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Abstract

My dissertation consists of three essays that contribute new theoretical results to ro-
bust inference procedures and machine learning algorithms in nonstationary models.

Chapter 2 compares OLS and GLS in autoregressions with integrated noise
terms. Grenander and Rosenblatt (2008) gave sufficient conditions for the asymp-
totic equivalence of GLS and OLS in deterministic trend extraction. However when
extending to univariate autoregression model y; = ppyi—1 + U, pp = 1 + -5,
u;y = us—1 + €, and € is one 1id disturbance term with zero expectation and o?
variance, the asymptotic equivalence no longer holds. Under the mildly explosive
(¢ > 0, a € (0,1)) and pure explosive (¢ > 0, a = 0) cases, the limiting distri-
butions of OLS and GLS estimates are identical as standard Cauchy distribution,
and the OLS estimate has a slower convergence rate. Under the mildly stationary
(¢ < 0, a € (0,1)) case, the limiting distribution of OLS is degenerate centered
at —c, while the GLS estimate is Gaussian distributed. Under the local to unity
(av = 1) case, when ¢ > c*, the mean and variance of the asymptotic distribution of
the OLS estimate are smaller than the GLS estimate, showing the efficiency gains
in OLS.

Chapter 3 proposes novel mechanisms for identifying explosive bubbles in pan-
el autoregressions with a latent group structure. Two post-classification panel data
approaches are employed to test the explosiveness in time-series data. The first
approach applies a recursive k-means clustering algorithm to explosive panel au-
toregressions. The second approach uses a modified £-means clustering algorithm

for mixed-root panel autoregressions. We establish the uniform consistency of both



clustering algorithms. The abovementioned k-means procedures achieve the oracle
properties so that the post-classification estimators are asymptotically equivalen-
t to the infeasible estimators that use the true group identities. Two right-tailed
t-statistics, based on post-classification estimators, are introduced to detect explo-
siveness. A panel recursive procedure is proposed to estimate the origination date
of explosiveness. The asymptotic theory is available for concentration inequalities,
clustering algorithms, and right-tailed t-tests based on mixed-root panels. Extensive
Monte Carlo simulations provide strong evidence that the proposed panel approach-
es lead to substantial power gains compared with the time-series approach.
Chapter 4 explores predictive regression models with stochastic unit root (S-
TUR) components and robust inference procedures that encompass a wide class of
persistent and time-varying stochastically nonstationary regressors. The paper ex-
tends the mechanism of endogenously generated instrumentation known as IVX,
showing that these methods remain valid for short- and long-horizon predictive re-
gressions in which the predictors have STUR and local STUR (LSTUR) generating
mechanisms. Both mean regression and quantile regression methods are consid-
ered. The asymptotic distributions of the IVX estimators are new compared to pre-
vious work but again lead to pivotal limit distributions for Wald testing procedures
that remain robust for both single and multiple regressors with various degrees of
persistence and stochastic and fixed local departures from unity. Numerical exper-
iments corroborate the asymptotic theory, and IVX testing shows good power and
size control. The new methods are illustrated in an empirical application to evaluate
the predictive capability of economic fundamentals in forecasting excess returns in

the Dow Jones industrial average index.
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Chapter 1 Introduction

Nonstationary phenomena are commonly observed in return predictions and bubble
detections. This dissertation comprises three papers that solve several significant
problems in nonstationary time series models.

In the first essay, we focus on the asymptotic efficiency of estimates for time
series data with roots in the vicinity of unity. In Chapter 2, co-authored with Profes-
sor Peter C.B. Phillips and Professor Jun Yu, we compare the asymptotic efficiency
between the OLS and the detrending GLS estimates in the model with integrat-
ed errors. We derive the limiting distributions for pure explosive, mildly explosive,
mildly stationary, and local-to-unity time series models. We find that the asymptotic
equivalence between the OLS and GLS estimates does not exist. For pure explosive
and mildly explosive cases, the detrending GLS estimate has a faster convergence
rate. For mildly stationary cases, the OLS estimate has a degenerate distribution
with an asymptotic bias, while the detrending GLS estimate follows an asymptoti-
cally normal distribution located at the origin. For the local-to-unity case, when the
distance parameter is higher than a cut-off value, both the asymptotic bias and vari-
ance of the OLS estimate are smaller than the GLS counterpart. The observations
under the local-to-unity case show the efficiency of OLS under a specific situation
and complement the econometric theory.

In the second essay, we apply the machine learning algorithm to bubble detec-
tions. In the literature, the bubble detector implements the testing procedure based
on a single time series and suffers from a severe problem of lack of powers. In
Chapter 3, co-authored with Professor Jun Yu, we apply the panel approach to im-

prove the performance of bubble detections. We impose the latent group structure



on the panel model where we assume the roots within the same group are identical,
and the slopes across groups are heterogeneous. We believe there are three types of
groups: stationary groups, unity groups, and explosive groups. The explosive roots
represent bubble phenomena. We develop a two-stage algorithm with a k-means
clustering algorithm in the first stage and inferences in the second stage. We show
that the clustering algorithm consistently recovers group identities, and asymptot-
ically the estimated membership is the true membership. Besides, under the joint
convergence framework, we show that the limiting distribution of our estimator is
normal, and the panel ¢-statistic is pivotally distributed under the null hypothesis of
a unit root. For the structural break case switching from non-explosive regions to
explosive regions, we also propose a real-time detector to estimate the bubble orig-
ination date. In this case, the two-stage procedure still works. The test procedure
can consistently estimate the bubble origination dates at a faster rate than its time
series counterpart in the literature.

In the third essay, my focus turns to analyze the predictive powers of economic
fundamentals on asset returns. In Chapter 4, co-authored with Professor Phillips,
we extend the self-generated instrumentation to predictive regressions with unsta-
ble parameters. Due to the persistence of economic fundamentals, the spurious
correlation exists and contributes to the endogeneity problem of OLS estimates on
predictive regressions. This essay considers the STUR and local STUR models and
employs the robust inference procedure (IVX) based on self-generated instruments.
We show that with STUR and local STUR regressors, the IVX estimator follows an
asymptotic normal distribution. The Wald test based on the IVX estimator follows
an asymptotically chi-square distribution under the null hypothesis of no predictive
phenomena. The IVX estimators in quantile regressions and long-horizon predic-
tive regressions are also considered. Under both cases, the variant estimators of
IVX follow asymptotically normal distributions and contribute to the pivotal test
statistics. We also extend the above results to mixed-root cases. In the empirical

analysis, we apply the IVX inference procedure to the index return of the S&P 500



stocks and find the significant predictive powers of economic fundamentals.



Chapter 2 Asymptotic Comparisons of OL-
S and GLS in Autoregressions with

Integrated Disturbance

2.1 Introduction

Since it was first introduced by Aitken (1936) as an alternative to the ordinary least
squares (OLS) method, the generalized least squares (GLS) estimate has been wide-
ly used in practice, especially when the error term in a regression model is serially
correlated. In general, it is found that GLS and its detrending version are more
efficient than OLS, at least asymptotically.

There exist models, where OLS and GLS are equivalent asymptotically. For
example, Grenander and Rosenblatt (2008) found the sufficient conditions for this
asymptotic equivalence in the context of time series regressions when the regressor
has deterministic trends, and the error process is stationary. Hannan (2009) extended
the Grenander-Rosenblatt theorem to the multivariate time series regression. Park
and Phillips (1988) extended the Grenander-Rosenblatt theorem to the multivariate
time series regression model, where the regressors have stochastic trends. Kridmer
and Hassler (1998) extended the Grenander-Rosenblatt theorem to the univariate
time series regression model where the regressor is integrated of order d with d €
(0.5, 1.5). The sufficient conditions developed in these studies are satisfied in many
practically relevant time series. Therefore, empirical researchers can employ OLS

in these time series models without sacrificing asymptotic efficiency loss relative to



GLS.

The Grenander-Rosenblatt theorem relies on the continuity of the spectrum of
the error process at the origin. This condition is satisfied when the error process is
stationary. However, it is violated when the error process has a unit root. Phillips
and Lee (1996) showed that when the error process is integrated of order d with
0.5 < d < 1 or has a root which is local to unity, the asymptotic equivalence of
GLS and OLS breaks down and GLS is more efficient than OLS asymptotically.
Xiao and Phillips (2002) extended the result of Phillips and Lee (1996) to the model
where the error process is integrated of order d with 0.5 < d < 1.5.

This paper compares the asymptotic efficiency of OLS and GLS in the context
of autoregression (AR) when the error process has a unit root and the true slope is
near unit root.

The paper shows that for the explosive side of the model, OLS is inferior to
GLS only in the convergence rate. Still, for the stationary side of the model, OLS
badly behaves with an asymptotic bias and degenerate distribution. The most excit-
ing phenomenon occurs for the case of the local-to-unity model since the domain
of distance parameter determines the comparisons of asymptotic behaviors between
OLS and GLS. It is revealed that the convergence rates of OLS and GLS are iden-
tical. However, one cut-off point ¢* divides the domain of distance parameter into
two parts: when smaller than the cut-off point ¢*, OLS has a larger bias in the sense
of absolute value. For the domain on the right-hand side of the cut-off value, OLS
has both smaller bias and smaller variance. This observation proves the efficiency
gains of OLS under special cases.

The outline of the paper is as follows. In Section 2.2, the paper introduces the
model. In Section 2.2.1 and 2.2.2, the asymptotic theory for explosive root is given.
In Section 2.2.3, the asymptotic theory for stationary root is provided. In Section
2.2.4, the asymptotic theory for local-to-unity case is given. Section 2.3 contains a

brief concluding comment. All the proofs are collected in the appendix.



2.2 Model Specification and Asymptotic Theory

Suppose a time series y; is generated from the following model

Y = polYi—1 Hu, t =0,1,...n, 0 = w g + €, (2.2.1)

where ¢, w (0,0?%). Assume the true value of p,, takes one of the following cases:
(

Case 1 Pn=a>1,

Case 2 pnzl—i—ﬁ, c>0,

Case 3 pn:1+kin,c<0,

\Case4 pn=1+7,

where k,, satisfies the condition ki + %” — (. One widely used function that satifies
this condition is &k, = n® with « € (0, 1).

The OLS estimator of p,, is given by

Prots = D Y1t/ Y Uis- (22.2)
t=1 t=1

The detrending GLS regression performs OLS estimation on the first-order differ-

enced model:
Ay, = ppAy—1 + Auy = p Ay, + 6,6 =1,2,...,n, (2.2.3)
where Ay, = y; — y;_1. The detrending GLS estimator of p,, is

Prgis = D Ay1 Ay > Ay} (2.2.4)
t=2 t=2

The GLS estimate clearly makes use of the covariance structure of ;.



2.2.1 Case 1: pure explosiveness

In case 1, the model is

Y = paYi—1 +u,a>1,
U = Up—1 + €,

yo = 0,ug =0, =0. (2.2.5)

Denote pois = pnys and pyis 1= png,. Denote py, as p, so that p = a > 1. The
following theorem reports the limiting distribution of two important variables and

GLS estimate.

Theorem 2.2.1 Assume ¢, w N(0,0?%) fort = 2,...,n in Model (2.2.5). Denote

gls = Za )= €t> ngls = Za ]63 (226)

Asn — oo,

XTL S a.s 2
S = (OM, 0—212) , 2.2.7)
v 1—a

n,gls

where I, is a 2-dimensional identity matrix. The limiting distribution of pys is

an

m (ﬁgls — CL) a;s>. C, (228)

where C is a standard Cauchy variate.

Remark 2.2.1 The results in (2.2.8) are the same as those in White (1958) and An-
derson (1959). The above results are not surprising as in the first-order differenced
model €; YN (0,0?%) and Ay, = 0. Note that the almost sure convergence applies
due to the martingale convergence theorem. The normality assumption cannot be

relaxed, and the invariance principle is not available in this case.

Similarly, in OLS estimates, the asymptotic normality of another two variables

is derived in the following lemma.



Lemma 2.2.1 Assume {¢;};_, follow joint normality and €, % N(0,0?) fort =

2,...,nin Model (2.2.5). Denote

n

X ols :_\/_Z a Ty Y, o =Y aT (2.2.9)

7=1
Asn — 00,
b'e 0 o 0
n,ols (a—1)2
4N | e » . (2.2.10)
Yn,ols 0 0 m

Remark 2.2.2 The asymptotic covariance matrix of (X, ois, Yn.ols) is diagonal, sug-
gesting that X, ,s and'Y,, o are asymptotically independent. However, it is not pro-

portional to the identity matrix, unlike the asymptotic covariance matrix of (X, gis, Yn.gis)-

Theorem 2.2.2 Assume {et}le follow joint normality and €, i N(0,0?) fort =

2, ...,n in Model (2.2.5). The limiting distribution of pys is

an—i—l

—~ d
m (Pots —a) = C, (2.2.11)

where C is a standard Cauchy distribution.

Remark 2.2.3 Both OLS and GLS estimates follow standard Cauchy distributions
with different rates of convergence. The rate for OLS estimate is a" //n while the
rate for GLS estimate is a". Obviously, OLS estimate converges more slowly than

the GLS counterpart. This phenomenon suggests that GLS is more efficient than

OLS.

2.2.2 Case 2: mildly explosiveness

In Case 2, the model is

Yt = PnYt—1 1 U, (2.2.12)
c 1 k,
=1+ — =0, 0,
Pn k k —|— —0,c>



i.4.d 2
w=u—1+ €, ¢ ~ (0,0%),

= (VB =y (VE) 1 =0 (V).

Note that the normality assumption is not imposed here, different from the case of
pure explosive root.

The detrending GLS regression takes the same form as in Equation (2.2.3) with
p being replaced by p, (> 1). Since y1 = puyo + uo + €1 = 0, (V/ky), the initial
condition of the detrending GLS regression model is Ay, = o, (\/H)

Theorem 2.2.3 For Model (2.2.12), denote

—(n—t)—1

R I &
X ols i = —— N s Yo = —— e 2.2.13
7gl \/H ;p €t 7gl \/E lep 6_] ( )

Asn — oo,

Xn,ols 2
£>v/\[<02><1a;-_[2> .
Yn,ols ¢

Under Model (2.2.12), the limiting distribution of pr,, is

nhn  ~ d
p2_c(pngls - Pn) — Ca (2214)

where C is a standard Cauchy distribution.

Remark 2.2.4 The limiting distribution in (2.2.14) is identical to the case in Phillip-
s and Magdalinos (2007). Similar to Phillips and Magdalinos (2007), an invariance

principle applies so that we do not need to assume the normally distributed errors.

Lemma 2.2.2 For Model (2.2.12), denote

1 « 3N
Xiols i= E MUSUA s Yools i= kon 2 E o) U
ol kn/12 —1 P ol j=1 Pt

10



Asn — oo,

Xn.ols 0 & 0
) d 2

— N o
Yn,ols 0 0 2003

Remark 2.2.5 The asymptotic covariance matrix for X, o5 and Y, .5 is diago-
nal, but not proportional to the identity matrix. This covariance matrix indicates
the asymptotic independence between X, .5 and Y, os. The reason is that X,, 45
and Y, s converge to normal distributions involving different normalizations, i.e.,

3
kn/n and k2, respectively.

Theorem 2.2.4 For Model (2.2.12), the limiting distribution of py,,;, is

3
kipl
TZ)S(pnOZS — pn) i) C, (2215)
n(2c)?

where C is a standard Cauchy variate.

Remark 2.2.6 Both estimators follow standard Cauchy distributions asymptotical-
3

ly with different rates of convergence. The convergence rate for OLS is %", while

the rate for GLS is k,p;.. Similarly, the OLS estimate converges more slowly than

the GLS estimate. Again, we demonstrate the efficiency of GLS over OLS.

2.2.3 Case 3: mildly stationarity

In Case 3, the model is

Yt = PnlYi—1 + Ut, = ]-7 27 sy Ny (2216)
=1+ ! +k — 0, ¢ <0,
Pn k o ‘

Up = Us—1 + €, €t ~ (0702)7

Yo = OP(\/k_n)auo = Op(\/k_n>7€1 = OP(\/k_n)'

Different from Phillips and Magdalinos (2007) where a high-order moment con-

dition is needed (E|e;|**? < oo for some § > 0), in our discussions, only the

11



second-moment condition of €; has to be finite. Following the approach of Phillips
and Magdalinos (2007) we develop the asymptotic theory of OLS and GLS esti-
mates on Equation (2.2.16).

The detrending GLS regression takes the same form as in Equation (2.2.3) with
p being replaced by p, (:= 1+ ;& < 1). Since y1 = puyo + o + €1 = 0p(Vky), the
initial condition in the detrending GLS regression model is Ay; = o, (\/k_n) As

n — 00, we have the following limit theory.

Theorem 2.2.5 For Model (2.2.16), as n — 00,
(a) o= S0y (A)* 5 25

(D) \/%Tn S ey 5 N0, %5)-

(¢) VEn(Prgis = p) > N (0, —2¢).

When OLS is conducted for Model (2.2.16), we have the following theorem.

Theorem 2.2.6 For Model (2.2.12), as n — o0,
(@ g Silavia = S { TR 4o (1),
(b) n’i—}in > iy Yeuy = Oy(1);

() kn(Pross — Pn) — —c, where c is the distance parameter.

Remark 2.2.7 Since \/nk,/ (k,) — oo, GLS has a faster rate of convergence and
hence is asymptotically more efficient. Similar efficiency gains of the detrending
GLS estimates are demonstrated in Phillips and Lee (1996) and Xiao and Phillips
(2002). Moreover, the OLS estimate follows a degenerate distribution. One possible

explanation is that the unit root has spectra with a singularity (a pole) at the origin.

2.2.4 Case 4: local-to-unity Autoregression

The local-to-unity model initiated in Phillips (1987b) characterizes the near-unity

behaviors. The model follows,
Yo = Pali—1+u, t=1,2,...,n, (2.2.17)
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c
pn = 1+ —, —00 < c < o0,
n

i.4.d 2
w = w_1+e€, ¢ ~ (0,07,

Yo = 0,(1), up=0,(1), €, = 0,(1).

If ¢ = 0, y; has two unit-roots as differencing ¥, twice gives ¢;. In this case, dif-
ferencing y; and running OLS on the first differenced equation yield the following

well-known asymptotic theory

Jo W(r)dw (r)
fol W2(r)dr

(s — 1) = : (2.2.18)

where W (r) is a standard Brownian motion. The discussion of 1(2) co-integration
has also provided in Phillips and Chang (1994), and Harris (1996), showing the
O, (n?) convergence rate.

When ¢ # 0, the detrending GLS regression takes the same form as in Equation

(2.2.3) with p being replaced by p, = 1+ <. Let J.(r) := [ e dW (s) ~

N (O, ergc—l ) The limiting distribution of GLS is summarized in the following the-

orem.

Theorem 2.2.7 For Model (2.2.17), as n — 00,

Jy Je(r)aWy ()

0
fol J2(r)dr

n (p/;bgls - p) =

OLS is conducted over model (2.2.17) directly. Denote I.(r) := [ e“"=W (s)ds
satisfying dI.(r) = (cl.(r) + W (r))dr with I.(r) = 0. The asymptotic results of

the OLS estimate are summarized in the following theorem.

Theorem 2.2.8 For Model (2.2.17), asn — oo and t = [T'r],
(a) n’%y[ﬂ] = ol.(r).

(b)n~s Y =0 fol I.(r)dr.

() n~ Sy = o2 [i I2(r)dr.

(d)n 0 gy = G {L(1)} — co? [ I2(r)dr.

13



~ L)y —c [F12(r)dr
(€)1 (noss = p) = = IE(Tf)Odr

Remark 2.2.8 Both p,,, and p,,, are consistent estimates. The rates of conver-
gence of pnys and pp,s are the same (n), although the limit distributions are dif-
ferent. The expectations of the two ratios are not zero, representing the existence

of asymptotic bias for both py ., and py,,,. Unfortunately, it is almost infeasible to

()Y —c [y I2(r)d
) 12(r)dr

1
L. .
compute the moments of 2 " in the closed forms.

One exciting fact found here is that the detrending GLS is inferior to OLS in
the sense of bias and variance for some region of distance parameter in the local-to-
unity model. This observation contradicts the common sense in econometric theory.

By checking Table 2.1, on the stationary and unit root side, the OLS limiting
distribution has a larger bias than the detrending GLS case. However, when ¢ > 1,
the asymptotic distribution of OLS has both the smaller bias and smaller variance.
Therefore, in contrast to the standard results of GLS and OLS, there are efficiency
gains for OLS when ¢ > 1. Table 2.2 illustrates the abovementioned results. More-
over, from Table 2.3 and Table 2.4, one structure change occurs at ¢* € (0, 1).
When 0 < ¢ < ¢, OLS has a larger bias than detrending GLS. Again, the inter-
esting fact occurs when ¢* < ¢ < 1. In this case, the OLS distribution has both a
smaller bias and smaller variance, similar to the discussions of ¢ > 1.

Table 2.1: Local-to-unity on stationary side(c<0), iteration=2,000

Distance Parameter c=-3 c=-2 c=-1 c=0
Estimation Method | OLS GLS OLS GLS OLS GLS OLS GLS
n=100 mean | 4.4044 | -1.9615 | 3.5369 | -1.9530 | 2.7164 | -1.9114 | 1.9642 | -1.8110
variance | 1.2743 | 14.9964 | 1.3089 | 13.1734 | 1.3419 | 11.4686 | 1.3575 | 10.0237
n=500 mean | 4.5026 | -1.8516 | 3.6150 | -1.8473 | 2.7705 | -1.8219 | 1.9925 | -1.7487
variance | 1.3588 | 15.8125 | 1.3652 | 14.0048 | 1.3591 | 12.2900 | 1.3485 | 10.7483
n=1,000 | mean | 4.4963 | -1.9243 | 3.6093 | -1.9024 | 2.7683 | -1.8565 | 1.9944 | -1.7526
variance | 1.2817 | 14.9628 | 1.3010 | 13.0747 | 1.3115 | 11.2435 | 1.3032 | 9.4810
n=2,000 | mean | 4.5038 | -2.0183 | 3.6163 | -1.9934 | 2.7740 | -1.9371 | 1.9976 | -1.8144
variance | 1.2605 | 15.9271 | 1.2819 | 13.9369 | 1.2932 | 11.9208 | 1.2816 | 9.9006

Results for the local-to-unity case are collected in the following corollary.

Corollary 2.2.9 For Model (2.2.17) with ¢* € (0, 1),

(a) when c < c*, the detrending GLS estimate has a smaller asymptotic bias;
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Table 2.2: Local-to-unity on explosive side(c>1), iteration=2,000

Distance Parameter c=1 c=2 c=3 c=4
Estimation Method | OLS GLS OLS GLS OLS GLS OLS GLS
n=100 mean 1.3060 | -1.6087 | 0.7666 | -1.2768 | 0.3924 | -0.8980 | 0.1784 | -0.5477
variance | 1.3187 | 8.7617 | 1.2436 | 7.1120 | 1.1301 | 5.4769 | 0.8629 | 3.7867
n=500 mean 1.3190 | -1.5777 | 0.7903 | -1.2729 | 0.4094 | -0.8884 | 0.1593 | -0.5555
variance | 1.3263 | 9.3550 | 1.2262 | 7.7584 | 0.9670 | 6.6490 | 0.7831 | 3.7412
n=1,000 | mean 1.3153 | -1.5481 | 0.7694 | -1.2745 | 0.3853 | -0.9230 | 0.1578 | -0.5655
variance | 1.2691 | 7.9567 | 1.1964 | 7.6006 | 1.0739 | 6.0589 | 0.8404 | 4.5792
n=2,000 | mean 1.3123 | -1.5852 | 0.7538 | -1.2633 | 0.3836 | -0.8562 | 0.1511 | -0.5314
variance | 1.2371 | 8.0033 | 1.2236 | 6.3402 | 0.9360 | 4.6719 | 0.7540 | 3.6020

Table 2.3: Local-to-unit on the explosive side(0<c<0.4), iteration=2,000

Distance Parameter c=0.1 c=0.2 c=0.3 c=0.4
Estimation Method | OLS GLS OLS GLS OLS GLS OLS GLS
n=100 mean 1.8937 | -1.7963 | 1.8242 | -1.7805 | 1.7905 | -1.7195 | 1.6882 | -1.7454
variance | 1.3568 | 9.8951 | 1.3556 | 9.7685 | 1.4095 | 10.2341 | 1.3509 | 9.5196
n=500 mean 1.9196 | -1.7370 | 1.8479 | -1.724 | 1.7773 | -1.7104 | 1.7151 | -1.7191
variance | 1.3474 | 10.6057 | 1.3464 | 10.4649 | 1.3452 | 10.3257 | 1.3537 | 10.4739
n=1,000 | mean 1.9217 | -1.7372 | 1.8500 | -1.7207 | 1.7793 | -1.7030 | 1.6744 | -1.7417
variance | 1.3009 | 9.3116 | 1.2984 | 9.1443 | 1.2955 | 8.9796 | 1.2892 | 9.0974
n=2,000 | mean 1.9246 | -1.7968 | 1.8525 | -1.7779 | 1.7813 | -1.7579 | 1.7112 | -1.7367
variance | 1.2784 | 9.7025 | 1.2748 | 9.5058 | 1.2708 | 9.3106 | 1.2664 | 9.1170

Table 2.4: Local-to-unity explosive model(0.4<c<1), iteration=2,000

Distance Parameter c=0.5 ¢c=0.6 c=0.7 c=0.8
Estimation Method | OLS GLS OLS GLS OLS GLS OLS GLS
n=100 mean 1.6218 | -1.7260 | 1.5564 | -1.7053 | 1.4921 | -1.6832 | 1.4290 | -1.6598
variance | 1.3475 | 9.3963 | 1.3432 | 9.2728 | 1.3382 | 9.1485 | 1.3323 | 9.0224
n=500 mean 1.6397 | -1.6791 | 1.5728 | -1.6616 | 1.5073 | -1.6427 | 1.4431 | -1.6225
variance | 1.3423 | 10.0503 | 1.3403 | 9.9132 | 1.3379 | 9.7758 | 1.3348 | 9.6374
n=1,000 | mean 1.6410 | -1.6642 | 1.5735 | -1.6431 | 1.5071 | -1.6209 | 1.4419 | -1.5976
variance | 1.2890 | 8.6598 | 1.2854 | 8.5061 | 1.2816 | 8.3577 | 1.2776 | 8.2157
n=2,000 | mean 1.6420 | -1.7143 | 1.5739 | -1.6907 | 1.5069 | -1.6660 | 1.4409 | -1.6401
variance | 1.2616 | 8.9253 | 1.2566 | 8.7356 | 1.2515 | 8.5482 | 1.2464 | 8.3635
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(b) when c > c*, the OLS estimate has both the smaller asymptotic bias and vari-

ance.

2.3 Conclusion

The main results discussed above are classified as follows: For autoregressive model
with I(1) error as in the (2.2.1), there is no asymptotic equivalence between detrend-
ing GLS and OLS,

(1) For pure explosiveness (p,, = a > 1), the limiting distributions of both the OLS
and the detrending GLS estimates are standard Cauchy distributions. However, the
OLS estimate has a slower convergence rate than the GLS estimate.

(2) For mildly explosiveness (p, = 1 + 3=, where ¢ > 0), the limiting distributions
of both the OLS and the detrending GLS estimates are standard Cauchy distribu-
tions. The OLS estimate has a slower convergence rate.

(3) For mildly stationary models (p, = 1 + ;=, where ¢ < 0) and local-to-unity
models (p, = 1 + = with ¢ < ¢*), there are efficiency gains in the detrending GLS
estimate.

(4) For local-to-unity models (p, = 1+ < with ¢ > ¢*), there are efficiency gains in

the OLS estimate.
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Chapter 3 Panel Approaches to Economet-

ric Analysis of Bubble Behaviour

3.1 Introduction

Financial bubbles, such as the dot-com bubble, are well recognized as explosive
deviations of asset prices from their fundamental values. According to the present

value model,

b= ; (1 +Tf) Ei (Diri) + B, (3.1.1)

where at time ¢, F; is the price of an asset, D; is the payoff of the asset, 7 is the
risk-free interest rate, and B; represents the bubble component which satisfies the
submartingale property:

E; (Bit1) = (1 +1¢) By.

When there are no bubbles (i.e., B, = 0), the asset price is completely deter-
mined by dividends and unobserved fundamentals. If {D,.;} contains a unit root
(i.e., I(1)), then the asset prices { P} cannot be explosive. However, if there is a
bubble (i.e., B; # 0), { B;} and hence, { P,} must be explosive. This outcome is the
economic reason why econometric analysis of bubble behaviour has been focused
on doing right-tailed unit root tests on asset prices adjusted by fundamentals; see,
for example, Phillips, Shi, and Yu (2015a) (PSY hereafter).

Conventional econometric methods for bubble detection, including the Dickey-
Fuller (DF) test and the augmented DF (ADF) test of Diba and Grossman (1987),
the SADF test of Phillips, Wu and Yu (2011) (PWY hereafter) and Phillips and
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Yu (2009, 2011), and the GSADF test of PSY (2015a, b), are always based on
single time-series. After a bubble is found, the time series method is then used to
estimate the bubble origination and termination dates. For example, PWY (2011)
used the ADF test and the first-crossing principle to timestamp a bubble whereas,
PSY (2015a) used the maximum of ADF test and the first-crossing principle to
timestamp each bubble when there are multiple bubbles in the sample.
Unfortunately, the time-series methods may not have good powers, especially
when a bubble is short-lived or when a bubble grows slowly. To demonstrate the
low-power problem of the DF test when a bubble is short-lived or when a bubble
grows slowly, we design two experiments. In both experiments, we simulate data

from the following explosive AR(1) model,
Yt = PYt—1 + Ut, Yo = 07 Ut ~ N(O7 1)7t = 17 2a "'7Ta (312)

and use the DF statistic (p — 1) /s.e.(p) to test Hy : p = 1 against Hy : p > 1,
T

T T T T 2
where p = 3 (yt -7 yt) (yt—l — 72 yt—l) /> <yt—1 -T2 yt—1) is
t=1 t=1 t=1 t=1 t=1
the least-squares (LS) estimator of p and s.e.(p) is the standard error of p. In the
first experiment, we take the empirical estimate of p as found in PWY as the true
value of p (i.e., p = 1.033 and p = 1.040) but set 7' = 10, 20, 30. In this experimen-
t, the bubble is short-lived but empirically realistic, judged by the empirical results
reported in PSY (2015a). Table 3.1 reports the powers (i.e., relative frequency out
of 10,000 replications) of the right-tailed DF test rejecting the null hypothesis. Es-
sentially, when the bubble is short-lived, the power of the right-tailed DF test is
deficient, ranging from 0.0916 to 0.2334. In the second experiment, we take the
empirical estimates of p as found in empirical evidence as the true value of p (i.e.,
p = 1.0017 and p = 1.0068). In this experiment, the bubble grows very slowly, but
these growth rates are empirically reasonable judged by the empirical results that
will be reported later. Once again, when the bubble grows slowly, the power of the

right-tailed DF test is very low, ranging from 0.0598 to 0.2892.

In practice, prices of multiple (say n) assets are often available over the same
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Table 3.1: Power of the right-tailed DF test when a bubble is short-lived.

T 10 | 20 | 30 10 | 20 | 30 |
p 1.033 1.040
Power | 0.0916 | 0.1202 [ 0.1732 [ 0.0975 | 0.1403 | 0.2334 |

Table 3.2: Power of the right-tailed DF test when the bubble grows slowly

T 50 [ 100 | 200 50 [ 100 [ 200 |
p 1.0017 1.0068
Power | 0.0598 | 0.0604 | 0.0766 | 0.0791 | 0.1095 | 0.2892 |

time, leading to the availability of panel data. In this paper, we propose to use
panel data models to improve the power in bubble detection. Intuitively, as long as
there is some homogeneity over cross-sectional units within groups and the group
structure is known, panel data models based on pooling cross-sectional data within
the same group should sharpen the statistical inferences on the common explosive
root and hence, deliver better power performance than the method based on single
time series.

Unfortunately, in almost all practically relevant cases, the true group structure is
latent and has to be estimated from the panel data. In this paper, to identify the latent
membership, we consider several grouping strategies. To determine the number of
groups, we use the Bayesian information criterion (BIC).

Two different specifications for the panel data model are considered in this pa-
per. The first specification is the explosive panel autoregressive model. We use
the recursive k-means algorithm of Bonhomme and Manresa (2015) to identify the
group structure. The second specification is the mixed-root panel autoregressive
model in which explosive, stationary, and unit root time series are mixed together.
For bubble detection, it is perhaps too restrictive to impose homogeneous explosive
roots. Thus, it is more realistic to argue that explosive roots exist in a proportion
of individuals. For the case of mixed roots, we apply the modified k-means algo-
rithm of Lin and Ng (2012) to identify the group structure. We show the uniform
consistency of both classification algorithms.

We derive the oracle property of two post-classification estimators under the
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joint asymptotic scheme, that is, n — oo and 7' — oo. The oracle property reveals
that the distance between the post-classification estimators and the oracle-within
estimators is diminishing. The diminishing distance verifies the optimality of two
the k-means classification procedures from the estimation perspective.

After the classification of groups is made, we provide two right-tailed ¢-statistics
for the detection of explosiveness. Under the null hypothesis of a unit root in a spe-
cific group, the proposed statistics converge to standard normal distributions. They
diverge under the alternative hypothesis of explosive roots. Our panel ¢-statistics
are superior to the ADF test in two aspects. First, our panel data based ¢-tests are
more powerful than the time series based DF test. Our asymptotic theory shows that
the panel ¢-statistics diverge at a faster rate than the ADF statistic. Extensive Monte
Carlo simulations demonstrate that the empirical power of the panel ¢-statistics is
much higher than the ADF statistic. Second, unlike the ADF statistic whose limiting
distribution is non-standard, the panel ¢-statistics have the standard asymptotically
normal distribution under the null hypothesis. Hence, it is easier to implement the
proposed tests than the ADF test.

Based on the panel ¢-statistics, we then propose a real-time estimate for the bub-
ble origination date and develop the asymptotic theory of the estimator. In particular,
based on the k-means classifications, we employ the forward recursive right-tailed
panel t-test to estimate the starting date of the bubble.

Our paper makes several contributions. First, it contributes to the literature on
bubble detection. Based on the uniformly consistent classification of individuals,
the proposed panel procedure greatly enhances the power of methods based on a
single time series.

