Singapore Management University
Institutional Knowledge at Singapore Management University

Dissertations and Theses Collection (Open

Access) Dissertations and Theses

5-2021

Three essays on nonstationary financial econometrics

Yajie ZHANG
Singapore Management University

Follow this and additional works at: https://ink.library.smu.edu.sg/etd_coll

O‘ Part of the Econometrics Commons

Citation
ZHANG, Yajie. Three essays on nonstationary financial econometrics. (2021). 1-145.
Available at: https://ink.library.smu.edu.sg/etd_coll/350

This PhD Dissertation is brought to you for free and open access by the Dissertations and Theses at Institutional
Knowledge at Singapore Management University. It has been accepted for inclusion in Dissertations and Theses
Collection (Open Access) by an authorized administrator of Institutional Knowledge at Singapore Management
University. For more information, please email cherylds@smu.edu.sg.


https://ink.library.smu.edu.sg/
https://ink.library.smu.edu.sg/etd_coll
https://ink.library.smu.edu.sg/etd_coll
https://ink.library.smu.edu.sg/etd
https://ink.library.smu.edu.sg/etd_coll?utm_source=ink.library.smu.edu.sg%2Fetd_coll%2F350&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/342?utm_source=ink.library.smu.edu.sg%2Fetd_coll%2F350&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:cherylds@smu.edu.sg

Three Essays on Nonstationary Financial Econometrics

YAJIE ZHANG

SINGAPORE MANAGEMENT UNIVERSITY

2021



THREE ESSAYS ON NONSTATIONARY FINANCIAL ECONOMETRICS

YAJIE ZHANG

A DISSERTATION

IN

ECONOMICS

Presented to the Singapore Management University in Partial Fulfillment

of the Requirements for the Degree of Doctor of Philosophy in Economics

2021

Supervisor of Dissertation

PhD in Economics, Programme Director



Three Essays on Nonstationary Financial Econometrics

by

Yajie Zhang

Submitted to School of Economics in partial fulfillment of the requirements

for the Degree of Doctor of Philosophy in Economics

Dissertation Committee:

Jun Yu (Supervisor/Co-Chair)
Lee Kong Chian Professor of Economics and Finance
Singapore Management University

Peter C.B. Phillips (Co-Chair)

Sterling Professor of Economics and Statistics
Yale University

Distinguished Term Professor of Economics
Singapore Management University

Yichong Zhang

Assistant Professor of Economics
Lee Kong Chian Fellow

Singapore Management University

Shuping Shi

Professor of Economics
Macquarie University

Singapore Management University

2021

Copyright (2021) Yajie Zhang



Abstract

This dissertation consists of three essays that contribute to the theory of
nonstationary time-series analysis.

The first chapter explores the inference procedures for predictive regressions
with time-varying characteristics. We extend the self-generated instrumenta-
tion, called IVX, to incorporate persistent regressors of functional local-to-
unity, functional mildly explosive, and functional mildly stationary roots. The
asymptotic distributions of IVX estimators under time-varying parameters are
novel and nonpivotal but lead to pivotal distributions of the corresponding
Wald statistics that are robust across various roots. The numerical experi-
ments justify the robustness of [IVX testing procedures in finite samples. We
also verify the existence of time-varying coefficients and the predictability of
fundamentals with such unstable parameters using the S&P 500 data.

The second chapter proposes a functional local-to-unity model with au-
toregressive coefficients that vary smoothly over time. Two sieve estimators,
namely a time series and a panel autoregression estimators, are considered
to estimate the local-to-unity function. The property of consistency is estab-
lished. Besides, a consistent specification test to detect parameter instability
is proposed. Numerical simulations demonstrate the finite sample performance
of the specification test. Finally, we apply the panel estimator and specifica-
tion test to the price index of China’s real estate market and obtain significant
empirical results in measuring time-varying growth rates in the data.

The third chapter discusses about time-varying predictive regressions, which
are useful in the applications of empirical finance. The relevant theory in
this area is mainly restricted to the case in which the model contains the
local-to-unity (LUR) or locally stationary regressors only. It is not universal
as the prevalent evidence indicates the existence of both time-varying pre-
dictability and the mixed-root phenomenon. We investigate a nonparametric

predictive regression model with mixed-root regressors and time-varying co-



efficients, evolving smoothly over time. Further, we present a new variant of
the self-generated instrument, called Sieve-IVX, which attains robust inference
irrespective of various degrees of persistence. We establish its consistency and
provide a Wald test to detect the temporary predictability of economic funda-
mentals. Numerical simulations show satisfactory finite-sample performances,

which support our results.
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Chapter 1

Robust Inference with Functional Devi-
ations from Unity in Predictive Regres-

sion

1.1 Introduction

The predictability of asset returns is one of the most debatable issues in em-
pirical finance (see Campbell, 2008). The efficient market hypothesis supports
the unpredictability of asset returns, whereas empirical evidence shows the
predictive power of economic fundamentals for stock returns. Till now, there
is little consensus on the topic of predictability, which leads to the stock return
predictability puzzle (see Campbell and Thompson, 2008; Welch and Goyal,
2008; Rapach et al., 2010). To address this puzzle, the linear time-invariant
predictive regression that relates stock returns to lagged fundamental variables
has become a benchmark model to discuss predictability phenomena.

However, size distortions may arise when conventional inference procedures
are applied to predictive regressions. These size distortions are due to endo-
geneity generated by the persistence in economic fundamentals. To eliminate
size distortions, Campbell and Yogo (2006) propose a simulation-based like-
lihood ratio test (CY-Q test, hereafter) and construct its confidence interval

by reverting the limit distribution. Nonetheless, the success of this procedure



sacrifices the robustness for various roots and multiple regressors. Elliott et
al. (2015) establish a nearly optimal test for predictive regressions when nui-
sance parameters exist in the probability limit. Similarly, this test relies on
both numerical algorithms and a local-to-unity (LUR, hereafter) formulation.
To address the abovementioned defects, Phillips and Magdalinos (2009, PM
hereafter) propose a robust inference procedure called IVX and apply it to
the mildly stationary root (MSR, hereafter) and LUR cases. They show the
pivotal distribution under the null hypothesis of no predictability. Extensions
of IVX are considered in Phillips and Lee (2013, 2016, PL hereafter) and Lee
(2016).

Extensive studies on asset returns suggest evidence of time-varying dynam-
ics due to changes in monetary policy, fluctuations in market sentiment, etc.
(see Bossaerts and Hillion, 1999; Bekaert et al. 2007). Nevertheless, Pesaran
and Timmerman (2002) highlight the need to develop econometric procedures
for the model uncertainty issue of predictive regressions. A popular strategy
to characterize model uncertainty is to use a predictive regression model with
time-varying parameters. In this paper, we model the time-varying roots of
economic fundamentals (e.g. persistent regressors) in terms of functional de-
viations from unity, including functional local-to-unit root (FLUR, hereafter),
functional mildly explosive root (FMER, hereafter), and functional mildly sta-
tionary root (FMSR, hereafter). Bykhovskaya and Phillips (2018) propose
the FLUR process and show that the power envelopes of standard unit root
statistics are weakened with functional departure from unity. Bykhovskaya
and Phillips (2020) employ FMER and FMSR models to discuss the bound-
ary limit theory on the FLUR process. Parameter instability induced by the
above time-varying roots presents a significant challenge to conventional in-
ference procedures of predictive regressions since traditional methods, such as
least-squares or simulated methods, are no longer applicable.

This study considers IVX inference procedures on predictive regressions



with persistent regressors modeled by FLUR, FMER, and FMSR processes.
We prove that the IVX estimators of predictive regressions are of asymptotic
normality, and the corresponding Wald statistics follow a pivotal chi-square
distribution. Monte Carlo simulations examine the finite sample performance
of the IVX-based Wald test. In addition, we apply the IVX procedure to S&P
500 data and justify the predictability of several economic fundamentals.

The rest of this chapter is organized as follows. Section 2 presents the model
setup and discusses the size distortions of conventional statistics. Section 3
shows the limit theory of IVX estimates and corresponding tests under FLUR,
FMER, and FMSR cases. Section 5 reports simulation findings. Section 6
applies the IVX procedure to financial data sets. Section 6 concludes. The
proofs and technical details are given in the appendix.

Throughout the paper, we use the following notation. For some arbitrary
matrix M, we use || M||,, [|M|,, ||M]|, ,and ||M]| to denote the L', L* L and
spectral norms. The symbol E; 4 () := E(:|F;_1) denotes conditional expecta-
tion with respect to the filtration F;_;. The symbol =; denotes equivalence in
distribution. The notation = signifies weak convergence in function space and
Euclidean space according to context. The symbol 2 denotes convergence in

distribution.

1.2 Model Setup and Size Distortion

This section defines the model setup and assumptions. We demonstrate
the size distortion of ¢-statistics in predictive regression models with FLUR

regressors. The existence of size distortions justifies the necessity for IVX.

1.2.1 Model setup

The standard predictive regression model is given as

Y = Bo + Bixi—1 + uge, with E(ug|F—1) =0, (1.1)



where (1 is an n x 1 vector and F;_; is a natural filtration. A vector of
predictors x;_; follows an autoregressive process with roots in a circle of unity,

as follows:
C(t/T)

Ty = Ry + Uge, Ry = I+ Ta

(1.2)

where T is the sample size and C'(-) := diag{ci(+), ca(*), ..., cn(-)}. The pair
of (e, C (+)) represents persistence in the multiple predictors of unknown func-
tional forms. We allow for more general types of persistence: When C'(+) is a
time-varying function, functional autoregressive roots exist. We eliminate the
case of unbounded C (), since diverging distance parameters generate station-
arity or explosiveness (see Phillips, 1987) and persistence disappears. There-

fore, we impose regularity conditions on C' (-) as the following assumption.

Assumption 1.1. (i) For each i = 1,2,...,n, the distance parameter c;(r) is

a deterministic function with bounds as

0< inf | (r)] <lei(r)] < sup e (r)] < +oo,
1<i<n 1<i<n

where r € [0,00).

(ii) For each i =1,2,...,n, we have

sup / le; () dr < 400,
0

1<i<n

with r € [0,00) .

In particular, z; belongs to one of the following persistence categories:

(i) FMSR, if a € (0,1) and C(r) < 0 for each r € [0, 00);

(i) FLUR, if o =1,

(i1i)) FMER, if a € (0,1) and C(r) > 0 for each r € [0,0).

The innovation structure allows for a linear process with intertemporal
dependence for u,; and ug, and incorporates an assumption of conditionally
homoskedastic martingale difference sequence (mds) for ug,. Detailed assump-

tions on innovations are given below.



Assumption 1.2.

Ut (1 X 1) o
Ut = = Z Fie,j,
j=0

Uy (nx1)

where

e ~ mds(0,%), E|e]l? < oo for some q > 4,

Fy = LY jllEll <oo, F(1)=> F;>0,

=0
F()j []1 . len] fO’I“ ] = O
Fj = ,F(]j = .
ij On><(1+n) fOT ] >1
Based on Phillips and Solo (1992, PS hereafter), Beveridge-Nelson decom-

position accommodates our model as,

u = F(1)e et,et—ZFetj, ; ZFandF ZFZ] (1.3)

s=j+1

PS verify that >~ ¢ || F(i)|| < oo is a sufficient assumption for > .~ Hﬁ(z)

oo. Therefore, {F(1)e;},_, is the only leading term of {u,},_, . We further de-

note the two-sided long-run covariance as

R

j=—o00
where
r (1) _ _ 1x 7
Fy (1) Fy (1)

In addition,

Q00 QO:L"

Q= :
QxO QJ:J:

where Qg0 = E(ud,), Qoz = Do E(u()tu;:’tfh) = YF,(1),and Q,, = PR E(umtu;,tfh) =

F,()XF,(1).

Based on (1.3), the functional central limit theorem applies in the following



manner.

T's]

[ [ns] . B 9] Q

1 1 Uoj o(s) 00 Slox

ﬁ E Uj = ﬁ E = = BM ,
j=1 7j=1 ny BZ‘(S) on QIJ)

where BM is a Brownian motion. Moreover, Bykhovskaya and Phillips (2018a)

provide the following functional laws as

%xm = K,(r) = /0 " exp ( / ' C(k)dk) Q2dB, (s),

where K. (r) follows the functional-coefficient Ornstein—Uhlenbeck process as

dK.(r) = C(r)K.(r)dr + Q2:dBy(r).

1.2.2 Size distortion

We demonstrate the size distortions of ¢-statistics when considering pre-
dictive regression models with FLUR regressors. By convention, the centered

least squares estimator of 5 := (S, 51) is

T -1 7
BOLS - 6 = (Z Xt—lXIZl) (Z Xt—1U0t> , (14)
t=1 t=1

where X; | := (1, x;_l) includes both the intercept and FLUR regressors in
(1.2). To discuss size distortions, we decompose up; into two orthogonal com-
ponents (Phillips, 2007): one is vertical to u,, while the other is proportional

to uys. The decomposition is as follows,
dBy (1) = dByj (1) + Q0:Q,, dB, (1) , (1.5)

where By, () =aBM (0, Qq|;). In the single-regressor case (n = 1), we have the

following limit theory for the least squares estimator,

~ 3 Ko(r)d By (r)
TG - ) = o)
& K. (r)dr B
= Jo ch(_rgdBO\x(r) + Q00 Jo }fcig)deO”)
Jo Ke(r)dr Jo K (r)dr



where K (r) := K.(r) — fol K (r)dr. When the estimated standard error is

1

. = A 2 .
given as s.e.(f1) = Qoo {23:1(55571)2} with 2} | =2, — 7 S @, and
the estimator Qo represents any consistent estimate for (yg, the t-statistic

under the null hypothesis Hy : 51 = 0 is justified as

By — Qo Qo r)dB,
G = {1—¢}N(0,1)+ oz _Jy K )
s.e.(01) 428200 Q40 200 fo KC r)d

— [1=N)7Z+2-n(), (1.6)

-

where Z =4 N(0,1), A := Qojp/Qa800 and n(c) := %. The non-
0 c\r)ar

zero factor A in (1.6) reveals the presence of size distortion in the test for

predictability.

1.3 1IVX Method

The main intuition of IVX is filtering z; to generate instruments Z; with
MSR persistence. In this way, we can eliminate the asymptotic dependence

between the numerator and denominator of IVX estimates. We define Z; as

- - : C,
Zr = RTzthl + A.Z't with RTZ = In -+ CZT'V’
where v € (0,1), C, = ¢.I,, ¢, < 0 and Z; = 0. We choose the values of
parameters v and c,. Consequently, the self-generated instrument is an inter-

: . ~ t—1 pt—j
temporal summation of first-differenced regressors Az, as 2, = 3/~ Ry Axy.

By (1.2), the decomposition of Z; is

1
215,1 — ZRt ] 1uz] ZRt j 1 <j + >xj

1
= %1+ ﬁné“ﬂ)f—l? (1.7)

n .

t—1 Rt_j_luzj, and IVX residual ny; ; :=

where the latent instrument z,_; := i1

Zt lRt j— 1C (g—i—l) ;.

As the instrument is constructed, we have the centered IVX estimator as



follows
A T ~ 71 T ~
g —p = (Z Zlet1> (Z Z£1U0t> )
t=1 t=1

where Z;_; := (1,7_,).

1.3.1 Functional local-to-unity regressors

For FLUR regressors where o« = 1, the IVX instrument (1.7) has the fol-
lowing decomposition,

. IS
Zi1 =21+ ﬁnT,t—l‘

In the literature, PM proved that

sup |z =0, (T%), (1.8)
1<t<T
while we show
sup Hnrfﬁi_lH =0, <T%+1> . (1.9)
1<t<T

Based on (1.8) and (1.9), we provide the asymptotic approximations to IVX

estimates with FLUR regressors.

Lemma 1.1. Let Assumptions 1.1 and 1.2 hold. As T — oo, the approxima-

tions to IVX estimates are given by

T T
, 1 . 1
(Z) THT’Y ; Zt—1Uot = Tl—% ; Zi—_1Uot + Op (1) ,
1 < 1 <
(1) i 2 Am18 = g D a1+ o (1),
t=1 t=1
R 1 <& 1 &
ce. ~ 1
(i) T+ Z STy = Ti+y Z 21T + T2+ Zn(T,i—lngl‘
t=1 t=1 t=1

Lemma 1.1 reveals the asymptotic behavior of sample moments in (i) and
(iii). In the numerator, the term Zthl Zi_1Uug; with the latent instrument z;_;
dominates ZtT:l n(T17 2_1u0t of IVX residual 77(T17 2_1. For the denominator, both
STz, and Y n(T{ 27133;71 affect the probability limit. Although the

abovementioned approximation of FLUR regressors coincides with the LUR



case, our IVX estimate of interest still demonstrates novel limit distributions.

We collect asymptotic results of the IVX estimate in the following theorem.

Theorem 1.1. Let Assumptions 1.1 and 1.2 hold. As T — oo, the limit

behaviors of the IVX estimate is given by

T
1 oo
(Z) 1ty Z 225717/5015 i N <Oa/ erCZszeTczdr) ’
A 0
1 T
(i) 2 A1t
t=1

= - (/Olde(ng (r) +/010(r) K. (r) K (r) dr+9m> Col=9,

1oy R +oo
(i) T2 (5 — 5) = MN (o,cl>—1 / e”CZQMeTCZdTQ'_I) .
0

Compared with PM, the significant difference is that the functional-coefficient
process K. () rather than Ornstein—Uhlenbeck process J.(r) determines asymp-
totic behaviors. However, the limiting distribution of the IVX estimate still fol-
lows mixed normality and lays down the foundation for pivotal tests. Note that
the mixed normality depends on the asymptotic independence between two
Gaussian variables, 3", % jug; and Y, %_17}_,, and the order reductions
of latent instrument Z;. Since the scale parameter v € (0, 1), the mds sequences

T
{T—”TJrl 2 1€t T3 Fx(l)Gt} are asymptotically independent. Moreover, we

can show that the Wald statistic follows a standard x? distribution under the

null hypothesis of no predictability.

Theorem 1.2. Let Assumptions 1.1 and 1.2 hold. Under Hy : HB = h, as

T — oo,

Wy = (HB - h)l {H [(X’g)()‘1 QOO} H’}1 (HB . h) 42 (n),

T T T !
where (X'P:X) := (Z wt_15£_1) (Z 51:—152_1) (Z 5Et—15£_1) :
=1 =1 =1

As wug; is a mds sequence, a simple consistent estimator for g is Qqg
= LS 42,) where Gy, = 3 — B,- and § is an IVX estimate. For a co-
=T 2ui=1 Yot ot = Yt t—1 .

integrating system with serial correlations, a heteroskedasticity and autocorre-



lation consistent (HAC) estimator (Andrews, 1991b) can consistently estimate
Qoo-

According to the asymptotic results, IVX procedures have obvious advan-
tages. Unlike Campbell and Yogo (2006), our IVX statistic is robust across
various model formulations as the Wy test for FLUR regressors is identical to
the case of LUR regressors (PM 2009). Moreover, we do not need to simulate
critical values as the pivotal distribution x? is free of nuisance parameters.

These features demonstrate the flexibility of IVX statistics.

1.3.2 Functional mildly explosive regressors

Different from the predictive regression model with FLUR regressors, the
asymptotic theory for FMER regressors is more complicated. Although the
asymptotic approximations of the FMER case are consistent with PL, the limit
theory is novel as provided for the first time. In the FMER case, the remainder
term T—lan(Tl 2_1 contains explosive roots of exponential rates and dominates the
latent instrument z; ; in the IVX estimator. To consistently approximate
sample moments, the pointwise convergence is insufficient, as our results should
accommodate a wide range of «. Instead, the Skorokhod embedding theorem
is employed to establish the uniform convergence.

To simplify our discussion, we define an intermediate argument, z;, as,

vy oo (k3 ()

j=1 I=t—j+1

Fm(]_)Ej.

With this auxiliary term, we obtain the asymptotic behavior of FMER

regressors, Ty.

Lemma 1.2 (Pointwise Approximations). Let Assumptions 1.1 and 1.2 hold.
Define &y, = ﬁfikT with kp = [Tr]. When % + %T — 0, the limit process of

xy 18 given by

+o00
Ty < Xew) =a N (0, / e‘C(”mee‘C“)Pdp) .
0

10



The pointwise limiting theory for any ¢t € {1,2,...,T} is insufficient for
approximating the sample moments over a wide range of a. Therefore, a
uniform approximation to the stabilized FMER process is indispensable. We
illustrate the formal statement of the Skorokhod embedding theorem in the

following lemma.

Lemma 1.3 (Uniform Approximations). Let rate restriction cg > 2 hold.
With the same kr defined in Lemma 1.2, there exists a suitably expanded prob-
ability space, such that

Xy
To/2

sup = 04 (1),

kr<j—1<T

- — Xc)

Sy j_l .
where X;_1 := exp {—T% > C (%)} rj_1, and X¢o) = N (0, f0+oo e~ CrQ, e—C
i=1

Condition, ag > 2, ensures the applicability of the Skorokhod embedding
theorem for FMER regressors. Besides, the IVX residual T]Tt also contains
explosive roots and dominates the latent instrument z;,_;. Therefore, a similar

uniform approximation applies to n(Tl z

Lemma 1.4. Let Assumptions 1.1 and 1.2 hold. Assume that kr satisfies

laal

the following conditions: (i 2 +L 0 () T+ T2 0. For all

€ [kr,T), we have

1 1 < .
IR X (‘T—Z ())n(T,3=Canc<o>+0p(1),

where

~-Ct if a0 > 7,

Ca'y = C(O>_1 if a <y,

C1)-C]" fa=ny

(1)

The adjustment rate of IVX residuals 7;; is exponential and involves pa-
rameters « and v from MSR and FMER autoregressive coefficients. This ex-
ponential adjustment rate ensures the asymptotic dominance of IVX residuals

over the latent instrument. Combining the asymptotics of T—lan(Tl 1, and z;, we

11

)pdp> )



show the asymptotic theory of the IVX estimate.
Lemma 1.5. Let Assumptions 1.1 and 1.2 hold.

