. Similarly, we can show that when log(N∨

T )≥ 2, Eexp
(

∥U∥op√
(N∨T ) log(N∨T )

)
≤C for some absolute constant C. ■

Recall that ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
is defined in (A.4) and Gi,t is defined in

Assumption 2.1.

Lemma A.11. If Assumptions 2.1-2.4 hold, then we have

sup{
∆Θ j

}p

j=0
∈R(3,C2)

∣∣∣ 1
NT ∑

N
i=1 ∑

T
t=1 ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)∣∣∣
∑

p
j=0

∥∥∆Θ j

∥∥
F

= Op (aNT ) ,

where aNT =

√
(N∨T ) log(N∨T )

NT .

Proof Let n = NT and for l ∈ [n], Zl = ({X j,it} j∈[p],εit) with i = ⌈ l
T ⌉ and t =

l− (i−1)T , and Fl = Git . Then, Zl is adapted to the filtration {Fl}l∈[n]. Lemma
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A.8 implies

βNTP

 sup{
∆Θ j

}p

j=0
∈R(3,C2)

∣∣∣∣∣∣ 1
NT

N

∑
i=1

T

∑
t=1

ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
∑

p
j=0

∥∥∆Θ j

∥∥
F

∣∣∣∣∣∣>C5aNT


≤2 sup

x∗,ε∗
P

 sup{
∆Θ j

}p

j=0
∈R(3,C2)

∣∣∣∣∣∣∣∣
1

NT

N

∑
i=1

T

∑
t=1

uitρit

({
∆Θ j,it ,x

∗
j,it

}p

j=0
,ε∗it

)
∑

p
j=0

∥∥∆Θ j

∥∥
F

∣∣∣∣∣∣∣∣>
C5aNT

4

 ,

(A.80)

for some positive constant C5, where the outer supremum on the RHS of the above

display is taken over [−ξN ,ξN ]
p×R-valued trees with depth n and

βNT = 1− sup{
∆Θ j

}p

j=0
∈R(3,C2)

4

C2
5 (NT )2 a2

NT
∑

(i,t)∈[N]×[T ]
Var

 ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
∑

p
j=0

∥∥∆Θ j

∥∥
F

∣∣∣∣Gi,t−1

 .

We first note

∑
(i,t)∈[N]×[T ]

Var

 ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
∑

p
j=0

∥∥∆Θ j

∥∥
F

∣∣∣∣Gi,t−1


≤ ∑

(i,t)∈[N]×[T ]
E


ρit

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
∑

p
j=0

∥∥∆Θ j

∥∥
F

2 ∣∣∣∣Gi,t−1


≤ 2 ∑

(i,t)∈[N]×[T ]

(
∆Θ0,it +∑

p
j=1 X j,itΘ j,it

∑
p
j=0

∥∥∆Θ j

∥∥
F

)2

≲
N

∑
i=1

T

∑
t=1

∑
p
j=1
(
X j,it∆Θ j,it

)2
+∆2

Θ0,it

∑
p
j=0

∥∥∆Θ j

∥∥2
F

≤ c10ξ
2
N

with some positive constant c10, where the first inequality holds by Jensen inequal-

ity, the second inequality is by |ρτ(u)−ρτ(v)| ≤ 2 |u− v|, and the last line holds by

Assumption 2.1(iv) and the fact that
(

∑
p
j=0

∥∥∆Θ j

∥∥
F

)2
= O

(
∑

p
j=0

∥∥∆Θ j

∥∥2
F

)
. There-

fore, we have

βNT ≥ 1− sup{
∆Θ j

}p

j=0
∈R(3,C2)

4

C2
5 (NT )2 a2

NT
∑

(i,t)∈[N]×[T ]
Var

 ρ̃it

({
∆Θ j,it ,X j,it

}p
j=0 ,εit

)
∑

p
j=0

∥∥∆Θ j

∥∥
F


≥ 1− sup{

∆Θ j

}p

j=0
∈R(3,C2)

4c10ξ 2
N

C2
5 (N∨T ) log(N∨T )

≥ 1−O
(

ξ 2
N

(N∨T ) log(N∨T )

)
→ 1, (A.81)
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where the last line is by Assumption 2.1(ix).

Define

A0 = sup{
∆Θ j

}p

j=0
∈R(3,C2)

∣∣∣∣∣ 1
NT

N

∑
i=1

T

∑
t=1

uit∆Θ0,it

∑
p
j=0

∥∥∆Θ j

∥∥
F
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A j = sup{
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}p
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∣∣∣∣∣ 1
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N

∑
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T

∑
t=1

uitx∗j,it∆Θ j,it

∑
p
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∥∥∆Θ j

∥∥
F

∣∣∣∣∣ , ∀ j ∈ [p],

Ap+1 = sup{
∆Θ j

}p

j=0
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1

NT ∑
N
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T
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∥∥∆Θ j
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F
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where φit (u) = (ε∗it −u)−− (ε∗it)

−. Notice that

ρit

({
∆Θ j,it ,x

∗
j,it
}p

j=0 ,ε
∗
it

)
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(
∆Θ0,it +

p

∑
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x∗j,it∆Θ j,it

)
+φit

(
∆Θ0,it +

p

∑
j=1

x∗j,it∆Θ j,it

)
,

we obtain that

sup
x∗,ε∗

P

 sup{
∆Θ j

}p

j=0
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∣∣∣∣∣∣∣∣
1
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N

∑
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∑
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∗
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∑
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}
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P
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}
. (A.82)

We first bound A j for j ∈ [p]. We have

A j =
1

NT
sup{

∆Θ j

}p
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∈R(3,C2)

∣∣∣∣∣ N

∑
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T
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F
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F
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NT

∥∥U⊙ x∗j
∥∥

op , (A.83)

where the first inequality holds by tr(AB) ≤ ∥A∥op ∥B∥∗ and the second inequality

holds by Lemma A.7. Then

sup
x∗,ε∗

P
{

τA j >
C5aNT

4(p+2)

}
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≤ sup
x∗

P


∥∥∥U⊙ x∗j

∥∥∥√
(N∨T ) log(N∨T )

>
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4c8τ (p+2)
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≤C exp

(
− C5

4c8τ (p+2)

)
(A.84)

for some absolute constant C that independent of (x∗,ε∗), where the last inequality

holds by Lemma A.10. Similarly, we can establish

sup
x∗,ε∗

P
{

τA0 >
C5aNT

4(p+2)

}
≤C exp

(
− C5

4c8τ (p+2)

)
. (A.85)

Next, we turn to Ap+1. We have
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P
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.

(A.86)

Because φit(·) is a contraction, Lemma A.9 implies
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1/(1+p)≤C

(A.87)

for some absolute constant C, where the first inequality is by Lemma A.9, the sec-

ond inequality is by (A.83), the third inequality is due to the fact that, for random
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variables {Ai}i∈[p+1],

E(Πi∈[p+1]|Ai|)≤Πi∈[p+1][E|A
1+p
i |]1/(1+p),

and the final inequality is by Lemma A.10 with an absolute constant C that is inde-

pendent of (x∗,ε∗).

Combining (A.86) and (A.87), we have
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P
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}
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)
,

which, combined with (A.80), (A.82), (A.84), and (A.85), further implies that
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.

The RHS of the last inequality converges to zero as C5→ ∞, which implies that
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■

A.2.2 Lemmas for the Proof of Theorem 2.2

Lemma A.12. Let {ϒt , t = 1, · · · ,T} be a zero-mean strong mixing process, not

necessarily stationary, with the mixing coefficients satisfying α(z)≤ cαρz for some

cα > 0 and ρ ∈ (0,1). If sup1≤t≤T |ϒt | ≤MT , then there exist a constant c9 depend-

ing on cα and ρ such that for any T ≥ 2 and d > 0,

(i) P
{∣∣∑T

t=1 ϒt
∣∣> d

}
≤ exp

{
− c9d2

M2
T T+dMT (logT )(log logT )

}
.

(ii) P
{∣∣∑T

t=1 ϒt
∣∣> d

}
≤ exp

{
− c9d2

υ2
0 T+M2

T+dMT (logT )2

}
,

with υ2
0 = supt∈[T ] [Var(ϒt)+2∑s>t |Cov(ϒt ,ϒs)|].
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Proof The proof is the same as that of Theorems 1 and 2 in Merlevède et al.

(2009)) with the condition assumed α(a) ≤ exp{−2ca} for some c > 0 changed

with cα = 1 and ρ = exp{−2c} in our lemma instead. ■

Lemma A.13. Suppose Assumptions 2.1-2.4 hold. Then, for j ∈ {0, · · · , p}, we

have

(i) maxi∈[N]

∥∥∥u0
i, j

∥∥∥
2
≤M and maxt∈[T ]

∥∥∥v0
t, j

∥∥∥
2
≤ M

σKj , j
≤ M

cσ
.

(ii) maxt∈[T ]

∥∥∥O′jṽt, j

∥∥∥
2
≤ 2M

σKj , j
≤ 2M

cσ
and maxt∈[T ]

∥∥∥O(1)′
j ṽ(1)t, j

∥∥∥
2
≤ 2M

σKj , j
≤ 2M

cσ
w.p.a.1.

(iii) maxi∈I2
1
T ∑t∈[T ]

∥∥∥φ̃
(1)
it

∥∥∥2

2
≤ 4M2

cσ
+ 4M2 pC

cσ
w.p.a.1.

Proof (i) Recall that 1√
NT

Θ0
j = U 0

j Σ0
jV

0′
j , U0

j =
√

NU 0
j Σ0

j and Vj =
√

TV j.

Then we have

1√
T

Θ
0
jV

0
j =
√

NU 0
j Σ

0
j =U0

j and
1√
N

U 0′
j Θ

0
j =
√

T Σ
0
jV

0′
j = Σ

0
jV

0′
j . (A.88)

Hence, it’s natural to see that∥∥u0
i, j
∥∥

2 =
1√
T

∥∥∥[Θ0
jV

0
j
]

i.

∥∥∥
2
≤ 1√

T

∥∥[Θ j
]

i.

∥∥
2 ≤M,

where the first inequality is due to the fact that V j is the unitary matrix and the last

inequality holds by Assumption 2.2. Since the upper bound M is not dependent on

i, this result holds uniformly in i. Analogously,∥∥v0
t, j
∥∥

2 ≤
1√
N

c−1
σ

∥∥∥[U 0′
j Θ

0
j
]
.t

∥∥∥
2
≤ 1√

N
c−1

σ

∥∥∥[Θ0
j
]
.t

∥∥∥
2
≤ M

cσ

.

(ii) As in (A.88), we have

1√
N

Ũ ′
j Θ̃ j =

√
T Σ̃ jṼ

′
j = Σ̃ jṼ ′j .

It follows that∥∥O′jṽt, j
∥∥

2 ≤
1√
N

σ̃
−1
K j, j

∥∥∥[Ũ ′
j Θ̃ j
]
.t

∥∥∥
2
≤ 1√

N
σ̃
−1
K j, j

∥∥[Θ̃ j
]
.t

∥∥
2 ≤

2M
cσ

,

where the last inequality holds due to the fact that maxk∈[K j]

∣∣∣σ̃−1
k, j −Σ

−1
k, j

∣∣∣ ≤ Σ
−1
K j, j

w.p.a.1. and the bounded parameter space where Θ̃ j lies in by Assumption 2.2 and

ADMM algorithm proposed in the last section. The upper bound of maxt∈[T ]

∥∥∥O(1)′
j ṽ(1)t, j

∥∥∥
2

follows the same argument as above.
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(iii) We observe that

max
i∈I2

1
T ∑

t∈[T ]

∥∥∥Φ̃
(1)
it

∥∥∥2

2
≤ 1

T ∑
t∈[T ]

∥∥∥O′0ṽ(1)t,0

∥∥∥2

2
+max

i∈I2
∑

j∈[p]

1
T ∑

t∈[T ]

∥∥∥O′jṽ
(1)
t, j

∥∥∥2

2

∣∣X j,it
∣∣2

≤ 4M2

c2
σ

+
4M2 pC

c2
σ

w.p.a.1,

where the last inequality holds by Lemma A.13(ii) and Assumption 2.1(iv). ■

Lemma A.14. Under Assumptions 2.1–2.5, we have

(i) min
i∈I2

λmin

(
Φ̃

(1)
i

)
≥ cφ

2 , max
i∈I2

λmax

(
Φ̃

(1)
i

)
≤ 2Cφ w.p.a.1,

(ii) For ∀ j ∈ [p], max
i∈I2

1
T ∑t∈[T ]

[
X2

j,it−E
(

X2
j,it

∣∣∣∣D I1
{eis}s<t

)]∥∥∥Õ(1)′
j ṽ(1)t, j − v0

t, j

∥∥∥2

2
=

Op(η
2
N),

(iii) max
i∈I2

1
T ∑t∈[T ]

∥∥∥Φ̃
(1)
it −Φ0

it

∥∥∥2

2
= Op(η

2
N).

Proof (i) Recall that

Φi =
1
T

T

∑
t=1

Φ
0
itΦ

0′
it with Φ

0
it = (v0′

t,0,v
0′
t,1X1,it , ...,v0′

t,pXp,it)
′, and

Φ̃
(1)
i =

1
T

T

∑
t=1

Φ̃
(1)
it Φ̃

(1)′
it with

Φ̃
(1)
it =

[(
O(1)′

0 ṽ(1)t,0

)′
,
(

O(1)′
1 ṽ(1)t,1 X1,it

)′
, · · · ,

(
O(1)′

p ṽ(1)t,p Xp,it

)′]′
.

Uniformly over i ∈ I2, it is clear that∥∥∥Φ̃
(1)
i −Φi

∥∥∥
F

≲
4M
cσ T

T

∑
t=1

∥∥∥O(1)′
0 ṽ(1)t,0 − v0

t,0

∥∥∥
2
+

4M
cσ T

p

∑
j=1

T

∑
t=1

∥∥∥O(1)′
j ṽ(1)t, j − v0

t, j

∥∥∥
2

∣∣X j,it
∣∣

≤ 4M
cσ

1√
T

∥∥∥O(1)′
0 Ṽ (1)

0 −V 0
0

∥∥∥
F
+

4M2

cσ

p

∑
j=1

1√
T

∥∥∥O(1)′
j Ṽ (1)

j −V 0
j

∥∥∥
F

(
1
T ∑

t∈[T ]

∣∣X j,it
∣∣2)1/2

= Op (ηN) ,

where the third line holds by Lemma A.13(i) and Assumption 2.1(iv). It follows

that

min
i∈I2

λmin

[
Φ̃

(1)
i

]
≥min

i∈I2
λmin [Φi]−O(ηN)≥

cφ

2
, w.p.a.1

and

max
i∈I2

λmax

[
Φ̃

(1)
i

]
≤max

i∈I2
λmax [Φi]+O(ηN)≤ 2Cφ , w.p.a.1.
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(ii) Let I j,i := 1
T ∑t∈[T ] I j,it such that

I j,it =

[
X2

j,it−E
(

X2
j,it

∣∣∣∣D I1
{eis}s<t

)]∥∥∥Õ(1)′
j ṽ(1)t, j − v0

t, j

∥∥∥2

2
.

Then for a constant c, we have

P

(
max
i∈I2

∣∣∣∣∣ ∑
t∈[T ]

I j,it

∣∣∣∣∣> cT η
2
N

)
≤ ∑

i∈I2

P

(∣∣∣∣∣ ∑
t∈[T ]

I j,it

∣∣∣∣∣> cT η
2
N

)

= ∑
i∈I2

EP

(∣∣∣∣∣ ∑
t∈[T ]

I j,it

∣∣∣∣∣> cT η
2
N

∣∣∣∣D I1
{eis}s<T

)

≤ 2 ∑
i∈I2

exp

−
2(cT η2

N)
2

∑t∈[T ]

[
2ξ 2

N

∥∥∥Õ(1)′
j ṽ(1)t, j − v0

t, j

∥∥∥2

2

]2


≤ 2exp

− 2(cT η2
N)

2

4ξ 4
N

[
M2

c2
σ

+ 4M2

c2
σ

]
∑t∈[T ]

∥∥∥Õ(1)′
j ṽ(1)t, j − v0

t, j

∥∥∥2

2

+ logN

= o(1),

where the first inequality combines the fact that I j,it is the martingale difference

sequence, Assumption 2.1(v) and the Azuma-Hoeffding inequality in Wainwright

(2019, Corollary 2.20). The last inequality is by Lemma A.13(i) and A.13(ii), and

the finial result is by the definition of ηN .

(iii) Note that

max
i∈I2

1
T ∑

t∈[T ]

∥∥∥Φ̃
(1)
it −Φ

0
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∥∥∥2
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∥∥∥2

2
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1
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∣∣2∥∥∥Õ(1)′
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2

=
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∥∥∥2

2
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1
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)]∥∥∥Õ(1)′
j ṽ(1)t, j − v0

t, j

∥∥∥2
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2
+Op(η

2
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1
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=
1
T

∥∥∥O(1)
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F
+ pmax
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1
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F
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2
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= Op(η
2
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where the the second inequality holds by Assumption 2.1(iv) and Lemma A.14(ii),

and the last equality holds by the Theorem 2.1(ii). ■

Lemma A.15. Recall {A1,i, · · · ,A7,i}i∈I2 and qI
i defined in (A.5) and (A.6),

respectively. Suppose Assumptions 2.1–2.5 hold. Then for any constant c11 <

min(3f
f̄′
,1), we have

max
i∈I2

(|Am,i|/
∥∥∆̇i,u

∥∥
2) = Op (ηN) ,∀m ∈ {1,2,3,5,6,7} and

|A4,i| ≥min

((
3c2

11f− c3
11f̄
′)cφ

∥∥∆̇i,u
∥∥2

2
12

,

(
3c2

11f− c3
11f̄
′)√cφ qI

i

∥∥∆̇i,u
∥∥

2

6
√

2

)
, ∀i ∈ I2, w.p.a.1.

Proof Recall that w1,it = εit−u0′
i

(
Φ̃

(1)
it −Φ0

it

)
. Let w2,it = Φ̃

(1)′
it ∆̇i,u. For some

positive constant c11 ∈ (0,1], we observe that

A4,i =
1
T

T

∑
t=1

∫ w2,it

0
E
(

1{εit ≤ s}−1{εit ≤ 0}
∣∣∣∣D I1

ei

)
ds

=
1
T

T

∑
t=1

∫ w2,it

0
[Fit(s)−Fit(0)]ds≥ 1

T

T

∑
t=1

∫ c11w2,it

0
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=
1
T
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∑
t=1

∫ c11w2,it

0
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sfit(0)+

s2

2
f′it(s̃)

]
ds

≥ 1
T
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∑
t=1
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11f
(

Φ̃
(1)′
it ∆̇i,u

)2

2
−

c3
11f̄
′
∣∣∣Φ̃(1)′

it ∆̇i,u

∣∣∣3
6

 (A.89)

where s̃ ∈ (0,s). Here, due to Assumption 2.1(i), the conditional CDF of εit given

D I1
ei is the same as that given the σ -field generated by{

{eit}t∈[T ]
⋃{

V 0
j
}

j∈[p]∪{0}

⋃{
W 0

j
}

j∈[p]

}
, which leads to the second equality of the above display by Assumption 2.1(vii);

the first inequality holds by Lemma A.5(ii) for any c11 ∈ (0,1]. Here, we choose c11

such that c11 <
3f
f̄′

; and the last inequality holds by Assumption 2.1(vii).

Let qII
i =

[
1
T ∑t∈[T ]

(
Φ̃

(1)′
it ∆̇i,u

)2
] 1

2

and recall that qI
i = inf

∆

[
1
T ∑t∈[T ]

(
Φ̃
(1)′
it ∆

)2
] 3

2

1
T ∑t∈[T ]

∣∣∣Φ̃(1)′
it ∆

∣∣∣3 . If

qI
i ≥ qII

i , we notice that 1
T ∑t∈[T ]

∣∣∣Φ̃(1)′
it ∆

∣∣∣3 < (qII
i
)2 and A4,i≥

c2
11f(qII

i )
2

2 − c3
11 f̄
′(qII

i )
2

6 =

3c2
11f−c3

11 f̄
′

6

(
qII

i
)2. If qI

i < qII
i , we have

[
1
T ∑t∈[T ]

(
Φ̃

(1)′
it ∆∗i,u

)2
] 1

2

= qI
i with ∆∗i,u =
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qII
i ∆̇i,u
qI

i
. Define the function

F (∆) =
1
T

T

∑
t=1

∫
Φ̃
(1)′
it ∆

0
[Fit(s)−Fit(0)]ds.

Note that the second-order derivative of function F (∆) is no less than zero, which

implies F (∆) is convex. Therefore, we have

F
(
∆̇i,u
)
= F

(
qI

i ∆
∗
i,u

qII
i
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≥ qI

i
qII

i
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∆
∗
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∗
i,u

)2

=

(
3c2

11f− c3
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i q
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6
.

Combining these two cases, we have
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(
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6
√

2

)
, (A.90)

where the second inequality holds by Lemma A.14(i).

As for
∣∣A1,i

∣∣, we notice that

max
i∈I2

(∣∣A1,i
∣∣/∥∥∆̇i,u
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2

)
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(1)
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)})∣∣∣∣D I1
ei

}
∆̇i,u

∣∣∣∣∥∥∆̇i,u
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0
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1
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2

≤ Op(ηN), (A.91)

where the second and third equalities hold by Assumption 2.1(vii) and mean-value

theorem with some |sit | ∈
(

0,
∣∣∣u0′

i (Φ̃
(1)
it −Φ0

it)
∣∣∣) , the second inequality holds by

Cauchy-Schwarz inequality, and the third inequality holds by Lemmas A.13(i),
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A.13(iii) and A.14(ii).

For A3,i, note that

A3,i =
1
T ∑

t∈[T ]

∫
Φ̃
(1)′
it ∆̇i,u

0
(1{εit ≤ s}−1{εit ≤ 0})−
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E
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2 (A.92)

by change of variables with s∗ = s
Φ̃
(1)′
it ∆̇i,u

, AI
3,i(s) =

1
T ∑t∈[T ]AI

3,it(s) and
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Below, we aim to show sups∈(−∞,+∞)maxi∈I2
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∥∥∥
2
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When |s|> T 1/4, we notice that
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where the first and third inequalities hold by triangle inequality. Besides, we observe
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that
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1
T ∑

t∈[T ]
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∥∥∥
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)
,

(A.93)

where the last equality holds by Lemma A.13(iii) and Assumption 2.1(iv). For a

positive constant c12,

P

(
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16T M2

c2
σ

(
1+ pξ 2

N

)
+ 4Mc12

cσ

√
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√
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where the first inequality holds by the union bound and Assumption 2.1(i), and the

second inequality holds by Assumption 2.1(iii) and the conditional Bernstein’s in-

equality in Lemma A.12(i) with the fact that maxi∈I2,t∈[T ]

∥∥∥Φ̃
(1)
it

∥∥∥
2
≤ 2M

cσ

√
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w.p.a.1. Here, we can apply the conditional Bernstein’s inequality because Φ̃
(1)
it and

E
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1
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)
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{
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so that the only

randomness comes from {εit}t∈[T ]. Furthermore, the joint distribution of {εit}t∈[T ]
given D I1

ei is the same as that given the σ -field generated by Dei due to the inde-

pendence structure assumed in Assumption 2.1(i). Last, given the σ -field generated

by Dei , {εit}t∈[T ] is strong mixing with mixing coefficient αi(·) as assumed by As-

sumption 2.1(iii). Similarly, we obtain that
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which implies

sup
|s|>T 1/4
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i∈I2

∣∣AI
3,i(s)

∣∣= Op(ηN). (A.94)
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For |s| ≤ T 1/4, let S= [−T 1/4,T 1/4] and divide S into Sm for m = 1, · · · ,nS such

that |s− s̄| < ε

T for s and s̄ ∈ Sm and nS ≍ T 5/4. Let sm ∈ Sm. For any s ∈ Sm, we

have∥∥∥∥∥ 1
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2

≤

∥∥∥∥∥ 1
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∥∥∥∥∥
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∥∥∥∥∥ 1
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]∥∥∥∥∥
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(A.95)

such that
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∣∣ . (A.96)

For the first term in (A.96), we notice that
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where the first inequality is by mean-value theorem, and the second inequality is
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due to the fact that
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For AII
3,i(m), let AII
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We first observe that
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where the first inequality is by Var(x) ≤ E(x2) for any random variable x and the

second inequality is by the mean-value theorem and Assumption 2.1(v). Similarly,

we have
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It follows that
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where second inequality is by the union bound, the first inequality is by A3,N ⊂

A3,N,i, the equality is by the fact that A3,N,i is D I1
ei measurable, and the last inequality

is by Lemma A.12(ii), the definition of A3,N,i, and the fact that {εit}t∈[T ] is strong
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Last, we turn to the first term of (A.95). Denote AI,k
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(A.98)
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where the second inequality combines Lemma A.12(i). Combining (A.92), (A.94)

and (A.98), we have
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where the first inequality is by mean-value theorem and the other inequalities holds

by similar reasons as those in (A.91).

Last, for A7,i, we have

1
T ∑

t∈[T ]

[
Φ̃

(1)′
it ∆̇i,u

(
1{εit ≤ 0}−1

{
w1,it ≤ 0

})]
=

1
T ∑

t∈[T ]
E
[

Φ̃
(1)′
it ∆̇i,u

(
1{εit ≤ 0}−1

{
w1,it ≤ 0

})∣∣∣∣D I1
ei

]

145



+
1
T ∑

t∈[T ]

{[
Φ̃

(1)′
it ∆̇i,u

(
1{εit ≤ 0}−1

{
w1,it ≤ 0

})]
−E

[
Φ̃

(1)′
it ∆̇i,u

(
1{εit ≤ 0}−1

{
w1,it ≤ 0

})∣∣∣∣D I1
ei

]}
:= AI

7,i +AII
7,i,

Then, following the same analyses of A1,i and A3,i, we have
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Lemma A.16. . Suppose Assumptions 2.1–2.5 hold. Then for {B1,t , · · · ,B6,t}t∈[T ]
defined in (A.8), for any constant 0 < c11 < min(3f
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Proof We first deal with B4,t . Let w4,it = Ψ̇
(1)′
it ∆̇t,v. Following the same argu-
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min(3f
f̄′
,1),

∣∣B4,t
∣∣≥min

((
3c2

11f− c3
11f̄
′)cψ

∥∥∆̇t,v
∥∥2

2
12

,

(
3c2

11f− c3
11f̄
′)√cψqIII

i

∥∥∆̇t,v
∥∥

2

6
√

2

)
.

For B1,t , we have

B1,t =

(
1

N2
∑
i∈I2

Ψ
0
it (τ−1{εit ≤ 0})

)′
∆̇t,v :=

(
1

N2
∑
i∈I2

BI
1,it

)′
∆̇t,v.

Conditional on the fixed effects
{

V 0
j

}
j∈[p]∪{0}

and
{

W 0
j

}
j∈[p]

, the randomness in

B1,t is from {εit}i∈I2,t∈[T ] and
{

e j,it
}

j∈[p],i∈I2,t∈[T ]
, which are independent across i.
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Owing to this, by conditional Hoeffding’s inequality, we can show that

P

{
max
t∈[T ]

1
N2

∥∥∥∥∥∑
i∈I2

BI,k
1,it

∥∥∥∥∥
2

> c15ηN

∣∣∣∣D
}
≤ ∑

t∈[T ]
P

{∥∥∥∥∥∑
i∈I2

BI,k
1,it

∥∥∥∥∥
2

> c15N2ηN

∣∣∣∣D
}

≤ 2 ∑
t∈[T ]

exp
(
−

c2
15N2

2 η2
N

4M2ξ 2
NN2

)
= o(1), (A.99)

with BI,k
1,it being the kth element in BI

1,it , c15 is a positive constant, where the second

inequality is by Hoeffding’s inequality with the fact that maxi∈I2,t∈[T ]

∣∣∣BI,k
1,it

∣∣∣≤MξN

a.s. by Assumption 2.1(v) and Lemma A.13(i). It follows that maxt∈[T ]
|B1,t|
∥∆̇t,v∥2

=

Op (ηN) . If we use the conditional Bernstein’s inequality for the independent se-

quence rather than the Hoeffding’s inequality above, we can show that maxt∈[T ]
1

N2

∥∥∥∑i∈I2 BI,k
1,it

∥∥∥
2
=

Op

(√
logN∨T

N

)
, but here we only need to show the uniform convergence rate to be

ηN .

Let X0,it = 1. As for B2,t , note that

max
t∈[T ]

∣∣B2,t
∣∣∥∥∆̇t,v
∥∥

2

= max
t∈[T ]

∣∣∣∣[ 1
N2

∑i∈I2

(
Ψ̇

(1)
it −Ψ0

it

)
(τ−1{εit ≤ 0})

]′
∆̇t,v

∣∣∣∣∥∥∆̇t,v
∥∥

2

≤max
t∈[T ]

∥∥∥∥∥ 1
N2

∑
i∈I2

(
ψ̇

(1)
it −Ψ

0
it

)
(τ−1{εit ≤ 0})

∥∥∥∥∥
2

≤max
t∈[T ]

1
N2

∑
i∈I2

∥∥∥Ψ̇
(1)
it −Ψ

0
it

∥∥∥
2
= max

t∈[T ]

1
N2

∑
i∈I2

√√√√ p

∑
j=0

∥∥∥O(1)′
0 u̇(1)i, j −u0

i, j

∥∥∥2

2
X2

j,it

≤max
i∈I2

max
j∈[p]∪{0}

(
||O(1)′

0 u̇(1)i, j −u0
i, j||2

)[ 1
N2

∑
i∈I2

p

∑
j=0

X2
j,it

]1/2

= Op(ηN), (A.100)

where the first inequality is by Cauchy’s inequality, the second inequality is by

Jensen’s inequality, and the last equality is by Theorem 2.2(i) and Assumption

2.1(iv).

Next, we deal with B3,t . Following similar arguments as used in (A.100), we

obtain that

max
t∈[T ]

∣∣∣∣ 1
N2

∑i∈I2

(
Ψ̇

(1)
it −Ψ0

it

)′
∆̇t,v
[
1{εit ≤ 0}−1

{
w3,it ≤ 0

}]∣∣∣∣∥∥∆̇t,v
∥∥

2

= Op (ηN) ,
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which implies

max
t∈[T ]

∣∣B3,t
∣∣

2
∥∥∆̇t,v

∥∥
2

= max
t∈[T ]

∣∣∣∣{ 1
N2

∑i∈I2 Ψ0
it
[
1{εit ≤ 0}−1

{
w3,it ≤ 0

}]}′
∆̇t,v

∣∣∣∣∥∥∆̇t,v
∥∥

2

+Op (ηN)

≤max
t∈[T ]

∥∥∥∥∥ 1
N2

∑
i∈I2

Ψ
0
it
[
1{εit ≤ 0}−1

{
w3,it ≤ 0

}]∥∥∥∥∥
2

+Op (ηN)

≤max
t∈[T ]

1
N2

∑
i∈I2

∥∥Ψ
0
it
∥∥

2 1

{
|εit | ≤ ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

∥∥∥u̇(1)i, j −O(1)
j u0

i, j

∥∥∥
2

}
+Op (ηN)

≡ ΞNT +Op (ηN) .

