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Abstract

This dissertation studies the fixed effects (FE) spatial panel data (SPD) models with
temporal heterogeneity (TH), where the regression coefficients and spatial coefficients are
allowed to change with time. The FE-SPD model with time-varying coefficients renders
the usual transformation method in dealing with the fixed effects inapplicable, and an ad-
justed quasi score (AQS) method is proposed, which adjusts the concentrated quasi score
function with the fixed effects being concentrated out. AQS tests for the lack of temporal
heterogeneity (TH) in slope and spatial parameters are first proposed. Then, a set of AQS
estimation and inference methods for the FE-SPD model with temporal heterogeneity is
developed, when the AQS tests reject the hypothesis of temporal homogeneity. Finally,
an attempt is made to extend these methodologies to allow the idiosyncratic errors of the
model to be heteroskedastic along the cross-section dimension, where a method called
outer-product-of-martingale-differences is proposed to estimate the variance of the AQS
functions which in turn gives a robust estimator of the variance-covariance matrix of the
AQS estimators.

Asymptotic properties of the AQS tests are examined. Consistency and asymptotic
normality of the AQS estimators are examined under both homoscedastic and heteroskedas-
tic errors. Extensive Monte Carlo experiments are conducted and the results show excel-
lent finite sample performance of the proposed AQS tests, the proposed AQS estimators
of the full model, and the corresponding estimates of the standard errors. Empirical illus-

trations are provided.
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1 Introduction

Temporal heterogeneity is an important feature in spatial panel model (SPD) model
but relatively unexplored in the spatial panel literature. In a SPD model, it can occur on
spatial parameters, intercept, slope and error variance. Many economic processes, for
example, housing decisions, technology adoption, unemployment, welfare participation,
price decisions, crime rates, trade flows, etc., exhibit time heterogeneity patterns. There-
fore, being able to control unobserved heterogeneity may be one of the most important
features of a SPD model.

In the SPD model, the strength of the interactions among locations may not stay the
same over time. Therefore, techniques based upon constant coefficient models might be
inadequate. Models with time-varying coefficients (TVC) should not be ignored, it can
enhance the short-run forecasting in terms of accuracy and consistency, and it also allows
us to identify influential data observations with estimation of parameters on a period-by-
period basis.

In this dissertation, adjusted quasi score (AQS) tests are firstly proposed to test for the
lack of temporal heterogeneity in regression slopes and spatial parameters, then a set of
AQS-based estimation and inference methods are developed for the FE-SPD with TVC
under both homoscedastic and heteroskedastic errors.

Consider the following spatial panel data model (SPD) model with two-way fixed
effects where the spatial effects appear in the model in the forms of spatial lag (SL) and

spatial error (SE):
Ynt = )\thYnt + Xntﬁt + ¢ + atln + Unt> Unt = )OtMnUnt + Vnty (11)

where Y,,; is an n x 1 vector of observations on the dependent variable fort = 1,2,..., T’
X, 1s an n X k matrix containing the values of k exogenous regressors, W, is ann X n
spatial weight matrix; ), is another spatial weight matrix capturing the spatial interac-
tions among the disturbances, which can be the same as W,,. V,,; is an n x 1 vector of
idiosyncratic errors, possibly are subject to unknown heteroskedasticity; A, is the spatial
lag parameters in period t, p; is the spatial error parameters in period t, and 3, is the k x 1

vector of regression coefficients for the ¢th period; ¢, denotes the individual-specific fixed



effects or the spatial heterogeneity in intercept. {«;} are the unobserved time-specific ef-
fects or the unobserved temporal heterogeneity in the intercept, and /,, is an n X 1 vector
of ones.

The above FE-SPD model considerd in this dissertation is fairly general, it allows the
existence of temporal heterogeneity in regression and spatial coefficients, settings specific
to each chapter will be presented chapter-wisely.

The usual transformation method used to eliminate FE is not applicable here due to
the TVC. Therefore, an AQS method is proposed to adjust the concentrated quasi score
(CQS) function with the fixed effects being concentrated out. This dissertation contains
three topics. Chapter 2 presents the first topic: “Specification Tests for Temporal Het-
erogeneity in Spatial Panel Data Models with Fixed Effects”. It introduces two types of
adjusted quasi score tests (naive and robust) for temporal homogeneity/heterogeneity in
regression and spatial coefficients in the SPD models allowing the existence of the time
and/or individual specific fixed effects. Asymptotic properties of the AQS tests are exam-
ined. The Monte Carlo results show that the robust tests have much superior finite and
large sample properties than the naive tests. The proposed tests are robust against nonnor-
mality, can be used to identify possible existence of temporal heterogeneity and can also
be repeatedly applied to identify a ‘parsimonious model’. Empirical applications of the
proposed tests are given to facilitate the applications of the methods.

Chapter 3 presents the second topic: “Adjusted Quasi-Score Estimation of Spatial
Panel Data Models with Time Varying Coefficients”. This chapter focuses on the estima-
tion and inference problems for the FE-SPD model with time varying coefficients (TVC),
where the individual- and time-specific effects take an additive form, and the temporal
heterogeneity occurs on the intercept, slopes, as well as the spatial lag parameters, al-
lowing the spatial errors in the model. The unbiased estimating functions are obtained
by adjusting the quasi scores to establish consistency and asymptotic normality of the
proposed AQS-estimator, and to give a complete set of inference methods. Monte Carlo
evidence for the good finite sample performance of the proposed methods is presented.
An empirical illustration is provided.

Chapter 4 presents the third topic: “ Heteroskedasticity Robust Estimation of Spatial



Panel Data Models with Temporal Heterogeneity”. The presence of social interactions
will lead to a more complicated variance structure, therefore we would expect the vari-
ances of the error terms to be different in certain applications. With spatial interactions,
the homoskedasticity assumptions are quite restrictive in the SPD models. Therefore, an
AQS estimation method is proposed to adjust the concentrated score functions with FE
being concentrated out, so that the AQS functions obtained are robust against unknown
heteroskedasticity. For heteroskedasticity robust inferences, we develop an outer-product-
of-martingale-differences (OPMD) method for estimating the variance of the AQS func-
tions, which together with the expected Hessian matrix of the AQS functions give a robust
estimator of the VC matrix of the AQS estimators. Consistency and asymptotic normal-
ity of the AQS-estimators are examined. Monte Carlo study is conducted and the results
show excellent finite sample performance of the AQS-estimators and the corresponding
estimates of standard errors.

Chapter 5 concludes this dissertation and discusses possible extensions in the future.



2 Specification Tests for Temporal Heterogeneity in Spa-

tial Panel Data Models with Fixed Effects

In this chapter, we propose adjusted quasi score (AQS) tests for testing the existence
of temporal heterogeneity in slope and spatial parameters in spatial panel data (SPD) mod-
els, allowing for the presence of individual-specific and/or time-specific fixed effects (or
in general intercept heterogeneity). The SPD model with spatial lag is treated in detail
by first considering the model with individual fixed effects only, and then extending it to
the model with both individual and time fixed effects. Two types of AQS tests (naive and
robust) are proposed, and their asymptotic properties are presented. These tests are then
fully extended to SPD models with both spatial lag and spatial error. Monte Carlo results
show that the robust tests have much superior finite and large sample properties than the
naive tests. Thus, the proposed robust tests provide reliable tools for identifying possi-
ble existence of temporal heterogeneity in regression and spatial coefficients. Empirical

applications of the proposed tests are given'.

2.1 Introduction

Being able to control unobserved heterogeneity may be one of the most important fea-
tures of a panel data (PD) model. Heterogeneity may occur on intercept, slope and error
variance. In a spatial PD model (SPD), it may also occur on spatial parameters (Anselin,
1988). Heterogeneity in variance is often referred to as heteroskedasticity. Heterogeneity
may occur in spatial and/or temporal dimension. When unobserved heterogeneity occurs
on the intercept, it gives rise to individual-specific effects and/or time-specific effects,
which may appear in the model additively or interactively. Change point or structural

break may be considered as a special case of unobserved heterogeneity.

I'We thank Editor, Gabriel Ahlfeldt, and two anonymous referees for their constructive comments that
have led to significant improvements of this chapter. Thanks are also due to the participants of the XI World
Conference of the Spatial Econometrics Association, Singapore, June 2017, and the seminar participants at
the Tohoku University, Japan, Dec. 2018, for their helpful comments. Zhenlin Yang gratefully acknowl-
edges the financial support from Singapore Management University under Grant C244/MSS16E003.



Temporal heterogeneity is a common feature in an SPD model. It is an important is-
sue but relatively unexplored in the spatial panel literature. Temporal heterogeneity may
occur as a result of a credit crunch or debt, an oil price shock, a tax policy change, a fad or
fashion in society, a discovery of a new medicine, and an enaction of new governmental
program (Bai, 2010). Many economic processes, for example, housing decisions, tech-
nology adoption, unemployment, welfare participation, price decisions, crime rates, trade
flows, etc., exhibit time heterogeneity patterns. Values observed at one location depend
on the values of neighboring observations at nearby locations. Therefore, one may be
interested in the question whether this dependence stays the same over time.

There is a sizable literature on temporal heterogeneity in regular panel data models,
mostly on change points or structural breaks, see, Bai (2010), Liao (2008), Feng et al.
(2009), to name a few. In spatial models, previous literature has focused more on the
spatial heterogeneity (e.g., Aquaro et al., 2015; LeSage et al., 2016, 2017). The literature
on temporal heterogeneity in spatial panel data models is rather thin. We are only aware
of the following two works, Sengupta (2017) who proposes tests for a structural break in
a spatial panel model without fixed effects, and Li (2018) who studies fixed effects SPD
models with structural changes. SPD models with temporal heterogeneity also appear in
finance literature, see, e.g., Blasques et al. (2016) and Catania and Billé (2017), but under
a different setting where the time dimension is much larger than the spatial dimension.

In this chapter, we consider the fixed effects SPD models with temporal heterogeneity
in regression and spatial coefficients. We focus on the testing problems. The presence of
temporal heterogeneity renders the usual fixed effects estimation method through trans-
formation (Lee and Yu, 2010; Baltagi and Yang, 2013b; Yang et al. 2016) inapplicable in
handling the individual-specific fixed effects. A general method, the adjusted quasi score
(AQS) method, is introduced for constructing tests for temporal homogeneity/heterogene-
ity on regression coefficients and spatial correlation coefficients in SPD models, allowing
for presence of spatial-temporal heterogeneity in the intercepts (or fixed effects). The
SPD model with spatial lag dependence is first treated in detail by first considering the
model with individual-specific fixed effects only, and then extended to the model with

both individual and time specific fixed effects. Two types of AQS tests (naive and robust)



are proposed, and their asymptotic properties are presented. These tests are then fully
extended to the SPD models with both spatial lag (SL) and spatial error (SE) dependence.
Monte Carlo results show that the robust tests have much superior finite and large sam-
ple properties than the naive tests. Thus, the proposed robust tests provide reliable tools
for practitioners. Two empirical applications of the proposed tests are presented, and a
detailed guidance is given to aid applied researchers in their empirical studies.

The rest of the chapter is organized as follows. Section 2.2 presents AQS tests for
the panel SL model with one-way and two-way fixed effects, where a general method for
constructing non-normality robust AQS tests is outlined. Section 2.3 generalizes these
tests to the SPD models with both SL and SE dependence. Section 2.4 presents Monte
Carlo results. Section 2.5 presents two empirical applications to give a detailed illustration
on how the proposed methods are implemented. Section 2.6 discuss possible extensions

and concludes this chapter.

2.2 Tests for Temporal Heterogeneity in Panel SL. Model

In this section, we introduce the general AQS method for constructing the specification
tests and a method for the practical implementations of these tests, using the simplest
panel SL model with one-way FE (i.e., unobserved spatial heterogeneity in the intercept).
Then, we extend these tests to a panel SL model with two-way FE (i.e., the unobserved
spatiotemporal heterogeneity in intercepts). Asymptotic properties of the proposed tests
are presented. Some key quantities for calculating the test statistics, the Hessian and
expected Hessian matrices, and the variance-covariance matrix of the AQS function, are

given in Appendix A.2, and proofs of theorems are sketched in Appendix A.3.

2.2.1 Panel SL model with one-way FE
Consider the following panel SL model with individual-specific FE, or one-way FE:
Ynt = )\thYnt + Xntﬁt + Cn + Vnta (21)

where Y,,; is an n x 1 vector of observations on the dependent variable fort = 1,2,..., 77

X, 1s an n X k matrix containing the values of exogenous regressors and possibly their

6



spatial lags, W), is an n X n spatial weight matrix; V,,; is an n x 1 vector of independent and
identically distributed (iid) disturbances with mean zero and variance o2; )\, is the spatial
lag parameter and (3, is a k x 1 vector of regression coefficients for the ¢th period; and c,,

denotes the individual-specific fixed effects or the spatial heterogeneity in intercept.

Null hypotheses. We are primarily interested in tests for temporal homogeneity (TH)

in regression and spatial coefficients, i.e., the tests of the null hypothesis:
HOTHZﬁlz"':BT:B and /\1:"':>\T:/\, (22)

allowing for the presence of unobserved cross-sectional heterogeneity in intercept, i.e.,
the individual specific fixed effects c,,. If H}" is rejected, one may wish to find the ‘cause’
of such a rejection instead of fitting the general heterogeneous model (2.1). Natural tests
to proceed would be the tests of TH in regression coefficients only (RH), H" : ) = - -+ =
fr = [3, and the tests of TH in spatial coefficients only (SH): H§¥ : Ay = --- = Ay = \. If
HE® is not rejected, then one may infer that the cause of rejection of H" is the existence
of temporal heterogeneity in spatial coefficients; if H§" is not rejected, then the cause of
rejection of H" may be the existence temporal heterogeneity in regression coefficients.
In both cases, one would fit a simpler model of heterogeneous spatial coefficients only, or
of heterogeneous regression coefficients only. If both HE* and H§" are rejected, one may
need to fit the general model (2.1). However, rejection of both H{" and H§" may be due
to the existence of change points (CPs) in [S-coefficients and \-coefficients, giving rise
to a case of particular interest: change point detection in the spirit of Bai (2010) and Li

(2018):

HE :fi=- =B # Prosr == Br and A == Ay # Aggi1 = -+ = Ar,
(2.3)
where 1 < by, {y < T, and by and ¢, can be the same or different. If HSF is not rejected,
one may fit a much simpler model with one CP in (3; at t = by and one CP for \; at
t = ly. These discussions can be extended to have more one CP in (3; and \;. All of these

hypotheses can be put in a general framework and tests can be constructed in a general



manner.'

Adjusted (quasi) score functions. As )\; and f3; are allowed to change with %, the
usual fixed-effects estimation methods, such as first differencing or orthogonal transfor-
mation, cannot be applied. We propose an adjusted score (AS) or adjusted quasi score
(AQS) method for estimating the structural parameters in the model, which proceeds by
first eliminating c,, through direct maximization of the loglikelihood function, given the
structural parameters, and then adjusting the resulted concentrated (quasi) score function
to give a set of estimating functions that are unbiased or asymptotically unbiased so as
to achieve asymptotically unbiased estimation. The resulted set of AS or AQS functions
then lead to a set of score-type of tests, referred to as the AQS tests in this chapter, for
identifying temporal heterogeneity in regression coefficients and spatial parameters.

We develop score-type tests as they require only the estimation of the null model.
However, the construction of the score-type of tests requires the full quasi score (QS)

function, derived from the quasi Gaussian loglikelihood, as if {V,,;} are iid N (0, 021,):

T
(52(0, ) = ~ "L n(2m0”) + S|4, — 51 Z O Bos )Vt O, By ),
- 2.4)
where © = (B/, N, 0?), B = (B;,...,87) and A = (A, ..., Ap); An(N) = I, — MW,
I, is an n x n identity matrix, and V,,;(5¢, A, ¢n) = An( M) Yoe — XouBi—cn, t=1,...,T.

First, given 0, g4(0, ¢,,) is partially maximized at: cn(ﬁ A) =7 LS [An () Yo

Xnt5:], which gives the concentrated loglikelihood function of © upon substitution:

nT
5, (0) = ——ln(27r0 +Zln|A (Ae) Z V(B A), (25)
t=1
where V,,(B,A) = An(\) Y — X8y — En(B, A). Then, dlfferentlate 05;,(0) to get the

concentrated score (CS) or concentrated quasi score (CQS) function of ©:
(

J%X;Ltvnt(f,?A)’ = 17 s 7T7
Ssr1(0) = ﬁ(WnYm)’XN/M(B,A) —tr[Ga(A)], t=1,...,T, (2.6)

202 + 204 zt 1 ( )‘771?5([377\)7

'Various conditional tests of, e.g., RH given SH, SH given RH, CP on [3; only given SH, and CP on )\,

only given RH, are also of interest, of which, the test of RH given SH is an extension of the well known

Chow’s (1960) test for a linear regression and Anselin’s (1988, Sec. 9.2.2) test for a spatial error model.
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where G,,(\) = WL, A (), t=1,...,T.

Let 09 = (B, Ay, 02)’ be the true value of the general parameter vector © = (B’, N, o2)".
We view that Model (2.1) holds only under the true ©,. The usual expectation and
variance operators correspond to 0. At the true 0y, we have é,(Bo, Ag) = V. +cn
and thus V,, = Vnt(BO,AO) =V, —V,, where V,, = %Zle V,+. Furthermore,
W Yo = Gu(Mio)(XntBio + ¢n + Vi ). With these, it is easy to show that,

E[ SLl 90 {OTk 1 1tI‘ Gn()\tO)L l= 17"'T7 _L}/a

where 0,,,, denotes an m x r matrix of zeros. Clearly, —=E[S§;; (8)] - 0, unless T’ — cc.
A necessary condition for consistent estimation is violated. Therefore, the direct approach
does not yield consistent estimators unless 7' goes to large. Even if 1" goes large with
n, there will be an asymptotic bias of order O(=;) for the estimation of {);}, and an
asymptotic bias of order O(7) for the estimation of 2.

To have a inference method that is consistent and asymptotically unbiased, CS or CQS
function given in (2.6) should be adjusted by subtracting the above bias vector from it,

leading to the AS or AQS function as

(

#X;tvnt(&)\), t=1,...,T,
511(8) = ﬁ(WnYm) V(B A) — T2t [G (N, =1, T, 2.7)

\_ 2a2 204 Zt 1 ( )Vnt(ﬁax)-

It is easy to show that E[Sg,(80)] = 0, and that -5, (8) %5 0asn — oo alone,
or both n and 7" go infinity. Thus, this AQS function gives a set of unbiased estimating

functions, and paves the way for developing asymptotically valid score-type tests.>

Construction of AQS tests. Denote by ésm the constrained estimator of © under

H0.3 Let JSL1(8> = aae,Sng(e), ]SL1<90) = E[JSLl(GO)] and Esm(eo) = Var[S;Ll(e())],

2Solving the estimating equation, Sg ,(0) = 0, gives the unconstrained AQS estimator of 0. Simplify-
ing this AQS function under the null gives AQS function of the null model, and the constrained estimates

of the null model parameters. See the end of section for a general method for estimating the null models.
3For testing H! in (2.2), for example, Bsii = 17 ® Bsiis Asii = 17 @ Asui, and Ogry =

(Bhyy Ay, G52.,) . where By and Agry are the estimators of the common (3 and ), and 17 is a T’ x 1

vector of ones.



with their expressions given in Appendix A.2.1. The usual score test, treating Sg;,(0)
as a genuine score vector so that the information matrix equality (IME) holds, takes the

form:
Ty = Sgy_l(ésm)/ejslll(ésm)Sng(ésm), (2.8)

where Jsm(ésu) can be replaced by Ism(ésu) or Zsu(ésm). However, S3;,(0) is not
a genuine score function even if the errors are normal, as it comes from the original
score function after some adjustments. In this case, the IME or its generalized version
(Cameron and Trivedy, 2005; Wooldridge, 2010) does not hold. Hence, the test statistic
Ty constructed in this usual way may not be valid even if the errors are normal, unless
under ‘specific’ situations where Isp1(0¢) and Ygp4(0¢) are asymptotically equivalent,
i.e., the IME holds asymptotically. See the discussions below Theorem 2.1 for details.
To address this issue, denoting k, = dim(0) = (k + 1)7" + 1, we put our testing

problem in a general framework with null hypothesis being written as
Hy: COy =0, 2.9)

where C'is a k,, X k, matrix generating k, linear contrasts in the parameter vector .
For example, for testing H;" in (2.2), the number of constraints k, = (k + 1)(7 — 1),
and the linear contrast matrix C' = [blkdiag{C}, C7}, O, 1], where blkdiag{---}

forms a block diagonal matrix, and C7" is an m(7 — 1) x m7 matrix defined as
Cfrn = [(17—1 ® [m)a _(I‘r—l ® Im)}, (210)

where ® is the Kronecker product; for testing H®, C' = [C%, 0k, 7,04, 1] and k, =
(T — 1)k; for testing H§", C' = [0k, 47, C7, Ok, 1] and k,, = T'— 1; and for testing HS" in
(2.3), C = [blkdiag{C} ,C}_, ,C},
Ch_4,}>Ok,) and k, = (T — 2)(k + 1). The C matrices for tests of CP on j-coefficients
only or tests of CP on A-coefficients only can be formulated easily. The CP-test can be
carried out repeatedly until the ‘true’ change points are detected. In all these and other
interesting cases, k, and C can be easily written out.

The score-type test is constructed based on the AQS function S%,(0sr;), and its

asymptotic variance-covariance (VC) matrix. Denote by Ny = n(T — 1) the effective

10



sample size to differentiate from the overall sample size N = nT". Under mild regular-
ity conditions, such as the 1/ Ny-consistency of Osr: under the null, we have by Taylor

expansion:
\/LNfosng(éSLl) = \/+V—OS§L1(90) + NLOISLl(eO)V No(ésm — 09) +0p(1), and

[NLOISM(GO)]*\/LN*OSQM(QSM) = [ 35 T511(00)] ' i S514(00) + v No(Bst: — 89) +0,(1).

As C9y = 0 under Hy, we have C ésu = 0 (see Wooldridge 2010, p.424). It follows that
C[N%jfsm(eo)]*l\/LNfosgm(ésu) = Cl3;1s14(00)] ' 5= 584 (80) + 0p(1), (211
leading to the asymptotic VC matrix of C' [%ISLl(GO)]*l\/LﬁSng(ésm) as
Est1(00) = O35 Ls11(80)] ™ [35 Zs11(00)] [ s (80)] 7' C". (2.12)
This gives an asymptotically valid and nonnormality robust AQS test:
T3 = S5 Is O (CIg Se i C)  Clg i Sy (2.13)
where Sg, = S&; (Os11), Tses = Tset(Ose1), and Sgrs = Srs (Oses ).

Remark 2.1 Although the AQS test given in (2.13) is developed based on the panel SL
model with IFE, the general principles behind apply to all models considered in this
chapter. It also applies to more complicated spatial models as well as many non-spatial

models.

Asymptotic properties. In studying the asymptotic properties of the proposed tests,
we focus on the tests of temporal homogeneity to ease the exposition. Therefore, some of
the regularity conditions, i.e., Assumptions 2 and 4, correspond to the null model under
H™ in (2.2) only. However, these assumptions can be easily relaxed to cater a non-
homogeneous null model. Denote X, = X,; — X,,, where X,, = + ZtT:1 Xt

Assumption 1. The disturbances {v;} are iid across i and t with mean zero, vari-
ance o3, and E|vy|*T® < oo for some ey > 0.

Assumption 2. Under Hy, the parameter space A\ of the common ) is compact, and

the true value \ is in the interior of \. The matrix A,,()\) is invertible for all \ € A.
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Assumption 3. The elements of X,,; are non-stochastic, and are bounded uniformly
in n and t, such that lim N0—>OONLO Zthl X° X0, exists and nonsingular. The elements of
¢, are uniformly bounded.

Assumption 4. W, has zero diagonal elements, and is uniformly bounded in both
row and column sums in absolute value. A'(\) is also uniformly bounded in both row

and column sums in absolute value for \ in a neighborhood of .

Theorem 2.1 Under Assumptions 1-4, if further, (i) g1y is /No-consistent for ©¢ under
HE, and (ii) Is.1(0) and Bg4(0) are positive definite for © in a neighborhood of

: D
when Ny is large enough, then we have, under H;", Téﬁ — Xﬁp, asn — Q.

Note that in case of testing for temporal homogeneity, k, = (7' — 1)(k + 1), and that
in case of testing for a ‘single change’ of points, k, = (7" — 2)(k + 1). It can easily
be seen that Ty is in general not an asymptotic pivotal quantity due to the violation of
IME. However, if Ig11(00) =< s1(00), where < denotes asymptotic equivalence, then
IO (Clg i Sens I C") T Clgh = I} (see Wooldridge, 2010, p. 424), and hence T4
becomes valid. This is in fact true when 7" is also large as seen from the expressions given

in Appendix A.2.1, but this case needs an extra care as in Remark 2.2 below.

Remark 2.2 When T' — oo as n — o0, the degrees of freedom (d.f) of the chi-square
statistic increase with n. In this case, one may apply the arguments for ‘double asymp-
totics’ (see, e.g., Rempala and Wesolowski, 2016) to show that (Téﬁ — ky)/\/2k, N
N(0,1) as n/vT — oc. This sample size requirement (n goes large faster than \/T) is

rather weak as it is typical in spatial panels that n is at least as large as T'.

Estimation of null models. The construction of the AQS tests requires estimation
of various null models, which could be the homogeneous model as specified by H}" in
(2.2), the model with homogeneity in 3’s only, the model with homogeneity in A’s only,
or the model with change points as specified by H§" in (2.3), etc. Each null model can be
estimated by solving the simplified AQS equations by simplifying S3;,(0) according to
the null hypothesis, which is clearly inconvenient to the applied researchers. To facilitate

practical applications of our methods, a general Lagrange Multiplier (LM) method is

12



introduced. Let g 4(0) be the objective function to be maximized subject to C'0y = 0,

with S3;,(0) given in (2.7) being its partial derivatives. Define the Lagrangian

Ls11(0) = ls14(0) — ¢'(CO),
where ¢ is a k,, x 1 vector of Lagrange multipliers. Taking partial derivatives and equating
to 0, we have k, equations =5 MSM = 54.1(0)=C"¢ = O, 1. Together with the &, constraints
C'0 = 0, we have k, + k, equations for the k, + k, unknowns © and ¢, leading to

0 S5 (8) — C'd =0
T = arg (0) fal (2.14)

P11 CO = Ok, 1
To further aid the applications, we make the Matlab codes available upon request, or
online at http://www.mysmu.edu/faculty/zlyang/.

Finally, from the expressions of Ig;4(0¢) and Yg1(0¢) given in Appendix A.2.1, we
see that they both contain c¢,,, which is estimated by plugging the null estimates Bsis and
Asi into ¢n(B,A). Furthermore, in case of nonnormality, the VC matrix g4 (00) con-
tains two additional parameters, the skewness v and excess kurtosis x of the idiosyncratic
errors V,, ;;, and their estimates are obtained by applying Lemma 4.1(a) of Yang et al.
(2016). See Sec. 2.5 for a detailed discussion on issues related to practical implementa-
tions.

However, as the hypothesis H" given in (2.2) and the corresponding homogeneous
model plays an important role in studying the asymptotic properties of the test and in
Monte Carlo simulation, an outline is given on how Sg,(0) is simplified and how it
leads to constrained AQS estimators with the desired asymptotic properties. Let § =
(8, A\, 02)". The constrained estimate of c,, given (3, \) becomes & (3, \) = A, (\)Y,, —
X,.3 where Y,, and X, are the averages of {Y,,;} and { X, }, respectively. Along the same
line leading to (2.7), one can easily show that AQS function for the homogeneous model

takes the form:

0_12 Z?—l ch;;i;;ft(ﬁa /\)7

Ssa0) = % Z?,1<WnY:t>’V:t<ﬁ, ) = (T = Dtr[Go(N)], (2.15)
L - (202 204 Zt 1 ( )Vo (6 )‘>7
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Ve(B,A) = Au(N) Yt — XouB — &(8,0) = Au(V)YS — X288, where Y5, = Yy, — Y,
and X2, = X,; — X,,. Solving the estimating equations, Sg ,(f) = 0, gives the null
estimator ésm of 6. The AQS estimation provides an alternative to the QML estimation
based on transformation of Lee and Yu (2010). The two can be shown to be asymptotically

equivalent, and therefore HNSM is v/n(T — 1)-consistent for 6.

2.2.2 Panel SL model with two-way FE

While the unit-specific fixed effects are important to the spatial panel data models,
the time-specific effects often cannot be neglected. In this section, we extend our tests to

panel SL model with two-way FE (2FE). The model takes the following form:
Ynt = AthYnt + Xntﬁt +cn + Oétln + Vnta (216)

where {«,} are the unobserved time-specific effects or the unobserved temporal hetero-
geneity in the intercept, and 1,, is an n X 1 vector of ones. As the spatial parameters and
regression coefficients change only with time. One can apply transformation method to
eliminate the time-specific effects as is widely applied in the literature, see, e.g., Lee and
Yu (2010), Baltagi and Yang (2013b) and Yang et al. (2016). Define J,, = I, — %1711;.
Assume W,, is row-normalized (i.e., row sums are one). Then, J W, = J,W,J,.
Let (Fy -1, \/Lﬁln) be the orthonormal eigenvector matrix of J,, where [}, ,,_; is the
n X (n — 1) sub-matrix corresponding to the eigenvalues of one. By Spectral Theorem,

Jp = Fop 1 F._. Ttfollows that F W, = F, _\W,F,, \F!

nn—1° nn—1°

Premultiplying

F}, ., on both sides of (2.16), we have the following transformed model:

Y = MWIY 4+ X5 B+ ¢+ V),

n-nt nt’

t=1,...,T, (2.17)

where Y, = F!

n.n—1Ynt, and so are X

s Crnoand Vy, defined; and W)y = Fy W, F, .
After the transformation, the overall sample size is (n — 1)7. Model (2.17) takes an
identical form as Model (2.1). Furthermore, V%, ~ (0,021, 1), which is normal if V% is,
and is independent of V*,, s # t.* Hence, the steps leading to the score-type tests and the

consistent estimation of the null model are similar to those for the SL one-way FE model.

4The time-specific effects can also be eliminated by pre-multiplying J,, on both sides of (2.16). How-

ever, the resulted disturbances .J,, V,,; would not be linearly independent over the cross-section dimension.
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Define A (\) = L,—1 — MW, t = 1,...,T. The quasi Gaussian loglikelihood
function of @ = (B’, A, 0?)" and ¢, of Model (2.17) is

lsi2(0,¢5) = — " In(2102) + 01 In AL ()|

2

— 55 ST V(N By €)VE(N, By, €5), (2.18)

where V' (B, A, i) = AX(\) Y5, — X6 — ¢ Given 0, lg12(0, ) is maximized at:

G (BA) = £ S (ALY — X508, (2.19)

which gives the concentrated loglikelihood function of © upon substitution:

052(8) = =0 (2702) + ST In [AX ()] — 5t Sory Vi (B, A VE(B,A), (2.20)

where V% (B,A) = A% (\)Y7 — X506 — & (B, A). Now, define G (\,) = WrAZL(\,).
Differentiating /5, ,(0) gives the CS or CQS function of 8 of Model (2.17):

LXAVEBA), t=1,...,T,
Ss12(0) = § LWy ) VA (B, A) — tr[GE(N)], t=1,...,T, (2.21)

(nngz (,4 Zt 1V*/( )‘7;15([377\)

Takes the expectation of the above score, we have,

E[S52(80)] = {0y, —7t2(Gi(M)], t=1,... T, =53}

which again shows that model estimation based on maximizing the quasi loglikelihood
would not lead to consistent estimates of the model parameters. The CQS function given

in (2.21) should be adjusted by recentering, giving the AQS function of Model (2.17):

;

LXAVEBA), t=1,...,T,

Si2(0) = LWy VA (B, A) — T te[Ga(A)], t=1,..., T, (2.22)
D 4 L S VEH (B A V(BLA).

It is easy to show that E[S%,(0)] = 0, and that 2-5%,(89) —— 0 as n — oo alone,
or both n and 7" go infinity. Thus, this AQS function gives a set of unbiased estimating

functions, and paves the way for developing asymptotic valid score-type tests. Again,
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simplifying this AQS function under various null hypotheses gives the AQS functions of
the null models and the constrained estimates. See the end of the Section for a general
formulation.

Now, the tests concerning {3;} and {\;} allow the existence of both unobserved cross-
sectional and time-specific heterogeneity in the intercept, i.e., the existence of both indi-
vidual specific fixed effects and the time specific fixed effects. As the transformed 2FE
panel SL model takes an identical form as 1FE panel SL model, the tests developed for
1FE panel SL model extends directly to give tests for the 2FE panel SL. model. Let Osro be
the null estimate of 0. Let Ig5(0¢) and Ys10(00) be, respectively, the expected negative
Hessian and the VC matrix of S§,(0), given in Appendix A.2.2. The AQS test, robust

against nonnormality and taking into account of the estimation of fixed effects, is:
r oxl T— T—-1% T— -1 ~7-1 3%

Tyt = S0l5iaC' (ClapSsialysC’) ~ Cligy S5, (2.23)
where §§L2 = S§L2<éSL2)’ ZSL2 = ]SLQ(éSLQ)a and iSLQ = 25]_2(65]_2) As in the case of
IFE-SL model, when Isi2(89) = Zs12(00). IesC' (ClsaSsialsC") Ol = Igph and
hence 74!} reduces to the naive test: Ty = S¥ . Jgh Sk o, where Jgrp = —%ng(ésm).

Asymptotic properties of these tests can be studied along the same line as the tests
for 1FE panel SL model. Again we focus on the test of H® for ease of exposition. The
effective sample size becomes Ny = (n — 1)(7" — 1) due to the ‘estimation’ of both

individual- and time-specific FEs. Let Zg;,(0) and X *7 be defined as Eg;4(0) and X, in
SL-one way FE model.

Assumption 3": The elements of X,,; are nonstochastic, and are bounded uniformly

. . T . . .
in n and ¢, such that limy, ., Nio > g Xoi X o exists and is nonsingular.

Theorem 2.2 Under Assumptions 1-2, 3', and 4, if further, (i) Osro is \/No-consistent for
0o under H}", and (ii) Is12(0) and Eg2(0) are positive definite for © in a neighborhood

of ©g when Ny is large enough, then we have, under H}", TSQ — Xk: , as n — 00.

Note that while the effective sample size for the 2FE-SL. model is smaller than that of the
1FE-SL model, the d.f. associated with the test statistics remain the same. As discussed

below Theorem 2.1, T, is not an asymptotic pivotal quantity unless 7' is also large. As

in Remark 2.2, if T' grows with n, (TS(E2 ky)/~\/ 2k, —>N 0,1), asn/vVT — .
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Estimation of null models. The general constrained root-finding method, the LM
procedure, presented at the end of the section for the panel SL model with 1FE directly
applies to the panel SL model with 2FE to give constrained estimates of various null mod-
els. This greatly facilitates the practical applications. Again, the homogeneous model
specified by Hj" in (2.2) and its AQS estimation play important roles in studying the
asymptotic properties and performing Monte Carlo simulations, and therefore an outline
is given on the estimation procedures based on the simplified AQS function. The con-
strained estimate of ¢, given (3, \), becomes ¢:°(3,\) = A*(\)Y," — X3, where V!
and X are the averages of {Y*} and { X, }, respectively. Along the same line leading to
(2.15), we have the AS or AQS function for the homogeneous panel SL model with 2FE:

E Y Xa ViR (BN,
Ssta(0) = § & L (WYY Ve (8, 0) — (T = Dt G(V)], (2.24)

n - nt

) L L VBV (BN,

\

where V:2(8,)) = AZ(\Yy, — X3,0 — &2(8.0) = A, (WY, — X356, Ve = Vi, -
Y* and X° = X, — X. Solving the estimating equations, Sg,(f) = 0, gives the
null estimator g, of 6. Again, it can be shown to be asymptotically equivalent to the

transformation-based QML estimator of Lee and Yu (2010). Thus, fs;is \/(n — 1)(T — 1)-

consistent for . The estimation of ¢, and v and ~ contained in Ig;5(0¢) and Ygr2(09)

proceeds similarly.

2.3 Test for Temporal Heterogeneity in Panel SLE Model

The tests introduced in the earlier section can be easily extended to a more general
SPD model where the the disturbances are also subject to spatial interactions, giving an
SPD model with both spatial lag and error (SLE) dependence. Again, we first present

results for the one-way FE model, and then the results for the two-way FE model.
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2.3.1 Panel SLE model with one-way FE

The SLE model with one-way fixed effects has the form:
Ynt - AthYnt + Xntﬂt +cp + Unt; Unt - ptMnUnt + Vnt; (225)

where M, is another spatial weight matrix capturing the spatial interactions among the
disturbances, which can be the same as W,,, and {p,} are the spatial error parameters,
possibly changing with time. Again, we are primarily interested in the test for temporal

homogeneity, which now corresponds to a test of the following null hypothesis:
H:Bi=-=Pp=8, \i=-=Ap=\, and py=---=pr=p. (2.26)

If this test is rejected, one would be interested in testing various hypotheses discussed in
Sec. 2.1, including HSP in (2.3) extended to include the p-component, to find out the cause
of the rejection. An interesting test for the panel SLE model would be the conditional
test: H™ : 01 =~ =0p=p,and\; = --- = Ap = A, given p; = -+- = pp = p.
In this case, the alternative (full) model is a submodel of (2.25) with the disturbance
following a homogeneous SAR process: U,; = pM,U,; + V,;. We present the most
general case here, and give necessary details related to this submodel at the end of Sec.2.3.

Following the same set of notation as in the earlier section, and further denoting p =
(p1,...,pr)s 0 = (B N,p',0%), and B,(p;) = I, — p;M,,t = 1,..., T, we have the
(quasi) Gaussian loglikelihood for (0, ¢,,):

lsie1(0,¢,) = — LIn(2m0?) + 3, In [A,(A\)| + X0 In| By (py)]

- # Z?:l V’r;t(ﬁta At Pt Cn)Vnt(ﬂt, At Pty Cn)a (2.27)

where Vi (Be, Mty piy ¢n) = Bu(p)[An M) Yoe — Xoufe —cnl, t=1,...,T.

Similarly to the developments in the previous section, we first eliminate c¢,, through
a direct maximization of the loglikelihood function, given the other model parameters
0, and then adjust the resulted CS or CQS function to eliminate the asymptotic bias or

inconsistency. Given 0, /s1gs (0, ¢,,) is maximized at

(B, A, p) = [Zthl BZ(Pt)Bn(Pt)} B ZtT:1 [B;z(pt)Bn(pt)<An()‘t)Ynt - Xntﬂt)}a
(2.28)
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leading to the concentrated (quasi) Gaussian loglikelihood function of © upon substitu-

tion:

lgre1(0) = — “LIn(270?) + 32 In Ay (A)| + 32,y In | Ba ()]
— 5 S V(B p)Viu(BL A, ), (2.29)

where ‘7711’('?)7 7\; p) - Vnt(ﬁh >\t7 Pt én(ﬁ; )\7 P)) — Bn(pt)[An(/\t>ynt_XntBt_én(B; )\7 P)]
To facilitate the subsequent derivations, denote Uy, (5;, A\t) = Apn(At)Yne — X5, and

Dy(pi) = B}, (p) Bulpe) and Dy (p) = 31, Da(py). Then,
f/nt('?’a 7\7 p) ( ) nt(ﬁta ) (pt)cn(ﬁ }\ p)
En(BA, ) =D (p) o, Dulp)US, (B, i), and the key term in (2.29):

Zt 1 (B A p) nt(f’a}‘v p) = ZZ L Uit (Bt At) D (pe) Upy (Bes At)
- (Zt:l Dy (pe)Usy (Bt )‘t)) D, ' (p) ( Zt:l Dn(p)Usi(Br, At))-

Differentiating (§; ., (0) gives the CS or CQS function of ©:

(

(%qultB;(pt)vnt(Ba}\y p)7 t= 17"‘7T7

LW, Vo) B (p)Vui (B, A, p) — tr[Gu(N)], t=1,...,T,

Ssier(0) =47 (~ g t(~ )G (2.30)
%Vn/t([37A7 p)Hn(pt)Vnt(ﬁaAa p) - tr[Hn(pt)]7 t= 17 s aTa

;o?; + 20'4 Zt 1 (B }\ p) TLt(BJ)\7 p)7

\
where H,,(p;) = M, B, (ps), t=1,...,T.

At the true 0y, we have, ¢,(Bo, Ao, Po) = ¢, + D! Zfil B! .V, and hence XN/M =
Vot (Bos Ao, P0) = Vit — B, ' S50 B Vi, and W, Yy = Gy (X180 + 6o + B Vi),
where B, = B, (pw), Gue = Gn(Mo), and D, = D, (po). It is easy to show that,

)
Ork 1,

—tr[D7 " (po) B, (p10) Bu(pro) Gn(A0)], £ =1, T,

—tr[Bn(pi0) Dy, (Po) By (pio) Ha(pro)] t =1,... T,

E[SELM(GO)] =
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Therefore, the AS or AQS function of © for Model (2.25) takes the form:

p

%X;LtB;L(pt)‘/}nt(Bu A7 p)7 = ]-7 s 7T7
(W Yt) Bi(po) Vot (B, A, ) — tr[Ros (p)Gn(A)], t=1,...,T,
%"Zit(ﬁa A7 p)HTL(/Ot)Vnt(Ba A? p) - tr[Snt(p)Hn<Pt)]a t= 17 s 7T7

_n(,ZZZT_Ql) + ﬁ Zle ‘71;15([37 A) p)f/int([?’a A7 p)7

Sng(e) =

\

(2.31)

where Ro(p) = I — Dy (9) By (pt) Ba(pr) and Syu(p) = L — Ba(p))D; (0) Bl (pr).
It is easy to show that E[S% ¢, (0)] = 0, and that -5z ¢, (6) 25 0as n — oo alone,
or both n and 7' go infinity. Thus, this AQS function gives a set of unbiased estimating

functions, and paves the way for developing asymptotic valid score-type tests.

Construction of AQS tests. Denote the constrained estimator (under H,) of © by
Osees.’ To test various hypotheses concerning temporal homogeneity/heterogeneity, one

is tempt to use the naive test, Torpy = S3g, (Oster) Jaris (Ostet)Sies (Osir1 ). treating

_9
90’

placed by Ig1g1(00) = E[Jse1(00)], or Xg1e1(00) = Var[S§z,(0¢)] (see Appendix A.2.3

Ség1(0) as a genuine score function, where Jgg1(0¢) = Ség1(00), which can be re-
for their expressions). Again, Sz, (0) is not a genuine score function. Hence, the test
constructed in the usual way may not be a valid test statistic, even if the errors are normal.

To give a general robust test, we again, as in the previous section, put our testing
problem in a general framework with null hypothesis being written as Hy: C'9y = 0,
with some modifications on C' to include the p parameters. The dimensions of C are
again denoted as k, X k, with k, linear contrasts on the parameter vector © of dimen-
sion k, = (k + 2)T + 1. For Hj" in (2.26), we have k, = (T — 1)(k + 2) and
C = [blkdiag{C%,C},Ct}, 0k, 1], where C™ is defined in (2.10). For tests of CP
in B, A\ and p; at time points by, ¢, and ry, respectively, k, = (7" — 2)(k + 2) and
C = [blkdiag{C}, Ch_y, Ol Ch_yy . CL L Ch_ b, 0p, ).

