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Spatial Panel Data Models: Unbalanced Panel,
Threshold Effect and Network Structure

Xiaoyu Meng

Abstract

This thesis studies the estimation and inference problems for spatial panel
data models when the panels are unbalanced, when the panels contain thresh-
old effects, or when the panels contain time-varying network structures. These
three scenarios divide the thesis naturally into three chapters.

The first chapter considers estimation and inferences for fixed effects spa-
tial panel data models based on unbalanced panels that result from randomly
missing spatial units. The unbalanced nature of the panel data renders the
standard method of estimation inapplicable. In this chapter, we proposed an
M-estimation method where the estimating functions are obtained by adjust-
ing the concentrated quasi scores to account for the estimation of fixed ef-
fects and/or the presence of unknown spatiotemporal heteroscedasticity. The
method allows for general time-varying spatial weight matrices without row-
normalization, and is able to give full control of the individual and time specific
effects for all the spatial units involved in the data. Consistency and asymptotic
normality of the proposed estimators are established. Inference methods are
introduced and their consistency is proved. Monte Carlo results show excellent
finite sample performance of the proposed methods. An empirical application
is presented on commodity tax competition among US states.

The second chapter introduces general estimation and inference methods
for threshold spatial panel data models with two-way fixed effects (2FE) in
a diminishing-threshold-effects framework. A valid objective function is first
obtained by a simple adjustment on the concentrated quasi loglikelihood with
2FE being concentrated out, which leads to a consistent estimation of all com-
mon parameters including the threshold parameter. We then show that the

estimation of threshold parameter has an asymptotically negligible effect on



the asymptotic distribution of the other estimators, and thereby lead to valid
inference methods for other common parameters after a bias correction. A
likelihood ratio test is proposed for statistical inference on the threshold pa-
rameter. We also propose a sup-Wald test for the presence of threshold ef-
fects, based on an M-estimation method with the estimating functions being
obtained by simply adjusting the concentrated quasi-score functions. Monte
Carlo results show that the proposed methods perform well in finite samples.
An empirical application is presented on age-of-leader effects on political com-
petitions across Chinese cities.

The third chapter considers the specification and estimation of a three-
dimensional (3-D) spatial panel data model with time-varying network struc-
tures. The model allows for endogenous and exogenous interaction effects,
correlation of unobservables, and most importantly group-specific effects that
are allowed to interact with the individual and time specific effects. The time-
varying network structures provide information on the identification of various
interaction effects but also yield time-varying sociomatrices whose row sums
may not be constant, which renders the transformation-based quasi maximum
likelihood inapplicable. In this chapter, we propose an adjusted quasi score
method where the estimating functions are obtained by adjusting the concen-
trated quasi scores (with fixed effects being concentrated out) to account for
the effects of concentration. The method is able to give full control of general
specifications of three-way fixed effects. Consistency and asymptotic normality
of the proposed estimators are established. Monte Carlo results show excellent

finite sample performance of the proposed methods.
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Chapter 1

Unbalanced Spatial Panel Data
Models with Fixed Effects

1.1 Introduction

The literature on spatial panel data (SPD) models has been fast-growing
since Anselin (1988), due to the fact that the SPD models are able to take
into account the spatial interaction effects and control for the unobservable
heterogeneity. Most of the works on SPD models are based on “complete”
or “balanced” panels, i.e., a set of observations collected on n spatial units
over the entire T" periods in time (e.g., Baltagi et al., 2003; Lee and Yu, 2010;
Baltagi and Yang, 2013a,b; Yang et al., 2016; Liu and Yang, 2020, to mention
a few); only a few on “incomplete” or “unbalanced” panels (Wang and Lee,
2013b; Egger et al., 2005; Baltagi et al., 2007; Baltagi et al., 2015). This is
in stark contrast to the usual panel model literature, which contains a sizable
portion of works on unbalanced panels (e.g., Wansbeek and Kapteyn, 1989;
Baltagi and Chang, 1994; Davis, 2001; Baltagi et al., 2001; Antweiler, 2001;
Baltagi and Song, 2006; Bai et al., 2015; Wooldridge, 2019, among others),
textbook treatments (Baltagi, 2013; Hsiao, 2014; Greene, 2018), and software
implementations (STATA, SAS, and R).

Unbalanced panels are likely to be the norm in typical economic empiri-

cal settings (Baltagi and Song, 2006), so are the unbalanced spatial panels.



Unbalancedness may be the result of “randomly missing” observations such
as early drop-outs, late entrants and lack of economic activities, or “nonran-
domly missing” observations such as attrition and sample selection (Baltagi
and Song, 2006; Baltagi, 2013, Ch. 9). The key difference between the two
missing mechanisms is that in the former analyses can simply be done based
on the actual observed data, but in the latter “imputation” may be necessary
before formal analyses. Under the random missing mechanism, most of the
methods and techniques developed for balanced panels can be adapted to suit
the unbalanced panels, but these may not be true or cannot be easily done for
spatial panels. Under the nonrandom missing mechanism, the treatments be-
come much more complicated for both regular and spatial panels, in particular
the latter.

The limited literature on unbalanced spatial panels contains three interest-
ing empirical studies under the randomly missing mechanism (RMM). Baltagi
et al. (2007) studied the third-country effects on foreign direct investment
(FDI) based on an unbalanced SPD model with only spatial error effects. Eg-
ger et al. (2005) studied US state tax competition based on an unbalanced SPD
model with both spatial lag and spatial error. Both papers focus on random
effects model and adapt the GMM approach of Kapoor et al. (2007). There
are no theoretical studies being given on the properties of these methods and
no formal considerations being given on the models with fixed effects. Baltagi
et al. (2015) studied hedonic housing prices based on an unbalanced spatial
lag pseudo-panel data model with nested random effects by adapting the ML
approach of Antweiler (2001). The only two theoretical studies in this litera-
ture are Wang and Lee (2013b) and Zhou et al. (2022). In the former study,
SPD models with (correlated) random effects are considered where missing
data occur only on the response variable. Although the fixed effects model
was also treated in their appendix, it requires the spatial weights matrices to
be time-invariant that is clearly not satisfied by the unbalanced SPD models.
In the latter work, an autoregressive panel data model with spatially corre-
lated error terms is studied under the missing at random (MAR) assumption

in the sense that the missing of the response does not depend on the response



itself. Related works but under spatial cross-sectional setup include Kelejian
and Prucha (2010), LeSage and Pace (2004), Wang and Lee (2013a) and Zhou
et al.(2017). Many important and common issues remain for the unbalanced
SPD models even under the simpler random missing mechanism, such as fixed
effects, heteroscedasticity (spatial and temporal), and serial correlation. It is
therefore highly desirable to develop general estimation and inference methods
to address these issues.

In this chapter, we consider the unbalanced SPD models with RMM. In
a spatial panel framework, by RMM we mean specifically “randomly missing
spatial units” in the sense that the spatial units not present in the ¢-th time
period did not make impacts on their ‘neighbors’ at that time so that analy-
ses can simply be done based on the observed spatial units and their spatial
interactions. The popular transformation method (Lee and Yu, 2010) can-
not be applied to handle the fixed effects due to the fact that spatial weight
matrices are time-varying, and may not be row-normalizable (Liu and Lee,
2010). The heteroscedasticity-robust method of Liu and Yang (2020) cannot
be applied either due to a similar reason. The GMM-type methods of Moscone
and Tosetti (2011) and Badinger and Egger (2015) cannot be easily adapted
either, besides the issues on efficiency, time fixed effects, and incidental param-
eters problem. Allowing serial correlation in the error term is interesting but
has not been considered. We focus on the unbalanced SPD models with both
unit- and time-specific fixed effects, where the errors can be homoscedastic or
heteroscedastic of unknown form in both cross-sectional and time dimensions,
leaving the issue of serial correlation to the extensions section.

We propose a general M-, or adjusted quasi score (AQS), estimation method,
for estimating the unbalanced SPD models. The method starts from the joint
quasi score functions of both the common parameters and fixed effects, then
concentrates out the fixed effects to give the concentrated quasi score functions,
and then adjusts these concentrated score functions to give a set of unbiased
estimating functions for the common parameters — the AQS functions. Solv-
ing the AQS equations gives the M-estimators that are shown to be consistent

and asymptotically unbiased. We first consider an FE-SPD model with both



spatial lag and spatial error effects under homoscedasticity to fix the main
ideas behind the proposed methodology. Then, we make a full extension of
the methods to allow for unknown heteroscedasticity in the errors across both
space and time. For this, a new way of adjusting the concentrated quasi score
functions is required to make them robust against the unknown heteroscedas-
ticity. Consistency and asymptotic normality of all these proposed estimators
are established. Simple methods of inference are introduced under both ho-
moscedastic and heteroscedastic errors. Monte Carlo results show excellent
finite sample performance of the proposed methods. The proposed methods
are simple and reliable, and yet quite general, having great extensibility for
extra features in the model (e.g., serial correlation and time-varying coeffi-
cients), and for different types of models (e.g., models with random effects and
interactive fixed effects). Last, an empirical application on commodity tax
competition among US states is demonstrated.

The rest of this chapter is organized as follows. Section 1.2 introduces the
M-estimation method for estimating an unbalance SPD model with two-way
FE under homoscedasticity, studies the consistency and asymptotic normality
of the M-estimators, and presents a simple method for standard errors estima-
tion. Section 1.3 makes a full extension of the M-estimation in Section 1.2 by
allowing the errors to be heteroscedastic across both space and time. Section
1.4 presents Monte Carlo simulation findings. The empirical application is
given in Section 1.5. Finally, Section 1.6 concludes. Proofs of the main results

are given in Appendices B and C.

1.2 Unbalanced FE-SPD Model with Homoscedasticity

1.2.1 The model

Consider a study that lasts T" periods and involves a total of n spatial units.
At time ¢, only n, of these n spatial units are available to give observations on
their responses and explanatory variables, and the rest are not due to random
missing, e.g., early drop-outs, late entries, lack of economic activities, etc., as
discussed in the introduction. These spatial units are interconnected with their

‘connectivity’ changing over time; they typically vary in size, causing the error



distributions to be heteroscedastic; and certain unit- and time-specific features
may not be observed but must be acknowledged. These give rise to a spatial
panel data (SPD) model with unbalanced panels, time-varying spatial weight
matrices, unknown heteroscedasticity, and unit- and time-specific fixed effects

(FE):

Y, = MWiY, + Xy Bo + Dypio + auolpn, + Uy, Uy = po MU+ 1V, t=1,....T,

(1.1)
where Y} is a vector of observations on n; spatial units at time ¢, X; is an n; X k
matrices containing values of k time-varying exogenous regressors, and U; =
(Uig, Ugy -« Unye) and Vi = (14, Vay, . . ., Unye) are ny X 1 vectors of disturbances
and idiosyncratic errors, respectively. W; and M, are given n; X n; spatial
weight matrices. A\ and pp are spatial coefficients, which together with W,
and M, characterize the spatial lag (SL) effects and the spatial error (SE)
effects, respectively. Spatial Durbin terms, W;X;, can be added. However,
there might be overfitting identification problem if the model contains all three
spatial effects (Anselin et al., 2008; Lee and Yu, 2016). fy is a k x 1 vector of
regression coefficients. po = {0}, denotes an n x 1 vector of unit-specific
effects and cy = {0}, a T x 1 vector of time-specific effects. D; is an n; x n
‘selection” matrix obtained from the n x n identity matrix I,, by deleting its
rows that correspond to the missing units at time ¢, and [,,, is an n; X 1 vector
of ones.

Both g and «q are allowed to correlate with the time-varying regressors
in an arbitrary manner and hence are considered as fixed effects. When the
change in W; and M, is due only to the missing spatial units, they can be
written as W, = D,W D; and My = D;M D;, where W and M are the spatial
weight matrices for all the n spatial units involved in the study. The idiosyn-
cratic errors {v;} are first treated as independent and identically distributed
(iid) across ¢ and over ¢, and then extended to be independent but not identi-
cally distributed (inid).

An important advantage of the modeling strategy of (1.1) is that it allows
the full control of the unobserved heterogeneity of all n spatial units, as long

as each of the n spatial units is observed at least twice over the entire period of



study so that all the n units remain in the model after the fixed effects being
concentrated out. Moreover, the spatial weight matrices W; and M, are not
necessarily row-normalized, and they are allowed to be generally time-varying,
catering to both the random-missing mechanism and the genuine time-varying
features.

Some generic notations and conventions will be followed. For a square
matrix, | - | denotes its determinant and tr(-) its trace. For a real symmetric
matrix, Ymin(-) and Ymax(-) denote its smallest and largest eigenvalues. For a
real n x m matrix A, A’ denotes its transpose, ||A|| its Frobenius norm, || A||,
its maximum column sum norm, ||A|_ its maximum row sum norm, and A° =
A+ A'. For areal n x m matrix A with a full column rank, P4 = A(A’A)~ 1A’
and Q4 = I, — P4 are the two orthogonal projection matrices. The operator
diag(-) forms a diagonal matrix by diagonal elements of a square matrix or
elements of a given vector, diagv(-) forms a column vector using diagonal
elements of a square matrix, and blkdiag(---) forms a block-diagonal matrix
by the given submatrices. The usual expectation and variance operators, E(-)

and Var(+), correspond to true parameter values with a subscript 0.

1.2.2 Quasi-Maximum likelihood estimation

Define W = blkdiag(Wi,...,Wr), M = blkdiag(M,...,My), D, =
(Dy,...,Dy), and D, = blkdiag(ln,,.-,ln,). Denote N = S n,, Y =
(Y/,.... Y, X = (X1,...,X}), U= (Uf,...,UL),and V = (V/, ..., VI).
Model (1.1) is written in the matrix form: Y = A )WY +X 5y +D 110 +Doao+
U and U = pyMU+V. The existing method of estimating an SPD model with
fixed effects is to apply orthogonal transformations to wipe out the fixed effects
so that the transformed model remains in the same spatial structure and the
(quasi) likelihood can be formed (see, e.g., Lee and Yu, 2010; Yang et al., 2016).
This method requires that the panel is balanced, spatial weight matrices are
time-invariant and row-normalized, and idiosyncratic errors are homoscedastic.
However, none of these is met in the current model specification. To overcome
this difficulty, we start with the quasi maximum likelihood (QML) method that

estimates the common parameters and the fixed effects together. To eliminate



the effects of estimating the fixed effects on the estimation of the common
parameters, we in next subsection modify the quasi score functions to produce
a set of unbiased and consistent estimating equations. For QML estimation,
first note that there are n + T fixed effects parameters but only n + 7 — 1 of
them are identifiable. A zero-sum constraint is put on the «o}s and the QML

estimation is based on the following model form:
Y = AMWY + X5y + Do+ Diag+U, U=pMU-~+V. (1.2)

where o = (%, ..., &%), and DY = [—1,,I}_;; blkdiag(ly,, ..., lu,)]-
Denote the set of common parameters by 6 = (', 02,8") where § = (), p)’,

and the set of incidental parameters by ¢ = (1, &*')’. Define Ax(\) = IN—AW

and By(p) = Iy — pM. We have the quasi Gaussian loglikelihood function of

6 and ¢:

(n(0,6) = =% n 27— X In o2+In [ Ay (M) +1n By (p)|— 52 V/(8, 6, 6) V (8,6, 9),

(1.3)
where V(3,0,¢) = By(p)[AN(N)Y — X3 — D¢|, and D = [D,,, D}].
Let D(p) = Bn(p)D. Given 60, {x(0, ¢) is partially maximized at
on(8,0) = [D'(0)D(p)] ' D' (p)Bw (p)[ANN)Y — X}). (1.4)

Substituting (ﬁN(ﬁ, J) into £x(0,¢) gives the concentrated quasi loglikelihood

function for 6:

5(0) = =F n2r — FIno? + n[Ay(A)] +In [By(p)| — 5 V'(8,6)V(85,0),
(1.5)
where V(8,6) = Qp(p)By(p)[An(A)Y — X3] and Qp(p) is the projection
matrix based on D(p). The direct quasi maximum likelihood (QML) estimator
fqu of 0 maximizes (5 (6).

However, such a direct estimation of the common parameters 6 completely
ignores the impact from the estimation of the incidental parameters ¢, render-
ing éQML be inconsistent or asymptotically biased — the well known incidental
parameters problem of Neyman and Scott (1948). In their study for a balanced
FE-SPD model, Lee and Yu (2010) show that the direct QMLESs of g and ¢

are consistent no matter 7 is large or small, but their distributions are asymp-



totically centered only when T is small relative to n. They further show that
the QMLE of o2 is inconsistent and its limiting distribution is degenerate due
to the incidental parameters problem when 7' is finite. Therefore, if the direct
QML approach were followed, a bias correction needs to be done to remove
the asymptotic bias for valid statistical inferences, which needs one additional
condition that % — 0. To overcome these problems, Lee and Yu (2010) pro-
pose a transformation approach to wipe out the fixed effects, taking advantage
of the panel being balanced and spatial weight matrices being time-invariant
and row-normalized. In our model specification, none of these features holds
and the transformation approach fails to work. Therefore, an alternative (and

more general) approach is highly desirable.

1.2.3 The M-estimation

The root cause of inconsistency or asymptotic bias for the direct QML
estimation is that a necessary condition for consistency of QML estimators,
plim~ 5% (6y) = 0, is violated due to the concentration/estimation of the inci-
dental parameters 1 and o, where 6y denotes the true value of the parameter
vector 6, and S§(0) = 2¢5/(6) is a set of the concentrated quasi score (CQS)

functions given as (see Appendix B)

( -
LX'BY ())V(5,9),
ﬁ[vl(ﬁv 5>\7(67 5) - Nag]a

LY'W'By(p)V(3,6) — tr[Fu(N)],

LV'(8,8)Gn(p)V (8, 6) — tr[Gn(p)],

o2
\ 7%

where Fy(A) = WAL ()\) and Gy (p) = MBL (p).

Under mild conditions, maximizing (% (6) is equivalent to solving S§(0) =

0. It is easy to show that at the true value 6 of 0,
(
Ok;7
_nt4T-1
E[S5(60)] = 270 (1.7)
tr[Qn(po) B (po)Fx (Ao) By (p0)] — tr[Fn(Mo)],

tr[Qp(po)Gn(po)] — tr[Gn(po)],

\



and that limy_,o ~E[S%(0)] # 0 with a fixed 7. This implies that plimy_,
+5%(60) # 0, and therefore fgu. cannot be consistent when T is fixed. When
T goes large with n, consistency can be achieved but one can show that the
limiting distribution of v/N (g — o) is a non-centered normal, suggesting
that éN has a bias of order \/LN

Note that E[S§(6y)] depends only on the common parameters 6, and the
observables. It therefore offers a feasible way to analytically correct the CQS
functions to give a set of unbiased estimating functions, or the adjusted quast

score (AQS) functions, as Sk (0y) = S5 (6p) — E[S%(6o)], which takes the form
at the general 6:

(

HXBi(p)V(8,9),

Sx(0) =" A 5)V(?’ ) = M), (1.8)
= YW'BY(p)V(8,0) — tr[Qu(p)Bn(p)Fn(N)BY (p)],

= V'(8,0)Gn(p)V(8,6) — tr[Qu(p)Gn(p)];

where Ny = N —n —T + 1, the effective sample size after taking into account

\

the estimation of fixed effects. Solving the AQS equations: S} (0) = 0, gives
the M-estimator of 6, i.e., 6% = arg{S%(0) = 0}. It is easy to verity that
E[S%(60)] = 0 and plim+ S (6y) = 0, making it possible for 0% to be v/Ni-
consistent with a proper limiting distribution.

The M-estimation falls in spirit to the “Modified Fquations of Maximum
Likelihood” of Neyman and Scott (1948, Sec. 5), in searching for a potential
method to handle the incidental parameters problem. Its generality and ver-
satility in dealing with the incidental parameters problems have been demon-
strated by recent works: Baltagi and Yang (2013a,b), Liu and Yang (2015,
2020), Yang (2018), Li and Yang (2020, 2021) and Xu and Yang (2020).
Clearly, this approach falls into the M-estimation method, and it is also a
method of moments under the ‘just identified’ scenario. Therefore, the result-
ing estimator is also called the MM estimator. Our approach offers a special
way of finding the ‘right set’ of estimating equations or moment conditions. In
the special case of a balanced panel with time-invariant and row-normalized

spatial weight matrices, our M-estimation is equivalent to the QML method of



Lee and Yu (2010) based on orthogonal transformations, with effective sample
size Ny=N—-n—-T+1=(n-1)(T-1).

The root-finding process for the M-estimation can be simplified by first
solving the equations for 3 and o2, giving the constrained M-estimators of 3

and o2:
Br(0) = X' (9X(p)] "X (p)Cn ()Y and 6,%(0) = 5 VI(O)V(0), (L9)

where X(p) = Qu(p)Bn(p)X, Cn(d) = B (p)An(}) and V() = V(5x(6), 6).
Substituting 3% () and 3% (0) back into (1.8) gives the concentrated AQS
functions of 4:

A YWBL (0)V(6) — £x[Qu(p)Bx (0)Fx (VB (0)]

72 V' (0)Gn () V() — t[Qo(p) G (p)].

Sy(0) =

(1.10)
Solving the concentrated estimating (or AQS) equations, S3f(0) = 0, we obtain
the unconstrained M-estimator 5* of 4. Thus the unconstrained M-estimators
of 8 and o2 are 5% = S5 (6%) and 67 N = &*ZN(5}‘V). The M-estimator of § is
thus 0 = (8%, 632, 63"

From the above developments, we see that a big advantage of this method is
that it provides a consistent estimation of all parameters including o with the
joint asymptotic distribution of the M-estimators being centered as long as N
is large. Therefore, all the problems associated with the incidental parameters
are gone. Furthermore, we do not have any restriction on the proportion of n
and T as they go to infinity, and 7" (or n) can be even fixed. As this method is
based on the adjusted quasi score functions, it may inherit the nice properties
from the maximum likelihood estimation. It is well known that ML estimators
often have better finite-samples properties than GMM /TV estimators. See also
Hsiao (2018) for more discussions on the advantages of the quasi-likelihood

approach compared with GMM estimation.

1.2.4 Asymptotic properties of the M-estimators

Denote a parametric quantity evaluated at the true parameter values by
dropping its argument(s), e.g., Ay = An(\g), BNy = Bn(po), and Cy =
Cn(do). Let A be the parameter space for J, and Ay and A, be the sub-
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spaces for A and p, respectively. Consistency and asymptotic normality of
the proposed M-estimators for the unbalanced FE-SPD model are established
under the following set of regularity conditions.

Assumption A: The innovations vy are id for all © and t with mean zero,
variance 02y, and E|vy]*T® < oo for some ¢y > 0.

Assumption B: The space A is compact, and the true parameters dq lie
i its intertor.

Assumption C: (i) The elements of X are non-stochastic and bounded,
uniformly in i and ¢, and (ii) limy_o X' (p)X(p) ezists and is non-singular,
uniformly in p € A,.

Assumption D: {W;} and {M;} are known time-varying matrices. W
and M are such that (i) their elements are at most of uniform order h, ' such
that 22 — 0, asn — oo; (ii) their diagonal elements are zero; and (iii) ||W||co,
W1, IM||oo, and [|M]|; are all bounded.

Assumption E: For A(w) = Ay(A) or By(p) with @w = X or p,

(i) both ||A7 | and ||A7Y|; are bounded;

(i1) either ||A™ (@)oo or [|[A™ (@)1 is bounded, uniformly in @ € Ag;

(iii) 0 < ¢ < Infren, Ymin[A'(@)A(@)] < sUPgea,, Tmax[A' (@) A(w)] <
Cow < OO;

(iv) Bi(p)Dil3 Yor_y DiBi(p)Ji(p) Bi(p) Di) ' D,Bi(p) is bounded in both
row and column sum norms, uniformly in p € A, for all s and t, where
Bi(p) = I,, — pM; fort = 1,...,T, and Ji(p) = I, fort =1, and I,, —
Bi(p)ln [0, Bi(p) Be(p)ln,) 105, Bi(p) fort =2,....T.

Assumption F: (i) n is large (T is large or small), (ii) Vt, n, increases
with n in the same rate, and (iit) all spatial units are observed at least twice
over a total of T periods.

Assumptions A-E are standard in the spatial econometrics literature (see,
e.g., Lee and Yu, 2010; Yang, 2018) except Assumption E(iv). With this addi-
tional condition, Lemma A.3 shows that ||Qp(p)||; and ||Qp(p)||e are bounded
uniformly in p € A,, which is necessary to facilitate the study of the asymp-
totic properties of the spatial parameter estimators. Assumption E(iv) is not

restrictive as it holds for a special balanced panel (see Appendix B). Assump-
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tion F(7) allows (a) both n and T are large and (b) n is large and T is finite.
Both scenarios encounter the so-called incidental parameters problem of Ney-
man and Scott (1948) due to the direct estimation of the individual and time
fixed effects. The former leads to the asymptotic bias and the latter the incon-
sistency in the estimation of the structural parameters. As the usual transfor-
mation method is inapplicable to handle the incidental parameters problem in
the unbalanced panels, a new (M-estimation) method is therefore introduced.
Assumption F(ii) requires that each n; increases with n, indicating that the
number of observed individuals should not be too small relative to n in each
period. Assumption F(iii) ensures that the spatial structure is complete after
1 is concentrated out.

We first prove the consistency of 57\, The key step in the proof is to
compare S3¢(d) with its population counterpart. Let S () = E[S% (0)]. Given
8, S (0) = 0 is partially solved at

B (0) = [X'(p)X(p)] "X (p)Cn(OE(Y) and 67%(0) = 5 E[V'(0)V(9)],
(1.11)
where V(8) = V(35(6),8) = Qo(p)Bn(p)[AN(A)Y = XJ5(6)]. Substituting
Bx(8) and 532 (0) into the é-component of S} (6), we obtain the population
counterpart of S3(9) as

s ELY W By (p)V(9)] — tx[@o(p) By (0)Ex (VB (p)],

Y (OGN (p)V(6)] = tr[Qo(p) G ().

Sy (0) =

(1.12)

Clearly, S3¢(8%) = 0 by construction. Also, it is easy to see that S3¢(8y) = 0

as Bx(d0) = Bo and 732 (00) = 02. Thus, by theorem 5.9 of van der Vaart
Sxe(6) — Sxe(8)]| == 0 and

(1998), 6% will be consistent for &y if supéeANL1 |
the following identification condition holds:
Assumption G: infs.q5s,)>e |S3(8)|| > 0 for every € > 0, where d(3, )
1s a measure of distance between & and dg.
Assumption G is a high level assumption being put up for simplicity of
presentation. It can be shown to be true under some low level conditions. We

have (see (B.5), Appendix B),
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T (0) = 3 AN QN (6) QN (6) AN + Ftr[Qu(p)Cn (6)],
where Cy(0) = Cn(6)(CyCn) ' Ciy(0), Qn(d) = Qx(p)Qn(p)Cn(9), and n =
XpBo + Dg¢g. A sufficient condition for Assumption G to hold is either (a) or
(b) holds, where

(a) ﬁnF Biy (0) O () A"y + tr[ 585 Po(8) — Pa(6)] # 0, for 6 # by,
(0) 5oy AN QU (0)Gov () O () At {558 P )Cry (6) — Py ()] #
0, for ¢ 7é (50,

with P1(6) = Cly' Cx (6)Qo(p)Bn (0)FExBR, Pa(6) = Qu(p)Bn (0)Fx (VB ().
and P3(p) = Qu(p)Gn(p)Qn(p). It is easy to see that Qn(do)AN'n = 0,
Cn(do) = Iy and ;% (o) = 03y Hence the two quantities in (a) and (b)
are identical 0 at the true parameter values. Once the consistency of 5}"\, is

established, the consistency of 5% and 6% follows by Assumptions C-E.

Theorem 1.1. Suppose Assumptions A-G hold. We have, as N — oo,
0% 2 6.

To derive the asymptotic distribution of é*N, we apply the mean value the-
orem: 0 = S%(0%) = 5% (0) + 25 = (0)(0% — 0,), where 6 lies between 0% and

0o, and its value varies over the rows of -2;S% (). Using V (6o, d) = QpV and
Y = Ay (n+By'V),

U%OX’V,

1 V/ V - N 2 ’

S (6o) = 25, (V' 1v) (1.13)
JLQOV/'PQBNT/ + ULQOV/'PQV — tr(Pg),

= V'P3V — tr(Ps),

\ “v0
and its asymptotic normality is proved by the central limit theorem (CLT)

for linear-quadratic (LQ) forms of Kelejian and Prucha (2001). This together
with the proper asymptotic behavior of the ‘Hessian’ matrix, -2, 5%(6) (given

n (B.4), Appendix B), lead to the following theorem.

Theorem 1.2. Under Assumptions A-G, we have, as N — 00,
N D . x—1 * */—1
VL (0% — 0p) 2 N(o, Jlim T3 (80)T 3 (60) T (eo)),

where X3 (6y) = [aof Sy (00)] and I'y(6p) = N%Var[SJ*V(GO)}, both assumed
to exist and Z}‘V(HO) assumed to be positive definite for sufficiently large N.
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1.2.5 Inference based on M-estimation

To conduct inferences for # based on the proposed M-estimators, consistent
estimates of 3%,(0y) and I'},(6y) are needed. The analytical expression of 3%,(6)
can easily be obtained from the Hessian matrix 2, Sk (6) that is given in (B.4).
As it depends only on the common parameters 6, a simple plug-in estimator

3% (0%) can be used to consistently estimate X% (6). Alternatively, a simpler

sample analogue of 3%,(0) also provides a consistent estimator:

S = —-L 257 () o (1.14)
—N

The consistency of X% (6% ) or i}‘v is proved in the proof of Theorem 1.2.
Now, using Lemma A.5 with iid errors, one derives I'y(6p), which has the

distinct elements:

NlF;H = [%X’X, ! X'q,

3
203,

NiT*, , = ﬁ@]\h + kq'q),

252
0y0y

LOXIPZ + %X,PQBNT], %X’pg] s
v 920 Ov0

NI, = 55dPaBn + 52 261(P2Qo) + £q'pa,

NiT%,, = 50 [280(PsQo) + k¢'p3), (1.15)

2
207

N3, = 20 ByPyPByn + 2Py PaBn + tr(PaPs) + Kphps,

NI, =tr(PsPs) + kpaps + ;-psP2Bam,

NI, = tr(PsP3) + kpsps,
where p, = diagv(P,),r = 2,3, and ¢ = diagv(Qp). This shows clearly that
the estimation of I%,(6p) is more complicated as Iy (6p) contains not only the
common parameters €, but also the fixed effects ¢ embedded in 7, and the
skewness v and the excess kurtosis x of the idiosyncratic errors. Thus, the
common plug-in approach may not provide a valid estimate.

Let QAS*N be the M-estimator of ¢, obtained through (1.4), i.e., gg}“\, = &N(BZ*V, 87\7)

Let T'%(6%) = Iy 0)| ) be the plug-in estimator, where Jy

0=0% 0=03 Y= w=hN
and ky areconsistent estimators of v and k. When both n and T are large,
%, (6%) would be consistent as gg}k\, is. However, when n is large but 7 is fixed,
¢% (its component %) is not consistent. Plugging ji% into I (0) will induce
a bias (inconsistency), and a bias correction is necessary.

From the expression of ['};(6p) given above, we see that only the \-components

involve ¢ through n, which may not be consistently estimated by the plug-
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in method. We can further show that the components of I'§(6y) linear in
¢ can also be consistently estimated by the plug-in method. Therefore, the
only term that cannot be consistently estimated by the plug-in method is
U—%On’B’NPQPQBNn associated with the A-A component of I'}(6y). We have the

following corollary. See its proof in Appendix B for details on these discussions.

Corollary 1.1. Under the assumptions of Theorem 1.2, we have,
% (0%) = T (00) + Bias*(dp) + 0,(1),

where Bias*(dy) is a (k + 3) x (k 4+ 3) matriz having zero entries everywhere

except the A\-\ entry, which takes the form N%tr(PéPQ]P’D).

The result of Corollary 1.1 leads immediately a general consistent estimator
Of F?V(eo)
[% =% (6%) — Bias*(6%). (1.16)

Then, it is only left to find consistent estimators for v and . Since we can-
not ‘consistently’ estimate V.= By(AxY —n) due to the incidental parameters
problem, we start from V = QpV, which can be ‘consistently’ estimated by
V = Qu(py)Ba(p5)[An(\y)Y = XB%]. Let g be the (4, k)th element of Qp.
Denote the elements of V by v;, and the elements of \Y% by 95,5 =1,..., N,
where 7 is the combined index for ¢ = 1,...,n;, and ¢t = 1,...,T. Then,

1~)j = g;11 + qj2U2 + 4 4diNUN, and thus,
~ N N .
E<U]3) = Zk:l Q?kE(Ug) = O'g’}/ Zk:l q?’“ J = ]-7 ot N
: ~3 : o~ N ~3 3NNV N 33\~
Summing E(75) over j, we obtain v = (ijl E(2%)) (03 D i1 Dk=1 qjk) , and
its sample analogue gives a consistent estimator of ~:
N -
. Zj:l Ug?"

YN = N N .
~ %3 A3
Oy, N 2aj=1 > k=1 4.

where 0, is the jth element of V(B]*V, 5\7\,) and ¢ is the (j, k)th element of

(1.17)

Qo(py)- Similarly,

~ N N N N
E(U;'L) =2 k=1 q?kE(Uﬁ) + 30, PR D qukq]zl — 30, > k=1 q;'lk

_ NV 4 4 4 N N 92 2
= Zk:l qjpkoy, + 30, Zk:l 2121 4951

. . N ~ N N N N N -1
which gives & = ( > i1 E(7}) — 30, D it 2okt 2oimt qukqul) (o3 D it 2okt q?k)
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by summing E(f);l) over j. Hence, a consistent estimator for « is
N ~4 ~ x4 N N N 2 ~9
Zj:l U; =30, N Zj:l DI Pr 4195
~ 5 N N  ~4 :
Oy,N Zj:l Zk:l 4

Corollary 1.2. Under Assumptions A-G, we have, as N — oo,

(1.18)

RN =

(i) An == v and iy 2 ko; (i) i}‘v — Y% (6) 2 0 and f*N —

I (60) 2 0; and therefore ij‘v_lf}‘vf]}‘\/,_l — 23 00)T5 ()28 (60) 2 0.

1.3 Unbalanced FE-SPD Model with Heteroscedasticity

Cross-sectional heteroscedasticity is rather common in spatial regression
models due to misspecification, peer interaction, aggregation, clustering, etc.
(Anselin, 1988; Liu and Yang, 2015). The same is true for SPD or unbal-
anced SPD models. Robust methods have been introduced for SPD models,
but are limited to balanced panels with cross-sectional heteroscedasticity only
(Moscone and Tosetti, 2011; Baltagi and Yang, 2013b; Badinger and Egger,
2015; Liu and Yang, 2020). Time-series heteroscedasticity is also important, in
particular in short panels (Alvarez and Arellano, 2004; Bai, 2013). Therefore,
it is highly desirable to extend the set of estimation and inference methods in-
troduced in Section 1.2 to allow for unknown spatiotemporal heteroscedasticity
as specified in the extended assumption below.

Assumption A’: The innovations v; (or v;) are independently but not
identically distributed (inid), i.e., {v;} ~ inid(0,07%), and Elv;|*** < oo for
some €5 > 0.

Assumption A’ relaxes Assumption A by allowing the variance of the id-
iosyncratic error to vary freely across cross-section and over time. As E[S% (6p)]
# 0 under Assumption A’, we need to readjust score functions (1.6) to make

it centered under unknown heteroscedasticity.

1.3.1 M-Estimation under unknown heteroscedasticity

Denote H = diag(o?,03,--,0%), and hence Var(V) = H. As in Liu
and Yang (2015, 2020), we modify the relevant components of the CQS vector
S%(6) given in (1.6), so that their expectations at the true parameter 6, are

zero under unknown heteroscedasticity.
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First, consider the stochastic element of the A\-component of S§ () given in
(1.6). Define Fy(8) = By (p)Fx(A\)By (p), and as usual denote Fy = F ().
Using V(o, d) = QpV and ByWY = FyCyY, and noting CyY = Byn+V
and n = XfGy + D¢g, we have,

E[Y'W'B\V (B, d0)] = E(Y'CyFyQpV) = tr(HFyQp) = tr[H diag(FyQp)]
= tr[H diag(FyQp) diag(Qp) 'Qp] = E(Y'CHFyQpV),

where Fy = F/ (&) and Fy(§) = diag[F/y(6)Qn(p)]diag[Qn(p)]~*. Taking
the difference between the quantities inside the second expectation and the

last expectation, we obtain:
Y'Cly(8)[Fy(6) — Fyy(8)] V(8. 9), (1.19)

the adjusted A-component of the CQS functions, having a zero expectation
and a zero probability limit upon dividing by N at 6, under unknown het-
eroscedasticity.

Now, consider the stochastic element of the p-component of the CQS vector

S%(6) given in (1.6). Similar to the above, we have,

E(V'GyV) = E(V'QuGnQpV) = tr(HGyQp) = tr[H diag(GyQp)]

= tr[H diag(GNQD) diag(QD)’lQD] = E(V/GN@]D)V),
where G (p) = Qu(p)Gn(p) and Gy (p) = diag[Gn(p)Qn(p)|diag[Qn(p)] "
Replacing the V' in the second and last expectations by [An(A)Y —=X5]'By(p),

and taking the difference between the two quantities inside the expectations,

we obtain a robust AQS function for p:
[AV)Y = XBBiy(p)[Gr(p) = Gn (P V(5,0). (1.20)
The [-component of S§(6) is automatically robust against the unknown

heteroscedasticity. Therefore, the desired AQS functions robust against the

unknown heteroscedasticity H are,
(

X'(p)V(8,9),
SN(B:0) = C Y'Cy (6)[Fy(8) — Fiy (8)]V(5,6), (1.21)

|[AN(V)Y = XBBy(p)[Gn(p) = Cu(p)IV(8,0).
Solving S$(3,8) = 0 gives the robust M- (RM-) estimators, 4%, and 6%, of 3
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and §.
Similarly, this root-finding process can be simplified by first solving for

given 9, to give the constrained estimator Bf\,(é) and the concentrated robust

AQS functions:

526 = Y'Cy(0)[Fy(0) — Fiy(0)V(9), (1.22)

[AVNY = X3 (9B (0)[Gn(p) = Ga(p)]V(9),
where 3%(8) = B%(8) given in (1.9), and V(8) = V(53(9),6). Then, solving
S%¢(8) = 0, we obtain the RM-estimator 4%, of §, and thus the RM-estimator
3 = B (03) of 8.

1.3.2 Asymptotic properties of the robust M-estimators

Similar to the case of the homoscedastic model, we first establish the consis-
tency of 6%,. Then, the consistency of 3% follows. Let 5% (8, 8) = E[S%(8,6)] be
the population robust AQS functions. Then, the S-component of S$(3,0) = 0
is solved at 3%(0) = Bx(d) given in (1.11). Upon substitution, we obtain the
population counterpart of S (6):

S (6) = E[Y'Cly(6)[Fy(6) = Fix (9)]V ()], (1.23)

E{ANN)Y = X53(6)] By (p)[Gn(p) — Gn(p)]V(9) },
where V(8) = V(35(8),6). As S3¢(6%) and S(d) are both zero, by theorem
5.9 of van der Vaart (1998) 4%, will be consistent for &, if supéeANil“S%(é)—
S5 0)]| 25 0 and the following identification condition holds:

Assumption G’: inf&d(&éo)ZeHgf\,c(é)H > 0 for every e > 0, where d(6,dp)
s a measure of distance between § and dg.

Again, Assumption G’ is put up for simplicity. More primitive conditions
under which Assumption G’ holds are that for & # dq either of the following
conditions holds:

(@) 1/ AT Chy (8) [y (6)—Fy (6)] Qi (6) A -+t [Qs ()l (6) (Bl (6) ~Fiy (6))] #
0; or

(b) W Al Cy ()M () [Gr () —Gn(p)] Qv (8) AN n+tx[Qo(p)C (8) (G (p) —
Gn(p))] #0,

where C}(9) = C/(8)Cy HCR"Cly(6) and My (p) = In—Bu (p)X[X'(0)X(p)]
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X'(p). Similarly, as C%(dy) = H and Qn(6)Ay'n = 0, the two quantities in
(a) and (b) are 0 at d.
Denote £ = ((,8") and £, = (6%,6%). We have the following consistency

theorem.

Theorem 1.3. Under Assumptions A’, B-F and G', we have, as N — oo,
& &

Similarly, the asymptotic normality of é})\, can be established, by applying
the mean value theorem to each element of 5% (£%) = 0 at &. The robust AQS
function at &, is

X'V,
Sy (&) = { /By (Fly — Fy\)QuV + V/(F)y — F)y)QpV, (1.24)
D' (Gy — Gn)QpV + V' (Gy — Gy)QpV,
which can also be verified to be asymptotically normal by using the CLT for LQ
forms of Kelejian and Prucha (2001). The adjusted Hessian 6%,3]’@,({_), shown
in (C.1) in Appendix C, has a proper asymptotic behavior, for some ¢ lying
between é}i, and &, elementwise. Consequently, the asymptotic distribution for

éf\, can be established in the following theorem.

Theorem 1.4. Under the assumptions of Theorem 1.3, we have, as N —
m7

VN(E = &) =2 N (0, Jim 35 (€T3 (&) T8 (&),

where X%, (&o) = —N%E[B%va(fo)} and I'S (&) = N%Var (5% (&0)], both assumed

to exist and X%,(&o) assumed to be positive definite for sufficiently large N.

1.3.3 Heteroscedasticity robust inferences

Robust inferences for &, depends on the availability of consistent estima-

tors of X%(&o) and I'{,(&p). Similar to the case of homoscedastic model, X% (&)

can be estimated by its observed counterpart 33, = _N%a% N (E)lg—gg » with

detailed expression of 8%5}{,(5 ) being given in (C.1), Appendix C. The consis-
tency of ﬁ})\, is proved in the proof of Theorem 1.4.
However, the VC matrix I'{,(&) involves the common parameters &, the

fixed effects ¢g, and the unknown H, as seen from its distinct elements derived
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by Lemma A.5:
NiI'ge = X'HX, X'HL\Byn, X'HL,Dg¢],
NiI%, = By L\HL\Byn + tr(HL,HLSY),
NI, = n'ByL\HL, D¢, + tr(HLyHLY),
NI, = ¢V, HIL, Dy + tr(HL,HLy),
where L(9) = Qo(p)[Fn(d) — Fn(0)] and Ly(p) = Qo(p)[Gi(p) — G (p)]-

This makes the estimation of I'{;(£§y) more challenging than the case of ho-

(1.25)

moscedastic model as the number of unknown elements (parameters) in ¢ and
H both grow with the sample size N (a more serious incidental parameters
problem). A nice feature of the analytical expression of I'S;(&y) is that it does
not involve 3rd and 4th moments of the errors due to the fact that the key
matrices, Ly(d) and L,(0), have zero diagonals. This makes it possible to
adopt again the approach of ‘plug-in’ and ‘bias-correction’ as in the case of
homoscedastic model.

To facilitate the discussion, write 'Y (&) as T'% (&, ¢, H). Let ¢% be the
estimator of ¢ obtained from the RM-estimator £ through (1.4). We then
define T (€%, %, H) as the plug-in estimator of I'%(&) for a given H. We

have (similar to Corollary 1.1) the following corollary.
Corollary 1.3. Under the assumptions of Theorem 1.4, we have,
(€ 9 H) = T (&) + Biasg (60, H) + 0,(1),
where Biasj(do, H) is a (k+2)x (k+2) matriz with all the B-related entries being
zero and the 0 entry of the elements: Niltr(H]PDL;HLbPD), fora, b=\ p.

To estimate H and thus to give a full estimate of ' (&, ¢, H), note that
V = QpV, which can be ‘consistently’ estimated by V = Qp(p%)Bn(5%)
[An(X%)Y — X3%]. Note also that

E(VOV) = @ 0 Q)02 03,...,0%),

where ® denotes the Hadamard (elementwise) product. A natural set of esti-
mates of the heteroscedasticity parameters (02,03, ..., 0%) is therefore given

as follows:

(61,63, ...,6%) = [Qu(p%) © Qu(p%)] (Vo V),
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where [ - |7 denotes a generalized inverse. Therefore, an estimate of H is
H = diag(62,62,...,62).

To ‘see’ the invertibility of Qp(p) ©® Qp(p), we have, Qp(p) ® Qp(p) =
In —2IN ©Pp(p) +Pp(p) ©Pp(p). By Schur product theorem, the last term is
positive semi-definite. In addition, when 7" is not too small, Iy —2Iy ©Pp(p) is
positive definite, because the diagonal elements of Pp(p) are of order O,(1/T")
(See the proof of Lemma A.3). Thus, Qp(p) ® Qp(p) is typically invertible,
for p in a neighborhood of py, which is assumed to facilitate the proof of
theoretical results. In practice, however, one may just use the generalized
inverse of Qp(p) © Qp(p).

From (1.25), we see that the elements of I'(&y, ¢, H) take either of the forms:
tr(HCy) and tr(HANyHBYy). It is important to know the effects of replacing

H by H in these two forms.

Lemma 1.1. Assume Iy (p) = [Qp(p) © Qu(p)]~" eaists for p in a neigh-
borhood of py, and is bounded in both row and column sum norms. Let Ay =
la;;] and By = [b;]| be square matrices of dimension N with zero diagonals and
bounded row and column sum norms. Let Cx = [c;;] be an N x N matriz with
diagonal elements being uniformly bounded. We have,

(i) Ltr(HCy) — Ltr(HCy) = 0,(1),

(i) Ltr(HANHBY) — 2tr((Ay © By)IIyA(H)Ty) — L tr(HAVHBY) =
op(1),

where Ty = Ty (po), AH) = {(¢jHaqr)*} =y, and g} is the jth row of Qp.

The assumptions on IIy(p) in Lemma 1.1 always hold for a balanced panel
(See Appendix C). The bias term in Corollary 1.3 needs a further correction
when H is replaced by H as it contains elements of the form tr(HANvHBY)
with diagonal elements of Ay and By not strictly zero. However, the effect
of non-zero diagonals is shown to be negligible due to the existence of a lower
ranked matrix Pp and its orthogonality with Qp. Combining the results of

Corollary 1.3 and Lemma 1.1, we have the full estimate of ' (&):
T = Ty (€%, ¢ H) — Bias) (0%, H) — Biasy (03, H),  (1.26)

where Biasgy(dg, H) has entries 0, or N%tr((]La@Ll‘j—IP)DIL;@L;)]P’D)HNA(H)HN),
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a, b=\ p.

Corollary 1.4. Under the assumptions of Theorem 1.4, we have as N —
00,

S5 — 2% (&) 20 and TS —T3(&) 20,

and therefore, i?lf}}i%_l - Z?V_l(fo)r?v(go)g%_l(go) — 0.

1.4 Monte Carlo Study

Extensive Monte Carlo experiments are carried out to investigate the finite
sample performance of the proposed M-estimators, the RM-estimators, and
the corresponding standard error estimators of the unbalanced SPD models
with two-way fixed effects. To see the effectiveness of the adjustments on
the concentrated quasi scores in controlling the effects of estimating the fixed
effects, we also include the direct QML estimators in the Monte Carlo study.
We choose different values of n and 7', and fix the percentage of randomly
missing observations at 10%), and make sure that each individual is observed at
least twice over the entire period. We consider two data generating processes:
unbalanced FE-SPD models with SL and SE effects or with SL and SD (spatial
Durbin) effects:

SL-SE Model : }/; = )\th -+ Xtﬁl + Dt/,l/ -+ atlnt -+ Ut, Ut = thUt -+ ‘/t,
(1.27)

SL-SD Model : Y; = AWLY; + X1 + Wi Xy fo + Dy + auly,, + V4, (1.28)

fort =1,...,T. Note that we consider Durbin effects, W, X, only in the SL
model due to the identification issue mentioned earlier. We choose 3; = 1,
P2 = 0 or 0.5, A = 0.2 and p = 0.2. Generate X/s independently from
N(0,221,), and set the individual effects p = £37_, X; +e, where e ~ N(0, I,,).
Then, omit the “missing” elements of X;. The time fixed effects a are generated
from N(0,Ir). The error (vy) distributions can be (i) normal, (i) normal
mixture (10% N (0,42) and 90% N(0,1)), or (iii) chi-square with 3 degrees of
freedom. For the purpose of comparison, we set 02, = 1 for homoscedastic case,
and set the average of error variances in the heteroscedastic case to 1. Monte

Carlo (empirical) means and standard deviations (shown in the brackets) are
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reported for QMLE, M-estimation and RM-estimation. Further, empirical
averages of the standard error estimates (shown in the square brackets) are
also reported for M-estimation and RM-estimation, based on the robust VC
matrix estimates, 35 T% 5% for the M-estimation and S5 T33! for the
RM-estimation. The number of Monte Carlo runs is 1000.

The spatial weights W, and M, are first generated as time-varying n x n
matrices according to rook contiguity, queen contiguity, or group interac-
tion scheme, and then their rows and columns corresponding to the miss-
ing spatial units are deleted. The groups’ sizes in the group interaction
scheme can be either increasing or fixed as n increases. In the former, we let
K(n) = Round(n®®) be the number of groups and then generate K (n) group
sizes according to a uniform distribution, and in the latter, we start with six
groups of sizes (3,5,7,9,11,15) and then replicate to give a n to be multiples
of 50. See Yang (2015) for details in generating these spatial layouts. In the
latter case, the variation in group sizes does not shrink to zero as n increases.
As a result, the M-estimation would not be consistent under heteroscedasticity
(Liu and Yang, 2015, 2020). In this case, the heteroscedasticity is generated
as follows: for each group, if the group size is larger than the mean group
size, then the variance is set to be the same as the group size, otherwise, the
variance is the square of the inverse of the group size (Lin and Lee, 2010).

Tables 1.1a and 1.1b report partial Monte Carlo results for the unbalanced
FE-SPD model with SL and SE effects and homoscedastic errors, for T' = 5
and 10, respectively. The results show an excellent finite performance of the
proposed M-estimation and RM-estimation, as well as their standard error
estimators. The proposed M-estimation performs uniformly much better than
the QML method in the estimation of o2, X and p, irrespective of the choices
of the spatial weight matrices and the values of n and T. Our M-estimators
exhibit a good performance even when the sample size is as small as n = 50
and T = 5, and improve on average when the sample expands, regardless of
the error distributions. The +/N;-consistency of the M-estimators is clearly
demonstrated by the Monte Carlo sds. Moreover, the robust estimates of

standard errors sd’s are on average very close to the corresponding Monte
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Carlo standard errors. By comparing the results of M-estimators and RM-
estimators, we cannot see which one beats the other in terms of bias and
efficiency for these homoscedastic models.

Tables 1.2a and 1.2b present partial Monte Carlo results for the unbalanced
FE-SPD model with SL and SD effects and homoscedastic errors, for T = 5
and 10, respectively. The results again show an excellent performance of the
proposed set of estimation and inference methods. As in the case of the SL-SE
model, the M-estimation and RM-estimation give quite similar results, and
both show a clear convergence as sample size increases. Their corresponding
standard error estimates also perform very well. In contrast, the QMLE can
perform poorly.

Tables 1.3a and 1.3b report partial Monte Carlo results for the unbalanced
FE-SPD model with SL and SE effects and heteroscedastic errors, for T' = 5
and 10, respectively. The results show an excellent finite sample performance
of the proposed RM-estimation and its estimated standard error. In contrast,
the QMLE and M-estimation typically provide worse estimates for spatial pa-
rameters than RM-estimation. Our RM-estimators perform well even when
sample size is quite small, and show convergence to the true value as sample
size increases. In addition, sds are very closed to sds for our RM-estimators,
consistent with our theoretical expectation.

Tables 1.4 presents partial Monte Carlo results for the unbalanced FE-
SPD model with SL and SD effects and heteroscedastic errors, for 7' = 5 and
10, respectively. The weight matrix is specified as group interaction with a
fixed group sizes scheme. We can see a much better finite sample performance
for our RM-estimation than QMLE and M-estimation, and the corresponding

standard error estimates also have a good performance.