Now define the event set BN,1(M) = {maxi∈I2, j∈[p]∪{0} ||u̇
(1)
i, j −O(1)

j u0
i, j|| ≤MηN}.

Then, Theorem 2.2(i) implies, for any e > 0, there is a sufficiently large M such that

P(Bc
N,1(M))≤ e. Recall that Deit is the σ -field generated by eit ∪

{
V 0

j

}
j∈[p]∪{0}

∪{
W 0

j

}
j∈[p]

. Then, we have

P(ΞNT ≥CηN)≤ P(ΞNT ≥CηN ,BN,1)+ e

≤ P

(
1

N2
∑
i∈I2

∥∥Ψ
0
it
∥∥

2 1

{
|εit | ≤MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}
≥CηN

)
+ e

≤ P
(

max
t∈[T ]

BI
3,t ≥CηN +max

t∈T
BII

3,t

)
+ e, (A.101)

where

BI
3,t =

1
N2

∑
i∈I2

[∥∥Ψ
0
it
∥∥

2 1

{
|εit | ≤MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}
−BII

3,t

]
and

BII
3,t =

1
N2

∑
i∈I2

E

(∥∥Ψ
0
it
∥∥

2 1

{
|εit | ≤MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}∣∣∣∣{Deit}i∈I2

)

=
1

N2
∑
i∈I2

E

(∥∥Ψ
0
it
∥∥

2 1

{
|εit | ≤MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}∣∣∣∣Deit

)
,

and the second equality for BII
3,t holds by Assumption 2.1(i). Following this, we

show that

max
t∈[T ]

BII
3,t

= max
t∈[T ]

1
N2

∑
i∈I2

∥∥Ψ
0
it
∥∥

2

[
Fit

(
MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

)
−Fit

(
−MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

)]
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≤max
t∈[T ]

1
N2

∑
i∈I2

√
1+ pmax

j∈[p]

∣∣X j,it
∣∣2 2(1+ p)M2

cσ

ηN

≤ 2(1+ p)2M2C
cσ

ηN a.s., (A.102)

where Fit(·) is the conditional CDF of εit given Dei who also has bounded PDF

by Assumption 2.1(vii), the first inequality is by mean-value theorem and facts that∥∥Ψ0
it

∥∥2
2≤M2

(
1+ pmax j∈[p]

∣∣X j,it
∣∣2) together with Lemma A.13(i), and the second

inequality is due to Assumption 2.1(iv). In addition, given {Deit}i∈I2 , {εit}i∈I2 are

still independent across i. Therefore, by Hoeffding’s inequality and similar argu-

ments for term B1,t in (A.99), we can show that

P
(

max
t∈[T ]

∥∥BI
3,t
∥∥

2 > c12ηN

)
≤ ∑

t∈[T ]
P
(∥∥BI

3,t
∥∥

2 > c12ηN

)
= ∑

t∈[T ]
EP
(∥∥BI

3,t
∥∥

2 > c12ηN

∣∣∣∣{Deit}i∈I2

)
= o(1). (A.103)

Combining (A.101)-(A.103), we obtain that maxt∈[T ]
|B3,t|
∥∆̇t,v∥2

= Op(ηN).

For B5,t , we observe that

B5,t

=
1

N2
∑
i∈I2

{∫
Ψ0′

it ∆̇t,v

0

[
(1{εit ≤ s}−1{εit ≤ 0})−E

(
(1{εit ≤ s}−1{εit ≤ 0})

∣∣∣∣Deit

)]
ds

}

+
1

N2
∑
i∈I2

{∫
Ψ̇

(1)′
it ∆̇t,v

Ψ0′
it ∆̇t,v

[
(1{εit ≤ s}−1{εit ≤ 0})−E

(
(1{εit ≤ s}−1{εit ≤ 0})

∣∣∣∣Deit

)]
ds

}
:= BI

5,t +BII
5,t .

Following similar arguments for A3,i with Bernstein’s inequality replacing by Ho-

effding’s inequality, we can show that maxt∈[T ]
|BI

5,t|
∥∆̇t,v∥2

= Op(ηN). Besides, we ob-

tain that

max
t∈[T ]

∣∣∣BII
5,t

∣∣∣∥∥∆̇t,v
∥∥

2

≤max
t∈[T ]

4
N2

∑
i∈I2

∥∥∥Ψ̇
(1)
it −Ψ

0
it

∥∥∥
2
= Op(ηN),

which implies maxt∈[T ]
|B5,t|
∥∆̇t,v∥2

= Op (ηN) .

For B6,t , we first note that

max
t∈[T ]

∣∣∣∣ 1
N2

∑i∈I2

∫ Ψ̇
(1)′
it ∆̇t,v

Ψ0′
it ∆̇t,v

[
1{εit ≤ s}−1

{
w3,it ≤ s

}]∣∣∣∣∥∥∆̇t,v
∥∥

2
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≤max
t∈[T ]

2
N2

∑
i∈I2

∥∥∥Ψ̇
(1)
it −Ψ

0
it

∥∥∥
2
= Op(ηN),

and this implies

max
t∈[T ]

∣∣B6,t
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2

= max
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∫ Ψ̇
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0
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1
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2
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0
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1
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w3,it ≤ s
}
−1{εit ≤ s}

)
ds
∣∣∣∥∥∆̇t,v

∥∥
2

+Op (ηN) .

In addition, for the first term on the RHS of the last equality, we have

max
t∈[T ]

∣∣∣ 1
N2

∑i∈I2

∫Ψ0′
it ∆̇t,v

0
(
1
{

w3,it ≤ s
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−1{εit ≤ s}

)
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2
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1
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∫ ∥Ψ0
it∥2∥∆̇t,v∥2

0

(
1
{
|εit− s| ≤ ∑ j∈[p]∪{0}

∥∥∥v0
t, j

∥∥∥
2

∥∥∥u̇(1)i, j −O(1)
j u0

i, j

∥∥∥
2
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ds∥∥∆̇t,v

∥∥
2

= max
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1
N2

∑
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∫ 1

0

∥∥Ψ
0
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∥∥

2 1

{∣∣εit−
∥∥Ψ

0
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∥∥

2

∥∥∆̇t,v
∥∥

2 s
∣∣≤ ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

∥∥∥u̇(1)i, j −O(1)
j u0

i, j

∥∥∥
2

}
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≤ sup
s≥0,t∈[T ]

1
N2

∑
i∈I2

∥∥Ψ
0
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∥∥

2 1

{
|εit− s| ≤ ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

∥∥∥u̇(1)i, j −O(1)
j u0

i, j

∥∥∥
2

}
.

Following the same argument for B3,t , we only need to upper bound the RHS of the

last display by sups≥0,t∈[T ]B
I
6,t(s) on BN,1(M) for some sufficiently large but fixed

constant M, where

BI
6,t(s) =

1
N2

∑
i∈I2

∥∥Ψ
0
it
∥∥

2 1

{
|εit− s| ≤MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}
.

Let

BII
6,t(s) = E(BI

6,t(s)|{Deit}i∈I2
)

=
1

N2
∑
i∈I2

E

(∥∥Ψ
0
it
∥∥

2 1

{
|εit− s| ≤MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}∣∣∣∣Deit

)
.

We note that sups≥0,t∈[T ]B
II
6,t(s) = Op(ηN). Similar to the arguments in (A.102), to

show maxt∈[T ]
|B6,t|
∥∆̇t,v∥2

= Op(ηN), it suffices to show

P

(
sup

s≥0,t∈[T ]

∣∣BI
6,t(s)−BII

6,t(s)
∣∣> c12ηN

)
= o(1). (A.104)
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Further denote

BIII
6,t (s) =

1
N2

∑
i∈I2

∥∥Ψ
0
it
∥∥

2 1

{
εit > s−MηN ∑
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∥∥v0
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2

}
,

BIV
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1
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0
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∥∥

2 1

{
εit ≥ s+MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}
.

Then, we have BI
6,t(s) = BIII

6,t (s)−BIV
6,t(s) and thus,

sup
s>T 1/4,t∈[T ]

∣∣BI
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∣∣
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+ sup
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(
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)∣∣∣
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E
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)
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1/4)+max

t∈[T ]
E
(
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)
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6,t (T

1/4)−E
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)∣∣∣+2max
t∈[T ]

E
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∣∣{Deit}i∈I2

)
,

where the second inequality holds because both BIII
6,t (s) and BIV

6,t(s) are non-decreasing

in s. Further note that∥∥Ψ
0
it
∥∥

2 1

{
εit > s−MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}
and

∥∥Ψ
0
it
∥∥

2 1

{
εit > s+MηN ∑

j∈[p]∪{0}

∥∥v0
t, j
∥∥

2

}
are independent across i ∈ I2 given {Deit}i∈I2 . Therefore, following the same argu-

ment in the analysis of A6,t with the Bernstein’s inequality replaced by the Hoeffd-

ing’s inequality, we have

max
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which implies
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In addition, following the same analysis in (A.95) and (A.96), we have

sup
s∈[0,T 1/4],t∈[T ]

∣∣BI
6,t(s)−BII

6,t(s)
∣∣= Op(ηN),

which leads to the desired result that maxt∈[T ]
|B6,t|
∥∆̇t,v∥2

= Op (ηN) . ■

Recall for i∈ I3, Ḣi

({
ui, j
}

j∈[p]∪{0}

)
= 1

T ∑
T
t=1
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(
git({ui, j} j∈[p]∪{0})
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where
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.

Lemma A.17. Under Assumptions 2.1–2.5, the second-order derivative of Ḣi

({
ui, j
}p

j=0

)
is bounded in probability.

Proof Noted that

Ḣi

({
ui, j
}p

j=0

)
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For notation simplicity, we focus on the case with p= 1 and denote ui =
(
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′
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)′
.

Further denote Ḣi,k
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)
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i,0v0
t,0 +X1,itu′i,1v̇(1)t,1 −X1,itu0′
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Therefore, we have∥∥∥∥∥∥
∂ 2Ḣi,k

({
ui, j
}p

j=0

)
∂ui∂u′i

∥∥∥∥∥∥
F

≤ f̄′

T

T

∑
t=1

∥∥∥v̇(1)t,0,kϖ̇itϖ̇
′
it

∥∥∥
F

≤ cf̄′
[

max
t∈[T ]

∥∥∥v̇(1)t,0

∥∥∥
2

]
1
T

T

∑
t=1
∥ϖ̇it∥2

2

≤ cf̄′
[

max
t∈[T ]

∥∥∥v̇(1)t,0

∥∥∥
2

][
max
t∈[T ]

(
∥∥∥v̇(1)t,0

∥∥∥2

2
+
∥∥∥v̇(1)t,1

∥∥∥2

2
)

](
1+

1
T ∑

t∈[T ]
X2

1,it

)
= Op(1),
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where we use the fact that maxt∈[T ]

∥∥∥v̇(1)t,0

∥∥∥
2
= Op(1) by Theorem 2.2(ii) and Lemma

A.13(i).

For k ∈ [K0 +1, · · · ,K0 +K1], we have

∂Ḣi,k

({
ui, j
}p

j=0

)
∂ui

=
1
T

T

∑
t=1
−fit

(
u′i,0v̇(1)t,0 −u0′

i,0v0
t,0 +X1,itu′i,1v̇(1)t,1 −X1,itu0′

i,1v0
t,1

)
v̇(1)t,1,k−K0

X1,itϖ̇it and

∂ 2Ḣi,k

({
ui, j
}p

j=0

)
∂ui∂u′i

=
1
T

T

∑
t=1
−f′it

(
u′i,0v̇(1)t,0 −u0′

i,0v0
t,0 +X1,itu′i,1v̇(1)t,1 −X1,itu0′

i,1v0
t,1

)
v̇(1)t,1,k−K0

X1,itϖ̇itϖ̇
′
it .

Therefore, we have∥∥∥∥∥∥
∂ 2Ḣi,k

({
ui, j
}p

j=0

)
∂ui∂u′i

∥∥∥∥∥∥
F

≤ cf̄′
[

max
t∈[T ]

∥∥∥v̇(1)t,0

∥∥∥
2

]
1
T

T

∑
t=1
|X1,it |∥ϖ̇it∥2

2

≤ cf̄′
[

max
t∈[T ]

∥∥∥v̇(1)t,0

∥∥∥
2

][
max
t∈[T ]

(
∥∥∥v̇(1)t,0

∥∥∥2

2
+
∥∥∥v̇(1)t,1

∥∥∥2

2
)

](
1+

1
T ∑

t∈T
X3

1,it

)
= Op(1).

■

Recall that

ϖ̇it =
(

v̇(1)′t,0 , v̇(1)′t,1 X1,it , · · · , v̇
(1)′
t,p Xp,it

)′
,

ϖ
0
it =

((
O(1)

0 v0
t,0

)′
,
(

O(1)
1 v0

t,1

)′
X1,it , · · · ,

(
O(1)

p v0
t,p

)′
Xp,it

)′
,

ḊI
i :=

1
T

T

∑
t=1

fit
(
∆̇
′
t,vΨ

0
it
)

ϖ̇itϖ̇
′
it , ḊII

i :=
1
T

T

∑
t=1

[
τ−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}]

ϖ̇it ,

DI
i =

1
T

T

∑
t=1

fit(0)ϖ0
it ϖ

0′
it , DII

i =
1
T

T

∑
t=1

[τ−1{εit ≤ 0}]ϖ0
it .

Lemma A.18. Under Assumptions 2.1–2.5, we have

(i) maxi∈I3

∥∥DII
i

∥∥
F = Op

(√
log(N∨T )

T ξN

)
,

(ii) maxi∈∈I3

∥∥ḊI
i −DI

i

∥∥
F = Op(ηN),

(iii) maxi∈∈I3

∥∥ḊII
i −DII

i − 1
T ∑

T
t=1
[
1{εit ≤ 0}−1

{
εit ≤ ∆̇′t,vΨ0

it
}]

ϖ0
it

∥∥
2 = op

(
(N∨T )−

1
2

)
.
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Proof Throughout the proof, we assume there is only one regressor p = 1 for

notation simplicity.

(i) We notice that E
(

DII
i

∣∣∣∣D) = 0. By conditional Bernstein’s inequality, for a

positive constant c16, we have

P

max
i∈I3

∥∥∥∥∥ ∑
t∈[T ]

[τ−1{εit ≤ 0}]O(1)
1 v0

t,1X1,it

∥∥∥∥∥
2

> c16
√

T log(N∨T )ξN

∣∣∣∣D


≤ ∑
i∈I3

exp

− c9c2
16T ξ 2

N log(N∨T )
4M2

c2
σ

T ξ 2
N + 2Mc16

cσ
ξ 2

N

√
T log(N∨T ) logT log logT

= o(1),

where the inequality follows from Lemma A.12(i), Assumption 2.1(ii), Assumption

2.1(v), and the fact that maxi∈I3,t∈[T ]

∥∥∥[τ−1{εit ≤ 0}]O(1)
1 v0

t,1X1,it

∥∥∥
2
≤ 2M

cσ
ξN a.s.

Similar arguments hold for the upper block of DII
i . This concludes the proof of (i).

(ii) Notice that

ḊI
i −DI

i =
1
T ∑

t∈[T ]

 fit
(
∆̇′t,vΨ0

it

)
v̇(1)t,0 v̇(1)t,0 − fit(0)v0

t,0v0′
t,0 fit

(
∆̇′t,vΨ0

it

)
v̇(1)t,0 v̇(1)t,1 X1,it − fit(0)v0

t,0v0′
t,1X1,it

fit
(
∆̇′t,vΨ0

it

)
v̇(1)t,1 v̇(1)t,0 X1,it − fit(0)v0

t,1v0′
t,0X1,it fit

(
∆̇′t,vΨ0

it

)
v̇(1)t,1 v̇(1)t,1 X2

1,it − fit(0)v0
t,1v0′

t,1X2
1,it

 .
To show the upper bound of ḊI

i −DI
i , we take the lower block for instance and all

other three blocks follow the same pattern. Noted that

max
i∈I3

∥∥∥∥∥ 1
T ∑

t∈[T ]

[
fit
(
∆̇
′
t,vΨ

0
it
)

v̇(1)t,1 v̇(1)′t,1 X2
1,it− fit(0)v0

t,1v0′
t,1X2

1,it

]∥∥∥∥∥
F

≤max
i∈I3

∥∥∥∥∥ 1
T ∑

t∈[T ]

[
fit
(
∆̇
′
t,vΨ

0
it
)
− fit(0)

][
v̇(1)t,1 v̇(1)′t,1 − v0

t,1v0′
t,1

]
X2

1,it

∥∥∥∥∥
F

+max
i∈I3

∥∥∥∥∥ 1
T ∑

t∈[T ]

[
fit
(
∆̇
′
t,vΨ

0
it
)
− fit(0)

]
v0

t,1v0′
t,1X2

1,it

∥∥∥∥∥
F

+max
i∈I3

∥∥∥∥∥ 1
T ∑

t∈[T ]
fit(0)

[
v̇(1)t,1 v̇(1)′t,1 − v0

t,1v0′
t,1

]
X2

1,it

∥∥∥∥∥
F

= Op(ηN), (A.105)

where the equality is by the fact that

max
i∈I3,t∈[T ]

∣∣fit (∆̇′t,vΨ
0
it
)
− fit(0)

∣∣≲ max
i∈I3,t∈[T ]

∥∥Ψ
0
it
∥∥2

2

∥∥∆̇t,v
∥∥

2 ,

max
i∈I3

∥∥∥v̇(1)t,1

∥∥∥
2
+
∥∥v0

t,1
∥∥

2 = Op(1),

max
i∈I3

1
T ∑

t∈[T ]
X2

1,it ≤C,
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max
t∈[T ]

∥∥∥v̇(1)t,1 v̇(1)′t,1 − v0
t,1v0′

t,1

∥∥∥
F
≤max

i∈I3

(∥∥∥v̇(1)t,1

∥∥∥
2
+
∥∥v0

t,1
∥∥

2

)∥∥∥v̇(1)t,1 − v0
t,1

∥∥∥
2
,

and

max
i∈I3

∥∥∥∥∥ 1
T ∑

t∈[T ]

[
fit
(
∆̇
′
t,vΨ

0
it
)
− fit(0)

][
v̇(1)t,1 v̇(1)′t,1 − v0

t,1v0′
t,1

]
X2

1,it

∥∥∥∥∥
F

≤ max
i∈I3,t∈[T ]

f̄′
∥∥∆̇t,v

∥∥
2

∥∥∥v̇(1)t,1 v̇(1)′t,1 − v0
t,1v0′

t,1

∥∥∥
F

max
i∈I3

1
T ∑

t∈[T ]

∥∥Ψ
0
it
∥∥

2

∣∣X1,it
∣∣2 = Op

(
η

2
N
)
.

(iii) Note that

ḊII
i −DII

i −
1
T

T

∑
t=1

[
1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}]

ϖ
0
it

=
1
T

T

∑
t=1

[
1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}](

ϖ̇it−ϖ
0
it
)

+
1
T

T

∑
t=1

[τ−1{εit ≤ 0}]
(
ϖ̇it−ϖ

0
it
)

=
1
T

T

∑
t=1

E
{[

1{εit ≤ 0}−1
{

εit ≤ ∆̇
′
t,vΨ

0
it
}](

ϖ̇it−ϖ
0
it
)∣∣∣∣D I1∪I2

ei

}
+

1
T

T

∑
t=1

{[
1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}](

ϖ̇it−ϖ
0
it
)

−E
[[

1{εit ≤ 0}−1
{

εit ≤ ∆̇
′
t,vΨ

0
it
}](

ϖ̇it−ϖ
0
it
)∣∣∣∣D I1∪I2

ei

]}

+
1
T

T

∑
t=1

[τ−1{εit ≤ 0}]
(
ϖ̇it−ϖ

0
it
)

:= S1,i +S2,i +S3,i,

where

max
i∈I3

∥∥S1,i
∥∥

2 ≤max
i∈I3

1
T ∑

t∈[T ]

∥∥ϖ̇it−ϖ
0
it
∥∥

2

∣∣Fit
(
∆̇
′
t,vΨ

0
it
)
−Fit(0)

∣∣
≲max

i∈I3

1
T ∑

t∈[T ], j∈[p]

∣∣X2
j,it
∣∣max

t∈[T ]

∥∥∆̇t,v
∥∥2

2 = Op
(
η

2
N
)
.

As for S2,i and S3,i, we first recall, for any e > 0, there exists a sufficiently large

constant M such that for

A7(M)=

{
max
i∈I3

∥∥∥O(1)′
j u̇(1)i, j −u0

i, j

∥∥∥
2
≤MηN ,max

t∈[T ]

∥∥∥O(1)′
j v̇(1)t, j − v0

t, j

∥∥∥
2
≤MηN ,∀ j ∈ [p]∪{0}

}
we have P(A c

7 (M))≤ e. In addition, let

A7,i(M)=

{∥∥∥O(1)′
j u̇(1)i, j −u0

i, j

∥∥∥
2
≤MηN ,max

t∈[T ]

∥∥∥O(1)′
j v̇(1)t, j − v0

t, j

∥∥∥
2
≤MηN ,∀ j ∈ [p]∪{0}

}
.
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Then, we have

P
(

max
i∈I3

∥∥S2,i
∥∥

2 > c17η
2
N

)
≤ P

(
max
i∈I3

∥∥S2,i
∥∥

2 > c17η
2
N ,A7(M)

)
+ e

≤ ∑
i∈I3

P
(∥∥S2,i

∥∥
2 > c17η

2
N ,A7(M)

)
+ e

≤ ∑
i∈I3

P
(∥∥S2,i

∥∥
2 > c17η

2
N ,A7,i(M)

)
+ e

= ∑
i∈I3

EP
(∥∥S2,i

∥∥
2 > c17η

2
N

∣∣∣∣D I1∪I2
ei

)
1{A7,i(m)}+ e

≤ ∑
i∈I2

exp

(
−

c9c2
17T 2η4

N

c18T η2
Nξ 2

N + c17c1/2
18 T η3

NξN logT log logT

)
+ e = o(1)+ e

with a positive constant c17 and the inequality above is by Lemma A.12(i) with the

fact that, under A6,i(M),

max
i∈I3,t∈[T ]

∥∥∥∥∥[1{εit ≤ 0}−1
{

εit ≤ ∆̇
′
t,vΨ

0
it
}](

ϖ̇it−ϖ
0
it
)

−E
[[

1{εit ≤ 0}−1
{

εit ≤ ∆̇
′
t,vΨ

0
it
}](

ϖ̇it−ϖ
0
it
)∣∣∣∣D I1∪I2

ei

]∥∥∥∥∥
2

2

≤ c18ηNξN .

As e is arbitrary, we have maxi∈I3

∥∥S2,i
∥∥

2 = Op(η
2
N). Following a similar argument,

we have maxi∈I3

∥∥S3,i
∥∥

2 = Op(η
2
N). By Assumption 2.1(ix), we note that Op(η

2
N) =

op

(
(N∨T )−1/2

)
. ■

A.2.3 Lemmas for the Proof Theorem 2.3

Lemma A.19. Define H l
x, j =

(
L̂′jL

0
j

N

)−1

and Hw
x, j = W 0′

j Ŵj

(
Ŵ ′jŴj

)−1
. Under

Assumptions 2.6-2.8, we have

(i) H l
x, j = Hw

x, j +Op
( 1

N∧T

)
,

(ii) 1
N

∥∥∥L̂ j−L0
jH

w
x, j

∥∥∥2

F
= Op

( 1
N∧T

)
,

(iii) 1
T

∥∥∥∥Ŵj−Wj

(
H l′

x, j

)−1
∥∥∥∥2

F
= Op

( 1
N∧T

)
.

Proof The proof can be found in Bai and Ng (2020, Lemma 3 and Proposition

1). ■

Lemma A.20. Under Assumptions 2.6-2.8, we have

(i) 1
N L0′

j

(
L̂ j−L0

jH
w
x, j

)
= Op

( 1
N∧T

)
,
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(ii) 1
T W 0′

j

(
Ŵj−W 0

j

(
H l′

x, j

)−1
)
= Op

( 1
N∧T

)
,

(iii) maxt∈[T ]
1
N

(
L̂ j−L0

jH
w
x, j

)′
e j,t = Op

(
log(N∨T )

N∧T

)
,

(iv) maxi∈[N]
1
T

(
Ŵj−W 0

j

(
H l′

x, j

)−1
)′

e j,i = Op

(
log(N∨T )

N∧T

)
.

Proof Statements (i) and (ii) are the same as Lemma 4(i) and (ii) in Bai and Ng

(2020). Statements (iii) and (iv) are the uniform version of Lemma 4(iii) and (iv)

in Bai and Ng (2020). Below we focus on part (iv) as the proof of part (iii) follows

analogously.

Noting that Ŵ ′j −
(

H l
x, j

)−1
W 0′

j = 1
N L̂′jX j−

L̂′jL
0
j

N W 0′
j = 1

N L̂′jE j, we have

1
T

(
Ŵj−W 0

j

(
H l′

x, j

)−1
)′

e j,i =
1

NT
e′j,iE

′
jL̂ j =

1
NT

e′j,iE
′
jL

0
jH

w
x, j+

1
NT

e′j,iE
′
j
(
L̂ j−L0

jH
w
x, j
)
.

For the first term on the right side,

max
i∈[N]

1
NT

e′j,iE
′
jL

0
jH

w
x, j ≲max

i∈[N]

1
NT

∥∥e′j,iE
′
jL

0
j
∥∥

2 = Op

(
log(N∨T )

N∧T

)
,

by Assumption 2.8(i). For the second term on the right side, we have

max
i∈[N]

1
NT

∥∥e′j,iE
′
j
(
L̂ j−L0

jH
w
x, j
)∥∥

2 ≤max
i∈[N]

1√
NT

∥∥e′j,iE
′
j
∥∥

2

∥∥∥L̂ j−L0
jH

w
x, j

∥∥∥
F√

N

= Op

(
log(N∨T )√

N∧T

)
Op

(
1√

N∧T

)
,

by Assumption 2.6(iv) and Lemma A.19(ii). Combining the above results completes

the proof of part (iv). ■

Lemma A.21. Under Assumption 2.1 and Assumptions 2.6-2.8, we have ∀ j ∈

[p],

(i) ŵ j,t−
(

H l
x, j

)−1
w0

j,t = H l′
x, j

1
N ∑i∈[N] l0

j,ie j,it +Rw,t ,

(ii) l̂ j,i−Hw′
x, jl

0
j,i =

(
W 0′

j W 0
j

T

)−1(
H l

x, j

)−1
1
T ∑

T
t=1 w0

j,te j,it +Rl,i,

(iii) µ̂ j,it−µ j,it = e j,it− ê j,it =w0′
j,t

(
W 0′

j W 0
j

T

)−1
1
T ∑

T
t=1 w0

j,te j,it +l0′
j,i

1
N ∑i∈[N] l0

j,ie j,it +

R j,it ,

such that

max
t∈[T ]
|Rw,t |= Op

(
log(N∨T )

N∧T

)
, max

i∈[N]

∣∣Rl,i
∣∣= Op

(
log(N∨T )

N∧T

)
,

157



max
i∈[N],t∈[T ], j∈[p]

∣∣R j,it
∣∣= Op

(
log(N∨T )

N∧T

)
,

max
t∈[T ]

∥∥∥∥ŵ j,t−
(

H l
x, j

)−1
w0

j,t

∥∥∥∥
F
= Op(ηN), max

i∈[N]

∥∥l̂ j,i−Hw′
x, jl

0
j,i
∥∥

F = Op(ηN),

max
j∈[p],i∈[N],t∈[T ]

∣∣e j,it− ê j,it
∣∣= max

j∈[p],i∈[N],t∈[T ]

∣∣µ̂ j,it−µ j,it
∣∣= Op(ηN),

with ηN =

√
log(N∨T )√

N∧T
ξ 2

N .

Proof Recall that X j,it = µ j,it + e j,it = l0′
j,iw

0
j,t + e j,it and X j = L0

jW
0′
j + E j in

matrix form, where L0
j ∈ RN×r j is the factor loading and W 0

j ∈ RT×r j is the factor

matrix. Following Bai and Ng (2002), Bai (2003) and Bai and Ng (2020), if we

impose the normalization restrictions that

L0′
j L0

j

N
= Ir j and

W 0′
j W 0

j

T
is a diagonal matrix with descending diagonal elements,

we have the principal components estimators:

L̂ j = X jŴj
(
Ŵ ′jŴj

)−1 and Ŵ ′j =
(
L̂′jL̂ j

)−1 L̂′jX j =
1
N

L̂′jX j. (A.106)

Let H l
x, j =

(
1
N L̂′jL

0
j

)−1
. Premultiplying 1

N L̂′j on both sides of X j =L0
jW

0′
j +E j yields

1
N

L̂′jX j =
1
N

L̂′jL
0
jW

0′
j +

1
N

L̂′jE j.

It follows that

Ŵ ′j =
(

H l
x, j

)−1
W 0′

j +
1
N

L̂0′
j E j

=
(

H l
x, j

)−1
W 0′

j +
1
N

(
H l

x, j

)′
L0′

j E j +
1
N

[
L̂−L0

jH
l
x, j

]′
E j.

We then show the expansion for each factor, i.e.,

ŵ j,t−
(

H l
x, j

)−1
w0

j,t = H l′
x, j

1
N ∑

i∈[N]

l0
j,ie j,it +

1
N

[
L̂ j−L0

jH
l
x, j

]′
e j,t . (A.107)

For equation (A.107), we have the uniform bound for the second term, i.e.,

max
t∈[T ]

1
N

[
L̂ j−L0

jH
l
x, j

]′
e j,t = Op

(
log(N∨T )

N∧T

)
by Lemma A.20(iii). With c19 being a positive constant and maxi∈[N],t∈[T ]

∣∣∣l0
j,ie j,it

∥∥∥
2
≤

c19ξN a.s., we show that

P
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t∈[T ]

∥∥∥∥∥ 1
N ∑

i∈[N]

l0
j,ie j,it

∥∥∥∥∥
2

> c20

√
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N
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≤max
t∈[T ]

2exp
(
−

c2
20Nξ 2

N log(N∨T )
N4c2

19ξ 2
N

)
= o(1) (A.108)

for a positive constant c20 by Hoeffding’s inequality. It follows that ŵ j,t−
(

H l
x, j

)−1
w0

j,t =

H l′
x, j

1
N ∑i∈[N] l0

j,ie j,it +Rw,t , such that

max
t∈[T ]

∥∥∥∥ŵ j,t−
(

H l
x, j

)−1
w0

j,t

∥∥∥∥
F
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(√
log(N∨T )

T
ξN

)
, (A.109)

and maxt∈[T ] |Rw,t |= Op

(
log(N∨T )

N∧T

)
.

Similarly, if we premultiply Ŵj

(
Ŵ ′jŴj

)−1
to both sides of X j = L0

jW
0′
j +E j, it

yields

X jŴj
(
Ŵ ′jŴj

)−1
= L0

jW
0′
j Ŵj

(
Ŵ ′jŴj

)−1
+E jŴj

(
Ŵ ′jŴj

)−1
.