(i) For the IVX numerator, as T — oo,
L 7 LT j
E : ~1 2 :

where V = f+ooe pC(1 C'MXC X’ C ~e —2CWdp - Q.

= MN(0,V),

(i) For the IVX denominator, as T — oo,

1 1 « j
Tao+ Ta+(any) Z exXp Ta Z ¢ (T)

Jj=1
oo _pC
p
0 &

= ~/
24—1Ty_ €xXp

()
Te =" \T

where @ := (1)XC(0)X6(O)e_pC(1)dp - Cay.

(iii) For the IVX estimator, as T — oo,

2 (7)

Lemma 1.5 (i) verifies that Zthl zi—1uo; vanishes in the probability limit,

whereas 7 ZtT_l 77;1 i_lum contributes to the mixed normality due to the ex-

“exp

(5-5) = MN (0,07 V).

ponential rate of IVX residuals. In Lemma 1.5 (i), 7= ST 77Tt 7y, dom-
inates thl z_17, , in the denominator. The limiting distribution for the
IVX estimator with FMER regressors follows mixed normality, since the self-
generated instrument eliminates the asymptotic dependence between numera-
tor ZL Z_1ug: and denominator Zle %_,x,_,. Based on the asymptotic nor-

mal distribution of the IVX estimator, the IVX-based Wald test is y?—distributed.

Theorem 1.3. Let Assumptions 1.1 and 1.2 hold. As T — oo, under Hy :
Hf =h,

Wy = (HB . h)/ {H [(X’PgX)_l QOO] H’} (HB - h) 4 2 (),

where

-1

(X'P:X)" (th 12, 1) <Z }_122_1) (Z xt_122_1> ,

t=1

12



Qoo 1= %Z?zl a3, with gy := ys — th_l andB is an IVX estimator.

An essential feature of the IVX instrumentation is that the complexity in
the limiting distributions does not affect the pivotal distribution of the Wald
test. It relies on the self-normalizing property in the test statistics. Combin-
ing our results with those of PL, we can claim that regardless of whether the
parameters of the mildly explosive regressors are time-invariant or not, the uni-
fied framework of IVX always generates pivotal test statistics. The robustness
of the IVX limit theory benefits empirical work in which there is inevitable

uncertainty about the degree of persistence and parameter instability.

1.3.3 Functional mildly stationary regressors

When ¢; () < 0 for each i € {1,2,3,...,n}, the persistent regressor x; ;
belongs to the category of the FMSR process. The discussion for FMSR re-
gressors comprises two scenarios: (i) v < min{a, 1}; (i) v > a. If v < «, we
can apply the same derivations as in the FLUR case. The main results are

summarized in the following lemma without proof.

Lemma 1.6. Let Assumptions 1.1 and 1.2 hold. As T — oo,

2 0, (T@M+2)

If v < «, the term related to latent instrument z;_; dominates in the
IVX numerator. However, both the latent instrument and IVX residual affect
the limit behavior of the denominator. The abovementioned results establish

foundations for the asymptotic analysis when v < a.

Theorem 1.4. Let Assumptions 1.1 and 1.2 hold. When v < a, as T — o0,

T
o1 -
(’l) Tyzzt,fdgt i) N <O,/
T= 1= 0

T
1 . B
(it) Tt Z Zoax,_ = —C07'Q, =V,
t=1

—+00

eC= Qo e"C= dr) ,

+00 ,
(111) 7% <B — 6) =N (O, \If_l/ €' Qe dr (\11_1) ) )
0

13



When v > «a, by summations by parts,

t

t
R S I SN
7j=1

J=1

C.
P < )

The intuition for this step is that when v > «, x;_1 is more persistent than
zi—1. The persistent regressor x;_; replaces z;_; and becomes the new latent
instrument. Under this case, the endogeneity still vanishes asymptotically as
the persistence disappears. The following lemma summarizes the main results

of asymptotic approximations when a € (0, 7).

Lemma 1.7. Let Assumptions 1.1 and 1.2 hold. When o € (0,7), as T — oo,

T T
g 1 . 1
(i7) Tira > Hoax, = Tita > wmaw +0,(1),
=1 =1
1 & 1 <
(i) e d o naz = o D waxl  +o,(1),
t=1

t=1

where both —i ST Zoaw and e ST Z1Z, converge to
me — fol [fooo €ZC(T)QI;E€ZC(T)dZ:| dr.

When a < v, the term associated with the latent instrument x; dominates
the one of IVX residual %n(Tl 2 Nonetheless, the latent instrument z; ; in
the denominator dominates the [IVX residual when o < +, different from the

discussions when o« > . Based on these approximations, we provide the

asymptotic theory for the IVX estimate.

Theorem 1.5. Let Assumptions 1.1 and 1.2 hold. When a <, as T — o0,
1 Z
(i) —= Y Bt SN0, Ve,
U
1 7
(ZZ) m Z 21/,11';71 = me,
t=1

(i) T (B _ ﬁ) N0,V

14



We check that when o < v, the limiting distribution of the IVX estimate
is a Gaussian process and contributes to the pivotal Wald statistic without
any modifications. Combining the results of @ < ~ and a > 7, we have the

following theorem.

Theorem 1.6. Let Assumptions 1.1 and 1.2 hold. As T — oo, under Hy :
HpB = h,

Wy = (HB - h) {H [(X’P;X)_l QOO] H’}_l (HB - h) 42 (),

where

T T -1/ 1!
-1 . . -
(X'PX) = (Z :Et_lzg_1> (Z zt_1z£_1> (Z xt_lzg_1> ,
t=1 t=1 t=1
Qoo := %Zthl a3, with Ugs := ys — Bx,_1 and B is an IVX estimator.

Kostakis et al. (2014) discuss the predictability of the economic fundamen-
tals of time-invariant coefficients. They also prove the pivotal distribution of
the IVX test under the null hypothesis of no predictive phenomenon. Even
if parameter instability exists, our testing statistics remain robust with a x?
distribution. This property of robustness confirms the broad applicability of
IVX procedure. Moreover, the IVX procedure provides a unified approach
for verifying predictability: The W statistic can identify the predictability of
persistent regressors of various persistence and unstable parameters, including

FLUR, FMER, FMSR processes.

1.4 Monte Carlo Simulation

In this section, we conduct numerical simulations to evaluate the finite

sample performance of IVX test with FLUR regressors. The data generating

15



process is as follows:

Y = BiTi_1+ g, (1.10)
Ty = Rpwiq + Uy,
where Rpy = I, + % and
uOt ..
Uy = ~ iid (0(1+n), 2(1+n)><(1+n)) . (1.11)
Uyt

We consider both normal and heavy-tailed innovations. In the single-regressor

(n = 1) case, the covariance matrix of innovations is parameterized as

1 —0.95
= . (1.12)

—0.95 1

The negative value of covariance between ug and wu,; is consistent with the
empirical findings in the financial market.

The instruments are constructed as in (1.7). We set C, = —5 and v = 0.9
to observe the size and local power of the Wald statistics in various forms of
functional persistence. We set the sample size T" as 250 and the number of
simulation paths as 2,500.

To investigate the performance of IVX method in terms of size and local
power, we adopt a sequence of Pitman’s local alternatives as Hg,, : Bin =
% with integer values of b € [0,20]. We evaluate the empirical size by the
frequency of rejections under Hy : 81 = 0 (b = 0 equivalently). The empirical
power is the frequency of rejections under Hy : 51 # 0 (b # 0 equivalently).
The nominal size is 0.05. Moreover, we employ the Bonferroni Q-test (CY-Q
test, hereafter) and power-enhanced Q-test (modified CY-Q test, hereafter) of
Campbell and Yogo (2006) as benchmarks for efficiency comparisons.

We provide simulated results in Figures 1.1-1.4. Figures 1.1 and 1.2 give
the size and power performance of IVX inferences, when C(¢/T') is piecewise

constant. We consider cases in which regressors switch between different non-
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stationary regimes. Figure 1.1 shows the simulation results when @ = 1 (LUR).
The IVX method outperforms simulation-based tests when regressors change
from a stationary regime to an explosive regime and from a unit-root region
to an explosive region. When structural breaks occur between stationary and
unit root regimes, IVX slightly underperforms in terms of power. Figure 1.2
shows the superiority of IVX inferences when o = 0.5 (mildly integrated or
mildly explosive cases). The test based on IVX method performs better than
the CY-Q and modified CY-Q test statistics when there are structural breaks
in the distance parameters of LUR regressors.

To verify the robustness of the IVX procedures, Figures 1.3 and 1.4 present
the performance of the Wald statistics when C(¢/T") are trigonometric func-
tions. In Figure 1.3 (o = 1), the IVX method performs better in both size and
power when C(t/T) takes the form of 5y/t/T, 15sin (t/T'), 15cos (t/T"), and
—15cos (t/T). The performance of IVX is nearly identical to CY-Q when
C(t/T) is —15sin (¢/T). When C(t/T) belongs to the stationary domain
as —5\/75/_T , IVX slightly underperforms in terms of power. In Figure 1.4
(v = 0.5), IVX performs better in terms of size and power throughout all
functional forms as 5+/t/T, —5+/t/T, 15sin (t/T), —15sin (¢/T), 15cos (t/T),
and —15cos (t/T) .

Since the IVX inference procedure outperforms in most of the cases, nu-
merical simulations verify the applicability of IVX procedures to the case of
parameter instability. Besides, the simulated results show the robustness of
the IVX procedure. We can conclude that the self-generated instrument is
friendly to empirical studies when there is uncertainty about the functional

forms or degrees of persistence in the regressors.
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1.5 Empirical Illustrations

The predictability puzzle on stock return has been a controversial topic for
years. In conventional prediction models, the coefficients of persistent regres-

sors are time-invariant, as

C
xy = Rpxi_y + uy with Ry = I, + I

where C' is a constant matrix. In this study, we generalize C' to be a time-
varying function. To detect the predictability of economic fundamentals on
stock returns, we employ the updated dataset of Welch and Goyal (2008). In
the empirical practice, the full sample period is from January 1927 to December
2017.

The persistent regressors belong to the following two categories:

1) Characteristics of stocks: dividend—price ratio (d/p), earnings—price ra-
tio (e/p), book-to-market ratio (b/m), stock variance (svar), dividend-payout
ratio (d/e), and net equity expansion(ntis);

2) Interest-related variables: 3-month treasury bill rate (¢bl), term spread(tms),
long-term government bond return (/tr), default yield spread (dfy), default re-
turn spread (dfr), and inflation (infl).

The empirical analysis has two parts. First, we estimate the slope in (1.2)
by kernel estimation and demonstrate the existence of parameter instability
(see Appendix A). Second, we use the IVX procedure to show the predictability

of the selected economic fundamentals.

1.5.1 Kernel estimation

To accommodate time-varying coefficients, we conduct kernel estimations
on potential regressors and plot the estimated paths of slopes. The asymptotic
theory of kernel estimation is given in Appendix A; see also recent works by

Phillips et al. (2017), Li et al. (2016), and Li et al. (2020) on cointegrating
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regression with functional coefficients. Under the framework of FLUR, the
distance parameter is not consistently estimated, and the standard testing
procedures fail for both the distance parameter and the slope.

Figure 1.5 plots the estimated paths of slopes and displays the unstable
slopes in regressors, such as svar, ntis, tms, dfr, and infl. We find that variables
such as d/e and tbl show time-varying features in specific sub-periods. There
are also slight fluctuations in b/m and dfy, but they are not as significant as
those of variables mentioned before. The kernel estimation results verify the

existence of parameter instability in the potential predictors.

1.5.2 IVX inference

We employ IVX inferences to test the predictability of economic variables
on the S&P 500 index return. Based on the univariate predictive regression
model, we provide the estimated values of 3; and corresponding I'VX-based t-
statistics in Table 1.1. For the sample period from January 1927 to December
2017, the variable b/m, with time-varying slope, shows significant predictive
power on the asset return. Since Campbell and Yogo (2006) and Kostakis et al.
(2012) claim that the predictability for stock return appears to be weaker for
post-1952 data, we test a subsample period from January 1952 to December
2017. Within the subsample period, there are more predictors with statistical
significance, which are svar, tbl, and tms. From kernel estimates, we know
that the slopes of svar and tms are time-varying. If we apply simulation-based
methods on these variables with time-varying roots, we are likely to obtain
misleading results.

Furthermore, we discuss the predictability of multivariate regressors based
on the results of the univariate case. We combine the predictors that have pre-
dictive power under the criteria of IVX statistics. To avoid strong correlations
between the predictors, we choose regressors from different categories, char-

acteristics of stock, or interest-related variables. In Table 1.2, we provide the
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empirical results for both the full sample and subsample periods. The results
show that the combination of b/m and tbl provides predictive powers for both
the full sample and subsample. Other combinations, such as (svar, tbl), and
(svar, tms), also can predict S&P 500 returns significantly in the post-1952
periods.

The model setup in this study helps to deal with predictors with time-
varying parameters. We find that some of the widely used fundamentals, such
as b/m and tms, have predictive power on stock returns. The empirical study
also shows that the IVX-based inference procedure is a robust tool to verify

the predictability of regressors with potential parameter instability.

1.6 Conclusion

This study shows that the IVX method developed in PM is robust under
functional-deviated regressors characterized as FLUR, FMER, and FMSR. An
essential feature of IVX is that it can apply to regressors with different per-
sistence, including the case of deterministic departure from unity (PM and
PL), and the case of time-varying roots discussed in this paper. Unlike the
methods based on numerical simulations, we do not need to identify the type
of persistence and the existence of time-varying roots. These advantages offer
substantial convenience to empirical studies in macroeconomics and finance.

According to the simulation results, the method from Campbell and Yogo
(2006) tends to yield a slight size distortion in the local-to-unity case. The
existence of size distortions means that we still reject the true model with a high
frequency. By comparison, the IVX method appears to control size distortions
better and accommodates more general types of regressors. The empirical
results based on IVX estimation verify the predictability of some economic
fundamentals on stock returns. We also specify the time-varying patterns in

these potential predictors by consistent kernel estimations. This application
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demonstrates the usefulness of our study and confirms the robustness of IVX
instruments.

A future research direction is to increase the local power of IVX estimation
in this work. According to the Neyman—Pearson lemma, the likelihood-ratio
test is the most powerful. The simulation-based test proposed by Campbell
and Yogo (2006) is a type of likelihood ratio test which demonstrates desir-
able power behavior. Comparing the power function of the IVX instrument
with the likelihood ratio test of stationary regressors, we observe slight un-
derperformance of IVX in the finite sample. It is possibly unrealistic for IVX
to be the best method in every perspective since there seems to be a trade-
off between robustness and efficiency. However, the phenomenon illustrates a

possible direction for enhancing the IVX inference procedure.

Tables and Figures
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Table 1.2: Empirical results for multivariate regressions

b/m, tbl  b/m, tms svar, thl svar, tms
1927:01-2017:12
B 1.19 1.26 1733 -26.30
Bra 2177 035 13.29  16.34
Wald-stat ~ 9.87  4.58 3.67 2.27
1952:01-2017:12
B 0.95 0.64 96.65  -120.67
Bra 2545 14.75 1977 26.09
Wald-stat 13.20 4.63 17.06 15.27
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Chapter 2

Nonparametric Estimation and Inference

for Functional Local-to-unity Processes

2.1 Introduction

Extensive studies on asset prices suggest evidence of time-varying dynamic
properties. A popular strategy to model time-varying dynamic properties is to
use a model with time-varying parameters. For example, Plazzi et al. (2010)
demonstrate the existence of time-varying parameters in the real estate market.
In the literature, economic reasons have been provided to explain why time-
varying parameters are needed. For example, Bossaerts and Hillion (1999) and
Bekaert et al. (2007) characterize the model instability in the stock market
caused by changes in market sentiment and monetary policy.

To estimate models with time-varying parameters, traditional methods,
such as least-squares, may no longer be applicable. More sophisticated estima-
tion methods are upon request. Moreover, the validity of standard inference
procedures, which are developed for models with constant parameters, may
fail to work for models with time-varying parameters.

In this paper, we investigate the dynamics in economic variables with inter-
temporal self-dependence. If the self-relationship is linear and time-invariant,
the most widely used autoregressive model is the AR(1) model. Given that

many economic time series have wandering around behavior, AR models with
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the exact unit root and a local-to-unit root (LUR) have been extensively em-
ployed in practice; see Chan and Wei (1987), Phillips (1987, 1988). To allow
for a time-varying property in the context of the LUR model, Bykhovskaya and
Phillips (2020, BP hereafter) propose a functional local-to-unit root (FLUR)
model, whose slope is a function of time. BP show how to construct the point
optimal FLUR tests by generalizing the LUR asymptotics to cases where the lo-
calized departure from unity is a time-varying function rather than a constant.
In this paper, we test for the functional departure from unity by developing
nonparametric inferences.

In the nonparametric literature, two classes of nonparametric estimation
methods co-exist. The first is the class of local approximation methods, while
the second type is a class of global approximation methods. Local approxi-
mation methods, such as the Nadaraya-Watson or local polynomial estimates,
have been used for functional co-integration by Juhl and Xiao (2005), Wang
and Phillips (2009a, 2009b), Li et al. (2020), and Phillips et al. (2017). Global
approximation methods, based on the trigonometric basis, have been used by
Phillips (1998), Park and Hahn (1999), Cai et al. (2009), Bierens and Martins
(2010, BM hereafter), and Martins (2018). The sieve method that approxi-
mates time-varying parameters by basis functions with diverging dimensions is
easier to compute than local approximation methods. For computational con-
venience, we use the sieve method to estimate unknown functional departures
from unity. We show that the proposed estimator for slope is consistent as the
dimension of the orthogonal basis increases. We also develop the asymptotic
distribution of the estimator. It is established that the asymptotic distribu-
tion, being the ratio of stochastic integrals, is nonstandard. Moreover, we show
that the time-unstable distance parameters cannot be estimated consistently.

In model specifications, we establish the consistent estimate of the distance
parameter by grouping homogeneous cross-sectional units. Under conditions of

joint convergence, the panel estimator of the distance parameter is consistent
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and normally distributed. We also provide a Wald-type statistic to detect
the time-varying patterns. We establish the joint asymptotics and the power
envelope of the Wald statistic. To illustrate our proposed test, we conduct
an empirical study using the price index of China’s real estate market. For
the group of large- and medium-sized cities, we find substantial evidence of
time-varying rates of growth in the price index.

The remainder of this chapter is organized as follows. Section 2 introduces
the model setup and assumptions. Section 3 presents the preliminary results
of the orthogonal basis. Section 4 demonstrates an asymptotic theory of the
time-series estimator. Section 5 discusses panel FLUR autoregressions and
shows the consistency of the specification statistic. Section 6 shows numerical
simulations. Section 7 applies the specification test to China’s real estate
markets. Section 8 concludes. The appendix collects the technical proofs of
the theorems.

Throughout the paper, we use the following notation. For an arbitrary
matrix M, we use ||[M]_, ||M], and [|[M]| to denote the L>, L? and the
spectral norms of matrix M. We use =, 5, % to denote a weak convergence in
a functional space, convergence in probability, and convergence in distribution,

respectively. Finally, equality in distribution is represented by =,.

2.2 Model and Assumptions
Following BP, the model setup is given as

Y = Rywe1 + g, (2.1)
ct/T
with Ry, = exp( (7{ >> and t=1,2,...,T,

where {yt}tT:l is a sequence of nx 1 random vectors, Rp(:= Ry (t/T)) isannxn

matrix of time-varying parameters, and C(t/T) = diag {ci(t/T), c2(t/T), ..., c,(t/T)}
(:= Cr¢), with ¢; () being a smooth function defined on [0, 1] for all j. By sat-

isfying the rational expectation hypothesis, the persistence of economic vari-
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ables, like real-estate prices, is similar to the LUR process. It is too restrictive
to assume the autoregressive root is stable across time. Therefore, we em-
ploy the model (2.1) with time-varying slopes to approximate economic fun-
damentals; for instance, the prices of housing markets. To conduct further

investigations, we impose the following assumptions.

Assumption 2.1. (i) {uu},-, is a martingale difference sequence with the
second moment (:= E (urtu;t)) and the finite p™* moment for some p > 4;
(i) There exist € and ¢, such that ¢ < ¢;(+) <€ for anyi =1,2,....,n, where

—o0o < cec<ce <.

Assumption 1 (i) imposes a martingale property for the innovations. These

innovations can be generalized as a stationary linear process

0
Uzt = Z (I)x(i)etf’h
1=0

where {¢},, is a sequence of martingale difference processes with a second
moment Y, :=E (ete;) and a finite p'* moment for some p > 4. The Beveridge-

Nelson-Phillips decomposition implies that
Uyt = u;t + (ax,t—l - awt) )

where v}, = ®,(1)e, and Uy = > o D, (i)e_; with ®y(i) = > ieiv ()
Phillips and Solo (1992, PS hereafter) show that y .= ¢ ||®,(¢)| < oo is suffi-
cient to justify the condition that >~/ HEI;x(z)H < o0o. Then, the dominating
term wu, is also a martingale difference sequence. This generalization will re-

serve for the future research. Assumption 1 (ii) assumes bounded ranges for

each entry of C(t/T).