1.5 An Empirical Application

In this section, we present an empirical study to analyze horizontal compe-
tition in excise taxes on gasoline, cigarettes, and beers among US states. Ac-

cording to theoretical studies by Kanbur and Keen (1993) and Nielsen (2001),

the tax competition is usually induced by cross-border shopping, which causes
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Table 1.1a. Empirical mean(sd)[sd] of the estimators for FE-SPD model
with SL-SE effects, 10% random missing, homoscedasticity,

(517 )‘7 P 0121) =

(1,0.2,0.2,1), T=

W= Rook, M=Queen

W=Group-I, M=Queen

QMLE M-Est RM-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
B1 .9998(.039) 1.0007(.039)[.039] 1.0007(.039)[.039] | .9976(.038)  .9986(.038)[.038]  .9986(.038)[.038]
A .1848(.063)  .1999(.063)[.062]  .1999(.063)[.062] | .1666(.077) .1885(.075)[.075]  .1887(.076)[.074]
p 1112(.152)  .1868(.146)[.148]  .1867(.146)[.146] | .1101(.147)  .1889(.141)[.150]  .1889(.141)[.147]
o2 .7394(.083)  .9829(.110)[.107 — .7390(.082)  .9828(.109)[.106 -
B .9981(.038)  .9989(.038)[.039 .9989(.038)[.038] | .9980(.038)  .9989(.038)[.038 .9989(.038)[.038]
A .1849(.061)  .1998(.061)[.062]  .1999(.061)[.060] | .1689(.076)  .1909(.074)[.074]  .1909(.074)[.072]
P A179(.149)  .1933(.143)[.148]  .1932(.144)[.140] | .1121(.148)  .1915(.143)[.150]  .1913(.143)[.143]
o2 .7358(.172)  .9780(.228)[.215 — .7420(.176)  .9867(.234)[.218 —
1 .9981(.038)  .9990(.038)[.039 .9990(.038)[.038] | .9980(.038)  .9990(.037)[.038 .9990(.037)[.038]
A 1825(.061)  .1976(.061)[.062]  .1976(.061)[.061] | .1688(.078)  .1907(.076)[.074]  .1908(.076)[.073]
P 1165(.150)  .1919(.144)[.148]  .1917(.144)[.143] | .1104(.150)  .1894(.145)[.150]  .1894(.145)[.146]
o2 .7421(.128)  .9864(.169)[.161] — .7380(.129)  .9814(.171)[.161] —

n = 100; error = 1, 2, 3, for the three panels below
/1 1.0010(.027) 1.0011(.026)[.027] 1.0011(.026)[.027] | 1.0015(.029) 1.0009(.029)[.029] 1.0009(.029)[.028]
A 1922(.043)  .1993(.043)[.042]  .1994(.043)[.042] | .1842(.055) 1960(.055)[.054]  .1961(.055)[.053]
p .1565(.099)  .1906(.096)[.100]  .1906(.096)[.099] | .1626(.104)  .1954(.101)[.099]  .1954(.101)[.098]
o2 .7617(.060)  .9942(.078)[.076 — .7604(.058)  .9928(.076)[.076 —
81 .9993(.028)  .9994(.028)[.027 .9994(.028)[.027] | 1.0015(.029) 1.0009(.029)[.029] 1.0009(.029)[.028]
A 1923(.042)  .1994(.042)[.042]  .1994(.042)[.042] | .1829(.055)  .1948(.054)[.054]  .1948(.054)[.053]
p 1623(.102)  .1962(.099)[.099]  .1962(.099)[.096] | .1588(.100)  .1917(.097)[.099]  .1916(.097)[.097]
o2 .7624(.128)  .9951(.167)[.160 — .7674(.128) 1.0019(.167)[.161 —
81 .9983(.027)  .9984(.027)[.027 .9984(.027)[.027] | 1.0000(.028) 9994(.028)[.029 .9994(.028)[.028]
A .1937(.043)  .2009(.043)[.042]  .2009(.043)[.042] | .1831(.056) .1950(.055)[.054]  .1950(.055)[.053]
p 1621(.100)  .1961(.097)[.099]  .1961(.097)[.098] | .1599(.098)  .1928(.095)[.099]  .1929(.096)[.097]
o2 .7625(.092)  .9951(.120)[.118] — .7636(.091)  .9970(.118)[.118] —

n = 200; error = 1, 2, 3, for the three panels below
/1 1.0002(.019) 1.0001(.019)[.019] 1.0001(.019)[.019] | 1.0002(.020) 1.0001(.020)[.020] 1.0001(.020)[.019]
A .1964(.028) 1998(.028)[.029]  .1998(.028)[.029] | .1856(.049)  .1955(.049)[.048]  .1955(.049)[.048]
p 1805(.071)  .1947(.069)[.068]  .1948(.069)[.068] | .1829(.069)  .1970(.068)[.068]  .1970(.068)[.068]
o2 .7703(.042)  .9958(.054)[.053 — .7708(.040)  .9966(.052)[.053 —
61 .9997(.019)  .9996(.019)[.019 .9996(.019)[.019] | 1.0001(.020)  .9999(.020)[.020 .9999(.020)[.019]
A .1969(.029) 2003(.029)[.029]  .2003(.029)[.028] | .1851(.049)  .1950(.049)[.048]  .1950(.049)[.048]
p .1850(.069)  .1991(.067)[.068]  .1991(.067)[.067] | .1864(.068)  .2004(.066)[.068]  .2004(.066)[.067]
o2 .7679(.089)  .9927(.115)[.114 — 7701(.091)  .9956(.118)[.114 -
61 1.0007(.019) 1.0006(.019)[.019] 1.0006(.019)[.019] | 1.0002(.019) 1.0000(.019)[.020] 1.0000(.019)[.020]
A .1968(.028)  .2002(.028)[.029]  .2002(.028)[.029] | .1861(.049)  .1960(.048)[.048]  .1960(.048)[.048]
p .1840(.069)  .1981(.067)[.068]  .1981(.067)[.067] | .1832(.070)  .1973(.068)[.068]  .1973(.068)[.067]
o2 .7688(.063)  .9939(.082)[.083] — .7736(.066)  1.0002(.085)[.085] —

n = 400; error = 1, 2, 3, for the three panels below
61 1.0003(.014) 1.0003(.014)[.013] 1.0003(.014)[.013] | 1.0003(.013) 1.0003(.013)[.013] 1.0003(.013)[.013]
A .1985(.019)  .2001(.019)[.019]  .2001(.019)[.019] | .1875(.041)  .1949(.040)[.042]  .1949(.040)[.042]
p 1936(.049)  .1982(.048)[.047]  .1982(.048)[.047] | .1953(.049)  .1999(.048)[.047]  .1999(.048)[.047]
o2 .7738(.028)  .9966(.036)[.038 — 7734(.029)  .9961(.037)[.038 —
/1 1.0001(.013) 1.0000(.013)[.013] 1.0000(.013)[.013] | 1.0007(.013) 1.0007(.013)[.013] 1.0007(.013)[.013]
A .1985(.019)  .2001(.019)[.020]  .2001(.019)[.019] | .1899(.041)  .1972(.041)[.042]  .1972(.041)[.042]
p 1937(.048)  .1983(.047)[.048]  .1983(.047)[.047] | .1922(.048)  .1969(.047)[.047]  .1969(.047)[.047]
o2 .7782(.063) 1.0023(.081)[.082 - 7767(.062)  1.0004(.080)[.082 —
/1 1.0001(.013) 1.0001(.013)[.013] 1.0001(.013)[.013] | .9999(.013)  .9999(.013)[.013 .9999(.013)[.013]
A .1972(.020)  .1988(.020)[.020]  .1987(.020)[.019] | .1921(.042)  .1994(.041)[.042]  .1994(.041)[.042]
p .1944(.050)  .1990(.049)[.047]  .1990(.049)[.047] | .1924(.049)  .1970(.048)[.047]  .1970(.048)[.047]
o2 .7743(.049)  .9973(.063)[.060] - .7729(.046)  .9955(.059)[.060] —

Note: error

—

normal),
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Table 1.1b. Empirical mean(sd)[sd] of the estimators for FE-SPD model
with SL-SE effects, 10% random missing, homoscedasticity,

(B1, A\, p,02) =(1,0.2,0.2,1), T=10.
W=Rook, M=Queen W=Group-I, M=Queen
QMLE M-Est RM-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
f1 1.0019(.026) 1.0008(.026)[.026] 1.0008(.026)[.026] | .9993(.025)  .9989(.025)[.026]  .9989(.025)[.026]
A .1820(.039)  .1976(.039)[.040]  .1976(.039)[.040] | .1780(.046)  .1971(.045)[.045]  .1971(.046)[.045]
p 1239(.093)  .1974(.091)[.091]  .1974(.092)[.091] | .1210(.093) .1927(.092)[.091]  .1927(.092)[.091]
o2 .8641(.062)  .9930(.071)[.071 — .8641(.063)  .9936(.072)[.071 -
f1 1.0006(.026)  .9995(.026)[.026 .9995(.026)[.026] | .9986(.025)  .9982(.025)[.026 .9982(.025)[.025]
A .1849(.039)  .2004(.039)[.040]  .2004(.039)[.039] | .1779(.047)  .1968(.046)[.045]  .1969(.047)[.045]
P 1203(.093)  .1941(.091)[.092]  .1940(.091)[.089] | .1235(.093)  .1951(.091)[.091]  .1950(.091)[.089]
o2 .8625(.144)  .9912(.166)[.156 — .8641(.138)  .9935(.158)[.156 -
f1 1.0019(.026) 1.0008(.026)[.026] 1.0008(.026)[.026] | 1.0003(.026)  .9999(.026)[.026 .9999(.026)(.026]
A .1819(.040)  .1976(.040)[.040]  .1976(.040)[.040] | .1771(.046)  .1960(.045)[.045]  .1961(.045)[.045]
P 1194(.094)  .1931(.093)[.091]  .1931(.093)[.090] | .1211(.093)  .1928(.091)[.091]  .1928(.092)[.090]
o2 .8667(.105)  .9962(.121)[.113] — .8615(.101)  .9906(.116)[.113] -

n = 100; error = 1, 2, 3, for the three panels below
/i 1.0001(.018)  .9997(.018)[.018]  .9997(.018)[.018] | 1.0004(.018) 1.0004(.018)[.017] 1.0004(.018)[.017]
A 1924(.027)  .1993(.027)[.027]  .1993(.027)[.027] | .1817(.040) .1963(.039)[.039]  .1964(.039)[.039]
p .1600(.063)  .1952(.062)[.063]  .1952(.062)[.063] | .1638(.064) .1988(.063)[.063]  .1989(.063)[.063]
o2 .8792(.044)  .9986(.050)[.050 — .8787(.046)  .9981(.052)[.050 —
/1 1.0005(.018) 1.0000(.018)[.018] 1.0000(.018)[.018] | 1.0001(.018) 1.0000(.018)[.017] 1.0000(.018)[.017]
A .1932(.027)  .2001(.027)[.027]  .2000(.027)[.027] | .1838(.040)  .1983(.040)[.039]  .1983(.040)[.039]
p .1634(.062)  .1985(.061)[.063]  .1985(.061)[.062] | .1601(.063) .1952(.062)[.063]  .1952(.062)[.062]
o2 .8773(.102)  .9964(.116)[.112 — .8780(.101)  .9973(.115)[.113 —
51 1.0005(.018) 1.0001(.018)[.018] 1.0001(.018)[.018] | .9998(.018)  .9998(.018)[.017 .9998(.018)[.017]
A 1923(.027)  .1992(.027)[.027]  .1992(.027)[.027] | .1834(.041)  .1979(.040)[.039]  .1979(.040)[.039]
p .1609(.064)  .1961(.063)[.063]  .1961(.063)[.063] | .1618(.064) .1969(.063)[.063]  .1969(.063)[.062]
o2 .8782(.073)  .9975(.083)[.082] — .8763(.072)  .9954(.082)[.082] —

n = 200; error = 1, 2, 3, for the three panels below
/1 1.0004(.013) 1.0001(.013)[.013] 1.0001(.013)[.013] | .9996(.013)  .9996(.013)[.012]  .9996(.013)[.012]
A 1961(.018)  .1994(.018)[.019]  .1994(.018)[.019] | .1883(.033)  .1986(.033)[.033]  .1986(.033)[.033]
p 1823(.044)  .1985(.044)[.044]  .1986(.044)[.044] | .1834(.044)  .1997(.043)[.044]  .1997(.043)[. 044]
o2 .8826(.030)  .9973(.034)[.035 — .8836(.031)  .9986(.035)[.035
61 1.0002(.013)  .9999(.013)[.013 .9999(.013)[.013] | .9998(.013)  .9997(.013)[.012 .9997(.013)[.012]
A .1960(.018)  .1993(.018)[.019]  .1993(.018)[.019] | .1876(.033)  .1979(.033)[.033]  .1980(.033)[.033]
p o 1821(.043)  .1984(.043)[.044]  .1984(.043)[.044] | .1808(.045)  .1972(.044)[.044]  .1972(.044)[.044]
o2 .8820(.071)  .9967(.080)[.080 — .8825(.075)  .9973(.084)[.081 —
61 .9996(.012)  .9993(.012)[.013 .9993(.012)[.013] | 1.0005(.012) 1.0005(.012)[.012] 1.0005(.012)[.012]
A .1968(.019)  .2000(.019)[.019]  .2000(.019)[.019] | .1878(.033)  .1981(.033)[.033]  .1982(.033)[.033]
p 1818(.044)  .1980(.043)[.044]  .1980(.043)[.044] | .1834(.046)  .1997(.046)[.044]  .1997(.046)[.044]
o2 .8842(.053)  .9992(.060)[.058] — .8829(.051)  .9978(.057)[.058] —

n = 400; error = 1, 2, 3, for the three panels below
681 1.0004(.009) 1.0003(.009)[.009] 1.0003(.009)[.009] | 1.0001(.009) 1.0000(.009)[.009] 1.0000(.009)[.009]
A .1982(.014)  .1998(.014)[.014]  .1999(.014)[.014] | .1922(.027)  .1987(.027)[.026]  .1989(.027)[.026]
P .1918(.033)  .1989(.032)[.031]  .1989(.032)[.031] | .1915(.033)  .1986(.033)[.031]  .1986(.033)[.031]
o2 .8854(.022)  .9982(.024)[.025 - .8853(.022)  .9982(.024)[.025 -
61 .9998(.009)  .9997(.009)[.009 .9997(.009)[.009] | 1.0001(.009) 1.0000(.009)[.009] 1.0000(.009)[.009]
A .1983(.013)  .1999(.013)[.014]  .2000(.013)[.014] | .1913(.027) .1978(.027)[.026]  .1981(.027)[.026]
p .1931(.031)  .2001(.030)[.031]  .2001(.030)[.031] | .1905(.032)  .1976(.032)[.031]  .1976(.032)[.031]
o2 .8847(.050)  .9974(.056)[.057 — .8851(.051)  .9979(.057)[.057 -
81 .9995(.009)  .9994(.009)[.009 .9994(.009)[.009] | .9997(.009)  .9996(.009)[.009 .9996(.009)[.009]
A 1978(.013)  .1994(.013)[.014]  .1996(.013)[.014] | .1926(.026)  .1991(.026)[.026]  .1993(.026)[.026]
p .1931(.031)  .2002(.031)[.031]  .2002(.031)[.031] | .1907(.032)  .1978(.031)[.031]  .1978(.031)[.031]
o2 .8873(.038) 1.0004(.043)[.042] - .8881(.036) 1.0013(.041)[.042] —

Note: error = 1(normal),

26
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Table 1.2a. Empirical mean(sd)[sd] of estimators for FE-SPD model
with SL-SD effects, 10% random missing, homoscedasticity,

(617/627 )‘7 012)) ==

(1,0.5,0.2,1), T=

W=Queen W=Group-I
QMLE M-Est RM-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
B1 1.0056(.041)  .9999(.041)[.041]  .9999(.041)[.041] | 1.0130(.043) 1.0060(.043)[.043] 1.0060(.043)[.042]
Ba  .5898(.194)  .5147(.195)[.194]  .5146(.195)[.193] | .6567(.251)  .5636(.241)[.231]  .5637(.242)[.228]
A 1276(.125)  .1862(.125)[123]  .1863(.125)[.122] | .1103(.131)  .1644(.125)[.119]  .1643(.126)[.117]
o2 .7390(.082)  .9779(.109)[.106 — .7398(.081)  .9793(.108)[.106 —
B, 1.0081(.040) 1.0024(.040)[.041] 1.0024(.040)[.040] | 1.0101(.044) 1. 0032( 044)[.042] 1.0031(.044)[.042]
Ba  .5909(.196)  .5158(.197)[.195]  .5156(.197)[.189] | .6426(.238) 04(.229)[.229]  .5497(.230)[.220]
A 1235(.122)  .1822(.122)[.124]  .1823(.123)[.120] | .1130(.124) 1668( 119)[.119]  .1673(.120)[.114]
o2 .7410(.180)  .9806(.238)[.216 — 7413(.171)  .9812(.226)[.215 —
B, 1.0066(.041) 1.0009(.041)[.041] 1.0009(.041)[.041] | 1.0113(.043) 1.0044(.042)[.042] 1.0044(.042)[.042]
Ba  .5904(.192)  .5151(.193)[.195]  .5151(.194)[.192] | .6385(.242)  .5463(.232)[.229]  .5458(.234)[.225]
A 1252(.123)  .1840(.123)[.124]  .1841(.123)[.122] | .1183(.126)  .1719(.121)[.118]  .1723(.122)[.116]
o2 .7436(.128)  .9841(.169)[.160] — .7411(.130)  .9809(.172)[.158] —

n = 100; error = 1, 2, 3, for the three panels below
/1 1.0047(.030) 1.0016(.030)[.031] 1.0016(.030)[.031] | 1.0038(.027) 1.0012(.027)[.027] 1.0012(.027)[.027]
By .5502(.135)  .5114(.135)[.133]  .5114(.135)[.138] | .5879(.180)  .5307(.175)[.173]  .5306(.176)[.177]
A .1621(.085)  .1908(.085)[.084]  .1908(.085)[.088] | .1466(.095)  .1808(.093)[.092]  .1808(.093)[.094]
o2 .7618(.059)  .9903(.076)[.075 — .7630(.058)  .9921(.075)[.075 —
/1 1.0053(.031) 1.0021(.031)[.031] 1.0021(.031)[.031] | 1.0043(.027) 1.0016(.027)[.027] 1.0016(.027)[.027]
B2 .5551(.130)  .5163(.130)[.133]  .5162(.130)[.136] | .5956(.189)  .5384(.183)[.173]  .5385(.183)[.175]
A .1585(.084)  .1872(.084)[.084]  .1872(.084)[.087] | .1433(.100)  .1775(.097)[.092]  .1774(.097)[.093]
o2 .7675(.129)  .9977(.168)[.159 — .7644(.129)  .9940(.167)[.159 —
51 1.0032(.030) 1.0001(.030)[.030] 1.0001(.030)[.031] | 1.0044(.027) 1.0017(.027)[.027] 1.0017(.027)[.027]
B2 .5535(.136)  .5149(.136)[.133]  .5150(.136)[.136] | .5859(.180)  .5285(.175)[.173]  .5283(.175)[.176]
A .1598(.086)  .1884(.085)[.084]  .1883(.085)[.087] | .1465(.096)  .1808(.093)[.092]  .1810(.093)[.094]
o2 .7616(.091)  .9900(.119)[.116] — 7676(.095)  .9981(.123)[.118] —

n = 200; error = 1, 2, 3, for the three panels below
/1 1.0020(.021) 1.0006(.021)[.020] 1.0006(.021)[.021] | 1.0027(.020) 1.0011(.020)[.020] 1.0011(.020)[.020]
B2 .5244(.096)  .5056(.096)[.094]  .5056(.096)[.097] | .5722(.170)  .5257(.165)[.157]  .5257(.165)[.160]
A .1824(.058) 1962(.059)[.057]  .1962(.059)[.060] | .1597(.083)  .1858(.081)[.079]  .1859(.081)[.080]
o2 7713(.041) 9948(.053)[.053 — J7726(.041) .9949(.053)[.053 —
61 1.0013(.020)  .9999(.020)[.020 .9999(.020)[.021] | 1.0026(.020) 1.0011(.020)[.020] 1. 0011( 0)[.020]
B2 .5269(.093)  .5082(.093)[.093]  .5081(.093)[.097] | .5687(.160)  .5224(.156)[.157]  .5222(.156)[.158]
A .1808(.057)  .1945(.057)[.057]  .1946(.057)[.060] | .1605(.080)  .1866(.078)[.079] .1867( 8)[.079]
o2 .7726(.091)  .9964(.118)[.114 — 7740(.089)  .9967(.114)[.113 —
61 1.0017(.020) 1.0002(.020)[.020] 1.0002(.020)[.021] | 1.0033(.019) 1.0018(.019)[.020] 1.0018(.019)[.020]
Ba  .5248(.094)  .5060(.094)[.094]  .5060(.094)[.097] | .5759(.164)  .5293(.160)[.158]  .5293(.160)[.159]
A .1826(.056)  .1963(.056)[.057]  .1963(.056)[.060] | .1564(.082) .1827(.080)[.079]  .1827(.080)[.080]
o2 .7741(.065)  .9984(.083)[.084] — L7726(.067)  .9950(.087)[.083] —

n = 400; error = 1, 2, 3, for the three panels below
B 1.0012(.014) 1.0005(.014)[.014] 1.0005(.014)[.014] | 1.0012(.014) 1.0005(.014)[.014] 1.0005(.014)[.014]
Ba  .5120(.065)  .5028(.065)[.064]  .5028(.065)[.067] | .5526(.142)  .5197(.139)[.136]  .5196(.139)[.138]
A .1909(.041)  .1980(.041)[.041]  .1980(.041)[.043] | .1702(.069)  .1890(.067)[.067]  .1891(.067)[.068]
o2 .7761(.030)  .9992(.039)[.038 — .7759(.029)  .9989(.038)[.038 —
/1 1.0011(.014) 1.0004(.014)[.014] 1.0004(.014)[.014] | 1.0010(.014) 1.0003(.014)[.014] 1.0003(.014)[.014]
Ba  .5116(.064)  .5024(.064)[.064]  .5024(.064)[.067] | .5553(.141)  .5224(.139)[.136]  .5225(.139)[.138]
A .1904(.042)  .1975(.042)[.041]  .1975(.042)[.043] | .1682(.070)  .1870(.069)[.067]  .1870(.069)[.068]
o2 .7730(.062)  .9952(.080)[.081 - 7756(.064)  .9986(.082)[.082 —
/1 1.0010(.014) 1.0003(.014)[.014] 1.0003(.014)[.014] | 1.0012(.014) 1.0004(.014)[.014] 1.0004(.014)[.014]
Bs  .5101(.063)  .5009(.063)[.064]  .5009(.063)[.067] | .5551(.140) .5223(.138)[.136]  .5222(.138)[.138]
A .1913(.040)  .1984(.040)[.041]  .1984(.040)[.043] | .1692(.068)  .1879(.066)[.067]  .1880(.067)[.068]
o2 7764(.047)  .9996(.061)[.060] - .7763(.048)  .9996(.061)[.060] —

Note: error = 1(normal),
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2(normal mixture), 3(chi-square); X, values are generated from N(0,2?).



Table 1.2b. Empirical mean(sd)[sd] of estimators for FE-SPD model
with SL-SD effects, 10% random missing, homoscedasticity,

(1617627 >‘7 012)) =

(1,0.5,0.2,1), T=10.

W=Queen W=Group-I
QMLE M-Est RM-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
f1 1.0072(.026) 1.0014(.026)[.027] 1.0014(.026)[.027] | 1.0083(.029) 1.0016(.029)[.028] 1.0016(.029)[.028]
Ba  .5823(.122)  .5074(.123)[.124]  .5073(.123)[.125] | .6090(.159)  .5238(.152)[.149]  .5237(.152)[.149]
A .1368(.078)  .1935(.078)[.080]  .1935(.079)[.081] | .1357(.081)  .1861(.078)[.075]  .1861(.078)[.075]
o2 .8604(.060)  .9889(.069)[.070 — .8607(.062)  .9894(.071)[.071 -
f1 1.0069(.027) 1.0011(.027)[.027] 1.0011(.027)[.027] | 1.0099(.028) 1.0032(.027)[.028] 1.0032(.027)[.028]
Ba  .5850(.122)  .5104(.123)[.124]  .5104(.123)[.124] | .6074(.156) .5223(.150)[.149]  .5224(.150)[.148]
A .1354(.080)  .1918(.080)[.079]  .1919(.080)[.079] | .1355(.079)  .1858(.075)[.075]  .1857(.075)[.073]
o2 .8674(.140)  .9970(.161)[.158 — .8686(.143)  .9984(.164)[.159 —
f1 1.0068(.027) 1.0010(.027)[.027] 1.0010(.027)[.027] | 1.0069(.028) 1.0003(.028)[.028] 1.0003(.028)[.028]
Ba  .5827(.124)  .5082(.125)[.124]  .5079(.125)[.125] | .6057(.153)  .5208(.147)[.148]  .5209(.147)[.148]
A .1364(.080)  .1929(.080)[.079]  .1931(.080)[.080] | .1370(.078)  .1872(.074)[.074]  .1871(.074)[.074]
o2 .8607(.105)  .9893(.120)[.113] — .8575(.101)  .9857(.116)[.112] —

n = 100; error = 1, 2, 3, for the three panels below
/i 1.0024(.019)  .9997(.019)[.018]  .9997(.019)[.018] | 1.0033(.019)  .9999(.019)[.019]  .9999(.019)[.019]
By .5381(.083)  .5025(.083)[.083]  .5025(.083)[.086] | .5815(.135)  .5142(.130)[.127]  .5140(.131)[.128]
A 1697(.055)  .1982(.055)[.055]  .1982(.055)[.057] | .1528(.069)  .1927(.067)[.065]  .1928(.067)[.066]
o2 .8765(.043)  .9956(.049)[.050 — .8766(.044)  .9958(.050)[.050 —
/1 1.0036(.018) 1.0008(.018)[.018] 1.0008(.018)[.018] | 1.0036(.019) 1.0002(.019)[.019] 1.0002(.019)[.019]
By .5403(.083) 5046(.083)[.083]  .5045(.083)[.086] | .5882(.133)  .5207(.128)[.128]  .5206(.128)[.128]
A .1678(.056) 1963(.056)[.055]  .1963(.056)[.057] | .1480(.069)  .1881(.066)[.066]  .1882(.066)[.066]
o2 .8771(.101)  .9963(.115)[.113 — .8752(.101)  .9942(.114)[.113 —
51 1.0029(.018) 1.0001(.018)[.018] 1.0001(.018)[.018] | 1.0045(.019) 1.0011(.019)[.019] 1.0011(.019)[.019]
By .5381(.083)  .5024(.083)[.083]  .5024(.083)[.086] | .5853(.131)  .5179(.127)[.127]  .5179(.126)[.128]
A .1686(.055)  .1971(.055)[.055]  .1971(.055)[.057] | .1488(.068)  .1889(.066)[.066]  .1889(.066)[.066]
o2 .8755(.074)  .9944(.084)[.081] — .8755(.075)  .9945(.086)[.081] —

n = 200; error = 1, 2, 3, for the three panels below
/1 1.0017(.013) 1.0003(.013)[.013] 1.0003(.013)[.013] | 1.0023(.013) 1.0007(.013)[.013] 1.0007(.013)[.013]
B2 .5218(.061)  .5034(.061)[.060]  .5034(.061)[.062] | .5592(.109)  .5124(.106)[.104]  .5124(.106)[.106]
A 1827(.039)  .1972(.039)[.039]  .1972(.039)[.040] | .1653(.055)  .1926(.054)[.054]  .1925(.054)[.055]
o2 .8835(.032)  .9979(.036)[.035 — .8837(.032)  .9983(.036)[.035 —
651 1.0018(.013) 1.0005(.013)[.013] 1.0005(.013)[.013] | 1.0021(.013) 1.0005(.013)[.013] 1.0005(.013)[.013]
B2 .5202(.060)  .5017(.060)[.060]  .5018(.060)[.062] | .5580(.106)  .5112(.103)[.104]  .5110(.103)[.106]
A .1838(.040)  .1982(.040)[.039]  .1982(.040)[.040] | .1661(.055) .1933(.053)[.054]  .1934(.053)[.055]
o2 .8816(.073)  .9958(.082)[.080 — .8839(.072)  .9985(.082)[.081 —
61 1.0017(.013) 1.0003(.013)[.013] 1.0003(.013)[.013] | 1.0019(.013) 1.0004(.013)[.013] 1.0004(.013)[.013]
B2 .5220(.060)  .5035(.060)[.060]  .5035(.060)[.062] | .5581(.107)  .5113(.104)[.104]  .5112(.104)[.106]
A .1834(.039)  .1978(.039)[.039]  .1978(.039)[.040] | .1670(.054)  .1942(.053)[.054]  .1943(.053)[.055]
o2 .8837(.052)  .9981(.059)[.058] — .8844(.051)  .9991(.057)[.058] —

n = 400; error = 1, 2, 3, for the three panels below
81 1.0007(.009) 1.0000(.009)[.009] 1.0000(.009)[.010] | 1.0012(.009) 1.0004(.009)[.009] 1.0004(.009)[.009]
Ba  .5101(.043)  .5004(.043)[.044]  .5004(.043)[.046] | .5476(.100) .5120(.098)[.091]  .5121(.098)[.093]
A .1918(.026)  .1990(.026)[.028]  .1989(.026)[.029] | .1732(.049)  .1935(.048)[.046]  .1934(.048)[.047]
o2 .8851(.022)  .9980(.025)[.025 — .8867(.023)  .9998(.026)[.025 —
681 1.0006(.009)  .9998(.009)[.009 .9998(.009)[.010] | 1.0007(.009)  .9999(.009)[.009 .9999(.009)[.009]
5o 5086(.043)  .4989(.043)[.044]  .5018(.060)[.062] | .5444(.093)  .5088(.091)[.091]  .5088(.091)[.092]
A .1934(.026)  .2006(.026)[.028]  .1982(.040)[.040] | .1753(.047)  .1955(.046)[.046]  .1956(.046)[.047]
o2 .8867(.052)  .9998(.059)[.058 - .8853(.051)  .9983(.058)[.057 —
/1 1.0009(.009) 1.0002(.009)[.009] 1.0003(.013)[.013] | 1.0012(.009) 1.0003(.009)[.009] 1.0003(.009)[.009]
5o 5127(.042)  .5030(.042)[.044]  .5035(.060)[.062] | .5489(.094)  .5131(.092)[.092]  .5131(.092)[.093]
A .1913(.026)  .1984(.026)[.028]  .1978(.039)[.040] | .1726(.048)  .1930(.047)[.046]  .1930(.047)[.047]
o2 .8840(.037)  .9967(.042)[.041] - .8864(.036)  .9996(.041)[.042] —

Note: error = 1(normal),
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2(normal mixture), 3(chi-square); X, values are generated from N(0,2?).



Table 1.3a. Empirical mean(sd)[sd] of estimators for FE-SPD model
with SL-SE effects, 10% random missing, heteroscedasticity,

(617 )‘7 P, 012;) =

(1,0.2,0.2,1), T=

W=M=Group-II W=Group-II, M=Queen
QMLE M-Est M-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
f1 1.0001(.042) 1.0001(.042)[.041]  .9993(.042)[.042] | .9974(.039)  .9978(.039)[.040]  .9979(.039)[.039]
A 1878(.070)  .1944(.068)[.098]  .1973(.080)[.080] | .1311(.086) .1735(.083)[.106]  .1894(.089)[.090]
p  -.0161(.209) .0905(.177)[.199]  .1016(.272)[.247] | .1077(.147)  .1845(.141)[.145]  .1889(.141)[.142]
o2 .7664(.102) 1.0237(.136)[.150 — 7717(.102)  1.0264(.136)[.150 —
f1 1.0012(.042) 1.0013(.042)[.040] 1.0005(.043)[.041] | .9980(.039)  .9985(.039)[.040 .9985(.039)(.038]
A 1873(.072)  .1938(.069)[.098]  .1956(.082)[.080] | .1343(.083)  .1757(.080)[.105]  .1915(.085)[.088]
p  -.0008(.198)  .1036(.168)[.198]  .1235(.248)[.232] | .1086(.146)  .1853(.140)[.146]  .1894(.140)[.135]
o2 .7606(.217) 1.0154(.290)[.274 — .7695(.221)  1.0234(.294)[.277 -
1 .9986(.041)  .9986(.042)[.041 .9978(.042)[.041] | .9980(.040)  .9984(.040)[.040 .9985(.040)[.039]
A .1843(.070)  .1911(.067)[.099]  .1928(.081)[.080] | .1316(.084) .1737(.081)[.106]  .1896(.087)[.089]
p  -.0072(.205)  .0980(.174)[.198]  .1144(.260)[.238] | .1113(.144) .1878(.138)[.145]  .1919(.138)[.139]
o2 7727(.158) 1.0319(.211)[.212] — 7744(.161)  1.0300(.214)[.210] -

n = 100; error = 1, 2, 3, for the three panels below
/1 1.0005(.028) 1.0005(.028)[.028] 1.0002(.028)[.028] | 1.0003(.025) 1.0005(.025)[.026] 1.0006(.025)[.026]
A 1927(.049)  .1954(.048)[.064]  .1992(.056)[.054] | .1733(.045)  .1849(.045)[.054]  .1960(.046)[.048]
p .0883(.131)  .1304(.120)[.127]  .1573(.167)[.160] | .1665(.095)  .1995(.093)[.095]  .1980(.092)[.094]
o2 7572(.071)  .9925(.093)[.105 - .7706(.070)  .9985(.090)[.102 -
B 1.0004(.029) 1.0004(.029)[.028] 1.0001(.029)[.028] | .9994(.026)  .9996(.026)[.026 .9997(.026)[.026]
A 1921(.049)  .1948(.048)[.063]  .1985(.055)[.053] | .1736(.045)  .1851(.045)[.054]  .1960(.046)[.047]
p .0884(.129)  .1305(.118)[.128]  .1578(.165)[.157] | .1668(.093)  .1997(.090)[.095]  .1984(.090)[.090]
o2 .7554(.155)  .9901(.203)[.199 — .7648(.153)  .9910(.198)[.194 -
61 .9997(.029)  .9997(.029)[.028 .9995(.029)[.028] | .9996(.026)  .9998(.026)[.026 .9999(.026)[.026]
A .1914(.049)  .1941(.048)[.063]  .1979(.055)[.054] | .1739(.045)  .1854(.045)[.054]  .1964(.047)[.047]
p .0877(.130)  .1299(.119)[.128]  .1566(.167)[.159] | .1656(.097)  .1985(.095)[.095]  .1971(.094)[.093]
o2 7614(.115)  .9979(.150)[.152] — .7646(.112)  .9907(.145)[.146] -

n = 200; error = 1, 2, 3, for the three panels below
B .9991(.019)  .9991(.019)[.019]  .9990(.019)[.019] | .9987(.020)  .9988(.020)[.019]  .9989(.020)[.019]
A 1950(.034)  .1962(.034)[.044]  .2000(.040)[.040] | .1784(.035)  .1853(.034)[.042]  .1980(.036)[.037]
p 1272(.086)  .1441(.082)[.084]  .1763(.112)[.107] | .1862(.071)  .2006(.070)[.068]  .1996(.069)[.069]
o2 .7657(.050)  .9907(.065)[.073 = .7647(.051)  .9883(.065)[.073 —
61 .9996(.019)  .9996(.019)[.019 .9995(.019)[.019] | .9992(.019)  .9993(.019)[.019 .9994(.019)[.019]
A 1939(.035)  .1951(.035)[.044]  .1984(.041)[.040] | .1773(.035)  .1842(.034)[.042]  .1968(.036)[.037]
p 1345(.083) 1511(.079)[.083]  .1857(.106)[.105] | .1816(.071)  .1960(.069)[.068]  .1952(.069)[.068]
o2 7704(.111)  .9967(.144)[.143 — .7660(.110)  .9899(.142)[.141 —
61 .9996(.019)  .9996(.019)[.019 .9996(.019)[.019] | .9987(.019)  .9988(.019)[.019 .9990(.019)[.019]
A 1947(.035) 1959(.035)[.044]  .1996(.041)[.040] | .1782(.035)  .1851(.034)[.042]  .1978(.036)[.037]
p 1290(.085)  .1459(.081)[.084]  .1787(.110)[.106] | .1840(.070)  .1984(.069)[.068]  .1975(.068)[.068]
o2 7646(.080)  .9893(.104)[.106] — .7664(.081)  .9905(.104)[.106] —

n = 400; error = 1, 2, 3, for the three panels below
B .9999(.014)  .9999(.014)[.013]  .9999(.014)[.014] | 1.0000(.013) 1.0000(.013)[.013] 1.0000(.013)[.013]
A .1966(.026)  .1970(.026)[.031]  .1998(.030)[.030] | .1862(.024)  .1894(.024)[.028]  .2002(.025)[.026]
p .1491(.060)  .1550(.058)[.058]  .1892(.075)[.074] | .1945(.047)  .1990(.046)[.047]  .1991(.046)[.047]
o2 .7849(.034) 1.0110(.044)[.052 - .7839(.034)  1.0096(.044)[.052 -
61 .9998(.014)  .9998(.014)[.013 .0998(.014)[.014] | .9994(.013)  .9994(.013)[.013 .9994(.013)[.013]
A 1968(.027)  .1972(.027)[.031]  .1998(.031)[.030] | .1835(.025)  .1866(.025)[.028]  .1973(.026)[.026]
p .1509(.061)  .1568(.059)[.058]  .1914(.075)[.074] | .1959(.048)  .2003(.047)[.047]  .2004(.047)[.047]
o2 .7878(.079) 1.0148(.102)[.103 — .7842(.080) 1.0100(.103)[.103 -
/1 1.0000(.013) 1.0000(.013)[.013] 1.0000(.014)[.014] | 1.0005(.014) 1.0005(.014)[.013] 1.0005(.014)[.013]
A .1949(.027)  .1953(.027)[.031]  .1980(.031)[.030] 1861( 024)  .1893(.024)[.028]  .2001(.025)[.026]
p .1500(.059) 1559(.057)[.058]  .1904(.073)[.074] 55(.047)  .1999(.046)[.047]  .2001(.046)[.047]
o2 .7869(.059) 1.0136(.076)[.078] — 7804( 059) 1.0116(.076)[.078] -
Note: error = 1(normal), 2(normal mixture), 3(chi-square); X; values are generated from N(0,22).

29



Table 1.3b. Empirical mean(sd)[sd] of estimators for FE-SPD model
with SL-SE effects, 10% random missing, heteroscedasticity,

(/617 )‘7 P, 012;) =

(1,0.2,0.2,1), T=10.

W=M=Group-II W=Group-II, M=Queen
QMLE M-Est RM-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
f1 1.0015(.025) 1.0012(.025)[.025] 1.0009(.025)[.024] | 1.0024(.026) 1.0007(.026)[.026]  .9999(.026)[.025]
A 1899(.039)  .1953(.038)[.054]  .1987(.043)[.042] | .1677(.036)  .1880(.035)[.047]  .1973(.037)[.037]
p .0447(.119)  .1342(.106)[.117]  .1660(.146)[.139] | .1290(.092)  .2001(.091)[.090]  .1988(.091)[.089]
o2 .8647(.073)  .9940(.083)[.093 — .8737(.074)  1.0030(.085)[.094 -
B .9997(.025)  .9995(.025)[.025 .9992(.025)[.024] | 1.0015(.025)  .9998(.025)[.025 .9989(.025)[.025]
A .1900(.039)  .1954(.037)[.054]  .1990(.042)[.042] | .1686(.035)  .1888(.034)[.047]  .1981(.036)[.037]
P .0425(.118)  .1324(.105)[.119]  .1636(.145)[.137] | .1284(.092)  .1995(.090)[.090]  .1980(.089)[.087]
o2 8715(.175) 1.0019(.201)[.192 — .8744(.173)  1.0037(.198)[.193 -
f1 1.0011(.025) 1.0009(.025)[.025] 1.0006(.025)[.024] | 1.0021(.025) 1.0004(.025)[.026 .9995(.025)[.025]
A .1898(.039)  .1952(.037)[.054]  .1987(.042)[.042] | .1677(.035)  .1881(.035)[.047]  .1974(.036)[.037]
P .0461(.115)  .1355(.102)[.117]  .1682(.139)[.138] | .1280(.092)  .1992(.090)[.090]  .1981(.090)[.088]
o2 .8646(.125)  .9940(.144)[.141] — .8751(.123)  1.0047(.141)[.144] -

n = 100; error = 1, 2, 3, for the three panels below
B .9994(.018)  .9995(.018)[.018]  .9996(.018)[.018] | .9996(.018)  .9994(.018)[.018]  .9992(.018)[.018]
A .1901(.034)  .1936(.034)[.043]  .1980(.040)[.038] | .1760(.034)  .1889(.033)[.038] .2000( )[ 035]
p .1077(.082)  .1470(.077)[.080]  .1809(.106)[.101] | .1627(.066)  .1979(.065)[.064]  .1979(.065)[.064]
o2 .8663(.053)  .9860(.060)[.067 — .8717(.054)  .9931(.062)[.067 —
81 .9991(.018)  .9992(.018)[.018 .9992(.018)[.018] | 1.0003(.019) 1.0001(.019)[.018 .9999(.019)[.018]
A .1902(.033)  .1937(.032)[.043]  .1978(.038)[.038] | .1746(.034)  .1875(.033)[.038]  .1985(.035)[.035]
p .1106(.078)  .1497(.073)[.080]  .1848(.101)[.099] | .1605(.066) .1957(.065)[.064]  .1957(.065)[.063]
o2 .8659(.124)  .9855(.141)[.139 — .8736(.125)  .9953(.143)[.139 —
81 .9999(.018) 1.0000(.018)[.018] 1.0000(.018)[.018] | .9997(.019)  .9995(.019)[.018 .9993(.019)[.018]
A .1922(.033)  .1957(.032)[.043]  .2005(.037)[.038] | .1738(.033)  .1867(.033)[.038]  .1977(.035)[.035]
p 1077(.079)  .1470(.074)[.080]  .1808(.102)[.100] | .1607(.066) .1958(.065)[.064]  .1958(.064)[.063]
o2 .8630(.088)  .9822(.100)[.102] — .8760(.091)  .9981(.104)[.103] —

n = 200; error = 1, 2, 3, for the three panels below
61 .9999(.013) 1.0000(.013)[.013] 1.0000(.013)[.013] | 1.0004(.013) 1.0001(.013)[.013]  .9997(.013)[.013]
A 1938(.026)  .1951(.026)[.030]  .1976(.030)[.029] | .1833(.022)  .1892(.022)[.026] .1997(.023)[.023]
p .1420(.057)  .1601(.055)[.055]  .1955(.071)[.069] | .1830(.045)  .1995(.044)[.044]  .1999(.044)[.044]
o2 .8932(.038) 1.0097(.043)[.048 — .8922(.036)  1.0082(.041)[.048 —
61 .9999(.013) 1.0000(.013)[.013] 1.0000(.013)[.013] | 1.0007(.012) 1.0005(.012)[.013] 1.0000(.012)[.013]
A .1958(.026)  .1972(.025)[.030]  .2000(.029)[.029] | .1821(.022)  .1880(.022)[.026]  .1985(.023)[.023]
p .1399(.056)  .1581(.054)[.055]  .1926(.070)[.069] | .1798(.045)  .1964(.045)[.044]  .1968(.045)[.044]
o2 .8939(.089) 1.0105(.101)[.101 — .8912(.090)  1.0070(.102)[.100 —
b1 .9993( 013)  .9993(.013)[.013 .9993(.013)[.013] | 1.0006(.013) 1.0003(.013)[.013 .9999(.013)[.013]
A 55(.026)  .1969(.026)[.030]  .1998(.029)[.029] | .1830(.023)  .1890(.023)[.026]  .1996(.024)[.023]
p .1379( 057)  .1561(.055)[.055]  .1903(.071)[.070] | .1784(.043)  .1949(.043)[.044]  .1953(.043)[.044]
o2 .8916(.063) 1.0080(.072)[.074] — .8956(.065)  1.0121(.074)[.074] —

n = 400; error = 1, 2, 3, for the three panels below
681 1.0003(.009) 1.0009(.009)[.009] 1.0003(.009)[.009] | .9997(.009) .9997(.009)[.009]  .9994(.009)[.009]
A .1974(.016)  .2490(.018)[.019]  .2010(.018)[.018] | .1860(.016) .1888(.016)[.018]  .1991(.016)[.017]
P 1533(.037)  .1210(.028)[.037]  .1959(.046)[.047] | .1924(.032)  .1995(.031)[.031] .2001(.031)[.032]
o2 .8923(.027) 1.0063(.030)[.034 - .8913(.028) 1.0049(.031)[.034
61 .9995(.009) 1.0001(.009)[.009 .9995(.009)[.009] | 1.0003(.009) 1.0003(.009)[.009 1.0000(.009)[.009]
A 1965(.017)  .2493(.019)[.019]  .1997(.019)[.018] | .1871(.016)  .1900(.016)[.018]  .2004(.017)[.017]
p 1562(.038)  .1232(.029)[.037]  .1996(.048)[.047] | .1914(.031)  .1985(.030)[.031]  .1991(.030)[.031]
o2 .8933(.061) 1.0075(.069)[.072 — .8923(.063)  1.0060(.071)[.071 -
81 .9998(.009) 1.0004(.009)[.009 .9998(.009)[.009] | 1.0003(.009) 1.0002(.009)[.009] 1.0000(.009)[.009]
A .1968(.017)  .2485(.018)[.019]  .2003(.019)[.018] | .1864(.016) .1892(.016)[.018]  .1996(.016)[.017]
p .1531(.038)  .1208(.029)[.037]  .1958(.047)[.047] | .1922(.031)  .1993(.031)[.031]  .1999(.031)[.032]
o2 .8960(.045) 1.0105(.051)[.053] - .8950(.047)  1.0090(.053)[.053] —

Note: error = 1(normal),
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Table 1.4. Empirical mean(sd)|[sd] of estimators for FE-SPD model
with SL-SD effects, 10% random missing, heteroscedasticity,

(B1, B2, A, 02) =

(1,0.2,0.2,1), W=Group-II.

T=5 T=10
QMLE M-Est RM-Est QMLE M-Est RM-Est

n = 50; error = 1, 2, 3, for the three panels below
f1 1.0113(.045) 1.0054(.045)[.042] 1.0033(.045)[.044] | 1.0134(.028) 1.0058(.028)[.027] 1.0024(.028)[.029]
Ba  .7304(.237)  .6103(.223)[.277]  .5672(.256)[.269] | .6962(.153)  .5798(.143)[.172]  .5278(.167)[.190]
A .0569(.146)  .1317(.137)[.152]  .1583(.159)[.165] | .0811(.089) .1517(.084)[.096]  .1831(.099)[.114]
o2 7704(.102) 1.0208(.135)[.148 — .8676(.074)  .9945(.085)[.093 —
f1 1.0124(.045) 1.0065(.044)[.042] 1.0045(.045)[.043] | 1.0130(.028) 1.0054(.028)[.027] 1.0021(.028)[.028]
Ba  .7306(.230)  .6121(.216)[.276]  .5705(.247)[.261] | .6972(.151)  .5811(.141)[.172]  .5302(.166)[.187]
A .0572(.141)  .1310(.132)[.151]  .1566(.153)[.160] | .0805(.089)  .1508(.083)[.096]  .1816(.099)[.112]
o2 .7664(.224) 1.0156(.297)[.273 — .8662(.171)  .9930(.196)[.189 —
f1 1.0084(.044) 1.0025(.044)[.043] 1.0003(.044)[.043] | 1.0127(.028) 1.0051(.028)[.027] 1.0017(.029)[.029]
Ba  .7193(.232)  .5998(.218)[.276]  .5557(.249)[.266] | .6969(.156)  .5804(.146)[.172]  .5285(.171)[.189]
A 0627(.143)  .1373(.134)[.152]  .1645(.155)[.164] | .0809(.092)  .1514(.086)[.096]  .1828(.102)[.113]
o2 7771(.166) 1.0297(.219)[.211] — .8710(.122)  .9984(.140)[.142] —

n = 100; error = 1, 2, 3, for the three panels below
/1 1.0090(.032) 1.0056(.032)[.030] 1.0028(.032)[.032] | 1.0080(.020) 1.0045(.020)[.019] 1.0011(.020)[.021]
By .6379(.166)  .5817(.161)[.185]  .5351(.185)[.201] | .6174(.106)  .5644(.102)[.118]  .5130(.120)[.125]
A 1149(.095)  .1497(.092)[.103]  .1785(.109)[.119] | .1250(.063)  .1588(.061)[.066]  .1914(.073)[.077]
o2 .7609(.070)  .9942(.091)[.105 — .8659(.052)  .9843(.060)[.067 —
/1 1.0081(.031) 1.0047(.031)[.029] 1.0019(.031)[.032] | 1.0080(.020) 1.0045(.020)[.019] 1.0012(.020)[.021]
Ba  .6336(.161)  .5778(.156)[.185]  .5313(.179)[.196] | .6179(.104)  .5650(.101)[.118]  .5141(.118)[.124]
A 1168(.092)  .1513(.089)[.102]  .1801(.105)[.116] | .1247(.063)  .1584(.061)[.067]  .1907(.072)[.076]
o2 .7653(.160)  .9998(.209)[.200 — .8667(.119)  .9853(.136)[.138 —
51 1.0081(.031) 1.0048(.031)[.030] 1.0020(.031)[.032] | 1.0077(.020) 1.0042(.020)[.019] 1.0009(.021)[.021]
B2 .6370(.163)  .5810(.158)[.185]  .5348(.182)[.200] | .6186(.106)  .5656(.103)[.118]  .5150(.121)[.124]
A 1150(.095)  .1497(.092)[.103]  .1782(.108)[.118] | .1238(.064) .1575(.062)[.067]  .1897(.075)[.076]
o2 .7629(.115)  .9968(.150)[.152] — .8691(.090)  .9880(.102)[.102] —

n = 200; error = 1, 2, 3, for the three panels below
/1 1.0067(.021) 1.0050(.021)[.021] 1.0017(.022)[.023] | 1.0053(.015) 1.0036(.015)[.014] 1.0005(.015)[.015]
B2 .5960(.117)  .5690(.116)[.129]  .5193(.133)[.146] | .5831(.077)  .5563(.076)[.082]  .5074(.086)[.093]
A 1412(.067)  .1573(.066)[.068]  .1869(.077)[.085] | .1485(.044)  .1651(.044)[.046]  .1953(.051)[.055]
o2 .7670(.051)  .9909(.066)[.073 — .8830(.039)  .9979(.044)[.047 —
61 1.0056(.021) 1.0038(.021)[.021] 1.0005(.022)[.023] | 1.0051(.014) 1.0034(.014)[.014] 1.0003(.015)[.015]
Ba  .5952(.113)  .5683(.111)[.129]  .5179(.127)[.144] | .5807(.075)  .5540(.073)[.083]  .5048(.083)[.093]
A .1438(.064)  .1598(.063)[.068]  .1898(.074)[.084] | .1495(.043)  .1660(.043)[.046]  .1964(.050)[.055]
o2 .7684(.110)  .9926(.143)[.141 — .8814(.088)  .9962(.099)[.099 —
61 1.0062(.022) 1.0044(.021)[.021] 1.0011(.022)[.023] | 1.0049(.015) 1.0032(.015)[.014] 1.0001(.015)[.015]
Ba  .5952(.116)  .5682(.114)[.129]  .5180(.131)[.145] | .5839(.077)  .5572(.076)[.083]  .5081(.086)[.093]
A .1434(.066)  .1595(.065)[.068]  .1893(.076)[.084] | .1487(.044)  .1652(.043)[.046]  .1956(.051)[.055]
o2 .7646(.082)  .9878(.105)[.106] — .8848(.063)  1.0000(.071)[.074] —

n = 400; error = 1, 2, 3, for the three panels below
81 1.0049(.015) 1.0040(.015)[.014] 1.0006(.015)[.016] | 1.0039(.010) 1.0030(.010)[.010] 1.0000(.010)[.011]
Bs  .5716(.079)  .5582(.078)[.086]  .5083(.090)[.103] | .5631(.051)  .5498(.051)[.057]  .5031(.057)[.065]
A 1562(.046)  .1643(.046)[.048]  .1947(.054)[.062] | .1616(.030)  .1698(.030)[.032]  .1987(.034)[.039]
o2 .7778(.036)  .9995(.046)[.052 — .8933(.027)  1.0073(.031)[.034 —
/1 1.0048(.014) 1.0040(.014)[.014] 1.0006(.015)[.015] | 1.0041(.010) 1.0032(.010)[.010 1.0003(.010)[.010]
Bs  .5695(.080)  .5561(.079)[.086]  .5057(.091)[.103] 5627(.051)  .5495(.051)[.057] 5030( 7)[.065]
A 1579(.047)  .1660(.047)[.048]  .1968(.055)[.061] 1609(.030)  .1691(.029)[.032]  .1979(.034)[.039]
o2 .7778(.078)  .9995(.100)[.102 - 8948(.064) 1.0089(.072)[.072 —
/1 1.0047(.014) 1.0038(.014)[.014] 1.0005(.014)[.015] | 1.0038(.010) 1.0030(.010)[.010 1.0000(.010)[.010]
Bs  .5714(.078)  .5580(.077)[.086]  .5084(.089)[.103] | .5615(.050)  .5483(.049)[.057] 0017( 6)[.065]
A .1560(.046)  .1641(.046)[.048]  .1944(.054)[.062] | .1620(.029)  .1701(.029)[.032]  .1990(.033)[.039]
o2 7777(.057)  .9993(.073)[.076] - .8905(.047)  1.0041(.053)[.053] —

Note: error = 1(normal),
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the tax rates of neighboring states are likely to play a role in the determi-
nation of excise tax policy. Based on this theory, Egger et al. (2005) and
Devereux et al. (2007) use spatial econometric techniques to identify such
phenomenon. Both of them propose to use the 2SLS method to estimate the
spatial lag parameter. As the quadratic moment conditions are not used for
spatial parameters, the 2SLS approach usually cannot provide efficient estima-
tion results, compared with our M-estimation. In addition, our M-estimation
is able to be robust against unknown heteroscedasticity.

We construct a panel of data from 48 US states over 23 years, from 1977 to
1999. Following Devereux et al. (2007), we do not use the two states, Alaska
and Hawaii, as they do not share borders with any other states. The missing
percentages for three types of tax rates are, respectively, 8.61%, 6.25%, and
6.34%. As the missing percentage is small, we argue the interaction effects of
unobserved units on observed ones are asymptotically negligible. That is, with
a fixed number of missing, the unbalanced model at least asymptotically fits
our random missing mechanism. The spatial neighboring states are defined as
those that share a common border. The overall spatial weight matrix W for
the total 48 states is row-normalized with zero on the diagonals. In each time
period ¢, the rows and columns of W corresponding to the missing observations
will be deleted, yielding W;. Thus, {W;} are generally time-varying and may
not be row-normalized. We follow Egger et al. (2005) and set a number of
control variables including state size (population density), spatially weighted
size, age dependency ratio, government ideological orientation, lagged sales
tax rate, top income tax rate, and public expenditure. The data of tax rates
on gasoline, cigarettes, and beers are collected from the World Tax Database
(WTD) maintained by the Office of Tax Policy Research at the University of
Michigan, and all the other control variables are collected following Egger et
al. (2005).

Table 1.5 summarizes the M-estimation results for gasoline, cigarettes, and
beer tax rates. For the models with only SE effects, the spatial error parameter
estimate exhibits a significant positive value for each type of tax rate. This

implies that the unobserved stochastic shocks increasing one state’s tax rates
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Table 1.5. M-estimation results for US state tax competition.

Explanatory Variables Gasoline Cigarettes Beer
SE SL SL-SE SE SL SL-SE SE SL SL-SE
Spatial lag parameter 0.273 0.235 0.487 0.788 0.072 -0.270
(0.02)%  (0.02)%* (0.05)%%  (0.05)#* (0.03)%% (0.03)**
State size -0.015 0.002 -0.002 0.342 0.306 0.257 0.084 0.097 0.082
0.02)  (0.01)  (0.01) (0.06)F%  (0.03)% (0.02)%  (0.03)%  (0.01)% (0.02)%%*
‘Weighted size 0.001 -0.010 -0.008 -0.009 -0.072 -0.117 -0.009 -0.018 0.003
of neighbours (0.01) (0.06) (0.06) (0.03) (0.18) (0.13) (0.01) (0.08) (0.10)
Dependency ratio 0.012 -0.047 -0.044 0.313 0.159 -0.050 0.245 0.233 0.338
(0.07) (0.01)%F  (0.01)***  (0.24) (0.03)  (0.03)* (0.10)F  (0.01)%  (0.01)%**
Political orientation 0.029 0.021 0.021 -0.047 -0.055 -0.039 -0.012 -0.018 -0.002
of state governments (0.01)*** (0.17) (0.17) (0.03) (0.48) (0.50) (0.02) (0.23) (0.21)
Lagged sales tax rate -0.180 -0.120 -0.130 1.628 1.256 0.527 0.037 -0.030 0.082
(0.17)  (0.06)**  (0.06)**  (0.50)¥F  (0.1T)FF (0.16)**  (0.23)  (0.08)  (0.08)
Lagged top income 0.143 0.137 0.133 -0.331 -0.328 -0.271 -0.073 -0.080 -0.067
tax rate (0,06 (0.00)%% (0.00)¥*  (0.17)*  (0.00)** (0.00)***  (0.08) (0.00)  (0.00)%**
Public expenditure -0.001 -0.001 -0.001 0.002 0.002 0.002 0.001 0.001 0.001
(0.00)*  (0.04) (0.05) (0.0 (0.04) (0.05) (0.00)%** (0.04) (0.08)
Spatial error parameter 0.300 0.071 0.492 -0.555 0.190 0.451
(0.05)#* (0.08) (0.04) %% (0.12)%F  (0.05)*** (0.08) %%
Observations 1009 1009 1009 1035 1035 1035 1034 1034 1034

Note: Standard errors of coefficients are in parentheses. *,** *¥* represent significance levels 10%, 5% and 1%, respectively.

would also have a positive effect on its neighbors’ tax rates. For the models
with only SL effects, we identify a significant positive spatial lag parameter for
all the tax rates. These findings suggest the existence of the tax competition
and consistent with the results in Devereux et al. (2007). When including
both SL and SE effects into the models, we still can observe significant positive
results for spatial lag parameter estimate for Gasoline and Cigarettes tax rates.
In addition, the spatial error parameter estimate for Cigarettes tax rates is
significantly negative, which is consistent with that in Egger et al. (2005).
However, our approach has advantages in that we are able to make statistical
inferences on the SE effect. For the Beer tax rates, we find a significant negative
estimate for the SL parameter but a significant positive estimate for the SE
parameter.

As different states vary greatly in so many aspects such as history, popula-
tion structure, and other social-economical characteristics, it is thus natural to
believe that the innovations may be heteroscedastic. Therefore, we also report
all the empirical findings based on the RM-estimation in Table 1.6. The coef-
ficients are close to those in Table 1.5 with only mild differences in significance

level for some estimates.

1.6 Extensions

As discussed in the introduction section, the unbalanced SPD (USPD) mod-

els and the associated M-estimations are quite general in that they can be
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Table 1.6. RM-estimation results for US state tax competition.

Explanatory Variables Gasoline Cigarettes Beer
SE SL SL-SE SE SL SL-SE SE SL SL-SE
Spatial lag parameter 0.267 0.231 0.468 0.715 0.071 -0.259
(0.03)%  (0.03)%* (0.08)%%% (0.07)%** (0.02)%% (0.02)***
State size -0.016 0.001 -0.003 0.341 0.305 0.271 0.084 0.096 0.083
(0.03)  (0.01)  (0.01) (0.10)F%  (0.02)% (0.02)F%  (0.02)%  (0.01)% (0.01)%%*
‘Weighted size 0.001 -0.009 -0.008 -0.009 -0.069 -0.106 -0.009 -0.018 0.003
of neighbours (0.01)  (0.06)  (0.06) (0.02) (017)  (0.17) (0.01)  (0.13)  (0.16)
Dependency ratio 0.014 -0.046 -0.043 0.323 0.173 0.010 0.245 0.233 0.336
(0.07) (.01 (0.01)***  (0.20) (0.04)% (0.03) (0.15) (0.02)%  (0.02)%*
Political orientation 0.029 0.021 0.021 -0.046 -0.055 -0.044 -0.012 -0.018 -0.002
of state governments (0.01)***  (0.23) (0.23) (0.04) (0.53) (0.63) (0.02) (0.18) (0.17)
Lagged sales tax rate -0.177 -0.119 -0.128 1.601 1.224 0.671 0.036 -0.030 0.078
0.23)  (0.07)  (0.07)* (0.57)F%  (0.17)* (0.16)***  (0.19)  (0.06)  (0.06)
Lagged top income 0.144 0.137 0.134 -0.334 -0.332 -0.292 -0.073 -0.080 -0.069
tax rate (0.07)%  (0.00)%% (0.00)¥*  (0.16)**  (0.00)** (0.00)***  (0.06) (0.00)  (0.00)%**
Public expenditure -0.001 -0.001 -0.001 0.002 0.002 0.002 0.001 0.001 0.001
(0.00)*  (0.04) (0.05) (0.0 (0.06) (0.12) (0.00)*** (0.05) (0.09)
Spatial error parameter 0.289 0.068 0.478 -0.421 0.189 0.436
(0.05)#* (0.07) (0.06) % (0.23)* (0.06)%* (0.09) %%
Observations 1009 1009 1009 1035 1035 1035 1034 1034 1034

Note: Standard errors of coefficients are in parentheses. *,** *¥* represent significance levels 10%, 5% and 1%, respectively.

extended to allow for additional features in the model or to different types of
unbalanced SPD models. For illustration, we extend the current model to allow
errors to be serially correlated, and consider models with random effects (RE).
We present some details on the following four extensions: (z) USPD model with
two-way FE and serial correlation, (i) USPD model with two-way FE, het-
eroscedasticity and serial correlation, (7i7) USPD model with two-way RE and
serial correlation, and (iv) USPD model with two-way RE, heteroscedasticity
and serial correlation. For serial correlation, we assume that the model errors
follow a stationary AR(1), i.e., vy = ov;—1 + e, with |p| < 1. Cases (1), (i)
and (iv) all encounter incidental parameters problem, the standard methods
for balanced panels cannot be applied, and the proposed M-estimation needs
to be called for. Case (ii7) illustrates the simplicity of the proposed modeling
strategy in controlling the random effects in the unbalanced SPD models with

general time-varying spatial weight matrices and serial correlation.

