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Abstract

This dissertation comprises three papers that separately study different nonstationary
time series models.

The first paper, titled as "The Grid Bootstrap for Continuous Time Models”, is a joint
work with Professor Jun Yu and Professor Weilin Xiao. It considers the grid bootstrap for
constructing confidence intervals for the persistence parameter in a class of continuous-
time models driven by a Lévy process. Its asymptotic validity is discussed under the
assumption that the sampling interval (h) shrinks to zero, the time span (N) goes to infinity
or both. Its improvement over the in-fill asymptotic theory is achieved by expanding the
coefficient-based statistic around its in-fill asymptotic distribution which is non-pivotal
and depends on the initial condition. Monte Carlo studies show that the grid bootstrap
method performs better than the in-fill asymptotic theory and much better than the long-
span asymptotic theory. Empirical applications to U.S. interest rate data and volatility
data suggest significant differences between the bootstrap confidence intervals and the
confidence intervals obtained from the in-fill and long-span asymptotic distributions.

The second paper, "Mildly Explosive Autoregression with Anti-persistent Errors” is
another joint work with Professor Yu and Professor Xiao. It studies a mildly explosive
autoregression model with Anti-persistent Errors. An asymptotic distribution is derived
for the least squares (LS) estimate of a first-order autoregression with a mildly explosive
root and anti-persistent errors. While the sample moments depend on the Hurst parameter
asymptotically, the Cauchy limiting distribution theory remains valid for the LS estimates
in the model without intercept and a model with an asymptotically negligible intercept.
Monte Carlo studies are designed to check the precision of the Cauchy distribution in
finite samples. An empirical study based on the monthly NASDAQ index highlights the
usefulness of the model and the new limiting distribution.

The third paper ”Testing for Rational Bubbles under Strongly Dependent Errors” con-
siders testing procedures for rational bubbles under strongly dependent errors. A het-
eroskedasticity and autocorrelation robust (HAR) test statistic is proposed to detect the
presence of rational bubbles in financial assets when errors are strongly dependent. The

asymptotic theory of the test statistic is developed. Unlike conventional test statistics that



lead to a too large type I error under strongly dependent errors, the new test does not suffer
from the same size problem. In addition, it can consistently timestamp the origination and
termination dates of a rational bubble. Monte Carlo studies are conducted to check the fi-
nite sample performance of the proposed test and estimators. An empirical application to

the S&P 500 index highlights the usefulness of the proposed test statistic and estimators.
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1 The Grid Bootstrap for Continuous Time Models

1.1 Introduction

A popular model to describe the evolution of an economic time series y(t) is given by

the following Ornstein-Uhlenbeck (OU) diffusion process:
dy(t) = r(p —y(t))dt + odW(t), y(0) = yo, (D)

where k, i, and o are all constants, ¥, is the initial condition, and W (¢) is a standard
Brownian motion. In this model, x captures the persistence of y(t) and is the parameter
of interest in the present paper. Consider the case when a discrete sample of observations
for y(t) is available as y; with ¢t = h,2h,...,Th (:= N), where h is the sample interval
and 7' is the sample size. Clearly, N is the time span over which the discrete-sampled
data is available.

Typically « is estimated by the least squares (LS) method. Denote the LS estimator
by . To make the statistical inference about «, one needs to obtain the exact finite sample
distribution of . Unfortunately, the exact finite sample distribution of & is not analytically
available. It has to be obtained by simulations (as was done in Yu (2014) and Zhou
and Yu (2015)) or by numerical integrations when « > 0 (as was done in Bao et al.
(2017)). It generally depends on the initial condition (whether it is fixed or random) and
the random behavior of the stochastic term in the model (whether it is a Brownian motion
or a Lévy process). Not surprisingly, econometricians often rely on asymptotic theory to
approximate the exact finite sample distribution.

Three sampling schemes can be used to obtain a limiting distribution, namely “in-fill”,
or “long-span” or “double”, corresponding to the assumption of h — 0, or N — o0, or
h — 0 together with N — oo, respectively. In practice, of course, no matter how small,
h is always strictly positive; and no matter how large, N is always finite. Hence, all
three asymptotic distributions are merely approximations to the finite sample distribution.
Clearly, the double scheme cannot provide a more accurate approximation than the other
two schemes due to an added restriction.

Different schemes lead to different limiting distributions for 4. The long-span and



double schemes lead to a Gaussian distribution for &~ when x > 0 but to a Dickey-Fuller-
Phillips type distribution when x = 0. The in-fill scheme leads to a non-standard limiting
distribution for < and there is no discontinuity in the limiting distribution when « passes
through zero.

The limiting distributions obtained from the three schemes have their advantages and
drawbacks when they are used to make statistical inferences. The long-span and double
limiting distributions are well-known, facilitating the statistical inferences. However, the
limiting distribution typically has poor finite sample performance when x > 0. On the
other hand, the in-fill limiting distribution is continuous at x = 0 and outperforms the
long-span and double counterparts in finite samples. Unfortunately, the in-fill limiting
distribution depends on nuisance parameters and is non-standard.

Our paper introduces a method for making statistical inferences about . Our method
is based on the grid bootstrap and does not use any limiting distribution. It has three
advantages over the asymptotic theory. First, its validity can be justified by any asymptotic
scheme. This feature frees empirical researchers from using a limit distribution which
depends critically on the asymptotic scheme. Second, the method is uniformly valid for
x > 0. Third, the method provides excellent finite-sample performance.

This approach is to use the grid bootstrap method to construct confidence intervals
(ClIs) for x. The grid bootstrap was initially introduced by Hansen (1999) to construct CIs
for the autoregressive (AR) coefficient in the AR(1) model. Hansen (1999) showed that
the method is asymptotically valid in the stationary and local-to-unit-root case. Miku-
sheva (2007) showed that under the long-span scheme the grid bootstrap leads to Cls that
have correct coverage uniformly over the parameter space, including the mildly stationary
and the local-to-unit-root case. It is the results obtained in Hansen (1999) and Mikusheva
(2007) that motivates us to make use of the grid bootstrap to construct Cls for x since our
model is closely related to a local-to-unit-root model, as will be shown later.

This paper justifies the grid bootstrap procedure under the three asymptotic schemes.
In particular, it is shown that CIs for x obtained by the grid bootstrap have correct cov-
erage uniformly over the parameter space, including any value of x > 0 and Kk = 0.

Moreover, we show that the grid bootstrap provides finite sample improvement over the



in-fill asymptotic distribution. This finding is interesting as the in-fill asymptotic distribu-
tion already outperforms the other two limiting distributions in finite samples. We show
this by applying stochastic expansion which uses the in-fill asymptotic distribution as the
leading term.

Our setup and approach have a few attractive features. First, we can justify the boot-
strap method under the in-fill scheme, the long-span scheme, or the double scheme. This
is particularly important in empirical work since the CI remains the same regardless of
which asymptotic scheme is adopted. Second, consistent estimation of « and p is not
required for constructing a valid CI of « under the in-fill scheme. Third, we show that
the bootstrap Cls perform better than CIs based on the in-fill asymptotic distribution and
much better than those based on the long-span asymptotic distribution. Fourth, since the
grid bootstrap has correct coverage uniformly for all values of £ > 0, our method can be
used to test for the unit root as well as for a stationary root. This is in sharp contrast to the
approaches based on the long-span asymptotic scheme where the test statistics and their
asymptotic distributions under the unit root null hypothesis (such as the Dickey-Fuller
test and the Phillips-Perron test) are very different from those under the stationary null
hypothesis (such as the KPSS test of Kwiatkowski et al (1992) and the test proposed in
Chang et al. (2019)). Finally, the grid bootstrap method, with a simple modification, is
applicable in the presence of heteroskedasticity.

We organize the paper as follows. Section 1.2 reviews some relevant results in the
literature on the continuous-time model given by (1) and relates some of them to those
in the discrete-time AR(1) model. The concept of a bootstrap CI is also reviewed. In
Section 1.3, a more general continuous-time model is introduced. The LS estimator of
 and its in-fill asymptotic distribution are also discussed. Section 1.4 develops the grid
bootstrap method to construct Cls for x and provides the asymptotic justification to the
procedure. Probabilistic expansions, which use the in-fill asymptotic distribution as the
leading term, and the grid bootstrap under heteroskedasticity are also reported. Simulation
studies, which aim to check the finite sample performance of the bootstrap method, are
carried out in Section 1.5. Section 1.6 reports CIs for x based on US interest rate data and

Chicago Board Options Exchange’s volatility index data. Section 1.7 concludes. Proofs



of the main results in the paper are given in the Appendix.
We use the following notations throughout the paper, “=-"means weak convergence

in distribution, “="" means weak convergence in probability, “—" means convergence

[TRL) “i”

in real sequence, “~” means asymptotic equivalence, “=" means distributional equiva-
29 ¢

lence, “—,”, “—4”, and “—, s ” mean convergence in probability, distribution, and almost

surely, respectively.

1.2 A Literature Review

In this section, we review some relevant results in the literature on the continuous-
time model given by (1). We also relate some of the results to those in the discrete-time
literature. Then we review the concept of CI based on alternative distributions, including
the bootstrap distributions.

Assume Y := {y;,}1_, to be data generated from the continuous-time model given by

(1). The exact discrete model corresponding to (1) is given by

yon =€ " yonn + (L= e™) + /(1 - e72h)/(2R)er,

where ¢; ~ i.i.d.N(0,0?%),t = 1,...,T. Clearly, T can be made to go to infinity by either

increasing N (the long-span scheme) or decreasing h (the in-fill scheme) or both (the

double scheme). Dividing both sides by /(1 — e~2¢")/(2k) gives rise to

I 1— e*l{h
hx(tfl)h + ( ) + €, To = Y

V(1 — e ) /(2k) VI =)/ (2k)

where zy, = yn/+/ (1 — e=2%") /(2k).
Model (2) has the same structure as the popular discrete-time AR(1) model with

Ty =€ °

2

pr(k) = e "h being the AR coefficient. Let the LS estimator of py,(k) be p;, and the
LS estimator of kK be & = —1In (py,) /h. If K = 0, then p,(x) = 1, implying the presence
of a unit root. If b — 0 but N is finite, then e " ~ 1 + (=xh) = 1 + (—=xN/T). So the
in-fill asymptotic scheme implies that Model (2) has a root which is local-to-unity with
the local parameter being ¢ := —xN and the initial condition 2y ~ O(1/v/h) if yy # 0
and 2o = 0 1if yp = 0. In the local-to-unity literature, the initial condition is typically

assumed to be O,(1) and the corresponding long-span asymptotic distribution involves

4



functionals of the OU process but is independent of the initial condition.! When 3 # 0 in
Model (2), it is expected that the in-fill asymptotic distribution of p;, performs better than
the usual long-span asymptotic distribution developed in the local-to-unity literature.

Phillips (1987b) developed the in-fill asymptotic distribution for p;, when 3, = 0 and
(1 is known (i.e. p = 0). In the same paper, Phillips showed that this in-fill asymp-
totic distribution is the same as the long-span asymptotic distribution in the local-to-unity
model with the initial condition of O,(1). Perron (1991) extended the results in Phillips
(1987b) by allowing for a general initial condition for yy. Yu (2014) and Zhou and Yu
(2015) developed the in-fill asymptotic distribution for ¥ when y is known and unknown,
respectively. Unless ¢y = 0 the in-fill asymptotic distribution explicitly depends on the
initial condition, and hence is different from the long-span asymptotic distribution in the
local-to-unity model with the initial condition of O,(1).

It is straightforward to derive the long-span asymptotic distribution for x by applying
the Delta method to the long-span asymptotic distribution for pj,. For example, when
k> 0,VT(k—r) = N (0, (exp(2xh) — 1) /h); see Tang and Chen (2009). When x = 0,
N(i — &) = — [ W(r)dW (r)/ [, W(r)*dr with W(r) = W(r) — [ W(s)ds. The
discontinuity in the long-span limiting distribution of x echoes that of p in the discrete-
time AR(1) model.

When & is positive but reasonably close to zero, Yu (2014) and Zhou and Yu (2015)
obtained the exact finite sample distribution of & by simulations. Bao et al. (2017) approx-
imated the finite sample distribution of A via numerical integrations. All these studies find
that the in-fill distribution is much closer to the finite sample distribution than the long-
span and the double asymptotic distributions, even when 10 years or 50 years of monthly
data are used. The superiority of the in-fill distribution over the long-span distribution is
not surprising as the in-fill distribution depends explicitly on the initial condition and is
asymmetric. While these two features can be found in the finite sample distribution, they

are lost in the long-span asymptotic distribution.

1Erom Mikusheva (2015), it can be easily shown that as 7" — oo, in the local-to-unity model with
intercept, T(p — p) = fol Je(r)dw (r)/ fol Je(r)2dr where J (1) = J.(r) — fol J.(s)ds is the de-meaned
OU process with J.(r) = [ exp(—c(r — s))dW(s).



For the discrete-time AR(1) model, the in-fill scheme is not available. When the AR
coefficient is in the stationary region (that is, it is less than one in absolute value), the
long-span asymptotic distribution of the LS estimator of the AR coefficient is Gaussian.
However, the finite sample distribution may be far away from Gaussianity, especially
when the AR coefficient is close to one and the sample size is small or moderately large.
This motivates Phillips (1977) and Tanaka (1983) to develop the Edgeworth expansions to
approximate the finite sample distribution of the LS estimator of the AR coefficient. While
the leading term in the Edgeworth expansions is a normal distribution, a departure from
normality manifests in higher-order terms. Alternatively, the finite sample distribution can
be approximated by bootstrap. Bose (1988) showed the linkage between the Edgeworth
expansions and the bootstrap method.

When the AR(1) model has a unit root, the long-span asymptotic distribution is non-
standard. Basawa et al. (1991) and Park (2003) introduced bootstrap procedures which
improve upon the long-span asymptotic theory. In an important study, Park (2003) jus-
tified the bootstrap procedure by obtaining expansions for the Dickey-Fuller unit root
test where the leading term is the Dickey-Fuller-Phillips distribution and showed that the
bootstrap offers a second-order asymptotic refinement for the Dickey-Fuller test. Under
the local-to-unity AR(1) model, Hansen (1999) introduced the grid bootstrap approach.
Mikusheva (2015) obtains expansions of the ¢-statistic about the local-to-unity asymp-
totic distribution and shows that the grid bootstrap procedure of Hansen (1999) achieves
a second-order refinement of the local-to-unity asymptotic approximation. The results
of Mikusheva (2015) are important because, when the AR(1) coefficient is less than but
close to one, the local-to-unity asymptotic distribution tends to give better approximations
to the finite sample distribution than the normal distribution even when the sample size
is moderately large. However, since the initial condition is assumed to be O,(1) in the
model of Mikusheva (2015), the local-to-unity asymptotic distribution is independent of
the initial condition.

We now review the concept of CI based on alternative distributions. Assume p is
the parameter of interest in a statistical model. Without loss of generality, assume p is a

scalar. Let T denote the sample size of available data Y and t7(Y, p) be a test statistic



with sampling distribution Frr(x|p) = Pr(t7(Y, p) < z|p). For g € (0, 1), let cr(q|p) be
the quantile function of ¢7(Y, p), thatis, Frr(cr(q|p)|p) = ¢. Define a g-level CI for p by

Cly:={p € R:cr(zlp) <tr(Y,p) < or(z2lp)}, 3)

where 1 = (1 —¢q)/2and zo = 1 — (1 — q)/2. If py is the true parameter value of p,
by definition, Pr(py € C1,) = ¢, and hence, the coverage probability is exactly ¢, the
intended level.

Suppose, as T' — oo, Fr(x|p) converges to an asymptotic distribution (call it F'(x|p))
which is often pivotal. In this case both /' and the corresponding quantile function (call
it ¢(q|p)) are independent of 7" and the asymptotic CI will have a correct probability
coverage. For example, if the asymptotic distribution is standard normal, then a 95%
asymptotic CLis Clg, = {p € R: —1.96 < tr(Y, p) < 1.96}.

If the asymptotic distribution of Frr(z|p) is not pivotal, say, depending on a set of
unknown parameters 6 (call the limit distribution F'(x, 6|p) and the corresponding quan-
tile function ¢(q, 6|p)), replacing cr(x;|p) with ¢(x;,0|p) in Equation (3) does not work
because # is not known. If # can be consistently estimated, say by é\, then we can replace
cr(zi|p) with ¢ (xl-, 5\ p) in Equation (3) to obtain an asymptotic CI, CI!. It is easy to
show that limy_, Pr (py € C1, qA) = q. If ey (z4|p) is approximated by the quantile func-
tion corresponding to a bootstrap distribution, denoted by c(x;|p), then the CI is called
a bootstrap confidence interval (BCI), C'/, f . For example, a BCI given by the standard

bootstrap procedure is given by
CI} = {p € R: cp(1]p) < tr(Y,p) < cp(220p)},

where p denotes an estimate of p.

There are some advantages to using BCIs. First, BCIs are obtained by re-sampling
the data. Although asymptotic justification of bootstrap methods requires the knowledge
of asymptotic theory, generating a BCI does not require an asymptotic scheme; see Sec-
tion 1.4. Second, bootstrap methods are known to provide a finite sample refinement to
asymptotic theory in the sense that the bootstrap distribution provides better approxima-

tions to the finite sample distribution than asymptotic distributions; see Hall (2013) and



Chang and Hall (2015). Not surprisingly, bootstrap methods often lead to CIs that have a

more accurate coverage probability than the traditional asymptotic theory.

1.3 The Model and In-fill Theory

The present paper extends Model (1) by allowing for non-normality in errors. Such
an extension makes the analytical approach of Bao et al. (2017) not applicable. We
then develop the in-fill asymptotic distribution and the long-span asymptotic distribution
for the coefficient-based statistic based on the LS estimator of k. We then propose the
grid bootstrap to obtain BCIs for « and discuss its validity under different asymptotic
schemes. Motivated by the better performance of the in-fill asymptotic distribution rela-
tive to the long-span asymptotic distribution, an asymptotic expansion for the coefficient-
based statistic, with the in-fill asymptotic distribution as the leading term, is developed.
The expansion shows that the bootstrap method offers a refinement of the in-fill asymp-
totic distribution and theoretically explains the superiority of the bootstrap method over

the in-fill distribution.