Similarly, the score-type test is based on the AQS function SgLEl(QSLEl) evaluated at

STn case of testing HZY given in (2.26), the constrained estimators of 3, A and p are, respectively,

BSLEl = 1r ® BSLEls Asier = l7 ® Asies, and Pster = 17 ® psie1, Where BSLEl, Aster and PSLEL

are the estimators of the common 3, A and p, leading to the constrained estimator of © as ésw1 =

Q! X/ ~/ ~2 !
(BsLE1> AsLet> PSiers Osier) -
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the null estimate Ogg; of 0, and the asymptotic VC matrix of SgLEl(éSLEl). Now, the
effective sample size is back to Ny = n(7T — 1) as for the 1FE panel SL model. Following
the fundamental developments in Sec 2.2, we have, under mild regularity conditions such
as the v/Ny-consistency of Oseri, an asymptotically valid and nonnormality robust AQS
test:
Tsits = SitesTares O’ (Clstks Bstes Ik C') ' Clgriy Sien, (2:32)
where §§LE1 = 5% 1 (Osip1), Isips = Isig1 (Osigs), and Sergt = Seret (Oster )-
Asymptotic properties of the proposed tests are established based on Assumptions 1-4

in Sec. 2.2, and the following additional conditions on M,, and B,,(p).

Assumption 5. Under H, the parameter space P of the common p is compact. The
true value py is in the interior of P. The matrix B, (p) is invertible for all p € P. M,
has zero diagonal elements, and are uniformly bounded in both row and column sums in
absolute value. B, '(p) is uniformly bounded in both row and column sums in absolute

value for p in a neighborhood of py.

Furthermore, the existence and consistency of the constrained estimator Bsun de-

pends on the existence and nonsingularity of limn_wo% ZtT:l X° B! B,X¢,, which fol-

lows from Assumption 2 and the positive definiteness of B B,. Denoting Egz1(0) =

Clgp: (0)Xs1e1(0) 53, (0)C’, we have the following theorem.

Theorem 2.3 Under Assumptions 1-5, if further, (i) ésau is / Ny-consistent for O, under
H®, and (ii) Is1e1(0) and Bspei (0) are positive definite for © in a neighborhood of 0

. D
when Ny is large enough, then we have, under HgH, Ts(fél — X%p, as n — oo.

Note that the d.f. associated with the test statistics is k, = (7' — 1)(k + 2) for testing
for temporal homogeneity, and k, = (1" — 2)(k + 2) for testing for a ‘single change’.
Similarly, if 7" increases with n it can be shown that Tgg; is not an asymptotic pivotal

quantity, and that (T3e, — k,)//2k, — N(0,1), as n/vT — .

Estimation of null models. The general LM procedure presented previously can be
applied to estimate various null (1IFE-SLE) models based on S, (6) and a properly
specified linear contrast matrix C. To estimate the homogeneous model for asymptotic

analyses and Monte Carlo simulation, let = (3, \, p,0?)’. Under H}®, the constrained
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estimate of ¢, given (3, \) becomes (8, \) = A,(\)Y, — X, 3, and the error vector
becomes V2,(3, X, p) = Bo(p)[An(N)Y.S—X2,8], where Y5, = Yy —Y,, X2, = Xou— X,
and Y, = % Zthl Y, and X,, = % ZtT:1 Xt The AQS function at HJ® takes the form:

o% Zthl X;ztB;z(p)‘th(ﬁa A D),

LS (WYY BL(p)Va(B A p) — (T — Dtx[Gu( V)],

) = 2 SOV BTN = (T =Dl
(% Zf:l V:t/(ﬁa )‘7p>Hn(p>V1§t(67 Avp) - (T - ].)tI'[Hn(p)],

D LS V(B A 0V A, ).

\

Solving the estimating equations, S, (f) = 0, gives the null estimator fg.g; of 6, which
is shown to be asymptotically equivalent to the transformation-based QML estimator of
Lee and Yu (2010), and thus is /n(7" — 1)-consistent. To estimate ¢,, v and &, refer to

the discussions at the end of the discussion for SL-one way FE model.

2.3.2 Panel SLE model with two-way FE

The panel SLE model with two-way fixed effects has the form:
Ynt = AthYnt + Xntﬁt +cn +agly + Unt7 Unt = ptMnUnt + Vnta (234)

which extends Model (2.16) by adding the spatial error dependence term. Applying the

same orthonormal transformation as that for Model (2.16), i.e., premultiplying F} , ,

on both sides of (2.34), and using J,W,, = J,W,J,, J.M, = J,M,J, and J, =

FonF) we have the following transformed model:

n—1°

Yo = MWoYo + X0, 6+ + Upy Upy = peMuUp, + Vi, (2.35)
where Y5, X1, ¢, W,y and V, are defined as in Model (2.17), and My = F, .| M, F, ;1.

After the transformation, the effective sample size becomes Ny = (n — 1)(T" — 1) as for
the 2FE panel SL. model. As Model (2.35) takes an identical form as Model (2.25) and
the elements of V", are iid normal if the original errors are normal, the steps leading to
the score-type test and the steps leading to consistent estimation of the null models are
similar. We first present the results for the general model, and then give the necessary

details for the submodel with constant p at the end of this section and in Appendix A.2.5.
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Define A (pt) = I,-1 — MW} and B} (pt) = In—1 — pe M, t = 1,...,T. Similar to
the previous section, we eliminate ¢, through a direct maximization of the loglikelihood

function to give the concentrated loglikelihood function of ©:

ggLEQ(e) = % 1n(27T02) + ZtT:1 In |A;(/\t)| + 23:1 In |B:(pt)|
the — 55 >0, Vi (B A, p)V,5(B. A, p) (2.36)
where V48,2, 0) = B (p0)Us: (B M)~ Ba(p) Dy (0) S, D (p)US2 (65, As), Dy (0) =

i1 D (p1)s Diy(p1) = Byl (pe) By (pr). and Ugg (B, Ae) = A3(A)Y — X6, As in the

previous subsection, we can obtain the AS or AQS function of © for Model (2.34) as

(

LX5BY (o) V(B A p), t=1,...,T,
LWrYs) B (p) Vi (B, A, p) — tr[Re, (p)GL(N)], t=1,...,T,

%‘7:{([37}\7 p>H;(pt)‘7;t(I3> 7\7 p) - tr[SZt(p)H;(ptﬂv = 17 s 7Ta

|G 4 S L V(B p) V(B ),

SgLE2(e) =

(2.37)

where R;,(p) = In-1 — ;7' (p) D}y (p1), and S} (p) = -1 — By, (pe)D () Bri(pr)-

Denote the null estimator of © by Oggy. Let Jszs(0) = — 2 Sa52(0), Tsiea(00) =

E[Js1e2(00)] and Xg1e2(0¢) = Var[Sgz,(00)] with their expressions given in Appendix

A.2.4. The robust AQS test, taking into account of estimation of fixed effects, has the
forms:

Tiits = SitealarzaC' (ClikaYstaalsikaC’) ' Claris Stiea: (238)
where §§LE2 = 5% 50 (Osirn), Isies = Isipo(Osipn), Sergr = Sere2(Osee2), and the linear
contrast matrix C' has the same form as that for the 1FE panel SLE model. Similarly, when
Iste2(00) < Ysrea(00), T4, reduces to the naive test: Tsigy = St Jiho (Osirn) S o

Let Egr2(0) be defined similarly as Egxq (0) for the 1FE panel SLE model.

Theorem 2.4 Under Assumptions 1-2, 3', and 4-5, if (i) éswz is v/ Ny-consistent for 0

under H(®, and (ii) Isig2(0) and Egiza(0) are positive definite for © in a neighborhood

. D
of 89 when Ny is large enough, then we have, under HJ", TS({%Q — X%p, as n — oo.

The d.f. k, associated with these tests remain the same as that in Theorem 2.3. Simi-

larly, it can be shown that 75 g, is not an asymptotic pivotal quantity, and that (Té{%2 —
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kp)/\/2k, — N(0,1), as n/v/T — oo.

Estimation of the null model. Again, the general LM procedure can be adapted
to estimated a null (panel SLE-2FE) model based on the AQS function S§ ;,(0) and a
properly specified linear contrast matrix C'. To estimate the null model specified by H*,
the constrained estimate of ¢, given (3, \) becomes &*(3, \) = A% (\)Y, — X3 where
Y and X* are the averages of {Y%} and { X, }, respectively. Along the same line leading
to (2.37), one can easily show that AQS function of Model (2.35) at H;" takes the form:

( ~
% Zthl XZI/B;/(P)V%*(/& )\a p)a
ser gy — 4 7 D WYY BLQIVE B0 p) = (T = DGO
SLE2 - _ " .
LS V(BN p) HE(p) V(BN p) — (T — D)te[H (V)]

\_% + # Z;le ‘77;*/(57 A, P)‘th*(ﬁ’ A p);

Ver(B, A, p) = Bi(p)[ AR (N Yo = X568 = &7(8,N)] = Bi(p)[ A5 (\)Y;ir — X578, where
Yo =Y —Y*and X2 = X, — X*. Solving the estimating equations, S3,(0) = 0,
gives the null estimator Otz Of O = (8, A\, p,0?)’, which is shown to be asymptotically

equivalent to the transformation-based estimator of Lee and Yu (2010). Thus, §SLEQ 1S

\/(n — 1)(T — 1)-consistent for §. Estimation of ¢, v and  proceeds similarly.
A special submodel is the panel SLE model homogeneous p-coefficients. With two-
way FE, the AQS function of © = (B, N, p, 0?)’ is obtained by simplifying S ., (0):

4

%XZQB;/(p)th(Bv }\ap)v t=1,...,7T,
LW B Va8 A p) — TGO, €= 1, T,

LS VB p)H; () Vi (B, A, p) — (T — D)te[H(p)],

\_% + # Zle V;{(B,A, p)v;t<B’A’ p)

SQEM(G) =

(2.40)

This provides a channel for carrying out various conditional tests, given the temporal

homogeneity in p. Necessary details for constructing these tests are provided in Appendix
B.5., and these can easily be simplified to give AQS tests for the 1FE model.

Finally, a very special submodel, the SPD model with spatial errors (SE), is also briefly

discussed here as it parallels with the panel SL models popular in practical applications.
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The AQS function of © = (B’, p’, 0%)’ of the panel SE model with 2FE takes the form:

LX5B (p)Vi(B,p), t=1,....T,
Siea(0) = § LV (B, ) HZ(p) Vi (B, p) — tr[ S5 (p) Hi(pr)], t=1,....T,

_ DI 1 ST P 0V (B ),

(2.41)
where V7, (B, p) = B2 (p)Ug (81)— B (p)D; (p) Sory Dii(ps)US(Bs), and USH(B;) =

* JR—
nt

X, B;. This can be used to perform tests concerning {/3;} and {p;} in the panel SE
model with 2FE. The necessary detail for constructing these tests are given in Appendix

A.2.6, which can easily be simplified to give the AQS tests for panel SE model with 1FE.

2.4 Monte Carlo Study

Extensive Monte Carlo experiments are conducted to investigate the finite sample
performance of the proposed tests, based on the following four data generation processes

(DGPs), the SPD models with, respectively, 1FE-SL, 2FE-SL, 1FE-SLE and 2FE-SLE:

DGP1 : Y,y = MoWo Yo + X1t B0 + XontBoro + Cno + Vi, t=1,2,...,T,
DGP2 : Y., = MoWo Yo + XiniBrio + XoneBow + Cno + ol + Vi, t=1,2,...,T.
DGP3 : Yy = AMoWnYor + XineBuo + XonBato + no + Unt,
Unt = pooMyUpi + Vi, t =1,2,....T.
DGP4 : Yo = MoWoYou + X1nBro + XoneBaio + Cno + qwoln + Un,

Unt = ptOMnUnt + Vnty t= 17 27 SR 7T'

We concentrate on the tests of temporal homogeneity. In all the Monte Carlo ex-
periments for simulating the empirical sizes of the tests, 5; = (514, f2) = (1,1), A €
{0.5,0,—0.5},and p; € {0.5,0, 0.5} forallt = 1,...,T, 0% = 1,n € {50,100, 200, 500},
and 7' = {3, 6}. Each set of Monte Carlo results is based on 10,000 Monte Carlo samples
for the two SL models, and 5,000 for the two SLE models.

The weight matrices are generated based on three different methods: (i) Rook
Contiguity, (i) Queen Contiguity, and (iii) Group Interaction, with

details given in Yang (2015a). In spatial layouts (7)-(77), the degree of spatial interactions
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(number of neighbors each unit has) is fixed, while in (i77) it may grow with the sample
size. This is attained by allowing the number of groups, G, in the sample of spatial units
to be directly related to the sample size n, e.g., G = n%5. Hence, the average group size,
m = n/G, gives a measure of the degree of spatial dependence among the n spatial units.
The actual sizes of the groups are generated from a discrete uniform distribution from
.Omto 1.5m.

The two exogenous regressors are generated according to REG1: X, YN 0,1,)
forj = 1,2and ¢t = 1,...,7T; and REG2: the ith value of the jth regressor in the
gth group is such that X, ;, “ (22, + 2i4)/V/10, where (z,, zi,) “ N(0,1) when group
interaction scheme is followed; { X, ;, } are thus independent across j and #, but not across
i.

The errors, v;; = oge;, are generated according to errl: {e;} are iid standard
normal; err2: {e;} are iid normal mixture with 10% of values from N (0,4) and the
remaining from N (0, 1), standardized to have mean 0 and variance 1; and err3: {e;}
iid log-normal (i.e., log e;; YN (0, 1)) standardized to have mean 0 and variance 1.

Partial Monte Carlo results are reported in Tables 2.1 & 2.2 for the panel SL models,
and Tables 2.3 & 2.4 for the panel SLE models. The results in Tables 1 & 2 show the

following.

(i) The proposed robust test performs very well in general with empirical coverage
probabilities all very close to their nominal levels, except that in cases of heavy
spatial dependence (Group Interaction)and not-so-large n, it can be slightly
undersized. As sample size increases, the empirical sizes quickly converge to their
nominal levels.

(#7) In contrast, the naive test can perform quite badly, with empirical sizes being as
high as 35% for tests of 10% nominal level, when the erorrs are fairly non-normal
(e.g., log-normal). It is interesting to note that the size distortions for the naive tests
also drop as sample size increase.

(7ii) A larger T seems lead to a worsened performance for the naive tests under Queen

Contiguity but not under Group Interaction.

26



(iv) The finite sample performance of the tests for 1FE panel SL model do not seem to

differ much from those for 2FE panel SL model.

From the results for the panel SLE model, reported (in Tables 2.3 & 2.4) and unre-
ported (available from the authors upon request), similar patterns are observed for the
finite sample performance of the proposed tests. In summary, the proposed robust tests
are reliable and easy to apply, and hence are recommended for the applied researchers.
The Monte Carlo experiments for the power of the tests, and the size and power of the
other tests, e.g., tests for change points, are also carried out, and the results (available

from the authors upon request) show similar patterns.
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Table 2.1a. Empirical Sizes of Tests for Temporal Homogeneity in Panel SL. Model

One-Way Fixed Effects, Queen Contiguity

T=3 T=6
A n Tsr1 Ts(ﬁ Tsr1 Ts(ﬁ
.10 .05 .01 .10 .05 .01 10 .05 .01 10 .05 .01
Normal Error
S 50| 208 135 .052 | .096 .045 .007 | .216 .138 .050 | .095 .044 .008
100 | .150 .086 .024 | .098 .046 .009 | .161 .097 .028 | .103 .050 .009
200 | .128 .068 .015 | .103 .049 .008 | .129 .069 .018 | .099 .051 .010
500 | .107 .054 .010  .097 .046 .007 | .110 .054 .011 | .098 .049 .009
0 50| .204 .135 .053 | .102 .048 .008 | .214 .137 .050 | .095 .046 .009
100 | .147 .086 .025  .099 .048 .008 | .160 .096 .027 | .105 .051 .009
200 | .127 .069 .015 | .104 .049 .009 | .127 .068 .018 @ .100 .049 .010
500 | .111 .056 .011 | .100 .048 .008 | .109 .056 .012 | .099 .050 .010
-5 50 .204 133 .055 | .102 .048 .008 | .212 .136 .051 | .097 .046 .009
100 | .147 .086 .025  .099 .049 .008 | .160 .097 .027 | .103 .050 .009
200 | .129 .068 .015 | .103 .048 .009 | .127 .070 .017 | .100 .050 .010
500 | .108 .055 .012 | .101 .048 .009 | .110 .056 .012  .100 .049 .010
Normal Mixture Error
S5 50 .201 129 053 | .096 .047 .006 | 229 .154 .061 | .121 .070 .023
100 | .149 .088 .027 | .100 .048 .009 | .163 .096 .029 @ .099 .050 .010
200 | .130 .073 .019 | .105 .052 .011 | .133 .073 .018 | .103 .054 .010
500 | .112 .058 .012 | .102 .051 .009 | .118 .061 .012 | .102 .051 .010
0 50 |.197 .126 .052 | .099 .047 .007 | 229 .150 .061 | .103 .053 .011
100 | .149 .087 .028 | .102 .049 .010 | .161 .094 .029 | .099 .048 .010
200 | .129 .073 .019 | .105 .052 .010 | .132 .073 .018 H .104 .054 .0l1
500 | .111 .059 .012  .103 .051 .010 | .120 .061 .012 | .102 .053 .009
-5 50 .193 129 .052 | .097 .048 .008 | .231 .151 .062 | .103 .053 .012
100 | .150 .088 .028 | .101 .050 .010 | .162 .094 .030 | .101 .050 .010
200 | .130 .073 .019 | .104 .052 .011 | .132 .073 .018 H .103 .053 .011
500 | .113 .059 .013 | .102 .051 .010 | .118 .062 .013 | .101 .052 .010
Log-normal Error
S 50 .180 .119 .045  .089 .043 .008 | .211 .145 .060  .100 .054 .017
100 | .149 .087 .027 | .097 .047 .009 | .164 .102 .032 | .101 .057 .012
200 | .133 .071 .018 | .097 .045 .009 | .147 .087 .030 | .101 .055 .014
500 | .127 .071 .018 | .100 .051 .011 | .142 .078 .030 H .101 .050 .011
0 50| .180 .118 .046 | .093 .044 .008 | .193 .130 .056 | .099 .054 .015
100 | .132 .078 .023 | .094 .047 .009 | .146 .086 .024  .100 .052 .010
200 | .109 .057 .013 | .089 .042 .008 | .114 .064 .017 | .094 .051 .012
500 | .099 .052 .012  .010 .050 .010 | .110 .058 .013 | .102 .053 .011
-5 50 .194 128 .049 | .097 .045 .008 | .225 .154 .072  .106 .058 .016
100 | .142 .083 .024 | .096 .047 .010 | .191 .118 .042 | .104 .057 .013
200 | .120 .067 .017 | .095 .046 .009 | .166 .102 .032  .102 .054 .012
500 | .118 .065 .016 | .098 .050 .011 |.151 .102 .032 | .102 .050 .010
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Table 2.1b. Empirical Sizes of Tests for Temporal Homogeneity in Panel SL. Model
One-Way Fixed Effects, Group Interaction

T=3 T=6
n Ts11 ]éfi T Jéﬁi
10 .05 .01 10 .05 .01 10 .05 .01 10 .05 .01
Normal Error
S 50| .222 144 057 | .086 .034 .004 | 219 .136 .048 | .085 .039 .007
100 | .150 .089 .025 | .088 .039 .006 | .165 .094 .028 | .089 .042 .007
200 | .124 067 .018 | .092 .042 .008 | .128 .070 .016 | .094 .045 .008
500 | .110 .059 .014 | .097 .049 .011 | .113 .057 .012 | .095 .048 .009
0 50| .232 .157 .065  .087 .036 .005 | .232 .151 .056 | .084 .040 .007
100 | .155 .091 .027 | .089 .040 .006 | .173 .099 .030 | .091 .044 .008
200 | .124 .068 .020 H .090 .042 .008 | .131 .071 .016 A .095 .044 .008
500 | .110 .060 .015 | .098 .049 .010 | .114 .058 .013 | .096 .048 .009
-5 50 .238 .163 .071 | .086 .038 .004 | .239 .159 .063 | .085 .038 .007
100 | .157 .092 .029 | .088 .040 .005 | .178 .102 .033 | .089 .043 .008
200 | .126  .069 .020 | .091 .043 .008 | .133 .072 .016 | .096 .043 .008
500 | .111 .061 .014 | .098 .049 .010 | .115 .059 .012  .096 .048 .009
Normal Mixture Error
S5 50| .230 .151 .056 | .087 .033 .004 | .215 .143 .051 | .088 .046 .009
100 | .154 .088 .025 | .087 .041 .006 | .165 .094 .025 | .087 .041 .009
200 | .131 .070 .017 | .095 .043 .008 | .133 .071 .018 | .093 .043 .009
500 | .114 .061 .013 | .100 .048 .009 | .116 .059 .011 | .096 .048 .008
0 50| .241 .163 .068 | .088 .036 .005 | .231 .155 .061 | .088 .046 .008
100 | .157 .092 .029 | .089 .041 .006 | .170 .098 .029 | .089 .041 .008
200 | .133 .070 .018 | .095 .044 .008 | .133 .072 .019 | .094 .042 .009
500 | .114 059 .014 | .099 .048 .010 | .133 .072 .019 | .094 .042 .009
-5 50 .259 .181 .081 | .093 .043 .007 | .270 .186 .083 | .096 .050 .010
100 | .168 .103 .033 | .096 .046 .007 | .193 .118 .040 | .093 .046 .010
200 | .136 .075 .020 | .097 .045 .009 | .142 .079 .023 | .094 .045 .010
500 | .116 .060 .015 | .098 .048 .009 | .117 .059 .012 | .097 .048 .008
Log-normal Error
S 50 ] 218 143 .054 | .081 .035 .005 | .206 .137 .050 | .079 .040 .009
100 | .151 .088 .026 | .084 .037 .005 | .176 .107 .034 | .091 .048 .012
200 | .130 .069 .018 | .091 .043 .006 | .142 .081 .022 | .095 .051 .012
500 | .108 .057 .012 | .094 .045 .008 | .126 .066 .016 | .101 .049 .010
0 50| .227 .151 .064  .084 .036 .006 | 243 .166 .075  .087 .045 .010
100 | .152 .091 .029 | .088 .040 .006 | .185 .122 .046 | .097 .049 .013
200 | .137 .077 .019 | .096 .047 .008 | .136 .078 .025 | .097 .052 .011
500 | .107 .059 .014 | .098 .048 .009 | .115 .057 .014 | .098 .048 .010
-5 50 .263 .188 .086 | .093 .043 .008 @ .350 .259 .139 | .106 .057 .015
100 | .179 .114 .042 | .101 .049 .010 | .260 .186 .090 | .105 .054 .014
200 | .161 .096 .029 @ .107 .056 .010 | .185 .114 .043 | .103 .052 .013
500 | .123 .067 .018 | .100 .051 .010 | .131 .072 .021 | .101 .051 .010
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Table 2.2a. Empirical Sizes of Tests for Temporal Homogeneity in Panel SL. Model

Two-Way Fixed Effects, Queen Contiguity

T=3 T=6
n Ts1o Ts(g Ts12 TS(B
10 .05 .01 10 .05 .01 10 .05 .01 10 .05 .01
Normal Error
S50 .192 123 .047 | .093 .045 .007 | .228 .148 .059 @ .100 .050 .010
100 | .140 .080 .023 | .096 .048 .009 | .157 .094 .029 | .102 .050 .011
200 | .120 .064 .015  .098 .049 .009 | .128 .068 .017 | .101 .052 .009
500 | .103 .051 .013 | .098 .048 .011 | .105 .056 .012 | .095 .049 .010
0 50| .194 .123 .048 | .094 .046 .008 | .224 .147 .059 | .101 .049 .010
100 | .138 .082 .023 | .095 .050 .009 | .126 .069 .017 | .099 .051 .009
200 | .115 .064 .016 | .096 .049 .009 | .157 .095 .027 | .101 .049 .010
500 | .101 .052 .012 | .098 .048 .009 | .126 .069 .017 | .099 .051 .009
-5 50 .192 123 .047 | .093 .045 .009 | .225 .148 .058 | .100 .049 .009
100 | .138 .081 .023 | .096 .049 .008 | .157 .092 .027 | .101 .048 .010
200 | .116 .063 .015  .096 .049 .009 | .125 .069 .016 | .102 .050 .009
500 | .105 .055 .011 | .096 .048 .009 | .108 .056 .013 | .097 .051 .011
Normal Mixture Error
S5 50 .198 131 .052 | .100 .048 .008 | .232 .155 .063 | .106 .054 .013
100 | .140 .080 .025 | .096 .047 .010 | .165 .100 .030 | .107 .055 .012
200 | .124 .067 .016 | .101 .051 .009 | .132 .071 .019 | .104 .051 .013
500 | .110 .055 .013 | .100 .050 .010 | .106 .056 .012 | .097 .051 .010
0 50 |.199 .132 .052 | .102 .048 .009 | 234 .154 .064 | .110 .055 .013
100 | .139 .080 .024 | .097 .047 .009 | .166 .100 .031  .109 .054 .011
200 | .124 .067 .017 | .102 .051 .010 | .129 .072 .019 | .102 .051 .013
500 | .110 .055 .012 | .102 .050 .010 | .106 .055 .013 | .096 .049 .010
-5 50 .199 .130 .053 | .101 .049 .009 | .234 157 .066 | .112 .057 .013
100 | .143 .084 .025 | .101 .048 .009 | .164 .097 .031 | .107 .053 .012
200 | .123 .069 .016 | .103 .051 .010 | .133 .073 .020 | .105 .053 .012
500 | .109 .056 .012 | .101 .050 .009 | .107 .056 .014 | .096 .048 .012
Log-normal Error
S5 50| .196 131 .055 | .100 .050 .009 | 242 .171 .079 | .107 .067 .018
100 | .139 .081 .027 | .095 .050 .011 |.171 .112 .041 | .105 .055 .015
200 | .128 .070 .018 | .106 .053 .010 | .141 .081 .026 | .104 .052 .013
500 | .109 .060 .014 | .101 .052 .011 | .123 .068 .019  .101 .051 .010
0 50| .196 .133 .059 | .106 .055 .010 | .239 .167 .081 | .110 .055 .021
100 | .137 .078 .024 | .095 .048 .010 | .166 .110 .039 | .107 .054 .018
200 | .126 .070 .018 | .104 .052 .010 | .133 .079 .025 | .105 .049 .015
500 | .107 .056 .013 | .100 .051 .010 | .116 .061 .016 | .102 .051 .013
-5 50 .205 .141 .066 | .112 .062 .011 | .249 .177 .083 | .108 .055 .026
100 | .154 .089 .028 | .106 .052 .012 | .172 .110 .042 | .099 .048 .019
200 | .129 .074 .019 | .107 .056 .012 | .145 .088 .030 | .098 .049 .020
500 | .110 .058 .014 | .103 .052 .010 | .122 .068 .018 | .100 .049 .014
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Table 2.2b. Empirical Sizes of Tests for Temporal Homogeneity in Panel SL. Model
Two-Way Fixed Effects, Group Interaction

T=3 T=6
n Ts1o ]éfg T2 Téﬁé
10 .05 .01 10 .05 .01 10 .05 .01 10 .05 .01
Normal Error
S 50| .226 .148 .059 | .086 .038 .005 | .223 .142 .052 | .087 .040 .007
100 | .155 .090 .025 | .090 .036 .006 | .166 .095 .029 | .089 .043 .007
200 | .124 .070 .018 | .091 .044 .006 | .131 .073 .016 | .093 .045 .008
500 | .112 .060 .015 | .097 .050 .010 | .114 .057 .013 | .096 .047 .010
0 50| .240 .159 .068 | .088 .039 .005 | .237 .154 .059 | .086 .040 .007
100 | .159 .094 .025 | .090 .037 .006 | .174 .102 .031 | .088 .042 .007
200 | .127 .072 .018 | .091 .044 .007 | .133 .074 .016 A .094 .046 .008
500 | .112 .060 .014 | .097 .050 .010 | .116 .059 .013 | .097 .046 .010
-5 50| .244 167 .075 | .088 .039 .005 | .249 .164 .065 | .086 .040 .007
100 | .163 .096 .028 | .089 .038 .006 | .179 .104 .033 | .085 .043 .007
200 | .127 .073 .019 | .092 .045 .007 | .134 .076 .017 | .094 .045 .008
500 | .113 .059 .014 | .098 .049 .010 | .117 .059 .013 | .097 .046 .010
Normal Mixture Error
S 50| .232 150 .058 | .080 .034 .005 | .222 .144 055 | .082 .041 .008
100 | .159 .090 .024 | .088 .039 .006 | .164 .095 .027 | .083 .041 .008
200 | .130 .072 .018 | .095 .045 .007 | .133 .071 .017 | .089 .043 .010
500 | .114 .059 .014 | .097 .048 .009 | .118 .060 .012 | .098 .047 .009
0 50| .245 .167 .069 | .085 .038 .006 | .247 .165 .071 | .083 .039 .007
100 | .164 .098 .027 | .089 .040 .006 | .175 .103 .032 | .080 .038 .007
200 | .131 .072 .018 | .094 .043 .008 | .132 .072 .019 | .089 .041 .009
500 | .115 .059 .014 | .096 .048 .009 | .119 .060 .012 | .096 .047 .009
-5 50 .269 .185 .085 | .097 .047 .009 | .298 .209 .100 | .101 .052 .012
100 | .177 .110 .035 | .099 .046 .007 | .205 .127 .045 | .094 .046 .008
200 | .138 .077 .020 | .096 .045 .008 | .145 .082 .023 | .095 .045 .010
500 | .115 .059 .014 | .096 .047 .009 | .122 .063 .013 | .099 .049 .009
Log-normal Error
S5 50| 217 143 057 | .078 .036 .005 | .215 .142 .055 | .076 .036 .008
100 | .152 .088 .025 | .079 .034 .005 | .176 .111 .036 | .082 .041 .009
200 | .132 .073 .018 | .089 .044 .006 | .141 .080 .023 | .088 .046 .010
500 | .113 .057 .013 | .094 .047 .008 | .119 .062 .014 | .096 .048 .009
0 50| .240 .165 .073  .085 .040 .006 | 246 .174 .079 H .085 .038 .008
100 | .164 .099 .034 | .086 .041 .006 | .191 .129 .051 | .091 .040 .008
200 | .135 .076 .020 | .092 .043 .007 | .143 .083 .027 | .095 .044 .009
500 | .111 .057 .014 | .092 .045 .008 | .113 .060 .013 | .097 .045 .010
-5 50 .287 207 .104 | .112 .060 .013 | .347 269 .151 | .119 .068 .022
100 | .201 .131 .054 | .109 .057 .012 | .270 .195 .099 | .119 .065 .019
200 | .156 .095 .028 | .105 .054 .010 | .191 .122 .049 | .105 .056 .014
500 | .120 .067 .017 | .098 .050 .009 | .141 .081 .021 | .103 .052 .010

31



Table 2.3a. Empirical Sizes of Tests for Temporal Homogeneity in Panel SLE Model

One-Way Fixed Effects, Queen Contiguity, A =0.5.

T=3 T=6

p n TsLe1 ]éE%1 TsLe1 Téfél

10 .05 .01 0 .05 .01 10 .05 .01 0 .05 .01
Normal Error
S 50 .199 142 075 | .082 .039 .005  .161 .099 .036 | .090 .042 .011
100 | .123 .068 .025 | .094 .043 .009 | .097 .050 .012 | .092 .043 .006
200 | .084 .044 .009 | .099 .046 .007 | .079 .038 .008 | .102 .049 .011
500 | .070 .034 .006 | .104 .049 .009 | .064 .030 .005 | .102 .054 .009
0 50 .223 .164 .093 | .090 .042 .006 .171 .104 .041 | .093 .047 .010
100 | .132 .076 .029 | .095 .046 .012 | .105 .058 .014 | .097 .047 .007
200 | .087 .046 .011 | .103 .050 .010 | .082 .039 .008 | .104 .050 .011
500 | .069 .036 .006 | .102 .050 .011 | .063 .028 .005 | .103 .054 .010
-5 50 .232 174 .098 | .093 .042 .006 | .181 .120 .048 | .096 .047 .010
100 | .134 .083 .033 | .097 .045 .011 | .118 .064 .014 | .098 .048 .008
200 | .097 .047 .013  .105 .050 .012 | .079 .039 .008 | .102 .052 .011
500 | .070 .035 .006 | .102 .052 .009 | .061 .028 .005 | .102 .049 .011
Normal Mixture Error
S 50 .196 139 .072 | .081 .037 .004  .168 .106 .044 | .092 .047 .008
100 | .121 .070 .025 | .087 .040 .008 | .107 .057 .017 | .096 .053 .012
200 | .084 .043 .011  .092 .046 .006  .082 .044 .010 | .101 .052 .013
500 | .071 .035 .008 | .099 .052 .012 | .070 .036 .009 | .097 .046 .014
0 50 .212 .151 .080 | .087 .042 .005 .167 .110 .044 | .089 .045 .010
100 | .131 .076 .028 | .089 .041 .009 | .105 .054 .015 | .097 .046 .011
200 | .085 .046 .011 | .095 .046 .008 | .078 .039 .009 | .100 .047 .012
500 | .071 .036 .007 | .097 .050 .010 | .064 .032 .006 | .104 .054 .012
-5 50| .226 .164 .090 | .093 .040 .006 @ .197 .131 .057 | .104 .056 .013
100 | .140 .083 .030  .094 .043 .009 | .126 .073 .023 | .104 .055 .013
200 | .094 .050 .013 | .102 .051 .010 | .08 .048 .013 | .103 .055 .014
500 | .073 .038 .009 | .101 .051 .012 | .074 .034 .005 | .102 .055 .011
Log-normal Error

S 50| 150 102 .046 | .083 .038 .006 | .169 .108 .044 | .092 .048 .010
100 | .115 .075 .035 | .091 .044 .010 | .106 .058 .015 | .098 .051 .010
200 | .109 .067 .027 | .095 .046 .009 | .073 .036 .008 | .090 .046 .010
500 | .089 .050 .016 | .100 .049 .011 | .064 .032 .006 | .104 .052 .012
0 50 | .217 .160 .090 | .082 .041 .009 @ .179 .118 .045 | .092 .048 .011
100 | .126 .077 .031 | .087 .042 .009 | .108 .062 .017 @ .100 .055 .008
200 | .101 .055 .015  .103 .048 .010 | .074 .035 .007 | .095 .044 .008
500 | .071 .035 .008 | .096 .048 .010 | .059 .031 .006 | .099 .050 .011
-5 50 .192 138 .069 | .090 .045 .006 | .202 .136 .054 | .098 .050 .011
100 | .137 .087 .038 | .092 .048 .010 | .128 .074 .019 | .108 .057 .010
200 | .094 .045 .014 | .101 .048 .011 | .081 .041 .008 | .099 .049 .009
500 | .078 .040 .010 | .102 .051 .010 | .064 .030 .005 | .105 .050 .012
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Table 2.3b. Empirical Sizes of Tests for Temporal Homogeneity in Panel SLE Model

One-Way Fixed Effects, Queen Contiguity, A = —0.5.

T=3 T=6

p n Tsre1 Jéﬁél TsLe1 Jé£%1

0 .05 .01 10 .05 .01 10 .05 .01 10 .05 .01
Normal Error
S5 50 .190 131 .058 | .088 .037 .007 | .167 .102 .036 H .088 .042 .010
100 | .116 .068 .022 | .093 .044 .009 | .098 .050 .013  .091 .044 .007
200 | .079 .042 .009 | .094 .046 .007 | .078 .040 .010 | .100 .050 .012
500 | .071 .033 .007 | .101 .050 .009 | .060 .029 .005 | .102 .053 .009
0 50| .209 .149 .073 | .091 .040 .006 | .169 .104 .040  .094 .043 .010
100 | .125 .073 .027 | .099 .050 .011 | .102 .056 .013 | .093 .047 .006
200 | .084 .043 .010 | .098 .048 .010 | .079 .040 .008 | .104 .051 .010
500 | .072 .033 .007 | .103 .050 .011 | .059 .029 .005 | .096 .054 .010
-5 50| .225 162 .085 | .095 .040 .006 | .172 .111 .044 | .094 .043 .010
100 | .131 .081 .031 | .101 .050 .011 | .109 .059 .013 | .099 .047 .008
200 | .089 .044 .013 | .105 .049 .011 | .082 .039 .009 | .104 .052 .010
500 | .069 .032 .007 | .100 .049 .010 | .057 .030 .005 | .096 .049 .012
Normal Mixture Error
S 50 187 129 061 | .079 .034 .004 | .176 .111 .043 | .092 .047 .008
100 | .111 .068 .022 | .086 .042 .008 | .105 .054 .016 | .097 .051 .013
200 | .083 .044 .009 | .091 .047 .006 | .085 .046 .010 | .102 .056 .012
500 | .072 .033 .008 | .102 .049 .011 | .074 .036 .008 | .099 .053 .010
0 50| .200 .140 .071 | .086 .039 .006 | .166 .105 .041  .090 .047 .010
100 | .126 .074 .027 | .092 .042 .009 | .103 .056 .016 | .095 .049 .011
200 | .079 .045 .009 | .095 .047 .008 | .076 .041 .010 | .098 .050 .012
500 | .071 .035 .008 | .100 .049 .010 | .064 .031 .007 | .101 .050 .012
-5 50| .218 .156 .080 | .088 .041 .007 | .191 .124 .052 | .100 .054 .013
100 | .136 .079 .031 | .096 .045 .008 @ .119 .068 .021 | .105 .055 .013
200 | .087 .048 .013 | .098 .048 .009 | .088 .048 .014 | .106 .057 .014
500 | .073 .037 .009 | .103 .053 .011 | .075 .034 .007 | .104 .053 .011
Log-normal Error

S 50| 175 125 .063 | .084 .036 .009  .174 .110 .043 | .092 .046 .010
100 | .138 .087 .038 | .089 .042 .010  .099 .055 .016 | .098 .050 .011
200 | .096 .048 .014 | .096 .045 .008 | .075 .037 .008 | .098 .046 .011
500 | .075 .038 .009 | .101 .052 .011  .066 .028 .006 | .100 .053 .013
0 50| .207 .145 .081 | .086 .042 .011 | .173 .111 .044  .093 .046 .010
100 | .122 .078 .029 | .090 .044 .009 | .105 .056 .013 | .096 .048 .009
200 | .091 .047 .010 | .095 .047 .008 | .076 .037 .007 | .099 .046 .009
500 | .071 .035 .008 | .099 .049 .011 | .057 .027 .006 | .101 .047 .011
-5 50| .201 .138 .072 | .093 .043 .008 | .191 .125 .051 | .097 .049 .012
100 | .141 .092 .039 | .096 .048 .010 | .118 .067 .017 | .104 .053 .010
200 | .089 .045 .012 | .104 .050 .009 | .084 .041 .008 | .104 .051 .010
500 | .072 .034 .007 | .104 .049 .010 | .062 .029 .006 | .103 .046 .012
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Table 2.4a. Empirical Sizes of Tests for Temporal Homogeneity in Panel SLE Model

Two-Way Fixed Effects, Queen Contiguity, A =0.5.

T=3 T=6

p n Tsre2 ]éfég TsLe2 Yéfég

10 .05 .01 0 .05 .01 10 .05 .01 0 .05 .01
Normal Error
S5 50 .235 181 .105 | .083 .038 .006 | .310 .226 .115 | .087 .044 .008
100 | .212 .151 .086 | .093 .045 .008 | .190 .111 .036 | .090 .041 .007
200 | .182 121 .054 | .098 .044 .006 | .139 .079 .021 | .101 .049 .011
500 | .134 .073 .022 | .100 .048 .010 | .121 .064 .014 | .102 .055 .009
0 50 .272 208 .117 | .088 .043 .007 .314 .224 111 | .094 .045 .010
100 | .217 .143 .070 | .094 .046 .011 | .197 .116 .036 | .093 .043 .008
200 | .161 .097 .032 | .100 .051 .008 | .142 .083 .022 | .103 .050 .011
500 | .125 .065 .017 | .105 .049 011 | .119 .064 .014 | .102 .053 .010
-5 50 .302 233 136 | .094 .042 .005 | .321 .239 .114  .092 .045 .009
100 | .209 .142 .062 | .095 .046 .011 | .205 .128 .042 | .096 .047 .009
200 | .153 .090 .029 | .102 .050 .009 | .151 .081 .023 | .098 .052 .010
500 | .119 .064 .015 | .102 .054 .009 | .115 .061 .014 | .103 .051 .010
Normal Mixture Error
S 50| .221 159 .090 | .083 .037 .004 | .315 .242 127 H .090 .044 .008
100 | 212 .154 .085 | .085 .044 .008 | .201 .128 .050 | .097 .053 .010
200 | .183 .122 .059 | .092 .046 .008 | .150 .090 .029 | .101 .052 .009
500 | .137 .082 .028 | .100 .053 .012 | .139 .079 .022 | .100 .053 .010
0 50 269 .201 .114 | .089 .043 .005 .315 .235 .124 | .092 .052 .012
100 | 212 .149 .075 | .089 .045 .009 | .189 .118 .043 | .096 .047 .010
200 | .158 .098 .033 | .096 .048 .008 | .143 .078 .025  .099 .050 .013
500 | .121 .070 .016 | .099 .050 .010 | .120 .063 .016 | .102 .053 .012
-5 50 .285 225 137 | .093 .046 .008 | .380 .286 .164 | .103 .056 .011
100 | 229 .161 .083 | .100 .047 .010 | .229 .152 .061 | .108 .060 .012
200 | .166 .102 .036 | .101 .053 .009 | .176 .106 .034 | .104 .058 .012
500 | .132 .070 .018 | .106 .054 .012 | .136 .075 .020 | .097 .050 .010
Log-normal Error

S 50| .239 181 .105 | .085 .039 .006 | .314 .232 .123 | .091 .043 .008
100 | 222 .154 .086 | .090 .043 .007 | .196 .117 .041 | .095 .047 .009
200 | .185 .126 .056 | .096 .047 .008 | .138 .079 .020 | .097 .047 .009
500 | .138 .074 .024 | .102 .049 011 | .123 .064 .016 | .105 .052 .010
0 50 .246 .188 .108 | .085 .042 .010 | .319 .235 .115 | .095 .047 .011
100 | .204 .141 .074 | .090 .045 .007 | .194 .115 .040  .095 .051 .008
200 | .180 .114 .047 | .095 .047 .009 | .142 .076 .021 | .095 .048 .009
500 | .129 .075 .022 | .097 .048 .010 | .115 .060 .014 | .100 .050 .011
-5 50 .300 .235 .146 | .093 .044 .008 | .344 246 .126 | .097 .050 .011
100 | 214 145 .064 | .094 .045 .010 | .208 .133 .050 | .101 .055 .010
200 | .156 .092 .028 | .099 .046 .008 | .154 .086 .023 | .101 .049 .011
500 | .123 .066 .015 | .104 .051 .010 | .121 .061 .014 | .102 .050 .010
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Table 2.4b. Empirical Sizes of Tests for Temporal Homogeneity in Panel SLE Model

Two-Way Fixed Effects, Queen Contiguity, A = —0.5.