It follows that

L̂ j = L0
jH

w
x, j +E jŴj

(
Ŵ ′jŴj

)−1
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w
x, j +E jW 0

j

(
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)−1 (
Ŵ ′jŴj

)−1
+E j

(
Ŵj−W 0

j

(
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x, j

)−1
)(

Ŵ ′jŴj
)−1

,

where the fist line is due to (A.106) and the definition that Hx,l =W 0′
j Ŵj

(
Ŵ ′jŴj

)−1
.

Then we obtain the expansion for the factor loading

l̂ j,i−Hw′
x, jl

0
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(
Ŵ ′jŴj

T

)−1(
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T
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+

(
Ŵ ′jŴj

T
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1
T

[(
Ŵ −W

(
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x, j
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)′
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]
.

Note that

Ŵ ′jŴj

T
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j

(
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Ŵj
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j Ŵj
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j

(
H l′

x, j

)−1
)′(
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(
H l′
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)

T
(A.110)

+

(
Ŵj−W 0

j

(
H l′

x, j

)−1
)′

W 0
j

(
H l′

x, j

)−1

T

+

(
H l
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W 0′

j

(
Ŵj−Wj

(
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)−1
)

T
+

(
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j W 0
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(
H l′
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T
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=

(
H l
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)′
W 0′

j Wj

(
H l′
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)−1

T
+Op

(
1

N∧T

)
, (A.111)

where the last equality holds by Lemma A.19(iii). Note that

max
i∈[N]

1
T

(
Ŵ −W

(
H l′

x, j

)−1
)′

ei = Op

(
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N∧T
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by Lemma A.20(iv), and we can show that
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∥∥∥∥∥ 1
T
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∥∥∥∥∥
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T
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(A.112)

as in (A.108) by conditional Bernstein’s inequality in Lemma A.12(i) given
{

W 0
j

}
j∈[p]

.

It follows that l̂ j,i−Hw′
x, jl

0
j,i =

(
W 0′

j W 0
j

T

)−1(
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1
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(
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.

Then, it’s natural to obtain that
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+
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=
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where the second equality holds by statements (i) and (ii), and the last equality holds

with maxi∈[N],t∈[T ]
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∣∣=Op

(
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. By Assumption 2.1(iv), maxt∈[T ]

∥∥∥w0
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∥∥∥
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∣∣=
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)
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Lemma A.22. Under Assumptions 2.1-2.9, for matrices ḊF
i and DF

i defined

in the proof of Theorem 2.3, we have maxi∈I3

∥∥ḊF
i −DF

i

∥∥
F = Op(ηN) with ηN =√

log(N∨T )ξ 2
N√

N∧T
.
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Proof Recall that

ḊF
i =

1
T

T

∑
t=1
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[
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(
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(1)
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ê1,it v̇
(1)
t,1 v̇(1)′t,0 ê2
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(
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0 u0
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(1)
1 u0
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)
for short. We have
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 .
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uniformly over i ∈ I3. For F2
1,i, we have by Theorem 2.2 and Lemma A.21,
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1
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=
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= Op(ηN) uniformly in i ∈ I3. (A.114)

The same order holds for maxi∈I3

∥∥∥F3
1,i

∥∥∥
F

as F3
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(A.115)

Combining (A.113)-(A.115), we conclude maxi∈I3

∥∥F1,i
∥∥

2 = Op(ηN).

For F2
2,i, we note that E

(
fit(0)v0
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by Assumption 2.1(iv) and Lemma A.13(i). Then, by conditional Bernstein’s in-

equality in Lemma A.12(i) and Assumption 2.9(iii), we can show that, with positive
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(A.116)

which yields maxi∈I3

∥∥F2,i
∥∥

F = Op(ηN).
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As for F3,i, we show the bound for the first block and all other three blocks

follow the same argument. Recall that

ι̇it = u0′
i,0O(1)

0 v̇(1)t,0 −u0′
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=
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I
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with the fact that
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where maxi∈I3,t∈[T ] |R
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where maxi∈I3,t∈[T ] |R
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2,it | = Op(ηN). Therefore,
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Combining all results above, we obtain that maxi∈I3 ||D̂F
i −DF

i ||F = Op(ηN). ■

Lemma A.23. Under Assumptions 2.1-2.9, for matrices ḊJ
i and DJ

i defined in
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the proof of Theorem 2.3, we have
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(ê1,it − e1,it)
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ê2

1,it − e2
1,it

)


+
1
T

T

∑
t=1

fit(0)

 0 v̇(1)t,0

(
O(1)

1 v0
t,1− v̇(1)t,1

)′
e1,it

v̇(1)t,1

(
O(1)

0 v0
t,0− v̇(1)t,0

)′
e1,it

(
v̇(1)t,1 −O(1)

1 v0
t,1

)(
O(1)

1 v0
t,1− v̇(1)t,1

)′
e2

1,it


+

1
T

T

∑
t=1

[ fit(ι̃it)− fit(0)]

 v̇(1)t,0

(
O(1)

0 v0
t,0− v̇(1)t,0

)′
v̇(1)t,0

(
e1,itO

(1)
1 v0
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(
O(1)

0 v0
t,0− v̇(1)t,0

)′
ê1,it v̇

(1)
t,1

(
e1,itO

(1)
1 v0

t,1− ê1,it v̇
(1)
t,1

)′


: = J1,i + J2,i + J3,i.

As in the proof of the last lemma, we define Jm
1,i, Jm

2,i and Jm
3,i for m = 1,2,3,4 as four

clockwise blocks in J1,i, J2,i and J3,i, respectively.

First, we study J1,i. For J2
1,i, we notice that

J2
1,i =

1
T

T

∑
t=1

fit(0)v̇
(1)
t,0 v0′

t,1O(1)′
1 (e1,it− ê1,it)

+
1
T

T

∑
t=1

fit(0)v̇
(1)
t,0

(
O(1)

1 v0
t,1− v̇(1)t,1

)′
(ê1,it− e1,it)

=
1
T

T

∑
t=1

fit(0)O
(1)
0 v0

t,0v0′
t,1O(1)′

1 (e1,it− ê1,it)

+
1
T

T

∑
t=1

fit(0)
(

v̇(1)t,0 −O(1)
0 v0

t,0

)
v0′

t,1O(1)′
1 (e1,it− ê1,it)+Op

(
η

2
N
)

=
1
T

T

∑
t=1

fit(0)O
(1)
0 v0

t,0v0′
t,1O(1)′

1 (e1,it− ê1,it)+Op
(
η

2
N
)
+Op

(
η

2
N
)

= Op(ηN) uniformly over i ∈ I3. (A.121)

Noted that the leading term in J2
1,i is 1

T ∑
T
t=1 fit(0)O

(1)
0 v0

t,0v0′
t,1O(1)′

1 (e1,it− ê1,it), which

will remain as the bias term of û(3,1)i,0 .
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Furthermore, it is clear that

J3
1,i =

1
T

T

∑
t=1

fit(0)(ê1,it− e1,it) v̇(1)t,1

(
O(1)

0 v0
t,0− v̇(1)t,0

)′
=Op

(
η

2
N
)

uniformly over i∈ I3.

Next, we obtain that

J4
1,i =

1
T

T

∑
t=1

fit(0)v̇
(1)
t,1 v0′

t,1O(1)′
1 e1,it (ê1,it− e1,it)−

1
T

T

∑
t=1

fit(0)v̇
(1)
t,1 v̇(1)′t,1

(
ê2

1,it− e2
1,it
)

= O(1)
1

[
1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1e1,it (ê1,it− e1,it)

]
O(1)′

1 − 1
T

T

∑
t=1

fit(0)v̇
(1)
t,1 v̇(1)′t,1 (ê1,it− e1,it)

2

− 2
T

T

∑
t=1

fit(0)v̇
(1)
t,1 v̇(1)′t,1 e1,it (ê1,it− e1,it)+Op(η

2
N)

=−O(1)
1

[
1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1e1,it (ê1,it− e1,it)

]
O(1)′

1 +Op(η
2
N), (A.122)

where the first and second equalities hold by Theorem 2.2(ii) and Lemma A.21.

We deal with the first term in the second equality of (A.122) by inserting the linear

expansion of ê1,it− e1,it in Lemma A.21(iii), i.e.,

1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1e1,it (ê1,it− e1,it)

=− 1
T

T

∑
t=1

{
fit(0)v0

t,1v0′
t,1e1,it

[
w0′

1,t

(
W 0′

1 W 0
1

T

)−1 1
T

T

∑
t=1

w0
1,te1,it

]}

− 1
T

T

∑
t=1

{
fit(0)v0

t,1v0′
t,1

[
e1,it l0′

1,i
1
N ∑

i∗∈[N]

l0
1,i∗e1,i∗t

]}
+Op

(
log(N∨T )

N∧T

)
(A.123)

uniformly over i ∈ I3. For the first term in the right side of (A.123), we notice that

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

{
fit(0)v0

t,1v0′
t,1e1,it

[
w0′

1,t

(
W 0′

1 W 0
1

T

)−1 1
T

T

∑
t=1

w0
1,te1,it

]}∥∥∥∥∥
F

= max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

{
fit(0)v0

t,1v0′
t,1e1,it

[
∑

k∈[r1]

w0
1,t,k

[(
W 0′

1 W 0
1

T

)−1 1
T

T

∑
t=1

w0
1,te1,it

]
k

]}∥∥∥∥∥
F

≤ ∑
k∈[r1]

max
i∈I3

∥∥∥∥∥
[

1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1w0
1,t,ke1,it

]∥∥∥∥∥
F

max
k∈[r1],i∈I3

∣∣∣∣∣
[(

W 0′
1 W 0

1
T

)−1 1
T

T

∑
t=1

w0
1,te1,it

]
k

∣∣∣∣∣
= ∑

k∈[r1]

max
i∈I3

∥∥∥∥∥
[

1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1w0
1,t,ke1,it

]∥∥∥∥∥
F

Op(ηN)

= Op(η
2
N),

where w1,t is the fact of X1,it , r1 is the dimension of w1,t , and w1,t,k is the kth element

of w1,it , the second equality holds by the results in (A.110) and (A.112), and the last
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equality is by the fact that

P

(
max
i∈I3

∥∥∥∥∥
[

1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1w0
1,t,ke1,it

]∥∥∥∥∥
F

> c23

√
log(N∨T )

T
ξN

∣∣∣∣D
)

= o(1)

following analogous analysis as (A.116) with a positive constant c23.

For the second term on the RHS of equation (A.123), we notice that

1
T

T

∑
t=1

{
fit(0)v0

t,1v0′
t,1

[
e1,it l0′

1,i
1
N ∑

i∗∈N
l0
1,i∗e1,i∗t

]}
=

1
NT ∑

i∗∈[N]
∑

t∈[T ]
fit(0)v0

t,1v0′
t,1l0′

1,il
0
1,i∗e1,ite1,i∗t

=
1

NT ∑
t∈[T ]

fit(0)v0
t,1v0′

t,1l0′
1,il

0
1,ie

2
1,it +

1
NT ∑

i∗ ̸=i
∑

t∈[T ]
fit(0)v0

t,1v0′
t,1l0′

1,il
0
1,i∗e1,ite1,i∗t

(A.124)

with

max
i∈I3

∥∥∥∥∥ 1
NT ∑

t∈[T ]
fit(0)v0

t,1v0′
t,1l0′

1,il
0
1,ie

2
1,it

∥∥∥∥∥≤ 1
N

max
i∈I3

∥∥l0
1,i
∥∥2

2 max
t∈[T ]

(∥∥v0
t,1
∥∥

2

∥∥v0
t,1
∥∥

2

) 1
T ∑

t∈[T ]
e2

1,it

= Op

(
ξ 2

N
N

)
,

where the equality holds by Assumption 2.1(iv), Lemma A.13(i) and Theorem

2.2(ii). For the second term in (A.124), by Assumption 2.1(iii), e j,it is strong mixing

across t and independent given fixed effect. We define Evec
i =(ẽ′1,1, · · · , ẽ′1,i−1, ẽ

′
1,i+1, · · · , ẽ′1,N)′

with ẽ1,i∗ = (e1,i∗1e1,i1, · · · ,e1,i∗T e1,iT ) for i∗ ̸= i. We can see Evec
i will also be a

strong mixing sequence, conditional on D , which implies

P

max
i∈I3

∥∥∥∥∥ 1
NT ∑

i∗ ̸=i
∑

t∈[T ]
fit(0)v̇

(1)
t,1 v0′

t,1O(1)′
1 l0′

1,il
0
1,i∗e1,ite1,i∗t

∥∥∥∥∥
F

> c23η
2
N


≤ ∑

i∈I3

EP

∥∥∥∥∥ 1
NT ∑

i∗ ̸=i
∑

t∈[T ]
fit(0)v̇

(1)
t,1 v0′

t,1O(1)′
1 l0′

1,il
0
1,i∗e1,ite1,i∗t

∥∥∥∥∥
F

> c23η
2
N

∣∣∣∣D
= o(1),

where the equality holds by Lemma A.12(i). This implies

max
i∈I3

∥∥∥∥∥O(1)
1

[
1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1e1,it (ê1,it− e1,it)

]
O(1)′

1

∥∥∥∥∥
F

= max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

fit(0)v0
t,1v0′

t,1e1,it (ê1,it− e1,it)

∥∥∥∥∥
F

= Op(η
2
N).
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Therefore, we conclude that maxi∈I3

∥∥∥J4
1,i

∥∥∥
F
= Op

(
η2

N
)
. Then

max
i∈I3

∥∥J1,i
∥∥

F =

∥∥∥∥∥∥
 0 Op(ηN)

Op
(
η2

N
)

Op
(
η2

N
)
∥∥∥∥∥∥

F

.

Next, for J2
2,i and J3

2,i, conditioning on D I1∪I2 and following Bernstein’s inequal-

ity in Lemma A.12(i), we have

max
i∈I3

∥∥J2
2,i
∥∥

F = max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

fit(0)v̇
(1)
t,0

(
O(1)

1 v0
t,1− v̇(1)t,1

)′
e1,it

∥∥∥∥∥
F

= Op
(
η

2
N
)
,

max
i∈I3

∥∥J3
2,i
∥∥

F = max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

fit(0)v̇
(1)
t,1

(
O(1)

0 v0
t,0− v̇(1)t,0

)′
e1,it

∥∥∥∥∥
F

= Op
(
η

2
N
)
,

which can be obtained by the similar arguments as Lemma A.24(i). These results,

in conjunction with the fact that

max
i∈I3

∥∥J4
2,i
∥∥

F = max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1
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(

v̇(1)t,1 −O(1)
1 v0

t,1

)(
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1 v0
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)′
e2

1,it
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F

≤ max
i∈I3,t∈[T ]

(
1
T

T

∑
t=1

fit(0)e2
1,it

)
max
t∈[T ]

∥∥∥v̇(1)t,1 −O(1)
1 v0

t,1

∥∥∥2

2
= Op

(
η

2
N
)
,

imply that maxi∈I3

∥∥J2,i
∥∥

F = Op(η
2
N).

For J3,i, we have

max
i∈I3

∥∥J1
3,i
∥∥

F = max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

[ fit (ι̃it)− fit(0)] v̇
(1)
t,0

(
O′0v0

t,0− v̇(1)t,0

)′∥∥∥∥∥
F
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∥∥∥v̇(1)t,0

∥∥∥
2

∥∥∥∥v̇(1)t,0

(
O′0v0

t,0− v̇(1)t,0

)′∥∥∥∥
2

max
i∈I3

1
T

T

∑
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| fit (ι̃it)− fit(0)|

≲ Op(ηN)max
i∈I3

1
T ∑

t∈[T ]
|ι̃it |

= Op
(
η

2
N
)
, (A.125)

where the third line is by Lipschitz continuity of the density function, Theorem

2.2(ii), Assumption 2.2, and the fact that |ι̃it | lies between 0 and |ι̇it |, and the last

line is by the fact that maxi∈I3
1
T ∑t∈[T ] |ι̃it |= Op (ηN) by (A.118) and (A.119). The

bounds for other three blocks in J3,i can be established in the same manner. Hence,

we have maxi∈I3 ||J3,i||F = Op(η
2
N).

Combining all results above yields the desired result. ■

Lemma A.24. Under Assumptions 2.1-2.9, we have
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(i) maxi∈I3

∥∥∥ 1
T ∑

T
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(
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0 v0
t,0

)
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,
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N
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,
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1 v0
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∥∥∥
F
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η2
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Proof (i) We notice that E
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v̇(1)t,0 −O(1)
0 v0

t,0

)
(τ−1{εit ≤ 0})

∣∣∣∣D I1∪I2

]
= 0 by

Assumption 2.1(ii). Define event A10(M) =
{

maxt∈[T ]
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0 v0
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2
≤MξN

}
with P(A10(M)c)≤ e for any e> 0 by Theorem 2.2(ii). With some positive constant

c24, it follows that

P
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T

T
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(
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)
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P
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T

T

∑
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(
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T
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(
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)
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∥∥∥∥∥
F

> c24η
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N

∣∣∣∣D I1∪I2

)
1{A10(M)}+ e

≤ ∑
i∈I3

exp
{
−

c12c2
24T 2η4

N

M2T η2
N + c24MT η2

N logT log logT

}
+ e

= o(1)+ e. (A.126)

Since e can be made arbitrarily small, this completes the proof of statement (i).

(ii) It’s clear that

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

(
v̇(1)t,1 −O(1)

0 v0
t,1

)
(ê1,it− e1,it)(τ−1{εit ≤ 0})

∥∥∥∥∥
F

≤ max
i∈I3,t∈[T ]

∣∣ê1,it− e1,it
∣∣max

t∈[T ]

∥∥∥v̇(1)t,1 −O(1)
0 v0

t,1

∥∥∥
2
= Op(η

2
N),

where the equality holds by Lemma A.21(iii) and Theorem 2.2(ii).

(iii) Noting that

E
[

e1,it

(
v̇(1)t,1 −O(1)

0 v0
t,1

)
(τ−1{εit ≤ 0})

∣∣∣∣D I1∪I2

]
= 0

by law of iterated expectation and Assumption 2.1(ii), we can obtain the desired

result as in (A.126).
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(iv) Note that

1
T ∑

t∈[T ]
v0

t,1 (ê1,it− e1,it)(τ−1{εit ≤ 0})

=
1

T 2 ∑
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W 0′

j W 0
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NT ∑
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v0
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j,il
0
j,me j,ms +R j,it . (A.127)

For the first term on the RHS of (A.127), we have

max
i∈I3

∥∥∥∥∥∥ 1
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2
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(
η

2
N
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.

For the second term on RHS of (A.127), by Assumption 2.9(ii), Bernstein’s inequal-

ity in Lemma A.12(i) conditional on factors, we have

max
i∈I3

∥∥∥∥∥ 1
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.

Then statement (iv) follows. ■

Lemma A.25. Under Assumptions 2.1-2.9, we have

(i) maxi∈I3
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Proof (i) Recall from (A.118), we have
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(
u̇(1)i,1 −O(1)

1 u0
i,1

)
O(1)

1 v0
t,1

+µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+Op

(
η

2
N
)

uniformly over i ∈ I3, t ∈ [T ].

Then
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. (A.128)

First, note that E
(

e1,itv0
t,1 fit(0)µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)∣∣∣∣D I1∪I2

)
= 0 by

Assumption 2.9(i). Following similar arguments used in the proof of Lemma A.21(i),

we can show that the third term on the RHS of (A.128) is Op
(
η2

N
)
. By analogous

arguments in (A.123) with the fact that µ̂1,it −µ1,it = e1,it − ê1,it , we obtain that the

first term on the RHS of (A.128) is Op
(
η2

N
)
. In addition

max
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2
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(A.129)

where the equality holds by the fact that

P

(
max
i∈I3

∥∥∥∥∥ 1
T
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∑
t=1

fit(0)e1,it µ1,itv0
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√
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T
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)
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as in (A.116). Noted that Assumption 2.1(iv) implies factor and factor loading of

X j,it is uniformly bounded for ∀ j ∈ [p], which indicates that µ j,it is also uniformly

bounded a.s.. This completes the proof statement (i).

(ii). Note that uniformly over i ∈ I3, we have

1
T

T

∑
t=1

O(1)
0 v0

t,0 fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it u̇
(1)′
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=
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+
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)
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)

= Op(ηN). (A.130)

This term will remain as the bias term in the linear expansion of û(3,1)i,0 . ■

Lemma A.26. Under Assumptions 2.1-2.9, we have

(i) maxi∈I3

∥∥∥∥∥ 1
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T
t=1 e1,itO
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1 v0

t,1

{[
1{εit ≤ 0}−1

{
εit ≤ ιit

(
O(1)

0 u0
i,0,O

(1)
1 u0

i,1, u̇
(1)
i,1

)}]
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−
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,
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.

Proof (i) We still assume K1 = 1 for notation simplicity. Let O(1)= diag
(

O(1)
0 ,O(1)

1

)
.

Recall from Theorem 2.2(iii) that with
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uniformly over i ∈ I3, we have
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Let l=
(

0′K0
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)′
with 0K0 being a K0×1 vector of zeros and 1K1 a K1×1 vector

of ones. Let

hI
i = l′hi. (A.131)

Then we have

O(1)′
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(
(N∨T )−

1
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)
uniformly over i ∈ I3,

and maxi∈I3 ||hI
i ||2 = Op(ηN).
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Combining (A.117)-(A.119), uniformly in i ∈ I3 and t ∈ [T ] we have
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:= R1
ι ,it
(∣∣µ1,it

∣∣+ ∣∣e1,it
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ι ,it
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We first show that maxi∈I3
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For some sufficiently large constant M, define event A11(M)=
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}
.

We have P
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c26, we have
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(A.133)

with Ξ1 :=
{
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Similarly to (A.17), we can show that
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(A.135)
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(A.136)

Combining (A.133)-(A.135), we have
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where the first inequality is by triangle inequality, the second inequality is by mean

value theorem and the last line is by the uniform convergence rate for Rι ,it with

ÎIV
3,it =

∥∥e1,itv0
t,1
∥∥

2 1
{∣∣µ1,itv0′

t,1hI
i +hII

it
(
∆̇t,v
)∣∣≤ |εit | ≤

∣∣µ1,itv0′
t,1hI

i +hII
it
(
∆̇t,v
)∣∣+ |Rι ,it |

}
.

Define the event A12(M) :=
{

maxi∈I3,t∈[T ] |Rι ,it | ≤Mη2
N
}

with P
{
A c

12(M)
}
≤

e for any e > 0. Then for a large enough constant c26, similarly as (A.37), we have

P

(
max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1
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where 1̃it(hI
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i ) = E
[

1̃it(hI
i )

∣∣∣∣D I1∪I2
e

]
. By analogous arguments for the first term on the

RHS of inequality (A.133), we can show that

E

[
P

(
max
i∈I3

sup
ξ∈Ξ1

∣∣∣∣∣ 1
T

T

∑
t=1

1̃it(ξ )− ¯̃1it(ξ )

∣∣∣∣∣> c26η2
N

2

∣∣∣∣D I1∪I2
e

)]
= o(1).

Besides, we observe that

max
i∈I3

sup
ξ∈Ξ1

∣∣∣∣∣ 1
T

T

∑
t=1

¯̃1it(ξ )

∣∣∣∣∣
≤max

i∈I3
sup

ξ∈Ξ1

1
T

T

∑
t=1

∥∥e1,itv0
t,1
∥∥

2

∣∣Fit
[∣∣µ1,itv0′

t,1ξ +hII
it
(
∆̇t,v
)∣∣+Mη

2
N
]
−Fit

[∣∣µ1,itv0′
t,1ξ +hII

it
(
∆̇t,v
)∣∣]∣∣

≤max
i∈I3

1
T

T

∑
t=1

∥∥e1,itv0
t,1
∥∥

2 Mη
2
N ,

which yields

P

(
max
i∈I3

sup
ξ∈Ξ1

∣∣∣∣∣ 1
T

T

∑
t=1

¯̃1it(ξ )

∣∣∣∣∣> c26η2
N

2

)
= o(1). (A.139)

Combining (A.137)-(A.139) yields maxi∈I3

∥∥∥∥∥ 1
T ∑

T
t=1 ÎII

3,it

∥∥∥∥∥
2

=Op
(
η2

N
)
= op

(
(N∨T )−

1
2

)
by Assumption 2.1(ix). This concludes the proof of statement (i).

(ii) The proof is analogous to that of part (i) and thus omitted. ■

Lemma A.27. Under Assumptions 2.1-2.9, uniformly in i ∈ I3, we can show

that

(i) maxi∈I3

∥∥∥∥∥ 1
T

T
∑

t=1
e1,itO

(1)
1 v0

t,1

{
1{εit ≤ 0}−1

{
εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)}
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−
(

Fit(0)−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])}∥∥∥∥∥
2

= op

(
(N∨T )−

1
2

)
,

(ii) maxi∈I3

∥∥∥∥∥ 1
T

T
∑

t=1
v0

t,0

{
1{εit ≤ 0}−1

{
εit ≤ ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)}
−

(
Fit(0)−Fit

[
ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)])}∥∥∥∥∥
2

= op

(
(N∨T )−

1
2

)
.

Proof As in (A.132), we can show that

ιit

(
û(3,1)i,0 , û(3,1)i,1 , u̇(1)i,1

)
= µ1,itv0′

t,1hI
i +

[(
û(3,1)i,0 −O(1)

0 u0
i,0

)′
O(1)

0 v0
t,0 + e1,it

(
û(3,1)i,1 −O(1)

1 u0
i,1

)′
O(1)

1 v0
t,1

]
+

[(
O(0)

0 u0
i,0

)′(
v̇(1)t,0 −O(1)

0 v0
t,0

)
+X1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)]
+Rι̂ ,it

: = µ1,itv0′
t,1hI

i +
(

û(3,1)i,0 −O(1)
0 u0

i,0

)′
O(1)

0 v0
t,0 + e1,it

(
û(3,1)i,1 −O(1)

1 u0
i,1

)′
O(1)

1 v0
t,1

+hII
it
(
∆̇t,v
)
+Rι̂ ,it , (A.140)

where maxi∈I3,t∈[T ]
∣∣Rι̂ ,it

∣∣ = op

(
(N∨T )−

1
2

)
. As in the proof of Theorem 2.2, we

can show that maxi∈I3

∥∥∥û(3,1)i, j −O(1)
j u0

i, j

∥∥∥
2
= Op (ηN) for ∀ j ∈ [p]∪{0}. Then by

changing the event set A11(M) to{
max
i∈I3

∥∥hI
i
∥∥

2 ≤MηN ,max
i∈I3

∥∥∥ûi, j−O(1)
j u0

i, j

∥∥∥
2
≤MηN

}
,

we can repeat the analysis in Lemma A.26 and obtain the desired results for state-

ment (i). With some obvious adjustment, statement (ii) can be proved. ■

Lemma A.28. Under Assumptions 2.1-2.9, for block matrices D̂F
t , DF

t , D̂J
t and

DJ
t defined in Appendix A, we have

max
t∈[T ]
||D̂F

t −DF
t ||F = Op(ηN), and max

t∈[T ]
||D̂J

t −DJ
t ||F =

∥∥∥∥∥∥
Op

(
η2

N
)

Op(ηN)

Op
(
η2

N
)

Op
(
η2

N
)
∥∥∥∥∥∥

F

.

Proof By analogous arguments as used in the proofs of Lemmas A.22 and A.23,

we can prove the lemma. ■

Lemma A.29. Under Assumptions 2.1-2.9, we have

(i) maxt∈[T ]

∥∥∥ 1
N3

∑i∈I3 O(1)
u,0u0

i,0 fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it û
(3,1)′
i,1 v̇(1)t,1

)∥∥∥
2
= Op(ηN),

(ii) maxt∈[T ]

∥∥∥ 1
N3

∑i∈I3 e1,itO
(1)
u,1u0

i,1 fit(0)
(

µ1,itu0′
i,1v0

t,1− µ̂1,it û
(3,1)′
i,1 v̇(1)t,1

)∥∥∥
2
= op

(
(N∨T )−

1
2

)
.
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Proof (i) Note that

µ̂1,it û
(3,1)′
i,1 v̇(1)t,1 −µ1,itu0′

i,1v0
t,1

= (µ̂1,it−µ1,it)
(

û(3,1)i,1 −O(1)
u,1u0

i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+(µ̂1,it−µ1,it)

(
O(1)

u,1u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+(µ̂1,it−µ1,it)

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1 +(µ̂1,it−µ1,it)

(
O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1

+µ1,it

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+µ1,it

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1

+µ1,it

(
O(1)

u,1u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+µ1,it

(
O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1−µ1,itu0′

i,1v0
t,1

= (µ̂1,it−µ1,it)
(

O(1)
u,1u0

i,1

)′
O(1)

1 v0
t,1 +µ1,it

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1

+µ1,it

(
O(1)

u,1u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+µ1,itv0′

t,1O(1)′
1

(
O(1)

u,1−O(1)
1

)
u0

i,1 +Op
(
η

2
N
)

= (µ̂1,it−µ1,it)u0′
i,1v0

t,1 +µ1,it

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1

+µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+µ1,itv0′

t,1O(1)′
1

(
O(1)

u,1−O(1)
1

)
u0

i,1 +Op
(
η

2
N
)

= Op(ηN), (A.141)

uniformly over i ∈ I3 and t ∈ [T ], where the last equality holds by the fact that∥∥∥O(1)
u,1−O(1)

1

∥∥∥
F
= Op(ηN). It follows that

max
t∈[T ]

∥∥∥∥∥ 1
N3

∑
i∈I3

O(1)
u,0u0

i,0 fit(0)
(

µ̂1,it û
(3,1)′
i,1 v̇(1)t,1 −µ1,itu0′

i,1v0
t,1

)∥∥∥∥∥
2

= Op(ηN).

(ii) Observe that

1
N3

∑
i∈I3

e1,itO
(1)
u,1u0

i,1 fit(0)
(

µ̂
(1)
1,it û

(3,1)′
i,1 v̇(1)t,1 −µ1,itu0′

i,1v0
t,1

)
= O(1)

u,1
1

N3
∑
i∈I3

e1,itu0
i,1 fit(0)

(
µ̂
(1)
1,it −µ1,it

)
u0′

i,1v0
t,1

+O(1)
u,1

1
N3

∑
i∈I3

e1,itu0
i,1 fit(0)µ1,it

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1

+O(1)
u,1

1
N3

∑
i∈I3

e1,itu0
i,1 fit(0)µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+O(1)

u,1
1

N3
∑
i∈I3

e1,itu0
i,1 fit(0)µ1,itv

(1)′
t,1 O(1)′

1

(
O(1)

u,1−O(1)
1

)
u0

i,1 +Op
(
η

2
N
)
. (A.142)

By similar arguments as used in (A.123), we can show that the first term on the RHS

of (A.142) is op

(
(N∨T )−

1
2

)
uniformly over t. For the second term, by inserting
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the linear expansion for û(3,1)i,1 −O(1)
u,1u0

i,1 in (A.41), we notice that

1
N3

∑
i∈I3

e1,itu0
i,1 fit(0)µ1,it

(
û(3,1)i,1 −O(1)

u,1u0
i,1

)′
O(1)

1 v0
t,1

=
1

N3T ∑
i∈I3

∑
t∈[T ]

e1,it fit (0)µ1,itu0
i,1v0′

t∗,1V̂−1
u1

e1,it∗v0
t∗,1 (τ−1{εit∗ ≤ 0})+op

(
(N∨T )−

1
2

)
.