1.3.1 The model

Following Wang and Yu (2016), we consider the following continuous-time model:
dy(t) = k(p —y(8))dt + odL(t),y(0) = yo = Op(1), )
where o is a strictly positive constant, s is a non-negative constant, L(¢) is a Lévy
process defined on a probability space (3, F, {F;}i=0, P), with L(0) = 0 a.s., F; =
o {{y(s)}._,}- The generalization from W (¢) to L(t) is important in empirical applica-
tions for many financial variables; see Madan and Setena (1990) for equity prices, Bai and
Ng (2005) for interest rates, and Ait-Sahalia and Jacod (2014) for an excellent textbook
explanation of why L(t) is important.
In this paper, we are interested in obtaining CIs for the persistence parameter x from
discrete-sampled observations {yth};[:l, s o and parameters in L(t) are treated as nui-

sance parameters. The exact discrete-time version of (4) is
th

Yin = e_”hy(t_l)h + u(1 — exp(—kh)) + 0/ exp(—k(th — s))dL(s), (5)
(t—1)h

8



wheret =1,2,...,T.

*

N/h

Note that, the characterization of the Lévy process makes {O‘ i) (tt}il) , exp(—k(th — s))dL(s) }
t=1

an i.i.d. sequence with the distribution depending on the specification of the Lévy mea-
sure. Let the characteristic function of L(t) be of the form of E(exp{isL(t)}) = exp{—ty(s)},
where i is the imaginary unit and the function ¢ : R — C'is the Lévy exponent of L(t).

Assuming that L(t) is square-integrable, the error term has the following moments:

E (a /(tthl)h exp(—r(th — 8))dL(3)) — Uwr(())l—L;(—/ih)?
Var (a /(:hl)h exp(—k(th — s))dL(S)> — 62(0) 1— exgli_%h),

To simplify notations, let

1 — 672nh
2K

| (= exptn,

pn(r) = exp(—rh), A = L0 = oy (0),
oit(0)

K

9h = {M‘i‘

th —exp(—k
= ()" <a /( exp(—r(th — ))dL(s) — aiw'<o>1+w) ©)

t—1)h

Note that {us, }-_, is a sequence of i.i.d. variables with mean zero and variance 1. When
there is no confusion, we simply omit / in v, and u;,. Using notations in (6), we can

rewrite (5) as:
Y = pr(K)yi-1 + gn + €, & = opApug, y(0) = yo = Op(1). ()

1.3.2 Estimation

In Model (5), we use the LS method to estimate py,(x) and then obtain the estimator

of K
Rn = —1In(py)/h,
where py, is the LS estimator for py, (k).

The coefficient-based statistic and the ¢ statistic for pj, (k) are, respectively

z(Y,0,T) =T (pn — pu(r)) and t (Y, p,T) = P — pi(%)

~ I
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—1
where 75, = \/% S (Y — Gn — Pry—1)? X (Zthl Vi1~ 1 (Zthl ?Jt—1>2) is the
standard error of pj,. The normalization in z (Y, p, T') is T not v/T’; see Phillips (1987b).

Following Perron (1991) and Zhou and Yu (2015), we define the coefficient-based
statistic for x as

2(Y,k,h) = N (R, — k). (8)

Remark 1 Although in this paper we use the coefficient-based statistic for r to construct
CIs, we can also define the t statistic as tr (Y, k) = h(k, — k)/65,, and construct Cls
accordingly. However, this may not be a standard t statistic as the standard error of ky, is

not defined clearly in the context.

1.3.3 In-fill asymptotic theory

The in-fill asymptotic theory has gained much prominence in recent years. Studies
which have developed the in-fill asymptotics for different econometric models include Li
and Xiu (2016), Jiang et al. (2018, 2020). In this section we extend the in-fill asymptotic
result of Zhou and Yu (2015) to Model (4).

Lemma 1 For Model (4), define z (Y, k, h) by (8). Then, as h — 0,

s — T [y dW(r)

2(Y,k,h) = 2°(k,0) := — T, - 12 :

&)
where 0 = (u, 0,¢'(0),4"(0)), Y1, Yo and Y5 are defined in the Appendix.

This limiting distribution in (9) allows us to invert the coefficient-based statistic and
construct CIs for x. It can be seen that when an error term involves a Lévy process,
the Lévy exponent enters the limiting distribution through o, and ¢’(0). The approach

is infeasible as there are some unknown parameters in the limiting distribution in (9),

including x, p, o, ¥'(0), ¥"(0).

Remark 2 If Model (4) is driven by a standard Brownian motion (i.e. L(t) = W(t)),
then ¢'(0) = 0, ¥"(0) = 1, and the in-fill distribution of k given in (9) is the same as that
obtained from Zhou and Yu (2015). In addition, if 1 is known and equal to 0, the in-fill
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distribution of k is identical to that in Perron (1991). By further assuming yo = 0, the
in-fill distribution of k is the same as that in Phillips (1987Db).

Remark 3 If Model (4) is driven by a standard Brownian motion, unless yo = 0, the
in-fill distribution of k depends on the initial condition via . If yo = 0 and p = 0, then
Yo and b are both equal to 0 in Lemma 1. If yo = u, subtracting yo from both sides of
equation (5), we obtain vy, = G*thj(t_l)h ~+ €, with Yu, = Y, — Yo. In this case, Lemma

1 implies that

fol J(r)dW (r) — fol Jo(r)dr fol dW (r) B _fol Jo(r)dW (r)

Jy Jerydr = (fy Je(ryar) Jo Telryzdr
where J.( fo (8)ds is the de-meaned OU process with J.(r) = fT exp(— (r—
s))dW (s ) Sl'mla"ly, if we further impose k. = 0, we obtain z%°(k,0) = — fo (r)/ fo )2dr

where W (r) is the de-mean Brownian motion.

The in-fill distribution of k (i.e. — fol J(r)dW (r)/ fo (r)2dr) is closely related to
the long-span asymptotic distribution of the coefficient-based statistic for p in the local-to-
unity model with the initial condition of O,(1); see Remark 3.1 in Mikusheva (2015). The
reason why the initial condition explicitly enters the asymptotic distribution is that Model
(2) corresponds to a local-to-unity model with the initial condition diverges to infinity
as h — 0. Clearly, the in-fill distribution of K given in (9) is expected to outperform
— fol Je(r)dW (r)/ fo «(1)2dr when the initial condition is not zero.

To see the impact of the initial condition, we perform a small Monte Carlo experiment.
The following parameter settings are considered: = 0.5, u € {0,0.1}, yo € {O ,3}

The number of replications is always set at 10,000. Let 2° denote — fol J(r)dW (r)/ f 0 r)2dr.

Table 1 reports the percentiles of z° and the in-fill distribution 2% (k,0). Making a
statistical inference from the discrete-time local-to-unity model with intercept is similar
to making a statistical inference in the continuous-time model (4) by restricting . = 0,
Yo = 0 or yo = p. From Table 1, it can be clearly seen that the distribution depends on
the initial condition, and it is expected that the in-fill distribution 2% (k, 0) outperforms

2% in finite samples, as the finite sample distribution depends on the initial condition.
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Table 1: Percentile of z° and 2% (x, ) when r = 0.5

Percentiles 1% 5% 10% 50%  90% 95% 99%
2° -2.007 -0.746 0.035 4.219 11.669 14.673 21.084
p=0y0=1 2%(r,0) -2.209 -0.930 -0.155 3.766 11.036 13.921 20.148
pw=0,9=2 z%(k,0) -2.415 -1.264 -0.565 2815 9.222 11.608 17.867
pw=0,9=3 z%(k,0) -2.486 -1.466 -0.842 1910 6.826 8.963 14.346
=019y =0 2%(r,0) -1.984 -0.745 0.026 4.193 11.663 14.627 21.170
p=0.1y=1 2%(r,0) -2.303 -0.995 -0.182 3.887 11.344 14.278 20.587
pw=0.1,y=2 2%(k,0) -2.542 -1.333 -0.601 2937 9.717 12.267 18.770
pw=0119 =3 z%(k,0) -2.585 -1.537 -0.898 2.015 7.242 9.517 15.333

Remark 4 If we define the t statistic for k as t (Y, k, h) = h(ky, — k) /55, then as h — 0,

s — Yo [y AW (r)

Remark 5 By assuming N — oo with h fixed , it can be shown that the long-span asymp-

totic distribution of t (Y, k, h) is N(0, 1) when k > 0. It becomes — fol W(r)dW (r)/ fol W (r)2dr
with W (r) = W(r) — fol W (s)ds being the de-meaned Brownian motion when k = 0.

t(Y,k,h) = t"(k,0) = —

Remark 6 As shown in Phillips (1987b), when ¢ — —oo, f01 Je(r)dw (r)/ fol Je(r)2dr =
N(0,1). It implies that, when N is fixed but k — oo, t (Y, k, h) converges to N(0,1),

since all the terms that involve exp(c) and 1/c vanish, and so does the initial condition.

1.4 Confidence Interval for ~
1.4.1 Grid bootstrap confidence interval

The grid bootstrap was first proposed by Hansen (1999) under the local-to-unity AR(1)
model. The grid bootstrap is considered for three reasons. First, Basawa et al. (1991)
showed the conventional residual-based bootstrap methods fail to give correct first-order
asymptotic coverage when the AR parameter is local-to-unity. An implication is that the
conventional residual-based bootstrap methods are not valid in our model unless we as-
sume k£ > 0, h is fixed and N — oo. On the other hand, Hansen (1999) showed that
the grid bootstrap Cls have asymptotically correct coverage under the local-to-unity case.

Under the in-fill scheme, Model (7) is a local-to-unity AR(1) model, giving us strong

12



motivations to use the grid bootstrap for Model (4). Second, the grid bootstrap method
is used due to its uniform validity in the parameter space, as pointed out by Mikusheva
(2007). Third, as we will show, the grid bootstrap method has the property of uniform va-
lidity across the three asymptotic schemes and obtains the same valid CI across the three
asymptotic schemes.

Here we show how to use the grid bootstrap procedure to generate bootstrap sam-
ples. Consider generating the following AR(1) pseudo time series {y; }tT:o with error v

conditional on x:

Y = pu(K)Yi_1 + Gn + oAy, y"(0) = yo = Op(1), (10)

where p,, (k) = exp(—kh). Let o, := \/# ZtT:l(yt — Gn — PrYi—1)% A = w,

and gy, is obtained from regressing y; — pn(k)y;—1 on a constant. This way of obtaining
gn, 1s crucial since g, explicitly depends on « in our model, unlike the usual discrete-time
AR(1) model with intercept. It is important to point out that when we generate the pseudo
time series data, we explicitly retain the initial condition by letting y*(0) = yo. This is
different from the bootstrap procedure in the usual discrete-time model where some ini-
tially simulated data are burned-in to avoid the dependence of the initialization. Since
the initial condition shows in the in-fill asymptotic distribution, we design the bootstrap
procedure so that it explicitly depends on the initial condition.

The error u; is generated in the following way. We first define x; as y; /Ay, (conditional
on a value of k). Then we regress x; on x;_; and a constant by LS. Let {ex,t}tT:l be the
LS residuals. We first scale residuals {e,}7_, by multiplying 1/, then we re-center
the scaled residuals. Finally, we independently draw u; from the empirical distribution
function of these re-centered and scaled residuals with replacement. Clearly, model (10)
is a bootstrap version of Model (7) conditional on x and with the same initial condition
Yo-

We can then apply LS to the bootstrap samples to obtain p*, £*(:= — In(p*)/h) and
the bootstrap coefficient-based statistic z (Y*, k, h) = N (i} — k) where Y* = {y;"h}le
is a bootstrap sample. We define the BCI as in (3). Since x is our parameter of interest,
we express the BCI for k as CI} = {x € R : cp(m1]r) < 2 (Y, kK, h) < cp(22]k)}, and

ch(q|r) is the quantile function of z (Y*, k,h), x; = (1 —¢q)/2and zo = 1 — (1 — q)/2.
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The following lemma shows that 62 is a consistent estimator of ai under the in-fill

scheme.

Lemma 2 Under Model (7), as h — 0,

~2
c

2
Ty

sup sup Pr ( > e) — 0, forany e > 0.

>0 KER

1.4.2 Asymptotic validity of grid bootstrap confidence interval

The following theorem shows that the grid bootstrap can produce BCIs which are

asymptotically valid under the in-fill asymptotic scheme.

Theorem 1 Let kg be the true value of k, and Pr* be the bootstrap distribution with the

error term drawn from our resampling method. Assume that

1. ko € K =10,+400).

2. The increment of the Lévy process L(t+h)— L(t) has a finite variance and bounded

th absolute moment with r € (2,4].
3. p,0,i'(0) and " (0) are all bounded by C' < cc.

4. LetY = {yth}thl )

T T

T T 2
= &;szt 16— Zyt 17 TZ t o ﬁzyﬁl_ <A_132y1>:4> )
t=1 olz

with 6 = \/% ST (Y — G — pr(r)yi-1)2.2 Let E(R*(T, k) = J. Assume that
the pair of statistics (S*(T, k), R*(T, rk)) has a uniformly continuous distribution
over the parameter space K, such that for any € > 0, there exists a constant M > (

such that for all 6y < £,05 < &,|b— J| > 2¢ and all k € K, we have

PI'*{<S*(T, H),R*(T, ﬁ)) S [a—él,a—i—él] [b—ég,b+52]|Y} M(5152,

Pr*{S*(T,k) € [a—d1,a+ &)Y} < Md.
INote that S* (T, k)/R*(T, k) = z (Y*, p, T).
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Under these assumptions, we have, as h — 0,
e supsup |[Pr{z (Y,k, h) < x|} — Pr{z(Y*, Kk, h) < z|k,Y}| — 0.
reEK =z

i Hig]f{PI‘{HO € C[:;} — T9 —T1 =(.

The first assumption requires the parameter space of  in the nonnegative half-line.
While the in-fill asymptotic theory does not require x to be nonnegative, for most eco-
nomic and financial time series, the focus has been on cases where x > 0. Therefore, we
restrict our attention to the nonnegative region of x. Assumptions 2 and 3 effectively reg-
ulate the error term in the exact discrete-time model, enabling us to apply the invariance
principle. Assumption 4, which restricts the component of our test statistic to be (jointly)
uniformly continuous, is also used in Mikusheva (2007).

The first result shows that the distribution of the bootstrap statistic is close to the finite
sample distribution uniformly over the parameter space /', when the sampling interval
is smaller. In the limit of h — 0, the bootstrap statistic behaves like a random variable
whose distribution is the in-fill asymptotic distribution. The second result shows that the

coverage probability of C'I; converges to ¢ when i — 0.

Remark 7 If we replace z (Y,k,h) and =z (Y*,k,h) in Theorem 1 by t(Y,r,h) and
t (Y*, k,h), Theorem 1 remains valid. This implies that we can use the t statistic to

obtain BCIs which are also justifiable under the in-fill scheme.

Remark 8 In Model (4), only the consistency of o is required to ensure the asymptotic
validity of BCI. No consistent estimation for (k, j1, 0,¢'(0),4"(0)) is needed for the pur-
pose of constructing an asymptotically valid BCI for k as h — 0. This is because, in our
bootstrap method, the exact discretization (7) of model (4) is what we try to mimic, and
we only need to ensure the consistent estimation for the discretized parameters such as

gh/)\h and 0'1/,.3

Remark 9 While the asymptotic justification of the grid bootstrap has been made under

the in-fill scheme, it can be also made under the long-span scheme and the double scheme.

3We establish the consistency of gj, /\j, conditional on k.
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Under the long-span scheme, if k > 0, pp(k) = p(k) < 1, leading to a strictly stationary
AR model. In this case the validity of the grid bootstrap was proven in Theorem 1 of
Hansen (1999). Under the double scheme, if Kk > 0 and N = O(logT'), pr, = exp(—xh)
and T(1 — py) = T(kh + o(h?) ~ kN = O(logT'). In this case the AR coefficient falls
into the mildly stationary region defined in Mikusheva (2007) where the validity of the
grid bootstrap was shown. When k = 0, pp(k) = 1 and model (4) can be expressed by
the following AR(1) model:

Yth = Y—1)h + Tp plien, With yg = Op(1).

Under the long-span scheme, the model is a usual unit root AR(1) model without intercept.

Under the double scheme, we can write the model as

t
Tth = T(t—1)h T Uth, Teh = To + Zuz‘ha (1D

=1

with x4, = yu/ (0 ) and g = O,(h=Y/?). Since T~2xy, = T~1/2 i win + T2,
with T~%zy = O,(N~Y?) = 0,(1), we have the usual limiting Browni;:n1 motion. Model
(11) is a unit root model with an asymptotically negligible initial condition under the
double scheme. In both cases, the model can be regarded as an AR(1) model with a
local-to-unit-root. Hansen (1999) and Mikusheva (2007) showed the validity of the grid

bootstrap in the local-to-unit-root region. In sum, for k > 0, the grid bootstrap can be

Jjustified under the long-span scheme and the double scheme.

Remark 10 Under the in-fill scheme, we define the coefficient-based statistic as N (Kj, —
k). Under the long-span scheme and the double scheme, the normalized statistic should be
defined as /T (i — k) and /N (i — k), respectively. However, using the grid bootstrap
method, The BCI is obtained by inverting the coefficient-based statistic. Therefore, the

construction of BCI is independent of the selected normalization.

1.4.3 Expansions and refinements

An important advantage of bootstrap methods over asymptotic distributions is that

bootstrap methods often provide refinements in finite samples. This feature also holds
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true in our model. To prove refinements, we follow Park (2003) and Mikusheva (2015) by
developing the second-order probabilistic expansions of the coefficient-based test statistic.
The expansions were obtained in Park (2003) for both the ¢ statistic and the coefficient-

based statistic around their respective Dickey-Fuller-Phillips distributions which are piv-
Jo Je(r)dw

\/ fol Je(r)2dr

which is non-pivotal but independent of the initial condition. Our leading term is the in-

otal. The expansions were obtained in Mikusheva (2015) for the ¢ statistic around

fill asymptotic distribution, which is not only non-pivotal but also dependent on the initial
condition. Although we only report the results for the coefficient-based test statistic, it

can be shown that similar expansions can be developed for the ¢ statistic for .