Second, our paper contributes to the literature on data-driven classification. Al-
though there are several existing classification algorithms, most of the methods are
developed for the stationary case only. An exception is the LASSO algorithm in
Huang et al. (2019), which, however, does not directly apply to the mixed-root pan-

el autoregression. To the best of our knowledge, our study is the first attempt to

20



extend classification algorithms to mixed-root panels.

We use the following notations throughout the study. The notations —, i, and
= denote convergence in probability, convergence in distribution, and convergence
in functional space, respectively. Correspondingly, (n,7") — oo denotes the joint
limit. The notation A > B implies B/A = o(1) as (n,T') — oo. The notation
A >, B implies B/A = o, (1) as (n,T) — oo. The notation A ~ B represents

B/A=0,(1)as (n,T) — o0

3.2 Model Setup

The generic panel autoregressive model we consider is

Yie = i+ PiYiz—1 + U,
Yio = Op (T%) )
0

G
pPi = 1+ﬁ7
Z - 1727 7”7
t = 1,2,...T, (3.2.1)

where {u; } is a martingale difference sequence with a conditional second moment
o? (i.e., E (u},|Fis—1) = o for any ¢ and ¢, where F; ;1 := 0 {ui1—1,Uit—2,...})
and finite ¢'" moments with ¢ > 4 for all 4 and t. We assume v € (0,1). In
this model, j; is an individual fixed effect for each i with y; = O (T~') whose
magnitude depends on the sample size and is diminishing asymptotically.

For the AR coefficient, we assume there exist positive values ¢; and ¢, such that
& € [—cy, —¢] U {0} U [c, c,]. The boundedness imposes an identification con-
dition for parameters. Otherwise, there exists an identification problem. Generally,
we assume a known and homogeneous scaling parameter v and unknown hetero-

geneous distance parameters, {c?}"_,. As we only care about the signs of distance

parameters, the value of +y is of no interest.
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In this study, we adopt a setup that lies between the homogeneous panel (¢! =
c") and the heterogeneous panel (¢ # ¢} for any i # 7). In particular, we assume

the following group structure as
KO
=Y al1{icd}, (3:2.2)
g=1

where o) # o] for any g # I, U;iol Gy = {1,2,..,n}, and G) N G} = & for
any j # g. Letng = #Gg represents the cardinality of the true group Gg. Let
A be a set of arbitrary K° x 1 vectors o (:= (ay, o, ..., ago)), and C be a set of
group-specific distance parameters, so that ¢ (:= (¢, Cs, ..., Cxo)) € C. Within the
same market sector or convergence club, all cross-sectional units share the identical
distance parameter «,. To obtain the asymptotic properties of classification and
inference, we first assume that the true group number, K, is known while the true

memberships are latent and unknown. We then propose to use the BIC to estimate

the number of groups.

The true group-specific parameters are defined as ¢ := (¢,¢), ..., %) € C,
a® = (af,...,a%) € Aand & = (,...,%) € @, where & := [—¢,, —¢] U

{0} U [c1, ). The true group membership variable {g?}"" | maps individual units
into groups. Foreachi = 1,2,...,n,and g = 1,2,..., K°, the event ‘¢? = ¢’ is
equivalent to ‘¢ € GS’. With any estimator {g;}._, the event ‘g; = ¢’ is equiv-
alent to ‘2 € @g’ foreachi = 1,2,...,n,and ¢ = 1,2,..., K°. We denote § :=
(91,92, -+, gn) € Ao as a particular grouping of 1, where A o unit is the set of all
groupings of {1,2,...,n} into at most K° groups. For the g group, we define the
AR coefficients and their estimators as p{) (:= exp (aJ/T7)), 72 (:= exp (a2/T7)),
p; (:= exp (@/T")). For simplicity, we write p) (:= exp (¢?/T7)) as p;.

Two kinds of panel autoregressive models are considered in this paper. The first

one is the pure explosive panel, while the second one is the mixed-root panel. For
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the explosive panel, its group structure follows,

Groupl: af>0

Group2: a9>0

\Group KY: a%, >0

For the mixed-root panel autoregressive model, three potential classes of groups are
considered: (1) explosive roots (ozg > 0); (2) unity roots (ozg = 0); (3) stationary
roots (ag < 0). For the mixed-root panel, the group structure of the mixed-root

panels follows as

Group1: af >0

. Group2: a5 >0
Explosive Groups :

| Group k@ aj >0
Unit Root Group :  Group : (k+1) af,,) =0
(

Group (k+2): af ) <0

Group (k+3): a4 <0
Stationary Groups : P ) (k+3)

Group K : %0 <0

As it is highly restrictive to assume all individual assets have bubbles, the mixed-

root panels accommodate explosive roots in a proportion of cross-sectional units.

3.3 A Two-stage Approach

For explosive analysis, we apply classification methods in the first stage. Based on
the estimated group structures in the first stage, we build post-classification estima-
tors and testing statistics in the second stage. We consider two inference procedures

for explosive analysis. The first is to detect the existence of explosive root using
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the right-tailed ¢-test. The second is to estimate the bubble origination dates using a

recursive algorithm. Both inference approaches rely on estimated group identities.
In the first panel model, we employ the recursive k-means classification pro-

posed in Bonhomme and Manresa (2015). In the second panel model, we consider

the modified k-means classification proposed in Lin and Ng (2012).

3.3.1 Stage 1: classification

Recursive £-means algorithm for explosive panels

In this subsection, we consider using the recursive k-means classification algorithm
to identify the group structure in the explosive panel autoregressive model. When
memberships are unobserved, two types of parameters are considered: the param-
eter vector {c?};_, C [c,c,], and the group membership variable {¢?}._,, which
maps cross-sectional units into groups. Note that group-specific distance parameter-
S, {C?}?:p are well separated with minimum distance ¢* > 0; otherwise, we cannot
correctly allocate individuals into the true groups.

The grouped estimators of {c};_,, {g?}:, in (3.2.1) are defined as the solution

to the following optimization problem:

2
£6)=arg  min OnT% Z o Z (yzt i1 €xP (7:?)) . (330

where § = {g1, 92, ..., 9o} groups n units into K° groups. We employ {g;}_,
as the collection of least squares (LS) estimates for each individual time series.
To eliminate fixed effects, we employ a demeaned process as y;; := y; — y; and
Yit—1 = Yit — Y; . For given values of {Eg}f:ol, the optimal group classification

foreach: =1,2,....,nis

Py 1 S ’
9:(c) —arg min o 2 {yn Yi,t—1€Xp (T H , (3.32)

where the minimum ¢ optimizes a k-means classification problem. The estimator

24



KO

{/E\g} of (3.3.1) optimizes the following objective function:
g=1

n

T - 2
~ 1 " _ Csu(z
¢ = alg it nT2 Z 52T Z (yz’t — Yit—1€Xp (—;2))) ) (3.3.3)
=1 Pi =1

where g;(¢) is derived by (3.3.2). The classification estimates of {¢?};_, are simply
9:(C).

The following algorithm summarizes the recursive k-means procedure to mini-
mize (3.3.1) in the following steps.

Step 1: Let the initial values {c } be the collection of individual LS esti-
mates forall 7 € {1,2,...,n};

Step 2: Forany ¢ = 1,2, ..., n, compute

(s+1) 1 g
g7’ =arg min it — Yit_1 XD

N ‘@A'

in
T2~ 22T
9€{1,2,... K%} TV p;

2
)) L (3.3.4)

Step 3: Compute

n

2
~(s+1) 1 1 (s+1)
¢, = argmin- Z T 2 (yn — Jat-10xp ( o) 635

Step 4: Set s = s + 1 and go to Step 2 (until numerical convergence).

This computation algorithm consists of two iterated steps, ‘assignment’ as in
Step 2 and ‘update’ as in Step 3. In the ‘assignment’ step, each cross-section unit
1 is assigned to the nearest group g; based on the distance defined in (3.3.4). In the
‘assignment” step, to re-allocate centres of groups {g;};_,, we compute {¢;},_, (or
{/_c\gi }:;l equivalently) by minimizing (3.3.5).

When conducting the numerical simulations, we assume the value of y is known,
and report the performance of the two-stage algorithm based on this prior informa-
tion. As -y is assumed to be homogeneous across individuals, the specific value of ~y

will not disturb the performance of the classifier.
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Modified k-means algorithm for mixed-root panels

If (3.2.1) incorporates explosive, stationary, and unit roots, the recursive k-means
algorithm fails. Because of heterogeneity in adjustment rates, the sample moments
of stationary individuals are asymptotically unstable. To accommodate the mixed
roots, we follow the clustering approach in Lin and Ng (2012). We summarize the
algorithm in the following steps.

Step 1: We derive LS estimates {¢;};_, as

T ~ ~ T _ _
o = pr e BB Doy Wiamt = W) (e =) 5

T — 2
Zt:l ?Ajiz,tfl Zle (yi,t—l - yi,—l)

Step 2: To recover latent memberships, we apply the k-means cluster algorithm
for {¢;};_,. Specifically, with & = (ay, az, ..., ago) € A being any arbitrary K x 1

vector for o, o, ..., ago, we define

~ le— . )
Qn (o) = o2 min (¢ —a)”,
i=1
and @ = (Qy,Qy,...,0k0) With @ := argminge 4 @n (). Therefore, we further

compute the estimated cluster identity as

g; = arg min [¢; — qy,
1<I<KO

where if there are multiple [’s that achieve the minimum, g; takes the value of the
smallest one.

When ¢ > 0, we have ¢; — ¢ = O, (%) When ¢ = 0, we have ¢; — ¢ =

(3

O, (#). When ¢! < 0, we have ¢; — ¢ = O, (%) However, the pointwise con-
T 2
vergence rate of each ¢ is insufficient for showing classification consistency. Instead,

we need to verify the uniform convergence rate for ¢; overi = 1,2, ..., n.
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3.3.2 Stage 2: post-classification estimation, bubble detection

and bubble timestamping

Based on classifications, we consider two pooled LS estimators for o (¢ or ¢,
equivalently), namely, the oracle estimator and the post-classification estimator. The

oracle within estimator for the AR coefficient in the g** group is

T ~  ~
~ ziGGg > i1 Yit—1Uig

Py — Py = 7 (3.3.7)
ZieGg D im1 Vi
Similarly, the post-classification within estimator for the g** group is
= Zz G Zle Yit—1Uit
Py — Do = =t (3.3.8)

T )
Zieég thl ??i,t—l

K© 0

-~ . . . . K

where we define {Gg} as any consistent classification estimates on {GS }971'
g=1 -

Under the model (3.2.1) with latent memberships, we can estimate 02 consis-

tently for each g = 1,2, ... K°. Define

~ 1 A
7= ST SO (3.3.9)

ieG, t=1

where @-t = Uit —ﬁggji,t,l, ng = #@g, and ﬁg is defined by (3.3.8). Since we assume

homoskedasticity over iz = 1,2, ..., n, we have

T
1 ~2
N2 _ ~
7= Z > iy (3.3.10)
ieGy =1
forany g =1,2,..K°
Based on (3.3.10), we can establish the inference procedure to justify the accu-

racy of our post-classification estimator. To test the null hypothesis H, : ¢°

g:CT’
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we propose the following ¢-statistic:

7 - Pr DAn
i Pg=p)VDynr (3.3.11)

g ~ )
g

where Dj,,r = Zieég ZtT:1 @;'Z,t—l. If we let ¢, = 0, the statistic (3.3.11) can be

employed to test the existence of bubbles. To test the null hypothesis H, : Eg =0,

we choose the following the panel statistic as

%v B (%ﬁ - 1) V ch},nT

G =

= (3.3.12)
g
Under the alternative H; : 62 > 0, the fact that the statistics (3.3.12) diverge faster
than the time-series statistic of Diba and Grossman (1988) illustrates the superiority
of our panel approach. Obviously, the statistic ?g of (3.3.12) corresponds to the
full-sample statistic and can detect the signal of bubbles. However, the full-sample
statistics cannot date the origination of bubbles.

To consistently estimate the origination of explosive subperiod, we propose the

following subsample statistic:

(B 1) VD )

ag(r)

, (3.3.13)

where ﬁg (r) is the post-classification within estimator of ﬁg based on the first 7 =
[T'r] observations in the g'" estimated group, and 52(r) is the estimator of o based
on the first 7 = [T'r] observations in the g estimated group. The notation Dy .7 (1)
is the sample moment on the first 7 = [T'r] observations in the ¢** estimated group.
The sub-sample statistic (3.3.13) is the foundation for the estimate of the bubble
origination date.

Our inference procedure extends the framework of PWY and PSY. In PSY, the

recursive approach is proposed to detect the explosive behaviour and date-stamp the
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origination of bubbles. The regression model used in PSY is
gt :&+ﬁglf—l+ut7

where u; is the equation residual. The parameter 8 = 0 under the null hypothesis
of no bubble and 5 > 0 under the alternative hypothesis of bubbles. Therefore, the
standard DF test under the null hypothesis Hy : 5 = 0 is

B

()

DF =

where

T Zle Agtgt—l - Zz 1 Agt Zf 1 gt—l
T
TZt:l ?7152—1 - (Zt 1yt 1)

w(d) = ag[i@fl—(zyt ) |

t=1

@)
I

Y

l\:)\»—‘

R 1 o~ 2 1 - e
05 = T Z <Ayt —a— 531:5—1) y & = T (Ayt - 5%71) .
t=1

The DF statistics obtained from these subsample (starting from r; and ending at
r9) regressions are represented in the sequence {DF,, ,,}. The detection for the

existence of bubbles relies on the supreme statistics as,

PSYT = sup {DF’I‘1 ,7‘2} )

r1€[0,r—Tmin],ro=r

where Ty = [T7min] is the minimum sample size required to initiate the procedure.
The origination date of a bubble is defined to be the first observation where the

supreme statistic exceeds the diverging critical value as,

7= inf {s:PSY, > cvg, }.,

S>Tmin

where cvg,, is the critical value with significance level 5p, — 0.

29



Following PWY, we propose a recursive algorithm to date the bubble origina-
tion. Since we only consider a single bubble case, we employ the ¢-statistic rather
than the supreme ¢-test. Based on the recursive procedure of the panel ¢-test, we use
the classified groups of panels to data-stamp the origination. We date the origination

of an explosive episode as

= s1£17fo {s t (s) > cngn} , (3.3.14)
and
e = Slgrfo {s:%5(s) > cvgp, } s (3.3.15)

where cvg,. is the right-side 10057,% critical value of the limiting distribution of
% and %; statistics based on 7, = [T's] time horizon, and f7, is the size of the one-
sided statistics. The parameter r is the minimum sample size required to initiate the
regression. We allow 1, — 0 as (n,7T) — oo because, in this event, cvg,,, — 0.
This recursive method can apply in the same way to the PWY procedure based on

the ADF statistic.

3.3.3 Estimation of K°

To estimate the true number of groups, we rely on the Bayesian information criterion

(BIC) which is defined as:
BIC(K) — 1 e ~KN\2 K+ n T
=T Z (yzt Yii-10g, ) + T og(nT),

=1 t=1

n

~(K ) . . ) ~ .
where (ﬁéi )) ~is the post-classification estimator based on K groups and ¢ is

the variance estimator (3.3.10). Post-classification estimators based on both the
recursive k-means and the modified k-means are applicable. The estimation of the
group number is achieved by choosing the optimal /& which minimize the BIC, that
18,

K =arg min  BIC(K), (3.3.16)

=1,2,...,Kmax
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where K, 15 a generic upper bound of K. The BIC represents a balance between
model fitness and penalty of over-fitness. In addition to the BIC function considered
in Bai and Ng (2002), Bai (2003, 2009), the Deviance information criterion (DIC)
in Spiegelhalter et al. (2002) and Li et al. (2019) also can be employed to select the

true number of groups.

3.4 Asymptotic Theory

In this section, we study the asymptotic properties of the k-means algorithms un-
der the respective panel models. We will show that the classification algorithms
can recover the latent group structure consistently. Given this consistency, we can
demonstrate that the feasible estimators of the AR coefficients are asymptotically
equivalent to the oracle estimators that are derived as if the true group structure was
known. We also provide the asymptotic distributions of the estimators of the AR
coefficients. In this section, we justify the consistency of explosiveness statistic-
s under the alternative hypothesis of explosive roots. We also show our recursive
method can date the origination dates of explosive episodes with better accuracy
than PWY. At last, we demonstrate that the BIC estimator on K is consistent.

To demonstrate the asymptotic theory of our two-stage procedure, we impose

two assumptions.

Assumption 1 (i) For each i, the individual fixed effect y; = O (T~1) or pu; = 0.
(ii) The error process {u;} is a martingale difference sequence with a homo-
geneous conditional second moment o* (E (u,|Fi—1) = o for all i and t, where
Firo1:=0{Uis1,Uis 2,..}) and finite ¢"" moments with ¢ > 4 for all i and t.
(iii) Initial conditions: Assume that v,y = 0 almost surely for all i, vy, is inde-
pendent of u;; for all i and t, and u;s = 0 for all s < (.
(iv) There exist ¢, and c¢; such that for each i € {1,2,...,n} so that we have
0<qg<|d] <e,<ooord =0.

(v) There exists a constant c* € (0, 00) such that inf,_ _ /o {ozg — ozg, > c".
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Assumption 1(i) provides restrictions on individual fixed effects. Assumption
1(ii) assumes the martingale property for innovations. Assumption 1(iii) imposes
restrictions on the initial conditions. Assumption 1(iv) imposes an identification
condition for distance parameter. Assumption 1(v) gives another identification con-
dition where the group-specific parameters are well separated from each other.

Define 8%(10 = % S Zthl <‘%t _ /:5\;?)?7@‘,75—1)2 where g(K)

=(K)
;- and gy are
membership and slope estimates assuming the number of group is K.

Assumption 2 (i) Let {ng}fzo1 denote the cardinality of latent groups. For each
ge{1,2,.., K"}, % — 7, < oo. Moreover, inf1< <o 7y > M for some M > 0.

(ii) The following rate restrictions hold: T"~*'n (logn)* — 0, T*'2n (logn)* (log, T')* —
0, and T"T'n (logn)® — 0, where log,(-) := loglog(-).

(iii) The relationship 6,7 < Mlg;%)z holds for each n and T, where 6,1 is defined
in Lemma A.2.11.

(iv) As (n,T) — 0o, minj << go infs e, 5%(]{) 2 g2 > 202, while 5?;(1{) is

defined above.

Assumption 2(i) implies that each group size increases proportionally to the di-
mension of individuals. Assumption 2(ii) imposes rate restrictions so that the con-
centration inequality is applicable. Assumption 2(iii) provides necessary conditions
for the uniform consistency of classifications. Assumption 2(iv) imposes necessary
conditions for the consistency of BIC procedure.

We find that incidental parameters do not show up in the asymptotics of sample
moments. The reason why this happens is that for each ¢« = 1,2, ..., n, the fixed
effect is asymptotically diminishing and dominated by noise. To illustrate this point

clearly, note that,

t t
p; — 1 t—s
Yio =" S§:1p (3.4.1)
Since Z:jj,ui =0 (ptT Y and ', pi s = O, (ptT7), i is asymptotically e-
quivalent to E’;Zl p’é’suis foreach: = 1, 2, ..., n. Moreover, noise, not fixed effects,

determines the asymptotics uniformly for all : = 1, 2, ..., n. Therefore, to determine
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uniform bounds of sample moments, we only need to consider innovations. Without
losing generality, we assume y; = 0 when deriving asymptotics for the two-stage

algorithm.

3.4.1 Recursive k-means algorithm

We establish the consistency of the coefficient estimates in the explosive panel au-

toregressions.

Theorem 3.4.1 (Individual Consistency of Classification) Let Assumption 1 and 2
hold. Assume ¢ > 0 for each i = 1,2, ...,n. With joint convergence (n,T) — oo,

Pr (max 9i — 97| > O) = o(1).

1<i<n

Theorem 3.4.1 justifies the consistency of recursive k-means classification algo-
rithm. It is similar to Theorem 2 of Bonhonmme and Manresa (2015). This theorem
states that under the joint convergence framework (n,7’) — oo, we can correctly
recover the true group structure. From the Theorem 3.4.1, we observe that correc-

t classifications strongly rely on Assumption 1(i1). In our discussion, as long as
the distance parameters {E(g]};iol are separated across groups, the misclassification
errors are asymptotically negligible.

The following theorem indicates that the post-classification estimator & is asymp-
totically equivalent to the oracle estimator @, for each g € {1,2,...K°}. With the
classification consistency of the recursive k-means algorithm, we can verify the

asymptotic equivalence between our parameter estimate and the true value:

Vg (8)" (85 = a)) = V1, (25)" (G — ) + 0,(1).

Therefore, the post-classification estimator a; shares the identical limiting distribu-
tion as the oracle estimator. The following theorem shows the limiting distribution

of O@.
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Theorem 3.4.2 Suppose Assumption I and 2 hold. Assume ¢? > 0 fori =1,2,...,n.

Under joint convergence (n,T) — oo and rate restriction "5 = o(1),
—_0\T ,~ 0\ d 0) 2
ALY (pg) (05 — ag) = N (0,4 (ag) )-

Remark 3.4.1 To test for explosive roots, we need to accommodate both the grouped
explosive roots and the unit root. The new data generating mechanism follows

(3.2.1) and the group structure as

Group 1 : ad > 0,

Group 2 : ad > 0,
Explosive Groups:

| Group (K'—1): ob%,_, >0,

Unit Root Group: Group K°: a9, = 0.
\

To apply the recursive k-means approach, we can modify the objective function

(3.3.1) with the self-normalized adjustment rate as

n T _

~ . 1 1 ~ ~ Cq; ?
@o)=arg  min Z:j D (yz-t — -1 0XD (TW)) . (342

1 T

where Y;p := Ele y?,tq- Basically, the optimization of (3.4.2) follows the iden-
tical algorithm in (3.3.2) and (3.3.3) except that we just need to replace p>*'T*" by
T,r. Due to the assumption of latent group structures, self-normalization rates do
not disturb our theoretical derivations and codings. Therefore, the consistency of
classifications and the oracle properties of parameter estimates still hold. For the

technical details, kindly check the proof of Theorem 4.1.

3.4.2 Modified k-means algorithm

We now establish the classification consistency of the modified £-means algorithm

in the mixed-root panel model.
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Theorem 3.4.3 (Individual Consistency of Classification) Suppose Assumptions 1

and 2 hold. When (n,T) — oo,

sup 1{/9\i3’£9?}:0p(1)-

1<i<n

Theorem 3.4.3 shows that the modified k-means algorithm consistently recovers
latent memberships for the mixed-root panel model. This machinery incorporates
more general cases than the recursive classification algorithm. The following theo-
rem reports the asymptotic distribution of &, the parameter estimate based on the

estimated membership.

Theorem 3.4.4 Suppose Assumptions 1 and 2 hold. Assume 752z = o(1). When
(n,T) — oo,

Vg (7)) (@5 = a) 5 N (0.4 (a))").

Based on the modified k-means algorithm, we also obtain the oracle property
of the post-classification estimator. Therefore, we can develop reliable tests for
explosiveness in the context of mixed-root panels. The significant advantage of the
post-classification estimates is that they employ both time-series and cross-sectional

asymptotics.

Remark 3.4.2 The modified k-means algorithm can also consistently identify the
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latent membership with structural breaks in the following model.

( (
Group1l: of ;<0 ofy,>0

Group?2: o¥,<0 ay,>0
Stationary-to-Explosive Groups: ’ ’

| Group ki = o, <0 ag;, >0
(
Group (k1 +1) : O‘(l),kﬁl =0 oz[fJﬂJrl >0

Group (ki +2): of =0 o) > 0
Unity-to-Explosive Groups: ( ) bt kit

Group ks : afp, =0 aj,, >0

Unit Root Group: Group (ko +1): o), =

)
Group (ka +2): o, <0

Group (ky+3): af .. <0
Stationary Groups: (k2 +3) ka+3

Group K" : 80 <0
(3.4.3)

There are four types of latent groups in the panel: Case (1), Stationary-to-Explosive
Groups (Before the time point 7, a?’ g < 0; After the time point 7, oz% g > 0); Case
(2), Unity-to-Explosive Groups (Before the time point T, aﬁ],g = 0, After the time
point T;, ag,g > 0); Case (3), Unit Root Group (042 = 0); Case (4), Stationary
Groups (042 < 0). For both Case (1) and (2), when 1 = 1,2,...,n and r;? <1,
the time-series LS estimate ¢; is convergent to ag,g?. This fact shows that the sig-
nal of the explosive subperiods dominates those of unit roots and stationarity. For
technical details, kindly check the proof of the Theorem 3.4.7. As the validity of
the modified k-means algorithm relies on the consistency of LS estimates, we can
still recover the latent membership with structural breaks in slopes. The classifica-

tion consistency for the parameter instability lays down the foundation for bubble

analysis in the forthcoming discussions.
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3.4.3 Test statistic for bubbles

We provide the consistency of both (3.3.9) and (3.3.10) in the following lemma.

Lemma 3.4.1 Suppose Assumptions 1 and 2 hold. When (n,T) — oo,

forany g =1,2,..., K°.

Consistency of 5% is essential for valid inference procedures as we can properly

scale the statistic. We collect the details of (3.3.11) in the following theorem.

Theorem 3.4.5 Suppose Assumptions 1 and 2 hold. Under H, : Eg =0,
~ d
tg — N (0, 1).

Under H, : ES > 0,

where (n,T) — oo.

By comparison, the DF statistic under the alternative hypothesis diverges at the
rate O, ((ﬁg)T) The divergence rate is slower than that in (3.3.12), leading to a

lower power than the panel-based test.

3.4.4 Estimate of bubble origination date

When 7 = [Tr] — oo for all r € [rg, 1], we have

I (r) 5 N(0,1),

under the null hypothesis of unit root in the ¢ group. For a bubble to have a

meaningful origination date, we assume the following DGP for at least one group
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(say GY)and all i € Gy,
Yit = W + PitYit—1 + Ui, t= 17 2, ...,T, and ¢ = ]_, 2, Ny (344)

where u;; is a martingale difference sequence with a conditional 2"¢ moment o>
and a finite ¢ moment with ¢ > 4. The initialization of the process is ;o = 0 for
i = 1,2,...,n. The fixed effect is y; = O, (7). The AR coefficient p;; = 1 + &

with time-varying c;;. Following PWY and Phillips and Yu (2009), we assume
cip = 1 {t < 759} + i1 {t > T;Q} , with ¢, < 0and ¢); > 0. (34.5)

Hence, model (3.4.4) allows for two regimes: a unit root or stationary regime and
an explosive regime with a bubble originating at 75?. If individual ¢ does not contain
any explosive root, then r;? =1

By Remark 3.4.2, under the case of parameter instability, we can still apply the
modified k-means algorithm to consistently recover the true membership, showing
that the estimated groups are equivalent to the true ones. Therefore we can directly
employ the feasible estimator on the origination date ?5 rather than ?;. Based on
75 and ?g, we establish a limit theory for dating the origination of an explosive root

under the case of no bubbles.

Theorem 3.4.6 Suppose Assumptions 1 and 2 hold. Assume n/T?~2 = o(1).
Under the null hypothesis of no episode of explosiveness ( 042 < 0 for each g =
1,2, ..., K°), and provided that cvs, — oo, the probability of detecting the origi-

nation of a bubble using t, and tAg is zero: As (n,T) — oo,
Pr (7ee [0,1]) = 0, and Pr (Fse [0,1]) — 0,

where T is defined in (3.3.14) and ?/;i in(3.3.15).

Next, we show the consistency of the estimator under the case of a single bubble

forg=1,2,..., K°
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Theorem 3.4.7 Suppose Assumptions I and 2 hold. Assume n/T* % = o(1). If

L4 wpﬂ% — 0 with Pr,, = \/ﬁT%TV, under the model (3.4.4) and (3.4.5),

C’UﬂTn

~ P e
Ty =Ty and

3
b
=

When we include observations from the explosive regimes, the signals from
explosive roots dominate those from non-explosive regimes (unit root and stationary
regimes). In this case, we can show that the statistics diverge at the rate of O, (Pr,,).
When the critical value cvg,, increases at a slower speed than Pr,, we can obtain

the consistency of the origination estimate.

Remark 3.4.3 From practical implementation, we set the critical value sequences
Vg, according to a rule of thumb such as cvg,,, = %loglog(nT). The critical value

diverges at a slower speed than Pr,,.

3.4.5 Estimate of K"

We show the consistency of the estimator on K using BIC.
Theorem 3.4.8 Suppose Assumptions 1 and 2 hold. When (n,T) — oo,
K%K

where K is defined in (3.3.16).

Remark 3.4.4 In the above analysis, we derive all the results, assuming that the
number of groups K° is known. In practice, the researcher has to determine K°

from data before conducting the two-stage procedure.
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3.5 Monte Carlo Studies

We design several Monte Carlo experiments to check the finite sample performance
of the proposed two-stage algorithm.! First, we demonstrate the behaviours of the
recursive k-means algorithm and the modified k-means classification algorithm.

The number of replications is always set to 1,000.

3.5.1 Recursive k-means algorithm

To verify the classification accuracy of the recursive k-means classification, we con-
. . . N(0,1) iid

sider only a DGP on explosive roots. We simulate ji; ~ === and u;; ~ N(0,2)

over i and t. Data are simulated from a DGP with three groups (K° = 3) with

n1:n2:n3:%:%

60, T = 25, 50, 100, ¢ = (0.2,0.9,1.6), v = 0.5.

: % The following settings are considered (DGP 1): n = 30,

With correctly selected group numbers, we show the classification consistency
of the recursive k-means procedure and provide the numerical results of its post-
classification estimator. Tables 3.3 shows the classification errors, RMSE, asymp-
totic bias, and probability coverage of the post-classification estimator and its oracle
estimator, the infeasible within estimator when informed of the true group member-
ship. As a comparison, we show results for the oracle within estimator. We only
replace @g with Gg, since we can observe the true membership.

Tables 3.3 shows extensive discussions on explosive roots. As shown here, the
classification error approaches zero as the time horizon increases, and the RMSE
and bias of the oracle estimator are smaller than the post-classification estimator.
For post-classification estimators, the RMSE and bias generally decrease when 7" —
oo. When 7' > 100, the asymptotic difference between the oracle estimator and the
post-classification estimator is almost negligible. The diminishing distance verifies

the asymptotic equivalence between these two estimators. The diminishing distance

I'The experiment of chapter uses the codes provided by Professor Stéphane Bonhomme on his
website: https://sites.google.com/site/stephanebonhommeresearch/. This declaration is to honor the
contribution of Professor Stéphane Bonhomme to this chapter and the originality of his invention on
the classification algorithm.
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Table 3.3: Classification and Estimation by Recursive k-means Algorithm

DGP 1 Post-Classification Oracle
n T Cluster Error RMSE  Bias  Coverage RMSE  Bias  Coverage
Group1 30 25 0.0436 0.176  -0.0081 0.874  0.1031 -0.0363 0.8663
30 50 0.0081 0.0886 -0.0151 0.938  0.0458 -0.0149 0.9338
30 100 0.0018 0.1162 -0.0157 0.93 0.024 -0.0069  0.9299
60 25 0.0451 0.1616  0.0065 0.886  0.0697 -0.024  0.8743
60 50 0.0073 0.0574 -0.006 0954  0.0269 -0.009  0.9485
60 100 0.0006 0.0665 -0.0073 0.97 0.0143 -0.0044  0.968
Group2 30 25 0.0436 0.1515 -0.0286 0934  0.0095 -0.0022 0.9326
30 50 0.0081 0.0505 -0.0033 0.94 0.0011 -0.0001  0.9439
30 100 0.0018 0.0001 0 0.94 0.0001 0 0.94
60 25 0.0451 0.1528 -0.0298 0914  0.0068 -0.0021 0.9121
60 50 0.0073 0.0516 -0.0034 0936  0.0008 -0.0001  0.9349

60 100 0.0006 0 0 0.944 0 0 0.944
Group3 30 25 0.0436 0.0005 -0.0001 0.954  0.0005 -0.0001 0.954
30 50 0.0081 0 0 0.954 0 0 0.954
30 100 0.0018 0 0 0.952 0 0 0.952
60 25 0.0451 0.0004 -0.0001 0.924  0.0004 -0.0001 0.924
60 50 0.0073 0 0 0.944 0 0 0.944
60 100 0.0006 0 0 0.954 0 0 0.954

is due to the uniform consistency of our recursive k-means algorithm. The recursive
k-means induces much better finite sample performance than the modified k-means
algorithm. The main explanation for this phenomenon is that once we have larger
n, the uniform convergence rate of individual least squares estimators is reduced.

Last, we evaluate the performance of explosive detection statistic. The nominal
level is set to 5%. We evaluate these tests with the correct number of groups of
K° = 3. To demonstrate the superiority over the right-tailed DF test, we choose
n = 30, 60, 90, and 7" = 25, 50, 100. With three groups, we assume m; = Ty =
Ty = % We present the simulated results in Tables 3.4.

The sizes of panel explosiveness tests are well controlled around nominal levels.
The power of the test is greatly improved by the additional degree of cross-sectional
asymptotics, n, when compared with the DF statistic. The power improvement cor-
responds to our aim to create power-enhanced statistic for explosiveness detection.
Based on the panel t-statistics, we can construct a recursive real-time algorithm,

like PWY.
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Table 3.4: Sizes and Powers of DF and Panel Tests on Explosive Roots Detection
(Recursive k-means Algorithm)

n Statistics Size
¢1=0(cy=1.5, ¢3=3),7=0.5 T=25 T=50 T=100
1 DF 0.07 0.054 0.068

10(30)  Post-Classification  0.048 0.044 0.054
20(60)  Post-Classification ~ 0.068 0.52  0.048
30(90)  Post-Classification  0.066 0.056  0.05

n Statistics Power
¢1=0.3(¢c; = 1.5,¢3 = 3),7=0.5 T=25 T=50 T=100
1 DF 0.236 0384 0.514
10(30)  Post-Classification 0.84 0978 0.998
20(60)  Post-Classification  0.984 1 1
30(90)  Post-Classification  0.994 1 1
n Statistics Power
¢1=0.5(¢o=1.5, ¢3=3),7=0.5 T=25 T=50 T=100
1 DF 0492 0.63 0.816
10(30)  Post-Classification  0.998 1 1
20(60)  Post-Classification 1 1 1
30(90)  Post-Classification 1 1 1

3.5.2 Modified £-means algorithm

To verify the classification accuracy of the modified k-means algorithm, we consider

0,1 iid
/\% and u; ~

a DGP of both explosive and stationary roots. We simulate p; ~
N(0,2) over i and ¢. Data are simulated from a DGP with three groups (K° = 3)
of ny :ng : n3 = 5 : 3 : 5. The following settings are considered (DGP 2): n = 30,
60, T = 25, 50, 100, ¢ = (—1,0.5,1.5), v = 0.5.