By arguments as used in (A.124), we can show the leading term in the last equality is

Op

(√
log(N∨T )

NT ξ 2
N

)
. Then the second term on the RHS of (A.142) is op

(
(N∨T )−

1
2

)
.

For the third and the fourth terms on the RHS of (A.142), by conditional on D I1∪I2 ,

we notice that 1
N3

∑i∈I3 e1,itu0
i,1 fit(0)µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
and

1
N3

∑
i∈I3

e1,itu0
i,1 fit(0)µ1,itv0′

t,1O(1)′
1

(
O(1)

u,1−O(1)
1

)
u0

i,1

are both mean zero and the randomness depends only on {e1,it fit(0)}. By condi-

tional Hoeffding’s inequality, we can show that both these two terms are op

(
(N∨T )−

1
2

)
.

■

Define

Jit
(
∆̇t,v
)
=
[
1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}] v0

t,0

v0
t,1X1,it

 ,
hI,1

i =
1
T

T

∑
t=1

E

 fit(0)

 v0
t,0v′t,0 v0

t,0v0′
t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it

∣∣∣∣D
 ,

hI,2
i =

1
T

T

∑
t=1

E
(
Ji
(
∆̇t,v
)∣∣∣∣D I1∪I2

)
,

hIII
it = v0′

t,0V̂−1
u0,i

1
T

T

∑
t∗=1

v0
t∗,0 (τ−1{εit∗ ≤ 0})+X1,itv0′

t,1V̂−1
u1

1
T

T

∑
t∗=1

e1,it∗v0
t∗,1 (τ−1{εit∗ ≤ 0})

−

(
v0′

t,0V̂−1
u0,i

1
T

T

∑
t∗=1

v0
t∗,0 fit∗(0)µ1,it∗v0′

t∗,1

)
l′
(

O(1)
1

)−1(
hI,1

i

)−1 1
T

T

∑
t∗=1

[τ−1{εit∗ ≤ 0}]

 v0
t∗,0

v0
t∗,1X1,it∗


−

(
v0′

t,0V̂−1
u0,i

1
T

T

∑
t∗=1

v0
t∗,0E

[
fit∗(0)

∣∣∣∣D I1∪I2

]
µ1,it∗v0′

t∗,1

)
l′
(

O(1)
1

)−1(
hI,1

i

)−1
hI,2

i

= R1
h,it +X1,itR

2
h,it , (A.143)

with maxi∈I3,t∈[T ]

∣∣∣Ra
h,it

∣∣∣ = Op(ηN) for a ∈ {1,2}. Note that E
[

fit(0)
∣∣∣∣D I1∪I2

]
=

E
[

fit(0)
∣∣∣∣D].

Assumption A.1. Let Fit(·) and fit|hIII
it
(·) be the conditional CDF and PDF of
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εit given De and hIII
it .

(i) The derivative of the density fit|hIII
it

is uniformly bounded in absolute value.

(ii) maxi∈[N],t∈[T ]

∣∣∣ fit|hIII
it
(0)− fit|hIII

it =0(0)
∣∣∣ ≤ C

∣∣hIII
it

∣∣ for some Lipschitz constant

C > 0.

Lemma A.30. Under Assumptions 2.1-2.9 and Assumption A.1, we have

(i) maxt∈[T ]

∥∥∥∥∥ 1
N3

∑i∈I3 e1,itO
(1)
u,1u0

i,1

{[
1{εit ≤ 0}−1

{
εit ≤ ρit

(
û(3,1)i,0 , û(3,1)i,1 ,

(
O(1)

u,0

)′−1
v0

t,0,
(

O(1)
u,1

)′−1
v0

t,1

)}]
−
(

Fit(0)−Fit

[
ρit

(
û(3,1)i,0 , û(3,1)i,1 ,

(
O(1)

u,0

)′−1
v0

t,0,
(

O(1)
u,1

)′−1
v0

t,1

)])}∥∥∥∥∥
2

= op

(
(N∨T )−

1
2

)

(ii) maxt∈[T ]

∥∥∥∥∥ 1
N3

∑i∈I3 O(1)
u,0u0

i,0

{[
1{εit ≤ 0}−1

{
εit ≤ ρit

(
û(3,1)i,0 , û(3,1)i,1 ,

(
O(1)

u,0

)′−1
v0

t,0,
(

O(1)
u,1

)′−1
v0

t,1

)}]
−
(

Fit(0)−Fit

[
ρit

(
û(3,1)i,0 , û(3,1)i,1 ,

(
O(1)

u,0

)′−1
v0

t,0,
(

O(1)
u,1

)′−1
v0

t,1

)])}∥∥∥∥∥
2

= Op(ηN).

Proof (i) Recall from (A.131) that

hI
i = l′

(
O(1)

1

)−1

 1
T

T

∑
t=1

fit(0)

 v0
t,0v′t,0 v0

t,0v0′
t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it

−1

·

[
1
T

T

∑
t=1

[τ−1{εit ≤ 0}]

 v0
t,0

v0
t,1X1,it

+ 1
T

T

∑
t=1

[
1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}] v0

t,0

v0
t,1X1,it

].
By Bernstein’s inequality in Lemma A.12, we can show that

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

{
fit(0)

 v0
t,0v′t,0 v0

t,0v0′
t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it


−E

 fit(0)

 v0
t,0v′t,0 v0

t,0v0′
t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it

∣∣∣∣D
}∥∥∥∥∥

F

= Op

(√
log(N∨T )

T
ξ

2
N

)
, and

max
i∈I3

∥∥∥∥∥∥ 1
T

T

∑
t=1

[τ−1{εit ≤ 0}]

 v0
t,0

v0
t,1X1,it

∥∥∥∥∥∥
2

= Op

(√
log(N∨T )

T
ξN

)
.

Besides, we observe that

max
i∈I3,t∈[T ]

∥∥∥∥Var
(
Jit
(
∆̇t,v
)∣∣∣∣D I1∪I2

)∥∥∥∥
F

≤ max
i∈I3,t∈[T ]

∥∥∥∥∥∥E
[1{εit ≤ 0}−1

{
εit ≤ ∆̇

′
t,vΨ

0
it
}] v0

t,0v′t,0 v0
t,0v0′

t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it

∣∣∣∣D I1∪I2

∥∥∥∥∥∥
F
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= max
i∈I3,t∈[T ]

∥∥∥∥∥∥E
[Fit(0)−Fit

(
∆̇
′
t,vΨ

0
it
)] v0

t,0v′t,0 v0
t,0v0′

t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it

∣∣∣∣D I1∪I2

∥∥∥∥∥∥
F

= max
t∈[T ]

∥∥∆̇t,v
∥∥

2 max
i∈I3,t∈[T ]

∥∥∥∥∥∥E
 fit(s̃it)Ψ

0
it

 v0
t,0v′t,0 v0

t,0v0′
t,1X1,it

v0
t,1v0′

t,0X1,it v0
t,1v0′

t,1X2
1,it

∣∣∣∣D I1∪I2

∥∥∥∥∥∥
F

= Op(ηN), (A.144)

where the first equality holds by law of iterated expectations, the second equality is

by mean-value theorem for |s̃it | lies between 0 and
∣∣∆̇′t,vΨ0

it

∣∣ and the last line is by

Theorem 2.2(ii) and Assumption 2.1(iv). Similarly, for any ϑ > 0, we also have

max
i∈I3,t∈[T ]

T

∑
s=t+1

∥∥∥∥Cov
(
Jit
(
∆̇t,v
)
,Jis
(
∆̇t,v
)′ ∣∣∣∣D I1∪I2

)∥∥∥∥
F
= Op

(
η

2
2+ϑ

N

)
.

By similar arguments as used in (A.12) and (A.13), we have

max
i∈I3

∥∥∥∥∥ 1
T

T

∑
t=1

{
Jit
(
∆̇t,v
)
−E

(
Jit
(
∆̇t,v
)∣∣∣∣D I1∪I2

)}∥∥∥∥∥
2

= op

(
(N∨T )−1/2

)
. (A.145)

Together with the fact that maxi∈I3

∥∥Ji
(
∆̇t,v
)∥∥

2 = Op(ηN), uniformly over t ∈ [T ],

we have

hI
i = l′

(
O(1)

1

)−1(
hI,1

i

)−1 1
T

T

∑
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[τ−1{εit ≤ 0}]

 v0
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+ l′
(

O(1)
1

)−1(
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i

)−1
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i +op

(
(N∨T )−1/2

)
.

By Assumption 2.1(iv) and Lemma A.13, we have maxi∈I3

∥∥∥hI,1
i

∥∥∥
F
= O(1) a.s..

Like (A.144), we can show that maxi∈I3

∥∥∥hI,2
i

∥∥∥
2
= Op(ηN).

Similarly as (A.141), uniformly in i ∈ I3 and t ∈ [T ] we have
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)
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)
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)
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+µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
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)
+µ1,itu0′
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(
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)
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)
, (A.146)

where the last line is by the fact that
∥∥∥O(1)

u,0−O(1)
0

∥∥∥
F
=Op(ηN) and

∥∥∥O(1)
u,1−O(1)

1

∥∥∥
F
=

Op(ηN). Combining (A.41), (A.42) and Theorem 2.2(iii), we have
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∑
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t∗,1 (τ−1{εit∗ ≤ 0})

+µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t,1 −O(1)

1 v0
t,1

)
+µ1,itu0′

i,1O(1)′
1

(
O(1)

u,1−O(1)
1

)
v0

t,1

+op

(
(N∨T )−1/2

)
= v0′

t,0V̂−1
u0,i

1
T

T

∑
t∗=1

v0
t∗,0 (τ−1{εit∗ ≤ 0})

+X1,itv0′
t,1V̂−1

u1

1
T

T

∑
t∗=1

e1,it∗v0
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∑
t∗=1

e1,it∗v0
t∗,1 (τ−1{εit∗ ≤ 0})

− v0′
t,0V̂−1

u0,i
1
T

T

∑
t∗=1

v0
t∗,0E

[
fit∗(0)

∣∣∣∣D I1∪I2

]
µ1,it∗v0′

t∗,1hI
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− v0′
t,0V̂−1

u0,i
1
T

T

∑
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v0
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(
fit∗(0)−E

[
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∣∣∣∣D I1∪I2

])
µ1,it

(
O(1)

1 u0
i,1

)′(
v̇(1)t∗,1−O(1)

1 v0
t∗,1

)
− v0′
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:= hIII
it +hIV

it +Rρ,it (A.147)

such that maxi∈I3,t∈[T ]
∣∣Rρ,it

∣∣= Op(η
2
N), where the first equality is by inserting the

linear expansion for û(3,1)i,0 −O(1)
u,0u0

i,0 in (A.41) and û(3,1)i,1 −O(1)
u,1u0

i,1 in (A.42), the

second equality is by inserting the linear expansion for u̇(1)i,0 −O(1)
u,0u0

i,0, the third

equality is by the fact that µ̂1,it−µ1,it = e1,it− ê1,it which leads to the cancelling of

the fourth and sixth terms in the second equality, the last equality is by the definition

in (A.143) and

hIV
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t,0V̂−1
u0,i

1
T

T

∑
t∗=1

v0
t∗,0E

[
fit∗(0)
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∣∣∣= Op(ηN) for a ∈ {3,4}, and the last equality holds by the

fact that
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We notice that
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such that II
6,t := 1

N3
∑i∈I3 I

I
6,it , I

II
6,t := 1
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∑i∈I3 I

II
6,it , I
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II
6,it = e1,itu0

i,1
{[

1{εit ≤ 0}−1
{

εit ≤ hIII
it +hIV

it
}]
−
[
Fit(0)−Fit

(
hIII

it +hIV
it
)]}

,

III
6,it = e1,itu0

i,1

{[
1
{

εit ≤ hIII
it +hIV

it
}
−1
{
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, (A.149)

IIII
6,it = e1,itu0

i,1
[
Fit(0)−Fit

(
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it +hIV
it
)]
,

IIV
6,it = e1,itu0

i,1
[
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(
hIII

it +hIV
it
)]
.

The last line in (A.148) is due to the fact that the last two terms in the second equality

is op

(
(N∨T )−

1
2

)
by mean-value theorem, Assumption (2.1)(iv), and Assumption

(2.1)(viii) and the union bound for Rρ,it .

For II
6,t and III

6,t , conditional on D I1∪I2
e and hIII

it , the randomness is from εit , and
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we observe that II
6,it and III

6,it are independent over i by conditioning on D I1∪I2
e and
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it . Therefore, we obtain that maxt∈[T ]
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where the second line is by mean-value theorem with |ṡit | lies between 0 and
∣∣hIII

it +hIV
it

∣∣
and the last line is by Assumption 2.1(viii). By inserting hIII

it and hIV
it , we have
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:= ∑
m∈[7]

IIII,m
6,t . (A.151)

IIII,1
6,t , IIII,2

6,t , IIII,3
6,t can be analyzed in the same manner, and we take IIII,1

6,t for instance.

Noticed that

IIII,1
6,t =

1
N3T ∑

i∈I3

T

∑
t∗=1

e1,itu0
i,1 fit(0)v0′

t,0V̂−1
u0,iv

0
t∗,0 (τ−1{εit∗ ≤ 0}) ,

it is clear that conditioning on De, IIII,1
6,t is mean zero by Assumption 2.1(ii) and the

randomness is from εit which is strong mixing. With the similar arguments as the

second term in (A.124), we obtain that maxt∈[T ]

∥∥∥IIII,1
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∥∥∥
2
= Op

(√
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NT ξN
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,

and by Assumption 2.1(ix), it follows that
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.

We can also analyze IIII,4
6,t and IIII,5

6,t in the same manner. Take IIII,4
6,t for instance.
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fact that hI,1
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i are fixed given D I1∪I2 . Then by similar arguments for IIII,1
6,t

above, we have
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. (A.152)

For IIII,6
6,t and IIII,7

6,t , we have
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, (A.153)

max
t∈[T ]

∥∥∥IIII,7
6,t

∥∥∥
2
≤max

t∈[T ]

∥∥∥∥∥ 1
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∑
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∥∥∥∥∥
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∥∥∥
F
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N
ξN
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)
, (A.154)
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where the second inequality is by Theorem 2.2(ii) and the third inequality is by

Hoeffding’s inequality conditional on D and the last line combines Lemma A.13(i)

and the fact that
∥∥∥O(1)

u,1−O(1)
1

∥∥∥
F
= Op(ηN). Combining (A.150)-(A.153), we have

maxt∈[T ]

∥∥∥IIII
6,it

∥∥∥
2
= op

(
(N∨T )−1/2

)
.

Last, we analyze IIV
6,t . Like (A.150), we have
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1
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e

)]
+

1
N3

∑
i∈I3

e1,itu0
i,1hIV

it E
(

fit|hIII
it
(0)|D I1∪I2
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, (A.155)
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where all the op

(
(N∨T )−

1
2

)
terms hold uniformly over t ∈ [T ] and op

(
(N∨T )−

1
2

)
term in the fourth equality is by mean-value theorem, Assumption A.1(i) and the

fact that |ṡit | lies between 0 and
∣∣hIII

it +hIV
it

∣∣.
For IIV,1

6,t , with Assumption A.1(ii), (A.143) and the fact that
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we have
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∥∥∥
2
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For IIV,2
6,t , IIV,3

6,t and IIV,5
6,t , conditioning on D I1∪I2

e , the randomness is only from

hIII
it , which is independent across i, and IIV,2

6,t , IIV,3
6,t and IIV,5

6,t are zero mean by condi-

tioning on D I1∪I2
e . Similar to the arguments for II

6,t and III
6,t in (A.149), we have

max
t∈[T ]

∥∥∥IIV,m
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∥∥∥
2
= op
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1
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)
,m ∈ {2,3,5}. (A.157)

For IIV,4
6,t , by inserting E

(
hIII

it

∣∣∣∣D I1∪I2
e

)
and the fact that E

(
fit|hIII
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=
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i∈I3

e1,it fit(0)u0
i,1

(
v0′

t,0V̂−1
u0,i

1
T

T

∑
t=1

v0
t,0E

[
fit(0)
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i

= IIII,4
6,t = op

(
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)
uniformly, (A.158)

where the last equality is by (A.152).

For IIV,6
6,t , we notice that

IIV,6
6,t =

1
N3

∑
i∈I3

e1,itu0
i,1hIV

it E
(

fit|hIII
it
(0)|D I1∪I2
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)
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=
1

N3
∑
i∈I3

e1,it fit(0)u0
i,1hIV

it = ∑
m∈{5,6,7}

IIII,m
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)
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(A.159)

Combining (A.155)-(A.159) yields maxt∈[T ]

∥∥∥IIII
6,it

∥∥∥
2
= op

(
(N∨T )−1/2

)
, which leads

to the desired result in statement (i).

(ii) As in (A.148), we have
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,

where the last equality holds by similar arguments as used in the last line in (A.148).

We can show the first and second terms are op

(
(N∨T )−1/2

)
by similar arguments

for II
6,t and III

6,t . The third term is Op(ηN) by mean-value theorem and Assumption

2.1(viii). Compared with IIII
6,t and IIV

6,t in the proof of statement (i), the third term
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here is not mean zero, and converges to zero at the rate ηN . ■

Lemma A.31. Under Assumptions 2.1-2.9 and Assumption A.1, we have

(i) maxt∈[T ]

∥∥∥∥∥ 1
N3

∑i∈I3 e1,itO
(1)
u,1u0
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Proof To handle the correlation between {εit ,eit} and
{

û(3,1)i,0 , û(3,1)i,1

}
, we follow

similar arguments as used in the proof of Lemma A.27 by putting
{

û(3,1)i,0 , û(3,1)i,1

}
in

a parameter set. Then by similar arguments as used in the proof of Lemma A.30,

we can obtain the desired results. ■

Lemma A.32. Under Assumptions 2.1-2.9 and Assumption A.1, we have
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∥∥∥∥
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(
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= op

(
(N∨T )−

1
2

)
uniformly over t ∈ [T ],

where the second equality is by uniform convergence rate of R1
i,u and the last line

follows by similar arguments as in (A.124) by Bernstein’s inequality conditional on

De. Then the result follows by noting that Ou,1 is bounded and V̂ I
v1,t is bounded

uniformly over t ∈ [T ]. ■

A.2.4 Lemmas for the Consistent Estimation of the Asymptotic Variances

Recall that

V̂u j =
1
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j,it ûi,i, j,

Σ̂u j =
(
V̂u j

)−1
Ω̂u j

(
V̂u j

)−1
, Σ̂v j =

(
V̂v j

)−1
Ω̂v j

(
V̂v j

)−1
,

Vu j =
1
T

T

∑
t=1

E
[

fit(0)e2
j,itv

0
t, jv

0′
t, j
]
, V (a)

v j =
1

Na
∑
i∈Ia

E
[

fit(0)e2
j,it
]

u0
i, ju

0′
i, j,

Ωu j =Var

[
1√
T

T

∑
t=1

e j,itv0
t, j(τ−1{εit ≤ 0})

]
,

Ωv j = τ (1− τ)
1
N ∑

i∈I3

E
(
e2

j,itu
0
i, ju

0′
i, j
)
,

Σu j = O(1)
j V−1

u j
Ωu jV

−1
u j

O(1)′
j , Σv j = O(1)

j V−1
v j

Ωv jV
−1
v j

O(1)′
j .

Lemma A.33. Under Assumptions 2.1-2.10 and Assumption A.1, Σ̂u j = Σu j +

op(1) and Σ̂v j = Σv j +op(1).

Proof First, we show that V̂u j = O(1)
j Vu jO

(1)′
j +op(1). Note that
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max
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where maxi∈I3,t∈[T ]

∣∣∣R1
ε,it

∣∣∣=Op(ηN), maxi∈I3,t∈[T ]
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Let v0
t,s, j =

1
6 ∑a∈[3]∑b∈[3]\{a}O(b)

j v0
t, jv

0′
s, jO

(b)′
j and recall that

v̂t,s, j =
1
6 ∑

a∈[3]
∑

b∈[3]\{a}
v̂(a,b)t, j v̂(a,b)′s, j ,

similarly as above, we have maxt∈[T ],s∈[T ]

∥∥∥v̂t,s, j−v0
t,s, j

∥∥∥
F
= Op

(√
logN∨T

N

)
. It

follows that

V̂u j =
1

NT ∑
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∑
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+
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)
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+
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+
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i∈[N]

∑
t∈[T ]

[khN (ε̂it)− khN (εit)]e2
j,it
(
v̂t,t, j−v0

t,t, j
)

+
1

NT ∑
i∈[N]

∑
t∈[T ]

[khN (ε̂it)− khN (εit)]
(
ê2
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+
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ê2
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=
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khN (εit)e2
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0
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(
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N
)

=
1

NT ∑
i∈[N]

∑
t∈[T ]

khN (εit)e2
j,itv

0
t,t, j +op(1), (A.161)

where the last two lines combines (A.47), (A.160), Assumption 2.10(ii) and facts

that ê2
j,it−e2

j,it =
(
ê j,it− e j,it

)2
+e j,it

(
ê j,it− e j,it

)
=Op(η

2
N)+e j,itOp(ηN) uniformly

by Lemma A.21 and maxi∈I3,t∈[T ]
∣∣khN (εit)

∣∣=O(h−1
N ). By Bernstein’s inequality, we

obtain that∥∥∥∥∥ 1
NT ∑

i∈[N]
∑

t∈[T ]

[
khN (εit)e2

j,it−E
(
khN (εit)e2
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∣∣D)]v0
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∥∥∥∥∥
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NT

ξ 2
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)
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E
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∣∣D]v0
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0′
t, j−E

[
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0
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]∥∥∥∥∥
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(√
logT
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ξ

2
N

)
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(A.162)

Besides, by Assumption 2.10(i), we observe that

E
[
khN (εit)

∣∣De
]
= fit(0)+O(hm

N), (A.163)

together with Assumption 2.10(v), and it gives

1
NT ∑

i∈[N]
∑

t∈[T ]
E
(
khN (εit)e2

j,it
∣∣D)v0

t, jv
0′
t, j =

1
T ∑

t∈[T ]
E
[

fit(0)e2
j,it
∣∣D]v0

t, jv
0′
t, j +O(hm

N).

(A.164)

Combining (A.161)-(A.164) and Assumption 2.10(ii), we obtain that

V̂u j = O(1)
j Vu jO

(1)′
j +op(1).

By analogous analysis and Assumption 2.10(v), we can also show that V̂(1)
v j =

O(1)
j Vv jO

(1)′
j +op(1).

Next, we show the consistency of Ω̂u j . With the restriction for T1 in Assumption
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2.10(iii), we first note that
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[
1√
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]
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∑
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∑
t=1

t+T1

∑
s=t+1

E
[
e j,ite j,isv0

t, jv
0′
s, j(τ−1{εit ≤ 0})(τ−1{εis ≤ 0})
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+
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∑
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(
Fi,ts(0,0)− τ
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where the second equality is by Assumption 2.1(iii), the third equality is by As-

sumption 2.1(vii) and Assumption 2.10(iii). Compared to Ω̂u j , what remains to

show are

1
NT ∑

i∈[N]
∑

t∈[T ]
ê2

j,it v̂t,t, j =
1
T

T

∑
t=1

E
(
e2

j,itv
0
t,t, j
)
+op(1), (A.165)

1
NT ∑

i∈[N]
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∑
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E
[
e j,ite j,isv0

t,s, j
(
Fi,ts(0,0)− τ

2)]+op(1), (A.166)

1
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2)]+op(1). (A.167)

For (A.165), like (A.161), we notice that

1
NT ∑

i∈[N]
∑

t∈[T ]
ê2

j,it v̂t,t, j =
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i∈[N]

∑
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=
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=
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E
(
e2

j,itv
0
t,t, j
)
+op(1), (A.168)

where the first equality is by Lemma A.21 and (A.47), and the second equality is by

Bernstein’s inequality and Assumption 2.10(v).
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For (A.166), we observe that
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(A.169)

such that
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where the first equality is by the similar arguments as (A.161) and the last line com-

bines Assumption 2.10(iii) and the fact that the second term in the second equality

can be shown to be op(1) by Bernstein’s inequality. Furthermore, with the fact that
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and by

the analogous arguments as above, we can show that
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=
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where the first equality is similar as (A.161), the second equality is by addition and

subtracting and Assumption 2.10(iii), the third equality is by the fact that E
[
K
(

εit
hN

)∣∣De

]
=

τ +O(hm
N) by the calculation of nonparametric kernel estimator which can be found

in Galvao and Kato (2016). The last equality is similar as the second equality and

combines Assumption 2.10(i) and Assumption 2.10(ii).

Moreover, similarly as (A.170), with the fact that E
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Combining (A.169)-(A.172), we complete the proof for (A.166). By the anal-

ogous arguments, we can show the proof for (A.167), which yields Ω̂u j = Ωu j +

op(1). ■

A.3 Algorithm for Low-rank Estimation

In this section, we provide the algorithm for the case of low-rank estimation with

two regressors, the case of more than two regressors is self-evident. To solve the

regularized quantile regression, let the optimization problem with two regressors be

as

min
Θ0,Θ1,Θ2

1
NT

N

∑
i=1

T

∑
t=1

ρτ (yit−Θ0,it− x1,itΘ1,it− x2,itΘ2,it)+ν0 ∥Θ0∥∗+ν1 ∥Θ1∥∗+ν2 ∥Θ2∥∗ .

As in Belloni et al. (2023), the above minimization problem is equivalent to the

following one:

min
Θ0,Θ1,Θ2,V,W,ZΘ0 ,ZΘ1 ,ZΘ2

1
NT

N

∑
i=1

T

∑
t=1

ρτ (Vit)+ν0 ∥Θ0∥∗+ν1 ∥ZΘ1∥∗+ν2 ∥ZΘ2∥∗

s.t.V =W, W = Y −X1⊙Θ1−X2⊙Θ2−ZΘ0 ,

ZΘ0−Θ0 = 0, ZΘ1−Θ1 = 0, ZΘ2−Θ2 = 0.
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As our theoretical results show, ν0, ν1 and ν2 converge to zero at rate
√

N∨
√

T
NT . The

augmented Lagrangian is

L
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2
F ,

where ρ > 0 is the penalty parameter.

By ADMM algorithm, similarly as Belloni et al. (2023), updates are as follows:

V k+1← argmin
V

{
1

NT ∑
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∑
t

ρτ (Vit)+
ρ
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(A.173)

(Θk+1
1 ,Θ

k+1)
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(A.174)
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(A.175)
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For (A.173), by Ali et al. (2016),
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ρ
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where ιN is the N × 1 all-ones vector, and same for ιT . For (A.174), first order

condition gives

Θ
k+1
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(
1+ x2

2,it
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where

A :=W k +Zk
Θ0

+Uk
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To solve (A.175), by singular value thresholding estimations, the update for Θ
k+1
0 is

Θ
k+1
0 ← P0D
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where Zk
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Finally, let Ã :=−Y +X1⊙Θ
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Appendix B

Technical Results for Chapter 3

B.1 Proofs of the Main Results

B.1.1 Proof of Lemma 3.1

(i) Recall that G
(ℓ)
j = {G(ℓ)

1, j, · · · ,G
(ℓ)
Kℓ, j}. For the special case when G

(1)
j = G

(2)
j

and α
(1)
k, j = µα

(2)
k, j such that µ is a constant, the group structure does not change, the

relative break size is the same for all groups, and r j = 1. Except for this case, below

we will show that r j = 2.

Let A(ℓ)
j,i = ∑

Kℓ
k=1 α

(ℓ)
k, j 1{i∈G(ℓ)

k, j}, A j,i = (A(1)
j,i ,A

(2)
j,i )
′ and A j =

(
A j,1, · · · ,A j,N

)′ ∈
RN×2. Define the 2× 2 symmetric matrix B j = A′jA j. Let B

1
2
j be the symmetric

square root of B j. By the singular value decomposition (SVD), B
1
2
j

√τT 0

0
√

1− τT


= L jS jR′j, where L′jL j = R′jR j = I2 and S j is diagonal. Then

Θ
0
j =


A(1)

j,1ι ′T1
A(2)

j,1ι ′T−T1
...

...

A(1)
j,Nι ′T1

A(2)
j,Nι ′T−T1

= A j

 ιT1 0T1

0T−T1 ιT−T1

′

= A jB
−1/2
j L jS jR′j

 1√
τT

0

0 1√
1−τT

 ιT1 0T1

0T−T1 ιT−T1

′

= A jB
− 1

2
j L jS jR′j

 1√
τT

ιT1 0T1

0T−T1
1√

1−τT
ιT−T1

′
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=

(
A jB

− 1
2

j L j

)(√
T S j

) 1√
T

R′j

 1√
τT

ιT1 0T1

0T−T1
1√

1−τT
ιT−T1

′ := U jΣ jV
′
j ,

where U j = A jB
− 1

2
j L j ∈ RN×2, V j =

1√
T

 1√
τT

ιT1 0T1

0T−T1
1√

1−τT
ιT−T1

R j ∈ RT×2, and

Σ j =
√

T S j ∈ R2×2. It is easy to verify that

U ′
j U j = L′jB

− 1
2

j A′jA jB
− 1

2
j L j = L′jB

− 1
2

j B jB
− 1

2
j L j = L′jL j = I2 and

V ′j V j = R′jR j = I2.

Now, let U j = U jΣ j/
√

T and Vj =
√

TV j. We have Θ0
j =U jV⊤j and

Vj =

 1√
τT

ιT1 0T1

0T−T1
1√

1−τT
ιT−T1

R j = D jR j.

This proves (i).

(ii) Given R j is an orthonormal matrix, this follows from (i) automatically. ■

B.1.2 Proof of Theorem 3.1

Proof of Statement (i).

Let

R(C1) :=

{
{∆Θ j} j∈[p]∪{0} ∈ RN×T : ∑

j∈[p]∪{0}

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1 ∑

j∈[p]∪{0}

∥∥P j(∆Θ j)
∥∥
∗

}
.

By Lemma B.4, we notice that

P
{{

∆̃Θ j

}
j∈[p]∪{0} ∈R(3)

}
→ 1.

Recall from (3.11) that

R(C1,C2) :=
{
({∆Θ j} j∈[p]∪{0}) : ∑

j∈[p]∪{0}

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1 ∑

j∈[p]∪{0}

∥∥P j(∆Θ j)
∥∥
∗ ,

∑
j∈[p]∪{0}

∥∥Θ j
∥∥2 ≥C2

√
NT
}
.

When {∆̃Θ j} j∈[p]∪{0} ∈R(3) and {∆̃Θ j} j∈[p]∪{0} /∈R(3,C2), we have ∑ j∈[p]∪{0}
∥∥∆̃Θ j

∥∥2
<

C2
√

NT , which gives

1√
NT

∥∥∆̃Θ j

∥∥< C2√
N∧T

, ∀ j ∈ [p]∪{0}.