Theorem 2 Assume that in Model (4), the assumptions in Theorem 1 hold, and addition-
ally, the increment of the Lévy process L(t + h) — L(t) has a bounded " moment for

some r > 8. We have the following probabilistic expansions for z (Y, k, h)
2 (Y, K, h) = 2% (k,0) + T~ VA +T7V2B 4 0,(T~/?), (12)

where the leading term zY°(k, 0) is the in-fill asymptotic distribution given in (9), and the
full expressions of the higher order terms A and B which are all O,(1), are provided in
the appendix.

Furthermore, for grid bootstrap method, we have the following results for distribu-

tional expansions
sup | Pr*(z (Y*, k,h) < z|r,Y) = Pr(z (Y, k, h) < z|r)| = o(T~/?), (13)
where Y* = {y;‘}tTZO is our bootstrap sample.

Remark 11 When¢/(0) =0,¢"(0) =1, y0 = p, k =0, 2% (k,0) = — fo /fo
Equation (12) extends the result on G,, in Park (2003) from the unit root model without
intercept to the unit root model with intercept. When 1'(0) = 0, ¢"(0) = 1, yo = u,
2% (K, 0) —fo /fo r)2dr. Equation (12) extends the result on t(y,n, p,)
in Mikusheva (2015) from the local-to-unity model with negligible initial condition to the

local-to-unity model with divergent initial condition.
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Remark 12 According to (12), we have
Pr(z (Y, k. h) < z|K) = Pr(z"(x,0) < z|r) + O(T'/?), (14)

uniformly in x. This suggests that our second-order asymptotic expansions of z (Y, k, h),
that is, 2°(k,0) +T~V4A + T2 B(:= £), provide refinements of the in-fill asymptotic

distribution up to order O(T_l/ 2) since
Pr(z (Y, K, h) < z|k) = Pr(¢ < z|k) + o(Tfl/Q)_

Remark 13 Comparing equation (13) with equation (14), the grid bootstrap provides a

second-order improvement over the in-fill asymptotic distribution.

Remark 14 Under an AR(1) model with the AR parameter p = 1 + cm/T, Phillips et
al. (2010) obtained the local-to-unit-root distribution when T' — oo with a fixed m. They
also showed that the local-to-unit-root distribution makes a first-order refinement of the
double asymptotic distribution when m — oo sequentially. This sequential asymptotic
scheme (T — oo followed by m — 00) is the scheme where N — oo followed by h — 0
in Model (7). Therefore, it is expected that the grid bootstrap provides an improvement

over the double asymptotic distribution.

1.4.4 Extensions to heteroskedastic models

It is possible to extend the grid bootstrap methods to more general model specifica-

tions. Here we discuss a model with time-varying volatility given by
dy(t) = r(p —y(t))dt + o (t)dL(1), (15)

where o(t) = w(t/T) and w is a measurable function on the interval (0, 1] such that
both the infimum and the supremum of w over (0, 1] is a bound strictly above 0 and
below infinity and w satisfies the Lipschitz condition except at a finite number of points
of discontinuity. To keep our exposition simple, we assume ¢'(0) = 0. The exact discrete-
time model is given by

Yy = pr(K)Yi—1 + gn + o nuy, (16)
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As noted in Xu and Phillips (2008), a general deterministic function for w and, hence,
unconditional heteroskedasticity are allowed in the model. However, a general stochastic
volatility process is not allowed.

The in-fill asymptotic distribution for N(k; — k) is developed and documented in
Lemma 16 of Appendix. It turns out that one can apply the wild bootstrap principle with
the grid bootstrap method to generate a bootstrap sample. Analogous to (10), conditional

on x, we now generate pseudo data in the following manner:
* * ~ e * *
v = PRy + g + Ah\/—%zwy (0) =40 = Op(1), (17)

where e; and 2] are the LS residual and an i.i.d. N(0,1) random variable, respectively. The
remaining steps are identical to the case where ¢ is a constant. The following proposition

documents the asymptotic validity of the grid bootstrap method under the in-fill scheme.

Proposition 1 Under model (15), suppose we generate pseudo data as in (17), and con-

struct a grid BCI. As h — 0, we have
lim Pr{x € CI;} = x5 — 11 = q.
h—0

In proving Proposition 1, as we do not have the i.i.d. assumption for the error term
due to the time-varying volatility, we cannot use the stochastic embedding with strong ap-
proximation as we did for Theorem 1. As a result, we do not have a uniform convergence

result as in Theorem 1.

1.5 Simulation Studies
1.5.1 Implementation

Before we design experiments to check the performance of the grid bootstrap, we give

the following 7 steps to construct a grid bootstrap CI for «:
1. Given the data {y;;, } L, we run the following regression by LS:

Yih = PrY—1)n + Gn + €,

where ey, is the LS residual. And we use {eth}thl to construct the consistent esti-

mator for 02 by & 3"/, €%, (denoted as 62).
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2. Construct a grid of pn, Ag = {pn1, pr2, ---prc }» centered at pp,, with the first and

last grid point being calculated from p;, + 5 x se(py,).

3. Given a point in the grid (pe € Ag), perform the second regression:

Yth — PhGYt—1)h = Jn + Vi,
where 14 is the residual of the second regression. Note that gy, is a function of py¢.

4. Let kg = —%, A = %ﬁ”cm, and v, be generated according to
section 1.4. We generate the bootstrap data {y;’}~ | based on {u},}, and the

same initial condition as the observed data, i.e.,

Yin = PhGY—1),n + Gh T TcAncUn, Yo = Yo
LAV B
5. Generate B sets of bootstrap data, such that we have {{yth}tzl }b:I' For every set
of bootstrap data, obtain the LS estimator of x (denoted by &) and calculate the
bootstrap coefficient-based statistic z (Y*, kg, h) = N (&} — r¢). Calculate the x'™"

quantile of the bootstrap statistic z (Y*, kg, h) to obtain ¢ (z|kg).

6. Following Hansen (1999), we estimate the quantile function ¢(z|x) by applying

the kernel regression:

¢ G b (xR
chlalw) = ot (555) cilelne)

g K (559)

where K (+) is a kernel function and ¢ is a bandwidth. In our application and simu-

lation, we use the Epanechnikov kernel (K (z) = 2(1 — 2?)1(|z| < 1)) and choose

the bandwidth by LS cross-validation.
7. The CI for x is obtained by inverting the coefficient-based statistic:

CIqB ={r e R:c(x1|rk) < z2(Y,k,h) < p(xe|r)}.

1.5.2 Comparing CIs in finite samples

To evaluate the performance of the proposed bootstrap methods in the continuous-

time model, we construct CIs with the 95% coverage probability using the long-span
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asymptotic distribution, the in-fill asymptotic distribution, and the grid bootstrap method.
To do so, we consider three-parameter settings to generate data (called DGP1 to DGP3)
and simulate discrete-time observations with sampling interval h from Model (4) where
the Lévy process is the variance gamma process with v = 0.5 in DGP1 and DGP2 and
v = 1 in DGP3. In particular we set ¢/'(0) = 0 and ¢"(0) = 1 in DGP1, #'(0) = 0.05
and ¢”(0) = 1 in DGP2 and i¢’(0) = 0.2 and ¢"(0) = 3 in DGP3. For DGPs 1-3,
the in-fill asymptotic distribution is not feasible as we do not have estimates of ¢’(0) and
Y"(0). The following parameter settings are considered, x € {0.01,0.1,1}, h = 1/12,
N =5,u=0.1,0 =1, yp = 0.1. The number of replications is always set at 10,000.

We use the following methods to construct the 95% ClI for :

1. In-fill asymptotic distribution. Since the in-fill distribution depends on «, p, o and
the 2 derivatives of v, we simply set the values of these parameters to their true
values. This approach is infeasible in practice. It is only considered as a benchmark

for the purpose of evaluating the performance of other methods.

2. Grid bootstrap method. To calculate BCIs we set the number of bootstrap iterations

B = 399 with grid size G = 50.

3. Long-span asymptotic distribution, that is, IV (0, (exp(2kh) — 1) /h).

The Monte Carlo average is used to calculate the empirical coverage of the true value
(ko), 1.e., Wloo Zifgolo 1 (FL(Lm) < Ko £ /ign)>, where K(Lm) and mgn) are the bounds of a
CI in the m" replication, 1(-) is the indicator function which indicates whether the true
value kg is contained in the interval. The closer the empirical coverage to 95%, the better
the performance of the method. Table 2 reports the empirical coverage and the absolute
difference between the nominal coverage and the empirical coverage for alternative meth-
ods when A = 1/12. Numbers in the bold-face indicate that the corresponding methods
have the best performance (in terms of the absolute difference) in each of the parameter
settings.

Several interesting conclusions can be found from Table 2. First, it can be seen that Cls

obtained from the long-span asymptotic distribution have very bad performance across all
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Table 2: 95% Confidence Intervals (h = 1/12)

Ro = 0.01 R = 0.1 Ko = 1
Long-span 0.019 (0.931) 0.062 (0.889) 0.272 (0.679)
DGP1 In-fill 0.941 (0.009) 0.940 (0.060) 0.919 (0.031)

Grid bootstrap  0.952 (0.002) 0.953 (0.003) 0.948 (0.002)
Long-span 0.020 (0.93) 0.063 (0.887) 0.270 (0.68)
DGP2 In-fill 0.943 (0.007) 0.940 (0.060) 0.921 (0.029)
Grid bootstrap  0.953 (0.003) 0.951 (0.001) 0.949 (0.001)
Long-span 0.021 (0.929) 0.070 (0.880) 0.281 (0.669)
DGP3 In-fill 0.940 (0.010) 0.936 (0.014) 0.922 (0.028)
Grid bootstrap  0.954 (0.006) 0.952 (0.002) 0.946 (0.004)

DGPs. Although the difference between the nominal and the actual coverage diminishes
when £ increases, the problem of under-coverage is very serious. The simulation results
simply suggest that, in these empirically realistic settings, the long-span asymptotic theory
should not be used to construct a CI for . This conclusion echoes that in Zhou and Yu
(2015) and Bao et al. (2017). Second, for the in-fill asymptotic theory, the empirical
coverage is much closer to the nominal one. Again, this conclusion echoes that in Zhou
and Yu (2015) and Bao et al. (2017). However, This method is infeasible. Finally, the
grid bootstrap method always performs the best and the coverage is always very close
to 95%. Regardless of k, it tends to outperform the in-fill asymptotic distribution in all

DGPs, consistent with the prediction of Theorem 2.

1.6 Empirical Studies

In this section, we apply the proposed grid bootstrap method to construct BCIs for
x in Model (1) and in Model (4) when these two models are fitted using the monthly
Federal fund effective rate and the logarithmic volatility index of Chicago Board Options
Exchange’s (VIX). In addition to BCI, we also obtain two CIs of x, one based on the
long-span asymptotic distribution and the other based on the in-fill asymptotic distribution

when the model is assumed to be (1).* We assume that the initial condition y, is the same

“In this case, we obtain the CI by replacing the unknown &, p, and o with their estimates in the in-fill

asymptotic distribution.
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as the first observation.

1.6.1 Federal fund effective rate

The Federal fund effective rate data are available from H-15 Federal Reserve Statis-
tical Release and cover the period from July 1954 to December 2017. In total, there are
762 observations with 7" = 762, h = 1/12 and N = 63.5. Similar datasets over different
sample periods were used in Ait-Sahalia (1999) and Zhou and Yu (2015).

The LS estimates of pp, gn t, and « in Model (1) are: p, = 0.99, g, = 0.0005,
i = 0.0493, and kp, = 0.1201. The constructed Cls for « are reported in Table 3. It
can be seen that the CI constructed from the long-span distribution is very different from
the other two CIs. It excludes zero, suggesting that we have to reject the unit root null
hypothesis under the long-span scheme. However, the other two Cls all contain zero,
suggesting that we cannot reject the unit root null hypothesis. While both the BCI and the
CI implied by the in-fill asymptotic distribution contain zero, BCI is much narrower than

the CI implied by the in-fill asymptotic distribution.

Table 3: Coverage of 90% and 95% confidence intervals for the interest rate data

90% C.1. 95% C.1.
Long-span (0.0908, 0.1495) (0.0852, 0.1551)
In-fill (-0.1505, 0.2191) (-0.2050, 0.2448)
Grid bootstrap (-0.0319, 0.1785) (-0.0435, 0.2005)

1.6.2 VIX

The CBOE VIX data is available from yahoo.finance.com and contains daily observa-
tions from 4 January 2010 to 31% December 2019. In total, there are 2516 observations
with T'= 2516, h = 1/252 and N = 9.98.

The LS estimates of py, gp, i, and < in Model (1) are: p, = 0.965, g, = 0.098,
i = 2.775, and kp = 9.0736. The constructed CIs for x are reported in Table 4. It can
be seen that the CI constructed from the in-fill distribution is very different from the other

two CIs. It includes zero, suggesting that we cannot reject the unit root null hypothesis
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under the in-fill scheme. However, the other two Cls all exclude zero, suggesting that
we have found evidence of stationarity in log-VIX. While the BCI and the CI implied by
the long-span asymptotic distribution exclude zero, the BCI is much wider than the CI

implied by the long-span asymptotic distribution.

Table 4: Coverage of 90% and 95% confidence intervals for the VIX data

90% C.I. 95% C.I.
Long-span (8.9314, 9.2159) (8.9041, 9.2431)
In-fill (-13.2442, 29.6948) (-17.5557, 34.3721)
Grid bootstrap (6.5000, 11.0678) (6.1042, 11.4316)

1.7 Conclusion

In this paper, we discuss the advantages and drawbacks of using three asymptotic
distributions obtained from the long-span, double and in-fill schemes for constructing Cls
of persistence parameter  under a Lévy-driven OU model. The long-span and double
schemes provide a poor finite sample performance. Moreover, the long-span and double
schemes lead to an asymptotic distribution which is not continuous in x as k passes zero.
On the other hand, although the in-fill scheme leads to an asymptotic distribution which
is closer to the finite sample distribution than their long-span and double counterparts and
18 continuous in x, it is infeasible.

We propose to use the grid bootstrap method for three reasons. First, unlike asymp-
totic methods, which depend on a particular scheme, the grid bootstrap can be justified by
any of the three asymptotic schemes. Second, it is asymptotically valid when « is close
to or equal to zero. Finally, it provides a finite sample improvement over the in-fill distri-
bution. To show this finite sample improvement, we follow Park (2003) and Mikusheva
(2015) by developing probabilistic expansions to the coefficient-based statistic around
the in-fill distribution. Via the second-order expansion we show that the grid bootstrap
method provides refinement of the in-fill asymptotic distribution up to order o(7T~/2).
The in-fill asymptotic justification of the grid bootstrap only requires the consistency of

o, which is ensured under the in-fill scheme. No consistent estimation of other parame-
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ters in the model is needed under the scheme.

Monte Carlo studies reveal several important results. First, the ClIs implied by the
long-span asymptotic distribution lead to serious under-coverage in all cases considered.
Second, the gird bootstrap method performs better than the in-fill asymptotic theory and
much better than the long-span theory.

The empirical application to the U.S. interest rate data shows that the unit root hypoth-
esis cannot be rejected by the bootstrap Cls and the CI obtained from the in-fill asymptotic
distribution, but has to be rejected by the CI obtained from the long-span asymptotic distri-
bution. The empirical application to CBOE’s VIX data shows that the unit root hypothesis
is rejected by the bootstrap Cls and the CI obtained from the long-span asymptotic distri-

bution, but cannot be rejected by the CI obtained from the in-fill asymptotic distribution.
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2 Mildly Explosive Autoregression with Anti-persistent

Errors

2.1 Introduction

The autoregressive (AR) model with an explosive root was first studied in White

(1958) and Anderson (1959) where the following process was considered:
Y= pY—1 +u, p>1, 1 =12 ... n. (18)

Under the assumptions of independent and identically distributed (iid) Gaussian errors
(e. wu WON (0,0%)) and the zero initial condition (i.e. 3, = 0), White (1958) and
Anderson (1959) showed that the least squares (LS) estimate of p (denoted by p) has the

following Cauchy limiting distribution:

Y2

p
p?—1

(p—p) 3 C,asn — oo, (19)

where %% denotes the convergence almost surely and C'is a standard Cauchy variate.

It is noteworthy that the above limit theory is not obtained from an invariance prin-
ciple because the distributional assumption YN (0, %) cannot be relaxed.® To relax
the assumption of Gaussian errors, and, in the meantime, to allow for a non-zero initial
condition, Phillips and Magdalinos (2007a) (PM hereafter) and Phillips, Magdalinos and
Giraitis (2010) (PMG hereafter) considered two variations which are analogous to Model
(18). PM designed a mildly explosive AR model by letting p = p,, = 14+¢/n% ¢ > 0, €
(0, 1), while PMG introduced a mildly explosive model by letting p = p,,,, = 1+ cm/n,
c > 0. Under some suitable assumptions but without the requirements of Gaussian errors
and the zero initial condition, applying different forms of the central limit theorem and

the martingale convergence theorem, PM and PMG obtained the asymptotic theory:

7

Pn

p2—1(ﬁ_pn) = (C,asn — oo (20)
P2pm’z 1 (/3 - pm,n) = C’ as n — oo followed by m = 0. (21)

SThis is because what is used to derive Equation (19) is the martingale convergence theorem which gives

the almost sure convergence.
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Figure 1: Time series plot of four logarithmic stock market indices (left axis) and their
residuals obtained from the fitted AR(1) model with and without intercept by LS (right

axis)

The pivotalness of the Cauchy distribution suggests that it is easy to test a hypothesis
about the AR coefficient. Not surprisingly, it has been used in the literature to test the pres-
ence of rational bubbles in asset prices; see Phillips, Wu and Yu (2011). Moreover, con-
siderable efforts have been made in the literature to explore the explosive-type AR models
with dependent errors. The errors could be weakly dependent as in Phillips and Magdali-
nos (2007b), or strongly dependent as in Magdalinos (2012), or could involve conditional
heteroskedasticity as in Arvanitis and Magdalinos (2018). These generalizations are im-
portant as the explosive-type model with dependent errors can potentially better describe
the movement of real data than the pure explosive AR(1) model. A number of related
studies in the literature allow for m-dependent errors (Pedersen and Schiitte, 2017), errors

with deterministic time-varying volatilities (Harvey, Leybourne and Zu, 2019a, 2019b).
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To the best of our knowledge, no limit theory has been developed to cover any explosive-
type AR model with anti-persistent errors. The goal of this paper is to fill the gaps in the
context of the explosive-type AR model of PMG. Why are the gaps important? To see the
empirical relevance of an explosive model with anti-persistent errors, Figure 3 presents
time series plots of four logarithmic stock market indices (left axis) and the residuals ob-
tained from the fitted AR(1) model with and without intercept (right axis). In particular,
we consider four monthly indices over different sampling periods, namely FTSE 100 In-
dex from January 2003 to October 2007, Hang Seng Index from May 1989 to June 1997,
NASDAQ Composite Index from January 1990 to December 1999, and Nikkei 225 Index
from August 1982 to November 1989. The sampling periods are selected as these markets
experienced exuberance over the respective periods, as it can be seen from the solid black
lines in Figure 3. After fitting the AR(1) model with and without intercept to each time
series by LS, we obtain two residual series with and without intercept and plot them in the
blue and red dotted lines in Figure 3. These plots show that there is strong anti-persistence
in the residuals.® When we apply the local Whittle (LW) method of Robinson (1994) to
estimate the memory parameter d in the residuals, we find that the estimated d is always
in the range (—0.5,0) in all cases. The estimated d is reported in Figure 3 with d, and
dy corresponding to the model without and with intercept, respectively. These exercises
strongly suggest that the explosive-type AR model with anti-persistent errors is not only
of theoretical interest but also of empirical realism, making important the development of
limit theory for an explosive-type AR model with anti-persistent errors.