T=3 T=6

p n Tsre2 7?{%2 TsLe2 Jé{%g

0 .05 .01 10 .05 .01 10 .05 .01 10 .05 .01
Normal Error
S5 50 .235 173 105 | .086 .039 .007 | .313 225 .117 | .089 .044 .009
100 | .216 .158 .086 | .093 .046 .009 | .189 .113 .037 | .088 .044 .006
200 | .180 .117 .054 | .093 .047 .007 | .143 .079 .023 | .100 .049 .012
500 | .134 .076 .021 | .103 .048 .010 | .118 .062 .014 | .100 .053 .010
0 50| .271 .206 .116 | .089 .040 .007 | .315 .226 .109 @ .093 .044 .009
100 | .220 .149 .072  .098 .048 .011 | .197 .115 .038 | .092 .047 .008
200 | .160 .096 .032 | .100 .051 .009 @ .146 .085 .024 | .104 .052 .011
500 | .127 .062 .017 | .103 .049 .011 | .111 .059 .015 | .094 .050 .010
-5 50 .301 233 .130 | .095 .038 .007 | .325 .232 .112 | .092 .044 .009
100 | 214 .146 .065  .101 .048 .011 | .206 .127 .039 | .096 .046 .008
200 | .158 .092 .029 | .103 .050 .011 | .152 .087 .022 | .102 .053 .010
500 | .117 .065 .014 | .100 .050 .010 | .111 .057 .013 | .096 .048 .011
Normal Mixture Error
S 50| .220 .161 .088 | .080 .035 .005  .316 .243 .129 | .093 .047 .009
100 | .213 .153 .085 | .088 .043 .009 | .204 .129 .048 | .103 .051 .012
200 | .182 .121 .059 | .096 .047 .006 @ .153 .089 .032 | .106 .058 .013
500 | .139 .083 .030 | .104 .049 .010 | .137 .080 .022 | .101 .051 .010
0 50| .256 .194 113 | .084 .043 .006 | .321 .242 .124 H .093 .049 .011
100 | .214 .151 .079  .091 .046 .008 | .189 .121 .042 | .098 .046 .011
200 | .155 .100 .033 | .097 .048 .009 | .146 .079 .028 | .095 .051 .013
500 | .124 068 .018 | .099 .049 .011 | .118 .064 .017 | .102 .053 .012
-5 50 .279 219 .138 | .089 .043 .007 | .378 288 .162 | .111 .059 .016
100 | .232 .157 .082 | .097 .049 .010  .234 .151 .058 | .110 .057 .013
200 | .166 .103 .035 | .102 .050 .010 | .170 .104 .035 | .106 .052 .014
500 | .128 .072 .019 | .103 .054 .011 | .134 .078 .018 | .098 .047 .010
Log-normal Error

S 50| .230 .178 .105 | .086 .039 .008  .317 .232 .125 | .089 .043 .009
100 | 218 .156 .087 | .093 .045 .008 | .197 .116 .042 | .093 .049 .009
200 | .184 122 .055 | .093 .044 .008 | .143 .080 .022 | .100 .047 .010
500 | .139 .077 .024 | .101 .052 .010 | .119 .063 .015 | .102 .053 .011
0 50| .242 .184 .107 | .087 .043 .011 | .315 .230 .113 | .095 .046 .010
100 | .202 .142 .074 | .091 .043 .010 | .196 .115 .039  .093 .047 .008
200 | .176 .114 .046 | .098 .046 .010 | .141 .082 .023 | .099 .049 .010
500 | .128 .074 .024 | .098 .050 .011 | .110 .055 .013 | .102 .050 .010
-5 50| .298 230 .138 | .095 .042 .008 | .332 245 .127 | .097 .050 .010
100 | 220 .146 .067 | .100 .045 .011 | .212 .129 .048 | .100 .052 .010
200 | .156 .092 .029 | .100 .046 .009 @ .154 .089 .022 | .105 .051 .011
500 | .123 .065 .015 | .104 .051 .009 | .115 .060 .015 | .100 .048 .011
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2.5 Empirical Applications

The specification tests of temporal homogeneity in spatial panel data models proposed
in this chapter are demonstrated in empirical settings using two well known data sets:
Public Capital Productivity (Munnell, 1990) and Cigarette Demand (Baltagi and Levin,
1992). We endeavor to provide a detailed guidance to aid applied researchers in their
empirical studies. First, a general discussion is given on the issues of spatial interaction

and spatiotemporal heterogeneity commonly existed in economic studies.

2.5.1 Spatial interaction and spatiotemporal heterogeneity.

A wide range of empirical studies, such as urban economics, international trade, pub-
lic finance, industrial organization, real estate analyses and regional economics, deal with
spatial interaction. Values observed at one location depend on the values of neighboring
observations at nearby locations due to budget spillovers, difference in tax rates, copy-
catting, network effects, et. However, this dependence may not stay the same over time.
There are two major reasons for specifying, estimating, and testing for the time-varying
spatial effects in the regression models. One is the growing interest in using theoreti-
cal economics that include time-varying spatial effects to analyze economic phenomenon
such as externalities, group patterns and some other economic processes, for example,
housing decisions, unemployment, price decisions, crime rates, trade flows, etc., which
exhibit time heterogeneity patterns. The effects of relevant variables, including interac-
tions among agents, on economic activities are changing over time. This may be due to
the change of government policy, an unexpected accident, the change of the benefit from
the interactions. The second driver is the need from geographic research and environmen-
tal study, where researchers usually face a large set of geocoded data when analyzing the
relationships between different variables. Under this situation, due to the spatial inter-
action and the fact that everything in nature is changing over time, time-varying spatial
autoregression model is more outstanding than many other econometric models. Adding
the time-varying spatial effects in the regression model may be necessary.

One empirical problem we discuss in this paper is the U.S. cigarette demand in state

level from 1963-1992 (Baltagi and Levin, 1992). The tax policy on cigarette differs by
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states, and this leads to substantial cross-state sales. Due to the government interventions
(in 1965, 1967, 1971) and the reports about the health hazards of smoking (in 1983),
the effects of the spatial lag, spatial error and the variables (price per pack of cigarettes,
population, per capita disposable income, and etc) on the US cigarette demand might be
subject to the temporal heterogeneity. The other empirical problem we discuss is the U.S.
public capital productivity in state level from 1970-1986 (Munnell, 1990). The private
production of each state may subject to spillover effects of infrastructure improvement
from other states. Temporal homogeneity may be in question due to the change in poli-
cies and the change of economic environment such as 1973 oil crisis and the 1979 energy
crisis. These two data sets have been extensively used in Baltagi (2013) for the illustra-
tions of various standard panel data techniques.

Many other empirical studies have documented the existence of spatial interaction or
spatial spillover effects, and these naturally raise the question whether these spillover ef-
fects as well as the economic variables effects remain constant over time due to policy
change. Case (1991) studied spatial patterns in household demand. Case et al. (1993)
showed that the U.S. states’ budget expenditure depends on the spending of similar states.
Policies have changed over the years, and one might be interested in testing if the spa-
tial patterns and budget spillovers remain the same over time. Acemoglu et al. (2012)
studied the inter-sectoral input-output linkages in the U.S. Baltagi et al. (2016) studied
intra-sectoral spillovers in total factor productivity (TFP) across Chinese producers in the
chemical industry using a panel data on 12,552 firms over 2004-2006, by modeling spa-
tial spillovers in TFP through contextual effects of observable variables and the spatial
dependence of the disturbances. Test of stability/homogeneity of the covariate effects as
well as spatial effects may be interesting, perhaps based on extended data.

Therefore, it is highly desirable to have a general procedure to identify the possible
existence of temporal heterogeneity in spatial panel data models to aid the applied re-
searchers in their empirical studies. The AQS test we propose may serve the purpose.

We provide a detailed instruction, through two empirical applications, of how to con-
struct AQS-tests for testing certain null hypothesis in an SPD model allowing spatiotem-

poral heterogeneity in the intercept (fixed effects), i.e., the model specified by (2.1),
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(2.16), (2.25), or (2.34), based on the AQS function defined by (2.7), (2.22), (2.31), or
(2.37). Given a null hypothesis, the linear contrast matrix C' is defined, the null model
is estimated by solving the LM-equations (defined as in (2.14) for the panel SL model
with 1FE), and the corresponding test statistic defined by (2.13), (2.23), (2.32), or (2.38)

i1s computed.

2.5.2 Public capital productivity

Munnell (1990) investigated the productivity of public capital in private production
based on data for 48 U.S. states observed over 17 years (1970-1986). Baltagi and Pinnoi

(1995) considered a Cobb-Douglas production function of the form:

In(gsp) = f1 In(pcap) + B2 In(pc) + P53 In(emp) + Syunemp + e,

with state-specific fixed effects, where ‘gsp’ is the gross social product of a given state,
‘pcap’, ‘pc’ and ‘emp’ are the inputs of private capital, public capital, and labor respec-
tively. In order to capture business cycle effects, an additional variable ‘unemp’ is also
added which indicates the state unemployment rate. The model now is extended by adding
the time-specific fixed effects and the spatial effects. The latter is for capturing the possi-
ble spill over effects of public capital. The spatial weight matrix (1,,) is specified using
a contiguity form where (7, j)th element is indicated as 1 if state 7 and j share a common
border, otherwise 0. The final W,, is row normalized. The data file Product . csv and
the spatial weights matrix weight _Product . csv, and the associated matlab files can
be found in the website: http://www.mysmu.edu/faculty/zlyang/.

It is well known that 1970-86 is the period that U.S. had experienced several social
and economic shocks such as the baby booms in the early 1970s, the oil crises in 1973
and 1979, and economic recession between 1980-82. It is therefore questionable that the
above production relationship would remain stable over time. We demonstrate how our
AQS test can answer this question, and how it may help detecting change points.

To test HgH, the temporal homogeneity, assign £ = 4. Based on full data, 7" = 17,
k, = (k+1)(T — 1) = 80 and C' = [blkdiag{C%, C7},0y, 1] for the SL models; and
(k+2)(T —1) =96 and C' = [blkdiag{C}, C}, Cr}, 0%, 1] for the SLE models, where
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C™ is defined in (2.10) for m = 1, k. To test H;" based on first four periods, 7' = 4,
k, = (k+ 1)(T" — 1) = 15 for the SL models, and (k + 2)(7" — 1) = 18 for the SLE
models. The C' matrices remain in the same forms. Note that k, is also the degrees
of freedom (df) of the chi-squared test statistics, based on which the asymptotic critical
values and p-values are found.

Table below summarize the values of the test statistics and their p-values, for the naive
tests and the nonnormality robust AQS tests for temporal homogeneity based on both the
full dataset and a subset of data, fitted using the four models: 1FE-SL, 2FE-SL, 1FE-SLE
and 2FE-SLE. From the table we see that all tests based on full data (¢;—t;7) give a clean

rejection of the temporal homogeneity hypothesis Hj".

Tests for Temporal Homogeneity: Public Capital Productivity

Data | Tos Ta | Toe T8 Ty Tid | Tese Ttk
ti—t17 1621 321 | 3189 328 | 1971 289 | 1556 326
.000 .000 .000 .000 .000 .000 .000 .000
ti—ts | 215.60 68.14 | 2234 1822  47.18 3843 | 33.08 19.57
.000 .000 322 573 .003 031 102 721
t1—ty 10.24 9.37 9.59 8.69  11.78 10.61 7.07 11.43
.804 .857 .845 .893 .858 910 .990 875

Note: p-values are in every second row.

As discussed in Section 2.1, a rejection of Hj" may be due to the existence of change
points instead of full heterogeneity. Thus, we break down the panel into sub-periods to test
whether HgH holds for a smaller panel. Indeed, based on the first four periods (t1—t4), all
tests do not reject A", indicating that the panel consisting of the first four periods is fairly
homogeneous. Furthermore, based on ¢,ts, the tests 74y and T3}, reject H but T4
and TS(E%Q do not, suggesting that if temporal heterogeneity in intercepts is not controlled
for, the first change point is ¢5 or 1974, the year after the first oil crisis. However, Téﬁ% and
TS(E%Q do not reject H}" up to first six periods, meaning that after controlling both spatial
and temporal heterogeneity in intercepts, the panel is homogeneous in first six periods but

changes in structure from 7th period onwards.® Applying the pair of test Tég and ngz to

5The p-values for these two tests are .513 and .633 based on t;—tg, and .000 and .000 based on t;—t~,

suggesting that the structure has changed since year 7 (or 1977) onwards.
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test HJ" based on other sub-periods from 1976 onwards, all tests reject Hj" at 10% level,
except the tests based on the following tow sub-periods: ¢;—ts and t1o—t13. These suggest
that there exist multiple change points in this panel, and hence the standard applications
of homogeneous penal methods are not valid.’

Based on the above results, we recommend the pairs of tests Ts(g and Ts(féz for prac-
tical applications as they control both spatial and temporal heterogeneity in intercepts
(two-way fixed effects). We can further carry out the tests for detecting change points.

However,the tests for temporal homogeneity based on sub-panels have revealed quite a

clear picture, we therefore do not pursue CP tests in this application.

2.5.3 Cigarette demand.

Second application of the proposed tests uses another well known data set, the Cigarettes
Demand for the United States (Baltagi and Levin, 1992). It contains a panel of 46 states
over 30 time periods (1963-1992). The data file cigarette. csv, spatial weight matrix
weight_cigarette.csv, and the associated matlab codes can be found in the web-
site: http://www.mysmu.edu/faculty/zlyang/. Our analysis is based on the
response variable Y = Cigarette sales in packs per capita; and the covariates X; = Price
per pack of cigarettes; X, = Population above the age of 16; X3 = Per capita disposable
income; and X, = Minimum price in adjoining states per pack of cigarettes. Earlier stud-
ies include Hamilton (1972), McGuiness and Cowling (1975), Baltagi and Levin (1986,
1992), Baltagi et al. (2000), and Yang et al. (2006), all under homogeneity assumption
and in log-log form except in Yang et al. (2006) who estimated the Box-Cox functional
form. The spatial weight matrix is specified using a contiguity form where (7, j)th element
is 1 if state ¢ and j share a common border, otherwise 0, and then row normalized.

Tests for temporal homogeneity/heterogeneity is of particular interest in cigarette de-
mand, due to government’s policy interventions (in 1965, 1967, 1971) in attempting re-
ducing the consumptions of cigarettes, and the reports from medial journals as well as

Surgeon General warning (in 1983) about the health hazards of smoking (see Baltagi

"The relatively much bigger values of the usual or naive tests show that they are rather unreliable, in line

with the Monte Carlo results.
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and Levin, 1986). The table below summarize the values of the test statistics and their
p-values, for tests of homogeneity based on the full panel or sub-panels and using the

log-log form.

Tests for Temporal Homogeneity: Cigarette Demand

Ty Ty | Tim Tiik To) Tay | Tim Tiie
bt =~ 443 517 507 587 | i, 122 118 116 126
000 000 000 000 000 000 000 000
hicts | 99 90 104 112 tyty 135 114 121 106
000 000 000 000 000 000 000 000
ht; 13.13 938 968 875 tit; 672 623 7.86 8.10
217 497 644 724 242 285 248 230
hets | 430 307 450 408 ity 217 192 212 174
002 060 006 018 116 204 271 495

Note: p-values are in every second row.

From the results we see that all tests based on the full data, and the first, second and
last ten years data clearly reject H;", the hypothesis of temporal homogeneity in regres-
sion and spatial coefficients. Therefore, the Cigarette Demand panel is temporally
heterogeneous. Further breaking down the panel and repeatedly applying the set of robust
tests, we see that only the sub-panels 1963-65, 1966-67, and 1967-70 are fairly stable,
suggesting that panel structures have changed after 1965, 1967, and 1970, in line with the
policy interventions in 1965, 1967 and 1971. From the results, we also see that controlling
the temporal heterogeneity in intercepts seems increase the stability of the overall model
structure as seen from the larger p-values associated with TS({% and Té{%z.

Furthermore, applying Té{% to test HS® based on data from t;—t5 with by = ¢y = 3
gives a p-value of 0.632 compared with 0.06 from the test of H;"given in the table above.
This confirms that 1965 is a point after which the structure has changed. Similarly, based
on data from t,~tg, the p-value is 0.231 for testing HS¥ using Té{% with by = ¢y = 3,
suggesting that 1968 is another change point. The CP tests with multiple change points
can be carried out as well based on the general LM procedure we propose.

However, the matlab function fsolwve that our LM-procedure depends upon may not

always perform well. This seems to be an interesting computation problem, and is beyond
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the scope of this paper. In any situation, one can always repeatedly apply our robust tests
for testing temporal homogeneity as they are based up the optimization functions such as
fminbnd and fmincon, which are numerically much more stable stable than fsolve.
In summary, our tests show that there exit multiple change points in the the Cigarette
Demand panel, and hence in real applications, one should base their analyses either on a
shorter panel so that a homogeneous SPD model can be used, or a relatively longer panel

and the corresponding SPD model with ’specified’ change points.

2.6 Conclusion and Discussion

We introduce adjusted quasi score tests for temporal homogeneity/heterogeneity in
regression and spatial coefficients in spatial panel data models allowing the existence of
spatial and temporal heterogeneity in the intercepts of the model. The proposed tests are
robust against nonnormality, they are simple and reliable as shown by the Monte Carlo
results, and can be repeatedly applied to identity a ‘parsimonious model’ instead of the
model with full temporal heterogeneity. That is, once the null hypothesis of homogeneity
is rejected (as in the two empirical applications), one may proceed with further tests of
hypotheses with known change points suggested by the data (as in Cigarette Demand
application). Thus, the proposed tests provide useful tools for the applied researchers.

The tests can be extended by (i) adding higher-order spatial terms and spatial Durbin
terms in the model, (i7) treating individual- and time-specific effects as random effects, or
correlated random effects, (7i7) allowing spatial-temporal heterogeneity in error variance
(i.e., heteroskedasticity), (iv) allowing interactive fixed effects, and (v) by allowing dy-
namic effects in the model. These extensions are interesting but clearly beyond the scope

of the current chapter, which will be in our future research agenda.
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3 Adjusted Quasi-Score Estimation of Spatial Panel Data
Models with Time Varying Coefficients

In this chapter, an adjusted quasi-score (AQS) method is proposed to estimate the
fixed-effects (FE) spatial panel data models with time-varying regression and spatial coef-
ficients. Time FE is first transformed away. The AQS functions are then obtained through
adjusting the concentrated quasi scores with individual FE being concentrated out, giv-
ing a set of unbiased estimating functions and the AQS estimators that are consistent and
asymptotically normal. The AQS estimation strategy naturally allows the spatial weight
matrices to change with time as well. Monte Carlo results show that the proposed meth-
ods have an excellent finite sample performance. An empirical illustration using cigarette

demand data is provided.

3.1 Introduction

Consider the following spatial panel data model (SPD) with two-way fixed effects:
Ynt = )\thYnt + Xntﬂt + e+ ol + Unt; Unt = pMnUnt + Vnta (31)

t=1,2,...,T, where Y,; is an n x 1 vector of observations on the dependent variable;
Xt 1s an n X k matrix containing the values of k exogenous regressors; W,, is an n X
n spatial weight matrix, and M, is another spatial weight matrix capturing the spatial
interactions among the disturbances, which can be the same as WW,,; V,,; is an n x 1 vector
of independent and identically distributed (iid) errors with mean zero and variance o?; )\,
is the spatial lag (SL) parameter in period t, p is the spatial error (SE) parameter, and [3;
is the k£ x 1 vector of regression coefficients in period ¢; c,, denotes the individual-specific
fixed effects (FE) or spatial heterogeneity in intercept, and {c } are the time-specific fixed
effects or unobserved temporal heterogeneity in the intercept; and 1,, is an n X 1 vector of
ones.

In the above model setting, both the regression coefficients and the spatial lag param-

eters are subject to temporal heterogeneity, but not the parameters in the errors. With SL
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effect, both the mean and variance of a spatial unit are directly affected by some other spa-
tial units, however, with SE effect, only the variance of a spatial unit are directly affected
by some other spatial units. Therefore, the model setting given in (3.1) with temporal
heterogeneity in SL parameter provides a way of capturing time-varying spatial effects on
both mean and variance. Furthermore, the spatial weight matrix W,, or M,, or both may
be allowed to change with time as well, making the way of capturing the time-varying
spatial effects more flexible. However, to ease the exposition, we first treat them as con-
stant matrices and then indicates the way to relax them latter at the end of the paper, to
facilitate the practical applications.

Models with time-varying coefficients (TVC) have the following advantages over
models with time-invariant parameters: (7) it enhances the short-run forecasting in terms
of accuracy and consistency (Li et al., 2006), (i7) with estimation of time-varying pa-
rameters of interest on a period-by-period basis, it allows us to identify influential data
observations (Anselin and Florax, 1995). Temporal heterogeneity is an important feature
in economic behavior: many economic process, for example, housing decisions, welfare
participation, trade flows, etc., exhibit time heterogeneity patterns. It may occur as a result
of a credit crunch, an oil price shock, a tax policy change, a fad or fashion in society, a
discovery of a new medicine, and an enaction of new governmental program (Bai, 2010).
However, with TVC in the panel data model with individual FE, the traditional method of
estimation based on transformation cannot be applied. A lack of estimation and inference
for SPD models with TVC is thus a serious shortcoming.

In this chapter, we consider the estimation and inference for the FE-SPD model with
time-varying regression and spatial coefficients, which extends the FE-SPD models with
constant coefficients studied by Lee and Yu (2010), Baltagi and Yang (2013b) and Yang
et al. (2016). The temporal heterogeneity can occur on the regression slopes. In a spa-
tial panel data model (SPD), it may also occur on the spatial parameters (Anselin, 1988).

Literature on the estimation of models with temporal heterogeneity is expanding in recent

8Model (3.1) is fairly general, it embeds several submodels popular in the literature. Setting p = 0, it
reduces to an SPD model with SL only. Dropping one of the two FEs, the model is reduced to a one-way

FE model. On the other hand, the model can be further extended to include higher-order spatial terms.
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years. More and more econometricians realize that economic relationships are changing
over time, and therefore, they start to consider models with stochastic parameters, see,
e.g., Chow (1984), Nicholls and Pagan(1985), to name a few. The maximum likelihood
estimation techniques are popular in the early literature, see, e.g., Cooley and Prescott
(1976), where the parameters of the model are subject to permanent and transitory changes
over time, but there is no fixed effects in their model setting. Recent literature propose a
nonparametric estimation method to estimate models with time-varying parameters. See,
e.g., Robinson (1989) and Orbe et al. (2005), where the methods are based on the as-
sumption that the regression coefficients are smoothly varying over time index. There are
some other literature dealing with more interesting settings, such as model with seasonal
effects (Ferreira et al., 2000) or model with large time dimension (Li and Liao, 2018). Al-
though temporal heterogeneity is an important feature in panel data models, it is relatively
unexplored in the spatial panel literature.

In this chapter, an adjusted quasi score (AQS) method is proposed to estimate the FE-
SPD model with time-varying regression coefficients and time-varying spatial lag coeffi-
cients, allowing the spatial errors in the model. The AQS functions are obtained through
adjusting the concentrated quasi scores with individual-specific FE being concentrated
out, after the time-specific effects being transformed away by an orthogonal transforma-
tion, leading to a set of unbiased estimating functions and the AQS estimators that are
consistent and asymptotically normal. Monte Carlo results show that the proposed meth-
ods have an excellent finite sample performance. Empirical evidence on the temporal
heterogeneity is presented based the well-known cigarette demand data.

The rest of the chapter is organized as follows. Section 3.2 introduces the AQS-
estimation method for the general FE-SPD model with time-varying coefficients in (3.1),
then specializes the AQS-estimation method to several popular submodels. Section 3.3
presents the consistency and asymptotic properties of the proposed AQS-estimators, with
a separate treatment on the scenarios of “large n and large 7" and “large n and small 7™.
Section 3.4 presents Monte Carlo results. Section 3.5 presents an empirical illustration.

Section 3.6 concludes the chapter with some further discussion.

45



3.2 AQS-Estimation of FE-SPD Models with TVC

In this section, we present a general framework for estimating the fixed effects (FE)
SPD models with time-varying coefficients. The estimation strategy is valid when n is
large, but T' can be large or small. The basic idea of this approach is to first formulate the
Gaussian likelihood function, and then adjust the resulting quasi score function to lead to
a set of unbiased estimating functions. We demonstrate the exact cause of inconsistency
of the estimators based on likelihood, and to show how one can adjust the quasi scores to
give consistent estimators. We first outline the quasi maximum likelihood estimation, and
then we introduce the AQS-estimation method for the general model specified in (3.1).
Then, we give a discussion on how the general estimation method be specialized to some

popular submodels to facilitate the practical applications.

3.2.1 The QML estimation

For the FE-SPD model with TVC specified by model (3.1), when both n and 7' are
large we have to deal with the two sets of incidental parameters, individual FE and time
FE, in order to achieved desired asymptotic properties of the parameter estimates. When
n is large but 7" is small and fixed, the model becomes essentially an one-way FE model
as time FE can be merged into the time-varying regressors in the form of time dummies.

As the spatial parameters and regression coefficients in (3.1) may change with time,
one can apply transformation method to eliminate the time-specific effects only, provided
that the spatial weight matrices are row-normalized. The transformation method is widely
applied in the literature, see, e.g., Lee and Yu (2010), Baltagi and Yang (2013b) and Yang
et al. (2016). Define J,, = I,, — %lnl;. Assume W,, and M,, are row-normalized (i.e.,
row sums are one). Then, J,W,, = J, W, J,, and J,M,, = J,M,J,. Let (F, 1, \/Lﬁln)
be the orthonormal eigenvector matrix of .J,,, where F,, ,,_; is the n x (n — 1) sub-matrix
corresponding to the eigenvalues of one. By Spectral Theorem, J, = F, , 1 F}, , ;. Itfol-
lows that F), . \W,, = F, , \W,F,, 1F,, yand F, , M, =F, MF,n, 1F,, ;.

Premultiplying F}, ,, ; on both sides of (3.1), we have the following transformed model:

Yo, = AW Y 5+ X068+, + Uy, Upy = poMUy +Vy, (3.2)

n-nt
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where Yy, = F) Y, and similarly are X, c;,, Uy, and V3, defined, W, = Fy , \ W, F, ;4
and My = F} | M,F,, 1. After the transformation, the effective sample size becomes

N = (n — 1) x T. Furthermore, V%, ~ (0, 021,_), which is normal if V,,; is.’

Denote B = (B7,...,87), A = (A1,...,Ar), and © = (B',N,p,0?%). Define
A(N) = Ty — MW and B (p) = 1,1 — pM,t = 1,...,T. The quasi Gaussian
loglikelihood function of © = (B/, A, p,0%)’ and ¢, of Model (3.2) is

08, ¢4) = — 1 (210%) + 31 In| AL ()| + Tln | Bz (p)]

— 5k ST VA (Bey My 0, CVVE(Bry Miy py 5, (3.3)

where V5 (B, A\, p, c) = BE(p)[AE(N)Y: — X5 — ], t=1,...,T.

As {\:} and {p;} are allowed to change with ¢, the usual fixed-effects estimation
methods, such as first differencing or orthogonal transformation, cannot be applied to
eliminate the individual FE. Therefore, we proceed by eliminating ¢, through direct max-
imization of the loglikelihood function. First, given 0, ¢(0, c}) is partially maximized

at:
(B P) = 7 X (A ()Y — X38), (34)
which leads to the concentrated loglikelihood function of © upon substitution:
£4(0) = = “5 In(2m0) 4+ iy A5 ()| + T n | B ()
— 55 X Vil (B X ) V(B A ), (3.5)

where V;,(B. A, p) = Vi (B M p E4(B. A, p)) = Bi(p)[ AL (MY~ X b= (B A, o))

Maximizing ¢¢(0) gives the QML estimator éQML of the vector of common parameters 0.

3.2.2 The AQS estimation

Including the fixed effects into the spatial panel data models, we are likely to encounter
the incidental parameter problems. Therefore, We propose an adjusted quasi score (AQS)

method through adjusting the resulting concentrated (quasi) score functions to give a set of

The time-specific effects can also be eliminated by pre-multiplying .J,, on both sides of (3.1). However,

the resulting disturbances .J,,V,,; would not be linearly independent over the cross-section dimension.
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unbiased estimating functions. By eliminating the asymptotic bias in the AQS functions,
the AQS method achieves asymptotically unbiased parameter estimation.

To facilitate the subsequent derivations, denote Uy, (5, \r) = Al(\)Y. — X054,
D;(p) = By(p)Bi(p). Then, we have V;,(B,A, p) = Bi(p)[Ug, (5 ) — & (B, A, p)l,

(B, A p) =7 ST Ui, M), and the key term in (3.5):

S VB A P)VE(BA p) = S0 Ush(Be M) D (p) US4 (B, Ae)
— (S US(Be M) Do) (0, Uy (Be \o)).

Differentiating £(0) gives the CS or CQS function of ©:

(

LXABY (p)Via(B,Ap), t=1,...,T,

LWYE) B (Vi (B A, p) — 1[G\, t=1,....T,

n - nt

5°(0) = " 5 ’ (3.6)
LD V(BN p) HE(p) V(B A, p) — Ttr[H(p)],

)T LS V(B )V (B A p),

\
where G (\) = WiA>"Y(\) and H(p) = M:B: ' (p), t=1,...,T.

Under mild conditions, maximizing the concentrated loglikelihood ¢¢(0) is equivalent
to solving the estimating equation S¢(0) = 0. Denote 8y = (B}, A}, po, o) as the
true value of the general parameter vector © = (B, N, p,0?). It is well known that
for a regular quasi-score estimation problem, a necessary condition for the quasi-score
estimators to be consistent is that the probability limit of the estimating function (in this

case, the averaged conditional quasi score) at the true parameter value is zero, i.e.,
. 1 P
lim,, 00 =75(09) — 0,

see, e.g., van der Vaart (1998). However, as shown below this is not the case unless T’
also goes to infinity. Thus, the concentrated quasi-score estimators are not consistent
unless 77 — oo. To solve this problem, we first derive E[S(0,)], and then adjust the
quasi score S°(0) by centering so that the adjusted quasi score (AQS) vector, S*(0y) =
S(00) — E[S(6y)], is such that plim,,_, ,—+=S*(6,) = 0.

Assume Model (3.2) holds only under the true 0, and the usual expectation and

variance operators correspond to ©g. We have, ¢ (Bo, Ao, po) = ¢ + B;‘L‘IVZ and

48



hence V%, = V7 (Bo, Ao, po) = Vi, — V,, where V,, = L7 V. Furthermore,
WiYe, = G(XnBo0 + ¢ + BV, where Bry = Bj(po) and Gy = Gy ().

Then, we obtain,

p
0Tk,17

—Atr[Gr( M), t=1,...T,
SRR

where 0,,, , denotes an m x r matrix of zeros.

The above results show that the (A, p, 02) elements of E[S¢(0,)] are not zero. Hence,
plimn%mﬁé%ﬁc(eo), plimn%w%a@pﬁc(eo), and plimn%m%a%éc(eo) are all non-zero,
suggesting that the estimators based on the direct approach cannot be consistent in gen-
eral. The direct approach does not yield consistent estimators unless 7" goes to large.
Even if T' goes to large with n, there will be an asymptotic bias of order depending on
T.1% Therefore, we adjust the concentrated (quasi) scores given in (3.6) by subtracting
the bias vector from it, so as to give a set of unbiased estimating functions, leading to the

vector of the adjusted quasi score (AQS) functions below:

(

LXaBY (p)Vi(B,A,p), t=1,...,T,

LW B (VB A p) — L2 0(G (M), t=1,...,T

n-nt

5*(0) = " ’ o (3.7)
7 it Vil (B A, ) Hiy(0) Vi (By A, p) = (T = Dte[H (p)],

—Ur g S V(B V(B ),

\

It is easy to show that E[S*(0)] = 0, and that -5:.5*(8,) — 0 as n — oo alone, or the
finite dimensional components of %S *(00) approach to 0 in probability when both n and
T go infinity. The adjusted quasi score(AQS) function above leads to an estimator of ©

that not only is consistent but also has a centered asymptotic distribution, whether 7" is

10To be exact, if =E[S(6y)] = O(+), then \/%E[S(QO)] = O((%)%), implying E[v/nT(8 — 6)] =
O((%)%) The latter says that v/nT(6 — 6) would converge to a non-centered normal if 2 —=c>01If

# — 0 (large T' case), the asymptotic bias vanishes.
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fixed or grows with n. The latter implies that when 7" grows with n, the estimation based

on the AQS functions eliminates the asymptotic bias incurred in the direct approach.
Solving S*(0) = 0 leads to the AQS-estimator 0 ags of ©. This root-finding process

can be simplified by first solving the equations for $ and o2, given § = (N, p)’, resulting

in the constrained AQS estimators of  and o2 as

B(0) = (XXBR(p)QBY (0)X5) " XNBR(0)QBy (p)AVNYY,  (3.8)
6°(8) = =y VA () V3 (0), (3.9)
where Yy = (YV.1,..., Y1), Xy =blkdiag(X},,..., X};) where blkdiag( ) forms

a block diagonal matrix, A% () = blkdiag(AL(A1),...,A%(Ar)), By = Ir ® B (p)
where ® denotes Kronecker product, 2 = Iy—7(1714®1,_1) and Vi (0) = Vi (B(6),6) =
QBN () [AN N YR XJ*V[S( )]. Substituting B(6) and 62(6) back into the middle two
components of the AQS function in (3.7) gives the concentrated AQS function:
LYRBRVR ) — T gn (),

57(9) = { 70 A
A5V @)@ Hyy (p) Vi (6) = (T = Dl H; (),

(3.10)

where Y =blkdiag(W;Yy, ..., WrY)and gn(A) = (tr[GE (M), - -, tr[GE(Ar)])
and HY(p) = I ® H}(p). Solving the resulting concentrated estimating equations,
S*¢(§) = 0, we obtain the unconstrained AQS estimator &ms of . The unconstrained
AQS estimators of 3 and o2 are thus Bags = B(dags) and G2s = 62(dags). Let Opgs =

(ﬁAQSv AQS) P, UAQS),

Remark 3.1 Transformation for eliminating the time FE depends on the assumption that
the spatial weight matrices are 'row-normalizable’. However, in real applications, not
all spatial weight matrices are row-normalizable. In this case transformation method is

totally inapplicable, but our ‘concentration and adjustment’ strategy remains applicable.

Remark 3.2 The QML and AQS estimators of (3, A, p) are equivalent. By concen-
trating out o from (3.6) and (3.7), we see that the resultant concentrated versions of these

two sets of functions are identical, showing the equivalence.

Remark 3.3 Thus, in terms of point estimation, one can simply follow the QML method

and then rescale the QMLE of o by multiplying the factor =—. However, in terms of
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inference, one must follow the AQS method in order to have a valid set of ‘estimating
functions’ so as to obtain joint asymptotic distribution and valid estimator of the variance-

covariance (VC) matrix of the AQS estimators.

3.2.3 A discussion on some submodels

To facilitate the practical applications, we give a brief discussion on how the general
AQS estimation strategy simplifies to some popular submodels of (3.1), namely, (i) SPD
model with both SL and SE (SLE) but one-way individual FE (1FE), (i) SPD model with
SL only and two-way FE (2FE), and (7i7) SPD model with SL only and 1FE.

SPD model with SLE and 1FE. Until now, we have considered the SPD models with
both individual-specific FE and time-specific FE, and the way to handle both sets of FEs is
to ‘eliminate’ them by transformation and concentration with adjustment. In case when n
is large and 7" is small and fixed, the transformation to wipe out the time FE is unnecessary
as the model fits into one-way FE model (with individual-specific FE only), which is also
popular in empirical applications. In the following, we consider the AQS-estimation for

SPD models with individual fixed effects only.
Ynt = AthYnt + Xntﬂt +cn + Unta Unt = pOMnUnt + Vnta (311)

Model (3.11) takes an identical form as Model (3.2).!! Hence the steps leading to the AQS
estimators are similar. Define A,,(\,) = I,, = A\W,,,t = 1,....T, B,(p) = L, — pM,,.

The overall sample size in this model is N = n x T'. The AQS vector becomes:
BX0 B (p)VulB A p), t=1,.... T,
%(WnYnt)/B;l(p>‘7nt(Bv )\7 p) - %tr[(p>Gn(>\t)]a = 17 s 7T7

LS VLB, p) Ho(p) V(B A, p) — (T — 1)tr[H(p))],

_n(;le) + # 23;1 ‘77;1&([57 }\7 p)‘ﬂ//vnt(ﬁv )\7 p)a

S*(0) =

\

(3.12)

""Now, X; may contain the column vector 1,, and 3; may contain oy to incorporate the time FE when T

is small and fixed.

51



Where vnt(ﬁ, }\7 p) = Vnt(ﬁta )\ta P, 671(67 A? p)) = Bn(ﬂ) [An(At)Ynt_Xntﬁt_én(ﬁu A7 p)]’
and ¢,(B, A, p) = % Zle (An()\t)Ym — Xmﬂt). Given § = (N, p)/, the constrained AQS

estimators of (3 and o2 take the form:

B(O) = (XNBy(p)2Bx(p)Xn) ' XiyBy(p)2Bn(p)Av(N)Yy,  (3.13)
5°(0) = = VA(0O)VN(9), (3.14)

n(T—1)

where XN =blkdiag(Xn1, . 7XnT)9 AN(A) =blkdiag(An(/\1), Ce 7An<)\T))’ BN<p) =
Ir @ Bu(p), Ya = Yy, oY), Q= Iy — L(bplh @ 1,), and Vi (8) = Vi (B(9),0) =
QB (p)[Av(A)Yy — XnB(6)]. Substituting B(6) and 62(5) back into the middle two

components of the AQS function in (3.12) gives the concentrated AQS function:

5%°(6) =

1 o' pI Y r—1
{ 25 Y By Vn(8) — T gn (), (3.15)

2 Vi (O Hn (p) Vi (8) — (T = 1)tx[Ha (p)],
where Y =blkdiag(W,Yn, .., WuYur), gv(A) = (tr[GL(\)],. .., tr[Ga(Ar)])
and Hy(p) = I+ @ H,(p). Solving S*¢(8) = 0 gives the unconstrained AQSE 4 of 8, and
the unconstrained AQSEs of B and 02 as B = () and 62 = 62(9).

SPD model with SL and 2FE. The model takes the following form: Y,,; = \,\W,.Y,,;+
XoutBe + ¢ + ayl,, + Vi, where W, is row-normalized. Applying the same orthonormal

transformation as that for Model (3.1), we have the following transformed model:

Y= AWIYE+ X5 B+ + Vi t=1,...,T, (3.16)

n-nt nt’

*
where Y,

X, ¢, W* and V7 are defined as in Model (3.2). Now, 0 = (B/, N, 0?)".
After the transformation, the overall sample size is N = (n — 1)T as for the 2FE-SLE

model. Following the same steps as in the previous section, we obtain the AQS vector:
4

LXAVEBA), t=1,...,T,

S*(e) - %(W*Y* ),‘77:1?(67 A) - %tr[G:;()‘t)]? = 17 ce 7T7 (317)

n-nt

S DI) 1 ST (g AV(B, A

where V3, (B,A) = Ar (MY, — XiBy — E(BA), E(BA) = 3, [A5 ()Y —
X6, Again, A*(N\) = I,_1 — AW and G()\,) = WA "1()\;). The constrained
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AQS estimators of 3 and o2, given A, are: B(A) = (XFQX%) ' X¥QA%L(A)Y} and
5*(N) = =V MV (M), where X3, A3 (A) and Yy are defined as in 3.8-3.9,
ViA) = VE(B(A),A) = QAL (MY — X5B(6)]. Substituting B(A) and 62(A) back
into the middle component of the AQS function in (3.17) gives the concentrated AQS
function:

(N = 55 YR VD) — Tan (M), (3.18)
where Yy and gn(A) are defined as in the concentrated AQS function (3.10). We obtain
the unconstrained AQS estimators A of A by solving S*¢(A) = 0. The unconstrained AQS

estimators of B and o2 are thus B = B(A) and 62 = 62(A).

SPD model with SL and 1FE. Consider the model, Y,,; = \:W,,Y,.: + X B+ ¢+ Vi,

which takes an identical form as Model (3.16). The AQS vector becomes:

(

LXViu(BA), t=1,...,T,
S7(0) = § L(WoYn) Viu(B,A) — T2240[Go(N)], t=1,..., T, (3.19)

2D S VLB A V(B ).

\
where Vi (B, A) = Au(\)Yir — XoeBy — Ga(B.A) and &,(B,A) = £ 301 [An(\) Yo —
X3 Given A, the constrained AQSEs of B and o2 are: B(A) = (X4 QX ) X4 QAN (A) Yy
and 62(A) = =V (M) Va(A). Here, X, An(A) and Yy are defined in 3.13-3.14, and
Vv(A) = Vu(B(A),A) = Q[AN(A)Yy — XyB(A)]. Substituting B(A) and 62(A) back
into the middle component of the AQS function in (3.19) gives the concentrated AQS

function:

S(A) = 52 YR Vi (0) — Tgn (M), (3.20)
where Y3 and gy (A) are defined as in (3.15). Solving $*°(6) = 0 gives the AQSE A of A,

and the AQSEs of B and 2 as = B(A) and 62 = 62(A).

3.3 Asymptotic properties of the AQS estimators

In this section we study the consistency and asymptotic normality of the proposed
AQS estimators for the FE-SPD model with time-varying coefficients. To facilitate the

discussions, first recall: ©( denotes the true value of the parameter vector 0; a parametric
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vector/matrix at the true parameter value is differentiated from that at a general parameter
value by dropping its argument, e.g., B = B¥(po); and the usual expectation, variance
and covariance operators ‘E’ ‘Var’ and ‘Cov’ correspond to the true parameter vector 0.
Second, some general notation and convention are as follows: (i) ¢ denotes the vector
of parameters in the concentrated AQS function, and A the space from which ¢ takes
values; (ii) tr(-), | - | and || - || denote, respectively, the trace, determinant, and Frobenius
norm of a matrix; (977) Ymax(A) and ymin(A) denote, respectively, the largest and smallest
eigenvalues of a real symmetric matrix A; and (iv) diag(ay) forms a diagonal matrix
using the elements {a;} and blkdiag(Ay) forms a block-diagonal matrix using the

matrices { A }. Proofs of the lemmas and theorems are sketched in Appendices.

Assumption A: The disturbances {v;; } are iid across i and t with mean zero, variance

o2, and E|vy|*T® < oo for some ¢y > 0.
Assumption B: The space A is compact, and the true parameter d lies in its interior.

Assumption C: The time-varying regressors { X, t = 1,..., T} are exogenous with
respect to v;; but are correlated with p and « in an arbitrary manner, their values are

uniformly bounded in n and t, and lim,,_, , nLTX NBN BN X} exists and is nonsingular.

Assumption D: (i) the elements w;; of W,, are at most of order h,*, uniformly in all
i and j, and w;; = 0 for all i; (it) hy,/n — 0 as n — oo; (iii) W, is row-normalized
and is uniformly bounded in both row and column sums in absolute value; (iv) The matrix
A, (N\) is invertible for all \; € Ny, A,'(M\w) is uniformly bounded in both row and
column sums, and A, (\;) is uniformly bounded in either row or column sums, uniformly

in \y € Ay, where \; is a compact parameter space, t = 1,...,T.

Assumption E: (i) the elements m,; of M,, are at most of order h,,*, uniformly in all i
and j, and m;; = 0 for all i; (i1) h,/n — 0asn — oo; (ii1) M, is row-normalized and is
uniformly bounded in both row and column sums in absolute value; (iv) The matrix B, (p)
is invertible for all p € P, B, *(po) is uniformly bounded in both row and column sums,
and B (p) is uniformly bounded in either row or column sums, uniformly in p € P,

where P denotes a compact parameter space.

Assumptions A-E are standard in the spatial econometrics literature (see Lee, 2004;
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Lee and Yu, 2010; Su and Yang, 2015; and Yang et al., 2016). The existence of 4th
moment of idiosyncratic errors in Assumption A is a standard requirement in QML and
GMM estimation. The proof of consistency of the ‘nonlinear’ parameters J requires the
compactness of the parameter space A as in Assumption B. Assumptions C, D and E
together guarantee the existence and nonsingularity of lim,,_, == X ¥ B (p) 2B (p) X &»
and with these the consistency of B ags and o,gs follows immediately that of 5. Conditions
(1), (4i7) and (iv) under Assumptions D and E are standard conditions put on the spatial
weight matrices (Lee, 2004; Yang, 2018). Assumption D(i7) and E(i¢) further allow the
degree of spatial dependence to grow with n (Lee, 2004; Yang, 2018).

The consistency of the AQS estimators 0 ags lies with the consistency of 5Aas, as the
consistency of [3 ags and fﬁqs follows almost immediately that of & under assumptions C-
E. The concentrated estimating function (CEF) S*(§) and its population counterpart play
a major role for the consistency of 5AQS for 9.