(i) USPD Model with Two-Way FE and Serial Correlation

Assume vy = ov;; 1 + e with |o] < 1, and e; ~ iid(0,02). Denote K =
blkdiag(D;,..., Dr). It is easy to see that Var(V) = 02K(Qy (o) @ I,)K' =
2T n(0), where

1 Q e QTfl
1 0 1 QT_2

QV(Q) - 1 . 02
-QT—l QT_2 1 |
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Denote Uy (p, 0) = Tx'(0) = Tx' (0)D(p) [ (p) T (2)D(p)] ' D (p) T (o). Let
0 = (8,0%,6), where § = (A, p, 0). The concentrated quasi Gaussian loglike-

sy Ve

lihood function (with ¢ being concentrated) of 6 takes the form:

(5(0) = =5 n2n—F o =3 In [T (o) [+In [An(A)[+1n [By (p)|— 50 V'(8,6) V (5, 6),

2

where V(8,0) = Un(p, 0)Bn(p)[AN(A\)Y — XfB]. Hence, the concentrated

quasi score (CQS) functions S§(6) = 2¢5(0) is given as

(L XB) () Uy (4, 0)V(5.5),
=i [V'(8,8)V(8,8) — NoZ],

S8(0) = { LYWL (U (. 0V (5,) — bxlFx (V)]
LV(5,6)/ G (o) Tx(0)V (5,5) — te[C(p)]

| 552 V(8,0 Tn()V(B,8) — 3t [T () T (o)),

where Tx(0) = B%T ~(0). Toremove the effect from estimating FEs, we correct

S5,(6) using S (6y) = S5 (60) — E[S (6)], which takes the form at the general

0:

2 X'Biy(p)Uy(p, 0V (8,0),

57 [V/(8,0)V(8,6) — aZtr(Un(p, 0))],

Sn0) = ZY'W'BYy(p)Ux(p, 0)V(5,6) — tx[Br(p)Fn (M) By () T (0)Ux (0, 0)],
2V (B,0)Gn(p)Tn(0)V(B.6) — tr[Gn(p)Tn(0)Un(p )],

| 502 V(8,0 Tn(0)V(8,0) — 3tx[Tw(0)Un(p, 0))-

Solving the AQS equations: Sy () = 0, gives the M-estimator of 6.

(ii) USPD Model with Two-Way FE, heteroscedasticity and Serial
Correlation

Now, we consider the case that errors are heteroscedastic across individuals
and serially correlated across time, i.e., v;; = pv; ;1 +€; with || < 1 and e; ~
inid(0, 02). Let h = diag(o?,...,02). In this case, we have Var(V) = HY x(p),
where H = blkdiag(hy,. .., hr) and h, is obtained from h by omitting the rows

and columns corresponding to the missing units at time ¢. Following the similar

derivations as we do in Subsection 1.3.1, we obtain the desired AQS functions
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robust against the unknown heteroscedasticity:

(XBly (o) U (. )V (3.).

Y/ AN (VB (0)[Ey(A, p) = Fy(9)]V(8,6),

[Av(N)Y = XB'By(p)[Gn(p, 0) — Cn(p, 0)]V(8,0),

| [AN(N)Y = XBI'By(0)[Un(p, 0) — Un(p, 0)]V(8,9),

where Fy (X, p) = B! (p)Fiy (ABly(p), Gn(p. 0) = Un(p, 0)Gn(p)Yn(0), Un(p, 0)
= Un(p, 0)Tn(0), Fiy(8) = T (0)diag[Yn(0)Fiy(6)Un (p, 0)]diagUn(p, 0)] 7",

G (p. o) = Ty'(0)diag[Tn ()G (p, )Un(p, 0)ldiag[Un(p, 0)] !, and Un(p, 0) =

T (0)diag[Yn(0)Un(p, 0)Un(p, 0)|diag[Un (p, 0)] 7.
Solving the robust AQS equations: S{(3,9) = 0, gives the M-estimators

Sy(B,0) =

of B and 9, robust against unknown heteroscedasticity, and allowing serial

correlation of AR(1) form.

(iii) USPD Model with Two-Way RE and Serial Correlation
Assume p; ~ iid(0,07), o ~ 1id(0, 072), and they are mutually independent
and independent of e;. Then the covariance matrix of the composite error

term is

Un(01) = 0,Du(p) + 0aDalp) + 02T (o),

I

with 6, = (p, 0.0%,02,62)', D,(p) = Bx(p)D,D,By(p) and Da(p) = By(p)

erYuw Yo

D,D! B/ (p). The quasi Gaussian loglikelihood function of 6 = (f’, A, 6;)" is
(x(0) = — X2 — LIn [O(6))] + In Ay (V)] + In By (p)
- %V/(Ba )‘) p)(j]_vl (QI)V(67 /\7 p)7
where V(8,),p) = By(p)[Ax(\)Y — Xf]. The direct QML estimator Ggu

of 6 maximizes the above equation ¢y (6), and its consistency and asymptotic

normality can be easily established.

(iv) USPD Model with Two-Way RE, heteroscedasticity and Serial
Correlation

We now extend the model in (7i7) to allow heteroscedasticity in the errors

as in (ii) above. Denote V(6) = U3 (01)V(B, A, p). The quasi score functions
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assuming homoscedasticity are:

;

X'Biy(p)V(0),
YWBY () V(0) — tr[F (V).

a2V'(0)Gn(p) Y (0)V(0) — o2tr[Gn (p) Y (0) Uy (61))],

\
It is easy to see that E[S§(0y)] # 0 when el;s are heteroscedastic. Therefore,
some adjustments on the above quasi score functions are necessary in order
to have consistent estimation. Denote 65 = (p, 0,0 w o2), & = (B N0,
O (02) = 02D,lp) + 02Da(p) + Tv(0) and V(€) = U5 (02)V (5, A, p). Alone
the similar ideas of Section, some tedious algebra leads to the AQS functions

robust against the unknown heteroscedasticity and allowing serial correlation
of AR(1) form:

;

X'Bly(p)V(£),

Y/ AN\ By (0)[Fy (A, p) = Fry (A, 02)] V() = tx[En (A, p) — Fa (A, 62)],
V(8,7 p)[Gn(02) = Gn(02)]V(€) — tx[Gn(02) — G (62)],
V(8 A, 0)[Un(02) = Un(62)]V(€) — tx[Un(62) — Un(62)],
V(8 X, 9)[S,u(62) = Su(82)]V (€) — tx[S,(62) — S,u(62)],

V(8,7 p)[Sa(62) — Sa(02)]V () — tr[Sa(62) — Sa(b2)],

where Fy (), p) = ByY(p)F) ( )B'y(p), Gn(02) = Ux'(02)Gn(p)Tn(0),
Un(62) = U3 (02)Tn(0), Sw(f2) = Un (62)Dw(p),

F/]V(/\702):T '(0)diag[Yn(0)Fy (0)Uy (62)]diaglUy' (62)] ",
Gn(f2) = Tn' (0)diag[Y n(0)Gn (02)Uy' ()| diag[Uy' (62)] !,
Un(02) = Tx'(0)diag[Yn(0)Un(62)Uy' (02)]diag[Uy' (62)] ",
and S, (62) = T (0)diag[Y n(0)Sm(02)Uy (62)]diag[By' (02)] 7, for @ = por a.

Solving the robust AQS equations: S%(§) = 0, gives the M-estimator of &,

robust against unknown heteroscedasticity, and allowing serial correlation of

AR(1) form.
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Asymptotic properties of the M-estimators in cases (i) and (ii) can be
studied in a similar way as that in the main text of this chapter, and infer-
ences methods can be developed along the same line. However, formal studies
on these cases are still quite involved, and can only be done in a future re-
search work. For the cases (iii) and (iv), we do not foresee any difficulties
in establishing the asymptotic properties of the QML and M-estimators, but
developments of the inference methods may encounter some difficulties due to
the involvement of three error components which may be all non-normal, and
the allowance of unknown heteroscedasticity. Formal studies on these cases

are in our future research agenda.

1.7 Conclusion

We consider estimation and inference for an unbalanced spatial panel data
model with both individual and time fixed effects, where the unbalancedness
is caused by, e.g., late entries, early dropouts, lack of economic activities,
such that the missing spatial units at a given time period do not generate
any spillover effects on their ‘neighbors”. Unbalanced spatial panels with fixed
effects render the commonly adopted approach, the orthogonal transformation,
inapplicable. An adjusted quasi score (AQS) is proposed, which adjusts the
concentrated quasi scores (with the fixed effects being concentrated out) to
remove the effects of estimating these incidental parameters. For the statistical
inferences, the main difficulty lies with the fact that ‘consistent’ estimates
of the idiosyncratic errors are unavailable due to the incidental parameters
problem. A ‘plug-in and then bias-correction’” method is proposed to give
consistent estimates of the standard errors of the M-estimators. The proposed
methods are then extended to allow for unknown heteroscedasticity along both
the cross-sectional and time dimensions. Monte Carlo results show excellent
performance of the proposed estimation and inference methods.

The proposed methods are seen to be very general in handling the un-
balanced SPD models in the presence of incidental parameters such as fixed
effects and unknown heteroscedasticity, allowing the spatial weight matrices

to be time-varying and without row-normalizations. The generality of the
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proposed methods is further demonstrated by considering the following ex-
tensions: the unbalanced SPD model with (i) two-way fixed effects (FE) and
serial correlation, (ii) two-way FE, heteroscedasticity and serial correlation,
(i17) two-way random effects (RE) and serial correlation, and (iv) two-way RE,
heteroscedasticity and serial correlation. The current study also sheds light on
an interesting but challenging extension: unbalanced SPD models with inter-
active fixed effects in the spirit of Bai et al. (2015). However, rigorous studies

on these extensions can only be done in future works.
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Chapter 2

Threshold Spatial Panel Data
Models with Fixed Effects

2.1 Introduction

Since Anselin (1988), researchers have been paying increasing attention to
spatial panel data (SPD) models for their ability to model the cross-sectional
dependence while maintaining full control for the unobservable heterogene-
ity. See, among others, Baltagi et al. (2003), Lee and Yu (2010), Baltagi
and Yang (2013a,b), Yang et al. (2016), Liu and Yang (2020) and Li and
Yang (2020,2021). The threshold regression model is another popular specifi-
cation with wide practical applicability, which divides observations into distinct
regimes, depending on the value of an observable variable (threshold variable)
— whether or not it exceeds some threshold value. See Hansen (2011) for an
overview of the development of threshold models in both econometrics and
economics literature. However, the existing studies of threshold models have
been limited to the regular panel data models (e.g., Hansen, 1999) until very
recently Wei et al. (2021) propose a threshold SPD model aiming to include
both important structures in a single model.? The combined model can bene-

fit from the advantages of both structures. On one hand, it enables the panel

IRelated works but under spatial cross-sectional setup include Deng (2018) and Zhu et
al. (2020).

40



threshold model to account for cross-sectional dependence, and on the other
hand, the combined model can capture heterogeneous spatial effects under dif-
ferent circumstances. This greatly increases the flexibility of the SPD models.

The spatial models with threshold effects (though rarely studied in the
econometrics literature) can offer a wide range of applications. In social science,
Schelling (1971) finds a phenomenon of “neighborhood tipping” in the process
of residential segregation that only when a recognizable new minority enters
a neighborhood in sufficient numbers, will the spillover effects occur to the
earlier residents. Strong empirical evidence of this phenomenon is later found
by Card et al. (2008). In public economics, Glaeser et al. (1996) study the
relationship between crime and social interactions and find that the amount
of spillover effects for different types of crimes is distinct, depending on the
severity of the crime. In empirical finance, Pesaran and Pick (2017) argue that
financial crises spreading from one place to others may have two categories
of causes: inter-dependence and financial contagion, distinguished by some
threshold effects, and different causes would have varying degrees of impact on
other places.

The literature on threshold models has been fast-growing since Tong (1978)
due to their broad applicability. Chan (1993) first finds that the asymptotic
distribution of least squares (LS) estimator of threshold parameter is a func-
tional of a compound Poission process, depending on many nuisance parame-
ters including the marginal distribution of the covariates and all the regression
coefficients. Hence, this theory cannot provide a practical method to make
statistical inference on the threshold parameter. Hansen (2000) assumes that
the threshold effects decrease with sample size and presents a likelihood ratio
(LR) test method for the construction of confidence intervals for the thresh-
old parameter. Seo and Linton (2007) propose a smoothed LS estimation
and establish inference theories in both fixed and diminishing threshold effects
frameworks. However, both of these studies are at the expense of the con-
vergence rate, compared to Chan (1993). As for the panel threshold models,
Hansen (1999) studies a threshold static panel data model under the same

diminishing-threshold-effect assumption. He suggests using the classic within
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transformation to first eliminate the individual-specific fixed effects and then
applying the LS method for estimation. Dang et al. (2012) extend the model
to include dynamic structure and propose to apply the GMM technique for
estimation in a short panel setup. Seo and Shin (2016) further extend the dy-
namic model by allowing for endogenous threshold variable and regressors in
both shrinking and fixed threshold effects frameworks. They develop a general
GMM estimator for threshold parameter which follows a normal distribution
asymptotically. However, all the above studies maintain the assumption of no
cross-sectional dependence, which may be restrictive for some empirical appli-
cations. In a recent paper, Miao et al. (2020) try to relax this restriction and
propose a panel threshold model with interactive fixed effects. They study the
LS estimation in the diminishing-threshold-effect framework.

Spatial models offer an alternative way to model cross-sectional depen-
dence, and in addition they can capture endogenous and contextual spatial
interaction effects (Manski, 1993). The sole work in this literature is Wei et al.
(2021), which extends Hansen (1999) to allow for spatial autoregressive (SAR)
structure in the model. The threshold effects are allowed for both spatial and
regression coefficients. However, the estimation method they propose is a two-
stage least square (2SLS) estimation (Caner and Hansen, 2004), which is typ-
ically inefficient compared to ML-type estimation for spatial models. Besides,
the asymptotic properties of the estimators are not studied and the statistical
inference of the threshold parameter is not considered. Another related work is
Li (2018), which studies an SPD model with structural change, a special case
of the threshold SPD model with the threshold variable being simply the time
variable. A direct quasi maximum likelihood (QML) approach is proposed for
the model estimation, where the incidental parameters problem (Neyman and
Scott, 1948) due to the estimation of fixed effects is not addressed. Both stud-
ies do not consider the time-specific fixed effects, which might be important
and have empirical implications in many economic studies (e.g., Ertur and
Koch, 2007; Elhorst and Fréret, 2009). Moreover, the additional time fixed
effects can make the incidental parameters problem more complicated to deal

with in the SPD framework (Lee and Yu, 2010). It is therefore highly desirable
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to develop a formal study to provide general estimation, testing and inference
methods for the threshold SPD models with both individual and time fixed
effects.

In this chapter, we study a threshold spatial panel data model with two-
way fixed effects, which allows for the presence of threshold effects in both
spatial parameter and regression slopes. To facilitate statistical inference on
the threshold parameter, we impose the assumption of diminishing-threshold-
effect as in Hansen (2000). We propose an ML-type estimation method as it
often has better finite-samples properties than GMM /IV approach. The classi-
cal within transformation is not suitable for the ML estimation, as it will create
linear dependence in the resulting disturbances. Meanwhile, the presence of
the threshold effects also renders the orthogonal transformation approach (Lee
and Yu, 2010) inapplicable to eliminate fixed effects because spatial weight
matrices are often time-varying and may not be row-normalized. Therefore,
an adjusted quasi maximum likelihood estimation method is proposed. The
method starts from the joint quasi Gaussian loglikelihood function of all the
parameters, then concentrates out the fixed effects to give the concentrated
quasi loglikelihood function, and then adjusts this concentrated loglikelihood
function to ‘recover’ the effect of degrees of freedom loss due to the estimation
of the fixed effects parameters. Maximizing the adjusted concentrated log-
likelihood function gives the adjusted QML estimators. It is worth mentioning
that the incidental parameter problem caused by the estimation of fixed effects
cannot be fully removed by this adjustment to the concentrated loglikelihood
function. Thus, one main challenging part of our study still lies with the anal-
ysis of the threshold estimator in conjunction with the incidental parameters
problem. In the contrast, Hansen (1999) does not have such an incidental pa-
rameter problem as the within transformation can be applied to eliminate the
fixed effects. Another main challenging part is that the nonlinearity resulting
from the SAR structure makes the analysis in Hansen (1999) unsuitable for
our model.

We find our adjusted QML method can yield consistent estimations for spa-

tial, variance and regression coefficients, no matter 7" is small or large, which
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is different from the direct QML approach in Li (2018) where the variance es-
timate is inconsistent when 7' is fixed. Under a non-restrictive condition that
T does not grow faster than n, the adjusted QML estimator of the threshold
parameter is also shown to be consistent. We find the convergence rate of
the threshold estimate is related to the threshold diminishing rate and, under
this rate, the estimation error of the threshold estimate has an asymptotically
negligible effect on the other estimators. Hence, the asymptotic normality of
the common estimators except for the threshold estimator is established. Due
to the incidental parameters problem, the estimates of spatial parameters are
not asymptotically centered when 7" and n go to infinity at the same rate. A
simple bias correction procedure is proposed to remove these asymptotic bi-
ases. We also derive the asymptotic distribution of the threshold estimate but
it involves the unknown parameters that cannot be estimated correctly. There-
fore, we propose an LR test statistic to facilitate inference on the threshold
parameter. In contrast to Hansen (1999), the LR statistic is not asymptot-
ically pivotal even under homoskedasticity because its limiting distribution
involves the third and fourth moments of the errors. When the errors are
normally distributed, these third and fourth moments are zero and thus the
LR statistic becomes pivotal. If the normality condition is suspected, a non-
parametric technique can be applied to estimate the unknown parameter in
the limit distribution of LR statistic. Finally, we follow Hansen (1996) and
propose a sup-Wald statistic to test the existence of threshold effects. In view
of the fact that the asymptotic distribution of the sup-Wald statistic based
on the adjusted QML estimators cannot be approximated via simulation, we
instead propose a sup-Wald statistic based on an M-, or adjusted quasi score
(AQS) estimation, where the estimating function is obtained by adjusting the
quasi score functions with the fixed effects being concentrated out. We intro-
duce a bootstrap procedure to obtain the asymptotically correct critical values
for the proposed sup-Wald statistic. Monte Carlo results show the excellent
performance of the proposed estimators and test statistics.

The practical relevance of allowing for threshold effects in SPD models is

illustrated by studying the threshold effect of leaders’ age on political compe-
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titions across 338 cities in China over the periods 2010 to 2012. The political
competitions among city leaders of the same level are identified by the spa-
tial effects across city-level total investments. We find that the competitions
are strong for local leaders who are younger than a threshold age but tend
to vanish for those who are older than the threshold level, approaching the
retirement age.

The outline of this chapter is as follows. Section 2.2 introduces our model
and assumptions, discusses the QML estimation and its asymptotic properties,
and studies the likelihood ratio test on the threshold value. Section 2.3 studies
the hypothesis testing on the presence of threshold effects. Monte Carlo simu-
lation findings are in Section 2.4. Section 2.5 applies our method to study the
age-of-leader effects on political competitions across Chinese cities. Section 2.6
discusses some extensions. Section 2.7 concludes. Proofs are collected in the
appendices.

Notation. [,, denotes an m x m identity matrix, 0,,x, an m X n zero
matrix, and [,, an m x 1 vector of ones. For a square matrix, |- | denotes
its determinant and tr(-) its trace. For a real symmetric matrix, ppm(-) de-
notes its smallest eigenvalue. For a real n x m matrix A with elements a;;,
its Frobenius norm is denoted as ||A[|, its maximum column sum norm by
|Aln = maxicjcm Y iy |aij| and its maximum row sum norm by ||A]l. =
maXi<i<n ) 5o |@ij]- The operators diag(-) forms a diagonal matrix using the
diagonal elements of a square matrix or a given vector and diagv(-) forms a
column vector using the diagonal elements of a square matrix. The true value

of a parameter is denoted by adding a subscript 0. Finally, A* = A+ A’

2.2 The Model and Adjusted QML Estimation

2.2.1 Threshold SPD model with fixed effects

Consider a total of n spatial units, interconnected at time ¢ through an
n X n spatial weight matrix W,. There exists a threshold variable g;; such
that depending on its value the spatial and regression coefficients may differ.
Let di(y) = 1(gi < =), where 1(-) is the indicator function and -~y is the

threshold parameter assumed to take values in a bounded set I' = [y,7]. Define
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di(y) = diag{di(7), ..., dn(y)}. The model we consider takes the vector form:

Y = MoWAY: + Xaodi () WiYe + X Bro + de(0) Xef2o + po + cuoln + Vi, (2.1)

t=1,...,T, where Y; = (y11,...,ynt) i an n x 1 vector of responses at time
t, Xy = (14, ..., %y) is an n X k matrices containing values of k time-varying
regressors, and V; = (vy4, Vg, ..., vnt) is an n x 1 vector of idiosyncratic errors.

The A characterizes the baseline spatial lag effect and S (k x 1) the baseline
regression coefficients; and Ay and fog (k x 1) are the corresponding threshold
effects.? o = {pi}?, is an n x 1 vector of individual-specific effects and
o = {ag}; is a T x 1 vector of time-specific effects, which are allowed to be
correlated with X, in an arbitrary manner. Therefore, the model is referred to,
in this chapter, as the threshold spatial panel data (TSPD) model with two-way
fized effects (2FE).

The neighborhood structure of the n spatial units at period ¢ is captured
by a time-varying spatial weight matrix W;, and the magnitude of the inter-
action effects from its neighbors is measured by the spatial lag parameters.
Thus, Model (2.1) implies that each spatial unit ¢ in any period ¢ receives
a certain level of interaction effects from its neighbors (measured by Ay or
A0 + Ago), depending on the level of its threshold variable ¢;. When ~, is
known, our model can simply be treated as a second-order SPD model of two
spatial lag terms with weight matrices being W; and d;(vo)W;, respectively.
However, there is one complication: d;(y)W; can no longer be time-invariant
and row-normalized even if W,’s are. This causes the convenient transfor-
mation approach (Lee and Yu, 2010) inapplicable for model estimation and
inference. Therefore, an alternative method, allowing W; to be time-varying
without the need of row-normalization, is desired. When ~, is unknown and
has to be estimated together with other parameters, the involvement of step
functions d;; (7o) in the likelihood renders it to be discrete in  and therefore
the standard likelihood inference methods are no longer valid.

As discussed in the introduction, we approach the estimation and infer-

ence problems for the TSPD-2FE model by an adjusted QML method, where

2Model (2.1) can be extended by including the spatial lag terms of X, i.e., the spatial
Durbin effects, and their threshold effects without additional technical complications.
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the concentrated loglikelihood (with p and a being concentrated out) is mod-
ified to give a consistent estimation of all the common parameters. Then, we
show that the estimation of the threshold parameters does not have an impact
asymptotically on the joint asymptotic distribution of the other common pa-
rameters, thereby leading to bias-corrected estimation and inference methods
for these parameters. A likelihood ratio test is proposed for inference for the

threshold parameter.

2.2.2 Adjusted QML estimation

Denote A = (A, Xo), B = (87,85, ¢ = (8,N) and 0 = (¢',0?)". De-
fine A,(\,y) = L, — MW, — Aadi(V)Ws, Yi(N,7) = A(N\,7)Y; and Xi(v) =
[ X+, di(7)X:]. Under exogeneity of {X;} and {W;}, we have the quasi Gaus-
sian loglikelihood as if {v;} are iid N (0, 0?),

EnT(a Vs s a) = = % 1H<27T0’2) + Zle In |At<>‘7 ’7)|

- ﬁ Z?:l Vzt’(ﬁba’%/ha)‘/zf(¢7%%a)7 (22)

where Vi(¢, v, 1, ) = Yi(A,v) = X (7)8 — p — ayly,.

To estimate the individual and time fixed effects, we impose a zero-sum
constraint, Zle a; = 0, to avoid the unidentification of ;o and ayg as o +
ay = (io+¢)+ (g —c) for an arbitrary ¢. Then, given ¢ and ~, the first-order

conditions for p and oy imply

(6:7) = # YA y) = X)) and au(6,7) = HL[Vi(A ) — X(0)8),
where an important shorthand notation is used: for a sequence of vectors
or matrices Il;,t = 1,...,T, their time demeaned versions are denoted by
M, =10, — 30, 10,

Substituting /i(¢,y) and &(¢,7) into €7 (6,7, p, ) for p and «, respec-

tively, gives the concentrated quasi loglikelihood function for (6, 7):

£0(0,7) = =" n(2r0?) + S0 n AN A)] — g S T (6,9) JaVi(6,7),
(2.3)
where J, = I, — 11,/ and Vi(6,7) = Yi(\,7) — X,(v)8. Maximizing (6, ~)
gives the direct QML estimators 0% and 4%, of 6 and .
Note that, for a known 7o, €5,(0,70) corresponds to the regular SPD-2FE
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model studied by Lee and Yu (2010), who show that when 7" is fixed maximiz-
ing (5.(0,v) w.r.t. 6 only gives consistent estimators for spatial and regression
parameters (3 and A (in general) but not for the variance parameter o - the
well known incidental parameters problem of Neyman and Scott (1948). An in-
tuitive interpretation is that the direct QML estimator of o2 failed to ‘recover’
the effect of degrees of freedom loss due to the estimation of n fixed effects
parameters . One would expect that the TSPD-2FE model face the same
issue in the sense that maximizing ¢$,(6,~v) would not lead to a consistent
estimation of o2 when T is fixed. However, we find that a simple adjustment
on (5,(6,7) will achieve the consistency of joint estimation of 6 and 7 (see

next subsection for a detailed theoretical reasoning), that is

ZT(ev 7) = - @ 1D(27T0’2) + % ZtT:1 ln |At<)‘a 7)'

— 522 Yy VI (6,7) JuVi(6,7)- (2.4)

Therefore, the adjusted QML estimators of # and ~ are defined as follows

(énTa ’?nT) = argmax E;T(Qv 7)7
(0,y)eOXT

where © is the parameter space for 6.> To solve the above maximization
problem, we first maximize the above objective function to obtain an estimate
0,7(7) of 0 for a given v. Then, we define £25.(y) = ¢*,(0,7(7), ), and search
over I' for 4,7 that maximizes ¢:5.(7). Note that the objective function £:5.(7)
is a step function with at most n7T" steps as it depends on = only through
the indicator function 1{¢; < v}. Thus, the latter maximization problem is
reduced to search for 4,7 over 'y = TN {gi, 1 <i < n,1 <t < T} When
nT is large, Hansen (1999) suggests that the search can be restricted to a grid

of Ny specific quantiles for some Ny < nT', I'y, = {qq),---,qny)}, where g

is the [n+ ]\3,0__11 (1 —2n)]th quantile of the sample ¢;; and n = 1% or 5%. Then,
ANy = argmax cp, *(7v) is a good approximation to 4,r. Given J,r, the

QMLE of 6 is just 6,7 = énT(%T).

30ur adjusted QML approach falls in spirit to the “Bias-Correction of the Concentrated
Likelihood function” of Arellano and Hahn (2007). Cox and Reid’s (1987) adjusted profile
likelihood approach also belongs to this category but requires the parameter of interest to
be orthogonalized to the nuisance parameters.
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2.2.3 Asymptotic properties of the adjusted QML estimators

In this subsection, we study the asymptotic properties of the adjusted QML
estimators. We first find the probability limit of (énT,’ynT), then exam the
convergence rate of 4,7, then derive the asymptotic distribution of O (and
that of 4,7), and then we introduce a statistical inference procedure for =
based on a likelihood ratio test.

Denote G (A, y) = W, A7\, 7) and Z, (v, ) = G\, 7)(Xe(7) B4 p+auly).
Let H, = [X;, Z) and M(y) = 30 S E(hyhly|qir = 7), where R, is the
ith row of H;. Let f(-) be the probability density function of ¢;. Through-
out this chapter, a parametric quantity at true parameter(s) is denoted by
dropping its argument(s), e.g., Ay = Ay(Xo, %), Gt = Gi(Xo,70), M = M(~)
and f = f(v). To provide rigorous asymptotic analysis of the adjusted QML

estimators, we make the following assumptions:

Assumption A: The innovations v; are independent and identically dis-
tributed (iid) across 7 and ¢, having mean zero, variance 02, and E|v;[*T® < oo
for some €5 > 0.

Assumption B: (i) The regressors and the threshold variable are exoge-
nous with elements (z,q;) being iid across i and ¢, (it) E(||hy*) < oo,
(iit) For all v € T, E(||hi|[*|lgie = v) < ¢ and f(y) < ¢ for some ¢ < oo,
(iv) M(7)f(7) is continuous at v = 7, (v) 0 < M f < oo, (vi) the limit of
L ZtT:l X;(v)Jnit(v) exists and is nonsingular.

Assumption C: {IV,} are exogenous time-varying spatial weight matrices
with zero diagonal elements. Both ||[IV;]|; and ||[W}||« are bounded for all .

Assumption D: The true \q lies in the interior of a compact space A. For
each t and (v,)\) € I' x A, (i) A,()\,7) is invertible; (ii) both ||A; (), 7)1 and
14,1 (X, 7)||oe are bounded.

Assumption E: n is large, and T can be finite or large but cannot grow
faster than n, i.e., % — a, where 0 < a < .

Assumption F: Threshold effects Agg and fqg satisfy that Agg = (nT") "7l
and Bo9 = (nT)"7by for some 7 € (0,1/2) with Iy € R, Iy # 0 and by € RF,
by # 0.

The iid assumption in A is standard in the spatial econometrics literature
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(see, e.g., Lee and Yu, 2010; Li, 2018), but the finite eighth moment condition
on errors is more stringent than in the standard SPD models, where only a
finite fourth moment condition is required. With this stronger assumption,
Lemma B.1 in Appendix B shows the weak convergence in function space for
some linear-quadratic (LQ) forms that depend on v through the indication
function 1{¢; < 7}, which is crucial for the asymptotic studies on our esti-
mators. Assumption B(7) assumes regressors and threshold variable are both
exogenous, which also appears in Hansen (1999, 2000). As {h;} can be treated
as the model regressors in a reduced form of (2.1) (see (2.12)), Assumption
B(ii)—(v) are also common in the threshold literature, corresponding to As-
sumptions 4, 6 and 7 in Hansen (1999). Assumption B(vi) is the identification
condition for B. Assumption C and D are standard in spatial econometrics
literature. Assumption E allows (i) both n and T are large and (i7) n is large
and T is finite. Both scenarios encounter the incidental parameters problem
of Neyman and Scott (1948) due to the estimation of the individual and time
fixed effects. The assumption that T cannot grow faster than n is used to
establish the consistency of 4,7. Assumption F is in the spirit of Hansen
(2000) so that the asymptotic distribution of the threshold estimator is free
of nuisance parameters, and thus making statistical inference on + is possible.
On the contrary, if the threshold effects are fixed (i.e., 7 = 0), according to
Chan (1993), we can expect that the asymptotic distribution of 4,7 will involve
nuisance parameters such as the marginal distribution of the x;.

Validity of the objective function ¢! ,.(0,7). Based on some of the
assumptions above, a critical discussion can then be given on the validity of
the objective function £, (6,~). First, the adjusted score vector with respect
to 6 has the form:

2
2 21 XN TVil, ),
5 2 Vi Vild,7) = TS txlGe(A ),

So.nr(0,7) = 4 N N (2.5)
% Zthl () I Ve(d, ) = T 23:1 trdy(v)Ge (N )],

| 25r L V(0.7) JVil9,7) — 537,

where T = £=1 ), = W,Y, and Y7 () = di(7) ), to denote their time demeaned
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versions ), and J?(7). Then, we find plimn,T—)ooﬁSg,nT(e()? Y0) = 0 holds,
which is a necessary condition for the consistency of énT, ie., O, — 0 = op(1).

We have

E[S5 (60,70 = (Orsar, =52 S0y 1,Giln, =22 ST Ui (40) Gl — :201))
Note that I/,Gil, and U, d:;(70)Gil, are both O(n) for any t, since G,’s are
bounded in both row and column sums. Thus, we have E[S; (60, 7)] = O(T).
The adjustment corrects the degrees of freedom loss, making the effective sam-
ple size become n(T — 1). It follows that T 220t (00, 70) = O,(%). Hence,
a consistent estimation is possible for all the common parameters based on
maximizing ¢*(0,v), whether T is small or large.

To proceed with a detailed study on the asymptotic properties of 6,7 and
Y1, We first examine their consistency, which follows from the consistency of

Anr and Y, as argued below. Given A and 7, £,(6, ) is partially maximized

at

Bur(A ) = (S K () LX) T X (1) T YA, 7), and (2.6)
200 Y) = i S 1Yo 7) = Ke()Bur X ] (2.7)

Hence, the concentrated loglikelihood function of A and -~ is*

(A y) = =5 (In2r + 1) = "2 62,0 7) + T X0, In |4, (A, )],
(2.8)

The QMLESs 5\nT and 4,7 together maximize the above likelihood function,
and the QMLEs of 3 and o2 are respectively, Bor = BnT( nTs Ynr) and 62, =
62 (Anr, Anr). Tt is interesting to note from (B.4) and (B.5) in Appendix B
that, under Assumptions B(vi) and F, the consistencies of 8,7 and 62, follows
that of j\nT, whether 4,7 is consistent or not.

The above discussions suggest that the consistency of 0,7 does not rely
on that of 4,7 under the diminishing threshold assumption, and thus it can

be established separately. To see it more clearly, we introduce the population

4 Tt is worth to ment1on that the concentrated function of ¢5,(6,v) in (2.3), £5-(A,y) =
025 (N ) + 2L In 5. Thus, €:5.(X,y) and £5,(), ) yield the same maximizer. How-
ever, as dlscussed above . (0,7) is a valid joint objective function that is possible to
provide consistent estimates for all the common parameters.
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counterpart of £5.(\,7), which is £:5.(\, ) = Igl&g{E[é;‘;T(H, v)]. Given A and 7,

E[¢(0,7)] is partially maximized at

Bur(A7) = (s B () LXK (0))] 7! i, B (1) L Ya(A, 7)), and (2.9)

2

Gar (M) = mmy Loie Bl JalYe (A7) = Xe(9) Bar (A1) (2.10)
Thus, we have, upon substituting 3,7 (), ) and 52,.(A, ) back in E[¢%,(8,7)],

(A ) = "5 (I 2r + 1) = "5 nar (A ) + T 20, E(ln A3, 7)]).
(2.11)

If 79 were known, standard asymptotic arguments (e.g., Theorem 5.9 of
van der Vaar, 1998) lead to the consistency of S\nT('yo): uniform convergence
of ﬁ[@%(}\,%) — 0%%.(\,v)] to 0 in A € A, and global identification of A
in that it uniquely maximizes the limit of ﬁ@;‘r}(k,%) on A. When 7y is
unknown, the convergence of ﬁ[ﬁiﬁf(/\, v) — £56(X, )] is still useful to es-
tablish the consistency of 5\nT, uniformly in v € T', but it cannot provide useful
information to study the asymptotic behavior of 4,1 as the threshold effects be-
come zero at the limit. Therefore, we first show that A, (7) is consistent to Ao,
uniformly in « € I'°. It then provides the basis to further establish the consis-
tency of 4,r. Let o2,()\,7) = (nfé)T S tr(ATT AL, ) T Al ) A7) and

Hi(y) = [Xt, Zy, di(7)Xe, di(y)Zi]. We provide the identification conditions

for A\ as follows.

Assumption G: Either (7) the limit of ﬁ Z?zl[ﬂ;(v)Jnﬁt(v)] exists
and is nonsingular, uniformly in vy € T'; or (¢7) the limit of ﬁ ZtT:l(ln |02 (N0, )
A7 00, ) A7 (07| = In o2 (A1) A7 (A, 1) A (A, 7)) 0 for A # Ag, uni-
formly in v € I.

Assumption G generalizes the global identification conditions for SPD mod-
els in Lee and Yu (2010) to the models with threshold effects. To gain more
intuitions on these assumptions, noting Y; = A; (X, B0 + d(70) X B20 + po +

agol, + Vi), we have

Y, = Xtﬁll)‘i‘Zt)\lO“'dt('YO)XtﬁZO+dt(70)Zt)\20+,UO+OétOZn+At_1V;f; t=1,...,T,
(2.12)

®One can also see from (B.14) that lim,,7_, o ﬁES@mT(@Q, v) = 0, uniformly iny € T,

a necessary condition to have the consistency of 6,7 (7).
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because A; ' = I, + A\1oGy + Aaodi(70) Gy, which comes from I, = A, + AW, +
Aood; (70)W; by multiplying A, on both sides of the equation. Clearly, the
above equation can be treated as a standard panel data model with regres-
sor H;(vyp) in period t. Thus, it is standard to impose the non-singularity
or full rank condition on the limit of ——— T T Zt 1 [H;(%)Jnﬂfﬂt(%)] to iden-
tify ¢ or A. As discussed above, the consistency of 4,7 has not been es-
tablished so far. Therefore, we impose Assumption G(i) instead. In addi-
tion, note that Var(Y;|X;) = 02A;*A;"'. Thus, A can also be identified by
the uniqueness of Var(Y|Xy,...,Xr), where Y = (Y{,...,Y]). Again, .7
is not consistent at this moment so that we impose Assumption G(ii) in-
stead. With the above identification conditions and the uniform convergence

of n(T oA ) — rx¢.(X\,7)] to 0 in v € T, we have the following theorem.
Theorem 2.1. Suppose Assumptions A-G hold. We have Ot — 0y — 0.

As the adjustment to the concentrated loglikelihood function in (2.4) can
help to ‘recover’ the degrees of freedom loss caused by the estimation of the
incidental parameter u, we see all the common estimators are consistent even
when T is fixed. As discussed above, although S\HT is shown to be consistent,
the convergence of the original objective function i I)EZCT()\ 7v) is still too
fast to be useful for studying the limiting behavior of 4,7, when the threshold

effects shrink to zero at rate (nT)~". However, we find the re-scaled objective

function:

n(y) = SR (o (1), 7) = £5:(Xo,%0)) (2.13)

can be very useful. Specifically, multiplying (nT')?>" gives us the non-diminishing
threshold effects, while taking the differences removes the terms that are not
asymptotically negligible, i.e., those have order bigger than O,((nT)'~?7).
The consistency of 4,7 follows if the maximizer of £%.(v) has an asymptoti-
cally negligible distance from 7y, i.e., the identification condition for . Let
di(m1,72) = di(n) — di(72) and He(y) = [Hi(7), de(y0,7)He]. Let Ci(y) be
a 3 x 3 matrix with (a,b)th element being tr[C; ,(v)C},(v)], where Cy; =
Gy — L5 (G, Coyl(y) = di(1)Ge — 2 S £r(dy(71)Gi) L, Csa(7) =
di(70,7)Gt — =% ST tr(dy(Y0,7)Gy) L,. We introduce the identification con-
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dition for ~.

Assumption H: There exists a constant ¢ > 0 such that either
. T - -
(1) Pmin (=) 2ovm1 Hi(NTuHe(7)) = cly = 0l, or

(i) pmm(ﬁ > Ci(7)) > ely — ol.

As shown in Appendix B, to study the asymptotic properties of €% (1),
one has to establish a rough convergence rate for At — Xo. As the objective
function is highly nonlinear in the A and there is no closed form solution for its
QMLE, we have to rely on the study of the #-component of the concentrated
quasi score (CQS) function given in (2.5). We start with a Taylor expansion
of ngT(énT, Anr) = 0 at Oy, then justify the non-singularity of the limit of the
information matrix, which is also guaranteed by Assumption H, and finally
study the order of the component CQS function Sj (6o, Jnr). By Theorem
2.1, we thus prove (nT)" (6 — 6p) = O,(1) under Assumption E, regardless
of the consistency of 4,7. With this preliminary convergence rate, the limit
of 3% (4nr) can be shown to be less than zero unless |y,r — Y| = 0,(1) un-

der Assumption H. However, the definition of 4,7 implies that we must have

~

5 (Anr) > 0. Consequently, the consistency of 4,7 follows.
Theorem 2.2. Suppose Assumptions A-H hold. We have Anr — o — 0.

To establish the convergence rate for 4,7, one needs a more precise knowl-
edge of the convergence rate for 0,7 With the consistency of 4,7 and the Tay-
lor expansion mentioned above, we can further show (nT)7 (0,7 — 05) = 0,(1).
Based on this result, we next establish the convergence rate for 4,r in the

following theorem.

Theorem 2.3. Under Assumptions A-H, anr(Ynr — 70) = Op(1), where

any = (nT)'727.

The theorem shows that the convergence rate of 4,1 is a,r, which is in line
with the findings of Hansen (1999). Intuitively speaking, the convergence rate
is faster when the threshold effects in the model are larger (threshold diminish-
ing rate is slower as 7 is smaller), providing more sample information regarding
to the threshold parameter v and hence more precise estimation of it. Theo-

rem 2.3 is crucial for establishing the asymptotic distribution of O Again,
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by using the Taylor expansion of the Sj,(0n7, nr) = 0 at Oy, the asymptotic

_ 0 1 gx S -
property of \/n(T — 1)(0,,r —0y) depends on that of \/mSe’nT(Ho, AnT) PLO
vided the non-singularity of the limit of the information matrix. With Theo-
rem 2.3, we can show \/ﬁusgﬂ(eo,ﬁﬂ) — S (00, 70) || = 0. Thus, it
is equivalent to studying the the asymptotic property of \/ﬁsgmir(eo, %),
which leads to the limiting distribution of 6,7(70) and that of 6,7. We have

the following theorem.
Theorem 2.4. Under Assumptions A-H, we have

(1) /n(T = 1)(0ur — b0) + Z3/abour == N(0, lim 570057,

(i1) /n(T = 1) (0ur — bur(0)) == 0,
where YXpr = Yur(6o,v) and Qe = Qur(0o,70) are given in (B.13) and
(B.23), respectively; a = % and by ,r(6,7) = (legk, X—Zﬂ Zthl Il G A,
S e (VG0 s 355)

Theorem 2.4(7) shows that the convergence rate of G, is /(T —1) but
has an asymptotic bias when n and T go to infinity proportionally. If T is
fixed, then a = % — 0 and hence the estimates of all common parameters are
asymptotically centered. This result is in contract to the direct approach of
Li (2018) where the variance estimate is asymptotically biased no matter T
is large or small. As is shown in (B.23) in Appendix B, ,7(6y,v) involves
not only the excess kurtosis k4 of the errors but also the skewness k3 and
one additional component B, r(79). This is also in contrast with the result
for standard SPD model (Lee and Yu, 2010) where the limiting variance only
involves k4. The reason for this is due to the time-varying feature of the
model. Specifically, if both {G;} and {d;(70)G;} are time constant, we will
not have k3 and B, (7o) in Q,7(6o,70) anymore. Moreover, when errors {v; }
are normally distributed (k3 = k4 = 0) and T is large, we have Q,7(6o, ) =
Y1 (00,7), because B,r(v) = O(%) From Theorem 2.4(ii), we can also see
that given the convergence rate of 4,7 in Theorem 2.3, we can treat the true
value of v as given. In other words, the estimation error associated with 4,1
has asymptotically negligible effects on the asymptotic property of the QMLEs

of the common #. To sum up, Theorem 2.1 shows that énT(’y) is consistent
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for 0y for any v € I', while Theorem 2.4(i7) suggests that b = HAnT(%T) is
asymptotically equivalent to énT(fyo). Finally, as Ot may be asymptotically
biased, in practice one can carry out a bias-correction using the results of
Theorem 2.4, as in Lee and Yu (2010) for a regular SPD model.

Next, we establish the asymptotic distribution of 4,7. Let

(1]
|

1= hrnnT%oo T[56M(50 + Z(Q)O'g(ﬂ'l + 7T2)] and

[1]

. 72 / 2.2
9 = hmnT_)ooT (2[000%3(5071'3 + 100'0547@),

where 6 = (b, 1), m(7) = S S BT gdulan = ), m(y) =
%th’ﬂ Z?:l E(gizi,t|qit = 7)a 773(7) = %23:1 Z?:l E(gii,thz‘t|%’t = 7)a and
Gij¢ 1s the (i, 7)th entry of G;. Under Assumption B(v), it is easy to see that
=1 must be strictly positive. Thus, the following theorem provides the asymp-

totic distribution of 4,,r.

Theorem 2.5. Under Assumptions A-H, we have

9 =
~ D 0Onq & r

anT(ﬁ)/nT - '70) — —0_—2 argmax [ — Ll + W(?“)],
f =] —oco<r<oo 2

where = = =y + Z9 and W (r) as a two-sided standard Brownian motion on
the real line, i.e., W(r) = Wo(—r)I{r < 0} + Wy(r)1{r > 0}, and W,(-)
and Wy(+) are two independent standard Brownian motions on [0,00) with

W,(0) = Wy (0) = 0.

According to Chan (1993), when the threshold effects are fixed over sample
size (i.e., 7 = 0), it may be possible to demonstrate that nT' (3,7 —v0) = O,(1),
but the asymptotic distribution of nT'(%,r — ) might be a functional of a
compound Poisson process that depends on the marginal distribution of x;,
and hence is not useful for making inference on +. In contrast, under the
shrinking threshold effects assumption, Theorem 2.5 shows that the limiting
distribution of 4,7 does not involve this undue component. However, in order
to make inference on v directly through the above theorem, one has to find a
consistent estimate for the scale component % Note that both =; and =,
involve &g or ly, neither of which can be estimated accurately without prior

knowledge of the nuisance parameter 7. Thus, we propose a likelihood ratio

type test as follows.
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2.2.4 Inference for v based on the likelihood ratio test

Following Hansen (1999), we propose a likelihood ratio statistic to test the

~

null hypothesis Hy : v = 70. Recall £25.(v) = €:7(0,7(7),7). Define

LRnr(v) = 2[5 () — £7(7)] (2.14)

Theorem 2.6. Under Assumptions A-H, we have
D 2
LRnT(FyO) — w Ua

where w? =1+ g—f, and U = max [—|r|+2W(r)], of which the distribution

—oo<r<oo

function is characterized by P(U < z) = (1 — e7#/?)2,

Note that @w? from the above theorem is equal to =, since === + 5,
Thus, w? must be strictly positive, because Z; is so and 02= is the variance of
some LQ form (see Lemma B.3 in Appendix B). In a special case when error
terms are iid normally distributed, one has Z5 = 0 because k3 = k4 = 0. It
follows that w?® = 1 and the asymptotic distribution of LR,7 () is pivotal.
This result is different from Theorem 1 of Hansen (1999), in which only the
homoskedasticity assumption is needed to have the scale parameter equal to 1.
In the standard panel data model, the corresponding 3= is just the variance
of some linear form so that it does not involve the third and fourth moments
of errors.

When errors are not normally distributed, @? must be estimated consis-
tently. Let ¢o9 = (5%, A20)’, the collection of the threshold effects. Then, by

Assumption F, we have

[1]

2 (TLT)_2TEQ B limnT%oo T[2A2000/€3¢/207T3 -+ )\5008547(2]

1 (nT)~27=, 1m0 [P0 M 20 + )‘%008(71 + )]

Note that ¢hyMepay = = S0 ST B(2820) + 2Xa0ZislBa0 + Z2N30|qi =
’70] and ¢1207T3 = nLTZ?Zl Zthl E[Qu‘,t(iﬂgtﬂm + Zit>\20)|%’t = %], where Z;
is the ith element of Z,. As Y, = A; (X8 + po + awl, + Vi), we have
Vi = WY, = Z; + G,V;, which implies that E(Zu2|q:) = E(Vux,|q),
E(i1:Zitlqit) = E(giipYielaie) and E(Zj[qir) = E(Vilan) — U(%E(Z?ﬂ il ait),
where Y, is the ith element of );. Given these, we have

2 _ lim,, 7o Z?:l Zle E(ﬁzit'%t =)
lim, 7o Z?:l Zthl E(V1it|qie = 70) ’

[1]

(1l

|
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where we define ¥y ;s = (2,820)” 4+ 2X20 Ve, B20 + Vi N30 + A5005 95, and Vg5 =
T2X2000k3Gii.4 (Tl P20 + VitAao) + )‘%0‘73“493@1&]- To find their sample counter-
parts, we let k3 and &4 be the consistent estimations of k3 and x4, which are
standard to find in the literature (see Li, 2018), §;;; the ith row and jth column
of Gt(S\nT, Anr)- Thus, their sample counterparts are just 1917# = (Igt/é27nT)2 +
25\2,nTyitx;tB2,nT+yi2t§\§7nT+5\§,nT6zTgi2i,t and 1§2,it = T[QS\Q,nT&nT’%?)gii,t(x;tBQ,nT"i‘
Yihour) + N3 62 riiad? ), respectively. Therefore, we finally propose to esti-

mate w? by

2?21 Zle Kh(Qz‘t - ’AYnT)ng,z‘t
Z?:l Zthl Kh(Qit - “AYnT)ﬁut
where Kj(u) = h™'k(u/h) for some bandwidth A — 0 and kernel function

=1+

k(). With this, a test of Hy : v = 7 rejects at the asymptotic level of «
if LR,r(v)/%? exceeds U1_q, where U1_q = —2In(1 — /1 — @) is the 1 —
quantile of U. From the Table I of Hansen (2000), we have U;_, = 5.94, 7.35
and 10.59 for o = 0.1, 0.05 and 0.01, respectively.

2.3 Testing for the Existence of Threshold Effects

In this section, we introduce a statistic to test whether the threshold effects
are statistically significant. The null hypothesis of no threshold effect in the
model (2.1) can be represented by Hy : ¢99 = 0. However, the threshold
parameter v is not identified under this null hypothesis, so the asymptotic
distributions of classical tests are nonstandard and it is impossible to tabulate
their critical values. This classical problem was raised by Davies (1977) and has
been well investigated by Andrew (1993) and Hansen (1996). We follow Hansen
(1996) and study the local power of our test by considering the sequence of
Pitman local alternatives: Hi : ¢og = \/%, where C' = (C;,C)), Cy is a
k x 1 vector and (] is a scalar. In this sequence of alternatives, we see the
diminishing rate is faster than the one specified in Assumption F. Meanwhile,
according to Hansen (1996), this diminishing rate can also facilitate our study
on the distributional theory of the test statistic. Moreover, this sequence of

alternatives corresponds to the null hypothesis when C' = 0.

In this chapter, we consider a Wald-type test statistic. For each v € I, we
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construct a classical Wald statistic, W,r(y). The asymptotic distribution of
W, () depends on the nuisance parameter 7. However, Hansen (1996) shows
in a linear threshold regression framework that a proper transformation of the
Wald statistic, such as sup,p Wyor(7), can have an asymptotic distribution
free of v and thus is able to be approximated via simulation. To simulate
the asymptotic distribution of the sup-Wald statistic based on our QMLEs
for the threshold SPD models, one has to approximate the #-component of
the CQS function, S; 1 (6o,7) given in (2.5), under the null in the bootstrap
world. Note that simulations of the A\;- and Ao- components of Sj (6o, 7)
require a bootstrap sample for ), = W,Y;, for which we need ‘consistent’ esti-
mates of the individual fixed effects. But this is not possible when T is fixed
due to the incidental parameters problem. In contrast, the standard linear
panel data model in Hansen (1999) does not involve such an issue as only the
B-component of Sj,(6o,7) is needed in the simulation. To deal with this
issue, we propose a sup-Wald statistic based on an M-estimator of the model,
() = arg{ Sy, r(0,7) = 0}, where the estimating function Sg ,,(6,7) is ob-
tained by adjusting Sy ,,1(6o, 7). To apply the simulation techniques in Hansen
(1996, p.419), there are two necessary principals the adjustment should follow:
(i) Under the alternatives, 0%,(y) — o = 0,(1), uniformly in v € T'; (47) Under
the null, Sg’nT(Qo, ) can be approximated using its sample analogue.

For (i), we need that under the alternatives, limyr_o ==E[S§,,7(60, 7)] = 0
uniformly in v € T such that plim, ;. ==S55,,7(60,7) = 0, which is a nec-
essary condition for 0°,.(v) to be consistent. The principal (ii) requires that
Sgnr(00,y) under the null only involves terms that we can calculate without
knowledge of 19. We next show that the S-component of S, +(6,7) in (2.5)
automatically satisfies these conditions. Note that Vi(¢o,v) = di(70,7) Hipoo +
Xaodi (Y0, 7) G Vi + 1o + auoly, + Vi by (B.1) from Appendix B. Thus, it is easy to
see lim, 100 agﬁE[ZtT:l X! (7). Vi(¢0,7)] = 0 under the alternatives, so the
first principal is satisfied. Meanwhile, we also have % ZtT:1 g&g (7) Jn‘Z(QbO, v) =
Ulg Zthl X;('y)JnV} under the null. As X;(v)’s are observed and o2 can be ap-
proximated by its M-estimator, we only need to find bootstrap sample for

V.. Note that V; = Y, — Xtﬁo — oyol,. Thus, it is nature to use ‘N/f(y) =
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Y (N (1):7) = K1) B3 (7) = aul&5r(7), 7)1 to approximate Vi, since 6(7)

is consistent uniformly in v € T'.

Next, we consider the Aj-component of (2.5). Recall Z,(v,v) = Gi(\,7)
(Xe(7)B + p + auly,) and note that YV, = Z; + G¢V;. As discussed above, the
difficulty in approximating :)775 lies with the fact that a ‘consistent’ estimate of
1o embedded in Z; is unavailable due to the incidental parameters problem.
For this reason, we do adjustment for the A\;-component as follows. Note that

the Aj-component is essentially an LQ-form. Under the alternatives, we have

lim nLTE[UAg Z?:l j)vtlt]nf}t<¢07 7) - T ZtT:1 trGt()‘Oa 7)]

nT—o00
= lim_ LRI tr(JGi(Mo, 7)) — T 1 trGe(No, )]
= n%"linoo %E[g_lg 23:1([?2(¢07 7) + ‘ZI<¢07 V)JnGt<)\07 7))Jn‘,7t(¢07 7)

- T Zf:l trGt<>\07 7)]7

for any v, where K;(¢,7) = Gy(\,7)Xi(7)8. Then taking the difference be-
tween the two quantities inside the second and third expectations and replacing
0y by the general parameter 6, we obtain the desired adjusted estimating func-

tion for A;:

% Z?:l [‘f(/é(gb7 7) + ‘A//t,(gb’ V)JnGt(A7 7)]Jn‘7t(¢7 7) - T Zle tr<JnGt(A7 7))7
which is still an LQ-form but only involves terms that are approximable. Sim-
ilarly, the desired adjusted estimating function for A, is:
5 2 K (6,4 V (0, 7) Tudi () GiN)]TaVi(6,7) =T Xy £ (Jadi (1) Ge(A, 7)),
where K?(¢,7) = di(7)Ki(¢,7). As for the o2-component of (2.5), we have

lim A E[L ST, V(00 1) JaVildo,7) - M50 = Jim L [0=DU=D _ a2h)

nT—oo ™ 203 20§

Similarly, by taking the difference between the two quantities inside the square
brackets and using the general parameter 6 instead, we finally obtain the ad-

justed function for o2:

S ST V6, ) T Vi, ) — eI,

A set of unbiased estimating functions or adjusted quasi score (AQS) functions
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are as follows,

LT X () TuVa(,7),
LTI 6.7) + Vi (6, 7) Jn G\ )] Jn Vi, 7)
—T r riJnGr(A, s
S3r(6.7) = ) _ (2.15)
L ST LK (6,7) + Vi (6,7) Jnde (1) Ge (N )] T Vi(6,7)
~T S tr[Judi(7)Gi(A, )],

ﬁ Z?:l ‘Z/(¢7 V)Jnf/it(qba 7) - %'

For each v € I', the M- or AQS estimator of § is defined as ézT(v) =
arg{Sy,r(0,7) = 0}. From the first and last components of Sg, ,(0,7), we
have B27(N,7) = Bur(N\,7) and 625(\,7) = -2:627(),7). Thus, under the
alternatives, the consistency of 8°,.(v) lies with that of X, () uniformly in ~
(see (B.4) and (B.5) in Appendix B). We substitute 5°,(\,~) and 625.(\,~)
into the A- components of AQS functions, yielding the concentrated AQS
functions, Sg5,(A,7). To show the consistency of X2 (v), we need to find
the population counterpart of Sg¢. (X, v). Let Sg, .(6,7) = E[S§,+(0,7)].
Given A and 7, Sg}nT(Q,’y) = 0 is partially solved at B°1(\,7) = Bur(A,7)
and 725.(\,7) = 25027(X, 7). Substituting them back into the A- compo-
nents of Sg,nT(e, ) gives ngnT(A, 7v), which is just the population counterpart
of S5§%7(X,7) (The expressions for Sg% (X, 7) and S§¢,(A,v) can be found in
Appendix B). By Theorem 5.9 of van der Vaar (1998), A\°,(7) converges to
Ao, Vv, if supyep =5 1555 (A7) — S5or (A7) = 0,(1),¥y, and the following
identification condition holds:

Assumption G': infy. 40 vo)>e [S5(X, )| > 0 for any v and € > 0, where
See(N ) = limproe 75555 0(X,7) and d(A, Xo) is a measure of distance be-
tween \ and Aq.