So it suffices to focus on the case that {∆̃Θ j} j∈[p]∪{0} ∈R (3,C2).
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Define the event

A1,N(c3)=
{
∥E∥op ≤ c3(

√
N∨

√
T logT ),

∥∥X j⊙E
∥∥

op ≤ c3(
√

N∨
√

T logT ),∀ j ∈ [p]
}

for some positive constant c3. By Lemma B.3, we have P(A c
1,N(c3)) ≤ ε for any

ε > 0. By the definition of {Θ̃ j} j∈[p]∪{0} in (3.3), we have

∑
j∈[p]∪{0}

ν j

(∥∥Θ
0
j
∥∥
∗−
∥∥Θ̃ j

∥∥
∗

)

≥ 1
NT

∥∥∥∥∥Y − Θ̃0− ∑
j∈[p]

X j⊙ Θ̃ j

∥∥∥∥∥
2

− 1
NT

∥∥∥∥∥Y −Θ
0
0− ∑

j∈[p]
X j⊙Θ

0
j

∥∥∥∥∥
2

=
1

NT

∥∥∥∥∥∆̃Θ0 + ∑
j∈[p]

∆̃Θ j ⊙X j

∥∥∥∥∥
2

− 2
NT

tr(∆̃′Θ0
E)− 2

NT ∑
j∈[p]

tr
[
∆̃
′
Θ0

(
E⊙X j

)]
.

Then conditioning on the event A1,N(c3), we have

1
NT

∥∥∥∥∥∆̃Θ0 + ∑
j∈[p]

∆̃Θ j ⊙X j

∥∥∥∥∥
2

≤ 2
NT

tr
(
∆̃
′
Θ0

E
)
+

2
NT ∑

j∈[p]
tr
[
∆̃
′
Θ0

(
E⊙X j

)]
+ ∑

j∈[p]∪{0}
ν j

(∥∥Θ
0
j
∥∥
∗−
∥∥Θ̃ j

∥∥
∗

)
≤ 2c3

√
N∨
√

T logT
NT ∑

j∈[p]∪{0}

∥∥∆̃Θ j

∥∥
∗+ ∑

j∈[p]∪{0}
ν j

(∥∥P j(∆̃Θ j)
∥∥
∗−
∥∥∥P⊥

j (∆̃Θ j)
∥∥∥
∗

)
= 2c3

√
N∨
√

T logT
NT ∑

j∈[p]∪{0}

(∥∥P j(∆̃Θ j)
∥∥
∗+
∥∥∥P⊥

j (∆̃Θ j)
∥∥∥
∗

)
+4c3

√
N∨
√

T logT
NT ∑

j∈[p]∪{0}

(∥∥P j(∆̃Θ j)
∥∥
∗−
∥∥∥P⊥

j (∆̃Θ j)
∥∥∥
∗

)
= 6c3

√
N∨
√

T logT
NT ∑

j∈[p]∪{0}

∥∥P j(∆̃Θ j)
∥∥
∗

−2c3

√
N∨
√

T logT
NT ∑

j∈[p]∪{0}

∥∥∥P⊥
j (∆̃Θ j)

∥∥∥
∗

≤ 6c3

√
N∨
√

T logT
NT ∑

j∈[p]∪{0}

∥∥P j(∆̃Θ j)
∥∥
∗ , (B.1)

where the second inequality holds by the definition of event A1(c3), the fact that

|tr(AB)| ≤ ∥A∥∗ ∥B∥op , and (B.31), the first equality holds by the fact that
∥∥∆̃Θ j

∥∥
∗=∥∥P j(∆̃Θ j)

∥∥
∗+
∥∥∥P⊥

j (∆̃Θ j)
∥∥∥
∗

(see, e.g., Lemma D.2(i) in Chernozhukov et al. (2019))

and that ν j =
4c3(
√

N∨
√

T logT)
NT . It follows that

C3 ∑
j∈[p]∪{0}

∥∥∆̃Θ j

∥∥2
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≤

∥∥∥∥∥∆̃Θ0 + ∑
j∈[p]

∆̃Θ j ⊙X j

∥∥∥∥∥
2

+C4 (N +T )

≤ 6c3

(√
N∨

√
T logT

)
∑

j∈[p]∪{0}

∥∥P j(∆̃Θ j)
∥∥
∗+C4 (N +T )

≤ 12r̄c3

(√
N∨

√
T logT

)
∑

j∈[p]∪{0}

∥∥P j(∆̃Θ j)
∥∥+C4 (N +T )

≤ 12r̄c3

(√
N∨

√
T logT

)
∑

j∈[p]∪{0}

∥∥∆̃Θ j

∥∥+C4 (N +T )

≤ 12r̄c3

(√
N∨

√
T logT

)√
p+1

√
∑

j∈[p]∪{0}

∥∥∆̃Θ j

∥∥2
+C4 (N +T ) ,

where the first inequality holds by Assumption 3.4, the second inequality is by (B.1),

the third inequality is by the fact that
∥∥P j(∆̃Θ j)

∥∥
∗ ≤ rank(P j(∆̃Θ j))

∥∥P j(∆̃Θ j)
∥∥

with rank(P j(∆̃Θ j)) ≤ 2r̄ by Lemma D.2(ii) in Chernozhukov et al. (2019), the

fourth inequality is by the fact that
∥∥∆̃Θ j

∥∥ = ∥∥P j(∆̃Θ j)
∥∥+∥∥∥P⊥

j (∆̃Θ j)
∥∥∥ (see, e.g.,

Lemma D.2(ii) in Chernozhukov et al. (2019)), and the last inequality holds by

Jensen inequality. Consequently, we can conclude that

∑
j∈[p]∪{0}

∥∥∆̃Θ j

∥∥2
= Op (N∨ (T logT )) .

In addition, maxk∈[r j]

∣∣σ̃k, j−σk, j
∣∣= Op(ηN,1) by the Weyl’s inequality with ηN,1 =

√
logT√
N∧T

.

Now, we show the convergence rate for the singular vector estimates. For ∀ j ∈

[p]∪{0}, let D̃ j =
1

NT Θ̃′jΘ̃ j =
ˆ̃V j

ˆ̃
Σ j

ˆ̃V ′j , and D0
j =

1
NT Θ0′

j Θ0
j = V 0

j Σ0
jV

0′
j . Define the

event

A2,N(M) =

{
1√
NT

∥∥Θ̃ j−Θ
0
j
∥∥ ≤MηN,1, ∀ j ∈ {0, · · · , p}

}
for a large enough constant M. By the above analyses, we have P

(
A c

2,N(M)
)
≤ ε

for any ε > 0. On the event A2,N(M), we observe that∥∥D̃ j−D0
j
∥∥≤ 1

NT

(∥∥Θ̃ j
∥∥+∥∥Θ

0
j
∥∥)∥∥Θ̃ j−Θ

0
j
∥∥≤ 2M2

ηN,1.

With Lemma C.1 of Su et al. (2020) and Davis-Kahan sinΘ theorem in Yu et al.

(2015), we are ready to show that for some orthogonal matrix O j,∥∥∥V 0
j − ˆ̃V jO j

∥∥∥≤√r j

∥∥∥V 0
j − ˆ̃V jO j

∥∥∥
op
≤√r j

2
√

2M2ηN,1

σ2
K j,1−2M2ηN,1
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≤√r j
2
√

2M2ηN,1

c2
σ −2M2ηN,1

≤√r j
2
√

2M2ηN,1

C6c2
σ

≤C7ηN,1 (B.2)

for C7 = 2
√

2M2√r̄
C6c2

σ

, where the second inequality in line two is due to the fact that

ηN,1 is sufficiently small and C6 is some positive constant.

Then
∥∥∥V 0

j −ṼjO j

∥∥∥ ≤ C7
√

T ηN,1 by the definition of Ṽj and Vj. Together with

the fact that P(A c
2,N(M)) → 0 by Theorem 3.1(i), it implies 1√

T

∥∥∥V 0
j −ṼjO j

∥∥∥ =

Op (T ηN,1) .

Proof of Statement (ii).

Define

u0
i = [u0′

i,0, · · · ,u0′
i,p]
′, ∆̇i, j = O′ju̇i, j−u0

i, j, ∆̇i,u = [∆̇′i,0, · · · , ∆̇′i,p]′,

φ̃it =
[(

O′0ṽt,0
)′
,
(
O′1ṽt,1X1,it

)′
, · · · ,

(
O′pṽt,pXp,it

)′]′
, and Φ̃i =

1
T

T

∑
t=1

φ̃it φ̃
′
it .

Let Ỹit :=Yit−
(

O0u0
i,0

)′
ṽt,0−∑

p
j=1

(
O ju0

i, j

)′
ṽt, jX j,it . By the definition of

{
u̇i, j
}

in

(3.4), we have

0≥ 1
T ∑

t∈[T ]

(
Yit− u̇′i,0ṽt,0−

p

∑
j=1

u̇′i, jṽt, jX j,it

)2

− 1
T ∑

t∈[T ]
Ỹ 2

it

=
1
T ∑

t∈[T ]

(
Ỹit−

(
u̇i,0−O0u0

i,0
)′

ṽt,0− ∑
j∈[p]

(
u̇i, j−O ju0

i, j
)′

ṽt, jX j,it

)2

− 1
T ∑

t∈[T ]
Ỹ 2

it

=
1
T ∑

t∈[T ]

[(
∆̇
′
i,uφ̃it

)2−2
(
∆̇
′
i,uφ̃it

)(
Yit−u0′

i φ̃it
)]

,

which implies∥∥∆̇i,u
∥∥2

2 λmin

(
1
T ∑

t∈[T ]
φ̃it φ̃

′
it

)
≤ 1

T ∑
t∈[T ]

(
∆̇
′
i,uφ̃it

)2 ≤ 2
T ∑

t∈[T ]
∆̇
′
i,uφ̃it

(
Yit−u0′

i φ̃it
)

=
2
T ∑

t∈[T ]
∆̇
′
i,uφ̃it

[
eit−u0′

i
(
φ̃it−φ

0
it
)]

= 2

{
1
T ∑

t∈[T ]
φ

0
it eit

}′
∆̇i,u +2

{
1
T ∑

t∈[T ]

(
φ̃it−φ

0
it
)

eit

}′
∆̇i,u

− 2
T ∑

t∈[T ]
φ̃
′
it ∆̇i,u

[
u0′

i
(
φ̃it−φ

0
it
)]

:= 2G′i,1∆̇i,u +2Gi,2−2Gi,3. (B.3)

We first deal with G1,i. Conditional on D , the randomness in G1,i comes from
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{eit ,Xit}t∈[T ], which is the (conditional) strong mixing sequence by Assumption

3.1(iii). Besides, we observe that

max
i],t∈[T ]

∥∥Var
(
φ

0
it eit
∣∣D)∥∥ ≲max

i,t

[
E
(

e2
it

∣∣∣∣D)+ ∑
j∈[p]

E
(

X2
j,ite

2
it

∣∣∣∣D)
]
= O(1) a.s

by Lemma B.7(ii) and Assumption 3.1(v). Following similar arguments, we have

max
i,t

T

∑
s=t+1

∥∥Cov
(
φ

0
it eit ,φ

0
iseis
∣∣D)∥∥

≤ 8max
t

T

∑
s=t+1

[
E
(∥∥φ

0
it eit
∥∥q

2

∣∣D)]1/q [∥∥∥E(φ 0
iseis
∥∥q

2

∣∣D)]1/q
(α(t− s))1−2/q

= O(1) a.s,

where the first inequality is by the conditional Davydov’s inequality that says

|Cov [a(xt) ,a(xs) |D ]| ≤ 8 [E[∥a(xt)∥p |D ]]
1
p [E[∥a(xs)∥q |D ]]

1
q α(t− s)

1
r

for any conditional strong mixing sequence (xt , t ∈ [T ]) with mixing coefficient α(·)

and 1
p +

1
q +

1
r = 1. See Lemma A.4 in Su and Chen (2013b).

Following this, for some constant C8, we have

max
i,t

[∥∥Var
(
φ

0
it eit
∣∣D)∥∥+2

T

∑
s=t+1

∥∥Cov
(
φ

0
it eit ,φ

0
iseis
∣∣D)∥∥]≤C8,

and maxi,t
∥∥φ 0

it eit
∥∥

max ≤C8(NT )1/q by Lemma B.7(i) and Assumption 3.1(iv). De-

fine A3,N(M) = {maxi,t
∥∥φ 0

it eit
∥∥ ≤ M(NT )1/q} and A3,N,i(M) = {maxt

∥∥φ 0
it eit
∥∥ ≤

M(NT )1/q} for a large enough constant M. For a positive constant C9, it yields that

P

(
max

i

1
T

∥∥∥∥∥ ∑
t∈[T ]

φ
0
it eit

∥∥∥∥∥>C9

√
logN

T
(NT )

1
q

)

≤ P

(
max

i

1
T

∥∥∥∥∥ ∑
t∈[T ]

φ
0
it eit

∥∥∥∥∥>C9

√
logN

T
(NT )

1
q ,A3,N(M)

)
+P

(
A c

3,N(M)
)

≤ ∑
i∈[N]

P

(
1
T

∥∥∥∥∥ ∑
t∈[T ]

φ
0
it eit

∥∥∥∥∥>C9

√
logN

T
(NT )

1
q ,A3,N(M)

)
+P

(
A c

3,N(M)
)

≤ ∑
i∈[N]

P

(
1
T

∥∥∥∥∥ ∑
t∈[T ]

φ
0
it eit

∥∥∥∥∥>C9

√
logN

T
(NT )

1
q ,A3,N,i(M)

)
+P

(
A c

3,N(M)
)

≤ ∑
i∈[N]

exp

(
−

c4C2
9T logN(NT )2/q

TC8 +C2
8(NT )2/q +C8C9(NT )2/q√T logN(logT )2

)
+o(1)

= o(1)
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where the last inequality holds by Bernstein’s inequality in Lemma B.6(ii) and the

fact that P
(
A c

3,N(M)
)
= o(1). It follows that

max
i

∣∣∣G′i,1∆̇i,u

∣∣∣∥∥∆̇i,u
∥∥ ≤max

i

∥∥Gi,1
∥∥= Op(

√
(logN)/T (NT )

1
q ). (B.4)

For Gi,2, we notice that

max
i

∣∣Gi,2
∣∣∥∥∆̇i,u
∥∥ = max

i

∣∣∣{ 1
T ∑t∈[T ]

(
φ̃it−φ 0

it
)

eit
}′

∆̇i,u

∣∣∣∥∥∆̇i,u
∥∥ ≤max

i

∥∥∥∥∥ 1
T ∑

t∈[T ]

(
φ̃it−φ

0
it
)

eit

∥∥∥∥∥
2

≤max
i

√
1
T ∑

t∈[T ]

∥∥φ̃it−φ 0
it

∥∥2
2 max

i

√
1
T ∑

t∈[T ]
|eit |2 = Op(ηN,1(NT )1/q),

(B.5)

where the second inequality holds by Cauchy’s inequality and the last equality is by

Lemma B.7(iv) and Assumption 3.1(iv)

For Gi,3, we have

max
i

∣∣Gi,3
∣∣∥∥∆̇i,u
∥∥ = max

i

∣∣ 1
T ∑t∈[T ] φ̃

′
it ∆̇i,u

[
u0′

i
(
φ̃it−φ 0

it
)]∣∣∥∥∆̇i,u

∥∥
≤max

i

√
1
T ∑

t∈[T ]

∥∥φ̃it
∥∥2 max

i

∥∥u0
i
∥∥max

i,t

√
1
T ∑

t∈[T ]

∥∥φ̃it−φ 0
it

∥∥2

= Op(ηN,1(NT )1/q), (B.6)

where the inequality holds by Cauchy’s inequality and the last line is by Lemma

B.7(i) and (iv).

Combining (B.3)-(B.6) and Lemma B.8 yields

max
i

∥∥∥u̇i, j−O(1)
i, j u0

i, j

∥∥∥≤max
i

∥∥∆̇i,u
∥∥= Op

(√
logN∨T

N∧T
(NT )1/q

)
.

The union bound of v̇t, j can be obtained in the same manner and we sketch the

proof here. Define

v0
t = [v0′

t,0, · · · ,v0′
t,p]
′, ∆̇t, j = O′jv̇t, j− v0

t, j, ∆̇t,v = [∆̇′t,0, · · · , ∆̇′t,p]′,

ψ̇it =
[(

O′0u̇i,0
)′
,
(
O′1u̇i,1X1,it

)′
, · · · ,

(
O′pu̇i,pXp,it

)′]′
, and Ψ̇t =

1
N ∑

i∈[N]

ψ̇itψ̇
′
it .

Following the steps to derive (B.3), we can also obtain∥∥∆̇t,v
∥∥2

λmin

(
1
N ∑

i∈[N]

ψ̇itψ̇
′
it

)
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= 2

{
1
N ∑

i∈[N]

ψ
0
iteit

}′
∆̇t,v +

2
N ∑

i∈[N]

(
ψ̇it−ψ

0
it
)′

∆̇t,veit−
2
N ∑

i∈[N]

ψ̇
′
it ∆̇t,v

[
v0′

t
(
ψ̇it−ψ

0
it
)]
.

(B.7)

By the fact that

max
t

1
N ∑

i∈[N]

∥ψ̇it∥2 = max
t

1
N ∑

i∈[N]

(∥∥u̇i,0
∥∥2

+ ∑
j∈[p]

∥∥u̇i, j
∥∥2 X2

j,it

)

≤max
i

∥∥u̇i,0
∥∥2

+ max
i∈[N], j∈[p]

∥∥u̇i, j
∥∥2

∑
j∈[p]

max
t

1
N ∑

i∈[N]

X2
j,it = Op(1),

max
t

1
N ∑

i∈[N]

∥∥ψ̇it−ψ
0
it
∥∥2 ≤max

i

∥∥u̇i,0−u0
i,0
∥∥2

+ max
i∈[N], j∈[p]

∥∥u̇i, j−u0
i, j
∥∥2

∑
j∈[p]

max
t

1
N ∑

i∈[N]

X2
j,it

= Op(ηN,2),

where ηN,2 =
√

logN∨T
N∧T (NT )1/q and the first inequality holds by Lemma B.7(i), we

obtain that

max
t

∣∣∣{ 1
N ∑i∈[N]ψ

0
iteit
}′

∆̇t,v

∣∣∣∥∥∆̇t,v
∥∥ = Op

(√
logT

N
(NT )

1
q

)
,

max
t

∣∣ 1
N ∑i∈[N] ψ̇

′
it ∆̇t,v

[
v0′

t
(
ψ̇it−ψ0

it
)]∣∣∥∥∆̇t,v

∥∥ = Op(ηN,2), and

max
t

∣∣∣ 1
N ∑i∈[N]

(
ψ̇it−ψ0

it
)′

∆̇t,veit

∣∣∣∥∥∆̇t,v
∥∥ = Op(ηN,2),

where the first line is by conditional Bernstein’s inequality for i.i.d. sequence and

the last two lines are by the analogous arguments in (B.5) and (B.6). It follows that

max
t

∥∥v̇t, j−O jv0
t, j
∥∥= Op

(√
logN∨T

N∧T
(NT )1/q

)
. ■

Proof of Statement (iii).

For ∀ j ∈ [p]∪{0}, i ∈ [N] and t ∈ [T ], we can show that

Θ̇ j,it−Θ
0
j,it = u̇′i, jv̇t, j−u0′

i, jv
0
t, j

= (u̇i, j−O ju0
i, j)
′(v̇t, j−O jv0

t, j)+O ju0′
i, j(v̇t, j−O jv0

t, j)+O jv0′
t, j(u̇i, j−O ju0

i, j),

which implies

max
i,t

∣∣Θ̇ j,it−Θ
0
j,it
∣∣

≤max
i

∥∥u̇i, j−O ju0
i, j
∥∥max

t

∥∥v̇t, j−O jv0
t, j
∥∥

205



+max
i

∥∥O ju0
i, j
∥∥max

t

∥∥v̇t, j−O jv0
t, j
∥∥+max

i

∥∥u̇i, j−O ju0
i, j
∥∥max

t

∥∥O jv0
t, j
∥∥

= Op(ηN,2),

where the last equality combines results from Theorem 3.1(ii) and Lemma B.7(i).

■

B.1.3 Proof of Theorem 3.2

To prove P(T̂1 = T1)→ 1, it suffices to show: (i) P(T̂1 < T1)→ 0 and (ii) P(T̂1 >

T1)→ 0.

First, we focus on (i). Let ∆it( j) = Θ̇ j,it −Θ0
j,it , ∆̄s,i( j) = 1

s ∑
s
t=1(Θ̇ j,it −Θ0

j,it)

and ∆̄s+,i( j) = 1
T−s ∑

T
t=s+1(Θ̇ j,it−Θ0

j,it). When s < T1, we have

¯̇
Θ
(1s)
j,i =

1
s

s

∑
t=1

Θ̇ j,it =
1
s

s

∑
t=1

[
Θ

0
j,it +(Θ̇ j,it−Θ

0
j,it)
]
= α

(1)

g(1)i , j
+ ∆̄s,i( j),

¯̇
Θ
(2s)
j,i =

1
T − s

T

∑
t=s+1

Θ̇ j,it =
1

T − s

T

∑
t=s+1

[
Θ

0
j,it +(Θ̇ j,it−Θ

0
j,it)
]

=
T1− s
T − s

α
(1)

g(1)i , j
+

T −T1

T − s
α
(2)

g(2)i , j
+ ∆̄s+,i( j),

with α
(1)

g(1)i , j
and α

(2)

g(2)i , j
being the j-th element of α

(1)

g(1)i

and α
(2)

g(2)i

, respectively. It yields

Θ̇ j,it− ¯̇
Θ
(1s)
j,i =Θ̇ j,it−α

(1)

g(1)i , j
− ∆̄s,i( j) = ∆it( j)− ∆̄s,i( j), t ≤ s, and

Θ̇ j,it− ¯̇
Θ
(2s)
j,i =Θ̇ j,it−

T1− s
T − s

α
(1)

g(1)i , j
− T −T1

T − s
α
(2)

g(2)i , j
− ∆̄s+,i( j)

=


T−T1
T−s (α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)+∆it( j)− ∆̄s+,i( j) if s+1≤ t ≤ T1

T1−s
T−s (α

(2)

g(2)i , j
−α

(1)

g(1)i , j
)+∆it( j)− ∆̄s+,i( j) if T1 +1≤ t ≤ T

.

Then, we have
s

∑
t=1

[
Θ̇ j,it− ¯̇

Θ
(1s)
j,i

]2
=

s

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]2
,

and
T

∑
t=s+1

[
Θ̇ j,it− ¯̇

Θ
(2s)
j,i

]2

=
T1

∑
t=s+1

[
T −T1

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)+∆it( j)− ∆̄s+,i( j)

]2

+
T

∑
t=T1+1

[
T1− s
T − s

(α
(2)

g(2)i , j
−α

(1)

g(1)i , j
)+∆it( j)− ∆̄s+,i( j)

]2

206



=
(T1− s)(T −T1)

2

(T − s)2 (α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)2 +

T1

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]2
+2

T −T1

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)

T1

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]
+

(T −T1)(T1− s)2

(T − s)2 (α
(2)

g(2)i , j
−α

(1)

g(1)i , j
)2 +

T

∑
t=T1+1

[
∆it( j)− ∆̄s+,i( j)

]2
+2

T1− s
T − s

(α
(2)

g(2)i , j
−α

(1)

g(1)i , j
)

T

∑
t=T1+1

[
∆it( j)− ∆̄s+,i( j)

]
=

(T1− s)(T −T1)

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)2 +

T

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]2
+2

T −T1

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)

T1

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]
+2

T1− s
T − s

(α
(2)

g(2)i , j
−α

(1)

g(1)i , j
)

T

∑
t=T1+1

[
∆it( j)− ∆̄s+,i( j)

]
. (B.8)

Define L(s)= 1
pNT ∑ j∈[p]∑i∈[N]{∑s

t=1[Θ̇ j,it− ¯̇
Θ
(1s)
j,i ]2+∑

T
t=s+1[Θ̇ j,it− ¯̇

Θ
(2s)
j,i ]2}. Then

we have

L(s) =
1

pNT ∑
j∈[p]

∑
i∈[N]

(T1− s)(T −T1)

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)2

+
1

pNT ∑
j∈[p]

∑
i∈[N]

s

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]2
+

1
pNT ∑

j∈[p]
∑

i∈[N]

T

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]2
+

2
pNT ∑

j∈[p]
∑

i∈[N]

T −T1

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)

T1

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]
+

2
pNT ∑

j∈[p]
∑

i∈[N]

T1− s
T − s

(α
(2)

g(2)i , j
−α

(1)

g(1)i , j
)

T

∑
t=T1+1

[
∆it( j)− ∆̄s+,i( j)

]
:=

5

∑
ℓ=1

Lℓ(s). (B.9)

Obviously,

L(T1) = L2(T1)+L3(T1). (B.10)

Note that the event T̂1 < T implies that there exists an s< T1 such that L(s)−L(T1)<

0, which means we can prove (i) by showing that P(∃s < T1,L(s)−L(T1)< 0)→ 0.

By (B.9) and (B.10), we observe that

L(s)−L(T1) = L1(s)+ [L2(s)−L2(T1)]+ [L3(s)−L3(T1)]+L4(s)+L5(s)

:= A1 (s)+A2 (s)+A3 (s)+A4 (s)+A5 (s) . (B.11)
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Recall that ηN,2 =
√

logN∨T
N∧T (NT )1/q. Let T1−s

T = κs and note that 0 < 1
T ≤ κs ≤

T1−2
T ≍ 1. We analyze the five terms in (B.11) in turn.

For A1 (s), we have

A1 (s) =
1

pNT ∑
j∈[p]

∑
i∈[N]

(T1− s)(T −T1)

T − s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)2

=
T1− s
T − s

(1− τT )
1

pN ∑
j∈[p]

∑
i∈[N]

(α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)2

=
T1− s
T − s

(1− τT )
1

pN ∑
i∈[N]

∥∥∥∥α
(1)

g(1)i

−α
(2)

g(2)i

∥∥∥∥2

= κs
(1− τT )

1− s
T

DNα = κsO(ζ 2
NT ), (B.12)

where DNα := 1
pN ∑i∈[N]

∥∥∥∥α
(1)

g(1)i

−α
(2)

g(2)i

∥∥∥∥2

and the last equality holds by Assumption

3.6.

For A2 (s), noting that

∆̄T1,i ( j)− ∆̄s,i( j) =
1
T1

T1

∑
t=1

∆it( j)− 1
s

[
T1

∑
t=1

∆it( j)−
T1

∑
t=s+1

∆it( j)

]

=
s−T1

T1s

T1

∑
t=1

∆it( j)+
1
s

T1

∑
t=s+1

∆it( j),

we have

T1∆̄
2
T1,i ( j)− s∆̄

2
s,i ( j)

= (T1− s) ∆̄
2
T1,i ( j)+ s

[
∆̄

2
T1,i ( j)− ∆̄

2
s,i ( j)

]
= (T1− s) ∆̄

2
T1,i ( j)+ s

[
∆̄T1,i ( j)+ ∆̄s,i( j)

][
∆̄T1,i ( j)− ∆̄s,i( j)

]
= (T1− s) ∆̄

2
T1,i ( j)+

[
∆̄T1,i ( j)+ ∆̄s,i( j)

][ T1

∑
t=s+1

∆it( j)− T1− s
T1

T1

∑
t=1

∆it( j)

]
.

It follows that

A2 (s) =
1

pNT ∑
j∈[p]

∑
i∈[N]

{
s

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]2− T1

∑
t=1

[
∆it( j)− ∆̄T1,i ( j)

]2}

=
1

pNT ∑
j∈[p]

∑
i∈[N]

{
s

∑
t=1

∆
2
it ( j)− s∆̄

2
s,i ( j)−

T1

∑
t=1

∆
2
it ( j)+T1∆̄

2
T1,i ( j)

}

=
1

pNT ∑
j∈[p]

∑
i∈[N]

{
−

T1

∑
t=s+1

∆
2
it ( j)+T1∆̄

2
T1,i ( j)− s∆̄

2
s,i ( j)

}

=−κs
1

pN (T1− s) ∑
j∈[p]

∑
i∈[N]

T1

∑
t=s+1

∆
2
it ( j)+κs

1
pN ∑

j∈[p]
∑

i∈[N]

∆̄
2
T1,i ( j)
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+κs
1

pN ∑
j∈[p]

∑
i∈[N]

[
∆̄T1,i ( j)+ ∆̄s,i( j)

] 1
T1− s

T1

∑
t=s+1

∆it( j)

−κs
1

pN ∑
j∈[p]

∑
i∈[N]

[
∆̄T1,i ( j)+ ∆̄s,i( j)

] 1
T1

T1

∑
t=1

∆it( j)

= κsOp
(
η

2
N,2
)
= κsop(ζ

2
NT ), (B.13)

where the second last equality holds by the fact that

max
i∈[N],t∈[T ], j∈[p]

|∆it( j)|= Op (ηN,2) (B.14)

from Theorem 3.1(iii) and

max
i∈[N], j∈[p]

∣∣∆̄s,i( j)
∣∣= max

i∈[N], j∈[p]

∣∣∣∣∣1s s

∑
t=1

∆it( j)

∣∣∣∣∣≤ max
i∈[N],t∈[T ], j∈[p]

|∆it( j)|= Op (ηN,2) ,

max
i∈[N], j∈[p]

∣∣∆̄T1,i ( j)
∣∣= max

i∈[N], j∈[p]

∣∣∣∣∣ 1
T1

T1

∑
t=1

∆it( j)

∣∣∣∣∣= Op (ηN,2) . (B.15)

Similarly, noting that

∆̄T1+,i ( j)− ∆̄s+,i( j)

=
1

T −T1

T

∑
t=T1+1

∆it( j)− 1
T − s

T

∑
t=s+1

∆it( j)

= (
1

T −T1
− 1

T − s
)

T

∑
t=T1+1

∆it( j)+
1

T − s

[
T

∑
t=T1+1

∆it( j)−
T

∑
t=s+1

∆it( j)

]

=
T1− s

(T −T1)(T − s)

T

∑
t=T1+1

∆it( j)− 1
T − s

T1

∑
t=s+1

∆it( j)

and

(T −T1) ∆̄
2
T1+,i ( j)− (T − s) ∆̄

2
s+,i ( j)

= (s−T1) ∆̄
2
T1+,i ( j)+(T − s) [∆̄2

T1+,i ( j)− ∆̄
2
s+,i ( j)]

= (s−T1) ∆̄
2
T1+,i ( j)+(T − s)

[
∆̄T1+,i ( j)+ ∆̄s+,i( j)

][
∆̄T1+,i ( j)− ∆̄s+,i( j)

]
= (s−T1) ∆̄

2
T1+,i ( j)+

[
∆̄T1+,i ( j)+ ∆̄s+,i( j)

][ T1− s
T −T1

T

∑
t=T1+1

∆it( j)−
T1

∑
t=s+1

∆it( j)

]
,

we have

A3 (s) =
1

pNT ∑
j∈[p]

∑
i∈[N]

{
T

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]2− T

∑
t=T1+1

[
∆it( j)− ∆̄T1+,i ( j)

]2}

=
1

pNT ∑
j∈[p]

∑
i∈[N]

{
T

∑
t=s+1

∆
2
it ( j)− (T − s) ∆̄

2
s+,i( j)−

T

∑
t=T1+1

∆
2
it ( j)+(T −T1) ∆̄T1+,i ( j)

}
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=
1

pNT ∑
j∈[p]

∑
i∈[N]

{
T1

∑
t=s+1

∆
2
it ( j)+(T −T1) ∆̄

2
T1+,i ( j)− (T − s) ∆̄s+,i( j)

}

= κs
1

pN (T1− s) ∑
j∈[p]

∑
i∈[N]

T1

∑
t=s+1

∆
2
it ( j)−κs

1
pN ∑

j∈[p]
∑

i∈[N]

∆̄
2
T1+,i ( j)

+κs
1

pN ∑
j∈[p]

∑
i∈[N]

[
∆̄T1+,i ( j)+ ∆̄s+,i( j)

] 1
T −T1

T

∑
t=T1+1

∆it( j)

−κs
1

pN ∑
j∈[p]

∑
i∈[N]

[
∆̄T1+,i ( j)+ ∆̄s+,i( j)

] 1
T1− s

T1

∑
t=s+1

∆it( j)

= κsOp
(
η

2
N,2
)
= κsop(ζ

2
NT ), (B.16)

where the second last equality holds by (B.14) and the fact that

max
i∈[N], j∈[p]

∣∣∆̄s+,i( j)
∣∣= max

i∈[N], j∈[p]

∣∣∣∣∣ 1
T − s

T

∑
t=s+1

∆it( j)

∣∣∣∣∣= Op (ηN,2) ,

max
i∈[N], j∈[p]

∣∣∆̄T1+,i ( j)
∣∣= max

i∈[N], j∈[p]

∣∣∣∣∣ 1
T −T1

T

∑
t=T1+1

∆it( j)

∣∣∣∣∣= Op (ηN,2) . (B.17)

Last, we notice that

A4 (s)+A5 (s)

=
2

pNT ∑
j∈[p]

∑
i∈[N]

(α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)

{
T −T1

T − s

T1

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]
− T1− s

T − s

T

∑
t=T1+1

[
∆it( j)− ∆̄s+,i( j)

]}

=
2

pNT ∑
j∈[p]

∑
i∈[N]

(α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)

[
T −T1

T − s

T1

∑
t=s+1

∆it( j)− T1− s
T − s

T

∑
t=T1+1

∆it( j)

]

= 2κs
1− τT

1− s
T

1
pN ∑

j∈[p]
∑

i∈[N]

(α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)

1
T1− s

T1

∑
t=s+1

∆it( j)

−2κs
1− τT

1− s
T

1
pN ∑

j∈[p]
∑

i∈[N]

(α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)

1
T −T1

T

∑
t=T1+1

∆it( j)

≤ 2κs
1− τT

1− s
T

√√√√ 1
N ∑

i∈[N]

∥∥∥∥α
(1)

g(1)i

−α
(2)

g(2)i

∥∥∥∥2
√√√√ 1

N ∑
i∈[N]

[
1

p(T1− s) ∑
j∈[p]

T1

∑
t=s+1

∆it( j)

]2

+2κs
1− τT

1− s
T

√√√√ 1
N ∑

i∈[N]

∥∥∥∥α
(1)

g(1)i

−α
(2)

g(2)i

∥∥∥∥2
√√√√ 1

N ∑
i∈[N]

[
1

p(T −T1)
∑

j∈[p]

T

∑
t=T1+1

∆it( j)

]2

= κs
1− τT

1− s
T

ζNT Op (ηN,2) = κsop(ζ
2
NT ), (B.18)
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where the first inequality holds by Cauchy-Schwarz inequality.