With correctly selected group numbers, we show the classification consistency
of the modified k-means procedure and provide the numerical results of the post-
classification estimator based on the modified k-means procedure. Tables 3.5 shows
the classification errors, RMSE, asymptotic bias, and probability coverage of the
post-classification estimator and its oracle estimator.

Tables 3.5 provides results on mixed-root cases, in which both explosive and
stationary roots appear. As illustrated in the numerical simulations, the classifica-
tion errors approach zero as the time horizon increases, and the RMSE and bias of
the oracle estimator are much smaller than those of the post-classification estimator

based on the modified k-means algorithm. For post-classification estimators, the

RMSE and bias generally decrease and get closer to the RMSE and bias of the ora-
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Table 3.5: Classification and Estimation by Modified £-means Algorithm

DGP 2 Post-Classification Oracle
n T Cluster Error RMSE  Bias  Coverage RMSE  Bias  Coverage
Group1 30 25 0.113 0.5056 -0.0372  0.838  0.2378 -0.0312  0.8091

30 50 0.0944 03712  -0.028 0.878  0.1991 -0.0284  0.8692
30 100 0.0841 0.2867 -0.0197 0.874  0.1769 -0.0026  0.8797
60 25 0.1288 0,435 -0.0059  0.766 0.16  -0.0049  0.7557
60 50 0.1183 0.3493  -0.021 0.806  0.1382 -0.0173  0.8099
60 100 0.0935 0.2653 -0.0204  0.834  0.1284 -0.0048  0.8523
Group2 30 25 0.113 1.3086 0.1195 0.764  0.0138 -0.0021 0.7342
30 50 0.0944 1.3991 0.1288 0.768  0.0029 -0.0002 0.7814
30 100 0.0841 1.0227  0.213 0.792 0.001 -0.0001  0.8109
60 25 0,1288 1.1999 0.2093 0.723  0.0094 -0.0012 0.7117
60 50 0.1183 1.3589 0.2134 0.742  0.0019 -0.0001 0.7343

60 100 0.0935 0.87  0.2523 0.784  0.0006 0 0.7952
Group3 30 25 0.113 4.0159 -1.7779  0.942 0 0 0.942
30 50 0.0944 5.1474  -2.208 0.95 0 0 0.95
30 100 0.0841 59771 -2.5076  0.952 0 0 0.952
60 25 0.1288 4.3123 -2.0501 0.948 0 0 0.948
60 50 0.1183 5755  -2.76 0.976 0 0 0.976
60 100 0.0935 6.1775 -2.6785 0.964 0 0 0.964

cle estimators as 7" — oo. The decreasing RMSE and bias demonstrate that as the
time horizon diverges, the asymptotic difference between the post-classification and
oracle estimators is asymptotically diminishing. The diminishing distance is due to
the uniform consistency of the modified k-means classification technology. Unfor-
tunately, since classification errors of the modified k-means algorithm diminish at
a slower rate than the recursive k-means algorithm, the RMSE and bias of post-
classification estimators are reduced more slowly. Therefore the misclassification
errors contribute to the low probability coverages in Group 1 and 2.

Next, we investigate the performance of the panel ¢-statistics to detect the ex-
istence of explosive roots. The significance level is set to 5%. We evaluate these
tests with the correct number of groups K° = 3. We examine the performance
of the proposed tests under a mixture case of both explosive and stationary roots.
The sample sizes over the cross-sectional dimension and time horizon are chosen as
n = 30, 60, 90, and T" = 25, 50, 100, respectively. With three groups, we assume
T = Ty = T3 = % We present the detailed results in Tables 3.6.

The sizes of the proposed panel ¢-test are well controlled under mixed roots.

As illustrated here, empirical rejection frequency under the null hypothesis is very

43



Table 3.6: Sizes and Powers of DF and Panel Tests on Explosive Roots Detection
(Modified k-means Algorithm)

n Statistics Size
¢ =00 =—1,c3=15),y=05 T=25 T=50 T=100
1 DF 0.066 0.054 0.044
10(30) Post-Classification 0.074 0.064 0.068
20(60) Post-Classification 0.68 0.058 0.06
30(90) Post-Classification 0.61 0.05 0.056
n Statistics Power
¢ =0.3(ca = —1,65 = 1.5),7=0.5 T=25 T=50 T=100
1 DF 0.33 0.566 0.774
10(30) Post-Classification 0.966 0.996 1
20(60) Post-Classification 0.998 1 1
30(90) Post-Classification 1 1 1
n Statistics Power
¢ = 0.5(cs = —1,65 = 1.5),y=0.5 T=25 T=50 T=100
1 DF 0.64 0.828 0918
10(30) Post-Classification 0.998 1 1
20(60) Post-Classification 1 1 1
30(90) Post-Classification 1 1 1

close to the nominal level in the finite sample. The most interesting finding is the
significant power improvement brought by an additional degree of cross-sectional
asymptotics. For example, in Tables 3.6, under the alternative hypothesis of the
distance parameter as small as 0.3, the rejection rate of the panel ¢-test is almost
unity when n > 50, T" > 25. However, the counterpart, the DF test, can detect
explosive roots only by a 50% chance. The loss of powers shows the high priority

of the panel ¢-test on explosiveness detections.

3.5.3 Detection of bubble origination

This subsection reports some brief simulations examining the performance of the
dating procedure and the accuracy of its asymptotic theory. We employ the panel

recursive dating estimator ?"5 based on fg forg =1,2,..., K°. We also conduct the

time-series recursive estimate 7° proposed in PWY. We simulate ; ~ % and

U LN (0,2) over i and t. Data are simulated from a DGP with three groups

(K°=3)ofny :ng:mng=4%:4:

5133 Weset the sample size as n = 30 and T" = 50,

W=

100, 150. The following settings are considered: ¢; = 0, ¢ = —1, ¢35 = —2.5,
v = 0.5 whenr < (0 (:=0.5);¢, =0.2,0.4,0.6,0.8,¢, = —1,¢3 = —2.5,7y=0.5

when r > 77 (:= 0.5). We use critical values as log (nT') for the panel recursive
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algorithm and log(7") for PWY procedure.

Table 3.7: Results on Estimations of Bubble Origination Date Based on Panel Re-
cursive Algorithm and Time-Series Recursive Algorithm

(Ga = —1,¢3 = —2.5) ¢ =02 ¢ =04 ¢ =06 ¢ =038
N=30, T=50
Detector Panel TS Panel TS Panel TS Panel TS
Mean 0.5385 0.5929 0.5315 0.5746 0.5261 0.5644 0.5229 0.5565
Std 0.0088 0.0567 0.0071 0.0419 0.0066 0.0372 0.006 0.034
RMSE 0.6834 1.8841 0.5594 1.4822 0.4667 1.2879 0.4096 1.1414
(o = —1,¢3 = —2.5) ¢ =02 ¢ =04 ¢ =06 ¢ =038
N=30, T=100
Detector Panel TS Panel TS Panel TS Panel TS
Mean 0.5311 0.5745 0.5251 0.5601 0.521 0.551 0.5185 0.5444
Std 0.0065 0.0406 0.0055 0.032 0.0047 0.0264 0.0046 0.0231
RMSE 0.5504 1.4684 0.4445 1.1786 0.3725 0.9945 0.3305 0.8676
(Ga = —1,¢3 = —2.5) ¢ =02 ¢ =04 ¢ =06 ¢ =038
N=30, T=150
Detector Panel TS Panel TS Panel TS Panel TS
Mean 0.5247 0.5599 0.52 0.5479 0.5168 0.5403 0.5146 0.5352
Std 0.0045 0.037 0.0038 0.0283 0.0033 0.0244 0.0029 0.0202
RMSE 0.4348 1.2184 0.3521 0.9629 0.2968 0.8158 0.2577 0.7022

Tables 3.7 report results for both the panel recursive algorithm and the time-
series recursive algorithm, giving means, standard errors, and RMSE for ?g. We
can observe the following four patterns. First, the panel recursive estimate ?g can
estimate the true bubble origination date with high accuracy, reflected by a small
bias and standard error. When 1" = 150, for cases, the mean of ?51 is very close to
0.5, the true value, with small standard errors. Second, the panel recursive estimate
?g converges to the true value faster than the time-series estimate 7°. For almost
all cases, the means of ?g are closer to 0.5 with smaller standard errors and RMSE.
Especially when the bubble signal is small (¢; = 0.5) or the bubble period is short
(T" = 50), the bias of 7/‘5 is much smaller than 0.04 while the bias of 7® can be
bigger than 0.09. Third, when the explosive signal (¢;) is stronger, it is easier to
estimate the true origination date for both algorithms. In this case, bias, standard
error, and RMSE of both recursive estimates are smaller. Fourth, when the sample
size increases, it is easier to estimate {7“;}5201 . Both the bias and standard errors
become smaller, corroborating the consistency results. Specifically, the consistency

of the panel recursive estimate benefits from the increase in both n and 7. However,

the time-series recursive estimate benefits only from the increase in 7'.
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3.6 Conclusions

Explosiveness in time series is related to asset price bubbles in economics. That is
why right-tailed unit root tests have been widely used to detect asset price bubbles
in the literature. For example, PWY develop the sup ADF statistic for the presence
of bubbles and the sequential algorithm for real-time dating of the origination of
a bubble. This procedure relies on the recursive right-tailed unit root tests. PSY
generalize the methods of PWY to deal with multiple bubble episodes. Like PWY,
PSY only use a single time series. We show that when the bubble duration is short
or when the bubble grows slowly, these tests have low power to identify bubbles.

In practice, panel data may be available where multiple time series have explo-
sive behaviour. In this paper, we propose to use panel data models to improve the
power in bubble detection. When there is homogeneity over cross-sectional units
within groups, pooling cross-sectional data within the same group should sharpen
the statistical inferences on the common explosive root.

However, it may be too strong to assume all of the time series in the panel data to
have the same explosive root. In many applications, it may be too strong to consider
all of the time series in the panel data to be explosive. That is why, in this paper,
we introduce two panel models with a latent group structure. In the first model,
we consider all of the time series are explosive, allowing individual heterogeneity
through latent group structures. In the second model, we assume time series have
mixed roots, some with stationary roots, some unit roots, and some explosive roots,
again allowing individual heterogeneity through latent group structures. We pro-
pose a two-stage algorithm to detect the presence of the explosive behaviour and to
estimate the origination date of the explosive period. In the first stage, we apply the
k-means algorithms to recover group structures. In the second stage, we establish
the post-classification estimates and tests based on the estimated groups.

Both model specifications are in the form of panel autoregressions, where we

model individual heterogeneity through latent group structures. The group patterns
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represent the homogeneous slope coefficient within the identical group and hetero-
geneous autoregression coefficients across different groups. Under explosive panel
autoregressions with latent group structures, we apply the recursive k-means algo-
rithm and illustrate the consistency of the group clustering algorithm. Similarly,
within the mixed-root panel autoregressions, a modified k-means clustering algo-
rithm is implemented with consistency. Therefore, in the first stage of the comput-
ing algorithm, we successfully recover the group identities.

With estimated group structures, we can furthermore build post-classification
estimates and inferences in the second stage. The post-classification estimators
based on both k-means algorithms are asymptotically equivalent to the oracle es-
timates. Based on post-classification estimates, we provide two consistent ¢-tests on
explosiveness detections. By applying the recursive ¢-statistics, we demonstrate a
consistent estimate for bubble origination dates. Compared to PWY, the additional
asymptotics can provide better limit behaviours.

It is possible to extend our model specifications. For example, an empirically
restrictive assumption for the error process is martingale difference sequence with
cross-sectional independence. For another example, allowing cross-sectionally and
intertemporally dependent noise is more realistic in empirical analysis. These ex-

tensions will be considered in future work.
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Chapter 4 Robust Inference with Stochastic
Local Unit Root Regressors in Pre-

dictive Regressions

4.1 Introduction

Testing the predictability of financial asset returns has generated a vast literature
in empirical finance and remains a major focus of ongoing research. Continuing
concerns in the use of testing procedures are the validity, accuracy, and robustness
of the econometric methods to the properties of the regressors that are used as e-
conomic fundamentals in the regressions. Several methods have been suggested
to address these concerns and are now used in empirical work. Much attention in
the development of these methods has been given to achieving robustness and size
control in testing to the (typically unknown) degree of persistence in the regressors.

One well-established approach employs a local to unity (LUR) formulation to
model potential persistence and simulation-based Bonferroni bounds for inference,
as developed in Campbell and Yogo (2006). This approach is successful in the s-
calar LUR case but fails for stationary regressors (Phillips, 2014a), is challenging to
extend to multiple regressors and is not designed for regressors with varying degrees
of persistence or potentially stochastic departures from unit-roots (Phillips and Lee,
2013). Since these characteristics commonly arise in economic fundamentals, and
their precise nature remains unknown, methods that are capable of robust inference

under these conditions and which apply in multiple regressions are needed to sup-
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port the growing body of empirical research on financial predictability.

A second approach that seeks to address these needs involves the use of endoge-
nous instrumentation for the predictive regressors. This method, which is known as
IVX instrumentation, was developed in Phillips and Magdalinos (2009) and utilized
in an extensive empirical application by Kostakis, Magdalinos, and Stamatogiannis
(2015; KMS, hereafter) to reveal its potential in applied research. The method has
several significant advantages compared with Bonferroni-type simulation-based ap-
proaches. First, standard significance testing procedures such as Wald tests are ap-
plicable with convenient pivotal chi-square limit distributions that hold for a wide
range of persistence characteristics in the regressors, including LUR and mildly
integrated root (MIR) regressors (Phillips and Magdalinos, 2007). No simulation
methods are therefore needed for implementation.

Second, no prior knowledge regarding the degree of persistence or the presence
of stochastic departures from unit root conditions is required for IVX instrumenta-
tion. In contrast, the Bonferroni bound approach applies only to LUR regressors,
and supplemental methods (like switching) are needed to support testing in the p-
resence of MIR or stationary regressors (Elliott, Miiller and Watson, 2015). Third,
in contrast to other methods, IVX conveniently accommodates multiple regressors,
as illustrated in KMS (2015), and allows an extension to locally explosive and mild-
ly explosive regressor cases as well as mixed-root cases (Phillips and Lee, 2016).
Fourth, the method applies in both short-horizon and long-horizon predictive re-
gressions, again with pivotal chi-square limit theory for Wald tests. Fifth, the IVX
methodology may be used in quantile regressions, as well as mean predictive re-
gressions, as shown by Lee (2016) and subsequently, Fan and Lee (2019) in models
with heteroskedasticity. This QR-IVX approach is particularly useful in checking
for predictability under tail conditions where more extreme return behavior occurs.

A feature of the empirical finance literature that is particularly important for the
present study is the recognition that parameter instability can be critical in both as-

set price determination as well as economic fundamentals. Coefficients can vary
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over time for many reasons, such as changes in regulatory conditions, shifts in mar-
ket sentiment, or adjustments in monetary policy and targeting, as well as evolution
in financial institutions and the impact of technology on transmission mechanisms
and information dissemination. These influences can, in turn, affect the generating
mechanism of predictive regressors, including the degree of persistence, thereby
supporting formulations such as stochastic departures from unit roots and time-
varying coefficient formulations. In the stock price application discussed later in
the paper, a detection method for stochastic deviations from unity in the autore-
gressive coefficient is used to show empirical evidence of STUR behavior in the
predictive regressor. In past research, there is ample support for time variation of
the parameters in much financial econometric and macroeconomic modeling work.
Bossaerts and Hillion (1999), for instance, cited poor performance in many predic-
tion models and indications that the parameters of even the best models change over
time. Amongst many other studies, Bekaert et al. (2007) showed patterns of time
variation in model coefficients across sub-periods, and random walk specification-
s are frequently employed to capture parameter randomness and time variation in
dynamic macroeconomic models (e.g., Cogley and Sargent, 2001, 2005).

The econometric literature has a long history of modeling with time-varying pa-
rameters, including stochastic process formulations. Granger and Swanson (1997)
introduced the stochastic unit root model in which a stationary process is embedded
into the autoregression coefficient, proposing a unit root test that accommodates
such departures. Other early contributions of stochastic deviations from unit-roots
appear in Leybourne et al. (1996), McCabe and Smith (1998), and Yoon (2006).
More recently, Lieberman and Phillips (2017; hereafter LP) developed asymptot-
ic theory and inferential procedures for nonlinear least-squares estimation of the
STUR model and extended the Black-Scholes asset pricing formula to this more
general model setup. LP (2020) further extended the analysis to a stochastic version
of the local unit root model called the LSTUR model. Tao et al. (2019) studied a

continuous-time variant of the same LSTUR model, which has been used to model
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derivative pricing in mathematical finance, employed infill asymptotics to establish
asymptotic properties and analyzed evidence of instability and bubble behavior in
financial data.

An essential feature of LSTUR models that is relevant for the use of persis-
tent regressors in predictive regressions is that LSTUR processes have means and
variances the same as an elementary random walk process but with kurtosis exceed-
ing 3. This property is consistent with the well-known behavior of much financial
data, thereby offering the prospect of improved modeling representations for both
asset prices and economic fundamentals in predictive regressions. Whereas these
features of STUR, LSTUR, and more general time-varying stochastic models are
recognized as useful in capturing relevant financial data characteristics, there is as
yet no treatment of the properties of predictive regression in the presence of such
regressors.

The present paper seeks to respond to this need by studying short, and long-
horizon mean predictive regressions and quantile predictive regressions with L-
STUR regressors. The analysis reveals size distortions in predictability testing for
both short horizon and long-horizon regressions with standard methods. A ver-
sion of the endogenous instrumentation technique IVX is developed to address
this problem in conventional predictive regression test procedures, together with
the asymptotic properties of the IVX estimators and associated asymptotically piv-
otal tests. Both mean predictive regression (IVX) and quantile predictive regression
(QR-IVX) approaches are considered. The IVX methods are shown to have excel-
lent finite sample performance in simulations, not only with mixed (stationary and
explosive) roots but also with random departures. In sum, the attractive features of
IVX methodology are the availability of standard asymptotic chi-square inference in
models with multiple predictive regressors and the allowance for random departures
from unity in the autoregressive roots of the predictors.

Throughout the paper we use the following notation. For some arbitrary matrix

A, we use ||A]| <:: max; {)\f : \; = an eigenvalue of A'A}) to denote the spec-
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tral norm. The L, (Frobenius) and L, norms are specified as ||-||» and ||-||,. The
symbol E;_;(-) := E(:|F;—1) denotes conditional expectation with respect to the
filtration F;_;. The symbol =, denotes equivalence in distribution, f represents fol
unless otherwise stated, and ~~ signifies weak convergence in both Euclidean space

and function space according to context.

4.2 Model Setup and Size Distortions

This section presents three models that are commonly used in predictive regression:
the short-horizon mean predictive regression model, the short-horizon quantile pre-
dictive regression model, and the long-horizon mean prediction model. Problems of
size control in such predictive regressions when the regressors have persistent char-
acteristics are well known. The present section discusses these issues in the context
of conventional estimation and inferential methods. The framework provides a u-
nified setting for inferences that allows for both stochastic and deterministic local

departures from unity in the generating mechanisms of the persistent regressors.

4.2.1 Model and assumptions

The standard predictive mean regression model has the form

yi = Bo + Biai—1 + uor, with E(ug|F—1) =0, (4.2.1)

where [ is an n-vector of regression coefficients and J; is a suitable filtration, de-
fined later, for which w; is a martingale difference sequence (mds). The n-vector of
predictors ;1 in (4.2.1) is assumed throughout this paper to have a stochastic unit
root generating mechanism that belongs to the STUR or LSTUR family, implying

the following persistent autoregressive form,

I, + ¢+ Dy 4 D under LSTUR,
v = Rputioy + gy, Ryy = rovr ot (4.2.2)
I, + ?/“Tl + = under STUR.
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In (4.2.2), T is the sample size, C' := diag {c1, ¢s, ..., ¢, } with {¢;}._, being a set
of scalar localizing coefficients, and Dy = diag {a)uas, Aytigg, ..., al uq } with ug,
a p-vector of random variables that influence stochastic departures from unit roots
in the coefficient matrix ;. We assume there is one generic bound ¢, for all 7,
lc;] < ©. The set {a;};_, collect the p-vector coefficients that appear in the STUR
formulation and A’ := [ay, ..., a,]. For simplicity, we assume {a;},_, have the same
value, a. Therefore ﬁat = (a/uat) - I,. Under the asymptotic scheme, n is fixed
while 7" — oo as only finite regressors are considered.

In practical work, the degree of persistence and presence of stochastic depar-
tures from unit roots in economic time series are not observable. In the endogenous
case where there is correlation between u,; and u,; in the regression model (4.2.1) a
further complication is that the STUR coefficients a; are not consistently estimable,
as shown in LP (2017). Moreover, standard unit root tests have little discriminato-
ry power in distinguishing between unit root and STUR (or LSTUR) processes in
models such as (4.2.2). It is therefore desirable to have methods of estimation and
inference that are robust to different formulations within this general class of near
I(1) regressors.

The following generating structure for the innovations in (4.2.1) and (4.2.2) al-
lows for weak intertemporal dependences among the u,; and ug;. Within this struc-
ture, a conventional conditionally homoskedastic martingale difference sequence

assumption is made for uy;.

Uot (1 X 1)
wo= ug (nx1)| =D Fiej, e ~mds(0,5), Ele]|' <00,y j|Fll < oo,
j=0 Jj=0
Uat (p X 1)
> o [1:0 | forj=0
P Ulix(n+p) or ) =
F(1) = ZFj#OaFj: Fy; , Foj = ? ‘ s up = F(1)e —
j=0 Ol><(1+n+p) forj Z 1
Fyj
o= Y B = 3 R FE = 2 00 =BG,
s=j+1 7=0
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> Elugdy, ) = £F,(1), Qua

Z E(UOtug,tfh) = ZF;(1)7

Qoz = = (4.2.3)
j=—o00 Jj=—00

Qop = Z E(umtu;,t—h> = F(1)EF(1), Qea = Z ]E(uatu;,t—h) = F(1)2F,(1),
Jj=—00 Jj=—00

Zaz‘ = Z]E(Datux,t—i—h); ﬁaa - Z E <Datba,t—h> .
h=0 h=—o00

Sao = E(D24) B0 =Y B (Dubusin). (4.2.4)

h=0

Under these conditions, the usual functional limit theory holds (c.f., Phillips and

Solo, 1992)
(Ts] (ns] Upy BO(5> Qoo oz Qe
1 1
—ZU]' ::_Z Ug 5 Bm(s) :BM QxO Q:L’x Qxa
VT 5 =il
uaj Ba(s) QaO Qam Qaa

The notation BM denotes a Brownian motion. The limit processes for the STUR

and LSTUR cases are given by the following limits:

T s Gy(r) = €Dl { / DB, (p) -
7 7 Galr): i 2(p)

and

L|Tr]

VT

([ owna)o-)
0

(4.2.5)

- Gac(r) — erC+f)Ba(r) {/r e—pC—EBa(P)dBw(p) _ (/T e—pC—f)Ba(p)dp) Zax} ,
0 0

(4.2.6)

where Dp, (r) := diag {a, B, (r) , a4 B, () , ..., d’, B, (1) }. When u, is exogenous,

the covariance A,, = 0.

The limits (4.2.5) and (4.2.6) were obtained by LP (2017, 2020) in the scalar

case and similar derivations (not repeated here) lead to (4.2.5) and (4.2.6). LP

(2020) derived the stochastic differential equation satisfied by these stochastic pro-

cesses and showed that they have instantaneous means and variances that resemble

those of Brownian motion but with instantaneous kurtosis exceeding 3, a feature
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that is more coherent with the properties of much financial data for which heavy tail
behavior is commonly present. For this reason, persistent processes such as STUR
and LSTUR with limit processes of the type G,(r) and G, .(r) have the potential to
achieve better predictive performance in practical work with financial data. In what
follows, we examine this potential in the context of both short-horizon predictive
regression (both mean and quantile regressions), and long-horizon mean predictive

regression.

Case I: Short-horizon Mean and Quantile Predictive Regressions

For the short-horizon mean predictive regression case, the model setup and inno-
vation structures are given in (4.2.1), (4.2.2), and (4.2.3).

In addition to the mean predictive regression, the following quantile predictive

regression model is considered. Following Xiao (2009), our model is based on the

linear quantile representation,
Qu (T|Fi-1) = Bor + By r2i-1, 4.2.7)
where @y, (7|F;_1) is the conditional quantile of y; so that
Pr(y: < Q,, (7| Fi=1)|Fiz1) = 7 € (0,1).

When 7 = %, the quantile predictive regression reduces to a median predictive
regression, whereas (4.2.7) allows for potential predictability for other quantiles
besides the median. The loss function of quantile regression is defined by p,(u) :=
w- U (u) with U, := 7 — 1(u < 0). The quantile regression innovations follow
- (ugr) ~ mds(0,7(1 — 7)) where ug,r = uge — P! (7) and P '(7) is the

unconditional 7—quantitle of uy;,. By Theorem 2.1 of Phillips and Durlauf (1986),

a functional law for relevant components in the quantile regression involving the
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innovations W (ug, ) is given by

|T's] U (uojr) By, (s) T1=7) Quo Qoo
1
_ Z " ~ | By(s) | =BM | Q. Oy 0 |. (4238)
VT 5 ’
Uq;j Ba(s) Qa\IIT 0 Qaa

In addition, to facilitate the asymptotic development, several regularity conditions

on the conditional density of u are imposed.

Assumption 3 (i) The sequence of stationary conditional densities pdf { puotr+—1(s) }
evaluated at zero satisfies a functional central limit theorem with a nondegenerate
mean puo-(0) = E[puotrt—1(0)], where puoiri—1(+) is the conditional density of o,

given F;_1,

[Tr)

% Z(pUOtT,t—l(O) = Puor(0)) ~ Bpuor(r).

(ii) For each t and T € (0, 1), the conditional density p,otr+—1(0) is bounded above

with probability one, i.e. pyotri—1(x) < 00 in probability for all |x| < M and some

M > 0.

Case II: Long-horizon Mean Predictive Regression

In short-horizon predictive regressions, the time horizon in prediction accommo-
dates a single period. It is common to use longer horizons in empirical research.
For long horizon predictive models, the time horizon is mildly increasing with the
sample size. In particular, we set the horizon as &k = 7" for some v € (0, 1) and
have the implied rate restriction, % + % — 0. As discussed in Phillips and Lee
(2013), the long horizon prediction model with a mildly increasing time window

has formulations as follows

k
* *\ _k k
Yrr = By (BY)xy + uoprk, vp = E Tiij—1,
=1

(k) : Br=0, (4.2.9)
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under the null hypothesis. The alternative hypothesis is ) (k) : Bf # 0. Infer-
ence concerning long-horizon predictability under STUR and LSTUR regressors
can be conducted by empirically fitting equation (4.2.9) allowing for stationary dis-

turbances in the long-horizon model.

4.2.2 Size distortions in traditional regressions

Allowing for STUR and LSTUR regressors, we provide below the limit theory for
standard short-horizon quantile and mean predictive regressions. These results facil-
itate the study of the size distortions that arise in the use of standard testing methods.

The ordinary least squares (OLS) estimator B\ has the usual form in mean regres-
sions, and standard quantile regression estimators optimize the following objective

function

T
BOR .= argﬁmin > pelye — B X11), (4.2.10)

t=1
where p.(u) = u(r — (v < 0)), 7 € (0,1). The notation X; ; := (1,2} )
includes both the intercept and the persistent regressor z; ;. By the standardization

matrix Dy := diag {\/T, T x [n}, we have the limit theory of OLS and standard

quantile estimators.

Proposition 4.2.1 Under LSTUR regressors, as T’ — oo,

) 1 fam | Bo(1)
DT(B - 6) ~ 1 1 1 )
[ Goclr) [ Gaelr)G(r)| | [ Guclr)dBo(r)

-1

1 Jo Gre(r) By (1)

DB - 5) = )| 1 1
fo Gae(r) fo Ga,C(T)G;,c(T) fo Gae(r)dBy, (1)

In the scalar regressor case where n = 1, u,; ~ mds(0,%,,), and C = 0,
the LSTUR model reduces to the scalar STUR. By the orthogonal decomposition
of Brownian motion (Phillips, 1989) dBy, = dBy, |, + Yy, 2, dB,, and setting
Gae = Gaeolr) — fol Gla(r)dr, we have the following limit theory for the QR

57



regression coefficient with given 7,

_1faa,ch‘I/T
J(Gae)?
1 f Ga,ch\I/ch 71‘[60,,ch$
2 T weaXa =
J(Gae) J(Gae)

T(A?ﬂl—{_ﬁl,r) M puOT(O)

)

= puOT<O)

under the null hypothesis of no predictability. The notation | is fol for short. Using

1

the estimated standard error s.e.(ASf) = 7(1 — 7)Puo-(0)~* {ZtT:l(x’,;L_l)2} ’
where =} | =1y 1 — % Zthl x;_1, and a consistent nonparametric estimate Dy, (0)
for p,o-(0), the t-ratio test statistic for a given 7 under the null hypothesis H, :

B1,- = 0 satisfies,

(A?f B ﬁl T) 23/ |z ’ E‘ll |z faa chz
taor =" |l N(0,1 - 1 ’
Brr P s.e.( ?f) (1 —7) 0.1)+ (Xpem(1—17))2 [[(Gar)?]®
= 1=\ Z+ APmplasc), 4.2.11)

where Yy _, is defined as the instantaneous covariance of g, and ., and Xy |,

is define as 7(1 — 7) — ¥)¥5 .. The random variables Z :=; N(0,1), and
?7LP(CL,C) = faa,ch:v/ (f(aa,c)2>

pression (4.2.11) reveals the presence of size distortions in the usual ¢-ratio statistic.

"2 The non-zero factor A(7) in the limit ex-

The notation >,,, and X>.y_, denote the instantaneous variance and covariance of
Uyt and \IJT (u0t7)~
Similar size distortion problems arise in inferences using OLS. Under the null

hypothesis H, : f1 = 0, the limit theory of the usual ¢-ratio statistic is

(B\l - 51) |: Z(%x :| % ZOa: faa,chx
t g = s 1 20 A(0,1) + :
r=hn 8.6.(51) Ea:a:QOO ( ) (ZxeOO)i [f(

G.o)?]?
= [1- )\2}% Z + Myp(a,c),

_1
where s.e.(f1) := Qoo {ZtT:l(xffl)Q} * and Qq is a consistent estimator of (.

Again the non-zero \ arising from the covariance of ug, and u,, reveals the pres-
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ence of size distortions in the standard hypothesis testing using mean predictive

regressions.

4.3 Limit Theory for IVX Filtering

The intuition that underlies IVX instrument creation is to filter persistent data on en-
dogenous regressors x; to generate an instrument z; that has the appealing property
of asymptotic orthogonality to structural equation errors while retaining asymptotic
relevance for the regressors. The generation process can be described in terms of
the following equation

Et - F:gt—l +A$t7

so that the time series of innovations {Ax,;} in the endogenous regressor is passed
through an autoregressive filter to produce z; using some suitable autoregressive
coefficient matrix /. When F = 0, then z; = A, and the first-order difference
operator is used to remove distortions at the cost of substantial information loss.
When F' = I,,, then z; = z; and IVX reduces to ordinary least squares and ordinary
quantile regression estimations with non-negligible bias and size distortion as dis-
cussed above. The key idea in the successful choice of the coefficient matrix F' is
to generate instruments z;, which are intermediate in forms and properties between
first-difference and level data.

A simple way to accomplish this intermediate form is to select F' so that by
virtue of its construction z; is a mildly integrated (MIR) process. In particular, for

F =Ry, =1,+C,/T", we have

C.
ZT,W
wherey € (0,1),C, =c,1,, ¢, <0, zg = 0.

2 = Rr.ziq+ Axy, Ry, =1, + (4.3.1)

With this simple construction, the coefficient matrix R, is diagonal with entries

that lie between zero and unity but which are much closer to unity, especially for
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large sample sizes. The advantage of [VX estimation, including both QR-IVX and
LH-IVX is that this technique of instrumental variable regression attains robust in-
ference that includes stationary, unit root, and local unit root regressors, as well as
regressors with mixed properties, thereby covering a broad class of cointegrating
regression and predictive regression models and avoiding the size distortions that
are known to arise in traditional methods of estimating and conducting inferences
with such systems.

In this paper, these robustness properties of IVX estimation and inference are
shown to extend to cases of STUR and LSTUR regressors, as well as short-horizon
and long-horizon predictive regression models. With this methodology, inferences
are valid using standard chi-square limit theory for Wald tests, thereby providing a
convenient tool for empirical work in predictive regression with an extensive class

of endogenous regressors.

4.3.1 IVXin short-horizon predictive regression

In short-horizon predictive regressions, IVX instruments are constructed using the

observed data {x;},_, as

t
- i C, ,
Z: = E RtTZJij, where Ry, = I, + Ty 7 €(0,1), C, =c.1I,, withc, <0,
j=1

(4.3.2)
for some suitable choices of c, and 7, such as v = 0.95 and ¢, = —1. The short-
horizon IVX estimate is conducted in terms of the standard IV procedure and the
short-horizon QR-IVX estimate is provided by minimizing the following objective
function:

i

T T
FRRIVY _ g min (Z m (61)> (Z my (51)> : (4.3.3)
t=1 t=1

where my (61) = z;1 (7' —1 (ytT < ﬁixt,l)). As the objective function is non-

smooth, this paper employs the method of Xiao (2009) and Lee (2016) to derive the
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limit theory.