Note that Assumption G’ can be shown to be true under some primitive
conditions (see Appendix B). Given A2,(7y), the M-estimators of 3 and o2 are
just Bi2(1) = B (3r(1),7) and 625.(v) = 623:(337(7), 7). Under the alterna-
tives, once the consistency of XZT(”y) is established as above, the consistency of
30.() and 625.(v) follows by Assumptions B(vi). The following theorem shows
that our AQS function ggynT(Q, ) indeed satisfy the two necessary principals
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required in Hansen (1996):

Theorem 2.7. Suppose Assumptions A-E and G’ hold. We have,
(i) under the alternatives, 65,() — 6g = 0,(1), uniformly in y € T, and
(#) under the null, Sg,r(00,7) can be approzimated using its sample ana-

logue.

The proof of result (i) of Theorem 2.7 is in Appendix B. Given (i) and
under the null, it is easy to see that K;(¢o,7), Gi(Xo,7) and Vi(¢o,7) can be
approximated by K;(¢2,(7),7), Ge(A\r(7),~) and V2 (7), respectively. Hence,
result (i7) also holds. We then define ¥¢,(v,7v) = —ﬁE[%S&nT(Qoﬁ)] and
Q7 (7, 7) = == Var[Sg,,r (6o, 7)], and the analytical expressions for $9,.(v1, 72)
and Q%(71,72) are in (B.25) and (B.26), respectively. Letting @nT(’Y) =
St (0 ) (1,15 (7,7) where 55%4.(v,7) and Q47(7,7) are their respec-

tive plug-in estimators, we have the sup-Wald statistic:

supW,r = sup Wyr(7), (2.16)
yerl’

where W, () = nT6%(v)LIL'Qur(7)L] " 'L/62,(v), and L is a selection ma-

trix defined as )

Ot Ik Okxi Orx1 Ogx:

lek 01><k 0 1 0

L=

Theorem 2.8. Under Assumptions A-E, G’, and the alternatives Hy :

C
¢20 = nT’

supW,r D, sup We(n),
~yel

where We(y) = [/S(7) + S()CTQ(r,7) /S(7) + £(1)C), S() is @ mean-
zero Gaussian process with covariance kernel Q(71,v2) = L'S°7 (1, 72)Q° (71, 72)
27 (1, 72)L, B(y) = L7y, 9)2°(7,70) L, E0(h,92) = lm S5 (1,92),
and 9, 72) = lim_ Qi (1,70).

Clearly, sup,cpr WO(v) = sup,cp S(7)LQ(v,7) 'L/'S(y) under the null,
C = 0. It is a functional of chi-square processes and the asymptotic criti-
cal values for which cannot be tabulated in general. In special cases, Andrews

(1993) and Li (2018) show the critical values of testing for the existence of

structure change depend only on the column dimension of regressors and the
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parameter space of vy so that they can be tabulated. But it is not the case
for general threshold models. We thus follow Hansen (1996) and propose the
following bootstrap procedure to approximate the asymptotic null distribution

of the test statistic.

L. Caleulate &¢,,r(7) = du(dr(7),7) and V2 (7) = Yo(Xor (7), 1) —Xe(7) 55 (7)
—G5 (V). Let {U5,(7)} be the elements of V2 (7) and group them by
wnit: V2(9) = (2, -+ T (1)

2. Let Fpr be the empirical distribution function (EFD) defined by {V?(v),

.., V°(y)}. With replacement, draw a random sample of size n from

For. Then group them back by time to give a bootstrap sample {V?(7)}.

3. Calculate §gynT(7), a value of Sg’nT(ézT(y), ~) with Vy(¢2,(v), 7) replaced
by V(7).

4. Compute supWly = sup, cp 58,0 (1) S5 (7, 1) LIL Qo (7)L] 1L
St (1) SR ()

5. Repeat steps 2-4 B times.

6. Calculate the bootstrap p-value of the test: pl, = & S 1 {supW?i, >
supW,r}, and reject the null when p%, is less than the pre-chosen level

of significance.

Under the assumptions of Theorem 2.8, HAZT(V) is consistent to 6, on I'.
Therefore, it is easy to see the M-estimator of time fixed effect 47,1 (7) is also
consistent for each ¢, no matter whether 7" is fixed or large. Hence, {v5,(7)} are
consistent estimates of {v;;}, which are iid across i. When both n and 7" are
large, individual and time fixed effects can be estimated consistently, and thus
we can find ’consistent’ estimation for idiosyncratic errors {v;}. Therefore,
the block bootstrap procedure above can be simply replaced by boostrapping
on {0}, which are the elements of V?(y) = Ye(Ar(7),7) — Xe() B (7) —
for(7) = &5 (V) With i0m(y) = fi 51(7),7). Following theorem justifies

the asymptotic validity of the above procedure.

Theorem 2.9. Suppose Assumptions A-E, G' and the null hypothesis hold,
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we have

supW?ls. N sup WO(v).
yel’

The above theorem implies that we can approximate the asymptotic null
distribution of the statistic supW,7 by the EDF of {supW’.,b=1,..., B} for
a sufficiently large B. Therefore, we can reject the null at the significance level

of a when p¥}, < a.

2.4 Monte Carlo Study

Monte Carlo experiments are carried out to evaluate the finite sample per-
formance of the proposed estimators and test statistics. The following data

generating process is used:
Yy = MWY 4+ Xodi ()WY, + X + dio(7) XiBo + e+ auly + Vi, t=1,...,T

where the time-varying weight matrices W;’s are generated according to Queen
contiguity, z;; are generated from N(1,1), the fixed effects u are generated
according to 737, X, + e, where e ~ N(0,Iy), and the time fixed effects a
are generated from N(0, Ir). The distributions of the error term can be ()
normal, (7) normal mixture (10% N (0,4%) and 90% N (0, 1)), or (444) chi-square
with 3 degrees of freedom. In both (i) and (7), the error distributions are
standardized to have mean zero and variance 02 = 1. We set 5, = 1, \; = 0.2,
By = Ay = (nT)™%% and v = 1. The number of Monte Carlo runs under each
parameter configuration is 1000.

Tables 2.1a and 2.1b report the Monte Carlo results for the 2SLS esti-
mator of Wei et al. (2021), the direct QMLE based on (2.3), and the bias-
corrected QMLE (be-QMLE) based on (2.4), under various combinations of
n = 50,100,200 and T" = 5,10, 20,40. Monte Carlo or empirical estimation
biases (bias), and standard deviations (sd) are reported. Further, empirical
averages of the robust standard error estimates (rse) are also reported for be-
QMLE. Note that the direct QMLE and bc-QMLE share the same estimated
value of v as discussed in Footnote 4. From the results, we see that the finite
sample performance of the 2SLS estimator can be very poor with large biases

and large standard deviations. The use of the direct QML method can help
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improve the estimation of all parameters except for the error variance. This is
in line with our theory — the direct QML estimation of o2 is inconsistent for
when T is fixed due to the incidental parameters problem. In contrast, our
be-QMLE has an excellent finite performance in terms of both consistency and
efficiency. All the estimations improve on average when the sample expands,
regardless of the error distributions. The \/m convergence rate of the
common QMLESs is clearly demonstrated by the Monte Carlo standard errors.
Moreover, the robust estimates of standard errors rses are on average very close
to the corresponding Monte Carlo sds and become closer as the sample size
increases.

Following Theorem 2.5, we propose to make inference on 7 by applying the
LR test in Subsection 2.2.4. Table 2.2 reports the empirical size of the LR
test. We find the rejection rates for all types of error distributions are close to
the nominal levels and improve on average as the sample size becomes large.
Table 2.3 reports the results for testing the threshold effects. Under the null,
Bag = Agg = 0, the rejection rates for all types of error distribution are close
to the nominal levels. We also consider the local power of our test in the last
two columns of the table. It can be seen that the rejection rates rise quickly
as foo and Agg deviate from 0. When [y = Ayg = 10/ VnT, the power of our

test reaches 100% for all the sample sizes.

2.5 An Empirical Application

In this section, we apply our method to study the age-of-leader effects
on political competitions across Chinese cities. The tournament competition
among Chinese city government leaders has been an important topic in China’s
economic growth literature (Yao and Zhang, 2015). Local government leaders
compete against one another in enhancing local investment and promoting the
local economy’s growth so as to increase their chances for political promotion.
Based on this theory, Yu et al. (2016) document a strong spatial effect for
the city-level total investment. Besides, the age of a local leader is another
pivotal factor determining the leader’s chances of promotion. A leader’s chance

diminishes quickly as he or she gets older (Yao and Zhang, 2015; Yu et al.,
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Table 2.1a. Empirical bias(sd)[sd] of the estimators for FE-SPD model
with threshold effects; W;=Queen Contiguity.

2SLS QMLE QMLE-bc 2SLS QMLE QMLE-bc
T=5 T=10
n =100, error = 1, 2, 3, for the three panels below
By -.0527(0.748) -.0040(0.090) -.0063(0.090)[0.090] | .0070(0.901) .0026(0.060) .0010(0.060)[0.060]
B2 .0709(1.217)  .0063(0.137) .0041(0.136)[0.141] | -.0153(1.087) -.0098(0.103) -.0114(0.103)[0.099]
A1 .0704(0.728) -.0238(0.067) -.0016(0.067)[0.065] | .0138(0.329) -.0242(0.047) -.0011(0.047)[0.046]
Ay -.0541(1.129) -.0031(0.044) -.0034(0.044)[0.044] | .0037(0.625) -.0006(0.035) -.0011(0.035)[0.034]
o2 .0971(0.079) -.2135(0.055) -.0096(0.069)[0.070] | .1087(0.055) -.1095(0.043) -.0031(0.048)[0.047]
v -.0843(0.416) -.0114(0.023) — -.0143(0.027)  .0006(0.019) —
B -.0955(0.745) -.0040(0.092) -.0064(0.092)[0.090] | .0496(0.868) -.0007(0.059) -.0022(0.059)[0.060]
Ba  .1815(1.259) -.0043(0.148) -.0065(0.148)[0.141] | -.0635(1.040) -.0042(0.104) -.0058(0.104)[0.100]
A1 .1151(0.730) -.0208(0.069) .0013(0.069)[0.066] | -.0041(0.316) -.0260(0.046) -.0028(0.046)[0.046]
A2 - 0870(1 134) -.0031(0.046) -.0034(0.046)[0.045] | .0350(0.600) -.0014(0.034) -.0018(0.034)[0.034]
o?  .1003(0.169) -.2123(0.120) -.0082(0.151)[0.148] | .1130(0.115) -.1044(0.096) .0026(0.108)[0.107]
v -.0999(0.433) -.0114(0.023) — -.0159(0.027)  .0002(0.020) —
B/ -.0713(0.714)  .0006(0.090) -.0018(0.090)[0.089] | .0298(0.856) .0000(0.059) -.0016(0.059)[0.060]
Ba  .1152(1.221)  .0033(0.148)  .0012(0.148)[0.141] | -.0404(1.029) -.0056(0.105) -.0071(0.105)[0.099]
A1 .0921(0.668) -.0248(0.067) -.0027(0.067)[0.065] | .0066(0.319) -.0247(0.048) -.0016(0.048)[0.046]
Ao -.0710(1.078) -.0012(0.045) -.0016(0.045)[0.045] | .0201(0.593) -.0021(0.034) -.0026(0.034)[0.035]
o?  .1070(0.126) -.2086(0.090) -.0034(0.113)[0.109] | .1044(0.084) -.1117(0.068) -.0057(0.077)[0.076]
v -.0832(0.406) -.0103(0.021) — -.0130(0.024)  .0019(0.019) —
n = 200, error = 1, 2, 3, for the three panels below

B .0489(0.621)  .0023(0.057) .0016(0.056)[0.055] | .0248(0.332) -.0020(0.038) -.0023(0.038)[0.037]
By -.0537(0.703) -.0045(0.102) -.0048(0.102)[0.098] | -.0269(0.424)  .0000(0.066) -.0003(0.066)[0.065]
A1 -.0061(0.183) -.0162(0.051) -.0042(0.051)[0.049] | .0041(0.169) -.0135(0.033) -.0012(0.033)[0.032]
Ao .0337(0.425)  .0027(0.034) .0025(0.034)[0.033] | .0246(0.271) -.0019(0.020) -.0018(0.020)[0.019]
% .1161(0.060) -.2109(0.039) -.0100(0.049)[0.049] | .1133(0.038) -.1056(0.030) -.0025(0.033)[0.033]
v -.0205(0.069) .0030(0.019) — -.0091(0.019) -.0017(0.007) —
61 .0203(0.635) .0011(0.056) .0004(0.056)[0.055] | .0162(0.325) -.0014(0.038) -.0017(0.038)[0.037]
B2 -.0225(0.717) -.0031(0.100) -.0033(0.100)[0.098] | -.0198(0.413) -.0015(0.066) -.0018(0.066)[0.065]
A1 -.0017(0.186) -.0111(0.050) .0009(0.050)[0.049] | .0133(0.171) -.0140(0.033) -.0017(0.033)[0.032]
Ay .0152(0.434)  .0003(0.034) .0000(0.034)[0.033] | .0153(0.265) -.0003(0.019) -.0003(0.019)[0.019]
o?  .1193(0.124) -.2088(0.091) -.0074(0.114)[0.107] | .1148(0.080) -.1051(0.067) -.0020(0.075)[0.076]

-.0148(0.052)  .0028(0.019) — -.0082(0.018) -.0014(0.009) —
51 .0242(0.643) .0018(0.053) .0011(0.053)[0.054] | .0359(0.308) .0019(0.038) .0017(0.038)[0.037]
Ba  -.0255(0.728) -.0033(0.097) -.0036(0.097)[0.097] | -.0409(0.390) -.0038(0.066) -.0041(0.066)[0.064]
A1 .0017(0.192) -.0148(0.050) -.0027(0.050)[0.049] | .0044(0.161) -.0131(0.033) -.0008(0.033)[0.032]
Ao .0153(0.440) .0014(0.034) .0012(0.034)[0.034] | .0328(0.251) -.0006(0.019) -.0006(0.019)[0.020]
o?  .1181(0.091) -.2087(0.065) -.0073(0.082)[0.078] | .1180(0.063) -.1025(0.051) .0009(0.057)[0.055]
~v -.0180(0.060) .0051(0.019) — -.0081(0.019) -.0008(0.007) —

Note: error = 1(normal), 2(normal mixture), 3(chi-square).
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Table 2.1b. Empirical bias(sd)[sd] of the estimators for FE-SPD model
with threshold effects; W;=Queen Contiguity.

2SLS QMLE QMLE-be 2SL.S QMLE QMLE-be
T=5 T=10
n =50, error = 1, 2, 3, for the three panels below

B/ -.1976(1.170) -.0029(0.113) -.0085(0.112)[0.106] | -.1379(0.929) -.0013(0.082) -.0030(0.082)[0.080]
Ba  .4325(1.968) .0097(0.185) .0158(0.184)[0.167] | .1459(0.996) .0010(0.139) .0016(0.139)[0.133]
A 1591(0 979) -.0537(0.098) -.0088(0.098)[0.092] | .0662(0.349) -.0555(0.066) -.0093(0.066)[0.063]
Ay -.0581(1.096) .0000(0.059) -.0024(0.059)[0.057] | -.0855(0.629) .0002(0.040) -.0003(0.040)[0.039]
o2 1911(0.124) -.2296(0.077) -.0232(0.098)[0.099] | .1088(0.079) -.1255(0.060) -.0140(0.067)[0.066]

v -.1390(0.567) -.0142(0.051) — -.0160(0.100)  .0045(0.022) —
B -.2602(1.158) -.0015(0.115) -.0070(0.114)[0.105] | -.0910(0.920) .0019(0.085) .0003(0.085)[0.080]
Bs  .4917(2.003) .0019(0.205) .0080(0.204)[0.166] | .0926(0.959) -.0004(0.139) -.0001(0.138)[0.133]
A1 .2329(0.994) -.0546(0.098) -.0100(0.098)[0.092] | .0544(0.354) -.0572(0.068) -.0109(0.068)[0.063]
Ay -.1122(1.131) -.0012(0.060) -.0035(0.059)[0.057] | -.0554(0.612) .0014(0.042) .0009(0.042)[0.039]
o?  .1766(0.238) -.2369(0.172) -.0324(0.218)[0.194] | .1055(0.155) -.1243(0.131) -.0126(0.148)[0.146]

v -.1189(0.594) -.0178(0.089) — -.0079(0.087)  .0039(0.023) —
B -.1699(1.379) -.0027(0.110) -.0083(0.110)[0.105] | -.0834(0.941) -.0022(0.081) -.0039(0.081)[0.079]
Bs  .5650(2.354) .0110(0.195) .0171(0.194)[0.166] | .0937(0.994) .0052(0.131) .0057(0.131)[0.132]
A1 .1368(1.152) -.0557(0.100) -.0109(0.100)[0.092] | .0490(0.369) -.0545(0.066) -.0082(0.065)[0.063]
Ao .0087(1.285)  .0006(0.059) -.0016(0.059)[0.057] | -.0497(0.633) -.0008(0.039) -.0013(0.039)[0.039]
2 .1910(0.184) -.2257(0.126) -.0181(0.160)[0.146] | .1025(0.126) -.1260(0.097) -.0146(0.109)[0.106]

v -1571(0.583) -.0117(0.063) — -.0137(0.110) .0059( .021) —

T=20 =40
n =50, error = 1, 2, 3, for the three panels below

B -.0496(0.461) .0022(0.054) -.0004(0.054)[0.052] | .0093(0.391) -.0008(0.039) -.0017(0.039)[0.039]
B2 .0566(0.565) -.0038(0.093) -.0026(0.093)[0.089] | -.0123(0.442) -.0002(0.064) .0006(0.064)[0.064]
A1 .0337(0.244) -.0522(0.048) -.0063(0.048)[0.045] | .0072(0.122) -.0518(0.033) -.0044(0.033)[0.031]
A2 -.0373(0.367) .0016(0.032) .0003(0.032)[0.031] | .0076(0.259) -.0007(0.021) -.0008(0.021)[0.020]
o?  .1068(0.052) -.0714(0.042) -.0077(0.044)[0.046] | .0937(0.038) -.0445(0.032) -.0047(0.033)[0.032]

v  -.0091(0.028) .0002(0.020) — -.0054(0.010) -.0026(0.006) —
B -.0484(0.447)  .0056(0.052) .0031(0.052)[0.051] | .0061(0.388) .0015(0.037) .0006(0.037)[0.039]
Bs  .0536(0.559) -.0058(0.092) -.0046(0.092)[0.089] | -.0100(0.440) -.0042(0.064) -.0034(0.064)[0.064]
A1 .0367(0.244) -.0528(0.046) -.0071(0.046)[0.045] | .0090(0.126) -.0507(0.033) -.0033(0.033)[0.032]
A2 -.0406(0.365) .0021(0.032) .0008(0.032)[0.031] | .0048(0.256) .0004(0.020) .0004(0.020)[0.021]
o .1031(0.118) - ()747(0 103) -.0111(0.110)[0.104] | .0987(0.079) -.0409(0.072) -.0010(0.075)[0.075]

- 0123(0 059) .0001(0.019) — -.0053(0.011) -.0026(0.007) —
B -.0823(0.469) 0054(0 053) .0028(0.053)[0.051] | .0086(0.401) .0016(0.039) .0007(0.039)[0.038]
Ba .0993(0.567) -.0047(0.093) -.0033(0.092)[0.089] | -.0097(0.459) -.0020(0.064) -.0012(0.064)[0.064]
A1 .0541(0.255) -.0516(0.048) -.0058(0.048)[0.045] | .0069(0.122) -.0510(0.032) -.0036(0.032)[0.031]
Ay -.0655(0.375)  .0028(0.033) .0015(0.033)[0.032] | .0059(0.266) .0001(0.021) .0000(0.021)[0.021]
a?  .1079(0.086) -.0715(0.073) -.0078(0.078)[0.076] | .0985(0.059) -.0409(0.053) -.0010(0.055)[0.055]

~v -.0121(0.040) .0008(0.019) — -.0050(0.011) -.0016(0.006) —

Note: error = 1(normal),

2(normal mixture),

3(chi-square).
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Table 2.2. Empirical sizes of LR test at 0.01, 0.05 and 0.10 levels;
Wy = Queen Contiguity.

Normal errors Normal mixture Chi-square
0.01 0.05 0.10|0.01 0.05 0.10|0.01 0.05 0.10
50 5 |.009 .037 .063|.019 .062 .096 | .013 .044 .079
10 | .006 .039 .074 | .015 .046 .076 |.013 .042 .062
20 | .008 .058 .082 |.016 .054 .080 | .014 .044 .086
40 | .012 .060 .098 | .010 .054 .094 | .008 .056 .100
100 5 |.008 .037 .062|.012 .049 .078|.011 .039 .063
10 | .016 .059 .095|.017 .064 .106 | .008 .042 .082
200 5 |.010 .049 .094 |.028 .060 .096 | .004 .042 .098
10 | .009 .046 .095|.015 .053 .085 |.010 .060 .095

Table 2.3. Rejecting frequency of tests for threshold effects
at 0.01, 0.05 and 0.10 levels; Wy = Queen Contiguity.
Ao=pr=0 )\2:/32:2/@ /\2:52:10/\/ﬁ
0.01 0.05 0.10]0.01 0.05 0.10 0.01  0.05 0.10
1 50 5 |.014 .034 .064 | .110 .256 .366 | 1.000 1.000 1.000
10 | .016 .044 .068 | .092 .248 .344 | 1.000 1.000 1.000
20 | .016 .046 .082 | .140 .272 .400 | 1.000 1.000 1.000
40 | .010 .058 .102 | .098 .264 .358 | 1.000 1.000 1.000
100 5 | .022 .068 .098 | .104 .242 .334 | 1.000 1.000 1.000
10 | .007 .048 .086 | .102 .260 .336 | 1.000 1.000 1.000
200 5 |.018 .060 .110 | .140 .270 .378 | 1.000 1.000 1.000
10 | .010 .064 .120 | .074 .194 .306 | 1.000 1.000 1.000
2 50 5 | .008 .030 .050 |.106 .252 .354 | 1.000 1.000 1.000
10 | .008 .032 .064 | .086 .220 .294 | 1.000 1.000 1.000
20 | .006 .040 .108 | .150 .286 .402 | 1.000 1.000 1.000
40 | .016 .054 .100 | .104 .274 .380 | 1.000 1.000 1.000
100 5 | .007 .034 .065 | .118 .262 .336 | 1.000 1.000 1.000
10 | .011 .036 .074 | .100 .234 .348 | 1.000 1.000 1.000
200 5 | .006 .052 .114|.108 .232 .358 | 1.000 1.000 1.000
10 | .010 .056 .090 | .072 .200 .302 | 1.000 1.000 1.000
3 50 5 |.014 .028 .060 | .120 .262 .350 | 1.000 1.000 1.000
10 | .014 .044 .078 | .106 .268 .372 | 1.000 1.000 1.000
20 | .014 .062 .116 | .150 .300 .418 | 1.000 1.000 1.000
40 | .012 .052 .096 | .110 .242 .342 | 1.000 1.000 1.000
100 5 | .020 .060 .081 |.100 .234 .330 | 1.000 1.000 1.000
10 | .008 .042 .084 | .096 .232 .326 | 1.000 1.000 1.000
200 5 | .014 .068 .100 | .092 .256 .358 | 1.000 1.000 1.000
10 | .008 .046 .078 | .100 .212 .328 | 1.000 1.000 1.000

Note: error = 1(normal), 2(normal mixture), 3(chi-square).

error n T
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2016). Thus, those leaders who are close to retirement age (60) should have
less incentive to join this tournament competition than the young leaders, and
thus a weaker spatial effect should be expected among the old leaders. That is,
we would expect that the spatial correlation of city-level total investment has a
threshold effect based on the leaders’ age. In contrast to Yu et al. (2016) who
try various cutoff ages to see the change of the spatial correlation over leader’s
age, our threshold SPD model can directly estimate the threshold age. First,
a test of no threshold effects is carried out using the sup-Wald test developed
in Section 2.3, and then if this test is rejected, a confidence interval for the
threshold parameter is constructed by inverting the LR test given in Subsection
2.24.

Model and data. Following the above discussions, we consider the fol-

lowing model:
z'm)l-t = /\1 Z?:l wij,tmvﬁ + )\2 Z?:l wij,tmvjtl{ageit < ’}/} + xifﬂ + 2% + oy + Vit

where inv; denotes the total investment of local government of city ¢ in year
t, age; denotes the age of the local leader of city ¢ in year ¢, x;; is a vector of
time-varying regressors including fiscal revenue, fiscal expenditure, population,
manufacturing ratio, GDP per capita and a set of province level variables: fiscal
revenue, fiscal expenditure, and public capital investment, u; and a; are the
two-way fixed effects, and vy is the idiosyncratic error. We follow Yu et al.
(2016) and define those same-province cities whose within-province rankings
of GDP per capita are either one place above or below a city as this city’s
spatial neighbors, because they are the main competitors in the tournament
competition. Because there is no theoretical evidence to justify the threshold
effects for regression coefficients, they are not included.

We analyze the annual total investments (in RMB) of 338 cities in the 27
provinces in mainland China from 2010 to 2012. Economic data is from Fiscal
Statistics of Clities and Counties in China, China Clity Statistical Yearbook and
China Statistical Yearbook for Regional Economy for the period 2010-2012.
The ages of leaders are obtained from local government websites. The data is

standardized to make all the variables have comparable scales.
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Test for the presence of threshold effects. Before the estimation of
the model, we conduct hypothesis testing on the presence of the age-of-leader
threshold effect. In China’s local official system, there are two types of leaders
in the local governments, party secretaries and mayors. Party secretaries are
mainly responsible for personnel work and overall decision-making while the
mayors are for the formulation and implementation of specific economic and
social policies so that Yao and Zhang (2013) find the weight of economic per-
formance is lower for the party secretary than for the mayor in the assessment
of local leaders. Therefore, we will consider these two groups of leaders, sepa-
rately. In addition, as Yu et al. (2016) find the age-of-leader effects on political
competitions are more clear among old leaders and old leaders have different
spatial responsiveness to their young and old neighbors, we also separate the
leaders into young and old groups. The old leaders are defined as those whose
ages are above the median age (49 for the mayor group and 52 for the party
secretary group).

Table 2.4 reports the sup W, r statistics and the associated bootstrap p-
values based on 500 bootstrap replications for both mayor and party chief
groups. The row labeled “all vs all” considers the spatial correlation among
all the leaders in the group. “old vs all” considers the spatial correlation
between old leaders and all their neighbors. Similarly, “old vs old” considers
the spatial correlation among all the old leaders in the group, and “old vs
young’ considers the spatial correlation between old leaders and their young
neighbors. Apparently, we can reject the null hypothesis of no threshold effect
at the 10% level for “old vs all” and 1% level for “old vs old” patterns in the
mayor group.

Estimation results. Table 2.5 reports the regression results for the two
scenarios when we can reject the null hypothesis of no threshold effect. “Model
17 and “Model 2”7 are corresponding to the “old vs all” pattern and “old vs
old” pattern in the mayor group, respectively. The estimations of threshold
coefficient v are 54.75 (54 years and 9 months) and 55.33 (55 years and 4
months) for these two models, respectively. We also report the 95% confidence

intervals that are based on the likelihood ratio test. The estimations of A\; in
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Table 2.4. Test for the presence of threshold effect.

Mayor Party Chief

supW,r p-value supW,r p-value
all vs all 5.114 0.648 6.977 0.388
old vs all 8.325 0.067 7.110 0.157
old vs old 13.27 0.007 7.635 0.221
old vs young  3.418 0.411 6.202 0.120

Table 2.5. Estimates of spatial competitions in government
investments among Chinese cites.

Government Investments Model 1 Model 2
Mayor: old vs all Mayor: old vs old

Threshold estimate:

Threshold () 54.75 55.33

95% confidence interval [49.33, 57.92] [49.75, 58.00]
Spatial effects:

Base effect (\;) 0.012  (0.001)  0.008 (0.002)
Threshold effect (\s) 0.071  (0.001)  0.099 (0.002)
Impact of covariates:

Fiscal revenue 0.308  (0.004) 0.311 (0.004)
Fiscal expenditure 0.127  (0.002) 0.123 (0.002)
Population 0.024  (0.001) 0.025 (0.001)
manufacturing ratio 0.771  (0.004) 0.767 (0.004)
GDP per capita 0140 (0.002)  -0.137 (0.002)
Provincial fiscal revenue 0.259  (0.006) 0.251 (0.006)
Provincial fiscal expenditure -0.129  (0.006) -0.128 (0.006)
Public capital investment -0.009  (0.000) -0.011 (0.000)

Note: The values without parentheses are the QMLE for all the parameters. The values

in parentheses are the corresponding standard errors.

these two models suggest that the spatial correlations when the ages of local
leaders are beyond the threshold levels are slightly positive (0.012 and 0.008).
In the contrast, when the ages of local leaders are below the threshold levels,
the spatial correlations among local investments are the estimations of A\; + A,
and thus become strongly positive as Ay are positive with a much larger mag-
nitude. These empirical findings are in line with our theoretical expectation,
considering that the city leaders normally take office in their forties or fifties
and the mandatory retirement age for them is 60. A more comprehensive study

on this topic is of interest as future research.

2.6 Extensions

We have by far focused on a threshold SPD model (2.1) that contains only
a spatial lag (SL) structure with additive fixed effects, for ease of exposition.

The proposed estimation and inference methods are in fact quite general and
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can be extended to include additional features in the model such as spatial
error dependence, serial correlation, time dynamics, multiple threshold effects,
threshold effects on error parameters, interactive fixed effects, etc. An imme-

diate and much-needed extension is the inclusion of spatial error (SE) effect:
Vi = MoWeYi+Aoodi (90) Wi Y+ X Bro+de(v0) Xe B0+ 1o+ cuoln+Ur, Up = po MUV,

for t =1,...,T, where parameter p and weight matrices {M,} together char-
acterize the SE effects, and the other parts are defined in Model (2.1). Let
Bi(p) = I, — pM,. The quasi Caussian loglikelihood function of all the param-

eters takes the form

G (0,7, 1y 0) = — L In(2r0?) + S0 In | A\ A)| + S0, In|By(p)]
— 5 S V(s 0,7, s ) Vi, 9,7 s ),

where Vi(o, p, 7, 1, ) = Be(p)[Yi (A, v) — Xe(7) 8 — pp — auly,]. To make p and o
identifiable, we impose 3_1_, Bi(p)By(p)aul, = 0. Given (¢, p,7), lur (0, p, 7, 11, )

is partially maximized at

(6. p,7) = 301 Bi(p) Bi(p)| 7 oy Bip) Be(p)[Ye(A, ) — Xe(7)B] and
ay(¢, p,v) = (1, Bi(p) Be(p)ln) "1, Bi(p) Be(p) [Ye (N, ) — Xe(7) B — (9, p, 7).

Thus, the adjusted concentrated quasi loglikelihood function corresponding to

(2.4) becomes

Cr(0,p,7) = — @ In(270?) + LZL ST In A, (A )|+ Z2 S50 In | Bi(p)]|
— 55 S Vi, 0,7)Qu(p) Vil p, ),

where Qu(p) = In — Bulp)la(1,BU(p) Bu(p)la) L, Bi(p) and Vi@, p,7) = Bulp)

Y (N, v) — Xe(7) B — i1(@, p,v)]. In special cases when {M,} are time-invariant
and row-normalized, Q:(p) is reduced to J, as Bi(p)l, = (1 — p)l,, and
Vi(¢, p,7y) becomes By(p)[Y:()\,7) — X;(7)8]. In general, the adjusted QML

estimators of 8, p and v are simply

~

(QnT7 ﬁnTa ﬁ/nT> = argmax E;T(ev P, 7):
(0,0,7)EOXA,xT

where A, is the parameter space for p.

In practice, we can first maximize the objective function conditional on v to
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get énT(v) and p,r(7v), and then apply the grid search algorithm in Subsection
2.2.2 to obtain 4,r. With some additional conditions (e.g., both ||M;]|; and
| M¢]|oo are bounded; both ||B; " (p)|l; and ||B; " (p)|ls are bounded on A,; p
is identifiable), we expect the estimation error of 4, still have asymptotically
negligible effects on (énT, pnr), and thus we can establish similar results to

those in Theorems 2.1 - 2.5. Moreover, to construct confidence interval for -,

we construct the LR statistic in the same way as in Subsection 2.2.4,

LRnT(’Y) = Q[E:LT(énTa ﬁnTy ’S/nT) - EZT(énT(/y)a ﬁnT(,}/% ’7)]

When errors are normally distributed, the asymptotic distribution of LR, (7o)
is still pivotal, following the distribution of U. In this case, the asymptotic
1 — a confidence interval for v is the set of values of v satisfying LR,7(7) <
U1_,. Finally, to test the presence of threshold effects, we first derive the
CQS functions of £*,(6, p,~) with respect to 6 and p, and then adjust them,
following the two principals in Section 2.3, to obtain the AQS functions. Thus,
the sup-Wald test statistic and bootstrap procedure can be constructed in a
similar manner.

Our estimation and inference methods can also be extended to handle mod-
els with other additional features. Firstly, extension to allow for serial corre-
lation in the error term (e.g., vy = pv;4—1 + €; with |p| < 1) is also straight-
forward like the above one with the SE structure. We expect the arguments
and ideas behind estimation and inference methods can still be applied with
minor modifications. Secondly, we can generalize our model to the dynamic
SPD framework. When T is large, the direct QML approach should pro-
vide a consistent estimation for all the parameters, and thus the asymptotic
properties of these QMLEs can be derived in a standard manner. When T is
fixed, the analysis will become complicated as adjustments to the concentrated
QML function are required to deal with the incidental parameters problems
coming from both the initial condition and the concentration. Thirdly, exten-
sion to include multiple thresholds (Hansen, 1999) is also of theoretical and
practical interest. For this extension, our QML approach is still appropriate

and the objective function with multiple thresholds corresponding (2.4) is also
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straightforward to construct. Thus, the adjusted QML estimators of all the
parameters including multiple threshold parameters jointly minimize the new
objective function. In practice, the grid search over multiple thresholds may
require an excessive amount of computation. We recommend using the sequen-
tial estimation method with refinement (Bai, 1997; Hansen, 1999) to avoid this
computational burden.

Fourthly, our methods can also be extended to include the threshold effects
on error parameters, e.g., error variance (Miao et al., 2020). In this case, the
threshold effects on error parameters need to be incorporated into the QML
function. For example, when error variance has threshold effects, for each ob-
servation the variance parameter will appear in the form of o7 + 021 (g < 7),
where o7 is the baseline parameter and o2 is its threshold effect. Finally,
our methods can be extended to allow the individual and time fixed effects
to appear in the model interactively. According to Miao et al. (2020), we
would expect the concentrated QML estimation (with common factors being
concentrated out) can provide a consistent estimation for all the parameters,
including threshold parameter and factor loadings, when both n and T are
large. Besides, we expect that the estimation error of the threshold estimate
still has no asymptotic effect on the asymptotic properties of the other esti-
mators and that the inference methods in this chapter can still be applied.
However, formal studies on these extensions are still quite involved and can

only be handled in future research.

2.7 Conclusion

In this chapter, we consider estimation and inference for a threshold spatial
panel data model with both individual and time fixed effects, where threshold
effects are allowed for both spatial and regression parameters. The presence
of the threshold effects renders the commonly used orthogonal transformation
approach inapplicable to wipe out fixed effects. We propose an adjusted quasi
maximum likelihood estimation method, where the objective function is ob-
tained by adjusting the concentrated quasi loglikelihood function (with fixed

effects being concentrated out) to ‘recover’ the effect of degrees of freedom loss
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due to the estimation of these incidental parameters. We study the asymptotic
properties of the adjusted QML estimators in the diminishing-threshold-effect
framework and propose a likelihood ratio statistic to construct confidence in-
tervals for the threshold parameter. We also consider the hypothesis testing
on the presence of threshold effects and a sup-Wald statistic based on an M-
estimator is proposed. Monte Carlo results show excellent performance of the
proposed estimation and inference methods. We apply our model to study the
age-of-leader effects on political competitions across Chinese cities and find
competitions only exist among city leaders who are younger than a threshold

age.
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Chapter 3

Spatial Panel Data Models with
Time-Varying Network

Structures

3.1 Introduction

One important application of spatial models is to be used as a social inter-
action model in social economics, where the spatial weight matrix, also called
sociomatrix (Liu and Lee, 2010), is used to capture the information on the
connections of nodes (individuals) in a social network. It provides methods to
model aggregate behavior as the outcome of individual decisions when these
decisions are made interactively in the network (Durlauf and Young, 2001).
According to Manski (1993), these interaction effects can be separated into
endogenous effects, exogenous (contextual) effects, and unobserved correlation
effects. Since Lee (2007), researchers have recognized that these effects can be
captured by spatial lag term, Durbin term, and group-specific fixed effects, re-
spectively, in spatial autoregressive (SAR) models. Many papers then followed
this work and studied these interaction effects using the same model specifica-
tions, e.g., Bramoullé et al. (2009), Lin (2010), Liu and Lee (2010), and Lee
et al. (2010) under spatial cross-sectional data setup, and Kwok (2019) and
Han et al. (2019) under spatial panel data (SPD) setup.

SPD models have received increasing attention from econometricians since
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Anselin (1988). See, for example, Baltagi et al. (2003), Lee and Yu (2010),
Baltagi and Yang (2013a,b), Yang et al. (2016), and Liu and Yang, (2020).
Besides taking into account spatial and social interactions, SPD models are
also able to have full control for the unobserved heterogeneity. In this chapter,
we reformulate SPD models as social interaction models, where we allow the
network structures to be time-varying. That is, each individual could switch
social groups or/and their network connections within these social groups may
also change over time. This phenomenon is quite common in practice. For
example, one major application of the social interaction model is to identify
peer effects on student academic achievement (Lin, 2010; Han et al., 2019),
where a social group is specified at grade or class level, and one’s network con-
nections are made up of friends. Thus, it is common to see that some students
change classes over time. In addition, each student may also have different
network connections over time in the process of expanding his/her circle of
friends. Other major applications include studying the neighborhood influ-
ences on consumption behaviors (Case, 1991), welfare participation (Bertrand
et al., 2000), and secondary school enrollment decisions (Bobonis and Finan,
2009), all of which are based on neighborhood networks. They are also change-
able over time because people might move to different communities. However,
this practical feature is not considered in Kwok’s (2019) model as he assumes
that the sociomatrices and group-specific effects are time-invariant.
Identification issues regarding social interactions models is also a focus of
attention in the literature. In a pioneer work, Manski (1993) first pointed
out a 'reflection” problem for social interactions in a linear-in-means model,
which refers to the difficulty of identification between endogenous and exoge-
nous interaction effects. Lee (2007) considers a SAR model where each node
is equally influenced by all the peers in its group but not by itself, as the
information on how individuals interact within a group is unobservable. He
finds that variations in group sizes can make the identification possible, but it
can be weak when all the group sizes are large. Bramoullé et al. (2009) and
Lee et al. (2010) then also consider a SAR model but assume the information

on network structure is available so that each node is only influenced by its
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connected nodes (e.g., friends or roommates) in a network (e.g., class, grade
or school). They show that the various interaction effects are generally identi-
fied by using this information. However, all the above works assume that the
sociomatrix is row-normalized such that each row sums to unity, which might
have some potential pitfalls (Kelejian and Prucha, 2010) or limitations (e.g.,
isolated units are not covered) in practice. For this reason, Liu and Lee (2010)
abandon this assumption and find the variation in the Bonacich centrality mea-
sure (number of connections of each node) can instead yield identification for
various interaction effects. As regards to panel social interaction model, Kwok
(2019) derives the identification conditions for higher-order SPD models with
network structures under the row-normalization assumption. Han et al. (2019)
do not provide the identification conditions for their model. In this chapter,
we assume that the network information is available and that sociomatrices
are not necessary to be row-normalized. Under these assumptions, we derive
the identification conditions of various social interaction effects in SPD models
with time-varying network structures.

As discussed above, one important advantage of social interaction models
in the SPD framework is that they have the ability to have full control of three-
dimensional (3-D) unobserved heterogeneity. Besides the common individual-
and time-specific effects, the unobserved group-specific effects are additionally
used to capture the unobserved correlation effects in a group in that individuals
in the same group tend to have similar characteristics or face similar environ-
ments (Manski, 1993). However, Kwok (2019) fails to take into account the
former two specific effects in his model. Besides, the literature pertaining to
multi-dimensional SPD models mainly focuses on random-effects models, e.g.,
Le Gallo and Pirotte (2017), Baltagi et al. (2003), and Baltagi et al. (2015).
Although Han et al. (2019) consider an SPD model with one particular type
of three-way fixed effects and develop a Bayesian Markov chain Monte Carlo
sampling approach to estimate the model, the well-known incidental param-
eters problem of Neyman and Scott (1948) is ignored in their paper. Hence,
there seem to be no formal considerations being given to the SPD models with

multi-dimensional fixed effects. In practice, the three types of fixed effects can
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appear either additively or interactively according to economic theory!, so that
the total number of possible specifications of these fixed effects can be as large
as 2% (including the one with no fixed effects). In this chapter, we only consider
the empirically most meaningful specification for social interaction models as
proposed in Han et al. (2019): time-invariant individual-specific effects plus
time-varying group-specific effects. For example, it is plausible to assume that
the inner abilities of students remain unchanged over time but students in the
same classroom may face different environments (e.g., teachers) in different
semesters. Although we only focus on this single specification, the main idea
behind the proposed methodology can be easily adapted to deal with all the
other specifications.

In our model, the number of groups may grow with the sample size (the
number of spatial units), and thereby direct estimation of the group-specific
effects will give rise to the incidental parameters problem in that some pa-
rameter estimates are not consistent or asymptotically biased, similar to the
direct estimation of two-way fixed effects (Lee and Yu, 2010). Another stan-
dard method is to transform the original model to wipe out the fixed effects.
In view of the fact that the spatial matrices are time-varying and their row
sums may not be constant (Liu and Lee, 2010), the transformed model would
not have a well-defined SAR structure, and thus the (quasi) likelihood function
cannot be formed. As an ML-type estimation often has better finite-samples
properties than GMM /IV approach, it is desirable to propose a more general
ML-type method for estimation.

To tackle the issues mentioned above, we propose a general M-, or ad-
Justed quasi score (AQS) method. The method starts from the joint quasi
score functions of both the common parameters and fixed effects, then con-
centrates out the fixed effects to give the concentrated quasi score functions,
and then adjusts these concentrated score functions to give a set of unbiased
estimating functions (the AQS functions) for the common parameters. Solving
these AQS functions gives the AQS estimators of common parameters. Besides

all the interaction effects mentioned above, we also allow the disturbances of

1See Balazsi et al. (2017) for enormous examples of empirical studies for multi-
dimensional fixed effects models.
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connected nodes to be spatially correlated to further capture similar prefer-
ences of these connected individuals as argued in Moffitt (2001). We show the
AQS estimators are consistent and asymptotically normally distributed with-
out asymptotic bias. Simulation results also show our AQS estimators have
excellent finite sample performance.

The rest of this chapter is organized as follows. Section 3.2 introduces the
SPD model with time-varying network structures, discusses the issues of direct
QML estimation, and finally proposes the M-estimation method for estimating
the model. The consistency and asymptotic normality of the AQS estimators
are also studied in this section. Section 3.3 presents Monte Carlo results and
Section 3.4 concludes. Proofs of the main results are given in the Appendices.

Some generic notations and conventions will be followed. I, denotes an
m X m identity matrix, 0,,x, an m X n zero matrix, and [, an m x 1 vector of
ones. For a square matrix, |- | denotes its determinant and tr(-) its trace. For
a real symmetric matrix, Ymin(-) and max(+) denote, respectively, its smallest
and largest eigenvalues. For a real n x m matrix A, A’ denotes its transpose,
A° = A+ A, |A| 5 is its Frobenius norm, ||A||, its maximum absolute column
sum norm, and ||A||_ its maximum absolute row sum norm. For a real n x m
matrix A with a full column rank, P4, = A(A’A)"'A’ denotes the projection
matrix into the column space of A, and Q4 = I,, — P4 the projection matrix
into the space orthogonal to the column space of A. The operator diag(-)
forms a diagonal matrix by the diagonal elements of a square matrix or by the
elements of a given vector, diagv(-) forms a column vector using the diagonal
elements of a square matrix, and blkdiag(---) forms a block-diagonal matrix
by placing the given matrices or vectors along the diagonal direction. The
usual expectation and variance operators, E(-) and Var(-), correspond to true

parameter values with a subscript 0.

3.2 SPD Model with Time-Varying Network Structures

3.2.1 The model with time-invariant grouping

To illustrate the main idea, we first focus on a simple model where indi-

viduals are not allowed to switch groups over time so that the group members
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are fixed in each period. Consider a study that lasts 17" periods and involves
a total of n spatial units. They are divided into G social groups with group
sizes (s1,...,Sq) such that Zngl sy = n. Within the same group, individuals
are connected according to the observable network structures which may still
be time-varying as individuals may have more or fewer connections over time.
The outcome of each individual is subjected to the social interaction effects of
these connections. These give rise to a spatial panel data (SPD) model with

time-varying network structures:

_ Sg Sg
Yigt = A ijl Wij,gtYjigt + 3Cigt51 + Zj:l wij,gtflfjgt@ + Wig + Vgt + Wigt, (3-1)
_ Sg
Wigt = P Zj:l Mij gt Wjgt + Vigt,

fori=1,...,85,9=1,...,Gandt=1,...,T. Note that y; is the dependent
variable for individual 4 of group g at time period ¢. w;j; 4 and m;; g, are the
(i,7)th elements of Wy and M, respectively, which are the sociomatrices of
group g at time period ¢. In principle, {Wy,} and {My} may or may not be
the same. ;4 is the corresponding 1 x k vector of time-varying exogenous
regressors. Idiosyncratic errors {v;,} are assumed to be iid with zero mean
and variance o2. f; is the k x 1 vectors of regression coefficients. In the
social interaction literature, A and S5 represent the endogenous effect and the
contextual effects, respectively, and p captures the unobservable correlated
effects of connected individuals. p;, stands for the time-invariant individual-
specific effect for unit ¢ in group g. v, stands for the time-varying group-
specific effect that is shared by all the individuals in group ¢ at time ¢. In this
chapter, they both are allowed to correlate with the regressors in an arbitrary

manner and hence are considered as fixed effects (FE).

Stacking all the s, observations in group g yields
Yoo = \WyiYyr + Zgi B + g + vgils, + Ugs, Uge = pMgUgs + Vs, (3.2)

where g=1... 7G7 t=1,... 7T7 Y;yt = (ylgta ce e 7ysg,gt),> th = (th7 Wthgt)7

th = (xllgtv s 73’{99,975)/7 Ugt = (ulgt7 s JUSg,gt)/7 ‘/gt = (Ulgb s 7USg,gt)/7 ﬁ =

(B1,B5)", and g = (p1g, ..., fs,)'- Further stacking all the groups in period
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t, we have
Y;:)\WtY;—i—Ztﬂ—f—M—i—L’)/t—FUt, Ut:thUt+W7 tzl, ,T, (33)

where V; = (Y/,,....YL), Zv = (Z,,,....Z¢) s Uy = (Ui,,...,UL) s Vi =
(Vi V&), Wy = blkdiag(Wyy, ..., War), L = blkdiag(ly,, ..., L), ot =
(i, .., )y and lastly, v = (y1e, - - - Yae) -

As discussed in the introduction, the above model can be adjusted to allow
for all the other possible specifications of the three-way fixed effects, depending
on the economic theory. The estimation strategy introduced later is flexible to
deal with all of these specifications. A major advantage of these models is that
they are able to have full control of unobserved heterogeneity along the three
dimensions. Another important feature of the above model is that the row sums
of time-varying sociomatrices may not be constant. This is commonly seen in
network studies because there might be some isolated individuals (Bramoullé
et al., 2009) whose connection groups are empty, i.e., the row sums in the
sociomatrices corresponding to these individuals are zero. But the row sums

for the other individuals who have connections will not be zero.

3.2.2 The model with time-varying grouping

The above model can be further generalized to allow units to switch groups
over time. In this case, the group members will be changing. We assume there
are still n spatial units divided into G social groups in each time period. But
the group sizes are now {s,} such that Zngl sq¢ = n for each t. In this case,
the model for y;4 is the same as (3.1) except the value ranges of indices ¢ and j
now depends on both group g and time ¢, i.e., 7,5 = 1,...,54. Corresponding

to (3.2), we stack all the sy observations in the g-th group at time ¢,
Yoo = AWetYye + ZtB + 1l + Ygelsy, + Ugty Uyt = pMgUge + Vg, (3.4)

where g = 1,...,G, Ygt = (ylgta"'7ysgt,gt)/7 th = (th;Wthgt)a th =

/ / / _ / _ / ) _
(xlgt, . ,ZESghgt) s Uge = (Uige, - -y Usyygt)'s Vo = (Vigts -+, Usyege)’, and pg” =
(H1gs - - - 5 Msg,g) Tepresenting the set of time-invariant individual fixed effects

for these sy units. Then, we stack all the groups in period ¢ and get
Yo = AWWRYs + ZiB+ 9 + Live + Uy, Uy = pMUs + Vi, t=1,--- T, (3.5)
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where Y; = (YY,,...,Y%), Zv = (Z1,.... 24), Uy = (Uy,, ..., UL), Vi =
(Vi -, V&), Wy = blkdiag(Wyy, . .., Wey), Ly = blkdiag(ls,, - - -, leg, ), p& =
(,ugt)/, o ,M(Gt)/)’ and v = (7, ---,Yee)'- It is worth mentioning that although
1 stands for time-invariant individual-specific effects, the elements of it may

have various orders over time as the observations are sorted by groups in each

time period.

3.2.3 Quasi-maximum likelihood estimation

It is well-known that the maximum likelihood (ML) method is usually
more efficient than the 2SLS or GMM approaches, especially when the er-
rors are normally distributed. Therefore, we start with the quasi-maximum
likelihood (QML) estimation and then discuss the disadvantages it has. As
the main ideas of constructing the loglikelihood functions for the above two
models are the same, we discuss them at the same time below. For the model
in Subsection 3.2.1, welet Y = (Y/{,...,Y]), W = blkdiag(Wi,..., Wr), Z =
(zy,....2), U= (Uj,...,U;), V= (V/,...,V]), M = blkdiag(M, ..., Mry),
vy=0) Dy = lr ®1I,, and D, = Iy ® L. Then, we can write
model (3.3) into the vector form: Y = AWY + Z5 + D, + D,y + U and
U = pMU+ V. For the standard two-way FE-SPD model, the transformation
approach (e.g., Lee and Yu, 2010; Yang et al., 2016) is usually preferred for
eliminating the fixed effects as the transformed model remains in the same
spatial structure and thus the (quasi) likelihood can be formed. However, it is
hard to find such a transformation to wipe out general three-way fixed effects
without affecting the spatial structure. Besides, this method requires that
spatial weight matrices (sociomatrices) are time-invariant and row-normalized
even for the two-way fixed effects models, and both of these two features are
not met in the current model. Therefore, we consider using the direct QML
estimation, i.e., we estimate fixed effects together with all the common param-
eters.

For this, we first obtain the concentrated quasi likelihood function with all
fixed effects concentrated out and then maximize the concentrated function to

get estimations for the common parameters. In the first step, as dummy matrix
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(D,,D,) is rank-deficient, we have to impose some restrictions on the fixed
effects parameters to make them concentratable. The two most widely used
are either to set their average to zero or to leave out some of the parameters.
In this chapter, we follow the latter approach and omit either some individual
fixed effects or some group-time interactive fixed effects parameters. For each
specific group, it has the same group members over all the periods. Therefore,
we will not be able to identify its group effects of all the time periods separated
from the individual effects belonging to this group, i.e., fig + V¢ = (g +¢) +
(74t — ¢) for an arbitrary c¢. To avoid this, we can drop either one py-dummy
or one y-dummy for this group. For example, we can omit p;,4 or v, for each
group g. Thus, a total of G number of p-dummies or y-dummies needs to
be dropped. In this chapter, we consider dropping v-dummies for example.
Hence, the group-time effects become v* = (v5,...,74)" after omission. The
dummy matrix D, now changes to D? = [0 xc(r-1); Ir—1 ® L]. Thus, our

estimation will be based on the following model:
Y=MWY+Z723+D¢+U, U=pMU+V, (3.6)

where ¢ = (', 7*)" and D = (D,, D%) with a full column rank, n + G(T - 1).

Before we build up the loglikelihood function for the above model, some
similar discussion can also be applied to the model in Subsection 3.2.2. Firstly,
it is also possible to write the model into vector form: Y = A\WY + Zj +
D,u+D,y+U and U = pMU+V, where D, and D., become dummy variable
matrices that are defined following the observations order in (3.5), and all the
other notations are defined same as above. However, the non-identification
issues mentioned above now only apply to the groups whose members are
fixed over time, i.e., the group size variation over time provides information
for identification of the fixed effects. Thus, we can simply omit one y-dummy
for each of these groups. If none of the groups has fixed members, then we
can arbitrarily omit one y-dummy to avoid the simple dummy variable trap.
Thus, we can find the estimation model corresponding to (3.6). In this case,
the column rank of D changes to n+G(T — 1)+ (G —7), where 7 = max{1,7}

and r is the number of groups with fixed members. Thus, model (3.6) can be
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treated as a special case of this model, where 7 = G.