Combining (B.11), (B.12), (B.13), (B.16), (B.18) and Assumption 3.6(i) yields

that

L(s)−L(T1) = κs
(1− τT )

1− s
T

DNα +κsop(ζ
2
NT ).

Then for any s < T1,

plim(N,T )→∞

1
κsζ

2
NT

[L(s)−L(T1)] = plim(N,T )→∞

1− τT

1− s
T

1
ζ 2

NT
DNα ≥ (1− τ)Dα > 0,

where Dα :=plim(N,T )→∞
1

ζ 2
NT

DNα > 0 by Assumption 3.6(i). This implies that

P
(
T̂1 < T1

)
≤ P(∃s < T1,L(s)−L(T1)< 0)→ 0. (B.19)

By analogous arguments, we prove (ii) in the following part. When s > T1, we

have

¯̇
Θ
(1s)
j,i =

1
s

s

∑
t=1

Θ̇ j,it =
1
s

s

∑
t=1

[
Θ

0
j,it +

(
Θ̇ j,it−Θ

0
j,it
)]

=
T1

s
α
(1)

g(1)i , j
+

s−T1

s
α
(2)

g(2)i , j
+ ∆̄s,i( j),

¯̇
Θ
(2s)
j,i =

1
T − s

T

∑
t=s+1

Θ̇ j,it =
1

T − s

T

∑
t=s+1

[
Θ

0
j,it +

(
Θ̇ j,it−Θ

0
j,it
)]

= α
(2)

g(2)i , j
+ ∆̄s+,i( j).

It follows that

Θ̇ j,it− ¯̇
Θ
(1s)
j,i =


s−T1

s (α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)+∆it( j)− ∆̄s,i( j) if 1≤ t ≤ T1

T1
s (α

(2)

g(2)i , j
−α

(1)

g(1)i , j
)+∆it( j)− ∆̄s,i( j) if T1 +1≤ t ≤ s

, and

Θ̇ j,it− ¯̇
Θ
(2s)
j,i =∆it( j)− ∆̄s+,i( j), s < t ≤ T.

As in (B.8), we obtain that
s

∑
t=1

[
Θ̇ j,it− ¯̇

Θ
(1s)
j,i

]2

=
T1

∑
t=1

[
s−T1

s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)+∆it( j)− ∆̄s,i( j)

]2

+
s

∑
t=T1+1

[
T1

s
(α

(2)

g(2)i , j
−α

(1)

g(1)i , j
)+∆it( j)− ∆̄s,i( j)

]2

=
T1 (s−T1)

2

s2 (α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)2 +

T1

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]2
+2

s−T1

s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)

T1

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]
+

(s−T1)T 2
1

s2 (α
(2)

g(2)i , j
−α

(1)

g(1)i , j
)2 +

s

∑
t=T1+1

[
∆it( j)− ∆̄s,i( j)

]2
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+2
T1

s
(α

(2)

g(2)i , j
−α

(1)

g(1)i , j
)

s

∑
t=T1+1

[
∆it( j)− ∆̄s,i( j)

]
=

(s−T1)T1

s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)2 +

s

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]2
+2

T1 (s−T1)

s
(α

(1)

g(1)i , j
−α

(2)

g(2)i , j
)

[
1
T1

T1

∑
t=s+1

∆it( j)− 1
s−T1

T

∑
t=T1+1

∆it( j)

]
and

T

∑
t=s+1

[Θ̇ j,it− ¯̇
Θ
(2s)
j,i ]2 =

T

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]2
.

It follows that

L(s)−L(T1)

=
T1 (s−T1)

sT
1

pN ∑
i∈[N]

∥∥∥∥α
(1)

g(1)i

−α
(2)

g(2)i

∥∥∥∥2

+
1

pNT ∑
j∈[p]

∑
i∈[N]

{
s

∑
t=1

[
∆it( j)− ∆̄s,i( j)

]2− T1

∑
t=1

[
∆it( j)− ∆̄T1,i ( j)

]2}

+
1

pNT ∑
j∈[p]

∑
i∈[N]

{
T

∑
t=s+1

[
∆it( j)− ∆̄s+,i( j)

]2− T

∑
t=T1+1

[
∆it( j)− ∆̄T1+,i ( j)

]2}

+2
T1 (s−T1)

sT
1

pN ∑
j∈[p]

∑
i∈[N]

(α
(1)

g(1)i , j
−α

(2)

g(2)i , j
)

[
1
T1

T1

∑
t=s+1

∆it( j)− 1
s−T1

T

∑
t=T1+1

∆it( j)

]

:= B1 (s)+B2 (s)+B3 (s)+B4 (s) ,

where B4 (s) parallels A4 (s)+A5 (s) in (B.11). Let κ̄s =
s−T1

T ∈
[ 1

T ,1− τT
]
. Fol-

lowing the analyses of Aℓ (s)’s, we can readily show that

B1 (s) = κ̄s
T
s

T1

T
DNα = κ̄sOp(ζ

2
NT ), Bℓ (s) = κ̄sOp

(
η

2
N,2
)
= κ̄sop(ζ

2
NT ) for ℓ= 2,3,

and B4 (s) = κ̄sOp (ηN,2ζNT ) = κ̄sop(ζ
2
NT ). It follows that for any s > T1,

plim(N,T )→∞

1
κ̄sζ

2
NT

[L(s)−L(T1)] = plim(N,T )→∞

T1T
T s

1
ζ 2

NT
DNα ≥ τDα > 0.

This implies that

P(T̂1 > T1)≤ P(∃s > T1,L(s)−L(T1)< 0)→ 0. (B.20)

Combining (B.19) and (B.20), we conclude that P(T̂1 = T1)→ 1. ■
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B.1.4 Proof of Theorem 3.3

By Theorem 3.2, P(T̂1 = T1)→ 1. It follows that we can prove Theorem 3.3 by

conditioning on the event that {T̂1 = T1}. Below we prove the theorem under the

event that {T̂1 = T1}.

First, we define Θ̇
0,(1)
j,i =(Θ̇ j,i1, · · · ,Θ̇ j,iT1)

′, Θ̇
0,(2)
j,i =(Θ̇ j,i,T1+1, · · · ,Θ̇ j,iT )

′, β̇
0,(1)
i =

1√
T1
(Θ̇

0,(1)′
1,i , · · · ,Θ̇0,(1)′

p,i )′, and β̇
0,(2)
i = 1√

T2
(Θ̇

0,(2)′
1,i , · · · ,Θ̇0,(2)′

p,i )′. Noted that in the

definitions of β̇
0,(1)
i and β̇

0,(2)
i we use the true break date T1 rather than the esti-

mated one compared to β̇
(1)
i and β̇

(2)
i defined in Step 4. As in (3.7) and (3.8), we

further define {
ȧ0,(ℓ)

k,m

}
k∈[m]

= argmin{
a(ℓ)k

}
k∈[m]

1
N ∑

i∈[N]

min
k∈[m]

∥∥∥β̇
0,(ℓ)
i −a(ℓ)k

∥∥∥2
, (B.21)

ĝ0,(ℓ)
i,m = argmin

k∈[m]

∥∥∥β̇
(ℓ)
i − ȧ0,(ℓ)

k,m

∥∥∥ , ∀i ∈ [N]. (B.22)

(i) Under the case with m = K(ℓ), Theorem 3.3(i.a) is from the combination of

Lemma B.9 for the consistency of the membership estimates via K-means algorithm

and Theorem 3.2 for the consistency of the break point estimator.

Next, we show (i.c). Recall that zς is the critical value at significance level ς

calculated from the maximum of m independent χ2(1) random variables. By the

definition of the STK algorithm, we observe that

P
(

K̂(ℓ) ≤ K(ℓ)
)
≥ P

(
Γ̂
(ℓ)

K(ℓ) ≤ zς

)
,

which leads to the fact that (i.c) holds as long as we can show (i.b). This is because,

under (i.b), we have

P
(

Γ̂
(ℓ)

K(ℓ) ≤ zς

)
≥ 1− ς +o(1).

Now, we focus on (i.b). Notice that Γ̂
(ℓ)

k,K(ℓ) depends on the K-means classification

result, i.e., the estimated group membership Ĝ(ℓ)

k,K(ℓ) for k ∈ [K(ℓ)]. From Theorem

3.3(i.1), we notice that we can change the estimated group membership Ĝ(ℓ)

k,K(ℓ) to

the true group membership G(ℓ)
k , and this replacement has only asymptotically neg-

ligible effect. Recall that T1 = [T1] and T2 = [T ]\[T1]. Define T1,−1 = T1\{T1},

T2,−1 = T2\{T}, T1, j = {1+ j, · · · ,T1} and T2, j = {T1 +1+ j, · · · ,T} for some
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specific j ∈Tℓ,−1. Let({
θ̂

0,(ℓ)
i,k,K(ℓ)

}
i∈G(ℓ)

k

, Λ̂
0,(ℓ)
k,K(ℓ),

{
f̂ 0,(ℓ)
t,k,K(ℓ)

}
t∈Tℓ

)
= argmin
{θi,λi}

i∈G(ℓ)
k

,{ ft}t∈Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

(
Yit−X ′itθi−λ

′
i ft
)2
,

F̂0,(1)
k,K(1) =( f̂1,k,K(1), · · · , f̂T1,k,K(1))′, F̂0,(2)

k,K(2) =( f̂T1+1,k,K(1), · · · , f̂T,k,K(2))′, Λ̂
(ℓ)

k,K(ℓ) = {λ̂
(ℓ)

i,k,K(ℓ)}i∈G(ℓ)
k

,

and (ẑ0,(ℓ)
it )′ denote the t-th row of M

F̂0,(ℓ)

k,K(ℓ)

X (ℓ)
i . Further define

ˆ̄
θ

0,(ℓ)
k,K(ℓ) =

1

|G(ℓ)
k |

∑
i∈G(ℓ)

k

θ̂
0,(ℓ)
i,k,K(ℓ), Ŝ0,(ℓ)

ii,k,K(ℓ) =
1
Tℓ
(X (ℓ)

i )′M
F̂0,(ℓ)

k,K(ℓ)

X (ℓ)
i ,

Ω̂
0,(ℓ)
i,k,K(ℓ) =

1
Tℓ

∑
t∈Tℓ

ẑ0,(ℓ)
it ẑ0,(ℓ)′

it ê2
it +

1
Tℓ

∑
j∈Tℓ,−1

k( j,L) ∑
t∈Tℓ, j

[ẑ0,(ℓ)
it ẑ0,(ℓ)′

i,t+ j êit êi,t+ j + ẑ0,(ℓ)
i,t− j ẑ

0,(ℓ)′
it êi,t− jêit ],

â0,(ℓ)
ii,k,K(ℓ) = λ̂

(ℓ)′
i,k,K(ℓ)

(
1

|G(ℓ)
k |

Λ̂
(ℓ)′
k,K(ℓ)Λ̂

(ℓ)

k,K(ℓ)

)−1

λ̂
(ℓ)

i,k,K(ℓ).

Then ∀k ∈ [K(ℓ)], we can define

Γ̂
0,(ℓ)
k,K(ℓ) =

√∣∣∣G(ℓ)
k

∣∣∣
1∣∣∣G(ℓ)
k

∣∣∣ ∑i∈G(ℓ)
k
Ŝ0,(ℓ)

i,k,K(ℓ)− p

√
2p

where

Ŝ0,(ℓ)
i,k,K(ℓ) =Tℓ(θ̂

0,(ℓ)
i,k,K(ℓ)− ˆ̄

θ
0,(ℓ)
k,K(ℓ))

′Ŝ0,(ℓ)
ii,k,K(ℓ)(Ω̂

0,(ℓ)
i,k,K(ℓ))

−1Ŝ0,(ℓ)
ii,k,K(ℓ)(θ̂

0,(ℓ)
i,k,K(ℓ)− ˆ̄

θ
0,(ℓ)
k,K(ℓ))

(
1− â0,(ℓ)

ii,k,K(ℓ)/|G
(ℓ)
k |
)2

.

By Lemma B.20, we notice that Γ̂
0,(ℓ)
k,K(ℓ)⇝N(0,1) owing to the fact that the slope co-

efficient α
(ℓ)
k is homogeneous across i∈G(ℓ)

k ∀k∈ [K
(ℓ)]. Furthermore,

{
Γ̂

0,(ℓ)
k,K(ℓ), k ∈ [K(ℓ)]

}
are asymptotically independent under Assumption 3.1(i). It follows that

Γ̂
(ℓ)

K(ℓ) = max
k∈[K(ℓ)]

(
Γ̂
(ℓ)

k,K(ℓ)

)2
= max

k∈[m]

(
Γ̂

0,(ℓ)
k,K(ℓ)

)2
+op(1)⇝Z ,

where Z is the maximum of m independent χ2 (1) random variables. Then Theo-

rem 3.3(i.b) follows.

(ii) When m < K(ℓ), Theorem 3.3(i.1) does not hold and we can not change

the estimated group membership Ĝ
(ℓ)

K(ℓ) to the true group membership G (ℓ). To get

around of this issue, we define the “pseudo groups”. For m < K(ℓ), let G(ℓ)
m :=

{G(ℓ)
1,m, · · · ,G

(ℓ)
m,m} such that [N] = G(ℓ)

1,m ∪ ·· · ∪G(ℓ)
m,m, which indicates one possible

partition of the set [N]. We further define G
(ℓ)
m to be the collection of all possible

G(ℓ)
m .

By Theorem 3.3(i.c), we can conclude that P
(

K̂(ℓ) ̸= K(ℓ)
)
≤ ς +o(1) provided

we can show that Γ̂
(ℓ)
m → ∞ when m < K(ℓ). By Lemma B.10, we notice that Ĝ

(ℓ)
m ∈
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G(ℓ)
m w.p.a.1. Conditioning on the event {Ĝ (ℓ)

m ∈G(ℓ)
m }∩{T̂1 = T1}, we have

Γ̂
(ℓ)
m > min

G
(ℓ)
m ∈G

(ℓ)
m

Γ̂
0,(ℓ)
m (G

(ℓ)
m ) := min

G
(ℓ)
m ∈G

(ℓ)
m

{
max
k∈[m]

[
Γ̂

0,(ℓ)
k,m (G(ℓ)

k,m)
]2
}
,

where

Γ̂
0,(ℓ)
k,m (G(ℓ)

k,m) =

√∣∣∣G(ℓ)
k,m

∣∣∣
1∣∣∣G(ℓ)
k,m

∣∣∣ ∑i∈G(ℓ)
k,m

Ŝ0,(ℓ)
i,k,m− p

√
2p

,

and Ŝ0,(ℓ)
i,k,m is defined similarly to Ŝ0,(ℓ)

i,k,K(ℓ) in the proof of (i).

Owing to the fact that |G(ℓ)
m | = mK(ℓ)

which is a constant since K(ℓ) is a con-

stant, we can show that Γ̂
(ℓ)
m →∞ by showing that Γ̂

0,(ℓ)
m (G

(ℓ)
m )→∞ for any possible

realization G
(ℓ)
m . Under the case when m < K(ℓ), there exists at least one k ∈ [m]

such that the slope coefficient is not homogeneous across i ∈ G(ℓ)
k,m. Assume that

G(ℓ)
k,m contains n true groups, i.e., G(ℓ)

k,m = G(ℓ)
k1
∪ ·· ·∪G(ℓ)

kn
for k1, · · · ,kn ∈ [K(ℓ)] and

k1 ̸= · · · ̸= kn. Then for i ∈ G(ℓ)
k,m, we have

θ
0,(ℓ)
i

=
n

∑
s=1

α
(ℓ)
ks

1{i ∈ G(ℓ)
ks
}= 1

n

n

∑
s∗=1

α
(ℓ)
ks∗

+
n

∑
s=1

(
n−1

n
α
(ℓ)
ks
− 1

n ∑
s∗∈[n],s∗ ̸=s

α
(ℓ)
ks∗

)
1{i ∈ G(ℓ)

ks
}

=
1
n

n

∑
s∗=1

α
(ℓ)
ks∗

+
n

∑
s=1

1
n ∑

s∗∈[n],s∗ ̸=s
(α

(ℓ)
ks
−α

(ℓ)
ks∗

)1{i ∈ G(ℓ)
ks
} := θ̄

0,(ℓ)
n + c(ℓ)i

such that

Tℓ√
N ∑

i∈[N]

∥∥∥c(ℓ)i

∥∥∥2
/(logN)1/2

=
Tℓ√
N

n

∑
s=1

N(ℓ)
ks

n

∥∥∥∥∥ ∑
s∗∈[n],s∗ ̸=s

(α
(ℓ)
ks
−α

(ℓ)
ks∗

)

∥∥∥∥∥
2

/(logN)1/2

=
Tℓ√
Nn

n

∑
s=1

N(ℓ)
ks

∥∥∥∥∥∥∑s∗∈[n],s∗ ̸=s α
(ℓ)
ks∗

n−1
−α

(ℓ)
ks

∥∥∥∥∥∥
2

/(logN)1/2→ ∞

by Assumption 3.7(iii). Then |Γ̂0,(ℓ)
k,m (G(ℓ)

k,m)|/(logN)1/2 → ∞ for some k ∈ [m] by

Lemma B.21. By the definition of Γ̂
0,(ℓ)
m (G

(ℓ)
m ), we have Γ̂

0,(ℓ)
m (G

(ℓ)
m )/(logN)1/2→

∞, which yields Γ̂
(ℓ)
m / logN→∞ w.p.a.1 for m < K(ℓ) and P(K̂(ℓ) ̸= K(ℓ))≤ ς +o(1)

as zς diverges to infinity at rate logN as ς = ςN→ 0 at some rate N−c for some

c > 0. ■
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B.1.5 Proof of Theorem 3.4

To show Theorem 3.4, we can directly derive the asymptotic distribution for the

oracle estimator α̂
∗(ℓ)
k by combining Theorems 3.2 and 3.3.

The asymptotic distribution theory for the linear panel model with IFEs has

already been studied in the literature; see Bai (2009), Moon and Weidner (2017)

and Lu and Su (2016) for instance. However, Bai (2009) rules out dynamic panels.

Moon and Weidner (2017) allow dynamic panels and assume the independence over

both i and t for the error term. Under Assumptions 3.1∗ and 3.2–3.9, which is for

the dynamic linear panel model, Theorem 3.4 extends Theorem 4.3 in Moon and

Weidner (2017) to allow for multiple groups.

Below, we follow the arguments in Moon and Weidner (2017) and sketch the

proof to allow the serial correlation of error terms in non-dynamic panels.1 To pro-

ceed, let C(ℓ)
NT,k be the p-vector with j-th entry being C(ℓ)

NT,k, j =C1(Λ
0,(ℓ)
k ,F0,(ℓ),X(ℓ)

j,k,E
(ℓ)
k )+

C2(Λ
0,(ℓ)
k ,F0,(ℓ),X(ℓ)

j,k,E
(ℓ)
k ), where

C1(Λ
0,(ℓ)
k ,F0,(ℓ),X(ℓ)

j,k,E
(ℓ)
k ) =

1√
N(ℓ)

k Tℓ
tr
(

MF0,(ℓ)E(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,k

)
, and

C2(Λ
0,(ℓ)
k ,F0,(ℓ),X(ℓ)

j,k,E
(ℓ)
k )

=− 1√
N(ℓ)

k Tℓ
tr
(

E(ℓ)
k MF0,(ℓ)E(ℓ)′

k M
Λ

0,(ℓ)
k

X(ℓ)
j,kF0,(ℓ)

(
F0,(ℓ)′F0,(ℓ)

)−1(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
Λ

0,(ℓ)′
k

)

− 1√
N(ℓ)

k Tℓ
tr
(

E(ℓ)′
k M

Λ
0,(ℓ)
k

E(ℓ)
k MF0,(ℓ)X(ℓ)′

j,k Λ
0,(ℓ)
k

(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1(
F0,(ℓ)′F0,(ℓ)

)−1(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
F0,(ℓ)′

)

− 1√
N(ℓ)

k Tℓ
tr
(

E(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kMF0,(ℓ)E(ℓ)′

k Λ
0,(ℓ)
k

(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1(
F0,(ℓ)′F0,(ℓ)

)−1(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
F0,(ℓ)′

)
.

By Lemma B.11, we have
√

N(ℓ)
k Tℓ(α̂

(ℓ)
k −α

(ℓ)
k ) =W(ℓ)−1

NT,k C(ℓ)
NT,k +op(1).

In Moon and Weidner (2017), the asymptotic distribution is derived mainly rely-

ing on their Lemmas B.1 and B.2. Lemma B.2 is the standard central limit theorem,

which also holds under our Assumption 3.1. For Lemma B.1, we need to extend it to

allow for serially correlated errors in non-dynamic panels in Lemma B.12. Hence,

by Lemma B.12 and following the analogous arguments in the proof of Theorem

4.3 (Moon and Weidner (2017)), for a specific ℓ ∈ {1,2} and k ∈ [K(ℓ)], we can

1It is well known that one cannot allow for serially correlated errors in dynamic panels in general
to avoid the endogeneity issue.
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readily show that

W(ℓ)
NT,k

√
N(ℓ)

k Tℓ(α̂
(ℓ)
k −α

(ℓ)
k )−B(ℓ)

NT,k⇝N (0,Ω(ℓ)
k ),

which yields the final distributional results in Theorem 3.4 by stacking all subgroups

of parameter estimators into a large vector and resorting to the Cramer-Wold device.

B.1.6 Proof of Theorem 3.5

Recall that v̇∗t, j := v̇t, j

∥v̇t, j∥ , v̇∗t =
(

v̇∗′t,1, · · · , v̇∗′t,p
)′

, v∗t, j =
O jv0

t, j

∥O jv0
t, j∥

and v∗t =
(

v∗′t,1, · · · ,v∗′t,p
)′

.

With the fact that

v̇t, j∥∥v̇t, j
∥∥ − O jv0

t, j∥∥∥O jv0
t, j

∥∥∥ =
v̇t, j

∥∥∥O jv0
t, j

∥∥∥−O jv0
t, j

∥∥v̇t, j
∥∥∥∥v̇t, j

∥∥∥∥∥O jv0
t, j

∥∥∥
=

(
v̇t, j−O jv0

t, j

)∥∥∥O jv0
t, j

∥∥∥+O jv0
t, j

(∥∥∥O jv0
t, j

∥∥∥−∥∥v̇t, j
∥∥)∥∥v̇t, j

∥∥∥∥∥O jv0
t, j

∥∥∥ ,

It follows that

max
t
∥v̇∗t − v∗t ∥ ≤ p max

j∈[p],t∈[T ]

∥∥v̇∗t, j− v∗t, j
∥∥≤ 2p max

j∈[p],t∈[T ]

∥∥∥v̇t, j−O jv0
t, j

∥∥∥∥∥v̇t, j
∥∥ = Op(ηN,2),

where the last line is by Lemma B.7(i) and Theorem 3.1(ii).

B.2 Technical Lemmas

Lemma B.1. Consider a matrix sequence {Ai, i ∈ [N]}whose elements are sym-

metric matrices with dimension d. Suppose {Ai, i ∈ [N]} is independent with E(Ai)=

0 and ∥Ai∥op ≤M a.s.. Let σ2 =
∥∥∑i∈[N]E

(
A2

i
)∥∥

op . Then for all t > 0, we have

P

∥∥∥∥∥ ∑
i∈[N]

Ai

∥∥∥∥∥
op

> t

≤ d · exp
{
− t2/2

σ2 +Mt/3

}
.

Proof Lemma B.1 states a matrix Bernstein inequality; see Theorem 1.3 in

Tropp (2011). ■

Lemma B.2. Consider a specific matrix A ∈RN×T whose rows (denoted as A′i)

are independent random vectors in RT with EAi = 0 and Σi = E(AiA′i). Suppose

maxi ∥Ai∥ ≤
√

m almost surely and maxi ∥Σi∥op ≤M for some positive constant M.

217



Then for every t > 0, with probability 1−2T exp
(
−c1t2), we have

∥A∥op ≤
√

NM+ t
√

m+M,

where c1 is an absolute constant.

Proof The proof follows the arguments as used in the proof of Theorem 5.41 in

Vershynin (2010). Define Zi := 1
N (AiA′i−Σi)∈RT×T , and we notice that (Z1, · · · ,ZN)

is an independent sequence with E(Zi) = 0. To use the matrix Bernstein’s inequal-

ity, we analyze ∥Zi∥op and
∥∥∑i∈[N]E

(
X2

i
)∥∥

op as follows:

∥Zi∥op ≤
1
N

(∥∥AiA′i
∥∥

op +∥Σi∥op

)
≤ 1

N

(
∥Ai∥2

2 +∥Σi∥op

)
≤ m+M

N
a.s. (B.23)

uniformly over i. Moreover, note that

E
[(

AiA′i
)2
]
= E

[
∥Ai∥2 AiA′i

]
≤ mΣi

and

Z2
i =

1
N2

[(
AiA′i

)2−AiA′iΣi−ΣiAiA′i +Σ
2
i

]
.

We then obtain that∥∥E(Z2
i
)∥∥

op =

∥∥∥∥E{ 1
N2

[(
AiA′i

)2−Σ
2
i

]}∥∥∥∥
op
≤ 1

N2

{∥∥∥E[(AiA′i
)2
]∥∥∥

op
+∥Σi∥2

op

}
≤ 1

N2

(
m∥Σi∥op +∥Σi∥2

op

)
≤ mM+M2

N2 a.s.

uniformly over i, and∥∥∥∥∥ ∑
i∈[N]

E
(
Z2

i
)∥∥∥∥∥

op

≤ N max
i

∥∥E(Z2
i
)∥∥

op ≤
mM+M2

N
a.s. (B.24)

Define ε = max(
√

Mδ ,δ 2) with δ = t
√

m+M
N . Combining (B.23) and (B.24), by

matrix Bernstein’s inequality, we have

P


∥∥∥∥∥ 1

N

(
A′A− ∑

i∈[N]

Σi

)∥∥∥∥∥
op

≥ ε

= P

∥∥∥∥∥ ∑
i∈[N]

Zi

∥∥∥∥∥
op

≥ ε


≤ 2T exp

{
−cmin

(
ε2

mM+M2

N

,
ε

m+M
N

)}
≤ 2T exp

{
−cmin

(
ε2

M
,ε

)
N

m+M

}
≤ 2T exp

{
− cδ 2N

m+M

}
= 2T exp

{
−c1t2} ,
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for some positive constant c, where the third inequality is due to the fact that

min
(

ε2

M
,ε

)
= min

(
max

(
δ

2,δ 4/M
)
,max

(√
Mδ ,δ

))

=


min

(
δ

2,
√

Mδ

)
= δ

2, if δ
2 ≥ δ 4

M
,

min
(
δ

4/M,δ 2)= δ
2, if δ

2 <
δ 4

M
.

It implies that ∥∥∥∥∥ 1
N

A′A− 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

≤max
(√

Mδ ,δ 2
)

(B.25)

with probability 1− exp
(
−ct2). Combining the fact that ∥Σi∥op ≤ M uniformly

over i and (B.25), we show that

1
N
∥A∥2

op =

∥∥∥∥ 1
N

A′A
∥∥∥∥

op
≤

∥∥∥∥∥ 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

+

∥∥∥∥∥ 1
N

A′A− 1
N ∑

i∈[N]

Σi

∥∥∥∥∥
op

≤max
i
∥Σi∥op +

√
Mδ +δ

2 ≤M+
√

Mt

√
m+M

N
+ t2 m+M

N

≤

(
√

M+ t

√
m+M

N

)2

,

and the result follows: ∥A∥op ≤
√

NM+ t
√

m+M. ■

Lemma B.3. Recall that X j =
{

X j,it
}

and E = {eit}. Under Assumption 3.1,

∀ j∈ [p], we have
∥∥X j⊙E

∥∥
op =Op(

√
N+
√

T logT ) and ∥E∥op =Op(
√

N+
√

T logT ).