The paper is organized as follows. Section 2.2 briefly reviews several forms of serially
dependent error processes and mildly explosive AR models. Section 2.3 studies the mildly
explosive AR model of PMG but with anti-persistent errors and develops the limiting
distribution for the LS estimate of the AR coefficient under a sequential limit. Simulation
studies are carried out in Section 2.4 to check the precision of the limiting distribution
in finite samples. Section 2.5 provides an empirical study of a rational bubble in the

NASDAQ index. Proofs of the main results in the paper are given in the Appendix.

$A detailed discussion on anti-persistence is provided in the next section where we also relate anti-

persistence to the memory parameter d.
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. . d jid
We use the following notations throughout the paper: =, %3 = < £ and ~ denote

convergence in probability, convergence almost surely, weak convergence, asymptotic

equivalence, equivalence in distribution, and iid, respectively.

2.2 Literature Review
2.2.1 A review of serially correlated errors

Although our paper focuses on anti-persistent errors, to facilitate discussion and com-
parison, we first review the concepts of weakly dependent errors and strongly dependent

errors. Suppose that the error process admits a Wold-decomposition such that
oo
id
u =Y ciej,co=1, & ~ (0,07, (22)
j=0

where {c;}7 are real coefficients. Denote 1(k) the k" order autocovariance function of
uy, that is, ¥(k) :== E (ujus_g).

Weakly dependent errors require Z;io |c;| < oo and Z;io c; # 0. These conditions
imply that Y~ [¢(k)| € (0,00) and Y ;- 4(k) # 0. For strongly dependent
errors, it is assumed that ¢; in (22) has a slow decay rate, such as ¢; ~ j~'7@ with d €
(0,0.5) when j is large. This leads to a violation of the summability condition of the linear
coefficients and the autocovariance function as 3 7= ¢; = oo and ) ;2 [¢(k)| = oc.

Anti-persistent errors are remarkably different from weakly dependent errors and
strongly dependent errors. First, they are different from strongly dependent errors as
c; has a fast decay rate for anti-persistent errors, such as ¢; ~ j~ ' with d € (—0.5,0)
when j is large. Second, they are different from weakly dependent errors in the sense that
> eoci =0and 37 (k) = 0. Moreover, for any k # 0, ¢)(k) has a negative sign
(see Proposition 3.2.1 (3) in Giraitis, Koul, and Surgailis (2012)), giving rise to the name
of anti-persistence. These properties make the interpretation of corresponding stochastic
integrals different from that when the errors are weakly dependent or strongly dependent.
From the theoretical viewpoint, therefore, it is important to develop the limit theory for
anti-persistent errors.

We now formally introduce the definition of anti-persistence.
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Assumption 1 (AP) Under (22) and let vy be a constant. Assume c; Xy for § — o0
withd € (=0.5,0), 372 c; =0and 3,2 (k) = 0.

Assumption AP is general enough to include stationary ARFIMA(p, d, q) processes
where u, = (1 — L)¢(L)0(L)e = Y2y eyerge S(L) = 1 = Y2y 6,17, 0(L) =
1+ Z?:o ;L7 and L is the lag operator. We can show that ¢; can be asymptotically
approximated by % j~1*4, where I'(+) is a gamma function. When d € (—0.5,0),
the stationary ARFIMA process has the zero-sum for the linear coefficients, that is,
> 0¢j = 0. It is well-known that u; corresponds to a fractional Brownian motion
(fBM) with the Hurst parameter H = 1/2 + d; see Giraitis, Koul and Surgailis (2012).
When H = 0.5, an fBM becomes the standard Brownian motion. When H € (0,0.5)
which corresponds to the case of interest in the present paper, an fBM has a rough sample
path and is anti-persistent. When H € (0.5,1), an fBM has a smooth sample path in
the sense that it is 1/2 — e-Holder continuous for any € > 0. The empirical relevance
of anti-persistent processes in financial time series was recently documented in Gatheral,
Jaisson, and Rosenbaum (2018) and Wang, Xiao, and Yu (2019). The empirical relevance
of anti-persistent errors in an explosive model was shown earlier in Figure 3. Assuming
a continuous record of observations is available, Xiao and Yu (2019a, 2019b) recently
developed the limit theory for the persistence parameter in the fractional Vasicek model

which corresponds to the AR coefficient in the discrete-time representation.

2.2.2 A mildly explosive model

PMG considered the following mildly explosive model:
cm i
ve= (1425 o+ e > 0,0 % (0,0%), 90 = O,(1). (23)

As suggested in PMG, one way of thinking of the model specification is that the total
number of observations (n) is partitioned into m blocks with K samples so that n =
m x K. Thus, the chronological time for y, becomes ¢t = | Kj| + k, for k € {1,..., K}
and j € {0,1,...m — 1}. This model is closely related to the model proposed in Park

(2003) where it was assumed that c = —1 < 0.
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It is easy to see that as n — oo with fixed m, Model (23) is a local-to-unity model
with the noncentrality parameter cm and hence, the standard local-to-unity asymptotic

theory is applicable. That is,

B — pum) = / ()W (s)) / P2 (s)ds,

where J,,(s) = [ e ") dW (r) and W (-) denotes a standard Brownian motion.

However, since ¢ > 0, if one assumes n — oo followed by m — oo, Model (23)
is akin to a mildly explosive AR model of PM whose root is in a larger neighborhood of
unity than a local-to-unit-root. The second asymptotic (1 — o0) creates a departure from
the local-to-unit-root region; see Park (2003) and PMG for detailed discussions. With this
sequential asymptotic scheme, we have

I n e m fol Jem (8)dW ()

——e™ /3 — Pn,m =
2cm ( ) 2ce—2em fol J2 (s)ds

e [ T.(s)dW (s)
2ce2em [ J2(s)ds

= (C,asm — oo, (24)

,as n — oo with fixed m

where W (t) = /mW (t/m) and J,(t) = fot e<t=9)dV (s). To see the link between this
sequential asymptotic result in (24) and the asymptotic results in (19) and (20), note that

cm cm\™ 4 n 2 a m 7
e = exp (7) ~ Ppm and pp o — 1~ 27

2.3 Mildly Explosive Model with Anti-persistent Errors

We now extend the model of PMG to the following model:
Yo = Hn + pYra Fu t=1,.0m, (25)

where yo = 0,(nY*™), p, = p/n’, p = popm = (1+ <), 9 > 1/2 — d, and u, satisfies
Assumption AP.

7 Although the limiting distribution in PM is the same as that in PMG, the techniques used to develop the
limiting distribution are different in these two studies. PM uses a Lindeberg-Feller CLT while PMG uses
the local-to-unit-root theory together with the martingale convergence theorem. Our proof follows that of

PMG, but there are technical difficulties that we need to deal with in our proof.
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Model (25) is different from Model (23) in two aspects. First and foremost, instead of
assuming an iid error process, we allow for anti-persistent errors in Model (25). Second,
when ;1 # 0, a non-zero intercept 1,,, which is asymptotically negligible, enters the model.
Following Phillips, Shi and Yu (2014), we assume j1,, = 1/n” so that, in finite samples,
the model can generate a linear trend. Also, the specification of p,, = u/n’ with 9 >
1/2 — d regulates j, so that the localized drift cannot dominate the random component
introduced by u;. However, if ;x = 0, then p,, = 0 and the intercept vanishes.

In this section, we aim to develop the limiting distribution for the centered LS estimate
with and without intercept. To be more precise, we define the LS estimate without inter-
cept by p, and the LS estimate with intercept by p,. Thus, we can express the centered

LS estimates as

A Z?—1 Yt—1Uyg
Po—P= —=n 3 (26)
Zt:1 yt271
and
n 1 n n
E YU — = T )
Py — p= =1 Ye—1Ut — Zt_l Yt—1 Zt_l t 7

n n 2
Zt:l yt2—1 - % (Zt:l Y1)

Before we develop the asymptotic theory, we first review the functional central limit

theorem due to Giraitis, Koul, Surgailis (2012) which extends Donsker’s theorem.

Lemma 3 (Corollary 4.4.1 in Giraitis, Koul and Surgailis (2012)) Let u; be as in (22).

@ . i—1+d
Assume cj ~ 7]

as j — oo with vy being a constant and d € (—0.5,0), E|e|P < oo
withp > (0.54d)~" and 372 ¢; = 0. Then, as n — oo,

[nr)

WSy = <BA(r), @8)
t=1
in D[0, 1] with the uniform metric, where ¢ = /02> Bcgflifsz)i) with B(x,y) = FF(EEI)E%),

H = § +d, B"(r) is an fBM with the Hurst parameter H.

An fBM with the Hurst parameter H € (0, 1) is a Gaussian process with zero mean

and the following covariance,

E(B"(r)B"(s)) =

(I[P 4 [ = |r = s[*) .

N | —

Clearly, if H = 1/2, B¥(t) becomes the standard Brownian motion W (t). Unlike W (t),

B*(t) is not a semi-martingale if H # 1/2. Therefore, we cannot interpret the stochastic
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integral with respect to fBM as an It integral. In this paper, we interpret the stochastic
integral with respect to fBM as a Young integral when we study the asymptotic theory for
the error process under Assumption AP, where the mathematical techniques are related to
those used in EI Machkouri, Es-Sebaiy and Ouknine (2016) and Xiao and Yu (2019a,
2019b). This interpretation is in contrast to PMG where J fo clt—s dW (s) is

viewed as an It6 integral. Moreover, we need a different asymptotic theory to obtain a
sequential limit. The following lemma obtains the asymptotic behavior of the sample

moments.

Lemma 4 In Model (25) with {u;} satisfying Assumption AP, we assume E|e|P < oo
withp > (0.5 + d)~1. As n — oo with m fixed, we have the local-to-unit-root asymptotic

results:
1. Tﬁywﬂ = ¢JH (r);
2. o i Yo = gfo em(7)dr;
3w Yo v = 2 [y (S (r)2dr

4 b S v+ e S 6 = 62 [emZ(1) [ et dBY (s) + R(1)],

where

B(d, 1 — 2d)
d(1 + 2d)

T(d)0(1 — 2d)
ri—d)

2,2 JB(d,1—2d) =

Cm“sdBH()éﬂU::/q”“BH(Ms

[B" —cm/ (B"(s))%ds + (cm) // ec™r=) pH (1) BH

Since B¥ (s) is not a semi-martingale, in the present paper, we treat J (1) as a Young

V)
I
N | —
ﬁ$

integral. For details about the Young integral, see (A.1) in El Machkouri, Es-Sebaiy and
Ouknine (2016).

Remark 15 The results in Lemma 4 are closely related to Lemma 1 in Phillips (1987),
which can be used to show that for Model (25) with weakly dependent errors, when n —

oo with m fixed,

1
myLnrJ = O-JCm(r)7
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1 « !
WZyt = 0/0 Jem (r)dr,
=1

1 & !
S A /0 (T ()2l
t=1

1 & 1 !
- >y = 3 {&Jcmu)? — 2cmo” / (o (r))?dr — E(u2)] |
t=1 0

where Jo(r) = [ €M dW (s).

Remark 16 For Model (25) with strongly dependent errors, the first three claims in

Lemma 4 remain valid, while for the last claim, we have

n 1
# Z Y1ty = 62 {cmZ(l)/O e“™dB" (s) + R(1)| ,
t=1

because the term ﬁ% Sor_, ui appearing in Lemma 4.4 asymptotically vanishes as
n — oo. This difference makes the development of the limiting distribution in the mildly
explosive model with anti-persistent errors more difficult. In particular, when n — oo
with m fixed, the centered LS involves an additional term where #% Soi, ui appears
in the numerator. Additional rate condition is needed to make sure this additional term

vanishes asymptotically, as shown in the following theorem.

Theorem 3 Let ¢ > 0 in Model (25), under the same set of assumptions as in Lemma 4,
if n — oo followed by m — oo withm = dInn and 6 > —%, we have

'

1n P

s 5y =)= O

2cm

(rj—p)=C, je{a,b}. (29)

Theorem 3 suggests that the centered LS estimates p, and p, in Model (25) have the
Cauchy limiting distribution upon the correct normalization. Since the Cauchy distribu-
tion is pivotal and p can be consistently estimated by either p, or py, the limit theory

provides a convenient way for hypothesis testing for p.

Remark 17 The rate condition m = §Inn with § > —2?‘1 suggests that m cannot go to
infinity too slowly relative to n. This condition ensures that nl—bd% Soi, ui is dominated

1 n
by —trzz ) 1 Yi—1Us AS M — OC.
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Remark 18 As in Phillips, Wu and Yu (2011), Theorem 3 suggests that a confidence

interval (CI) for p can be constructed as

p;—1
{ﬁ] + ]An Ca}a .] € {a’ab}v (30)

where C, is the critical value for the two-tailed test with the significance level o and

Co1 = 6.315,Cp05 = 12.7,Cp 01 = 63.65674.

Remark 19 The Cauchy limiting distribution also holds when we have weakly/strongly
dependent errors in Model (23). For example, suppose u; is weakly dependent with
So2olesl < oo, and Y32 ¢ # 0, yo = 0p(n'/?) and Ele,|** < oo for some > 2 and

€ > (0. With the sequential asymptotic, we have

L0 ooy o T ()W) e (1 )
Po P 206—2””[01 J2 (s)ds

—cm [T j; d/—W/
— € fO T’(LSZ (8) _'_Op(efcm)
2ce=2em [T J2(s)ds

C

= (C,asm — 0. (31

, as n — oo with fixed m

The first convergence follows from Theorem 1 of Phillips (1987), where v = o Z;io c?
and A\ = o Z;io c;j. The second convergence follows from the martingale convergence

theorem.

Remark 20 Suppose that p, = 1+c¢/n* with o € (0,1), ¢ > 0, and uy = ¢ w N(0,0?%).

According to Theorem 4.3 of PM (2007a),

n n
_ —2 2 2 2
o /n” Zyt—lut = Wolo, Pn /0" Zyt—l =1,
t=1 t=1

where wy and ngy are independent N (0,02 /2c) random variables. In our model, we have
P = pnm = 1+cm/n and anti-persistent errors. Under the sequential asymptotic scheme,

we have

emm 11 e 11N, )
m n1+2d§;ytlutz>wdnd7 2ce m?;ytljncb (32)

where wy and g are independent N (0, HT'(2H ) /2¢) random variables. We complement

the results of PM and PMG to the model with anti-persistent errors.
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Remark 21 When u; is strongly dependent, using the similar arguments in proving The-
orem 3, we can obtain the results of (29) and (32). In this case, the assumption m = §Inn

with & > =2 which is used to eliminate —73 "1 | u? as m — oo, is not needed.

2.4 Monte Carlo Studies

In this section, we design several Monte Carlo experiments to evaluate the precision
of the derived asymptotic distribution in finite samples. In all experiments, we simulate

data from the following data generating process (DGP):
Yt ::LLn—i_pyt*l—i_ut’t: 1,2,...,“, (33)

where p = (1 4+ <2) ,yo = 0,¢ > 0, 1, = p/n”, u, = (1 — L)%, with ¢, Zi‘j N(0,1). We

consider the following parameter settings:

(n,m) € {(100,10), (500, 15), (1000, 20)},
d € {-045,-0.4,-0.3,-0.2,—0.1,—0.01}, (34)
1
c € {0.5,1},u:1,19:§—d+0.1.
The number of replications is always set at 10,000.

Under the parameter settings (34), we first obtain the LS estimates p, and pj, and then

apply the Cauchy distribution to construct the 95% CI (CI, and CI,) based on (30) for

pn.m- We calculate the empirical coverage of the true value p, i.e., ——— 10000 (pg) <p< p(l)>,

> 10000 =1

where pg) and pg) are the two bounds of the CI in the I*" replication, and 1(-) is the indi-

cator function.