Define S*(0) = E[S*(0)], the population counterpart of the joint AQS function given
in (3.7). Given 6, S*(0) = 0 is partially solved at:

B(9) = (XNBN(p)QBN(p) X5) T Xy By (p)QBx (p) AN (ME(Yy), (3:21)
7*(0) = Gya=n BV (O) V()] (3.22)

-D(T—1)

where V3(8) = Viilg—pe) = QBy(0)[Ax(A)Y5 — X5B(6)]. Substituting 3(5) and
52(8) back into the d-component of S*(0) leads to the population counterpart of the

concentrated AQS function given in (3.10) as

S*(6) = (3.23)

{ ASEYY B (o) Vi (0)] — Ttgn (M),
S BV () Hyy (0)Vi(8)] — (T — D[ H; (p)).

Clearly, the AQS-estimator & of dy is a zero of $*°(4). It is easy to see that 5*¢(6y) = 0
through B(8y) = Bo and 5%(dy) = o2, i.e., dy is a zero of S*¢(§). Thus, by Theorem 5.9 of
5%(8) — 5(8)|| 2 0.

and the following identification condition holds, where N* = (n — 1)(T — 1).

van der Vaart (1998), 5AQS will be consistent for dy if supgsca Ni

Assumption F: infs. 45 50)>c HS*C(é) H > 0 for every e > 0, where d(6, ) is a mea-

sure of distance between o, and 9.
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This assumption can be seen to be satisfied by some more primitive (but messier
in expressions) conditions. Let Dy(d) = Biy(p)AN(A) and Dy = Dn(dg), fv =
A XnBo = (flur-+ fln)s Fy=bLkdiag(fur.. . fur) Diy(8) = Dn(8)—Bi(p) A,
Gy=W NA;,1(7\) and Wy = Iy ® W,,. Then, it is easy to see that Assumption F holds
if:

limNHOO%FN(é) #0,V6 # 6y, where (3.24)
Fols) = { FADEGNM(p)2Dx (6) f + 03(g3 (A) — Zrlgn(A)),
fn D (0)QM(p) Hy (0)M(p)2Dn (0) fv + ogtr(HY, — (T — 1) Hy (0)),

where Gy = By VG¥ By (p), g% (A) = (1[G (M), - .., 1[G (A\r)]) " is a vector with el-
ements that capture trace of block diagonal matrices of G = D'y ' Dy (6)G QD y (0) Dyt
=blkdiag(G2(A1),...,G(A\r)), HYy = D' Dy ()QHLQDN(0)Dy', and M(p) =

In — QB (p) X{ (XN BN (p)QBR (p) X3) T XN BN (p) <
Note that to show supsea 7= [S*(6) — 5*(0)]| 2 0, the detailed expressions for

52(8) and S*¢(4) are needed, which can be easily obtained through the following identity:

Vi(8) = M(p)QBx () Ax(N)Yy + P() QB AN (M)Y3, (3.25)

where V5 = Y3 —E(Yi), M(p) = In—QB (0) X3 (X3 B¥ (0) 2B (0) Xit) " X B (p) .
and P(p) = Iy — M(p). Also note that the quantities E(Y) and Var(Y7), etc., involved
in (3.21)-(3.23) are functions of 0, but not ©.

The identification for B and o2 follows with the identification of § by Assumption
C, D and E. The compactness of the parameter space of 3 and o3 is not needed due to
the linearity property. We have the following theorem with the detailed proof given in

Appendix C.

Theorem 3.1 Under Assumptions A-F, O is identified. Furthermore, for the AQS-estimators

0 ags based on the AQS function, 0 AQS BN 0.

To derive the asymptotic distribution of the AQS estimators 0 ags, We start with a
Taylor expansion of the joint AQS equations S*(é ags) = 0 at O, and then we verify that
the AQS function S*(0y) is asymptotically normal and that the corresponding adjusted

Hessian %S*(é) has proper asymptotic behavior for some © lying between 0 ags and O
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elementwise. Let Vy = (V!

nlr- -

, V') be the vector of original errors with elements

. .o . 2 ¥ 7% PRy
{vi} being iid of mean 0, variance o*. We can express V3, and W Y.* in terms of V.

Lemma 3.1 Let 2, be aT' x 1 vector of element 1 in the tth position and 0 elsewhere, and

define Zy, = % ® I, Iy = %(ZT ® 1), and Z3,, = Zni — Zn. We have,

Vi = V5i(Bo Ao, po) = F (Ve — Vi) = Fr 1 230V, (3.26)
Wiy = G (X560 + ¢, + B:L_lvrjt) = Npto + G:LtB:L_lFA,nAZJ/VtVN' (3.27)

Using these representations, the AQS function at ©y can be written as

;

m,Vy, t=1,...,T,

I, Vy + V&, Vy — Thtr(Gr,), t=1,...,T,
S0y =4 N T o (3.28)

V@V — (T — 1)tr(H}y),

ViUV — (n—l)(T—l)’

202

where I1;; = %Zj{;tBT*LUX*

nt?

1 T o* * ox/ _ 1 T o* rzox/ : x ox __
a2 Zt:l ZNH o 23y, and W = 207 Zt:l ZNi 2N With Z5, = ZngFy 1 and 25, =

Iy = ULSZJC{;tB:LOTI:ztO’(I)U = %ZEtB;allGZ;OB%Zm/’ Py =
Z3Fn—1. The above representation for AQS function given in (3.7) at Oy in terms of
Vy =(V/,..., V) turns out to be very useful. It leads to a simple way for establishing
the asymptotic normality and estimating the variance-covariance (VC) matrix of the AQS

vector. To further simplify the expressions, denote N* as the effective sample size, where

Nf=n*"xT*n*=n—1landT* =T — 1.
Theorem 3.2 Under the assumptions of Theorem 3.1, we have, as n — o0,

VN* (8,05 — 09) — N[0, lim I1°7'(8,)%°(80)1°}(8,)],

n—oo

where 1°(0g) = —=E[2,5%(8¢)] and £°(0,) = = Var[S*(8¢)], both assumed to exist

07 N
and 1°(0) to be positive definite, for sufficiently large n.
The expressions for /°(0) and >°(0) can be found in Appendix B.2, where /°(0)
can be consistently estimated by —%%S*(é ags)- The quantity ¥°(0) involves the 3rd

and 4th cumulants (or skewness and excess kurtosis), ji(3) and fi(4), of the original errors
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v;;. However, only the estimates of the transformed errors are available. Therefore, some
details on the methods of estimating i3y and pi(4) are necessary. The elements of the
transformed errors V', may not be totally independent unless the original errors are normal
and their 3rd and 4th moments may not be constant. Thus, one needs to work with the

original error vector V,,; through V* = F/

nt = F 1V and their estimates are obtained by

applying Lemma 4.1(a) of Yang et al. (2016).

Case of large n and large 7'. So far, we focus on the short panels, i.e., panels with
large n, and small and fixed 7. When 7' increases with n, the asymptotic arguments
leading the consistency and asymptotic normality of the AQS estimator 0 ags are no longer
appropriate, as the dimensions of 0, /°(8) and ¥°(0,) grow with the increase of 7. A
connected phenomenon is that the 3, and \; components of 1°(6,) will approach to zero
as n,T" — oo . This raises a issue of convergence rates for the components of the AQS
estimator © ags- While in spatial framework a panel with large n and small 7" is more
popular, it is also important to allow for a panel with large n and large 7' (but smaller
than n). In this sense, to keep out theoretical arguments simple, one can simply apply the
so-called ‘sequential asymptotics’ arguments to extend the results of Theorems (3.1) and
(3.2) by letting n goes large first and then 7.

To do so, we work on each component, 3; and \;, of 3 and A. From the informa-

tion matrix 1(8y) = —E[32,5%(00)] given in Appendix B.2, we see that the 3; block of

%] (09) is % (?;gl X;%D;;X;t), which approaches to a zero matrix as n, 7" — co. How-
ever, the quantity with a different normalizing factor %, %(%X wDrX ;;t) will converge
to a positive definite matrix as n, 7" — oco. A similar phenomenon holds for the \; com-
ponent of —=1(8y). Furthermore, it is easy to see that the (p, o*) component of —-1(6)
converges to a positive definite matrix as n, I" — o0o. These reveal that the convergence

rate for Bt and )\, are both /1, which the rate of convergence for p and 62 are both v/nT.

We have the following results.
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Theorem 3.3 Under the assumptions of Theorem 3.2, we have,

i) \/E(Bt — ﬁto) N N(O, Qt), foreacht, asn — oo, and then T' — o0,

(
(17) \/ﬁ(j\t — )\tO) N N(O, T/%t), foreacht, asn — oo, and then T — oo,
(#17) VnT' (p — po) N N (o0, TPQ), asn,T — oo,

(

iv) \MLT(&Q — 03) EE N(O, ng), asn, T — oo,

where Q; and T3, are the limits of the corresponding components of%_f‘)*1 (09)2°(0g)I°1

(80), and 7} and 77, the limits of the corresponding components of I°~' (8)%°(80)I°~*(8o).

From the results Theorem 3.3, it is clear the joint inference for a finite number of
components of 3 can be made by extending the result (i), the joint inference for a finite
number of components of A can be made by extending the result (ii), and the joint in-
ference concerning a finite number of components of © can be made by extending and
combining the results (i) — (iv) of Theorem 3.3. These results provide useful tools for

the practical applications in switching from the fixed 7' scenario to the large 1" scenario.

3.4 Monte Carlo Simulation

Monte Carlo experiments are carried out to investigate the finite sample performance
of () the proposed AQS estimators of the FE-SPD model with time-varying coefficients,
and (i7) the estimated standard errors of the AQS estimators. We use the following four

models in our Monte Carlo experiments, all having two time-varying regressors:

SLy ¢ Yo = MoWo Yo + X0t Bio + cno + Vit

SLy: Yo = MoWn Yo + Xt Bio + cno + ol + Vi,

SLE; : Yo = MoWaYor + X0t Bro + cno + Unt, Unt = poMypUp + Vi,

SLE; : Yo = MoWon Yo + XniBio + cno + ol + Ung, Uy = poMypUpy + Vi,

wheret =1,...7T.

In the Monte Carlo experiments, we choose n = (50,150,500), and T = (3,6).
For T = 3, we set 8], = (1.0,1.0), By, = (0.75,1.25), B, = (1.25,0.75), and A, =
(0.5,0.25,0.75); and for T = 6, we set B, = (1.0, 1.0;0.75, 1.25; 1.25,0.75; 1.0, 1.0; 0.75,
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1.25;1.25,0.75), and Ay = (0.5,0.25,0.75,0.5,0.25,0.75). Finally, 0y = 1 and py = 0.5.
The details of generating idiosyncratic errors, weight matrices and regressors are as fol-

lows.

Weight matrices: We use three different methods for generating the spatial weights
matrices (i) Rook Contiguity, (ii) Queen Contiguity,and (iii) Group Inte-
raction. The degree of spatial interactions (number of neighbors each unit has) spec-
ified by layouts (i) — (i) are all fixed while in (#77) it may grow with the sample size.
This is attained by allowing the number of groups, (G, in the sample of spatial units to
be directly related to the sample size n, e.g., G = n%. Hence, the average group size,
m = n/G, gives a measure of the degree of spatial dependence among the n spatial units.
The actual sizes of the groups are generated from a discrete uniform distribution from
.bmto 1.5m.

Regressors: The exogenous regressors are generated according to REG1 : Xy, “
N(0,02), which are independent across k = 1,2, and ¢t = 1,...,T. The o2 is the key
parameter that controls the variability of the regressors, and thus the signal-to-noise ratio.
In case we set 03 equals to 1, Xy, is generated from standard normal distribution. In
case when the spatial dependence is in the form of group interaction, the regressors can
also be generated according to REG2 : the ith value of the kth regressor in the gth group
is such that Xy, ,, o (22, + 2i4)/V/10, where (z,, z; ) “ N(0, 1) when group interaction
scheme is followed; { X}, } are thus independent across k and ¢, but not across i.

Error Distribution: v; = oge;;, are generated according to errl: {e;} are iid
standard normal; err2: {e;} are iid normal mixture with 10% of values from N(0,4)
and the remaining from N (0, 1), standardized to have mean 0 and variance 1; and err3:
{e;+} iid chi-square with 3 degrees of freedom, standardized to have mean 0 and variance
112

Monte Carlo (empirical) means and standard deviations (sds) are reported for the AQS
estimators and the QML-estimator of o2 (as the AQS and QML estimators of other pa-
rameters are numerically identical). Empirical averages of the standard errors (ses): e

based on 0*1(é)§]°(é)l °=1(), are also reported for the proposed AQS estimators. Due

12See Yang (2015a) for more details on generating idiosyncratic errors, weight matrices and regressors.
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to the space constraint, partial Monte Carlo results are reported in Tables 3.1 & 3.3 for the

panel SLE models with 2FE and 1FE, respectively, and Tables 3.2 & 3.4 for the panel SL

models with 2FE and 1FE, respectively. The results show the following patterns:

(7)

(i)

(iv)

For the case where the QMLE is inconsistent for o2, AQSE provides an alternative

with consistency and efficiency. The ML-estimator for o>

can be quite biased,
even if n increases, it does not show a sign of convergence. The AQSE of o2 is

significantly less biased.

For the case where the QML and AQS estimates of the parameters are very similar,
only the AQS estimates are reported. These parameters includes the time-varying
covariate effects [3, time-varying spatial lag effects A and the spatial error effect p if
the model contains. Denote S¢(¢) as the concentrated score function under QMLE.
The reason of similarity is because the resulting concentrated score functions, one
is the concentrated AQS function S*¢(¢), and the other is S¢(J), are the same when
equating to zero.

The estimates of the AQSE-based standard errors perform well with the values are
on average very close to the corresponding Monte Carlo sds, except the ses of o2
when errors are nonnormal where it is relatively smaller.

The AQS-estimators of the spatial parameters may converge slower due to: (i)the
intrinsic nature of the score-type estimation of the spatial effects, and (ii) a stronger
spatial error dependence, such as replacing the weight matrices by Group inter-
action.

The results clearly show that as n and 7" get larger, the AQS-estimators converge
faster. To summarize, the AQS-estimation performs better than the ML-estimation,

especially when 7" is small.

In summary, the proposed AQS-estimation is reliable and easy to apply, and hence is

recommended for the applied researchers.
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Table 3.1a. Empirical Mean (sd) [se] of AQS-Estimator: SLE Model
Two-Way FE, W, and M,,: Queen Contiguity, T' = 3

| n=50 | n=150 n = 500
(a) Normal Error
51 1.00 1.0000 (.010) [.010] 1.0001 (.005) [.005] 1.0000 (.003) [.003]
1.00 9999 (.010) [.009] 1.0000 (.005) [.005] 9999 (.003) [.003]
Ba 0.75 7499 (.010) [.009] 7500 (.005) [.005] 7500 (.003) [.003]
1.25 1.2500 (.009) [.008] 1.2500 (.005) [.005] 1.2500 (.003) [.003]
B3 1.25 1.2500 (.008) [.007] 1.2500 (.006) [.006] 1.2500 (.003) [.003]
0.75 7501 (.008) [.007] 7500 (.005) [.005] 7501 (.003) [.003]
A 050 4999 (.010) [.010] 4999 (.007) [.006] 4999 (.003) [.003]
0.25 2498 (.016) [.015] .2499 (.007) [.007] .2500 (.004) [.004]
0.75 7500 (.007) [.007] 7500 (.004) [.004] 7500 (.002) [.002]
p 0.50 4945 (.155) [.133] 4992 (.076) [.074] .5000 (.041) [.040]
a2 1.00 8913 (.133) [.127] 9643 (.083) [.080] .9894 (.045) [.045]
o MLE .5942 (.089) .6428 (.055) .6596 (.030)
(b) Normal Mixture Error
51 1.00 1.0000 (.010) [.010] 1.0000 (.005) [.005] 1.0000 (.003) [.003]
1.00 9999 (.010) [.009] 9999 (.005) [.005] 9999 (.003) [.003]
Ba 0.75 7498 (.010) [.009] 7500 (.005) [.005] 7500 (.003) [.003]
1.25 1.2500 (.008) [.008] 1.2500 (.005) [.005] 1.2500 (.003) [.003]
B3 1.25 1.2499 (.008) [.007] 1.2500 (.006) [.006] 1.2500 (.003) [.003]
0.75 7501 (.008) [.007] .7500 (.005) [.005] 7501 (.003) [.003]
A 050 .5000 (.010) [.010] .5000 (.007) [.006] .5000 (.003) [.003]
0.25 2497 (.016) [.015] .2499 (.007) [.007] .2500 (.004) [.004]
0.75 7499 (.007) [.007] 7499 (.004) [.004] 7500 (.002) [.002]
p 0.50 4982 (.153) [.132] 5013 (.075) [.074] .5006 (.041) [.040]
a2 1.00 .8944 (.266) [.147] 9630 (.162) [.093] .9886 (.092) [.051]
o2 MLE 5963 (.177) .6420 (.108) .6591 (.061)
(c) Chi-Square-normal Error
51 1.00 9999 (.010) [.010] 1.0000 (.005) [.005] 1.0000 (.003) [.003]
1.00 9998 (.010) [.009] 1.0001 (.005) [.005] 1.0000 (.003) [.003]
B2 0.75 7500 (.010) [.009] 7500 (.005) [.005] 7501 (.003) [.003]
1.25 1.2502 (.008) [.008] 1.2499 (.005) [.005] 1.2500 (.003) [.003]
B3 1.25 1.2500 (.008) [.007] 1.2501 (.006) [.006] 1.2500 (.003) [.003]
0.75 7501 (.008) [.007] 7501 (.005) [.005] .7500 (.003) [.003]
A 050 .5001 (.010) [.010] .5001 (.006) [.006] .5000 (.003) [.003]
0.25 2497 (.016) [.015] .2502 (.007) [.007] .2500 (.004) [.004]
0.75 7499 (.007) [.007] 7499 (.004) [.004] 7500 (.002) [.002]
p 0.50 4969 (.151) [.132] 5013 (.077) [.074] 4997 (.041) [.040]
a2 1.00 .8929 (.201) [.136] 9637 (.122) [.085] .9890 (.069) [.048]
o?> QMLE 5953 (.134) .6425 (.081) .6593 (.046)
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Table 3.1b. Empirical Mean (sd) [se] of AQS-Estimator: SLE Model
Two-Way FE, W,, and M,,: Queen Contiguity, T' = 6

n=>50 |

n=150 |

n = 500

(a) Normal Error

A
B2
B3
Ba
Bs
Be

1.00
1.00
0.75
1.25
1.25
0.75
1.00
1.00
0.75
1.25
1.25
0.75

19998 (.009) [.009]
1.0002 (.007) [.007]
17499 (.008) [.008]
1.2498 (.008) [.007]
1.2500 (.007) [.007]
17500 (.008) [.007]
1.0001 (.009) [.008]
9999 (.007) [.007]
17502 (.008) [.007]
1.2498 (.008) [.008]
1.2499 (.007) [.007]
17500 (.007) [.007]

1.0000 (.005) [.005]
1.0000 (.004) [.004]
7499 (.005) [.005]
1.2498 (.004) [.004]
1.2500 (.005) [.005]
7501 (.004) [.004]
1.0000 (.004) [.004]
.9999 (.005) [.005]
7500 (.004) [.004]
1.2500 (.005) [.005]
1.2500 (.005) [.005]
7500 (.004) [.004]

1.0000 (.002) [.002]
1.0000 (.002) [.002]
17501 (.003) [.003]
1.2500 (.002) [.002]
1.2500 (.003) [.003]
17501 (.002) [.002]
19999 (.003) [.002]
1.0001 (.002) [.002]
17500 (.002) [.002]
1.2500 (.002) [.002]
1.2500 (.003) [.003]
17500 (.002) [.002]

0.50
0.25
0.75
0.50
0.25
0.75

4997 (.011) [.010]
2498 (.012) [.012]
17501 (.007) [.006]
5000 (.010) [.009]
2500 (.009) [.008]
17497 (.009) [.008]

4999 (.005) [.005]
.2500 (.005) [.005]
7499 (.004) [.004]
.5000 (.006) [.006]
.2500 (.006) [.006]
7499 (.004) [.004]

5000 (.003) [.003]
2501 (.003) [.003]
17500 (.002) [.002]
5000 (.003) [.003]
2500 (.003) [.004]
17500 (.002) [.002]

p 0.50

5137 (.090) [.083]

.5040 (.048) [.047]

5018 (.026) [.025]

02

1.00

o2 QMLE

9182 (.087) [.083]
7651 (.073)

9728 (.052) [.051]
.8106 (.044)

9913 (.029) [.029]
.8261 (.024)

(b) Normal Mixture Error

A
B2
B3
Ba
Bs
Be

1.00
1.00
0.75
1.25
1.25
0.75
1.00
1.00
0.75
1.25
1.25
0.75

19998 (.009) [.009]
1.0001 (.007) [.007]
17498 (.008) [.008]
1.2498 (.008) [.007]
1.2500 (.007) [.007]
17501 (.008) [.007]
1.0002 (.009) [.008]
19999 (.007) [.007]
17502 (.008) [.007]
1.2500 (.008) [.008]
1.2500 (.007) [.007]
17499 (.007) [.007]

1.0001 (.005) [.005]
1.0000 (.004) [.004]
17499 (.005) [.005]
1.2499 (.004) [.004]
1.2499 (.005) [.005]
17500 (.004) [.004]
1.0000 (.004) [.004]
19999 (.005) [.005]
7500 (.004) [.004]
1.2500 (.005) [.005]
1.2500 (.005) [.005]
17501 (.004) [.004]

1.0000 (.002) [.002]
1.0000 (.002) [.002]
17501 (.003) [.003]
1.2500 (.002) [.002]
1.2501 (.003) [.003]
17501 (.002) [.002]
19999 (.003) [.002]
1.0001 (.002) [.002]
17500 (.002) [.002]
1.2500 (.002) [.002
1.2500 (.003) [.003

0.50
0.25
0.75
0.50
0.25
0.75

4997 (.011) [.010]
.2497 (.012) [.012]
7500 (.007) [.006]
.5000 (.010) [.009]
.2501 (.009) [.008]
7499 (.009) [.008]

14999 (.005) [.005]
2499 (.005) [.005]
17500 (.004) [.004]
5000 (.006) [.005]
2499 (.006) [.006]
7499 (.004) [.004]

;5000 (.003) [.003
2501 (.003) [.003
17500 (.002) [.002]
5001 (.003) [.003]
2500 (.004) [.004]
17500 (.002) [.002]

]
]
7500 (.002) [.002]
]
]

p 0.50

.5143 (.089) [.083]

5041 (.048) [.047]

5018 (.026) [.026]

o2

1.00

o2 QMLE

9194 (.184) [.109]
7662 (.153)

9730 (.113) [.066]
.8108 (.094)

9929 (.064) [.035]
.8274 (.053)
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Table 3.1b (cont’d). Empirical Mean (sd) [se] of AQS-Estimator:
SLE Model Two-Way FE, W,, and M,,: Queen Contiguity, ' = 6

n=50 |

n=150 |

n = 500

(c) Chi-Square-normal Error

p11 1.00 .9999 (.009) [.009] 1.0001 (.005) [.005] 1.0000 (.002) [.002]

1.00 1.0001 (.007) [.007] 1.0001 (.004) [.004] 1.0000 (.002) [.002]

B2 0.75 7500 (.008) [.008] 7501 (.005) [.005] 7500 (.003) [.003]

1.25 1.2500 (.008) [.007] 1.2500 (.004) [.004] 1.2500 (.002) [.002]

B3 1.25 1.2501 (.007) [.007] 1.2499 (.005) [.005] 1.2500 (.003) [.003]

0.75 7499 (.008) [.007] 7501 (.004) [.004] 7500 (.002) [.002]

B4 1.00 .9998 (.009) [.008] 1.0001 (.004) [.004] 1.0000 (.003) [.002]

1.00 .9999 (.007) [.007] 1.0000 (.005) [.005] 1.0000 (.002) [.002]

Bs 0.75 7502 (.008) [.007] 7500 (.004) [.004] 7500 (.002) [.002]

1.25 1.2499 (.008) [.008] 1.2500 (.005) [.005] 1.2500 (.002) [.002]

Be 1.25 1.2501 (.007) [.007] 1.2499 (.005) [.005] 1.2500 (.002) [.003]

0.75 7498 (.007) [.007] 7500 (.004) [.004] 7500 (.002) [.002]

A 050 4998 (.011) [.010] .5000 (.005) [.005] .5000 (.003) [.003]

0.25 .2497 (.012) [.012] .2500 (.005) [.005] .2499 (.003) [.003]

0.75 7499 (.006) [.006] 7499 (.004) [.004] 7500 (.002) [.002]

0.50 4999 (.010) [.009] 4999 (.006) [.006] .5000 (.003) [.003]

0.25 .2500 (.009) [.008] .2500 (.006) [.006] .2500 (.004) [.004]

0.75 7497 (.009) [.008] 7499 (.004) [.004] 7500 (.002) [.002]

p 0.50 5175 (.087) [.083] .5034 (.048) [.047] .5010 (.026) [.026]

% 1.00 9154 (.138) [.094] 9728 (.083) [.058] .9924 (.046) [.032]
o2 QMLE 1628 (.115) .8106 (.069) .8270 (.038)
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Table 3.2a. Empirical Mean (sd) [se] of AQS-Estimator: SL Model

Two-Way FE, W,,: Rook Contiguity, T' = 3

n=50 |

n=150 |

n = 500

(a) Normal Error

61 1.00 1.0000 (.020) [.019] 1.0001 (.010) [.010] 9999 (.006) [.006]

1.00 9997 (.017) [.016] 9999 (.012) [.012] 1.0000 (.006) [.006]

Bo 0.75 7503 (.020) [.019] 7501 (.010) [.010] 7499 (.005) [.005]

1.25 1.2500 (.021) [.020] 1.2498 (.011) [.011] 1.2499 (.006) [.006]

Bs 1.25 1.2502 (.018) [.018] 1.2500 (.010) [.010] 1.2500 (.006) [.006]

0.75 7498 (.017) [.016] 7502 (.011) [.011] 7500 (.005) [.005]

A 0.50 4996 (.015) [.014] 4999 (.011) [.011] .5000 (.005) [.005]

0.25 2497 (.019) [.019] 2496 (.013) [.013] .2500 (.006) [.005]

0.75 7491 (.020) [.019] 7499 (.006) [.006] 7500 (.003) [.003]

o 1.00 9075 (.134) [.128] 9690 (.082) [.079] 9909 (.045) [.044]
o> QMLE .6050 (.089) .6460 (.054) .6606 (.030)

(b) Normal Mixture Error

51 1.00 1.0002 (.020) [.019] 1.0000 (.010) [.010] 9999 (.006) [.006]

1.00 9999 (.017) [.016] 9999 (.012) [.012] 9999 (.006) [.006]

B2 0.75 7501 (.020) [.019] 7502 (.010) [.010] 7499 (.005) [.005]

1.25 1.2502 (.021) [.020] 1.2499 (.011) [.011] 1.2500 (.006) [.006]

B3 1.25 1.2502 (.018) [.018] 1.2499 (.010) [.010] 1.2500 (.006) [.006]

0.75 7500 (.017) [.016] 7500 (.011) [.011] 7500 (.005) [.005]

A 0.50 4996 (.015) [.014] 5000 (.011) [.011] .5000 (.005) [.005]

0.25 2498 (.019) [.019] 2498 (.013) [.012] .2499 (.006) [.005]

0.75 7493 (.020) [.019] 7500 (.006) [.006] 7500 (.003) [.003]

o 1.00 9090 (.268) [.149] 9679 (.162) [.092] 29901 (.092) [.051]
o2 QMLE .6060 (.179) .6453 (.108) .6601 (.061)

(c) Chi-Square-normal Error

61 1.00 1.0001 (.020) [.019] 9998 (.010) [.010] 1.0000 (.006) [.006]

1.00 9999 (.017) [.016] 9996 (.012) [.012] 1.0000 (.005) [.006]

8o 0.75 7505 (.020) [.019] 7499 (.010) [.010] 7500 (.005) [.005]

1.25 1.2503 (.021) [.020] 1.2499 (.011) [.011] 1.2500 (.006) [.006]

B3 1.25 1.2501 (.019) [.018] 1.2501 (.010) [.010] 1.2501 (.006) [.006]

0.75 7495 (.017) [.016] 7501 (.011) [.011] 7501 (.005) [.005]

A 0.50 4999 (.015) [.014] 4999 (.011) [.011] .5000 (.005) [.005]

0.25 .2494 (.020) [.019] 2500 (.013) [.012] .2500 (.006) [.005]

0.75 7492 (.020) [.019] 7498 (.006) [.006] 7499 (.003) [.003]

o 1.00 9066 (.202) [.137] 9688 (.121) [.085] 9905 (.068) [.047]
o> QMLE .6044 (.135) .6459 (.080) .6603 (.046)

65



Table 3.2b. Empirical Mean (sd) [se] of AQS-Estimator: ST Model

Two-Way FE, W,,: Rook Contiguity, T' = 6

n=>50 |

n=150 |

n = 500

(a) Normal Error

51 1.00 1.0002 (.017) [.017] 1.0001 (.009) [.009] 1.0000 (.005) [.005]
1.00 9996 (.015) [.015] 1.0000 (.009) [.009] 9999 (.005) [.005]

B2 0.75 7503 (.019) [.018] 7502 (.010) [.010] 7501 (.005) [.005]
1.25 1.2500 (.015) [.014] 1.2500 (.009) [.009] 1.2501 (.005) [.005]

B3 1.25 1.2509 (.017) [.017] 1.2499 (.010) [.010] 1.2499 (.005) [.005]
0.75 7506 (.016) [.015] 7501 (.009) [.009] 7500 (.005) [.005]

B4 1.00 1.0000 (.015) [.014] 9998 (.010) [.010] 1.0002 (.005) [.005]
1.00 9998 (.015) [.015] 9997 (.009) [.009] 1.0001 (.005) [.005]

B85 0.75 7497 (.018) [.017] 7500 (.009) [.009] 7499 (.005) [.005]
1.25 1.2506 (.016) [.015] 1.2502 (.009) [.009] 1.2500 (.005) [.005]

Be 1.25 1.2506 (.017) [.016] 1.2503 (.009) [.009] 1.2501 (.005) [.005]
0.75 7497 (.017) [.016] 7503 (.009) [.009] 7501 (.005) [.005]

A 050 4998 (.017) [.016] 4996 (.008) [.008] 4999 (.005) [.005]
0.25 2497 (.014) [.014] 2497 (.012) [.011] .2498 (.005) [.005]
0.75 7491 (.020) [.019] 7498 (.006) [.006] 7500 (.003) [.004]
0.50 .5003 (.015) [.015] .5006 (.010) [.010] 4998 (.005) [.005]
0.25 2500 (.017) [.016] .2497 (.010) [.010] .2498 (.006) [.006]
0.75 7496 (.010) [.009] 7498 (.007) [.007] 7500 (.003) [.003]

a? 1.00 9272 (.088) [.083] 9763 (.052) [.050] 9923 (.028) [.028]

o2 QMLE 7727 (.073) 8136 (.044) .8270 (.023)
(b) Normal Mixture Error

B1 1.00 1.0001 (.018) [.016] 1.0001 (.009) [.009] 1.0001 (.005) [.005]
1.00 9995 (.015) [.015] 9999 (.009) [.009] 9999 (.005) [.005]

Bo 0.75 7505 (.019) [.018] 7502 (.010) [.010] 7501 (.005) [.005]
1.25 1.2502 (.015) [.014] 1.2502 (.009) [.009] 1.2500 (.005) [.005]

B3 1.25 1.2507 (.017) [.017] 1.2501 (.010) [.010] 1.2500 (.005) [.005]
0.75 7503 (.016) [.015] 7498 (.009) [.009] 7501 (.005) [.005]

B4 1.00 9998 (.015) [.014] 1.0000 (.011) [.010] 1.0002 (.005) [.005]
1.00 9998 (.016) [.015] .9998 (.009) [.009] 1.0000 (.005) [.005]

Bs 0.75 7495 (.018) [.017] 7500 (.009) [.009] 7499 (.005) [.005]
1.25 1.2503 (.015) [.015] 1.2501 (.009) [.009] 1.2501 (.005) [.005]

Bs 1.25 1.2506 (.017) [.016] 1.2506 (.009) [.009] 1.2500 (.005) [.005]
0.75 7498 (.017) [.016] 7501 (.009) [.009] 7500 (.005) [.005]

A 050 4996 (.017) [.016] 4998 (.008) [.008] 4999 (.005) [.005]
0.25 2497 (.015) [.014] 2498 (.012) [.011] .2498 (.005) [.005]
0.75 7493 (.019) [.018] 7497 (.006) [.006] 7500 (.004) [.004]
0.50 .5002 (.016) [.015] .5007 (.010) [.010] 4999 (.005) [.005]
0.25 2498 (.017) [.016] 2497 (.010) [.010] .2498 (.006) [.006]
0.75 7496 (.010) [.009] 7499 (.007) [.007] .7500 (.003) [.003]

o 1.00 9249 (.183) [.109] 9749 (.113) [.065] .9946 (.066) [.035]

o2 QMLE 7707 (.153) 8124 (.094) .8289 (.055)
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Table 3.2b (cont’d). Empirical Mean (sd) [se] of AQS-Estimator:

SL Model Two-Way FE, W,,: Rook Contiguity, T' = 6

n=50 |

n=150 |

n = 500

(c) Chi-Square-normal Error

A
B2
B3
Ba
Bs
Be

1.00
1.00
0.75
1.25
1.25
0.75
1.00
1.00
0.75
1.25
1.25
0.75

19997 (.017) [.016]
19999 (.014) [.015]
17499 (.019) [.018]
1.2504 (.015) [.014]
1.2498 (.017) [.017]
17498 (.016) [.015]
1.0001 (.015) [.014]
19999 (.016) [.015]
17500 (.018) [.017]
1.2499 (.016) [.015]
1.2500 (.016) [.016]
17503 (.017) [.016]

19997 (.009) [.009]
19999 (.009) [.009]
17507 (.010) [.010]
1.2501 (.009) [.009]
1.2499 (.010) [.010]
17498 (.009) [.009]
19997 (.010) [.010]
1.0003 (.009) [.009]
17497 (.009) [.009]
1.2501 (.009) [.009]
1.2496 (.009) [.009]
17501 (.009) [.009]

1.0002 (.005) [.005]
1.0000 (.005) [.005]
7502 (.005) [.005]
1.2498 (.005) [.005]
1.2501 (.005) [.005]
7502 (.005) [.005]
1.0000 (.005) [.005]
1.0000 (.005) [.005]
7500 (.005) [.005]
1.2500 (.005) [.005]
1.2500 (.005) [.005]
7501 (.005) [.005]

0.50
0.25
0.75
0.50
0.25
0.75

.5004 (.016) [.016]
.2498 (.014) [.014]
7491 (.020) [.019]
4993 (.015) [.015]
.2498 (.017) [.016]
7498 (.010) [.009]

4998 (.008) [.008]
.2496 (.011) [.011]
7501 (.006) [.006]
4999 (.010) [.010]
.2503 (.010) [.010]
7501 (.007) [.007]

.5000 (.005) [.005]
.2499 (.005) [.005]
7500 (.004) [.004]
.5000 (.005) [.005]
.2500 (.006) [.006]
7501 (.003) [.003]

0,2

1.00

o2 QMLE

9250 (.139) [.094]
7708 (.116)

9743 (.082) [.057]
.8119 (.068)

9942 (.046) [.031]
.8285 (.038)
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Table 3.3a. Empirical Mean (sd) [se] of AQS-Estimator: SLE Model
One-Way FE, W,, and M,,: Group Interaction, T' = 3

n=50 |

n=150

n = 500

(a) Normal Error

61 1.00 1.0627 (.419) [.412] 1.0341 (.224) [.226] 1.0203 (.123) [.125]

1.00 0.9711 (.604) [.597] 1.0501 (.229) [.231] 1.0184 (.141) [.141]

Ba 0.75 0.7662 (.388) [.378] 0.7734 (.195) [.195] 0.7632 (.116) [.116]

1.25 1.3415 (.435) [.441] 1.2659 (.259) [.260] 1.2632 (.142) [.144]

B3 1.25 1.3356 (.493) [.485] 1.2846 (.260) [.263] 1.2683 (.142) [.143]

0.75 0.8190 (.389) [.374] 0.7697 (.256) [.254] 0.7628 (.117) [.116]

A 0.50 0.4264 (.166) [.170] 0.4657 (.090) [.092] 0.4872 (.052) [.053]

0.25 0.1470 (.220) [.231] 0.2024 (.130) [.131] 0.2340 (.073) [.073]

0.75 0.7087 (.090) [.088] 0.7303 (.051) [.051] 0.7444 (.024) [.025]

p 0.50 0.4436 (.199) [.193] 0.4777 (.104) [.105] 0.4883 (.065) [.064]

a2 1.00 0.9018 (.137) [.133] 0.9688 (.082) [.080] 0.9906 (.045) [.045]
o?> QMLE 0.6012 (.091) 0.6459 (.055) 0.6604 (.030)

(b) Normal Mixture Error

61 1.00 1.0629 (.419) [.411] 1.0317 (.225) [.225] 1.0208 (.124) [.125]

1.00 0.9716 (.613) [.594] 1.0485 (.229) [.231] 1.0178 (.140) [.141]

Ba 0.75 0.7688 (.389) [.377] 0.7737 (.198) [.195] 0.7645 (.117) [.115]

1.25 1.3357 (.439) [.440] 1.2642 (.257) [.259] 1.2650 (.143) [.144]

B3 1.25 1.3350 (.496) [.485] 1.2900 (.261) [.264] 1.2676 (.140) [.143]

0.75 0.8158 (.392) [.373] 0.7695 (.255) [.254] 0.7624 (.116) [.116]

A 0.50 0.4263 (.168) [.173] 0.4665 (.091) [.093] 0.4877 (.052) [.053]

0.25 0.1541 (.215) [.230] 0.2037 (.129) [.130] 0.2336 (.073) [.073]

0.75 0.7056 (.092) [.090] 0.7300 (.051) [.051] 0.7447 (.024) [.025]

p 0.50 0.4409 (.198) [.198] 0.4772 (.105) [.106] 0.4876 (.064) [.065]

a2 1.00 0.9037 (.269) [.188] 0.9680 (.162) [.123] 0.9899 (.092) [.071]
o?> QMLE 0.6012 (.091) 0.6459 (.055) 0.6604 (.030)

(c) Chi-Square-normal Error

51 1.00 1.0590 (.413) [.414] 1.0282 (.224) [.225] 1.0191 (.123) [.125]

1.00 0.9870 (.614) [.595] 1.0479 (.231) [.230] 1.0189 (.138) [.141]

B2 0.75 0.7661 (.387) [.379] 0.7761 (.200) [.195] 0.7609 (.116) [.116]

1.25 1.3276 (.430) [.440] 1.2681 (.259) [.259] 1.2644 (.142) [.144]

B3 1.25 1.3285 (.489) [.489] 1.2831 (.265) [.264] 1.2627 (.139) [.143]

0.75 0.8187 (.396) [.378] 0.7672 (.260) [.253] 0.7605 (.116) [.116]

A 050 0.4214 (.168) [.175] 0.4662 (.089) [.093] 0.4874 (.051) [.053]

0.25 0.1537 (.223) [.229] 0.1985 (.132) [.131] 0.2338 (.072) [.073]

0.75 0.7056 (.091) [.089] 0.7297 (.051) [.051] 0.7451 (.024) [.025]

p 0.50 0.4474 (.196) [.196] 0.4767 (.104) [.106] 0.4889 (.066) [.064]

o 1.00 0.9044 (.205) [.159] 0.9682 (.122) [.100] 0.9904 (.069) [.057]
o?> QMLE 0.6012 (.091) 0.6459 (.055) 0.6604 (.030)
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Table 3.3b. Empirical Mean (sd) [se] of AQS-Estimator: SLE Model
One-Way FE, W,, and M,,: Group Interaction, " = 6

n=>50 |

n=150 |

n = 500

(a) Normal Error

A
B2
B3
Ba
Bs
Be

1.00
1.00
0.75
1.25
1.25
0.75
1.00
1.00
0.75
1.25
1.25
0.75

1.0510 (.364) [.352]
0.9941 (.526) [.513]
0.7642 (.332) [.323]
1.3237 (.377) [.374]
1.3165 (.438) [.426]
0.7971 (.334) [.318]
1.0369 (.383) [.372]
1.0804 (.289) [.287]
0.8167 (.292) [.290]
1.3655 (.308) [.316]
1.3013 (.435) [.423]
0.7633 (.404) [.393]

1.0244 (.191) [.192]
1.0222 (:219) [.218]
0.7768 (.178) [.178]
1.2653 (.274) [.269]
1.2949 (.206) [.209]
0.7753 (.166) [.166]
1.0290 (.184) [.179]
1.0129 (.206) [.203]
0.7854 (.170) [.173]
1.2976 (.191) [.192]
1.2975 (.223) [.226]
0.7584 (.178) [.173]

1.0067 (.117) [.118]
1.0133 (.116) [.116]
0.7618 (.105) [.103]
1.2654 (.136) [.138]
1.2663 (.119) [.121]
0.7608 (.107) [.109]
1.0128 (.110) [.111]
1.0143 (.111) [.112]
0.7598 (.117) [.118]
1.2597 (.118) [.120]
1.2610 (.122) [.126]
0.7582 (.103) [.104]

0.50
0.25
0.75
0.50
0.25
0.75

0.4331 (.144) [.138]
0.1527 (.189) [.192]
0.7130 (.074) [.069]
0.4364 (.131) [.131]
0.1663 (.165) [.174]
0.7169 (.072) [.069]

0.4661 (.084) [.082]
0.1992 (.129) [.125]
0.7348 (.039) [.039]
0.4701 (.082) [.079]
0.2117 (.104) [.108]
0.7347 (.041) [.041]

0.4895 (.047) [.047]
0.2348 (.067) [.067]
0.7441 (.023) [.024]
0.4884 (.047) [.048]
0.2344 (.068) [.069]
0.7454 (.021) [.021]

p

0.50

0.4939 (.093) [.096]

0.4944 (.055) [.057]

0.4942 (.039) [.039]

02

1.00

o2 QMLE

0.9273 (.088) [.086]
0.7728 (.074)

0.9768 (.052) [.051]
0.8140 (.044)

0.9927 (.028) [.028]
0.8273 (.024)

(b) Normal Mixture Error

A
B2
B3
Ba
Bs
Be

1.00
1.00
0.75
1.25
1.25
0.75
1.00
1.00
0.75
1.25
1.25
0.75

1.0566 (.360) [.353]
0.9893 (.520) [.511]
0.7652 (.332) [.323]
1.3196 (.368) [.374]
1.3181 (.441) [.430]
0.7959 (.334) [.318]
1.0376 (.384) [.374]
1.0792 (.285) [.289]
0.8127 (.291) [.291]
1.3616 (.301) [.318]
1.3047 (.440) [.427]
0.7577 (.407) [.394]

1.0282 (.190) [.192]
1.0270 (.219) [.218]
0.7810 (.181) [.179]
1.2670 (.274) [.269]
1.2988 (.208) [.211]
0.7758 (.167) [.167]
1.0277 (.181) [.180]
1.0134 (.207) [.203]
0.7834 (.171) [.173]
1.2963 (.190) [.193]
1.2998 (.230) [.229]
0.7622 (.179) [.173]

1.0059 (.117) [.118]
1.0130 (.116) [.117]
0.7621 (.106) [.104]
1.2630 (.135) [.138]
1.2652 (.121) [.122]
0.7605 (.108) [.109]
1.0133 (.111) [.111]
1.0132 (.111) [.112]
0.7614 (.118) [.118]
1.2619 (.119) [.120
1.2606 (.122) [.126