Since Az; = ug; + 3‘2% 1+ a:j 1 + :cj 1 in the LSTUR case and Az; =

= > 2
Ugj + 3?:)33 1 + =+ x;_1 under STUR, the corresponding decomposition for z;_; is

- D.; C D?
i ZR (az] \/T]a:j_lJrij L+ T%‘—l) (4.3.4)

1 .
+f ' thTZJngxj71
J=1
1 C 1
= Zt1+\/—§’21+T77£F21+T(T2 iy (4.3.5)

where ) := 0| Ry Dojajor, i) = S0 Ry Jaj o and ) = 20 Ry D2y .
Similarly, for STUR, the decomposition follows z;_1 = 21 + \fné? i L+ TU(T;A.
By Phillips and Magdalinos (2009, equation A18),

1
——=E||z-1]| = 0, (1) ,and max ———— |lz—1|| = 0, (1)

ma
1<t<T Tv/2 1<t<T T1/2+7/4

With LSTUR and STUR regressors in the remainder term, fn(Ti 1» the asymp-

totic theory turns out to be more complicated than the cases studied in Phillips and
Magdalinos (2009). The remainder term has a substantial effect on the limit behav-
ior of both the numerator and denominator in short-horizon IVX estimations. Under
local unit root and mildly integrated regressor cases, the following decomposition

for IVX instruments applies

/th,1 = ZRt 1= (ij+%l'j1)
:ZRtljumj+ ZRtl]

¢ a
- zt—l_l'TaT/é“?)f 1

where a € (0, 1], z;_; and 77(le 7)5_1 are defined as above. In the numerator, asymptot-
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ically the term associated with latent instrument z;_; dominates the one containing
the remainder %U(Tlt)q’ while in the denominator the two terms demonstrate the
same stochastic order. Also, when mildly explosive regressors (See, Phillips and
Lee, 2013) are under consideration, the robust inference is possible using IVX and
QR-IVX. But the asymptotic theory for mildly explosive cases is different from the
stationary side of unity: in this case, the term related to T%U(Tlt)—1 dominates the ones
with the latent instrument z;_; in both the numerator and the denominator of IVX
estimator.

For STUR and LSTUR regressors, the asymptotic behavior of z;_; is quite dif-
ferent. In the numerator of the IVX estimator, terms containing \/%777;2 271 and z_4
dominate and lead to a joint mixed normality, so the terms containing the IVX re-

mainders , %n(Tl 2_1 and %ng’ 2_1, are dominated and asymptotically vanish. In the

denominator of the IVX estimator, the term containing \/LTU;Q Ll shares the same

stochastic order as the ones composed of z;_1, %n(Tl 1)5_1 and %ng’ 2_1. We collect the

asymptotic results in the following theorem.

Theorem 4.3.1 As T — oo,

T (BN~ Big) - MN (0, ]fl—_(O))<V> Ve + V37 <<Vm>‘1>’) :
u0T

and

14y

T (B 1) MN (0. 000(Vie) ™ [Vis + VD) (V) )

where the expressions of the limiting matrices V., V,ﬁ? ) and V... are provided in the

Appendix.

Although the limiting distributions of the IVX and QR-IVX estimates are non-

pivotal, the corresponding Wald tests are asymptotically chi-square distributed.
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Theorem 4.3.2 (i) As T' — oo, under the null hypothesis Hy : 31, = B?,T,

— 2

puOT(O)

7_(1 _ 7_) (AiQ,fil‘/X - Bg,‘r) (X My X)( QR X /6?,7') ~ Xz(n)u

where X' MzX = (3 w12 1) (X0 Ze1% 1) 7 (i ee1Z1) and puor (0)
is any consistent nonparametric estimator for p,o.(0).

(ii) As T — oo, under the null hypothesis H : 31 = 3,

L (BIVX — B0 (X My X) (B — 39) s x2(n),

00
where X' M X is given in (i) and Sy is any consistent estimator for Q.

These results are readily extended to test predictability under general linear re-
strictions such as H, : H 3, = h where H is a known ¢ X n matrix of rank ¢ and h

is a known /-vector. The statistic for short-horizon QR-IVX testing is

—_— 2
pu07'<0)

o (HBRVX _py {H (X’MZX)_1 H/}_l (HBEVX ) s 2(0).

Similarly, to test Hy : HS, = h,

(A - )/{H(X/MZX>_1H/}_1(H5WX h) ~ (0.

QOO

4.3.2 1IVXin long-horizon predictive regression

As the time horizon in predictive regressions rises, it is convenient to use an alter-
native form of the mean predictive regression model, following Phillips and Lee
(2013). We employ a similar formulation and apply the long-run variant of the IVX
approach, called LHIVX, in the following analysis with LSTUR and STUR regres-
sors. It is shown that LHIVX leads to a mixed normal limit distribution in estimation
and a pivotal chi-square limit theory in Wald testing.

The regressor in the long-horizon fitted regression model (4.2.9) is given by
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the partial sum 2% := Zle T¢yj—1. Bach component of the LHIVX instrument

. . . . . . .. . ~ ko~
is constructed in the identical fashion with similar notation as zF := > =1 A1

k. k Lk . _ k (1) 2.k k (2) 3.k
Zy = 23:1 e A Zj:l Nrivi—1> e = Zj:l Nigyj—1 and 17y =

ko @3) o~ (1) (2) (3)
D i1 Merj—1 Where Zopi 1, Zepj1, Nrpejovs Nrggjo1 and 9y, o are each de-

fined in the short-horizon IVX case of (4.3.5). Therefore, we have the following

decomposition as

2 Sk L2k L3 under LSTUR,
EARE S R (4.3.6)
oF + Jengy + A0y under  STUR.

For the development of asymptotic theory, we place further conditions on the

time horizon parameter £ and IVX rate parameter :

This restriction requires the horizon k to rise not as fast as 7" but faster than 7. The

. —~LHIVX .
estimator B*, of By satisfies

T—k T—k -1

—~LHIVX ~ ~

B — B} = (E uo,t+k(zf)'> <§ xf(zf)’> : (4.3.7)
t=1 t=1

The limit theory for this LHIVX estimator with LSTUR and STUR regressors differ-
s from the LUR and MIR cases. In the LUR and MIR cases, the term >, 1 14 1 (2F)’
determines the behavior of the numerator in the matrix quotient, whereas in the
mildly explosive case the term 7! Z;‘F:_lk U0 t+k (77;];)’ dominates other terms in the

numerator. In this paper, with STUR and LSTUR regressors, both ZtT:_lk o g4k (2F)

and T2 Y1 ) dominate T 7 () and T S50 )

in the numerator. Nonetheless, joint convergence to mixed normality still holds and

the numerator of the centred LHIVX estimator (4.3.7) has the following decompo-
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sition

/

T—k
1 2 k !
o T Z UO,t+k<77:H,t> +op(1).
T1+V\/E —
(4.3.8)

T2+7\/—Z 0,t+k Zt Tz—&-v\/_z Ot"'k

When LSTUR degenerates into STUR (C' = 0,,«,,), the decomposition of (4.3.8)
is still applicable. Similarly, the properties of each term in the LHIVX denominator
can be obtained. Therefore, the denominator of the LHIVX estimator with LSTUR

regressors follows a decomposition as

1 — k(=~k 1 ki k 1 ki 2,k
T2 ;xt (&) = Tiige Zl‘t (2¢) + T3 tzﬁt (n7:)'

+ zh(nihy o (4.3.9)

where all four terms contribute to the asymptotics of the denominator. Combin-
ing asymptotic approximations in (4.3.10) and (4.3.8), the limit distribution of the

LHIVX estimator is collected in the following theorem.

VT | TV k
Theorem 4.3.3 If %~ + & + 7 — 0,

/

\/_k2 (ALHIVX B BI) - MN <0’ (T_l) (VZLZH + ‘/77(3)7LH + VZ(T?),LH + (V(2),LH)/) (T—1)/ ) Qoo> )

zn

where expressions of VL1 Vn(g LH VZ(UQ)’LH, and Y are collected in the Appendix.

zz 2

The LHIVX estimator is consistent, asymptotically unbiased, and with a mixed
normal limit distribution. The distribution is nonpivotal as both coefficients A, and
C occur in the variance matrix. However, given the mixed normality and consistent
estimate of variance, Wald tests have standard chi-square distributions. The feature
as mentioned above again demonstrates the critical advantages of IVX type estima-
tion in predictive regression that were emphasized by Kostakis et al. (2015) over

procedures that rely on simulations and restrictions on scalar regressor formulations.
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Theorem 4.3.4 Under H(k) : HB; = h, where H is a known { x n matrix of rank

{ and h is a known (-vector,

W .~ <H (@1“””)/ - h)/ [H { (X/MZX>_1 6@} H’}

where

-1

(1 (527 1) vt

(X'F5X)" = (ixf@)') (i@’f)@k)') (ijxf(’if)’) ,

t= t=1 t=1

and Qg is any consistent estimator for (.

4.4 IVX Regression with Mixed Roots

This section applies the IVX procedures to the predictive regression models con-
taining both mixed roots and random departures. Under this case, we prove the
robustness of pivotal chi-square distributions for the corresponding test statistics.
Besides, we propose a method to detect the randomness in the autoregressive coef-

ficients.

4.4.1 Detection on randomness of autoregression coefficient

For simplicity, we consider n = ¢ = p = 1 case where C' = ¢; and bat = a1 - Ugs,
and the dimensions of x; and u,, are both equal to 1. The difference between the
LUR and LSTUR processes depends on the existence of u,;. To consistently select
the model, we employ an exogenous instrumental variable to detect the presence of
uq:. The reason to use IV estimate is that the OLS estimate for a; is inconsistent
due to the endogeneity issue (i.e. u, and u,; are correlated). When estimating a
with an exogenous variable Z;, we have the consistent estimate a; .

In (4.2.2), the OLS estimate of distance parameter c; is also inconsistent. Unfor-

tunately, the limiting behavior of @, relies on the true value of ¢;. As an alternative,
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we develop a two-step IV procedure for a;. As the I'V-based test has a nonpivotal
distribution, we employ Bonferroni corrections to compute the confidence intervals
of the statistic.

The two-step IV procedure calls upon the following restrictions.

Assumption 4 Assume Z; is one q X 1 vector of instruments for uy. For all t,
E(Z) =0, E(Z)* < 0o, E(Zu,,) =0, Q.. := E(Zu,,) has full rank p.

We only consider the case where n = p = ¢ = 1. In the first step of our procedure,

we apply the IV estimates of a; to the linear model,

Ty Ut Ti— Uat)>To—
Ty — Tp—1 = C1 (%) + ap ( \t/% 1) + (a1)? <<t)Ttl> + Uy,

and derive the estimator a!" as,

~IV . Zthl Zt(xt - xt—1)
al - 9

ZT o, YatTt—1
=17t yT

where we write Z; as z; for the case of p = 1. AsT' — oo, the IV estimate /d{v

follows a nonstandard distribution:

Bz:ﬂ<1)

VT@Y — a))Qg v ——20
( 1 1) fol Gal’cl (T)d?"

, (4.4.1)

where B,,(1) is a Brownian motion. In the second step, we plug the consistent

estimate @!" back into the autoregressive model,

. Ut Ty N Ugt) > To
Ty — o1 — @Y ( ﬁ 1) — (ai")? (()Tl) (4.4.2)

= Tl (M) - @) (L)

VT T

is known to us, so we can run OLS to derive the estimate for ¢;. It is trivial to check

In (4.4.2), the LHS of the equation, a; — ;1 — a." (“—*) —@vy? (M>
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the limiting distribution of ¢; as follows,

Jo Jey (1) AW, (r)

fol JZ (r)dr

-~

G —C

: (4.4.3)

where 7' — oo. Based on (4.4.1), (4.4.2) and (4.4.3), we propose the following test

statistic,

Rq, == VTalvQ.,.

BZI
fol Jeq (r)dr >

where J., (1) = ¢1J., (r)dr + dW,(r), and W, (r) is the Brownian motion induced

Under the null hypothesis H, : a; = 0, the limitng distribution of R,, is

by .

We cannot compute the confidence interval for a; directly because of the incon-
sistent estimate ¢;. In this paper, we borrow the idea from Cavanagh et al. (1995)
and construct the confidence interval of 7, using Bonferroni corrections.

To construct a Bonferroni confidence interval for R,,, we first construct a 100(1—
€1)% confidence interval for ¢1, denoted as C., (¢;). We then construct a 100(1 —
€2)% confidence interval for a; given c¢;, denoted as C,, |, (¢2). A confidence inter-

val that does not depend on c; can be obtained by

Ca1 (6) = U Oa1|61 (62)'

1€l (o)

By Bonferroni’s inequality, this confidence interval has coverage of at least 100(1 —
€)%, where € = €; + €.

When the distance parameter c; is very small and sample size 7" are both large,
there is negligible difference between the STUR and LSTUR model. At this case,
there is no harm to replace the statistic R,, by the IV-assisted test of Lieberman and
Phillips (2018), a statistic for testing the local STUR model against a simple UR
null. In the empirical part, we directly employ the test of Lieberman and Phillips

(2018) to detect the randomness of autoregressive roots.
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4.4.2 IVX regression with mixed roots in short-horizon case

The model is discussed assuming n = 2 and p = 1. We consider y; as one scalar and
241 as one bivariate AR(1) process with both mixed roots and random departures

from unity. The simplified predictability system is given as,

B'xiy + uo, B = [51,Pa], zr = ) (4.4.4)

Yt

pry 0O Uzt
Ty = Rpwe g+ Uy, Ry = y Uyt =

0 Op Ug2t

The paper imposes mixed roots and stochastic departures from unit root as

2 €1 € |—00,00 a;r =1
P = 1+;;1—|-a1uat ml;aat) , where L€ | ' and a; € (—o0, +00),
VT ¢ € (—00,0) a3 €(0,1)
4.4.5)
Or =1+ T(f—j where ¢, € (0, 00) and as € (0, 1), (4.4.6)

Accordingly, x, falls within one of the following specifications as unit root (UR),
LUR, STUR, LSTUR, or MIR regressors, while xy; is a mildly explosive (MER)

regressor. The innovation process follows,

Uot F()(l) 1 x4 €0t ggt
Uy Fo(1) 1x4| |e, €
w=| | = () SN 4.4.7)
Ugz2t FxQ(l) 1 x 4 €2t g$2t
Uat Fa(l) 1 x4 €at gat

and the long-run variance and the limit theory are the same except that the subscript
0,1,2, and a now signify ug;, Uz, Ugor and ug,. The strict exogeneity holds for
(4.4.7) as E(uqui;) = 0. The IVX instrument has the identical structure as C, :=
diag{c.1,c,o} < 0andy = 0.95.

When Hy : a; = 0 cannot be rejected, UR or LUR regressors rather than S-
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TUR or LSTUR regressors need to be considered. Such case has been discussed
extensively in Phillips and Lee (2013). If the statistic R,, rejects the null hypoth-
esis Hy : a; = 0, there is strong evidence of stochastic deviation from unit-roots.
Therefore, we prefer STUR/LSTUR regressors.

We provide the pivotal chi-square distribution of the corresponding testing s-
tatistic under the null hypothesis of no predictability: We assume oy € (%, 1),
v € ((awV 2), 1), and a; # 0. Under the null hypothesis Ho : 8 = S, as
T — oo,

-1

(B = Bo) [(X'MzX)" "] (B i) ~ (),

where () is any consistent estimator for €2y, and

T T -1/
(X MzX) = (Z xt—lzt1> ( 2—121> (th—lgj‘/l)
t=1 t=1

t=1

Similarly, the results of QR-IVX estimates are collected here. With persistent
regressors satisfying both mixed roots and random coefficients, the QR-IVX esti-
mate still follows asymptotic normality. Moreover, we show the pivotal distribution
of the Wald test under the null hypothesis of no predictability.

We assume oy € (3,1), 7 € (a2 V 3), 1), and a1 # 0. For any given 7, under

the null hypothesis Hg : 5, = [5ro,

— 2

puOT(O)

1y BT = Bro) (X MEX)(BRFIYY = Bro) > 4(2),

—

where p,0,(0) is any consistent estimator for p,o,(0), and
T T -1 /7
! ~ ~ ~ ~
o) = (o) (o) (3ot
t=1 t=1 t=1

The pivotal chi-square distribution illustrates the robustness of the IVX method-

ology under the circumstance of mixed roots and random deviations from the unity.
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4.4.3 IVXregression with mixed roots in long-horizon case

Similar to short-horizon predictive regressions with mixed roots and random depar-
tures from unity, the long-horizon model follows (4.4.4) (4.4.5) and (4.4.6).
The long-run variance and the limit theory are the same except that the subscript

0,1, 2, and a now signify ug;, Uz1¢, Uzo: and ug;. The LHIVX formula follows

T—k ~& T—k ~k k T—k ~
PLH _p Dot FLaty 2o 2l Zt 1 210 t+k

T—k ~k k T—k ~k k T—k ~

t=1 2t L1t t=1 “2tTa¢ Doy 2otk

Under the null hypothesis of no predictability, the limit distribution of the Wald
test based on LHIVX estimates is pivotal. Again, we verify the robustness of the
self-generated instruments.

We assume that ‘F + 2 —i— — O with £ = T" and
min{l+ao; —ag, 1 +7—a} >v>a;+ay— 1.
Under the null hypothesis H (k) : b = by,
~ ) , -1
(b — by) [(X MZX)_lQOO] (b" = bo) ~ x*(2),

where

(X'MzX) = (th (ZE ) (Zzt (L 1)/> (Z EARY 1> ;

with any consistent estimator 2y for (2.

4.5 Monte Carlo Simulation

This section presents numerical performances of short-horizon QR-IVX statistic-

s under local power and size criteria. To reduce the computational complexity,
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this numerical experiment employs the alternative QR algorithm based on the self-

generated instrument 2, (Lee, 2016).! The DGP follows (4.4.4), (4.4.5), with

Uot
Uy = Ut ~ N(O(1+n+p)7 Q(1+n+p)><(1+n+p)>‘

Uqt

We generate QR-IVX instruments for (4.4.4). we set C, = —5- [, and vary v to
explore the size and local power performance. The sample of size is 7" = 200. The
scaling parameter v € [0.75, 1).

To investigate local power performances, we employ a sequence of local alter-
natives as Hap : Br = % for integer values of § € [0, 20] and various choices of

~ € 10.75,1).

4.5.1 Single regressor case

Simulations accommodate the LSTUR regressor case (¢; # 0 and a; # 0) and the
STUR case (¢; = 0 and a; # 0). Accordingly, distance parameters ¢; € {—5,0,5}

and a; € {—10 — 5,5, 10}. The variance matrix of innovations has the form as,

1 —0.75 0.40
Q=1-0.75 1 —0.50 |,
0.40 —050 1

where we accommodate the endogeneity case (E(ugt) # 0).

The following table summarizes the size performance of predictability tests us-
ing a short-horizon QR-IVX estimator under the case of STUR regressor with var-
ious choices of quantiles 7 and persistence parameters . The empirical size is the

rejection frequency of a chi-square distributed Wald test under the null hypothesis

!The details of the QR method are provided in the Appendix. The experiment of this chapter also
uses the code of the alternative QR procedure provided by Professor Ji Hyung Lee on his website:
https://sites.google.com/site/jihyung412/. This declaration is to honor the contribution of Professor
Ji Hyung Lee to this chapter and the originality of his invention.
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Ho : 8 = 0. The nominal test size is 0.05. The sample size 7" = 200. The number

of replication is 2,500.

Table 4.1: Empirical Size with STUR Regressor (7" = 200)
alclz:—ol(] 7=0.05 7=0.1 7=0.2 7=0.3 7=04 7=0.5 7=0.6 7=0.7 7=0.8 7=0.9 7=0.95

v=0.75 |0.1100 0.0720 0.0588 0.0460 0.0500 0.0400 0.0364 0.0484 0.0492 0.0784 0.0956
v=0.80 |0.1092 0.0728 0.0624 0.0436 0.0516 0.0412 0.0376 0.0480 0.0496 0.0788 0.0956
v=0.85 |0.1076 0.0708 0.0648 0.0424 0.0568 0.0420 0.0388 0.0516 0.0496 0.0756 0.0936
v=0.90 |0.1116 0.0748 0.0632 0.0436 0.0540 0.0456 0.0404 0.0512 0.0484 0.0740 0.0952
v=0.95 |0.1116 0.0752 0.0628 0.0440 0.0516 0.0480 0.0412 0.0524 0.0472 0.0748 0.0964
Cp = 0
a; = 10
v=0.75 10.0964 0.0724 0.0540 0.0440 0.0428 0.0412 0.0444 0.0472 0.0608 0.0644 0.1032
v=0.80 |0.0944 0.0732 0.0556 0.0424 0.0408 0.0400 0.0444 0.0508 0.0584 0.0692 0.1004
v=0.85 |0.0936 0.0740 0.0540 0.0428 0.0408 0.0408 0.0452 0.0520 0.0560 0.0720 0.0976
v=0.90 |0.0928 0.0736 0.0576 0.0452 0.0400 0.0404 0.0428 0.0512 0.0528 0.0720 0.0940
v=0.95 |0.0900 0.0724 0.0576 0.0444 0.0384 0.0392 0.0448 0.0524 0.0544 0.0732 0.0956

a =0 7=0.05 7=0.1 7=0.2 7=03 7=04 7=0.5 7=0.6 7=0.7 7=0.8 7=0.9 7=0.95

a; = 5

v=0.75 10.0940 0.0800 0.0588 0.0588 0.0552 0.0464 0.0592 0.0592 0.0620 0.0920 0.1212
v=0.80 |0.0996 0.0872 0.0636 0.0640 0.0552 0.0464 0.0616 0.0624 0.0648 0.0928 0.1204
v=0.85 |0.1056 0.0872 0.0632 0.0640 0.0556 0.0484 0.0660 0.0672 0.0644 0.0908 0.1168
~7=0.90 |0.1076 0.0840 0.0648 0.0716 0.0632 0.0536 0.0680 0.0704 0.0660 0.0936 0.1176
~v=0.95 |0.1124 0.0852 0.0660 0.0712 0.0672 0.0548 0.0676 0.0712 0.0684 0.0952 0.1184
aT1;£]5 7=0.05 7=0.1 7=0.2 7=0.3 7=04 7=0.5 7=0.6 7=0.7 7=0.8 7=0.9 7=0.95
~v=0.75 |0.1132 0.0812 0.0700 0.0540 0.0548 0.0552 0.0456 0.0464 0.0544 0.0812 0.0912
v=0.80 |0.1160 0.0828 0.0692 0.0560 0.0608 0.0580 0.0532 0.0472 0.0600 0.0880 0.0916
v=0.85 |0.1132 0.0828 0.0712 0.0580 0.0592 0.0576 0.0548 0.0524 0.0660 0.0892 0.0964
v=0.90 |0.1208 0.0856 0.0772 0.0584 0.0652 0.0576 0.0552 0.0524 0.0660 0.0928 0.1012
v=0.95 |0.1260 0.0884 0.0808 0.0620 0.0672 0.0588 0.0600 0.0568 0.0720 0.0940 0.1016

7=0.05 7=0.1 7=0.2 7=0.3 7=04 7=0.5 7=0.6 7=0.7 7=0.8 7=0.9 7=0.95

The size of the QR-IVX test is well controlled, as the empirical size is slight-
ly smaller 0.05. Besides, empirical sizes are well controlled robustly across v &
[0.75,1). Such properties hold for the LSTUR regressor as well. The details for
LSTUR cases are omitted here.

To investigate the local power behavior, we employ a sequence of local alterna-
tives as Hp, = £ for integers values between 3 € [0, 20] and various v € [0.75,1).
Our discussions have four cases, ¢c; = —5, 5, —10, or 10.

The local power functions approach unity in the LSTUR cases with the fastest
convergence occurring when 7 = 0.95. Besides, when there is a larger |a,|, the
local power function reaches unity more rapidly. This result is not surprising since
an LSTUR regressor with a larger |a;| expects to have stronger signals. Similarly,

the above phenomena hold for the STUR case.
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These results confirm that the QR-IVX inference procedure is robust for 7 €

[0.75,1) and performs well with both STUR and LSTUR regressors.

4.5.2 Multiple regressor case

This subsection considers short-horizon quantile predictive regressions with multi-
ple regressors in which the STUR and LSTUR regressors are included.

Three examples are considered: (1) STUR and MIR regressors (¢c; = 0, a; = 10,
co = {—5,—2} and s € {0.25,0.50,0.75}); (ii) STUR and LUR (¢; = 0, a; = 10,
o = {-5,-2,0,2,5} and ay = 1); (iii) STUR and MER regressors (¢c; = 0,
a; = 10, co = {1,2,5} and an € {0.25,0.50}). Case (i) represents the normal
periods, while Case (iii) stands for the bubble period, and Case (ii) demonstrates
the bubble collapse period. The model setup is given as (4.4.4) with the following

covariance matrix as

1 -0.75 =04 -0.2
—0.75 1 0.5 0.20
—04 05 1 0.15

—-0.2 020 0.15 1

We accommodate the endogeneity case (E(uq;u.:) # 0) in the covariance structure.
For simplicity, we only consider the STUR case where ¢; = 0 and a; = 10.

The following table reports size performances in testing H, : f; = B2 = 0 using
the short-horizon QR-IVX test statistics with STUR & MER regressors or STUR &
LUR regressors. In this table, we briefly list several selected cases of all DGPs. The
IVX persistence parameter 7 is selected from [0.75, 1). The localizing coefficients
C, = {-5,5}. The nominal size is 0.05. The sample size is selected as 200. The
number of replication is 2,500.

Similar results are observed for Case (iii) with both STUR & MER regressors. In
this case, the size distortions of the short-horizon QR test are much more substantial

than the short-horizon QR-IVX, although the sizes of short-horizon QR-IVX test
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Empirical Size with STUR & MIR or STUR & LUR Regressors (1" =

7=0.05

7=0.1 7=0.2

7=0.3 7=04

7=0.5 7=0.6

7=0.7 7=0.8

7=0.9 7=0.95

0.1556
0.1572
0.1596
0.1604
0.1636

0.0972 0.0636
0.0984 0.0652
0.1008 0.0612
0.0988 0.0636
0.0968 0.0652

0.0488
0.0472
0.0496
0.0492
0.0476

0.0416
0.0420
0.0440
0.0460
0.0500

0.0408 0.0368
0.0408 0.0344
0.0384 0.0352
0.0408 0.0360
0.0392 0.0376

0.0468 0.0484
0.0464 0.0480
0.0476 0.0472
0.0452 0.0496
0.0444 0.0472

0.0892
0.0872
0.0884
0.0892
0.0852

0.1396
0.1412
0.1388
0.1408
0.1380

7=0.05

7=0.1 7=0.2

7=03 7=04

7=0.5 7=0.6

7=0.7 7=0.8

7=0.9 7=0.95

0.1652
0.1636
0.1692
0.1732
0.1696

0.1056 0.0572
0.1032 0.0588
0.1024 0.0588
0.1044 0.0608
0.1068 0.0604

0.0476
0.0508
0.0508
0.0504
0.0488

0.0484
0.0476
0.0448
0.0452
0.0464

0.0384 0.0364
0.0400 0.0376
0.0400 0.0352
0.0424 0.0368
0.0436 0.0396

0.0424
0.0436
0.0468
0.0468
0.0496

0.0548
0.0540
0.0556
0.0592
0.0556

0.0760
0.0772
0.0748
0.0796
0.0796

0.1368
0.1344
0.1304
0.1376
0.1380

7=0.05

7=0.1 7=0.2

7=0.3 7=04

7=0.5 7=0.6

7=0.7 7=0.8

7=0.9 7=0.95

0.1780
0.1836
0.1876
0.1820
0.1920

0.1032 0.0716
0.1064 0.0760
0.1148 0.0772
0.1200 0.0848
0.1300 0.0960

0.0540 0.0476
0.0556 0.0508
0.0636 0.0596
0.0676 0.0632
0.0688 0.0728

0.0520 0.0368
0.0564 0.0384
0.0580 0.0388
0.0652 0.0508
0.0732 0.0552

0.0508
0.0580
0.0676
0.0708
0.0820

0.0572
0.0636
0.0660
0.0704
0.0760

0.1008
0.0980
0.1076
0.1116
0.1164

0.1380
0.1364
0.1392
0.1444
0.1568

7=0.05

7=0.1 7=0.2

=03 7=04

7=0.5 7=0.6

7=0.7 7=0.8

7=0.9 7=0.95

0.2012
0.2084
0.2196
0.2316
0.2432

0.1380 0.0952
0.1420 0.1072
0.1560 0.1120
0.1644 0.1280
0.1820 0.1424

0.0680 0.0756
0.0800 0.0820
0.0924 0.0896
0.1044 0.1008
0.1144 0.1140

0.0684 0.0584
0.0772 0.0632
0.0880 0.0696
0.0996 0.0800
0.1084 0.0920

0.0768
0.0864

0.0768
0.0820
0.0988 0.0912
0.1136 0.1044
0.1268 0.1152

0.1176
0.1292
0.1364
0.1488
0.1604

0.1668
0.1692
0.1844
0.1988
0.2156
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might be comparatively larger than Case (i) and (ii).

Table 4.3: Empirical Size with STUR & MER Regressors (1" = 200)
cl =0,
al = 10,
c2 =25,
a2 =0.5
~v=0.1500 [0.1240 0.0672 0.0516 0.0512 0.0544 0.0604 0.0656 0.0664 0.0996 0.1452
~v=0.80 |0.1552 0.1268 0.0676 0.0532 0.0552 0.0568 0.0552 0.0676 0.0700 0.1016 0.1472
v=0.85 |0.1564 0.1244 0.0692 0.0580 0.0588 0.0580 0.0572 0.0660 0.0736 0.1024 0.1480
v=0.90 |0.1612 0.1272 0.0708 0.0592 0.0644 0.0636 0.0580 0.0656 0.0772 0.1012 0.1532
v=0.95 |0.1704 0.1264 0.0716 0.0621 0.0652 0.0616 0.0576 0.0724 0.0772 0.1048 0.1564
cl =0,

7=0.05 7=0.1 7=0.2 7=03 7=04 7=0.5 7=0.6 7=0.7 7=0.8 7=0.9 7=0.95

ac12:_150, 7=0.05 7=0.1 7=02 7=03 7=04 7=0.5 7=0.6 7=0.7 7=0.8 7=0.9 7=0.95
a2 = 0.25

v=0.75 10.0956 0.1144 0.0956 0.0856 0.0808 0.0828 0.0756 0.0900 0.1012 0.1040 0.0964
~v=0.80 |0.1080 0.1148 0.0944 0.0924 0.0804 0.0860 0.0856 0.0816 0.0864 0.1008 0.0972
~v=0.85 |0.0988 0.1144 0.0884 0.0756 0.0864 0.0716 0.0880 0.0872 0.0952 0.0988 0.0976
~v=0.90 |0.1008 0.1072 0.0968 0.0864 0.0944 0.0792 0.0768 0.0836 0.0920 0.1000 0.1040
v=0.95 |0.0948 0.1088 0.0888 0.0864 0.0832 0.0852 0.0816 0.0792 0.1036 0.1036 0.0952

With similar local alternatives, the power functions show relatively faster con-
vergence to unity, analog to the single regressor case. In all cases, the power curves
are steep. The speeds of convergence in Case (iii) are much faster since explosive

roots have more significant signals.

4.6 Empirical Study

We apply our QR-IVX inference procedure to check the predictability of economic
or market fundamentals. If we define y; as the S&P500 excess return and denote
21 as the economic or market fundamental, the empirical model has the formula-
tion as

Y = a+ Bri g + €.

To measure market fundamentals, we employ the monthly financial data sets
from Welch and Goyal (2008), ranging from February 1920 to December 2017.

Following Lee (2016), the excess stock return, ¥, is calculated as

P+ D
y; = log (%) —log (Rfree; + 1),
11
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where P, and D; indicate the S&P 500 index returns (/ndex) and dividends (D12)
at time ¢. In this paper, the persistent regressor x;_1(:= tbl;) is the Treasury Bills
Rates. The stochastic component, u,, is corpr;, the Long-term Corporate Bond
Returns. The instrument, Z,, is 200 x log(BM,/BM, 1) where BM, is the Book-
to-Market Ratio (b/m) as the ratio of book value to market value for the Dow Jones
Industrial Average. To check the validity of the proposed instrument, the obser-
vations for variables Z;, x;_1, and u,; are between January 1926 and December
2017. The sample correlations in the data are p, o, = —0.31, p,z = —0.17, and
pzas = 0.05. Since pa, , is far away from zero, the NLLS estimates of the STUR
model are not consistent. Observations of sample correlations reinforce the need
and validity of the instrument Z;. By applying the IV-assisted test of Lieberman
and Phillips (2018), we statistically justify that ¢bl is a persistent regressor with
a stochastic component corpr, in the autoregressive slope. As STUR and LSTUR

regressors share the identical property, there is no need to distinguish between them.

Table 4.4: Short-horizon QR-IVX Estimations & Test(1920:03-2017:12) with tbl;
for Monthly Data

T= 0.05 0.1 0.2 0.3 0.4 0.5
estimate 0.3409 0.1111 0.1639 0.0852  0.091 0.1707
test 2.0548 09767 1.832 1.2733 1.4579 2.6879

Table 4.5: Short-horizon QR-IVX Estimations & Test(1920:03-2017:12) with tbl,
for Monthly Data

T= 0.6 0.7 0.8 0.9 0.95
estimate 0.1456 0.1306 0.0738 -0.123 -0.2455
test 2.2611 19933 1.0245 -1.3383 -2.2446

Table 4.6: Short-horizon QR-IVX Estimations & Test(1921:Q1-2017:Q4) with ¢bl;
for Quarterly Data

T= 0.05 0.1 0.2 0.3 0.4 0.5
estimate 0.3739 0.3777 -0.2743 -0.1477 0.0629 0.1102
test 0.536 0.8604 -1.0043 -0.6854 0.3164 0.5831

As shown in Table 4.4 and 4.5, ranging from March 1920 to December 2017,

the persistent predictor tbl; shows significant predictive power at certain quantiles.
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T= 0.6 0.7 0.8 0.9 0.95
estimate 0.1473 0.088 -0.1589 -0.1107 -0.1805
test 0.7803 0.4589 -0.8351 -0.5263 -0.7214

Table 4.7: Short-horizon QR-IVX Estimations & Test(1921:Q1-2017:Q4) with ¢bl;
for Quarterly Data

The results shown with bold letters imply the rejection rate of the null hypothesis of
no predictability at 5% level. For each item, the first line indicates the short-horizon
QR-IVX estimates, and the corresponding second line demonstrates the square root
of the test statistics. The 5% critical value is 1.96 according to the derived limiting
theory. We can easily justify that on 5%, 50%, 60%, 70%, 95% quantiles, the
strong predictability of tbl; on the excess returns is shown in monthly data. Since at
extreme quantiles there are severe size distortions, we can only confidently justify
that at 50% 60% and 70% quantiles, tbl, shows strong predictability for monthly
data. Related results are demonstrated in Table 4.4 and 4.5. A similar analysis
applies to the quarterly data between 1921:Q1 and 2017:Q4 for all quantiles. There
is no strong evidence that tbl; shows predictability for the S&P500 excess return on

quarterly data. Results are demonstrated at Table 4.6 and 4.7.