Tables 5 reports the empirical coverage of 95% Cls for alternative parameter settings
in (34). With n = 100, m = 10 and ¢ = 0.5, there is an obvious over coverage problem
for both CI, and CI,. This problem is less severe as c increases to 1 or as both m and
n increase. Moreover, the Cls have good finite sample performance when c is relatively
large and d is between -0.01 and -0.3. When ¢ = 1, it can be seen that both CI, and CI,
provide the empirical coverage which is close to the nominal coverage 95%. Finally, the

empirical coverage obtained from CI, and CI, are similar.
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Table 5: Empirical coverage of 95% CI of p

(n =100, m = 10) (n =500, m = 15) (n = 1000, m = 20)

c=0.5 c=1 c=20.5 c=1 c=20.5 c=1
d cli, ¢, c1, ¢, c¢1, ¢, ci1, cr ci1, ci, ci, cli,
—0.45 1 .995 995 928 92 | 905 .889 .923 917  .915 .905 .922 917
—04 1 .996 .995 .933 .924 917 .903 .928 .924 925 915 .929 .925
—0.3 1 .996 .994 945 .937  .934 .923 .939 .933 936 .928 .937 .935
—0.2 1.995 995 .948 943 .949 .939 .944 941 | .944 937 .947 .942
—0.1 1 .991 992 947 943 .95 946 .95 .945 | 948 .943 .950 .947
—0.01 | .988 .99 951 .947 952 946 .952 .949 950 .946 .952 .950

2.5 An Empirical Study

To highlight the usefulness of the proposed model and the derived limiting distribution
in practice, we now conduct an empirical study of a rational bubble based on Model (23)

and the asymptotic theory in Theorem 3. The standard no-arbitrage condition suggests

that

P, Ei[Piv1 + Diia], (35)

- 1 +r f
where P, r¢, D, and E, denote the price of asset, the discount rate, the dividend, and the
expectation based on information at time ¢, respectively. Equation (35) can be solved by

forward substitutions, giving rise to the following expressions:

P, = P/ +B, (36)

fo_

Pl = ;(1 Mf) B (Diss) (37)
1

B = 1y B (Bu). (38)

Equation (36) expresses price as a sum of two components: the fundamental price Ptf
which summarizes all the expected future discounted dividend and a bubble component

B, which is not related to the fundamentals.
If the transversality condition is imposed, then B; = 0 and hence, P, = Ptf . Note that
By is an explosive process since (1+7;) > 1. Therefore, when Ptf is not explosive, testing

the existence of a bubble is equivalent to examining the explosiveness in F;. That is why
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Figure 2: Price-dividend ratio in NASDAQ from December 1989 to December 1999

in the literature looking for an explosive behavior in the price-dividend ratio (P;/D;) has
been widely used; see, for example, Phillips, Shi and Yu (2015a, 2015b).

Our paper studies the price-dividend ratio in the NASDAQ composite index, we obtain
the data set from Phillips, Wu and Yu (2011), which contains the monthly real price
and real dividend series from February 1973 to June 2005. We then construct the price-
dividend (PD) ratio based on the two time series. After obtaining the PD ratio, we focus
on the sample period from December 1989 to December 1999.

In Figure 2, the PD ratio, the real price, and the real dividend are plotted in the black
solid line, the blue dash line, and the red dotted line, respectively. We fit Model (23) with
and without intercept to the PD ratio by LS, and then estimate the memory parameter (d)
in the residuals by the LW method of Robinson (1994). The point estimate (‘“‘estimate”
should be “estimates”) of the intercept (1), the AR coefficient (), and the memory pa-
rameter (d) are reported in Panel A of Table 6. We use the subscript @ and b to denote

the LS estimate without and with intercept, respectively. Since the estimates of the AR

coefficient are greater than 1 and d € (—0.5,0), Model (23) is relevant and the asymptotic
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theory developed in Theorem 3 is applicable. We then use the Cauchy limiting distribu-
tion to form the 95% CI of p which is reported in Panel A of Table 6. As the 95% CI
excludes the unity, suggesting that there is strong evidence of explosiveness in the PD
ratio and, hence, strong evidence of the presence of a bubble. In Panel B, we report the
empirical results based on a subsample of the NASDAQ index, namely, January 1993 to
December 1999. We continue to find that p > 1, d e (—0.5,0), and that the 95% CI

suggests the strong evidence of the presence of a bubble in the subsample.

Table 6: Empirical results for the NASDAQ Index

Panel A: Sample Period: December 1989 to December 1999, n = 120

dq fa 95% CI, dy i P 95% CI,
P,/D, —0.084 1.0437 [1.0370,1.0504] -0.060 —0.1445 1.0862 [1.0860,1.0863]

Panel B: Sample Period: January 1993 to December 1999, n = 83
d, fa 95% CI, dy fi Db 95% CI,
P,/D, —0.079 1.0478 [1.0220,1.0736] -0.066 —0.1865 1.0969 [1.0957,1.0981]

2.6 Conclusion

In this paper, we have made two contributions to the rapidly growing literature on
explosive time series. First, we show that in empirical data, it is very plausible that we may
have to use a mildly explosive model with anti-persistent errors to describe the movement
of financial assets. Second, we show that, when anti-persistent errors are in a first-order
autoregression with a mildly explosive root, the Cauchy limiting distribution remains valid
for the LS estimate. To develop the limiting distribution, we following PMG’s setup by
assuming the autoregressive parameter is p,,, = 1 + < and by adopting a sequential
limit with n — oo followed by m — oo. When the errors are anti-persistent, an extra rate
condition m = § Inn with § > —%d is needed.

We also discuss how to obtain a feasible confidence interval for the AR coefficient.
Empirical coverage of CI based on the Cauchy limiting distribution is presented in the
Monte Carlo studies, suggesting that the limiting distribution works well in finite sam-

ples. Finally, an empirical study of a rational bubble in the NASDAQ index is provided,

highlighting the usefulness of the proposed model and the derived asymptotic theory.
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3 Testing for Rational Bubbles under Strongly Depen-

dent Errors

3.1 Introduction

The standard no-arbitrage condition implies that

Ei (Piy1 + Diyq) (39)

t

T 1+R
where R, F;, P,, and D, denote the discount rate, the expectation based on informa-
tion at time ¢, asset price, and the fundamentals (such as the dividend for a stock or
the rent from a house) at time ¢, respectively. Solving (39) by forward substitution,
we can express P, = PF + B, where P/ = Y, (ﬁ)l E; (Dy;) is the fundamen-

tal price and B, = HLREt(BtH) is the bubble component. Note that B; is not related
to the fundamentals. If P; is the price of a stock, P/ is determined by the sum of
the discounted dividends. Suppose that the transversality condition is satisfied, namely,
limy s (14 R)™" E,P,yr = 0. This condition implies B, = 0 and hence, P, = P}
When the transversality condition is not satisfied, B, # 0. In this case, B; is an explosive
process since [ > 0 and hence, 1 + R > 1. The explosiveness in B, also makes F; an
explosive process even when P} is not explosive. This is how a rational bubble is related
to explosiveness in time series. In practice, empirical studies often verify the explosive-
ness of the price-fundamental ratio for the purpose of bubble detection; see, for instance,
Phillips et al. (2015a) (hereinafter PSY) and Pedersen and Schiitte (2017). A natural
approach to the bubble detection is to employ a right-tailed unit root test, popularized by
Diba and Grossman (1988), Phillips et al. (2011) (hereinafter PWY) and Phillips and Yu
(2011). PSY (2015a, b) extend the work of PWY to detect multiple bubbles. Harvey et
al. (2016, 2019a, 2019b) extend it to account for heteroskedastic errors and Pedersen and
Schiitte (2017) for weakly dependent errors.

Considers the following simple first-order autoregressive (AR) model
iid
Y = pyi—1 + €, Yo = Op(1), 6 ~ (0,0%),t =1,...,n. (40)
Under the null hypothesis, y; is a unit root process (i.e., p = 1). Under the alternative
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hypothesis, y; displays explosiveness (i.e., p > 1), suggesting why one would use the
right-tailed unit root test.

This paper focuses on model (40) with a simple extension, where errors are assumed to
follow a strongly dependent process. The phenomenon of strong dependence is widespread
in economic and financial time series. Cheung (1993) and Baillie et al. (1996) find em-
pirical evidence of strong dependence in exchange rates. Christensen and Nielsen (2007),
Andersen et al. (2003) and Ohanissian et al. (2008) show empirical evidence of strong
dependence in volatility of stock returns and exchange rate returns. In addition, empirical
studies obtained by Gil-Alana et al. (2014) and Barros et al. (2014) suggest strong de-
pendence in housing prices in US cities. More recently, Chevillon and Mavroeidis (2017)
show statistical learning can generate strong dependence and find empirical evidence of
strong dependence in the US monthly CPI inflation rates.

Consider the following model

Yy = Yi—1 + Ut, = 17 -y N,

i (41)
uy = (1 — L) %, d € (0,0.5),¢ ~ (0,0%),
where L is the lag operator with (1 — L)~ defined as
4 o~ TG+d) ,
1-L0) =Y —— "~ _[Jand /e, = ¢_;.
=5 JZ_O: T(d)D(j+1) o=
Denote (k) the k™ order autocovariance function of u;, namely (k) := E (usu;_g).

For u; to be strongly dependent, we have Y~ |1)(k)| = co. It can be shown that when
d € (0,0.5), >>72 _ |t(k)| = oo, suggesting w, is indeed strongly dependent. If d = 0
in (41), model (41) becomes model (40) with p = 1. In the time series literature, we often
say u; ~ I(d), fractionally integrated of order d. Since the first difference of y; is 1(d),
Y ~ I(\) with A = 1+ d.

Although v, in (41) is a unit root process with strongly dependent errors, it is plausible
to see an explosive trajectory in 1;. To see why this is the case, we can express y; =
25:1 u; + yo. Since u, is strongly dependent, a positive realization of the error term is
likely to generate a long stream of positive errors due to strong dependence. Since y; is

the cumulative sum of errors, a long stream of positive errors will generate an upward
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trend that looks like an explosive process.

Suppose that we use the least squares (L.S) method to estimate the AR(1) coefficient
when data come from in (41) and then construct the conventional t statistic. Sowell (1990)
shows that the t statistic diverges with the sample size. Therefore, applying a traditional
right-tailed unit root test tends to reject the unit root null hypothesis when the sample
size is large. In the context of rational bubble detection, due to the diverging type I error,
applying a unit root test that ignores the strong dependence in wu; (i.e. assuming d = 0)
tends to conclude explosiveness in y;, thereby incorrectly detecting a rational bubble in
model (41) when there is no bubble.

To showcase the empirical relevance of this problem, Figure 3 plots the monthly price-
dividend ratio of S&P 500.% In particular, we consider six sampling periods: (a) Novem-
ber 1874 to October 1879; (b) June 1882 to May 1887; (c) May 1940 to February 1946;
(d) June 1948 to November 1955; (e) October 1979 to March 1987 and (f) May 1988 to
April 1998. It is noteworthy that each sampling period contains a trajectory in which the
market experiences exuberance with a rising price-dividend ratio. Under the assumption
that the true model is (40), that is, the errors are not strongly dependent, we perform an
LS regression with an intercept and calculate the Dickey-Fuller t statistic for each sample

(denoted by DF},).

Table 7 Right-tailed unit root test for the price-dividend ratio

~

Sampling Period DF, d

(a) Jan 1872 to Feb 1880 1.35%%%* 0.24#%*
(b) Jun 1882 to May 1887 0.66%** 0.32%%*
(c) May 1940 to Feb 1946 1.38%*%* (0.34%#%*
(d) Jun 1948 to Nov 1955 1.70%%* 0.29%**
(e) May 1980 to July 1987 1.43%%* 0.20%*
(f) May 1988 to Apr 1998 3.76%** (0.24%*%*

NOTES: 7#7, »#*%> apnd >***” denote the 90%, 95% and 99% level of significance
of the right-tailed test for p > 1 and d > 0, respectively. For the right-tailed unit
root test, following PWY we use 95% and 99% critical values for the alternatives
(cv?% = —0.44, cv?% = —0.08, and cv?*% = 0.6). The right-tailed tests for d

apply the limit theorem of ELW estimator to obtain the critical values.

3The price-dividend ratio was used in PSY (2015a).

42



Monthly price-dividend ratio of S&P 500

160
150
140
130
120
110
100

80

70

Monthly price-dividend ratio of S&P 500

£881-1dy
L881-92:1
9881-021
9881-100
9881-30y
9881-ung
9881-1dv
9881-024
€881-02(1
$881-100
$881-30v
s8g1-ung
s881-1dy
$881-99:1
$881-021
$881-10
$881-5nV
¥881-ung
$881-1dy
$881-q21
€881-90C1
£881-100
£381-8nv
£8g1-ung
€881-1dy
€881-094
7881-02(1
7881-10
7881-30v
z881-ung

088 1-uer
6L81-das
6L81-KeN
6L81-uep
8L81-dos
8L81-ABN
8L81-uep
LL81-dos
LLT-KeN
LLg1-uep
9,81-dag
9.81-Ke]N
9L81-uep
sL81-dos
SL8T-Key
SLg1-uep
pL81-dos
PLYT-ARIN
pLYT-URL
£,81-dog
€L81-AeIN
€Lg1-uef
TL81-dos
TL81-Ae
TL81-uep

(b) June 1882 to May 1887
Monthly price-dividend ratio of S&P 500
(d) June 1948 to November 1955
Monthly price-dividend ratio of S&P 500

180
160
140
120
440
390
340
290
240
190
140

(a) January 1872 to February 1880
Monthly price-dividend ratio of S&P 500
(c) May 1940 to February 1946
Monthly price-dividend ratio of S&P 500

180
160
140
120
110

966 1-uer
$661-000
S661-3ny
S661-1dy
S66T-TEN
$661-A0N
#661-I0f

£661-TEN
#661-024
£661-100

£661-ung
£661-094
€66 1-UE[
T661-dos
T661-Ae
T661-uef
1661-02

1661-T8IN
0661-A0N
066T-10f
066T-TeN
0661-021
6861-100
6861-un(
6861-99.1
686 1-Ue[
8861-dog
8861-ABIN

L86T-Uef
9861-dos

986 T-ABIN
986 1-Uref

s861-dog

S86T-AeN
S861-uef

¥861-dos

#86T-Ke N
86 1-ue[

€861-des

€861-AeN
€86 1-Uef

7861-deg

T861-AeIN
T861-Uef

1861-dos

1861-ABN
186 T-Uef

0861-das

0861-AEN
086 1-uef

6L61-das

6L-KeN

(f) May 1988 to April 1998

dend ratio of S&P 500

ice-divi
43

Monthly pri

Figure 3

(e) May 1979 to March 1987



Table 7 reports D F;, and it is noteworthy that we reject the unit root hypothesis at the
99% confidence level critical value for each of the sampling period. Therefore, the right-
tailed unit root tests give a very strong evidence of the existence of a rational bubblen in
each period. In fact, adopting a form of recursive unit root test, PSY (2015a) also find
bubbles during similar periods.

However, if we assume that the time series are fractionally integrated as in model
(41), we can estimate A\ and d. In particular, we apply the exact local Whittle method
of Shimotsu and Phillips (2005) to estimate d and test i.i.d. hypothesis of ¢, against
the strongly dependent alternative.” Table 7 shows that positive estimates d for all three
sampling periods are found. Moreover, for each sampling period, the i.i.d. hypothesis is
rejected under 95% confidence level, suggesting strong evidence of strong dependence in
u;. Therefore, it is possible that the true model is (41) and that the divergent t statistic
leads to the rejection of the unit root null hypothesis in favor of an explosive alternative.
In other words, these rational bubbles can be spurious.

Motivated by the empirical evidence of strongly dependent errors and their implication
for bubble detection, this paper proposes a method to address the spurious explosiveness
problem in detecting rational bubbles when a time series model has strongly dependent er-
rors. We construct a heteroskedasticity-autocorrelation robust (HAR) test statistic, which
converges to a proper distribution under no bubble assumption but diverges when the un-
derlying model has an explosive or a mildly explosive root. Therefore, we can distinguish
between an explosive and unit root time series even when the error process is strongly de-
pendent. After a bubble is detected, a new estimator is proposed to consistently timestamp
its origination and termination dates.

The remainder of this paper is organized as follows. Section 3.2 provides a brief re-
view of the traditional right-tailed unit root test for bubble detection and the estimation
method to timestamp bubble origination and termination dates. Section 3.3 introduces our

model with strongly dependent errors, proposes the new test, and derives the asymptotic

9We first estimate the fractionally integrated order (\) of y;. Then we subtract 1 from the estimate of
)\ to obtain d. The confidence interval obtained is based on the asymptotic of the ELW estimate where

vm(d - d) LN N(0,1/4), with m = n’. We set § = 0.65 in all applications in this paper.
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theory under the null hypothesis of unit root. Section 3.4 examines the asymptotic prop-
erties of the proposed test statistic under two explosive alternatives. Section 3.5 proposes
new estimators of bubble origination and termination dates based on the new test statistic.
Monte Carlo simulation studies are carried out in Section 3.6 to study the finite sample
performance of the proposed test and estimators. Section 3.7 provides an empirical study
using the S&P 500 index. Finally, Section 3.8 concludes the paper. A discussion of the sup
statistics, detailed graphs for the empirical study and the proofs of the main results in the
paper are provided in the Appendix. We use the following notations throughout the paper:
=Y i), B =, ~and % denote convergence in probability, convergence in distribution, al-

most sure convergence, weak convergence, asymptotic equivalence, and independent and

identically distributed, respectively.

3.2 A Brief Review of Literature

In this section, we briefly review the traditional right-tailed unit root test statistic for
bubble detection and the estimation method to timestamp bubble origination and termi-
nation dates. Consider model (40). Suppose that we perform an LS regression with an
intercept from the full sample and obtain our LS estimator p,, of p. Denote the t statistic
DF, = (p, — 1) /se(p,), where se(p,,) is the standard error of j,,. Under the assumption
that p = 1, following Phillips (1987a), we have
Jo W(s)aWy (s)

~ 1/

DF, = DF, =
<f01 W(S)2d8>

5: (asn — 00), (42)

where W () is the standard Brownian motion and W (r) = W (r) — L[ W(s)ds is the
demeaned Brownian motion. To implement a right-tailed unit root test, we can obtain the
(1 — 8)% critical value as the (1 — /) percentile of DF,, and reject the null hypothesis
when D F,, is greater than the critical value.

In practice, a bubble usually starts not from the first observation of the full sample, but
from the middle of the sample, say at 7. = [nr. | where |-| denotes the integer part of its
argument and 7. € (0, 1). Moreover, a bubble usually does not last forever, but collapses

later in the sample, say at 7; = |[nry]. The collapse of a bubble typically corresponds
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to a market correction. If a bubble emerges and collapses in the sample, Phillips and Yu
(2009) show that DF,, — —oo, suggesting that the traditional right-tailed unit root test
statistic, if calculated from the full sample, cannot reject the unit root null hypothesis.

To identify the bubble in the full sample, PWY (2011) propose a sup statistic based

on recursive regressions. The regression in the first recursion is
Y = [+ PrYi—1 + Uy, (43)

where t = 1, ..., 79(:= |nro]), i, pr, and @, are the intercept estimator, the AR coefficient
estimator and the LS residuals, respectively, and 0 < 7y < r.. Subsequent regressions
employ this originating data set supplemented by successive observations giving a sample
of size 7 = |nr| for ro < r < 1. Let DF, denote the DF t statistic based on the first

T observations of the sample, that is,

5 — 1
DF, .=~ (44)
Sy
. 1/2
where s, = ( £ leut 2) is the standard error of p,.. The test statistic
pOHEE yt2—1_?<2::1 yt—l)
proposed by PWY is sup, (., ., D, Under the null hypothesis, PWY show
"W (s)dW (s
SDF := sup DF, = sup Jy W(s) <1)/2, (as n — 00).
TE€[T0,n] ré€lro,1] <f0r W(S)2d5>

If SDF takes a value larger than the right-tailed critical value, the null unit root hypothesis
is rejected in favor of the explosive alternative. In this case, the evidence of a bubble is
found.