Let 0 = (3,0%,4"), where 6 = (), p)’. In this chapter, we call § the set
of common parameters and ¢ the set of incidental parameters. Let A,r(\) =
Iy — AW and B,r(p) = I,y — pM. For both of the above models, we have

the quasi Gaussian loglikelihood function of 6 and ¢:

lur(0,¢0) = —“LIn27—"L Ino+1In |A,r(A) |[+1n |B,r(p)|— 52 V' (8,6, 0) V(B, 6, ¢),

(3.7)
where V(5,6,6) = Bur(p)[Aur(\)Y — Z5 — Dy,
Let D(p) = B,r(p)D. Given 0, £,7(0, ¢) is partially maximized at
Sur(B.8) = [D'(p)D(p)] ' D' (9)Bur(p)[Anr(NY =26 (3.8)

Substituting ngﬁnT(ﬁ ,0) into £,7(0, ¢) gives the concentrated quasi loglikelihood

function for 6:

Cr(0) = =L In2r — Llno? +In |Ar(N)| + I [Bur(p)| — 52 V/(8,0)V(B, ),

(3.9)
where V(3,0) = Qu(p)Bnr(p)[Anr(\)Y — ZA] and Qp(p) is the projection
matrix based on D(p). The direct quasi maximum likelihood (QML) estima-
tor Ogu. of @ maximizes ¢¢,.(0). However, Lee and Yu (2010) demonstrate in
their work for a two-way FE-SPD model that the direct QMLEs of £ and o
are consistent no matter when 7T is large or small, but their distributions are
asymptotically centered only when 7' is small compared to n. They also show
that when T is finite, the QMLE of ¢? is inconsistent and its limiting distri-
bution is degenerate. The reason for these is that such a direct estimation of
the common parameters 6 completely ignores the effects from the estimation
of the incidental parameters ¢ — the well known incidental parameters prob-
lem of Neyman and Scott (1948). For the current model specification, as the
number of groups is also allowed to be large , the incidental parameters prob-
lem could become more complicated. Thus, it is well expected that éQML will
also be inconsistent or asymptotically biased in some scenarios. Therefore, an

alternative (and more general) ML-type approach is highly desirable.
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3.2.4 Adjusted quasi score estimation

Under mild conditions, maximizing ¢¢,.(6) is equivalent to solving S¢,.(0) =
0, where S%p.(6) = 2:05,(6), the set of the concentrated quasi score (CQS)
functions. The fundamental reason of inconsistency or asymptotic bias for the
direct QML estimation is that a necessary condition for consistency of QML
estimators, plim—=S5,(6,) = 0, is violated due to the concentration of the

incidental parameters ¢. To see it more clearly, we first derive the set of the

CQS functions:

/

LZBl (o) V (5,9),

NP EaC 5)V<515) —nTo?), (3.10)
LY'W'B;(p)V(8,68) — tr[Fur(V)],
LV(8,8)Gr(p)V(8,8) — tr[Gur(p)],

where F,7(\) = WA _1(\) and G,r(p) = MB_1(p). At the true value 6, of

0, we have

0k7

_n—l—G(T—l%—l—(G—F)
E[S51(60)] = 27 X (3.11)
tr[Qp (o) Brr(p0)Frr (o) B, 7 (00)] — tr[Fnr(Xo)],

| t7[Qn(p0) G (p0)] = tx[Gir (p0)]-

LE[S¢r(0p)] # 0 in general. According to Lemma A.6,

nT

Thus, we have lim,,7_, o
this suggests plim, ;._, o, ==S557(60) # 0, and therefore fqu cannot be consistent
in general.

However, we note that E[S¢,(6y)] depends only on the common parameters
0 and the observables. It therefore offers a feasible way to analytically correct
the CQS functions to give a set of unbiased estimating functions, or the adjusted

quasi score (AQS) functions, as Si;(6p) = S5r(00) — E[SS(0p)], which takes
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the form at the general 6:

p

LZ'B.(p)V(8B,0),
s [V/(8,0)V(8,6) — Nyo?],
LY'W'B!(p)V(5,6) — tr[Qu(p)Bur(p)Fur(N) By (p)],

LV(8,0)Gur(p)V(B,6) — tr[Qn(p)Gnr(p)],

Spr(0) =

(3.12)
where Ny = (n—G)(T —1) — (G —7), the effective sample size after taking into
account the estimation of fixed effects. When 7 is larger, there are fewer fixed
effects dummies for estimation (concentration) as more dummies are omitted
for identification, yielding a larger effective sample size. Solving the AQS
equations: S*,(0) = 0, gives the AQS estimator of 0, i.e., 6%, = arg{S*,(0) =
0}. It is easy to verity that E[S%;(6y)] = 0 and plim—5S7,(6y) = 0, making it
possible for é;';T to be v/Ni-consistent with a proper limiting distribution.

The AQS approach falls in spirit to the “Modified Equations of Maximum
Likelihood” of Neyman and Scott (1948, Sec. 5) or “Bias-Correction of the
Moment Equation” of Arellano and Hahn (2007), in searching for a potential
method to handle the incidental parameters problem. In the special case of
a two-way fixed effects SPD panel with time-invariant and row-normalized
spatial weight matrices, our AQS method is equivalent to the QML method
of Lee and Yu (2010) based on orthonormal transformations, with an effective
sample size (n — 1)(T" —1).

The root-finding process for the AQS estimation can be simplified by first
solving the equations for 8 and o2, giving the constrained AQS estimators of

B and o2
B (8) = [Z/(0)Z(p)] ' Z (p)Cur(6)Y and  637.(5) = - V'(5)V(9), (3.13)

where Z(p) = Qu(p)Bur(p)Z, Cur(6) = Bur(p)Anr(A) and V(§) = V(B5,(6), 8).
Substituting 37,() and 672.(5) back into (3.12) gives the concentrated AQS
functions of o:

725 YW B2 (0)V(8) — tx[Qo(0)Bur (0)Fur (V) B7(0)],

72 V' (0)Gur(p)V(6) — tx[Qo(p)Gur (p)].

(0) =
(3.14)
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Solving the concentrated estimating (or AQS) equations, S}5.(6) = 0, we ob-
tain the unconstrained AQS estimator 6%, of 8. Thus the unconstrained AQS
estimators of 3 and o2 are 5%, = B.(0%,) and 672 = 672.(6%,). The AQS
estimator of @ is thus 6%, = (8%, 672, 6%,).

We can see from the preceding developments that a significant feature of
this method is that it enables consistent estimation of all parameters, including
o2, with the joint asymptotic distribution of the AQS estimators being centered
as long as N is large. As a result, all the problems associated with incidental
parameters problem have been resolved. Furthermore, we have no constraints
on the proportions of n and T as they grow to infinity, group sizes can be
large or small, and either T can even be fixed. Because the method is based
on adjusted quasi-score functions, it may inherit some of the advantages of
maximum likelihood estimation, such as efficiency. See also Hsiao (2018) for
more discussions on the advantages of the ML-type approach compared with

GMM estimation.

3.2.5 Asymptotic properties of the AQS estimators

Denote a parametric quantity evaluated at the true parameter values by
dropping its argument(s), e.g., A7 = A,r(No), Bur = Bar(po), and C,r =
C.r(dp). Let A be the parameter space for 0, and Ay and A, be the sub-
spaces for A and p, respectively. Consistency and asymptotic normality of
the proposed AQS estimators for the SPD model with time-varying network
structures are established under the following set of regularity conditions.

Assumption A: The innovations vy are id for all © and t with mean
zero, variance ag, and E|viu|*T < oo for some €y > 0.

Assumption B: The space A is compact, and the true parameters g lie
i its intertor.

Assumption C: (i) The elements of Z are non-stochastic and bounded,
uniformly in i and t, and (it) lim,r_o0 =2/ (p)Z(p) exists and is non-singular,
uniformly in p € A,.

Assumption D: {W,;} and {M,} are known time-varying matrices. W

and M are such that (i) their elements are at most of uniform order h, such
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that 2 — 0, asn — oo; (i) their diagonal elements are zero; and (iii) ||[W/||co,
W1, IM||oo, and [|M]|; are all bounded.

Assumption E: For A(w) = A,7(\) or B,r(p) with w = X or p,

(i) both ||A7|s and ||A7Y|1 are bounded;

(i1) either ||A (@)oo or [|[A™ (@)1 is bounded, uniformly in @ € Ay;

(ii1) 0 < ¢ < Infren, Ymin[A' (@) A(@)] < SUPGea,, Tmax[A' (W) A(w)] <
Co < 00O;

(iv) both ||Qu(p)||1 and ||Qp(p)|le are bounded, uniformly in p € A,,.

Assumption F: n is large, and T is large or small. AsnT goes to infinity,
% tends to an mon-zero constant.

Assumptions A-E are standard in the spatial econometrics literature (see,
e.g., Lee and Yu, 2010) except Assumption E(iv). This additional condition
is necessary to facilitate the study of the asymptotic properties of the spatial
estimators. For the time-invariant grouping model, this condition holds as long

as

G —
Byi(p) Datl iy Y1 2ge1 Doy Byr (0) Jt(p) Byt (p) Dot~ Dy By (p)

is bounded in both row and column sum norms, uniformly in p € A, for all
(9:t,q,5), where Jy(p) equals to I, for t = 1 and I, — By (p)ls,[li, By, (p) Byt (p)ls,] ™
ly,By(p) for t =2,.... T, and By(p) = I, — pMy for t = 1,..., T (see Lemma
A.3 for details). Assumption F allows (a) both n and T" are large and (b) n
is large and T’ is finite. Meanwhile, the second part of Assumption F suggests
that G' can also be either large or small. All the scenarios encounter the so-
called incidental parameters problem of Neyman and Scott (1948) due to the
direct estimation of the fixed effects. It could lead to the asymptotic bias or
inconsistency in the estimation of the common parameters. As the transfor-
mation strategy is inapplicable to handle this incidental parameters problem
in our model, a new (AQS) method is therefore introduced.

We first prove the consistency of 5;T The key step in the proof is to
compare S’%.(8) with its population counterpart. Let S, (8) = E[S:;(0)].
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Given 6, S*,(0) = 0 is partially solved at

Brr(9) = [Z/(p)Z(p)] ' Z'(p)Crr (O)E(Y) and  5,7(0) = 5 E[V'(9)V(9)],
(3.15)
where V(6) = V(3:(6),6) = Qu(p)Bur(p)[Anr ()Y —Z5%,(5)]. Substituting
3%+(8) and 5¥2(8) into the d-component of S*,(6), we obtain the population

counterpart of S*%.(0) as

e (5) = 2 5 EIY'W'B1(p)V(9)] = £x[Qp (p)Bur () Fur (A B,r(p)],
BV (0)Gur (9)V(9)] - £2[Qs(p) G (o).
(3.16)
Clearly, S¥¢.(6*,) = 0 by construction. Also, it is easy to see that S*¢.(6y) =
0 as 3:,(0) = Bo and 32(8y) = o2. Thus, by theorem 5.9 of van der Vaart

(1998), 07, will be consistent for dy if supsea 5= [|S25(8) — Si5(8)|| = 0 and

the following identification condition holds:

Assumption G: inf; d(5,50) >

H > 0 for every e > 0, where d(6,d¢)
is a measure of distance between § and 50.
Assumption G is a high level assumption being put up for simplicity of

presentation. It can be shown to be true under some low level conditions. We

have (see (B.5), Appendix B),
7 (0) = 5o Ay Qi (6) Qur (0) A + 3t [Qo(p)Crr (9)],

where Cr(0) = Cur(6)(ClrCrr) T Clp(0), Qur(0) = Qz(p)Qo(p)Crr(9), and
n = ZB + D¢y. A sufficient condition for Assumption G to hold is either (a)
or (b) holds, where

(a) %((;)U/F/VLTB:LT(P) QnT(5)Aﬁ%n+tr[%7’1(5) —P2(6)] # 0, for § # 6o,

) s ALt Qi (9)Gur () Qur (VA - ox - Pa()Cr (0)Pol)] #
0, for § # oo,

Qi

with P1(8) = Cp7Cr7(6)Qn(p)Bur (p)FurBrr, Pa(6) = Qo(p)Bur(p)Fur(N)
B_7(p), and P3(p) = Qp(p)Gnr(p)Qn(p). It is easy to see that Q,r(5) A 1n =
0, Cor(60) = Iy and 672.(8g) = o2. Hence the two quantities in (a) and (b)
are identical 0 at the true parameter values. Once the consistency of 47 o 1s

established, the consistency of 6 - and 62 follows by Assumptions C-E.

Theorem 3.1. Suppose Assumptions A-G hold. We have, as nT — oo,
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To derive the asymptotic distribution of é;T, we apply the mean value
theorem: 0 = S*,.(0%,) = S*.(6y) + %SZT@)(@;‘;T — ), where 0 lies between

0%, and 6, and its value varies over the rows of -2.5%..(9). Using V(S,8) =

00’ ~n
QoV and Y = A (p + BV),

Lav
g )
2 (VQoV — Nio?),
UL(Q)V//PQBnTn + UL%V/’PQV — tI‘(PQ),
LV'P,V — tr(Py),
0

Snr(fo) = (3.17)

\

and its asymptotic normality is proved by the central limit theorem (CLT)
for linear-quadratic (LQ) forms of Kelejian and Prucha (2001). This together
with the proper asymptotic behavior of the ‘Hessian’ matrix, -2;S%.(6) (given

n (B.4), Appendix B), lead to the following theorem.

Theorem 3.2. Under Assumptions A-G, we have, as nT — oo,

VN (O3 = 00) %> N (0, Tim X7 (00) T (00) S5 (60)).

Ni—o0

where 3%.(0y) = _N%E[%SZT(QO)] and T%0(00) = N%Var[S;’;T(@o)], both as-

sumed to exist and X (68) assumed to be positive definite for sufficiently large

Ny.

3.2.6 Inference based on AQS estimation

To conduct inferences for # based on the proposed AQS estimators, consis-
tent estimates of 3*,.(6p) and I'*,.(6y) are needed. The analytical expression of
¥¥1(0) can easily be obtained from the Hessian matrix %SZT(Q) that is given
in (B.4). We note that it depends only on the common parameters 6. There-
fore, a simple plug-in estimator Z;‘LT(GA,’;T) can be used to consistently estimate
Yrr(6p). Alternatively, a simpler sample analogue of ¥*,.(0) also provides a

consistent estimator:

Yo = _N%%S;T(e) o (3.18)
—nT

The consistency of 2% ,(6%,) or 5%, is proved in the proof of Theorem 3.2.

As for the estimation of I, (6p), we first derive all the elements of it using
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Lemma A.5:

Nl = [H2Z, 357q, S+ HZPBurn, 357ps),

0'_() 200

NiT3s 2 = 753 (2N1 + adq),
NI, = ;T%Q/PQBTLTU + ﬁ[Qtr(Pﬂ@D) + Kaq'pal,
NG, = %[21’1(733@@) + Kaq'ps), (3.19)
NT%, = %U’B;TPQDQB”TT] + %péprnTn + tr(PoPs) + Kaphp2,
NiI5, = tr(PsP;) + kapyps + 52ps PaBur,
NT%, = tr(PsPs) + Kapisps,
where p, = diagv(P,),r = 2,3, and ¢ = diagv(Qp). From the above ex-
pressions, we see that I'f,(6y) contains not only the common parameters
f, but also the incidental parameters ¢ embedded in 7, and the skewness
k3 and the excess kurtosis k4 of the idiosyncratic errors. Thus, the com-
mon plug-in approach may not provide a valid estimate. To be more spe-

cific, let T%,(0%,) = T%.(0) ) be the plug-in esti-

(0=07 ..6=0" 1,k3=R3 nT Ka=Ra nT
mator, where ¢*, is the AQS estimator of ¢, obtained through (3.8), i.e.,
Gt = bur (85, 0%p), and ks, and fy,p are consistent estimators of k3 and
k4. When sg, Vg, and T are large at the same time, FZT(é;T) would be consis-
tent as QAS:T is. However, when group sizes of some group g is not large, 77, ,r
(component of ¢27*1T) is not consistent for each ¢. When 7' is not large, then
b* (its component fi%;) is also not consistent. Plugging ¢, into I'* () will
induce a bias (inconsistency), and a bias correction is necessary.

From the expression of I} (6p) given above, we see that only the A\-components
involve ¢ through 7, which may not be consistently estimated by the plug-in
method. We can further show that the components of I'}.(6y) linear in ¢
can also be consistently estimated by the plug-in method. Therefore, the
only term that cannot be consistently estimated by the plug-in method is
%U’B;TPQPQB,LTU associated with the A-A component of I'f,(6p). We have
the following corollary. See its proof in Appendix B for details on these dis-

cussions.

Corollary 3.1. Under the assumptions of Theorem 3.2, we have,

Trr(037) = T (60) + Bias™(do) + 0p(1),
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where Bias*(dy) is a (k + 3) x (k 4 3) matriz having zero entries everywhere

except the A\-\ entry, which takes the form N%tr(PéPg]P’D).

The result of Corollary 3.1 leads immediately a general consistent estimator
Of F;’;T(eo)i
f;T = FZT(é:LT) - BiaS*(ng)- (3.20)

Then, it is only left to find consistent estimators for k3 and k4. Since
we cannot ‘consistently’ estimate V.= B, r(A,rY — 1) due to the incidental
parameters problem, we start from V = QpV, which can be ‘consistently’
estimated by V' = Qp(p%r)Bur(950)[Anr(Nop)Y — ZB%5;]. Let g be the
(4, k)th element of Qp. Denote the elements of V by v;, and the elements
of V by v;,7 = 1,..., N, where j is the combined index for i = 1,...,s,,

=1,....,Gand t =1,...,T. Then, v; = g1v1 + ¢jov2 + -+ + gjnvn, and
thus,

7 N N .
E(U?) =2 k=1 Q?kE(U/%) = 0°K3 ) hy q;’k, j=1,...,N.
-1

Summing E(¢9) over j, we obtain k3 = (Ejvl (03)) (o Z; Sy L)
and its sample analogue gives a consistent estimator of xs:
N .
" ZJ 1 U?
R3nT = A*3
Z] 1Zk 1

where 0; is the jth element of V(3

n

(3.21)

7 A5p) and cjjk is the (j, k)th element of

Qo(pir). Similarly,
0] N N N N
E(U;l) =2 k=1 q;‘lkE(Ué) + 304 D ket i qukqu'l — 30t Y et q?k
N N N
=2kt q;-lkma‘l +30* > > qukq?n

. . N N N
which gives ky = ( Z; L E(® ) — 30" Z] 1 Zk 1 Zz 1 q]kq]l) (‘74 ijl > k=1 q?k:)
by summing E(? ) over j. Hence, a consistent estimator for x4 is
N . D A
. Z] 1 ;1 4sz IZk 1 Zl 1q]2kqj2l
H4,nT == A*4 (322)
Zg 1 Zk 1

Corollary 3.2. Under Assumptions A-G, we hcwe, as N1 — oo,

-1

(’l) /Aing L) K30 and "%4,nT i) K40, (ZZ) i;T — Z;T(Qo) i) 0 and

f:;T - FZT(QO) i> 0;
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and therefore iZ}lszﬁﬁT_l — XN 00T (00) X0 (6) 2 0.

3.3 Monte Carlo Study

Extensive Monte Carlo experiments are carried out to investigate the fi-
nite sample performance of the proposed AQS estimators and the correspond-
ing standard error estimators for the SPD models with time-varying network
structures. In order to see the effectiveness of the adjustments on the concen-
trated quasi scores in controlling the effects of estimating the fixed effects, we
also include the direct QML estimators in the Monte Carlo study. Both time-
invariant and time-varying grouping cases are considered. Hence, we have the

following two data generating processes:

Yoo = AWoiYor + ZufB + pig + vilsy, + Ugts Ut = pWeuUge + Vgr,  (3.23)

Yoo = AWeiYor + ZguB + 1) + Ygrlsye + Ugty Uge = pWorlge + Vi, (3.24)

forg=1,...,Gand t =1,...,T, where the first process represents the time-
invariant grouping model and the second the time-varying grouping model.
We choose T'= 5 or 10 for both models. For the first model, we consider four
combinations with different numbers of groups G and group sizes {s,}. The
first case contains 5 groups with equal group sizes of s, = 10. For comparison,
the second case contains 10 groups with equal group sizes of s, = 5. To study
the effect of group sizes, we also consider 5 and 10 groups with equal group
sizes of s, = 20 and s, = 10, respectively. Therefore, the first two cases have
n = 50 and the other two have n = 100. For the second model, we let n units
randomly be separated into G groups at each time, where n = 50 or 100, and
G =5 or 10.

For each group at period ¢, the sociomatrix Wy, is generated following
Liu and Lee (2010). First, for the ith row of W, we generate an integer
kig uniformly at random from the set of integers [0,1,2,3]. Then we set the
(i + 1)th,..., (¢ + kig)th elements of the ith row of Wy, to be ones and the
rest elements in that row to be zeros, if i + k;;r < s4; otherwise the entries
of ones will be wrapped around such that the first (i + k;;; — m) entries of

the ith row will be ones. We choose 81 = 1, 3y = 0.5, 02 = 1, A = 0.2 and
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p = 0.2. Generate X ;s independently from N (0, I,,), and set the individual
effects as %Zthngt + e, where e ~ N(0, I,,). The group-time fixed effects 7,
are generated from N(0,1). The error (v;y) distributions can be (7) normal,
(#1) normal mixture (10% N (0,4?%) and 90% N (0, 1)), or (4) chi-square with 3
degrees of freedom.? Monte Carlo (empirical) means and standard deviations
(shown in the brackets) are reported for QMLE and AQSE. Further, empirical
averages of the standard error estimates (shown in the square brackets) are also
reported for AQSE, based on the robust VC matrix estimates, ﬁ;}lszifEl.
The number of Monte Carlo runs is 1000.

Tables 3.1a and 3.1b report Monte Carlo results for the time-invariant
grouping model, for 7" =5 and 10, respectively. The results show an excellent
finite performance of the proposed AQS estimators, as well as their standard
error estimators. The proposed AQS method performs uniformly much better
than the QML method in the point estimation of o, A\, and p, irrespective of
the choices of G, {s,} and T". By comparing the empirical sds of two types of
estimators, we see that AQSE is almost as efficient as the QMLE. Our AQS
estimators exhibit a good performance even when the sample size is as small
as n = b0 and T = 5, and improve on average when the sample expands,
regardless of the error distributions. The /N;-consistency of the AQSEs is
clearly demonstrated by the Monte Carlo sds. Moreover, the robust estimates
of standard errors sd’s are on average very close to the corresponding Monte
Carlo standard errors.

Tables 3.2a and 3.2b report Monte Carlo results for the time-varying group-
ing model, for T" =5 and 10, respectively. The results again show an excellent
finite sample performance of the proposed estimation. The corresponding stan-
dard error estimates also perform very well. In contrast, the QMLE typical
provide worse estimates than the AQSE. We see the QMLEs of p and o2 are

still far away from their true values even for the largest sample size.

2In the cases (ii) and (iii), the generated errors are standardized to have mean zero and

variance o2.
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Table 3.1a. Empirical mean(sd)[sd] of the estimators for SPD model with
time-invariant grouping, (81, f2, A, p,0?) = (1,0.5,0.2,0.2,1), T = 5.

G Normal Errors Normal Mixture Chi-Square
QMLE AQSE QMLE AQSE QMLE AQSE
5 B 0.9992(0.088) 0.9996(0.085)[0.084] | 1.0004(0.087) 1.0004(0.086)[0.084] | 0.9997(0.085) 1.0000(0.084)[0.085]
B2 0.5024(0.078) 0.5015(0.081)[0.080] | 0.5005(0.081) 0.4999(0.083)[0.080] | 0.5015(0.079) 0.4997(0.082)[0.080]
A 0.2004(0.033)  0.1996(0.042)[0.040] | 0.1996(0.033) 0.1996(0.043)[0.040] | 0.2006(0.034) 0.2011(0.044)[0.041]
p-0.0076(0.096) 0.1897(0.097)[0.102] | -0.0078(0.107) 0.1871(0.106)[0.106] | -0.0114(0.104) 0.1814(0.105)[0.103]
o?  0.6803(0.073) 0.9748(0.105)[0.104] | 0.6741(0.148) 0.9649(0.210)[0.200] | 0.6785(0.111) 0.9719(0.158)[0.150]
10 B; 0.9984(0.083) 0.9991(0.081)[0.081] | 1.0014(0.083) 1.0023(0.081)[0.081] | 1.0028(0.082) 1.0039(0.081)[0.081]
B2 0.4989(0.082) 0.4993(0.084)[0.082] | 0.5011(0.085) 0.5004(0.085)[0.082] | 0.4998(0.084) 0.4996(0.084)[0.083]
A 0.1998(0.031) 0.1987(0.038)[0.039] | 0.2010(0.034) 0.2011(0.042)[0.038] | 0.2009(0.031) 0.2011(0.040)[0.040]
p -0.0065(0.095) 0.1914(0.093)[0.102] | -0.0089(0.105) 0.1860(0.104)[0.104] | -0.0100(0.104) 0.1858(0.102)[0.105]
o?  0.6807(0.075) 0.9755(0.107)[0.104] | 0.6786(0.157) 0.9716(0.224)[0.202] | 0.6812(0.114) 0.9760(0.163)[0.150]
5 B 0.9973(0.052) 0.9968(0.052)[0.050] | 0.9980(0.051) 0.9979(0.051)[0.050] | 1.0020(0.051) 1.0019(0.051)[0.050]
B2 0.4962(0.052) 0.4980(0.053)[0.053] | 0.4992(0.055) 0.5010(0.055)[0.054] | 0.4985(0.053) 0.5004(0.054)[0.053]
A 0.2016(0.023) 0.1997(0.025)[0.025] | 0.2014(0.025) 0.1997(0.026)[0.025] | 0.2020(0.024) 0.2002(0.025)[0.025]
p 0.1474(0.065) 0.1967(0.053)[0.055] | 0.1441(0.070) 0.1941(0.058)[0.057] | 0.1487(0.069) 0.1978(0.057)[0.056]
o?  0.7508(0.055) 0.9906(0.073)[0.072] | 0.7506(0.117) 0.9904(0.155)[0.149] | 0.7495(0.085) 0.9888(0.112)[0.110]
10 f; 1.0009(0.050) 1.0008(0.050)[0.050] | 0.9972(0.050) 0.9970(0.049)[0.050] | 1.0019(0.051) 1.0017(0.051)[0.050]
B2 0.4993(0.054) 0.5011(0.054)[0.054] | 0.4974(0.055) 0.4994(0.055)[0.055] | 0.4977(0.053) 0.5000(0.053)[0.054]
A 0.2009(0.024)  0.1991(0.026)[0.025] | 0.2008(0.024) 0.1987(0.026)[0.025] | 0.2015(0.024) 0.1994(0.025)[0.025]
p 0.1462(0.068) 0.1953(0.056)[0.055] | 0.1492(0.070) 0.1985(0.058)[0.057] | 0.1494(0.067) 0.1989(0.054)[0.056]
o?  0.7497(0.056) 0.9892(0.074)[0.071] | 0.7498(0.114) 0.9892(0.150)[0.150] | 0.7527(0.086) 0.9931(0.113)[0.110]
5 B 0.9999(0.039) 0.9996(0.039)[0.039] | 1.0004(0.038) 1.0002(0.038)[0.039] | 1.0002(0.041) 0.9999(0.041)[0.039]
B2 0.4953(0.037)  0.4979(0.038)[0.039] | 0.4981(0.039) 0.5007(0.040)[0.039] | 0.4964(0.039) 0.4989(0.039)[0.039]
A 0.2025(0.016) 0.2003(0.018)[0.018] | 0.2029(0.017) 0.2006(0.018)[0.018] | 0.2011(0.018) 0.1988(0.019)[0.018]
p - 0.1490(0.048) 0.1993(0.039)[0.040] | 0.1484(0.047) 0.1991(0.039)[0.040] | 0.1490(0.048) 0.1992(0.040)[0.040]
o?  0.7533(0.037) 0.9939(0.049)[0.051] | 0.7527(0.084) 0.9931(0.111)[0.108] | 0.7543(0.063) 0.9952(0.083)[0.079]
10 f; 1.0025(0.038) 1.0023(0.038)[0.036] | 1.0026(0.036) 1.0023(0.036)[0.036] | 1.0007(0.036) 1.0004(0.035)[0.036]
B2 0.4972(0.037)  0.4996(0.037)[0.037] | 0.4970(0.036) 0.4994(0.036)[0.037] | 0.4995(0.036) 0.5018(0.037)[0.037]
A 0.2031(0.016) 0.2011(0.017)[0.017] | 0.2022(0.016) 0.2000(0.017)[0.017] | 0.2016(0.017) 0.1996(0.018)[0.017]
p 0.1477(0.046) 0.1982(0.039)[0.039] | 0.1476(0.047) 0.1984(0.040)[0.040] | 0.1481(0.049) 0.1982(0.041)[0.039]
o2  0.7532(0.037) 0.9937(0.049)[0.051] | 0.7535(0.085) 0.9942(0.112)[0.108] | 0.7531(0.063) 0.9936(0.083)[0.079]
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Table 3.1b. Empirical mean(sd)[sd] of the estimators for SPD model with
time-invariant grouping, (81, f2, A, p, 0?) = (1,0.5,0.2,0.2,1), T = 10.

n G Normal Errors Normal Mixture Chi-Square
QMLE AQSE QMLE AQSE QMLE AQSE
50 5 B 0.9990(0.051) 0.9993(0.050)[0.049] | 0.9994(0.050) 0.9994(0.049)[0.048] | 1.0010(0.048) 1.0011(0.048)[0.049]
B2 0.5023(0.048) 0.5017(0.048)[0.049] | 0.5016(0.049) 0.5008(0.050)[0.049] | 0.5016(0.049) 0.5000(0.049)[0.049]
A 0.1983(0.021)  0.1984(0.026)[0.024] | 0.1986(0.020) 0.1990(0.026)[0.025] | 0.1996(0.020) 0.2004(0.024)[0.024]
0.0080(0.056)  0.1963(0.066)[0.064] | 0.0044(0.059) 0.1934(0.071)[0.071] | 0.0045(0.058) 0.1936(0.066)[0.068]
o?  0.7740(0.055) 0.9871(0.070)[0.071] | 0.7669(0.116) 0.9781(0.148)[0.147] | 0.7734(0.091) 0.9867(0.115)[0.110]
10 B; 1.0012(0.051) 1.0014(0.049)[0.050] | 0.9999(0.051) 1.0002(0.049)[0.050] | 0.9985(0.051) 0.9990(0.050)[0.049]
B2 0.5021(0.051) 0.5011(0.052)[0.050] | 0.5032(0.049) 0.5023(0.050)[0.051] | 0.5016(0.049) 0.5010(0.050)[0.051]
A 0.1979(0.021) 0.1980(0.025)[0.024] | 0.1985(0.020) 0.1985(0.025)[0.025] | 0.1982(0.021) 0.1989(0.026)[0.025]
p0.0102(0.056) 0.1993(0.064)[0.065] | 0.0085(0.059) 0.1962(0.070)[0.069] | 0.0040(0.060) 0.1924(0.070)[0.068]
o2  0.7750(0.056) 0.9883(0.071)[0.071] | 0.7762(0.119) 0.9895(0.151)[0.149] | 0.7724(0.091) 0.9853(0.116)[0.109]
100 5  f; 1.0003(0.035) 1.0000(0.035)[0.034] | 0.9997(0.034) 0.9996(0.034)[0.034] | 0.9996(0.035) 0.9994(0.034)[0.034]
B2 0.4983(0.035) 0.5002(0.035)[0.035] | 0.4989(0.033) 0.5009(0.034)[0.035] | 0.4990(0.034) 0.5009(0.035)[0.035]
A 0.2013(0.016) 0.1993(0.017)[0.017] | 0.2007(0.016) 0.1989(0.017)[0.017] | 0.2010(0.016) 0.1992(0.017)[0.017]
p 0.1446(0.041) 0.2003(0.037)[0.036] | 0.1439(0.041) 0.1992(0.037)[0.037] | 0.1445(0.040) 0.2000(0.037)[0.036]
0?  0.8463(0.042) 0.9934(0.049)[0.048] | 0.8491(0.099) 0.9966(0.116)[0.108] | 0.8440(0.068) 0.9907(0.080)[0.077]
10 B 0.9999(0.034) 0.9998(0.034)[0.034] | 0.9978(0.035) 0.9977(0.035)[0.034] | 1.0002(0.033) 1.0002(0.033)[0.034]
B2 0.4999(0.033) 0.5016(0.033)[0.034] | 0.4967(0.034) 0.4986(0.034)[0.035] | 0.4971(0.033) 0.4987(0.034)[0.034]
A 0.2011(0.016)  0.1996(0.017)[0.016] | 0.2016(0.015) 0.2001(0.017)[0.016] | 0.2021(0.015) 0.2006(0.016)[0.016]
p 0.1426(0.038)  0.1979(0.034)[0.035] | 0.1416(0.040) 0.1971(0.036)[0.036] | 0.1406(0.040) 0.1967(0.037)[0.036]
o2 0.8457(0.042) 0.9928(0.050)[0.048] | 0.8500(0.096) 0.9978(0.112)[0.107] | 0.8467(0.069) 0.9939(0.081)[0.077]
200 5 pi 1.0014(0.023) 1.0012(0.023)[0.024] | 0.9997(0.025) 0.9995(0.025)[0.024] | 1.0011(0.025) 1.0008(0.025)[0.024]
B2 0.4983(0.025) 0.5002(0.025)[0.024] | 0.4973(0.024) 0.4990(0.024)[0.024] | 0.4993(0.024) 0.5010(0.024)[0.024]
A 0.2016(0.011)  0.1999(0.012)[0.011] | 0.2014(0.011) 0.1997(0.012)[0.012] | 0.2010(0.011) 0.1993(0.012)[0.012]
p 0.1437(0.028) 0.1992(0.025)[0.025] | 0.1431(0.028) 0.1988(0.025)[0.026] | 0.1447(0.028) 0.2000(0.025)[0.025]
o?  0.8492(0.028) 0.9969(0.033)[0.034] | 0.8476(0.065) 0.9950(0.076)[0.076] | 0.8480(0.048) 0.9954(0.056)[0.055]
10 B 1.0002(0.023) 0.9999(0.023)[0.024] | 0.9998(0.024) 0.9995(0.024)[0.024] | 0.9995(0.025) 0.9993(0.025)[0.024]
Ba 0.4980(0.025) 0.4998(0.025)[0.024] | 0.4986(0.024) 0.5004(0.024)[0.024] | 0.4980(0.023) 0.4998(0.023)[0.024]
A 0.2017(0.011)  0.1999(0.012)[0.011] | 0.2017(0.010) 0.1999(0.011)[0.012] | 0.2018(0.011) 0.2001(0.011)[0.012]
p 0.1428(0.027) 0.1987(0.025)[0.025] | 0.1458(0.027) 0.2012(0.025)[0.025] | 0.1425(0.028) 0.1982(0.025)[0.025]
o2  0.8483(0.029) 0.9958(0.034)[0.034] | 0.8479(0.066) 0.9953(0.077)[0.077] | 0.8499(0.048) 0.9977(0.056)[0.055]
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Table 3.2a. Empirical mean(sd)[sd] of the estimators for SPD model with
%) =(1,0.5,0.2,0.2,1), T = 5.

time-varying grouping, (81, B2, A, p, o

n G Normal Errors Normal Mixture Chi-Square
QMLE AQSE QMLE AQSE QMLE AQSE

50 5 B 0.9984(0.077) 0.9973(0.075)[0.072] | 1.0027(0.071) 1.0018(0.069)[0.072] | 1.0006(0.073) 1.0004(0.071)[0.072]
B2 0.4963(0.079) 0.4989(0.080)[0.076] | 0.4960(0.076) 0.4983(0.077)[0.075] | 0.4990(0.072) 0.5021(0.073)[0.077]

A 0.2031(0.033)  0.1999(0.040)[0.037] | 0.2035(0.034) 0.2003(0.040)[0.037] | 0.2025(0.031) 0.1992(0.037)[0.038]

p -0.0198(0.113) 0.1836(0.098)[0.095] | -0.0131(0.118) 0.1832(0.101)[0.100] | -0.0155(0.109) 0.1848(0.091)[0.102]

o?  0.6631(0.074) 0.9697(0.106)[0.105] | 0.6575(0.162) 0.9598(0.234)[0.198] | 0.6676(0.116) 0.9762(0.169)[0.154]

10 B; 0.9979(0.098) 1.0042(0.085)[0.086] | 0.9991(0.097) 1.0019(0.086)[0.086] | 0.9889(0.095) 1.0005(0.085)[0.086]

B2 0.5192(0.099) 0.4959(0.091)[0.089] | 0.5157(0.101) 0.4868(0.091)[0.089] | 0.5140(0.103) 0.4914(0.091)[0.089]

A 0.1810(0.039) 0.2019(0.049)[0.044] | 0.1831(0.040) 0.2088(0.051)[0.046] | 0.1805(0.039) 0.2058(0.050)[0.045]

p -0.3467(0.113) 0.1598(0.122)[0.124] | -0.3625(0.125) 0.1363(0.144)[0.137] | -0.3671(0.112) 0.1458(0.133)[0.129]

o?  0.4627(0.070) 0.9427(0.125)[0.123] | 0.4593(0.121) 0.9334(0.232)[0.209] | 0.4615(0.090) 0.9446(0.176)[0.166]

100 5 f; 1.0021(0.048) 1.0018(0.049)[0.049] | 1.0001(0.048) 0.9998(0.048)[0.049] | 0.9994(0.052) 0.9992(0.052)[0.049]
B2 0.5011(0.052) 0.5031(0.053)[0.053] | 0.4977(0.052) 0.5001(0.053)[0.052] | 0.4978(0.053) 0.5001(0.053)[0.052]

A 0.2013(0.025) 0.1994(0.026)[0.025] | 0.2007(0.023) 0.1985(0.025)[0.025] | 0.2025(0.025) 0.2005(0.027)[0.025]

p 0.1468(0.068) 0.1969(0.055)[0.056] | 0.1494(0.066) 0.1995(0.054)[0.058] | 0.1444(0.072) 0.1948(0.058)[0.057]

o?  0.7503(0.056) 0.9899(0.074)[0.071] | 0.7436(0.115) 0.9810(0.152)[0.148] | 0.7493(0.087) 0.9887(0.115)[0.109]

10 B; 0.9997(0.053) 0.9990(0.052)[0.054] | 1.0013(0.054) 0.9997(0.054)[0.054] | 0.9995(0.054) 0.9985(0.053)[0.054]

B2 0.4945(0.054) 0.4984(0.055)[0.055] | 0.4948(0.054) 0.4993(0.054)[0.055] | 0.4931(0.055) 0.4981(0.055)[0.056]

A 0.2030(0.023) 0.1985(0.028)[0.026] | 0.2042(0.022) 0.1995(0.027)[0.027] | 0.2037(0.022) 0.1992(0.027)[0.027]

p -0.0126(0.077) 0.1935(0.070)[0.069] | -0.0105(0.083) 0.1932(0.074)[0.075] | -0.0111(0.077) 0.1917(0.071)[0.071]

o?  0.6703(0.052) 0.9837(0.074)[0.076] | 0.6662(0.108) 0.9770(0.157)[0.149] | 0.6713(0.081) 0.9847(0.118)[0.111]

200 5 fB; 1.0022(0.036) 1.0018(0.036)[0.036] | 0.9995(0.035) 0.9992(0.035)[0.036] | 0.9994(0.036) 0.9992(0.036)[0.036]
B2 0.4962(0.036) 0.4984(0.037)[0.037] | 0.4978(0.036) 0.5002(0.037)[0.037] | 0.4988(0.036) 0.5013(0.036)[0.037]

A 0.2020(0.017)  0.1997(0.018)[0.018] | 0.2016(0.017) 0.1993(0.019)[0.018] | 0.2018(0.017) 0.1993(0.019)[0.018]

p 0.1458(0.046) 0.1970(0.039)[0.039] | 0.1481(0.048) 0.1989(0.041)[0.040] | 0.1505(0.047) 0.2007(0.039)[0.040]

o?  0.7543(0.038) 0.9952(0.050)[0.051] | 0.7549(0.082) 0.9960(0.108)[0.108] | 0.7531(0.061) 0.9935(0.080)[0.080]

10 f; 1.0026(0.035) 1.0023(0.035)[0.036] | 0.9985(0.035) 0.9983(0.035)[0.036] | 0.9999(0.035) 0.9996(0.035)[0.036]

B2 0.4984(0.036) 0.5007(0.037)[0.036] | 0.4973(0.037) 0.4996(0.038)[0.036] | 0.4984(0.037) 0.5009(0.038)[0.036]

A 0.2017(0.017)  0.1995(0.018)[0.017] | 0.2016(0.016) 0.1995(0.017)[0.017] | 0.2012(0.016) 0.1990(0.017)[0.017]

p 0.1456(0.046) 0.1969(0.038)[0.039] | 0.1476(0.048) 0.1981(0.040)[0.040] | 0.1509(0.048) 0.2011(0.040)[0.039]

o2 0.7545(0.039) 0.9954(0.051)[0.051] | 0.7518(0.081) 0.9918(0.107)[0.108] | 0.7508(0.063) 0.9905(0.083)[0.079]
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Table 3.2b. Empirical mean(sd)[sd] of the estimators for SPD model with
time-varying grouping, (81,2, A, p,0%) = (1,0.5,0.2,0.2,1), T = 10.

G Normal Errors Normal Mixture Chi-Square
QMLE AQSE QMLE AQSE QMLE AQSE
5 B 1.0021(0.049) 1.0010(0.047)[0.049] | 0.9996(0.048) 0.9985(0.047)[0.049] | 0.9986(0.051) 0.9980(0.050)[0.049]
B2 0.4996(0.053) 0.5010(0.054)[0.052] | 0.5024(0.052) 0.5031(0.052)[0.052] | 0.4979(0.053) 0.5000(0.053)[0.052]
A 0.2020(0.021)  0.1994(0.027)[0.026] | 0.1997(0.022) 0.1976(0.027)[0.026] | 0.2017(0.022) 0.1990(0.027)[0.026]
p 0.0190(0.061) 0.1969(0.063)[0.064] | 0.0204(0.065) 0.1970(0.065)[0.068] | 0.0216(0.061) 0.1984(0.063)[0.064]
o?  0.7709(0.054) 0.9872(0.069)[0.071] | 0.7690(0.121) 0.9849(0.155)[0.148] | 0.7658(0.090) 0.9802(0.114)[0.108]
10 B; 0.9978(0.057) 1.0001(0.052)[0.054] | 0.9958(0.060) 0.9986(0.054)[0.054] | 0.9950(0.060) 1.0003(0.055)[0.055]
B2 0.5196(0.063) 0.5002(0.058)[0.057] | 0.5216(0.063) 0.5004(0.059)[0.058] | 0.5190(0.063) 0.5002(0.061)[0.057]
A 0.1857(0.023) 0.2018(0.030)[0.029] | 0.1829(0.024) 0.2012(0.033)[0.030] | 0.1825(0.023) 0.1998(0.032)[0.029]
p -0.2419(0.065) 0.1811(0.084)[0.084] | -0.2457(0.073) 0.1751(0.095)[0.095] | -0.2461(0.068) 0.1831(0.088)[0.086]
o?  0.5818(0.054) 0.9772(0.085)[0.083] | 0.5762(0.097) 0.9669(0.160)[0.155] | 0.5817(0.077) 0.9800(0.123)[0.119]
5 B 0.9998(0.034) 0.9995(0.034)[0.033] | 1.0015(0.033) 1.0014(0.033)[0.033] | 1.0021(0.032) 1.0020(0.032)[0.033]
B2 0.4972(0.034) 0.4987(0.035)[0.034] | 0.5003(0.033) 0.5023(0.034)[0.035] | 0.4990(0.034) 0.5009(0.034)[0.034]
A 0.2015(0.016) 0.1998(0.017)[0.017] | 0.2008(0.016) 0.1989(0.017)[0.017] | 0.2017(0.015) 0.2001(0.017)[0.017]
p 0.1425(0.040) 0.1980(0.037)[0.036] | 0.1444(0.040) 0.2001(0.036)[0.037] | 0.1428(0.042) 0.1981(0.039)[0.036]
o?  0.8456(0.041) 0.9927(0.048)[0.048] | 0.8472(0.094) 0.9945(0.111)[0.107] | 0.8443(0.066) 0.9911(0.077)[0.077]
10 B; 0.9997(0.036) 0.9995(0.036)[0.036] | 1.0016(0.037) 1.0007(0.036)[0.036] | 0.9994(0.037) 0.9988(0.037)[0.036]
B2 0.4973(0.036) 0.5006(0.037)[0.036] | 0.5002(0.036) 0.5024(0.037)[0.036] | 0.4978(0.036) 0.5002(0.037)[0.036]
A 0.2018(0.015) 0.1989(0.019)[0.018] | 0.2020(0.015) 0.1996(0.019)[0.019] | 0.2015(0.016) 0.1991(0.019)[0.018]
p 0.0236(0.041) 0.1997(0.044)[0.045] | 0.0249(0.044) 0.1977(0.048)[0.048] | 0.0242(0.043) 0.2000(0.046)[0.046]
o?  0.7758(0.039) 0.9949(0.049)[0.051] | 0.7739(0.091) 0.9918(0.117)[0.108] | 0.7748(0.063) 0.9935(0.081)[0.079]
5 B 1.0004(0.024) 1.0002(0.024)[0.024] | 1.0009(0.024) 1.0005(0.024)[0.024] | 1.0017(0.025) 1.0014(0.025)[0.024]
B2 0.4973(0.023)  0.4992(0.023)[0.024] | 0.4979(0.023) 0.4997(0.023)[0.024] | 0.4980(0.024) 0.4998(0.025)[0.024]
A 0.2021(0.011)  0.2004(0.012)[0.012] | 0.2024(0.011) 0.2006(0.012)[0.012] | 0.2014(0.011) 0.1997(0.012)[0.012]
p o 0.1441(0.028) 0.1996(0.026)[0.025] | 0.1423(0.027) 0.1983(0.025)[0.026] | 0.1428(0.028) 0.1986(0.026)[0.026]
o?  0.8489(0.030) 0.9964(0.035)[0.034] | 0.8490(0.067) 0.9966(0.079)[0.077] | 0.8505(0.048) 0.9984(0.056)[0.055]
10 f; 1.0005(0.024) 1.0002(0.024)[0.023] | 1.0007(0.023) 1.0005(0.023)[0.023] | 1.0004(0.023) 1.0001(0.023)[0.023]
B2 0.4989(0.022) 0.5007(0.022)[0.024] | 0.4982(0.023) 0.5001(0.023)[0.024] | 0.4975(0.024) 0.4992(0.024)[0.024]
A 0.2015(0.011)  0.1998(0.012)[0.012] | 0.2017(0.011) 0.2000(0.012)[0.012] | 0.2020(0.011) 0.2002(0.012)[0.012]
p 0.1430(0.027) 0.1988(0.025)[0.025] | 0.1432(0.028) 0.1991(0.026)[0.026] | 0.1432(0.028) 0.1991(0.026)[0.025]
o2 0.8479(0.029) 0.9953(0.034)[0.034] | 0.8490(0.067) 0.9967(0.079)[0.077] | 0.8482(0.048) 0.9957(0.057)[0.055]
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3.4 Conclusion and Discussion

We consider estimation and inference for a spatial panel data (SPD) model
with time-varying network structures, which allows for endogenous interac-
tion, exogenous interactions, correlation of unobservables, and most impor-
tantly three-dimensional fixed effects. The time-varying network structures
render the orthogonal transformation inapplicable, and thus an adjusted quasi
score (AQS) is proposed, which adjusts the concentrated quasi scores (with the
fixed effects being concentrated out) to remove the effects of estimating these
incidental parameters. Although we focus on an empirically most meaning-
ful specification of the three-way fixed effects, where group-specific effects are
time-varying additive with time-invariant individual-specific effects, the pro-
posed estimation strategy can be easily extended to handle all the other pos-
sible specifications. For the statistical inferences, the main difficulty lies with
the fact that ‘consistent’ estimates of the idiosyncratic errors are unavailable
due to the incidental parameters problem. A ‘plug-in and then bias-correction’
method is proposed to give consistent estimates of the standard errors of the
AQS estimators.

The proposed methods are seen to be very general in handling the SPD
models with multi-dimensional unobserved heterogeneity and the presence of
generally time-varying spatial weight matrices without row-normalization. The
current study also sheds light on an interesting but challenging extension: dy-
namic SPD models with time-varying network structures. Especially when
T is fixed, the analysis will become much more complicated as adjustments
to the concentrated quasi score functions are required to deal with the inci-
dental parameters problems coming from both the initial condition and the
concentration. Rigorous studies on this extension can only be done in future

research.
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Appendices

Appendices for Chapter 1

We collect all the technical proofs for the main results in Chapter 1 here.
Three appendices are provided. Appendix A provides some basic lemmas that
are used in the other appendices. Appendix B and Appendix C present proofs

for results in Section 1.2 and Section 1.3, respectively.

Appendix A: Some basic lemmas

The following lemmas are essential to the proofs of the main results in this

chapter.

Lemma A.l. (Kelejian and Prucha, 1999; Lee, 2002): Let {An} and
{Bn} be two sequences of N x N matrices that are uniformly bounded in both
row and column sums. Let Cy be a sequence of conformable matrices whose

elements are uniformly O(h'). Then,

(i) the sequence {AxBn} are uniformly bounded in both row and column

sums,
(ii) the elements of Ax are uniformly bounded and tr(Ay) = O(N), and
(1ii) the elements of AxCy and CyAx are uniformly O(h,;').

Lemma A.2. (Lemma A.3, Lee, 2004): For W and Ax(\) defined in
Model (1.2), if |W|| and ||AN|| are uniformly bounded, where ||| is a matriz
norm, then ||AN (N is uniformly bounded in a neighborhood of .

Lemma A.3. Under Assumptions C-E, we have
(1) Qn(p) is uniformly bounded in both row and column sums, uniformly

inpel,
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(11) Qx(p) is uniformly bounded in both row and column sums, uniformly

inp€A,.

Proof of Lemma A.3: Proof is simpler using a D?, under the constraint
a; = 0.

Proof of (i).

Let D,(p) = Br(p)Dy, Da(p) = B (p)D3, Pua(p) = D, (p)Du(p), Pralp) =
DL (P)Da(p), Paz(p) = Dg(p)Da(p) and F(p) = D, (p)Qu, (p)Dy(p). Using the

inverse formula of a partioned matrix, one has

-1

Dii(p) Dia(p)
Dis(p) Daslp)
Fp) —FY(p)D12(p) D3 (p)
~D3 (0)Dia(p)F H(p) Do (p) + Diy () Dia(p) F () Pr2(p) Do (p)

Plugging this into Qp(p), we obtain after some algebra,

D' (p)D(p)] " =

Qu(p) = Qo,(p) — Qu, (D)}, (p)Qp,. () Dpu(p)] ' D}, (p)Qp,.(p). (A1)

Given the special structure of D, (p), one has Qp_ (p) = blkdiag(Ji(p),. .., Jr(p)),
where Ji(p) = I, and Jy(p) = I, — 1-Bi(p)ln. -1, Bi(p) Be(p)ln,) ', Bi(p)
fort =2,---,T. By Assumption D, the limit of n%l;u Bi(p)Bi(p)l,, is bounded
away from zero and the elements of By(p)l,,[,,, B;(p) are uniformly bounded,
uniformly in p € A, for each ¢t. Therefore, J;(p) must be uniformly bounded
in both row and column sums, uniformly in p € A, for all ¢. Hence, Qp,_(p) is
also uniformly bounded in both row and column sums, uniformly in p € A,

We next consider the second term on the RHS of equation (A.1). We denote

it as Q(p), which can be partitioned into 7" x T" blocks with (s, t)th block being

Qui(p) = —+J:(p) Bs(p) D[+ X1y D, Bi(p)J(p) Bi(p) D)~ D, B;(p) Ji(p).-

By assuming that By(p) D[+ Zle D;Bj(p)J:(p)B:i(p)Dy| ' D, B;(p) is uniformly
bounded in both row and column sum norms, uniformly in p € A, for all s and
t, we have that the row and column sums of each Q,;(p) must have uniform
order O(1/T), uniformly in p € A,. As there are T" blocks in each row or in

each column of Q(p), we must have Q(p) is bounded in both row and column
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sum norms, uniformly in p € A,. Consequently, Qp(p) is bounded in both row
and column sum norms, uniformly in p € A,

Proof of (ii). Let Zn(p) = [+X(p)X(p)] ™" with its (j, k)th element being
denoted by z;(p). From Assumption C(ii), Zy(p) converges to a finite limit
uniformly in p € A,. Therefore, there exists a constant ¢, such that |z;,(p)| <
c, uniformly in p € A, for large enough N. Note that X(p) = Qp(p)Bn(p)X.
As the elements of X are uniformly bounded (Assumption C(i)), and By(p)
and Qp(p) are bounded in both row and column sum norms, uniformly in
p € A,, the elements of X(p) are also uniformly bounded, uniformly in p €
A,. Hence, there exists a constant ¢, such that |z;;(p)| < ¢, uniformly in
p € A,, where x;;(p) is the (j, k)th element of X(p). Let pji(p) be the (j,1)th
element of Px(p) = +X(p)[+X'(p)X(p)]'X/(p). It follows that uniformly in
p €D XL (o)l < % X0 Xmy Xi |zns(p) i (p)zus(p)| < KPencd for
all [ =1,2,...,N. Similarly, uniformly in p € A,, we have Zf\il ipji(p)| <
L S S s () (p)aus(p)] < KPe.c? for all j =1,2,...,N. That
is, Px(p) is bounded in both row and column sum norms, uniformly in p € A,.

Consequently, Qx(p) = Iy — Px(p) is also bounded in both row and column

sum norms, uniformly in p € A, [

Lemma A.4. Suppose that {An} and {By} are two sequences of N x N
matrices that are uniformly bounded wn either row or column sums. Under

Assumptions C-E, tr[AxyPx(p)Bn] = O(1), uniformly in p € A,.

Proof of Lemma A.4: From the proof of Lemma A.3, the elements of
X(p) and the elements of [+X'(p)X(p)|™" are uniformly bounded, uniformly in
p €N, If Ay and By are bounded in row (column) sum norm, then AyBy
is also bounded in row (column) sum norm. Thus, Lemma A.6 of Lee (2004)
implies that the elements of %X’(p)ANBNX(p) are uniformly bounded. It fol-
lows that tr[AxPx(p) Bx] = trl(3X/(p)X()) ' 31X () AvBrX(p)] = O(1),

uniformly in p € A, because the number of regressors k is fized. [

Lemma A.5. (Lemma A.2, Lin and Lee, 2010; Lemma A.3, Liu and Yang,
2015): Let An = [a;;] and By = [b;j] be two square matrices of dimension N

and cy be an N x 1 vector of elements ¢;. Assume that innovations {v;}
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have zero mean and are mutually independent, i.e. v; ~ im’d(O,ajz-). Letting
H = diag{c},- - ,0%} and V = (v1,--- ,un)’, we have,

(i) BE(V'ANV) =tr(HAy) =S, a;0?,

(it) E(V'ANV -y V) = 3L, aueEB(v)),

(i) E(V' ANV -V'ByV) = SN a;bi[E(vf) — 308 + tr(HAx ) tr(HBy) +
tr(HAVHBS,),

(iv) Var(V' AN V) = SO a2 [E(v}) — 302 + tr(HANYHAR,).

i=1 Yii
Lemma A.6. (Lemma A.3, Lin and Lee, 2010, extended): Let {An} be

a sequence of N x N matrices such that either ||An|s or ||Anl1 is bounded.
Suppose that the elements of Ax are O(h;') uniformly in all i and j. Let
innovation vector V. be defined as in Lemma A.5. Let ¢y be an N x 1 wvector
with elements of uniform order O(h 1/2). Then

(i) E(V'ANV)=0(). (i) Var(V'ANV) = O(7),

(i) VANV = Oy(&),  (iv) VIANV — B(V'ANV) = O0,((2)3),

(v) AyANV = O0,((&)2), if | Ax]1 is bounded.

Proof of Lemma A.6: Firstly, Lemma A.8 of Lee (2004) implies that
tr(HAy), tr(AnAYy), tr(HANHAY) and tr(HAyHAY) are all O(;%). As
SV, a2 < tr(AyAy), we also have SN a2 = O(5%). These and Lemma A.5
show that E(V'AyV) = tr(HAy) = O(#-) and Var(V'Ay V) = SN aA[E(vd)—
304] + tr[HAy (HAY + HAy) = O(). As E[(V/AyV)?] = Var(V/ANV) +
E2(V'ANV) = O((%)z) we have P(%& V' AN V| > M) < -5 (2 )2E[(V'AyV)?] =
O(1), by the generalized Chebyshev’s inequality. It follows that VANV =
Op(hﬂn). Moreover, by Chebyshev’s inequality, P((%)% [V ANV=E(V'ANV)| >
M) < 5% Var(V'AyV) = O(1). This implies that V'AyV — E(V/AyV) =

Op((%)%). Finally, as the elements of ¢y have uniform order O(h,, Y %), there

iz for all j. Hence, we have by the

exists a constant ¢ such that |c;| < 7

boundedness of || Ay||1,

Var[(%‘)%c’]\,ANV] =l vazl z;vzl chvzl CjCLQ;iKTF
< (5 2ty 07) (0 lag) (20 lawl) = O(1).

It follows that dy ANV = O,((& )%) by Chebyshev’s inequality. [
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Appendix B: Proofs for Section 1.2

In proving the theorems, the following facts are used: (i) the eigenval-
ues of a projection matrix are either 0 or 1; (iz) the eigenvalues of a positive
definite (p.d.) matrix are strictly positive; (ii7) Ymin(A)tr(B) < tr(AB) <
Ymaz(A)tr(B) for symmetric matrix A and positive semi-definite (p.s.d.) ma-
trix B; (iv) Yimaz (A + B) < Ymaz(A) + Yimaz(B) for symmetric matrices A and
B; and (v) Vmaz(AB) < Ymaz(A)Vmaz(B) for p.s.d. matrices A and B.