4.7 Conclusion

This paper shows that the IVX instruments developed in Phillips and Magdalinos
(2009), the QR-IVX method developed in Lee (2016), and the LHIVX method es-
tablished in Phillips and Lee (2013) can extend to STUR and LSTUR regressors.
Since the Wald test built here has an asymptotic chi-square distribution, no numer-
ical simulations are in need to justify the critical values of the limit distributions.
Another advantage of IVX methods is that it can easily extend to the multivariate

case with both mixed roots and random departures from unity.
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Appendix A: Appendix

A.1 Proofs in Chapter 2

A.1.1 Technical lemma in pure explosive model

Lemma A.1.1 Let X,, ;s and Y, o5 be defined as in (2.2.9).

Proof.
n 2 n n
E(Y?,) = E (Z ajuj> = o? (Z a™’ Za’i min {i,j})
= UZ@JZa “i+o ZjajZai. (A.1.1)

i=j+1

The first part of Equation (A.1.1) can be computed as,

n J
o? E a’ g a "1

-1

a 02 —Jj —Jj —j-1
j=1
_ - _ _2 . a2 AR S Y
— 1_@ Za )2 ;(j—l- Ja~ ¥ + (1_a1)2;]a
_a 102 1 - a‘”) _ale® aP(l-a?)
(1-— crl)2 1—a! (1—a1)? 1—-a?
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ato? a?[1—(n+1)a™?" +na "2

(I-al) (1—a2)2
alo? a™! alo? a? alo? a? (1)
— — — o(1).
(I1—a121—-a! (I—-a121-a? (I1-a1)(1-a2)?
The second part of Equation (A.1.1) is
D~ —GHD(1 — g~ (=)
UZWZ =UZN N
i=j+1
p_1 M
= Zja_2j 1 " ]a J
a~! = at =
J= J=
_ ofa! 1—(n+1)a " 4 na 22
- 1—a! (1 —a2)?
ola " 1—(n+1Da™+na"!
1—at (1 —a"1)?
2.,—1 1
= 2° 2 +o(1).

Therefore we have

Similarly,

S|

E(X2,,) = — (Za—<n—j>—1uj) (Za—m—“—lui)

j=1 i=1

n n
= — a Iy, a Uy
n—j+1 n—i+1
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Therefore it is shown that E(X?>

n,ols

) - (ai21)2 + Op(l)' For E(Xn,olsyn,ols), we have

1 = 1L
E(Xn,olsymols) - %E Z G,_(n_t)_lut Z a_JUj

— _n\/iQi Za’mm{t]}
n12 n n12 n
= \/_ Z Z]CL]—F Zta Z
Jj= Jj=t+1

For the first part of E(X,, o5 Y;.015), We have
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S I L

Voo
= LLH i a'(1—(t+1)a " +ta )
—g-1)2
Vi (l—a)? &
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For the second part of E(X,, ,15Y,, ois), We have

a—n—10_2 n n ) 1 n a—t—l(l_a—(n—t))
tt -7 — _ —n—1 tt
s S - e (S)

1 —-n—2 "
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1 g "2 n 1 g 2n—2 n
= N Ny
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= —— 0
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- 0(1)7

where the exponential rates dominate polynomial rates. Denote 0% := % and
X (a—1)
2 a’o?
Ty = 1Pt ®
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Lemma A.1.2 Asn — oo,

1 n n L

t=1

Proof. The derivations are as

t=1 \ j=t
n n

_ 0_2a—2n+lz<zat 1— gt> o2 _%Zt a Za J
t=1 Jj=t Jj=t

(n—t) o2q"2n n n2
—2n E t —t 2
“TT T l—a™! = (aZ”)

= o(1).

A.1.2 Proof of Lemma 2.2.1

Proof. We complete the proof in three steps: Step (i) shows the asymptotic normal-
ity of Y, 4155 Step (ii) shows the asymptotic normality of X, ,5; Step (iii) demon-
strates the joint normality of X,, 55 and Y, ,;s using Cramér-Wold device (Kallen-
berg, O., 2006).

(1) As innovations are normally distributed, for any fixed n, the random vari-
able Y}, o5 is normally distributed. By Lemma A.1.1, note the fact that E(Y,? ;,) =
% + 0,(1). By the virtue of Cauchy sequence, for any m and n that diverge

with restriction & + 1 — 0,
m n

|Ym,ols - nols| - j : \/E) = Op(l)'

gt

Note the decomposition that

N )
—J —J

g a u; = g a

Jj=1

%
NG
I
—/~
NE
@I
<
~—
2



where (Z?:Z a™’ > €;,fort = 1,2,... n,is amartingale difference sequence. There-
fore the martingale convergence theorem is applied and convergence of Y, 4 1S

shown below:

Vots BY =g N a0
n,ols — = 07 .
o ‘ ( (a—1)*(a+ 1))

(11) For Xn,olm
[l —(n—t)—l} ~ l_v % [L —(m)q}
Xn,ols . ; { [\/ﬁa ;65} ; {; \/HCL €s .

Let Gos := >\, [\/Lﬁa*("*t)*l] €5 so that X, o5 = >, Cys. Note that (s is an
independent but not indentically distributed sequence. The Lindeberg-Feller central
limit theorem (Kallenberg, O., 2006) can be applied to obtain the limiting distribu-
tion of X,, ,s. The stability condition is provided in Lemma A.1.1. To check the

Lindeberg condition, Vn > 0,
s=1

=S (5 [ ) B g

es|>n})

s=1 t=s+1
2
n n - 1
=, (n—t)-1 E |21
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2
where some K < oo. The last step follows >_"_, (Z?:S [\/Lﬁa_(”_t)_lb <K

_ A _ _n—2(n—s) —2
because Yy a 27D = g7 la T2 < .- Consequently, we have

n

ZE(C251|CTLS|>17) < KmaxE
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93



Case (ii1) by the Cramér-Wold device, the following condition is needed to show

the convergence to joint normality,
d
an,ols + an,ols — pX + q}/?

where Y and X are two independent normal variables that follow N (O %)

and V' (0 ( > respectively and p, g are any two real numbers. If we define Z as

7 =, N(O q = 1)3(;1) +p? (a 1) ) then pX,, ois + qYn 015 4 7. We can write

PXnols + qVnois = 31—, 01 where the array

o = pZa Jet—i-—z —(n=-le,

=t

= Z <pa_j + %a_("_j)_l) €t

J=t

consists of independent and non-identically distributed random variables. As we
assume the joint normality distribution for ¢, then the term pX,, 55 + ¢Y;, 015 15 also

normally distributed as
an,ols + an,ols ~ N (OaszXfL,ols + q2EYn2,ols + 2pq]EXn,olen,ols) .

By Lemma A.1.1, we have asymptotic uncorrelation for X,, ,;; and Y, ;5. The argu-
ment of Cauchy sequence and martingale convergence theorem in (i) can be applied
again to shown convergence to the Gaussian variate Z. As for the joint normality,

the asymptotic uncorrelation implies asymptotic independence:

2 2 2

d a~o g
Xnos Ynos N 07 2 2 .
PEnols  Q¥niol < q(a—1)3(a+1)+p(a—1)2)

We complete the proof. m
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A.1.3 Proof of Theorem 2.2.2

Proof. The explosive model has the following decomposition.

1

n n n
—2n 2 . —2n/, 2 2 —2n+1 —2n 2
ay Ty, = 5199 Wa— %)~ 2a  gaw —a”" Dy up o
t=1 t=1 t=1

where

n n n t—1
a72n+1 E Yoty = yoafn E af(nft)ut + a72n+1 § E atflfjuj Uy
t=1

t=1 t=1 \j=1

= Oy(a™) +a"/n (% tz:; a("t)lut> (; aju]) + 0,(1)

= Opla™Vn) +O0y(a™) = 0,(1).

Besides, a™** Y7 ui = O, <aﬁ%> In all, we have the following approximation,

2
o o, 1 =
a? 293_1 = a2_1(a yn)2+0p(1):m(za Juj) +0p(1)
t=1

j=1
1 2
= (ag . 1)Yn,ols + Op(l)'

For the term % Y iy Y1,
—n

n _n n t—1
a _ Y —(n—t) a t—1—j
— E YUy = —= g a U + —= E (E a Uj) Uy
NLD — vn — Vn —

—

= (%ia_(”_t)_lua <z”: a_juj> + 0,(1)

t=1
= Xn,olen,ols + Op(1)~

A.1.4 Technical lemmas in mildly explosive model

n —(n—t)—1 n —j
The paper defines X,, := ﬁﬁ S oy, and Y, = ki% S g
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Lemma A.1.3 Asn — oo, we have p," 7= = o(1), p_”-’;—j = o(1), and p;" Y2 =

o(1).

B

Proof. For p," - ;= = o(1), see Phillips and Magdalinos (2007). For the other two

results,

2
log (pn” . %) = —nlogp, + 2log (k:i) = —nlog (1 + k£> + 2log (l;)
c 1 n
= o ()| +2s ()

_ _ne [1+%bgn(7#+0 (ki)] — 2 L+ of1)

Similarly we prove p;," - \/‘/ki =0(1). m

Lemma A.1.4 As n — oo, the following results are shown,
() o pi? = O(V), and Jim 2575, pi? =

D Ty 0% = O and Jin 57, % =
(3 X1 dp’ = O(1), and lim &5 370 jp,7 = 5

(g Ljadpn® = O(1), and lim g 5757 jon™ = g

Proof. When n — oo,
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knpn! v
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2 n 2 _ —2)2
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| ]
Lemma A.1.5 Asn — oo,
2 o’
E(‘Xn,ols) = C_2 _'_0(1)7

E(Xn,olen,ols) = 0(1) .

Proof. As n — oo, we derive the following arguments,

ey

1
E(Y?) = =B
n j=1 i=1
0.2 n » 7 o 0_2 n L n iy
DI N R DD DN
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Two terms in (A.1.2) are computed separately. The first term in (A.1.2) follows

i

—1 TL +]' n —"_ n
k3zpn Zp j_kszp £ (Z )51)2 0

P 'o? —i - e |
- CQk’ A lpn (1_(l+1)pn +1p, )

n -1,2 "
= CQk Z —i n (Z + 1)10;21 + anQkOT-L Zz-p;%fl
i=1 i=1
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1.2 M

— ch’ Z —i_ Pn 9" pT—Lzz_PikZ Zz’p;”

i=1 noog=1
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= ga T

Similarly, the second term of (A.1.2) is computed as,

) 1— n(”l)
kszwn ZP]_U—;;<Z%) 5—21 :

Jj=t+1 =1
_apﬂ -2 —n—1 g —’s
S ()
n =1
2
g
:@+“>

In all, the following result is derived as,

(2) Asn — oo,

1 [ - —(n—t)— - —(n—s)—
) = e | (3o ) (St
n L \t=1 s=1
1 n - n .
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= nkQZp an min{n —t+1,n—s+1}
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= nkQZ'D Zp (n+1) Zp an max {t, s}

no¢=1 ”tl

_ nk22p Zp (n+1) ( ><k32tpn><;pﬁs)

not=1 not=1

OEENE)

Similarly three terms are discussed separately. The second (A.1.3) is calculated as,

t 29 1 n
—s . 7t pn n ) g pn —t —2t
() (L) - gomt )~ S -
no¢=1 s=1 no¢=1 noog=1
o2pt & 2p—t n 302
ST Al e G|
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The third term in (A.1.3) is calculated as,

In all, we have the following argument as,

n C

E(X7) = nkQ Z ‘thn +O< >=M"—2(1_pgn)2+o(1)

3) Asn — oo,

n —n—1 n n
E(X,Y,) = S Zp”j“j] =" [Z p Do minft, j}
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(A.1.4)
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() () ) (5

The first term of (A.1.4) is computed as,

o o o 1=+ D)pnt Y
B ) ) B

t=1

27n2"

n O
> b= (t+1)p," +tp, )
t=1

n c%
\/k_m?p‘”‘?z": _
==L (ph+tp,t —(t+1))
vno Ak, =
~ VE,o%p," ! "—1+0 Vky,
Vv Ak, opo—1 vn

where exponential rates dominate polynomial rates. The second part of (A.1.4) can

be derived similarly.

7o'y
kn ( ) (g =t+1 \/ﬁkﬁ =1 1—py!
2 —n—2

n —(n—1) —-n—2 "
- 5 Z 1— -1 = Zt(l_Pn( U)
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e W)
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—(n—t
ot L pn" )

n

due to Lemma A.1.3 and the dominance of exponential rates over polynomial rates.

Finally, it is justified that
E(X,Y,) = o(1).

We complete the proof. m

Lemma A.1.6 Asn — oo, L2-ES T D iy Pl Tugug = op(1).

k2
Proof. As n — oo,
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due to Lemma A.1.3. =

A.1.5 Proof of Lemma 2.2.2

Proof. By Cramér-Wold device, it is sufficient to show that pX,, 55 + qY5 015 —

pX + ¢Y, equivalent to show that pX,, o5 + qY7 015 AN (0, w). The ex-

2¢c3

pression is rewritten as

n t
RN B
an*‘JYn:Z{[k \/ﬁppn‘ ) 1+;qpnt] es}
= n s=1
1
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s=1 {t s+1 [ n\/_ kj?

n— 1 _ ..
Define (s := > ., o1 [k fppn( D1y gqpnt} €s. The term (,,; is independent

but not identically distributed. The Lindeberg-Feller central limit theorem (White,

2014) is applied to derive the asymptotic normality. First, the stability condition is

shown:

2
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E Z Cns] = pQE(Xn,ols)2+q2E(Yn,ol5)2+2pqE(Xn,olen,ols) - %‘I'O(l)
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Then, the Lindeberg condition needs to be checked. For any n > 0,
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2
t)—1 2
where K is some constant value since kQ - (p D orsi1 P n(" )= ) < % and

n n —t\2 n —(n—t)— 2 2
ézszl (@ eirn’) < q_3 Forany s > 1, (Et:erl Pn ) 1) < ]Z—S and

2 _ 2 .
( t—s1Pn t) < ’Z—g Further, it follows that

nk2

< 2
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where n — 00. Proofs end here. m

A.1.6 Proof of Theorem 2.2.4

Proof. First we discuss the denominator as,

7271 n p p p72n+1 n p72n n )
Zyt 1= 2 1)) k3 yn k3 3/0 k3 ;ytlut—k—g;% :

—2n

1
Since Y | ui = Op(n?), 25 2 =0,(1). As yo = 0,(k2), ”;;3 va = 0,(1).

In addition, we have

p—2n+1 Yo P n 2n+1 n -
= e +° 2 Zﬂi Juy |
n t=1 n n t=1 n

By the initial condition for g, y—% = op(l). By the dominance of exponential

rates, pkn5 Zt 1P n(n t)utzop(l) So, £ k3 Zt 1 Yt— 1 = 0p(1).

It follows that

o

—op M 2 2
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For the numerator, the following decomposition is shown

n n
ZZpZ Tuguy = Zan wuj + 0p(1)

nntljl ’I’Lntljl

ZZpZ Tuguy + 0,(1)

\/_k’ntljl \/ﬁk‘ntljt

< Tk pr(n 2 1U> ( an]u]> + 0p(1)

k:TQle

= Xn,olen,ols + Op(l)’

by Lemma A.1.6. Then the proof is complete. m

A.1.7 Proof of Theorem 2.2.6

Proof. For the mildly stationary case, it is shown that

(L=p2) D Wi =% — Y+ DU +2p0 ) Yorts (A.1.5)
t=1 t=1 t=1

=

nnz Zyt 1o (1 —pn) {knlqﬁyg  kn 3Yn + Z QPnZyt 1%&}

Specifically, the order of each term of (A.1.5) is discussed. It shows that y7 =

0p(kr). It follows that

2 2
1 1 n - n—j 1 n 1 - n—j
n n j=1 n j=1
(A.1.6)

For (A.1.6), it is shown that & 2,0 "y2 = 0,(1), and

2 n n
(sz” / ) zﬁE Zpﬁjuj] [ZpZiUz]
j=1 i=1

ZpZ;L_IZpZ_lmin{n—i-l—j,n—I—l—@'}
= i=1

n2k,
7j=1
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_ngknzp{l—lzpil— (n+1) 2k Zpﬁ Zp max{i,j}
_n% pr sz '(n+1) +O(k2>
-4 (ij ) et 1)+ = (2) S o)) = o)

n

In summary,

Lo Fno i) —oq).

y =
n?k,”" n c?

For the term ﬁ 22:1 yi—1us of (A.1.5), it is shown that

n n n t—1
1 yo . 1 1.
S Ut = D p et ) (Zp; ! Juj> w. (A7)
"oi=1 " oi=1 " oi=1 \j=1

For the first part in (A.1.7), we have ,

n

Yo Y Yoln” g
n‘%%E an te ) = nik2 ZPnZP]“%

t=1

a’yspa’ , 1 k2
= anzpﬂmm{z 3} = oplka) X O(K) X —m = 0, ( 4
= 0,(1).

For the second part of (A.1.7),

zlknE [; (J_Zl pz—l—jujut)] = n% py gpn (Z 0 > min {¢, 7}

j=1

o 1i tl—tp;(t_l)—(t—l)p; kno? 1

n’ky pp 4= (L—ppt)? cin? pp =
koo 1 & : ko2 1 <& k0 1 -
e S T Ly S )
k(I —=pp)  knoPn(n+1)  kyo® n(n +1)  kyo’n
T np,(1—pn)  22n2p, 2¢2n?p2 c2n?p?
ko pn(l — k; o’n(n+1) kno’n

(1 _pn) -

2p n? n?py,

= (=t + (t—1)p,")



2

SO o= Doy Y1t = —g—z + 0p(1). It is also easy to show SEY 1 uf = & +

0,(1). Based on all above discussions, it follows that

P Y g Ye—11
=L 0,(1).

n?k,

The proof is complete. ®

A.2 Proofs in Chapter 3

A.2.1 Technical lemmas of recursive k-means algorithm

We collect technical proofs for classifications, estimations and inferences on the
recursive k-means classifications and the modified £-means classifications.

We denote g; := g; (%) as any k-means classification estimates for g for each
1 = 1,2, ...n. To demonstrate consistency of the recursive k-means classifications,
we intend to establish the consistency of in terms of the Hausdorff distance. The
Hausdorff distance measures how far two compact subsets of a metric space are

separated from each other:

d b) = i ;—0b i ;—0b .
o) = (o o= ) s, (i o=}

Lemma A.2.1 If Assumption I and 2 hold,

sup 17
(€,0)ECXA K0

Qur(2,0) = Qur(@.6)| = 0,(1)

where
R n 1 T )
Qnr(C,0) = nT27 pQTZ(yit_yi,tflﬁg) )
=1 "t t=1
and
1 < 1 1 &
~ -
e =t 3 60 )+ s 3
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and {p;};_, are the collection of individual least squares estimates and Py = €xXp (%) .

Proof. Define 7° Pgo = €XP (c 0 /T 7) and p Py, ‘= €XP ( ) Observe the follow-

ing argument as,

7 [Q”T<E7 i 6)} h nTv Z v2T Z Vi t—1 Uit ( - pgz>
2 —1 5o (A0 _
- nT2y Z “2T Z Yit—1Uit (cg? — C!]i)
P -
n T
2 1 L
B n12v Z Ib’?T Z yi,tquitcg?
i=1 "t =1
n T
2 1 o
T Z o2 Zyi,tquitcgi_
=1 "1 =1

We have

TQW Z V2T Zfl/zt 1%&0 0= Z 1 {gz = 9} Z ugTTQV Zyzt 1UthQ-

Forany g € {1,2,..., K},

IN

B 1 n 1 T N .
1{9) =7} - Z G Zyi,t—luitc’g‘ e 1{g) =7}~ Z v2TT2,y Zyzt 1t
=1 "1 t=1

1
SO
g (p%Tx/ﬁ) ’

since [¢z| < ¢, due to the compact support of distance parameters. Define p; :=

exp( ) Therefore

1
TLTQ'Y Z uzQT Zyzt 1Uth 0 = O <m) , (AZI)

where we define p; := (exp (£)).

n

Similar argument can be applied to the term —=- TQW Yoy ,32% Zle i 1—1U;tCy; and
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we can justify

n T
2 1 1
E V—E Ni_ﬂiEi:O — . (A.2.2)
nT* i=1 pZT t=1 Yttty g ((Pl)T TV\/H)

1

By combining above results (A.2.1) and (A.2.2), we have

~ ~ 1
su T Qnr(c,0) — Qur(c,0)| =0, | ——— ] = 0,(1),
i T[@ated) = Gurte )| =0, (s ) = o)

due to the dominance of exponential rates. m

Lemma A.2.2 (Estimation Consistency) Assumption 1 and 2 hold, and ¢? > 0 for
each i. Under (n,T) — oo,

dy(@,2) 5 0.

By Lemma A.2.2, there is one permutation 7 : {1,2,..K°} — {1,2,..., K°}

such that parameter estimates converge to the true values,

P,

z 2 &,

Cr(g) — G4

By relabelling ¢, we take 7(g) = ¢. For any 1 > 0, we define

N, ={ceC:|&)—¢c,| <nVge{l,2,..K°}}. (A.2.3)

Let g; (f) = argmingeq 2, ko) Zthl (git — Yit—1 €XP <%>>2 After verifying the

consistency of  for °, we provide the individual and uniform consistency of recur-
sive k-means classifications in the following theorems.

Proof. Define ﬁgg = exp (E‘;? / T7> and p,, 1= exp (%) Observe the follow-

ing argument as,

o~ AN

Qur(2,6) = Qur(2,6)+0,(T™") < Qur(@,6°)+0,(T™7) = Qur(@,6°)+0,(T ),
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where the equalities come from Lemma A.2.1. Because @nT(C, 9) is minimized at

¢=72"and § = §°, we have
Qur(@,0) — Qur(,8°) = 0,(T™).

On the other hand, for any ¢ and Eg > ¢z (The case 52 < ¢z can be discussed in the

identical way), we have

Op<T7'Y) = @nT(Ea 5) - énT(E()? 50)

n T
1 1 _ _
= T Yo D i (<p29>2 - (pgi)Q)
=1 t=1

— [;
K% KO , , L . T
SO NCIEIE SE 3
9=1 g=1 i=1 —
L& 2 2\ o2 1
> Y (@) - @) o ()
g=1 g=1 u
M~ ] .
= 42TV 96{11,121,1...,1(0} ((E(g] - ’g) (/)2 + pg)) + 0p <ﬁ)

> T s (i (@)~ @) #47) ) +on (o
T 42 T ge{1,2,..,K9) \ge{1,2,... K0} ** I 9) \Pg T Pg p\ 7y )"

Note that % is bounded away from zeros by Assumption 1 and 2. As a result,

i —0 — —

— 0= | = T A24
sy (i -7l ) =0 ). a2
or

max ( min ’62—E§|>:0p(1). (A.2.5)
9€{1,2,....K%} \ ge{1,2,...,K9}
Let
_ ; 0 _ =
T

Then we have for g # g,

n T

1 1 ~2 = N2 (5 )2
nT27 Z 72T Z Yit—1 ((Pr(g)) — (Pr@) >
i=1 t=1

(2

T
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T

I 1 B )
> T\ D =7 D Ui ((p2)2 —~ (pg)2>

=1 i =
1 &1 < ~ 2 5
o Z; @W;@ﬁt—l (<p7(9)> ) )
1 &1« ~ 2 )
—T7 T Zl Frd ;@Qz‘,t—l ((ﬁf(z;)) — (75) ) . (A26)

The first term on the right hand side of (A.2.6) is bounded away from zero since

n T

1 1 - o?
nT2v Z 72 Z Yig—1 Z M@’
i=1 Pt =1 u

w.p.a.l and |Eg — Eg‘zc* > 0as g # g. Due to (A.2.4) or (A.2.5), we have the 2nd
and 3rd term of (A.2.6) are 0,(1). Therefore, we have 7(g) # 7(g) with probability
approaching one. We note that asymptotically 7 is not only an onto mapping but

also one-to-one mapping. Hence 7 has the inverse mapping denoted as 7~ !. Then

we have
. -0 = -0 . = | . —0 . = | —y
96{1{12171'21(0} Py — Pg > Pr=1@) — Pg| = he{lgl}.{l’m} Pr=1(n) Ph‘ = Op (T )7

where the last equality comes from (A.2.4) or (A.2.5). So we have

Py — D5

) = 0,(T). (A.2.7)

max min
ge{1,2,.. . K%} \g€{1,2,...,.K°}

In all, by combining the results for two terms (A.2.4) and (A.2.7), we complete the

proof. m

Lemma A.2.3 If Assumption I and 2 hold. For any M > 0,

)2

Proof. Due to the dominance of exponential rates, the argument can be proved

T
E Yit—1U4¢
t=1

1
P (—pgm

by the Markov inequality. m
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Lemma A.2.4 [If Assumption I and 2 hold. For arbitrary M > 5 202,

2]\7):()(%)

Proof. Due to the uniform dominance of innovations over the fixed effect in

T

> Ui

t=1

P 1
121%}; g P T

(3.2.1), we only need to consider the case where there is no individual fixed effect.
In other words, it is equivalent to consider the decomposition in (3.2.1) with p; = 0

forall: = 1,2, ..., n. It follows that

p—2T 2p—2T+1 T p—2T T 1
i 2 i i 2 —2
TTQ’Y E yzt 1= T Yir — T E :yi,t—luit - T tz_l: Ut _p?TTZV—l Yi—1-

t=1
Therefore we can derive the following uniform upper bound as

T

~2
E Yit—1
t=1

IN

zﬁ)
21\7>

> M p Lo (2 Ey;
> nlr%a;; r 2_0? T (yi,T_ ,%-,T)

1 Qp—2T+1 T
20 T

p 1
n max Pr | ———
1<i<n T2y

+n max Pr

i t—1 Wit
1<i<n Y. !

+n max Pr
1<i<n

1<i<n

+n max Pr
1<i<n

1
+n max Pr ( B T
Pi

o Tv ]Ele > JTJ) (A.2.8)

The details follow similar procedures of Lemma A.2.8. We need the following rate
restrictions as in Lemma A.2.8: T%~2n (logn)? — 0, and 77 n (logn)* — 0.

The additional needed rate restriction here is
n(logn)* T3 =0,

as we hope to make sure that for each i = 1,2, ..., n, the adjustment rate p?’ 1727
is larger than the upper bound of (BB.2.1) in Lemma A.2.8 as ni\/log nT- P,

The first and third terms of (A.2.8) can be proved by exponential inequality for mar-
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tingale difference sequence (Freedman, 1975). The second term has been proved in
Lemma A.2.3. The probability of the fourth term is 0,(1) due the Markov inequality

and the dominating exponential rates. For the fifth term of (A.2.8), if M > 2 2 ,

'LT

n max Pr(

1<i<n

> M> 0.
All in all, in order to make sure

1
lrg?éz Pr (p?TTQ’Y

T
~2

E Yit—1

t=1

21\7>:o<%>,

we just need to make sure Assumptions 1 and 2 hold and M is large enough as

1 502
M > 27 [ ]

Lemma A.2.5 If Assumption 1 and 2 hold, for any M satisfying 0 < M <

)}

Proof. The proof follows the fashion in Lemma A.2.4 and accommodates the

;il\?

T
~2

E Yit—1

t=1

1
B Pr <—pgw

following decomposition

1
”fg%’;Pf <p2TT27 Zym 1 < M)

t=1
d 1
< n max Pr ( 2T ; TTQW Z]Eylt > 2M>
1 - —
+n 52%)7(1 Pr (W ;Eyi,t—l S 2M)
1 T
— S — 72 —Ei? -M
N nlrg;a;; Pr <p2TT2v — (yz,t—l Eyz,t—l) < M)
T
+n1r£1ias>;Pr( 2T Z it 1<2M)
1 p—2T -

< n max Pr( . (yf —Esz) ZM)

1<i<n

280 T
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1 2/)'—2T+1 T .
e S A >
e Prilos T £ Yttt =M
1 pf2T T ) o
1 4 >
-I—nlrgzag};Pr(—Qc? ™ 2 uy| > M
P L o >M
e Pr | et 2
pr( Ll e <om A29
e Pr{ 5" Byl <20 ) (A29)

The details follow similar procedures of Lemma A.2.8. We need the following rate
restrictions as in Lemma A.2.8: 7%~2n (logn)? — 0, and 77 n (logn)* — 0.

The additional needed rate restriction here is
n (logn)*> T3 — 0,

as we hope to make sure that for each i = 1,2, ..., n, the adjustment rate p?” 727

1+5y

is larger than the upper bound of (BB.2.1) in Lemma A.2.8 as nix/log nl 1 .

For any positive constant M > 0, the first four terms in (A.2.9) are o(1). The
asymptotic negligibility can be proved in the identical way to Lemma A.2.4. If we

define 2M < <2 then

29
4cz

1 2T o
n max Pr (— LRyl < ZM) =0.
Y ’

1<i<n 2¢) T

In all, we complete the proof. m

Lemma A.2.6 Suppose Assumption 1 and 2 hold. For some n = O (%) under

joint convergence (n,T) — oo,

sup — > 1{Gi(® # 4’} 0.

ceNy T —

Proof. As the incidental parameter u; is of lower order, it is equivalent to

consider the model where i; = 0. For the definition of g;(-), we have for all
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ge{l1,2,.., K",

T T
1{g:(e) =g} <1 {Z Uit — Uia-10g)" < Y (Wi — @-,t_lpgg)?} .
t=1

t=1
0
Define po := exp (Egg / T7> and p,, = exp ( ) For simplicity, we write p! (:: exp (ﬁ))
as p;. We derive the following transformation
1 n K© 1 n
=~ 1@ =gt = > —> 1{d #9}1{a@ =g}
i=1 g=1 = =1
KO 1 T T
Z " Z 1 {9? # 9} 1 {Z@vmt — Zji,tflﬁgy < Z@zt — @,tlﬁgg)Z}
t=1 =1

g=1 i=1

K° 1 n
g=1 =1

IN

where Z;,(¢) == 1{g] # g} 1 {Z?ﬂ@it - gi,tflﬁg)Q < Zthl@it - gji,tflﬁg?>2}'
We intend to bound Z;,(¢) for all ¢ € NV, by the quantity irrelevant to ¢. Therefore

for all ¢, it has

[M]=

9#9
= max1
9#g

Let us define

T
(gz‘t - gz’,t—lﬁg)g < Z @zt - gi,t—lﬁg)Z}
t=1

otcs (= 72) (TotsPoot 2 — o (3 + 7)) < o} |

Zig(e) < Ipaxl{

t=1

MH

t=1

S Ui (p5 —P,) (2@,1&71@ + 2Ui — Pig—1 (5 +7,))

— Zthl Yit—1 (ﬁg — 52) (2@‘,t—1ﬁ8 + 2Ui — Yig1 (58 + 52))
2 Z — Dy g1l | + |2 Z )i 1l

S Uit (B = Py) (204173 — T (75 +7,))
= et (85 = 7)) (200017 — Go1 (P +75))
=: Hyp + Hor + Hsr,

IN
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and

where Hyp := |2 Zle(ﬁg — Pg)¥ip—1Uit|s Hop = ’2 Zle(ﬁg - ﬁg)ﬂyvi,tflait

i1 Gia-1 (P = Py) (2Wie-175 — Uie1 (P5 + 7,))

- Z;il Yit—1 (ﬁ% - ﬁg) (2@,t—1ﬁ% — Yit—1 (ﬁ% + 52))

H3T =

By the compactness of the parameter support, we have

T
Hir = |2 Z(ﬁg — Dg)Yi—1it

t=1

B] r
< 1? 1.t— U’Z 3
l Y tzy’ t

T
E Yit—1Use

t=1

< 2|ﬁg_ﬁg|

where B; is a constant independent of n and 7. We have the above argument by

where

the definition of 7. Similarly we can justify that Hyy < 227 ‘zle T o1
By is a constant independent of 77 and I'. For Hsp, we have with B3 as a constant

independent of 7 and 7',

S Gt (75 = By) (a1 = Gias (54 7))
=S Gheer (9§ = 78) (2017 — Foar (75 +70))
T

= E Yit—1
t=1
T
~2
E Yig—1]|-

t=1

1
777 1)+ 5 () -7+ (2))

Bs
™

By combining available results, we obtain the following,

T
Zig(c) < Igff 1 {Z Yit-1 (ﬁg - pg) (2@',#1?8 + 2Uit — Y1 (ﬁg + ﬁg)) < 0}
t=1

< max1 Zil Yit—1 (ﬁ% - ﬁg) (2@‘,75—15% + Ui — Yig (ﬁ% + ,52))
X

T g#g B1+Bs Bs T ~
< =5 +ﬁ77‘2t:1 Yit—1

T ~ ~
n ‘thl Yit—1Us¢

Based on the following fact that

T T
S a1 (3= 7)) (25 a7y — Gowr (B +70)) =D e (05— 75)
t=1

t=1
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we define the following argument as

7 — max1 (ﬁg _0) Zt lyzt 1+2(P Pg) Zt L Yit—1 Uit
ig

979 B +B
S 1 2 )Zt 1yzt 1uzt

TvU‘Zt 1yzt 1’

Consequently, we can bound Z;,(¢) by supcy;, Zig(¢) < Z Note that

sup Z{gz )# g0} <~ zn:ZZzg

zlgl

Fori=1,2,...,n, g0 = g # g, we have equivalent representations p; = pg- For all

g €{1,2,..K°}, we have

(P2 =70 S ey + 2 (P2 — P0) oL, G

A
N
i

979 < BH—BQ ‘Zt 1yzt 1 Uit TVT]‘Zt lyzt 1‘
0 — T ~ o~ T
2(p9—p2) > i1 Uit 1Uit<—(ﬁ'2—_0) D i1 Vit

IN
i\g
Y

+ Bl+BQ

‘Zt 1y7,t luzt Tvn‘Zt 1yzt 1’

2 S Gt < - (&= )" ()" W

Z +(By + Bz) (52)*" yM + ByT" (ﬁ~) . W

9#9 9#9

IN
(]
a3

oo

T

+ZPr< T Ty Z?A/;zt 1 2M>

979

9" T_j_~i<— T T _
< ZPT IRl Zt_ly -1ty < — (¢ ) (pg) o + ZPF ( 27}T7 Z@ﬁt_l <
< y = Pi —
J#9 +(B1 + Ba) (Pg) nM + BsT (P~) nM J#9 E t=1
1 1 T N

+> Pr (pQTT7 Zy” V| > M) +) Pr (pQTT > T 2M>. (A.2.10)

979 979 t=1

Based on Lemma A.2.3, A.2.4 and A.2.5 we can argue the 2", 3¢ and 4" terms
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(c*)*M
2BsTYM '’

of (A.2.10) are o (%) . We restrict n as n <

_ (e)*M
n= 1BToT Therefore we have

For example, we can set

o _ . 2 (—0\2T 55
25 Zthl Yir—1tip < —(c*) (pg) M

7#g +(B1 + By) () M + BT 23] M

ot Zthl Yit1Uiy < — (C*)QM

9
= Z Pr 7(%5)

379 +(By + B)nM + BsT "M
T 2
c* SO — ()" M
< Z Pr 2T’Y 57 ) Yit—1Uit < 5 )
g#9 tot=1
T —
1 IO M
S Z Pr T’YPZT yz t—1UWU4t Z 4 )
G#9 b=t

The last equality is due to Lemma A.2.3. Combining the above results, we obtain

Pr(Ziy = 1) = o(%). This implies that

CGN g=1 i=1 glzl

- {2)

Assume that @g represents the g-th estimated classification group and GS de-
notes the g-th true group in the population. To rigorously state the uniform con-
sistency of the recursive k-means algorithm, we define the following sequences of

events as
Epi={i¢ Gylic G} and Fyyi= {i ¢ )i e G}, (A2.11)

forg = 1,2,..,Kand i = 1,2,....,n. Let Egm;p = Ueao f?w and ﬁng =
g

Uie é, ﬁg,i. E\g’nT demonstrates the error event of not classifying the individual unit
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of Gg into @g as a type-I classification error; EWLT demonstrates the error event
of not clustering the cross-sectional unit of @g into G’g as a type-II classification
error. Furthermore, we establish the uniform consistency of the recursive k-means

classifier.