After a bubble is detected, one may want to estimate bubble origination and conclusion

dates, that is, r. and 7. Assume the model under the alternative hypothesis is given by
Yo = Y1l {t <7} + payeal{re <t <n}

t

+ Z e t+yr, | L{t >t +e 1{t <7¢}, (45)
k:Tf+1

pn = 142, >0, ac(0,1),¢ 20,02,
na

Model (45) has two structural breaks. Before the first break (i.e. ¢ < 7.), y; follows a unit

root process. After the first break but before the second break (i.e. 7. < ¢ < 7¢), it follows

46



a mildly explosive process with a root above 1 taking the form p, = 1+ -=. At 7y + 1,
the bubble terminates with a crash to y7 which is in the neighborbood of the fundamental
value prior to the emergence of the bubble. Here 7. and 7; are the true absolute bubble
origination and termination dates. Since 7. = |nr.| and 7f = |[nr¢], 7. and r; are the
true fractional bubble origination and termination dates.

PWY (2011) introduce the estimator of r, as

PPWY = inf {r : DF, > cv,}. (46)

r2T0

Conditional on finding some originating date #2"VY" of a bubble, PWY introduce the esti-
mator of 7 as

f})WY = inf {s:DF,<cv,}. 47)

S}f‘e_i_’yln(n)
In (46) and (47), cv, is a critical value function that increases with the sample size. Pro-

vided cv,, goes to infinity at a slower rate than n'~°/2, Phillips and Yu (2009) showed that

~PWY

PPWY L r,and P B 1 under some general regularity conditions. In the empirical

applications of PWY, cv, is set to be proportional to In Inn.

3.3 Model, New Test and Asymptotic Null Distribution

Motivated by the empirical studies in section 3.1, we now consider the following

model

Y = PnYi—1 + Ut, t= 17 - N,
w = (1—L) %, &< (0,02, de[0,0.5), (48)
Yo = Op(n1/2+d)-

Model (48) is different from model (40) in that u; can be strongly dependent. We first

consider the asymptotic property of the traditional Dickey-Fuller t test when p,, = 1.

3.3.1 Asymptotic null distribution of D F’.

Lemma 5 Assume the true data generation process is model (48) with p, = 1 and d €

(0,0.5). Suppose that DF'. is constructed from the empirical regression (43) based on the
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first T observations. Then, for any r € (0, 1], as n — oo,
DF,= 0, (n%). (49)

Lemma 5 indicates a serious implication for bubble detection using the traditional
method. Namely, the t statistic DF’_ diverges with the sample size. Whenr =1, DF,, =
DF. =0, (nd). This divergence leads to excessive rejection of the null hypothesis when

the sample size is large and conclude with a spurious bubble.

Remark 22 To detect the presence of a bubble, PWY and PSY propose to use SDF and
GSDEF defined by
SDF(r) = sup DF;,

TE[Tg,n]

GSDF(1) = sup DF

T1?
T2€[rg,n],71 €[0,72 —70]

where Ty = |nro| is the minimum data window and DF? is the t statistic based on the
observations from 7, = |nri| to T, = |nrs|.

As Lemma 5 holds uniformly for r € (0, 1], under model (48) with p, = 1 and d €
(0,0.5), we have

SDF(ry) =

P (”d) ,

O
GSDF(m) = O, (n%
Both statistics can lead to spurious rational bubble detection as they diverge to infinity.

Remark 23 Similar to PSY (2014), our model (48) can be generalized to have an asymp-

totically negligible intercept. In this case,

Yt = Mn T PrlYi—1 + U, (50)

where 1, = O(n=%), with § > 1/2 — d. It can be shown that, since i, is asymptotically

negligible, the result in Lemma 5 remains valid.

Remark 24 Note that if the k' order augmented Dickey-Fuller test is used, the same

result as in (49) can be obtained.
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Remark 25 If the LS regression is carried out without intercept and v = 1, the result
of Lemma 5 coincides with that of Sowell (1990) (see Theorem 4 in Sowell, 1990) when
d € (0,0.5).

Remark 26 Homm and Breitung (2012) use the CUSUM statistic (C'S;) to detect ratio-
nal bubble. They show that if C'S; = % Z;:T 11 Ay with Ay, = yp — ys—1, we have
n=V2CS,_ ) = W(k) — W(1) with k > 1 under the assumption that u; is an i.i.d.
error. Clearly, under model (48) with d € (0,0.5), n’1/2OSt:LnkJ is not properly normal-
ized and has order O, (nd). Therefore, the CUSUM statistic will also share the spurious

bubble detection problem under model (48) with d € (0,0.5).

3.3.2 New test statistic

The failure of standard t statistic stems from estimating the variance of u; by the aver-
age squared residuals % >7_, 4i. As this estimator does not provide a proper normaliza-
tion, it results in the divergence of D F’.. In this paper, we use a properly self-normalized
statistic that converges to a proper distribution for d € [0, 0.5). To design the new statistic,
noting that as u; is potentially strongly dependent, we propose to estimate the variance of
u; by using Qpap = > i i1 K (4) 45> where K (-) is a kernel function with bandwidth
M and 7; = % > i Ay Ay,_; is the j™ order sample autocovariance.

Based on () HAR, We can define the new t statistic as
pr—1
ST,HAR7

DF, gar = (51)

where the robust standard error is defined as

Qrar . 1 &
SrHAR = \| =7 —— With g, =y, — — Yi—1.
> e Ui T ;

In addition, we select the bandwidth by letting M = b x 7, where b € (0, 1], so that
the bandwidth is the same as the sample size 7 in the regression window. This approach
is popularized by Kiefer and Vogelsang (2002a, 2002b, 2005), Bunzel et al. (2002) and
Vogelsang (2003). The test statistic based on QO is heteroskedasticity-autocorrelation ro-

bust (HAR). Our test also shares the same spirit as the test proposed in Sun (2004), where
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the HAR test statistic with a fix-b approach is used to tackle the problem of spurious

co-integration.

Theorem 4 Suppose M = br, and K(v) = Kpg(x) is the Bartlett kernel function with
Kg(x) = (1 — |z|)1 (|Jz| < 1). Under model (48), for r € (0,1], asn — oo, DF; yar
has the following fixed-b asymptotic distribution,
b/ 2r [T W (s)dW (s)
[2 f5 W(s)2ds( [y W(p)zdp;fo(“b)r W ()W (p+br)dp)]*
b1/ [5(BH ()"~ (Jy BY (s)ds) B (r)]

|:2f(;r<BH(S))2dS(f0T BH(p)Q*fo(l_b)T BH(F)BH(p+br)dp)]l/2

FrO =

)

ford =10
DF. gar =

Frq:= ford € (0,0.5)
(52)
where B (t) is a fractional Brownian motion (fBm) with the Hurst parameter H = 1/2+

d, and B (r) = BH(r) — L [ BH(s)ds is the demeaned fBm.

Unlike DF,, Theorem 4 shows that the HAR test statistics converge to proper limit
distributions for both d = 0 and d € (0,0.5), therefore, it does not share the diverging
size problem as in Lemma 5 and the spurious rational bubble conclusion can be avoided
asymptotically.

Although the test statistic is well normalized within the range of d that we are inter-
ested, it should be be noted that the limit distribution of D F’. 7 4 does not have a uniform
expression for any d € [0,0.5). This is because the centered LS estimator p, — 1 has a
component —n 1724 (3°7_ u?). When d > 0, this term is asymptotically negligible.
However, when d = 0, this term cannot be ignored and shows up at the limit. As d is
generally unknown and needed to be estimated, to use the asymptotic distribution, one
needs to first obtain a consistent estimator d, and determine whether F,, or F, 4] d—d 18
used.

In our unreported simulation, the critical values obtained from the limit distribution of
DF i ar does not provide a satisfactory performance in size especially when d is closed
to zero. We discover that the bad size performance is due to the following two reasons.
Firstly, when d > 0 but reasonably closed to zero, the component n~'=2¢ (>"7_ u?)
converges in probability to zero in a slowly, therefore £ ; does not provide a good finite

sample approximation. Secondly, when d = 0, it possible that we may end up applying
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F, 4l ,—j with d > 0, therefore, the correct distribution £, o is not used for the construction
of critical values.

This motivates us to design a modified statistic 1/7\]/777 gAr Which has a uniform limit
expression and a satisfactory size performance. We now consider the following test statis-

tic

/57' —1
St HAR

DF, jap = (53)

+ % 22:1 Ay?

s~ and Ay, =y — Y.

where p, = p,

Theorem 5 Under the same set of assumption in Theorem 4, for r € (0, 1], as n — oo,
we have

DF, yar = Fyq, ford € [0,0.5). (54)

where I, ;4 is defined in (52).

From Theorem 5, we can see the new statistic has a uniform expression for d €
[0,0.5). It is noteworthily that B (r) = W (r) when the H = 1/2. We achieve this
uniform expression by simply algebraically removing the component n~'—24 (> u?)
in the centered LS estimator p, — 1. By doing so, the slowly converging to zero behavior
of n='724(3~7_, u?) is no longer relevant and the limit of Z/D\]:} uar does not have an
abrupt shift at d = 0. We have the following corollary for the full sample HAR statistic

ﬁn,HAR-

Corollary 1 Under the assumption of Theorem 4, if d € [0,0.5), as n— oo, DF,, yar

has the following limit distribution

DF,uar = Fig

pu/2 [% (BH(1))” - ( I8 BH(s)ds> BH(r)}

: [2 fol (BH(8)>2 ds <f01 BH(p)? — fo(lfb) BH(p)BH(p + br)dp)} v

To carry out right-tailed unit root tests based on the full sample, we can adopt the test

statistic /D\]/Tn mag and its (1 — 3) x 100% critical value cvggg)%(d), which is defined by

Pr(Fua > cvfp, (@) = 6. (55)
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Moreover, the memory parameter (d) that appears in the critical value can be consistently
estimated (e.g. using the ELW method). Therefore, a feasible critical value can be ob-

tained.

Remark 27 The limit distributions in Theorems 28 and 4 apply when the error term u;
follows a stationary ARFIMA(p, d, q) process with d € (0,0.5). Indeed, n='=24 (3"7_, u?)
vanishes with d > 0 as n — oo. It washes out the variance term which is dependent on

the specific form of the ARFIMA(p, d, q) process.

Remark 28 In fact, other kernel functions (K5(.)) can also produce a fixed-b asymptotic
distribution ofﬁﬂHAR. Suppose Qpan = Z;:_TH K, (ﬁ) Y Kao(h) 2 0, Ky(z) =
Ky(—x), with Ky(-) being a twice differentiable kernel function, we can easily show as

n — oo,

bré/2 (BH(T))2 — brl/? (for BH(s)ds) BH(r)

(i B ()2ds) iy fy — 8 (52) B (p) B (q)dpdg)

where K/(.) is the second derivative of Ks(+).

ﬁT,HAR —= Fq:= 73> Jord € 0,0.5)

Remark 29 As in PWY, a sup test statistic (e.g. Sup, ¢, ,y DF'- war) can be defined and
we can also obtain the corresponding asymptotic distribution. This recursive formulation
can identify a rational bubble when the time series has a mildly explosive root. We discuss

the construction of this recursive statistic and its test for explosiveness in Appendix C.1.

3.4 Alternative Hypothesis and Asymptotic Theory

To study the asymptotic behavior of the proposed test statistic under the alternative
hypothesis, following the literature we consider two popular explosive models. The first
alternative adopts the local-to-unit-root framework of Phillips (1987b) to study the locally
explosive time series; see Harvey et al. (2016, 2019a, and 2019b). The advantage of using
the locally explosive model is that it facilitates the computation of local power.

The second alternative is the mildly explosive model of Phillips and Magdalinos
(2007). It assumes that the AR parameter has a greater deviation from the unit root than
the local-to-unit-root model; see PWY, PSY and Phillips and Yu (2011). Under this ex-

plosive alternative, a consistent test can be obtained.
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3.4.1 Locally explosive model

We first consider the alternative hypothesis with the following locally explosive set-

ting:

Yo = (Y1 +w) Ht < 7o} 4+ (pny—1 +w) e <t <npt=1,...,n,
_ itd 2
= (1—L) %, ¢ ~(0,0%), d €[0,0.5),
(56)
pn=1+c¢c/n, ¢c>0,

Yo = Op (n1/2+d) .

In model (56), y; has a unit root before 7.. It becomes mildly explosive after 7.. That
is, there is a structural break at 7.. During both periods, the error term in the AR model
has strong dependence with the same memory parameter d.

We now consider the asymptotic behavior of the HAR test statistic 13\]577 HAR-

Theorem 6 Under model (56), for any r > r., as n — oo,

lCT —A, BH())r
((2 d— 7;22 ()) —|—CT)( rd__A?nd)l/Q

rir,d

DFT,HAR:>F7id - 1/2,

2 (Jy Gl p2dp = [ oo o, p)Gr o p 4 br)dp) |
57

where

Ag = / ( wrele B (r,) / e<“>CdBH(s)> dr,
0 Te
T 2
B.qg = / < rore)e BH (p )+/ e(w_S)CdBH(S)> dr,
0 Te

r 2
o = (eaey [z
Gr.c(p) = B"(p) —cApa— / B (p)dp.
0

The limit distribution in Theorem 6 depends on the non-centralized parameter c. This
parameter departs the distribution of F; from £} 4. One can directly verify that if ¢ = 0,
F rd = F, q from (54). Since both F¢ rd and F, 4 are of O, (1), one may use them to compute

the local power of the proposed test.

53



3.4.2 Mildly explosive model

We then consider the alternative hypothesis with the following mildly explosive set-

ting:
v = W1+ u) HE < 7} + (payes + u) 7o <t <}, yo = 0, (n'/?H),
(1—L) %e ift<r, iid
U = and ¢, ~ (0,07), dy,dy € [0,0.5). (58)
(1— L) %¢ ifr, <t < n,
where
C . 1/2 — d1
n=1+— ¢>0 ac |0, — 1 ) 59
P —l—na c « ( mm{l/Q—dg }) (59)

In model (58), ¥, has a unit root before 7.. It becomes mildly explosive after 7.. That
is, there is a structural break at 7.. During both periods, the error term in the AR model
has strong dependence with memory parameters d; prior to the break and d, after the

break. As 0 < a < 1, we obtain a higher degree of explosiveness than the local-to-unit-

1/2—dy

1/27612) is needed as

root explosiveness considered earlier. The upper bound on « (i.e.

we have to ensure that the explosive observations dominate asymptotically the unit root

observations with long memory errors.
Theorem 7 Under model (56) with (59), as n — oo,
DF, % o,
DF,an % oo

Theorem 7 first shows that DF;, diverges to infinity under the mildly explosive as-
sumption. Combining with the result in Lemma 5, it means that the divergence of DF,
can be either from a strong dependent error or a mildly explosive process. So the rejec-
tion of null hypothesis does not solely come from the explosiveness and hence produce
a difficulty for empirical researcher to identify a rational bubble. On the other hand, ap-
ply the robust statistic will not share the same problem as /D\Z/Tn uAr only diverges under
the alternative assumption. Naturally, for any (1 — )% confidence level critical value
1% (d), we have Pr(DF, yar > v\ 19%(d)) — 1 under model (56) with (59).

Therefore, we have a consistent test for this explosive alternative.
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3.5 Estimation of Bubble Origination and Termination Dates

In this section, we discuss the estimation of the bubble origination and termination

dates. Following PWY, we consider the following model:

t
Yo = (W1 tw) Ht < 7} + (payeo1 +uwg) Hre SE < 75} + Z up +y;, | Wt > 7rt,

k=7;+1
C . 1/2 — d1
n = 1 ) > 07 Oa T a7 1 5
P +na c ae( mm{l/Z—dQ })
w = (1-— L)*dtet, € ud (0, 02),
di = diforte[l,7.)U[rs+1,n|, di =dsfort € [, 1], 7 = |n1e], T4 = |n0f],

Yr, = Yrty andy" = Oy(1).

1/2—dy
1/2—ds"

Once again, we require o <

Theorem 8 Under model (60) with T = |nr]|, DF; yar has the following asymptotic

behaviour:

b\}’—/‘T’HApbﬂ) OOlf T € [Te,TfL

N (61)
DF . par 2 —coif T €[5+ 1,n).
The estimators of r. and r; are defined as
~HAR _ DE
T = inf {’l“ : DFT7HAR > CUn,HAR},
=70
__ (62)
SHAR .
Ty = inf {7“ : DFT,HAR < CUn,HAR}-
r>Fe+v1In(n)/n
If re > 1o and the critical value cv,, i ar satisfies the following condition
1 CUn. HA
AR S0, (63)
CUn HAR n
then, as n — oo, we have
SHAR SHAR P

T 1y and Tyt =y

e

Intuitively, | n#Z4%| represents the first observation when /D\}/?T, HAR > CUp prar and,
after a bubble is deemed to have emerged and lasts longer than v In(n)/n, Lm‘? ARJ rep-
resents the first observation when DF rHAR < CUn g ag. Note that we require a bubble to

have a minimum duration v In(n)/n where ~ is a frequency dependent parameter.
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Theorem 8 implies that D\ZJWT, AR provides a consistent test when data do not contain
any observations after the bubble collapses. Otherwise, it diverges to negative infinity.
Therefore, if the full sample is used to do the right-tailed unit root test, one should avoid
including observations after a bubble collapses. Otherwise, the test cannot detect the
presence of a bubble. This is known as Evans’s critique (Evans, 1991).

For the consistent estimation of the bubble origination and termination dates, we re-
quire that the critical value cv,, g ar grows to infinity at a rate slower than n(1=9)/2 which
is different from the rate obtained in PWY.

PWY propose to estimate r, using #7"Y in (3.6.3) with cv,, increasing at the Inlnn

rate. However, in our model (60) with d; € (0,0.5), we can easily obtain

~PWY P
T, — 1y < Te.