Assumption 2.2. (i) C(t/T) is q"-order differentiable with bounded deriva-

tives on [0, 1] for some q > 1;

2
. 2 p—2 1, T2-1
(it) 5.5 <5 and ; +

k
T T T +T%—>0.

Assumption 2.2 (i) assumes the differentiability of the FLUR coefficients. If

p > 4, then Assumption 2.2 (ii) requires the smallest integer value for ¢ to be 4.
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Consequently, C'(+) needs to be at least 4"-order differentiable. According to
BM, linear combinations of the orthogonal basis can approximate an unknown
slope Rp; at the rate of O(k™9). As a result, when the dimensions of the
orthogonal basis diverge at an appropriate speed, the approximation bias is

negligible.

2.3 Orthogonal Basis and Sieve Estimator

i

We consider a pointwise trajectory, [[ Rr := (Rr(r1), Rr(r2), ..., Rr(ra)) ,
where {ri}?zl are selected grid points on [0, 1]. To approximate || Rr, we use
a sequence of orthogonal basis {gbz()}f:l We assume that the dimension of

the orthogonal basis, k, diverges under the restrictions of Assumption 2.2 (ii).

For Ry (-), the k-dimensional approximation Rgf ) () has the form of

RY() = D Bridi(), (2.2)

where (;; is an n X n diagonal matrix. To simplify notations, we combine
{@m’}?:l into an nk x n coefficient matrix £y so that S := (Bk1, Br2s s Bek) -

We merge a k-dimensional orthogonal basis {¢;(-)}\_, into a vector so that

fe() == (1), d2(4), ..., & (+))". Hence, we can rewrite (2.2) as
Ry o (g
Ry () = (fi, () @ Lnxn) By
Similarly, the pointwise trajectory || Ré? ) has the representation of
HR¥) = [(fk(h), Ji(r2), ooy fr(ra)) @ [nxn} Br = SkBk.

where Sy := (fi(r1), fr(r2), .., f(ra)) @ ILyxn. Therefore, the problem of esti-
mating the infinite-dimensional argument Rr(-) degenerates into the estima-
tion of a finite-dimensional coefficient matrix S.

Define a consistent estimator for 85 to be B\k Based on B\k, the estimators
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of Rg? )() and ] Rgfc ) have the following expressions

k
=" Budil),
i=1
and

HR W [(fu(r1), fe(ra), oy fu(ra)) @ Lnn] By.

For our model, it is natural to consider the least-squares estimator Sry as,

-1+, -1

Bri = (Vi1 Y1) Yoo 1Y = Be+ (Vi You-1) Yop1Usky  (2.3)

where Yy, 1 = (Yros Ukiy s Y1) s Uk = (Uak1, Unk2y ooy Ush ) s Uhto1 =
fi (£) ® yem1, and ugpy = g + <RT — Rg@) (%) ye—1. Equivalently, the ex-

pression (2.3) comes from the fitted equation as follows:

Yt = BrYkt—1 + Ugpp- (2.4)

Following Elliot (1964), we adopt the Chebyshev basis as an orthogonal

basis. The orthogonal basis is defined as,

o (B) o () - (1))

where r € [0,1] and j = 1,2,...,k. Orthogonality comes from the cosine

functions as

0 i #
1

2 [Camemir =« imjro
0

\27r 1=35=0

Based on the orthogonal property, Elliot (1964) demonstrates that {¢; (-)};2,
form a set of basis functions in the Hilbert space L?[0,1]. With any square-

integrable function Ry (r) on [0, 1], we have its orthogonal decomposition as

Ry ([T’” ) Zﬁm ([T’”]) , (2.5)

where (7, := f <[Tr]> <@> dr. In this paper, we define the approxima-
[Tr]
T

tion for Ry < ) as R (k) <[Tr]> The k-dimensional approximation Rgpk ) <@>

34



has the expression of

RY (@) - gﬁm,z’@ (@) : (2.6)

where Ori; := Pr; as in (2.5). To asymptotically eliminate the distance be-

tween (2.5) and (2.6), we need to show

() (3)

as illustrated in the following lemma.

2
— 0,

Lemma 2.1. Let Assumptions 2.1 and 2.2 hold. For any k > 1, we have

() (%)

BM bound the approximation error by the following inequality:

T

) 1
Jfim 7>

t=1

2

- Op(k_Qq)-

Ll pla)
. ZT: a (1T _ g (|~ fy |7 (ryar
oo T — T T T w2k +1)2

where Rgg) (r) is the g""-order derivative of Ry(r). When the dimension of basis
functions diverges, the approximation error diminishes asymptotically.

Denote
]

(Tr
. 1
K7 . (r) = Nis Zexp
t=1

1 (Tr] j

T ]Zt C (T) Ugt.

The stochastic process K.(r) follows dK.(r) = C(r)K.(r)dr + 22dW,(r). For
asymptotic derivations, we need a uniform approximation of K7 .(r) to K.(r)
as the functional central limit theorem developed by BM is insufficient. The

modified Skorokhod embedding theorem ensures the following uniform approx-

imation.

Lemma 2.2. Let Assumptions 2.1 and 2.2 hold. Define o :== pz;p?. AsT — oo,

we have

sup HK}’C(r) — Kc(r)H = 0,(T™).

0<r<1
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2.4 Asymptotic Theory for Sieve Estimator

Following (2.3), the least-squares estimator for fj has the decomposition

-1

Bri = B+ (Vg1 Y11 YTk 1 Us

)
/ ! k) (1
= B+ (YTk,flka, 1) YTk -1 ( oT T YTk -1 (RT — Ry > (f))
)

1

- Bk"‘( Tk, 1YTk -1 Tk 1UzT+

— ’ t
(Yi;k,—lkaz—l) 1YTk,—1YTk,—1 (RT - R@) (T) )

where the term (Yq’%_lYTk,—l)_lY}k,_lUxT contributes to the nonstandard

limiting distribution, and (YT’kv_lYTky,l)_l YY,“k,—IYTk,*l (RT — Rg@) (%) rep-
resents the dominated approximation error. According to Assumption 2.2 and
Lemma 2.1, both the approximation error and the asymptotic error are dimin-

ishing as T" — oo. The negligibility of these errors justifies the consistency of

our sieve estimates.

Theorem 2.1. Let Assumptions 2.1 and 2.2 hold. As T — oo, we have

[1EY =T] Be + 0, (kT7") + 0, (7).

The asymptotic error term is of order O, (kT~1), and the approximation
bias decreases at the rate of O, (k7). Further, we define the sample moment

as

, -1
ATk = Sk (YTk,fIYTk,—1> Sk

Based on A7, we have the following limiting distribution of the time-series

sieve estimator.

Theorem 2.2. Let Assumptions 2.1 and 2.2 hold. As T — oo, we have

A (TR -1 Rr) = 2
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where

Z - I [sk ([ (asio) o (k500) dr)lsk] ><
se( [ (ans0) @ (K0K0) d) ([ snermane).

and W,(+) is a standard Brownian motion.

[NIES

Remark 2.1. In the appendiz A, we show that the kernel estimate of FLUR is

consistent and asymptotically normal. According to Theorem 2.2, the sieve es-

timator of FLUR s also consistent but not of normality anymore. The reason
(T7]

for the asymptotic non-normality is that \/LT > i1 Ugt and K7 (1) are asymp-

totically correlated.

Remark 2.2. As the sample moment is diverging of the rate O, (T/k), the
convergence rate for the sieve estimate is O, (k/T). Similarly, the convergence
rate of the kernel method is O, (ﬁ) i appendixz A. For the time-invariant

case, Phillips (1987) shows that the least-squares estimate converges at the rate

of O, (%), faster than that of the sieve estimate.

2.5 Panel Specification Test

Based on (2.1), the failure of a specification test happens due to the in-
consistent estimations on C(-). To resolve this problem, we consider the panel
autoregressions as in Moon and Phillips (2004). The primary benefit of the
panel approach is that slope homogeneity can massively enhance the powers
of the tests. Assumptions of homogeneity across individuals can either be de-
duced by economic theory or be verified by the machine learning algorithm.
Therefore, without introducing additional complexity, we obtain the theoreti-
cal results by imposing a homogeneity assumption.

We consider the scalar case, where n = 1. We collect M homogeneous time

series in (2.1). For each individual, there are T" observations. With m being
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the index for cross-sectional identity, we have

Ymt = RTtym,t—l + Uma t, (27)

where Rp; = exp (C(t/ ) foreachm=1,2,.... M, and t =1,2,...,T.
We assume that {ymt}thl and {umx7t}tT:1 follow Assumptions 2.1 and 2.2.

In addition, we impose Assumption 2.3.

Assumption 2.3. (i) Innovations {umz,t}thl are wndependent across m €

{1,2,...., M };
(ii) = =0

When n = 1, we define the panel sieve estimator as

B\Tk = (Z mTk,—1 Yourk —1> (Z mTk,—1 mTk) (2-8)

/ /

where Y1x, -1 = (ymk,Oa Ymk,1, ---,ymk,Tq) s Unzk = (ummk,laumxk,Qa ---aumxk,T) )
_ t _ (k)Y [t

Ymkt—1 = fk (T) & Ymt—1, and Umazk,t = Umat + <RT - RT ) (T) Ym,t—1- The

estimated pointwise trajectory on the chosen grid {ry,ro,...,74} C [0, 1] is

HR [(fu(r1), fi(ra), o fe(ra))' ® Luxn] Br

We justify the asymptotic normality of the panel sieve estimator for the

scalar FLUR process.

Theorem 2.3. Let Assumptions 2.1-2.3 hold. As (M, T) — oo

A;fm (H R - HRT> % N (0, 1g)

/

M -1
where 14 is d-dimensional identity matriz and Ay = Sh ( > Yr;Tk,1YmTk,—1> Sk
m=1

Remark 2.3. The convergence rate of the panel estimator C(-) is 0, (\/LM)

When parameters are time-invariant, Moon and Phillips (2004) show that the

convergence rate is O, (ﬁ) , which is is faster.

Remark 2.4. The cross-sectional least-squares estimator for eacht € {1,2,...,T}

1s an alternative estimator. However, the cross-sectional estimator may suffer
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from inconsistency when M diverges at a slower speed than T'. Moreover, the
cross-sectional least-squares estimator is less efficient than our panel estimate

under the joint limit framework.

With asymptotic normality, we propose a consistent Wald statistic to test

parameter instability.
Theorem 2.4. Let Assumptions 2.1-2.3 hold. Under the null hypothesis, Hy :

Ry is time-invariant, as (M,T) — oo,

(IR ~T15r) Ayl (TTRY - T1 )

d
= x*(d), (2.9)
b
where ¥ = ﬁzrﬂfﬂ Zthl ﬁfnm With Uzt = Ymt — ég?ym,t,l for m =

1,2,...,M and t =1,2,....,T. The pooled least-squares estimator is denoted by
Rr. Under the alternative hypothesis, Hy : Ry is time-varying, as (M,T) —

0,

(AP - T18:) A (TEY ~T1R)
S =0, (—) — 00.

2.6 Monte Carlo Simulations

This section investigates the finite sample performance of the sieve statistic

in the panel FLUR. We examine the following data generating process as

C (t/T)

Ymt = €XP ( T > Ym,t—1 + Ume,t-

The functional time-varying slopes are defined as
Model 1: C(t/T) =20cos (2nt/T);
Model 2: C(t/T)=12/t)T;
Model 3: C(t/T) =5t/T + 5 sin (47t /T)];

Model 4: C(t/T)=15sin(t/T).
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The innovations follow either normal distributions or heavy-tail ¢-distributions
with 3 degrees of freedom. Noise is set to be independent across individuals.
The homoscedastic variance is set as 2. The numbers of time-series observa-
tions are 100 and 200. The dimensions for the cross-sectional units are chosen
as 20, 50 and 80. The simulation is conducted with 2,000 replications. Sieve ba-
sis functions are selected as either orthogonal trigonometric basis (Chebyshev
basis) or as B-splines. The B-splines are employed to justify the robustness of
our approach. To satisfy Assumptions 2.1-2.3, we select k as 5T T and d as 1
with r4 = 0.5.

The plots of C (t/T) and C (¢/T) are given in Figure 2.1. From theoret-
ical derivations, we know that the convergence rate for C (/1) estimates is
@) <\/LM) . This feature is essential, as the validity of the specification tests relies
heavily on the consistency of estimates. When the cardinality of cross-sectional
units is as small as 20, the estimates are close to the true values. These results
demonstrate the excellent finite sample performance of our estimates. Besides,
the robustness of this approach is shown by various functional slopes.

The powers of specification tests are shown in Tables 2.1-2.4. Tables 2.1
and 2.2 represent cases with normally distributed errors, and Tables 2.3 and
2.4 refer to performances with t(3) distributions. We evaluate the powers by
applying two sieve functions, the orthogonal basis and the B-spline. The simu-
lated results show that cross-sectional asymptotics improve powers. With the
larger cardinality of individuals, the precision of the estimates and the powers
of specification tests are upgraded. Besides, with an identical model setup, the
powers of specification tests with B-splines are nearly the same as those with
an orthogonal basis. Excellent performances with B-splines demonstrate the
robustness of our asymptotic theory. Tables 2.5-2.8 display the empirical sizes
when the nominal level is set at 5%. Regardless of whether the residuals are

normal or heavy-tailed, the empirical sizes are well controlled around 5% with

both sieve approximations.
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2.7 Empirical Illustrations

We apply sieve inferences on the data concerning China’s real estate mar-
ket. Su and Ju (2018) use classification algorithms on the housing prices in
China’s large- and medium-sized cities. They identify three latent groups.
With identical slopes in each group, they illustrate that the growth rates of
real estate prices are more persistent in large cities. In this paper, following
the membership in Su and Ju (2018), we detect the time-varying patterns in
annualized growth rates using the price index (PI hereafter) on the 33 Tier-1
and Tier-2 cities. Table 2.10 shows the list of these cities. Fang et al. (2016)
construct real estate Pls for 120 major Chinese cities from 2003 m1 to 2013
m3, based on sequential sales of new homes.

First, we follow the membership structures in Su and Ju (2018), where
they apply C-Lasso method to group the 69 cities in China according to their
housing price. The results show that the housing price in the group of big cities
show similar characteristics in terms of persistence. In this paper, we merge
33 Tier-1 and Tier-2 cities into a panel model. The plots of the annual growth
rates are provided in Figure 2.2. We can observe the common behaviors in
the cities of interest, which support the construction of homogeneous panel
autoregression.

Second, we apply panel sieve inferences on Rr;. To verify our conjecture
on time-varying slopes, we conduct the panel specification test. We select the
grid points as 0.2, 0.4, 0.6, and 0.8, and compute the statistics on all grid
points. The resulting statistics are reported in Table 2.9. From these results,
we can observe that all statistics are higher than critical values. These findings
provide strong evidence for time-varying patterns. The results also verify the

usefulness of the proposed specification statistics.
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2.8 Conclusion

In this paper, we propose a sieve inference procedure built on an orthogo-
nal trigonometric basis. Time-series sieve estimators on slopes are consistent,
and they converge to the ratios of stochastic integrals. We provide a panel
specification test with excellent finite-sample performance, which is supported
by numerical simulations. In addition, we apply panel specification tests to
assess China’s real estate market and obtain significant empirical results.

The sieve basis functions that we use are the orthogonal trigonometric ba-
sis. Other basis functions, such as splines or father and mother wavelets, are
also widely used in the literature, especially the B-splines. We prefer orthog-
onal trigonometric basis to B-splines, due to their smoothness. In stationary
time series analysis, the sample moment converges to its non-random popu-
lation moment. However, the probability limit of the sample moment in the
FLUR model involves a stochastic integral. In the proof, we implement an
integration-by-part formula, which requires the differentiability of basis func-
tions. If smoothness is not necessary for theoretical justifications, then the B-
spline becomes applicable. Indeed, the extensive numerical simulations verify

our conjectures and demonstrate the usefulness of B-splines in FLUR models.

Tables and Figures

Figures and tables on numerical experiments and empirical illustrations are

given.

Monte Carlo simulations
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Table 2.1: Powers of Specification Test (Orthogonal Trigonometric Basis) with

Normality
Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200
Model 1 0.8855 0.8725 0.9115 0.887 0.973 0.9665
Model 2 0.844 0.811 0.91 0.8835 0.983 0.977
Model 3 0.8335 0.8225 0.9335 0.8905 0.9785 0.98
Model 4 0.8415 0.8459 0.9455 0.9185 0.9885 0.9865

Table 2.2: Powers of Specification Test (B-spline) with Normality

Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200

Model 1 0.879 0.8545 0.9485 0.9005 0.995 0.9205
Model 2 0.8565 0.8705 0.9555 0.9095 0.997 0.95

Model 3 0.874 0.8455 0.9535 0.915 0.9955 0.9555
Model 4 0.8889 0.8715 0.9685 0.927 0.998 0.9725

Table 2.3: Powers of Specification Test (Orthogonal Trigonometric Basis) with

t(3)

Model ~M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200
Model 1 0.8515 0.849 0.867 0.8648 0.9515 0.9385
Model 2 0.8295 0.8315 0.921 0.8785 0.984 0.9815
Model 3 0.837 0.836 0.9375 0.9 0.987 0.985
Model 4 0.862 0.8455 0.9315 0.9175 0.983 0.9815

Table 2.4: Powers of Specification Test (B-spline) with t(3)

Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200

Model 1 0.8475 0.8395 0.8715 0.868 0.966 0.962
Model 2 0.861 0.849 0.9525 0.9115 0.9965 0.933
Model 3 0.882 0.855 0.96 0.925 0.9965 0.95

Model 4 0.844 0.846 0.9585 0.937 0.992 0.9645

Table 2.5: Sizes of Specification Test (Orthogonal Trigonometric Basis) with

Normality
Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200
C=-5 0.064 0.06 0.0663 0.0607 0.0671 0.0625
C=5 0.0422 0.0425 0.0512 0.0395 0.0601 0.0471
C=-10 0.0666 0.0625 0.0608 0.0605 0.0631 0.0559
C=10 0.0422 0.044 0.0538 0.0401 0.0606 0.0476

Table 2.6: Sizes of Specification Test (Orthogonal Trigonometric Basis) with

t(3)
Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200
C=-5 0.0567 0.0527 0.0649 0.0573 0.0565 0.0604
C=5 0.0482 0.0461 0.0519 0.0396 0.0526 0.0544
C=-10 0.0548 0.0506 0.0578 0.052 0.0545 0.0549
C=10 0.0466 0.0473 0.0545 0.0393 0.0485 0.0482

43



Table 2.7: Sizes of Specification Test (B-spline) with Normality

Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200

C=-5 0.064 0.06 0.0663 0.0607 0.0671 0.0625
C=5 0.0422 0.0425 0.0512 0.0395 0.0601 0.0471
C=-10 0.0666 0.0625 0.0608 0.0605 0.0631 0.0559
C=10 0.0422 0.044 0.0538 0.0401 0.0606 0.0476

Table 2.8: Sizes of Specification Test (B-spline) with t(3)

Model M=20, T=100 M=20, T=200 M=50,T=100 M=50,T=200 M=80,T=100 M=80,T=200

C=-5 0.064 0.06 0.0663 0.0607 0.0671 0.0625
C=5 0.0422 0.0425 0.0512 0.0395 0.0601 0.0471
C=-10 0.0666 0.0625 0.0608 0.0605 0.0631 0.0559
C=10 0.0481 0.0405 0.0637 0.041 0.0536 0.0516
. m=20, T=100, (M1), Chebyshev Polynomials - m=20, T=100, (M2), Chebyshev Polynomials
Sieve Estimation
o True Value
40
20 Pty
0
-20
Sieve Estimation
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-40 -10
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Figure 2.1: Plots of sieve estimates and true values of C(t/T) using the or-
thogonal trigonometric basis (Chebyshev polynomial)
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Empirical illustrations

Time series plots on annual growth rates of a real-estate price index (PI
thereafter) for 33 China’s Tier-1 and Tier-2 cities are given in the Figure 2.2.
The period is from January 2003 to March 2013.

8

2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013

Figure 2.2: Real estate PIs for 33 Tierl and Tier 2 cities in China (2003m1 -
2013 m3)

Model specification tests on China’s real estate markets are implemented

for FLUR panel autoregressions as shown in the following table.

Table 2.9: Constancy Specification Test based on Chinese Real-estate Market
Grid 0.2 0.4 0.6 0.7 0.8

Test -8.2648 8.501 2.9358 7.6516 2.2192

Table 2.10: List of the cities

Tier 1 Beijing, Shanghai, Guangzhou, Shenzhen

Tier 2 Tianjin, Shijiazhuang, Hohhot, Shenyang, Dalian, Changchun, Harbin,
Nanjing, Wuxi, Suzhou, Hangzhou, Ningbo, Wenzhou, Hefei, Fuzhou,
Xiamen, Nanchang, Jinan, Qingdao, Zhengzhou,Changsha, Nanning,
Haikou, Chongqing, Chengdu, Kunming, Xi’an, Xining, Urumq
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Chapter 3

Predictive Regression with Time-varying

Parameters: A Sieve-IVX Approach

3.1 Introduction

The empirical finance literature has a long history of discussing the pre-
dictive regression models in which the stock return is regressed on the lagged
value of the fundamental variables. A wide range of macroeconomic and finan-
cial variables are considered as potential predictors (e.g., the dividend-price
ratio, the default-yield spread, etc.). The earlier empirical studies, including
Fama (1981), Campbell & Shiller (1988a.,b), Fama & French (1988, 1989), and
Fama (1990), adopt the framework of parametric predictive regression models
in which the slope coefficients are time-invariant.