Lemma A.2.7 (Uniform Consistency of Classification) Let Assumption | and 2

hold and & > 0 for each i = 1,2, ...,n. Under joint convergence (n,T) — oo,

(i) Pr <U5:01 Ag,nT) < 25:01 Pr <Eg,nT> — 0,

(i) Pr (Ups Fyr) < S0 Pr () =0,

Lemma A.2.7 illustrates that for all g € {1,2, ..., K°} all cross-sectional units
belonging to group Gg are assigned into the same estimated group @g asymptoti-
cally. Meanwhile, all cross-sectional agents classified into the same group @g for
all g € {1,2,..., K°} belong to the same group GS in the probability limit. These
observations show that the summation of classification errors is diminishing asymp-

totically.

. . KO = KO ~
Proof. For the uniform consistency, observe that Pr (U g=1 Eg,nT> <Y Pr (Eg,nT) <

Zf;(:ol ZZEGO Pr (Egz> We have

KO
S 3 Pr(By) < nmax BUGE) # 60 = n max Pr{|5.() — o | > 0}
g=14ieG) o o
< 3.(8) = ° Z. — 7
< 7 sup Pr{[:(e) — 97| > 0} +n max Pr{|cj — 75| > n}
= o(l)+ n max Pr{|cs — 529 > n}. (A2.12)

It remains to show that the second term of (A.2.12) is asymptotically negligible.
Note the fact thaty = O (7). By Lemma A.1.1, forany i = 1,2, ..., n, the estimate
[ generated by the recursive k—means algorithm converges to the true value at the

rate of O, [ ——L~— | which is smaller than the radius, 7. Moreover, since the
P\ va(e)) T

0

rate of O, <m) is dominating over the polynomial rate of n, the Markov
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inequality produces

n max Pr{ >n} =o(1).

= 0
C;. — Co
1<i<n g

Then we successfully justify the argument of (i);
For (ii), we basically follow the derivations in Su et al. (2016) and can easily

derive the need results m

A.2.2 Proof of Theorem 3.4.1:

Proof. (i) Note the definition of g;,

e (s o0 -

1<i<n

> o) <Pr(2gN,)+E

sup Pr <max 5@ — g0 > o)] |

ceN,  \l<i<n

Based on the proof of Lemma A.2.6, we know that n = O (%) asymptotically.

The convergence rates of our estimates are fast enough to satisfy this condition as
Z =0 _ R _ 1 _ 0 .
Cqg—Cy O, (\/ﬁ(pg)TT"f> Op (TV) forg =1,2,..., K”. Therefore we derive the

following argument as,

Pr (% gNn) — o(1).

Besides,

sup Pr (max ‘@(E) — g?! > 0) < nsup max Pr (LE;}(E) — g?} > 0)

ceN,  \I<i<n ceN, 1<i<n

= n max sup Pr (|gi(@) — g7 > 0)

1<i<n g,
1
n-o (n) o(1)

Then we completed the proof. m
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A.2.3 Proof of Theorem 3.4.2:

Proof. Based on the definition of the post-classification estimator, we have for each

ge{l,2,...,K% andc, > 0

; T Zie& 23—1 git—lﬂit

VAT @) (7= 7)) =

2
ngT 7 (

2T Z’LGG" Zt 1 yzt 1

The numerator and denominator can be decomposed as

T Z Zyzt 1uzt

ZEGA t=1

T

= \/_T7 pg T Z Zyzt luzt + \/_T7<

1€GY t=1

\/_T'y< )TZ Z Zy” it —

9=1. ieGz\Gy =1
g ngGO 0>a

and

TQ«,( )QTZ Z

9=1, i€G,\GY
979 i€y, o>a
Therefore it remains to justify these arguments:

(i) Forany g =1,2,..., K°,

1 S
\/n_gT—(ﬁg)T Z Zyz’,tquit =

i€Gg\GY =1

10 00
zEGg,a§<ag
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)TZ Z Zy” 1t

9=1. ieG;\Gy =1
979 zEGO a0<a

TZ Z Zylt luzta

g=1 ZeGo\GAt 1

T



T

1 ~2
ng T2y (ﬁg ) oT yz,t 1 OP ) )

i€Gy\GY . t=1
;210 0
16G57a5<a9

(ii) Forany g = 1,2, ..., K°,

1 T
e 2 2Tl = o)
g g ieGo\GY t=1
ieG%,agZag

T
1 ~2
—_— E - = 1):
ngT? (pg)ﬂ Z Yit— op(1);

i€Gy\GY =1

(10 0~ 0
zeGg,oa§20¢g

(iii) Forany g = 1,2, ..., K,

\/_T'Y T Z Zyzt 1uzt = Op(l)a

i€GO\Gy t=1

Tg,y )T Z Z%,t 1= op(1).

’LGGO\G

For (i) (i1) and (iii), second terms can be proved identically as the first ones. Without

losing generality we just focus on the first terms. For (iii), we have for any € > 0

Pr \/_T“Yp T Z Zy” 1| >¢e | <Pr <ZE9”T> — 0,
g

i€GO\G,y =1

under joint asymptotics. For (i), forany g # ¢ = 1,2, ..., K° and for any € > 0, we

have

KO
P Yitr_1Uy| > | <Pr ]/im — 0,
TWTV()TZZZtH > e

g9=1, ie@G \GO t=1
g ngGO o<0<a
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under joint asymptotic framework. For (i1), for any € > 0, we have

K(J
Pr Yig—1ti| > e | <Pr ﬁjn — 0.
\/_TV( O)T 2 Z Z t=1 it ; T

1, ’LGG \GO t=1

9
g gZEGO 0>a

Summarizing above results,

\/—Ty —0 T Z Zy’ﬁt luzt \/_T,y T Z Zyzt 1u1t +Op 1)

ieG, t=1 i€GY t=1

and

nTQ'y QTZZyH 1= T2'y —0 ZTZZ?JM 1+OP

ZeGg t=1 q,GGO t=1

The asymptotics for the post-classification estimator is asymptotically equivalent to
the infeasible within estimator. The joint limit (n,7") — oo for the infeasible within

estimator follows Phillips and Moon (1999). =

A.2.4 Technical lemmas of modified £-means algorithm

We also intend to establish the asymptotic properties of the mixed-root panel autore-
gressions. We collect the individual least squares {¢;},_, and discuss their uniform

bound.

Lemma A.2.8 If Assumptions I and 2 hold,

swp [& =l =0, ((p) T TF),

1<i<n,c?>0

where p, 1= exp (%)
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Proof. If ¢; > 0, there is one explosive root. The time series estimator is as,

T -1/
¢ —c; =17 E Yit—1 E Yit—1Uit |
t=1 t=1

o~ 0 o~ ~
sup |Ci - Ci’ < inf E yzt 1 sup E Yit—1Uit
1<i<n 1<i<n 1<i<n

t=1

and

)

T —1
I T” )
' (gsin e &?&(zcoEy“T Zy)) <1“335n
7 t=1 -

(1) To justify the uniform upper bound for ’Zthl Yit—1U;t|, we apply the exponential

inequality of Freedman (1975) as

T
Pr ( sup Zgi,t—lﬂit > MnT)

1<i<n —1

< Pr ( sup Zyz’,tquit > MnT) + Pr ( sup |Tyz 1Uz‘ > MnT>

1<i<n — 1<i<n

T

< n sup Pr ( Zyzt 1Ui¢

1<i<n —1

(. /

( A ) (AA.2)

> MnT> +n sup Pr ‘Tyz 1ul| > MnT)
1<i<n

N

where the innovations uniformly dominate the fixed effect. For (AA.1) we apply the

exponential inequality of Freedman (1975). The process {yi,t,luit}le is a martin-

gale difference sequence as IE (y; ;1| Fir—1) = Owith Fip—q := 0 {u; -1, Ui s—2, ...

We set a truncation rate d, ,,; = n4T . We define zzt = Y;+—1u; and make
T T

T

the following decomposition Y z; = > 215 + >, 221t — Z E [294¢| Fi¢+—1] - Define
t=1 t=1 t=1 t=1

21t = zily — E[2414|Fis—1] and 295 := 2;41y. Define 1, := 1{|24| < dinr}

and 1;; = 1 — 1,,. We need to derive the uniform upper bound from the following

negligible conditions. It suffices to find M, to ensure

E 214t

t=1

n sup Pr< > MnT> = o(l),
1<i<n
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T
ZZQit ZMnT) - 0<1)7

t=1

n sup Pr
1<i<n

n sup Pr
1<i<n

The second and third arguments of (A.2.13) share identical derivations, and without

t=1

ZE (22t | Fit—1] ZMnT> = o(1). (A.2.13)

losing generality we only focus on the second term. We define Vip == Y, E [22,| Fii 1],

1,13y )
and v; 7 = p?Tm T2%72 as a truncation rate for Vj .

T

> E [l Fie]

2 T T
<TY E[a,] <167 E|[2]
t=1 t=1 t=1

T
< CT1+27 Zp;;t _ (T1+37pz )

t=1

E[Vi] = E

By Proposition 2.1 in Freedman (1975),

T
n sup Pr ( sz > MnT)

Isisn t=1
T
< n sup Pr ( Zzht > Mur, Vir < UWT> +n sup Pr(Vir > vi,r)
1<i<n 1<i<n
ME + 20; pr log (n) + 4M,rd; e log (n
< p o (SRR B0 o o0 )
— o(1). (A2.14)

To show asymptotic negligibility of (A.2.14), we need M, = sup;<;, piTn%T = /log (n).

For the second term of (A.2.13), we have

n sup Pr ( > MnT>
1<i<n
T

n
< nwpm<g%vmz¢ﬂ)gd4 sup mavs E [Joel* 1{|2u] > dinr)]

1<i<n inT 1<i<n 1<St<T

nTlJrQ’y
= sup max 0( i p;“> =o0(1),
i,nT

T

E 29it

t=1

1<i<n 1<t<T
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which is guaranteed by our assumption for d;, ,,7. It is easily justified that

sup p; TpiT " log (n) > sup p; TpaT s" log (n) .

1<i<n 1<i<n

Therefore, for (AA.1) we need M,,r = pgniT%“\ /log (n) for any € > 0.
For (AA.2) term, the uniform upper bound follows decompositions as

sup |17, ,u| < T sup !yz | sup [wl.
1<i<n 1<i<n

For sup, <<, |@;| term, the exponential inequality of Freedman (1975) is easily ap-

1

plied, and shows sup, ;,, [t;| = O, (T 2 i\/ log n) For the term sup, ., ,,

Y,

T T t—1 T T1
Zyi,tfl = Z(Zpt =5y )IF —uzs).

t=1 t=1 s=0

Therefore,

T T T-1 .

—S

sup | wiea| = sup |5 > (o] i — uio)
1<i<n i—1 1<i<n 4 s—0
TVp-T T-1
K3
< sup inuwrsup Eu
1<i<n | G —0 1<i<n C

For the term of sup;<;<, , the upper bound is O, (n%T%ﬂ). For

T
;Zs =0 Uis
T7p! —T—1

c?z Zs =0 pz UZS

(Freedman, 1975) applies and shows

the term of sup;;<, , the exponential inequality of martingale

i TT . 1,145
sup pi *uis| = Oy (MATF ()" V/log(n))
1<i<n Ci —0
and
sup T |y, _1@i| = O, <n% (pu)TTSt1 log(n)) .
1<i<n
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Once T%~2n (logn)® — 0, we have

T

E Yit—1U4¢

t=1

3v+1

=0, (niT e (pU)T 10g(n)> '

sup
1<i<n

(i1) To justify the uniform lower bound for the denominator inf; <;<,,

T ~2
Zt:1 Yit—1|>

we employ the following decomposition as

1<i<n
—/_’ N

(BB.1) (B‘Bf_z)

T T
1gl£nzy” t &ni 2¢9 20— S (2 Byir - Zyzt 1>'

J/

For (BB.1) term, expectation operator removes randomness. We have

inf L By?, = O (o1,

1<i<n 2c

where p; := exp (%)
For (BB.2) term, the martingale exponential inequality is not directly applicable.

Therefore, we employ the following decomposition,

Pr| su v,
<1§i£n Z

- ~2 . 5
< n sup Pr Zyz‘,t—1 — 5oy

1<i<n

T
T — T ~
< n sup Pr < 50 (yZQT - Esz) > MnT) +n sup Pr _OZ Yit—1Uit| = Myt
1<i<n 2¢; 1<i<n 260 =
(BB.2.1) (BB2.2)
A
+mn sup Pr —OZ +n sup Pr (‘T@f_ll > MnT)a

1<i<n C; “— 1<i<n ’
(BB2.3) (BB24)

where the innovations dominate the fixed effect uniformly. For (BB.2.1) term, we

have

2
Pi

T
;e Z Euft)

pr( |2 (2, — Ey?
n sup rr 50 (yi,T yi,T)

1<i<n

1<i<n

Z]/\\fnT> <n sup Pr(
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Note that { p; 2t (u2 — Bul) } ., 1s amartingale difference sequence as £ (pi_ 2t (42

it
) 1,1
...} . We set a truncation rate ¢; ,7 = n17T1. We
T

— Eu?) and make the following decomposition Y x; =
t=1

Owith ;4 == 0 {ui,t—laui,t—%

define x;; = p; 2 (u?

T T T
Z T4t -+ Z Tojt — Z E [a;2it|ﬂ,t—1] . Define Tt - — xit]-it —E [xz't]-it’-/ri,t—l] and
t=1 t=1 t=1

Toip = Tyly. Define 1; := 1 {|zy| < ¢} and 1, = 1 — 1,;,. We need to derive

the uniform upper bound from the following negligible conditions. It suffices to find

—~

M, to ensure that

T 2T | N
n sup Pr pé Tie| > Mur | = o(1),
1<i<n 2¢; =
T2 | & N
n sup Pr L Toi| > M, = o(1),
1§i£n ( 2¢Y ; 2it) = ST (1)
2T T .
n sup Pr Pi ZE (2| Fir—a]| > Mpr | = o(1). (A.2.15)
1<i<n

The second and third arguments of (A.2.15) share identical derivations, and without
losing generality we only focus on the second term. We define \N/iT = ZL
and v; ;7 = n3T>+3 is a truncation rate for YZT. With some constant C' > 0, we

have

T
ZE [ﬁulﬂt—l}

< CTZP_St

E V] =

2 T T
< TS E[ut,] < 1673 E [¢4]
t=1 t=1

TH—W)

By Proposition 2.1 in Freedman (1975), we have

72T | L —
n sup Pr( 2'05 E Tiit| > M1
i | 4=1

1<i<n

E (27| Fisl,

- Eu?t) |~7:z‘,t—1) =

T 2T ~  ~ N ~ N
< n sup Pr pé Zlfut > Myr, Vir < 0jpr | +n sup Pr <Vz‘T > Ui,nT)
1<i<n 26 = 1<i<n
—4(c0)* M2y / (T piT) + 20 7 log (n) + 8 Moz it log (n) / (T7p77)
< sup exp ~ —
1<i<n 2U; 1 + 8 M1 it/ (T p3T)
+ sup o (nT"77; %)
1<i<n
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— o(1). (A.2.16)

By our assumptions for v; ,,7, we have sup, ;,, 0 (nT”V@_ n2T) = 0(1). The asymp-

totic negligibility of the exponential term in (A.2.16) follows

M, > sup TW\/log(n)TlfTw,oanl
1<i<n

M,r - sup 177 log(n)T%prn :

1<i<n

W=

Since sup;<;<, TV /log(n)T " pTni + Supy<;<, 77 log(n) T3 p? 'ns, we only
require M1 > SUPy<i<n T“Y\/log(n)TlJfTW p?Tn%. For the second term of (A.2.15),

we show
S i
> < | > O
nlsglllgn Pr ( 5, ;xm > M, r < nlsglllgn Pr 121%}% ‘xzt| > Pint
nT
< —— sup max E [|xlt\ L{|zi| > dinr}]

imT 1<i<n 1St<T
nT
= sup o 7 ,
1<i<n inT

where the assumption for ¢; ,; ensures that sup; <;,, 0 <Z—TT) =o(1).

Therefore, for (BB.2.1) term, we have

T
20

sup
1<i<n

(?/z T Esz)

=Op(sup log(n) T %" p¥n i)

1<i<n

For (BB.2.2) term, we have, for any € > 0,

T

E zt 1uzt

’L —

Ty+1

= 0, (niT™ % (p,)" V/log(n) ).

sup
1<i<n

based on our derivations for the numerator.

For (BB.2.3) term, we have

T
sup 20 Zult = sup ZZE“?t — sup T—Z (Euft — u?t)

1<i<n 1<i<n 2¢; P 1<i<n 26 —1
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We easily show sup,;, Z53° EuZ, = O (T**7). Similarly by the law of iterat-

ed logarithm, we show sup; ;< 551 (Eu? — u2) = o, (T'*7). Therefore we

200 Lat=1
show
T
T
2 _ 1+y
Sup o5 uit—Op(T )
1<i<n 4C;

tt=1

For (BB.2.4) term, we have the following decomposition as

n sup Pr (}T@i_l‘ > MnT)

1<i<n
< n sup Pr ( T%@'q > MnT>
1<i<n ’
T /t-1
_1 N
= nsup Pr||T2 (=1=sy, >/ M1
T-1 T
—1 —_
= nsup Pr||T2 Z p§_1_8> Ujs| > MnT>
1<i<n s=0 t=s+1
T-1 7_5
_ ! —1 _
= n sup Pr TTIZpZ—uiS >\ M,r
1<i<n — pi—1
2y=1T-1
T3 —
= n sup Pr 5 (p] > = 1) wis| > \/ Myr
1<i<n (cf) =
2’72—1pTT—1
< nsup Pr||—% 07%) wis| > \/ Mur
1<i<n (c?) ;0( o) !
27y-1 71
T2 _
4+n sup Pr||—— ) wis| > \/M,r |,
1<i<n ( () SZ::‘) " !

) . . o _ T
where innovations dominate the fixed effect for each individual. Note that { P; suis}

s=1
is a martingale difference sequence as E (pi_suis |]-"i,s_1) =0with F; o1 := 0 {Ui -1, Uis2,...}

. 1,1 ~ _
We set a truncation rate o;,;7 = n+7's. We define z;; := p, *u;s; and make the

T T T T

following decomposition ) T = > Ty + Y Toi — »_ E [Z9|F;s—1] . Define
t=1 t=1 t=1 t=1

Tip = Tyly — E [@tliﬂﬂ,t—ﬂ and 29 1= fz‘tizt- Define 1;; := 1 {|5zt| < Oi,m}

and 1;; = 1 — 1;. We need to derive the uniform upper bound from the following

negligible conditions. It suffices to show to find M, to ensure that

oo (T B
n su r{\ ————
1<itn ()




1<i<n

2v—1
T I
n sup Pr (%

T
ZEQit Z MnT) - 0(1)7
t=1

T
Z]E [Toit| Fip—1]| > MHT) =

t=1

0(1).(A2.17)

1<i<n ()

2vy—1
T T
n sup Pr (J

The second and third arguments of (A.2.17) share identical derivations, and without

losing generality we only focus on the second term. We define V; := S/ B[22, Fis1,

— 1,1, . . - . —
and T, ,7 = n2T2"2 is a truncation rate for ;7. With some constant C' > 0, we

have

T T
E ZE[%%M,H <TZE Fly] <167 E [,
t=1

< CTprM T1+‘y> )

E [V?T] -

By Proposition 2.1 in Freedman (1975),

v

| I —
Pr| —F— i My,
(Tt |2 )

1<i<n i

2y—1 T
T A N — _ _
< n sup Pr # leit >\ Mur,Vir <Uipr | +n sup Pr (Vir > Uipr)
1<i<n (c7) 1<i<n
< — ()" M, Tl 2o+ 2irlos () + 4V nTomtlog T "
< sup exp
1<i<n 21}¢7nT+4\/ Ci 2y nTO”L ntT 2 PZ

+ sup o (nT"7; %)

1<i<n

= o(1).

By our assumptions for ¥; 7, we have sup, ,,, 0 (nT7; 2;,) = o(1). The asymp-

totic negligibility of the exponential term (A.2.18) is ensured by the following facts,

=

= sup T (log(n)® p'n

1<i<n

=

nT = sup T log( ),ome

1<i<n

Since sup1<z<nT 5 log(n)p?ns >sup1§i<nT 5 (log(n))? p2'nt, we only re-

quire M,z >~ Sup1<l<nT T log( )p?Tn%. For the second term of (A.2.17), we
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show

| T
T E} lOz ~ T
n sup Pr | ——(5— Toit| > A/ Mu,r| < n sup Pr max, |Zit| > 04t
1<i<n G =1 1<i<n 1<t<
nT
< sup max E [|xlt| L{|Zit| > 0ipn1}]
07, nT 1<i<n 1<t<T
nT’
= sup o| — :
1<i<n OinT
The assumption for o; ,,; ensures that sup; -, 0 <;ffl) =o(1).
- - i,nT

Combining results of (BB.1), (BB.2.1), (BB.2.2), (BB.2.3), and (BB.2.4), if

T5-3n, (logn)® — 0, we have

T
inf S, :0p( i\/lognT ™+ (pu)QT). (A.2.19)
1

1<i<n

for any € > 0.

All in all, based on (A.2.19) and (A.2.15), we have

sup |G —cf| =0, ((,au)_TT%W) :
1<z<n
c; 0>0

This concludes our proof. m

Lemma A.2.9 If Assumptions 1 and 2 hold,

1o,
N ni log(n)
sup |G — ]| = O, (1—-0-7) :

1<i<n,c9<0 T

with arbitrary € > 0.

Proof. Similarly, we demonstrate the uniform upper bounds and uniform lower

bound of several terms as

§ yz t— 1uzt

C.1) C2) (C3)

1i§?£nZEylt 1, Sup Z|Eyzt 1 yzt 1} SUP

lzn
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For the term of (CC.1), we have

T
inf > Eg7, , =0 (1),

1<i<n
t=1

since the expectation operator removes randomness. For (CC.2), by applying the
exponential inequality (Freedman, 1975) and Markov inequality (White, 2014), we

can readily show

T
2 ~2 _ T4y
sup E ‘Eyi,tfl - yz’,tfl‘ =0p (T ) .
1<i<n
t=1
Therefore we show
T T T
. ~ . ~ ~ ~2
151£n§ Yit—1 — 1gl£n§ Eyi,tfl_ sup E (Eyi,tfl_yi,tfl)
== == lsisn 'y
— 1+
= O, (T'7).

For the term of (CC.3), we accommodates the following decomposition as,

T
Pr ( sup Z@-,H% > MnT)
t=1

1<i<n

T
< Pr ( sup Zyi,t—luit > MnT) + Pr ( sup |7y, ;| > MnT)
=1

1<i<n 1<i<n

T
< nosup Pr( Y wiua| > Myr | 0 sup Pr(|T7, 4| > M),
1<i<n P 1<i<n
(CC3.1) (€C32)

where the innovations dominate the fixed effect uniformly. For (CC.3.1) we apply

the exponential inequality of Freedman (1975). The process {yi7t_1uit}tT:1 is a mar-

tingale difference sequence as E (v; 11w Fit—1) = Owith Fi g = 0 {wi1-1, Ujt—2, ...

We set a truncation rate JMT — niT 7. We define Zit = Yir—1u; and make

the following decomposition f:léit = iém + ii’git — Tl E [Z95¢| Fi—1] - Define
t= t= t= t=

St o= Zuly — B 24 14| Fiy1] and Zoy = %;1;. Define 1; := 1 {‘Zzt’ < szT}

and 1;; = 1 — 1;. We need to derive the uniform upper bound from the following
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negligible conditions. It suffices to show find M, to ensure that

T
n sup Pr | > M, = o(l),
sup (z =) = o
T
n sup Pr S| > Mup | = o(1),
1<i<n =y
T
n sup Pr < > E[fu|Fiui]| = Mur | = o(1). (A.2.20)
1<i<n P

The second and third arguments of (A.2.20) share identical derivations, and without
losing generality we only focus on the second term. We define Vi := S, E [52,|F, 1],
and v; 7 = n2T>%" is a truncation rate for Vir.

2 T T

T
E[Vfﬂ = E ZE[E%#LEJ—J
t=1

< CTYP =0 (T%).

By Proposition 2.1 in Freedman (1975), we have

1<i<n

T
n sup Pr ( Zélit > MnT)
=1

IN

1<i<n 1<i<n

T
n sup Pr ( Zéut > Myr, Vir < ﬁi,nT> +n sup Pr (Vir > Oyr)
=1

— M2 + 20 7] AMyrd; 1
< sup exp( wr T 20 pr lOg (n) :i‘ ! TQ; nT 108 (n)) 1 osup o (nT2+2v@i—3T)
1<i<n 20, pr + AMyrd; 1<i<n ’
= o(1). (A2.21)

To show asymptotic negligibility of (A.2.21), we need M, = niT = log (n)
and M, = niT 7" log (n) . Our assumption for ; ,; ensures SUP; <<y 0 (NT?T210; %) =

o(1). For the second term of (A.2.20), we have

T
n sup Pr Zém't > My
1<i<n —

. T .
< n sup Pr <max |Zie| > me) < n sup max E [|zit|4 1 {|zzt| > di,nT}}
1<i<n 1<t<T d;l,nT 1<i<n 1<t<T
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T1+2'y
= sup maxo(nv4 ):0(1),

1<i<n 1SI<T d; .
which is guaranteed by our assumption for d; ,,7. Since niT* log (n) > niT % log (n),
we need )/ Y/ log (n). Therefore we have, for any € > 0,
2+2’y
su Wit | = niT 1 7/lo n)
1<z£)n Zytl ! ( g( )
For (CC.3.2) term, we have
sup |Tg; _u;| <T sup. !yz_l\ sup [
1<i<n
By applying exponential inequality, we have sup,,,, |1%;| = O, (\/ log nn%T%)
T
Note that for { (Z;‘F:ﬁlpf - s) Uis} ;
s=1
s 1 - pzT_S 1" —s
(3o - T )
—pi —G
t=s+1
Therefore,
T T 7 | Z
su ii—1| = su tls = sup — 1— pl =)
T
< sup — Uis| + su U
1<z£n —C Z 1<z£n - Z szlp
It is obvious that
1 1
sup — Uis| = niT277\/log(n ) .
1<z£n - z Z < g< )

_ T . ) . )
Note the fact that {,01. Suis}szl is a martingale difference sequence with F; ,_; :=

. 5 101 _ y
0 {Uis 1,5 2,...} . We set a truncation rate 6;,,7 = niTip;*. We define & :=
T T T T
p; "u;; and make the following decomposition > @y = > Zri+ . Toi— y ) B [Foe| Figo1] -
t=1 t=1 t=1 t=1
Deﬁne j"lit = :i‘itlit_]E [fitlit|ﬂ,t—1] and jQit = i'it]-it- Deﬁne 17;,5 =1 {|jzt| S éi,nt}
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and 1;; = 1 — 1;. We need to derive the uniform upper bound from the following

negligible conditions. It suffices to show find f,,; to ensure that

. _CQ]ET
n sup Pr Zflit > %—Vn = o(1),
=1

1<i<n
T 0 r
. _CifnT
n sup Pr Toi| > = o(1),
1<i<n ( ; ' I~ >

T

_OFf
ZE [Zoit| Fip—]| > C%—anT> = o(1). (A2.22)

t=1

n sup Pr
1<i<n

The second and third arguments of (A.2.22) share identical derivations, and without
losing generality we only focus on the second term. We define WW;, := Zthl E [£3] Fii-1)s
and w; 7 = n:T2+3 p;QT is a truncation rate for W;r. With some constant C' > 0,

we have

2 T T
(i) - o <73 e[ <1073 el
t=1 t=1

T
> E [#al Fir]
t=1

[ - 7

T
< C«TZ p'—4t _ Op (T1+’yp<_4T) .
t=1

By Proposition 2.1 in Freedman (1975),

v

d _Cof T
n sup Pr Zi‘m %_771
t=1

1<i<n

IN

T 0 b4
—CiJn 4 . b4 -
n sup Pr ( Z:Eut > ) T, Wir < me) +n sup Pr (WiT > wi,nT)
t=1

1<i<n Il 1<i<n

< sup exp (09)2 v,%T/T% + 21; 7 log (n) + (—Cg)4fnT6i,m log (n) /T
- 1sise 205y + (=) 4 fur O/ T
+ sup o (nT"p )
= ol (A.2.23)

To show asymptotic negligibility of (A.2.23), we need f,; > niT™% p; Ty/log (n)

b 1, 4y+1 . . - _
and f,r = n1T 1 p; " log (n). Our assumption for w; ,,r ensures sup; ;< 0 (nT ;7)) =
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o(1). For the second term of (A.2.22), we have

T ~
. (_Co)fnT
n sup Pr Zoit| > ——
19’271 ( tz:; 2t v

5 5 nT
< nosup Pr| max |Z;| > 0im | < =
1<i<n 1<t<T 7

= sup maxo(nvfl ):0(1),

1<i<n 1<t<T Oi T

E [ vl 1|2 % }
Oi,nT 12:271 11?25%}% |xlt| {|xzt| > OZ,nt}

which is guaranteed by our assumption for 0; .. Since niTo 5 p;T\/log (n) =
niT 5 p; T log (n), we need for = niT 5 p;T+/log (n). The abovementioned
derivation shows

sup |7 _1| = O, <niT’%+V log n) :

1<i<n

For any € > 0, this shows

sup |Ty; ;| < T sup [7,_4| sup |w] =0, ((logn) n%TV“) :
' 1<i<n 1<i<n

1<i<n

Therefore, if 72727 = n (log(n))*,

T

sup
1<i<n

=0, (niTHTue log (n)) ,

Yit—1U4¢
t=1

and

1.
. ni log(n)
sup ‘ci — c?‘ =0, (1—ﬂ> )

1<i<n,c9<0 T

with arbitrary € > 0. =

Lemma A.2.10 [If Assumptions 1 and 2 hold,

|E- _ Co‘ —0 (”é%\/ log(n) log, (T)>
7 2 R 2 T
0

sup
1<i<n,cf=

Y

with arbitrary € > 0. The notation log,(-) := log log(-).
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Proof. Similarly, we demonstrate the uniform upper bounds and uniform lower

bound of several terms as

E yz t— luzt

(DD.I) (DD.2)

inf g su
1<i<n Yir—1> D

1<i<n

For the term of (DD.1), by Lemma A.2 of Huang et al. (2019)

. T
L Zy” =0 (i)

due to the law of the iterated logarithm. For the term of (DD.2), we accommodates

the following decomposition as,

T
Pr < sup Zgi,tflait > MnT)
-1

1<i<n

< Pr < sup Zyi,t—luit > MnT> + Pr ( sup |Ty@ 1%‘ > MnT>

1<i<n 1<i<n

< nsup Pr Zyzt 1t | > MnT +n sup Pr <‘Tyl 1uz| > MnT>
1<i<n =1 1<i<n
(DD2.1) (DD2.2)

where the innovations dominate the fixed effect uniformly. For (DD.2.1) we apply

the exponential inequality of Freedman (1975). The process {yi,t_luit}thl 1S a mar-

tingale difference sequence as E (y; ;1| Fit—1) = Owith F ;1 := o {w;¢—1, wip—2, ...} .