0.50
0.25
0.75
0.50
0.25
0.75

0.4311 (.141) [.142]
0.1601 (.185) [.195]
0.7114 (.077) [.073]
0.4354 (.134) [.135]
0.1671 (.165) [.176]
0.7159 (.073) [.073]

0.4653 (.084) [.083]
0.1975 (.128) [.126]
0.7345 (.039) [.039]
0.4712 (.080) [.080]
0.2123 (.105) [.108]
0.7346 (.042) [.042]

0.4892 (.046) [.047
0.2362 (.066) [.067
0.7443 (.024) [.024]
0.4882 (.047) [.049]
0.2336 (.069) [.069]
0.7455 (.021) [.022]

]
]
0.7582 (.103) [.104]
]
]

p 0.50

0.4901 (.097) [.101]

0.4949 (.057) [.058]

0.4941 (.039) [.039]

o2

1.00

o2 QMLE

0.9292 (.187) [.151]
0.7743 (.156)

0.9765 (.113) [.096]
0.8138 (.094)

0.9943 (.064) [.055]
0.8286 (.053)
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Table 3.3b (cont’d). Empirical Mean (sd) [se] of AQS-Estimator:
SLE Model One-Way FE, W,, and M,,: Group Interaction, T' = 6

| n=50 | n=150 | n = 500
(c) Chi-Square-normal Error

51 1.00 1.0479 (.358) [.351] 1.0215 (.192) [.192] 1.0084 (.118) [.118]
1.00 1.0059 (.525) [.512] 1.0234 (.219) [.218] 1.0113 (.116) [.117]
Ba 0.75 0.7685 (.336) [.323] 0.7743 (.183) [.179] 0.7578 (.104) [.103]
1.25 1.3128 (.366) [.374] 1.2645 (.272) [.269] 1.2653 (.138) [.138]
B3 1.25 1.3174 (.432) [.427] 1.2926 (.206) [.210] 1.2650 (.119) [.121]
0.75 0.7971 (.343) [.323] 0.7747 (.170) [.167] 0.7596 (.110) [.108]
By 1.00 1.0332 (.378) [.372] 1.0385 (.179) [.179] 1.0133 (.112) [.111]
1.00 1.0735 (.293) [.290] 1.0219 (.205) [.203] 1.0149 (.112) [.112]
b5 0.75 0.8133 (.292) [.290] 0.7853 (.174) [.173] 0.7582 (.117) [.118]
1.25 1.3464 (.299) [.317] 1.2960 (.187) [.192] 1.2615 (.118) [.120]
Bs 1.25 1.3150 (.427) [.418] 1.2978 (.223) [.229] 1.2587 (.126) [.125]
0.75 0.7557 (.408) [.395] 0.7592 (.178) [.174] 0.7555 (.102) [.104]
A 0.50 0.4315 (.141) [.142] 0.4672 (.082) [.082] 0.4888 (.047) [.047]
0.25 0.1596 (.190) [.193] 0.1981 (.127) [.125] 0.2350 (.067) [.067]
0.75 0.7112 (.074) [.070] 0.7357 (.038) [.038] 0.7444 (.024) [.024]
0.50 0.4336 (.137) [.133] 0.4684 (.080) [.079] 0.4882 (.048) [.049]
0.25 0.1713 (.163) [.175] 0.2119 (.105) [.107] 0.2362 (.068) [.069]
0.75 0.7150 (.074) [.072] 0.7362 (.040) [.041] 0.7458 (.021) [.022]
p 0.50 0.4929 (.093) [.098] 0.4933 (.056) [.058] 0.4938 (.039) [.039]
o? 1.00 0.9260 (.139) [.116] 0.9769 (.082) [.073] 0.9935 (.046) [.041]

o2 QMLE 0.7717 (.116) 0.8141 (.069) 0.8279 (.038)
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Table 3.4a. Empirical Mean (sd) [se] of AQS-Estimator: SL Model

One-Way FE, W,,: Rook Contiguity, 7' = 3

n=50 |

n=150 |

n = 500

(a) Normal Error

61 1.00 9999 (.019) [.018] 1.0001 (.010) [.010] 1.0000 (.006) [.005]

1.00 9998 (.017) [.016] 9999 (.012) [.012] 1.0000 (.006) [.006]

Bo 0.75 7503 (.020) [.019] 7501 (.010) [.010] 7501 (.006) [.006]

1.25 1.2500 (.021) [.020] 1.2498 (.011) [.011] 1.2500 (.005) [.005]

Bs 1.25 1.2502 (.018) [.017] 1.2500 (.010) [.010] 1.2501 (.006) [.006]

0.75 7499 (.017) [.016] 7502 (.011) [.011] 7498 (.006) [.005]

A 0.50 4996 (.015) [.014] 4999 (.011) [.011] 4999 (.005) [.005]

0.25 2497 (.019) [.019] 2496 (.013) [.012] .2500 (.005) [.005]

0.75 7491 (.020) [.019] 7499 (.006) [.006] 7500 (.003) [.003]

o 1.00 9096 (.132) [.127] 9691 (.081) [.079] 9909 (.045) [.044]
o> QMLE .6064 (.088) .6461 (.054) .6606 (.030)

(b) Normal Mixture Error

51 1.00 1.0000 (.019) [.018] 1.0000 (.010) [.010] 9999 (.005) [.005]

1.00 1.0000 (.017) [.016] 9999 (.012) [.012] 1.0000 (.006) [.006]

B2 0.75 7500 (.020) [.019] 7502 (.010) [.010] 7501 (.006) [.006]

1.25 1.2502 (.021) [.020] 1.2499 (.011) [.011] 1.2500 (.005) [.005]

B3 1.25 1.2502 (.018) [.017] 1.2499 (.010) [.010] 1.2500 (.006) [.006]

0.75 7501 (.017) [.016] 7500 (.011) [.011] 7499 (.006) [.005]

A 0.50 4996 (.015) [.014] 5000 (.011) [.011] 4999 (.005) [.005]

0.25 2498 (.019) [.018] 2498 (.013) [.012] .2500 (.005) [.005]

0.75 7493 (.019) [.019] 7500 (.006) [.006] 7500 (.003) [.003]

o 1.00 9109 (.268) [.184] 9680 (.162) [.122] 9902 (.092) [.071]
o2 QMLE .6072 (.178) .6454 (.108) .6601 (.061)

(c) Chi-Square-normal Error

61 1.00 1.0002 (.019) [.018] 9998 (.010) [.010] 9999 (.005) [.005]

1.00 9998 (.017) [.016] 9996 (.012) [.012] 1.0000 (.006) [.006]

8o 0.75 7506 (.020) [.019] 7500 (.010) [.010] 7500 (.006) [.006]

1.25 1.2502 (.020) [.020] 1.2499 (.011) [.011] 1.2501 (.005) [.005]

B3 1.25 1.2501 (.018) [.017] 1.2501 (.010) [.010] 1.2500 (.006) [.006]

0.75 7496 (.017) [.016] 7501 (.011) [.011] 7499 (.005) [.005]

A 0.50 4998 (.015) [.014] 4999 (.011) [.011] .5000 (.005) [.005]

0.25 .2495 (.020) [.019] 2500 (.013) [.012] .2499 (.005) [.005]

0.75 7492 (.020) [.019] 7498 (.006) [.006] 7500 (.003) [.003]

o 1.00 9085 (.201) [.154] 9690 (.121) [.099] 9906 (.068) [.057]
o> QMLE .6057 (.134) .6460 (.080) .6604 (.045)
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Table 3.4b. Empirical Mean (sd) [se] of AQS-Estimator: ST Model

One-Way FE, W,,: Rook Contiguity, T' = 6

n=>50 |

n=150 |

n = 500

(a) Normal Error

51 1.00 1.0003 (.017) [.016] 1.0001 (.009) [.009] 1.0000 (.005) [.005]
1.00 9996 (.015) [.015] 1.0000 (.009) [.009] 9999 (.005) [.005]

B2 0.75 7503 (.019) [.018] 7502 (.010) [.010] 7501 (.005) [.005]
1.25 1.2500 (.015) [.014] 1.2500 (.009) [.009] 1.2501 (.005) [.005]

B3 1.25 1.2509 (.017) [.016] 1.2499 (.010) [.010] 1.2499 (.005) [.005]
0.75 7506 (.016) [.015] 7501 (.009) [.009] 7501 (.005) [.005]

B4 1.00 9999 (.014) [.014] 9998 (.010) [.010] 1.0002 (.005) [.005]
1.00 9999 (.015) [.015] 9997 (.009) [.009] 1.0001 (.005) [.005]

B85 0.75 7497 (.018) [.017] 7500 (.009) [.009] 7499 (.005) [.005]
1.25 1.2506 (.016) [.015] 1.2502 (.009) [.009] 1.2500 (.005) [.005]

Be 1.25 1.2507 (.017) [.016] 1.2503 (.009) [.009] 1.2501 (.005) [.005]
0.75 .7497 (.016) [.016] 7503 (.009) [.009] 7501 (.005) [.005]

A 050 4996 (.012) [.011] 4996 (.008) [.008] 4999 (.005) [.005]
0.25 2497 (.014) [.014] 2496 (.011) [.011] .2498 (.005) [.005]
0.75 7491 (.017) [.017] 7498 (.006) [.006] 7500 (.003) [.004]
0.50 .5002 (.015) [.015] .5007 (.009) [.009] 4998 (.005) [.005]
0.25 2500 (.017) [.016] .2497 (.010) [.010] .2498 (.006) [.006]
0.75 7496 (.009) [.008] 7498 (.006) [.006] 7500 (.003) [.003]

a? 1.00 9291 (.087) [.083] 9764 (.052) [.050] 9923 (.028) [.028]

o2 QMLE 7743 (.073) .8136 (.043) .8269 (.023)
(b) Normal Mixture Error

B1 1.00 1.0002 (.017) [.016] 1.0001 (.009) [.009] 1.0001 (.005) [.005]
1.00 9996 (.015) [.014] 9999 (.009) [.009] 9999 (.005) [.005]

Bo 0.75 7505 (.019) [.018] 7502 (.010) [.010] 7501 (.005) [.005]
1.25 1.2502 (.015) [.014] 1.2502 (.009) [.009] 1.2500 (.005) [.005]

B3 1.25 1.2508 (.017) [.016] 1.2501 (.010) [.010] 1.2500 (.005) [.005]
0.75 7503 (.016) [.015] 7498 (.009) [.009] 7501 (.005) [.005]

B4 1.00 9998 (.015) [.014] 1.0000 (.011) [.010] 1.0002 (.005) [.005]
1.00 9998 (.016) [.015] .9998 (.009) [.009] 1.0000 (.005) [.005]

Bs 0.75 7495 (.018) [.017] 7500 (.009) [.009] 7499 (.005) [.005]
1.25 1.2503 (.015) [.015] 1.2501 (.009) [.009] 1.2501 (.005) [.005]

Bs 1.25 1.2507 (.017) [.015] 1.2506 (.009) [.009] 1.2500 (.005) [.005]
0.75 7498 (.016) [.015] 7501 (.009) [.009] 7500 (.005) [.005]

A 050 4995 (.012) [.011] 4998 (.008) [.008] 4999 (.005) [.005]
0.25 2497 (.015) [.014] 2497 (.011) [.011] .2498 (.005) [.005]
0.75 7493 (.017) [.017] .7497 (.006) [.006] 7500 (.004) [.004]
0.50 .5002 (.015) [.015] .5008 (.009) [.009] 4999 (.005) [.005]
0.25 2497 (.017) [.016] 2497 (.010) [.010] .2498 (.006) [.006]
0.75 7496 (.009) [.008] 7499 (.006) [.006] .7500 (.003) [.003]

o 1.00 9267 (.183) [.148] 9749 (.113) [.096] .9946 (.066) [.055]

o?> QMLE 7723 (.153) 8124 (.094) .8288 (.055)

72



Table 3.4b (cont’d). Empirical Mean (sd) [se] of AQS-Estimator:

SL Model One-Way FE, W,,: Rook Contiguity, T' = 6

n=50 |

n=150 |

n = 500

(c) Chi-Square-normal Error

9998 (.017) [.016]
1.0000 (.014) [.014]
7499 (.018) [.018]
1.2504 (.015) [.014]
1.2497 (.016) [.016]
7498 (.015) [.015]
1.0002 (.015) [.014]
9999 (.016) [.015]
7500 (.018) [.017]
1.2499 (.016) [.015]
1.2500 (.016) [.016]
7503 (.016) [.015]

19997 (.009) [.009]
19999 (.009) [.009]
17507 (.010) [.010]
1.2501 (.009) [.009]
1.2499 (.010) [.010]
17498 (.009) [.009]
19997 (.010) [.010]
1.0003 (.009) [.009]
17497 (.009) [.009]
1.2501 (.009) [.009]
1.2497 (.009) [.009]
17501 (.009) [.009]

1.0002 (.005) [.005]
1.0000 (.005) [.005]
7502 (.005) [.005]
1.2498 (.005) [.005]
1.2501 (.005) [.005]
7502 (.005) [.005]
1.0000 (.005) [.005]
1.0000 (.005) [.005]
7500 (.005) [.005]
1.2501 (.005) [.005]
1.2500 (.005) [.005]
7501 (.005) [.005]

5003 (.012) [.011]
.2498 (.014) [.014]
7494 (.017) [.016]
4993 (.015) [.015]
.2499 (.017) [.016]
7498 (.009) [.008]

4999 (.008) [.008]
2497 (.011) [.011]
7501 (.006) [.006]
4999 (.009) [.009]
.2503 (.010) [.010]
7501 (.006) [.006]

.5000 (.005) [.005]
.2499 (.005) [.005]
7500 (.004) [.004]
.5000 (.005) [.005]
.2500 (.006) [.006]
7501 (.003) [.003]

B 1.00
1.00
Bia 0.75
1.25
Bz 1.25
0.75
B4 1.00
1.00
Bis 0.75
1.25
B 1.25
0.75
A1 0.50
0.25
0.75
0.50
0.25
0.75
o 1.00
o2 QMLE

9266 (.139) [.113]
7722 ((115)

9744 (.081) [.072]
.8120 (.068)

9942 (.046) [.041]
.8285 (.038)

73



3.5 An Empirical Application

In this section, we apply the proposed AQS-estimation and inference methods for the
FE-SPD model with TVC to investigate US cigarettes demand from 1963 to 1992. During
this period, The federal government attempted to reduce the consumption of cigarettes
through (7) the imposition of warning labels in 1965, (i) the Fairness Doctrine Act to
cigarette advertising in June 1967, (iii) the Congressional ban of broadcast advertising of
cigarettes in 1971. A lot of researches are carried out, such as Hamilton (1972), McGui-
ness and Cowling (1975), Baltagi and Levin (1986, 1992), and Baltagi et al. (2000) to
help the policy makers to evaluate the effectiveness of the above policies.

In this study, we estimate the time-varying coefficients in cigarette demand models
based on panel data from 46 American states over the period 1963 to 1992. We find (i)
significant effect of price on cigarette consumption (i7) Insignificant income effect in short
run due to the habit persistence (ii¢) Significant minimum neighbouring price in short run.
(7v) support for the effectiveness of warning labels, Fairness Doctrine Act and advertising
ban. The specification test proposed by Xu and Yang (2020a) is useful in supporting our
findings, temporal heterogeneity pattern is observed in parameter estimation.

We fit the data to the general model (3.1) and several sub-models. We report results of
the general model, SLE two-way FE model, and the sub-model, SLE one-way FE model
only. Final conclusions are made based on the general model (3.1). For data sources, see
Baltagi and Levin (1986). The response variable Y is Cigarette sales in packs per capita;
The spatial lag term W,,Y" captures the demand of cigarette among states, reflecting how
demand of the neighbouring states affect the own demand of a state. The time-varying
regressors X contain a set of state level variables: X; = Price per pack of cigarettes;
X5 = Population above the age of 16; X3 = Per capita disposable income; and X, =
Minimum price in adjoining states per pack of cigarettes. Similar as in Baltagi and Levin
(1992), the state-specific effects can represent any state-specific characteristic and the
year-specific effects can be justified given numerous policy interventions. The spatial
weight matrix is specified using a contiguity form where (i, j)th element is 1 if state ¢ and
7 share a common border, otherwise 0, and then row normalized. Table 3.5a, 3.5b and

3.5¢c summarize the main empirical findings, fitted using the two models: SLE one-way
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and SLE two-way FE-SPD models, and are estimated using (a) data from the first three
years; (b) data from the first six years; and (c) the full data. The case (a) is different from
the other two cases in without the consideration of government interventions.

Table 3.5a presents the estimation results that use the data from the first three years.
First, the ML-estimators are very similar as the AQS-estimators, which shows that the
empirical results are in consistent with the theory and Monte Carlo results. Thus, it is rec-
ommended to use AQS-estimation method. Several patterns are observed: (i) the price
effect and the parameter estimate for X, the minimum price in adjoining states, are sig-
nificant in both one-way and two-way FE models; (i) the parameter estimates for spatial
lag effects, spatial error effect and X5, which captures the population above the age of
16, are insignificant in both one-way and two-way FE models; and (i7) the income effect
is significant in one-way FE model but insignificant in two-way FE model. One possi-
ble reason for the difference is the omission bias of ignoring time-specific effects, like
the Surgeon General report, health warnings, health report and increasing taxation which
can deter cigarette consumption. The effect of these anti-smoking policies on smoking
and income are negative. There would be income loss for not only cigarette industry, but
also related industries in the cigarette supply chain, from manufacturing, transportation,
to selling. The above policies across different states are mostly state-invariant and would
be controlled by the year dummies. Therefore, the estimators of income effects in one-
way FE model does not account for year-specific effects and captures the omission bias
of anti-smoking policies.

Table 3.5b presents the estimation results that use the data from the first six years.
Again, as the estimates of the time-varying coefficients are very similar, only the AQS
estimates are reported. Some similar patterns are observed, such as: (i) the price effect
are significant in both one-way and two-way FE models, and (i7) the income effect is
significant in one-way FE model but insignificant in two-way FE model. Some different
patterns are also observed: in one-way FE model, the neighboring price is significant in 5
out of 6 years while in two-way FE model, it is significant in only one out of the 6 years.
It indicates that with the change of observation period 7, different estimation results can

be obtained. Further extension of estimation period is necessary.
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Table 3.5¢ presents the estimation results using the full data. Besides the significant
price effect in both models, we observe that (¢) in one-way FE model, the neighboring
price is significant in 23 out of 30 years while in two-way FE model, it is significant in
only 9 out of 30 years, and (i7) the income effect is significant in one-way FE model but
is significant in only 16 out of 30 years in two-way FE model.

The following conclusions are made based on estimation results from the general
model, SLE two-way FE model. Due to the significant price effect, an effective option
to deter the cigarette consumption is to increase the cigarette taxation. Baltagi and Levin
(1992) also argue that cigarette taxation can be used as a policy to combat smoking. The
insignificant income effect in short run may be due to the habit persistence effect. It is hard
to quit smoking immediately as cigarette is an addictive product, therefore, even there are
interventions to deter cigarette consumption, people who smoke would keep smoking in
the short run without consideration of current income. However, the income effect can
be significant in the long run if people have enough time and preparation to learn how to
quit smoking. The insignificant income effect is also found in Baltagi and Levin (1986).
The effect of minimum neighbouring price is significantly positive in short run. Simply
put, higher cigarette price in state A will encourage consumers in that state to search for
cheaper cigarettes in neighbouring states. However, the minimum neighbouring price can
be insignificant in long run. Baltagi and Levin (1992) point out that individual states can
raise revenues by increasing their state tax on cigarettes. Therefore, in the long run, if the
adjoining states of state A raise their cigarette tax, state A may follow suit in raising its
state tax to increase the revenue with some reduction in consumption.

The specification test proposed by Xu and Yang(2020a) is used to test the effectiveness
of the three major policies in 1965, 1967 and 1971. This AQS-based test is denoted by
T in the below table. The null hypothesis thus is:

Ho:ﬁlz...:ﬁT’ and )\1:...:)\,1_, (329)

We test H, based on different periods, the results are presented in the following table.
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AQS-Tests For Detection of Change Points

Ty Tis Ty Tis Ty Tis
t1—ts 948 8.45 ty—ts 7.87 8.11 t1—ts 434 39.0
0.487 0.585 0.164 0.150 0.002 0.007
t1—te 47.9 434 te—ts 159 12.5 ti—t1o 106 119
0.004 0.013 0.103 0.254 0.000 0.000

Note: p-values are in every second row.

We break down the panel and repeatedly applying the set of robust AQS-based spec-
ification test for detecting change points. In the first ten periods, we see that only the
sub-panels 1963-65, 1966-67, and 1968-70 are fairly stable, suggesting that panel struc-
tures have changed after 1965, 1967, and 1970, in line with the policy interventions in
1965, 1967 and 1971. The test indicates that parameter estimates are subject to temporal
heterogeneity, and the change points are in 1965, 1967, and 1971.

In conclusion, our empirical results finds that taxation can be used as a policy instru-
ment to deter state cigarette consumption. The effectiveness of cigarette taxation depends
upon several factors: (i) price elasticity of demand for cigarette; (ii) whether the ad-
joining states follow suit in raising their state taxes for higher revenues. A temporary
reduction of one’s money to push him to quit smoking might not be effective. The in-
significant income effect in the short run shows that income is not the first consideration
of deciding whether smoke or not due to the habit persistence effect. Finally, our results
find support for the effectiveness of subsidized anti-smoking messages and advertising

ban.
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Table 3.5a. AQS Estimator (se) based on Cigarette Demand Data, T' = 3

t X1 Xo X3 X4 Spatial lag
SLE model with one-way FE.

1 —.5628 (.0083) .0855 (.0538) 2148 (.0247) .1687 (.0374) 1137 (.1440)
2 —.6169 (.0086) .0824 (.0536) 1772 (.0245) 2916 (.0319) 1267 (.1398)
3 —.5998 (.0090) .0877 (.0533) 2042 (.0271) .2604 (.0296) .0848 (.1449)

pau. = -0629 Pags (se) =.0559 (.1668)

62y = .0003 63qs (se) =.0004 (.0000)

SLE model with two-way FE.

1 —.5544 (.0909) .0738 (.2158) 1790 (.1508) 3163 (.1774) .2903 (.2923)
2 —.6359 (.0919) .0716 (.2152) 1323 (.1512) 3625 (.1624) 2928 (.2913)
3 —.6372 (.0903) .0760 (.2147) 1494 (.1572) 3152 (.1587) .2490 (.30006)

Pqu. = —.1522 Pags (se) = —.1522 (.3587)

62y = .0003 63qs (se) =.0004 (.0001)
Note: as the estimates of the time-varying coefficients are very similar,

only the AQS estimates are reported.
Table 3.5b. AQS Estimator (se) based on Cigarette Demand Data, T' = 6
t X1 X5 X3 Xy Spatial lag
SLE model with one-way FE.

1 —.3142 (.0075) .3054 (.0203) .2696 (.0168) —.2868 (.0164) .0765 (.0387)
2 —.4113 (.0070) .3004 (.0203) 2269 (.0173) —.1030 (.0138) .0886 (.0369)
3 —.4263 (.0066) .3067 (.0202) .2404 (.0192) —.0706 (.0107) .0451 (.0380)
4 —.7165 (.0055) .2925 (.0200) 2731 (.0202) .0882 (.0088) .1091 (.0337)
5 —.6602 (.0067) .3008 (.0199) .2290 (.0207) .1292 (.0090) .1008 (.0348)
6 —.4363 (.0082) 2937 (.0198) 1917 (.0207) .0037 (.0095) .1012 (.0380)

pou. = —.0452 pags (se) = —.0457 (.0466)

63 = -0009 G3gs (se) =.0011 (.0000)

SLE model with two-way FE.

1 —.2889 (.1132) 4415 (.1531) 2310 (.1372) —.3516 (.1651) .3348 (.1395)
2 —.4306 (.1124) 4329 (.1529) 2013 (.1404) —.1482 (.1461) .3480 (.1345)
3 —.4805 (.1121) 4419 (.1524) 2152 (.1455) —.0732 (.1266) 3071 (.1368)
4 —.8329 (.0911) 4229 (\1514) 2694 (.1514) 1377 (.1029) 3851 (.1265)
5 —.8005 (.0998) 4363 (.1513) 2179 (.1551) 2174 (.1105) .3869 (.1292)
6 —.5462 (.1078) 4301 (.1508) 1597 (.1583) .0828 (.1082) 3799 (.1360)

pour. = —.4407 Pags (se) = —.4407 (.1685)

68y = .0011 63qs (se) =.0014 (.0002)

Note: as the estimates of the time-varying coefficients are very similar,

only the AQS estimates are reported.
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Table 3.5¢. AQS Estimator (se) based on Cigarette Demand Data, T' = 30

t X1 X5 X3 X4 Spatial lag
SLE model with one-way FE.

1 —.8240 (.0243)  —.0086 (.0011)  .8930 (.0090) —.8531 (.0423)  —.4446 (.0069)
2 —.8985 (.0250) —.0124 (.0012) .8132(.0088) —.6361 (.0345) —.4169 (.0068)
3 —.8605 (.0231)  —.0060 (.0011)  .8406 (.0096) —.6458 (.0270) —.4970 (.0073)
4 | —1.2331(.0197) —.0173(.0011) .8646 (.0093) —.3286 (.0230) —.4717 (.0061)
5 —.9994 (.0232) —.0228 (.0011) .8673 (.0096)  —.5405 (.0258) —.4863 (.0063)
6 —.8239 (.0298) —.0464 (.0012) .8619 (.0095) —.6838(.0341) —.4597 (.0063)
7 —.7315(.0208) —.0399 (.0011)  .8008 (.0100) —.6511 (.0303) —.4648 (.0068)
8 —.8631 (.0187) —.0223 (.0011) .7326 (.0108) —.3718 (.0205) —.4779 (.0069)
9 —.8628 (.0174)  —.0080 (.0011)  .6922 (.0107) —.2720(.0219) —.4954 (.0073)
10 —.9487 (.0140) —.0149 (.0011) .6445(.0102) —.1562 (.0163) —.4159 (.0073)
11 | —1.0271 (.0167) .0101 (.0011)  .5638 (.0094) —.0172 (.0174) —.3681 (.0077)
12 | —1.0364 (.0182) .0095 (.0011)  .5645 (.0107) —.0202 (.0202) —.3536 (.0082)
13 —.9816 (.0191)  —.0003 (.0012)  .5703 (.0105) —.0741(.0194) —.3417 (.0083)
14 | —1.0087(.0221) —.0093 (.0012)  .5531 (.0107)  —.0455 (.0189) —.2854 (.0082)
15 | —1.0604 (.0240) .0004 (.0012)  .5066 (.0111) .0259 (.0187)  —.2360 (.0086)
16 | —1.0764 (.0288) 0129 (.0012)  .4512 (.0110) 1281 (.0219)  —.2132 (.0090)
17 —.9065 (.0286) .0114 (.0012)  .4490 (.0110) .0374 (.0227)  —.2786 (.0090)
18 —.7274 (.0284) .0151 (.0012)  .3321 (.0111) .0459 (.0219)  —.2239 (.0100)
19 —.7621 (.0286) 0101 (.0012) 3712 (.0113)  —.0326 (.0234) —.1932 (.0100)
20 —.8257 (.0289) 0122 (.0012)  .3747 (.0115) .0483 (.0331) —.2078 (.0102)
21 —.5882 (.0285) 0213 (.0012)  .2851 (.0124) —.0855 (.0351) —.1381 (.0110)
22 —.5188 (.0306) 0147 (.0012)  .2775(.0125) —.1523 (.0373) —.1139(.0115)
23 —.3407 (.0293) 0263 (.0012)  .1820(.0119) —.1524 (.0329) —.1147 (.0117)
24 —.4309 (.0315) 0394 (.0012) 2228 (.0119) —.1320 (.0276) —.1471 (.0121)
25 —.2564 (.0258) 0362 (.0012)  .1385 (.0106) —.1928 (.0273) —.0902 (.0127)
26 —.3477 (.0277) .0376 (.0012)  .2078 (.0103) —.2378(.0269) —.0976 (.0117)
27 —.3324 (.0284) .0405 (.0012)  .2050 (.0108)  —.2539 (.0308)  —.0975 (.0120)
28 —.3752 (.0254) 0406 (.0012)  .1243 (.0133) —.2014 (.0324) .0595 (.0130)
29 —.4202 (.0242) 0226 (.0012)  .1356 (.0126)  —.2525 (.0286) .1705 (.0119)
30 —.5355 (.0313) 0222 (.0012)  .0432 (.0151) —.0017 (.0328) 2346 (.0115)

Pou. = 6453 Pags (se) =.6453 (.0014)

62y, = 0057 6245 (s€) = .0059 (.0000)

Note: as the estimates of the time-varying coefficients are very similar,

only the AQS estimates are reported.
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Table 3.5¢ (cont’d). AQS Estimator (se) based on Cigarette Demand Data, T = 30

t X1 X5 X3 Xy Spatial lag

SLE model with two-way FE.

1 | —.4586(.1513) —.0580(.0284)  .8208 (.0862) —.4353(2794) —.3097 (.0911)
2 | —.5646 (.1627) —.0627(.0286)  .7518 (.0873) —.3469 (2507) —.3347 (.0874)
3 | —.5870(.1548) —.0568 (.0286)  .7628 (.0933) —.5094 (2113) —.4187 (.0881)
4 | —.9520(.1334) —.0669 (.0285)  .8453(.0935) —.1920(.1524) —.4218 (.0751)
5 | —.7534(.1449) —.0704(.0285)  .8464 (.0941) —.3168(.1656) —.4491 (.0763)
6 | —.4882(.1551) —.0906 (.0289)  .8404 (.0958) —.4802(.2033) —.4072 (.0779)
7 | —.6421(.1301) —.0771(.0286)  .7979 (.0993) —.2016 (.1817) —.3694 (.0811)
8 —.6950(.1173) —.0714 (.0285)  .7655(.1028) —.2227 (.1413) —.4012 (.0810)
9 | —.7496 (.1125) —.0610(.0286)  .6364 (.1053) —.2461(.1542) —.4642 (.0842)
10 | —.9005 (.0991) —.0676 (.0286)  .5782(.1094) —.1769 (.1248) —.4185 (.0814)
11 | —1.0169 (.1078) —.0448 (.0285)  .4655(.1010) —.0787(.1237) —.4257 (.0837)
12 | —1.0307 (.1125) —.0433 (.0286)  .4750 (.1113) —.0565 (.1375) —.4173 (.0856)
13 | —1.0022 (.1160) —.0524 (.0288)  .4398 (.1110) —.1305(.1320) —.4327 (.0846)
14 | —1.0717 (.1246) —.0592 (.0289)  .3885(.1156) —.1022(.1369) —.3734 (.0865)
15 | —1.1314 (.1298) —.0489 (.0288) 2977 (.1158) —.0696 (.1332) —.3782 (.0878)
16 | —1.1712 (.1429) —.0375(.0289)  .1956 (.1173)  .0280(.1510) —.3544 (.0935)
17 | —1.0854 (.1434) —.0361 (.0288)  .1598 (.1102) —.0767 (.1483) —.4816 (.0905)
18 | —.9386 (.1434) —.0312(.0289)  .0266(.1058) —.0896 (.1567) —.4570 (.0978)
19 —.8923(.1429) —.0393(.0291)  .1234(.1071) —.1141(.1575) —.3586 (.0989)
20 —.9970(.1433) —.0373(.0291)  .0770 (.1056) —.0673(.1946) —.3594 (.0982)
21 —.8419(.1435) —.0213(.0291)  .0140 (.1061) —.2699 (.1998) —.3135 (.1044)
22 —.6996 (.1480) —.0322(.0292)  .0629 (.1050) —.2255(.2094) —.2629 (.1080)
23 | —.5515(.1474) —.0185(.0291) —.0265(.1006) —.2809 (.1909) —.3072 (.1127)
24 | —.7725(.1549) —.0083(.0293) —.0116(.1036) —.4011(.1916) —.3548 (.1084)
25 | —.5907(.1436) —.0091 (.0292) —.0748 (.0968) —.3754(.1842) —.2818(.1155)
26 —.6769(.1436) —.0120(.0291)  .0356(.0950) —.4234(.1859) —.2989 (.1096)
27 | —.7196 (.1441) —.0103 (.0290)  .0026 (.0964) —.4630 (.2002) —.2737 (.1088)
28 | —.6425(.1357) —.0075(.0289) —.0836(.1089) —.6648(.1991) —.1809 (.1159)
29 | —.7632(.1326) —.0121(.0292) —.1821(.1107) —.4626(.1625) —.1444 (.1130)
30 —.8068 (.1486) —.0182(.0286) —.2586 (.1184) —.5401 (.1862) —.0855 (.1164)
P, = 6495 pags (se) = .6495 (.0360)
63y = 0040 G245 (s) = .0041 (.0002)

Note: as the estimates of the time-varying coefficients are very similar,

only the AQS estimates are reported.
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3.6 Conclusion and Discussion

We introduce a general strategy (AQS-estimation) for estimating fixed effects spatial
panel data models with time-varying coefficients and two major spatial effects: the spatial
lag and spatial error. Based on the adjusted quasi score function, the proposed AQS-
estimation method is robust in the sense that it is allowing errors to be nonnormal. The
common parameter estimates from the AQS-estimation approach are consistent, and the
asymptotic distributions are properly centered. Typically, a consistent estimate requires
either n or both n and 7' to be large. But the convergence rates of the estimators need to
be adjusted when 7' is large. Monte Carlo results are provided to illustrate finite sample
properties of the various estimators. Empirical case is also provided to support further
applications.

An empirical illustration is presented to help empirical researchers to apply our meth-
ods in models with time-varying coefficients. Our methods are quite useful in prediction,
meanwhile in finding and analyzing the most influential observations from a large dataset.
When applying the AQS-estimation method to models with time-varying coefficients, our
analysis should focus on the trend of the temporal change instead of the estimator in
one certain period. Estimators that are under temporal homogeneity assumptions may
not provide this kind of information to us. The proposed methods are simple and gen-
eral, which makes them very attractive to practitioners. It would be also interesting to
extend our methods to allow for interactive fixed effects, heteroskedasticity in time and
cross-section, serial correlation, etc. However, these are clearly beyond the scope of this

chapter and will be dealt with in future works.
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4 Heteroskedasticity Robust Estimation of Spatial Panel
Data Models with Temporal Heterogeneity

In the presence of temporal heterogeneity or TH (time-varying regression and spa-
tial coefficients), the usual transformation-based methods for estimating the fixed effects
(FE) spatial panel data (SPD) models are inapplicable. The presence of cross-sectional
heteroskedasticity (CH) causes the usual methods of estimating spatial econometric mod-
els to be inconsistent. In this chapter, a new set of estimation and inference methods
is developed based on the adjusted quasi scores (AQS) that simultaneously take care of
the three major issues, FE, TH and CH, in the estimation of FE-SPD model. Consis-
tency and asymptotic normality of the robust AQS-estimators are established. The AQS
functions are decomposed into a vector martingal diferences so that the outer-product-of-
martingale-difference (OPMD) gives a consistent estimate of variance of the AQS func-
tions which in turn gives consistent estimates of variance-covariance matrix of the AQS-
estimators. Monte Carlo results show that the proposed set of estimation and inference

methods has good finite sample performance.

4.1 Introduction

Recently, spatial models are receiving substantial attentions in economic studies. The
values observed at one location depend on the values observed at the neighboring loca-
tions, giving rise to the so-called spatial dependence. However, this dependence may not
be temporally homogeneous similar to the situations where the covariate effects are tem-
porally heterogeneous. Therefore, the spatial model considered in this paper is subject to
temporal heterogeneity (TH). Models with time varying coefficients (TVC) have superi-
ority over models with fixed parameters in terms of forecasting and identifying influential
data observations. Such an allowance of TVC is important in economic study but also
complicates the estimation procedure. Therefore, specialized techniques are desired.

The quasi maximum likelihood (QML) estimation method is the most conventional

estimation method in spatial panel data (SPD) models. However, for the SPD model with

82



fixed effects (FE), the direct QML estimates of some parameter is inconsistent due to the
incidental parameters problem of Neyman and Scott (1948), see also Lancaster (2000).
The usual transformation-based method is inapplicable due to the time-varying nature of
the regression and spatial coefficients, and perhaps the time-varying nature of the spatial
weight matrices. Xu an d Yang (2020a,b) developed adjusted quasi score (AQS) method
for testing and estimation of the FE-SPD model with TVC.

Cross-sectional heteroskedasticity (CH) may be another important feature of spatial
data due to the fact that the spatial units vary greatly in size. Anselin (1988) raised the
issue of heteroskedasticity in spatial models, which may occur more naturally in the pres-
ence of peer interactions. The mix of aggregate and non aggregate data in the model
may cause errors to be heteroskedastic. See, e.g., Glaeser et al. (1996), LeSage and Pace
(2009). Spatial units are often heterogeneous in important characteristics, e.g., size, and
hence the homoskedasticity assumptions may not hold in many situations, and therefore,
a lack of an estimation theory that allows for heteroskedasticity is a serious shortcoming
(Kelejian and Prucha, 2010). The presence of social interactions will inflate the variance
of aggregated level data with the extent depending on the strength and structure of the
interactions, leading to a more complicated variance structure, therefore we would ex-
pect the variances of the error terms to be different in certain applications (Lin and Lee,
2010). With spatial interactions, the homoskedasticity assumptions are quite restrictive
in the SPD models. The QML estimators and the corresponding asymptotic distributions
derived under the homoskedasticity assumptions are generally inappropriate. Therefore,
it is highly desirable to develop a set of estimation and inference methods for the FE-SPD
model with TVC that are robust against unknown CH.

Recent spatial econometrics literature has seen many attempts in providing estimation
and inference methods robust against unknown heteroskedasticity. See LeSage (1997) for
a Bayesian approach; Lin and Lee (2010), Kelejian and Prucha (2010), and Badinger and
Egger (2011, 2015) for GMM or 2SLS methods; Jin and Lee (2012), Baltagi and Yang
(2013b), Liu and Yang (2015, 2020), and Li and Yang (2020) for likelihood-based ap-
proaches. Lin and Lee (2010) provide heteroskedasticity robust GMM estimators by mod-

ifying certain moment conditions. Liu and Yang (2015) introduce a modified QML esti-
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mation method for a spatial autoregressive model robust against unknown heteroskedas-
ticity and propose an outer-product-of-gradients method to estimate the variance of the
score function which in turn leads to a consistent estimate of variance of the modified
QML estimators. Liu and Yang (2020) extend these methods to a homogeneous FE-
SPD model. Yang (2018), referring these methods as adjusted quasi score (AQS) or
M-estimation method for model estimation and outer-product-of-martingale-difference
(OPMD) method for variance-covariance (VC) matrix estimation, present AQS estima-
tors and OPMD standard errors for a fixed effects spatial dynamic panel data model with
homoskedastic errors, and Li and Yang (2020) extend these methods to allow errors to be
cross-sectionally heteroskedastic of unknown form.

Inspired by Liu and Yang (2015, 2020), Yang (2018) and Li and Yang (2020), in
this chapter we develop an AQS estimation method for the FE-SPD model with time-
varying regression and spatial coefficients by adjusting the concentrated score functions
with FE being concentrated out, so that the AQS functions obtained are robust against un-
known heteroskedasticity. For heteroskedasticity robust inferences, we develop an OPMD
method for estimating the variance of the AQS functions, which together with the ex-
pected Hessian matrix of the AQS functions give a robust estimator of the VC matrix of
the AQS estimators. Monte Carlo results show that the AQS estimators and OPMD-based
standard error estimates perform very well.

The rest of the chapter is organized as follows. Section 4.2 introduces the heteroskedas-
ticity robust AQS method for estimating the FE-SPD model with TVC, the OPMD-based
estimator of VC matrix, and their asymptotic properties. The time-varying nature of the
coefficients renders separate considerations of asymptotics under large n and small 7', and
large n and large 7'. Section 4.3 presents the Monte Carlo results. Section 4.4 concludes

the chapter. Technical details are given in Appendix.

4.2 Robust AQS-Estimation of FE-SPD Model with TVC

The basic idea of the AQS-estimation method is to first formulate the quasi Gaus-
sian likelihood function, and then adjust the quasi score function to give a set of robust

and unbiased estimating functions. The idea behind the OPMD-based standard error es-
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timates is to decompose the AQS function into the sum of a vector martingale difference
(M.D.) sequence so that the ’average’ of the outer products of the elements of the M.D.
sequence gives a consistent estimate of variance of the AQS functions, which in turn gives
consistent estimates of variance-covariance (VC) matrix of the AQS-estimators.

We first outline a general framework for estimating the FE-SPD model with TVC al-
lowing cross-sectional heteroskedasticity of unknown form. Then, we present the asymp-
totic properties of the robust AQS estimators. Finally, we introduce the OPMD-based
standard error estimators and their consistency is studied. Lemmas and the proofs of the

theorems are sketched in Appendices.

4.2.1 Robust Estimation

The model. Consider the following spatial panel data (SPD) model with time-varying
coefficients (TVC) and individual-specific FE:

Ynt = )\thYnt + Xntﬁt +c, + Vmb (41)

fort = 1,2,...,T, where, for a given ¢, Vs = (Y1¢, Yot, - - -, Yne)' is an n x 1 vector of
observations on the response variable, X,,; is an n X k£ matrix containing the values of k
nonstochastic, individually and time varying regressors, V,,; = (v1s, Var, . . ., Upt)’ 1S an n X
1 vector of errors where {v;; } are independent and identically distributed (iid) across ¢ for
each 7, and independent but not (necessarily) identically distributed (inid) across 7 for each
¢, with mean 0 and variance 037y, ;, ¢ = 1,...,n where r,; > 0and £ 3" 7., =1." ¢,
is an n.x 1 vector of unobserved spatial heterogeneity in the intercept or simply unobserved
individual-specific effects that may be correlated with time-varying regressors, W, is an
n X n spatial weight matrix, \; is the spatial lag parameter for period t and f3; is the k x 1
vector of regression coefficients for period ¢.

As \; and 3, are allowed to change with ¢, the usual fixed-effects estimation methods,

such as first differencing or orthogonal transformation, cannot be applied. For an FE-SPD

3Note that oy is the average of Var(v;;). Under homoskedasticity, 7, ; = 1, Vi. For generality, we allow
Tp,; to depend on n, for each 4. This parameterization gives a nonparametric version of Breusch and Pagan

(1979) and is useful as it allows the estimation of the average scale parameter.
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model with TVC and homoskedastic errors, Xu and Yang (2020a) propose specification
tests for testing the temporal homogeneity in regression and spatial coefficients. When the
‘temporal homogeneity’ is rejected, one may need to proceed to estimate the full model
with TVC, which is considered in Xu and Yang (2020b). However, when the model errors
are heteroskedastic, these testing and estimating strategies are invalid. In this paper, we
extend the adjusted quasi score (AQS) estimation method of Xu and Yang (2020b) to give
AQS estimators that are robust against unknown and cross-sectional heteroskedasticity
(CH). For inference, the method given in Xu and Yang (2020b) based on Hessian and
variance of the AQS functions is again invalid. We develop an OPMD estimator of the
VC matrix of the robust AQS estimators.

Denote B = (B;,...,87), A= (\1,...,A\r), and © = (B/, N, 0?)". The joint quasi

Gaussian loglikelihood function of © = (B/,A’, 0?)’ and c,, is

£(0,¢,) =— % ln(27T02) + Zthl In[A,(A)] — # 23:1 Vit (Bt Aty €n) Vit (Be, At cn),

where V., (5i, A, ¢n) = An(N) Yo — X Bi—cpand A, (Ny) = L,— AW, fort =1,...,T.
We eliminate c,, through a direct maximization of the above loglikelihood function.
Given 0, £(0,c,) is partially maximized at: ¢,(B,A) = %Zthl (An(M) Yo — XuiBr),

leading to the concentrated loglikelihood function of © upon substitution:
0°(8) = =" In(2m0?) + S0 | Au(A)| = 502 i Vi(B, M Vie(B,A),  (42)

where XN/m(B, A) = V(B A, 6n(B,A)) = An( M) Yor — Xt B — E(B, N). Maximizing
¢¢(0) gives the quasi maximum likelihood estimator of the common parameter vector ©.