The validity of Assumption E(iv) under a balanced panel:

For a balanced panel with a time-invariant and row-normalized spatial
weight matrix, we have for all ¢, n, =n, D; = I,,, My = M, and By(p) = I, —
pM = B(p). As M x1l,, =1, Jy(p) = I,—1,I,t =2,...,T. Thus, we arc able
to get B.(0) Dul ST, DiBI(p) Ji(p) Bi(p) DI DiBl(p) = (I~ L321,) 1. As

n— %lnl; is strictly diagonally dominant in rows and columns, its inverse is

bounded in row and column sum norms (Varah, 1975).

Derivation of the AQS functions and the Hessian matrix:

Writing the key quantity in the concentrated quasi loglikelihood function
(1.5) as V'(8,6)V(8,6) = [Ax(\)Y — X8/ By (0) Qs (p)Bx ()[An(\)Y — X5,

and using the facts that for an invertible matrix A()), we have & In|A(\)| =

tr[ATH (AL AN)] and FATN) = —ATHA)[ZAN)]ATE(N), it is straightfor-

ward to derive S§ (6). However, the derivation of the p-component is compli-

cated and some intermediate results are useful. First,

5By (2)Qo(p)Bn(p)]
= — M'Qp(p)Bn(p) — Biy(p)Qn(p)M + By (p)Qn(p)Qn(p)Bn(p)
+ By (p)Qu(p)Qu(p)Bn(p),

where Qp(p) = %Qm(p). With 8%}D(p) = —MD = —Gx(p)D(p), we have

Qo(p) = Qo(p)Gn(p)Po(p) + Po(p) Gy (p)Qo(p). (B.1)

This leads to —3[BYy(p)Qu(p)Br(p)] = Bi(p)Qu(p)G3(p)Qn(p)Bn(p) =
U(p), the p-component of the CQS function (1.6), and the p-component of the
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AQS function (1.8):

Sp(0) = 5 [AN(NY = XU (p)[An(N)Y — Xp] — tr[Qo(p)Gn(p)]. (B2)

This is expressed in terms of ¥(p) and G (p) to facilitate the derivations of
the p-related terms of the Hessian matrix (%\I/(p). Again, the (p, p) term of
8%\11(;)) is most complicate. For a comformable vector a, we have by taking use

of (B.1) and after some tedious algebra,

d'[5,%(p)la = 2a'Bly(p)Qn(p) |G (p)Pu(p) G ()~ Gy (p) G ()| Qi (p)Bw (p)a.

(B.3)
With the set of AQS functions S} (0) given in (1.8) and (B.1)-(B.3), we obtain
the components of the Hessian matrix Hy (6) = 8‘3, Sy (6):
Hjp(0) = —iX’(p)X(p),
H2(0) =~ X(p)V(B,6) = H}ig,
H3(0) = -3 X'( )Y(p) = H,
Hp,(0) =— X'(P) X(p)V(8,8) = Hp,
H o (0) = — 5 V'(B,86)V(5,0) + 52 N1,
Hgs) Y(p)V(B,6) = Hys, (B4)

6) =
H,,(0) = —52V'(8,0)G(p)V(8,8) = Hyps,

H,\(0) = —5Y'(p)Y(p) — tr[Qu(p)Bn(p)FR(N)BY (p)],
H;,(0) = —5Y(p)Gx(p)V(B,0) — tr[Fn(MRn(p)],
H\(0) = —25Y (p)G(p)V(B.9),
H; (0) = 1V/<67 SRin(p)V(B,6) — tr[Ran(p)],
whete Y(p) = Qo(p)Bx ()WY, Ry(p) = By} ()Pu(p)G3(p)Qn(p)Br(p),

Rin(p) = G (p)P(p) Gy (p) =G (p)Gn(p) and Ran(p) = Qu(p)Gn(p)[Pn(p)
G (p) + Gn(p)].

Proof of Theorem 1.1: By theorem 5.9 of van der Vaart (1998), we

only need to show supéeéNil 53¢ (0) — S3e(o)|| 25 0 under the assumptions in
Theorem 1.1. From (1.10) and (1.12), the consistency of 6% follows from:

(a) infsead’y(0) is bounded away from zero,

(b) supsea |€7:72N<5) - 5;,2N(5)‘ = 0y(1),

(¢) supsea 37| Y'W'BY(p)V(6) — E[Y'W'Byy (p) V(8)]| = 0,(1),
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(d) supsea 77| V'(6)Gn(p) V() — E[V'(0)Gn(p)V(8)]| = 0,(1)-
Proof of (a). From (L.11), %(6) = [X'(p)X(p)] "X/ (0)Qs(p)C(6)E(Y)
as X(p) = Qp(p)By(p)X and Qp(p) is idempotent. Thus, V(6) = Qp(p)Cn(6)Y —

X(p)Br () = Qx(p)Qn(p)Cn(6)Y + Px(p)Qn(p)Cn (8)[Y — E(Y)]. By the or-
thogonality between Qp(p) and Pp(p) and using Y = Ay (n + By'V), w

have,
5:2(6) = LEIV/(5)V(5)
= +EY'Q)Y] + £E{[Y — E(Y)['P(5)[Y - E(Y)]} (B.5)
= +E(Y)Q(OE(Y) + % E{[Y — E(Y)/'[Q(5) + P(O)][Y — E(Y)]}
= LE(Y)QU)E(Y) + £ E{[Y — B(Y)/'Cl(6)Qu(p)Cn ()Y — E(Y)]}

)
= S AR'QOAY Y + Ztr[Qul(p)Cr (8],

where Q(6) = Cy(0)Qp(p)Qx(p)Qn(p)Cn(9) and P(6) = Cx(0)Qp(p)Px(p)
Qp(p)Cn(9). The first term can be written in the form of a/(d)a(d) for an
N x 1 vector function of 9, and thus is non-negative, uniformly in § € A. For

the second term,

20x[Qo(p)Cn ()] = 39 %min O (9)]ET(Q (9)] = 02 Yanin [C(9)]
> 05 max(ANAN) " Yimax (BiyBr) ™ Ynin[A (V) An (A 3min[Bly () B ()] > 0,

uniformly in § € A, by Assumption E(iii). It follows that infsead;?y(0) > 0.

Proof of (b). From (L9), 34(6) = [(X(¢)X(p)] "X () Qs(p)Cr(8)Y.
Then, V(3) = Qu(p)Bn(p)[ANN)Y — XF5(8)] = Qx(p)Qo(p)Cn(8)Y and
573(0) = 2 Y'Q(O)Y. From (B.5), 57%,(5) = 2 E[Y'Q(0) Y]+ 34r[C ' P(9)CR].
Thus,

3(0) = 523 (6) = £ [Y'QUO)Y — E(Y'Q(6)Y)] — Z2tx[CR'P(5)C]

For the second term, 0 < Niltr[C']\ij(é)C]’Vl] < 2 fymaX[CN( N2 Qo(p)]
tr[Px(p)] = o(1), because tr[Px(p)] = k, Ymax|Qp(p)] = 1 and, by Assump-
tion E(i47), Ymax[Cn ()] < Ymin(ANAN) " Yanin(BYBN) ™ Yimax[ Al (V) An ()]
Ymax| By (p)Bn(p)] < oo. Therefore, one has supsca |%tr[C’§1P(5)C]}1H =
o(1). For the first term, we prove the uniform convergence: supsea ‘N%[Y/ Q)Y -

E(Y'Q(0)Y)]| = 0,(1), which follows from pointwise convergence of N% Y'QU)Y—
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E(Y'Q(0)Y)] to zero for each § € A and the stochastic equicontinuity of
N%Y’Q((S)Y, according to Andrews (1992). We have,

M [Y'QO)Y - E(Y'Q(9)Y)]
= % VCy'QO)AY N + 5 [V'CL'QU)CKV — o5ptr(Ci'Q(O)Cy )]

By Assumption E, and Lemmas A.1 and A.3, one shows that Cy"Q(5)A y'and
C"Q(8)Cy! are bounded in both row and column sum norms, for each 6 € A.
Further, the elements of 1 are uniformly bounded. Thus, the pointwise con-
vergence of the first term follows from Lemma A.6 (v), and the pointwise
convergence of the second term follows from Lemma A.6 (iv). Therefore,
N%[Y’Q((S)Y —E(Y'Q(6)Y)] % 0, for each 6 € A.
Next, let 0, and 5 be in A. We have by the mean value theorem (MVT):
M Y' Q)Y — £ Y'QO)Y = Y [55Q(0)]Y (62 — 6u),
where & lies between 0; and &,. It follows that N%Y’ Q(0)Y is stochasti-
cally equicontinuous if supsea 7 +Y'[2ZQ(0)]Y = 0,(1), @ = A, p. We only
show Supsen 5 Y5, 2Q(8)]Y = O,(1) as the proof of supscp Y’[a/\Q((S)]Y =
O,(1) is similar and simpler. Note that
2Q(0) = — Cy(9)Gx(p)Qn(p)Qx(p)Qn(p)Cn (8) + Ciy(8)Qn(p)Qx(p)Qn(p)
+ Cv(6)Qn(p)Qx(p)Qo(p)C (6) + Cly(8)Qo(p)Qx(p)Qn(p) Cv (4)
— Cy(6)Qn(p)Qx(p)Q(p)Gn(p)Cn(9),
where Qx(p) = (%Qx(p). Using (B.1), we have after some algebra, X(p) =
5:X(p) = Gn(p)X(p) where Gy (p) = Pu(p)Gly(p) — Qu(p)Gn(p), which gives
Qx(p) = —Px(p)Gy (p)Qx(p) — Qx(p)Gn (p)Px(p)- (B.6)

For a comformable vector a and taking use (B.1) and (B.6), we have after some

algebra,
d[5,Q(8)]a = —2a'Q(d)a, (B.7)

where Q(0) = Qy(9)Gn(p)Qn(9) and Qn(0) = Qx(p)Qn(p)Cn(d). Some
rearrangements lead to Q(0) = Q) (§)MQp(p)Qx(p)An()), where we define

Q@s(p) = In—D[D'(p)D(p)] "D/ (p) B (p) and Quc(p) = In—X[X'(p)X(p)]'X'(p)

Qo(p)By(p). Following exactly the same way as we prove Lemma A.3, we

show that Qp(p) and Qx(p) are also uniformly bounded in both row and col-
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umn sums, uniformly in p € A,. This implies that both [|Q(d)|; and ||Q(6) |«
are bounded uniformly in § € A. AsY = Ay (n + B,'V), Lemma A.1 and
Lemma A.6 imply

W Y'[5Q0)Y = —ZY'QU)Y = —Z(n+ By VYAT'Q(O)AY (n + By'V)
= -2 AY'QO)AY N — 357 AR 'Q(H)CH'V — £ VICLIQ(O)CH'V = 0,(1),
uniformly in 0 € A. Thus, supsea 7 Y’[ 9 Q(0)]Y = O,(1). Following the
similar analysis, one also has supseca 7 +Y’ [ 2Q(0)]Y = O,(1). Therefore,
supsea |77 (0) — 035 (0)] = 0p(1).
Proof of (c). By the expressions of V(\) and V() given above, we have
LYWIBY () V(8) — LE[Y'WBY(p)V(0)
= 5 [YYW'Bj(p)Qn(9)Y — E(YW'By (p) Qn(0) Y)]

— 20tr[C ' WBY ()P (9)Cy],
where Py (0) = Px(p)Qn(p)Cn(5). The first term is similar in form to N%[Y’Q((S)Y
—E(Y'Q(0)Y)] from (b), and its uniform convergence is shown in a similar
way. Furthermore, by Lemma A.4, it is easy to see that the second term is

o(1) uniformly in § € A.
Proof of (d). Again, using the expressions of V(§) and V(4), we have
= V(8)Gn(p)V(8) — 3-E[V'(5)Gn(p)V(6)]
= LY'QE)Y — B(Y'Q(8)Y)] - Fotr[Cx Py (0)G3 (p) Qu(8)Cy]
2tr[C Py (6) G (p)Pr(6)CR]-

Therefore, the uniform convergence of the first term can also be shown similarly
as we do for 3-[Y'Q(6)Y — E(Y'Q(d)Y)] since they have similar forms. By
Lemma A.4, the remaining two terms are easily seen to be o(1), uniformly in

0 e A. n

Proof of Theorem 1.2: Applying the MVT to each element of S% (6%),

we have

4(3) = L5500 + {N%%s;vw)\ } SN — 80,

(B.8)

=0, in rth row

where {0,} are on the line segment between 6% and . The result of the
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theorem follows if
(@) i Sk(00) = N[0, limy oo T3 (60),
(%) N%[%S* oz 8, in rth row — 3575N(0h)] = 0,(1), and
;L3073 (00) — B35 S5 (60))] = 0p(1).
Proof of (a). From (1.13), we see that the elements of S¥(6y) are linear-

quadratic forms in V. Thus, for every non-zero (k + 3) x 1 vector of constants
a, a’S(0o) is of the form:
CZ/S]*V<90) = bINV —+ V/q)NV — Uztr(q)]\[),

for suitably defined non-stochastic vector by and matrix ®. Based on As-
sumptions A-F, it is easy to verify (by Lemma A.1 and Lemma A.3(7)) that
by and matrix @y satisfy the conditions of the CLT for LQ form of Kelejian
and Prucha (2001), and hence the asymptotic normality of —=a’S%(6o) fol-
lows. By Cramér-Wold device, \/—NflS}'(,(QO) N N[O,th_>C>O FN(QO)], where
elements of I'y(0y) are given in (1.15).

Proof of (b). The Hessian matrix H} (0) = 52, S (6) is given in (B.4). By
Assumptions D and E, and Lemma A.1 and Lemma A.3(i), Rx(po), Rin(po)
and Ran(pg) are all bounded in row and column sum norms. With these

and Y = Ay (n + BL'V), Lemma A.6 leads to N%H]{,(Go) = O,(1). Thus,
N%HJ’Q(G_) = 0,(1) since § 5 0y due to 0% 2 0, where for ease of exposi-

tion, H% () is used to denote -2;5% (0

=2 P y 2
00’ |9:9} in rth row’ As Ty Tyos WE have

g, =0, +0,(1), for r =2,4,6. As 0,7 appears in Hx(0) multiplicatively,
3 H3(0) = - Hy (8, X, p,02) + 0p(1). Thus, the proof of (b) is equivalent to
the proof of

NAl[HX/'(B 5\ P, ’UO) H]>§7<00)] L) Oa

or the proofs of N%[H}(,S(ﬂ_, N, p,02%)—HiE(6y)] - 0 and Nil[H]’Q}qS(S)—H]’Q}\'S((SO)]
25 0, where H3? and H® denote, respectively, the stochastic and non-
stochastic parts of Hy.

For the stochastic part, we see from (B.4) that all the components of
H3E(B, A\, p,02,) are linear, bilinear or quadratic in 3 and A, but nonlinear in p.

Hence, with an application of the MVT on H3¥(B, A, p, 0%)) w.r.t p ‘variable’,
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we can write N%[H;/S(B, A\ p,02) — HiE(6y)] as

N5 HR (B, X, 9, 020)1(5 = po) + 3, [HF (B, X, po, 059) — HiF (B0)],
where p lies between p and py. Thus, it suffices to show (7) Nila%H}(fs(B, A\ p,02) =
Op(1), and (i1) 5 [HR (B, X, po, 0%) — Hi (00)] = 0,(1).
We select one of the most complicated components, H>3(0) = —-5Y'(p)G3(p)
V(ﬁ ,0), to illustrate the general idea in the proof. We have, after some alge-

bra,
D HS (B, pr0%) = (/)Ran () Qu(p)Br(p)(Ax(NY — XP),

N HR (B, pos o5) — vas(‘)o)] = Jor Y'GRY (A = Xo) + 5,2 Y'GRX(B — fo).

By Lemmas A.1 and A.6, it is easy to show that N%Y’G}’VY = 0,(1) and
N%Y’GR,X = O,(1). Therefore, (i7) holds. To prove (i), we have
Y (p)Rin (5) @b (5) B (5) (Ax (VY — X5)
=(Ay'n + Cy' V) H (p)[Av(N AR + Ax(NCR'V = XJ]

where H (p) = W'By(0)Qu (p)Rin (5)Qo(p)By(p). Lemma A.2 implies Byy' (4)
embedded in Hx(p) is uniformly bounded in both row and column sums since
p — po = 0,(1). Therefore, it is easy to see the above equation is O,(N) by
Lemma A.6 and then result (¢) follows.

For the non-stochastic part, we illustrate the proof using the most compli-

cate AM-term. Noting that the non-stochastic part is nonlinear in both A and

p, we have by the MVT,
3 NS (0) = H33(d0)] = — 57 tx(Qo(p)Ba (p)FX (M)By (5) — QoByFABY]
— (A= X0) 3 t7[2Qn () Bn (9)FR (M) B (9)] = (5 — po) 5 tx [FR (MR ()],
where A lies between A and A and p lies between p and py. Again, by Lemma
A.2, we conclude that both Ay'()\) and By'(p) are uniformly bounded in

both row and column sums. Therefore, the terms inside the trace both have
elements that are uniformly bounded. As § — = 0,(1), we have N%[Hﬂs(g) -
H3P(00)] = 0p(1).

Proof of (c). Since Y = A,'(n + By'V), the Hessian matrix at true
0y are seen to be linear combinations of terms linear or quadratic in V, and

constants. The constant terms are canceled out. Other terms are shown to be
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0p(1) based on Lemma A.6. For example,

7 [H,(p0) —E(H,(p0))] = ng [V'QpRivQpV—-E(V'QpRinQp V)] = 0,(1).

Proof of Corollary 1.1: Note that I'% (6%) = F}FV(Q)|(9:97V,¢:<£7V,7:&N,H:RN)'

As éj‘v, An and Ay are consistent estimators for 6y, v and &, plugging these es-
timators into I}, (#) will not bring additional bias to the estimation of I} (6p).
However, due to incidental parameters problem, the i}, component of ngS}kV is
not consistent for the estimation of py when 7' is fixed. The estimation bias

caused by replacing ¢y by ¢E}‘V can be derived as follow. Recall (1.4),
on(8,6) = [ (p)D(p)] D' () B (p)[AN(A)Y — X5],

Thus, the unconstrained estimate of ¢ is just QE*N = QASN(B}V, 5}‘\,) Note AN(S\}‘V)Y—
XBN =ANY — X[y — WY()\* o) — (BN Bo). Applying the MVT on

each row of Dgzﬁ}kv with respect to the pj-element, we have,

Doy = DI (53)D(53)] "D (53)Bw (p3) [Ax(AR) Y — X3] (B.9)
= By (3%)Po (o) B (i) [AN (M) Y — X53]
= By'PoBy — Ru(p) (5 — po)l[AN(AR)Y — X B3]
= D¢y + By'PpV — By PuBy[WY (A — o) + X(B — 50)]
— Ry (D) [AN(AN)Y = XBr](Dx — po),
where p lies between pjy; and py and changes over the rows of Ry(p), and Ry(p)
is given below (B.4). From its expression, I'§;() is seen to have components
that are either linear or quadratic in D¢. Let dy be a non-stochastic N-vector
with elements being of uniform order O(1) or O(h;!). Using (B.9), the terms
of T% (6% ) linear in D% can be represented as
Fd\ Doy = +d\Dey + wdyBy'PpV
- NLd&B_IPDBN[WY(S\* — Xo) + X(By — Bo)]
A AVRN(D)[ANARN)Y = XB3](A% — po) = 5 dnDeo + 0,(1),
where the last equation holds because of the consistency of é}“\, and Lemma

A6, using Y = Ay (n + B,'V). Hence, we can conclude that the terms of

'y (0p) linear in ¢y can be consistently estimated by simply replacing ¢q with
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O
The only term quadratic in ¢y is contained in T}, (60), 77757060/ Py PDeby.
v0
Its plug-in estimator is Nll — ORI (95 P (0% Pa (0% )D(py )&y Using (B.9),

0% — 6o = 0,(1) and Lemma A.6, we show that this estimator is biased:

N ONDY (DR P (03 Pa(03) D (53 )0y
= T 06D (D) P (03) Pa(03) (A% ) o

+ NU*Q 2 V'Pp By By (% )732(6* )7?2(5 )Br(py)BR'PpV + 0,(1)
= W%D’P%ngo + rUzoV'IP]DPg7921P>DV +0,(1)
= Noz S0 PsPaDoo + w tr[PyPePo] + 0p(1).

We see that the bias term, 3-tr[P;PyPp], involves only the common parame-
ters that can be consistently estimated. Thus, a bias correction can easily be
made. Define

Biasy, (0) = w7tr[P5(0)P2(0)Po(p)]- (B.10)

This gives the bias matrix of I (6% ), which is a matrix of the same dimension
as % (0%), and has the sole non-zero element Bias}, (d,) corresponding to the

I'%,(0%) component. ]

Proof of Corollary 1.2.

Proof of (i). Note: V= By(AyY—7), V = QpV and V = Qp(p%)Bn (%)
[AN(Ny)Y — X3%] with respective elements {v;}, {7} and {9;}, and Qp has
elements {¢;n}, j,h = 1,..., N, where j and h are the combined indices for
i=1,....nyandt=1,...,T.

Consistency of qn. As )y — 0w = 0,(1) and py — po = 0,(1), the
denominators of 4y and 7 agree asymptotically. Thus, 4y is consistent if

% Zf;l[@? — E(f}?)] 250, or

(a) % X2, [02 —E@2)] -0, and  (b)

j=1 iZN (@3—63)i>0.

N 7=1
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To prove (a), note that o; = S._| g;sv,. Thus, we have,

¥ 2 [0 — E(@)
O D DAD DART A B -I(0 ) R SNyl ue. -Vt

+ % Zjvzl szl Z]l}/iqz Zji\z%:l,l Qim1qinVmUivy = Ky + Ky + K.
First, consider K; term. By Lemma A.3, Qp is uniformly bounded in both
row and column sums. This implies that the elements of Qp are uniformly
bounded. Therefore, there exists a constant ¢ such that |g;5| < ¢ for all j
and h. Given these, we have Zjvzl @ < Zjvzl \gnl? < & Zjvzl lgjn| < oo.
Also note {v;} are iid by Assumption A. Thus, Khinchine’s weak law of large
number (WLLN) (Feller, 1968, pp. 243-244) implies that K converges to zero
in probability as sample size increases.

For the other two terms, we have by switching the order of summations

when needed,

Ky = % Z;Vﬂ EIIL E?fgﬂ C]?‘l%’m(“? —00)Um + % Z;V=1 2511 Z%ﬂ q?lqjmaﬁvm,
= 2 (v = o)L S i) + 2 ey v Xy S Gdim
(07 — o)+ % > et Zjvzl Z]l}fiq% G520V,
K;=1 Zile Um(Zj'vﬂ Zln;l ngg UimQjIGiRVR) = ~ Zﬁzl Ga.m-

Therefore, we have Ky = % Zﬁzl(glm + gom + g3.m) and K3 = % 22:1 Ga.m;s

where
2 2 N m—1 9
g1,m = B(Um - 01)) Ej:l Zl:l qjmqﬂvl’
N -1
9om = 3'Um ijl Z?il qJZlem(UZZ - O%)a
N N
93m = 3 Zj:l Zl;:{t qJZIQjmo-gvma
N m—1 m—1
9am = Unm Zj:l 21:1 Z;’fﬂ qim4;19;nVI V.
Let {G,,} be the increasing sequence of o-fields generated by (v, --- ,v;,j =
17 e 7m)7 m = 17 e 7N' Then7 E[(g1,m7 92,m; 93,m; g4,m)’gm*1] = 07 hence?

{(91.m5s 92.m» 93.ms Gam)'s Gm } form a vector martingale difference (M.D.) se-
quence. As Qp is bounded in row and column sum norms, by Assumption
A, it is easy to see that E|gs.,|'"¢ < oo, for s = 1,2,3,4 and € > 0. Hence,
{g1.m}s {92.m}, {93.m} and {gam} are uniformly integrable, and the WLLN of
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Davidson (1994, Theorem 19.7) applies to give Ky —= 0 and K3 — 0.

To prove (b), using the notation V(&) = Qp(p)Bn(p)[AN(N)Y — Xf] in
(1.5) where £ = (8,8'), we have V = V(&) and V = V(£%). Let S(¢) =
8%\7(5), we have

S(¢) = {~X(p), ~Y(p). [Qo(p)Bn(p) — Qu(p)M][AN(\)Y — X5]},
where expressions of Y(p) and Qp(p) are in (B.1) and (B.4), respectively. Let
s5(§) be the jth row of S(£). We have by the MVT, for each j =1,2,..., N,

0y = 05(E%) = 05(60) +85(E) (Ey —&0) = T+ (Ex —&0) +op(IIEx = oll), (B.11)
where ¢ lies between {t}“v and &, and ¢} = pth%Os;(é), which is easily
shown to be O,(1) as follow. Consider the first k£ (the number of regressors)
elements of ¢} first. They are the limits of the jth row of —X(p), which
are just the jth row of —X because j — py, implied by g% — po = op(1).
Hence, we conclude that the first k elements of ¢ are O(1), for each j =
1,2,...,N. For the remaining two elements in each 1}, they are the limits
of elements from the last two columns of S(£). It is easy to see the limits of
the last two columns of S(€) are just —Y and [QpBy — QpMI][ANY — Xf0].
Using Y = Ay'n + C{'V, we have =Y = P,Byn + P,V and [QpBy —
QoM][ANY — Xf] = [QuBy — QuM]D¢y + [QpBy — QuM]BL'V. By
Lemma A.1, we have the elements of P,Byn and [@DBN — QpM]Dg¢, are
uniformly bounded, and P, and [@DB v — QpM|By are uniformly bounded
in both row and column sum norms. Hence, it is easy to see each element of
~Y and [QpBy — QuM][ANY — X3y] are O,(1), i.e., the last two elements in
Y5 are also Op(1), for each j =1,2,..., N.

As @5 = Oy(1), ¥ = Op(1) and &y — & = Op(—k-), we have by (B.11),
03 = 0% + 303 (& — &o) + 0p(|€x — &ll)- Tt follows that

3

LN @0 =53 = 23 525k — &) + op(I1€k — &oll)
= 30 S (o ) (€ — &) + op(II€x — &ll) = 0,(D),
as % Zj'vzl(zjkvzl ka?/’;) = (Z]kvzl ka)%(Zﬁvzl ¥;) = O(1).

Consistency of iy. As 6; v — 040 = 0,(1) and piy — po = 0,(1), the result

follows if + Zjvzl[ﬁ;l — E(#4)] =% 0. This amounts to show that
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() =30 [0 —E@H] 0 and (d) &30 (0F —o8) 5 0.

N 7=1

To prove (c), we have

¥ i 0 = L B
:% ijl Zh:l q;lh[vﬁ E(vy)] + N 2_7 1 Zl 1 Z matl qﬂqjm( viv, — o)
T g Dot 2o GO Ry 2y oy Som Dt gV} UV
R Dt iy Dot Dot Y vt GiGimdinGpUtUm Uy = 30—y Ry
By using WLLN of Davidson (1994, Theorem 19.7) for M.D. arrays as in

the proof of (a), we have R, = 0,(1) for r =1,3,4,5. For Ry, noting that

vivm =0y = (v = op) (v, — 07) + o5 (vp, — 03) + 03 (v — 77), we have

Ry = 300 (0f = o) [0, Sty G (v — 7))
+ 5 Zz 1[21 1Zm¢l q]lq]m o —op)] = N 1= 1(fl + fau)-
Since E[f;|Gi—1] = 0 and {f,;} are independent, it is easy to see they both form
an M.D. sequence. In addition, it is easily seen that E|f;|'™ < oo, for s = 1,2

and € > 0, so that {f;} and {fs;} are uniformly integrable. Therefore, the
WLLN of Davidson (1994, Theorem 19.7) also implies that < Zf\il fi =0,(1)

and £ 30, for = 0p(1).
To prove (d), we have by (B.11) 0¢ = o + 453y (£5 — &) + 0, (||€x — &)
It follows that
& (@ - = % ZJ LTSN — &) + op(II€8 — &)
= 220 5 (L ) (Ex — &) + 0p(IIEx = &oll) = 0,(1).

Proof of (ii). The consistency of 3% to $3(f) can be shown similarly
as what we do in the proof of Theorem 1.2 for results (b) and (¢). For T'% —
% (60) == 0, we only need to show that Bias*(d%) — Bias*(0y) = 0,(1), based

on Corollary 1.1. That is to show
M AEE[P3(03) P2 (0% )Po(pi)] — tr(PyPaP)} = o0,(1),

which can be easily proved by using the MVT as we do for N%[Hﬂs(g) —
H3;Y¥3(d9)] in the proof of Theorem 1.2 (b). n
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Appendix C: Proofs for Section 1.3

The validity of assumptions on IIy(p) in Lemma 1.1 under a bal-

anced panel:

Following the first part in Appendix B, we have Qp(p) = (Ir — %) ®

(I, — l"—") where ® denotes the Kronecker product. Thus, [Qp(p) ® Qp(p)] ™!
exists if 7" > 2 by Schur product theorem. Further, [(Qn(p) ® Qp(p))i| —

32 [(Qo(p) © Qo(p))y| = LIGAT=D2 > ¢ > 0,5, T > 2. As

n4T"

Qo(p) © Qp(p) is symmetric, we conclude it is strictly diagonally dominant in
both rows and columns. Hence, Theorem 1 and Corollary 1 of Varah (1975)
imply that ||IIy(p)||; and ||IIy(p)||s are both bounded.

Derivation of the Hessian matrix for robust AQS functions:

With the set of robust AQS functions S§(£) given in (1.21), we obtain the
components of the Hessian matrix Hy (§) = a%Sf\,(é):

Hgs(€) = =X'(p)X(p), Hg\(§) = =X (p)Y(p),

H5,(€) = =X (p)Gy(p)V(8,0),  H5s(€) = —Y'Cy(O)LA(0)X(p),

H;,\(§) = =Y'(p)Y(p) + Y'W'Bjy(p)Fx (6) V(8. )
~Y'Cly(0)[Fiya(6)V(8.8) — Fx(6)Y(p)].

H3,(€) = =Y'(p)G(p)V(8,0) — Y'Cly(8)[~Gly(8)Fy(5)
+Fy,(8) + Fiy(8)Gu (p)]V (8, 6),

Ho(8) = —[An(\)Y = XB'BYy(p)L,(0)X(p) — V'(8,0)L,(p)Bn(p)X,

Hp\ (&) = =Y'(p)G3(p)V(8,8) + YW By (0)Gn (p)V(5,9)
HANNY = X Byy (p)Gn (p)Y(p),

H;, (&) = V'(8,0)Ran(p)V (8, 6) — [AN(N)Y = XB)Bly (0)[- G ()G (p)

(

+Gnolp) + Gr(p)Gr(p)V(B,0),
(C.1)

where Fiy, (0) = diag[By"(p)F} (\)Bly (p)Qn(p)]diag(Qn(p)]

Fiy,(6) = dlag[/Cuv(5)]d1ag[Q ( )7 — Fy(6)diaglQn(p)]diagQu(p)] ™,
Kin(0) = Fiy(6)Gi(p)Qn(p) — Fiy(8)Qo(p)Gly(p) + Fiy(9)Qn(p) G (0)Po(p),
Gu,(p) = diaglKan(p)]diag(Qu(p)] " — Gu(p)diag(Qn(p)]diag[Qo(p)] ",
Kan(p) = [Qo(p)Gn (p)Po(p)+Pp(p) G (0)Qo ()]G (p)Qo(p)+Qo(p) G (p) Qb (p).
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Proof of Theorem 1.3. Since the consistency of B}i, follows almost im-
mediately that of 5?\, under Assumptions C and E, we only need to prove that
0% is consistent to ;. By theorem 5.9 of van der Vaart (1998), 6% will be
consistent for d if supéeANi1 |5%¢(8) — S3e(8)|| 0.

Let Lx(d) = Qo (p)[Fn(0) — Fn ()], Lu(p) = Qu(p)[Giy(p) — Giy(p)] and
Ny(p) = Iy =My (p). Note that By(p)[An(N)Y = X35(8)] = Ma(p)Cn(9)Y
and By (p)[Ax(\)Y — X33(8)] = My (p)Cn(5)Y + Ny(p)Cn(9)[Y — E(Y)].
Recall V(6) = Qn(6)Y and V(5) = Qn(0)Y + Py(8)[Y — E(Y)]. With
Assumption G’, the consistency of va follows if:

(i) supsea 7 [Y'QHOY —E[Y'QUO)Y]| = 0,(1), forr=1,2;

(i) supsen S0tr[CRPH(E)CH] = o(1), for s =1,2,3;
where Q}(0) = Cy()LA(6)Qn(d), Q3(d) = Ciy ()M (p)L},(p)Qn(8), P}(0) =
Cy (L) P (5), PE(6) = Cy(6)L(p)Pn(8) and P4 (5) = Cly (§)Nyy (p)Li,(p) Qn (9).

Note that Qf(d) = Cjy(d)[Fy(d) — Fy(d)]Qn(0) = W'Bly(p)Qn(d) —
Ciy(0)F(0)Qn(9). As Py (9) is a diagonal matrix which is naturally bounded
in both row and column sums, uniformly in § € A, we conclude Q?(d) is
bounded in both row and column sum norms, uniformly in § € A, by Lemma
AL Similarly, Q4(5) = Cy ()M ()[Crx () — G (9)] 2 (6) = QU6) — Cly (6)
M’y (p)Gn(p)Qn(5) is also bounded in both row and column sum norms, uni-
formly in § € A. Hence, Q?(§) and Q}(§) have forms similar to Q(d). The
proof of (z) thus follows that of Theorem 1.1 (b). For (i7), noting that Py (9) =
Px(p)Qp(p)Cn(d), we have supsea %tr[C’ﬁlP?(é)Cgl] = o(1),s = 1,2, by
Lemma A.4. For the final result, we have,

3 Er[Cy PE(0)Cy'] = — 7t [Ch ()N (o)L (p) Qu (6) Var(Y)]

— w3t (5 X ()X () T (7 X' By (0L, () Qx (0) Qo (p)C (6)X () |-
Assumption C implies that the elements of [N%X’ (p)X(p)]~! are uniformly
bounded for large enough N, uniformly in p € A,. Lemma A.1 and Lemma
A.3 together imply the term between X’ and X(p) are uniformly bounded in
both row and column sums, uniformly in § € A. Hence, the elements of the

second part in the trace are also uniformly bounded. As the number of regres-
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sors k is finite, the quantity ”Otr[C’ 'P%(5)Cy'] will shrink to zero as N goes

large, uniformly in 9 € A. These complete the proof of the theorem. [

Proof of Theorem 1.4. Applying the MVT on each row of S?V(éf\,), we

have,

0= A=5%(&) = A=5%(&) + {Nl ag,SN(@\ } VNI(E — &),

£=¢, in rth row
where {£.} are on the line segment between éj)\, and &. The result of the

theorem follows if
(a) A=S%(&) == N[0, limy_,o T (&),

(b)

[£ ‘5 =&, in rth row 8(2’ SR (fO)} = OP<1)7 and
(¢)  [585%

— B(575%(&))] = 05(1).

Proof of (a). From (1.24), we see that the elements of S%(&) are linear-

1
N
L
N1

quadratic forms in V. Thus, for every non-zero (k + 2) x 1 vector of constants

a, a’'SY (&) has form:
a' S (&) = UV + V'ONV — o2tr(Dy),

for suitably defined non-stochastic vector by and matrix ®y. Again, by As-
sumptions A-F it is easy to verify that by and matrix &, satisfy the con-
ditions of the CLT for LQ form of Kelejian and Prucha (2001), and hence
the asymptotic normality of —== a'S$(&o) follows. By Cramér-Wold device,
\/;stﬁr(fo) N N0, limy 00 FN(HO)], where I'$(6p) is given in (1.25).

Proof of (b). The Hessian matrix H$(¢) = -2.9%(¢) is given in (C.1). As

o
.\ (60), Evp(éo) and Gy,(po) are diagonal matrices with uniformly bounded
elements, it is easy to see that N%HXI(&O) = O,(1) by Lemma A.6, and hence,
LH<> %(€) = O,(1). Here again for ease of exposition we simply use H ()

to denote 2 =S (€

3¢ ‘g:g’r oth o A8 H$(€) is linear or quadratic in 3 and

nonlinear in §, we have by applying the MVT on the §-components:

N H(E) = 3 HR (60) = 5 ap Hi (B, ) (6 — o) + 5 [HF (B, 00) — HE,(60)].

Similar to the proof of Theorem 2.2 (b), we show that - - 3% O HS (B, 0) = O,(1).

The second term is seen to contain elements either linear or quadratic in 8 — S,
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with the matrices in the linear or quadratic terms being O,(1). Hence, the

desired result follows as £ — & = 0,(1).

Proof of (c). Since Y = A (n+ By'V), all components of Hg, (&) are
linear or quadratic in V. Thus, under the assumptions of the theorem the
result (c) is proved using Lemma A.6. We provide details of the proof using
the most complicate term, H;p(fo). Let Ey = —G’N@N + GNP + GnGy. By
Lemma A.1, it is easy to see that =y is uniformly bounded in both row and

column sums in absolute value. Hence, we have

3 g0 (€0) — E(HS, , (£))]

= +[V'QRivQV — E(VQpRinQp V)] — 3-(ANY — X)) BAENQpV
+ % E[(ANY — X)) ByEnQpV]

= 5 [VQRinQV — E(VQpRinQ V)] - 5 [6D'ExQpV — E(¢yD'EnQp V)]
— 5 [VENQV — E(VENQ V)] = o,(1).

Ny

The proofs for the other terms are done in a similar manner, and the details

are omitted. ]

Proof of Corollary 1.3: Just like the homoskedasiticiy case, plugging
A}>V in I';(€) induces a bias for terms quadratic in ¢, and a bias correction is
necessary. From (1.25), we see that the terms of I'S,(£) that are quadratic in ¢
are the (), p) terms and are of the form: ¢/ (p)L! (6)HL,(6)D(p)op, a,b = A, p,
recalling n = Xy + D¢y and D(p)By(p)D.

By applying the MVT on p§-variable in the key quantity DQAS})V, we have

after some algebra,
D¢%y = Doy + By PpV — By PpBy[WY (XS, — Ao) + X(63 — o)
— Ry (9)[AN(A)Y = XBR] (5% — o),

where p lies between p%; and py. Plugging DQZA)})V and other parameter estimates
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in these quadratic terms, we have,

A ONDY (%)L (0% HLy (0% )D(A3,) 0
= oD (5% )L (0% ) HLy (63 )D(43, ) do
+ 5 V'PoBy By (5% )L, (0% ) HL, (0% B (7%) By PoV + 0,(1)

= 3 OD'L,HLyDoy + 5 tr [HPSL, HLPo] + 0,(1),

Define
Biasg, (6, H) = 3-tr [HPp(p)L,,(§)HL,(6)Pp(p)],

for a,b = A, p. Hence, the bias matrix for F?V(éfv) can be written as

0 0 0
Biasj (0o, H) = |0 Bias$, (0o, H) Bias3, (0, H) | »
0 Bias;y(do, H) Bias; (do, H)

leading to the result of Corollary 1.3. [

Proof of Lemma 1.1: Using V(€) = Qp(p)Bn(p)[An(AN)Y —X 3] defined
in (1.5), let V = V(&) and V = V(£%) and denote their elements by {#;} and
{0,}, respectively. Following (B.11), we have 0; = #;(£%,) = ¥; + w;(é}{, — &)+

0,(I€% — &), and in vector form,

V =V +Un(& — &) +0,(1€% — &l

where Uy = (91,9, ...,¢¥n)’, with ¢; being defined below (B.11).

Define Iy (p) = &ln(p) = —21n(p)[Qn(p) © Qo (p)|Tn(p). Tt is easy to
see that ||IIy(p)|lx and ||IIx(p)|le are bounded in a neighborhood of py. Let
115, and Hjh be the respective elements of Iy and IIy. Hence, we have by
the MVT, for each j,h = 1,2,..., N, TLn(p%) = n + n(p)(p% — po) =
T, + I (5% — po) + 0, (|| 5% — poll), where 5 lies between % and po. In matrix

form, we have

Iy (p%) = I + v (% — po) + 0165 — pol))-

Define h = (62,62,...,6%) =Iy(p%) (VO V) and h = [y(V ® V). As the

elements of V are O,(1), rows of ¥y are O,(1), elements of IIy and [y are
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O(1), and £, — & = Op(\/LNfl), we have,

h=h+ 2NV O Uy(E — &) + N (VO V) (5% — po) + op([1€5 — &ll).

Proof of (i). Let cy = (ci1,---,cnn) and h = (07,03,...,0%). We
have,

~ ~

Lltr(HCy) — tr(HON)] = ey (h — h) = ey (h — h) + £y (h — h).

The result follows if both terms above are o0,(1). For the first term, we have,

using (C.2),
(b )
=Ry (V O UN (6% = &) + xenIn(V O V(55 = po) + 0p([I€% — &ll)
=2 5 i (Tl Lt ) (6% — &) + & S0ty e (ns Tin Sopiy a0 2) (9% — po)
+ 0,163 = &oll) = 0,(1).
For the second term, we have after some algebra,

h=TIx[(Qs@Q)(VOV)+(=VOV+Iye, (C.3)

where € is an N x 1 vector with j-th element e; = chvzl viCjk, where (jp =

2q;k Zé:ll gy, k> 2, and (1 = 0. As (y is (v1, ... vg_1)-measurable, {vy(jr}

form an M.D. sequence. Thus, each ¢, is a sum of M.D.s. Hence, we have
Len(h— ) = (VO V = h) + SeATInG = 0,(1),

where +&(V © V — h) = 0,(1) by Lemma A.6(v) and +~yIIy¢ = 0,(1) by

WLLN of Davidson (1994, Theorem 19.7) for M.D. arrays.

Proof of (ii). Note that tr(HAyHBy) = I'(Ax ® By)h. We have,

%tr(ﬁANﬁBN) — %tr(HANHBN) = %EI(AN ® BN)iL — %h/(AN ® BN)h
=L(W(Ax @ By)h — I'(Ay ® By)h) + % (W (Ax @ By)h — I/ (Ay © By)h).

(CA4)
The first term of (C.4) can be written as
L(W(Ay © By)h — W (Ay ©@ BO)R) = T + T + T,

~ ~

where 7; = ~(h — h)(Ay @ Bx)(h — h), To = % (h — h)'(Ax ® By)h, and
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Ts = %(il —h)(Ay ® By)'h. Note that Ay and By are uniformly bounded in
both row and column sum norms, Ay ® By is also uniformly bounded in both
row and column sum norms. Hence, using (C.2), V = O,(1), ¥y = O,(1) and
£ —& = OP(\/LNiL we can easily show that 7, = o,(1), for r = 1,2, 3, as we
show %E’N(ﬁ — h) = 0,(1) in the proof of (i). Thus, the first term in (C.4) is
op(1).

For the second term in (C.4), we have similarly to the first term,

(h'(Ax ® By)h — W(Ay ® By)h) = Ta+ T5 + To,

zl=

where Ty = L(h — h)(Ay ® By)(h — h), Ts = +(h — h)'(Ay ® By)h and

7‘6:%( h) (Ax ® Bx)'h. For the T5 term, we have by (C.3),

Ts = x(VOV —h)(Ay © By)h+ ye'lly(Ay @ By)h = 0,(1),

by Lemma A.6(v) and WLLN for M.D. arrays of Davidson (1994, Theorem
19.7). The T term is similar to 75 and the result follows, i.e., Ts = 0,(1).
Thus, it is left to study the limit of 7;. Again, by (C.3) we have,
Ti=+(VOV -h)(Ay © By)llye + £(VOV — h)(Ay ® By)'Tlye
+(VOV =h)(Ay © By)(VOV —h) + +e'ln(Ay © By)Ilye
= Tia + Tiv + Tac + Tia (C.5)

Consider first the term 7y,. Denote Q = (Ax ©® By)Ily with elements {w;y}.
We have,

Tia = w Z] 1Zk 1%k5](vk o7)
=% Dojet Dot ot 20 met Wikdiidm (U — O} Ui
== (=o)X, > Zm;ez Wik qjidjmViVm)
+ N Zl (g Z] 1 Z Zm# wjkqjl%mvm(vl% - Ul%))
+ 23 (0 = Bod) X0 S wikjkGmm)
+ 5 Zm 1(Um Z] 1 Zk 1 ijqjk‘qjm(vk Evk))

+ N Zm 1 (U, Z] 1 Z’c#m wjkdjkdim(Bvi — 07)),

which is seen to be the average of M.D. sequence and thus is 0,(1) by Theorem

19.7 of Davidson (1994). Similarly, we show that T = (VO V — h)(Ay ©
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By)'ye = 0,(1).

For the term Ty, as E(V ©® V) = h, we have E(T;.) = %tr((AN ®
By)Var(V ® V)) = 0. Thus, Lemma A.6(iv) implies that T;c = +(V ©
V —h)(Ay ©@ By)(VOV —h) = 0.

Now, for the last term of (C.5), Tyq = %5’HN(AN ©® By)Ilye, we have by

taking the advantage that each element of € is a sum of an M.D. sequence,

E(ee’) = 2(QpHQp) © (QpHQp) — 2(Qp © Qp)HH(Qp ® Qp). (C.6)
This gives,

E(&T,HN(AN ® BN)HNé) (C?)
= 26x((Ay © By)yA(H)Iy) — 2ux((Ay © By)H?),
= 2tr((Ay ® By)IyA(H)IIy),

where A(H) = (QpHQp) © (QpHQp), and the last equation takes use of the
fact that the diagonal elements of Ay and By are zero.

Finally, to show that 744 — E(714) = 0,(1), denote xy = Hy(Ay © By)Ilx
with elements {x;x}. It is easy to show that {x;} are uniformly bounded, and

let |xim| < X < co. We have,
Var(s’HN(AN ® BN)HNE)
=38 Z;Vd chvzl Zl]\il Zijzl ZhN:I Zgﬁ Zi\le Z]:Vj;

Xk Xtm @i jpQun Qiphs Qe Qs Gmr B(V7 V20207

< 8PN Y et (2500 el (20 e ) (20 a2 )
(et 14D 2o lams ) (20 [gimr ) = O(N),

where the inequality holds because E(vjviviv?) equals either E(viv?)E(viv?)

or E(viv?)E(vjv?) since h # p and s # r, and either of them is less than a

constant ¢ < 00, e.g., B(v2v?) < E2(v})E2 (v1) < ¢. Therefore, by Chebyshev’s

inequality,

P(%|€/HN(AN ® BN)HN€ — E<€IHN(AN ® BN)HN€)| Z M)

< ez Var(e'Tiy (Ax © By)llye) = o(1).

It follows that +&'TIx(Ax® By)yve — % E(e'Tly(Ay® By)Iye) = 0. There-
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fore, we have shown that 7, = £tr((Ay © By)IINA(H)IN) 4 0,(1). It follows
that

Ler(HAVHBY) — tr(HAVHBY) = S0 T,

:%tr((AN © By)IIyA(H)ILy) + o,(1),

completing the proof of Lemma 1.1. [ |

Proof of Corollary 1.4: The consistency of 3% to 3% (&) is implied by
results (b) and (¢) in the proof of Theorem 1.4. To show f}if —T%(&) 20,
we argue as follows:

(a) The transition from I'% (&, do, H) to T (€3, do, H) does not incur cost
asymptotically;

(b) The cost of transition from T’ (€3, do, H) to TS (€%, 0%, H) is captured
by Bias, (0%, H);

(¢) The effect of replacing H in Niltr(HLaH]LZ), a,b =\, p, is captured by
2 (L, © LTy AGH)II), a,b = A, 1

(d) It is left to show that the cost of transition from Biasz,(g}(,,H) to
Bias§, (0%, H) is captured by —Ztr((PolL,, © LyPp)IIyA(H)IIy), a,b = A, p.

The non-zero entries in Biasj(do, H) are of the form N%tr(HIP’DLﬁZHLbPD),
for a,b = A, p, as given in Corollary 1.3. Applying result (C.7) with Ay = PplL/,

and By = L,Pp, we have,

QLG (0% HILy (6% ) Pp (5% )H — Ppl,HL,PpH]

~tr [Po
—NLtr[PDL AL,P,H — PyL,HL,PyH] + 0,(1) (by the MVT)
tr((]P’D]L’ ® LbPD)HNA<H)HN) + %tr((]P’DLQ ® LbPD)H2) + Op(1)7
(

tI' (]P)]D)]L/ @LbPD)HNA( )HN) —|—Op(1>,

for a,b = A, p. Although the diagonal elements of PplL, ®LL,Pp may not be zero
uniformly, their magnitudes are typically small so that the second term of the
second last equation is negligible. The detail is tedious and thus is omitted.
Under balanced panel data model considered in the first part of Appendix B,
we can easily show diag(L,Pp) = O(2) for a = X, p. Then, it follows that
SIS - 25 (@)T5 (60) S (&) 0. .
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Appendices for Chapter 2

All the technical proofs for the main results in Chapter 2 are collected here.
There are in total three appendices. Appendix A provides some basic lemmas
that are used throughout the other appendices. Appendix B presents proofs
for the main theorems in this chapter. These proofs rely on some technical

lemmas whose proofs are put in Appendix C.

Appendix A: Some basic lemmas

The following lemmas are essential to the proofs of the main results in this

chapter.

Lemma A.1. (Lee, 2002): Let {A,} and {B,} be two sequences of n x n
matrices that are uniformly bounded in both row and column sums. Let C,, be a

sequence of conformable matrices whose elements are uniformly O(h,'). Then

(i) the sequence {A,B,} are uniformly bounded in both row and column
sums,

(ii) the elements of A, are uniformly bounded and tr(A,) = O(n), and

(1ii) the elements of A,C,, and C, A, are uniformly O(h,').

Lemma A.2. (Lemma B.4, Yang, 2015): Let {A,} be a sequence of n xn
matrices that are uniformly bounded in both row and column sums. Suppose
that the elements ay, ;; of A, are bounded uniformly in all i and j, and a,; 7 0
for some i. Let v, be a random n-vector of iid elements with mean zero,

2

variance o° and finite 4th moment, and b, a random n-vector independent of

v, such that {E(b2,)} are bounded. Then
(i) E(v,A,v,) = 0(n), (1) Var(v),A,v,) = O(n),
(#i) Var(v), Anv, + bl v,) = O(n), () v}, Ayv, = O,(n),
(v) v Anv, — B Ay,) = Op(nz),  (vi) v/, Anb, = O,(n2).
Lemma A.3. (Lemma A.5, Yang, 2018): Let {®,} be a sequence of n xn
matrices with row and column sums uniformly bounded, and elements of uni-

form order O(h;'). Let v, = (vq,...,v,)" be a random vector of inid ele-

ments with mean zero, variance o2, and finite (4 + 2€9)th moment for some
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€0 > 0. Let b, = {bn;} be an n x 1 random vector, independent of v, such
that (1) {E(b2,)} are of uniform order O(h,;'), (1) sup; E|bn|*T® < oo, (i)
hn—” Yo [Dnii(bni — Ebp;)] = 0,(1) where {¢y i} are the diagonal elements of
®,,, and (iv) 2= 357" (02, —E(b%)] = 0,(1). Define the bilinear-quadratic form:

Qn = Vv, + v, @0, — a’tr(d,),

and let U%n be the variance of Q,. If lim,_ h711+2/60/n =0 and {%"Uén} are

bounded away from zero, then Q,/oq, N N(0,1).

Lemma A.4. (Lemma 1, Hansen, 1996): If {w;} are iid, E[¥(w;)] < oo,

and w; has a continuous distribution, then

sup
vel’

%Z U (w;) 1{w; <} — B[ (w;) 1{w; < 7}}“ 0 as.

=1

Appendix B: Proofs of the theorems

This appendix presents proofs of the main theorems in this chapter. For
ease of exposition, notations (existing and new) frequently used in the proofs

are listed here:

e A denotes the submatrix of A, consisting of the first k& rows and
columns,

h!¥! denotes the subvector of h, consisting of the first k elements;

o di(v) = Lg <), di(v) = diag{du(7), .-  due(V) }, di(71,72) = de(11)—

di(72);
L4 B = (6iaﬁé)/7 A= ()\17)\2)/7 ¢ = (6/7)\/)/7 50 = (b67l0)/7 ¢2 - (/857A2)I7
w=(N,7);

[} At((.U) = [n — >\1Wt — )\th<’)/)Wt, Gt<(JJ) = WtA;l((.U),

o 7y = Gi(XiBo + 1o + awln), Hi = [Xe, Zt], Vo = WY, Vi = GV,
R, = diagv(Gy);

hd Hf(V) = dt('V)Ht» and H?(%,'YQ) = dt(%,%)nt, for I, = Xy, Z;, Hy, V,
Yy or Ry;

[ At(’y) = [At7AtO(’)/)], fOI' At = Xt, Zt,Ht,Vt or Rt.

The proof of main theorems can be greatly facilitated by Lemmas B.1-B.4
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given below. Proofs of these lemmas are lengthy, not in the central focus, and

thus are put in Appendix C.
Lemma B.1. Under the assumptions of Theorem 2.1, we have,
Tr(7) = Fo7 S HY () TV = (),
Fonr(7) = 7= S VI Ve () = Toder(Judi(1)GY)] = Ja(v),

where “ =7 denotes weak convergence with respect to the uniform metric, and

both J1(v) and Jo(7y) are mean-zero Gaussian processes with almost surely

continuous sample paths.

Lemma B.2. Under the assumptions of Theorem 2.2, we have
For(v) = 25k S0 LH (Y0, Y0 + v/ant) JnHi (Yo, 70 + v/anr)do = TohMdofu],
Kor(v) = %L1 >ty Vi (10, Y0 + 0/an) Vi (0, Y0 + 0/ anr) = BodTm flo],
Lyr(v) = 221357 tr((di(0,% + v/anr)Gi)?] = Braflvl,
where v is on a compact set T = [—v,v].

Lemma B.3. Under the assumptions of Theorem 2.2, we have
RTLT(U) =\ anT [56‘71’:nT(,70 + U/anTa ’70) + leZ*,nT(ﬂyO + U/anT7 70)] = B(U)

where v is on a compact set T = [~0,0]|, TSr(1,7%2) = Tenr (1) — Tz (72)
forr=1,2, B(v) = \/ol=fW(v) and W(v) is a standard Brownian motion.

Lemma B.4. Under the assumptions of Theorem 2.3, there exist constants

B>0,0<k<o0, and 0 <l < oo, such that for allm > 0, and € > 0, there

exists a U < 0o such that for large enough (n,T), Nor = {7 a”jT < |y =l <
B}, andr=1,2,3 and s =1, 2,

: DT,TLT('Y) _ ”Fs nT(’Y
(a) P(vé%ﬁ e < (1 n)k> P(viwp N (1+n)l> <e,
Ksn Ly n
(c) P(é&lﬂﬁ (1+ n)l) P(ngp | = ZOT)' (1+ n)l) <e,
”PT,TLT(’Y)” HJS nT Js nT 'YU
(e) P WERET ol 77) SE P<72%3T mw 0l =

where Dy 1 () = 06F 107 (7)00, Doyr(v) = 3K 10r(7), Danr(v) = §L1nr(v),
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Fiur(y) = % Sty Hy (Yo, 1) JnHE (10,7), Fowr(v) = & S0 Hy (0) Ju Hi (70, 7).

Kiur(7) = 26 00 Vi (oo M)V (o, 1) Ko (7) = 7 320 Viy0) Ja Vi (0, ),

Linr(y) = 2 S tr((di(y0,7)Go)?, Lot () = 2 Sty trldi(y0,7) Gl

L3nr(v) = 75 LS tr(llidi(70,7)Ge),  Piar(y) = = S H' (70,7) T Vi (90,7),
(1) = (7)

Ponr(7) = 25T H (1) TV (10,7), Ponr(Y) = 2= S50 Vi(v0) T Hi (70, 7)-

Proof of Theorem 2.1: We first prove convergence of BnT( nT,v) and
62, (Anr,7), uniformly in v € T. We have, Ay(w)A; " = I, + (Ao — MGy +
(A20 — X2)dy(7) Gy + Aaody (Y0, 7) Gy, noting that A; " = I, + AoGy + Aaody (70) Gy
By Y, = A7 (XyBo + po + ol + V3) and Xy = X4(7) B0 + X; (70, 7) P20, We

have
Ye(w) = Xe(1)Bo + De(7)d" + G()AT + po + ol + Vi, (B.1)

where Dy(v) = (Zi(7), Hf (70,7)), 6" = (A=), &), G(7) = (Vi(¥), Vi (%0, 7))
and AT = ((A\g — \)’, Ayo)’. Combining it with (2.6) and (2.7), we have

Bur(@) = o+ Py e (NDPonr (NS + Prpr(MVsur (WA + Py ir(1)Vinr(7), and
(B.2)

62r(w) = Viar + 2Vanr (VAT + A"V 0 () AT + Vi,nT(V)P;JlLT(V)V&nT(V)

+ QVi,nT(”Y)Pi;T(”Y)Vs,nT(’Y))‘T + )\T/Vé,nT(7)7)1_,711T(7)V5,nT(7))\T

+ OV [Dyur () — Dlz,nT(V)anlT(W)DQ,nT(V)]¢T

+ 26" Vot () = D (V) Piar (1) Vanr ()]

+ 20" Ve nr(4) = D (V) Pipr (Vs mr (1IN, (B.3)
where P1ur(7) = mip Yoy X4 (1) TnXe (), Dinr(v) = gy Sotey Dy(1) T D),
DoY) = mtes Loty Ki(N I DY), Vit = mes Sorey VidVi,
Vaur (V) = sty Suea VinG(0), Vaar(7) = sy Sty G0 TaGe(3),
Vinr(1) = sies Tra KD IV Vaar() = s vy K () 1),

(1) = w5 Sra Dl IVe, Veur() = iy St Di(1)JnCi ().