We set a truncation rate me — niTi. We define Zit = Yi+—1u; and make the

following decomposition i‘lzﬁ = ilz‘m + il,égit — ilE [22it| Fit—1] . Define
t= t= t= t=

21 = Zuly — E[2414|F 1] and 2oy := Z;1;. Define 1; := 1 {|73¢t’ < dznT}

and 1;; = 1 — 1;. We need to derive the uniform upper bound from the following

negligible conditions. It suffices to find M, to ensure that

T

E let

t=1

n sup Pr( > MnT> = o(1),
1<i<n
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T .
ZZ'/Qit ZMnT) - 0<1)7

t=1

n sup Pr
1<i<n

n sup Pr
1<i<n

The second and third arguments of (A.2.24) share identical derivations, and without

T
> E [90| Fi 1] zMnT> = o(1). (A.2.24)

t=1

losing generality we only focus on the second term. We define Vi := Y, E [52,|F, 1],
and v; 7 = n3T? is a truncation rate for VzT
2 T T
<TY E[4,] <16TY E[]
=1 t=1

T
E[VZ] = E|DE[2/F]
t=1

< CT* =0, (T,

where C' > 0 is some constant value. By Proposition 2.1 in Freedman (1975), we

have

T
n sup Pr < ZZ'ut > MnT>

1<i<n —1

n sup Pr
1<i<n

[M] =

IA

21it| 2> My, Vir < %m) +mn sup Pr <Vz‘T > f%,nT)
£ 1<i<n

Il
—

— M2, + 20; 011 AM,rd; r
< sup exp nr + 2017 1og () + nT T 0g (n) + sup o (nT%;fT)
1<i<n 20; pr + 4Myrd, 7 1<i<n ’
= o(1). (A.2.25)

To show asymptotic negligibility of (A.2.25), we need M, = niT+/log (n) and
MnT = niTi log (n) . Our assumption for v; ,7 ensures SUP; <<y, O (nT%;ﬁT) =

o(1). For the second term of (A.2.24), we have

n sup Pr ( > MnT>
1<i<n

) . nT . . :
< n sup Pr (f?%‘zit’ > di,nT) < —— sup maxTE [’Zit\4 1 {]zlt\ > di’"TH

1<i<n inT 1<i<n 1<t<

nT?
= sup max o — =o(l),
1<i<n 1<t<T d;, -

T

E Zoit

t=1

137



which is guaranteed by our assumption for me. Since niT 'y /log (n) > niTi log (n),
we need M, = niT+/log (n). Therefore we have, for any ¢ > 0,

=0, (n%THE\/log (n)) :

sup
1<i<n

T
E Yit—1U5¢
t=1

For (DD.2.2) term, we have

sup |77, _1u;| < T sup |y, 4| sup [wl.
1<i<n 1<i<n 1<i<n
By applying exponential inequality, we have sup,;,, |T;| = O, <\/log nniT %> .
Similarly, by applying exponential inequality, we can show that 7" sup, <, ,, ‘@irl ‘ =

O, (\/log nniT%). Therefore we have

sup ‘Tyiflail <T sup }yi71| sup U] = Oy <(10gn) ”%T) :
' 1<i<n = 1<i<n

1<i<n

and

=0, (n%J”T log (n)) :

sup
1<i<n

Yit—1U4¢
t=1

Therefore, the uniform upper bound for individual least squares is

3+ log(n) log, (T
o [ d]=o0, (n o) logy( >>7
0

1<i<n,cf= T

with arbitrary € > 0. m

Lemma A.2.11 Suppose Assumption 1 and 2 hold. Then,

~ nitclog (n
sup [6i— ] = 0, (T—g”) = Oy(3ur),
2

1<i<n
for arbitrary € > 0.

Proof. The uniform convergence rate of individual estimator follows

sup [3,— |
1<i<n
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= max sup |G —d)|,  sup |G —cf|, sup
1<i<n,c?>0 1<i<n,e? <0 1<i<n, ¢} =0

}a—c?l}

1y
2

T3 (p.)"

_ o, (ni“\/l—og <n>>

= max {Op (;> .0, <L vlog(n)) .0, (n;+e log (n) logy ()

1y
2

== Op(énT)a

T

)

by the rate restriction 72'2n (log(n))® (log, T)* — 0, Lemma A.2.8, Lemma

A.2.9, Lemma A.2.10 and the dominance of exponential rates. We conclude our

proof. m

Lemma A.2.12 [If Assumption I and 2 hold,
R 1
i (@) = 0, (3,7

where 6,1 is defined in Lemma A.2.11.

When n grows more slowly than T, the Hausdorff distance between ¢ and @ is

asymptotically diminishing. This lemma shows the individual and uniform consis-

tency of the modified k-means algorithm.

Proof. (This proof follows derivations in Su et al. (2019)). Let @, (a)

KO . —0 2
Zg:l ming <;<x (cg — al) Ty

(i) Firstly we derive the convergence rate of Q, (o) — Q, () uniformly over

a € M= {(a, ..., ag0) : SUP; <y« go |org| < 2¢, } for the defined upper bound c,.

Let R, = sup; ;< |Ci — Cpo |- By Assumptions 1 and 2,

R, = sup

1<i<n

= Op(6nr) < ¢y ass.,

~ -0
C; C 9?
by our previous derivations. In addition, we have,

-0~ (=0 —0
(7% =) (& — o) - (&
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) 2
> (- a) =2 (@ -2) (@ - a)| - (s (& -2)
= 0 l 0 0 l 1§i£n 9

) 2
> (Eoo — al) —2( sup ( 2 — al‘) — | sup (Eoo — a>

9i 1<i<n 9i 1<i<n \ 7

) 2

> (520—041> —2(SUP ) ( ‘HOéz’)— (SUP (520—@>)
i 1<i<n 1<i<n \ 71

Taking min; <;<xo on both sides and take average over 7, we have

2 =G

i

2 -G

i

—0
Cg?

n

2
91 . _
- min (¢; — )" > — E min (coo — al> — 28,7 (2¢4 + ¢u) — CuOnr,
< 1<ISKO n &= 1<i<ko \ %
1=

2
where <sup1<i<n (E‘;Q — a>> < ¢,0,7 18 of lower order term. Therefore we have
- = 1

Qn (@) > Qn () — Teydpp. Similarly we have

2
) (o) (s ()’
1<i<n \ 70

Hence we derive Q, (o) < Q (@) + Tcubnr and sup, . ‘@n (o) — Qn (a)’ <

2
@ — )’ < <520 - Oél) +2 ( sup

620 -G
1<i<n

k3

-0
Cg?

7Cu5nT-
(ii) Secondly, we show that @ € M. Denote & := {ay,ay, ..., ko } . By our
assumption, we have

%

i

a C o S QCU.

sup [¢;| < sup
1<i<n 1<i<n

+ sup

1<i<n

Denote [, (¢) := {i : ¢ = argminj<,<f |[¢; — @]} for some g < K°. Following Su
et al. (2019), we use contradictions to demonstrate our results:

(ii.1)If|@,| > 2c, and I,, (g) = @, then we choose & := {&1, ey Qg1 a;, Qg1 &Ko} ,
with &, = ¢; foreach i € {1,2,...,n} . Therefore we can get }&;‘ < 2¢, < |0,| and
Qn (@) < Qn (@) . This demonstrates a contradiction.

(ii.2) If |ay| > 2c, and I,, (g) # @, then we choose & := {&1, ey Qg1 a;, Qgt1---, OK |,
with & a |In(g)| > icr, (g Ci forany i € {1,2,...,n}. Here |I,, (g)| denotes the car-
dinality of I,, (¢) . This shows ’Eig| <2¢, < ’Eig| and Q,, (@) < Q. (). Thisis a

contradiction too.
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Based on (ii.1) and (ii.2),

&g{ < 2¢, foreachg € {1,2,..., K°}.

(iii) We show for any 7 > 0 inf ) Qy (a) > M min {n?, (C*>2} where

a:dH<a,Eo
& ={d,3,....,% }and M < my < 1forg = 1,2,.., K°. If there exists some
: 1, €25 +-+y CKo M~ g > g g Ly eeey .

l, € {1,2,..., K°} and two indexes g; and g, such that

l, = arg min [¢% — oy, | = arg min |&

-«
1<i<k | 9 1<i<k | 92 L]

then we have

2 2
Qn(a) > m, <Egl - oqo> + 7, (ES2 - Cm)
2 2
S Y
91 92 91 92
> M(c)”.

Besides, if there does not exist such an /,, then there is one-to-one mapping h:
{1,2,...,K°} — {1,2, ..., K°} such that
— ; =0 _
h(g) = arg nin ‘cg ozl{ :

0

~ 2 . _
Thus Q, () = 25:1 g (€ — an(g))” > (infi<gepo my) df; (0, @) > Mn?. Then
we show (iii).
(iv) Lastly, we show that dy (a,c°) < —VH’\/%“ for some constant D > 0 and

arbitrary e > 0. We have

> —— Qn (@) >Q, (EO) + min {M(c*)2 , 15Cu5n:r})

(@) + min { M (¢")?, 15¢,007})

VAN
e,
=

O

3

B
V
O

3

IA
;-U
=

n (@) + R, > Qn (¢") — R, + min {M(c*)2 , 15cu(5nT}>

<
— Pr <2Rn > Q. (@) - Q, (@) + min {M (¢")?, 15cu(5nT}>

IN

Pr (2R, > min {M (c")*,15¢,0,7}) = 0(1),
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since Q,, (@) — Qn (@) > 0. Note the fact that for large enough n and 7', we have
2R, < 2-Teubpr < 15¢,00r < M ().
We complete the whole proof. m

A.2.5 Proof of Theorem 3.4.3

Proof. By Assumptions 1 and 2, under joint convergence framework (n,7T) — oo,

there is a one-to-one mapping F;, : {1,2,..., K°} — {1,2,..., K}, such that

1
sup ‘ozg - EOFn(g)’ =<0, (573T> :
9

Without losing generality, we can assume that F,, (¢) = g such that

1
_ SO SO 1
R, =sup ‘ozg — an(g)| = sup }ag — cg‘ =<0, <5§T> .
9 9
If g; # g7, then [¢; — a,| < |& — Q0| . This, in conjunction with triangle inequali-
ty, implies that
Qg, — Ogo| — |G — Ago| < |0, — G| < |6 —agp) .
It follows that [¢; — apo| > % g, — Qo | . Therefore we have,
— O _ . . . 1. .
Onr + R,y > ci—cgg + ng—ozgzo > Ci — Qo > 3 Olg, — Qigo
1
= S| (@ =) + @ -) + (& — )|
1 1 1
—0 —0 ~ -0 -~
> 5| (=) | - 51065~ - 5[ (% - )|
Lo o ~ 0
> S |(@ )| s @ - <))
1 — c* _
_ (=0 0| _ c
= 3 <c§i Cg?) R, > 5 R,.
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This implies that 1 {g; # ¢?} < 1 {2R + o > S } Noting that the right hand

|
o

side of the above term is independent of ¢, we have

Pr{sup 1{’g}7ég?}>0} < Pr{2ﬁn+5nT2

1<i<n

o 0, N %

S Pr {6nT + 26n§T >
as (n,T') — oo. This concludes our proof. m

A.2.6 Proof of Theorem 3.4.4

Proof. For mixed-root panel with latent groups, the difference between the post-
classification estimator and the oracle estimator is asymptotically diminishing. For
the explosive group, the proof here is identical to the case of recursive k-means algo-
rithm. For the stationary and unit root group, derivations follow similar procedures.

These results are also shown in Phillips (2014b). m

A.2.7 Proof of Lemma 3.4.1

Proof. Forany g = 1,2, ..., K* with ) > 0, we have

Uit = ?Jz‘t—ﬁgyi,t—h

~ —0~
Ui = Yit — PglYit—1-

Therefore we have

nATZZai - nATZZUZt—i_ Py — g Tzzyztl

zEG t=1 ZEGAt 1 zEG t=1

_(_ 2 Tzzyzt 1t

zGth
T

a 2nATZZ Zt+— Z i 2nAT Z Zu”

ZEGO t=1 g Zeég\Gg t=1 ZEGO\Gg t=1
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T T

+(/ﬁ\g - ES)Q inAT Z Z@it—l + (ﬁﬁ AT Z Z?j@zt 1

97 jeqy t=1 GGy =1
1 T
_(ﬁg\ - '52)22nAT Z Z @?,t—l - (ﬁg - Z Z Yit—1Uit
77 ieq\G, t=1 zeGO t=1
1 T
_@g :02) 5 Z Z Yi -1 Uit
ngl' £~
i€Gy\GY =1
~ 1 T
+(Pg = Pg) 5 > e (A.2.26)

To demonstrate the dominance of the first term in (A.2.26), we first show that ng —
ngy = o0,(1). Note the fact that 1 {z € @g} —1{ieG)} =1 {Z € @Q\Gg} -

1 {z € Gg\ég} . By Markov inequality, for any € > 0, we have

Pr(jng — ng| > 2¢) < Pr (il {2 € @Q\Gg} > e) + Pr (il {z € Gg\@g} > e)
i=1 i=1
ég Pr (ﬁgﬂ-) + %g Pr (Eg,i>
1 N -
= gz Z Pr (Fgﬂ') + EZ Z Pr (Eg,i>

9=14eGY g=1ieGY

= o(1).

IN

= T
The asymptotic negligibility of s— 2n T D e Zt L Uy (Pg— pg)Qﬁ Ziegg\ég > im1 Ui

and (pA - pg)m ZieGO\é’ Zt:l Yit—1u;; follows the same techniques as in (ii-

1) of the Theorem 3.4.2. The asymptotic negligibility of ;—— nAT ZzGG’q\GO Zt LU,

(ﬁﬁ_Pg) W Zieég\Gg Zt:l Yis— and (p’g\_pg)m Zieég\ag Zt:l Yi,i—1Uit fol-

lows the same techniques as in (i) (ii) of the Theorem 3.4.2. The asymptotic negligi-

o = — T = — T ~ ~
bility of (p; — pS)Qﬁ ZieGg P gz'z,t—l and (pg — Pg)ﬁ ZieGg D i1 Yit—1Uit
follows identically as the proof of the oracle estimator. Therefore, under the joint

convergence (n,T) — oo, we have

~2
2nAT Z Z it = 2ngT Z Z i+ 0p(1

i@, i€Gy t=1
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For the stationary and unit root group, the consistency of the variance estimate fol-

lows Hahn and Kuersteiner (2002), and Phillips and Moon (1999). m

A.2.8 Proof of Theorem 3.4.5

Proof. Under the joint convergence (n,7) — oo and the null hypothesis, the %
statistics follows chi-square distribution. Under the alternative hypothesis of explo-

sive roots, we have

(o= 1) (VT S i)

() (Vo Shitin) (-7 (o Shadi)

= 0,()+0, (Va(#)").

Therefore we conclude our proof. m

A.2.9 Proof of Theorem 3.4.6

Proof. As (n,T) — oo, we have 87,, — 0 and cvg,, — oc. Since t, < N(0,1)

under the null hypothesis of no bubble episode for g = 1,2, ...K°, we have

lim Pr(t,(-) > cvg,,) = Pr(N(0,1) = 00) = 0,

(n,T)—o0

where cvg,, — o0o. Hence, with joint convergence (n,7") — oo, no origination
point for an explosive model in the data will be detected under the null hypothesis.

A.2.10 Proof of Theorem 3.4.7

Proof. We fix g = 1,2, ..., K°. Due to the uniform consistency of the classification
algorithm, G ¢ 18 equivalent to Gg, and g; is equivalent to ¢? asymptotically. There-

fore, there is no difference between the true group and the estimated group. For all
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individual in Gg, the time series data is sampled from

Yit = My + PitYit—1 + Uit 1= 17 27 sy n7Z = 17 27 ey 1, (A227)

where p; = 1+ 2, and ¢;; = A1 {t <T 0} +c51 {t > T 0} . For the g-th group,
the true distance parameter of explosive episode is o) 4 (01 Cp0 and 9, equivalently).
The true value of the slope in the g-th group is pQQ ( = exp ( o )) , and we write
as py, for simplicity. The true value of the explosive slope in the i-th individual
is pY, ( = exp < % )) , and we write as py; for simplicity. For any i € Gg (The

estimated group Gg is equivalent to the true group GY, for ¢ = 1,2,..., K%), we

have ¢) = g. Forr, < 13, we have the convergence in distribution,
~ d
ty (ry) = N(0,1),

under the model of (A.2.27). Therefore, under the alternative hypothesis, we have
forrg < ré, Pr (7 <rf) = 0as (n,T) = oo

Next suppose the data is sampled over ¢t = 1,2, ..., 7,0 =

o [Trg?], where Tg >

T;O foreach: € Gg. In this case, the data {yit it = Tg%, - Tgf_)} satisfies

t— ’TgO t—TEO
t—1 0+1
Yir = s + P2iYit—1 + Uit = E p;zuz t—j + E quuz + P2 K yz,rgeo—l-
j=0 3=0 !

Ast — Tgeo — 00, the following asymptotic theory holds,

t— TgO < )
1 Log—|(t—7¢ 2
Ezp% g ultJ%N< 200-(2)Z>>

where fy” 0,1 = B; ( ) by the functional central limit theorem. Then as
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t— T;O — 00, we have
[

p21 y't — p 9 ut _i_&y e 1
N o ARV ek
t—7%

1 1 = (0
- (o)

7

t—7¢
So that for each i € G, we have y;; ~ \/TpQ(z g?)Bi <r20> ,forallt — 7% — oo.

- 740
Now consider the centered quantities y;; = y;; — % > jg:’1 Y;,j- Note the fact that
g

Z

g? = g. For 1, = [T'ry] (or Ty = [Trgg}) and ry < g (or r;? < rgg), we have

L L oo ) i —
9i ij 9;
= ; - i B; (s)ds,
Tgoﬁ;y] Tgoﬁj; y] T, T;Q ; \/T Tgoﬁ]; y] gO/O ( )
i g? i g?
and
T,0 0 ) ) Ty —Tgeo
1 9; 1 9; (]77.6(‘)) 7(37760) yl,T o i i
S = = (e M) =2 X o)
T40 T40 T40
93 ]:Tgeo 9i j:T;O 9; k=0

=%%w]wwm
T ?—Tei +1
= Tvpi?cgjo (1+0(1))
It follows that
_ 1 & (+=7%) T%(;g?ig)
Yit = Yit — ;é) ;yi,j = |py W yz',Tge? {1+0(1)}.

Therefore we have the following asymptotics for the sample moment in the post-
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classification estimator as,

ngT>'7sp 2(7o=75)
Zzyzt - 029 E?/zz,rg {I+o(1)}.

2
i€GY j=1 g( 29)

Using these results in conjunction with the standard unit root limit theory, we have

T 0—1

Tg?

Z Zyz,j 1 Z Z yz,] 1 + Z Z yz,j 1 Z Z -772'2,]'—1’ (A228)

i€GY j=1 i€GY j=1 i€GY j= Tg? iGng:TgeiO
and

Tg? TO 1
Z Z?ji,tfl (Vi — P2:Yij—1) Z Z Yit—1 (Uw T27yz,g 1)+Z Z Yit—1Uij ( o(1)).
i€GY j=1 i€GY j=1 i€GY J= ng
(A.2.29)

Explicit probability limits of (A.2.28) and (A.2.29) are as,

& & Q(j_T%) n ﬁ§<Tg_T;+1>
! g
E E ﬁjq = E E poit " y?,fgeo (L40,(1) = —2g — 1_E?/i2,75 {1+0,(1)}

€GO j—r° /€GO j=T¢
i€Gg =750 i€Gy J=Tlo

e

0
which dominates ) . .o > jg:il v? ;—1- The above derivations rely on the uniform
g b2

consistency of the classification algorithms. Besides, we have for each i,

9i & j—1-7¢,
> ity = Z P Wiryuig (14 0p (1))
j:T;? Jj= Tg? '
Tg() 7€ 0 T.0 —7+1
= T2p21 sz Z p2@< )uivj (1+OP (1))
Jj= TO
y+1 Tg—Tq 0'2 e 92
~ T2 Pag N O’W 'N(O,ng()’).
29
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T.0 ]—l—l)

1

The terms —=y; <, and w Z =y pgl( u; ;| are joint Guassian and un-
95

correlated. Therefore the two limiting Guassian processes are independent. Under

the joint convergence (n,T) — oo, we also have

> s~ TR (0,5 ) K 0.

0 j=T7¢
ZEG Jj= g?

and
T +1—2(7—ng§)

Tg()
¢ Y
~2 ~ g P2g réq?
Yij—1 200 97
29

iEGg j:quo
74

It follows that for 7, = [T'r,] and ry > r¢,

_ 2 (ao )
4y _7g—7g _ d 2
VAL T 2 p29 (pQg p2g> _>N (07 ,r.eg ) )

where under (n,7") — oo, we have

(Tg TS 7—0
Py —— Z Z Ui j—1U; —>N( ) N (0,7607)
T ZEGOJ T
and (
—2( 7'
205, yy
TS ) 3 R

lEGO J=T¢ 0
95

The regression residuals variance estimate is as, for any 7, € [ro,1] and ¢ =

1,2, ... K
1 ” )

7, (rg) = 5 SO (@ig — Pai (rg) Tij1)

979 jcqo =1

~ . ~ ~ . e 2
= 3 Z Z <uz,] (P2i (rg) = p2i) Yij—11 {] > T;g} = (p2i (rg) = 1) i, j11 {] < ng}>
"97g i€GY j=1
e—2<7«‘1_7—§)

TgP2
~ %Eyi@e (1+0,(1)),
2 (0429) Tq
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2(7‘g— q)
due to the fact that 5—— ZzEGO DUl = %Eyf@ (140,(1)).
Q2g) Tg

Collecting all results, the tg (r,) statistics for any r, € [7“;, 1} ,1s as

- <p29 rg) ) \/ZzeG 2] 13/” 1

tg (r!]) = O' (T )
g\'g
(ﬁZg(rg) ) 7—2 ZzGGO Z] 1 yzg 1
- g (rg)
T (’l“g agy) 1 + OP \/7—2 ZZEGO Zg 1 yz] 1
B g4 (rg)

(g Tg)

ngT7p
T (rg a?g) (1+0,(1)) \/Q%S—Z%Eyzrg

C¥2g) Tg

) v/ g TVal T \(/F al,) (1+0,(1)) 0 (\/ﬁqﬂ—%) —0(Pp).

This argument shows that the proposed test diverges at the speed of O, (Pr,) un-

rgpg(fq—fge) )
WE%,T; (1+0,(1))

der the alternative hypothesis. Therefore the consistency of the bubble origination

estimate is also verified. m

A.2.11 Proof of Theorem 3.4.8

Proof. Based on Theorem 3.4.4 and Lemma 3.4.1, we have

_ K°+n
BIC(K®) = (33 (o)) + ——r " log(nT)

T
- anZ Z Z(ylt @gmym 1)2 +o(1)

g= 11€G9(K0)t 1

— o2

Moreover, under the under-fitted model with K* < K, note that

K* T
5%(1(*) - _Z Z Z(yn—ﬁ@@t 1>2

9= 1ZEG (K*) t=1
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> min n t — P K*> t—1
I<K*<KO §(K*)EA e nT Y p Ui
9=1i€Gy(K*) t=1

. . ~9
= min inf  Ghen.
1<K*<KO §(K*)eAgs )

Under Assumptions 1 and 2, we have

K*+n
in BIC(K*) > i inf  (0g -
|< KSR (K7) = 1SR SK 6(K)EA n (Fcuen) +

LN (QQ) > 2 (02),

log (nT)

and it follows that
Pr( min _BIC (K*) > BIC (K°)> — 1.
1<K*<KO
Lastly, under the overfitted moel, and in this case K° < K* < Ky,
Pr ( min  BIC (K™) > BIC (K°)>
KO<K*SKII’I&X

KO<K*SKI’I’|?},X

— 1,

as (n,T) — oco.m

A.3 Proofs in Chapter 4

A.3.1 Technical lemmas in short-horizon predictive regression

Lemma A.3.1 AsT" — oo, then

1
sup E |[n8)_ || = 0,(T7%%),
1<t<T

i
sup E 7753371 =0,(T"%)
1<t<T

1
sup E 77%)54 :OP(T'HQ)
1<¢<T




Proof. Let Ty = 0, then Tj—1 =

: !/ /
diag {a)ua, ayugy, ...,

dtat} Do, (r)

Z ( m= k+1 RTm)“zk + Uy j—1, -Dat =
= diag {a| B, (r),a3B, (1), ...,al,B, (r)}

and denote the autocovariance matrix of u,; and uy; as 'y, (h) 1= ]E(umu;ﬁt_ ,), and

Cua(h) := E(uatu;yt_h).

nos (2009),

2
1
[

where Rggk) =

dalinos (2009), sup; ;< | Ry, ||

sup
T 1<t<T

for LSTUR and STUR cases. By the assumption ) ;°

sup
1<t<T

1
H?ﬁyzq

(2)

(i) For n)_,.

IN

IN

ZHR(M

2 t .
< i am zrrRTzuH) (
1<t<T 4=

t—1

j=1

Sy

i,7=1 k=1 I=1

NI

3,7=1 k=1 =1

following the decomposition of Eqn (42) in Phillips and Magdali-

tr {Z R;“_zj_lRfl“_zi_l($j—1x;—l)}

zR(]k R(ll

|

ril s

umku

xl

2t—2—7—1 ’
|| o UgkUgg F7

T . +1 R and ijtl =TI, +1 Rrm. By Phillips and Mag-

O(T"). By the definition of RT;J_ I

Trl,j
RY9|
. [Tr]
exp [TT] —J— 10 Zm ]—l—l
T Yol
[TT]_j_l j—lbam
exp C+ ="=
1 ( r \/T F

= p)C = Da, ()| dp + 0p(1) < +o0,
Il < o0,

sup
1<t<T

Xwﬁ?H)<é;Mmmm):@@Hm.
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(ii) For n)_,,

(2)
HUT,t—l

2 v
< {ZR21€2]1D thl)xl lxj 1R D }

J=1

t—1 J 7
\/ﬁ Z Z Z HRTZ”Qt—Q—j—i

ij=1 k=1 i=1

zl

IN

1 ], o],

F’

(t.5)

since sup; <j<p Y5y [ Rr:||'™ = O(T7), and sup,<,cp >0} = Oy(T).

Moreover, > o= |ITua()]|p < ooand >3~ ||Tys(k)| - < oo, then
@ 9 t—1 . 00
su < +vn| su Ry | Lua(d
g [ < va (lgthZH el ) (;J <J>HF)
. su R H . Fuz [
(thTZ | &5 ) (li_;oon <>||F>
= o)

due to the orthogonal assumptions imposed for innovations.

(ii1) The proof of this case follows (i). =

Lemma A.3.2 As T — oo,

(i) 1+v Zt 1Zt 1Uot = 1+~/ Zt 1 At—1Uot + +v Et 177Tt 1Yot +Op<1)

2
(ii) T1+'Y Zt:l Zt—lzt—l = W Zt:l Zt—lzt—ler(Zt:l Zt_l(n(Tvt_l) +Zt:1 77’}1)5 1zt )+
T 2
= e () + 0p(1),

cer 1 T ~ (2) (1) /
(iii) 7 Zt—l Zt—lxt—l T1+7 Zt 1 Rt— 137t 1T Zt 118 1+T2+w Et 1M1t

) /
T2+'v Zt 107 p-1%¢—1-

T§+’Y

Proof. For part (i), note the fact that

T

T T
i
> s =0T ), > nPue = O Zm 1uor = Op(TH) Zm 1tor = Op(TH7).

t=1 t=1 =

N
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1 T ~ (2)
Therefore — 3=,y Zi-1uor = —2g Dt 2o+ g D Mg o+ 0p(1).

The proof of (ii) is a natural extension of (i). In (iii), define Ry := 1 + T’ then

v %

! ! / / / Dat ! Dat /
rzy = Rpxyaz, Rp, + Rrxy vy + unz  Rre + unuy, + —=x1-12,_1 Ry, + —=21-1uy,
VT ﬁ
2t "R C2Lt !
+vat—1zt_1 Tz + T D1y

Note the following facts that ZtT:1 %%-1 2 = 0T 1+w> Zt 1 \fl't il =
OP(T)’ 23:1 uxtz;/,l - Op(T), and

T
s — By @ Ry Y (201 @ 21) (A3.1)

t=1
T

T
= 2o®20 — 27 @ 2r + (Inxn @ Ry) Z o1 ® (ugt) + (Rr. @ 1) Zum®2t—1
t=1

t=1

T 1 T v
+Zuzt®um+ (Rr. ® 1,) Z( >®zt (L, ® 1) Z(\/;_i:ct 1>®umt
t=1

t=1 t=1

L (D2 L (D2
+(RTZ ® [n) Z jft - ® 2+ ([n & [n) Z Tatxtfl & Ugsg
t=1

t=1

In (A.3.1), sup; ;< 21|l = Op(\/T), Zle xt—lu;:t = 0,(T) and Zthl Zt—lulxt =
OP(T)’ Zthl uztu;t = Op(T>» 23:1 Ti_1 @ (Uug) = O (T) Zthl Ugt @ 241 =
O(T), YLy (Brer) @ 200 2 O(TF), XL, (Bair) @ war = O().
Based on Cauchy-Schwarz inequality, thl T“ixt_1®zt_1 =2 0,(T 37) and Zt L ( tp, 1>®
uz = O, (1). Whenv € (0,1),

1 1

Then we have 3/ @y 12, = O,(T').
In order to justify Zthl $t—1(77§ﬂ2,2,1)/ = Op(T%+7), and define Ry := 1+ £.

Note the fact that

! ’

$t(77§~2,):) = RTmt—l(ngy)t—l),RTz + RTxt—l(Datxt—1>/ + uxt(n%):—ﬂ/RTz + U:ct(bat$t—1)
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% v

Da 2 / Da . /
(i) Bre + i (D)
D2 , D? y ,
+T“txt_1(77§~2}_1) Ry, + Tatﬁt—ﬂDatwt—ﬂ .
Therefore,
T
Lnxn — Br- ® Re] Y (21 @0y (A3.2)
t=1

= X X 7];2) — Xr X nng + (In X RT) Z Ti—1 Y (Dat'rt—l) + (RTZ Y In) Z Uyt X 775?’1)5_1

t=1 t=1

T %2
y Dy )
Uz & (Datl’tfl) + (RTZ ® [n) Z ( - > ® i1
= \VT

a - DZ
( Tx> @ (Daswi1) + (Br- @ 1) Y ( . ) D 11

+(In ® L)

e

Mﬂ IIM%

+(In © I)

t=1 t=1

5

Note the fact that 2o (117}’ = Op(1), 27 (1) = Op(T3), S 21 (D) =

Yis @ty 1 Doy = Op(T2), 30y @)y = Op(T% ), Yoy tr(Dagivn) =

0T, Ty (Bwea) 0P = 0T 3), L (Bt ) (D)) =

ZtT_l (%xt_1> (a:; 1lu? ¢) = Op(T%). By Cauchy-Schwarz inequality, Zthl (f’j‘itxt_1> (175127271)’ <
Op(le) and Zt 1 ( —atp, 1) (Dgpari—1) = Op(T%). By combining above results,

+(ln @ 1)

] =

2,
Ly 1) ® (Dati—1).

t

1 1
]nxn - RTZ X RT = ﬁ |:_Cz X ]nxn + Op (m):| 5

and

T

1
T3+ 2 [‘”t L@y 1}
=1
T
1 o
= —(Cz_l 0%y In)F Z Tp—1 @ (Dapr—1) — C ® I,) Z Uzt @ ( atxt—1>
2 =1

v

_1 a Dat
—(C;"®1,) Ti-1 | @ (Dari—1) + 0p(1)
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In order to justify >, xt,l(n(T{Ll)' = 0,(T*"), define Ry := 1 + . Note

the following fact that

l’t(nffrl,):) = RTiUt—l(WfErl,z_l),RTz + Rraiq [=Tt—1]/ + uxt(n(Tl,i_l)'RTz + (1)
Da / -Da /
+\/Tt$t1(77§~1,1_1) Ry, + ﬁimtfl(xtfl)
ST (77(1) ) Rr. + D_C%txtfl(xtfl),
T Tt—1 T 5
thus
T
Lnsn — R ® B Y (1 @114t )) (A3.3)
t=1

T
= 20 ®npy — 27 @1y + (I ® Rr) Z 2 @ [wr ]+ (Rre @ 1) Y e @iy

t=1 t=1

T T =
D,
- Lnsen @ 1)t @ (1) + (R @ 1) S | ey | @),
= = \VT
T v
® ] Z ( at Ty 1) (l't—l) RTz ® ] Z ( > & né},i—l
t=1 t=1
T D2
+(In ® 1) Z Tativt—1 ® (T4-1)-
t=1

(1

Here we have :700(77 2))/ O,(1) and xT(nT T) O,(T*7), ZtT:l T (1) =
)
Tt—

2+27 o ,
Op(T2), KLy a05) ) = Op(T*5), L wan(win)' = Op(T), 1y (S ) (mfi)) =
Op(TH), 30, <3“%3?t—1> (21) =2, ( - 1> z;_y = Op(T). By Cauchy-
Schwarz inequality, then 3, < Py 1) (n(Tz )= 0,(T ) and 3, ( by, 1) (1) =<
O,(T'). We have

1 1
[n><n RTZXRT_T |: C ®[n><n+0 <T1 7>:|

By combining the above results,

1
T2+~

1
|:xt 1 ® 77;12 1] = _<Cz_1 ® Ian)ﬁ Zl’t_l & Tr—1 —+ Op(]_) = Op(]-)

t=1 t=1

]~
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Last, in order to justify >, 2, (77ng1), = O,(T*"), we apply the following

decomposition as

mt(n’ffgz):) = RTmt—l(ngz—l),RTz + RTxt—l(DZt‘T::q) + uxt(n%_l)/RTz + u:ct(xt—l)/
Dat 3 ! Z\jat ~ '
+ (\/T - > (ng“,l)f—l) Ry, + (ﬁ - ) [D?ztxt—l]
jj2 , D2 . /
+ (Tatﬂﬂtq) (77531):—0 Rr, + ( T > [Dgﬂt—1] :
Therefore,
T
Lnxn — Br- ® Ry] Y (21 @)y (A3.4)
t=1

= $0®77(Tg)—$T®77¥))T+(] ® Rr) th 1® Datxt 1)+ (Rr. ® I,) Zuxt®nﬂ 1

t=1 t=1

T v
Uyt K (Datxt 1) RTZ & ] Z ( > ® 77532—1
t=1

D, D?,
(\/Ttxt1> ® [Datl‘t 1] (Rr. ® 1) Z <—$t1> ®n§§271

t=1
D? y
atl’tl) X [Dgtl't,l} .