However, due to the estimation/elimination of the fixed effects ¢,, and due to the
existence of unknown CH, the QML estimator cannot be consistent. This can be seen as

follows. Differentiating ¢°(0) gives concentrated quasi score (CQS) function of ©:

/

LX V(B A), t=1,...,T,

S0) = Ll (B AV (BoA) + H V(B A)Gn(A) Vit (B, A) — t2[G(A)], t=1,...

L _% + # ZtT=1 ‘77;5(‘57 }\)Vnt(ﬁ7 }\)7
4.3)

where Gn()\t) = WnAgl()\t) and ﬁnt = Gn()\t)(Xntﬂt + En(ﬁ, A)), fort = 1, R ,T.
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Denote 0 as the true values of the parameters, where 05 = (B, A}, 02)". A necessary
condition to ensure the consistency of the quasi-score estimators 0 is that the probability

limit of the estimating function at the true parameter value is zero, i.e.,
lim,, o0 TS (60) 50,

see van der Vaart (1998). The condition is generally not true even when the errors are
homoskedastic as shown in Xu and Yang (2020a, b), and with unknown heteroskedasticity
this necessary condition is violated even more seriously.

Assume Model (4.1) holds only under 0, and the usual expectation and variance
operators correspond to 0. At the true values of the parameters, we have, ¢,(Bo, Ag) =
¢n + BV, and hence Vi = f/m((so, o) = Vit — Vo, where V,, =z Zt 1 Vi Denote
Gnt = Gn(Aw). Let R, = diag(r,) and 7, = (rp, 1, ..., 7). It is easy to show that,

E (ﬁ;tovnt + ‘Z;thtOvnt) = T 62tr(R,Gr), (4.4)

T

E(XE, Vi Vi) = a2n(T —1). (4.5)

These results show that the (A, o?) elements of the —-E[S¢(6)], and hence the same
elements of plim,_, 1TSC(90), are not zero so that the QML estimator or quasi-score
estimators, cannot be consistent in general.

Our idea is to modify the quasi-score functions of (4.3) so that its expectation at the
true parameters Oy is zero even under unknown heteroskedasticity.!* No adjustment for 3
elements in S¢(0) is needed, since it has zero expectation and zero probability limit under
unknown heteroskedasticity. The modification is trivial for the o2 component, we directly
subtract the result in (4.5) from the 0? component of (4.3) to obtain the adjusted quasi
score function for o2 component. Instead of using the result in (4.4) directly to adjust the

A component in S¢(0), we find modification term in V,,, with expectation being the same

“Making the expectation of an estimating function to be zero leads potentially to a finite sample bias
corrected estimation. This is in line with Baltagi and Yang (2013a,b) in constructing standardized or het-
eroskedasticity robust LM tests with finite sample improvements. See also Kelejian and Prucha (2001,
2010) and Lin and Lee (2010) for some useful methods in handling the linear-quadratic forms of het-

eroskedastic random vectors.
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as the term inside the expectation of (4.4). We have the following:

E(V!,diag(Gn) V) = T2 02tr(R,G). (4.6)

T

Subtracting the term inside the expectation of (4.6) from the term inside the expectation
of (4.4) gives an adjusted quasi score function for A component.

Through the above adjustments, we obtain the desired AQS function S*(0) for 6,
which upon dividing by n7" has zero expectation and zero probability limit under un-
known CH. It provides a set of unbiased and heteroskedasticity robust estimating func-

tions:

(

LXI V(B A p), t=1,....T,

S*(0) = Ll Vue(B,A) + SV, (B, NG\ )Vii(BA), t=1,...,T, (4.7)
5 gk T V(B A VBN,

where G2 () = G(\) — diag(G,(\:)). Itis easy to show that E[S*(8,)] = 0, and that

T%TS*(OO) %5 0as n — oo alone, or the finite dimensional components of ,%TS*(BO)
approach to 0 in probability when both n and 7' go infinity. Solving S*(0) = 0 leads
to the robust AQS-estimator 0 of © that not only is consistent but also has a centered
asymptotic distribution, whether 7' is fixed or grows with n.

The root-finding process can be further simplified by first solving the equations for 3

and o2, given A, resulting in the constrained AQS-estimators of 3 and o2 as

B(A) = (XpQXy) XN QANA) Yy, (4.8)
5*(N) = s VRV (), (4.9)
where Xy = blkdiag(X,i,...,Xur), Yy = (Y/,,.... Y/ ), Q = — (171} ®

~

L), Av(A) =blkdiag(An(\), . -, Au(Ar)), V(A) = Vi (B(A),A) = [ANO\)YN—
XnBA)] = (V/,(A),...,V/(A)). Substituting B(A) and 62(A) back into the middle

component of the AQS function in (4.7) gives the concentrated AQS function:

SO = s NV (A) + 22k VNG )T (), (4.10)

where 7y (A) = blkdiag(fui(A), ..., Hur(A)), VS(A) = blkdiag(Vi(A), ..., Var(A)),
G%(A) =blkdiag
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(Goa(A), -, Gor(AN), ne(A) = iie(B(A),A), and Viy(A) = Viu(B(A),A)). Solving
the resulting concentrated estimating equation, S*“(A) = 0, we obtain the unconstrained
AQS-estimator A of A. The unconstrained AQS-estimators of 3 and o2 are thus B = [3(5\)

and 62 = 62(A). Denote 0 = (B/, 62, N)'.

4.2.2 Asymptotic Properties of Robust AQS-estimators

We now study the consistency and asymptotic normality of the heteroskedasticity ro-
bust AQS-estimators for the FE-SPD model with time varying parameters. We focus on
the short panels first, i.e., panels with large n and small 7. Then we present the consis-
tency and asymptotic normality of the robust AQS-estimators when 7" is large. Lemmas
and proofs of the theorems are sketched in Appendices.

To facilitate the discussions, some notation and convention are reviewed and new ones
are introduced: a parametric function at the true parameter value is differentiated from that
at a general parameter value by dropping its argument, e.g., A,; = A,(\y) and G,,; =
G'n(M); the common expectation, variance and covariance operators ‘E” “Var’ and ‘Cov’
correspond to the true parameter vector 8; A; denotes the parameter space from which )\,
takes values, and A is the product space formed by {A;} from which A takes values; tr(+),
| -| and || - || denote, respectively, the trace, determinant, and Frobenius norm of a matrix;
Ymax(A) and ymin (A) denote, respectively, the largest and smallest eigenvalues of a real
symmetric matrix A; and diag(ay) forms a diagonal matrix using the elements {a;} and
blkdiag(Ay) forms a block-diagonal matrix using the matrices {Ax}. Furthermore,
{A;s} forms a new matrix using the sub-matrices A;; fort,s =1,...,T.

There are two factors that cause the inconsistency of QML estimators based on the
concentrated loglikelihood function given in (4.2) or equivalently the quasi score func-
tion given in (4.3). One is the incidental parameters problem (Neyman and Scott, 1948)
induced by direct estimation of the fixed effects c,,. The other is that the existence of
cross-sectional heteroskedasticity of completely unknown form induces another set of in-
cidental parameters that further bias the quasi score function.

To see this, let gt = (8nt1,--->8un) = diagv(Gu), u = %Z;Ll Sni,i» for

t =1,...,T. Let Cov(g,,r,) denote the sample covariance between the two vectors
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gne and 7,. We have, similarly to Lin and Lee (2010), fort =1,...,T,

%tr<RnGnt — Gui) +0p(1) = %Z?:1(Tn,i — 1)(8nti — 8nt) + 0p(1)

= Cov(gut, ) + 0p(1) 4.11)

Therefore, for © to be consistent, it is necessary that as n — oo, Cov(gu, ) — O.
In other words, when lim,,,,,Cov (g, r,) # O, O cannot be consistent. By Cauchy-
Schwartz inequality, this condition is satisfied if Var(g,;) — 0, which is equivalent to

Var(k,) — 0, where k, is the vector of number of neighbours for each unit. "

Assumption A: The disturbances {v;} are such that (i) iid across t but inid across i
with E(vy) = 0, (i) Var(vy) = o3y, where 0 < 1,; < ¢ < oo and % Yo Tni = L
(iii) Elvy|*T<0 < oo for some €y > 0.

Assumption B: The space A is compact, and the true parameter A lies in its interior.

Assumption C: The time-varying regressors {X,;, t = 1,...,T} are exogenous
with respect to {v;;} and are correlated with c,, in an arbitrary manner; their values are

uniformly bounded in n and t, and limy_, %X N X exists and is nonsingular.

Assumption D: (i) the elements w;; of W,, are at most of order h,*, uniformly in all
i and j, and wy; = 0 for all i; (ii) h,/n — 0 as n — oo, (iii) {W,} is row-normalized
and is uniformly bounded in both row and column sums in absolute value; (iv) The matrix
A, (N\) is invertible for all \; € Ny, A,' (M) is uniformly bounded in both row and
column sums, and A;;*(\;) is uniformly bounded in either row or column sums, uniformly

ll’l)\tGA,tzl,,T

Assumption A extends Xu and Yang (2020b) to allow for unknown CH. Consistent
estimation of A requires the compactness of A in Assumption B. Under Assumptions C

and D, the consistency of [f’) and &2 follows almost immediately that of A. Conditions

15 According to Lin and Lee (2010), this condition is satisfied if almost all the diagonal elements of the
matrix G,,; are equal. For each period, G,y = W,, + \W2 + XN2W3 + ... if |\;] < 1 and Wp,ij < L.
Anselin (2003) noted that the diagonal elements of W, 1 > 2 are inversely related to k,,. When W, is
row-normalized and symmetric, diag(W?) = k;i In many spatial layouts such as Rook, Queen, group
interactions where the variation in groups sizes becomes small when n gets large, etc, we can find the

vanishing Var(k,,), that is Var(k,,) = o(1). See Yang (2010), and Liu and Yang (2015).
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(1), (4i7) and (iv) under Assumptions D are standard conditions put on the spatial weight
matrices (Lee, 2004; Yang, 2018). Assumption D(i¢) further allow the degree of spatial
dependence to grow with n (Lee, 2004; Yang, 2018). Therefore, the concentrated estimat-
ing function (CEF) S*“(A) and its population counterpart play the key role in establishing
the consistency of the AQS estimator 0 of 0.

Define the population counterpart of the AQS functions given in (4.7) as S*(0), where
5*(0) = E[S*(0)]. Given A, S*(0) = 0 is partially solved at:

B(A) = (XNQXy) ' XQANA)E(Yy), (4.12)
7*(N) = s EVE )V (A)], (4.13)

where Vy(A) = Vy] s=p(n) = UAN(A)Yy— Xy B(A)], which can be expressed as another

useful form to obtain detailed expressions for 7%(A) and thus S*(A):
Vn(A) = MQAN(A)Yy + PQAN(A) Yy, (4.14)

where ?N = YN — E(YN), M = [N — QXN(X&QXN)_IXJ,VQ, and P = [N — M.
Substituting B(A) and 5%(A) back into the A-component of S*(0) leads to the popula-

tion counterpart of the CEF given in (4.10), as

SO = Bl NV + BV NG ATV @15)

where 75 (A) = blkdiag(,i(A),. .., Gur(A)), Vo (A) = blkdiag(V,(A), ..., Vur(A)),
Tt (A) = Tt (B(A), A), and Ve (A) = Vi (BA),A), t =1...T.

Clearly, the AQS-estimator A of Ag is a zero of 5**(A), and A, is a zero of $*¢(A) as
B(Ao) = Bo and 6%(Ag) = 02, i.e., Ag is a zero of S**(A). Denote the overall sample
size as N = nT and the effective sample size as N* = n(T — 1). Thus, by Theorem
5.9 of van der Vaart (1998), consistency of A follows from (a) the uniform convergence:
Supca 7= |[S(A) — S*(A)| %5 0, and (b) the following identification uniqueness
condition:

Assumption E: infy. g a.)>c Hg*c(?\)H > 0 for every ¢ > 0, where d(\,Ng) is a

measure of distance between Ay and A.

Theorem 4.1 Under Assumptions A-E, O is identified. Furthermore, for the AQS-estimators

0 based on the AQS function, [ JELAN Oo.
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The derivation of the asymptotic distribution of the AQS-estimators © starts with a
Taylor expansion of the joint AQS function S*(é) = 0 at Oy, and then we verify that
the AQS functions S*(0,) is asymptotically normal and that the corresponding adjusted
Hessian %S*(é) has proper asymptotic behavior for some 0 lying between 0 and 0,
elementwise. The central limit theorem (CLT) for linear-quadratic forms by Kelejian and
Prucha (2001) would be sufficient to establish the asymptotic properties. Detained proof

can be found in the Appendix. Let Vy = (V!

nls--

., V') be the vector of elements {V},},
where the representation for the AQS functions given in (4.7) in terms of Vy is crucial in

developing an OPMD method for estimating the robust VC matrix. More details will be
discussed in Sec. 4.2.3.

Lemma 4.1 Let z; be a'T' X 1 vector of element 1 in the tth position and 0 elsewhere, and

deﬁne ZNt =z X In

Vi = Vau(Bo, Mo) = Z Vv (4.16)
Using the representation given in Lemma 4.1, the AQS function at 0, can be written

as

IV, t=1,...,T,

S*(00) = S I, Vy + V@V, t=1,...,T, (4.17)

\vjirq)zvzv — n(;gl);

where I1;; = U—%ZNtXm, Iy, = JL(Q]ZNtﬁmO, by = UL(Q)ZNthLtOZj\,t, and ¢, = ﬁ ZtT:l ATYAN
The above representation for AQS functions given in (4.7) at ©( in terms of ‘71\/ =

(V.

nlr -

o XZZT)’ turns out to be very useful in establishing the asymptotic normality and

estimating the variance-covariance (VC) matrix of the AQS vector.

Case of large n and small 7. When 7" is small and fixed, the number of parameters,
i.e., the munber of elements in the vector O is fixed. Therefore, standard asymptotic

results hold. We have the following theorem.

Theorem 4.2 Under the assumptions of Theorem 4.1, we have, as n — oo, T' is fixed,

VN (6 — 8) % N0, lim 1°7(8)°(80)I°(80)],

n—oo
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where I°(00) = —=E[2,5%(00)] and $°(0o) = = Var[S*(8¢)], both assumed to exist

and 1*(0) to be positive definite, for sufficiently large n.

Case of large n and large 7. Although the short panels are more popular in the
spatial empirical applications, the large panels, i.e., panels with large n and large 7', are
also important. Now, we focus on the large panels. As the dimensions of 6, I°(0) and
¥°(0¢) grow with the increase of T, the asymptotic arguments of the AQS estimator under
small T case are no longer appropriate. Reflecting on the 3; and \; components of 7°(0y),
where they will approach to zero as n, 7" — oo . This raises a issue of convergence rates
for the components of the AQS estimator 0. To keep out theoretical arguments simple,
we simply extend the results of Theorems (4.1) and (4.2) by letting n goes large first and
then 7', but 7" is smaller than n.

Adjustments are made on each component, ; and \;, of 3 and A. From the infor-

mation matrix 1(8,) = —E[;2,5%(0,)] given in Appendix B, we see that the 3; block of

L 1(0g) is - (7;;(%1 X/, Xnt), which approaches to a zero matrix as n, T — oo. However,
the quantity with a different normalizing factor £, £ (%thXnt) will converge to a pos-
itive definite matrix as n, 7" — oo. A similar phenomenon holds for the \; component
of —=1(0y). As for the o2 component of ——1(6,), it is easy to see that it converges to a
positive definite matrix as n, 7" — oo. These reveal that the convergence rate for Bt and

); are both \/1, but the rate of convergence for 62 is v/nT.

We have the following results.

Theorem 4.3 Under the assumptions of Theorem 4.2, we have,

(7) \/E(Bt — ﬁto) L, N(O, Qt), foreacht, asn — oo, and then T — o0,
(44) \/ﬁ(j\t — )\tO) EN N(O, Tft), foreacht, asn — oo, and then T — o0,
(iii) VT (6% — 02) 25 N(0, 72), asn, T — oo,

where Q) and 73, are the limits of the corresponding components of 71°7(80)X°(80)I°~1(8y),

and T2, the limits of the corresponding components of 1°71(0¢)%°(00)1°71(6y).

From the results Theorem 4.3, it is clear the joint inference for a finite number of

components of 3 can be made by extending the result (i), the joint inference for a finite
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number of components of A can be made by extending the result (ii), and the joint in-
ference concerning a finite number of components of © can be made by extending and
combining the results (i) — (7i7) of Theorem 4.3. These results provide useful tools for

the practical applications in switching from the fixed 7" scenario to the large 7' scenario.

4.2.3 OPMD estimation of robust VC matrix

Valid inference requires consistent estimators of I1°(68,) and ¥°(0,). Clearly, I° =

~

—+=E[555%(80)|o,_s] or 1°(8) gives a consistent estimate of 1°(8) where the analyti-

cal expression of 1°(8y) is given in Appendix C.2; However, the estimation of ¥.°(0) run
into difficulties. The analytical expression of this quantity cannot be used as it contains
2nd, 3rd and 4th moments of idiosyncratic errors v;; that all change with ¢ and hence the
usual plug-in method does not apply. For the case of large n and small 7', we may use the
idea of Yang (2018) to give an OPMD estimate of >°(0,), taking the advantage that Vy
can be estimated and are independent across i for each t. However, for the case of large
n and large 7', this method is invalid, as when 7T is large, the dependence over ¢ in the
transformed errors XN/N cannot be ignored, and a new method is desired for the estimation

of 20(90).

Case if large n and small 7. From (4.17) we see that the AQS function S*(0,)

contains two types of elements:
H/"?N, and ‘7&(1)‘71\7,

where II and ¢ are nonstochastic matrices (depending on 0,) with II being nT" X p or
nT" x 1, and ® being nT' x nT. Partition II according to ¢ = 1,...,7, and denote
the partitioned matrices by II;. Partition ¢ according to t,s = 1,...,7T', and denote the
partitioned matrices by ®;;. Define ¢, = ZST:1 dys,t =1,...,7. For a square matrix
A, let A%, Al and A? be, respectively, its upper-triangular, lower-triangular, and diagonal
matrix such that A = A" + A' + A¢. Let {F,,;} be the increasing sequence of o-fields
generated by (vj1,...,v;r,5 = 1,...,1),4 = 1,...,n,n > 1. Clearly, F,,;_1 C Fp;.
Following lemma shows that (II'Vy, V}®Vy — E(V,®Vy) can be written as a sum of

n uncorrelated terms, which turn out to be a vector martingale difference (M.D.) arrays.
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Hence, the average of outer-product-of-martingale-differences (OPMD) give a consistent

estimator of the variance of \/;Nf*(ﬂ/ Vi, Vi V).

Lemma 4.2 Consider Model (4.1), the general 11 is nT" x p, and denote 11;; as the ith
row of 11;. Define

gri = S IV, (4.18)
goi = S0k (Vi + ViV — diy), (4.19)

where {&} = & = 1 (4 + BV, V' = Y0, @AV, di = T 02 ®ii . Then,

H/i}N == Z?zlgm'a
Vi®Vy —E(VLOVy) = S gai,

and {(g.;, goi), Fniti, form a vector M.D. sequence.

Now, following Lemma 4.2, for each II,.,r = 1,2, defined in (4.17), define g,
according to (4.18); and for each ®,.,r = 1, 2, define g¢14; and geo; according to (4.19),

respectively. Fort = 1, ..., T, define

Gi = (Gh1sis Gr2ti + Gorti, Gooi)

Then, S*(60) = > .., ¢i» and {g;, Fn.;} form a vector M.D. sequence. Let X(0y) =
Var[S*(0)], it follows that X(0o) = > E(g;g;). The ‘average’ of the outer products
of the estimated ¢'s, i.e.,

io = NL ?:1 flif]z/w (4.20)
which gives a consistent estimator of 3°(0,), where g; is obtained by replacing 6 in g;

by 6 and Vy in g; by its observed counterpart ‘A/N.

Theorem 4.4 Under the assumptions of Theorem 4.2, we have, as n — oo (' fixed),
X0 —3°(80) = 5= >iy [0:9) — E(9ig})] — 0,

and hence, Io_l(é)iolo_l(é) — I°71(09)X°(00)1°71(8) - 0.

95



Case of large n and large 7. Summing over time dimension in IT’ Vy and ‘7](,<I>1~/N
ignores the dependence of the elements of Vi over time. This is fine if 7" is fixed and the
asymptotics depend only on n. However, when 7' is also large, the asymptotics depend on
both n and 7', and hence the dependence of the elements of Vi over ¢ cannot be ignored.
Let 5 = 1,..., N be the combined index for « = 1,...,nand ¢t = 1,...,7T. In the

following, we decompose IT’ Vy and \N/J’VCI)\N/N in a different way:

Lemma 4.3 Let 11, & and 17;* be defined in Lemma 4.2. Define

9% = Iy Vi, 4.21)

o = Vivgéng+ VnVii, —dny, (4.22)

where Il ; is the jth row of 11; {n ; is the jth element of En = (&1, ..., &), 17;},]- is the
jth element of Vi = (Vi,... Vi#¥'); and d N,j is the jth element of {d;; }. We freely switch
between the single index j and the double indices (i,t). Thus, notations in (4.21)-(4.22)

are interchangeable with the notations in (4.18)-(4.19). Then,

7 N
I'Vy = z]‘:1 g;j7
ViV — B(ViOVy) = Y7, 0,
Now, following Lemma 4.3, for each II,.,» = 1,2, defined in (4.17), define gfrrtj
according to (4.21); and for each ®,,r = 1,2, define gg,,; and gg,; according to (4.22),
respectively. The AQS function can be written as S*(0) = Zjvzl sn,;» where

(

<&
Ir1tjo

SN = 9 gfr%j + 9%115]'7 t=1,....T, (4.23)

<
k9<1>2j>

Dependence among the elements of 17N across ¢ may exist, implying that Sy ;; and Sy ;s
may be correlated and that the OPMD estimate of ¥(0,) = Var[S*(0)] under the small

T case may not be strictly valid. As Sy ; are uncorrelated across ¢ for each ¢, we have:

¥(00) = Var(Z?:l Zthl SNit) = Z?:l Var(Zthl SNit)

N n T -1
= Zj:l E(SijsI]V,j> +23 00D Zi:l E(SN,itslN,is)-
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This provides the following estimation of the robust VC matrix when 7' is large.

A

E(G) = Zjvﬂ §N7j§§v,j + Z?:l fN,i’

~

- T t—1 ~ . . .
where tn; =2, o> . (8n,18y,,), which provides a correction on the cross-t corre-

lations of the elements {sy ; } of the AQS function.

Theorem 4.5 Under Assumption A-E, we have, as n,’ T’ — oo,

JIES p
N[E —X(00)] — 0,

and hence, I°=1(0)5°1°"1(0) — I°71(80)X°(80)1°1(8) — 0.

4.3 Monte Carlo Study

Monte Carlo experiments are carried out to investigate the finite sample performance
of (i) the proposed AQS-estimators of the FE-SPD model with TVC and unknown het-
eroskedasticity and (ii) the OPMD-based standard errors estimates of the AQS-estimators.
The model we use in our Monte Carlo experiment is the SL-1FE SPD model, having two

time-varying regressors:

Ynt - AtOWnYnt + Xntﬁto + Cno + Vnt7
wheret =1,...,T.

In the Monte Carlo experiments, we choose n = (50, 100, 200, 500), and 7' is initially
set to be 3. We set g1, = (1.0,1.0), 8, = (0.75,1.25), 5%, = (1.25,0.75). As for
the setting of Ay, we consider several cases and set (i) Ay = (—0.5,—0.25, —0.75); (i7)
Ay = (0.5,-0.25,—0.75); (ii7) Ay = (0.5,0.25,—0.75); (iv) Ay = (0.5,0.25,0.75).
Finally, 0y = 1. The details of generating idiosyncratic errors, weight matrices, cross-
sectional heteroskedasticity and regressors are as follows. Each set of Monte Carlo results
is based on 2,000 Monte Carlo samples.

Spatial Weight matrices: The spatial weight matrices are generated according to
group interaction schemes, neighbors occur in groups where each group member is spa-
tially related to one another resulting in a symmetric W,, matrix. To ensure the het-

eroskedasticity effect does not fade as n increases (so that the regular QML-estimators
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are inconsistent), the degree of spatial dependence is fixed with respect to n. This is

attained by fixing the possible group sizes in the Group Interaction scheme.

Heteroskedasticity: Similar to Lin and Lee (2010), the heteroskedasticity R,, is gen-
erated in two different ways, both emphasizes a nonlinear variance structure. {R1}: if the
group size is smaller than the average group size, then r,, ; is constructed to be the same
as group size, otherwise, it is the square of the inverse of the group size. In this case,
the variance function is increasing and then decreasing with the group size. {R2}: if the
group size is larger than the average group size, then r,, ; is constructed to be the same as
group size, otherwise, it is the square of the inverse of the group size. In this second case,
the variance function is decreasing and then increasing with the group size.

Regressors: The exogenous regressors are generated according to REG1 : Xy, P
N(0,1), which are independent across ¥ = 1,2, and ¢ = 1,...,7. In case when the
spatial dependence is in the form of group interaction, the regressors can also be generated

according to REG2 : the ith value of the kth regressor in the gth group is such that X, ;, e
(224 + 2ig)/V10, where (24, 2; 4) YN (0, 1) when group interaction scheme is followed;

{ Xk} are thus independent across k and 7, but not across .

Error Distribution: v;; = ogr,;e;, are generated according to errl: {e;} are iid
standard normal; err2: {e;} are iid normal mixture with 10% of values from N(0,4)
and the remaining from N (0, 1), standardized to have mean 0 and variance 1; and err3:
{e; } iid chi-square with 3 degrees of freedom, standardized to have mean 0 and variance
116

Monte Carlo (empirical) means and standard deviations (sds) are reported for the
QML-estimators and the AQS-estimators. Empirical averages of the standard errors (ses)
are also reported. Due to the space constraint, partial Monte Carlo results are reported.

The main results observed from the Monte Carlo experiments are summarized as follows:

(1) The QML-estimators (QMLEs) are inconsistent from Table 4.1-4.4, the AQS esti-
mators (AQSEs) provide a useful consistent alternative with significantly less bias,

and the OPMD-based standard error estimates for AQSEs are also consistent.

16See Yang (2015a) for more details on generating idiosyncratic errors, weight matrices and regressors.

98



(i)

(iid)

(iv)

The QMLEs for the spatial parameters are inconsistent in Table 4.1-4.3 and are
likely to be consistent in Table 4.4. In both cases, AQSEs perform better than the
QMLEs. The consistency (robustness) of the AQSE is clearly demonstrated by the
Monte Carlo results and the corresponding values of the OPMD-based standard

error estimates are very close to their Monte Carlo counterparts in general.

The QMLE:s for the covariate effects are less affected by the unknown heteroskedas-

ticity. The AQSE:s for the covariate effects perform well as well.

The cases with larger T (unreported for brevity) were also investigated. Monte
Carlo results show that the the pattern of inconsistency still remains for the QMLEs,
but the proposed AQSEs and the OPMD-based estimate for the standard errors are
still consistent and continue to perform well with significantly less bias, irrespective

of whether the errors are normal or non-normal.
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Table 4.1. Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE AQS-Est QMLE | AQS-Est QMLE | AQS-Est
n = 50
Bii 1.00 | 9927 (.170) 9967 (.170) [.151] .9948 (.170) .9987 (.170) [.146] | .9953 (.170) .9996 (.170) [.150]
Bo1 1.00 | 1.0268 (.178) 1.0363 (.175) [.156] 1.0219 (.180) 1.0321 (.175) [.149] | 1.0328 (.175) 1.0413 (.168) [.150]
Bz 075 7385 (.137) 7433 (137) [.124] 7408 (.143) 7453 (.142) [.119] | .7357 (.148) .7406 (.146) [.123]
Baz 1.25]1.2940 (.102) 1.2839 (.099) [.098] 1.2922 (.106) 1.2828 (.102) [.094] 1.2915 (.102) 1.2819 (.098) [.095]
Bz 125 1.2972 (.170) 12761 (.168) [.138] 1.2943 (.170) 1.2748 (.165) [.131] | 1.2994 (.176) 1.2787 (.171) [.139]
Boz 075 7772 (.142) 7672 (.140) [.120] 7763 (.144) 7672 (.141) [.115]| 7778 (.133) .7691 (.133) [.115]
A 0.50 | 4836 (.076) 4818 (.075) [.066] | .4861 (.077) .4839 (.074) [.063] .4810 (.076) .4795 (.073) [.064]
Ao -0.25 | -2980 (.133) -2872 (.129) [.119] | -2965 (.139) -2865 (.132) [.114]  -2952 (.125) -.2850 (.121) [.113]
A3 -0.75 | -.8292 (211) -7982 (.206) [.178] -.8246 (.218) -7959 (.206) [.170] @ -.8319 (.203) -.8023 (.198) [.170]
o3 1.00 | .5821 (.160) .8762 (.241) [.270]  .5842 (314) .8801 (.475) [.380]  .5908 (.251) .8894 (.378) [.333]
n =100
i1 1.00 | 1.0159 (.095) 1.0133 (.093) [.090] 1.0147 (.094) 1.0125 (.091) [.086] | 1.0128 (.095) 1.0101 (.093) [.088]
Ba1 1.00 | 9996 (.102) 1.0098 (.100) [.096] 1.0003 (.101) 1.0105 (.098) [.092] .9993 (.101) 1.0092 (.100) [.094]
Bz 0.75 | 7612 (.088) .7555 (.087) [.082]  .7589 (.088) .7535 (.088) [.080] .7614 (.088) .7558 (.088) [.081]
Boo 125 1.2577 (.100) 1.2558 (.099) [.094] 1.2604 (.099) 1.2585 (.098) [.090] | 1.2597 (.097) 1.2578 (.097) [.092]
Bz 125 1.2808 (.105) 1.2599 (.103) [.097] 1.2788 (.104) 1.2594 (.100) [.093] | 1.2790 (.109) 1.2580 (.105) [.098]
Baz 075 7706 (.086) .7564 (.085) [.077] .7667 (.084) .7535 (.082) [.074] | .7683 (.081) .7542 (.081) [.075]
A 0.50 | 5013 (.051) 4933 (.050) [.050] | .5004 (.052) .4924 (.050) [.047] .5012 (.052) .4933 (.051) [.049]
Ao -0.25 | -2816 (.100) -2672 (.097) [.094] -2802 (.098) -2664 (.094) [.090] -.2804 (.101) -2659 (.096) [.093]
A3 -0.75 | -8141 (127) -7742 (.122) [.123] -.8108 (.133) -7734 (.121) [.117]  -.8105 (.141) -7701 (.130) [.125]
03 1.00 | .6266 (.121) 9441 (.183) [219] .6219 (241) 9376 (.364) [.326] = .6274 (.187) 9457 (.283) [.274]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W, are generated from Group Interaction scheme, replication number = 2000.
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Table 4.1 (cont’d). Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE AQS-Est QMLE AQS-Est QMLE | AQS-Est
n = 200
B11 1.00 | 9982 (.061) 1.0050 (.061) [.060] | .9980 (.062) 1.0049 (.061) [.058] | .9986 (.062) 1.0054 (.061) [.059]
B21 1.00 | .9932 (.067) 1.0039 (.066) [.065] | .9933 (.068) 1.0040 (.066) [.064] | .9959 (.066) 1.0067 (.065) [.064]
B2 0.75 | 7553 (.072) 7506 (.071) [.070] @ .7550 (.072) .7504 (.071) [.068] | .7548 (.075) .7501 (.074) [.070]
Bz 1.25 1 1.2583 (.070) 1.2518 (.070) [.069] | 1.2602 (.070) 1.2538 (.069) [.067] | 1.2614 (.071) 1.2548 (.070) [.068]
b1z 1.25 1 1.2695 (.068) 1.2525 (.067) [.065] | 1.2673 (.069) 1.2503 (.067) [.064] | 1.2701 (.068) 1.2530 (.066) [.064]
B2z 0.75 | 7605 (.049) .7492 (.048) [.046] | .7611 (.049) .7499 (.047) [.045] | .7634 (.047) .7522 (.046) [.045]
A1 050 | 5005 (.029) 4969 (.029) [.028] | .5003 (.030) .4967 (.029) [.027] | .5003 (.029) .4967 (.028) [.028]
Ay -0.25 | -2616 (.064) -2538 (.063) [.062] | -2620 (.064) -.2543 (.063) [.060] | -.2625 (.064) -.2547 (.062) [.061]
Az -0.75 | -.7800 (.089) -.7524 (.086) [.084]  -.7798 (.091) -.7523 (.086) [.082] | -.7850 (.088) -.7573 (.084) [.082]
o5 1.00 | .6475 (.087) 9738 (.131) [.165] | .6482 (.177) .9751 (266) [.262] .6470 (.132) .9731 (.198) [.212]
n = 500
B11 1.00 | 9977 (.038) 1.0011 (.037) [.038]| .9985 (.038) 1.0019 (.037) [.038] | .9972 (.040) 1.0004 (.039) [.038]
Ba1 1.00 | 9943 (.044) 1.0008 (.043) [.044]| .9953 (.044) 1.0018 (.043) [.043] | .9933 (.045) .9998 (.044) [.044]
B2 0.75 | 7580 (.037) .7528 (.036) [.036] @ .7569 (.037) .7519 (.036) [.035] .7559 (.038) .7508 (.037) [.036]
B2z 1251 1.2616 (.046) 1.2538 (.045) [.046] | 1.2608 (.046) 1.2531 (.045) [.045] | 1.2593 (.046) 1.2515 (.045) [.046]
Bz 1.25 1 1.2698 (.043) 1.2513 (.043) [.044] | 1.2693 (.045) 1.2511 (.044) [.043] | 1.2689 (.044) 1.2501 (.043) [.044]
B2z 0.75 | 7592 (.030) .7495 (.029) [.030] | .7590 (.031) .7495 (.030) [.030] | .7607 (.030) .7509 (.030) [.030]
A1 050 5010 (.018) .4989 (.018) [.018] | .5006 (.019) .4985 (.018) [.018] | .5017 (.019) .4996 (.019) [.018]
Ay -0.25 | -2642 (.043) -2544 (.042) [.043] | -.2630 (.043) -.2534 (.042) [.042] | -.2616 (.043) -2520 (.042) [.043]
A3 -0.75 | -7808 (.053) -.7530 (.051) [.053]  -.7805 (.056) -.7531 (.052) [.053]| -.7805 (.054) -.7523 (.051) [.053]
o3 1.00  .6576 (.055) 9888 (.083) [.108] | .6547 (.108) .9845 (.163) [.177]  .6567 (.084) 9876 (.127) [.141]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W), are generated from Group Interaction scheme, replication number = 2000.
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Table 4.2. Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE AQS-Est QMLE | AQS-Est QMLE | AQS-Est
n = 50
Bii 1.00 | 9906 (.170) .9920 (.170) [.150] = .9934 (.171) .9947 (.171) [.145]1 9931 (.171) .9943 (.171) [.149]
Bo1 1.00 | 1.0425 (.153) 1.0237 (.148) [.133] 1.0405 (.153) 1.0221 (.148) [.125]| 1.0453 (.143) 1.0283 (.141) [.125]
Bz 075 7370 (.137) 7441 (136) [.124] 7390 (.143) 7458 (.142) [.118]| .7346 (.147) 7416 (.146) [.123]
Bz 1.25]1.3001 (.101) 1.2833 (.099) [.098] 1.2987 (.105) 1.2826 (.101) [.094] 1.2970 (.100) 1.2813 (.097) [.095]
Bz 125 1.3002 (.170) 1.2757 (.168) [.138] 1.2978 (.170) 1.2747 (.165) [.131]| 1.3018 (.176) 1.2782 (.171) [.139]
Boz 075 7818 (.143) 7666 (.140) [.120] .7814 (.145) 7670 (.141) [.115]| .7829 (.135) .7688 (.134) [.115]
A -0.50 | -.5693 (.194) -5394 (.187) [.167] @ -.5653 (.193) -.5363 (.185) [.157] @ -.5728 (.181) -.5455 (.178) [.157]
Ao <025 | -3050 (.133) -2865 (.129) [.118]  -.3041 (.137) -2863 (.132) [.113] -3018 (.125) -.2843 (.121) [.113]
A3 -0.75 | -.8381 (211) -7967 (.206) [.179] @ -.8344 (215) -7952 (.206) [.170] @ -.8400 (.201) -.8008 (.198) [.170]
o3 1.00 | .5775 (.158) 8714 (.239) [.269]  .5800 (311) .8759 (472) [.378] .5876 (.249) .8865 (.376) [.333]
n =100
i1 1.00 | 1.0294 (.090) 1.0116 (.089) [.085] 1.0275 (.089) 1.0104 (.087) [.081]| 1.0262 (.092) 1.0083 (.090) [.083]
Bo1 1.00 | 1.0231 (.093) 1.0073 (.091) [.086] 1.0229 (.092) 1.0073 (.090) [.082] | 1.0218 (.092) 1.0060 (.090) [.084]
Bz 0.75| .7609 (.088) .7557 (.087) [.082] .7586 (.089) .7537 (.088) [.080] .7612 (.088) .7561 (.088) [.081]
Bao 125 1.2631 (.100) 1.2560 (.099) [.094] 1.2656 (.099) 1.2586 (.098) [.090] | 1.2651 (.097) 1.2579 (.097) [.092]
Bz 125 1.2848 (.105) 1.2602 (.103) [.097] 1.2828 (.104) 1.2597 (.100) [.093] | 1.2828 (.109) 1.2582 (.105) [.098]
Baz 075 7703 (.086) .7565 (.085) [.077] .7665 (.085) .7536 (.082) [.074] | .7684 (.081) .7545 (.081) [.075]
A -0.50 | -.5483 (.141) -5166 (.134) [.133]  -.5491 (.144) -5178 (.133) [.125] @ -.5464 (.144) -5150 (.135) [.128]
Ao -0.25 | -2841 (.100) -2672 (.097) [.094] -2826 (.097) -2663 (.094) [.089] -.2827 (.100) -.2658 (.096) [.093]
A3 -0.75 | -8167 (127) -7742 (.122) [.124]  -.8134 (.133) -7733 (.121) [.117]  -.8127 (.141) -7700 (.130) [.125]
03 1.00 | .6240 (.121) 9411 (.182) [218] .6190 (239) .9342 (.362) [.324] .6248 (.187) .9428 (.283) [.273]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W, are generated from Group Interaction scheme, replication number = 2000.
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Table 4.2(cont’d). Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE AQS-Est QMLE AQS-Est QMLE | AQS-Est
n = 200