Proof We focus on
∥∥X j⊙E

∥∥
op as the result for ∥E∥op can be derived in the

same manner. We first note that, conditional on
{

V 0
j

}
j∈[p]∪{0}

, the rows of X j⊙E

are independent across i. Denote the i-th row of X j⊙E as A′i = X ′j,i⊙E ′i , where

X ′j,i and E ′i being the i-th row of matrix X j and E, respectively. Recall that D is the

minimum σ -field generated by
{

V 0
j

}
j∈[p]∪{0}

. In addition, for the t-th element of

Ai, we have

E
[
X j,iteit |D

]
= E

{
X j,itE [eit |D ,Xit}]

∣∣D}= 0,

where the second equality holds by Assumption 3.1(ii). Therefore, to apply Lemma

B.2 conditionally on D , we only need to upper bound ∥Ai∥ and ||E[AiA′i
∣∣D ]||op.

First, under Assumption 3.1, we have 1
T ∑t∈[T ]

(
X j,iteit

)2≤C a.s. by Assumption
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3.1(iv), which implies

||Ai||=
∥∥X j,i⊙Ei

∥∥≤C
√

T a.s. (B.26)

Second, let Σi =E
{[(

X j,i⊙Ei
)(

X j,i⊙Ei
)′]∣∣D}with (t,s) element being E

(
X j,itX j,iseiteis

∣∣D) .
Let ∥·∥1 and ∥·∥

∞
denote the norms induced by the 1-norms and ∞-norms, respec-

tively: ,

∥Σi∥1 =max
s∈[T ]

∑
t∈[T ]

∣∣E(X j,itX j,iseiteis
∣∣D)∣∣ and ∥Σi∥∞

=max
t ∑

s∈[T ]

∣∣E(X j,itX j,iseiteis
∣∣D)∣∣ .

By Davydov’s inequality for conditional strong mixing sequence (e.g., Lemma 4.3

in Su and Chen (2013b)), we can show that

max
s∈[T ]

∑
t∈[T ]

∣∣E(X j,itX j,iseiteis
∣∣D)∣∣= max

s∈[T ]
∑

t∈[T ]

∣∣Cov
(
X j,iteit ,X j,iseis

∣∣D)∣∣
≲max

s∈[T ]
∑

t∈[T ]

{
E
[∣∣X j,iteit

∣∣q ∣∣D]}1/q{E[∣∣X j,iseis}
∣∣q ∣∣D]}1/q×α (t− s)(q−2)/q

≤max
i,t

{
E
[∣∣X j,ite j,it

∣∣q ∣∣D]}2/q max
s∈[T ]

∑
t∈[T ]

[α (t− s)](q−2)/q ≤ c2 a.s.,

where c2 is a positive constant which does not depend on i. Similarly, we have

max
t ∑

s∈[T ]

∣∣E(X j,itX j,iseiteis
∣∣D)∣∣≤ c2 a.s.

Therefore, by Corollary 2.3.2 in Golub and Van Loan (1996), we have

max
i
∥Σi∥op ≤

√
∥Σi∥1 ∥Σi∥∞

≤ c2 a.s. (B.27)

Combining (B.26)-(B.27) and using Lemma B.2 with t =
√

logT , we obtain the

desired result. ■

Recall that

R(C1) :=

{{
∆Θ j

}
j∈[p]∪{0} ∈ RN×T×(p+1) : ∑

j∈[p]∪{0}

∥∥∥P⊥
j (∆Θ j)

∥∥∥
∗
≤C1 ∑

j∈[p]∪{0}

∥∥P j(∆Θ j)
∥∥
∗

}
.

Lemma B.4. Suppose Assumptions 3.1–3.3 hold. Then {∆̃Θ j} j∈[p]∪{0} ∈R(3)

w.p.a.1.

Proof Let Ac denote the complement of A. Define event

A1,N(c3)=
{
∥E∥op ≤ c3(

√
N∨

√
T logT ),

∥∥X j⊙E
∥∥

op ≤ c3(
√

N∨
√

T logT ),∀ j ∈ [p]
}
.
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Then exists a positive constant c3 such that P(A c
1,N(c3)) ≤ ε for any ε > 0 by

Lemma B.3. Under event A1,N(c3), by the definition of Θ̃ j in (3.3), we notice

that

0≤ 1
NT

∥∥∥∥∥Y −Θ
0
0− ∑

j∈[p]
X j⊙Θ

0
j

∥∥∥∥∥
2

− 1
NT

∥∥∥∥∥Y − Θ̃0− ∑
j∈[p]

X j⊙ Θ̃ j

∥∥∥∥∥
2

+ ∑
j∈[p]∪{0}

ν j

(∥∥Θ
0
j
∥∥
∗−
∥∥Θ̃ j

∥∥
∗

)
(B.28)

and

1
NT

∥∥∥∥∥Y −Θ
0
0− ∑

j∈[p]
X j⊙Θ

0
j

∥∥∥∥∥
2

− 1
NT

∥∥∥∥∥Y − Θ̃0− ∑
j∈[p]

X j⊙ Θ̃ j

∥∥∥∥∥
2

=
1

NT ∑
i∈[N]

∑
t∈[T ]

e2
it−

[
eit−

(
∆̃Θ0,it + ∑

j∈[p]
X j,it ∆̃Θ j,it

)]2


=
2

NT
tr
(
E ′∆̃Θ0

)
+ ∑

j∈[p]

2
NT

tr
((

E⊙X j
)′

∆̃Θ j

)
− 1

NT ∑
i∈[N]

∑
t∈[T ]

(
∆̃Θ0,it + ∑

j∈[p]
X j,it ∆̃Θ j,it

)2

≤ 2
NT

∣∣tr(E ′∆̃Θ0

)∣∣+ ∑
j∈[p]

2
NT

∣∣∣tr((E⊙X j
)′

∆̃Θ j

)∣∣∣
≤ 2

NT
∥E∥op

∥∥∆̃Θ0

∥∥
∗+ ∑

j∈[p]

2
NT

∥∥E⊙X j
∥∥

op

∥∥∆̃Θ j

∥∥
∗

≤ 2c3 ∑
j∈[p]∪{0}

√
N∨
√

T logT
NT

∥∥∆̃Θ j

∥∥
∗ , (B.29)

where the second inequality holds by the fact that tr(AB) ≤ ||A||op||B||∗, and the

last inequality is by the definition of event A1,N .

Combining (B.28) and (B.29), we have

0≤ ∑
j∈[p]∪{0}

{
2c3(
√

N∨
√

T logT )
NT

∥∥∆̃Θ j

∥∥
∗+ν j

(∥∥Θ
0
j
∥∥
∗−
∥∥Θ̃ j

∥∥
∗

)}
w.p.a.1.

(B.30)

Besides, we can show that∥∥Θ̃ j
∥∥
∗ =

∥∥∆̃Θ j +Θ
0
j
∥∥
∗ =

∥∥∥Θ
0
j +P⊥

j (∆̃Θ j)+P j(∆̃Θ j)
∥∥∥
∗

≥
∥∥∥Θ

0
j +P⊥

j (∆̃Θ j)
∥∥∥
∗
−
∥∥P j(∆̃Θ j)

∥∥
∗

=
∥∥Θ

0
j
∥∥
∗+
∥∥∥P⊥

j (∆̃Θ j)
∥∥∥
∗
−
∥∥P j(∆̃Θ j)

∥∥
∗ , (B.31)

where the second equality holds by Lemma D.2(i) in Chernozhukov et al. (2019),

the first inequality is by triangle inequality and the last equality is by the construc-
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tion of the spaces P⊥
j and P j. Then combining (B.30) and (B.31), w.p.a.1, we

have

∑
j∈[p]∪{0}

ν j
∥∥Θ̃ j

∥∥
∗ ≤ ∑

j∈[p]∪{0}

{
ν j
∥∥Θ

0
j
∥∥
∗+2c3 ∑

j∈[p]∪{0}

(
√

N∨
√

T )
NT

∥∥∆̃Θ j

∥∥
∗

}
and

∑
j∈[p]∪{0}

ν j

{∥∥∥P⊥
j
(
∆̃Θ j

)∥∥∥
∗
−
∥∥P j

(
∆̃Θ j

)∥∥
∗

}
≤ 2c3 ∑

j∈[p]∪{0}

(
√

N∨
√

T logT )
NT

∥∥∆̃Θ j

∥∥
∗

= 2c3 ∑
j∈[p]∪{0}

(
√

N∨
√

T logT )
NT

{∥∥P j
(
∆̃Θ j

)∥∥
∗+
∥∥∥P⊥

j
(
∆̃Θ j

)∥∥∥
∗

}
,

If we set ν j =
4c3(
√

N∨
√

T logT )
NT , we obtain the final result ∑ j∈[p]∪{0}

∥∥∥P⊥
j (∆̃Θ j)

∥∥∥
∗
≤

3∑ j∈[p]∪{0}
∥∥P j(∆̃Θ j)

∥∥
∗ . ■

Lemma B.5. Consider a sequence of random variables {Bi, i ∈ [n]}.

(i) Suppose Bi, i∈ [n], are independent with E(Bi) = 0 and maxi∈[n] |Bi| ≤M a.s.

Let σ2 = ∑i∈[n]E
(
B2

i
)
. Then for all t > 0, we have

P

(∣∣∣∣∣∑
i∈[n]

Bi

∣∣∣∣∣> t

)
≤ exp

{
− t2/2

σ2 +Mt/3

}
.

(ii) Suppose {Bi, i ∈ [n]} is an m.d.s. with Ei−1 (Bi) = 0 and maxi∈[n] |Bi| ≤ M

a.s., where Ei−1 denotes E(·|Fi−1), where {Fi : i≤ n} denotes the filtration

that is clear from the context. Let
∣∣∑i∈[n]Ei−1

(
B2

i
)∣∣≤ σ2. Then for all t > 0,

we have

P

(∣∣∣∣∣∑
i∈[n]

Bi

∣∣∣∣∣> t

)
≤ exp

{
− t2/2

σ2 +Mt/3

}
.

Proof Lemma B.5(i) and (ii) are Bernstein inequality for the partial sum of

an independent sequence and the Freedman inequality for the partial sum of an

m.d.s., which are respectively stated in Lemma 2.2.9 Vaart and Wellner (1996) and

Theorem 1.1 Tropp (2011). ■

Lemma B.6. Let {ϒt , t = 1, · · · ,T} be a zero-mean strong mixing process, not

necessarily stationary, with the mixing coefficients satisfying α(z)≤ cαγz for some

cα > 0 and γ ∈ (0,1). If supt∈[T ] |ϒt | ≤MT , then there exists a constant c4 depending

on cα and γ such that for any T ≥ 2 and ε > 0,
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(i) P
{∣∣∑T

t=1 ϒt
∣∣> ε

}
≤ exp

{
− c4ε2

M2
T T+εMT (logT )(log logT )

}
,

(ii) P
{∣∣∑T

t=1 ϒt
∣∣> ε

}
≤ exp

{
− c4ε2

υ2
0 T+M2

T+εMT (logT )2

}
,

where υ2
0 = supt∈[T ] [Var(ϒt)+2∑s>t |Cov(ϒt ,ϒs)|].

Proof The proof is the same as that of Theorems 1 and 2 in Merlevède et al.

(2009) with the condition α(a) ≤ exp{−2ca} for some c > 0. Here we can set

c =− logγ if cα ≥ 1 and c =− log(γ/cα) otherwise. ■

Lemma B.7. Suppose Assumptions 3.1–3.4 hold, for j ∈ {0, · · · , p}, we have

(i) maxi

∥∥∥u0
i, j

∥∥∥≤M and maxt

∥∥∥v0
t, j

∥∥∥≤ M
σKj , j
≤ M

cσ
,

(ii) maxt

∥∥∥O′jṽt, j

∥∥∥≤ 2M
σK j , j
≤ 2M

cσ
w.p.a.1,

(iii) maxi
1
T ∑t∈[T ]

∥∥φ̃it
∥∥2 ≤ 4M2

c2
σ

(1+ pC) w.p.a.1,

(iv) maxi
1
T ∑t∈[T ]

∥∥φ̃it−φ 0
it

∥∥2
= Op(η

2
N,1(NT )2/q).

Proof (i) Recall that 1√
NT

Θ0
j = U 0

j Σ0
jV

0′
j , U0

j =
√

NU 0
j Σ0

j and Vj =
√

TV 0
j .

Let [A]i· and [A]·t denote the i-th row and t-th column of A, respectively. Note that

1√
T

Θ
0
jV

0
j =
√

NU 0
j Σ

0
j =U0

j , and
1√
N

U 0′
j Θ

0
j =
√

T Σ
0
jV

0′
j = Σ

0
jV

0′
j . (B.32)

Hence, it’s easy to see that∥∥u0
i, j
∥∥= 1√

T

∥∥∥[Θ0
jV

0
j
]

i·

∥∥∥≤ 1√
T

∥∥[Θ j
]

i·
∥∥≤M,

where the first inequality is due to the fact that V j is the unitary matrix and the last

inequality holds by Assumption 3.2. Since the upper bound M is not dependent on

i, this result holds uniformly. Analogously, we see that∥∥v0
t, j
∥∥≤ 1√

N
c−1

σ

∥∥∥[U 0′
j Θ

0
j
]
·t

∥∥∥≤ 1√
N

c−1
σ

∥∥∥[Θ0
j
]
·t

∥∥∥≤ M
cσ

.

(ii) As in (B.32), we have

1√
N

Ũ
(1)′
j Θ̃ j =

√
T Σ̃

(1)
j Ṽ

(1)′
j = Σ̃

(1)
j Ṽ (1)′

j ,

and ∥∥O′jṽt, j
∥∥≤ 1√

N
1

σ̃
(1)
K j, j

∥∥∥[Ũ (1)′
j Θ̃ j

]
·t

∥∥∥≤ 1√
N

1

σ̃
(1)
K j, j

∥∥[Θ̃ j
]
·t
∥∥≤ 2M

cσ

,
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where the last inequality holds due to the constrained optimization in (3.3) and the

fact that maxk∈[K j] |σ̃
−1
k, j −σ

−1
k, j | ≤ σ

−1
K j, j w.p.a.1.

(iii) Note that

max
i

1
T ∑

t∈[T ]

∥∥φ̃it
∥∥2 ≤ max

i

{
1
T ∑

t∈[T ]

∥∥O′0ṽt,0
∥∥2

+ ∑
j∈[p]

1
T ∑

t∈[T ]

∥∥O′jṽt, j
∥∥2 ∣∣X j,it

∣∣2}

≤ max
t∈[T ], j∈[p]∪{0}

∥∥O′jṽt, j
∥∥2

{
1+max

i
∑

j∈[p]

1
T ∑

t∈[T ]

∣∣X j,it
∣∣2}

≤ 4M2

c2
σ

(1+ pC)

where the last inequality holds by Lemma B.7(ii).

(iv) Note that

max
i

1
T ∑

t∈[T ]

∥∥φ̃it−φ
0
it
∥∥2

≤ 1
T ∑

t∈[T ]

∥∥∥Õ(1)′
0 ṽt,0− v0

t,0

∥∥∥2
+ p max

t∈[T ], j∈[p]

1
T ∑

t∈[T ]

∣∣X j,it
∣∣2∥∥∥Õ(1)′

j ṽt, j− v0
t, j

∥∥∥2

≲
1
T ∑

t∈[T ]

∥∥∥Õ(1)′
0 ṽt,0− v0

t,0

∥∥∥2
+ p(NT )2/q max

j∈[p]

1
T ∑

t∈[T ]

∥∥∥Õ(1)′
j ṽt, j− v0

t, j

∥∥∥2

=
1
T

∥∥O0Ṽ0−V 0
0
∥∥2

+ p(NT )2/q max
j∈[p]

1
T

∥∥O jṼj−V 0
j
∥∥2

= Op(η
2
N,1(NT )2/q),

where the second inequality is by Assumption 3.1(v) and the last equality holds by

Theorem 3.1(ii). ■

Lemma B.8. Under Assumptions 3.1–3.5, we have mini∈[N]λmin(Φ̃i)≥
cφ

2 w.p.a.1,

and mint∈[T ]λmin(Ψ̃t)≥
cφ

2 w.p.a.1.

Proof Recall that Φi =
1
T ∑

T
t=1 φ 0

it φ
0′
it and Φ̃i =

1
T ∑

T
t=1 φ̃it φ̃

′
it , where

φ
0
it = [v0′

t,0,v
0′
t,1X1,it , · · · ,v0′

t,pXp,it ]
′ and φ̃it =

[(
O′0ṽt,0

)′
,
(
O′1ṽt,1X1,it

)′
, · · · ,

(
O′pṽt,pXp,it

)′]′
.

Uniformly over i ∈ [N], it is clear that∥∥Φ̃i−Φi
∥∥ ≲ 4M

cσ T

T

∑
t=1

∥∥O′0ṽt,0− v0
t,0
∥∥+ 4M

cσ T

p

∑
j=1

T

∑
t=1

∥∥O′jṽt, j− v0
t, j
∥∥∣∣X j,it

∣∣
≤ 4M

cσ

1√
T

∥∥O′0Ṽ0−V 0
0
∥∥+ 4M2

cσ

p

∑
j=1

1√
T

∥∥O′jṼj−V 0
j
∥∥( 1

T ∑
t∈[T ]

∣∣X j,it
∣∣2)1/2

= Op (ηN,1) ,
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where the last equality holds by Lemma B.7(i) and Assumption 3.1(iv). It follows

that

min
i∈[N]

λmin(Φ̃i)≥ min
i∈[N]

λmin(Φi)−O(ηN,1)≥
cφ

2
, w.p.a.1.

Analogously, we can establish the lower bound of λmin(Ψ̃t). ■

Lemma B.9. Under Assumptions 3.1–3.7, we have maxi 1{ĝ0,(ℓ)
i,K(ℓ) ̸= g(ℓ)i } =

0 w.p.a.1, where ĝ0,(ℓ)
i,K(ℓ) is defined in (B.21).

Proof The above lemma holds by Theorem 2.3 in Su et al. (2020) provided we

can verify the conditions in their Assumption 4. Let α
(ℓ)
k = (α

(ℓ)
k,1 , · · · ,α

(ℓ)
k,p)
′. Then

we have

β
0,(ℓ)
i =

1√
Tℓ

∑
k∈[K(ℓ)]

α
(ℓ)
k ⊗ ιTℓ1{g

(ℓ)
i = k}

and

max
k∈[K(ℓ)]

∥∥∥∥ 1√
Tℓ

α
(ℓ)
k ⊗ ιTℓ

∥∥∥∥= max
k∈[K(ℓ)]

1√
Tℓ

√√√√Tℓ
p

∑
j=1

(α
(ℓ)
k, j )

2≤√p max
k∈[K(ℓ)], j∈[p]

|α(ℓ)
k, j | ≤

√
pM,

(B.33)

where the last inequality is due to Assumption 3.2.

Second, with Θ
0,(1)
j,i =

(
Θ0

j,i1, · · · ,Θ0
j,iT1

)′
and Θ

0,(2)
j,i =

(
Θ0

j,i,T1+1, · · · ,Θ0
j,iT

)′
,

we notice that

max
i

∥∥∥β̇
0,(ℓ)
i −β

0,(ℓ)
i

∥∥∥= 1√
Tℓ

max
i

∥∥∥Θ̇
(ℓ)
i −Θ

0,(ℓ)
i

∥∥∥= 1√
Tℓ

max
i

√√√√ p

∑
j=1

∑
t∈Tℓ

(Θ̇
(ℓ)
j,it−Θ

0,(ℓ)
j,it )2

≤√p max
j∈[p],i∈[N],t∈[T ]

∣∣Θ̇ j,it−Θ
0
j,it
∣∣≤ c5ηN,2 w.p.a.1, (B.34)

with c5 being some positive large enough constant, and the last inequality holds by

Theorem 3.1(iii).

Third, we also observe that

min
1≤ks<ks∗≤K(ℓ)

1√
Tℓ

∥∥∥α
(ℓ)
ks
⊗ ιTℓ−α

(ℓ)
ks∗
⊗ ιTℓ

∥∥∥= min
1≤ks<ks∗≤K(ℓ)

√√√√ p

∑
j=1

(α
(ℓ)
ks, j−α

(ℓ)
ks∗ , j

)2≥C5,

(B.35)

where the last inequality holds by Assumption 3.7(i).

Combining (B.33), (B.34) and (B.35), we obtain that P
(

maxi 1{ĝ0,(ℓ)
i,K(ℓ) ̸= g(ℓ)i }= 0

)
→

1 once we can ensure Assumption 4.3 in Su et al. (2020) holds with c1n = C5,

c2n = c5ηN,2, K = K(1), and with their c1 and M being replaced by c and and
√

pM
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here. Under Assumption 3.7, Assumption 4.3 in Su et al. (2020) holds. This com-

pletes the proof of the lemma. ■

To study the NSP property of our group structure estimator, we introduce some

notation in the following definition.

Definition B.1. Fix K(ℓ) > 1 and 1 < m≤ K(ℓ). Define a K(ℓ)× p matrix α(ℓ) =

(α
(ℓ)
1 , · · · ,α(ℓ)

K )′. Let dK(ℓ)(α(ℓ)) be the minimum pairwise distance of all K(ℓ) rows

and α
(ℓ)
k and α

(ℓ)
l be the pair that satisfies ||α(ℓ)

k −α
(ℓ)
l ||= dK(ℓ)(α(ℓ)) (if this holds

for multiple pairs, pick the first pair in the lexicographical order). Remove row l

from matrix α(ℓ) and let dK(ℓ)−1(α
(ℓ)) be the minimum pairwise distance for the

remaining (K(ℓ)− 1) rows. Repeat this step and define dK(ℓ)−2(α
(ℓ)), · · · ,d2(α

(ℓ))

recursively.

Lemma B.10. Recall that Ĝ
(ℓ)
m is the estimated group structure from K-means

algorithm with m groups. Under Assumptions 3.1-3.7 and the event {T̂1 = T1},

w.p.a.1, for each 1 < m < K(ℓ), Ĝ
(ℓ)
m enjoys the NSP defined in Definition 3.1.

Proof By Theorem 4.1 in Jin et al. (2022), Lemma B.10 is proved if we ensure

all conditions in their Theorem 4.1 hold. We now apply their Theorem 4.1 with x̂i =

β̇
0,(ℓ)
i , xi = β

0,(ℓ)
i and uk =

1√
Tℓ

α
(ℓ)
k ⊗ιTℓ for k∈ [K(ℓ)]. By the definition of dm

(
α(ℓ)

)
in Definition B.1, we notice that dm

(
α(ℓ)

)
≥ dK(ℓ)

(
α(ℓ)

)
such that dK(ℓ)

(
α(ℓ)

)
≥

C5 by Assumption 3.7(i). With (B.34) shown above and Assumption 3.2, we have

max
k∈[K(ℓ)]

∥uk∥ ≤M, max
i
∥x̂i− xi∥= Op(ηN,2),

which satisfy the Theorem 4.1 in Jin et al. (2022), i.e., maxk∈[K(ℓ)] ∥uk∥≲ dm

(
α(ℓ)

)
and maxi ∥x̂i− xi∥ ≲ dm

(
α(ℓ)

)
. Consequently, it leads to the NSP of Ĝ

(ℓ)
m for 1 <

m < K(ℓ) w.p.a.1 under the event {T̂1 = T1}. ■

Lemma B.11. Under Assumptions 3.1, 3.6(ii), 3.7(ii), 3.8 and 3.9(i)-(iii), for

ℓ= {1,2} and k ∈ [K(ℓ)], we have α̂
(ℓ)
k

p−→ α
(ℓ)
k and√

N(ℓ)
k Tℓ(α̂

(ℓ)
k −α

(ℓ)
k ) =W(ℓ)−1

NT,k C(ℓ)
NT,k +op(1).

Proof The result in the lemma combines those in Theorem 4.1 and Corollary

4.2 in Moon and Weidner (2017) under their Assumptions 1-4. Hence, we only need

to verify the conditions in their Assumptions 2 and 3 since our Assumptions 3.8 and
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3.9(ii)-(iii) are the same as their Assumptions 1 and 4.

Notice that the Assumption 2 in Moon and Weidner (2017) holds if we can show

that
1

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

X j,iteit
p−→ 0, ∀k ∈ [K(ℓ)], ℓ ∈ {1,2}.

Fix a specific k and ℓ. We can show that

E

 1

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

X j,iteit

∣∣∣∣D
2

=
1(

N(ℓ)
k Tℓ

)2 ∑
i1∈G(ℓ)

k

∑
i2∈G(ℓ)

k

∑
t1∈Tℓ

∑
t2∈Tℓ

E
(
X j,i1t1X j,i2t2ei1t1ei2t2|D

)
=

1(
N(ℓ)

k Tℓ
)2 ∑

i∈G(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

E
(
X j,it1X j,it2eit1eit2 |D

)
=

1(
N(ℓ)

k Tℓ
)2 ∑

i∈G(ℓ)
k

∑
t∈Tℓ

E
(
X2

j,ite
2
it |D

)
+

2(
N(ℓ)

k Tℓ
)2 ∑

i∈G(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ,t2>t1

E
(
X j,it1X j,it2eit1eit2 |D

)
≤ M

N(ℓ)
k Tℓ

+
16(

N(ℓ)
k Tℓ

)2 max
i∈G(ℓ)

k

max
t∈TL

(
E
∣∣X j,iteit

∣∣q)2/q
∑

i∈G(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ,t2>t1

[α(t2− t1)]
1−2/q

= O
(

1
NT

)
, (B.36)

where the second equality holds by Assumption 3.1(i) with the conditional indepen-

dence sequence for i1 ̸= i2, the first inequality combines Assumption 3.1(ii), (iii),

(v), and the Davydov’s inequality for strong mixing sequence in Lemma 4.3, Su

and Chen (2013b), and the last equality is by Assumption 3.1(iii), (v), Assumption

3.6(ii) and Assumption 3.7(ii). Following this, it yields that

1

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

X j,iteit = Op((NT )−1/2).

By similar arguments as used in the proof of Lemma B.3, we can show that∥∥∥E(ℓ)
k

∥∥∥
op

= Op(
√

N +
√

T logT ), (B.37)

which, in conjunction with Assumption 3.9(i), implies that Assumption 3∗ in Moon

and Weidner (2017) is satisfied. ■

For j ∈ [p], recall that X (1)
j,i =

(
X j,i1, · · · ,X j,iT1

)′, X (2)
j,i =

(
X j,i(T1+1), · · · ,X j,iT

)′,
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e(1)i = (ei1, · · · ,eiT1)
′, e(2)i =

(
ei(T1+1), · · · ,eiT

)′, X̃ j,it = X j,it −E
(
X j,it |D

)
. Besides,

let X(ℓ)
j,k ∈ RN(ℓ)

k ×Tℓ and E(ℓ)
k ∈ RN(ℓ)

k ×Tℓ denote the regressor and error matrix for

subgroup k ∈ [K(ℓ)] with a typical row being X (ℓ)
j,i and e(ℓ)i , respectively. For ℓ ∈

{1,2} and k ∈ [K(ℓ)], we also define

X̄(ℓ)
j,k = E(X(ℓ)

j,k

∣∣D), X̃(ℓ)
j,k = X(ℓ)

j,k− X̄(ℓ)
j,k, X

(ℓ)
j,k = M

Λ
0,(ℓ)
k

X̄(ℓ)
j,kMF0,(ℓ) + X̃(ℓ)

j,k,

with X
(ℓ)
j,k,it being each entry of X(ℓ)

j,k. Further let X(ℓ)
k,it = (X

(ℓ)
1,k,it , · · · ,X

(ℓ)
p,k,it)

′.

Lemma B.12. Under Assumptions 3.1, 3.2, 3.6(ii), 3.7(ii), 3.8 and 3.9, for j ∈

[p], ℓ ∈ {1,2} and k ∈ [K(ℓ)], we have

(i) 1√
N(ℓ)

k Tℓ
tr
(

PF0,(ℓ)E
(ℓ)′
k P

Λ
0,(ℓ)
k

X̃(ℓ)
j,k

)
= op(1),

(ii) 1√
N(ℓ)

k Tℓ
tr
(

P
Λ

0,(ℓ)
k

E(ℓ)′
k X̃(ℓ)

j,k

)
= op(1),

(iii) 1√
N(ℓ)

k Tℓ
tr
{

PF0,(ℓ)

[
E(ℓ)′

k X̃(ℓ)
j,k−E

(
E(ℓ)′

k X̃(ℓ)
j,k

∣∣D)]}= op(1),

(iv) 1√
N(ℓ)

k Tℓ
tr
[

E(ℓ)
k PF0,(ℓ)E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kF0,(ℓ)

(
F0,(ℓ)′F0,(ℓ)

)−1(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
Λ

0,(ℓ)′
k

]
= op(1),

(v) 1√
N(ℓ)

k Tℓ
tr
[

E(ℓ)′
k P

Λ
0,(ℓ)
k

E(ℓ)
k MF0,(ℓ)X(ℓ)′

j,k Λ
0,(ℓ)
k

(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1(
F0,(ℓ)′F0,(ℓ)

)−1
F0,(ℓ)′

]
= op(1),

(vi) 1√
N(ℓ)

k Tℓ
tr
[

E(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kMF0,(ℓ)E

(ℓ)′
k Λ

0,(ℓ)
k

(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1(
F0,(ℓ)′F0,(ℓ)

)−1
F0,(ℓ)′

]
= op(1),

(vii) 1√
N(ℓ)

k Tℓ
tr
{[

E(ℓ)
k E(ℓ)′

k −E
(

E(ℓ)
k E(ℓ)′

k

∣∣D)]M
Λ

0,(ℓ)
k

X(ℓ)
j,kF0,(ℓ)

(
F0,(ℓ)′F0,(ℓ)

)−1(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
Λ

0,(ℓ)′
k

}
=

op(1),

(viii) 1√
N(ℓ)

k Tℓ
tr
{[

E(ℓ)′
k E(ℓ)

k −E
(

E(ℓ)′
k E(ℓ)

k

∣∣D)]M
Λ

0,(ℓ)
k

X(ℓ)′
j,k Λ

0,(ℓ)
k

(
Λ

0,(ℓ)′
k Λ

0,(ℓ)
k

)−1(
F0,(ℓ)′F0,(ℓ)

)−1
F0,(ℓ)′

}
=

op(1),

(ix) 1
N(ℓ)

k Tℓ
∑i∈G(ℓ)

k
∑t∈Tℓ

[
e2

itX
(ℓ)
k,itX

(ℓ)′
k,it −E

(
e2

itX
(ℓ)
k,itX

(ℓ)′
k,it

∣∣D)]= op(1),

(x) 1
N(ℓ)

k Tℓ
∑i∈G(ℓ)

k
∑t∈Tℓ

e2
it

(
X
(ℓ)
k,itX

(ℓ)′
k,it −XitX ′

it

)
= op(1).
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Proof (i) We first show that
∥∥∥F0,(ℓ)′E(ℓ)′

k Λ
0,(ℓ)
k

∥∥∥= Op(
√

NT ). Note that

E



∥∥∥F0,(ℓ)′E(ℓ)′

k Λ
0,(ℓ)
k

∥∥∥√
N(ℓ)

k Tℓ

2 ∣∣∣∣∣D
=

1

N(ℓ)
k Tℓ

E


 ∑

i∈G(ℓ)
k

∑
t∈Tℓ

eit f 0′
t λ

0
i

2 ∣∣∣∣∣D


=
1

N(ℓ)
k Tℓ

∑
i1∈G(ℓ)

k

∑
i2∈G(ℓ)

k

∑
t1∈Tℓ

∑
t2∈Tℓ

E(ei1t1ei2t2|D) f 0′
t1 λ

0
i1λ

0′
i2 f 0

t2

≤ max
i∈G(ℓ)

k

∥∥λ
0
i
∥∥2

2 max
t∈Tℓ

∥∥ f 0
t
∥∥2

2
1

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t1∈Tℓ

∑
t2∈Tℓ

|E(eit1eit2|D)|

≲
1

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

|Var (eit |D)|+ 2

N(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t1∈Tℓ

∑
t2∈Tℓ,t2>t1

|Cov(eit1,eit2|D)|

= O(1) a.s.,

where the fourth line is by Lemma B.7(i) and the last line combines Assumption

3.1(v) and Davydov’s inequality for conditional strong mixing sequences, similarly

as (B.36). It follows that∥∥∥∥PF0,(ℓ)E
(ℓ)′
k P

Λ
0,(ℓ)
k

∥∥∥∥
≤
∥∥∥F0,(ℓ)

∥∥∥∥∥∥F0,(ℓ)′F0,(ℓ)
∥∥∥∥∥∥F0,(ℓ)′E(ℓ)′

k Λ
0,(ℓ)
k

∥∥∥∥∥∥(Λ0,(ℓ)′
k Λ

0,(ℓ)
k )−1

∥∥∥∥∥∥Λ
0,(ℓ)′
k

∥∥∥
= O(T 1/2)Op(T−1)Op(

√
NT )Op(N−1)O(N1/2) = Op(1), (B.38)

where the first equality holds by Assumptions 3.2 and 3.8.