Under Assumption B(vi), the limit of Py ,r(7) exists and is nonsingu-

Vﬁ,nT i

lar. In addition, we have, uniformly in v € I', Vy,r(y) and Vs,r(y) are
O,((nT)~Y/?) by Lemma B.1; Vs ,,7(7) and V7.7 (7) are 0,(1) by Lemma A.4;
D1.wr(Y), Danr(7Y), Vaur(y) and Vs () are all Op(1) by Lemma A 4, as their
expectations are all O(1). Besides, Vi 7 — 05 = 0,(1) by Lemma A.2 and
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¢20 = O((nT)~7) by Assumption F. These together lead to

Bur(w) = Bo + Prpr(7)Panr(7)(Mo = A) + 0,(1), and (B.4)
Trp(w) = 05 + 2Va100(7) (Ao = A) + (Mo = A) Varar () + Panr(v)
— Py (N Prar (V) Ponr(7)] (Ao — A) + 0,(1), (B.5)

where Va1 7 () = ﬁ ZtT:1 ‘Z/Jni}t(’)/)» Vi (7) = ﬁ Zthl @;(V)Jnvt(’y)?
Pont () = wimny Sormr Xe(NInZa(7), and Py r (7) = gy et Zo(1) JnZa (7).
These imply that

BnT(S\nT77) - /80 + Op(l) and &TQLT(S\nTafY) = 03 + Op(l)a (B6)

uniformly in v € T, as long as Ay = Ao + op(1).
Therefore, to show the consistency of O, We only need to show the consis-
tency of \,r. By Theorem 2.5 of Newey and McFadden (1994), the consistency

of S\nT follows if

() sup s () — B ()] = 0p(1),
weAXT
(b) lim, 700 ﬁgﬁr(w) is uniformly equicontinuous in A for any ~,

(c) Ao uniquely maximizes lim, 7., ﬁgf&(w) over w e A x T.

Proof of (a): Note that, from (2.8) and (2.11),

s (w) — G (w)] = — 365 (w) — Ingh(w)]

+ i St (0 [ Ay (@) — E(ln | Ay(w)])].

For the second term, Lemma A.4 implies that SUPyerﬁ ST [In| Ay (w)] —
E(In|A¢(w)|)] = 0,(1) for any given X. Hence, we have supweAXrﬁ S
[In |A;(w)| — E(In |A;(w)])] = 0,(1). For the first term, we firstly show o2, (w)
is bounded away from zero uniformly in w € A x T so that we have In 62, (w) —
In 52 () = Inf1+372() (02 () 0% ()], and then prove 6% (w)— 52 () =
0p(1) uniformly in w € A x I'. From (B.1), one can also see Y¢(w) = X;(v) 5o +
Dy(Y)p! + po + coln + Ai(w)A; 'V, Thus, by (2.10), we have

Gop(w) = =020 (w) + ¢"[ED1ur () — EDY r (1) E(Prwr (7)) ' EDgr(7)]61,
(B.7)

2

where o7

r(w) is above Assumption G. For the second term, the quantity in
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the square bracket is a Schur complement of T 0 ST UEH () T H e (7)),
where H.(v) = [Hi(v), H;(70,7)]. Thus, the quantity in the square bracket
must be positive semi-definite, using the properties of the Schur complement.

Therefore, the second term is non-negative. For the first term, we have
.. 2 — — ..
2lo (W) = Gap(W) = 3 S b Auw) AT AT A W)l = G2p(w) + Op(),

where 62, (w) = % r(A7 AN (w) A (w)A; ). Note that

nT t 1
— 82(w) — (Tod)] + sy SF, [In | Ar(w)] — In |4y
= — Iy 5 tr(A AYw) Aw) A7)
—In([TE, 14 A () Auw) A ) 7] < 0,

due to the fact that arithmetic mean is no less than geometric means. As

o2 (w) = 621 (w) + Oy(2), the above inequality implies

A 02p(w) < 3 od— 3 In Ty S (I | A~ (o A @) ] +0,(2) = Oy(1).
(B.8)
Hence, we conclude that 02,(w) is bounded away from zero on A x T' and so
is 625 (w).
Thus, it is left to show 62, (w) — 2,(w) = 0,(1), uniformly in w € A x T.
Firstly, using A;(w)A; " = L4 (Ao — A1) Ge+ (Ao — X2)di (1) G+ Aaodi (Y0, 7) G,

we have

02p(w) = 0% + 290G (P + ZBATGy (1) AT, (B.9)

where gl,nT(’Y) - nLT ZZ:l[tr(JnGt)? tr(Jndt<fY)Gt)v tr(‘]ndt(ﬁma P)/)Gt)]/ and

. tr(J,GiGY), tr(Jndi(v)GGY), tr(Jndi(y0,7)GiGY),
Grar(y) = =5 t_Zl ~, tr(Jndi(7)GiGidi (7)), tr(Jndi(v0,7)GeGidi(7)),
~y ~, tr(Jndt(’YO,V)Gtngt(’YOa’Y)%

By plugging (B.9) into (B.7), we have
Gnr(w) = "510g + 200BG] 7 (V)AT + GEAVEG L (1) AT
+ ¢"[ED1ur(v) — ED) o (V) E(Prar (7)) ' ED2ar(7)]¢!,  (B.10)

Note that elements of EG; ,r(y) and EGq,r(y) are uniformly bounded on
I' by Assumption C and D, and Agyp = O((nT)"7) by Assumption F. Thus,
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corresponding to (B.5), we have

527p(w) = 03 + 203BGV (1) (Mo — A) + (Ao — A [02EGY ) 1-(7) + EPyur(7)
— EP} it (NE(PrLar (1) " EPour(1)] (o — A) +0(1).  (B.11)

It is easy to see that EVyy ,7(7y) = JOEgl nT( ) and EVsy () = O'OEG12]”T( ).
Thus, Lemma A.4 implies that Vo ,r(y) — UOEQIQZT( ) =50, Vsinr(y) —
USEGELTW) 2% 0 and Prr(Y) — EPrpr(y) =5 0 for r = 1,2, 3, uniformly
in v € I'. These convergences are also uniform on A because \ appears simply

as linear or quadratic factors in these terms. Therefore, we have 62, (w) —

o2p(w) = 0,y(1), uniformly in w € A x T.

Proof of (b): Recall from (2.11) that

() = —L(In2m + 1) — $n62p(w) + mi ST, E(ln |4, (w))),

From (B.11), we see that the limit of 62, (w) are uniformly equicontinuous on A
given 7, as they are linear or quadratic in A with the corresponding vector and
matrices, 202BG107(7), 0BGy (7) and EPs ur(7) — B ,r (1) E(Prar (7))~
EP;,r(7), being bounded. To see the uniform equicontinuity of ———= T 1 Z 1

E(In|A:(w)|) on A, a Taylor expansion around Ag gives,

Ty e Bl Ay (w)])
= 27 2wt Bl [ Ao, 1)) + t(Go(A, ) (M = Aio)
+ tr(dy (7)Gr(N, 7)) (A2 — A20)],
where A lies between A and \g. As T 1 ST tr(Gy(A, 7)) and T 1 ST
tr(dy(7)Ge(A, 7)) are uniformly bounded by Assumptions C and D for any A
and 7, ﬁ Zthl E(In |A;(w)]) is also uniformly equicontinuous on A for any

Y-
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Proof of (c): Letting 62, (w) = “1Ec2(w), we have

sl (@) — G (wo)]

— 3 by (w) — I opp(w)] — 5[ 67(w) — a7 (Ao, 7)]

— 337X, 7) — In a3 (wo)]

+ arn Lemr B A (w)] = In |4 (ho, )]

+ iy ot Bl [ Ai(Ao, 7)] — In | A

= — 53 (w) — i (w)] — 3[Inhp(w) — nang (Ao, 7)]

+ ) Loier Bl A ()] = n A (Ao, )] + o(1),
where the last equation holds because 62,(\g,v) — 027(wo) = 0,(1) by (B.11)
and In Ay (Ao, 7)|—In[A;| = In[A;(No, V) A7 = In | L+ Aaodi (30, 7)Ge| = 0p(1).
Thus, it amounts to showing that the remain three terms are always negative

for X\ # Ao for any ~.
For the first term, using (B.7) and ¢o9 = O((nT)~7), we have

_ZT(W) —In 57%7’(“})]

In [1 4 6, 7(w)¢"(EDynr(v) — ED;,nT(’Y)E(Pl,nT(’Y>>_1EDQ,nT(7))¢T}
{1 + UnT( )()‘0 - )‘)/[Efpd,nT(ﬁ)/)
— EP},r(ME(PrLar(7) " EPopnr ()] (Mo — M)} +o(1)

=3
Q

MI)—‘ [T T

The quantity in the square bracket is the Schur complement of —=— T 0 Zt 1
E[H,(7).J,H,(7)] so that it is positive semi-definite. Thus, the limit of the
above equation is non-positive.

For the second and third terms, noting that 62,/(Xo,7) = 02 + o(1) by
(B.11), we have

— 3 3r(w) = nar (o, M)+ sy Lo [E(n [A(w)]) — E(n]Ae(Xo, 7)])]
— s opr(w) —nog] + sy 2o [(n [Aw)]) — ([ A(Xo, M)D)] + 0,(1),

N = N

the limit of which is also non-positive by (B.8). Together, we have

i i (@) = £ (wo))]
= —iIn[1+0,7(w) (Ao — N (Pswr(7) = Ph e (V) Prar (V) Panr (7)) (Ao = N)]
—snotr(w) —naf] + 7y Sl ]Aw)]) — (In A (Xo, 7)])] + 0,(1).
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As discussed above, we have lim,7_,00 —=— (T 1 (056 (w) — £ (wp)] < 0. From the
partition matrix formula, lim,7_ n(T—_l) thl[H;(fy)Jn]ﬁIt(’y)] is non-singular
if and only if lim,z 00 Prar(7) and im0 [Panz (1) =Ph (1) Prur (V) Pz (7)]
are non-singular. Hence, Assumption G (i) implies limy7 o0 [Ps 07 () = Par(7)
Prar(V)Panr(7)] is positive definite so that the limit of ﬁ (056 (w) =25 (wo )]
is strictly less than zero unless A = Ag, i.e., )¢ is the unique maximizer of
ﬁ&%(w). If Assumption G(7) fails, identification requires that the limit
of —i[lnoZ;(w) —Inof] + ﬁ ST [(In Ay (w)]) = (In [ A, (Ao, 7)])] is strictly
less than zero for any v and A # Ao, which is equivalent to Assumption G(ii)

because o25(Ag,7) = 02 4+ 0,(1) by (B.9) and Ayg = O((nT)™"). =

Proof of Theorem 2.2: In this proof, we show the consistency of 4,7 in
two steps:

(a) We derive a preliminary convergence rate for 0,7, (nT) (Bur — 6y) =
Op<1)§

(b) Based on the convergence rate, we then establish the consistency of
Yn-

Proof of (a): For Sj, (0,7) given in (2.5), applying the mean value
theorem (MVT) to each element of S;mT(énT, AnT), We have

0= S;,nT<énT7 ?nT) = S;,nT(e()’ f?nT) + [%S;,nT<97 rAY”T) |9:§r in rth row } (énT _90)7

where {6,} are on the line segment between 6,7 and 6. In the following argu-

BS*

.
ments, we use H,;r(6,7) to denote —75.55 (0, |9 3. in rth row

for simplicity.

Thus, we have

T N -1 (n *
(nT) (enT - 90) [ (Tl 1)H (9 'VnT)] (TT 0 59 nT(9077nT) (B'12)
Therefore, the proof of the result in (a) is equivalent to showing for any given

s

Z) n(T n(T—1) [H:;T(e 7) ;T(gvay)] = Op(1)7

“) n(T 1 [HT*LT(Q()? ) (HZT(HU?’Y))} = Op<1)a
uz) The limit of (T )
W) Sa nr(00,7) = Op(l)'

The Hessian matrix H},(6,7) has the following components:

E[H} (00, 7)] is non-singular,

(
(
(
(
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Hiy =35 LK), X0 Dd Xi(0) T2 (), Xo(n) JaVele, )
Hjn, = 3 S Vehde+ T tx(GE(w),
H = 2 S0y VeIV (1) + T L2, tx(di(1)GF (W),
g2 = 1 X VVi(6,7),
5,5, = # > ~°'( )1 YVP () + T 2 el (1) Golw))?],
H},p2 = 04 Zt V(v )Jnf//lf(gb? ),
H3opo = 55230, VI(6,7) 1Vi(6,7) = (T = 1)o?].

To prove (i), we note that Y, = Z, + V,, Y°(7) = Z2(7) + V2(7) and
TaVi(,7) = TnYi(w) = JXe ()8 = T Xi(y )(ﬁo—ﬁ)+J Dy(7)" + Jul(7)AT +
J.V; by (B.1). Hence, for any given ~, T )H;T(Q_ v) = O,(1) by Lemma
Al and A2. As b7 — 0 2 0, we have § — 6, = 0p(1). Noting that P
appears in H(0) multiplicatively for p = 2,4,6 and 677 = o,” + 0,(1),
we have ﬁHgT(é, v) = ﬁH;jjT(é, 02,7) + 0,(1). Thus, it is equivalent
to showing ﬁ[HZT(QE, 02,7) — H:p(6,7)] = 0. As the proofs for all the

components in H’(¢,02,~) are similar, we only show one of them for example,

s H o2 (6:08.%) = H3, 02 (00.7)] = stiyer et VidalVild,7) = Vi(do, )]
=~ ST ST (Ze 4+ V) T (0) (B = Bo) + (Zu(7) + V(7)) (A = Ao)] = 0,(1),

by Lemma A.1 and A.2, and 6 — 6y = o0,(1).

To prove (ii), we note that Y, = Z, + V,, Y°(7) = Z°(7) + V2 (v)
and J,Vi(¢0,7) = JuVi + JuH{(70,7)20 + A0 Ju Vi (70,7) by (B.1). Hence,
ﬁ[H;T(HO, v) — E(H} 71 (60,7))] = 0p(1) is directly followed by Lemma A.4
and ¢o9 = O((nT)~*), similar to the proof of Theorem 2.1.

To prove (iii), using the facts that Ayg = O((nT")~7) and the elements of
Gt(Xo, 7)di (7, 70)Gy are uniformly bounded, we have % S tr[Gi(Xo, 7) —
Gi) = w5 St $71G (Mo, ) (I — Ao, NAT)] = 7825 Ty t(Gi(o, )
di(7,70)Gt] = Op((nT)~7). Meanwhile, for any n x n matrix I, with bounded

row and column sum norms, ﬁ SO [er(JuI1) —trll,] = O,(%) . Thus,
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one shows that ;- 1)E[H:;T(6’0,7)] — Y,r(00,77) = o(1) for any ~y, where

%EPMT(V), JL(Q)EPMT(V); O2kx1,
ZnT(007 '7) = ~, ;%EPZS,nT('Y) + TESnT(7>7 %ESnT(’)/)? ’
~ ~ L
) ) 2037

(B.13)

with S,r(7) = 57 i[tr(GtG) tr[GY (V)G tr[G (V) Gy, £ (G (1) G (9]
Sur(7) = w5 i [t1(Gh), £1(G3 (7)) and G5 (y) = di(7) G-

Therefore, it amounts to prove the limit of ¥,7(6y, ) is nonsingular on I',
which follows if ¥,7(6y,v)p = 0 implies p = 0, where p = (p}, ph, p3), p1 is a
2k x 1 vector, py a 2 x 1 vector, and p3 a scalar. The first row block of the
linear equation system ,7(0o,7)p = 0 is p1 = —E(Prr(¥)) ' EPonr(7)pas
while the last row shows p3 = —202ES/;(7)ps. Substituting them into the

remain equation of the linear system gives us

[ (EPsur(v) = EP (1 E(PLur (1) EPour (1) + grgby Xy ECE (7)]p2 = 0,

where C/” () is the submatrix of C;(7y) by deleting its third row and column.
As shown before, the first term in the square bracket is positive semi-definite.

Meanwhile, ﬁ ST EC(~) is also positive semi-definite because

2 S S S S
ﬁ 23:1 Z/(Cz[e ](7)3 = m 25:1 tr[(zlcl,t+z2c2,t(7))/(Zlcl,t+z2cz,t(’7))] >0

for all z = (21, 2,)’ in R%. Under Assumption H, either Ps 7 (7)=P% .1 (7) P ar(7)

Paonr(y) or n(Tl_l) ST EC?] () is strictly positive definite. Therefore, we
must have ps = 0 from the above equation, implying both p; = 0 and p3 = 0
by the first and last equations of the linear system. Hence, the non-singularity
of limpur 00 Xpr (0o, v) follows.

To prove (iv), using Y, = Z,+V,, Y2 (7) = Zg(7)+V2(7) and J, Vi, 7) =
TV, + Jnﬁt*(%, V) b0 + )\QOJth*(%, 7), we can split S, 1.(6p,v) into four com-
ponents,

Sg,nT(e()’ 7) = S;%T(em 7) + Zi:l Br,nT(eo, 7)7 <B14)

where
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2 L1 X4(0) Vi,

S0 oy A S ZiT Vi & S VWV — o3 Tex (1,6,
o,nT\Y0; V)= -~ ~ ~ ~ _
22 Yy 2 () TV + 5 L V(1) IV = a3 Tex (Judi(1) G,

|2 VLY = (0 = 1)Tod),

22 iy X4 () TulH; (0, 7) 620 + Ao Vs (70,7,
23 20y (Ze 4 Vi) Tal H (0,7) 620 + AoV (0:7))s
Brur (fo,7) = fg a2 (0) + V() Tl H (0, 7) 20 + AoV (70, 7))
2o1 it [H7 (0, 7) 820 + Ao Vs (0,9 Jul2V: + Hi (70, 7) b0

+)\209t*(’70, 7],

x
By nr(0o,7) = (01><2ImTZt L2 (Jn(Ge(Xo, v)— )),TZfltr(J di(7)(Gt(Mo, )
~G1)),0)', and By r(00,7) = = (Oran, T X0y 21,Gi(ho, M), Ty 2rdi()
Gt()\07 )n7%),'

Note that ”TT)I) = ("TT):IIT Thus, it suffices to show that (nT)™S5% (6o, )

and (nT)" ' B,,r(0,7) for r = 1,2,3 are all bounded for any v. By Lemma
A.3 and Lemma B.1, 5% (6o,7) = Op(\/n_T), uniformly in 7 € I'. Since 7 €
(0,3), (WT) 18380, 7) = “H 550 (B0,7) = 0,(1). As for Brar(6,7).
note that ¢og = (n1") "7, where 50 = (by,lo)’, by Assumption F. Thus, it is

easy to see that (nT)" !By ,r(0,7) = O,(1) uniformly in v € I'. We show
the third component of By ,r(6y, ) for example as the others can be shown

similarly. By Lemma A.4, we have

O S Z2 () + Vi)Y ulH; (o, ¥) 20 + AoV (0, 7)]
= o 2ot [22(0) + Vi)V Tl H (70, 7)80 + 1 Vi (70, 7))
= 7 i B(Z5'(7) T H (30, 7)80 + V' (7) T Vi (0, Mlo] + 0,(1) = Op(1).

Similarly, we also have (nT)™"!By,r(0y,7) = O,(1) uniformly in v € T. We
show one of the two non-zero elements in By, (6y,7y) for example, as the the

other can be shown similarly. Noting that Gy(A\g,v) — Gt = Gi(Xo,7) (I, —
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Ao, A = XaoGi(No, 7)di (7, 70) Gy, one has

(nT) T3 £ (Judi(7)(Gi( Mo, ) — Gi))
= lOT Zt 1tr(,] di(7)G(Xos 7)de (7, 70)Ge) = Op(l)' (B.15)

Finally, we show (nT)" ' Bs,7(6p,v) = 0,(1). Because the nonzero ele-
ments in Bs ,7(6p, ) is either O(T') or O,(T'), the elements of (nT)" ' Bs ;7 (6o, )
are cither O(-1=) or Op(:=). As L —aand 7 € (0,3), - = = = o(1).
Thus, the desired result holds.

Proof of (b): Note that

o i (@ur) = Gip(wo)] = = T 6% — In 82 (wo)]

n(T-1)
+ <"T Y In (@) AT,

Let Ay = (Ao — XnT)’Jzo)/ and ¢l = (Ao — Aur)', d). By (a) and As-

sumption F, ¢! ., Al . = O((nT)~7). Thus, using (B.3) and 62, (wo) = Vit

nT» n

we have

6o — Gap(wo) = V201 (Br) My + M Vs () A1
+ Sl Drar (ur) = D g GV Pi g () Do (Brr )16
+0p((nT)7*7),
where the first term is O,((nT)™7), and the second and third are O,((nT)~?7),
by Lemma A.4 and Lemma B.1. Then, using the Taylor expansion for the
logarithm, we have

— DT 1062 — In 62 (wo)]

- (nT) - {2V2 nT ’YnT)AnT + )‘nTV3 nT (f)/nT)/\Jr

20’ T(w

+ O [Drnt () = Dby iy () Pr e () Do ()1 6L }
+ SNV i (et Vot )N + 0,(1)

— (nT)*[G nT(’AYnT)S\LT + QAnTGLnT (%T)XLT]
— (nT )2T>\TT91 n1 (Y1) 91 nT(%T)S\TT
_(n

T>” O [P () — Dy i) P (3ir)) ™ Do ()| D + 05(1),
(B.16)

because 677 (wo) — 05 = 0p(1), Vaur(7) = 0391 7 (7) = 0p(1) and Vsur(y) —
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08G1 1 () = 0p(1), uniformly in v € T.

As for %—fgz; In |Ay(Onr) A7, one has Ay(@nr)A7Y = I + (Mo —

5\1,nT)Gt + (A20 — 5\2,nT)dt(%T)Glt + A20dt (70, Ynr) Gy and S\LT = O((nT)™7).
Thus, we have In|Ay(@,r)A; | = tr[ln(Af(@ur)AY)] = tr[ o (=1

m=1

(At@”T)A;l*I")m] by Theorem 2.8 of Hall (2015). Therefore, we have

m

n 27 ~ _ r ~ N
s St I [Au(@ur) AT | = (0T)27GS i () Al

- @S‘ZTGMT(%T)S\LT +o0,(1), (B.17)
where Gy ,r(7) = n(T171) Zthl[tr(Gt)a tr(di(v)Gy), tr(di(yo,v)Ge)] and

tr(GY), tr(d(1)G7),  tr(di(r0,7)GP),
Gonr(v) = n(Tl—l) 1::21 ~ tr(GF(7)),  tr(di(h0,7)Gidi(7)Gh),
~; ~; tr((di(70,7)Gr)?),
Note that G1,7(7) = Gour(7)+0,(5;) and thus (nT)7[Gynr (Yar) —Ganr (Fur)] =
Op(71=) = 0,(1). Besides, Gy ,1(7) = Gsnr(7) + Op(+), where

nl—-7

|GG, tx(d(n)GGY),  tx(diho,7)GGY),
Gsnr(y) = n(Tl_l) t; ~, tr(di(v)GiGY),  tr(di(v0,7)GiGidi (7)),
~ ~ tr(dt(’yO),}/)GtGg)v

Combining these with (B.16) and (B.17), we have

nT)?" ke *C
é(T)_l) U (@nr) — 57 (wo)]

n 2T ~ N N N N ~
= — PN [Gonr (3nr) + Ganr (Fur) — 2G2mr ()G i ()| AL

— B O Dyt () = Db (Gt Pr s () Do ()| Gl + 05 (1)
(B.18)

Firstly, it is easy to see that Gy nr () + Gsnr(Y) = 2G2nr(7)Gs0r(7) = m

1
2n(T—-1)

23:1 tr[('zlcit"’Z?Cg,t(V)+Z3C§,t('7))/(Zlcit‘*‘zﬁca,t(7)+Z3C§,t(7>>] > 0 for all
z = (21,22, z3) in R®. Thus, the first term of (B.18) is non-positive. Secondly,

ST Cy(), which is positive semi-definite as m ST ZC(y)z =

for a comformable vector d, d'[D1nr(7) — D (V) Pypr(¥)Danr(7)]d can be

written into the form of a’Qa with some nT x 1 vector a and nT x nT idempo-

tent matrix @, so that the second term of (B.18) is also non-positive. There-
(nT)2T

fore, we have lim, 7, m[ﬁ;‘}(wﬂ)—@%(wo)] < 0. Under Assumption H(7),
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we have Pmin (Dl nT ’YnT Dé,nT(ﬁ/’nT)Pl_;bT (;}\/TLT)DQ,RT (’?nT)) Z Pmin (ﬁ Zle
ﬁ,ﬁ(’y)Jnﬁt(’y)) > | — Y| by Theorem 5 of Smith (1992). It follows that

; nT)?" rjxe (~ *C N 7
lim S 06 (@ur) — G (w0)] < = 5m2¢lAnr = 70l l(nT)" Gl

nT—oo ™

By the definition of w,r, we have (?;F 1 (O (Wnr) — 05 (wp)) > 0. Hence,

we must have that |97 — 7| = 0,(1). Similarly, Assumption H(ii) can also

guarantee that 4,7 — 7o — 0. [

Proof of Theorem 2.3: We first show that (nT) (6, — 6o) = o,(1).
Given the results (i)-(iv) from the proof of Theorem 2.2, we only need to show
that (nT)™ ' B,.n7(00, Yur) = 0,(1) for r = 1,2, which is directly implied by
the consistency of 4,7. Then, let B, k, [ and N,7 be defined in Lemma B.4,
and M = max(k,l,[|0l],|lo|,1,03). Pick n,x > 0 small enough such that
max(n, k) < M and

Mo = =3k =+ 5 (Mn+6M°k) + o (AMn+8MPn+ 18 M3k +4M k) < 0.

Let E,r be the joint event that (1) |[%.7 — | < B, (2) ITT < K, (3)
T N r,n Fs,n
(W) W — G0 <y (4)inf FE > (1 =k, m mgL¢%M<
Kgn L'rn
(Al ) swp BeetQl < (1)1, (7) sup FetBlL < (1)L, (8)

| Prn (Ml |Ts,nt (V)= Ts,n (70) |l
721/%}; Y=ol <n, (9) WEIX/ET VanT|v=0l <1,

for s =1,2 and r = 1,2,3, and (10) will be established later.
Let £ .(v) = €Oz, ). We have,
Gr() = br(r0) = T I [A(Aur, )| = T 0y I [ Ai(Aar, 7o)
537 (11 VY (Gur, 1) IuVi(bur,7) = 2y Vi (G 90) JuVi (S, 70))-
(B.19)

We consider the difference of the first two terms at first. By Theorem 2.8 of
Hall (2015),

T Zthl In |At(5\nTa v)| — T Zthl In |At(5\nT7 Y0)|
= Thomr Yoy t[di(70,7)Ge(Anr, %0)]
- gxg,nT Z?:l tr{ [dt(707 ’}/)Gt(;\nTa 70)]2} + ...

= Ai1(7) + A2(7) + As(v), (B.20)

where A;(7) = Thgur Si_y tr[di(70,7)Ge], Ao () = = ZA2 0 S0 tx[(di(0,7)
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G,)?] and Aj(7) stands for all the remaining terms. Noting that Gy(Anr, Y0) —
G, = Gt(jan,fyo)[(S\LnT — Ao)Gy + (S\Q,nT — A0)di(70)Gy], the elements of
[dt(’yo,'y)Gt(S\nT,fyo)]r, r > 1, are uniformly bounded by Lemma A.1, and
Mot = Op((nT)™7), implied by Agnr — Ao = 0,(1) and Ay = O((nT)"7),
we can easily see the series of terms in A3(y) have smaller order than As(7),
uniformly in v € T'.

To simplify the last term in (B.19), we first derive

V%(anT7 7) = Yt(j\nTa 7) - Xt(’Y)BnT
= Vi + pio + ol + He(0) (Po — dur) + Hf (Y0, 7) Po,nr
+ Vi(10) (Ao — Anr) + 5\2,nTVt*(”}’07 ),

and hence

>ty VY (nrs 1) TaVa(nr, ) — iy VY (0n,70) T Vi (G, 70)
= Zle[ﬁ(énm v) + ‘Z(anT, 70)]/Jn[‘7¥(¢§n:r, v) — Vt@nT, Y0)]
= 25 V/JuH (0, ) b2t + 2ar Yoy ViT Vi (0.7)

+ Zthl 2nTH*,<707 )Jnﬁ*(70,7)<;32 nT

+ 207 Zt:1 2 nTH*/(’YOa Vi (0. 7)

+2 301 (b0 = Gur) Hy (0) TuH (0, 7) G2

+ 20007 Sy (G0 — Gur) Hy (40) Jn Vi (70, 7)

+2 Zthl(/\o - S\nT)@Q(%)Jnﬁt*(%’ 7)‘252,7@

+ 280,00 301 (Yo = M) Vi(30) T V7 (70, 7)

+ Az 0 V(0,1 I Vs (0.7) = 2 Ba(). (B.21)
From (B.20) and (B.21), one has

giT(V) _ giT(%) < _22:1 By(v) — 265, A1(7) I Az (v) 1 As(v) .
anr (Y = 70) 267 1 anr (7 — 0) anr (Y= %)  anr(Y = %0)
(B.22)
As is shown latter, #@%) are uniformly bounded on the set E,r. This
implies that W()v) will shrink to zero as sample increase. Therefore, we
let % < Kk be the event (10) of E,r. Fix € > 0, one can choose v for

large enough (n,T') such that P(F,r) > 1—¢, by Theorem 2.2, Assumption E,
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~

(nT)" (0, — 6o) = 0,(1) shown at the beginning and Lemma B.4. Suppose v €
[Yo+7/anr, 0+ B] and E,r holds. Let Ly = (nT)TS\Q,nT and b, = (nT)TBZnT

so that ||6,7 — || < &, where 8,7 = (I, bur)', by event (3). Besides, we have
02—k <os —k(nT) ™ <62 <02+ k(nT)" < o2 + k. Given these, we are
going to study each term in the right-hand side of inequality (B.22).

By events (1), (3), (4) and (7), we have
A() AT Y trl(di(h0,1)Ge))

anr(7 =) 2anr(7 — 0)
(;\Q,nT - AQO)(S\Q,nT + >\20)T Zthl tr[(di(v0,7)Gt)?
2an7 (7 = 70)
B D () " |ZnT - lO||inT + lo|| L1 (7)]
2(v =) 2(7 — )

1 1
5(1 —n)k + 5/‘1(2|l0| +r)(1+n)l

1,1
< - §k + 5(Mn + 6M3K).

By events (1), (2), (3), (7) and (9), we have
_ Bi(y) + Ba(v) — 2650 A1(7)
2627anr (Y = %0)
XL VI H; (30, V)Gt
&gTanT(V — )
e { S5 VIV (0.7) — BT S0 trlJudi(00,7)Gil}
‘5721TanT (v =)
, 08T YL wrllalidi(00,)G) (0 = 320 Thar YL, vrldi(0,7)Gi)

g_

G rnanr (Y — 70) o2 panr (7 — 70)
< 10nr[[[| 71,07 (7) = Timr (0l n oz || For (1) = Tt ()
h Gar/anr (7 = 70) 62/t (Y — 70)
TT’ZnT|Ug|L3,nT(7)‘ H‘ZnTHLQ,nT(’Y)’
=767 (Y — ) o (Y — )
< (160ll + &)n + (Jlo| + /{)[n;L kog(1+n)l + k(1 +n)l] < 4Mn + 4];43%; + 4M4/€.
62, 02—k
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Next, by events (1), (3), (4), and (5), we have

Bs(v) X O (0, ) T H (0, 7) b0

262 7aur (Y — Y0) 267 a7 (v —70)
_ Sy (Dot — D20) HY (0, %) Ju Hi (70, 7) (G207 + ¢20)

2&721TanT(’7 - ’70)

_ D1 ()
S 26%:(v — )
—(L =)k + K(2]do]| + £)(1 + )l

~X

Fl,nT

+ 1102z = Solll0n + Soll 55—
I il H%ZT(’V )

262,
k 3M3k
S 20242k ol — K

Similarly, we have

~ By(y) + Bs(v) + Bi(v)
25721TanT(7 - 70)

. P Lot | Pon O |[[| Ps
< Poralf WPz @l o)1+ [l P )]
Gar(v =) Gar(v = 70)
< ol + w) (o] + #)n + Kol + K)n + K(lldll + ) _ 8M?*n
X ~ D D) )

by events (1), (3) and (8).
Then, we have

B +Bs()  _ Kllburllll P ()] +HIZnT\IIK2,nT(7)H

262 ranr(Y =) 62p(7 — ) &2:(v = 70)
< (160l + &) + (Jlo] 4+ #)](1 +n)l . 8M3k
h 02 = o8 — K’

by events (1), (3), (5) and (6).
Finally, by events (1), (3), (4) and (7), we have
B By(v)
262 pan (7 — Y0)
[/\go + (A2nr — A20) (A2t + A20)] Zthl YV (70, 7) I Vi (0, 7)
262 ranr (Y — 70)
Ds () . Lot — lo||lnr + lo] | K10z ()]

= 2007y =) 2627(7 = 0)
k k(2llo| + k) (1 + )l
\_203—1-2& 202 — 2K
k 3M3k

S 203+2n+03—/{'
Together, we can get

gflT(/y) - éiT(’YO)

< Mo < 0.
anr (Y — 70)
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Thus, we have shown that on the set E,r with probability large than 1 — ¢, if
v € [Yo+T/anr, Yo+B], then £} .(v) =% . (70) < 0. We can similarly show that if
v € ho—B,7%0—0/anr] then ,1(7) =Ll (70) < 0. Since £ (Jur) —h1(30) > 0,
this implies that |Y,7 — 70| < ©/a,r is with probability larger than 1 —e. That

is, CLnT(ﬁ/nT - ’YO) = Op(l) u

Proof of Theorem 2.4: We first show (i) /n(T — 1)(0pr—00)+X:/abg nr
2L N(0, lim %2030, and then (id) /n(T — 1) (ur — fur(70)) = 0.

nT'— oo

Proof of (i): Similar to (B.12) and (B.14), we have

-1

n(T = 1)(Onr — 60) = Ly Hor (0, )] ﬁ&;m(eoﬂnﬂ,

where Sj .7 (00, Ynr) = Sé”;LT(HO, AnT) + Zle B, wr(00, 4nr). From the proof of
Theorem 2.2, we see that (T 1)H* (5, Anr) — L = 0p(1) as Yr — Y0 NN
0 and 0 — 6y, —= 0 implied by O, — O = 0p(1). Meanwhile, Lemma A.3

and Lemma B.1 imply that WS;%T(HO,%T) converges to a mean zero
Gaussian process with variance (T 0 7y Var[Sp'r] also because Y,r — Yo RN
0. The derivation of the covariance (VC) matrix of 557, is straightforward
following Lemma B.5 of Yang (2015), but is complicated when written into
summation over time. Some intermediate results are useful to derive the final
expression. We focus on the variance of one specific quadratic term, as the
derivations for the other variances or covariances are similar or less difficult.
Let Qur = (Ir — ) @ (I, — ), G,r = blkdiag(Gy,Gs, ..., Gr) and
V= (V/,V],..., V]), where ® stands for Kronecker product and blkdiag(---)

forms a block-diagonal matrix by the given submatrices. Let k3 be the skewness

and k4 the excess kurtosis of the idiosyncratic errors. Hence, the variance

of mV’QnTGnTV is just 'gf 01)E[diagv(QnTGnT)’diagv(QnTGnT)} +
71(;—4_1) [t1(QurGnrQurGor + QurGrG/ ;)] by Lemma B.5 of Yang (2015).
After some algebra, we have
ﬁdiagV(QnTGnT)/diagV(QnTGnT)
= % Zthl diagv(J,Gy) diagv(J,Gy) = % Zthl RiR, + Op(%),

Tt (QurGurGly) = s S tr(JuGiGY)
= s oy tT(GiGY) + Oy(2), and
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ﬁtr(QnTGnTQnTGnT)
= nm 5 S tr(J.Gi TGy + s trl(E S JnGY)?
= 2D Yo W (T GrnGe)+ stz Yt G =5 Yy JaGiJnGl]
- n(TLll) Yoy W (JnGirJnGe) + ﬁ S Yope BT (G — Gi) 1G]
= wt=n) Lot V(GG + iy Yoot Do B2[(Gr = GG + O,(3).

With these results, we have —=—Var[S;% ] = Qur(0o,70) + o(1), where

7D
Qur(00,7) = Znur(0o,7) + Tur(o, 7). 2nr(6o,v0) is given in (B.13) and

L (6o, v0) has the expression:

O2k %2k, %ER1,nT(%)7 O2kx1
~ %ERQWT(VO) + I{4T2ER3,NT(’70) + EBHT(VO)) L nT(’YO) )
kaT
(B23)

where Ry () = ﬁile X}(7) JaRe(7), R2nT(’Y> = 7D Yty Zi(y) InRe(7),

Rt (V) = 5=y 2imn REVR:(Y), (V) = 77 Loeet Ri(Nla,
Bur(7) = Bivwr, Biznr(v); Bianr (), Bazwr (V)]

Biinr = wror—n Y Yope BTG — GG,

Bionr (V) = sireny Soimt oper $EL(d(7)Ge = di(7) GG,

Bosnr(7) = watrmsy Soiet bt TE((d(7) G — di(7) i)y ()G
Next, we see that mBng(eo, nr) — /abg nr 50 as Ypr — 70 — 0.

Hence, it is left to show mBmT(QO,%T) = o0p(1) for r = 1,2. For
By w1 (6o, 4nr), we only study its third and fourth components for example,
as the other two components can be studied in a similar manner. By ¢9y =
1 ~
————B n 97 n
\/m 1, T( 0,7 T)

(nT)""0¢ and Ayg = (nT)""ly, the third component of

equals to

(nT)—PT 2  5 128 ) + V2 GV T H (o, A )0 + Vi (0, A o).

As Aur = Y0 + Onr/anr by Theorem 2.3, these terms in 2= Zthl[Zto (Ynr) +
V2 (3)) I [H (Yo, A )00 + V(Y05 Anr)lo] have similar form to Frnr(tpr) or
KCor (Unr) from Lemma B.2 so that we can show they are all O,(1), following

the proof of Lemma B.2. As (nT)"""/? = o(1) by Assumption F, the third

component of mBLnT(GU, Ynr) 18 0,(1). Similarly, the fourth component
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of ﬁBl,nT(eoa Anr) equals to

W%[i"f Zt 15/ ¥ (90, Ant) Jn HE (Y0, Anr )0 + el Zt 1 V' (Y0, Ant) T
Vi (30, Anr) + 225 S0 VLT HE (o0, Ao + 2282 S0 1V (Y0, Anr) o

ﬁt*(Vo, An1)00 + (nT)Tzz—%T thl V; Jth*(Vm %T)lo}-

The first two terms in the square bracket are O,(1) by Lemma B.2, the third
is O,(1) by Lemma B.3, and the fourth and fifth without (n7")” can be easily
shown to be O,(1), following the proof of Lemma B.2. Therefore, the fourth

component of #Bl w1 (80, nr) s also 0,(1). The other components of

—/—(T 1)31 w1 (80, 4nr) can be shown to be 0,(1) similarly.

Finally, we show all the components of \/mBng(eo, Anr) are also o,(1).

Consider its second non-zero element for example, as the other can be shown

similarly. Similar to (B.15),

- s S () (Guha, ) = o)

B \/n(T—TllOZt 1 B[ Indi () G (Ao, Fur ) de (Y0, Y1) Gt )]
= (nT)Tfl/2T*1/2 lo;lz%T_ ZtT:1 tr[Jndi (Vo) Ge( N0, Y ) de (Y0, Yur ) Gt = 0p(1),

because (nT)™"1/2 = o(1), and Lz S 1t [ (1) G (Ao, Ao ) di (Y0, 3 G
has similar form to £, 7(0,r) from Lemma B.2 and thus can be shown to be
O,(1) in a similar manner. By the continuous mapping theorem (CMT), the
result in (¢) follows.

Proof of (i7): When v, were known, it is easy to see that the QMLE

énT(%) is consistent to #y. Thus, by the mean value theorem, we also have

V n(T — 1)(énT<70) —th) = [ T 1)HZT(9’ 70)}_1ﬁsg,nT(90770)7

where H*,.(0,~) denotes — vTa Se a0,y and {6, } are on the line

‘0 6, in rth row

segment between énT('yo) and 6y. As 6 — 6y -2 0 implied by énT('yo) — 0y =
0p(1), —A—H*1(0,7) — Spr = 0,(1). Thus, it is equivalent to showing that

n(T—1)
m[se w100, Ynr) — S4r] = 0p(1). Noting that Sj . = S5 + Bsur, We
have
n(}Tfl) [S;,nT<907 ﬁnT) - Sg,nT] = m[s;zjﬂ(eo, ’A}/nT) — S;,Q;‘LT] —+ 0p(1),
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because ﬁBr,nT(QO,%T) = 0p(1), for r = 1,2, shown in (¢), and mean-

while m[Bng(Qo, Anr) — Bs o] = 0,(1) is directly implied by 4,1 — 70 =

0p(1). For the non-zero components of \/+_[ng;ﬁ(eo, AnT) — Spir]; they are

n(T-1)
O,( by Lemma B.3, completing the proof. n

7=)
Proof of Theorem 2.5: Let Qur(v) = £},.(v0 + v/anr) — £-(70) and
Qv) = %[—EJM + 2\/02ZfW (v)]. We first show Q,r(v) = Q(v) on any
compact set T = [—7, ]

For ease of presentation, we follow the notations used in the proof of Theo-
rem 2.4 and define B%(v) = By(yo+v/anr), for s =1t09, and A*, (v) = A, (y0+
v/anr), for m =1,2,3. As discussed in the proof of Theorem 2.4, the proof of
Lemma B.2 implies that Fy .7 (Yo+v/ant), Konr(Yo+v/anr), Lonr(Yo+v/anr)
and Ls n,7(70 + v/a,r) are both O ( ) and P, ,r(Yo + v/anr) for r =1,2,3
are all o (a ). Given these, we can easily see that >°_, B*(v) = o,(1),
since (nT)7(nr — ¢0) = 0p(1) and (nT)7 oy = O,(1). Similarly, we have
Bi(0) = Far(®) + 0,(1), Bi(0) = Kur(v) + 0p(1), A5(0) = —3TLor(v) + (1),
A%(v) = 0,(1), and finally

Bi(v) + B3(v) — 2657 A1(v)

= =250 VT He (Yo + v/anr, Y0) b2t — 2Xamr oy VLT VE (Y0 + v/ awr, Y0)
— 262 AT Y1y 1 (dy (Y0, Y0 + v/anr)Gr)

= — 2Rur(v) + 2y (nT)7 (68 — 627)anr T Loz (o + v/ anr)
- QZnT%&ELT@nTTLg,nT(% +v/ant) + 0p(1) = 2R, (v) + 0,(1),

where we use -7 = o(1) by Assumption E.
Then, from (B.19), (B.20) and (B.21), we have
Qur(v) = — g5 [320_y Bi(v) = 2677045 (0)] + A3 (v) + A5 (v)

= — 2 [Far(v) + Kur(v) = 2R (0)] — $Loar(v) + 0p(1).

20%T
Using Lemma B.2, Lemma B.3 and 62, — 03 = 0,(1), we finally get Q,r(v) =
Q(v).
By Theorem 2.3, a,r (1 — 70) = argmax Q,,7(v) = O,(1). The functional

Q(v) is continuous and has a unique maximum; limj,| Q(v) = —oo almost
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surely since lim, o, B(v)/v = 0 almost surely. Therefore, the conditions of

Theorem 2.7 of Kim and Pollard (1990) are satisfied, which implies

. D
(T — Y0) — argmax Q(v).

—oo<v<oo

2 =
We make the change-of-variable v = 07‘)%7' and then rewrite the asymptotic
=1

distribution as

argmax Q(v) = argmax [—Z f|v| + 24/02ZfW (v)]

—oo<v<oo —oo<v<oo
o2 = 2 =

— A2 argmax [~ LE|r| + 2,/FEFW (D E0)
1 —co<r<oo 1

- 07; argmax [~ 2= || + 282 W (r)]
Tl —co<r<oo

= U—fg:% argmax[—g—l + W (r)].
Tl —oco<r<oo

[
Proof of Theorem 2.6: By Theorem 2.3, we can write 4,7 = 7o + Z”—?

Note that
LRyr(70) = 2637 (nr) — 67 (70)]
= 2[0:8 (B, Anr) — L350z (70), 70)]
(0
nt (0n

05 6oy, Y0)] + 0,(1) (Theorem 2.4)

[5 nT) %zT)

r) + 0,(1) N 251in(v).

This limiting distribution equals, by the change-of-variable v = 73%7"7
=1
2

U—lgsup[—51f|v| +24/03ZfW(v)] = qup[ u1f| +2 7“| +2,/a2=f W ( TOE_f

sup[ Ir| +2W (r)] = =w* U.

[I]|[I]

To find the distribution of U, note that U = 2max(U;, Us), where U; =
sup[—|r|/2+W (r)] and U; = sup|—|r|/24+W (r)]. U; and U, are iid exponential

r<0 r>0
random variables with distribution function P(U; < z) = 1 —e~*. It follows

that P(U < z) = P(2max(U1,0:) < z) = P(U; < z/2)P(Uy < 2/2) =
(1—e)2
Proof of Theorem 2.7: As discussed in Section 2.3, we only show result

(i) of Theorem 2.7 as (ii) follows (i) directly. Under Assumptions B(vi) and

the alternatives, the consistency of the proposed AQS estimator éflT('y) lies
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with that of /A\ZT(W), uniformly in . In order to show the consistency of
X2.(7), the key step in the proof is to compare Sgor(w) with its population
counterpart. Substituting both 45,(w) = Bur(w) and 625 (w) = 2562 (w)

into the A-component of AQS functions gives the concentrated AQS functions:

;

s SRS (@) + VP (@) Gu(@)] 1 V2 (@) = T X, el Go(w)),
b (@) = § sy SR (@) + V(@) Jade ()G ()] a2 (w)
\ —T S tr[Jadi(7) Gy (w)).

where K7 (w) = K (B3 (w), w), Ki*(w) = K7 (57 (w), w) and Ve (w) = Vi(Bir (@), w).

For each v € I', solving the resulted concentrated estimating equations, Sg. (w) =

0, we obtain the M-estimator S\ZT(v) of A\g. Thus the M-estimators of 8 and

o ~26 (3

o” are BZT(’Y) = BnT(S‘ZT(’Y)a’Y) and G55(7) = 627 (Anr(7),7).
Substituting both 35, (w) = Bur(w) and 625 (w) = —252,(w) back into the
A-component of ngT(@, 7), we get the population counterpart of Sg5,,(w) as

(

Eoxen) i B{[EY (@) + Ve (@) JnGe(w)]Ja Vi (w) }
. TEL, Bl G},
Seor(w) = 4 . - - _
57 2ot=1 B{KT (W) + V7 (@) Jndi (1) Ge(w)] T Vi (w) }
\ TS B{srldd1) i)}
where K7 (w) = Ry(For(w), w), K*(w) = Ko (B (w),w) and Vo (w) = Th(For(w), ).

By (B.1) and (B.11), 37(w) = Bur(w) = Bo+E(Prur(7) " EPypnr(7) (Ao —
A) +o(1),

62 (w) = 0% + 202BG1 (1) (Ao — A) + (Mo — A [03EGT,1(7)
+ EPsur(7) = EPyr (VE(PLnr (7)) EP2nr(7)] (Ao = A) +0(1), and
TV (W) = Jo[Yi(w) — Ku(7)Bip(w))
= TZi(7) (Mo = N) + Vi) (ho = X) + Vi

— Xi(NEPLur(1) " EPor (1) (Ao — A)] + 0p(1).
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Hence, the first component of S§¢(w) equals to

Sgﬁ(w) = lim -20( ){[EP4 27 (W) + EPg (W) — EPs ur (W) E(Prpr (7))t

nT—o0 nT

EPQ,nT )\0 — )\Q — )\)/ [EPGJLT(W) + EPlO,nT(W)

)
+ EP} 1 (VE(PrLur (7)) (EPynr(w) — EPs ur(w))

o EPr (1) E(Prar (7)) ™ (EPrar () = EPs () JE(Pr (7)™
EPaur(1)] (o = A) + T(0f = 72:(w)) Xi_y Bler (JuGi(w))] },

where Py r(w) = 2= 1 K{(Bo, ) JuZu(7), Paar(w) = 2 3 Ki(Bo, w) JuXa(7),
Pour(w) = 2 S0 Zy(7) JnGe(w) JuZe (), Prar(w) = 4 S0 Xi() JuGirl(w) T Xe(7),
Pear(w) = 2 S Xi() G5 () JaZa (7). Ponr(w) = 2 Y0, V) JaGi (w) T, Vi(7),
Pronr(w) = 7 3y Vi) JnGe(w) 1 Vi(7),

and the second component equals to

_5,02(“) = lim ' @) {[EP4 ar(w) + Epg,nT(W) - E,Pg,nT(w)E(,Pl,nT(ly))il

EP2r (1) (%0 = A) + (o = N [EPEr(w) + EPfy ()

+ EP (1) E(PLar(1) 7 (P17 () — EPE 17 ()

+ EP} i (1) E(Par (1)) 7 (B (@) — EPE () E(Pr (7))
EP2r (7)o = A) + T(08 — 52:(w)) Xi_y Bler(JaG5 ()]

where P5,,7(w) = o iy K7/ (B0, ) JnZa(7), PR (@) = 75 Sy K (B0, ) JnXie(7),
Pour(@) = 7 0 (N TG (@) TaZi(7)s P ar(w) = 5 S0 Xo() Tn G (@) 1K (7),
Pur(®) = o iy XN JG2 (@) ThZal(0), Piap(w0) = 5 Ty VTG (@) 1 V(7).
Proar(@) = a5 Simy Vi) JnGE (@) 1 Vi), G (w) = di(7)Gi(w).

Clearly, SgﬁlT(S\ZT(V), ) = 0 for any 7 by construction. It is also easy to see
that Sg¢(Ag,y) = 0 for any v, implied by S'gfl()\o,fy) =0 and 5'53()\0,7) = 0.
By Theorem 5.9 of van der Vaar (1998), A%,(y) will be consistent for Ao if

S

7(
) =

sup—|Sg¢,r(w) = S5<,r(w)| = 0,(1) and Assumption G’. The low level condition

AEA ’ ’ _ _

for Assumption G’ is either Sgq(w) # 0 for A # A or Sg5(w) # 0 for A # Ao,

uniformly in v € T'. Thus, it is left to show that sup—=|S5S - (w) — S§¢p(w)| =
AeA ’
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0p(1). By (B.1), (B4) and (B.5), Sur(w) = Bot Py (1) Panr(7) (Ao=A)+op(1),
G (w) = 05 + 2Va10r(7) (Mo = A) + (Ao = A) [Var,ar(7)
+ Paat (V) = Paur (N Prar () Pear ()] (Ao = A) + 05(1), and
T V2 () = To[Yi(w) = Xi() B ()]
= JalZi(1) (Mo = A) + Vi(7) (Ao = N) + Vi
= Xe(Y) P () Pamr (1) (Mo = N)] + 0p(1).

With these, we can show supyep=7[S5%7(w) — S55r(w)| = 0p(1) as we do for

Theorem 2.1. n

Proof of Theorem 2.8: Note that K;(¢,v) = Gi(\,7)X:(7)5 and K7 (¢, ) =
di(V)Ki(¢, 7). Let Ki(y) = Kildo,7), KP(v) = du(7) Ko, ), Ki(y) =
[Ki(7), K7 ()] and G{(7) = di(7) G

Applying the MVT to each element of SgynT(énT(v), 7), one has

0= Sg,nT<énT(’y)7 ’Y) = Sg,nT(e(]? 7)—*— [%Sg,nT((Q? ﬂAynT) ’9:§T in 7th row :| (énT(”Y)_QO)a

where {f,} are on the line segment between 6,7(y ) and 6y. In the following

arguments, we use H2p(6,7) to denote —2 Sonr( ‘9 B, in rih row 10T SIN-
plicity. Thus, we have
- - -1
VAT (B2 (1) — B0) = [ H2(8,7)] 7 55, (680,7): (B.24)

Note that § — 0y —~ 0, implied by Theorem 2.7. Hence, based on the proof
of Theorem 2.2, we also have -=H¢.(0,7) — $%7.(v,7) — 0, where

LE,PlonT('Yla'VQ)v o_lngg,nT(’Vh%)a O2kx1,
Yor(n,2) = | 2 72 EPs (2, 1), UL(Q)E,PZ,nT<717/72) + EShr(11,72), %EsﬁT(%)a ,
~ UZgESZ{Z“(’yQ)J Tzlf?
(B.25)

with
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P (11,72) = 75 Xoimy Xe(1) I Xe(12), PSr(11,792) = 75 Toimy Xo(1) JnZa(32),
Pff,m(%ﬁz) = % 23:1 Xi(%)JnKz&(Vz)v Pff,nT(%’%) = % 2321 K@(%)ant(%),
Sr(r) = S [er(GL), (G ()]

Spr(v,72) = St Stenr(2); Stenr (1) SSer (71, 72)],

S r = o5 L [Ter(GiG) + 7 2oy, v2((GF — GG,

Stonr(Y) = mr S [Tr(GiGE (7)) + 72 gy t2((G5 — GR)GE(7))], and

o (1:72) = 25 i (T2 (G (1) G5 (12)) + 72 2oy 22 (G5 (1) — G (1)) G5 (72))].