However, due to significant changes in market sentiments, the burst of
speculative bubbles, rare disasters, and regime switches in monetary and debt
management policies, the assumption of constant coefficients is highly suspi-
cious. A series of recent empirical studies have recognized the limitations of
time-invariant models and start to accommodate the unstable parameters in
their discussions. For instance, Timmermann (2008) suggests that the local
predictability is detected while the asset returns are not predictable for most
periods. Dangl et al. (2012) evaluate the time-varying predictive regression

models in a comprehensive Bayesian framework and show that the models
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with time-varying coefficients dominate those with constant coefficients. Pyun
(2019) introduces an out-of-sample forecasting strategy for monthly market
returns using the time-varying predictive regression model. Besides, the pre-
dictive regression model with time-varying coefficients employs current infor-
mation to forecast future stock returns. It has been widely applied to study
the lack of predictability in the field of empirical asset pricing (Ang & Be-
haert, 2007; Avramov, 2002; Lettau & Van Nieuwerburgh, 2008; Dangel et al.,
2012; Henkel et al., 2011). These time-varying approaches have led to some
novel stylized facts on the predictability of stock returns. However, the above
attempts initiated by the empirical researchers illustrate the necessity of con-
sidering the parameter instability in predictive regression model. But they still
demonstrate several shortcomings to be resolved. The adopted procedures are
more interested in estimation and forecast, while lack solid theoretical foun-
dations to facilitate rigorous inference procedures. The statistical theory of
the abovementioned procedure is also underdeveloped, which requires more
asymptotic treatments.

The above empirical studies motivate us to consider the following pre-
liminary simulated experiment in the presence of time-varying predictability.
We simulate 1,000 sample paths from the data generating process (DGP)
yr = B (%) Ti_1 + U, Ty = Ty_1 + Uy, in which a variety of functional forms

in B (-) are explored. Assume

Ut 0 1 —0.95
~N ,

Uyt 0 —0.95 1

We further consider the OLS-Wald test under the null hypothesis H#§ : B (0.5) =
0. The empirical rejection rate under the null hypothesis ‘H§ with nominal size
5% is given in Table 3.1. It is evident that the parametric inference approach
produces severe size distortions when the true model contains time-varying

coefficients. When we test H{ using the OLS-Wald test, the empirical size is
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Table 3.1: Empirical size for OLS estimator with univariate regressor

B(t/T) T=2 T=50 T=7 T=100 T =150 T =200
0 0.096  0.066  0.066  0.069  0.071  0.066
-1 0.553  0.684  0.736  0.782  0.835  0.862
cos (%) 0.627  0.724  0.792 0818  0.856  0.882
sin (7£) —1| 0625 0828 0936 0973 0995  0.999

distant from its nominal level of 5%. It will lead to spurious predictability for
most cases. The observation is not surprising as the OLS estimation fails to
consider the instability in slopes. The experiment also illustrates the risk of
imposing the piecewise-constant coefficients. Even though the time-invariant
parameters are assumed for a short horizon (e.g., T' < 50), the perturbation
will produce the over-rejection phenomenon and ruin the validity of the para-
metric inference procedures in the model with structural breaks.

Therefore, a time-varying coefficient regression model is a more suitable
candidate for detecting predictability, which calls upon the non-/semi-parametric
estimation methods. However, the econometric development of the time-
varying predictive phenomenon is only considered by assuming the piecewise
constancy in parameters accompanied with multiple structural breaks or the
piecewise Lipschitz-continuous functions over small open balls (Gonzalo &
Pitarakis, 2012; Demetrescu et al., 2020; Georgiev et al., 2020; Georgiev et
al., 2021). In contrast, this paper proposes a semi-parametric predictive re-
gression model with a time-varying slope evolving smoothly over time and we
allow for regressors with different degrees of persistence. Without imposing
constant assumption in parameters across arbitrary time horizons, our model
has the flexibility to test for time-varying predictability. The modeling strat-
egy intends to reduce the size distortion caused by parameter instability. This
paper employs the nonparametric sieve method to estimate the proposed pre-
dictive regression model. The sieve method can be conducted via various basis
functions (e.g., polynomials, B-splines, etc.). It can also extend to the multi-

variate model without introducing the degenerate signal matrix.
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The literature of nonlinear and nonparametric cointegration models is closely
related to our discussions of time-varying predictive regression model. Specif-
ically, various nonlinear and nonparametric cointegration models have been
estimated via kernel methods (Park & Phillips, 2001; Cai et al., 2009; Wang
& Phillips, 2009ab; Xiao, 2009; Gao & Phillips, 2013; Li et al., 2016; Phillips
et al., 2017). Unfortunately, the usual asymptotic theory of kernel estima-
tion completely breaks down for non-/semi-parametric cointegration model
(Phillips et al., 2017). The failure is due to the singular signal matrix induced
by kernel smoothing and nonstationary regressors. Instead, the sieve method
via global approximation is employed as an alternative in the cointegration
models. For instance, the trigonometric basis functions (Park & Hahn, 1999)
and Hermite polynomials (Dong & Gao, 2019; Dong, Gao & Peng, 2019, 2020;
Dong & Linton, 2018; Dong, Linton & Peng, 2020) are considered for non-
/semi-parametric estimations in the multivariate models with nonstationary
regressors. However, the available results of cointegration models cannot be
applied directly in this paper, since they only consider the unit root behaviors.

Most of the research works containing time-varying coefficients adopt highly
restrictive model setups, as only local-to-unity regressors (Cai et al., 2014;
Georgiev et al., 2018) or locally stationary regressors (Yousuf et al., 2020)
are considered. Comparatively, it is widely recognized that the mixed-root
phenomenon exists in the predictive regression model (Phillips, 2014, 2015;
Kostakis et al., 2015; Phillips & Lee, 2013, 2016; Yang et al., 2020; Lin
& Tu, 2020; Tu & Wang, 2021). Correspondingly, this paper discusses the
semi-parametric predictive regression model with mixed-root regressors. We
propose a new variant of the self-generated instrument, called the Sieve-IVX
instrument, to estimate the time-varying slope. Considering the square inte-
grability of the slope coefficient, a set of basis functions (e.g., polynomials,
splines, wavelet) can achieve consistent approximation when the dimension

of basis functions increases. Therefore, the weights of basis functions can be
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estimated using the standard IVX estimation (Phillips & Magdalinos, 2009),
which help establish the nonparametric estimation. This paper shows the con-
sistency of the Sieve-IVX estimator in various norms. Based on the pointwise
convergence asymptotics, this paper also provides the Sieve-IVX-Wald test for
predictability and model specification at a finite set of time points. Under the
null hypothesis of no predictability, the Sieve-IVX-Wald tests converge to the
chi-square distributions as T goes to infinity.

The simulation results show the finite-sample performance of the Sieve-
IVX-Wald test in terms of empirical size and power. In both univariate and
multivariate predictive regression models, the Sieve-IVX-Wald test excellently
controls the empirical size around the nominal level. Although the power
performance is sacrificed in some sense, its power function still approaches
unity when the local alternative deviates from the null hypothesis. Compara-
tively, severe size distortions are observed for the OLS-Wald and the IVX-Wald
tests, corresponding to the primary motivation to capture the time-varying
predictability in this paper.

The remainder of this chapter is structured as follows. Section 2 presents
the model setup and assumptions. Section 3 introduces the Sieve-IVX estima-
tor based on the arbitrary basis functions. Section 4 provides the asymptotic
theory of the proposed estimator and the corresponding Sieve-IVX-Wald tests.
Section 5 shows simulated results. Section 6 concludes.

Throughout the paper, we employ the following notations. The n x n
dimensional identity matrix is defined as [,,. For some arbitrary matrix M, we
use || M|, | M]|, and || M]| to denote the L>, L? and spectral norms of matrix
M. We employ —, to denote convergence in probability. We employ ~~ to
denote the weak convergence in Euclidean and functional spaces. Equivalence
in distribution is denoted by =;4. If A < ¢- B for some real value ¢, then
A < B. The minimum value between the two arguments is denoted by A, e.g.,

a Ay = min{a,v}.
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3.2 Model Setup

The preditive regression model with time-varying coefficient is given as

t
Y = B, (T) Ti—1 + Uoy, t = 1, 2, ...7T, (31)
where B (%) is an n-dimentional vector (B (%), ..., B, (%)), with each entry

B, (%) being a time-varying smooth function defined on [0, 1] for all j. The
predictor z; is an n-dimentional persistent regressor, and ug; is a stationary
error term. 7' denotes the sample size.

The data generating process (DGP) of (3.1) extends the predictive regres-
sion model of the time-invariant parameters by allowing for the time-varying
coefficients for predictors. In the existing literature, standard predictive re-
gression model accommodates a constant slope coefficient such as B (%) =B
forall t =1,2,....,T. The usual interest is to test the null hypothesis that y; is
unpredictable by x;_; with a time-invariant parameter across the whole time
horizon, that is Hy : B = 0 against the alternative hypothesis that H; : B # 0.
In contrast, the proposed model contains the time-varying parameter that
changes smoothly over time. Comparatively, this paper discusses the tempo-

rary predictive phenomenon on the chosen grid points. We are intended to test

+*
Hoﬂg* - B (T) = 0,

on the grid time points t*. Correspondingly, the alternative hypothesis con-

the null hypothesis

sidered in this paper follows

+*
Hl,t* : B (f) 7é 07

on at least one point of the chosen grids ¢*.
Several restrictions need to be imposed on B (+) to ensure that the identifi-
cation and inference procedures that will be formalized. The assumptions for

the coefficients B (-) are provided in the following Assumption 3.1.
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Assumption 3.1.

(i) The slope coefficient B; () is bounded on the support [0,1]: there exist

constant values B and B, such that B < B; (-) < B for any j;

(ii) Bj(-) is ¢'"-order differentiable with bounded derivatives on the support
0,1]: B B{(-) < B forany1<j<nand1<s<q, where B3(:) is

the st order derivative.

Assumption 3.1 provides the boundedness and smoothness conditions for
the time-varying coefficient and facilitates the sieve expansion which will be
discussed later.

To characterize the mixed-root phenomenon in regressors, the n-dimentional
vector of predictors x; follows the autoregressive process with roots in the vicin-
ity of unity, as follows:

C
Ty = RT:L‘t—l + Uy, RT = In + jToz’ (32)

where C' (:= diag{cy, ca, ..., ¢, }) is an nxn diagonal matrix, a (:= diag{aq, ag, ..., ay })
is an n x n diagonal matrix with each diagonal element a; € (0, 1], and uy
is a n-dimensional stationary linear processe. The DGP of (3.2) considers the
mixed-root phenomenon that incorporates four types of persistent regressors

as defined in the following assumption.

Assumption 3.2.
(i) Unit Root (UR): o > 1 orc; =0, for any 1 < j <mn;

(11) Local-to-Unity Root (LUR): a; =1 and ¢; € (—00,00), for any 1 < j <

n,

(1ii) Mildly Integrated Root (MIR): o; € (0,1) and ¢; € (—00,0), for any

l<j<mn;

() Stationary Root (1(0)): a;j =0 and ¢; € (—00,0), for any 1 < j < n.
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The exact degrees of persistence of the fundamental variables cannot be
trivially specified. To the best knowledge of us, there is no theoretical estab-
lishment in distinguishing among UR, LUR, MIR, and stationary regressors.
Moreover, Phillips & Lee (2013, 2016) show that the spurious relationship
generated by the persistent regressors induces the endogeneity problem and
further leads to a severe size distortion. The size distortions caused by the
persistent regressors and the time-varying slope coefficients can dramatically
undermine the validity of the inference procedure based on OLS estimation.
Therefore, we need a robust treatment irrespective of the exact type of under-
lying persistence.It perfectly suits the discussions of possible misspecifications.

Moreover, this paper imposes a flexible assumption for regression errors.
We assume that the innovation of the predictive regression model of (3.1), uqy,
follows a conditional heteroskedastic GARCH process, and the errors of the
predictors, u,;, admit the stationary linear processes. The detailed discussions

of the innovations are formally presented in Assumption 3.3 below.

Assumption 3.3.

(i) Let ¢, = (ni,¢€}), with n, and e, as in (3.4) and (3.5), denote an R™*!-
valued martingale difference sequence with respect to the natural filtration

Fi =0 (€, €-1,...) satisfying
Er, | [e€)] = Se a.s. and supE ||e]|* < oo, (3.3)
teZ
for some s > 1, where ¥, is a positive definite matriz.
(ii) The process {uo},eq admits the following GARCH (py,pz) representation,
P p2
1/2
uoe = Hy P, Hy=po+ Y orud, i+ o, (3.4)
i=1 k=1

where {1 },c, 15 a matigale difference sequence with respect to F, ¢ is a

constant vector, @1; and o, are nonnegative for all i, k, and Y5 o]+

Zz221 ’@le <1
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(11i) The process {uy} follows a stationary linear process,

Ugt = Zﬂet—ja (35)
=0
where {Fj}j>0 1s a sequence of constant matrices such that Fy = I,

> i Fy has full rank, and Y722 || Fj|| < oo.

Assumption 3.3(i) imposes conditional homoskcedasticity on the martingale
difference sequence ¢;. Assumption 3.3(ii) allows conditional heteroskedasticity
for the prediction error ug;. The conditional heteroskedasticity characterized
by the stationary GARCH process suits the setup of most empirical appli-
cations. Therefore, Assumption 3.3(ii) facilitates the asymptotic development
under the framework of a quite general and realistic setup. Assumption 3.3(iii)
accommodates a stationary linear process for ;.

Based on our model setup, this paper intends to provide a robust inference
procedure for testing predictability to solve the over-rejection problems in pre-
dictive detection. In the following sections, we construct a Sieve-IVX estimator
for the time-varying coefficient in the predictive regression model (3.1) with
mixed-root predictors. Based on the proposed estimator, we also derive the
corresponding asymptotic properties, including the uniform convergence rate

and asymptotic normality.

3.3 Sieve-1VX Estimator

To construct a sieve estimator for B (t/T'), we consider the approximation
using a sequence of basis functions {¢; (-)};_,. The k-dimensional approxi-
mation denoted by B® (-) can be constructed by S2F_, Bi.¢; (), where By
is an n x 1 vector. To simplify the notations, we further combine {ﬁkﬂ-}f:l
into an nk x 1 coefficient matrix (3, expressed as (51'6’1, Br.2s ,B,’Ck), We also

rewrite the k-dimensional basis functions {¢; (-)}¥_, as a vector f; (-), which

takes the form of (¢1 (-),d2 (-), ..., ¢ (-)). Therefore, it is equivalent to write
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the k-dimensional approximation as B%® (-) := (fi (1) ® I,,) B
Define x ;1 = [ (%) ®x;_1. The time-varying predictive regression model

(3.1) can be rewritten as

Y = BrTri—1 + Uok,t, (3.6)

where ug; = up + (B — B(k’))/ () z4—1. Therefore, the sieve estimator is
equivalent to the OLS estimator of model (3.6), and it can eliminate the size
distortion problem in the corresponding inference procedure.

Next, we intend to remove the other source of size distortions generated by
the persistent regressors via the IVX instrument. The main intuition of the
IVX instrument is filtering x; to generate instruments z; with MIR persistence
(Phillips & Magdalinos, 2009). The idea of the standard filtering method is to

filter the persistent regressor z; to generate z; as
Zg = th—l + Al‘ta

where F'is a filtering coefficient and the Ax; is first-differenced regressor. When
F = 0,41, then z; = Ax; and the first-differenced operator is applied to re-
move the persistence in x;. The above approach can eliminate the endogeneity
problem induced by the spurious relationship but it sacrifices the efficiency of
estimation by reducing the signal-to-noise ratio. Comparatively, when F' = I,,,
the level data is kept without filtering. In this way, the estimation efficiency is
preserved while the endogeneity problem jeopardizes the estimating accuracy.
The IVX instrument derives the MIR persistence between the first-differenced
and level data. It ultimately attains the balance between the estimation effi-

ciency and bias control.The instrument, z;, is defined as

C.

Z = Rr.Z 1 + Axy with Ry, = I, + =

(3.7)

where v € (0,1), C, = ¢.I,, ¢, < 0, and Zy = 0. To implement the IVX in-
strument, we have the flexibility of choosing the parameters v and c,. Usually,

we choose 7 = 0.7, 0.8, or 0.9, and ¢, = —1, —10. By the definition (3.7), the
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self-generated instrument is an intertemporal summation of first-differenced

regressors Az as z; = Zz \ Ro7Ax;. By applying %, as an instrument (IV)

for x;_1, we can remove the persistence of the regressors and further eliminate
the asymptotic dependence between the numerator and denominator of the
estimates (Phillips & Magdalinos, 2009).

However, the original IVX instrument cannot be applied directly to the
semi-parametric model setting in (3.1). Instead, considering the model (3.6)
in which the regressors are persistent and large-dimensional (e.g., k — 00), a
modified IVX procedure is applicable to eliminate the nonstandard distribu-
tion generated by the latent persistency in x;, which ensures that the pivotal
distribution of the testing statistics still works in the new setting (3.6).

Since the regressor has the format z,, 1 = f (%) ® x4-1 in (3.6), we
design a Sieve-IVX approach using the following variant of the IVX instrument
Zkt—1 = [ (%) ® Z—1. In this way, z;;—1 can be used as the IV for x,;_ in
model (3.6). It is natural to consider the Sieve-IVX estimator for [, which is

defined as follows,
) >1 -1 > -1
Br = (Zk;,—le,—l) Zy 1Y = B + (Zk:,—le,—1> Zy, 1 Uk, (3.8)

/A ~ ~ ~ /
where Xi 1 = (Tro, Th1s ooy Trr—1)s Zho1 = (200, 215 - 267-1) , and Y =

!/

(?Jh!/z, ---,Z/T)

Correspondingly, the Sieve-IVX estimator of the time-varying coefficient

B (t/T) in the predictive regression model (3.1) can be defined as

m)-(@es e

Further, in order to establish the asymptotic properties of the Sieve-IVX

estimator B (+), we impose Assumptions 3.4 and 3.5 in the following discussion.

Assumption 3.4.

(1) Assume the smallest eigenvalues Ayin (fie (1) fr. (1)) and Apax (fx (7) fr. (7))
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are bounded away from zero uniformly in k and r € [0, 1],
0 < cg < Amin (f () f1 (1) < Amax (fie (r) fi (7)) < o < 00,

(i) Assume the approzimation error to the nonparametric function B (t/T)

satisfies the uniform convergence rate as follows,

sup || B (r) — BY (1)]| = O (k7).

0<r<1

where q is the order of smoothness for the slope coefficient B ().

(111) There exists a sequence of constants ¢ (k) such that sup || fx (r)|| < ¢ (k).
0<r<1

Assumption 3.5. As T — +oo, we assume that k — +oo, % (k) - % —

14+(any)
0, and * 7 = 0.

Assumption 3.4 is typically assumed in the literature of sieve method
(Newey, 1997; Chen & Chirstensen, 2015, 2018; Belloni et al., 2015). In par-
ticular, the parameter ¢ is related to the smoothness of function B (-) and
determines the accuracy of the corresponding sieves approximation. Besides,
as Newey (1997) shows, ¢ (k) = O (k'/?) for B-splines and ¢ (k) = O (k) for
power series. Assumption 3.5 imposes the rate restrictions on the parameters

k and ¢ (k), which depend on the parameters «, 7, and g.

3.4 Asymptotic Theory for Sieve-IVX Estima-
tor

The asymptotic theory for the Sieve-IVX estimator B® (t/T) relies on the

properties of Bk defined in (3.8). We can rewrite Bk as the following decompo-
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sition:
=, -1 =,
B = Bt (ZeoXes)  ZiiUn

1 -1 7, 1 ~ / k t
= Bp+ (Zk771Xk,_1> Zk,—lUO + (Zkﬁle7—1> Zfzk,t—lxt—l (B — B )> (T)
t=1

= O+ A1+ Ay,

where Upy = (Uok.1, Uok.2, - Uor,r) and Uy = (Uoy, Ugg, ..., Ugr)'. The two bias

terms are defined as:

" -1
Al = <Z£:,—1Xk7_1> Z];7_1UO;

= B el w1
Ay = (Zk’_le,q) ;Zk,t—ﬂt—l (B - B ) (f) ’

where the term A; contributes to the estimation error, while the term A,
contributes to the approximation error. The convergence rate for A; and A,

are summarized in the following proposition.

Proposition 3.1. Let Assumptions 3.1~8.5 hold. Then,

(1) the estimation error: ||As]| = O, <@/,‘%>;

(it) the approximation error: |As| = O, (k™9);

(iii) the bias order for Bp: ||Br — Bil| = O, (1 [ mrtes + k:_q>.

As expected, the estimation error increases as the number of the sieve
basis functions, k, increases. In contrast, the approximation error decreases
exponentially as k increases. This comparison illustrates the trade-off between
controlling the estimation error and reducing the approximation error. In ad-
dition, the estimation error also depends on the scaling parameters o and ~.
When v < a, the Sieve-IVX instrument reduces the persistence in the regressor
x; and generates the convergence rate \/W for the estimator Ek; When
v > «, the regressor x; has a lower order of persistence and generates the
convergence rate \/m in estimating the pseudo-true value ;. Compara-

tively, the fact that the convergence rate of the Sieve-IVX estimator is slower
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than the rate of the parametric IVX estimator, as \/W , shows that the
estimating efficiency is sacrificed for the robust model specifications. Finally,
the convergence rate of the Sieve-IVX estimator for [, follows immediately
from Proposition 3.1 (i) and (ii).