B11 1.00 | 1.0164 (.057) 1.0040 (.056) [.055]| 1.0160 (.058) 1.0037 (.056) [.053] | 1.0167 (.058) 1.0043 (.057) [.055]
B21 1.00 | 1.0161 (.063) 1.0029 (.062) [.061] | 1.0157 (.063) 1.0026 (.062) [.060] | 1.0187 (.064) 1.0055 (.063) [.061]
B2 0.75 | 7542 (.072) 7508 (.071) [.070] @ .7539 (.072) .7506 (.071) [.068] | .7536 (.075) .7503 (.074) [.069]
Bz 1.25 1 1.2609 (.071) 1.2519 (.070) [.069] | 1.2628 (.070) 1.2539 (.069) [.067] | 1.2640 (.071) 1.2549 (.070) [.068]
b1z 1.25 | 1.2704 (.068) 1.2524 (.067) [.065] | 1.2682 (.069) 1.2502 (.067) [.064] | 1.2709 (.068) 1.2529 (.066) [.064]
Bas 0.75 | 7623 (.049) .7492 (.048) [.047]| .7628 (.049) .7498 (.047) [.045] | .7652 (.047) .7522 (.047) [.045]
A1 -0.50 | -.5342 (.081) -.5082 (.079) [.077] @ -.5341 (.081) -.5083 (.077) [.074] | -.5344 (.080) -.5084 (.077) [.076]
Ay -0.25 | -2658 (.064) -2539 (.063) [.062] @ -.2661 (.064) -.2544 (.063) [.060] | -.2667 (.063) -.2547 (.062) [.061]
Az -0.75 | -7860 (.089) -.7523 (.086) [.084]  -.7858 (.090) -.7521 (.086) [.082] | -.7911 (.087) -.7572 (.083) [.082]

o5 1.00 | .6457 (.087) 9724 (.131) [.165] | .6465 (.176) .9740 (266) [.262] .6452 (.131) 9718 (.198) [.211]

n = 500

B11 1.00 | 1.0151 (.035) 1.0005 (.035) [.035]  1.0158 (.035) 1.0013 (.034) [.035] | 1.0148 (.036) 1.0002 (.036) [.035]
B21 1.00 | 1.0155 (.040) 1.0002 (.039) [.039] | 1.0164 (.040) 1.0011 (.039) [.039] | 1.0149 (.040) .9995 (.040) [.039]
B2 0.75 | 7600 (.037) .7528 (.036) [.036] @ .7590 (.037) .7519 (.036) [.035] .7580 (.038) .7508 (.037) [.036]
B2z 1.25 ] 1.2661 (.046) 1.2538 (.045) [.046] | 1.2654 (.046) 1.2532 (.045) [.045] | 1.2638 (.046) 1.2515 (.046) [.046]
b1z 1.25 ] 1.2723 (.044) 1.2513 (.043) [.044] | 1.2719 (.045) 1.2512 (.044) [.043] | 1.2714 (.044) 1.2502 (.043) [.044]
B2z 0.75 | 7616 (.030) .7495 (.030) [.030] @ .7615 (.031) .7496 (.030) [.030] | .7631 (.030) .7509 (.030) [.030]
A1 -0.50 | -5302 (.051) -.5025 (.049) [.050] @ -.5312 (.051) -.5037 (.048) [.050] | -.5286 (.052) -.5009 (.051) [.050]
Ay -0.25 | -2712 (.043) -2544 (.042) [.043]  -2700 (.043) -.2534 (.041) [.042] | -.2687 (.043) -2520 (.042) [.043]
Az -0.75 | -7899 (.053) -.7530 (.052) [.053]  -.7895 (.056) -.7531 (.052) [.053]| -.7896 (.054) -.7523 (.051) [.053]

o3 1.00  .6560 (.055) .9883 (.083) [.108] | .6530 (.108) .9839 (.162) [.177] | .6552 (.084) .9872 (.127) [.141]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W), are generated from Group Interaction scheme, replication number = 2000.
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Table 4.3. Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE AQS-Est QMLE | AQS-Est QMLE | AQS-Est
n = 50
Bii 1.00 | 9946 (.170) 9969 (.170) [.151]1 .9965 (.170) .9988 (.170) [.146] | .9973 (.169) .9998 (.170) [.149]
Bo1 1.00 | 1.0240 (.178) 1.0362 (.175) [.157] 1.0193 (.179) 1.0320 (.175) [.149] | 1.0297 (.174) 1.0412 (.168) [.150]
Bz 075 7390 (.134) 7465 (.134) [.122] 7415 (.140) 7485 (.140) [.117]| .7359 (.144) .7435 (.143) [.122]
Bae 1.25]1.2857 (.107) 1.2876 (.104) [.103]  1.2849 (.110) 1.2869 (.106) [.100]  1.2838 (.106) 1.2857 (.102) [.100]
Bz 125 1.2951 (.171) 12761 (.168) [.138] 1.2923 (.171) 1.2747 (.165) [.131] | 1.2977 (177) 1.2789 (.171) [.139]
Boz 075 | 7744 (.142) 7676 (.140) [.120] 7738 (.144) 7677 (.141) [.115]| 7751 (.132) .7695 (.133) [.115]
A 0.50 | 4854 (.076) 4817 (.075) [.066] | .4877 (077) .4838 (.074) [.063] .4828 (.076) .4795 (.073) [.064]
Ao 025 2266 (.084) 2255 (.083) [.076] 2268 (.087) .2257 (.084) [.073] | .2276 (.082) .2266 (.079) [.073]
A3 -0.75 | -.8237 (212) -7984 (.205) [.178] -.8194 (219) -7962 (.207) [.170] @ -.8267 (.203) -.8027 (.197) [.170]
o3 1.00 | .5843 (.161) 8791 (.242) [271] .5869 (317) .8837 (478) [.382]  .5924 (.252) .8913 (.379) [.334]
n =100
Bii 1.00 | 1.0112 (.096) 1.0135 (.094) [.091] 1.0101 (.095) 1.0127 (.092) [.087]| 1.0084 (.095) 1.0104 (.094) [.089]
Ba1 1.00 | 9977 (.102) 1.0098 (.100) [.096] .9984 (.101) 1.0104 (.098) [.092] .9975 (.101) 1.0092 (.100) [.094]
Bia 075 7557 (.089) 7567 (.089) [.084] | .7536 (.089) .7547 (.089) [.082]  .7562 (.089) .7570 (.089) [.082]
Bao 125 1.2524 (.102) 1.2575 (.101) [.096] 1.2552 (.100) 1.2602 (.100) [.092] | 1.2548 (.100) 1.2595 (.099) [.094]
Bz 125 1.2800 (.105) 1.2597 (.103) [.097] 1.2780 (.104) 1.2592 (.100) [.093] | 1.2783 (.110) 1.2578 (.105) [.098]
Baz 075 7689 (.086) .7565 (.085) [.078] .7650 (.085) .7536 (.083) [.074] | .7664 (.080) .7542 (.081) [.075]
A1 0.50 | 5018 (.051) 4932 (.050) [.050] | .5009 (.052) .4924 (.050) [.047] .5017 (.052) .4933 (.051) [.049]
Ao 025 2386 (.063) .2388 (.061) [.060]  .2393 (.061) .2392 (.059) [.057] 2391 (.061) .2396 (.060) [.059]
A3 -0.75 | -.8087 (.127) -7741 (.122) [.123] -.8054 (.134) -7733 (.121) [.118]  -.8053 (.142) -7701 (.130) [.125]
o3 1.00 | .6281 (.121) .9456 (.183) [219]  .6234 (241) .9391 (.365) [.326] = .6292 (.188) .9476 (.284) [.275]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W, are generated from Group Interaction scheme, replication number = 2000.
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Table 4.3(cont’d). Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE AQS-Est QMLE AQS-Est QMLE | AQS-Est
n = 200
B11 1.00 | 9971 (.061) 1.0050 (.061) [.060] | .9970 (.062) 1.0050 (.061) [.058] | .9976 (.062) 1.0055 (.061) [.059]
B21 1.00 | .9929 (.067) 1.0039 (.066) [.065] | .9929 (.068) 1.0040 (.066) [.064] | .9956 (.066) 1.0067 (.065) [.064]
Bz 075 | 7474 (.074) 7513 (.074) [.073]| .7472 (.075) .7512 (.074) [.071] | .7469 (.076) .7509 (.076) [.072]
Baa 1.25 1 1.2482 (.074) 1.2526 (.073) [.072] | 1.2503 (.073) 1.2547 (.072) [.070] | 1.2515 (.074) 1.2558 (.073) [.071]
b1z 1.25 1 1.2689 (.068) 1.2525 (.067) [.065] | 1.2666 (.069) 1.2503 (.067) [.064] | 1.2694 (.068) 1.2531 (.066) [.064]
Bas 075 | 7596 (.049) .7493 (.048) [.047]| .7602 (.049) .7499 (.047) [.045] | .7625 (.047) .7522 (.046) [.045]
A1 050 0 5013 (.029) 4968 (.029) [.028] | .5011 (.030) .4966 (.029) [.027] | .5011 (.029) .4967 (.028) [.028]
Az 025 .2498 (.041) .2472 (.040) [.040] | .2494 (.041) 2468 (.040) [.039] | .2491 (.041) .2466 (.040) [.039]
Az =075 | -7777 (.089) -.7525 (.086) [.084]  -7775 (.092) -.7524 (.086) [.082] | -.7827 (.088) -.7575 (.084) [.083]
o5 1.00 | .6479 (.087) 9742 (.131) [.165] | .6487 (.177) .9756 (266) [.262] .6474 (.132) 9737 (.198) [.212]
n = 500
B11 1.00 | 9950 (.038) 1.0010 (.037) [.038]  .9958 (.038) 1.0019 (.037) [.038] = .9944 (.040) 1.0005 (.039) [.038]
Ba1 1.00 | 9924 (.044) 1.0008 (.043) [.044]| .9934 (.044) 1.0018 (.043) [.043] | .9914 (.045) .9998 (.044) [.043]
B2 0.75 | 7492 (.038) .7530 (.037) [.037]  .7484 (.038) .7522 (.037) [.037]  .7473 (.039) .7510 (.038) [.037]
Baz 125 | 1.2485 (.048) 1.2541 (.047) [.048] | 1.2481 (.047) 1.2536 (.046) [.047] | 1.2463 (.048) 1.2518 (.047) [.047]
b1z 1.25 1 1.2693 (.043) 1.2513 (.043) [.044] | 1.2689 (.045) 1.2511 (.044) [.043] | 1.2685 (.044) 1.2501 (.043) [.044]
B2z 0.75 | 7581 (.030) .7495 (.029) [.030] @ .7580 (.031) .7496 (.030) [.030] | .7596 (.030) .7509 (.030) [.030]
A1 050 5026 (.018) .4989 (.018) [.019] | .5022 (.019) .4985 (.018) [.018] | .5033 (.019) .4996 (.019) [.018]
Ay 025 2502 (.027) 2472 (.027) [.027] | .2507 (.027) 2477 (.026) [.027] | .2516 (.027) .2487 (.026) [.027]
As =075 | -7770 (.053) -7530 (.051) [.053] -.7767 (.057) -.7531 (.052) [.053]| -.7768 (.054) -.7524 (.051) [.053]
o3 1.00 .6580 (.055) .9892 (.083) [.108] | .6550 (.108) .9848 (.163) [.177] | .6570 (.084) .9878 (.127) [.141]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W), are generated from Group Interaction scheme, replication number = 2000.
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Table 4.4. Empirical Mean(sd)[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

0 Normal Error Normal Mixture Chi-Square
QMLE | AQS-Est QMLE | AQS-Est QMLE | AQS-Est
n =50
Bii 100 9992 (.166) 9981 (.166) [.153] 9995 (.167) 9984 (.167) [.149] 9988 (.163) .9977 (.163) [.151]
Bar 1.00 | 1.0418 (.137) 1.0293 (.138) [.131] 1.0438 (.140) 1.0314 (.141) [.128] 1.0470 (.138) 1.0348 (.139) [.128]
Bz 075 7335 (145) 7382 (.144) [138] 7317 (.146) 7364 (.146) [.136] 7345 (.142) 7392 (.142) [.136]
Boo 12512872 (.140) 12768 (.141) [129] 1.2880 (.138) 1.2778 (.139) [.125] 1.2893 (.138) 1.2790 (.139) [.128]
Bis 125 13092 (.152) 12906 (.154) [.150] 1.3149 (.153) 12964 (.154) [.147] 13019 (.153) 1.2835 (.154) [.146]
Bag 075 7861 (.109) 7752 (.109) [.103] 7893 (.107) 7785 (.107) [.101] .7827 (.109) .7719 (.110) [.101]
A1 050 4777 (048) 4844 (049) [048] 4768 (.049) 4834 (.050) [047] 4768 (050) 4833 (.050) [.047]
A2 025 2239 (072) 2310 (073) [068] 2229 (071) 2299 (071) [066] 2234 (071) 2304 (.072) [.067]
A3 075 7364 (.028) 7406 (.028) [.027] 7353 (.028) .7395 (.028) [.027]  .7368 (.028) 7410 (.028) [.027]
o3 1.00 6130 (.108) 9181 (.162) [.170] .6123 (219) 9170 (328) [277] .6075 (.160) .9098 (.240) [.217]
n =100
Bri 1.00 | 1.0254 (.093) 1.0139 (.093) [.088] 1.0259 (.093) 1.0144 (.093) [.087] 1.0261 (.091) 1.0147 (.091) [.088]
Bar 1.00 | 1.0265 (.089) 1.0157 (.090) [.088] 1.0275 (.091) 1.0167 (.092) [.086] 1.0255 (.088) 1.0148 (.089) [.087]
Bz 075 7594 (081) 7564 (.081) [079] .7601 (.082) .7570 (.082) [.078] .7584 (.083) .7554 (.083) [.078]
Boz 12512596 (.114) 12549 (.114) [109] 1.2622 (.117) 1.2576 (.117) [.107] 12627 (.112) 1.2581 (.113) [.107]
Bis 12512781 (114) 12622 (115) [110]  1.2777 (.112) 1.2617 (.113) [.107]  1.2798 (.110) 1.2640 (.111) [.109]
Bas 075 7660 (078) 7572 (.078) [075] .7642 (.078) 7553 (.078) [.073] .7675 (.076) .7588 (.076) [.075]
A1 050 4829 (.046) 4898 (.047) [.046] 4827 (.047) 4896 (.048) [.045] 4835 (.046) 4903 (.046) [.045]
A2 025 2355 (.050) 2417 (.050) [.049] 2351 (.050) 2413 (.050) [.048]  .2345 (.051) 2406 (.052) [.049]
A3 075 7430 (021) 7467 (021) [020] 7433 (.020) 7471 (.020) [020]  .7426 (.020) .7463 (.021) [.020]
03 1.00 6408 (080) 9598 (.120) [.130] .6410 (.161) .9602 (241) [225] .6389 (.120) .9569 (.179) [.174]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W, are generated from Group Interaction scheme, replication number = 2000.




Table 4.4 (cont’d). Empirical Mean(sd)|[se]* of CQS-Estimator, AQS-Estimator
SL One-Way Model, T' = 3

(S] Normal Error Normal Mixture Chi-Square
QMLE | AQS-Est QMLE | AQS-Est QMLE | AQS-Est
n = 200
B11 1.00 | 1.0149 (.056) 1.0060 (.056) [.056] | 1.0164 (.057) 1.0075 (.057) [.056] | 1.0136 (.057) 1.0047 (.057) [.056]
B21 1.00 | 1.0133 (.071) 1.0042 (.071) [.071] | 1.0145 (.070) 1.0055 (.070) [.071] | 1.0159 (.071) 1.0068 (.071) [.071]
Bi2 0.75| 7546 (.051) .7522 (.051) [.049] | .7551 (.051) .7527 (.051) [.049] | .7566 (.050) .7543 (.050) [.049]
P22 1.25 1 1.2611 (.062) 1.2551 (.062) [.061] 1.2611 (.061) 1.2552 (.062) [.060]  1.2612 (.062) 1.2553 (.062) [.061]
B3 1.25 | 1.2687 (.072) 1.2553 (.073) [.072] | 1.2686 (.073) 1.2553 (.073) [.072] | 1.2693 (.073) 1.2559 (.073) [.072]
Bas 0.75 | 7628 (.047) .7537 (.047) [.048] | .7635 (.048) 7544 (.047) [.047] | .7625 (.047) .7534 (.047) [.048]
A1 0.50 1 4907 (.025) 4965 (.026) [.027] | .4898 (.026) .4956 (.026) [.026] | .4903 (.026) .4961 (.026) [.026]
A2 025 2413 (.032) 2461 (.033) [.032] | .2409 (.032) .2457 (.032) [.032] .2408 (.033) .2455 (.034) [.032]
Az 075 .7450 (.012) .7483 (.012) [.013] | .7450 (.013) .7483 (.013) [.013]  .7451 (.013) .7483 (.013) [.013]
o5 1.00 .6537 (.058) .9794 (.086) [.095] .6513 (.118) 9758 (.176) [.169]  .6534 (.085) .9789 (.127) [.132]

LOT

n = 500

B11 1.00 | 1.0127 (.038) 1.0027 (.038)
B21 1.00 | 1.0131 (.039) 1.0026 (.039)
B2 0.75 | 7581 (.035) .7535 (.035)

[.037] | 1.0135 (.037) 1.0035 (.037) [.037] | 1.0135 (.039) 1.0036 (.039) [.037]

[.039] | 1.0133 (.038) 1.0029 (.039) [.039] | 1.0147 (.039) 1.0043 (.040) [.039]

[.035] | .7573 (.036) .7527 (.036) [.035]| .7567 (.035) .7521 (.035) [.035]

Baz 1.25 | 1.2639 (.045) 1.2560 (.046) [.045] | 1.2634 (.044) 1.2555 (.045) [.045] | 1.2607 (.043) 1.2528 (.043) [.045]
B3 1.25 | 1.2688 (.048) 1.2542 (.048) [.047] 1.2687 (.048) 1.2540 (.048) [.047] 1.2678 (.047) 1.2530 (.047) [.047]
B2z 0.75 | .7596 (.032) 7512 (.032) [.032] .7598 (.032) .7513 (.032) [.032]  .7598 (.033) .7513 (.032) [.032]
A1 050 4924 (016) .4984 (.016) [.017] | .4922 (.016) .4982 (.016) [.016]  .4917 (.017) .4977 (.017) [.017]
A2 025 2403 (.023) 2467 (.024) [.024] | 2404 (.024) 2469 (.024) [.024]  .2415 (.023) .2479 (.024) [.024]
A3 075 7457 (.008) .7491 (.008) [.008] | .7456 (.008) .7490 (.008) [.008] | .7459 (.008) .7494 (.008) [.008]
o3 1.00  .6620 (.037) 9918 (.055) [.062] .6624 (.074) .9922 (.110) [.112]  .6615 (.054) .9909 (.081) [.086]

Note: [se]*: Empirical averages of the standard errors, only for robust AQS-estimators
W,, are generated from Group Interaction scheme, replication number = 2000.




4.4 Conclusion

In this paper, we propose a new estimation and inference method for the fixed ef-
fects spatial panel data (FE-SPD) model with time varying coefficients and unknown
heteroskedasticity and non-normality of the disturbances. Traditional QML estimators
are inconsistent in general when allowing for the unkown heteroskedasiticy, therefore we
propose robust adjusted quasi score (AQS) methods, which leads to a set of unbiased
and robust estimating equations. For the robust statistic inferences, we propose an outer-
product-of-martingale-differences (OPMD) method to estimate the variance of the AQS
functions, which together with the expected negative Hessian matrices, leading to robust
estimator of the variance-covariance (VC) matrix of the AQS estimators. The Monte Carlo
results show that both the AQS-estimators and the OPMD-based standard error estimators
perform very well, both are robust against unknown heteroskedasticity and non-normality.

The studies in this paper provide a useful tool for applied researchers who are in-
vestigating economic process, for example, housing decisions, unemployment, price de-
cisions, crime rates, trade flows, etc., exhibit time heterogeneity patterns and unknown
heteroskedasticity. In case of FE-SPD model with temporal heterogeneity, this paper pro-
poses an AQS strategy for robust estimation and inferences. For future studies on more
general models, where the two-way fixed effects, can be interactive or additive, are added,
the AQS method may be able to provide an alternative to estimate. It would also be in-
teresting that the studies can be extended by including (i) higher-order spatial terms, (ii)
serial correlation (ii1) dynamic effects in the model. These extensions are interesting but

clearly beyond the scope of the current paper, which will be in our future research agenda.
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5 Conclusion and Further Research

This dissertation studies the fixed effects spatial panel data (FE-SPD) models with
temporal heterogeneity. Generally, we firstly propose an AQS-test to detect the exsitence
of temporal heterogeneity, and then we propose a set of AQS-based estimation and infer-
ence methods for FE-SPD models with time-varying coefficients (TVC), with extension
to allow for unknown heteroskedasticity and non-normality.

The robust AQS-tests have excellent performance and allow researchers to control
unobserved temporal heterogeneity in regression slope and spatial parameters. In a spatial
panel data model, the temporal heterogeneity may occur only in certain spatial units, not
all the spatial units. However, the AQS-tests proposed in this dissertation cannot identify
which spatial units are subject to temporal heterogeneity and which are not. Therefore, a
more efficient specification test can be developed in the future.

The AQS-estimators are consistent under both homoscedastic and heteroskedastic er-
rors, therefore it provides useful tools for the applied researchers. In an empirical applica-
tion, when the observation period T is very large, estimating parameters on a period-by-
period basis would lead to a large set of results. It is better to apply the AQS-test to detect
the break points firstly, therefore the estimations between the two neighbouring break
points are based on the assumption of temporal homogeneity. Under this way, we can
avoid a big table containing too much results and it also allows us to learn the temporal
pattern easily since we can see the structure breaks directly.

Researchers who want to learn the temporal pattern of an empirical application can
start from the AQS-based specification test, once it rejects the hypothesis of temporal ho-
mogeneity, they can apply the AQS-based estimation and inference methods. As most of
the previous literature are based on the assumption of temporal homogeneity, therefore it
would be more interesting and meaningful to compare the results under different temporal
assumptions.

Time heterogeneity pattern is an important feature in cunrrent economic process, for
example, housing decisions, unemployment, crime rates and trade flows. The study pro-

vides a useful tool for applied researchers who are investigating these economic activities.
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The dissertation can be extended in several directions. For future research, we can allow
for (1) higher-order spatial terms (i1) interactive fixed effects (iii) dynamic effects (iv)

serial correlation in the model to apply our methods in more practical applications.
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A Appendix to Chapter 2

A.1 Some Basic Lemmas

Lemma A.1.1 (Kelejian and Prucha, 1999; Lee, 2002): Let {A,} and {B,} be two
sequences of n X n matrices that are uniformly bounded in both row and column sums.
Let C,, be a sequence of conformable matrices whose elements are uniformly bounded.
Then

(i) the sequence { A, B, } are uniformly bounded in both row and column sums,

(ii) the elements of A, are uniformly bounded and tr(A,,) = O(n), and

(iii) the elements of A,,C,, and C,, A,, are uniformly bounded.

Lemma A.1.2 (Yang, 2015b, Lemma A.1, extended). Fort = 1,2, let A,; ben X n
matrices and c,; be n X 1 vectors. Let €, be an n X 1 random vector of iid elements
with mean zero, variance o?, and finite 3rd and 4th cumulants ji3 and py. Let a,,; be the
vector of diagonal elements of A,;. Define Qi = ¢, ,en + €, Apen, t = 1,2. Then, for

t,s=1,2,

COV(Qnta Qns) = f(Anta Cnit; An57 cns)

= 04“[(14;15 + Ant) Ans)] + H3004Cns + 136, 10ns + [alyyns + 0'26;“50”8.

Lemma A.1.3 (CLT for Linear-Quadratic Forms, Kelejian and Prucha, 2001). Let

Ay, an, ¢, and e, be as in Lemma A.2. Assume (i) A,, is bounded uniformly in row and

column sums, (if) n=' Y"1 |ciﬁm| < oo,m > 0, and (iii) E|5f:;772| < 00, 1y > 0. Then,
e Anen + e, — 0?tr(A,,
nAntn + Cyén = 7t1(An) L5 N(0,1).

{ottr(AL A, + A2) + wal,a, + 02c,c,, + 2/13@;1@”}%

A.2 Hessian, Expected Hessian and VC Matrices

Notation. Fort,s = 1,...,T, blkdiag{ A, } forms a block-diagonal matrix by plac-
ing A; diagonally, {A,;} forms a matrix by stacking A; horizontally, and { B,;} forms a

matrix by the component matrices B;;. The expected negative Hessian I, (6) and the VC
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matrix X (0y) of the AQS function, w=SL1, SL2, SLE1, SLEZ2, are both partitioned ac-
cording to the slope parameters (3, the spatial lag parameters A, spatial error parameters
p (if existing in the model), and the error variance o2, with the sub-matrices denoted by,
e.g., Ipp, Ipr, Lpp. Lpa. Furthermore, diag(-) forms a diagonal matrix and diagv(-) a
column vector, based on the diagonal elements of a square matrix.

Parametric quantities, e.g., A, (\y) and B,,(py), evaluated at the true parameters are
denoted as A,,; and B,;;. For a matrix A,,, denote A = A,, + A/,. The bold 0 represents
generically a vector or a matrix of zeros, to distinguish from the scalar 0.

LetVy = (V/

..., V') be the vector of original errors with elements {v;; } being iid

of mean 0, variance o2, skewness v and excess kurtosis x. We present here results suffi-
cient for the implementation of the tests introduced in the paper. More details can be found
ina Supplementary Appendix availableat: http://www.mysmu.edu/facu-

lty/zlyang/.

A.2.1. Panel SL model with one-way FE. The negative Hessian matrix Jg.41(00)
is given in the Supplementary Appendix. Its expectation Igp;(6) has the compo-

nents:
Igp = blkdiag{ 5 X, Xot}— {752 X Xns }. Ing = blkdiag{ 1), Xoe}—{ 7527 Xns |
Iy = blkdiag{ S mne + 7 tr(GhyGne) = { gz utins |- Loox = {52 t0(Ge) }
Iy2g =0, 52,2 = %, where 1,: = Gpi(Xpntfro + ) and G35, = G + G,
0
The VC matrix Xg4(00) is obtained by applying Lemma A.1.2 with ¢ replaced by
VN, Cnt by Hlt and Hgt, and Ant by (I)t and U:

{f(O,Hlt;()’Hls)}, {f(O,Hlt;q)s,st)}, {f(O,Hlt;‘I’,O)}
Ys11(00) = | ~, {F(@4, Ilo; @4, o)}, {F(Dy, I1; ¥,0)} |
~, ~, f(¥ 0;¥,0)

_ 1 o _ 1 o _ 1 / o/ _ 1 T o ol .
where Hlt = g_gZNtXnt’ Hgt = ZNt’r/nt, (I)t = g_gZNtGTLtZNt’ and ¥ = Dy Zt:l ZNtZNt’

2
)
Z3%=Znt — Zn, Zne = 2@ Iy, Zy = 7(lr @ 1,,), and z; be a T x 1 vector of element

1 in the tth position and O elsewhere.

A.2.2. Panel SL model with two-way FE. The negative Hessian matrix Jg;»(0)
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is given in the Supplementary Appendix. Its expectation Ig5(0) has the compo-

nents:

Igg = blkdiag{ X*’X*t} {TJ XX}, Ing = blkdiag{ 2 ant wr - {%2%
L —blkdlag{ gn;;n;t—l——tr (GrGry)} — {Taznj;;njw} I,2) = {T 1tr G},

1)(T-1)

201 where n;, = G, (X380 + ¢;,) and G7; = Gy, + G

Log =0, Iy = 1=

Ys12(00) has an identical form as Xg4(0) with the relevant quantities replaced by

_ 1 r7ox yx _ 1 r7o * 1 % */ r7ox/ 1 T ox r70o%/
Iy = g_(Q)ZNtXnt’ o = U_gZNtFn,n—lnnt’ oy = g_gZNtG WINgand U = 52> ZR 23

Where Z}:ft = ZNtFn,TLfl and Z]Ci;(t = ZR/'tFn,nfl'

A.2.3. Panel SLE model with one-way FE. The negative Hessian matrix Jgg4(00)

isin the Supplementary Appendix. Its expectation Iggr4(0g) has the components:

Ipp = blkdiag{gigX;tDntXnt} — {%gXétDntD#Dnans};

Ing = blkdiag{ 51 DuiXut} = { 57Dty DrsXos b Lop = O

I = blkdiag{ 511, Durtle + tr(SuG5yGue) } = { 370 DutDy Dustins
Iy = blkdiag{tr(Gl,SuH) }i Lozor = —"058 + S50 tr(S)

Iox = blkdiag{tr(Gl,SnHzySm)} — {tr(Gl DysD;, ' DDt }

[pp = blkdlag{tr(HthSmHnt — BnthantB;tlHnt)} + {tr(BntID);annglB;tHnt)}

IO'QB = 0, ]0-2)\ = {%tr(Rntht)}, 10-29 = %tr(smHnt).

where Dy = — 7%= Dy = M}, By + Bjy My, and G = BuiGu By

The VC matrix Yg4(00) is obtained by applying Lemma A.1.2 with € replaced by
Vi, ¢t by Iy, or Iy, and A, by ®q4, Poy, or U:

Yse1(00) =
{£(0,1114;0,104,) }, { £(0,ILyy; @1, Ia) }, {f(0, Iys; @25, 0)},  {f(0, 11145 ¥,0)}
~, {F(@1e, Hop; Prg, Tog) }, { F (P, g Pos, 0) }, { f (D1, Ty; ¥,0)
~, ~, {f(®@2r,0;@25,0) }, {f(P2r,0;7,0)}
~, ~, ~, f(¥,0;v,0)
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where II;; = %Zf\/tBntXnt’ Iy = %ZX/}Bntnnta Oy = JLSZNtB;tUG;LtB;tZ]O\;t, Dy =
ST HoZ3 U = 5 YL 23,73, with Z§, = [Ziy, — BoD; M1 © 1,)By] and
BN = blkdlag(Bnl, e 7BnT>-

A.2.4. Panel SLE model with two-way FE. The negative Hessian matrix Jsgo(00)
is in the Supplementary Appendix. Its expectation Iggo(60) has the components:
Ipp =blkdiag{ 5 XDy X5, b — {2 X, D DDy X
Thp = blkdiag gy D5 X} — {5l DuDi ' D X0k Top = 0
La = blkdiag{%gn;’iéDZmZt + tr (S, GriGry) } — {%gnZQDZtDZ‘IDZwZS};
Inp = blkdiag{tr(Gy Sy Hii) }i Ippor = == 4 L 570 te(Sy,);
Ipn = blkdiag{tr(Gy,Si Hyis ) b — {te(Gy Dy, D3 Dy D1
Iop = blkdiag{tr(H;; S Hyy — By~ Dy Biy M Hyy) b + {te(By, Dy Dy D By H )

Lizg = 0 Loon = {pta(Ry,Gro) b Loz = { hte(Si )}

where Dy, = —34-Dr, = MY By, + By My, and G, = B, G By
The VC matrix Yggs(0) takes an identical form as Y.gg4 (0), but with [Ty, = o—ngjiftB;:tX o
0
y = %ZﬁthtW;p ¢y = U%ZMB;;”G;@BZ;Z%’, Py = %ZﬁtHthﬁt’, and ¥V =

1 T O r7O%/ x ok __ 170
208 Y1 L2, where Zyy = ZniF 1 and 7%, = Z3, F -

A.2.5. Panel SLE model with two-way FE and homogeneous p. The expected

negative Hessian corresponding to the AQS function given in (2.40) has components:

Igp =blkdiag{ LX*D: X"} — {75 X4DiXz ),

3 =
Iy — blkdiag{ LX) — {rbaniDiXz}, Ly =0
ho = vasag( i + TP — (i)
[7\p - {%tr<ézltH;S)}a [pp — (T - 1)tr(H;5H;),
n(T—1)

Loag = Oy, Looa = {Tztr(Gh) }, Tozp = T5H0(Hy), Lo2ge = "5

The VC matrix of the AQS function given in (2.40) is obtained by applying Lemma A.1.2

with ¢, replaced by Vy, ¢,,; by 111, = U%ZR};B;;X;;, or [Ty = J%Z]‘{}"thLn;t, and A,; by
0 0

_ 1 * x— 1/ k! */ r70%x/ _ 1 T ox* * r70%/ _ 1 T ox r7o%/
@y = %ZNtBn G By 23, or @3 = a2 Zt:l ZNHy ZRy, or W = 208 Zt:l ZNeZ s

where 23, = Zni -1, and 23, = 23, F -1t
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{£(0,T01; 0, Ts) }, { (0, s @i, Tag) }, - {f(0, I 2,0)}, { (0,15 W,0) }
~, {f(®rs, og; Prs, Tog) b, { f (P1g, Moy 2, 0) }, { f (P, I3 ¥, 0)
~, ~, F(®2,0;05,0),  f(®,,0;7,0)

~, ~, ~, £(,0;7,0)

A.2.6. Panel SE model with two-way FE The expected negative Hessian matrix

corresponding to the AQS function given in (2.41) has the components:

Igp = blkdiag{%X;;DZtX;t} - {%X;;D;tD;_IDZsX;s}a Iog = 0;

Iop = blkdiag{tr(H;;S;, Hy\ — B;tD;‘leB;’;;lH;‘Lt)} + {tr(B;‘Lt]Dj;‘lDns]D;;‘lB;;H;;t)};

Ipg =0 Loz = {Btr(Si My} Lozr = == 4 L300 tr(Syy).

Applying Lemma A.1.2 with ¢,, being replaced by Vy, ¢,,; by II; = %ZﬁtB;;tX;t, and
0
Ay, by @, or U, we obtain the corresponding VC matrix of the AQS function (2.41):

{f(O,Ht;O,HS)}, {f(O,Ht;q)S,O)}, {f(O,Ht,‘IJ,O)}
~, {£(2,0:9,,0)}, {f(®:,0;%,0)} |

) 9

_ 1 Ok * Ox/ _ 1 T Ok 70K/ Ok __ o
where ¢, = U_%ZNtHntZNt’ U= 254 Zt:l ZNiZ s and 2% = Z3 Fona.

A.3 Proof of the Theorems

The four theorems share some similar features. We provide here only the proof of
the most general Theorem 2.4. The detailed proofs of all theorems can be found in the
Supplementary Appendix, available at: http://www.mysmu.edu/faculty
/zlyang/.

Proof of Theorem 2.4: Consider the AQS function S§ ;,(0) given in (2.37). We need

to show that ﬁsgm(eo) N N (0, limyy—o0 NLOESLEQ(GO)), as Ny — 0o. We have

Vi = ValBo. Mo, po) = Vi — By S0 BV, = Fi,  Z3,Vy, and

nt — ns'’mns

WXY = G (X7 Bro + ¢ + Bt Vi) = nf, + GZtB:zt_lFr/z,n—lzfvtVN'

n-nt
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Hence, the AQS function at true O, can be written as
4
I, Vy, t=1,...,T,
HétVN + V/N(IDHVN — tr(RZtG;kzt)7 t= 1, e ,T

Ssre2(00) = 7 (A.3.1)
Vi ®oVy —tr(SHHYE), t=1,...,T,

\V/]V\I]VN _ (nfl)(Tfl)’

202
where Ty = %28, B X, Ty = 28 Biiis @1 = 5 23, Bai VGt B 23, @ =
%Zﬁ‘tH;th‘\;}’, and ¥ = é ZtT:l Z( 23, with Zy, = ZyiFy mr and Z5, = Z3, F 1
Znt = 2 ® I, and z; is aT' x 1 vector with tth element being 1 and other elements being
zero; and Z%, = [Z, — B, ' (I ® 1,,)By] and By = blkdiag(Byi, - - ., Bur)-

First, as the elements of X,,; are non-stochastic and uniformly bounded (by Assump-
tion 3), the row and column sums of B}, are uniformly bounded in absolute values by As-
sumption 5 and Lemma A.1.1. It follows that the elements of II;; are uniformly bounded.

By Assumption 4 and Lemma A.1.1(4), G, is uniformly bounded in both row and column

sums. By Lemma A.2 of Lee and Yu (2010),

(I, — AF!

n,n—1

WnFn,n—l)_l - F/

n,n—1

(I, — AW, Ey g (A.3.2)

We have A%;' = F,’w_lA;tan,n_l. Thus, G}, is uniformly bounded in both row and
column sums by Lemma A.1.1(iii), and the elements of 1}, = G&,(X},[i0 + c) are
uniformly bounded by Assumption 3. It follows that the elements of II,; are uniformly

bounded. Similarly, B;* = F/

n,n—lB;tlan—l’ and therefore the elements of H, is

uniformly bounded in both row and column sums. With these and the definitions of Zy;
and Z3;,, it is easy to show that @4, 5, and ¥ are uniformly bounded in both row and
column sums. Thus, under Assumptions 1-5, the central limit theorem (CLT) of linear-
quadratic (LQ) form of Kelejian and Prucha (2001) or its simplified version (under iid
errors) given in Lemma A.1.3 can be applied to each element of S§ ;,(0) to establish
its asymptotic normality. Then, an application of Cramér-Wold device under a finite 7’
gives, —%=S55,(80) —= N (0, limyy 00 5= Sste2(00)), as N — oo. Then, by (2.11)
and (2.12),

O[NLOISLEQ(G(])]il\/;N—OS;(LEz(éSLE2> i> N(07 tho—H)O ESLEQ(G(]))-
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It left to show that, as Ny — oo,

(Cl) NLO[[SLED(éSLEQ) - [SLEQ(GO)] i> 0,

(b) NLO[ZSLEZ(éSLEZ) - ESLE2<90)] L> 0.

Under the v/Ny-consistency of ésmz and with the analytical expressions of Is;s(6)
and g0 (0) given in Appendix A.2.4, the proofs of these results are repeated applica-
tions of the mean value theorem (MVT) to each component of Nio [IsrEo (éSLE2> —Is1e2(00)]
and each component of NLO[ZSLEQ(éSLEg) — Yse2(00)].

To show (a), we pick a typical element of Is1£2(0) given in Appendix A.2.4,
I = blkdiag{%ﬁ;;D;tW;t + tr(*g;téqﬁé:n)} - {ngZQDZtDZ_lDZsﬂZS}

to show that NLO(}VM — L) 5 0. The proofs for the other components follow simi-
larly. Recall: 1%, = G (X580 + ¢), Di(0) = S0y Dii(pe)s Di(pr) = B (p0) Bi(po)
Bi(pr) = In1—piM S2u(p) = Lo 1= Bla(p) D (p) Bis(py), and Gy, = By G Bl

By Assumptions 4 and 5 and Lemma A.1.1(37), it is straightforward to show the two
matrices, D (p;) and G%,()\, p;), are uniformly bounded in both row and column sums
in a neighborhood of (A, ps) for each ¢, and so are their derivatives. Clearly with the
properties of D7 (p;) and a finite 7', D (p) is uniformly bounded in both row and column
sums in a neighborhood of py, and so are its derivatives.

By Assumption 5 and Lemma A.1.1(7), D:7!(p;) is uniformly bounded in both row
and column sums in a neighborhood of p; for each ¢, and so are its derivatives. By
a matrix result that for two invertible matrices A, and B,, (A4, + B,)™' = A ! +
AL B ALY, where ¢ = tr(B,A; "), we infer that for a finite T, I} (p) is uniformly
bounded in both row and column sums in a neighborhood of pg, and so are its derivatives.
It follows that S, (p) is uniformly bounded in both row and column sums in a neighbor-
hood of pg, and so are its derivatives. Noting that L = IM(éSLEg) and Iny = (0o),

we have by MVT, for each component of /,,(0) denoted as I3 +5(0),t,s =1,....,T,

NLOIM\,ts(éSLE‘Q) = NAOI}\)\JS(GD) + [NAO%IA}\,ts(é)](éSLE2 —09p),

where 0 lies elementwise between éSLEQ and 0,, with © being /Ny-consistent as éSLm

is. With the above argument and Lemma A.1(7i), we have NLO%IAMS(Q) = 0,(1).
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Therefore, NLO[IM,M(QSLEQ) — Iwts(00)] = 0,(1) for each (t,s), and NLO[IM(QSLEQ) -

L(énGmﬁén - CnGntCn) i>

I (09)] = 0,(1). Note that the easily proved results such as -

0, has been used. The proofs of the other components of NLO (I, SLEQ(QSLEQ) — Istea(00)] SR
0 proceeds similarly.

To show (b), we again choose the most complicated term, f(®q, [To;; Py, [Iog) that
corresponds to A, to show in details where the quantities involved are given at the end of
Appendix A.2.4: TI; = gigsz;tX;t, Iy = %Z}i};B;:m;;t, Py = UigZ]’QtB;;l’G;’tB;;Zﬁ;’,
and ®y; = %Zﬁ‘tH;tZﬁ‘t’, where 23, = Zni [, -1 and 23, = Z3,F 1.

Applying Lemma A.1.2 with A, replaced by ®y4, a,,; by ¢1; = diagv(Pyy), and ¢,y
by Ils; (similarly for the quantities with subscript s), and noting that ;3 = v and py = K,

we obtain the covariance between the \;- and As-components of the AQS function:
F( @14, Hog; Py, o) = aétr[(fb’lt + D) P1s] + 797 Ios + I, 15 + KD P15 + U(Z)HIQtHQS'

Applying MVT and following the similar arguments as in (a), the convergence of the
relevant terms can easily be proved, e.g., Nio{tr[(alt + ) Pyy] — tr](D, + Prp)P1y]} =
0p(1), 7 [ ITas — ¢, TTas] = 0,(1), etc. Furthermore, 63z, — 05 = 0,(1), and hence
~4

Gaiga — 05 = 0p(1); for the estimates obtained from Lemma 4.1(a) of Yang et al. (2016),

it is easy to show that ¥ — v == 0 and & — k — 0. It follows that
[f(&)m ﬁ2t; (5157 ﬁ2s) - f(‘I)u, oy Py, H2s>] = 0p<]-)'

Similarly, the convergence of the other elements of NLO [Esrea( éSLEg) —Yis1e2(00)] is proved.
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B Appendix to Chapter 3

B.1 Some Basic Lemmas

The following lemmas are essential for the derivations and proofs of theoretical re-

sults, given in the subsequent appendices.

Lemma B.1.1 (Kelejian and Prucha, 1999; Lee, 2002): Let {A,} and {B,} be two
sequences of n X n matrices that are uniformly bounded in both row and column sums.
Let C,, be a sequence of conformable matrices whose elements are uniformly bounded.

Then

(1) the sequence { A, B,} are uniformly bounded in both row and column sums,
(1) the elements of A, are uniformly bounded and tr(A,,) = O(n), and
(1i1) the elements of A,,C,, and C, A,, are uniformly bounded.

Lemma B.1.2 (Lee, 2004, p.1918): For W,, and A,,; defined in Model (3.1), if |W,,|| and
| Al are uniformly bounded, where || - || is a matrix norm, then ||A;}| is uniformly

bounded in a neighborhood of .

Lemma B.1.3 (Lee, 2004, p.1918): Let X,, be an nx p matrix. If the elements X,, are uni-
formly bounded and lim,, _, ., %X,’LX“ exists and is nonsingular, then P, = X,,(X! X,,)7* X/,

and M, = I,, — P, are uniformly bounded in both row and column sums.

Lemma B.1.4 (Lee and Yu, 2010): For W = Fé’n_anan_l, when W, is row nor-
Iy — MW = ﬁ][n — MWyl and (I,_y — MW7t = Fr’%n_l([n —
)\th>_1Fn,n71-

malized,

Lemma B.1.5 (Lemma B.4, Yang, 2015a, extended): Let {A,} be a sequence of n x n
matrices that are uniformly bounded in either row or column sums. Suppose that the
elements a, ;; of A, are O(h, 1) uniformly in all © and j. Let v,, be a random n-vector
of iid elements with mean zero, variance o2 and finite 4th moment, and b,, a constant

n-vector of elements of uniform order O(hy, Y 2). Then
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(1) E(v, Ayv,) = O(ﬁ), (17) Var(v), A,v,) = O(2),
(417) Var(v, Aoy + b,v,) = O(31), (iv) vy Ay = Op(3),
(v) Vb Avn — B(0hAv,) = Op((2)2),  (vi) vl Anby = Op((£)2),

the results (iit) and (vi) remain valid if b, is a random n-vector independent of v,, such

that {E(b2,)} are of uniform order O(h;!).

Lemma B.1.6 (Yang, 2015b, Lemma A.l, extended). Fort = 1,2, let A,y be n X n
matrices and c,; be n X 1 vectors. Let €, be an n X 1 random vector of iid elements with
mean zero, variance o2, and finite 3rd and 4th cumulants ) and piy). Let ans be the
vector of diagonal elements of A,;. Define Qn = ¢, ;60 + €, Apen, t = 1,2. Then, for
t,s=1,2,

COV(Qnt; Qns) = f(Ant7 Cnt; Ans; Cns)
= oMr[(Al, + Ap)Ans)| + 1@l Crs + 13C s + pally s + 02 Cns. (B.1.1)

Various useful special cases of (B.1.1) are as follows:

(1) Cov(c,16n, Qna) = [(0, cn1; Ana, Cna) = H3Clyyane + 02C,1Cno,
where c,1 can be an n X k matrix with k > 1;

(1) Var(Qu1) = f(An1, cnrs Ant, cnr) = o*tr[(Any + Ann) An)] 4 2300, ¢
+ gl A1 + 02, Cut;

(7i1) Var(el,Anen) = f(An1,0; A,1,0) = a4tr[(A;l1 + Ap1)An)] + paal, an;.

Lemma B.1.7 (CLT for Linear-Quadratic Forms, Kelejian and Prucha, 2001). Let A,,, a,,, ¢,
and €, be as in Lemma A.6. Assume (i) A,, is bounded uniformly in row and column sums,

(i) n= S0 25 < oo, my > 0, and (i4) E|en ™| < o0, 1y > 0. Then,

n,t n,i

el Anen + chey — a?tr(Ay) D

— N(0,1).
{ottr(AL A, + A2) + puad,a, + o2c,c, + 2,u3a;bcn}%
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B.2 Hessian, Expected Hessian and VC Matrices

Notation. Fort,s = 1,...,T, blkdiag{ A} forms a block-diagonal matrix by plac-
ing A; diagonally, {A;} forms a matrix by stacking A, horizontally, and {B;;} forms a
matrix by the component matrices Bys. The expected negative Hessian I, (0,) and the VC
matrix ., (0¢) of the AQS function, w=SL1, SL2, SLE1, SLE2, are both partitioned ac-
cording to the slope parameters [3, the spatial lag parameters A, spatial error parameters
p (if existing in the model), and the error variance o2, with the sub-matrices denoted by,
e.g., Ipp. Ipr, Lpp. Lpa. Furthermore, diag(-) forms a diagonal matrix and diagv(-) a
column vector, based on the diagonal elements of a square matrix.

Parametric quantities, e.g., A,(A\yo) and B, (py), evaluated at the true parameters are
denoted as A,; and B,,. For a matrix A,,, denote A% = A, + A’.. The bold 0 represents
generically a vector or a matrix of zeros, to distinguish from the scalar 0.

Let VN = (V/

nly -

., V)" be the vector of original errors with elements {v;;} being
iid of mean 0, variance o2, skewness  and excess kurtosis k. We present here results
sufficient for the implementation of the estimation introduced in the paper. To estimate

the VC matrices, we follow the method proposed by Xu and Yang (2020a).

B.2.1 Panel SLE model with two-way FE. The negative Hessian matrix Jggs(00)

has the components:

Jpp = blkdiag{ 5 X Dr X} — {7 X0 Dr X0},
Jw\—blkdlag{ X*’D*W*Yt} {7 2X*’D*W;;Y,;;}
={% X*’B*’H*’V* X*’B*’H*Vt}
JM:blkdiag{(, (W) DLWy + S te(Gh) | — { 7z VY DL (WY )
Tno = e (W) BYH Vi + (WY o) By H V)
Top = {2 Sy Vil HY BV, + (T — 1)tr(H;?) }
n Yot

Jo2p = {%X;;B;/Vé} T = { L (W;Y;) VBT

Jo2p = {o%% Zz 1V*/H*V } Jyzge = =201 + 5 Zt 1 V*,V*

204
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Its expectation, /g g»(00), has the components:

Ipp =Dblkdiag{ > X} DX} — {7 XD X0 b
Ign = blkdiag{ L X*’Dnnm} {TU X*’Dnnns} I = {(T - 1)t&e[H;*H}]}

I = blkdlag{ 277nt nnnt T 1tI‘ G*SG* } {To-ant nnns}7 [Pﬁ = O, 102[3 =0,

Ly = {FF0lGRH?N}, Lo = { (G}, Lozp = T5Htr[H], Loope = _n%l)

where n*, = G .(X*,80 + ¢;) and G¥, = BXG*, B L.
The VC matrix Yggs(00) is obtained by applying Lemma B.1.6 with ¢ replaced by
Vi, Cue by Iy, or I, and A,,; by ®q4, $5 or U:

{f((),Hu;0,H1s)}>{f(0aH1t;¢15,H2s)}> {f(ovnlt;q)2a } {f(o Iy W, 0)}
ZSLEQ(GO) _ ™~ {f(q)ltaHQt;q)lsaHZS)}v{f((I)ltal_IZt;(I)Qa } {f<(I)1t7H2t7 ) )}

~, ~, {f(®2,0;D5,0)}, {f(P2,0;¥,0)}

~, ~, ~, {f(¥,0;,7,0)}

where I1y;, Iy, @14, 5 and ¥ are already defined in (3.28).