+(1, ® I,)

+(ln ® L)

Here zo(nfy) = O,(1) and zr(ny) = Op(T™), S 20y @ (D2wi) =

Op(T2), Sy @)y = Op(T*F), oL un®(D2i1) = Op(T), Sy (D) (nff)y) =2
0T, 5L, (S
> 1( it g, 1)®n<ﬂ L= 0,(T ) and Y7, <Df2”xt 1)®[Dgtxt,l] < 0,(T).

Besides, we have

@ (D%a,-1) = O,(T). By Cauchy-Schwarz inequality,

N——

1 1
]nxn RTZXRT_T |: C ®]n><n+0 <m>:|

By combining the above results,

1
T2+

[M]=

T
1 v
1 @ | = =(C7 @ L) 5 Do w1 & (D) +0,(1) = O,(1).
t=1

t=1
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Lemma A.3.3 (i) As T — o,

T

1 / > CZTQ Czrd
m Z—1%4_1 ; € zz€ T,

) € [fo Ga,e@’)G, (T)Eaadr] e“*ds, under LSTUR,

) (@
Z"?Tt 1
T2+w % Css [fo Ede] Czsds, under STUR,

(ii) As T — o0,

(

([ Gae(r)dBL(r) + Q) - C2', under LSTUR,

z

-

1 Zl’ N
t=1%-1 7
™S —(fol Go(r)dB,(r) + Que) - C7', under STUR,

under LSTUR,
T [fo ac(T) )der] ct,

T?*’YZ — Jy Galr) ;< dDp, (r) - C;*
s Ga<r>G;<r>Qaadr] c:,

-

under STUR,

—folG (rG,, (r)dr -C71, under LSTUR,

T
1 oo
T2+7 Z Lt-1 (77'5“,3&71) ~
t=1

- fo ol r)dr-C;', under STUR,
1 i Ty 1(77(3) )/ ~ o fO a, C (T)iaadr : Cil, under LSTUR7
—1\Npt—1
= - fo al 7)Saadr - C;1,  under STUR,

where dDp, (1) := diag {a|dB, (1), aydB, (1), ...,a’,dB, (r)}.

Proof. (i) For the term Z?zl z_17,_, follows the decomposition as

T T
[Lxn — R @ Ry Z 21 @21 = Q%2 —2r®2zr+ (I, ® Rr) Z Uzt & Zp_1

t=1 t=1
T

T
+(RTz ® ]n) Z Zt—1 ® Uyt + Zux’t X Uyt

t=1 t=1
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where 2y ® 2o = Op(1), 21 ® zp = O,(T7), Z;‘le 21 @ gy = Op(T), ZtTil Uat
zi—1 = Op(T). Besides, Zthl Uyt @ ugy = Op(T), thus

C, C, 1 1
_<ﬁ®ln+l el +0(T27)>T;zt1®zu
1z

= T Z (uzt @ Ugpt + 2p—1 @ Uy + (uxt & Zt71>) + Op(l)'

t=1

The above equation is a Lyapunov equation ((I, @ A+ A" ® I,,)vec(X) = —vec(Q):
If A is stable, the solution of X is given by X = [ eA Qe Tdr). Note the fact

that

T
1
? ;_1 Zt—1Ugt ~ Azz;

where A, = Z:,Czl E (ztz;_h) and Q,, = Y, + Aye + A, Hence

1
T+

2 1Zt 1 «»_)/ Cermmecz'rd,r

Mq

t=1

For the term Zt 1 ng i1 (77(T2 2_1)/, the following decomposition applies as

/

RTznTt 1( ) Ry, + RTznTt 1(D +Tt-1)

% %

+(Dari—1) (nggﬂ):—l)/RTz + (batfft—l)$;_1Dat-
Therefore

T
[[nxn - RTZ ® RTZ ZnTt 1 ®nTt 1
t=1
T
2 2 2 2 2
= i @ngh — ey @ nep + (I ® Rr) Y 0y @ (Dare 1)

t=
T T
+(Rp, ® 1) Z atTi—1) & TITZ 1t Z(Datxt—l) ® (Dgri—1),
t=1
where %) @ niy = O, (1), iy ® 1

2 v}
n )T = (Tlﬂ)’ ZtT—1 77(T1)t—1 ® (Dgpri—q) =
3+ 2
Op(T°7), S5 (Do) ® )

(
L 2 0)(TF), S (Date1) ® (Dage—s) =
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O,(T?). Therefore,

!

C. C. 1 1
(Tv Sl In® O (ﬁ)) T2 Z"t 1®nTt 1= 72 Z aiti=1)®(Dari—1)+0p(1),

=1 t=1

and
L 0 oy 0OO e [fol Gac(T)Gl (T)iaadT] e“*ds under LSTUR,
T2+ Z nT,t—l(nT7t_1) ~

t=1 eC=* [fo o Eaadr} C:sds under STUR.
For the term Zle Zt—1(77§3 2_1)', the following decomposition applies as,
") =R o)) Rr+R D ’ o _)'R 1D
(nTt) TzZt—l(nTJ_l) Tz+ Tzzt—l( atxt—l) +uzt<nT7t_1) Tz+u$txt_1 at-

Therefore

T
[Ixn — Rr. @ Rr,] Z 241 @ n(Ti 1
t=1
T
= ZO®77§“2,2)_ZT®77§“2,)T+ ®RTZ Zzt 1® atxt—l)
t=1
T
_'_(RTZ ® In) Z Uyt @ 775“271)571 + Z Ugp @ (Datxtfl)v
t=1 t=1
(2) 142y

) Zt 1%-1 ® (Datxt—l) =

where 29 ® 175 = Op(1), 21 ® (T)T = O,(T" =
( ) Besides, Et:l Uy @ (Datxt,l) =

2+’Y
0T ), SFug @05, < O

0, (T'%). Therefore,

C. C. . <
(qu@] + 1, ®T7+ <T27>) TQZZt 1®77Tt 1= T2 ;Uxt®($t1Dat)+0p(1)a

and under strict exogeneity condition where X} = E(Datum) =0,

2+"/Z 7]Tt 1) ~ 0.
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(i1) For ZtT:1 xt_lz;_l term, based on (A.3.1) , we have the following decompo-

sition.
1 T
[Lon = Bre ® Rr] o Y (w01 © 201) (A3.5)
t=1
1 1 d 1 &
= f$0®20—fl'T®ZT+([an®RT Z$t1®uzt+ (Ry. ® I,) TZ Ugt @ Z4—1
t=1 t=1
T V 1 T u
Zum(@um—{— (Rp. ® I,) ;( >®zt1—|— T;( )@uwt
T S T
1 D?, 1 D?Lt
+(Rrs ® In) ; (Txt_1> ® 21+ (In® L) ; ( S | @ (A.3.6)
= —th 1 @ Uyt + (Rr, ® 1) Zuxt@)zt 1+ = Zuzt®uxt (A.3.7)

t=1

1 D ,
— _ 1).
+Tz<ﬁxt 1) ® gy + 0p(1)

t=1

Therefore,

L I L I L I 1
T Z -1ty + Z Z-1lyy + Z Uy Uy ~ / Goc(r)dB,(r) + Qpy
t=1 t=1 t=1 0

By the exogeneity condition ¥, := E(Dgstiz) = 0, then % T ST fxt 1y ~ 0.

When v € (0,1) case, Iy, — Rr: ® Ry = —75(C. @ Lixn) [Lnxn + Op(775)]-

By combining the above intermediate results, we can derive the desirable results.
For ), xt,l(n(TQ’ 271)' term, based on (A.3.2), we have the following decom-

position:

T
Lnsn — R ® B Y (21 @17 )) (A3.8)
t=1

T
= m@npy— v @y + (I, ® Rr) Z i1 ® (Datir) + (Rr ® 1) > um @ 140,

t=1 t=1

T v
. D,
([n & [n) E Uz & (Datxt—l) + (RTZ X [n) E <\/_—txt—1> ® 775/12,1)&_1
t=1 T

T v %
D, v D?
+(n @ 1) Z (ﬁi%—l) ® (Darri-1) + (B> @ I,) Z ( jft - ) ® 775*2,1)&—1

t=1
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T §2
+(1n X -[n) Z (Tatﬂft_l) X (Datxt_l).
t=1

Here the three leading terms are Zthl Tiq @ (lv)ata:t_l), (I, ® I,) Zthl Uyt
(Datxt_l) and (I, ® I,,) Zthl <%xt_1> ® (lu)atxt_l). By Lieberman and Phillips

(2020), the following functional law applies here as

1 1
i;,, Z Y72 |~ / G2 (r)dB,(r) + 2 (Auua/ G (r)dr + AueGmc(r)dr) :
nz 7 0 0

(A.3.9)
where u,; and ¢; are the notations of Lieberman and Phillips (2017). By applying
(A.3.9) and exdogeneity condition X% := F(Dqtg) = 0,

—fo ae( (T)dDBa (r)c;t
der LSTUR,
i [fo N )Qaadr} oot under
— Jo Ga(r)Gi(r)dDg, (r) C*
under STUR.
|~ [ GG €2 J
Forthetermonlext_l(n(T{Z_l)/,wehaveInxn RTZ®RT— [ C,®I,+ 0 (T1 7)]

By combining above results, the following derivations are justified as,

T
1 N
T2+ ;xt_l(n;,z—l> ¢ = T2 th 1xt 1 CC + 0p(1)

—folG (rG., (r)dr~CC’_1 under LSTUR,
fo af rydr-CC;'  under STUR.

Similarly, as n(TI’ 2_1 and ng 2_1 share the identical stochastic order,

1 , ~
2 $t—1(77(Ti):_1) = ——2 £Ut 1$t 1 Zt O] ! + 0,(1)
= t=1 T
fo we(1)G, (1)drE,,C7t under LSTUR,
AN
fo a d?”EaaC ! under STUR.
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Lemma A.3.4 (i) As T — o,

1 T

T Do Zt-1Uot 0 V..
T2 o ~ MN , Qoo

1 T 2
73 Zt:l Nt t—1Uot 0 0

where V,, := fl

0 e Q,.e" = dr,

oo s 1 / s
V@ . 0 e’ [fo GavC(T>Ga,c(r)Zaad7{| e¢ ds, under

e [ Cun(r)Cl ) S| €Pds, under

(ii) As T — oo, with dDBa (r) := diag {a\dB, () ,a4dB, (r) , ...

1 T ~
Ty Zt 1 Lt—1%¢ 1 ™7

(e + [y Gao(r)dBL( — Ji Gl
— [ Jo G )(Lmdr}(7 L G
Vi = [jb el (r)zgadr}c7fl
~(Qua + [ Ga(r)dB( -, G
| o Gl mmm01 o Gal

2
Vi)

LSTUR,
STUR,

@ dBa (1)},

wwbmvrcf
J(r)dr-C71C

rdDg, (r) - O
zaadr]<7 1

Proof. For (i), by Cramér-Wold device, in order to justify the joint convergence

to normality, it is sufficient to show that

2 =1

- 1 L
o (Tl-ﬁ-v Zztluot> _'_6 <T2+«, anz_1U0t> ~ MN (()7 QOO (042‘/,22 +B2Vn(i))) ’
2 =1

for any real numbers «, and 3. We rewrite a X1+ Yy = Zthl &1t, where the array

(2)

isas &y = 1 15 Zi_q1Ugr + QH Nr.—1Uot- TO satisfy the martingale CLT (White,
T T
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under

under

LSTUR,

STUR,




2014), the stability condition is shown by

T1+y T2+

T 2 T / o T (2 () v
’ aty L z1z, B> i npe 1 (n

E E,_; [thth} :Qool t=1 Ft—1%4_1 n t=1"ITg¢ 1 ( Tt— 1)]

t=1

T

T
2 / 2
+ Qoocr8 [Z () ) + > ni o (zm)

t=1 t=1

34y

/T

~ Qoo [0V, + BQV,?(,?)} :

Secondly, the Lindeberg condition is also confirmed. The function 1 (-) is an

indication function. For any € > 0,

(2)
I Zt—1Uot + — =7 Uot
1+ 2 T t—1
T 1+ T1+

|

)

T T
> Ee lenl1(lend > 0] < Y Ee et 1 (|2

p 2)’ 2 2)
2121 Rt— 1775‘1 1+77(Ti 1Zt 1 U(Ti 177(T1)t 1

— T+ T T2+
2 QZp—1Uot 577T,t—1u0t
' Et*1 {‘u(]t‘ 1 (‘ TlJQr'Y + T1+% > E) }
( i \

o > )
[uol> > 5 )

2 /
8]
T ~“t—1%74—1

2 2
T2 W(Tz)s 177(T2 1

p -
o’z 1z, 9 _ &eT
1 ((max1<t<T — ‘U(]t‘ > -
2
< K- max E; 1< e @
1<t<T
+1 maxlgtST

82 €21
nTtliZTt 1 ) ‘UOt‘Q > 22 )
\ L i
2 2 2
< K- 1 _
K max E; 4 {2|u0t| [1 ( U] > 5 )] } 0p(1),

where M and K are two constants. Hence the Lindeberg condition is satisfied and

9 1 (maxlgth ‘
< K - max Et—l < |U0t|

+1 <max1 <t<T ‘

martingale CLT shows the joint normality. m

Lemma A.3.5 (i) For the numerator of short-horizon IVX and QR-IVX, as T' — oo,

1 o
D e W o) > My = M (0,71 =) [V + Vi)
? =1
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for short-horizon QR-1VX, and

T

—= > Fatigr ~ M = MN (0, Q00 [Va: + V2])
= t=1

for short-horizon IVX, where V,, := fol erC=Q), e dr,

Vn(i) = e [fo ae( )Emdr] “zsds under, LSTUR,
;e [fo ae )EaadT] Czsds, under STUR,
(ii) As T' — oo,

T
THVZzt 1(Zm1) ~ (Vi + V),

t=1

where V,,, Vz(n2 ) are defined in (i).

(iii) For the denominator,

1
Ti+y Z Puotrit—1 (0)%—151_1
t=1

(o (0)( Qs + [} GunP)dBL(r)) - O \
—puor(0) fi} Goe(r)G (r)dr - CS1C
—puor(0) fy G (T)G’ac(r)dDBa() ¢! under LSTUR,
~Du0r(0) [ Goo(r) Gl o (1) Qaadr C
~ D0 (0) fiy Gao(r) Gl o (1) TaadrC5 Y,

) (r
—Puor (0)(Q xm+f0 o(r)dB,(r)) - CZ*
—Puor(0) fo o(r)Gy(r )dDB (r)-Ct
—puor (0 fo ol (r)QuadrC!
—Puor (0 fo (1) G, (1) S0edrC,

\ Vs

under STUR,

~—

~—

for short-horizon QR-1VX, and

T
1 ,-J
Tl+y Z Ti-1%-1
t=1
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Qo + fiy Gae )dB — Jo Gae(r)G,, (r)dDg, (r) - C!
—fo ae( )d?‘ c;lc — fo ae Ga’c(r)ﬁaadrc*z—l under LSTUR,
~ - folGac(r)G (1) Zadr Y,
~(Qua + Jy Ga(r)dBi( — [ Gu(r)G,(r)dDp, (r) - C!
\ —Jy Ga(T)G;(r)Qaadrczl ra P adrCL,

for short-horizon IVX, where dDg, (1) := diag {a}dB, (r) ,abdB, (1) , ..., a’,dB, (r)}.

Proof. For (i) under the QR-IVX case, use W, (ug, ) to replace ug;, and use Qg
to replace 7(1 — 7), the way of proving the asymptotic normality of short-horizon

IVX can be easily extended to the case of short-horizon QR-IVX. m

Lemma A.3.6 For a generic constant C' > 0, thus

sup { [ Hr(e) = Hr(0)] | < T C | = 0,(1).

Proof. The results are identical to the statements of Lee (2016). m

A.3.2 Proof of Theorem 4.3.1

Proof. Since the uniform convergence is confirmed in Lemma A.3.6, the standard
result for the extreme estimation with non-smooth criterion function holds following

the approach in Lee (2016). Let BLT = AﬁfIVX within the proof. Define €, =

(B\l,‘r - /81,7'), then

By,» ~ argmin (Z mtwl)) (Z mtwl)) ,

t=1

where m,(81) = 21V, (uoer (B1)) = Ze-1 (T — 1(yer < By,74-1)). Based on Lem-

ma A.3.6, the first-order condition for the QR-IVX objective function is given as,

op(1)

T11+27 th—1 {‘I’ <U0tT - <31,T - 51,7)/ l’t—l) }

t=1
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I
E

zt—l {\IJ’T <u0t7 - /E\;xt—1> - IEf’t—l <\I]’T <u0t7' - %\;—xt—1>> - ‘1;7' (U’OtT) + Et—l (\IIT (UOtT))}

1+

At
1 < 1 <

+— Z Ze 1By (‘I/T (uOtT - €T$t—1)> + = Z Ze 1 {Wx (uoir) } + 0p(1)

A —— A ——

T T
1 . o 1 -
= —0 Z Z 1Ky (‘I’T (uotT - 6}%—1)) + == Z Zio1 {5 (uor) } + 0,(1).

Tz ‘"= ==

The term E;_; (U (ug;r — €,24_1)) can be expanded around €, = 0 as

K¢ (‘I’T <u0t‘r - %\;xt—1>>

’ OE -1 \I/T U/(]T_EITZ' -1 Y Y
= K [1 <u0tT - €T$t—1)] |ET:0 + d ( ((%t' d )> ‘ET=0€T + 0p (67) )
where
’ , E;xt—l
K1 (‘IJT (Uow - 6#&—1)) =T7-FE; 4 (1 (uotT < €T$t—1>> = 7'—/ Puotrt—1(5)ds,
and
Oy _1 [& (Uopr — €-24—1) ,
: [ (9; t ] ler=0 = —%;_1Puotrt—1(0).
So we have

Et—l [ET(UOtT - g;—£t—1)i| - _I;_lpu(]tT,t—l(O)%\T + Op(l)‘

Therefore, the first order condition follows

T 71
1+y -~ 1 ~ ’ 1 ~
T%(Bl - ﬁl) - <7ﬁ1_"_7 Zt—lxt1> (THQ_W Zzt—lu(]t> + 0p(1>.

t=1 t=1

In all, we complete our proofs. ®

A.3.3 Proof of Theorem 4.3.2

Proof. Based on the asymptotic distribution results in Theorem 4.3.1, the proof for

the Wald test is trivial and straightforward. m
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A.3.4 Technical lemmas in long-horizon predictive regression

Lemma A.3.7 Under the rate condition ‘T/—T + =+ k0, with Dg, (r) =

diag {a| B, (r),a4B, (), ...,a, B, (1)}, then

1k Ga(r), under LSTUR,
(i) With t = [Tr], gy ~

Gac(r), under STUR.
() S0 o) = Op(KT' ), thus by S s i) = op(1)

2t = Bal(1) =a N (0, Quw), and 5 3 5 (om28) (G 2t) ~ Qua

(iii) fT
(%) s S ek (ef) > N(0, G710 O ).
Dg, (1) Gae(r), under LSTUR,

2,k

(v) With t = [Tr], \/ETWT’“

Dg, (1) G4(r), under STUR.

fol Dg, (1) Gae(r)dBy(r), under LSTUR,
fol Dp, (1) Go(r)dBy(r), under STUR.

Ol T—k 2,ky/
(Vi) i 2oimt Uoa+k(N7y) ~

(vii)
Tk ok 2k Co' - [ Dp, (1) Goo(r)Glo(r) D, (r) dr - CZ', under LSTUR,
K737y 2 at=1 77Tt(77Tt) ~

c;t- fol Dg, (1) Go(r)G,(r)Dp, (r)dr-C;*, under STUR.

Tk i c;t. fol B.(1) - G;7C(T)D3a (r)dr-C;', under LSTUR,
(Vl”) 5+27 D1 (nm) ~

et fl B,(1)-G.(r)Dg, (r)dr-C;', under STUR.

YaaGac(r), under LSTUR,

YuaGa(r), under STUR.
(x) Eth_lk Uo,wk(”%), = Op(’“THv)’ thus ﬁ Zf:]k Uo,t+k(77%,]:)/ = 0p(1).

(ix) Witht = [Tr], IMUT} ~

Proof. (i)(ii) and (iii) are identical to those of Lemma A.1 in Phillips and Lee

(2013). Just replace J.(r) by Gu(r) and G, (r), since sup;<;cqp E Hn(Tl’zfl
O,(T***7) under LP(2017) and LP(2020). This rate is the standard rate for the
unit-root and local-to-unity case; (iv) is identical to the proof of Lemma A.2 in

Phillips and Lee (2013);
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(v) The recursive formula is satisfied as 77 RTmTt l—i—lu?atxt,l, and 77(2)

Tt+j—1 —
RTWT,% yia T Dat4j—1Z¢+;—o. Take summation up to k,
k k k
2k _ (2) _ (2) »
Ny = Z Nrpyj—1 = Lors Z Nritj—2 1 Z Datyj1Teyj—2
k
(2) > (2) (2)
= — Rr.) Z Mtj—1 = Z Do trj1%erjo — Brang ey + Rranry
Jj=1 J=1
k

1
= 1+2 Z +j-1 = \/_Tz ZDQH_J 1T¢45— 2+Op(1)

=1

where [T'r] = t and ;- -+ Iz — 0. Hence f Z Doty j1(zerj—o/VT) = 0,(1).

By the techniques of summation splitting and residuals putting back, we have

C. = @ k
\/%T% Znéf,iﬂel - TZ at+j—1 (Toj- 2/\/_)—|-0p( )
j=1 =1

= TZ attj—1 (Terj— 2/\/_)+0p( )

- IZ -1 (Gae(r) +0,(1) + 0,(1)

for LSTUR, under \FU(TZ = Op(Tz) = 0y(1). Let C = 05, e then have the
STUR casse.

(vi) For the LSTUR case,

/

T— T—k 2,k 1
Uo,t+k ", / "
TZ ounsli) = 3 () ( foHy) = | dBi0)Gunr) D, (140, (1),

t=1

v

and for STUR, —-Z—— S o () = [ dBo(r)Go(r) Di, (1) + 0,(1).
(vii) From (v) and FCLT (White, 2014),

T—k 1 T—k C C /
o -1 - z k z 2.k -1
% ”;Z C <\/ETth) (\/ET%ﬂnT’t) “




(viii) From (ii1) (v) and the FCLT (White, 2014),

T— T— /
— Z Cz 2,k -1
k,T2+2v Z = C Z ( T +7 ) ( \/ET% +_,Y77T,t) C;

t=1 t=

1
~ C7' [ Dp, (1) Gae(r)G, (1) Dp, (1) drC; ™.

z
0

(ix) The recursive formula applies for n(Tz = RTZnTt 1+ Datxt 1, and take

summation up to k,

k
3,k 3
Ny = Z n’fl‘,iJrj | = B Z 77T tj—2 T Z 1| T2

k k
(3) 3 3
= (I, — Rr.) 277 thj—1 = Z g2 — RTZH(T,2+1€—1+RTZ77(T,L1
7=1

j=1
k k
C 3) 1
= 1i2v ZU tHi—1 — % Z -TtJrj 2+ Op(1>
7j=1 7=1

where [T'r] = t and ﬁ + %T — 0. Hence S—ZE Z (Dgtﬂ D@y j—o/VT) = 0,(1).

Therefore,

k

k
Cz 3 1
D M = g 2Dk @2/ VT) + 0y(1)
j=1

7j=1

B k‘ Z at+j— 1 xt'l'j—?/ﬁ)—‘rOp(l)

JlT

= Z asitj—1)(Gae(r) +0p(1)) + 0p(1)

]lT

~ iaaCTYa,,c(r))

for LSTUR. Let C' = 0,,«,,, these results extend to STUR.

(x) follows Lemma A.1 of Phillips and Lee (2013). =
Lemma A.3.8 Under the rate condition that f + I + — 0,

1

T zuO ia(EE) > MO, (VA V0 L VDA (V1) Oy,

(A.3.10)
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where VEH .= C71Q,,C71,

L C:' - [} Dy, (1) Goo(r)Gl (1) D, (r)dr - O, under LSTUR,
mm

CV- [} Dy, (1) Ga(r)Gl(r)Dp, (r)dr - C1,  under STUR,
and

e _ ) Ot Jy Ba(DGlo(r) D, (1)dr- €', under LSTUR,

B ct. fol B,(1)G.(r)Dg, (1)dr-C;*, under STUR.

Proof. It is sufficient to justify the joint asymptotical normality of two leading

terms, as

k LH (2),LH

T2+w\f Zt 1 “0t+k(zt) — MAN 0 Qg V. Van
2),LH~’ 2),LH

(VA vy

m thl UQ,t+k (77T’,t)

o

By Cramér-Wold device, it is sufficient to show that for any constants « and £,

T—k
8 2.k’
TQJW\/— Z uo .k (2f) T1+7\/E ; uo,+k(17)

M 00 i+ P a0 (7]

where VLH V. DEH y@LH o6 defined in Lemma A.3.7. Define

zz

= T o () +
T T i ok (7)) = D25, &rv, Where Epy = p \/Eu(lt-l-k(zt )+ ok (7)) -
Here {7, are martingale difference sequence forany ¢ € {1,2,...,T}. In order to ap-

ply the martingale CLT (White, 2014), the stability and Lindeberg conditions need

to be justified.

First, with E;, () := E(:| F¢4x_1), the stability condition is shown as,

Tk
Y Eie [thth}
t=1
Tk o L "
= $hoo ;TlJrQ + £ 73 ENT (Zt 77Tt) +1 Tt (= >+ZT2+27 N1 < Tt)
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Qo [OéQ‘/ZﬁH 4 62‘/;](5),LH +af <sz(3),LH I (K(i),LH) ﬂ ,

p(\/ET%J”), and

since sup;<y<r E Hsz = Op(\/ETW), sup; << E Hn%’i

Lemma A.3.7, and the following facts

2k, 2k (2),LH
nT,t(nT,t) ~ Vnn )

ky 2.k (2),LH
2 (77T,t) ~ Vzn )

where VEH VEH “and VDM are defined in Lemma A.3.7.

Second, Lindeberg condition is shown: For any ¢ > 0, with E; ; 1(-) :=

E(|Fek-1)

T—k

2,k
Btk {Hﬂm
t=1

T—k

2
1 (’ > 6)}
o? E (k) af k{ 2k ' 2k (kY B 20k [ 2k '
mzt (Zt) + T%T%k 2t (TIT,t) + N7y (Zt) + mﬁxt (77T,t> )
t=1

Q E\’ B 2.k /
1<I£f}fiTEt+k 1 [uo il (Hmuo,tﬂc (Zt) + muer (WT,t> H > 6)}

IN

2
Up ik (‘ T1+2’7ku0 k2t (7)) H > 5 )
< K- 1<Ig}ralé}iTEt+k ! 2 52 2 €2
Fug g, 1| || g, t+k77Tt (nTt> > g
- k ( k)’ 2
20 (2 e“T
t 2
< K- max E u?, 1 max > —
-~ | <t kST t+k—1 0,t+k 1<t<T kTQ»\/ | 0t+k2’

K E ol nTt e eT
-+ - max tik—1 | U max > —
\<tih<T Ot Ot+k 1<t<T /{;T1+2~/ o,t+k 9

1<t+k<T 2

< K- max Epppo gl (Ml g gl >
L er
+ K- max E; x4 {Uo il <M2 |ug il > —)]

1<t+k<T 2

- Op(1)>
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where K, M; and M, are three constants. Then the martingale CLT (White, 2014)

applies, and shows the asymptotics by lettinga =5 =1. =

Lemma A.3.9 Under the rate condition, YL + ﬂ + — 0, we have

y T’Y
(i) e Soimr 2 ()~ 3O
' f G G, o(r)dr-CZ', under
(ii) T2+’Yk2 ZT : f( %]:) 2 ’ 1
f, G r)dr-C;',  under
(iii) 3+w 2 tT 1k k(nTt) ~ Vo OFF, where Vi, 1= %E Qs

Jy Gl
Jy Gal

. T—k
(lv)ﬁzze 1 xf(ﬁm) ~
) Sgadr - 71,

under

LSTUR,
STUR.

(r)iaadr -C71, under LSTUR,

STUR.

Proof. (i) Here C' is one positive definite matrix proportional to identity matrix.

Besides, we employ ol and
when a positive matrix C' that is not proportional to identity matrix or

definite C case is considered. Define Rgf: PIEs)

t+5—1
- Hmis—i-l

(S (Z )

Rrs.

T—-k

D

t=1

Tk
pEACH
t=1

T-1 k t+j-—-1 k t+i—1
t+ 1+s) § : § :
— § § R J,1+s) RtJr’L 1— l
t=1 j=1 s=1 i=1 [=1

to denote C~! and C; 1 The discussions are the same

a negative

)l.

With L defined as the lower order term compared to the leading term, the magnitude

of the term is derived:

k t+i—1

ZZRH-ZIZ

=1 [=1

T-1 k t+j—1 t4i—1
ki k\ _ (t+7,1+s) t+i—1—1
E[ft (Zt)] = E § Ry, Uzs § Ry, g
t=1 \j=1 s=1 i=1 =1
(71 / K t+j-1 kotriel
— t+j—1-s t+i—1-1
= B (D0 D0 BT | (D0 D R
t=1 \j=1 s=1 i=1 =1
(71 k t+j—1 t+i—1 b
t+j—1—s am
+E E Ry T Ugs
t=1 j=1 s=1 m=s+1
[7—1 tj—1 tj—1
t+j—1—s
+E S S RY
t=1 ]:1 s=1 m=s+1
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/

T-1 k t+j—1 k t+i—1
= E (Z > Rt;j‘l‘sum> (Z > R?j‘l"uzl> +L

i=1 [=1

= O ((11:%;)) 8: g;:)) {(RrRr.)" + (RrRr.)' + ... + (RrRp.) '}
" i (=R (=R + (- R O-RE) |
T (1= Br) (1~ Rr) et (1= REY) (1 RAY

t+] 1+s) t+j—1—s 7t+5—1 D t+j—1—s t+j—1—s t+j—1 D
since R, ~ R I1. 2,41 exp \/“L” ~ Ry +R; Dot Bt

11— —1 D2
RtTﬂ 1=s Zf:i ot D%m where Ry := I,,— <. First, for term A, since £—|— +T7 —

0, kY., — 0 and R} ~ exp (—C%), thus
_ Q, 14y k k - (RTRTz>t
AA = (CC>T (1= RE) (1 - Ry,) { L
Q 11— (RTRTz)t
_ Ty (1 - Ry —— 2722 L 1)).
(gz) - m) { et L o)

Note that T7(1 — Ry Ry.) = C. + — €€ = C, 4 o(1) and (RrRr.)F — 0

T17

where ¢ is sufficiently large since RY., — 0. Therefore

aa= (g ) rema-m {0 o)

withl — RE ~ EC. As T — oo,

,;;i = (§c> (C'+0(1)) {éi—oo((ll))} (14 0(1)) — %2

z

and AA = O,(kT*"). The lower order term L is of the order O,(kT?~'). Second,

for the term BB,
Q. 1— RE! 1— REH 1 — (RpRyp,)* !

BB = (2= )\ d(k-1)-—"T Rp—— Tz p, & T RyRy,
(O@) {( ey S e L R N

< (ea) oo loee(en)) - (oo (o)) i |
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since 77 {k — &(1 — exp(— -1} = %{— 022;22 —%%—i—._.}:—k—i—
C2 ]C2

CE k4 =—k+SE +0(T) 1f 27 — 0, thus
Q, K2 (C T+ BB Q,

BB = T = <= +o(l) = —5-0,(1 = 1
(CC) T{2+0() L2 Op( )}Wk2T'7 (20)+0p<)

T+

Since the parameter 7y is chosen by the researcher: If —-— — 0, the term BB

dominates the term AA, and
T -
k(_k -1
T 2 () = 50Ct + 0p(1).
t=1
(ii) By the FCLT (White, 2014), as T' — oo
1 T—k T— ’

k
Zxk< l,t)’ o 1 CZ 1,k lc«fl
k2T2+’7 tnT,t - - LTS +777T,t T z

t=1 t=

folGac(r)G/ J(r)dr-C;' under LSTUR,
fo af r)dr - C’l under STUR.

(ii1) The proof follows the identical procedure of (i).

(iv) Similarly as (i1) and by FCLT (White, 2014), as T — oo,

T—k T— k

1 ko 3.8 1 C, 3k ' .
, _ L o
E2T2+y tz;ilit (77T,t> T - ) <kT +777 =
fOlG ()Zaadr C 1 under LSTUR
AN
I Gu(r)GL(r) Sadr - C1 under  STUR.

Lemma A.3.10 Under the rate condition that f + —l— — 0, we have

10,01 + Veu O+ [ Gaelr)G,, ((r)dr - C1C
1 /

Tl+vL2 Zxk(lz\f) 1= + fo Ga,C(r)Ga,c<T)Eaadr : 02—1’

B 5 Co + Vo O + fol Go(r)G, (1) Sedr - CZ1 under STUR.

under LSTUR,
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where V,, is defined in Lemma A.3.9.

Proof. The proof is easily derived based on the results of Lemma A.3.9. m

A.3.5 Simulation methods

As shown in Lee (2016), the computational burden of original IVX method is heavy
as the non-smooth objective function can generate multiple local optima. Instead,
Chapter 4 follows the alternative computational method proposed in Lee (2016),

where we test H : . = 0 in the alternative ordinary QR model:

T
ﬁ?RIVX = arg mﬁianT (yTt - 19;:22—1) ) (A.3.1D)

t=1

where p; (u) = u (7 — 1(u < 0)), 7 € (0,1). As the self-generated instrument Z; is
produced by the persistent regressor x;, their ’distance” can be asymptotically neg-
ligible. This argument justifies the validity and convenience of the conventional QR
method based on the self-generated instrument z;. Following the above discussions
of Chapter 4, we can show the limit distribution of 57 is Gaussian for each 7 for S-
TUR/LSTUR regressors, while the cases of MER, MIR and LUR have already been
proved in Lee (2016). Although the asymptotic normality is not free of nuisance
parameter C' and A, the self-normalized Wald test still follows pivotal distribution

under the null hypothesis of no predictability: Under H, : ¥, = 0,

— 2

Puor(0) (@_gmvx B 19T)/ (

T

t=1

with STUR/LSTUR regressors. The mixed-root case follow similar derivations.
The Monte Carlo simulation shows the robustness of the alternative procedure in
Lee (2016). The numerical simulation of this chapter employs the codes provided by

Professor Ji Hyung Lee on his website: https://sites.google.com/site/jihyung412/.
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