The asymptotic negligibility of both terms is sufficient to prove the con-
sistency of the Sieve-IVX estimators. Following Newey (1997), we provide the
results of the mean-square and uniform convergence rates of the Sieve-IVX

estimator in the following theorem.

Theorem 3.1. Let Assumptions 3.1~8.5 hold. As T — oo,

2

B\(k) (%) - B (%) - OP (T1+ku/\'y + kng);

(1) + 34

) 2, [5G =5 )] =00 (c09 (et +47)).

The mean-square rate obtained here is different than that of Newey (1997).

First, since the variable that influences the value of the slope coefficient is
the time index, ¢, we justify the L2-rate for the sample mean square error
(MSE) of the slope coefficient rather than the population MSE. Also, the
derived convergence rate of the Sieve-IVX estimator depends on the nuisance
parameters « and 7, a unique property for the Sieve-IVX estimators.

The uniform convergence rate is derived based on Newey (1997) and cannot
attain the optimal rate of the sieve estimations. Comparatively, some more
recent results, such as Belloni et al. (2015) and Chen & Christensen (2015,
2018), establish the optimal uniform rate for the sieve estimators and discuss
the types of basis functions that can attain such optimal rate. As far as our
concern is to ensure that the convergence result still holds under the supreme
norm, the technical tools of Newey (1997) are sufficient for our discussions.

Moreover, considering the functional coefficients that vary over time, the
predictability needs to be tested on the grid points of a time-series path. To test

for the predictive ability of the regressors, we consider a pointwise trajectory,

[1B:=(B(r).B' (). B (ra)) .
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where {Tj}?zl are the selected grid points on [0, 1]. The pointwise trajectory,

[T B™ is represented as

H J2 10— (B(k) "(r1), B® (ry) ..., B®’ (Td))/
= [(fk (Tl) >fk (TQ) ) ety fk (rd)), &® In} ﬁk

= Pkﬁlm

where Py := (fi (r1), fx (12) , ..., fx (ra))’ & I,,. Therefore, the pointwise trajec-
tory [[ B is the argument of interest in establishing the inference procedures
for testing predictability.

The convergence rate for [ B® follows directly from Theorem 3.1 and is

shown in the following corollary.

Corollary 3.1. Let Assumptions 3.1~3.5 hold. As T — oo,

H§<k>—HB:Op< %Hﬂ),

d

for a finite number of grid points {r;};_,.

To state the aymptotic normality results for Hé(k), it is useful to define
the components of the asymptotic variance formula. Let
M, = P, (2,271Xk,_1>_1 (Z;;,,lgk,q) (X,;,lik,_l)_l Py,
and Yo := E [u3,]. Following Newey (1997), this paper provides the pointwise
asymptotic normality of the Sieve-IVX estimator in the following theorem.

Theorem 3.2. Let Assumptions 3.1~8.5 hold. As T — oo, it is shown that

Mk_% (Hé(k) - HB) ~ N (0,200« Tna) ,

for a finite number of grid points {7“]-}?:1.

Theorem 3.2 includes the pointwise test as a specific case, in which we
just need to choose one point r € [0,1]. When the null hypothesis holds
as Ho : B(r) = 0, the corresponding Sieve-IVX-Wald test induces a pivotal

distribution in testing predictability at the given time point r € [0, 1]. In ad-
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dition, we can also establish the Hausman-type model specification test with a
pivotal distribution under the corresponding null hypothesis. The abovemen-

tioned Sieve-IVX-Wald statistics are discussed in Theorems 3.3 and 3.4.

Theorem 3.3 (Sieve-IVX-Wald Test for Testing Predictability). Let Assump-

tions 3.1~3.5 hold. Under null hypothesis Ho : [[ B = 0, the test statistic

(T15%) (Swotte) " (TTBY) ~ x* (nd).

where T'— 00, and Yoo 18 any consistent estimator for Y.

Theorem 3.4 (Sieve-IVX-Wald Test for Model Specification). Let Assump-

tions 3.1~3.5 hold. Under null hypothesis Hy : [[ B = B - I4, the test statistic

<H Bk _ BIVX | Id>’ (iooMk>_1 (H Bl _ BIVX Id) w2 (nd),

where T — 0o, BIVX is the parametric IVX estimation for the slope, and Sop

s any consistent estimator for Y.

Theorems 3.3 and 3.4 have the potentials to detect the temporary local
predictability and conduct model specifications on a finite set of grid points.
Unfortunately, the pointwise convergence is sometimes insufficient for the em-
pirical analysis as the finite number of grid points have zero measure on the
whole time horizon. The ideal method is to develop a uniform inference proce-
dure to detect the predictability based on the whole time interval. Some recent
papers provide results for uniform inference procedures based on the nonpara-
metric series estimators under the independent errors or the mixingales of the
time-series settings (see Belloni et al., 2015; Li & Liao, 2020). However, the
existing approaches do not allow trivial extensions to the Sieve-IVX estima-
tor. The concerns are given as follows. In the cases of the independent and
identically distributed errors, or the stationary mixingales, the nonparamet-
ric estimators have the signal matrices with nonrandom limits. The strong
approximation is only needed for the Gaussian process of the nonparametric

numerator. However, in the nonparametric predictive regression with per-
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sistent regressors, both the numerator and denominator converge weakly to
nonstandard distributions. A new methodology that employs the empirical
process theory is called upon for incorporating this new scenario. Further
developments on the uniform inference procedures for the time-varying predic-
tive regression model remain still an open question and will be left for future
research.

The number of basis functions k, namely the tuning parameter, has to
be appropriately chosen. If not selected properly, the Sieve-IVX estimator
becomes inconsistent or derives a slower convergence rate. The requirements
for choosing the tuning parameter, k, are given in the following way. First, the
number k needs to be large enough; Otherwise, the approximation error will
dominate the Gaussian-distributed estimation error. Meanwhile, the number
k needs to diverge at a slower speed than the parametric convergence rate.

Thus, the rate restriction for £ should satisfy the following conditions:

k T
Titam + A — 0,

where the parameter 7 is selected by researchers. Theoretically, the optimal
choice of the tunning parameter £ is given by

1+aAy

k< T2 (3.10)

where the notation A < B denotes the case in which A = O, (B).
Unfortunately, the optimal choice for k is unavailable since the parame-
ter «v is usually latent and unobserved. To facilitate the empirical discussion,
we follow the convention and employ the leave-one-out cross-validation (CV),
which minimizes the asymptotic mean-squared-error (AMSE) criterion func-
tion to choose the optimal k. A similar procedure has been used in the kernel
estimations of the semi-parametric time-varying predictive regression model
(Li et al., 2016). In the next section, extensive simulation results also verify

the validity of the leave-one-out CV approach.
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3.5 Simulation Results

We conduct simulations to evaluate the finite-sample performances of Sieve-

IVX-Wald test statistics on predictability detections.

3.5.1 Univariate regression

For the univariate case, the data generating process is defined as follows

y = B(t/T)xi—1 + uo,

C
Ty = RTﬂft,1 -+ Ugt RT =1 + ﬁ, (311)

where y; and x; are scalars. For ¢t = 1,..., T, the innovation sequence uy; admits

a GARCH (1,1) representation:

Uot = Htl/Qnta Hy =@y + orug,_y + paHy o (3.12)

where 7, ey N (0,1). We set o9 = 1,1 = 0.2 and ¢y = 0.3, respectively.

The innovation sequence for x; is also assumed to follow a standard normal
distribution, . N (0,1). Denote the contemporaneous correlation coef-
ficient between 7, and u,; to be p (:= E [uy]). In the simulation study, we
consider the case in which the correlation coefficient p = —0.95, whose value
is consistent with the empirical findings in the financial market.

To compare with the parametric estimators, we employ a class of functional
forms B (t/T). Both the time-invariant coefficient (Model 1) and time-varying

coefficients (Models 2 and 3) are considered in our simulation study:

Model 1: B (t/T) =0,

t
Model 2: B (t/T) = -

Y

Model 3: B (t/T) = sin (H %) —1.

N | —

This section conducts the Monte Carlo simulation using 1,000 repetitions

with values C' € {0,—10}, o = 0.7, p = —0.95, different functional form of
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coefficient B (t/T') (e.g., Models 1~3), and the sample size T' = 200.

For each of the simulated paths, we obtain the Sieve-IVX estimator by
applying the k-dimensional series to approximate the time-varying function
B(t/T). The IVX instrument is constructed as in equation (3.7) by nor-
malizing the parameter C, to be —10. The IVX rate parameter v is set as
{0.5,0.6,0.7,0.8,0.9} respectively. The optimal bandwidth & is chosen by min-
imizing the leave-one-out Cross-Validation (CV). Since this section intends to
demonstrate the superiority of the proposed Sieve-IVX estimator over the com-
peting counterparts, this paper applies the Sieve-IVX, Sieve-OLS, IVX, and
OLS estimators for model comparisons in Models 1~3.

To evaluate the performance of the Sieve-IVX-Wald test, we focus on test-
ing the predictability at the midpoint of time (i.e., B(0.5)). To be more specific,
we employ the null hypothesis Hy: B (0.5) = b, where b = 0 in Models 1~3.
The simulation results regarding the empirical size with a univariate regressor
are shown in Table 3.2. In all the simulation studies, we choose the nominal
size to be 0.05.

First, we observe for the unit root case (C' = 0). The Sieve-IVX-Wald test
in which v < 0.8 has excellent size controls across all the functional forms of
B (-). In the MIR case (C' = —10, a = 0.7), the size distortions are relatively
lower and can be entirely eliminated by choosing a smaller value of ~, say
v = 0.5.

Next, we consider the comparison of size performance between Wald tests
based on Sieve-IVX and IVX estimators. Evidently, the Sieve-IVX procedure
demonstrates huge advantages of size control over its counterpart under the
null hypothesis across different functional forms. For all choices of B(¢/T) and
v, the empirical sizes of the Sieve-IVX -Wald tests are close to 0.05. However,
the IVX-Wald tests only have size control for the time-invariant coefficient case
(B(t/T) = 0). They show severe size distortions for the time-varying models,

which range from 0.1 to 0.9. The findings are not surprising as the parameter
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instability will inevitably lead to high rejection rates under the null. The above
comparison corresponds to the motivation of this paper, considering the time-
varying features of predictability. When the parameter instability cannot be
omitted, the Sieve-IVX procedure will reduce the chance of making Type I
error and obtain more reliable decisions of predictability. Besides, the Sieve-
OLS-Wald test also exhibits size distortions, especially when the regressor has
high persistency (C' = 0).

In all, this paper finds that the Sieve-IVX-Wald test shows evident im-
provements over the size controls under the null hypothesis of both parameter
instability and persistent property. The above numerical experiment again
demonstrates the necessity of proposing the doubly robust method with both
the self-generated instrument and the nonparametric estimation.

This paper also examines the following sequence of local alternatives to

show the power performance of the Sieve-IVX-Wald tests:

B(0.5) = —, for § € [—10, 10].

N>

This section computes the local power of the Sieve-IVX-Wald tests given the
above local alternatives. It is obvious that § = 0 implies B (0.5) = 0, which
corresponds to the empirical size of each test. Here, Figure 3.1 presents the
local power plot for the time-varying coefficient B (t/1") = sin (nt/T) — 1 in
which the parameters C' = 0, p = —0.95, and sample size T" = 200. The plot
includes the power comparison for different values of v € {0.5,0.6,0.7,0.8,0.9}.
The results show that as 7 increases, the power of the Sieve-IVX-Wald test
improves. Since the tests have slight size distortions for the case in which
is large, this paper recommends a moderate value of v in the empirical study,

say v = 0.7 or 0.8.
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3.5.2 Multivariate regression

This subsection further explores the finite sample performance of the Sieves-
IVX Wald test under the multivariate case. In the following discussion, we
assume the number of predictors to be three. Particularly, the data generating

process is imposed as follows

vy = B'(t)T)xi—1 + uo,

C
Ty — RT.CEt_l + Uzt RT = [3 + ﬁ, (313)

where 3, is a scalar and x; is a 3 X 1 vector which denotes the three-dimensional
predictors. In the simulation study, we consider the unit roots case (C' =
diag (0,0,0)) and mixed roots case (C' = diag (0,—10,—50), corresponding
to the case of a unit root, a MIR, and a stationary predictor). We choose
o = 0.7 - I3 for both cases. The innovation ug admits the same GARCH
(1,1) reprentation defined in (3.12). Denote the collection of the error term
¢ = [n,u.,]’, which is assumed to follow N (0, X). In the simulaiton study, we
set the variance of each error term to be unity and the correlation coefficients
Y9 = —0.75, X135 = —0.75, ¥4 = —0.75, Yoz = 0.7, X9y = 0.5 and X3y =
0.5. The coefficient of the predictive regression B (t/T) is a three-dimensional
function. Similar to the univariate case, we employ a class of functional forms
for each element of the slope coefficient.

We conduct the Monte Carlo simulation using 1, 000 repetitions with differ-
ent values of C, different functional forms of time-varying coefficient B (¢/7),
and sample size T = 600. For each of the simulated datasets, we examine
the empirical size for the Wald test of coefficient at the midpoint of time. To
be specific, we consider the joint Wald test under the null hypothesis that all
three coefficients are jointly equal to zero at the midpoint of time. That is, Hy:
B (0.5) = (0,0,0). The Wald tests are constructed based on four estimators,
including the proposed Sieve-IVX, Sieve-OLS, IVX, and OLS estimators.

Table 3.3 presents the empirical size of the Wald tests in the multivariate
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regression model. First, we focus on the Sieve-IVX-Wald test with various
choices of . With the unit-root regressors (C' = diag (0,0, 0)), the size distor-
tions caused by the (1) persistence are relatively lower and can be entirely
removed by choosing a smaller value of v. When the mixed-root regressors
(C' = diag (0,—10,—50) are considered, we also find a slight oversizing phe-
nomenon when - is large. The empirical rejection rate peaks around 12% and
doubles the chance of rejecting the null hypothesis. Therefore, this paper sug-
gests choosing the value of v to be 0.5 to cure the size distortion. On the other
hand, even with a small value of 7, the IVX-Wald test only has size controls
in the case of the time-invariant coefficient but becomes extremely oversized
in the case of the time-varying coefficients, e.g., B (t/T') = sin (%) — 1. Sim-
ilarly, the Sieve-OLS-Wald test also exhibits size distortions, especially when
including more persistence regressors.

We also examine the power performance of the Sieve-IVX-Wald tests. Un-
der the joint null hypothesis Hy: B (0.5) = (0,0,0), we consider the following
sequence of local alternatives to show the power performance of the Sieve-IVX-
Wald tests:

B(0.5) = 0 (1,1,1), for 6 € [-10,10], (3.14)

VT
with 6 = 0 corresponding to the empirical size of the test. Local power func-
tions are computed with three I(1) regressors and the sample size T = 600.
Figure 3.2 presents the local power plots of the Sieve-IVX-Wald tests. The
plot includes the power function for different values of v and shows a similar

pattern as in the univariate case.

3.6 Conclusion

Recent research has suggested that the stock return predictability via eco-
nomic fundamentals shows time-varying feature. So the inference procedures

dealing with constant parameters or piecewise-constant parameters can re-
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sult in severe size distortions. Our motivation for this paper is to establish a
predictability test, which is robust in terms of the parameter instability and
the mixed-root phenomenon in regressors. In order to eliminate the spurious
predictability induced by model misspecification and the endogenous regres-
sors, our Sieve-IVX approach that combines the IVX estimation and the sieve
approximation shows robust property. The tests rely on the self-generated in-
strument (Phillips & Magdalinos, 2009) and the sieve estimation (Andrews,
1991a; Newey, 1997; Phillips, 1998, 2002, 2007; Chen, 2007; Phillips & Liao,
2012; Belloni et al., 2015; Chen & Christensen, 2015, 2018; Dong & Gao,
2019; Dong et al., 2019, 2020; Li & Liao, 2020). Intuitively, the endogene-
ity problem of the predictive regression results from the spurious relationship
induced by the near-unity persistent regressors, while the self-generated in-
strument eliminates the problem by controlling the persistence of fundamental
variables. The employed sieve method attains the standard asymptotic nor-
mality. Since the limiting distributions of the corresponding statistics follow
the pivotal distributions, the critical values of the chi-square distribution can
be used for predictability inference. The above asymptotic theory holds for a
broad class of innovations. Monte Carlo simulation results demonstrate that
the proposed tests show size controls with finite sample, as well as satisfactory
power performance in detecting temporary predictability.

This paper concludes with two suggestions for future research. First, the
uniform inference procedure is called upon for testing predictability as the
current method is capable of testing a finite set of grid points whose measure
is zero on the whole time interval [0, 1]. Unfortunately, the extension from
the predictive regression models with stationary regressors (Li & Liao, 2020)
to those with the nonstationary regressors is not trivial, since the strong ap-
proximation to the non-Gaussian distribution is still an open question to the
best knowledge of us. Second, the current framework only incorporates a fi-

nite number of regressors, while the discussion of large-dimensional regressors

68



is of general interest. Very recently, few papers (Koo et al., 2020; Fan et al.,
2021; Lee et al., 2020) provide relevant results of the large-dimensional predic-
tive regression. Currently, the available results of large-dimensional predictive
regression consider the mixed-root phenomenon where only the dimension of
stationary regressors diverges, while the dimension of nonstationary regressors
is fixed. The abovementioned results can be further strengthened by enlarging
the dimensions of both stationary and nonstationary regressors and applying
the sparsity restriction in parameters. This proposal again raises the technical
difficulty of providing a strong approximation to non-Gaussian approxima-
tion. Therefore, to push the frontier of the predictive regression models in the
context of the large-dimensional predictors, the strong approximation for the

non-Gaussian argument of a diverging dimension remains to be developed.

Tables and Figures
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Table 3.2: Empirical size under the univariate case (d

= 1) and sample size

T = 200
B(t/T) Parameter | Est. VX OLS
vy=05 =06 =07 v=08 ~=0.9
C=0 Sieves | 0.029 0.043 0.046 0.046 0.066 | 0.148
0 Linear | 0.053 0.068 0.07 0.073 0.065 | 0.064
C =—-10 | Sieves | 0.048 0.059 0.072 0.082 0.084 | 0.121
a=0.7 | Linear | 0.067 0.082 0.088 0.081 0.074 | 0.068
C=0 Sieves | 0.032 0.044 0.058 0.059 0.076 | 0.183
-3 Linear | 0.126 0.215 0.339 0.468 0.562 | 0.867
C =—-10 | Sieves | 0.050 0.059 0.073 0.080 0.086 | 0.130
a=0.7 | Linear | 0.050 0.065 0.085 0.113 0.167 | 0.345
C=0 Sieves | 0.031 0.044 0.058 0.058 0.062 | 0.121
sin (77%) -1 Linear | 0.496 0.694 0.798 0.863 0.897 | 0.998
C =—-10 | Sieves | 0.068 0.081 0.071 0.074 0.080 | 0.083
a=0.7 | Linear | 0.605 0.820 0.933 0.981 0.987 | 0.997

Table 3.3: Empirical size under multivariate case (d

= 3) and sample size

T = 600
B(t/T) Parameter | Est. VX OLS
vy=05 =06 v=07 =08 =09
C=0 Sieves 0.013 0.030 0.047 0.073 0.095 | 0.442
0 Linear | 0.034 0.049 0.062 0.071 0.074 | 0.166
C = —10 | Sieves 0.036 0.050 0.061 0.064 0.078 | 0.147
a=0.7 | Linear | 0.039 0.050 0.056 0.059 0.070 | 0.082
C=0 Sieves 0.018 0.034 0.058 0.089 0.120 | 0.530
% — % Linear | 0.636 0.834 0.928 0.982 0.993 | 0.999
= —10 | Sieves | 0.038 0.056 0.059 0.066 0.081 | 0.176
a=0.7 | Linear | 0.317 0.502 0.670 0.800 0.869 | 0.977
C=0 Sieves 0.038 0.079 0.107 0.151 0.181 | 0.337
sin (w4) — 1 Linear | 0.891 0967 099 0997  0.999 | 1.000
= —10 | Sieves 0.057 0.076 0.097 0.117 0.124 | 0.166
a=0.7 | Linear | 0.947 0.969 0.977 0.990 0.995 | 1.000

70



0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2 -

0.1

gamma=0.5
— — gamma=0.6
gamma=0.7
gamma=0.8
— — gamma=0.9
= == Nominal size 5%

Figure 3.1:

gamma=0.5
— — gamma=0.6
gamma=0.7
gamma=0.8
— — gamma=0.9
— - — - Nominal size 5%

Figure 3.2: Local power function for testing with multivariate regressors
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Appendix A

Technical Results for Chapter 1

Proof of the main results

In this appendix We show the technical proofs for IVX method under FLUR,

FMER and FMSR cases.

Proof for FLUR

Lemma A.1. If Assumptions 1.1 and 1.2 hold, as T — oo,

2

~0, (T2’y+1) .

sup E H”’%Zfl
1<t<T

Proof of Lemma A.1: Set xqg = 0. The inter-temporal summation of
innovations is given as

j—2 7 j—1
Tj—1 = Z ( H RTm) Uk + Uy, j—1-

k=1 \m=k+1

Based on the inter-temporal accumulations, we have

2
o)
t—1 i ] ‘
_ tr{z R0 (T) (xi—ﬂ;q) C (T) RtT—ZJ—l}

ij=1
i i i ' . i
e ()] e ()] I L i
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ij=1 k=1 I=1
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where

H RTWH

m=I+1

J
[I Rrwmand REY =

m=k-+1

R =

and some M < oo. If Assumptions 1.1 and 1.2 hold for any i € {1,2, ...

ez, -

Therefore we justify the stochastic order of the term as,

e (9o

Similarly, by Assumptions 1.1 and 1.2, we have

we have

1 T

T
j=1

||eTCzC(7")"OOd7" +o(l) < +oc.