B.2.2. Panel SL model with two-way FE. The negative Hessian matrix Jg;5(00)

takes the following form:

Jas = blkdiag{ X*’X*t} {TJ XXt

Jm:blkdiag{a WYy Xe ) — {TO_ (WYY X

nnt

n-nt n-nt nnt n-ns

Jax = blkdiag{ - (W;Y3) (WiY) + S te(Gi) } — {7 W Y0) (WY |,
Jyop = {7v*'x*t} T2 _{ (WEY)VEY, Jpepe = —0DTD 4 Gzt VI

20y

Its expectation Ig;5(00) contains the components:

Igg = blkdiag{ % X*’X*t} {= = XX }, Ing = blkdiag{ gn*’X*t} {TUQU*’X* },
In = blkdiag{- 277;;;77;;5 + (GG — {Tazn;’;;n;is} L2y ={= 1tr G},

=0, Lo = (n=1)(T-1)

]cr2f5 - 208 )

where nf, = G, (X, B0 + ) and G5 = G, + G,

The VC matrix Y.g,(6,) is obtained by applying Lemma B.1.6 with ¢ replaced by
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VN, Cnt by Hlt and H2t, and Ant by (I)t and V:

{f(O, I1y4; 0, Hls)}7 {f(07 Iy4; @, ]-_-[28)}7 {f(O, ;W 0)}
Ys12(00) = | ~, {F(®¢, Typ; @, Tog) }, { (D, Iy W, 0) }
~, ~, f(¥,0;¥,0)
where IT, = b 25, X5 Tlor = 5 2800 @ = 5 2 Gilg 256 and W = o S 730,734,
with Z%, = ZniFppor and 23, = Z3Fan-1. Z3 = Znt — Zns Zny = 2 ® I,
Zy = 7(lr ® I,), and z is a T x 1 vector of element 1 in the tth position and 0 else-

where.

B.2.3. Panel SLE model with one-way FE. The negative Hessian matrix Jgg;(00)
has the components:
Jap = blkdiag{ 5 X}, DuXu} — {722 X}, DuXos},
Jox = blkdiag{ = X D W, Yo } — {72 X0, DuWnYas |
o ={ X0 BLH Vot + 5 X0, B Ho Vit }
T = blkdlag{ (W Yot) Da(W, Vo) + 240 (G2} — { 2 ( 2 (W Yor) D, (W, Y0) },
Jap = {2 (W Ynt) B/ H' V,, + % (W Y.¢)' B! H, Vm}
Tpp = {5 S VI H H, Vi + (T — 1)te(H2) }
Toza = { X0 B Var}s Jorx = { (WY Bl Vot },
_ {%Zle VI H Vi b, Jpege = =200 4 LS
Its expectation Is;gs (00) has the components:

Ipp =Dlkdiag{ > X, Dy Xy} — {77 X7, D0 Xns |,
Igy = blkdlag{g—g ntDnﬁnt} — {TLG(% nns} I,, = { — Dtr[H:H, ]}
DLy = blkdiag{gign;tDnnnt + TA6[Gs, Gl — {mannnM}, L = Opp, Iy23 =0,
Iy = 5R0lG ;) Lo = { T3 01(Gul ), 12y = T3 [Ha), T2 = 2550
where 1,; = Gt (X B0 + ¢n) and Gy = B, G B L.
The VC matrix Yg g (00) takes an identical form as Yg 5 (00) but with [T}, = U—%Z}’VtBnoXm,
ly = ULgZ]C{[tBnﬂnntO’ ¢y = ULgZNtB;Ol,G;LtOB;zOZ%t’ Py = oLthTzl ZxiHuwZ, and

_ 1 T o of
U= ﬁ Zt:l ZNtZNt'
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B.2.4. Panel SL model with one-way FE. The negative Hessian matrix Jg.;(0) has

the components:

Jag = blkdiag{alg Xt} — {TU X Xns }s
Jap = blkdiag{ = (W, Yu) Xt} — { 752 (W Yor) Xos
T = blkdiag{alg(WnYm) (WaYo) + L20(G2) } — {75 2 (W Yor) (W, Yos) },

Jo2p = {O—LgvétXnt}7 Jp2x = { (WoYn) nt} Jy2p2 = —ﬁ + 0_8 Zt:1 Vnt‘?’nt'

Its expectation Ig;1(6g) has the components:
Ipp = blkdiag{Ung,’ltXnt}—{TLagX;tXm}, L = blkdiag{%n;tXm}—{TLazn;tXm},
I = blkdiag{ s mne + 5 tr(GhyGne) = { gz utins | Loox = {5z t0(Gn) }
I2 =0, I;2,2 = "(ngl) where 1,y = G (X fio + ¢) and G5, = G,y + G,
The VC matrix Yg4(00) takes an identical form as Yg;5(0) but with Iy, = U—%Z}{HXM,
My = ZNtnntO’ ¢, = ZNthtOZ]O\;t’ and ¥ = ﬁ Zthl A4
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B.3 Proofs of Theorems

The following matrix results are used in the proof: (i) the eigenvalues of a projection
matrix are either 0 or 1; (i7) the eigenvalues of a positive definite (p.d.) matrix are strictly
positive; (7i) Ymin(A)tr(B) < tr(AB) < Ymax(A)tr(B) for symmetric matrix A and
positive semidefinite (p.s.d.) matrix B; (iv) Ymax(A + B) < Ymax(A) + Ymax(B) for
symmetric matrices A and B; and (v) Ymax(AB) < Ymax(A)Vmax(B) for p.s.d. matrices
A and B. See, e.g, Bernstein (2009).

Proof of Theorem 3.1: From (3.10) and (3.23), we have

of R*/ 1 ol R*/
575(8) — B(5) — A YR BRIV (0) - 2(5)E[Y BV ()],

s Vil (6) Hiy(0) Vi (6) —

With Assumption F', consistency of § follows from:

TEIVY (0)Hy () Vi ()],

(a) infsead?(d) is bounded away from zero,

(b) supseald?(9) — a*(8)| = 0p(1),

() supsea = | Y& BNV (8) — EYY BRVE(8)]| = 0,(1),

() supsea == | VA (O) Hi (p) Vi (8) — B[V (8) Hi () Vi (8)]| = 0p(1),

Proof of (a). By V3(0) = MQB3 ALYy + PQBj ALYy given in (3.25), and the

orthogonality between the two projection matrices M and P, we have,

7*(0) = mna EVA (O)VE(0)] = opm=p tr[Var(QBy A Yy)

+omnr B(QBYARYY) ME(QBRARYY).
As M is p.s.d., the second term is nonnegative uniformly in 6 € A. The first term is
m r[Var(QB3 AGY3)] = 02 > ¢ > 0, uniformly in 6 € A by the assumption

given in the theorem. It follows that infscaG2(d) > ¢ > 0.
Proof of (b). Noting that V};(§) = MQB% A% Y5, we have,

6%(0) = T VA (OVi(8) = —5 (UBRARY ) M(QBRARYR).

(n— 1)
It follows that, by denoting Q1 = —537—5; (2B ARYX) M(QB3 AR Yy) and

Q2 = Gy (BRANYS)P(QBYARYR),

52(8) — () = Q1 — EQ: — EQ. (B.3.1)
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The results follows if Q; — EQ; — 0, and EQ,——0, uniformly in § € A.

The uniform convergence of (); — EQ); to zero in probability follows from the point-
wise convergence for each 6 € A and the stochastic equicontinuity of ();, according to

Theorem 1 of Andrews (1992). By Lemma 3.1,

Q= g (Mg + Vi FROMOQF Yy + 27 MQFyVy),

where ny = QBN (X3 B + Cy), where Oy = Iy @ ¢, and Fy = It ® F . It gives
Q. — EQ, = Z?Zl(Ql’g — EQ14), where Q14,0 = 1 and 2, denote the two stochastic
terms of ()1, and EQ); 2 = 0;

Thus, Q, is decomposed into terms: VNZVy and %S’VN, where

(n 1)(T 1)
the matrix Z and the vector ¢ are defined in terms of Fy, €2, M and 1. Note that 1}
depend on true parameter values, whereas M depends on p.

To show Q, +(6) —EQ, 4(6) -2 0, foreach § € A, and all £, the following results are
used: (¢) For the terms quadratic in VN, they can be written as -—7— T 1 S S VL,
Vy.s. The pointwise convergence of — [V’ ZisVis — E(V,{tZtsVns)] follows from Lemma
B.1.5 (v), for each t,s = 1,..., T (ii) The pointwise convergence of mf’VN
follows from Chebyshev inequality.

Let §; and J, be in A, We have by the mean value theorem that for all the Q; ()

terms:
Q1,6(82) — Que(01) = 5% Q1,6(6)(2 — b1),

where ¢ lies between d; and J, elementwise. The partial derivatives takes simple form,
for 1,,(6) that is linear or quadratic in \,, it is easy to show that supsc |%Q17g<5)’ =
O,(1), for t=1,...,T. As for a%QLg(é), note that only the matrix M involves p. Some

algebra is used for derivative:
dipl\/[ = MOMNI'ByQ + QB "M QM

where My = Ir@M;; and I’ = X} (XY BYQBy X5) ' X§. The results supsea |5, Q1,0(0)] =

O,(1) can be easily proved for all the @ ,(6) quantities. For example, for 1 1(), noting

132



that Y (M) = 1,

SUPsc A |%Q1’1<5)| = SUDsecaA ‘ngl F QMQFNVN’

+

VI F QB T M QOMOQFV y |

/N

SUPscA m|V%F&MNFB%FNVN + V;VFJ,VBTVFIMINFNVNl
< 2Ymax (M) Ymax (D) Ymax (BN) o=y [V FN En Vv | = O,(1),
It follows that (), ¢(d) are stochastically equicontinuous. Hence, by Theorem 1 of An-
drews (1992), Q1,(0) — EQ1+(5) -2 0, uniformly in § € A for all £. It follows that
Q1(8) — EQ1(8) - 0, uniformly in 6 € A.
It left to show that EQ5(d) — 0, uniformly in § € A:
EQ, = —(n ¢ r[QBy X5 (X¥BNQBw X5) ' XY BNQVar(By AvY)]

< by (XY BYQBY X3 )t [ X By Var (Bl ALY BL X 4]

= (n—1)(T-1)

. 1 71 X*/B*/QB* X* % % * * * *
- (nfl)(T,l)’Vmin( ](\;171\11)(7*?1)]\[) (n— )(T 1) [XJ\;B Var(BNANYN)BNXN]‘
By Assumption C, we have, 0 < ¢, < Vmin (Xf(fff)((l?ff)( & ) It follows that
EQ, < (n,l)l(T,l)le = 1)(T tr[ X § By Var(By AVYN) By Xy
< (n_l)l(T_l)ggléy (n_l)(T_l)tr[XﬁB}“\;B}*VXj{,], by the assumption in Theorem 3.1

= O(n™!'), by Assumption C.
Hence, 6%(8) — a%(0) —= 0, uniformly in § € A, completing the proof of (b).
Proofs of (c)-(d). By the expressions of V;(8), Vi (6) and the Lemma 3.1, all the
quantities inside | - | in (c)-(d) can all be expressed in the forms similar to (B.3.1). Thus,

the proofs of (c)-(d) follow the proof of (b).

Proof of Theorem 3.2: By the mean value theorem, we have:

_ 1 *(A) _ 1 * 1 9 ax(Q _ _ N_
0= ——=m55"(0) = =75 (00)+ =205 (0)] v/ (n — (T — 1)(6—80),

where 0 lies elementwise between © and 0. The result of the theorem follows if

" D . o
(@) b §7(80) 5 N [0, lim, o £(80)].
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(b) 7 1 [86’5*( ) — 86’5*( 0)] — 0, and

©) =57 1 [ae/S*( 0) — E(5557(60))] — 0.

Proof of (a). Recall the representation of S*(0) given in (3.28):
I, Vy, t=1,...,T,

M,V + Vi@V — Z20(Gry), t=1,...,T

5*(0,) = ’ (B.3.2)
V?V@QVN — (T — 1)tr(H;:O),

\V;V\DVN _ (”*1)(3*1)7

202
As the elements of X,,; are non-stochastic and uniformly bounded (by Assumption C),
and the row and column sums of B} are also uniformly bounded in absolute values by As-
sumption E and Lemma B.1.1. It follows that the elements of II;; are uniformly bounded.
By Assumption D and Lemma B.1.1(%), G, is uniformly bounded in both row and column
sums. Then by Lemma A.4 of Lee and Yu (2010), we have A, = =F . VA
Thus, G7, is uniformly bounded in both row and column sums by Lemma B.1.1(ii7),
and the elements of 7, = G},(X},0i0 + ¢) are also uniformly bounded by Assump-
tion C. It follows that the elements of Il are uniformly bounded. Similarly, B:~! =
Yol

nn—1Bn 'F, 1, and therefore the elements of H is uniformly bounded in both row

and column sums. With these and the definitions of Zy, and Z3,, it is easy to show
that ®;, $, and ¥ are uniformly bounded in both row and column sums. Thus, under
Assumptions A-F, the central limit theorem (CLT) of linear-quadratic (LQ) form of Kele-
jian and Prucha (2001) or its simplified version (under iid errors) given in Lemma B.1.7
can be applied to each element of S*(0,) to establish its asymptotic normality. Then, an
application of Cramér-Wold device gives, —=5*(8y) 2N (0, limy+_y00 £°(69)), as

N* — 0.

Proof of (b). Denote J(0) = —2,5*(0), the negative Hessian matrix of S*(6).

J(89) = O,(1) by Lemma B.1.1 and the model as-
J(0) = O,(1). As

It is easy to show that W

~

sumptions. © —= @, implies 8 — 8y = o0,(1), thus m

o2 L5 02,577 = 05" + 0,(1),7 = 2,4,6. Noting that ¢ appears in .J(8) multiplica-

tively, J(0) = mJ(B, 02,p,A) + 0,(1), i.e., replacing 52 by o2 results

N S
(n—1)(T-1)

in an asymptotically negligible error. The results of (b) follows if
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m [J(B;Ugﬁ; A) - J(eo)] — 0.
All the random elements of J(©) are linear, bilinear, or quadratic in Y}, or V;t, and

linear or quadratic in 3, p, and A. This means that all the corresponding elements in

1

DT [J(B,02.p,A) — J(p)] are linear, bilinear, or quadratic in Y}, or XN/,;, and

linear, bilinear or quadratic in B — B¢, s — po, and A — A, and thus are all 0,(1) by the
consistency of é, Lemma 3.1, Lemma B.1.1.
Besides the random elements, it also needs to show that all the ‘trace’ terms in m

[J(B, 08,5, A) — J(80)] are 0,(1), e.g.. Gy tr(Gri (M) — tr(GrE (Mo))] = (1),

for Jy,,. Let A} be between A and \o. By the mean value theorem,

LG () — w(Gi2 ()] = 2535 (Gre ),

(n—1)(T—1 = h—D)(T-1)

where G- M are the partial derivatives of G2 evaluated at \}. The elements in G2 are the
multiplications of the matrices W* and A*;'(),). Therefore, G:j * have elements being
the multiplications of the matrices W,* and A*,*()\;), and hence are uniformly bounded
in a matrix norm, in the neighborhood of \;y by Lemmas B.1.1 and B.1.2. Therefore,
(G N = O,(1), leading to (b).

1
(n—1)(T-1) nt

Proof of (c). For the terms involving only V%, the results follows Lemma B.1.5(v)-

nt?

(vi), noticing V., = F) | Z%,V n. For example,

nn—1
Jo252(00) — E[J5252(00)] = %[23:1 ‘7;1‘//‘7;1& - E(Zthl ‘7717‘7;15)]

= %8[2?:1 V?VZJ%tan*lFrll,nle%tVN - E(ZtT:1 V/NZ?VtFnynleé,nflzlontVN)]
which is easily seen that Z3, F, . 1F},,, 1 Zy; is uniformly bounded in both row and
column sums. Thus, Lemma B.1.5(v) leads to m{(]gzgz(eo) — E[J,2,2(00)]} =
0p(1). By Lemma 3.1 all the terms involving Y,’, can be written as sums of the terms linear
in V. Thus, the results follow by repeatedly applying Lemma B.1.1, Lemma B.1.5.

Proof of Theorem 3.3: In the large panels, as n and 7" goes to infinity, n — 1 is asymp-
totically equivalent to n, 7'— 1 is asymptotically equivalent to 7', and /N* is asymptotically
equivalent to N. Therefore, the results of Theorem 3.3 is simply proceed by applying the
Cramér-Wold device. Brief discussions are as followings.

The asymptotic normality of each element of © when 7' goes to infinity follows from

the results of Theorem 3.2, with one more consideration of the adjusted normalizing fac-
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tor. In Sec. 2.2, we have discussed that the normalizing factor should be adjusted to reflect
the different rates of convergence of 3, A and o. It is obvious that 3, and \; components
of S*(8) are Op(y/n) , but p and o> component of S*(0) is Op(v/N), when both n and
T approaches to infinity. Therefore, the results of Theorem 3.3 follows from results of

Theorem 3.2 and Cramér-Wold device.
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C Appendix to Chapter 4

C.1 Some Basic Lemmas

The following lemmas are essential for the derivations and proofs of theoretical re-

sults.

Lemma C.1.1 (Kelejian and Prucha, 1999; Lee, 2002): Let {A,} and {B,} be two
sequences of n X n matrices that are uniformly bounded in both row and column sums.
Let C,, be a sequence of conformable matrices whose elements are uniformly bounded.

Then

(i) the sequence { A, B,} are uniformly bounded in both row and column sums,
(ii) the elements of A,, are uniformly bounded and tr(A,,) = O(n), and
(iii) the elements of A, C,, and C, A,, are uniformly bounded.

Lemma C.1.2 (Lee, 2004, p.1918): For W,, and A,; defined in Model (4.1), if |W,|| and
| A, bl are uniformly bounded, where || - || is a matrix norm, then ||A;}| is uniformly

bounded in a neighborhood of \y.

Lemma C.1.3 (Lee, 2004, p.1918): Let X,, be an nXp matrix. If the elements X,, are uni-
formly bounded and lim,, _, . %X;LX,L exists and is nonsingular, then P, = X,,(X! X,,) 7' X/,

and M, = I,, — P, are uniformly bounded in both row and column sums.

Lemma C.1.4 (Lemma B.4, Yang, 2015a, extended): Let {A,} be a sequence of n X n
matrices that are uniformly bounded in either row or column sums. Suppose that the
elements a,,;; of A, are O(h,') uniformly in all i and j. Let v, be a random n-vector of

inid elements satisfying Assumption A, and b,, a constant n-vector of elements of uniform

order O(h;l/Z). Then

(i) E(v,Av,) = O(2), (ii) Var(v, Apvn) = O(3%),
(iii) Var (v}, A v, + bl v,) = O(%), (iv) v}, A, = Op(%),
(v) v Anv, — E(v,Anv,) = Op((%ﬁ)’ (vi) v, Apby, = Op((%ﬁ)’

the results (iit) and (vi) remain valid if b, is a random n-vector independent of v,, such

that {E(b2,)} are of uniform order O(h;!).
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Lemma C.1.5 (CLT for Linear-Quadratic Forms, Kelejian and Prucha, 2001). Let A,
be n X n matrices and a,, be the vector of diagonal elements of A,,, Let v, be ann x 1

ramdom vector satisfying Assumption A. Let c,, be an n X 1 random vector, independent of

2411

V. Assume (i) A, is bounded uniformly in row and column sums, (ii) n~* Z?:l |Cn,i

| <

00,4 > 0 and (iii) Elvit?| < oo,y > 0. Let R, = diag(rn1, ..., Tnn). Define the

n,t

bilinear-quadratic form:
Qn = v, Apv, + v, — o*tr(R,A,),

and let 0}y be the variance of Q. Then Q,/0q, N N(0,1).
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C.2 Hessian and Expected Hessian Matrices

Notation. Fort,s = 1,...,T, blkdiag{ A} forms a block-diagonal matrix by plac-
ing A; diagonally, {A;} forms a matrix by stacking A, horizontally, and {B;;} forms a
matrix by the component matrices B;s. The negative Hessian J(0) and expected negative
Hessian /(0) of the AQS function, are both partitioned according to the slope parameters
(3, the spatial lag parameters A, and the error variance o2, with the sub-matrices denoted
by, e.g., Ipp, Igr, Jpp. Jpa. Furthermore, diag(-) forms a diagonal matrix and diagv(-)
a column vector, based on the diagonal elements of a square matrix.

Parametric quantities, e.g., A,(\yo) and B,(po), evaluated at the true parameters are
denoted as A,; and B,,. For a matrix A,,, denote A> = A, + A,. The bold 0 represents

generically a vector or a matrix of zeros, to distinguish from the scalar 0.

Letting 1,y = G (X B¢ + ¢,) and g,; = diagv(G,,), the negative Hessian matrix,

Js11(00), has the components:

Jop = blkdiag{o% X} = {752 X0 Xns

Jor = blkdiag{ = X, (Wi} — {752 X0, (WaYos) },

Jag = blkdiag{az (W, Yor) — 2diag(Gue) Viel Xt }
— {#==| 2[(WYoe) — 2diag(Gnt)Vm]’an},

Ja = blkdiag{g—g WYt [(WiYoy) — 2diag(Gue) V] + V,;tdlag IVt }
~ {7z (WaYos) (W Vo) — 2di2(Ge) Vil }.

Jo2p = {L‘*‘Z;tme}’

o) = { (W Yot) Vi

Jag2 = { (W, Yp) — diag(Gnt)Vm]},

J0202 = - n(T 1) + Zt 1
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The expected negative Hessian matrix, Is;41(6y), has the components:

_ - 1Ly
Iﬁg = blkdlag{% nt} {TU X, an}7
];\B = blkdlag{%n;tXnt} — {T_o_gnntan}a
I = blkdiag{ Ln.,n. + T2t [R, G, Gy + Radiag(GE)] — @tr[Rndiag(Gnt)Gm]}
0
— {#ngmm + Ztr[R,diag(Gu)Gasl },

Lo = {55Hr(RuGoa) ).

I)\gz {T ltI'RGO }

102[3 - 0,

n(T—-1)

2,2 = 207

140



C.3 Proofs of Theorems

In the proofs, the following matrix results are useful: (i) the eigenvalues of a projec-
tion matrix are either O or 1; (i7) the eigenvalues of a positive definite (p.d.) matrix are
strictly positive; (i) Ymin(A)tr(B) < tr(AB) < Ymax(A)tr(B) for symmetric matrix A
and positive semidefinite (p.s.d.) matrix B; (iv) Ymax(A + B) < Ymax(A) + Ymax(B) for
symmetric matrices A and B; and (v) Ymax(AB) < Ymax(A)Ymax(B) for p.s.d. matrices
A and B. See, e.g, Bernstein (2009).

proof of Theorem 4.1: From (4.10) and (4.15), we have S*¢(A) — S*(A) equals to

~ ~

5200 In VN (A) = 2 E L Vi N+ 520 VY () G (M) Vi (A) = i EIVY (M) G (A) Var(A)]

With Assumption £, consistency of A follows from:

(a) infacac®(A) is bounded away from zero,

(b) suprea|G®(A) — 72 (A)] = 0,(1),

(©) suPren i [l VN) — Elify T V]| = 0,(1)

() suprea sy |V MG MV (A) = E[VF (A)G3 (M) Va(A)]| = 0p(1),
Proof of (a). The identity (4.14), Vy(A) = MQANYy + PQANXN/N, is useful in

obtaining the expressions for %(A). By the orthogonality between the two projection

matrices M and P, we have,

*N) = 7 EVAA)VNN)

n(T-1)

+ - B(QANYN) ME(QANYy).

tr[Var(QANYy)]

_ 1
— n(T-1)

As M is p.s.d., the second term is nonnegative uniformly in A € A. The first term is
st Var(QANYy)] = of > ¢ > 0, uniformly in A € A by the assumption in the
theorem. It follows that infycy%(A) > ¢ > 0.

Proof of (b). Noting that VN(A) = MQANYy, we have,

5*(N) = s VA A VN (N) = 5 (QANY N ) M(QAN YY),

n(T-1)
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By denoting Q1 = 77— (AN YN ) M(QANY ) and Qs = 77— (QANYN) P (QAN V),
G*(A) —7*(A) = Q1 — EQ: — BEQ». (C3.1)

The results follows if Q1 — EQ; — 0, and EQ5—0, uniformly in A € A.

According to Theorem 1 of Andrews (1992), the uniform convergence of ()1 — EQ1
to zero in probability follows from the pointwise convergence for each A € A and the
stochastic equicontinuity of ();. (), can be written in the form of Vy, where Vy =
(Vily, ..., V') is the vector of original errors with elements {v;;} satisfying Assumption

A.
Q1= s (WM + VMOV + 27gMQVy),

where 0}, = Q(XnyB+Cy)and Cy = Il ®c¢,. Denote Q1 —EQ; = Z?ZI(QM—EQM),
where (1 ¢, ¢ = 1 and 2 are the two stochastic terms of ()1, and EQ); 2 = 0.

The above decomposition contains terms in the form: —=—V\,ZVy and ——— (T 0 ————E'Vy,

(T 1)
where the matrix Z and the vector £ are defined in terms of €2, M and 7}. Note that 1}
depends on true parameter values.

For the term quadratic in V;, it can be written as ﬁ Zthl 23:1 V! ZsVns. The
pointwise convergence of % (V! Z4sVins —E(V!, 7V )] follows from Lemma C.1.4(v), for
eacht,s = 1,...,T. The pointwise convergence of ﬁf’ V follows from Chebyshev
inequality. Thus, it follows that Q; ((A) — EQ, »(A) -2 0, for each A € A, and all /.

Let A; and A, be in A, We have by the mean value theorem that for all the Q; ,(A)

terms:
Q1,e(A2) — Qre(A) = Q1 (A) (A — Ay),

where A lies between A; and A, elementwise. The partial derivatives take simple form,
for )1 ¢(A) that is linear or quadratic in ), it is easy to show that sup, ]%QM(A)] =
O,(1), for t=1,...,T. Therefore, it follows that ()1 ((A) are stochastically equicontinuous.
Hence, by Theorem 1 of Andrews (1992), Q1 ,(A) — EQ1¢(A) -2 0, uniformly in A € A
for all £. It follows that Q1 (A) — EQ;(A) -2 0, uniformly in A € A.

To show that EQ2(A) — 0, uniformly in A € A. We have,
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EQ2 = n(T;_ltr[QXN(XJIVQXN)_IX]/\[QV&I'(ANYNH

< n(T— 1)7m1n(X, QXN)tr[Xvaa’r(ANYN>XN]

= ey Yo (S ) X Var(Ay Yy ) X ).

n(T—1) Tmin \ 7(T=1)
By Assumption C, we have, 0 < ¢, < Vmin (%) It follows that
EQ: < ;7= 1)(:_1 nTT tr[ X\ Var(An Yy ) X n]
< nr 1)0*16@, (Tfl)tr[X]’VXN], by the assumption in Theorem 4.1

O(n~1), by the assumption C

Hence, 62(A) — 52(A) -2 0, uniformly in A € A, completing the proof of (b).

Proof of (c)-(d). By the expressions of Vy (A), Vi (A) and Lemma 4.1, all the quan-
tities inside | - | in (c)-(d) can all be expressed in the forms similar to (C.3.1). Thus, the

proofs of (c)-(d) follow the proof of (b).

Proof of Theorem 4.2: By the mean value theorem,

0= \/n(%_l)s*( A) = \/ﬁs*(e@ [n(TI 1) 38915*(6)} n(T - 1)<é - 90)7

where 0 lies elementwise between @ and 0. The theorem follows if

(a) \/ﬁ *(69 z—> N[0, limy, o0 3°(80)]
(b) n(T 0 [ae/ *(0) — 389,5*( 0)] 50, and
(© 75 [5erS* (90) — (55" (00))] == 0.

Proof of (a). Elements in the AQS function that are in the form of ‘71\7 can be written
in terms of the original error V. Thus, We represent S*(0,) in terms of V. Let z; be a
T x 1 vector of element 1 in the ¢th position and O elsewhere, and define Zy; = 2; ® [,,,
Iy = &(lr @ I,), and Z3, = Zny — Zn. Thus, Vi = Z3,Vy and Vi = Vi =V, =
Z,V n. The AQS function S*(0) at 6, takes the form:

p

M Vy, t=1,...,T,
S™(80) = § IV + Vi ®S,Vy — e (Gg), t=1,...,T, (C3.2)

AL n(T 2”,

20
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where I1{, = J—%Z}i,tXm, 113, = UigZ]O\,tﬁmo, o9, = %Z&tGmozﬁﬁ, and &5 = ﬁ E;‘le
AVAR

As the elements of X,,; are non-stochastic and uniformly bounded (by Assumption
(), it is easy to see that the elements of II;; are uniformly bounded. By Assumption
D and Lemma C.1.1(i), G, is uniformly bounded in both row and column sums. The
elements of 7,y = Gt(X,ufr0 + €n) are uniformly bounded by Assumption C. It follows
that the elements of Iy, are uniformly bounded. With these and the definition of Zy;
and Z3;,, it is easy to see that ¢, and @, are uniformly bounded in both row and column
sums. Thus, under Assumptions A-E, the central limit theorem (CLT) of linear-quadratic
(LQ) form of Kelejian and Prucha (2001) or its simplified version given in Lemma C.1.5
can be applied to the elements of S*(0,) to establish the asymptotic normality. Then, an
application of Cramér-Wold device under a finit T gives, as N* — oo, \/LNf*S*(GO) N

N (0, limp-_y00 3°(69)).

Proof of (b). Denote J(0) as the negative Hessian matrix of S*(0), that is J(0) =
—2:5%(0). It is easy to show that mJ(GO) = O,(1) by Lemma C.1.1 and the
model assumptions. o 0, by the consistency, which implies 6 — 6, = 0p(1), thus
ﬁJ(é) = 0,(1). As*> 5 62,677 = 05" + 0,(1),r = 2,4,6. Noting that ¢
appears in .J(0) multiplicatively, TL(T;_I)J (0) = ﬁJ (B,02,A) + 0,(1), i.e., replacing

o2 by o2 results in an asymptotically negligible error. The results of (b) follows if

s |/ (B, a5, A) — J(80)] — 0. (C.3.3)

n(T—1

As all the random elements of J(©) are linear, bilinear, or quadratic in Y,,, or Vnt, and lin-
ear or quadratic in 3 and A. This means that all the corresponding elements in ﬁ [J (B,
o2, A) — J (90)} are linear, bilinear, or quadratic in Y}, or V..., and linear, bilinear or
quadratic in B — By and A — Ag, and thus are all 0,(1) by the consistency of 0 and Lemma

C.1.1.

Proof of (c). For the terms involving x7m, it can be written in the form of Vy;, where
Vy = (V/,..., V) is the vector of original errors satisfying Assumption A. the results

follows Lemma C.1.4(v)-(vi). Let Zy = 7(lr ® I,,), and Z3, = Zn¢ — Zn, noticing
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1~/nt = 73,V . For example,

Jo252 (00) - E[JUZUQ(GO)] - %[23:1 ‘N/ritvnt - E(Z?zl vritvnt)]
= ;_8[23;1 V/NZXHZJO\;tVN - E(Zthl V,NZXHZ%VN)]

which is easily seen that Z3, 2y, is uniformly bounded in both row and column sums.
Thus, ;=55 {Jo202(00) — E[J52,2(60)]} = 0,(1) by Lemma C.1.4.

Similarly, all the terms involving Y,; can be written as sums of the terms linear in
terms of V. Thus, the results follow by repeatedly applying Lemma C.1.1 and Lemma
C.14.

Proof of Theorem 4.3: In the large panels, as n and 7" goes to infinity, n — 1 is asymp-
totically equivalent to n, 7'—1 is asymptotically equivalent to 7', and N* is asymptotically
equivalent to N. Therefore, the results of Theorem 4.3 is simply proceed by applying the
Cramér-Wold device. Brief discussions are as followings.

The asymptotic normality of each element of © when 7" goes to infinity follows from
the results of Theorem 4.2, with one more consideration of the adjusted normalizing fac-
tor. In Sec. 4.2, we have discussed that the normalizing factor should be adjusted to
reflect the different rates of convergence of 3, A and o2. It is obvious that 3; and \; com-
ponents of S*(8) are Op(y/n) , but o> component of S*(8) is Op(v/N) , when both n
and 7" approaches to infinity. Therefore, the results of Theorem 4.3 follows from results

of Theorem 4.2 and Cramér-Wold device.

Proof of Theorem 4.4: The following dot notation is introduced in the proof: (a)
for an n1" x 1 vector ‘71\; with elements {\Zt} double indexed by © = 1,...,n for each
t=1,...,T, {1775} is the subvector that contains all the elements with the same ¢, and
{Vi.} is the subvector that picks up the elements with the same i; (b) for an nT' x nT
matrix ¢ with elements {®;;, i,/ = 1,...,n; t,s = 1,..., T}, where it is the double
index for the rows and s the double index for the columns, ®.; ., is the n x n submatrix
corresponding to the (¢, s) periods, ®;.;. the 7" x T" submatrix corresponding to the (i, /)
units, ®;; ;. the T' x 1 subvector that picks up the element from the i¢th row corresponding

tos=1,...,T.
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Firstly, the result 1°(0) — I°(6y) — 0 is implied by the result (b) in the proof of

Theorem 4.2. Secondly, the result ﬁ S [3:id) — E(gig))] = 0 follows if

(a) n(T;_l) S (39l — gig)) == 0
(b) 5 i [9:9) — E(g:97)] = 0.

Proof of (a). By applying the mean value theorem, the proof is straightforward.

Proof of (b). As in Lemma 4.2, the elements of S*(0) are mixtures of terms of the

forms IT'Vy = > iy gri and 17](,<I>I~/N — E(VJ’V@VN) = Y, ga, it suffices to show that

oD i[9k — E(grigri)] = 0p(1), k,r =11, .

Notations defined in Lemma 4.2 can be written in the form of vector dot. gr; = H;‘Z
and gg; = V/&. + V!V — 15.d;.. Note that by Assumptions C, D and Lemma C.1.1 that
the elements of all the IT’s and ®’s, defined in (4.17), are uniformly bounded. The proofs
proceed by applying the weak law of large numbers (WLLN) for M.D. arrays, see, e.g.,
Davidson (1994, p. 299).

As gr; = 11 V;., we have o7y 370 [rign: — B(9migri)] = sy 2oic (Vi VY -

T-1 2
= o5rn,idr)IL;

= ﬁ >, Ui Without loss of generality, assume U,; is a scalar, it is easy to see that
{U,.;} are independent, thus form a M.D. array. By Assumption A and the property that
the elements of II;. are uniformly bounded, it is easy to show that E|U,, ;|' ™€ < K, < oo,
for e > 0. Thus, {U,,;} are uniformly integrable and ﬁ S Uni 2> 0 by applying
the WLLN for M.D. arrays of Davidson.

As goi = V/&. + V!V — 1.d;., the expression of ﬁ Sor 1 lg3; — E(g3;)] is more

complicated as more terms are involved in, we simplify it to five terms, that is:
n(Tl—l) > ical93; — E(g3:)] = 2521 H,
= oy il (Vi€)? = B((V/6)?)]
o L [(VIVE)? = B((VV)?)
+n(T2—1) 2?21 (Vz/fz) (Vz/Vz*) - n(TL_U 2?21 (1/Tdi~) (V,/fz)

— T i [(1di) (VIV = E(VIV)))
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Now, we have H = —brs ST € (ViV) =Lt 0, i L)€ iy S0y (€ Dot i —
(g 25
Tnilr&:.)]. For the first term, let V,,; = f;(\N/Z‘N/l’ — T208rnidr)&i. As & is Fpioi-
measurable, E(V,, ;| F,,;—1) = 0. Thus, {V,,;, F,,;} form a M.D. array. It is easy to see that
E|V, 1| < K, < oo, for some € > 0. Thus, {V,,;} is uniformly integrable. Again, condi-
tions of the WLLN for M.D. arrays of Davidson are satisfied, thus, ﬁ ZLI Vi BN
0.

For the second term of Hy, note that & Z=2r I = 30, >0 & T2 rpilis&is, where

it T
{I,,} = Ir. InLemma 4.2, & = 3. (®% + &%) V,. We have,

£zt - Zs 1 Zl 1((I)ls it T (I)zt ls) ls — ;;i ZS 1<(I)ls it + (I)zt ls) ls — ;;i ;lt‘z-a

where ¢;;; = ((I)l-,it+q)it,l->- Thus, (fz't)Q— [(fzt) } [ th(v V’ UoranT)(bzlt]
25 S Vil Vi, where Jp = I — %1T1’T. It follows that

s i (&)® = El(&)]}
= T 1) Z {Zz I+1 zlt(v V’ - TUonJT)szlt]}

n—1 -1
+2n(T 1) =1 V,{ Zz I+1 Zk 1¢th¢zkt }

Clearly, the first term is the ‘average’ of n — 1 independent terms, as the second term
in the curling brackets is F,, j_;-measurable, therefore it is the ‘average’ of a M.D. ar-
ray. Conditions of Theorem 19.7 of Davidson (1994) are easily verified, and hence

—n(Tl—l) S {&)*—E[(&1)?]} = o0p(1). Similarly, we can show that —n(Tl_l) S {&uéis—
E[(&1&is)]} = 0,(1) for s # t. Since 7, ; is uniformly bounded, therefore

% Z?:l[ = lrmeﬁ E(& = lrmlez )] = 01?(1)7 and H, = 0p<1)-

The proofs for H3 and H, are similar as the proof for the second term of /. The
proofs for H, and Hj are similar to the proof of the first part of H;, as they each involves
a sum of n independent terms.

Subsequently, the cross-product term ——=—- (T 0 > 1 [9xi90i — E(grige:)] can be decom-
posed in a similar manner, and the convergence of each of the decomposed terms can be

proved in a similar way.
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Proof of Theorem 4.5: Comparing with the proof of theorem 4.4, the proof of show-
ing S Y(6y) 5 0 when T is large is more complicated due to the involvement of a

new term that capture the dependence among the elements of Vy across t. It follows if

(a) ¥ Z] l[SN]SN] E(SNjS/]Vj)] i}

(b) 2 Ez 1 Et 2 Zs I[SN ZtSst - E(SN,itSiN,is)] i> 0,

Proof of (a). The proof is similar as the proof of Theorem 4.4. Without loss of
generality, we express the terms on the scalar level and work on it. See the proof of
Theorem 4.4 for details.

Proof of (b). We prove it by showing 2 370" | S~ S0 [8n i8ly ss — SNty i) —

0,and &> ", S S s, iSnis — E(snitSyis)] 5 0. Due to the consistency of
the parameter estimates, the proof of the former is straightforward by applying the mean
value theorem. We focus on the proof of the later result. There is a free switch between

the index j for the combined unit ¢ and time ¢ for convenience. It suffices to show that

N Zz 1 Zt 2 Zs l[gk:ztgms - E(gzztg%s)] - OP(]')7 k? r= H7 (I)

The proofs proceed similarly as the proof of Theorem 4.4, the weak law of large numbers
(WLLN) for M.D. arrays, see, e.g., Davidson(1994, p.299) are widely applied.

First, with g, = Iy, jVN,j, we have

N v Dint Zt 2 Zs 1[g7rztg7rzs — E(97:19735)]
2y S S Mty s (Ve Vivis — E(VivaeVivas)))
= Ly 3 T, Y M Ty i (VivieVivis — E(VivaVivss) )} = £ 30, P
For each t and s, \~/N7,~t and ‘71\1,1'5 are independent over ¢, and thus {P, ;} form an M.D.

array. Applying the weak law of large number (WLLN) for MD arrays of Davidson (1994

p-299) leads to L °" B, ; 5 0, as n — oo and then T’ — oc.
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Second, with gg,;, = 17N7j§ N T VN,JVR‘,’J- — dy j, we have

% > i 23:2 22;11 96::9%is — E(93:19%:5)] = Zi:l H,
= LS A, S T  (Vnieknin) Vivisénis) — E((Vivirbnie) Vivasénis))]}
S DI ED S S [(vN,it‘N/];kf,it)(‘N/N,isvjikf,is) — E((‘?N,itr/]tf,it)(‘7]\7,2'5‘7;[,1‘5))]}
LY {3 T S (Vvabna) (Vs Vi)
_% 2?:1{% Ethz 22;11 dN,it(VN,isvﬁ,is - E(VstvJT/zQ}
_% ?:1{% ZtTZQ 22;11 dN,it(vN,isgN,is)}
Wehave Hy = 2 50 {230, S0 (Vo) (Vacovia)~E( (o) (Tavisovac) )} =
% 2?21 D,,;. Thus, the result follows if D,,; form a M.D. array.

First, we have D,,; = {2 S S (Vivienie) (Vivis€niis) —E((Vivae€vie) (VivisEns))] }
= {% ZtT=2 ZZ;[(VNMVNW - %lagrni)fN,ith,is] + %03{% 23:2 22;11 [Tni(gN,ith,is -
E(&n.iténis))]} = D1+ Dpaji. As &, is F,;—1-measurable, E(D,,; ;| F,.i—1) = 0. Thus,
{Dy1,i, Fni} form a M.D. array. It is easy to see that E|D}¢| < Kp < oo, for some

nl,

€ > 0. Thus, {D,,1;} is uniformly integrable. Again, conditions of the WLLN for M.D.
arrays of Davidson are satisfied, thus, % Z?:l Dy 250.
For the second term D, ;, note that in Lemma 4.2, & = S.7_ (&% + & )V,. We

have,
git = Zzzl Z;;l((bls,it + (Dit,ls)fvls = ;;i Zzzl(q)ls,it + (I)it,ls)le = ;;} glt‘ﬁ//}w
where ¢, = (D it + Dyr ;). Thus, §iis — E[&inéis] = ;;}[ Qh(vl.v/ — 08T Jr) bus] +

i—1 -1
=1 k=1

‘Z{Qﬁiltqb;ks";k' + Z;;-} ;_:11 ‘Z{¢ikt¢;ls‘7k-, where Jr = It — %1T1’T It follows that
LS {&is — Bl&auis)}
- %Zgll { > il ;lt(f/b‘z{ - %Ugrm‘JT)Gbilt]}
S VA S (Pl Vi + Gy Vi) -
Clearly, the first term is the ‘average’ of n — 1 independent terms, as the second term

in the curling brackets is F,, ;_;-measurable, therefore it is the ‘average’ of a M.D. ar-

ray. Conditions of Theorem 19.7 of Davidson (1994) are easily verified, and hence
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% S {&i&is — El(&it&is)]} = 0,(1) for s # t. Since 7, is uniformly bounded, therefore

2%/21 Z?:l{%l ZtT=2 22;11 [rni(En,iénis — B(Enviénis))] = 0p(1), and Hy = op(1).

The proofs for H3 and Hj are similar as the proof for the second term of H;. The
proofs for H, and H, are similar to the proof of the first part of H;, as they each involves
a sum of n independent terms.

Subsequently, the cross-product term % > i Zthz 22:1 [9e98is — E(911295:5)] can

be decomposed in a similar manner, and the proofs of convergence of each of the decom-

posed terms are similar.
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