Indeed, for r < r., DF; gar diverges at the rate n? (as shown in Lemma 5), which is
faster than InInn. Therefore, we can expect 77" with cv,, increasing at the In In n rate
to be inconsistent when d > 0 and 7y < r.. In the Monte Carlo simulations presented in

section 3.6, we show that #"WY with cv,, increasing at the In Inn rate tends to lead to a

too early estimation of the bubble origination and termination dates. In contrast, #74% is

a consistent estimator if In In n is the growth rate adopted for cv,, g ar.

Remark 30 For model (60), as we have a negative divergence when full sample is used to
calculate DF n,HAR, the sup statistic (e.g. SUp, ¢y .| DF rHAR) can be employed, as the
sup operator avoids the negative divergence part elicited from observations {y; }.c|r s+1n)-

We discuss the asymptotic property of the sup statistic in Appendix C.1.

3.6 Monte Carlo Studies

In this section, we design some Monte Carlo experiments to study the size and power
of our proposed test for bubble detection and our estimators of bubble origination and
termination dates in finite samples. We use the normalized partial sum of u; = (1—L) %,

jid . . . . . o
, €~ (0,1) to approximate a fractional Brownian motion.! This approximation allows

10To be more precise, we use

H\l/ﬁ Sitrrl e, and vERT S2kmmd 4, to approximate B(r) and BY (r),

respectively. See Equation (94) for the definition of (.
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us to simulate DF, I, o and F, 4 to obtain the critical values. The number of replications

is always set to 2,500.

3.6.1 Empirical size

To investigate the empirical size of our test statistic, we perform a small-scale Monte

Carlo study. In particular, we consider the following DGP,

Yy = Ye—1 + Ut, = 17 ey T,
(64)

Ut = (1 — L)idEt, €t %i N(O, 1),

with the following parameter settings: d € {0,0.05,0.1,...,0.45}, yo = 0, and n €
{100, 500}.

Table 8 Empirical size of the right-tailed unit root test with 95% confidence level

n = 100 d
Test statistic 0 005 0.1 015 02 025 03 035 04 045
DF, 0.06 0.09 0.14 020 0.26 031 036 041 045 0.48

DF, nar 0.13 0.13 0.11 0.09 0.07 0.05 0.04 0.03 0.03 0.04
D?’R,HAR 0.04 0.04 0.05 0.05 0.05 0.05 0.06 0.06 0.06 0.06
n = 500
DF, 0.05 0.10 0.18 0.27 0.34 040 042 049 0.53 0.56
DF, nar 0.15 0.12 0.07 0.03 0.02 0.03 0.03 0.04 0.04 0.05
b\f’n,HAR 0.04 0.04 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

Under these parameter settings, we perform a right-tailed unit test and calculate D F),,
DF, par and 5]/7,1 magr- For the standard right-tailed unit root test, we reject the null
hypothesis when DF), is greater than the 95% asymptotic critical value cv®” = —0.08.

For the HAR tests, we adopt DF;, yar and DF n,HAR and the corresponding 95%
critical value. Moreover, we let b = 0.05 to calculate QO ar'.Note that as d is unknown,
we obtain d using the ELW method proposed by Shimotsu and Phillips (2005) to get a

feasible inference. For the tests with DF,, y4r, the critical value 95% critical value is

ye choose this value of b because in extensive simulations, we find that for any b > 0.05, the test can
deliver a empirical size which is close to its nominal value, while for the power analysis, a lower value of b

yields a higher power.
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obtained from the limit distribution in Theorem 4, we select F g if d = 0, and select £ ;
if d > 0. Finally, numerical simulation allows us to generate the 95% critical values based
on Pr (o > il (0)) = 095if d = 0.and Pr (F, ;> cofffe | (d)) = 0.95 if
d > 0. For 13\13” AR, We generate the 95% critical value based on (55) for de [0,0.5).
Table 8 reports the empirical size of the 5% level right-tailed unit root test based on
DF,, DF, gar and DF n,HAR- Several observations can be made from Table 8. First, the
standard unit root test only has a decent performance when d = 0, it has a divergent size
when d > 0. For example, it can be seen that when d = 0.3 and n = 500, the test rejects
the null hypothesis about 40% of the time, which is far above the nominal rate of 5%.
These simulation results are consistent with the prediction of the asymptotic theory in
Sowell (1990) and Lemma 5 and suggest that standard unit root test very often produce a
spurious rational bubble detection under DGP (64) when d > 0. Secondly, when DF,, yar
is adopted, while we do not see a divergent empirical size, the empirical size performance
is not well controlled for a wide range of d. Finally, our modified statistic has a good
performace across different value of d. In fact, the empirical size under all value of d is

within 1% difference of the nominal size.

3.6.2 Power

To investigate the power of our test under finite sample, we design a Monte Carlo
study based on model (58) with the following parameter settings: n = 100, yo = 100,
re € {0.6,0.8}, dy = dy = d € {0,0.05,0.1,...,0.45}, p, = 1 + ¢/n% ¢ = 1, and
a = 0.6. Under these parameter settings, we perform right-tailed unit root tests with D F,,
and /D\Z/Tn nAr- We use the same procedures as in section 3.6.1 to perform tests with 95%
confidence level.

Table 9 Finite sample power of the HAR test

n = 100 d
0 005 01 015 02 025 03 035 04 045
re=20.6 | DF, 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99
b\ﬁ’n,HAR 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.98
re=0.8 | DF, 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.98 0.96 0.94
b\]?’n,HAR 1.00 1.00 1.00 1.00 1.00 1.00 099 0.97 093 0.89
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Table 9 reports the empirical rejection rates under different parameter settings. Several
observations can be made from Table 9. First, for both tests, higher power comes with a
smaller r.. This is expected as a lower value of 7, extends the duration of an explosive path
and it leads to an easier bubble detection. Secondly, we see that while the difference in
Finite sample power of tests with DF}, and DF nHAR 15 small, we see that finite sample
power of DF,, is higher. This can be explained by the higher divergence rate of DF,,.
Therefore, it can be seen that while Zf)\ﬁn nAr do not provide a spurious explosiveness

conclusion, a smaller power is a price for such a robust conclusion.

3.6.3 Real time bubble detection and estimation of origination and termination

dates

To study the finite sample performance of the proposed estimators of bubble origi-
nation and termination dates, we design a Monte Carlo experiment based on model (60)
with the following parameter settings: n € {100, 150}, yo = 100, ¢ = 1, o = 0.6,
di = dy = d € {0,005,0.1,...,045}, & ~ N(0,1), 4, = yr. 7e = 0.6, 77 = 0.8,
ro = 0.4, and yIn(n)/n = 0.1.

To obtain 774" and #{/4%, we first calculate { DI, Bﬁﬂ HARYI— |y - SecONd, we let

7o be the minimum estimation window and obtain {CZT}Z:TO using the ELW method based

n
T=T0"

on the recursive data window {{y:},;_,} Third, we specify the following critical

value function cvy, g AR,
CVnran = V0T 4 (aZT) + In(In ns) /100, (65)

where s € (0, 1] is proportional to the sample size.

Note that the critical value function is constructed as the sum of 97% critical value
function under the memory parameter estimate d; and a diverging factor In(In ns)/100,
while this diverging factor guarantees that cv,, g ar satisfies condition (63) and therefore
ensure the consistency of our bubble origination and terminate date estimators, it has a
small impact in our finite sample simulation as In(Inns) /100 is between 0.01 and 0.015

while cv) (cL) has a much greater magnitude.
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We also follow PWY and specify
cv, = In(Inns)/100. (66)

It can be seen that cv,, i 4r 1s analogus to cv,, as by construction cv,, is between the 95%
and 99% right-tailed test critical value utilized the Dickey-Fuller-Phillips distribution in
42).

By combining (46), (47), (62), (65), and (66), we can calculate 71/A%, 7iAR pPWY

’e

APWY
and 7" 7.
Table 10 Finite sample performance of 7//A%, #[TAR #PWY and 7Y
re = 0.6 d
ry=20.8 0 005 01 015 0.2 025 03 035 04 045

n =100 #HAR 060 0.60 0.60 061 061 061 062 063 0.63 0.63
ffAR 0.80 0.79 0.79 0.79 0.79 0.79 0.79 0.80 0.80 0.79
PEWY 061 0.61 0.60 0.60 0.59 0.58 0.57 0.56 0.55 0.54
ffWY 0.81 081 0.80 0.80 0.79 0.78 0.78 0.77 0.77 0.77
n =150 #HAR (059 060 0.60 0.60 0.61 0.62 0.62 0.62 0.63 0.63
f}qAR 0.78 0.78 0.78 0.78 0.78 0.78 0.79 0.79 0.79 0.78
PEPWY 061 0.60 0.59 0.58 0.57 0.57 0.55 0.54 0.53 0.52
ffWY 0.80 080 0.79 0.78 0.78 0.77 0.76 0.76 0.75 0.75

~HAR

pHAR i AR 7 and A% across 2,500 replications!?.

Table 10 reports the average of 7,
With different values of d, our estimators of r. and r¢ are reasonably close to the true
values of 0.6 and 0.8, respectively, and it has a stable performance across various values

of d. When d = 0, 77" and #7""" perform very well to estimate 7. and 7;. When

d > 0.2, we can see a too early detection, as fff WY is smaller than r, on average, and

the severeness of too early detection gets worse as d increases. Indeed, when d € (0,0.5)

with the critical value increasing at the rate Inlnn and 79 < 7., 72" is an inconsistent

estimator, which converges in probability to . Interestingly, when d > 0, 77" is also

inaccurate, because when ff WY is close to 7, the region between r( and 7. has a random
wandering and non-standardized test statistic, as the test statistic occasionally falls below

the too small critical value function (as In Inn is dominated by n?) in this region. In this

12We only report the average of the the estimators when they are well defined.
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experiment, the inconsistent estimator 72"Y" also induces an inaccurate estimate of 7 in

finite sample. Interestingly, two tests seem to give a similar estimate when d is small, the
simulation exercise therefore suggests that the very different estimate of r. and r; can be
a signal of the presence of a strongly dependent error.

The Monte Carlo simulation exercise to estimate 7. and 7, can also be seen as a real-
time bubble detection exercise, as we adopt the first-time crossing principle to mark the
time when the sequence of test statistic 1/3\1377 1 AR surpasses the 97% critical value function
Y T an (CZT) Given the current data ({7, }72, in our simulations), we can initialize the
calculation of HAR test statistic b\}/fﬁm HAR, cvaZ; AR (CZTO>. As we update the HAR test

97%

statistic DF'; gar and cv, ' 4 <CZT> when new data become available, we can detect a

rational bubble in real time.

3.7 Empirical Studies

To highlight the usefulness of our HAR test statistics, we conduct an empirical study
using the same time series as that was used to obtain Table 1. We implement our HAR
test statistics B]?n mar and use the critical values under 95% and 99% confidence level
(also report the 90% confidence level) when performing the right-tailed unit root tests.

Table 11 Test for an explosive alternative

Sampling Period d DF n,HAR cv%%}{ (cZ) CU??ZBR (d) cv%?ZZ’R (ci)
(a) Jan 1872 to Feb 1880 0.24 1.25%* 0.72 0.93 1.28
(b) Jun 1882 to May 1887 | 0.32 0.62 0.80 1.02 1.37
(c) May 1940 to Feb 1946 | 0.34 0.89* 0.78 0.99 1.38
(d) June 1948 to Nov 1955 | 0.29  1.54%%*=* 0.75 0.96 1.35
(e) Mar 1980 to July 1987 | 0.20 0.83%* 0.67 0.89 1.26
(f) May 1988 to Apr 1998 | 0.24 1.20%* 0.73 0.93 1.28

NOTES: 7*7, »#*#%> and »***” denote the 90%, 95% and 99% level of significance for testing

the existence of an mildly explosive epsiode.

Table 11 reports the HAR test statistic DF n,HAR and the 90%, 95% and 99% con-
fidence level critical values (cvd'fs 45 ((i) , VR <ci) and cv)’, (a?)) for the six
sampling periods. In Table 7, it is clear that the standard test statistics D F}, is greater than
its 99% critical value for each sampling period, indicating a strong evidence for existence

of rational bubble.
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From Table 11, we can see that the test for sampling period (a) fails to reject the
null under CUZ?ZJ AR (J) while for sampling period (c) and (e), the tests reject the no
bubble assumption at 90% confidence level. For the other sampling periods, our test finds
strong evidence of the presence of explosiveness based on 95% confidence level'®. If the
conventional 95% confidence level is adopted, only sampling period (a), (d) and (f) are
considered having a rational bubble.

Moreover, as discussed in Section 3.5 and Section 3.6.3, a strongly dependent error
term will make the bubble origination date estimate inaccurate, this has a important impli-
cation on real time bubble detection. To showcase the empirical consequence, we use the
sampling periods where we have concluded the existence of explosive episode in Table
5 to do a pseudo real time test. To implement the method, we use 60 monthly observa-
tions to initialize the estimation and calculate a sequence of 1/7\]/77 HAR, cvaZ‘? AR (cZT> and
CUn, 1 AR tecursively. Finally, we estimate 7Y, 77" 7 4% and 7% as in our previous
Monte Carlo simulation in Section 3.6.3, and we assume the minimum bubble duration

to be 6 months. Through this exercise, we can estimate when an explosive episode starts

and ends and hence the length of the episode in the stock market.

Table 12 Estimation for an explosive episode

Sampling period pEWY Aff wy Duration = #7AR AJ{{ AR Duration

(a’) Jan 1872 to May 1880 July 1879 May 1880 10 mo Oct 1879  Apr 1880 6 mo
(d’) Jun 1948 to Feb 1957 Nov 1954  Feb 1957 26 mo Dec 1954 Feb 1956 14 mo
(f’) Jan 1989 to Dec 1998  Sep 1995 — > 40mo | Feb 1997 Oct 1997 8 mo

Table 12 reports the estimates of bubble origination date (#7"Y #HAR)  termination

date (75",

T 7HARY) and duration (in months) for the corresponding sampling periods. The
graphs which plot the estimates, sequence of statistics and critical values are documented
in Appendix C.1.

Some conclusions can be drawn from Table 12. Firstly, using the PWY method, we al-

ways have an earlier bubble origination date estimate (7#7"Y) than HAR estimate (774F)

13In Appendix 1, a robustness checks for the rational bubble conclusion using the sup statistics was

carried out to confirm the explosiveness.

62



in the 4 sampling periods, this is particularly obvious in sampling period (e’) and (f’)
where the 7, using PWY method and our method are drastically different. Secondly, the
bubble termination date estimate from the two methods also have a large difference. In
sampling period (d’) while our method estimates that the explosive episode ends in Febru-
ary 1956, PWY method predicts it ends at a year later. Finally, while the PWY method
concludes that rational bubble can exist in the stock market for more than 2 years, our
HAR method concludes that the longest explosive episode only last slightly longer than a
year.

From these empirical applications, we has two interesting takeaways which are sharply
different from PWY. Firstly, our HAR test concludes that it is less frequent that we have an
explosive episode in US stock market. Secondly, when we do have an explosive episode,

the duration of this exuberance period is shorter than PWY’s estimate.

3.8 Conclusion

This paper introduces a new test and dating algorithm for the purpose of bubble de-
tection. We motivate our test by showing empirical evidence that an autoregressive model
may have strongly dependent errors. Because strongly dependent errors produce diver-
gent Dickey-Fuller t statistics, the use of the traditional right-tailed unit root test statistics,
such as the PWY statistic, spuriously detects a rational bubble. Not surprisingly, the PWY
method also gives inaccurate estimators of the bubble origination and termination dates.

To avoid the spurious bubble detection, we propose a heteroskedasticity autocorre-
lation robust (HAR) test statistic. The idea behind our test is to use a properly self-
normalized estimator of the standard error of the LS estimator of the AR(1) coefficient.
We obtain the limit distribution of the proposed test statistic.

Based on a sequence of proposed test statistic, we then introduce new estimators to
timestamp the bubble origination and termination dates based on the first-time-crossing
principle. We show that the proposed estimators consistently estimate the bubble origina-
tion and termination dates when the true data generate process switches from a unit root
model to a mild explosive model with a crash at the end of the explosive period and then

switch back to a unit root model.
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We have designed several Monte Carlo experiments to study the finite sample prop-
erties of the proposed test and estimator. Via simulated data, we first show that the tra-
ditional unit root test identifies too many bubbles when in an AR model with strongly
dependent errors. We also show that the PWY estimator tends to have a too early esti-
mation on the bubble origination and termination dates. Via the same simulated data, we
then show that the proposed HAR statistic provides a test with well-controlled size and
power in finite samples. The proposed estimator also leads to much better finite sample
performance than the PWY estimators for the bubble origination and termination dates.

Our proposed test and estimators are applied to the data of S&P 500 monthly price-
dividend ratio. According to the new test, one of the rational bubbles ((b) June 1882
to May 1887) identified by the traditional unit root test are not robust against strongly
dependent errors, and some rational bubbles ((c) May 1940 to February 1946 and (e)
March 1980 to July 1987) only are only detected at a weak confidence level. However,
the proposed robust test re-confirm the explosiveness of these time series ((a) January
1872 to February 1880, (d) June 1948 to November 1955 and (f) May 1988 to April
1998). Using the PWY method, we notice that the estimate of bubble origination date
are always earlier, and the bubble duration is noticeably longer than our robust estimate.
Based on our theory and simulation result, we believe our estimate is more accurate, and
the empirical application suggests that the explosive episode in stock market should be
reasonably shorter than the PWY estimate.