1<t<T

o, ],
o L [i] R(TrI=5)
0<7"121 T =t Tt
) (T7] [Tr] .
= rae e | 3 C(F)
(Tr] 1 (T] m N J m
= 02121 2 T ||exP Z C (7) exp (— m:1C (T)) )
p
= sup |lexp ( (s) )H ‘ exp (/ C(q) dq) de + 0, (1) < o0,
0<r<1 0 i~

and

sup
L<t<T 52

According to the formulation of innovations, we have

where Ty, (1) = E (ugul,_,).

)| < 400,

Z Ty (1

l=—0

Combining the asymptotic results above, the
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stochastic order of IVX residual is justified as

2
2 ] (k) +oo
su EH ‘ < RTI 0 (_)H su HR H s (1
1§t£T nTt ! - <1<t<T Tz T 1<t£TZ l:z_:oo T (D]
= O, (THQ”’) .
[ |

Proof of Lemma 1.1: (i) According to Lemma A.1 and the mds property

of uq, it is easy to verify that

T T
Z z—1ugr = Op (THTW> and Zn(T{i_luOt =0, (Tlﬂ) .
t=1

t=1

(ii) Based on Lemma A.1,

as T — oo. For the covariance term, we have

/
E Zp— 1Zt 1 =0, T1+7 and g 77Tt 1( ¥2_1> =0, (T2+27),
T , T
! 2 : 2
Zzt—l (77’},1)5—1> ( ||Zt—1||2>
=1 t=1

t=1
(Z Hnm 1H >
0, (T¥>

!/
by Cauchy-Schwarz inequality. Therefore we have ZtT:l 21 (77511 2_1> =0, (T %) .

=
N[

IN

By combining above results, we can verify that

T T
! E Z1Z 4 = E 212y 4 + =
T+ =17l T1+7 il T2+v

t=1 t=1

1 1 1)
+m Z 775’,271 (Tz)H
t=1

1
= 7 Z 2124 + 0p(1).
t=1

T
Zzt 1 (UTt 1) +Z77Tt 120 1]

t=1 t=1

(iii) We can decompose the IVX denominator into two terms. The first part

follows the derivations as,

/ ! / !
2%y = Rz 2Ry + Rz qUge + g @y Ry + Ugg Uy,
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By taking summations across time horizon,

C, 1\] <« ,
()|

t=1
T

T T
/ / / !/
= Rr,z0ry — 2rxp + R, g 21Uzt + E UgtTy_q + g Ugt Uy -
t=1 t=1

t=1

Therefore, we have the following approximation as,

1 1 « 1
T Y ual=- T D umy y + T > sty + 0, (1)] ch
t=1 t=1 t=1

Similarly, for the second term involving 77% 271,

t t
775"11 1xt 1 _RTzWTt 1xt 1RTt+RTz77Tt 1Ug t+C( )xt 18y Ry +C (T) Ty 1 Uy

We take summations across time horizon as

C, 1 L
{—ﬁ*' (ﬁ)] Zﬁc(m)r 141
L[t
= RTZn(le)mg nTTxT + Rr. Znﬂ (Ut + ZC’ ( ) 1Ty + Z C (?) T UL,
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Finally, we derive a similar approximation as follows,

T T

1 1 t _
T2+ TI(TZ 1Ty == Z c <f) zeazy_C7 1 + op(1).
t=1

t=1

Proof of Theorem 1.1: (i) is verified by PM;

(ii) can be obtained by applying Lemma 1.1. As T'— oo,

1 < 1 & 1 &
S DIECREE S PG
t=1 t=1 t=1

1
- (/ B, (r) K’ (1) dr + Q) o
0

and
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1 t
72 2.C (f) Ti1) 40, (1)
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= —/ C(r)K.(r)K.(r)drC;*.
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C_l

z

1 1
T2 Z 775“,1)5—1%—1 =
t=1

(iii) is easily derived based on (i) and (ii); (iv) is a natural extension of (iii).
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Proof for FMER

Proof of Lemma 1.2: Since ¢; is assumed to be mds, we can apply the
martingale central limit theorem.

(i) Stability condition: When & + é — 0,

kT kT
1 1 kr—1+1
To/2 Z lexp <_T_a Z C < T )>

j=1 I=kp—j+1

kT A
1 - 2 b 141
= [Etr {ﬁ ZF$(1)€j€ij(1) eXp <_T_& Z ¢ (T)>] }
e I=kr—j+1
kr kr
9 — 1
exp (—T—a > ¢ (%))

j=1 I=kpr—j+1

[Tr]))T~ z kT
= / exp (—2/ C (x?) dx) H dz - ||Quz]| + 0, (1)
1/T 0 oo

400
5 / loxp (—2:C (O)]].. d= - (]l

1
Toz

IN

Therefore, we have

+0o0
kaka = / (0)an::ve_C(0)pdpa

where f0+°o e~ C0rQ) e~ COrdp is a constant matrix. We show the stability

condition.
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(ii) Lindeberg condition: For arbitrary § > 0, as T" — o0,

2

exp (—— - c(%)) R0,

I=kp—j+1

- o kT
I |\gj|\>5Tzexp<TLa > C(M))]

I=kr—j+1
kJT kT
1 2 k’T — l + 1 2
< Ta ) ||xP <—ITQ Z ¢ (T)) H E ;]
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j=1 I=[Tr]—j+1 0o
T [ 2T [
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2[|C(0)]l 0 HesI™2 (e )

Therefore we successfully verify the Lindeberg condition. Summarizing (i) and
(ii), we apply the martingale central limit theorem and have the following limit

theory
+o0
Thyp LN (O,/ e_c(o)mee_C(o)pdp) .
0

Proof of Lemma 1.3: The proof follows PL. For kr < j—1< T,

i 1 . 1 7—1 1 7—1 ] .y A
.I'j,l = m.ﬁj,l = m EGXP —ﬁlz‘c T ux,ifla ( 1)
1= =)t
where e i
fj—l = exXp ﬁ Zz:; C (?) Tj—1- (A2)

By (A.1), (A.2) and Beveridge-Nelson decomposition in Phillips and Solo
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(1992), we get the following expansion,

1 = (-1
a2 ZC( T )

i=j—i

1= (i1
_TO‘/2 ZC( T )

i=j—i

j—1

1 1
7704/2‘%_1 - ZT&/Q exXp
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1 =

~ s D OXD
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We define ¢p (1) := \/LTS[TT} = \/LT Zgrl] g;. According to Zaitsev (1998), for

Fa: (1) €i—1

Aéi_l.

some g > 4, there is a Brownian motion adapted to the expanded probability
space by a strong approximation. We construct a Brownian motion B (r) for

some q > 4 with the following uniform approximations

) — O, <T’%+§+€> .

2 (|20

For each t =1,2,...,T, we define

e t t—1
ﬁ =B (T) - B (T) and dt = RTtdt—l + Uy,

where vy = F, (1) e, — Aé;. Similarly, we have
j-1

722 (1)

=1

U IR S A
= TC“/2 exXp —m ZC(T) Fx(l)ei—l—

l=j—i

dj—l

— 1 1 = (-1
TC“/2 exXp —m Z C(T) Aei—l'

i=1 L l=j—i

By triangle inequality, we bound the difference between the empirical process

and its limiting process as follows,
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(i) For the term of (B.1), we intend to show
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First, for the empirical process, we have
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Second, for the limiting process, we have
1 1= (]
Tar2 Zexp C( )

i=1 l =j—i
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Tar2 ° T — T
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Therefore, the distance between empirical process and limiting process is bounded

(1) e

as follows,
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When kp < j — 1 < T, for the term of (B.1.1), we have
5 oo £ (5] o042 -1
- Z exp —Ti l 7)) oo [T] ) )
exp [ /ZC' (xg) dx] C (Z§a> Hoodz+ o(1)
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where j — 1 > T holds. Similarly, we have
s (F)]| oo ()
- ~ |lexp |— C dz]
T« Z; N 0 T

due to the rate restriction j —1 > T“. Moreover, with rate restriction aq > 2,

exp

‘ o0

(A4)

the Skorohod embedding theorem illustrates the uniform approximations of

Brownian motion as

VT
o | Sup Mlor () = B ()]l = 00 (1) (A.5)
Combining (A.3) (A.4) and (A.5), we can justify that (B.1) = 04 (1).

(ii) We are supposed to check that the following two arguments, (B.3) and

(B.4), are asymptotically negligible as,
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Since (A.7) and (A.6) share identical derivations, without loss of generality,

we concentrate on (A.6). We decompose
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Tam DO | =
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into three terms as (C.1), (C.2) and (C.3) as

1 — (i1
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For (C.3), based on the summability assumptions on innovations, we have
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With aq > 2, Borel-Cantelli lemma applies as
N P L . < 3 O !
; T '_ZT/Qgt >e ] < ; '_ZT‘I/Q < Q.

Based on the fact that |lexp [-7C (+)]|| = o(1) and (A.8), we have the

1 1 1 _
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Similarly, for (C.2), with 7% < kr < j—1 < T, we have
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By Borel-Cantelli lemma, the following argument holds
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where the following fact holds,
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I=j—i+1

Similarly, if k7 < j — 1 < T, it shows that

=1

1 -
T3a/2 Z {eXp [__

l

=j—i+1

j—1
pe

)

o(r)}e
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c (T) } ~/ " exp 140 (0)] € (0)dg < +oo.

1
~ Oa.s. <m> .

(A.10)



Combining (A.9) and (A.10), we have the aysmptotic negligible term as

j—1

S B ()
Similar derivations apply for Aé;_; as

j—1 Jj—1 .

o S Bl o

(iii) To prove that
oy

kTgsju—IigT Zzl Tayz &XP l;ZC' ( ) » (1) e; = Xe)|| = 0as. (1),

where the martingale central limit theorem can be applied to show pointwise
convergence. Based on pointwise convergence, the uniform approximations can
be justified as what we did for Lemma 1.2. B

Proof of Lemma 1.4: For IVX residual ngpt Z] | Rr.C (]T) xj, we

justify the following uniform approximation as

s (20 (7))

1 ! e
= it © XP( TQZC( )) > R;Z]C<f)xj—1+0p(1)a

Jj=kr+1

where the following asymptotic negligibility holds as,

e (230 (4 ))ZR;;(J( JEE

IN

7j—1

1 1~ [ 1 b
< syl (B () o [

and R := eXp( a) with C =c¢- I, and ¢; < ¢ for all : = 1,2,...,n. The last
line of asymptotic negligibility in (A.11) is due to the following two facts:

1 1 HC ;
_TO‘/Q exp —ﬁzzl T Ti_

:Op(1)7

sup
j—1
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1 1= i 1 1 < i
Sup || 7275 X (‘ﬁ;(’(f))% Torr ZRTz exp (TZC(?»

= op(1),

o0

(A.11)



and

o IR |12 I RYE -1
= 0 s Il i e ot
(HRTZIV R )
T (| RIS - 1)
= o(1). (A.12)

t—j pt—j
Tz R

o

= 0

We discuss the validity of (A.12) as follows: When z—: + g—; — 0, we have

IR|IZF" = 0, || Rr-||** — 0, and

L maxcz max C;
T (|Re | IR~ 1) = T( i )

1+ ﬁ max C,;

)
— max () if a >,

- max (¢;) if o <7y,

max (¢;) — max (c,;) if a=1.
\

Therefore we verify the boundedness of the denominator in (A.12). To jus-
tify the asymptotic negligibility of the numerator in (A.12), we introduce the

following decomposition as

_ _ t—Fk t—Fk
IR I = O (e (max e 7 Y exp (-~ maxe) ‘70 ) ),

where the following rate restriction tT’jT + k= kT — 0 holds. Therefore, for any

€ [kr, T], we have ||Rr. || IR = o(1) and | Re. |50 RIS = o(1).
Based on the arguments above, we justify the asymptotic negligibility of (A.11)
as

_at2(any)
2 exp

. 2::0 (%) k_T c (%) xj] —o (1), (A13)

Based on (A.13), we apply the approximation and justify the asymptotics of
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IVX residuals. We provide details as follows,

B t .
1 1 1 (1)
T5+(@ny) XD T e Z ¢ (f) Tt
L 1

1 1 i ¢ e
= TEtesm P _FZC<T> 2 fnc (T) ERR

| i=1 1 j=kr+1

1 1 G NS
i 1

j=kr+1

1 1 < i<~ i (] 18 /i
= Tlan) FP | T a > C (f) > RyC (f) XPp | 7 >.C (f) Xew) +op(1)
i=1 j=1 i=1
Note that
1 1 < (Z) Lo 1N /i
—=exp |—= ) C| = ZRTZ]C (—) exp |- C <—>
T(any) Te = \T)| 4 T Te &~ \T

For any persistent regressor 1 < m < n, we have

t . t .
1 Cy \ 177 1 1
Tiory 2 (75) e | Lo (T)

_ 1 . -(t_j)cz J

1 ! 1 ¢ ;
1 A
= 7 2| s ((t et -y e, T))

J= L =3

(i) If a > ~,

1 1 . t ;
Tor O P | ot (“ —DeT* =T} en (T>
=1 :
t 3 . )
— 1 (t — .7) Cy t—17 J
-~ Tlen) ;exp A -0 ( Ta Cm T

1 & [t-pel (i DT te-pel  (d
~ T P | e (F) = 2 e | en (AR
j=1 - j=1/T(ar)
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Since m <5< m holds, we have ¢, (%) — ¢m (0) as T'— oco. Equation

(A.14) can be computed as,

t/T(O‘/\W) t/T(a/\'y)

(t_j)cz j (t_j)cz Cm(o)
Z exp {T Cm \ 7 ) ~ Z exp | Cm (0) = — P
j=1/T(@A7) j=1/T(ar7)
(i) If o < 7,

t
1
T(any) JZ;GXP To+~

- t—j 1 o i
- T(aAv);eXp O( T )_ﬁzcm <T>

1 < 1 i j
~ m Zexp —ﬁ Cm (T) Cm (f)
=1L i=j
t/T(aM) r t .
1 l
~ Z exp | =72 ) Cm <T> ¢m (0)
j=1/T (e ) L i=j
t/T (@) [ t7e .
=Y e~ Y e (T) e (0)
j=1/T (") | =i/T
t/T (@A) [ ()1 b
= Z exp |— Z cm< ;Z) Cm (0)
j=1/T(ar7) L =0
(t=1)/T") (t—3)/T b
B S [ S (=) P
j=1/T (@A) =0
(t=1)/T(ND) j "
= / exp [/ Cm (—z) dz} dj - cm (0) +0(1)
0 0 T
- . - ¢m (0)

— /0 exp[ J Cm (O)} dj - ¢ (0) e (0)
where we have ¢, (%) — ¢m (0) due to the following rate restriction m <
J < -

(ili) If o =,

1 < [t—i
ﬁzlexp (t—j)cz—‘ocm( T>
j= i=

(t-1)/T(@") iy
= / exp [j e, — | e (—z) dz} dj - ¢ (0)[1+0(1)]
0 0 T
(

— / explj-c.—7 cn(0)]dj-cn(0)=
0

1
Ta
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<

where we have ¢, (%) — ¢m (0) due to the following rate restriction m <

J < W We conclude this proof. B

Proof of Lemma 1.5: Due to the dominance of IVX residual in numer-

ator and denominator, with k7 defined in Lemma 1.4, we have the following

approximation

()
()

The first equality comes from the dominance of the IVX residual in the nu-

T
1 (1)
= Tatr) Z UOtnT,?t—l exp
t=1

+o,(1). (A.15)

T
1 (1
= Tat(ar) Z UotTr,t—1 €XP
t=k

merator. The second equality is due to the following derivation
T .
1 J
N ol IEA
()]
7j=1
e | -7 o0 (5
Ta 4 T

kr—1
1 1
= |qarz 2 0\ Frarmeiam i P
t=1

1 kr—1

1)
Tat(any) Z uOtné,i_l eXp
t=1

. 1 (]
(1)
< Ta/2H(any) e \r
< 1i?£T||UOtHOoliltl£T Te/2+(any) N1 €XP T ; (T) ||
| kel 1 &
T > lexp —ﬁZC (f)
—1 L j=t [e%¢)
1 & Ly
< Op (1) Te/2 Z exXPp <_ﬁ ZQ)
=1 j=t 0o
1 IR Ly
= Op(1) 7gpg ||exp <_ﬁ ZQ) > exp <ﬁ A Q)
j=1 t=1 j=1 o0
kr—T
- 0, (TW eXp( T Q) H ) ot
where we define C := c- I, with infi<;<,, inf,cpo 00y ci(7) > ¢ . As ]ﬂ:};T o

we have

0, (TQ/Q

() ) o
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Therefore,

1 kpr—1 | I ;
Ta+(any) ; UotT)p 1 €XP " Ta ; C (T) =0, (1)
(i) Based on (A.15), we have
1 1 T ]
- (1)
Tat+(any) ; Uotllrp—1 OXP | =g ; C (T)
1 1 T ]
— (1)
T Tat+(eny) Z Yot 11 €XP “Ta Z C <T) + 0, (1)
t=kr j=1
1y L S ' 1 &
= (1)
- Te/? ZUOt{WeXp _ﬁzc(f) 77Tt1} exp _YT“ZC(?> +
t=kp = o
Op (1>
1 T
- Ta/2 Z“Ot CarXeq) +0p (1)] exp ZC< ) +0, (1)
t=kp
1 < 1 T j
- g Xm0 (3) [ +a
t=kp
1 T i 1 T ]
/
= —5 Zum [C’MXC(O)} exp | — 7 ZC’ <—> +0,(1)
T / =1 I T j:t T
T M T—t .
1 / 1 T—7
= s Do [ConXow] exp | =7 > C <—) +0, (1)
T/ =1 I T s T
= MN(0,V),

where 0 < j < L=t TT < 1. The variance matrix V follows

“+o00
Vt_/ e PN C o Xo(0)X0) Care W dp - Q.
0

(ii) Since the IVX denominator follows the decomposition as,

T T

T
~ 1 1
Zzt_lx;_l = Zzt—lx;_l + Ta ZH(TZ 1xt 1
t=1

t=1 t=1

By the dominance of exponential rate in IVX residual, we have the following

approximation
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1 r [ 1 T j | i 1 T j 7
e ICIE S wel (| ERERE B i €
Ta+(any) — i T s T ] i T p T _

1 T [z i 7 [T i 7
gri o | =75 € () [ttvew |- 0 (5)] +
Tot(any) — i T py T ] i T p T _

1 T A i 1 1z i 1

1
T2a+(any) Z P T e Z ¢ (f) 77%3:—1%,5—1 XP | " Ta Z C (T
t=1 Jj=1 § J=1 i
1 < Y 1 <& j
1
- T2a+(a/w Z exp " Ta Z ¢ (T) U(T,l)t—ﬂ;q exp T Ta Z C <T> + 0p (1).
t=1 L Jj=1 i L j=1 i
For the leading term, we have
1 r 1 T j 1 T j
L
T2a+(any) ; eXp T Ta jzl C (f) Npi—1%y—1 €XP T Ta JZI C <T>
P o C 7 o C J t—1
Ta tzk exp Ta ; (T) {exp Ta JZI (T) Ta/2 }
—kp — -
1 J 77’}12 1 / d J
' {exp T Ta 21 ¢ (f) Ta/z{an) } R ZtC (T) +op(1)
j= =
T T—t . —t
7o 2 | 7 2. € (" )] XewXe exp [_ﬁ] >0 (52| 0 rent)

TOL
T

0
T-T¢ p T —
(q T )dQ} XC(O)X/C(O) exp [—/ C <q
0

op (1)
+00
- /0 eipC(l)XC(O)X/C(O)eipC(l)dp Cay =

) dq} Coqdp +

(iii) is proved by continuous mapping theorem based on (i) (ii). W

Proof for FMSR

Proof of Lemma 1.6: Denote the autocovariance matrix of u,; as

I, (h)=E (urtu;t_h> :

We have
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where

J i
R = T Rrwand B = ] Rr

m=k-+1 m=I+1

The asymptotic upper bound of IVX residual is as
@ |? — i J 1
—i— t—i—
sl || = me{ S me (3) (o e (3) o

Ry ( )H 'RT 10( )H |72

t—1 J A
2.2
G| I, (e =01

IN

ij=1 k=2 (=2

If Assumptions 1.1 and 1.2 hold, we have

LSl ()], - [ e o

IN
N
o\

+

8
B
3

Similarly, we have

— sup ZHRTt 2 N

T" 0<r<1

IN
|H
n
Z
]
[©]
=
3 -
2
Q
7 N
=
=,
S| |
+
t
SN—

T g<r<1 — —
[Tr) [Tr]—j i
1 [Tr]—1+1
— — C
T oséligl Z P 7 Z ( T >
]_[Tr}7[1 /Ta+1] =1 1 lleo
= :(D.1)+(D.2).