Note that Jn‘Z(¢07 ’Y) = Jn‘Z+JnJZ(’707 7)a where JZ(V@? ’7) = HZ(’VO, 7)¢20+
)\20]7;(<707 ’7) Similar to (B14)7 Sg,nT(e[)? PY) = ngzT(em PY) + BzT(907 ’7)7 where

,
oz Limt X (1) Vi,
o2 i Kl JaVi+ 2 S Vi TuGi(h0,9) JaVi = o3 Tex(JuGi(Ro, )],
onr(00,7) = 1 5 S KP (0) Ve + S5 S0 [V Jds(1)Ge(ho, )TV

—03Ter (Jndi(7)Gi( Ao, 7)),

T o~ (e 1)(T—1
\ % Ztzl V;f/*]nv;‘, - %7

and B¢, (6o, y) has four components:

B iz (B0,7) =25 Yoo Xi(9)Juti (0, ),
B3, (80, 7) = 32 Sy K0Tt (0.7) + 2 iy 05 (Y0, 1) JaGie(Mo, ) Tt (0, 7)
gz Yt Vi u G Qo) i (0,7),
BS, i (B0:7) = 35 St K7 () T (70,7)
o i1 98 (00, M) Tud (1) Ge(ho, 1) T (0, 7)
2 S VTald(1)Gi (R0, 7) + Gy, 1)de ()] Tds (0, 7)1
B (00,7) = 51 2ote1 9" (20, ) Jul2Ve + 9 (70, 7).
Following the proof of Lemma B.1, we can also show \/%S%T(QO, ) will
converge, uniformly in v € I') to a Gaussian process with mean zero and
covariance Q.,.(, 7). Follow the notation defined in the proof of Theorem 2.4,

one of the quadratic forms in \/%S%T(Ho,fy) is \/%V’QnTGnT()\O,’y)QnTV,
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the variance of which is

"% B[diagy(QurGar (Mo, 7) Qur)'diagy(QurGrr(Ao, 1) Qur)]
+ BE[6r(QurGar (30, 1)QurGir (N0, 7)]
— "% E[diagv(QurGrrQur)'diagy(QurGurQur)]
+ %E[tr(QnTGnTQnTGfLTﬂ +0(1),

where the equation holds because Gi(A\g,7y) — Gy = AooGi( Mo, Y)de(7,70) Gy
for each ¢t and Ay = O,((nT)"*/2) under the alternatives. In the proof of
Theorem 2.4, we have already derived the summation form of the second term.
For the first term, note that Q,,7G,7Q,r can be partitioned into 7?2 blocks
and only the T' diagonal blocks are useful for diagv(Q,rG,rQ.r). These T
diagonal blocks are T.J,,G — %(JnGl — % Zle JoGr), ..., TJ,Gp— %(JnGT —
%Zle JnGy). Thus, we have

nLTdiagv(QnTGnTQnT)/diagV(QnTGnTQnT)
= L S°T  diagv(J,G;) diagyv(J,G)
— 2L 5T diagv(J,Gy)diagv(J,Gr — A i JuGy)
+ # thl diagv(JnGt — % Zle JnGy) diagv(J,Gy — % Zle JnGl)
SRR - 2T RR, + LT RER A+ O, (2).

nT

With these, the other variances or covariances in Q°,(v,7) can derived in a

similar manner. Thus, we obtain the following expression:

Qr(v1,72) = QF r(11,72) + Q52 (115 72), (B.26)
where
UL?)E,Pf,nT('Vla V2), ngPg,nT(%a V2), O2kx1,
Q1 r(11,72) = U_ISEP??,/HT(/Y2771)7 U_lngg,nT(’Yla Y2) + ES;7(71,72), U%ES;;T(%% )
0152k, %ESg,T(%)a %;
Qg,nT(%a Vo) =
Ok 2k HSU€T2 ERT r(71:72), O2kx1,
SO R (), TR 00ERS (1, 7%2) + RaERS (1 72), SEFER (). |
~ STER (32).
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PgnT(’Ylv’h) = nATZZl]K/(PYﬁ t(’Yz)
T(’Vla%) = nT Zt 1X/(71)J Rt(%)
J, Rt(

RznT(%,%) = LY Ki(m) V2),

Ry (v) = o TR, = FRil, TRY ()l — £ B ()]’
Rg,nT(%a%) = [R§1,nTa R32 ar(12); R 32 ar(71)5 R33,nT(’71>’Y2)]7
RSyt = LS [T°RR, — 2LR/R, + SRRy,

Reonr(V) = p Lia[T?RIRY(Y) — 2R} (1) + = iRy (7)), and

RSz (711572) = nLTZthl[ﬂRfl(%)Rf(%) QTRO'(’Yl)RO(’Yz)+ & R (1) R ()]

By Lemma A.4 and under the alternatives, one shows that ﬁBnT(HO, v) =

X5 (7:70) = E5r (1, MILC + 0p(1). With (B.24), L'y = ¢, VnTy = C
and C' = L'LC', we have
VT 05 (v) = VT 0y + U [ Hr(0,7)] 7 4298 (00, 7)
O+ LS5 (7,9) 55 (0, )
+ L3072 (7 ) S0r (7:%) = Zir (7, MILC + 0,(1)
= L'S(y) + Z(v)C.
Given the uniform convergence of 6°,.(v) to 6, it is also standard to show that

@nT(v) — 2y, Q0 (7, 1) B (7, 7) =2 0, based on the proof of Theorem
2.2. Therefore, we have W, r(v) = W¢(v) by the CMT. n

Proof of Theorem 2.9: Let

( o2 X1 X ()T VP (),

oz S B K (R0, 1) + V(1) 7GR0, 7)) 1V ()
—T 31 tr[JnGe(M0, 7)),

o2 B KT (N0, 7) + VY (1) Jude (1) Ge(Ao. 1) Jn V()
—T S [ Tudi(7)Ge(Mo, 7)),

2t S V() V() — ==

200

Somr(7) =

Thus, it suffices to show that (a) \/%gng(’y) L SgbnT( ) = 0,(1), uniformly
iny eI, and (b) Se b () = \/% oot (0o, ) The proof of Theorem 2.8
implies that 6°,.(v) — 6y = O,((nT)~*/2), uniformly in v € I'. Thus, the proof

of (a) is straightforward by applying the mean value theorem. As for (b), we
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first note that ESgY ;.(y) = 0 and —=VarSg® (v) = Q5p(v,7) 4 o(1), for any
v. So \/%—TS&‘HT(’y) is a mean-zero Gaussian process with covariance function
kernel Q9.,.(7,~) asymptotically. This can be extended to any finite collection
of « to yield the convergence of finite dimensional distributions. In addition,
the stochastic equicontinuity can also be established by similar arguments to
the proof of Lemma B.1. Therefore, we have \/%S;)ZT(W) = ﬁsgj;ﬁ(eo, 7).

Appendix C: Supplementary proofs

Lemma C.1 and Lemma C.2 are first established to help prove the main

results.

Lemma C.1. There is a ¢ < oo such that forl <71 < 7% < v and

1 <r <4,

(1) Ehj(vi,ye) <calye—mnl (@) Efff(n,72) < alye —mnl,
(#ii) EkL (71, 72) < eilye =l () Bl (,72) < aifye —nl-
where hit(y1,72) = [hiell|die(v2, Y1), fie (01, 72) = [Ravie|l|die (2, 711
kie(v1:72) = |vi =031 gii el |die (V2 71)], L (1, 72) = [V Z};i |93t [vjel | it (2, 1)

Proof: We only show (i), as the others can be shown similarly. We have

Y

E[Zdii(v)] = E[E(Z]qi)dit(v)] = / E(Z|qit)dF (qi)

for any random variable Z, where F(-) denotes the CDF of ¢;. Hence, we
have %E[Zdit(’y)] = E(Z|qx = 7v)f(y). Thus by the Jensen inequality and
Assumption B(iii), one has

d

%E(Hhullrdn(v)) = E(llhaell e = 7).f () < [ElRiell*lgie = ] f(7) < 7%

Since dji(2) — d;i(71) equals either zero or one,

E[[[hiel|"|dit(v2) — dje(1)l] = E[||hiel|"die (v2)] = E[l|Rae || " die(71)] < e1|va —ml,

for some ¢; < oo, by a first-order Taylor series expansion, establishing (7).

Assume this ¢ is large enough so that results (i7)-(iv) also hold.
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)

Lemma C.2. There is a cg < 00 such that for ally < 71 < 72 <7

Bl Y, Y (2 (. 72) — BRE (1, 72)]]° < calye — ml, (C.1)
Bl S, S [0 %) — Ef2 ()l < cale — l, (C2)
Bl S, S k2 (11, 72) — BRE (11, 72)]|” < ealre — i, (C.3)

Bl S, S (v, 72) — B (1, 7)) < ealye — ). (C4)

Proof: We only show (C.4) when r = 2, as the proofs of the others are
similar and less difficult, using Lemma C.1. As [;(71,72) are independent

across t, we have

Bl S, S B, 72) — B (1, 7))
= L B (n92) — B (1, 70)])
= LY > Al (v, 72) 5 (71, 72)] — B (71, 72) B (71, 72) }
L S Bl (1, 7) — [BE (1, 72))%)
+ S S S B (v, 72) 2 (1, 72)] — B (1, 72) EIZ (11, 72) }

= I1(71,7%) + La(71,72)-

It is easy to verify that Iy(y1,72) < 2 Yoy Yoimy Bl (1, 72)] < 2172 — )
Further,

4 T n n n n n n
D (V1:72) = 35 2oim1 Doimt Do Dok Dokt Damty Dpt {E(|gil,t||gik,tngm,tngp,t|)
E|dit(v2, 1) [E|dje (2, 7)) | [E(vZ | [od [og o3 [0k [v3])

e CAICATTAD AN A }

Consider the term with highest order in error term, i.e., [ = k = m = p, as the

analyses of other terms are similar and less difficult. This term equals to
1 T n n n
o thl Zi:l Zj;éi Zl;éz',j E(|gz’l,t|2|gjl,t|2)E(|dz‘t(72a Yl dje(v2, 1))
Eloj |E[v}|[Elvg] — (Elvg])?]
IS T n n n
S e 2oim BIOC gae ) 5y [g0e ) Eldie (v2, 1) [Bl o [Elvf, [Ef v

< ¢y —ml,
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for some constant ¢ < co. This is because we have E(|dit(v2, 71)||d;e(v2,71)|) <
E%‘dit(72771)|E%|djt(’Y2, )| = E|dit(v2, 71)| < ¢1|v2—1| based on () of Lemma
C.1. Let ¢ be large enough, and hence we can similarly show all the other non-
zero terms in I5(7y;,72) are also bounded by ¢|y2 —71|. Thus, the desired result

follows.

Proof of Lemma B.1: Firstly, we define J; ,r(y) = \/% S HY ()
and Jo,r(7) = \/% S VIVe(y) —adtr(di()Gy)]. As the analysis of J; ()
is tedious but follows the similar arguments to that of J; ,r(7) for s = 1,2, we
show the uniform convergences of Jg,r(7) instead. Lemma C.1 implies that
E[||hit]|*dit(v)] < oo for each y. Meanwhile, it is easy to see that {d;(7)G:} are
matrices with bounded row and column sum norms by Lemma A.1. Hence,
Jinr () and Jo 7 (7y) both converge pointwise to a Gaussian distribution by the
central limit theorem (CLT) in Lemma A.3. This can be extended to any finite
collection of v to yield the convergence of the finite-dimensional distributions.

Thus, it is left to establish the tightness of J;,r(v) for s = 1,2. We do
this by verifying the conditions for Theorem 15.5 of Billingsley (1968). In the
following, we claim that there are finite constants c3 and ¢4 such that for all

v €L, n>0and ¢ > (nT)7 L, if VT > c4/n,

<Y<ty

P( sup | Jowr () = Jsmr ()| > 77) < ap?n,

Now suppose the above results are ture for s = 1,2. Then, fix ¢ > 0 and n > 0,
and let ¢ = en?/c3. The above results imply there is a large enough nT" such

that for any v € I,

P( sup ’JS,nT(P}/) - Js,nT(’Yl)' > 77) < 63@277_4 = (e,

Y1ISYSY1tP

establishing the conditions for Theorem 15.5 of Billingsley (1968).

Now, we turn to show the above claim. It is easy to see that that Jy ,r(v) —

Jinr(11) = \/%7 Z?zl Zthl[hitUz'tdit(% Y1) and Jo o1 (7) = J2nr(71) = Jornr(7)—

ot (1), where Jor o1 (v) = 72 S, 300 (07 —08)gasaedin (v, )] and Jag,ur(7)—
Jonr(71) = \/% S v iz 9ijaViedie (v, 71)]. Thus, their proofs are
similar using the results of Lemma C.1 and C.2. We show .J; ,r(7) for exam-

ple.
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Since ¢ > (nT)~!, we can let m be an integer satisfying nT¢/2 < m <
nTe. Set o, = ¢/m. For k = 1,... m+ 1, set v = n + (k — 1)pm,
firge = Fit (v, Vo), and. fig i = fu(i, 7). We let Fopp = == >0 Soi_y it
and thus for v; < v < Y41,

| J1nr (V) = Jinr()] S VAT Foyry < Vol |Fuyry — EF k| + VnTEE, 1.

It follows that

sup  |Jiar () = Jinr(71)|

<YMty

< max  sup  |Jinr() — Jir(n) + Jinr(y) — (k)]

ISk<my, <y <y
< —
2<r]?<33<+1|J1 nr(Ve) — Jinr ()| + max v/nT |Forg — EFr]
+ max VnITEF, 7. (C.5)
1<k<m

In the following analysis, we consider to bound each term of the above
equation to show the final result. For any 1 < j < k£ < m + 1, by the
Burkholder’s inequality (see Hall and Heyde (1980, p.23)) for some constant

c1 < 00,
E|J1nr () — J1nr (7))
_ n T
< C1E|,%T Zi:l Zt:l zt]k|2
_ClE|nTZz IZt 1( it,jk E ’thjk‘) nTZZ 1Zt 1E t_]k|2

By Minkowski’s inequality, (iv) of Lemma C.1 and (C.4), the above expression
is bounded by

: 2
[(E|nT Zz 121‘ 1( it,jk —E 12:5]k>| )1/2_‘_61(1{;_])@771}
< a(2EFE )2 1oy (k — f)om]? < @l + V@) (k= 5)*0h,
where we use the fact that (nT)™' < ¢, and (k — j)*/? < (k — j). Given the

above result, Theorem 12.2 of Billingsley (1968, p. 94) implies that there is a

finite constant ¢, such that

P(2<Iz?<%(+ [ i (k) = Jrnr(11)] > 77/3> < 8lea(mepm)’n~t = 8leap?n ™,
(C.6)
which bounds the first term of (C.5).
Next, we consider the second term of (C.5). By Lemma C.1, Lemma C.2
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and (nT)™!' < o,

n 4
E|VnT (Fury — EFyri)|* = Bl 2 S0, 30 (fiok — Efas)]
n T n T
< 1 imt vmr Efitg + 3lam 2o e Eff k)

< 7rc1Pm + 3cten, < (o1 + 3ch)@r,.
By Markov’s inequality, the above inequality implies

P( max VT | Fyry — EFr | > n/3) <Y P<\/nT]FnT7k — EF| > n/3)

1<k<m

< 8lmley +3¢2)p2n™t < 81(ey + 3cd)p?n™,

where the final equality uses my,, = ¢ and ¢,, < ¢.

Finally, we consider the last term of (C.5). By (iv) of Lemma C.1 and

2
Om S

VNTEF, 1) = VnTEfiir < VnTcion, < 2c(nT)~12.

Aggregating the above results for the three terms of (C.5), we have if
2¢,(nT) 1% < n/3,

P( sup | Jiar(Y) = Jinr(m)] > 77) < 81(Gy + 1 +3c)p*n~t. (C.7)

Yi<YSN+p

By setting c¢3 = 81(¢a 4+ ¢1 + 30%) and ¢, = 6¢;, we achieve the desired result. m

Proof of Lemma B.2: We show the result for F,r(v), as the other two
can be shown similarly. For notation simplicity, let m;; = dyh;: and my(v) =

dohirdit (Y0, Y0 + v/anr). Hence,

T SnT T T
Furlw) = % S0, S0 (0) — 88 X S S ma(mae)
T
— o i s S ma(0)m(v)

+ ;2?2 Z?:l Z?:l Zle Zf:l M (V)M (v) = 2;1 Fonr (V).
(C.8)

Consider the case where v is positive first. Observe that since v, = vy +
v/anr = Y0,

Up(qz‘t <m) — Pgie < )
71— Y

as simple size increases. Symmetrically, we can show that a,rP(y1 < ¢u <

anrP(v0 < qit < m) = — flv (C.9)

v) — f|v|, when v is negative. In the following argument, we only consider
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the case where v is positive, as the negative case can be study symmetrically.

Thus,
EF1nr(v) = ‘;"—7? ?:1 23:1 E[m%tl{% < it <M}l
= nLT D et Zthl E(m3 v < ¢ < m)anrP(yo < g < 1)
— L S E(mdlgi = v0) flul = 6 Mo fv].
Besides, by (C.1),
a2 n 2
E|F 1 (v) = EF1ur(0)* < 2 160[1*E| 47 30 S (73 (v0, m) — ERG (v0, 1))
< 2 0ol *ealv] = o(1).

Hence, the Markov’s inequality implies that F 7 (v) — 05 Mo f|v| -2 0.
We next consider the second term of (C.8). By (C.9), for i # j or t # k,

anrP(v0 < git < 71,7 < @ik < 1) = anr Py < git < 7)P(yo < qjrs <) —

0. Hence,
EFonr(v) = 25370, Sret Yo Blmamad{yo < ¢ < 71 311{70 < gix < 1}
- n% Z?:l Zle Zthl E(mamir|vo < qie < 71,% < @ik < 71)@nr
Plyo < @it < v1,7% < Gix < 1)
= T 2 Zthl E(mZ |70 < g < )anrP(vo < gt < 71) + 0p(1) = F00M8 f|v].
Similarly, we have
a2 n
E|Fopr(v) = EFour(v)* < BF3 0 (v) = 3 Sy iy Emiy(v) + 0,(1) — 0.
Hence, the Markov’s inequality implies 5 7 (v) — £, M8 f|v] = 0.
Similarly, we have
Sy Dy Yoy Mt (V) (v) = S8 Mo f|v] + 0,(1) = 0

and

s D2 D Yt oy man(V)myi(v) = Sp0 Mo flu] + 0,(1) = 0.

Since F,,r(v) is monotonically increasing on [0, 0] and decreasing on [—v, 0],

and the limit function is continuous, the convergence is uniform over Y. [

Proof of Lemma B.3: The uniform convergence follows if
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(a) The finite dimensional distributions of R,r(v) converge to those of
B(v);

(b) Ryr(v) is tight.

We show (a) first. According to Assumptions A to D, the conditions for
the CLT in Lemma A.3 are well established. Hence, for any given v € T, we
have Rur(v) -2 N(0,0%(v)), where 0% (v) is the variance of R,z(v). Then,
it is left to show 0% (v) = |[v|=f. Let II$(v) = di(yo +v/ant, Y0)Cy for I, = Hy,
R; or G;. By Lemma B.5 of Yang (2015), we have

0% (v) = 02EFur(v) + 2loo3ksTL ST B0, HY (v) J, R (v)]
+ T?Rodry %2 ST RY ()R (v)
+ TR0 ST e[ 1,69 (0)(GS(0) 4 oGS ()]
o085 30y Sy trJn(GE (v) — G (0) 1 G (0)] = 320, Cs.

By Lemma B.2, we have (C; + Cy) — 022, f|v| - 0. Similar to the proof of
Lemma B.2, we can also show (Cy 4 Cs) — 022, f|v| == 0 and C5 —= 0. Hence,
we conclude that R, r(v) 2N (0,Zf|v]). This argument can be extended to
include any finite collection [vy, ..., v;] to yield the convergence of the finite
dimensional distributions of R,r(v) to those of B(v).

We now show (b). By Lemma B.1, for all 7; € I, n > 0 and ¢ > (nT)7 !,

there exist finite constant c3 and ¢4 such that if n > ¢y /v/nT,
P( sup  ||66(T7nr (1, 7%3)) + lo(Tonr (v, ) > 77) < e’ (C.10)
V<Yt
Fix € > 0, > 0. Set ¢, = eni/c3, ¢ = ©1/anr,n = nl/w/anT and Ny =
nTcs (nT)QT >
ol (nT)™! and n > c4/V/nT. Set 1 = v + vi/a,r. By (C.10), for

nTpc3

nT 2 Nl;

(max(¢~2, ¢, /m))V/". Hence, for nT > Nj, we have ¢ =

P< sup | Rur(v) — Rur(v1)| > Th)

V1 <ULV 1

:P( wp\WJmﬂ%wHWMﬂﬂ%%N>n>

V1YYt

< sl fanr)” = ore

As discussed in the proof of Lemma B.1, this shows that (b) holds. L]
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Proof of Lemma B.4: Firstly, we show (a) when r = 1, and the proofs
of the other results in (a)-(d) are similar and thus omitted. Note that Dy ,,7(7)
is just a linear transformation of Dy 7 (7) = =5 ST LH (Yo, ) HY (Y0, 7).

It suffices to show

Di1n
P( sup Duar(y) < (1 —n)k) <e.
N 17 =0l

Without loss of generality (WLOG), we assume vy > 7, as a symmetric argu-

ment can be established for the case of v < 7. Hence,
dED117(7y)/dy = 5,M (%) f(7)do-

Since 6)M (v)f(7)do > 0 (Assumption B(v)) and 6 M (7y)f(7)d is continuous
at o (Assumption B(iv)), then there is a B sufficiently small such that

k= min &M(y)f(7)d >0,

ly—0l<B
Because EDqy ,r(7) = 0, a first-order Taylor series expansion about 7,
yields
inf EDyy.r(y) = kly — 70l (C.11)

[y—0l|<B

Then, (C.1) implies

E|D117(7) = ED1ynr (7)12 < 10l1El 2 20 32 [ (11,72) — ERZ (71, 72)]1

< ldoll*(nT) " ealy = ol. (C.12)
For any n and e, set
b= 122 and (C.13)
L=
5= —Slllfes (C.14)

en?k2(1 —1/b)°
We may assume that (n,T) is large enough so that % < B, else the

n

inequality (a) is trival. For [ = 1,2,...,N + 1, set 7; = o + 90" /ar,
where N is the integer such that vy — v = ﬁbﬁ_l/anT < Band vy — 70 =
ob" /a,r > B. (Note that N > 1 since - < B.)

anT
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Markov’s inequality, (C.11) and (C.12) yield

P( sup D11nr(75) — ED11nr () Q) < 4 i E|Dy1,7(7;) — ED11nr(7;)]?
1<G<N ED11,n7(75) 2 P [ED1107 ()2
4 i 1604 (nT)~
772 k2| —
4H50H462 N
—27
< (7’L 2k2 Z b] 1
40oll*ca €

n2k2o(1—1/b) 2 (C.15)

where the final equation is based on (C.14). Thus, with probability exceeding

Diipr(v;)
1—2/, BDrr (]

B, there is some 1 < j < N such that v; < v < 741 and
Dunr(y) o Diver(vi) EDwwr() o o 1y Kl = 0l _ =Mk
Y=l 7 EDuar(3) [ =l 27 |vj+1 — 0l 27b

with probability exceeding 1—¢/2, according to (C.15). Based on the definition

<iforalll <j< N. So for any v € [yo+¥/anr, Yo+
<

of b, (C.13), the above inequality can be simplified as D‘l%:o(ﬁ) (1—n)k. Since

this event has probability exceeding 1 — €/2, we have established

P( ing Ditnr(0) (1—n)k;) <

1ENur |7 = 0l

DO ™

A symmetric argument applies to the case —B < v — vy < —ﬁ.

Secondly, we show the results in (e). WLOG, we assume v > 7. Let
v, = Y0 + 0 Ja,r for | = 1,2,...,N + 1, where b and N are defined as
before. By definition, it is seen that there are at most log,(a,rB/v) 4+ 2 points

in the interval v — 7o € [;*-, B], ie, N < logy(a,rB/v) + 2. Then, for
r=1,23,
[Pz (V)] 1P ()N = (1P )l
P( Sup rnT\7Y 77) _ P( max rnT\ Vg ) ZP( rnT 7] > 77)
veNur |7 = 0l LGN |75 = 7ol =\ =l

Following the proof of Lemma C.2, for any j, we have E||P,,,r(7;)[|* < |7, —

Yo|. Thus, Chebyshev inequality implies that

N N o0 o
ZP(HPT,nT(%‘)H < 77) < Z E|| P, () |I? - Z Colnr co(nT) =2 L
= =l = =l g eTeb g2 T o(1 = 1/b)n?

A symmetric argument establishes a similar result for v < 7.

Finally, we consider the two results in (f). As their proofs follow the same
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manner, we use general notation 7, ,r(y) to denote either of them. Fix n > 0.
For j = 1,2,..., set v, — v = 27! /a,r, where v < oo will be determined
later. By the similar analysis as used in the proof of Lemma B.1, for all v; € I,

n >0 and ¢ > (nT)™!, there exist c3, ¢y < oo such that if n > cq/V/nT,

E||Tsnr () — Tsnr(00)]1* < 1|75 — Y0, and (C.16)
P( sup || Tsnr(7) = Tsmr ()] > 77) < ezt (C.17)
v <YLYt

Next, we do the following decomposition

sup H\ys,nT(’w - \Z,nT(fYO)”
veNyr @z |V — Y0
o s War() = Feara0)l s =
J s<y<vi+1 V anThj - '70| |’7 - '70|
<sup sup | Tsnr(7) = Tsnr (05| + sup | Tsnr(5) — Js,nT(Wo)H‘

7 u<r<vi Vanr|v; — ol J Vanr|j =l

For the first term of (C.18), we set ¢; = v,41—7; and n; = \/anr|v;—7%(1/2,

(C.18)

and then

o, swp W)= Tl )
J <<y Vi anThj - '70|

< ZP( sup || Tsnr (V) = Tsmr ()|l > 77j>-
j=1

Vi <Y<Y +e;
Note that if o > 1, then ¢; > 1/a,r > 1/n. In addition , if © > 12¢; /7, then

n; = 027720/ \Janr = ca/\fanT = c4/VnT. Thus, if ¥ > max(1,12¢;/n), using
(C.17), the right hand side of above inequality is bounded by

o0 o0

2 2
Z C3P; Z 16cs|yj41 — 517 64ces

1} azrly; —vl*nt 30t

J=1 J=1

For the second term of (C.18), Markov’s inequality and (C.16) imply
FERCEIOES STSTRANE J(E AR FIETRA
j Vanr|j =l Vant|7; = 0l

A~ AE|| T (7)) — T (0)|2
ant|V; — Yol*n?

=1

j=1

o i dalyi =l 8a

= anrly; —0?? o
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Together, if v > max(1,12¢;/n) we have
P( | Tsn () = Tsnr ()l - 77) o bdes n 8c1

sup ~ 3,1727]4 1—)772 ’

YENLT \V anTh/ - ’70‘

which can be made arbitrarily small by picking suitably large v. Thus, results

in (f) hold. ]

Appendices for Chapter 3

We collect all the technical proofs for the main results in Chapter 3 here.
Two appendices are provided in this part. Appendix A provides some basic
lemmas that are used in the other appendix. Appendix B presents proofs for

results in Section 3.2.

Appendix A: Some basic lemmas

The following lemmas are essential to the proofs of the main results in this

chapter.

Lemma A.l. (Kelejian and Prucha, 1999; Lee, 2002): Let {An} and
{Bn} be two sequences of N x N matrices that are uniformly bounded in both
row and column sums. Let Cy be a sequence of conformable matrices whose

elements are uniformly O(h,'). Then,

(i) the sequence {AxBn} are uniformly bounded in both row and column
sums,

(ii) the elements of An are uniformly bounded and tr(Ax) = O(N), and

(1ii) the elements of AxCy and CyAn are uniformly O(h,').

Lemma A.2. (Lemma A.3, Lee, 2004): For W and A,r(\) defined in
Model (3.6), if |W|| and ||A, 1| are uniformly bounded, where ||-|| is a matriz

norm, then || A, 1 (\)| is uniformly bounded in a neighborhood of Ag.

Lemma A.3. Under Assumptions C-E, we have

(1) Qn(p) is uniformly bounded in both row and column sums, uniformly
inp€A,

(17) Qz(p) is uniformly bounded in both row and column sums, uniformly

inp€A,.
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Proof : Under Assumptions C-E, it can be shown similarly to Lemma A.3

of Chapter 1. n

Lemma A.4. (Lemma A.4, Chapter 1): Suppose that {Anx} and {Bn}
are two sequences of N x N matrices that are uniformly bounded in either row
or column sums. Under Assumptions C-E, tr[AnPz(p) Bn| = O(1), uniformly
inp €N,

Lemma A.5. (Lemma B.5, Yang 2015): Let Ay and Dy be N x N
matrices, by an N x 1 wvector, and ey an N X 1 random vector of iid ele-
ments with mean zero, variance o2, skewness v, and excess kurtosis k. Let
Qn = eyAnen + Uyen and Sy = €y Dyen. Then

(i) E(Qn) = c*tr(An) and E(Sy) = o*tr(Dy),
(11) Var(Qy) = o*tr[An(An + A)] + otkdyan + o?bybn + 20%ya/by,
(iii) Var(Sy) = o'tr[Dy(Dy + DYy)] + otrdydy,
(iv) Cov(Qn, Sy) = o*tr[An(Dy + D)y)] + o*kaydy + o3yblydy.
where ay and dy are column vectors of diagonal elements of Ay and Dy,

respectively.

Lemma A.6. (Lemma A.3, Lin and Lee, 2010, extended): Let {An} be
a sequence of N x N matrices such that either || An|lo or ||An||1 is bounded.
Suppose that the elements of Ax are O(h;') uniformly in all i and j. Let
innovation vector V be defined as in Lemma A.5. Let ¢y be an N x 1 vector

with elements of uniform order O(h;lﬂ). Then

(i) E(V'ANV)=0(), (i) Var(V'ANV) = O(£),
(iii) VANV = O,(£), (iv) VANV — E(V'ANV) = 0,((2)2),

(v) AyANV = O0,((&)2), if | Ax] is bounded.

Appendix B: Proofs of the theorems

In proving the theorems, the following facts are used: (i) the eigenval-
ues of a projection matrix are either 0 or 1; (i7) the eigenvalues of a positive
definite (p.d.) matrix are strictly positive; (i17) Ymin(A)tr(B) < tr(AB) <
Ymaz(A)tr(B) for symmetric matrix A and positive semi-definite (p.s.d.) ma-
trix B; (10) Yimaz(A + B) < Yimae(A) + Ymae (B) for symmetric matrices A and
B; and (v) Ymaz(AB) < Ymaz(A)Vmaz(B) for p.s.d. matrices A and B.
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Derivation of the AQS functions and the Hessian matrix:

Writing the key quantity in the concentrated quasi loglikelihood (3.9) as

VI(B,6)V(8.6) = [Aur(N)Y = Z5Bl7(p)Qo(p)Bur (p)[Anr(\)Y — Zf], and
using the facts that for an invertible matrix A(\), & In [A(A)] = tr[A71 () Z A(N)]
and 2 AT (N) = A (N)[ZAN)]AT(N), it is straightforward to derive S¢p(6).
However, the derivation of the p-component is complicated and some interme-

diate results are useful. First, %[B;T(p)QD(p)BnT(p)] = —M'Qu(p)Bur(p) —

B!1(0) Qo (p)M+B.,1(p) Qo () Qo (p)Bur(p)+Bl7(p) Qo (p)Qu(p)Bur(p), where

Qo(p) = £Qu(p). With ZD(p) = ~M[D,,, D}] = —Gyr(p)D(p), we have
Qo(p) = Qo(p)Gur(p)Po(p) + Pn(p)Glr(p)Qn(p)- (B.1)

This leads to — 32 [B},(2)Qo(p)Bur(p)] = Bl,7(0)Qu(p) Gir(p) Qo (p)Bur (p) =
U(p), the p-component of the CQS function (3.10), and the p-component of

the AQS function (3.12):
55(6) = 22 [Aur (VY — ZBW () [Anr(NY — 28] — 5x(Qn(0)Gur (o). (B.2)

This is expressed in terms of W(p) and G2, (p) to facilitate the derivations of
the p-related terms of the Hessian matrix 6%\11(,0). Again, the (p, p) term of
a%\ll(p) is most complicate. For a comformable vector a, we have by taking use

of (B.1) and after some tedious algebra,

d'[£¥(p)la = 24'B,1(p)Qo(p) |G (0)Po(p) Gor(p) =G (p) G ()] Qo (p) Bz (p)a.

With the set of AQS functions S,(#) given in (3.12) and (B.1)-(B.3), we

obtain the components of the Hessian matrix H;(6) = -2 5;,(6):
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Hjs(0) = =57 (p)Z(p),

H30(0) = —%Z(p)V(8,8) = Hg,

Hy\(0) = —%Z(p)Y(p) = H3p,

H3,(0) = —5Z(p)Gor(p)V(5,0) = Hj,
H2(0) = =5 V'(8,6)V(B,0) + 5 N1,

H\(0) = =5Y'(p)V(B,0) = H:;,Q, (B.4)
Hz, (0) = —5=V'(8,0)Gr(p)V(B,6) = H,,

H;,\(0) = —5Y'(p)Y(p) — tr[Qo(p)Bur(0)F20(N)B, 1 (p)],
H;,(0) =—%Y(p)Gor(p)V(B,6) — tr[Fur(MRur(p)],
H,(0) = —%Y(p)Gor(p)V(B,6),

H; (0) = ﬁvl(& 5)R1N(P)V(5a ) — tr[Ran(p)],

where Y(p) = Qu(p)Bur ()WY, Rur(p) = B 1(p)Pn(p)Gir(0)Qn(p)Bur(p),
Rin(p) = Gor(p)Po(p)Grr(p) — Glr(p)Gar(p) and Ran(p) = Qo(p)Grr(p)
[Pn(p)Gor(p) + Gur(p)]-

Proof of Theorem 3.1: By theorem 5.9 of van der Vaart (1998), we

only need to show sup;cs+- N1 Sp(8) — Sxs(8)|| 5 0 under the assumptions

in Theorem 3.1. From (3.14) and (3.16), the consistency of 6%, follows from:

(a) infsend?%(8) is bounded away from zero,

(8) supsea |33(8) — 533(0)] = 0(1),

(€) supsea - [YWB,,(9)V(6) — EY'WBL () V(5)]| = 0,(1)
() $upses = V/(0)Cur(9)V(6) = EV/(8)Gr () V(8)]] = 0p(1).

Proof of (a). From (3.15), 37(8) = [Z/(9)Z(6)] 2 (p)Q(p) Cor(6)E(Y)
as Z(p) = Qun(p)Bnr(p)Z and Qp(p) is idempotent. Thus, V(§) = Qp(p)Cpnr(6)Y —

Z(p)Bir(8) = Qz(p)Qu(p)Crr(9)Y + Pz(p)Qu(p)Cur()[Y — E(Y)]. By the
orthogonality between Qp(p) and Pp(p) and using Y = A, 1(n + B} V), we
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have,
G,7(0) = 3 E[V/(9)V(9)]
= wEY'QO)Y] + 5 E{[Y —E(Y)I'P()[Y - E(Y)]} (B.5)
= 3w E(Y)QO)E(Y) + 5 E{[Y - E(Y)/'Q(3) + P()][Y — E(Y)]}
= wE(Y)QO)E(Y) + 5 E{[Y — E(Y)['C,z(6)Qn(p)Car(9)[Y — E(Y)]}
= LA QEO) AL + Eer[Qulp)Cur(9)),

(
)

where Q(0) = C,,7(0)Qn(p)Qz(p)Qp () Cor(8) and P(8) = Cr(8)Qu(p)Pz(p)
Qp(p)Crr(d). The first term can be written in the form of a/(§)a(d) for an

N x 1 vector function of §, and thus is non-negative, uniformly in 6 € A. For

the second term,

B2 Qo (p)Cur(9)] > BainlCar (8)]£x(Q0(0)] = 72 Cor (8)]
> U?)'Vma)c(A;@TAnT)_ meaX(BnTBnT)_l'Vmin[A;LT()QATLT()‘)]’Ymin[B%T(p)BnT(p)] > 0,

uniformly in § € A, by Assumption E(ii7). Tt follows that infsead?2.(8) > 0.

Proof of (b). From (3.13), 3(0) = [Z(p)Z(p)] " Z/(p)Qo(p)Cur (3)Y.
Then, V(8) = Qo (p)Bur(p)[Anr (VY = ZB351:(5)] = Qz(p)Qu(p)Crr(8)Y and
6:2.(8) = -Y'Q)Y. From (B.5), ,3(6) = -E[Y'Q(0) Y]+ B erC5 P(5)Cy .
Thus,

1
Ny

6:5(0) = 013(0) = F[Y'QU)Y ~ E(Y'QW)Y)] ~ Fex[Cl P(9)C,i].

For the second term, we have, 0 < N%tr[C;_TlP((S)C 7 < = 3 Ymax [Cnt (9)]Viax [Qp ()]
tr[Pz(p)] = o(1), because tr[Pz(p)] = k, Ymax[Qn(p)] = 1 and, by Assumption
E(117), Ymax[Cor(0)] < Ymin(AlrAnr) ™ Yimin(BlrBur) ™ Ymax A (A) Apr ()]
Ymax| Bl (0)Bnr(p)] < co. Therefore, one has supsea \;—%tr[C;?P(é)C;%H =
o(1). For the first term, we prove the uniform convergence: supsca ‘N% Y'Q()Y—
E(Y'Q()Y)]| = 0,(1), which follows from pointwise convergence of N% Y'Q()Y—
E(Y'Q(d)Y)] to zero for each 6 € A and the stochastic equicontinuity of
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N%Y’Q(é)Y, according to Andrews (1992). We have,
M [Y'QOY - E(Y'Q()Y)]
= 3+ BV A7 QUO)A (0 +BrV)
= Bl + B VY ALr Q) A7 (n + B V)]
= 5 V'C.rQUO)A 1 + 5 [V'C.r'QU)C,7V — 0itr(C,7' Q(0)C ).

By Assumption E, and Lemmas A.1 and A.3, one shows that C, 7/Q(§) A Jand

C.7Q(8)C; are bounded in both row and column sum norms, for each § € A.

Further, the elements of 1 are uniformly bounded. Thus, the pointwise con-

vergence of the first term follows from Lemma A.6 (v), and the pointwise

convergence of the second term follows from Lemma A.6 (iv). Therefore,
F[Y'Q(6)Y —E(Y'Q(0)Y)] = 0, for each § € A.

Next, let 0; and 5 be in A. We have by the mean value theorem (MVT):

M Y'Q(0:)Y — 5 Y'QO)Y = 5 Y [55Q(0)]Y (62 — o),
where & lies between 0; and &,. It follows that N%Y' Q()Y is stochasti-
cally equicontinuous if supsca + Y’[ —Q0)]Y = 0,(1), @ = A\, p. We only

show Supsca + Y’[ SQ(0)]Y = O,(1) as the proof of supsca - Y’[a/\Q(5)]Y =
O,(1) is similar and simpler. Note that

5Q0) = — Cr(0)Glr(p)Qn(p)Qz(p) Qo (p) Crr (9)
(

+ C,r(6)Qn(p)Qz(p)Qo(p) Crr ()
+ Cl,7(6)Qb(p)Qz(p)Qn(p) Cur (8) + Clrr(6)Q(p)Qz () Qb (p) Coir (8)
Clr(9)Qo(p)Qz(p) Qo (p)Grnr (p)Crr (9),
where Qz(p ) = 2Qu(p). Using (B.1), we have after some algebra, Z(p) =
SL(p) = Gur(p)Z(p) where Gur(p) = Po(p)Glr(p) — Qu(p)Grr(p), which
gives
QZ(P) = —Pz(0)Gr(p)Qz(p) — Qz(p)Gur(p)Pz(p). (B.6)

For a comformable vector a and taking use (B.1) and (B.6), we have after some

algebra,
d[5,Q(d)la = —2a'Q(d)a, (B.7)

where Q(6) = Q1,7(0)Gur(p) Qur(9) and Qur(9) = Qz(p)Qn(p)Crr(9). Rear-
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range Q(8) = ()M (p)@2(p) Anr (), where @ (p) = Lir—D[D'(5)D(p)]
D (p)Bur(p) and Qz(p) = Lur — Z[Z'(p)Z(p)) ' Z' () Qo (p)Bur(p). Following
exactly the same way as we prove Lemma A.3, we show that Qp(p) and Qz(p)
are also uniformly bounded in both row and column sums, uniformly in p € A,
This implies that both |Q(d)]|; and ||Q(d)]|« are bounded uniformly in § € A.
AsY = A ;(n+ B V), Lemma A.1 and Lemma A.6 imply
M Y'[5Q0)Y = —ZY'QUO)Y = = (n+ B V)A7 Q) A7 (n + Bz V)
=~ A Q)AL — 5 Ap QUO)C, TV = 7 V'CLrQO)C,rV = O,(1),
uniformly in § € A. Thus, supsca N%Y’[a% (0)]Y = O,(1). Following the
similar analysis, one also has supgca N%Y’ [2Q(8)]Y = O,(1). Therefore,
suPsen |077(0) = 037(0)| = 0p(1).
Proof of (c). By the expressions of V()) and V() given above, we have
3 YW'B1(p)V(6) — 3-E[Y'WB/1.(p)V(6))
= LIYWBL(0)Qur(0)Y — E(Y'W'Bp(0) Qi (6)Y)
0'2 — —

- Foltr[C:LTlW/B;LT(p)PnT(5)Cn7{]?
where P,r(0) = Pz(p)Qn(p)Crr(d). The first term is similar in form to
N%[Y’Q((S)Y —E(Y'Q(9)Y)] from (b), and its uniform convergence is shown
in a similar way. Furthermore, by Lemma A .4, it is easy to see that the second

term is o(1) uniformly in 6 € A.
Proof of (d). Again, using the expressions of V() and V(8), we have
3 V'(8)Gur(p)V(0) = §-E[V'(8)Gur(p) V (9)]
= % Y'QO)Y = B(Y'QO)Y)] - $84x[Cl7 Plr(6)Gir(p) Qur(9)Cr]
~ Rr[C Pl (0)Cur ()Pur (9)C, 7).
Therefore, the uniform convergence of the first term can also be shown similarly
as we do for N%[Y’Q((S)Y — E(Y'Q(0)Y)] since they have similar forms. By

Lemma A.4, the remaining two terms are easily seen to be o(1), uniformly in

0 e A. n

Proof of Theorem 3.2: Applying the MVT to each element of S*,.(6%,),
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we have

0= \/LNilS:‘T(éZT) - \/LN;lS:LT(HO) + []\}1 889/ S* (9)‘9:9r in rth row :| Nl(é;:T B 60)7
(B.8)
where {f,} are on the line segment between é;T and 6y. The result of the

theorem follows if
(@) Zx=Snr(0o) 25 N[0, limp, o0 Tip(60)]

<b> Ny [89’ S:LT ’9—9_ in rth row 8%’ S* (6 >] = 0p<1)7 and

(c) NL[GQ’S:LT(QO) (aefs;;,T(eO))] = 0p(1).
Proof of (a). From (3.17), we see that the elements of S’ (6y) are linear-

quadratic forms in V. Thus, for every non-zero (k + 3) x 1 vector of constants

a, a'S}(6p) is of the form:
a' St (00) = VoV + V'@, 0V — o2tr (D7),

for suitably defined non-stochastic vector b,r and matrix ®,7. Based on As-
sumptions A-F, it is easy to verify (by Lemma A.1 and Lemma A.3(7)) that
b, and matrix @, satisfy the conditions of the CLT for LQ form of Kelejian
and Prucha (2001), and hence the asymptotic normality of -+ =a' S (0o) fol-
lows. By Cramér-Wold device, ﬁS;T(QO) 2N [0, limp, 00 nT(GO)], where
elements of I'* .(6y) are given in (3.19).

Proof of (b). The Hessian matrix H;;(6) = 22,5:(6) is given in (B.4).
By Assumptions D and E, and Lemma A.1 and Lemma A.3(7), R,r(po),
Rin(po) and Ran(po) are all bounded in row and column sum norms. With
these and Y = A 1(n + B, 1V), Lemma A.6 leads to N%H;T(Go) = 0,(1).
Thus, N%H;';T(é’_) = 0,(1) since § - 6, due to 62, > 6y, where for ease
As 52 25 02,

of exposition, H*(#) is used to denote %SZT(Q)‘HJ .

T

we have 67" = 05" + 0y(1), for r = 2,4,6. As 0" appears in H(0) multi-

plicatively, 3-Hyr(0) = 5-Hyp(8, A, p,05) + 0,(1). Thus, the proof of (b) is
equivalent to the proof of

NLl[H;’kLT(B7 5‘7 pv 08) o H;;T<(90)] i) 07
or the proofs of = [H;;%(ﬂ N, 7, 03)— H*$.(69)] == 0 and - [H;ﬁs(é) H*¥(60)]

25 0, where H:S and H'¥ denote, respectively, the stochastic and non-

172



stochastic parts of H .

For the stochastic part, we see from (B.4) that all the components of
H*$.(B, A, p,02) are linear, bilinear or quadratic in 3 and ), but nonlinear in p.
Hence, with an application of the MVT on H;;}(ﬁ_, X, D, 02) w.r.t p ‘variable’,
we can write NLI[H;ST(B, A, p,02) — H*S.(0y)] as

N i (B 0, 00)1(P = po) + 3 (B, A, po. o) — H;3(00)),

where p lies between p and pg. Therefore, we only need to show that ()

N 5 i (B A, pr 0f) = Op(1), and (id) 5-[H5(8, X, po, 08) — H;%(00)] = 0,(1).
We select one of the most complicated components, H>3(6) = —-5Y'(p) G r(p)

\7(6 ,0), to illustrate the general idea in the proof. We have, after some alge-

bra,
N S (B, p,08) = (/) Ran (5)Qo () Bur (9) (Anr (MY — Z3),
Nr 3 (B, A po, 03) — HZ?F(QO)] 1103 Y'GrY (A = Xo) + ﬁY’GZTZ(B —Bo)-
By Lemmas A.1 and A.6, it is easy to show that N%Y’G;’LTY = 0,(1) and
N%Y’ G?Z = O,(1). Therefore, (i) holds. To prove (i), we have
Y'(9)Rin () Qo (p)Bur (p) (Anr(NY — Z)
=(An + Cor V) Hur (9)[Anr (V) A + Anr(\Coip V — 2]

where Hor(5) = WBp(9)Q(3)Ran(5)Qb(5)Bur(p). Lemma A.2 implies
B 7(p) embedded in H,r(p) is uniformly bounded in both row and column
sums since p — pgp = 0,(1). Therefore, it is easy to see the above equation is
O,(N) by Lemma A.6 and then result (i) follows.

For the non-stochastic part, we illustrate the proof using the most compli-

cate AM-term. Noting that the non-stochastic part is nonlinear in both A and

p, we have by the MVT,
;X (0) — H3X(60)] = — 5, tx(Qo(0)Bur (9)F g (\)Br7(p) — QoBurFrr B 7]
— (A= X0) 3 t72Qn(9)Bur(9)Fir(NB1(9)] = (5 — po) 3 tx[Far (M Rur (5)),
where A lies between A and A and p lies between p and py. Again, by Lemma
A.2, we conclude that both AZL()\) and B 1(p) are uniformly bounded in

both row and column sums. Therefore, the terms inside the trace both have

elements that are uniformly bounded. As § —dy = 0,(1), we have N%[Hj{ﬁs(g) -

173



H33(60)] = 0p(1).

Proof of (c). Since Y = A, 1(n+ B} V), the Hessian matrix at true
0y are seen to be linear combinations of terms linear or quadratic in V, and
constants. The constant terms are canceled out. Other terms are shown to be
0p(1) based on Lemma A.6. For example,

N%[H;p(Po) — E(H,,(po))] = ﬁgg[V/@DRlNQDV — E(VQpRinQpV)] =
op(1). [

Proof of Corollary 3.1:

Note that I':p(057) = Tin(6)] As 0%y, Ranr

:é:Tv¢:(Z):LT7”3:’%3,nT7"i4:"%4,nT)'
and R4, are consistent estimators for 6y, k3 and x4, plugging these estima-
tors into I'(€) will not bring additional bias to the estimation of I'},(6p).
However, due to incidental parameters problem, the /i, component of qZ;;T is

not consistent for the estimation of py when T is fixed. The estimation bias

caused by replacing ¢, by &:T can be derived as follow. Recall (3.8),

Bur(8,8) = [D/ (9)D ()] "D () Bur () [ Anr (VY — Z5).
Thus, the unconstrained estimate of ¢q is just ¢*; = Gur(85,0%,). Note
Aur (o) Y = 2B = AurY = Z5o = WY (N = M) = Z(B7 = B)- Applying
the MV'T on each row of DQZBZT with respect to the p;-element, we have,
Doy = DI (3)D(pr)] D (Br) Bur (P [Avr (Nir) Y = Z6}]  (B.9)

= B, (0r)Po (P ) Bur (0r) Az (N )Y — 28]

= [B,1PuBur — Rz (9) (B — po)|[Anr (M) Y — Z5]

=Dy + B 7PpV — B i PoBr (WY (N — M) + Z(5r — fo)]

— Rz (9)[Anr(Nop)Y = ZB5) Py — po),

where p lies between p*, and py and changes over the rows of R,r(p), and
R,.r(p) is given below (B.4). From its expression, I',.(#) is seen to have com-

ponents that are either linear or quadratic in D¢. Let d,,; be a non-stochastic

nT-vector with elements being of uniform order O(1) or O(h,!). Using (B.9),
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the terms of F:T(é:T) linear in D@:T can be represented as

- Dy
= w-d,; Doy + +diy B Py V — 1-d B PpBr[WY (Ao — Xo) + Z(Bir — Bo))
+ 34 Ror (D) [Anr (Nir) Y = Z8337) (5 — po) = 32y Do + 0,(1),

where the last equation holds because of the consistency of 6%, and Lemma
A6, using Y = A 1(n+ B,;V). Hence, we can conclude that the terms of
I +(6p) linear in ¢y can be consistently estimated by simply replacing ¢y with
b
The only term that is quadratic in ¢ is contained in I'},(6y), which is
g2 05D PyPoDebo. Tts plug-in estimator is e 3D (97 P (857 P (05 D (P ) G-
Using (B.9), 0%, — 0y = 0p(1) and Lemma A.6, we show that this estimator is

biased /inconsistent:

etz Ol (P Py O ) Pa05r )P () i
- N10*2 Pl (r, )P2(5nT)P2(5nT) (Prr) %o
+ wrger VPoB L Blr (97) Pa(6) Pe(60) Bur () B Po V + 0,(1)
=% 02 PPy P Dy + 7oz V' PoPyPoPpV + 0,(1)
= W¢OD/P2P2D¢O + Etr[PQPQIP’D] + 0p(1).
We see that the bias term, 3-tr[P;PyPp], involves only the common parame-

ters that can be consistently estimated. Thus, a bias correction can easily be

made. Define

Biasy, (0) = 77tr[P5(0)P2(0)Po(p)]- (B.10)

This gives the bias matrix of F;T(é;T), which is a matrix of the same dimension
as T%,(07,), and has the sole non-zero element Bias, (6y) corresponding to the

I'%,(0%,) component. n

Proof of Corollary 3.2.

Proof of (i). Note: V = Qu(pr)Bur(5yr)[Anr(Neg)Y — ZB3r], V =
B,r(A,rY —n), V = QpV and with respective elements {o;}, {v;} and {5},
and Qp has elements {g;n}, j,h = 1,..., N, where j and h are the combined
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indices fori =1,...,5,,9g=1,...,Gand t=1,...,T.
Consistency of k3,r. As 6 — oo = 0,(1) and pl; — po = 0,(1), the
denominators of 3,7 and k3 agree asymptotically. Thus, A3, is consistent

if 5% [03 — E(8%)] =5 0, or

() 7 S @] 250, and - (5) 7 T, — o) > 0,

To prove (a), note that v, = Zflvzl ¢;nvp. Thus, we have,

o i [0 — E(T)]
= % Zjvﬂ ZhN:1 q?h [ — E(v})] + % Zjvzl Zl]il Z]}rgﬁ qul%'mvl%m

+5 Zjvzl St Z]l}[:f Z%ﬁgl qjmqiiginvmovp = K1 + Ko + K3.
First, consider K; term. By Lemma A.3, Qp is uniformly bounded in both
row and column sums. This implies that the elements of Qp are uniformly
bounded. Therefore, there exists a constant ¢ such that |g;,| < ¢ for all j
and h. Given these, we have Z;VZI @ < Z?f:l lgin|® < ¢* Z;VZI lgin| < oo.
Also note {v;} are iid by Assumption A. Thus, Khinchine’s weak law of large
number (WLLN) (Feller, 1968, pp. 243-244) implies that K; converges to zero
in probability as sample size increases.

For the other two terms, we have by switching the order of summations

when needed,

Ky = % Zévzl Zl]\il Zg‘ﬁ qJZIQjm(UZQ — 0%)um + % Zjvzl Ziil ijm”ﬁ q?szmU%ma
- % Zﬁzl(vi - Jz)(Z;\le 27;1 qumqjlvl>
% St U200 S @i (0] — 0%)),
+ % Zﬁzl Zjvzl Z]l}[jf q]leIij%m,
Ky = % Zﬁzl Um(Zj'vﬂ Zz"lil Z%—il QijjIthUl'Uh) = nLT ZZ=1 G4,m -

Therefore, we have Ky = % Zgzl(m,m—l—gz,m%—g&m) and K3 = % ZZZI Gams
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where

grm = 3%, — o) 0L, S g,
G2m = 3Um Zjvzl S @4 ajm(vi — 0?),
i = 350, Tl 0%

Jam = Um Zf;l Z;Zl Z?Eil qimAj19nVIVp -

Let {G,,} be the increasing sequence of o-fields generated by (v, --- ,v;,j =
L---,m), m = 1,--- ,N. Then, E[(91,m,92.m> 93,m> Gam)|Gm-1] = 0; hence,
{(91.m 92.m> 93,ms Gam)'s Gm } form a vector martingale difference (M.D.) se-
quence. As Qp is bounded in row and column sum norms, by Assumption
A, it is easy to see that E|gs,,|'"¢ < oo, for s = 1,2,3,4 and € > 0. Hence,
{g1.m}s {92.m}, {93.m} and {gam} are uniformly integrable, and the WLLN of
Davidson (1994, Theorem 19.7) applies to give Ky — 0 and K3 — 0.

To prove (b), using the notation V(£) = Qp(p)Bur(p)[Anr(\)Y — ZS]
in (3.9) where £ = (8,6, we have V = V(&) and V = V(£%,). Let S(¢) =

8%\7(5), we have

S(€) = {-Z(p), —Y(p), [Qu(p)Bur(p) — Qo(p)M][Aur(NY —Zf]},

where expressions of Y(p) and Qp(p) are in (B.1) and (B.4), respectively. Let
s5(€) be the jth row of S(£). We have by the MVT, for each j =1,2,..., N,
05 = 0(Enr) = 55(60) + 55 Er — &) = T + V(€ — &o) + 0p iz — &oll),
(B.11)
where € lies between £, and &, and ¢ = plimy, . s5(€), which is easily
shown to be O,(1) as follow. Consider the first k£ (the number of regressors)
elements of ¢} first. They are the limits of the jth row of —Z(p), which
are just the jth row of —Z because p — po, implied by pt; — po = 0,(1).
Hence, we conclude that the first k elements of ¢} are O(1), for each j =
1,2,...,N. For the remaining two elements in each 2/1}, they are the limits
of elements from the last two columns of S(£). It is easy to see the limits of
the last two columns of S(§) are just —Y and [QDBHT — QpM][A,.7Y — Zjy)].
Using Y = A;}n + C;}V, we have =Y = P,B,rn + P2V and [QDBnT -
QoM][A,.rY — ZB] = [QuB.r — QuM|D¢y + [QpB,r — QuM]|B,; V. By
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Lemma A.1, we have the elements of P,B,rn and [QDBRT — QpM]D¢y are
uniformly bounded, and P, and [QDBnT — QDM]B;% are uniformly bounded
in both row and column sum norms. Hence, it is easy to see each element of
~Y and [QpB,r — QuM][A,rY — ZSy] are O,(1), i.e., the last two elements
in ¢} are also O ) for each j =1,2,... N.

p(1
As 17j = 0,(1), ¥, = 0,(1) and £ — & = Op(\/LNfl), we have by (B.11),
0% = 03 + 307 (& fo) + 0,(||€5 — &l)). Tt follows that
wr Loea (0 = ) = § L 505 — &) + o163 = &ol)

= B L (T ) G — &) + 0p(16ir = Goll) = (1),

as — Z;-V:l(sz:l ;) = (Zk 1 qjk) (ZJ 1 95) = 0(1),

Consistency of Ky,r. As 6 — o9 = 0,(1) and pl; — po = 0,(1), the

result follows if — Zjvzl[f);l — E(#%)] —% 0. This amounts to show that

(¢) LM [0 —E())] =0 and (d) 2320, (0F — o) 25 0.
To prove (c), we have

nT Z] 105 — nLT Zjvﬂ E(77)
LN N bt — B + 20 S SN e, — o)
% g Do omt GV o 3050 Yoy Dt Y hmt Qi ] UV
i X Sy Do met Yo hemt Yo vamtn Gtdjm iUV Vnlp = 30y Rr.
By using WLLN of Davidson (1994, Theorem 19.7) for M.D. arrays as in

the proof of (a), we have R, = 0,(1) for r =1,3,4,5. For R,, noting that

viv? — ot = (v — o) (v3, — 0?) + 0% (v2, — 0?) + o (v — 0?), we have

Ry = % Zf\;(v? - )[E] 1 Zm 1 qjlq]m< vy, — 0°)]
+ % Zl]il[ijl Z,’,’jﬁ leq]‘m02(UZ2 - 02)] = N 1= 1(fl + fau).
Since E[f;|G,—1] = 0 and {f2,;} are independent, it is easy to see they both form
an M.D. sequence. In addition, it is easily seen that E| f,;|'™¢ < oo, for s = 1,2

and € > 0, so that {f;} and {fs;} are uniformly integrable. Therefore, the
WLLN of Davidson (1994, Theorem 19.7) also implies that & SV fi=o0,(1)

and % z;\il fay = 0,(1).
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To prove (d), we have by (B.11) 0 = 41}3@/)’( o §o)+op(||§nT &l
It follows that

i g (0 = 81) = 5 0L 8 (G — &) + 0pl(1ir — &oll)
= doge S (0L ) G — &) + op(Eir = &oll) = 0 (1)
Proof of (ii). The consistency of $%; to $*,.(6) can be shown similarly
as what we do in the proof of Theorem 3.2 for results (b) and (c). For ﬁ*ﬁ -
T*(60) == 0, we only need to show that Bias*(0%,) — Bias*(dy) = 0,(1), based

on Corollary 3.1. That is to show

M AT [P (00) Pa077) P ()] — tx(PsPaP)} = 0,(1),

which can be easily proved by using the MVT as we do for N%[Hj\"ﬁs(g) —
H;Y3(d9)] in the proof of Theorem 3.2 (b). n
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