Moreover, we have∥∥∥∥P
Λ

0,(ℓ)
k

X̃(ℓ)
j,k

∥∥∥∥≤∥∥∥Λ
0,(ℓ)
k

∥∥∥∥∥∥(Λ0,(ℓ)′
k Λ

0,(ℓ)
k )−1
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(B.39)

where the first equality holds by Assumptions 3.2 and 3.8(i) and the fact that
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Then we are ready to show that∣∣∣∣∣∣ 1√
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where the last line holds by the fact that
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where the second equality is by Assumption 3.1(i) and the last line holds by As-

sumption 3.1(iii) and (v), and Davydov’s inequality.
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(iii) Define ζ
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where the last equality holds by Assumption 3.9(iv). It follows that∣∣∣∣∣∣ 1√
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(iv) As in Moon and Weidner (2017), it is clear that∣∣∣∣∣∣ 1√
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where the last line combines (B.37),(B.38), the fact that ||X(ℓ)
j,k||= Op((NT )1/2) by

Assumption 3.8(ii), and ||F0,(ℓ)(F0,(ℓ)′F0,(ℓ))−1(Λ
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0,(ℓ)
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by Assumptions 3.2 and 3.8(i).

(v) The proof of (v) is analogous to that of (iv) and omitted for brevity.

(vi) First, we note that
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which leads to the result that∥∥∥∥P
Λ

0,(ℓ)
k

E(ℓ)
k X(ℓ)′

j,k

∥∥∥∥≤ ∥∥∥Λ
0,(ℓ)
k

∥∥∥∥∥∥(Λ0,(ℓ)′
k Λ

0,(ℓ)
k )−1

∥∥∥∥∥∥Λ
0,(ℓ)′
k E(ℓ)

k X(ℓ)′
j,k

∥∥∥
= O(N−1/2)Op(N

√
T ) = Op(

√
NT ).
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(vii) For this statement, we sketch the proof because Lu and Su (2016) have
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already proved a similar result.∣∣∣∣∣∣ 1√
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which follows by similar arguments as used in the proof of Lemma D.3(vi) in Lu

and Su (2016).

(viii) Analogously to the previous statement, we have
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by similar arguments as used in the proof of Lemma D.4(iii) in Lu and Su (2016).

Then we are ready to show that∣∣∣∣∣∣ 1√
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(ix) This statement can be proved owing to the fact that the second moment of

the term on the left side of the equality conditioning on D is Op(N−1). See the

proof of Lemma B.1(i) for detail.

(x) Similarly to (B.39), we can also show that ||X̃(ℓ)
j,kPF0,(ℓ)|| = Op(N1/2). Then,

following the same arguments as used in the proof of Lemma B.1(j) in Moon and

Weidner (2017), we can finish the proof. ■

B.3 Estimation of Panels with IFEs and Heterogeneous Slopes

For ∀i ∈N := {n1, · · · ,nn} and t ∈ [T ], consider the model

Yit =

λ
0′
i f 0

t +X ′itθ
0,(1)
i + eit , t ∈ {1, · · · ,T1},

λ
0′
i f 0

t +X ′itθ
0,(2)
i + eit , t ∈ {T1 +1, · · · ,T}.

(B.40)
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Here N is a subset of [N] and n ≍ N. To distinguish from the notation Λ0 in the

paper, we define Λ0
n :=

(
λ 0

n1
, · · · ,λ 0

nn

)′.
Let X (1)
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)′, e(1)i =(ei1, · · · ,eiT1)
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)′, F0,(1) =
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)′
, and F0,(2) =

(
f 0
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T

)′
. To esti-

mate θ
0,(ℓ)
i , λ 0

i and f 0
t , we follow the lead of Bai (2009) and consider the PCA for

heterogeneous panels. For ∀ℓ ∈ {1,2}, let({
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}
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, F̂(ℓ)
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= argmin
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(B.41)

where T2 = T −T1, W (1)
i = (Wi1, · · · ,WiT1)

′, W (2)
i =

(
Wi(T1+1), · · · ,WiT

)′ for Wi de-

notes Yi or Xi, F(ℓ) is any Tℓ× r0 matrix such that F(ℓ)′F(ℓ)

Tℓ
= Ir0 and MF(ℓ) = ITℓ −

F(ℓ)F(ℓ)′

Tℓ
. Note that we consider the concentrated objective function here by concen-

trating out the factor loadings. The solutions to the minimization problem in (B.41)

solve the following nonlinear system of equations:
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where V̂ (ℓ)
NT is a diagonal matrix that contains the r0 largest eigenvalues of the matrix

in the square brackets in (B.43). Let λ̂
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i θ̂
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Let θ
0,(ℓ)
i = θ̄ 0,(ℓ)+c(ℓ)i , where θ̄ 0,(ℓ) = 1

n ∑i∈N θ
0,(ℓ)
i . Here, we consider testing

the slope homogeneity for i ∈N . The null and alternative hypotheses are respec-

tively given by

H0 : c(ℓ)i = 0 ∀i ∈N and H1 : c(ℓ)i ̸= 0 for some i ∈N .

Following Pesaran and Yamagata (2008) and Ando and Bai (2016), we define

Γ̂
(ℓ) =

√
n ·

1
n ∑i∈{n1··· ,nn} Ŝ

(ℓ)
i − p

√
2p

(B.44)

where

Ŝ(ℓ)i = Tℓ(θ̂
(ℓ)
i −

ˆ̄
θ
(ℓ))′Ŝ(ℓ)ii (Ω̂

(ℓ)
i )−1Ŝ(ℓ)ii (θ̂

(ℓ)
i −

ˆ̄
θ
(ℓ))(1− â(ℓ)ii /n)2, ˆ̄

θ
(ℓ) =

1
n ∑

i∈N
θ̂
(ℓ)
i ,

MF̂(ℓ) = ITℓ−
F̂(ℓ)F̂(ℓ)⊤

Tℓ
, Ŝ(ℓ)ii =

X (ℓ)′
i MF̂(ℓ)X

(ℓ)
i

Tℓ
, (x̂

(ℓ)
it )′ is the t-th row of MF̂(ℓ)X

(ℓ)
i ,
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Ω̂
(ℓ)
i =

1
Tℓ

∑
t∈Tℓ

x̂
(ℓ)
it x̂

(ℓ)′
it ê2

it +
1
Tℓ

∑
j∈Tℓ,−1

k( j/ST ) ∑
t∈Tℓ, j

[x̂
(ℓ)
it x̂

(ℓ)′
i,t+ jêit êi,t+ j + x̂

(ℓ)
i,t− j x̂

(ℓ)′
it êi,t− jêit ]

and recall that T1 = [T1], T2 = [T ]\[T1], T1,−1 =T1\{T1}, T2,−1 =T2\{T}, T1, j =

{1+ j, · · · ,T1}, and T2, j = {T1 +1+ j, · · · ,T} for some specific j ∈Tℓ,−1.

In the next section, we study the asymptotic distribution of θ̂
(ℓ)
i , the uniform

convergence rates for the estimators of factors and factor loadings, and the asymp-

totic behavior for Γ̂(ℓ) under H0 and H1, respectively.

B.4 Lemmas for Panel IFEs Model with Heterogeneous Slope

Below we derive the asymptotic distribution for the slope estimators in our het-

erogeneous panel models which allow for dynamics. To allow the dynamic panel,

we focus on the Assumption 3.1∗ where the error process is an m.d.s.. If we focus

on Assumption 3.1, we can obtain similar results by using Davydov’s inequality

for strong mixing errors. Here we skip the analyses for static panels with seri-

ally correlated errors for brevity. Let M be a generic large positive constant and

F (ℓ) :=
{

F(ℓ) ∈ RTℓ×r0 : F(ℓ)′F(ℓ)

Tℓ
= Ir0

}
.

Lemma B.13. Under Assumptions 3.1∗, 3.2 and 3.8, we have

(i)
∣∣∣ 1

nTℓ ∑
nn
i=n1

e(ℓ)′i PF0,(ℓ)e
(ℓ)
i

∣∣∣= op(1),

(ii) supF(ℓ)∈F (ℓ)

∣∣∣ 1
nTℓ ∑

nn
i=n1

e(ℓ)′i PF(ℓ)e
(ℓ)
i

∣∣∣= op(1),

(iii) supF(ℓ)∈F (ℓ)

∣∣∣ 1
nTℓ ∑

nn
i=n1

λ 0′
i F0,(ℓ)′MF(ℓ)e

(ℓ)
i

∣∣∣= op(1),

(iv) sup{maxi∥θi∥max≤M},F(ℓ)∈F (ℓ)

∣∣∣∣1
n ∑

nn
i=n1

(θi−θ
0,(ℓ)
i )′

X (ℓ)′
i M

F(ℓ)e(ℓ)i
Tℓ

∣∣∣∣= op(1).

Proof (i) We notice that∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

e(ℓ)′i PF0,(ℓ)e
(ℓ)
i

∣∣∣∣∣≤ 1
Tℓ

1
n

nn

∑
i=n1

∥∥∥∥∥ 1√
Tℓ

∑
t∈Tℓ

f 0
t eit

∥∥∥∥∥
2
∥∥∥∥∥∥
(

F0,(ℓ)′F0,(ℓ)

Tℓ

)−1
∥∥∥∥∥∥

≲
1
Tℓ

1
n

nn

∑
i=n1

∥∥∥∥∥ 1√
Tℓ

∑
t∈Tℓ

f 0
t eit

∥∥∥∥∥
2
 .
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Recall that D denotes the minimum σ -fields generated by
{

V 0
j

}
j∈[p]∪{0}

. Further-

more, we observe that

E

1
n

nn

∑
i=n1

∥∥∥∥∥ 1√
Tℓ

∑
t∈Tℓ

f 0
t eit

∥∥∥∥∥
2 ∣∣∣∣∣D


≤ 1

nTℓ

nn

∑
i=n1

∑
t∈Tℓ

∑
s∈Tℓ

∥∥E( f 0
t f 0′

s eiteis
∣∣D)∥∥

≤ 1
nTℓ

nn

∑
i=n1

∑
t∈Tℓ

∑
s∈Tℓ

∥∥ f 0
t
∥∥∥∥ f 0′

s
∥∥∣∣E(eiteis

∣∣D)∣∣
≲

1
nTℓ

nn

∑
i=n1

∑
t∈Tℓ

E(e2
it
∣∣D)≤M a.s., (B.45)

where the fourth line holds by the boundedness of factors shown in Lemma B.7(i)

and the conditional independence of eit under Assumption 3.1∗(i) and (iii). It fol-

lows that 1
n ∑

nn
i=n1
|| 1√

Tℓ
∑t∈Tℓ

f 0
t eit ||2 =Op(1) and | 1

nTℓ ∑
nn
i=n1

e(ℓ)′i PF0,(ℓ)e
(ℓ)
i |=Op(T−1).

(ii) Noting that PF(ℓ) = F(ℓ)
(

F(ℓ)′F(ℓ)
)−1

F(ℓ)′ = T−1F(ℓ)F(ℓ)′ for F(ℓ) ∈F (ℓ),

we have supF(ℓ)∈F (ℓ) | 1
nTℓ ∑

nn
i=n1

e(ℓ)′i PF(ℓ)e
(ℓ)
i | ≤ supF(ℓ)∈F (ℓ)

1
n ∑

nn
i=n1
|| 1

Tℓ ∑t∈Tℓ
fteit ||2.

Next,

sup
F(ℓ)∈F (ℓ)

1
n

nn

∑
i=n1

∥∥∥∥∥ 1
Tℓ

∑
t∈Tℓ

fteit

∥∥∥∥∥
2

= sup
F(ℓ)∈F (ℓ)

tr

(
1
n

nn

∑
i=n1

1
T 2
ℓ

∑
t∈Tℓ

∑
s∈Tℓ

ft f ′seiteis

)

= sup
F(ℓ)∈F (ℓ)

tr

{
1

T 2
ℓ

∑
t∈Tℓ

∑
s∈Tℓ

ft f ′s
1
n

nn

∑
i=n1

[
eiteis−E

(
eiteis

∣∣D)]}

+ sup
F(ℓ)∈F (ℓ)

tr

{
1

T 2
ℓ

∑
t∈Tℓ

∑
s∈Tℓ

ft f ′s
1
n

nn

∑
i=n1

E
(
eiteis

∣∣D)} . (B.46)

For the first term to the right the second equality of (B.46), we have maxt,s |1n ∑
nn
i=n1

[eiteis−

E(eiteis|D)]|= Op(
√

(logT )/N) by conditional Bernstein’s inequality for indepen-

dent sequence combining the fact that eiteis is independent across i given D by As-

sumption 3.1∗(i). Then

sup
F(ℓ)∈F (ℓ)

tr

{
1

T 2
ℓ

∑
t∈Tℓ

∑
s∈Tℓ

ft f ′s
1
n

nn

∑
i=n1

[
eiteis−E

(
eiteis

∣∣D)]}

= Op(
√

(logT )/N) sup
F(ℓ)∈F (ℓ)

(
1
Tℓ

∑
t∈Tℓ

∥ ft∥
)2

= Op(
√

(logT )/N). (B.47)
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For the second term on the second line of (B.46), we have

sup
F(ℓ)∈F (ℓ)

tr

{
1

T 2
ℓ

∑
t∈Tℓ

∑
s∈Tℓ

ft f ′s
1
n

nn

∑
i=n1

E
(
eiteis

∣∣D)}

≤ sup
F(ℓ)∈F (ℓ)

1
nT 2

ℓ

nn

∑
i=n1

∑
t∈Tℓ

∑
s∈Tℓ

∥ ft∥∥ fs∥E
(
eiteis

∣∣D)
≲

1
nT 2

ℓ

nn

∑
i=n1

∑
t∈Tℓ

∣∣E(e2
it
∣∣D)∣∣= Op(T−1), (B.48)

where the first inequality is by Cauchy’s inequality, the third line is by the definition

of F (ℓ) and similar arguments as in (B.45).

Combining (B.46)-(B.48), we have shown that supF(ℓ)∈F (ℓ) | 1
nTℓ ∑

nn
i=n1

e(ℓ)′i PF(ℓ)e
(ℓ)
i |=

Op(
√
(logT )/N).

(iii) Note that

sup
F(ℓ)∈F (ℓ)

∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

λ
0′
i F0,(ℓ)′MF(ℓ)e

(ℓ)
i

∣∣∣∣∣≤
∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

λ
0′
i F0,(ℓ)′e(ℓ)i

∣∣∣∣∣
+ sup

F(ℓ)∈F (ℓ)

∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

λ
0′
i F0,(ℓ)′PF(ℓ)e

(ℓ)
i

∣∣∣∣∣ .
We show the convergence rate for the two terms on the right side of above inequality.

For the first term, we note that E
(
λ 0′

i f 0
t eit
∣∣D) = 0 and eit is independent across i

and strong mixing across t given D . Then we have∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

λ
0′
i F0,(ℓ)′e(ℓ)i

∣∣∣∣∣=
∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

∑
t∈Tℓ

λ
0′
i f 0

t eit

∣∣∣∣∣= Op((NT )−1/2)

by Lemma B.6(ii). For the second term, we note that

sup
F(ℓ)∈F (ℓ)

∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

λ
0′
i F0,(ℓ)′PF(ℓ)e

(ℓ)
i

∣∣∣∣∣
= sup

F(ℓ)∈F (ℓ)

∣∣∣∣∣ 1
nTℓ

nn

∑
i=n1

λ
0′
i F0,(ℓ)′F(ℓ)

(
F(ℓ)′F(ℓ)

)−1
∑

t∈Tℓ

fteit

∣∣∣∣∣
≤ sup

F(ℓ)∈F (ℓ)

√
1
n

nn

∑
i=n1

∥∥λ 0
i

∥∥2

√√√√ sup
F(ℓ)∈F (ℓ)

1
n

nn

∑
i=n1

∥∥∥∥∥ 1
Tℓ

∑
t∈Tℓ

fteit

∥∥∥∥∥
2

·

sup
F(ℓ)∈F (ℓ)

∥∥∥∥∥∥
(

F(ℓ)′F(ℓ)

Tℓ

)−1
∥∥∥∥∥∥
∥∥∥∥∥F0,(ℓ)′F(ℓ)

Tℓ

∥∥∥∥∥
≲

√√√√ sup
F(ℓ)∈F (ℓ)
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∑
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fteit
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2

= Op[((logT )/N)1/4] = op(1),

where the third line is by Cauchy’s inequality and the last line is by arguments in
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(B.47) and (B.48). Combining the above results completes the proof.

(iv) We first observe that

E

1
n

nn

∑
i=n1

∥∥∥∥∥ 1√
Tℓ

∑
t∈Tℓ

Xiteit

∥∥∥∥∥
2
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1
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∑
i=n1

E

∥∥∥∥∥ 1√
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Xiteit
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≤ 1
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∑
t∈Tℓ

∥∥E(XitX ′ite
2
it
)∥∥

≤M a.s., (B.49)

where the second equality is by Assumption 3.1∗(ii) and the law of iterated expec-

tations, and the last inequality is by Assumption 3.1∗(v). It follows that

sup
{maxi∥θi∥max≤M},F(ℓ)∈F (ℓ)

∥∥∥∥∥1
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∥∥∥∥∥
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∑
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i
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where the second inequality is by Cauchy’s inequality, the sixth line holds by the

fact that both θi and θ
0,(ℓ)
i are bounded and 1

n ∑
nn
i=n1
|| 1√

Tℓ
∑t∈Tℓ

Xiteit ||2 = Op(1) by

(B.49), and the last line is due to (B.46) and the fact that
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1
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1
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by Assumption 3.8(ii). ■

Lemma B.14. Under Assumptions 3.1∗, 3.2 and 3.8, we have θ̂
(ℓ)
i −θ

0,(ℓ)
i

p−→ 0

and ||PF̂(ℓ)−PF0,(ℓ)||
p−→ 0.
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Proof Let
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Recall from (B.41) that ({θ̂ (ℓ)
i }, F̂(ℓ)) is the minimizer of SNT

(
{θi} ,F(ℓ)

)
. By

(B.40) and Lemma B.13, we have
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Following Song (2013) and Bai (2009), we can show that S̃NT

(
{θi}∀i ,F(ℓ)

)
is

uniquely minimized at ({θ 0,(ℓ)
i },F0,(ℓ)H(ℓ)), where H(ℓ) is a rotation matrix. Hence,

we conclude that θ̂
(ℓ)
i − θ

0,(ℓ)
i

p−→ 0. Following the proof of Proposition 1 of Bai

(2009), we can show that ||PF̂(ℓ)−PF0,(ℓ)||
p−→ 0. ■

Let BN denote the uniform convergence rate for θ̂
(ℓ)
i . That is, maxi∈N ||θ̂

(ℓ)
i −

θ
0,(ℓ)
i ||= Op(BN).

Lemma B.15. Under Assumptions 3.1∗, 3.2 and 3.8, we have 1√
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where
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We show the convergence rate for J(ℓ)m ∀m ∈ [8] in the following.

For J(ℓ)1 , we notice that
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(B.51)

where the equality holds by Assumption 3.8(ii) and normalization of the factor vec-

tor. Similarly, we have
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where the third line is by the fact that 1
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λ 0
i eit
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arguments as in (B.45) and the last line is due to the fact that
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= O
(
(N)−1 +(T )−1) a.s. (B.52)

by Assumption 3.1∗(i), (ii), (iii), and (v). Besides, we have T−1/2
ℓ ||(ℓ4 )||= Op(BN),

T−1/2
ℓ ||J(ℓ5 )||= Op(BN), and T−1/2

ℓ ||J(ℓ)4 ||= Op(N−1/2) by similar analyses as used

for J(ℓ)2 , J(ℓ)3 and J(ℓ)6 , respectively.

Combining the above arguments, premultiplying both sides of (B.50) by F̂(ℓ)′

and using the fact that F̂(ℓ)′F̂(ℓ) = TℓIr, we have

1
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NT −F0,(ℓ)Λ0′

n Λ0
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and
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NT =
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Tℓ
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Then V (ℓ)
NT is invertible and ||V (ℓ)

NT || = Op(1). By the definition of H(ℓ) and (B.53),

we have 1√
Tℓ
||F̂(ℓ)−F0,(ℓ)H(ℓ)||= Op(BN +(N∧T )−1/2). ■

Lemma B.16. Under Assumptions 3.1∗, 3.2 and 3.8, we have
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Proof (i) Let δ
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By Lemma B.15, Assumption 3.8, the normalization for the factor space, and the

fact that
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(B.55)

we can readily show that∥∥MF0,(ℓ)−MF̂(ℓ)

∥∥= Op(BN +(N∧T )−1/2). (B.56)
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(ii) By (B.54), we notice that
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where the last line holds by combining Assumption 3.8(ii), (B.55), Lemma B.15

and the fact that
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We will show the last equality by using the Bernstein’s inequality in Lemma B.5(i).
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where the second line is by Assumption 3.1∗(v) and the last line is by Assump-

tion 3.1∗(v). Define events A4,N(M) =
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where the last inequality holds by Lemma B.5(i), (B.57), and the definition of event

A4,N,i, and the last line holds by Assumption 3.1∗(vi) and the fact that q > 8.
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where the last inequality holds by Assumption 3.8(ii) and Lemma B.15, and last

equality holds by the fact that
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(iv) Noting that MF̂(ℓ)F̂(ℓ) = 0, we have
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by Assumption 3.8(ii).
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Under Assumptions 3.1∗ and Assumption 3.8(ii)
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where the last inequality holds by Lemma B.5(ii) and the last line is by Assumption

3.1∗(vi).

(vi) Noted that

E

∥∥∥∥∥ 1√
nTℓ

nn

∑
i=n1

λ
0
i e(ℓ)′i F0,(ℓ)

∥∥∥∥∥
2 ∣∣∣∣D

=
1

nTℓ

nn

∑
i=n1

nn

∑
i∗=n1

∑
t∈Tℓ

∑
t∗∈Tℓ

E
(
λ

0
i f 0′

t f 0
t∗λ

0′
i∗ eitei∗t∗|D

)
≤max

i∈N

∥∥λ
0
i
∥∥2

2 max
t∈Tℓ

∥∥ f 0
t
∥∥2

2
1

nTℓ

nn

∑
i=n1

nn

∑
i∗=n1

∑
t∈Tℓ

∑
t∗∈Tℓ

|E(eitei∗t∗|D)|

≲
1

nTℓ

nn

∑
i=n1

∑
t∈Tℓ

∣∣E(e2
it |D

)∣∣= O(1) a.s.,

where the last line holds by Lemma B.7(i) and Assumption 3.1∗. Similarly as above,
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Furthermore, we have∥∥∥∥∥ 1
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(vii) We first notice that
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by similar arguments as used to obtain (B.61). This result, in conjunction with

Lemma B.16(vi), implies that
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(viii) By (B.61) and Lemma B.16(iii), we have
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= (Ŝ(ℓ)ii )−1 X (ℓ)′

i MF̂(ℓ)e
(ℓ)
i

Tℓ
+(D̂(ℓ)

i )−1 1
Tℓ

X (ℓ)′
i MF̂(ℓ)·F̂(ℓ)H(ℓ)−1− ∑

m∈[8]
J(ℓ)m

(
F0,(ℓ)′F̂(ℓ)

Tℓ

)−1(
Λ0′

n Λ0
n

n

)−1
λ

0
i
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(B.63)

where the second equality is from (B.50). Note that
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by Lemmas B.7(i) and B.15, and the normalization of the factor and factor loadings.

Hence, it suffices to show the uniform convergence rate IIm for m ∈ [8]\{2}. The
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Next, noting that
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By Lemma B.16(viii),
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In sum, by (B.63) and the above analyses, we have
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uniformly in i ∈N . Then by (B.63) and Lemma B.16(i)-(ii), we have
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For the second term on the right side of (B.66), we observe that[
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where the second term on the right side of the above equality gives the recursive

form and shrinks to zero quickly owing to the 1
nk term, and we only need to show

the rate of the first term, i.e.,
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(ii) Given the definition of Ω
0,(ℓ)
i and by the central limit theorem for m.d.s., we

can easily obtain (ii).

(iii) The proof has already been done in the proof of (i). ■

Lemma B.18. Under Assumptions 3.1∗, 3.2 and 3.8, we have
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Proof (i) We obtain the result by combining Lemma B.15 and Lemma B.17(iii).

(ii) We obtain the result by combining (B.56) and Lemma B.17(iii).
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with the same manner as (B.45). Similarly,
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Note that
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êit = Yit−X ′it θ̂
(ℓ)
i − λ̂

(ℓ)′
i f̂ (ℓ)t

= eit−
[

X ′it
(

θ
0,(ℓ)
i − θ̂

(ℓ)
i

)
+
(

λ̂
(ℓ)
i −H(ℓ)−1

λ
0
i

)′(
f̂ (ℓ)t −H(ℓ)′ f 0

t

)
+
(

λ̂
(ℓ)
i −H(ℓ)−1

λ
0
i

)′
H(ℓ)′ f 0

t +
(

H(ℓ)−1
λ

0
i

)′(
f̂ (ℓ)t −H(ℓ)′ f 0

t

)]
.

Then

max
i∈N ,t∈Tℓ
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uniformly over i ∈N , (B.71)

where the last line holds by (B.69), (B.70), and Assumptions 3.8(ii) and 3.1∗(iv).

Using similar arguments as used to derive (B.61) by the Bernstein’s inequality for

m.d.s., for a positive constant c9, we have
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Combining (B.71) and (B.72), we obtain (B.67). ■

Lemma B.20. Under Assumptions 3.1∗, 3.2 and 3.8, we have Γ̂(ℓ) ⇝ N(0,1)

under H0.

Proof Under the null that θ
0,(ℓ)
i = θ 0,(ℓ) for ∀i ∈N , we use Lemma B.17(i) to

obtain that
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with Lemma B.17(iii) and the fact that maxi∈N
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∣∣ = O(1). For the first term on

the right side of (B.73), we have
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Recall from (B.44) that Γ̂(ℓ) =
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n ∑i∈N Ŝ(ℓ)i −p√

2p such that
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Ŝ(ℓ)ii

(
Ω̂

(ℓ)
i

)−1
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1− â(ℓ)ii /n
)2

256



+Tℓ
(

ˆ̄
θ
(ℓ)−θ

0,(ℓ)
)′
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Ŝ(ℓ)ii

(
Ω̂

(ℓ)
i

)−1
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where the first equality is by (B.74), the second equality is by Lemma B.19 and
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0,(ℓ))(1− â(ℓ)ii /n)2

=
1√
n ∑

i∈N
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Lemma B.21. Under Assumptions 3.1∗, 3.2 and 3.8, we have |Γ̂(ℓ)| → ∞ under
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i )−1Ŝ(ℓ)ii ( ˆ̄

θ
(ℓ)− θ̄

0,(ℓ))(1− â(ℓ)ii /n)2
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where the second line is by the uniform convergence of Ŝ(ℓ)ii , Ω̂
(ℓ)
i and â(ℓ)ii , the fifth

line is by the fact that maxi∈N |
a0

ii
n |= op(1) and the last line draws from the assump-

tion that Tℓ√
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i ||2/(logN)1/2→ ∞. Following this, by Cauchy’s inequality,

we also observe that∣∣∣∣∣ 1√
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Ŝ(ℓ)i,4

√
1√
n ∑

i∈N
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Combining arguments above, we obtain that |Γ̂(ℓ)|/(logN)1/2→ ∞. ■

B.5 Algorithm for Nuclear Norm Regularization

To solve the optimization problem in (3.3), there are different algorithms in

the literature such as the Alternating Direction Method of Multipliers (ADMM)

algorithm and the singular value thresholding (SVT) procedure. Wang et al. (2022)

provide the ADMM algorithm based on the quantile regression framework, which

can be easily extended to the linear conditional mean regression framework. In this

section, we focus on the SVT procedure for the case of low-rank estimation with

two regressors. The case of more than two regressors is self-evident.

We can iteratively use SVT estimation to obtain the nuclear norm regularized

regression estimates. Specifically, given Θ1 and Θ2, we solve for Θ0 with

Θ0(Θ1,Θ2) = argmin
Θ0

∥Y −X1⊙Θ1−X2⊙Θ2−Θ0∥F +ν0NT ∥Θ0∥∗ .

Given Θ0 and Θ2, we solve for Θ1 with

Θ1(Θ0,Θ2) = argmin
Θ1

∥Y −Θ0−X2⊙Θ2−X1⊙Θ1∥F +ν1NT ∥Θ1∥∗ .

Given Θ0 and Θ1, we solve for Θ2 with

Θ2(Θ0,Θ1) = argmin
Θ2

∥Y −Θ0−X1⊙Θ1−X2⊙Θ2∥F +ν2NT ∥Θ2∥∗ .

Specifically, the algorithm goes as follows:

Step 1: initialize Θ0, Θ1 and Θ1 to be Θ1
0, Θ1

1 and Θ1
1 and set k = 1.

Step 2: let

Θ
k+1
0 = S ν0NT

2

(
Y −X1⊙Θ

k
1−X2⊙Θ

k
2

)
,
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Θ
k+1
1 = S τν1NT
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(
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1

))
,

k = k+1,

where τ is the step size, and Sλ (M) is the singular value operator for any matrix

M and fixed parameter λ . By SVD, we have M = UMDMV ′M. Define DM,λ by

replacing the diagonal entry DM,ii of DM by max(DM,ii−λ ,0), and then let Sλ (M)=

UMDM,λV ′M.

Step 3: repeat step 2 until convergence.

We can follow Chernozhukov et al. (2019), which gives the expression to pin

down τ . Besides, Proposition 2.1 in Chernozhukov et al. (2019) also shows the

convergence for the above algorithm.

260



Bibliography
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