For (D.1),if j <[Tr] — [\/TO‘“}, we have

(Tr]—j

oo 3 € (T | <oy (v)

[e.9]
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where C' := cI,, with ¢ := sup;,,,<,, SUp1<;<7 Cm(%) . Due to the dominant

exponential rate, we have

L 1 ' i =1+
o X el e (T
=1 =1

[Tr] — [\/YT“} )
< Ta

oo (vC)] =

as T — +4o00. Next, we consider the second term. If j > [T'r] — vT+holds,
then we have 22 > [Tr]*'TaH r. The term C <[Tﬂ%> ~ C'(r) holds

uniformly for any { = 1,2,...,[Tr] — j. Therefore, for (D.2), we have

[Tr] [Tr]—j
% 5 o % e ([Tr] Tl+1>
j=[Tr]-[VToFT] i =1 o0
[T'r] - .
~ % Z exp |2C (r) [TT;Q_]”'
j=[Tr)=[VTetT] ) >
. / lexp [C () 2], dz

+o0o
- / lexp [C (1) 2]|| , dz < +00.
0

It illustrates that

w5 -

1<t<T

Therefore we discuss the stochastic order of IVX residual in the following two

cases : (i) v < a; (ii) v > a. If v < « holds, then we have

< (o S ) (X lw0] )

1<t<T 1<t<T

2
1
-
1<t<T

_ Op (Toz—‘rZ'y) ]

If v > a holds, letting 7 — k = m, we have

ZZZHR A

1,0=1m

sup EHngt

1<t<T

i—l
ol I ol IR
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By the fact that |Ry.||" < 1,

< (sup ZHRTZH—) (sup ZHR “I. ) > Ir.

2
1
sup E HT](TZ

1<t<T 1<¢<T 1<¢<T

= O, (T*).

We complete the proof. B

Proof of Lemma 1.7 : Since < — fooo e*¢( Q)¢ dz holds,

1
i)

we have

T 1 00
1
Tl+a 2 :xt,1$2_1 = / |i/ ezC(r)szezC(r)dZ:| dr.
t=1 0 LJO

(i) According to the decomposition of Z;_; with rate restriction v < v, if 2o = 0

holds, we have

1 [« a 1 K/
i (D Sonn) = i 3 (R - )
t=1 t=1

T t=1
T
= Tllm 2 %ﬁgi 1 Uot — T};a > Ry wouo
_ Tl+ i%ngg o+ 0, (1)
_ Té+7;Czn%2_lu0t+op(l). (A.16)

The leading term of (A.16) is asymptotically negligible, since

1 . 1 1
ifa U su e — O — | =0,(1).
75" an e \/THoolsth T 7 (Tvz) p (1)

(ii) By the decomposition of Z,_; with rate restriction a < =, if xy = 0, we

1
77’},7)57 1

Ttz

< sup
1<t<T

have the following argument for the sample moment

1 T T
~ / /
T1+a z : f—1Lp 1 — E : Lt—1Tp_q
t=1 t=1

1 o I T
z 1
= Tite |74 Z 77”},1):—1%—1 - Z RthxOx::—ll
= t=1
T
C. a 1
< Tl+a+y ; Nri—1Ts—1 + Op TiA+% |- (A.17)

For the leading term of (A.17), we achieve the asymptotic upper bound as
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follows

. (1) d a |? 1z 1/2

2 atlpe
St < X (E[LLT) @Iy = 0, (r1eri03)
t=1

t=1

C T
Therefore, 7r5a+ ||> i1 Mr-1%1-1

-0, (#) =0, (1).

(iii) The sample moment, Zthl Zi—1%Z,_,, follows the decomposition as,

1 T
E : = =/
Tl+o Ft—1%¢-1
t=1

T

/
= T11+a Z (i'ft—l — R0 + g,},néﬁ)f 1) (»Tt—l — R0 + %77(;,35-1)
t=1
. - T1Ty_q + Ry, moro Ry, + T%U’Em)t 177’}11/ 1O -
- T11+a Z _xt—le)Rth +7575—177(T1,1Z/—1% Rszoxt 1 (A.18)
t=1
_RTZxOT]Tg 170 t 18 77(Tl)e 1 Thq — §77(T1,271$6R§“z

It is sufficient to show that the spectral norm of each term in (A.18) above is

|

and the remaining terms to be asymptotically neg-

1 T t ! Dt 1 T t ! Dt
Ti+a thl Ry xoxy Ry, Tita thl Ry xoxy Ry, ||,

0p (1) . Therefore it is sufficient to show ’

’ (n @y

m > i1’ Nrt—1"Tt—1
ligible by Cauchy-Schwarz inequality.

For ‘ , we have

1 T t ! Dt
Tito Zt:l RszOxORTZ

T
2 1 2 1
< ||I0||OOWZHRT,2|\ =0, Tlta— )
t=1

1 T
t !t
Tl+a E RszOIORTz
t=1

For , we have

T1+a+w E 77Tt 1x0RTz

1
Tl+aty ZnTt 1‘TOR

Similarly, we have

(1)
T1+°‘+2V ZUTt 171

Then we complete the proof. B
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Kernel Estimation

For simplicity, we adopt a scalar FLUR model in the scalar form (n = 1),

Ts = RTsxs—l + Ugs,

C(rs)
T

where ry := %, Ry, := exp ( ) and s = 1,2,....,T. We intend to estimate

Ry for any t =1,2,...,T as
Ry, = argmin D (@ = Rpuwey) Kulrs — 1), (A.19)

r:= L and K,(-) := +K (+). We define h as the bandwidth

where rg := =5

s
T
for local average. To establish consistent estimation for Rr;, we impose the

following assumptions.

Assumption A.1. (i) The distance function C(r) is 2nd-order differentiable
inr for all r € [0,1].

(ii) The kernel function K(-) is symmetric and bounded with a compact
support [—1,1]. The kernel function is Lipschitz continuous.

(iii) Bandwidth h — 0 has the rate restriction Tv/h — oo.

(iv) The error term uyy follows a stationary linear process as
o0 o
Ugpt = ZFIJ‘Q,]‘ with Z] ‘Fx]’ < 00,
j=0 J=0

where €, ~i.i.d.(0,X) with finite p > 4 moment. The two-sided long-run vari-

ance O,y 1= <Z;’i0 sz) by (Z;io ij> .
(v) We define v(K) := [ K(v)dv and p;j(K) := [0/ K (v)dr.

We provide several remarks here: First, we employ the symmetric kernel
function K (-). The symmetry of kernel functions results in the fact [vK(v) =
0 as a standard requirement for discussing the approximation bias. Second,
different from stationary cases which require Th — oo, we impose Tvh — 0o
for our discussions. Smaller bandwidth results from the instability of nonsta-

tionarity.
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By minimizing (A.19), we define the estimator for the slope as,

T -1
éTt — Ry = (Z xz_lfh(rs - 7’)) Z xsfluxsfh(rs — )
s=1 s=1
T -1
+ (Z vl Kn(rs — 7")) ngflKh(rs — 1) (Rrs — Rrt)
s=1 s=1

= (SnT,t)_l TnT,t + (SnT,t)_l RnT,ta

Whel‘e STLT,t = Z;F:l xi,lﬁh(rs - T)7 TnT,t = ZZ‘::{ xs—lu;psﬁh(rs - T) and
Rury = 3.0 a2 [Ku(rs — ) (Rps — Rpy). We can prove the consistency of

ﬁTt by the following theorem.

Theorem A.1. Let Assumption A.1 hold. As T — oo, for anyt,

TR (i ) = 24 (0. 5520 )

where K.(r) follows the stochastic process as dK.(r) = C’(T)Kc(r)dr%—Q%xdWm(r).

We perceive that for each t € {1,2,...,T} , Ry, is converging to Ryy at a
slower rate than the rate of least squares. Different from the time-invariant
case in Phillips (1987), the asymptotic normality of Ry locates at the ori-
gin. The reason why asymptotic normality happens is due to the fact that
\/7 Zs L Kp,(rs —1)u,s is asymptotically orthogonal to \F ZS | Ugs. Surpris-
ingly, serial correlations of innovations do not introduce asymptotic bias.

For the stationary case, there exists an asymptotically non-negligible term
of the order O, (h?), which contributes to the approximation bias. For a nonsta-

)

tionary time series model as FLUR, the asymptotic bias of order min{O, ( >

O, (T _%J“%M)} is diminishing at a rate faster than the limiting normality,
O, (T f) Therefore, no bias-corrected procedure is on request.
For the given h, we define the standard leave-one-out estimate as

Rri(¢|h) = [ > K ¢)] [ > Y1y K (rs—cb)] :

s=1 S;ﬁt 5:1}5#1&
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The cross-validation function is then written as

T

1 ~
CVr(h) = T Z [yt - RTt(T‘h)yt—l

t=1

2

We can find an optimal bandwidth by mininmizing the cross-validation func-
tion,

hov = arg m}}n CVr(h).

We collect technical proofs for kernel estimations in the following lemmas.

Lemma A.2. Let Assumption A.1 hold. As T — oo, we have

1

T2SnTt = TK (1)

Proof of Lemma A.2: Define r(T) := [(r — h)T]. We have,

T T T
Z xg—lfh (Ts - T’) = Z xE(T)Fh (Ts - T) +2 Z Tr(T) (xs—l - x?"(T)) Fh (Ts - T’)
s=1 s=1 s=1
T .
+ Z (zsm1 — o)) Kn (s — 7). (A.20)
s=1

For the first term of (A.20), according to Bykhovskaya and Phillips (2018),

1l — , — r(T) (2| 1 e=—
ﬁ;%(T)Kh(Ts—T) = %(T((TDT;KMT -
= rKf(l)/F(v) dv

where the condition [ K (v)dv =1 holds. For the second term of (A.20),

oot — Top) = Z ( H exp< WT))) Ui, (A.22)

i=r(T)+1 \m=i+1

where s € [r(T) — [hT],r(T) + [hT]] holds. Based on (A.22),

Ts—1 — Tp(T)
sup _
(1)~ [hT)<s—1<r(T)+[hT] 2[hT]
s—1 s—1 C(m/T
Zi:r(T)—H (Hm:i+1 exp <%>> Ui
= sup
(T)—[hT)<s—1<r(T)+[hT] 2[hT]
= sup |K.(d). (A.23)

0<d<1
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Equivalently, we have

sup Ts_1 — xT(T)} =0, (\/m) i

r(T)—[hT]|<s—1<r(T)+[RT]
By Assumption A.1 (ii) and the fact that K}, (-) is defined on a compact sup-

port, we can justify the asymptotic negligibility as,

T
Z Tr(T) (ms—l - xr(T)) ?h (Ts - T)
s=1

r(T)+[hT)

< ol lzer—zm| | DY Ealrs—r)
s=r(T)—[hT]+1

- 0, (ﬁ) % 0, (T) x O, (\/ﬁ)
= 0, (VT'h) =0, (T%). (A.24)

Similarly, for the third term of (A.20),

T
> (v —aeny) K (re = 1)
s=1

| e
|$s—1 - L»(T)‘ Z Ky (rs—r)

s=r(T)—[hT]+1
< 0, (Vﬂ) x O, (ﬂ) x O, (T)

— 0, (T?h) = 0, (T%). (A.25)

IN

Combining (A.21), (A.24) and (A.25), we prove the lemma. W

Lemma A.3. Let Assumption A.1 hold. As T — oo,
(i) S Rl = Pt B Zo = N (0, Qua(K).
(i1) \@Zle Kp,(rs — 7)ugs is asymptotically orthogonal to \/if S| U
Proof of Lemma A.3: (i) Following the steps in Proposition A.2 of
Phillips et al. (2017), we complete the proof.
(ii) We have justified the asymptotic normality of \/g ST Kn(rs —7)tgs.
By Beveridge-Nelson-Phillips decomposition in Phillips and Solo (1992), \/L:T ZST:1 Ugps

asymptotically converges to a Gaussian process. Therefore, the asymptotical
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orthogonality between two Gaussian processes is given by

where > °  E (ugstzs—) = Op(1) due to Assumption A.1 (iv). W

Lemma A.4. Let Assumption A.1 hold. As T — oo,

[ h
TTnT,t = \/FKC<1>Z$7

where Z, =4 N (0,Q,v(K)).

Proof of Lemma A.4: Asymptotically, we have the approximations as

V Z Tg— lu:psKh )
/h r
- T Z :E/—(T) zs - T) (A26)
—l—\/h‘r sz_l_xrmu Kp(rs—1)
T xsdy h\l's

h-r(T
= 1/ \/T_TZuxsKh +O(\/ﬁ)
= ﬁm() . (A.27)

For the second equality of (A.27), we apply the following argument

‘\/h iz sz Ly, K, — 1)

< r(1+o(1)) ‘/hT2 x O (V_h)op(Vﬁ)
= 0,(Vh).

109



For the last line, we employ Lemma B.2 and Bykhovskaya and Phillips (2018).
|

Lemma A.5. Let Assumption A.1 hold. AsT — oo and h — 0,

]_ h2 1 1
L Ry = TR (R)C) + 0,1 ) + 0,V

where C)(.) is the 2nd-order derivative of C(-).

Proof of Lemma A.5: It is shown that
1 L
? ng_lKh(rs — 7’) (RTS — RTt)
s=1
1 I
= 25 22 Kn(r = 1) (Cr)=C(r))
s=1

= >k Kalr — 1) (C(r)—-C)
T > (@ = whny) Knlre = 1) (C(r) =C(r))

s=1

_ Ti N 22y Kalrs — 1) (Clry)=C(r)) + O,(Vh)

— K1) / Talrs — 1) (Clra)—C(r)) dry + 0T~ 479 4 0,(VR)

— K1) / Ta(v) (Clr + ho)—C(r)) dv + O,(T~54%) + 0,(VR)

= rKZ(1) / Kn(v) (C(r)—C’(r)—i—C’(l)(r)hv + %O<2><7~)h2v2 + O(h3)> dv +
Op(T"47%) 1+ 0,(VI)

= R mK)CO () + 0,17 1 0,(VR)

= 0,(T*"5) + 0,(Vh).

The third equality is due to (A.23). The fourth equality is due to the uniform
strong approximation to Brownian motions for each 6 > 0 (See Lemma 3.1
of Phillips (2007)). The last equality is due to the symmetry of the kernel
function.

Proof of Theorem A.1: Compared with the stationary case, the esti-

mation bias in this model is of lower order. It diminishes at a faster rate than
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the limiting normality,

S a2 Ky (ry — 1) (Rps — Ryy)
Zstl x?—lfh (Ts - T)

— mi h —3+146 1
= mln{Op <T ,Op <T )} << Op <T—\/ﬁ) .

Therefore the asymptotical normality dominates. We complete our proof. l
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Appendix B

Technical Results for Chapter 2

Proof of the main results

Orthogonal basis

Proof of L 2.1: (a) We deal with 1] X, C6/T)

roof of Lemma 2.1: (a) We deal with term, 7F Yo exp | FE— ) Uy
By a strong approximation, we can enlarge the original probability space and
construct a Brownian motion vector as w := BM (X). With E |juy|” < oo, we

have

sup [[nr(r) = w(r)]| = Oas. (T7%),

0<r<1

where nr(r) = \/LT Eirl] Ugt. Define 2 = w (%) —w (&) , whose distribution

is i.1.d. normal with E (ete;) = Y. We generate another FLUR process z; as
Zr = RTtthl -+ €, t= 1, 2, ,T

For each r € [0, 1], as T' — oo, we have

(Tr] [Tr] .
1 Zexp (—th ¢ (]/T)> er = K(r).
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For nr(r), we have

.- (2”’* co/T))

Ugt

Zex

(7] (7]
— ZeXp <Z C<j/T)> <nT (%) —nr (%))
) %exp <Z[Tr10(j/T)> ( ) %exp (Z[Tr]c(j/T)>nT (E)
T

o (CTDY, (1Y

- ( (Zﬁi’“ﬁ C(j/T)) (z?’;ﬂ (]/T)>> <t>
- exp —7 | exp T nr T
_ C ([T7)/T) )y S (2L em ewr) ([t
= exp <T> nr <T> + tzz; exp ( T T nr <?> .
Similarly, for w(-), we justify that

[Tr] [Tr]
D= C(J/T)
e (S
[Tr]—1 [Tr]

~ e <C<[T;]/T)) ( ) Z ox (Z] L (j/T>> C(tT/T)w (;)

Then we can argue that

(] (7] (] (Tr] v
wp | LS e (z 0(9/T>> R o (zjt C(]/T)> .

€¢

o<r<t || VT 4= T VT = T
c([Trl/T
< s () =) s, osw ()|
0<r<1 0<r<1 0o

+ sup ngxp (ZET!?H < U/T)) UM, (£) (L

/ exp ( / Eda) cdp
0 p

where M (> 0) is some constant. The notation ||-||_, denotes the infinity norm.

sup |[nr(r) — w(r)|]
0<r<1

< M sup ||nr(r) —w(r)|| + sup
0<r<1 0<r<1

= 0, (T_a) )

The proof for Lemma 2.1 concludes. B
The Proof of Lemma 2.2: According to Lemma 1 in Bierens and Martins

(2010), we have g(t) (:= g (%)) which is a gth-order differentiable function with
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79 (x) = d{;‘; and fo Hg 9 )HQda: < 00. For any k > 1, we have

—(q) 2

T—00 T - 7T2q (k + 1)
Here gy r(+) is a k-dimensional approximation to ¢(-) using orthogonal polyno-

mials. W

Time-series estimator

Lemma B.1. Let Assumptions 2.1 and 2.2 hold. As T — oo, we have

(a)

=3 i

- [ K (7 ) () @ (Kini)] ar
(b)

e [ [ (B) o ki)
’ 2 e / p’“(@)(@f% ﬂdW (r)
(@)

1 /
f Z Ykt—1 (ka,t - U:ct)
t=1

- / 1[fk <[TT]) ® (Kic(r)KF}CC(T))} (RT ([?]) — R (@)) dr.

The Proof of Lemma B.1: We define ¢t = [T'r]. For (a), we have the
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following argument as

T (T
; :
where W, . (r) is the empirical p s driven by —= > For (d), we h
T
1 Tr
72 o () @ e s = )
=1
T
1 [TT] ’ t t
= () oot (e () - (7))
T .
() Ky (7

| (f (%) I (@)) ® (K;cv)f(;’,c(r))] dr;
® K ) -

o (w0 | (e () - 1 (7)) ar
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If £ is finite, as T' — oo, we have

1 , i
Op @ = / i) @ (K ED)| (Br () - B () dr.
0
Based on the above notations, we can justify the following intermediate results.

Lemma B.2. Let Assumptions 2.1 and 2.2 hold. Note that o is defined in

Lemma 2.2. As T — oo, we have

(a)

1Ml = 0,(1), [[M] = 0p(1), M= 0y(1),

M = 0,(1), and || My — Mry|| = Op(T~k);

(b)
INkll = Op(Vk) and | Ny — Ngw|| = Op(T~*Vk);

1Okl = O, (k279) and ||Ozk]| = O, (k27).

The Proof of Lemma B.2: This proof follows the approach in Park
and Hahn (1999). If we want to prove My = O, (1), it is equivalent to justify

that

w [ (40150)) & (KK0) ar = 0,00,

k>1

By orthogonality of cosine functions, we can verify that

3 i ([ 5015200 ) < e ([ 5015500007 ) <37

for some constant M < oo and M < co. Define S$pyax := SUP;<;<p, SUPg<ycy [Kei(1)]:

By Cauchy-Schwarz inequality, we can derive that

A ( /0 1 (R fir)) @ (Kl EL(r)) dr) < T Vk> 1.
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To show that M, ' = O, (1), it is sufficient to show M, > 0 asymptotically.
For any § > 0, we define K7(-) := (K2,(-), K2,(-), ... K2,,(-)) and K?,(r) :=

chj (T)]‘{‘KC7‘7‘(T)|>(S} + 51{|Kc,j(?")|§5}' Thus it is ShOWIl that

o ([ (R011101)  (R2VKE 0)) ) 2 0

Define Js = {r € [0,1] | infi<j<, |K.;(r)] < d}. Based on the definition of Js,

we can derive the following argument as,

[ (sosin) e (k0mE W) ar = [ (1050) & (KK ) dr
< 2 (B0m) @ (K)K0)) dr

Additionally, for each i € {1,2,...,n}, we have supy<,<; |ci(r)| < € and the
differentiability of ¢;(-). Based on Lou and Ouyang (2017), the occupation

formula holds with

1
lim inf _/ Pr{|[K. (s) — K. (u)|| < 5} ds < oo a.s.
elo 0 1C[0,1]

for any uw € I. Besides, Vi = 1,2,...,n, the local time L;(1,0) exists almost

surely due to Lou and Ouyang (2017). Therefore, we have

P VR
lim %Ijg % /. 1{k..(r)<sydr = L; (1,0) a.s., (B.1)
where »J; is the variance of driven Brownian motion in the ith entry. Based on

(B.1), the following two equations hold:

1 1
5/0 1y = O(1),

| (aosi) ar

and

~0,(6).
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Therefore for any § > 0, we have

i ([ (8001:01) & (K1 10)) )

= ([ (80)50) @ (KR 0)) ar) +0,(5)

> 52 (14 0,(1)) > 0.

These arguments show that M is bounded from zero. This shows M, 1 =
0, (1).

If we impose norm operators, it is trivial to have

[My]| = O

k_IH = Op(1).

To justify that || Mry — M| = O,(kT~%), we apply the Skorohod embed-

ding theorem and obtain

/gm([ Doy (F) Kioio dr—/@ P)s (1)Kol KL(r)dr+0, (T2)

uniformly in 4, j € {1,2,...,k}. The proof for (a) is complete.

For (b), notice that

o (B o (B ko) (et a0 w0 = 0,00,

uniformly in 4,j € {1,2,...,k}. Then we have

¢Z () Kroawa

~0,(v%)

uniformly in i € {1,2,....k}. For the asymptotic distance between Np; and

Ny, it suffices to establish that

asz ([T"”]) K3 (r) AW (r) / 01 (r) K (r) AW (1)

-0, (VET—Q) ,
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uniformly in ¢ > 1. It directly follows

aﬁz([ ]>KTC AW /aﬁz (r)AW(r)

< 1(@([ 1) Kt - ¢i<r>Kc<r>)dW4T<r>l
(T1)
/ 00 () K1) (W05) = W2 ).
12) ”

Following Lemma 3.1, we have (I.1) = O, (\/ET_O‘). Following Lemma 2.1,

for (1.2), we have

[ oz - [ omrmaro

Bi(1)K. (1) (W;Tu) -w)|+|/ 60 0) (W, ) = Wor 1)) dEE(0)

_|_

[ (Wiatr) = wi0) K ) )
= 0, (\/ET‘“> ,

uniformly in i € {1,2,...,k}.
For (c), we follow the previous notations as Smax = SUP; < j<,, SUPg<,<1 | Ke,i (7)]-

We have the following argument,

[ ot (rr) - B0

uniformly in i € {1,2,....k}.
Remark: The proof of Lemma B.2 illustrates the necessity of smoothness

on basis function since the integration-by-part formula is applied.

Lemma B.3. (Stochastic order of estimation bias) Let Assumptions 2.1 and

2.2 hold. As'T — oo, we have
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[17Y =T RY +0u(1"k);

(b)

1
2

Agt (TTRY - TIRP) = (Sid))  SMN + 0,(1).

The Proof of Lemma B.3: This paper follows the proof of Park and

Hahn (1999). Define Mg, = % and NP, = YT’“—l We have

T (T (B9) ~TL (7)) =78 (B — 1) = S (M3) " Ng. (B2)
For (a), it is enough to justify that S (M%) " Ng, = Se M ' Ne4+-0, (T~k*)+
O, (Tk*~1). Tt follows
[(022) ™ = (M) 7| < (|22 7 (M) 7| (M2y, — M)
= 0,(1)0,(1)0, (T™k) =0, (T"*k), (B.3)

and

M2y, — Mi|| < [|M2y, — Myy || + || Mgy — My|| = O, (T~k) ,

as illustrated in Lemma B.1 and B.2. Since ||(M;)~ H = )and || Mgy — M| =

0p(1), we have H(MTk H = ) . Similarly, for the numerator, we have

INBy = Nell < INgy = Nowll + [N = Nell = O, (VET ™) + 0, (k37T .
(B.4)
Combining (B.3) and (B.4), we have

Sk (M) ™" Ngy, — SiM, Ny |

= ||k (M)~ Ngy — Sk M NY + S M N — S M Ny

IN

1Sl ([ (M) ™ = (M) ™M INZy Il + (| (Me) ™| N2y, = N )
0, (V&) (0, (17k) 0, (VE) + 0, (1) 0, (T=k™") + 0, (1) O, (K> T ) )

= 0, (T °K*) + O, (TK'"7). (B.5)
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For (b), at first, we show that

(SIS

(T ar) "t = (et 51) = (50071 8) 40, (T

|
N———

This argument is based on the following facts

)\min (SkS];) > k'M
)\max (M;’k) o /\max (M%k)7

Min (i (M)~ 8) =

and

1y )\min (Sksl;) kM
)\min (Sk (Mk’) Sk) 2 )\max (Mk> 2 >\max (Mk) '

Therefore we have

and

It is shown that

s ()™ = 1) ™) st < ISP )™ = ()7

= 0,(k)O, (T™k) = O, (T™"k*).
Therefore, it is easily derived that
(Skz) ™ 81) * = (Sk(m 7' sy)
— (S8 | sk St
(Sk(Mp)™sy)
= 0, (T°k?).
Based on (B.2) and (B.6), we have

1
2

S (M) 5= Op(k), (S: (M) 'S ) = O,k

(S
~—
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To ensure (b), we need the following asymptotic negligibility conditions,

1

Tk =o(1), TK¥ " =0(1), T"® (VE)B —o(1), T~k =o0(1).

These are guaranteed by Assumption 2.2 (ii). Then (b) follows directly (B.6),

(B.5) and rate restrictions in Assumption 2.2 (ii). W

Lemma B.4. (Stochastic order of approzimation error) Let Assumptions 2.1

and 2.2 hold. AsT — oo, we have

(a)
[T12% =11 e + 0p(k7);

(b)
Azt (TTRY =TI Br) = 0,(Th17) = 0,(1).

The Proof of Lemma B.4: (a) can be derived easily since the approx-

imation error is diminishing; For (b), note that

A;k% =0y (%) )
where Ar, = S (Ylev_lYTk,,l)fl S,;. It is essential for the derivations. By
Assumption 2.2 (ii), we have O, (Tk~971) = 0,(1). The proof for Lemma B.4
is complete. W
The Proof of Theorem 2.1: As illustrated in Lemma B.3 and B.4, the

estimation bias has a higher order than approximation error. With triangle

inequality, we prove that

[TI7 - T1 ]

IN

TLA =TT+ [T T |

= O, (kT7") + 0, (k9

= 0,(1).
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Besides,

[TRY -TLRe| < An||TTRY - TP | + Azt

= 0,(1)+0,(Tk™""),

1
2
ATk:

where the Assumption 2.2 ensures O, (Tk™77') = 0,(1). Therefore, we have
the following approximation for (b) as

Azt (TTRY - T r) = (s0;s))

1
2

SpeM, PNy, + 0,(1). (B.7)

The Proof of Theorem 2.2: Based on the approximation (B.7), we

have

1
2

SEM Ny, + 0,(1).

gt (TTRY - T1 r) = (se;s))

If Assumptions 2.1 and 2.2 hold, as T' — oo, we have

it (TR - TTme) = 2

where

[SIE

-1

Z = Jim [Sk ([ (o) (kr)ar) s

k—o0

s ([ (woso) e (o) a) ([ soermme).

123

187 -T] (0|



Panel estimation and test

The Proof of Theorem 2.3: Let Assumptions 2.1-2.3 hold. According

to the definition of panel sieve estimator, we have

_1 (ke
Anire (H RY -T1 RT)
1 & o 1 X B
- Sk (M Z Yész,lymThl) Sllc Sk (M mZ::1 Yr;LTk,lymTk,l>

1 M —1 % 1 M -1
- Sk <MT2 Z YT;Tk,1YmTk,—1> S,; Sk (MT2 mz YT/nThlymTk,—l)

=1

+0,(1).

| M
—Z Yr/nTk —1Umxk
VMT =

Rate restrictions in Assumption 2.1-2.3 make sure that approximation error is

dominated by estimation error. When Assumption 2.1-2.3 hold, as (M, T) s, —

00, we have

AJT/[%Tk <H ég) - HRT>
= | Sk (% ﬁj /0 1 (£ ) fr () © (K2, ) dr) _ Si

N

Si (% i / (R0 0) @ (52, 0) dr) _

— N(O,Id)

For large T" asymptotics, we apply the invariance principle. For large M asymp-

totics, we apply the Lindeberg-Lévy central limit theorem. To justify

AZ (TT (Br) —TI Rr) % N (0, 10), as (M. T) = oc,
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we are supposed to verify the following arguments. If Assumptions 2.1-2.3

hold, as (M,T) — oo, we need to show that

(1)

M —1
e (e ) s

m=1

% S (Ehm / (f() fi (1) @ (K2.(r) dr)_ls,;;

k—o0 0

(2)

]\5;2 (i Yfisz,—lymTk,—l> _ 2 S, (Eljl_}fgo /01 (fk (r) fr (7")> (Kgm (7")) dr) h ;
(3)
\/LT (Z mTk, 1Umzk> — N <O Y- ]Ehm ! <fk (r) fa (r)) ® (K7, (1)) dr> .

For (1), we need to show the sequential limit as (M, T)s, — oo and ver-
ify the sufficient conditions in Theorem 1 of Phillips and Moon (1999, PM

hereafter). Obviously,
1 & B
Sk <MT2 mZ:1 Y?J@Tk,IYmThl) Sllc
1 o [ : o
(M > [ () e () dr) 5.
% s (B[ (A0 AO) 8 @ 0)ar) s,

as (M, T)seq — 00. For Theorem 1 (i) in PM, we show it by

11m§}15 MTQ ZE< mTh,—1Y mTh,— 1>
M

~ timsup - > / (500 1)) O F (Kfur (1) dr = 0, (1),

M,T

where ¢t = [Tr| and K}

mT,c

(r) is the m-th entry of term K7, (r). For Theorem
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1 (ii) in PM, we have
M /
. 1 E: Y;1 — )cn k,— ! !
s 37 37 | FCR ) [ (1)1 0)) 0 B (K 0P

Jo (e (@) i (@)) O F (Ko (1) dr

1 M
= limsup —
Mng; — [L(fe () £ (7)) @B (Ko (1) dr
< hmﬁ}l’g%i /01 (fk: (r) fr (T)) ® [E (K (1) = E (K (7“))2} dr
+lim§}[{¥%§v{; /0 1 (fk ([7;]) fi ([7;]) — (A £ m)) @ E (K (r))* dr

= Oy (T7) + 0, (kT7Y)

for any k£ > 1. For Theorem 1 (iii) in PM, for any n > 0, we have

hm%%i / (fk (@) fi (@)) OE (K (1)) dr

[ (5 (5D (5)) e e ar

E (K. ( ))zdrHl{Bl sup HE Kope(r ))Zdr

0<r<1

X

< limsup B; sup
MT  0<r<1

= op(1),

>Mn}

> Mn}

where B, is some finite positive constant value and K} ;.. (r) is stochastically

bounded for each r € [0, 1]. Similarly, for Theorem 1 (iv) in PM, we have

hmsup—ZH/ £ (1) £ (1)) @B (e (1)) dr

4

for any k£ > 1. Combining (i) (ii) (iii) and (iv) of Theorem 1, we have

0 (fk (1) 14 1)) © B (Ko (1)) dir

>Mn} =0,(1),

5% M / - '/ p 1 , /
MT? (; YmTk,_lYmTk,_1> Sk = Sk (E/O (fk: (r) fi (7‘)> ® (Kpe (1)) d?“) Sks

~1
S, M /
under joint convergence framework. Since the difference between 52 < > 1 YmTk7_1YmTk7_1>

-1
M / . . .
and 2k (Zmzl Y, ok 71YmTk,_1> is a non-random value, the joint conver-

-1
Sk M ! . . .
gence of 1 <§ " YmTk,—lymTk,*l) can be demonstrated in a similar way
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-1
S M / /
as w2 (Zm:l YmTk:,—IYmTk,—l) Sk

For (3), under the convergence framework, we are supposed to justify

1
0

Sk (E/ (fk (r) fy (7’)) ® (K2, (r)) dr) -1 5};] 1

1
VMT
s(5 [ (rnm) e eya) (f Ym,lvmk) 4N 0.1,

m=1

under Assumptions 2.1-2.3. Following the Theorem 2 of PM, we firstly show
the sequential limit and then justify uniform integrability in Theorem 2 of PM.
In order to simplify the notation, we define I'y, := Elimy_, fol (fk (r) f,; (T)) ®
(K2, (r)) dr.If Assumptions 2.1-2.3 hold, under sequential asymptotics (M, T')seq —

oo, we have

1 M
1 _ T2 _ / d
v MT |: } m=1

Equation (B.8) holds due to the invariance principle and Lindeberg-Lévy cen-

tral limit theorem. For any n > 0, we have

1 [Skr,;ls,;} E Sk 'E [(Z%—l Ynlsz,—lUmrk> (an\le Y”;Tkv_lUmmk)/}

MT? . {[skr,;ls,;}*% S, }

—_

1 {H [skr,;ls,;} = STy (Y,;Tk,_lU mk>

< L p il@ Y o Y 1{ B (YT,”T” YmT*l) MT
S 5 D2 H mT,—1¥mT,~1 2 > n
MT? e~ VT T
= 0p(1),
for some positive constant By < oo, where Yor := (Y1, Ym2, --r Ymr) and

Yur—1 1= (Ym0s Ymos - Ymo) - The inequality is based on the invariance prin-
ciple in BM and the continuous mapping theorem as (M, T) — oo. Therefore,
the joint convergence coincides with sequential asymptotics. We conclude the
proof.

|

The Proof of Theorem 2.4: We need to justify the following three
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results:

(1) the consistency of the variance estimator &;

(2) the stochastic boundness of proposed test statistics under the null hy-
pothesis;

(3) the asymptotic divergence of the test statistics under the alternative
hypothesis.

First, we collect sieve regression residuals U,,; = Y — Eg)ymt_l for t =
1,2,....,Tand m=1,2,..., M. The sieve estimator ]?2%) is based on orthogonal

trigonometric basis. Under joint asymptotics, we have

R 1 M T
S o= g2l D
m=1 t=1
1 M T 2
oSS (- B o)
1 m]\;l t;l 1 k , u T
== W Z Z (Umt)2 + _T (RTt - Rg“t)) Z Z (ym,tfl) +
m=1 t=1 m=1 t=1

MT Z Z Ym,t—1Umt

m=1 t=1

- o 5) o (k)

Second, with the time-invariant term [] Ry as the true value under Hy, we

show that
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Then we have

A]T/[%Tk Ry — H <§T>
I TLa) i (1(5) T
— 0,(1)+0, (%) .

Under the alternative hypothesis, we have

TR -1 (&)
= (ITR¥ -TI#0) - (IT (Br) - I #r)
- (T3~ TT#s) - (IT () ~ TTs) - (T~ T )

= o (am) +or () o (7).

where [] Ry is the pseudo-true value for the probability limit of pooled least

square estimator [] (éT) Then,

MTkHR H( )
= A (TTR =TT ) = s (T (Br) =TT ) = v (LT 20 =TT ()

— 0,(1)+0, (1>+o (QM)

By Assumption 2.3, we have k/v/ M — 0. So the test statistics diverge under
the alternative hypothesis, which illustrates the consistency. We conclude the

proof.
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Appendix C

Technical Results for Chapter 3

Proof of the main results

Theoretical derivations are all collected here.

Proof of Proposition3.1.

~ _ 1 - _ _
B = Bt (Zi X)) ZhaUnt (Zh X

Define

T -1
. — = /
Al L= E Zk7t_1xk7t_1 g kt 1Uot,

t=1
T -1 ;
Ay — (Zxk> S 5ty (B~ BO) (T)

t=1 t=1

(i) For the term Ay,
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1AL

T -1 7
= (Z 5k,t—193;¢,t—1> Z Zk,t—1Uo¢
t=1 t=1
[/ T L7 -1
= {r (Z Zk,t_1$§€7t_1> <Z Zhot— 1zkt 1u0t> (Zxkt 1zkt 1>
t=1

t=1

2

-1
1 T = / 1 T - =1 2
<T1+am D i1 Zkﬂf—lxk,tq) <T2+2(am> D1 Rkt—1%) 11Ut

1
1 T =1
: <_T1+am Zt:l xk,t%zk,t—l)

T 1 T —2
—2— )\ =~ /
Qq; Cd Amax T1+a/\,y t lzt 1 mln T1+a/\,y Zt—lxt_l
t=1 t=1
1 -~ T
— (7, _Z 5
Titany \“k—14k -1 Zk,t—1Uot
t=1

where ¢4 and g are defined in Assumption 3.4 (i), Apin(+) and Apax(-) denote

IN

2

[NIE

b

the minimun and maximun eigenvalues respectively.

By Phillips and Magdalinos (2009), we have

T

T
. 1 .
Amax (THMW Z 122_1) =0p(1) and Auin (szt—lx;—l> = 0p(1).

t=1 t=1
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Further, we apply the properties of the GARCH process and show that

1 2
T T2 T
~ ~/ ~
E E Zht—1%k 41 5 Zk t—1Uot

t=1 t=1

T T -1
= E (Z Zhi1Zp 1 Bea [Um]) (ng,tlé;c,tl>

t=1

= EooE |:tI' ((NllC7 Zk,—l) (21/6712k,—1)_1>:|
T T -1
+E |tr (szt lzkt | (Hy — 200) 25 Eyt— lzkt 1>

IA

T T -1
200 tr (In ® Ik) —+ ]E sup |Ht — 200| tr (Z 2k t— 1Zkt 1> (Z 2k,t—1£[2}t1>
b t=1 t=1

= oo tr ([, ® Iy) + E | sup [Hy — o] - tr (I, ®

= Op (k) +o0p (k).

By Markov inequality, we have,

N

1

W <Z];’_IZ]€’_1> — Op (l{f) .

T
E Zht—1Uot
t=1

Combining the above results, we have ||4] = O, (, / %)

(ii) For the term As,

T -7
5 t
il = | (Zactn) Sacuio-o (5)
t=1

t=1

T -1 T
Z s t
< (; Zk,t1$;€7t_1> ; Zk,tﬂ?c;e_l (B _ B(k)) (?) H
1 L ! 1 T
- Cq)l [)\min <T1+a/\’7 Z Iy ® (’gtlx;—l)> éé9/2)‘max <m Z I ® (5,51362_1))
= t=1
sup ||(B —BY) (r)]|,
0<r<1

where ¢ and Gg are defined in Assumption 3.4(i), Apin(+) and Apax(+) denote

the minimum and maximum eigenvalues respectively.
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By Phillips and Magdalinos (2009), we have

T T
1 - 1 -
Amin (m E I ® (Zt—1$;1)> = Amin (CITOUW E Zt—1$;1> = Op (1) and,
t=1

t=1

T T
1 - 1 -
Amax (m Z Iy ® (%1%1)) = Amax (m Z Zt137£1) =0, (1).
t=1 t=1

By Assumption 3.4(ii), supg<,<; H (B—BW) (r || = 7) under the smooth-

ness condition. Combining the above results, we have ||A2|| =0, (k79).

(iii) By combining results in Proposition 3.1 (i) and (ii), we have

|Be = 8 < I4ul + 11421 = 0, (VTfaM Th )

Proof of Theorem 3.1.

) b Pt .1,
B (7)-#(z)
(5(5) e n) G+ (5 (1) -5 (5))
|G- e (5)] | (7) ] (-5
a3l (5@l

23—l o (5 (7) £ (7)) 2 0,

k -2
- OP(W—F/{? q),

provided that 0 < supg<,<; Amax (f (%) f7. (%)) < 0o under Assumption 3.4(i).

2

N[ =
] =

“
Il
—

2

I
Nl
] =

&~
Il
—

\
(B —B®) (%)

IN
Nl
E

IA
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(ii) We intend to bound that

e t

o (5) -2 (7]
(15 o2) (or) o ()

sup
1<t<T

= sup
1<t<T

= sup

1<t<T

e (%) H : Hgk — Bk

[k

= C(k)0p< W‘l—k}_q
[k

= C(k?)op< W‘Fk}_q

As the B-spline is considered, ¢ (k) < v/k. Then the proof is complete. B

Proof of Corollary 3.1.

Proof of Theorem 3.2.

+ sup
1<t<T

+ 0, (K77)

(B —B®) (

t

T

)

)

The proof follows Theorem 3.1 naturally. B

Without losing generality, we consider one grid point, d = 1. The proof of

d > 2 follows a similar proving strategy. For the chosen t*

fact that

~

n(E)-a(s
_— (;) o1 (B - ) + (B“” (

t*
T

N

where (Bk — 5k> can be expressed as formula (C.1). Define

_1 t* 5 -z
= 0 6 (5)or] 1)
_1 t* 5 (¢
Ay = Mk 2 |: ]:: (?) ® [n:| (ZI::,—lev_1> (Z 5k,t—1$;_1 (B — B(k)) (
t=1

e (o (5) 0 (5)

Suppose Assumptions 3.1 to 3.5 hold, it is sufficient to show that (a) Az ~~

N (0,%00); (b) Ay =0, (1); (¢) A5 = 0, (1).

_1 . - -1
For part (a), let V, := M, * [f]; (%) ® In] (Z,’§7_1Xk7,1) Zkt—1Uot, SO that

134

t*

T

)

t

T

| Tr* |, note the

)



Az = Zthl V;. For each t, V, is a martingale difference sequence. Therefore the
martingale central limit theorem can applied to show the limiting distribution.
We first show the conditional stability condition holds. For any n dimen-

sional § € RY,

T
S E [(5’\4)2 yﬂ_l} ZE [tr (36'ViV)) | Foi] = tr (55'M 2 MM, 200> — 06,
t=1

In addition, the Lindeberg condition can be proved in the following way. For

any € > 0,

iEH (V) 18] > )]

T 2
o'V,
= {—:2 Et—l ( t) 1(
£
t=1 L
SV
£
—2
55 2 YT ¢ (k)
_2 [ min <T1+a/\,y sz’t 1zkt 1)] Z ||Zki,t—1|| Et—lugt ' T2+2(a/\'y)
t=1

<C2 T1+a/\'y)

= 1)

o'V,
€

)

IN
ml\)

] M'ﬂ
IS
|

IN

N

By combining the above results and applying the martingale central limit the-

orem (Proposition 3.1, Hall & Heyde, 2014), we can show that
Ag ~ N(O, 200) .

For part (b), we consider Ay:

e ) [ )]

t=1
T - T
11 1 o 1 N
C(PQC(% [)\min (m Z Zt 12’2 1)] >\max <T1+a/\’7 Z Zt1$;_1)

t=1

N

IN

T sup (B B ( )H
1<t<T
= 0, (THC;M k’q> =0, (1)
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Similarly as part (b), an identical proving strategy applies and (c). We can
show that,

1+any ,
|45 = 0, (T3 570) = 0, (1).
The proof of Theorem 3.2 is complete. B
Proofs of Theorems 3.3 and 3.4. The derivations follow the limiting nor-

mality of Theorem 3.2 and the asymptotic independence between the numer-

ator and the denominator as shown in Phillips & Magdalinos (2009). B
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