While in this paper we have not addressed the issue of multiple bubbles, we should
point out that our test statistic and the estimators can be extended to deal with the multiple
bubbles in the same ways as in PSY (2015a, 2015b). The idea is to replace DF’ with

DF - HAR- Such an extension will be investigated in a future study.
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A Appendix to Chapter 1

A.1 Proof of Lemma 1 and Remark 4

Proof: Before proving Lemma 1, we define Ty, T5 and T3 in Lemma 1 by

2¢) — 4 2¢ + 3 2b (!
T, = exp(2¢) exp(e) +2¢ + b+ = [ (exp(rc) — 1)J.(r)dr
2¢3 c Jo
! 2¢) — 2 1 ! 2¢) — 1
+/ J2(r)dr + exp(2¢) 2exp(c) + byo + 270/ exp(re)J.(r) + Vg—eXp( ) ;
0 c 0 2c
—c—1 ! —1
Tm ST [ SOy
c 0 c
op 1 1 1
T;:= - (exp(rec) — 1)J.(r)dr +/ Jo(r)dW (r) + 70/ exp(re)dW (r);
0 0 0
" Yo UW/(O)) —CK
Je(r) = exp(c(r — s))dW(s); vo := ;b= + i c:= —kKkN.
= el g (o) = s (e T )

Proof of Lemma 1 and Remark 4 can be done in the same way as in Zhou and Yu
(2010). The only difference is that in Zhou and Yu (2010) L(t) = W (t). If we divide

Equation (7) by oAy, and let 2, = y;/ (o,A), then we have z; = ppxi—1 + gn + uy,

where g, = Ui’;h. Under the in-fill scheme, we have
1 1 « 1 «
77221'?71 = Tl, mz.ft = TQ, ?th_lut = Tg. (67)
t=1 t=1 t=1

Let S(T, k) = 537 Y1y Y 161— 557 Doy Y137 2o € and R(T, ) = 5 30,y —
2
<ﬁ S yt—1> , where 6% = %ZL (1 — Gn — pn(K)ye—1)*. By construction, it can

be seen that

T(pu(x) — pu() = gg ; and ¢ (Y, p,T) — j%

Hence,
15T 1 T 1 T
T Zt:l e Zt:l €t 572 Zt:l Tt

LT o | T 2
2wt = (R Sl )

T(pn(k) = pn(K)) =

Letting ¢;(-) = — In(-)/h, we have
fn — £ = u(pn(k)) = n(pn(r)) = o.(Pn()) (Pr (k) — pn(k)),
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where py, (k) is a value between pj, (k) and pp, (k). Therefore, we can write

r . Sn(Pn(K)) — <;’Z(ph(/<e))> N
- (kn—kK)= |1+ T(pn(k) — pr(K)).
o= () (o) = onle)
This implies
Sn(Pn (%)) — s (pn())
2 (Y, k, h) = he (pn(k)) <1+ L (Y, p,T). (68)
" S (pn())
Since A, = w, applying the generalized Delta method and using the relation-
ship in (68), Th = N, (1 + C;l(ﬁhiﬁ)(i,;é'g)(f”(””) —, 1, and he, (Pn(K)) —, —1, we obtain
h
the limiting result z (Y, x, h) = —%.
2

For ¢t (Y, p,T) , we have

Z,:T:1 Yr—1€¢ — % Zthl yt—l% ZtT:l €t

\/62 <ZtT:1 ytgfl - % (Zle yt1>2>

&2% Zthl Y16t — ﬁ Zthl yt—lﬁ ZtT=1 €

1 T 9 1 T 2
5272 Zt:l Y1 — <—&T3/2 Zt:1 yt—l)

t(Y,p,T) =

1 T 1 T 1 T
oy | T Zt:l Ti—1Ut — 7372 thl Tt—1"F Zt:1 Uy

G.vVh T T 2
‘ % > i Ty — (ﬁ > i xtfl)

By Lemma 2, %% —, 1. Applying results in (67), we can obtain the limit of ¢ (Y, p, T').

To show the limit of £(Y, x, k), similar to (68), we have

t(Y, 5, h) = o (pn)h (1 + §2(ﬁh(2(}p;(2%<)ﬂh(/€))> t(Y,p,T).

Later, we will show that gé(ﬁhi’f)&;zﬁ;f’l(”)) iso,(1),and ¢, (pr)h — —1. Hence, t (Y, k, h) =
h

—t (Y, p,T) + 0,(1) under the in-fill scheme, giving the result in Remark 4. |

A.2 Proof of Lemma 2

Before proving Lemma 2, we need the following lemma to show that we can obtain a

consistent estimator of §, at the rate of h~1/2.
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Lemma 6 For Model (7), let f]h be the LS estimator of g,. Then under the in-fill scheme,

forany k = 0, we have

1 Tln—Tng
VN Ti-713

hol2 <9h - gh)

where 1) ~ i.i.d.N(0,1).

Proof: Note that

T T
gh _ Zt:l Yt Zt:l yt2—1 Zt 1 Yi—1 Zt 1 Yt— 1yt
T
TZt:l Z/t{l - <Zt 1 Yi— 1>

Using (7) and let éh = we have

0')\’

T T
D i1 x7 D iy Ut — Zt 1 Tt-1 Zt 1 Lt— 1ut
T
Ty x7 g — (Et 1T 1)

9n— n =
Therefore, we have

1 T 2 1 T 1 T 1 T
7% D te1 Ti1 JT D1 Ut = a7z Dpmy Te—1g D gy Le-1l
2
1 T 2 1 T
SEDDANEC N (+ 5 DA

Note that T' = N/h. Using (67), we therefore establish the result in Lemma 6. |

TY2(Gn — §n) =

We now prove Lemma 2.

Proof: Let the LS residual be e; = y; — g5, — pry—1 and

Z e % Z e+ (gn — on) + (pr(K) — pn)ye—1)?

t=1 t=1
T

T
1 1
+2(gn — gn) T_h;Et+2 9n — 9n)(pn(K) = pn T_Z

o
|-

T T

-
Mﬂ

’ﬂ|.—

T
1
(9n — Gn)* + (pn(r T_g

t

Il
N =

+2(on (k) = P77 Zyt 1€t (69)

We now investigate the five terms on the right-hand side of (69) one-by-one.
1 « 1 a
2 _ 2142 2 2
ﬁ ;615 = ﬁgw)\h ;Ut _>p O-"//"
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(by Lemma 6)

T 212 < \2
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Clearly, all terms on the right-hand side converge to zero in probability when A — 0

and N is fixed. [ |

A.3 Proof of Theorem 1 and Remark 7

Before proving Theorem 1 and Remark 7, we need some notations. Define €; =

d.Apu; and a pair of statistics (S*(7', k), R*(T, k)) by
(S*(T, k), R (T, K))
1 I 1 7 A |7 L 2
_ * x - « " 2 .
— &2_T ;yt—let 6T ;yt—l 5T ;Et ) —62T2 ;yt—l <_&Tg ;yt_l)

By construction, we have z (Y*, p,T) = S*(T, k) /R*(T, k) and t (Y*, p,T) = S*(T, k) // R*(T, k).
The ideas here is to show the asymptotic closeness of z (Y*, x,7T) and z (Y, k,T') uni-
formly in . We first restate Lemma 2 and Lemma 12 in Mikusheva (2007) which are

used in our proof.

Lemma 7 (Lemma 2 and Lemma 12 in Mikusheva (2007)) Under Model (7), let S; =
Zle u; be the partial sums. We can construct a sequence of processes wr(t) = \/LTS Tt
and a sequence of Brownian motions ¢r(t) on a common probability space, such that for
every € > 0, we have supl\wT(t) — Gp(t)]| = 05 (T~H/2H1/r+e),

X

Suppose that bootstrap error term {u;}L_, drawn from our resampling method in
Section 1.4, we can construct a process nr(t) = \/LT Zg? u;f and ¢r(t) on a common
probability space such that as T — oo, sup |nr(t) — sr(t)| = 0,(T?) for some & > 0.

<t<1

Thus, we have

sup |nr(t) — wr(t)] = op(T_‘s)for some § > 0. (70)
0<t<1

We now introduce the following Lemma which shows that, for every x € K, various

bootstrap moments and statistics are close to their finite sample counterparts.

Lemma 8 Suppose o € K, where K is a compact set in the positive half-line, then for

everye > 0and 6 > 0, we have
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Proof: Since u; is 1.i.d. with zero mean and unit variance, the Lindeberg-Lévy CLT

Central Limit Theorem applies. Hence,
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oy 1 i Phyo Z
= — E— uz+
g "Tz lph =1

t . .
_ oy t—i Ty i —1 PrYo
() o Nw Tz
_ OyAn t t—i t—i—1 i
= =z Z(Ph —p ) e 7))t + phir
phy() h i
_|_

oVT  oVT =™

)

t
Phyo gh

+
VT ="

7



4.

1 yf _ Uc)\h

VT

ko (7)o ()]

+ Phyo

Note that by Lemma 2 and the continuous mapping theorem, when N is fixed and A — 0,

%Ah Uc/\h

we have T — oo, —p 1, and

_>

{3-5)
(pn = 1) Xic P

sup sup
keK t

sup sup(1 + o0,(1))

1. Hence,

i—1

(nT(")—wT(i))‘

KEK t _H7T( ) wT( )+gh 2 Zz lph
t pn—1 ! h—gh
< su 1+ 0,(1))su — | —w ~+ sup su
sup | (1+ 0p(1) tp<nT<T> T( >‘ z; ) SUp SUP 175 Z
t t pn—11—ph ‘ gh—éhph(l—ph)
< (14 0,(1))su — | —wr | =||su 77—%1 + su
(1+(1)) L (T) T(T> er| m 1-pn /felg 6VN  1—pn
t t 1
< (14 o0,(1))su — | —wr | =||su + 1| 4+ su —
( (1) tp " (T> ! <T> HEE Ph ’ nelg’gh gh|UC\/N
t t 9h — Gn , O RChi s
< (I+o0,(1))su — ) —wp (=) (Cha+1)+su L — o (T ,
(1 op(W) s | () = wr ()| o+ 1)+ sup |28 20200 g )
where both C,; and C), » depend on py,.
3. sup sup |—
reK t
t
—  supsup (on — 1) Zptzl ( )JrnT( ) +Phyo
reK t
< sup [ (1+0,(1)) o 1 ZPZ_J + 1| | sup|nr(t)| + sup |- Yo |4 - Cp = 0,(1),
weK Prn = t keK |0,V N o.VN

where C, depends on py,.

See Lemma 4c) in Mikusheva (2007).
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5.

Let g5, = , we have

1 L
o E Yi—1€t
o

1 t
L <yT S S i) e (- yo>el)
t=1 t=2 k=0
_ i ar i ug i gn + (pn — 1)z + uy i zk N lgn+ (on — Dyo + e1]er
och \VT SVT 3 VT oo VT T
o [ ar (1) ET: gn+ (pn — Vg + Utn t ) aypAn(pn — 1)yous
= = —=nr(l) — |+ )] — -
oeh \VT t=2 VT r T
_Ui;)‘%z 51 ? St
o2 \yT) ~ e
Similarly, denoting éh = Uff\h,
A [ ah L Gn + Dy +uf t
i = 3 (G- R R (1)
o Mnlon = Dyouy AR (ui ' Gne
52T n \yT) ~err
Hence,
2T AQTZyt €& =A+B+C+D+E+F+G,
t=1
where
o2\2 4 A2 2 G & t\ 02N g t
A = 22 —nr(1) = 2 =Ewr(1), B= “hZL N wr (—) 2SN nr (—) )
2h /T h \/_ h \/th:; T G2h ﬁ; T
(pn — VA2 = 2 t (P = DIEN, o~ 2 ¢
= VT e = VT
A2~ t o2A2 <~ u t (pn — D)o (pn — D)oy
o B () BE () 1
~9 9 ~9 1 ~9 o1,
h = VT T oeh — T T 2T T
P M (AY N (aN @b ea
h \VT o2h \yT) '~ " &7 T
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We now examine these terms one-by-one.

2
Oy T A, @

swpewobal = swpsup| Z2EZan ) 3 L)
= supsup (1+0p(1)) (%W(l) - ja%wT(l))‘
= supsup (14 0(0)) (1) — wr() + (2 - 25 Y )
< e gl (7)o () o G- )]

= Op(Tié)'

A2 Gn d (t aINE Gn d (t)
supsup |B| = supsup |22 W _ —
REII:; tp | | REII; tp h ﬁ Z g g Z "

w0002 (5 (2) - ()]

grT t t
< (14 0,(1 _ e
(1 + op( ))3161[13 eoT sup |w (T) nr <T>‘
(puk + o)’ (0))VN t t
_— 1 —
(1 + op( ))3161113 07 (0) sup lwr { 77 ) = { 77
= Op(Tié)-
(on — DA = 754 (t) TIN = Ty ( )
C| = LA
supsup|C| = supsup | *= ZﬁwT Py

= (1o, (V)suplpy — sup Y +_n (E”)(()_ ”ﬂf?)))
t=2 TA\T VT T

N

sup | — kh + o(h?)|T

rkEK + su t su Ty T
tp ‘UT (T) ’ VT JT
i t t t x; Ty
< ON [ sup | ==L sup |w (—) — <_) ' +su (_) S
b < tp VT tp \T i T tp " T tp T VT

= Op(Tié)-
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supsup |[D| = supsup
keK t rkeK t

sup sSup
t t
= Op(T_é)
(pn=D)ocAn . (pn— Doy
supsup |E| = supsu - Uy — = U
supsup |} = supsup 2T ! a0
1M % {m} 1A %o {UTH
= supsup |lkh——=—~= |—=| —kh——=—"Z=—= | —=|| + 0,(h
i S v vl B Byl vl | R
1 ’yo| l l
< Ceh— 2 . > 1) = o,(h),
o [P (7 )| suejer (7 + 0p(1) = 0p(h)
where C); depends on x.
A2/t \2 o2A2 /o \2
supsup |F| = supsup |22 1)—?h<1)
ne[g tp| | KGII? tp h (\/T O_Zh T

= supsup (1+ oy(1) ((5%)2 - (“—})2>

= supsup |(1+ o,(h))
keK t

< (1+ Op(h)) Slip

= 0,(T7°).

sup sup |G| < sup
rkeK t reEK

(14 0,(1) 5%

Thus, we have established item 5.
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For item 6,

Z?:ly?—l 2;1931 1« 2 1« 2 I I
sup | <=2 e sup TA2§yt_1 TAQEyt_lJrTAQyo w3l
T T *
— sup 031))‘!212(1} 1)2_A_iz<mt 1)2
wek | 02h = VT h P VT
L. 2 T 2
-1 t—1
= w140, Y (22) - 30 ()
Ty x; Ty Ty
< (L+o,(h))sup |—= — sup |—=| + su
= OP(T_é)
For item 7,
T T
:1612 02\/_2615 3/2 Zyt 1= aszEtT:a/zg
)\2 1 T L Uy /\% 1 T T uy
2 T T
aw)\ 1 .
Z T3/2 ;mtl ©T3/2 ;:Ut—l
T
3w (7)o (7)
< supsup |—= su — | —w —
KGEtPT;\/T LSAT) T
1 t t t
e ()| e ()~ ()| o0 =70
For item 8,
11 (y yr
= B Bt S — -6
o 2y~ s i e 32 5 (3 - )] =
For item 9,

sup PI’{|Z (Y7 Ps T) -z (Y*vpv T) | > 6}

S*(T, k)

rkeK
S(T, k)
= supPr —
nelr() {‘R(T, K)

N

reK

sup Pr{|C (|S(T, k) —

g

S*(T, k)| + |R(T, k) —

R*(T, k)
R*(T,k)|)| > €} —, 0.

From the relationship of z (Y, p,T) and z (Y, k, h), the closeness of z (Y, p,T) and
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z (Y*, p, T) implies the closeness of z (Y, x, h) and z (Y*, k, h).

sup Pr{|z (Y,k,h) — 2 (Y*,k,h) | > €}

RN Sh(n(k)) = sh(n) Y |
- REII;P { gh(ph( ))h (1 + §;’L(,0h(/<) > (Y7 P, T)
/ $n (P (%)) — < (pn) .
—u(pn)h (1 + < lon) z (Y™, p, T)‘ > e}
= :g}g Pl"{(l + Op(l))|z (Y> P T) -z (Y*,p, T) |} _>p 0.

The last step is due to Theorem 1 in Phillips (2012) as the sequence {s; (pn(k))} is
asymptotically locally relatively equicontinuous in p. Since py, — pr, = O,(T71), let a
shrinking neighborhood denoted by

o )
BQI{Ph3|Ph—ph\<ﬁ},

where § > 0 and a € (0, 1). Note that for any pj, in B%, we have:

N 1 1 N
h(Pn) = Si(Pn) _ o " hpw _ Ph = Pn 5

= —p 0.

~

<n(pn) B o o T(pn +0p(1))

Now we are in the position to show Theorem 1, that is,

supsup |[Pr{z (Y,k,h) <z} —Pr*{z (Y, k,h) < z|Y}| = 0;

reK

in}f{ Pr{ko € CI,} = x93 — 22 =g¢. (71)
KRE

Since S*(T', k) and R*(T, k) are jointly uniformly continuous by Assumption 4, this im-
plies that z (Y*, p,T') is uniformly continuous in the following sense (see Lemma 2 in

Mikusheva (2007)),

im supsup |Pr{z (Y, p,T) < x|} — Pr*{z (Y*,p,T) < x|, Y}| = 0.

1
h—0 keEK «x

Similarly, for Pr(z (Y, k,h) < z|x) and Pr*{z (Y*,k,T) < x|k, Y}, we have

L shlon) = c,;<ph>)‘1 m)

(o) (1 <t (on)
= Pr(z(Y,p,T) < —xpn + 0p(1)|k)

Pr(z(Y,r,h) < z|k) = Pr (z (Y, p,T) <z

= Pr(z(Y,p,T) < —x+0,(1)|K),
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and

Pre{z (Y, kT) <z|k,Y}=Pr* (z (Y, p,T) < —z 4+ 0,(1)|r,Y).

Thus, as h — 0, we have
supsup |Pr{z (Y,k,h) <x} —Pr*{z(Y", k,h) < z|Y}| — 0.
KEK =

The final claim (71) is a direct result of Lemma 1 in Mikusheva (2007). The result in

Remark 7 is established based on the same argument and is omitted. ]

A.4 Proof of Theorem 2

Before we prove Theorem 2, we need to introduce three lemmas. All three lemmas
rely on the probabilistic embedding of the partial sum process in an expanded probability

space. For details about the embedding, see Park (2003).

Lemma 9 (Park (2003), Lemma 3.5(a)) Assume that z; are i.i.d. random variable with
mean 0 and variance o2, and E|z;|" < oo for some r > 8. Let N(t) = W(1+t) —W(1),
and M (t) be a Brownian motion which is independent on W. Then

T

1 1 1
u = W(1) + —— —N(V) 4 0,(T7Y?),
ﬁo‘z £ t ( ) T1/4 ﬁ ( ) p( )

where B = (W, V,U) is a Brownian motion with variance matrix ¥ as

M(V) +

1 s /302 i3/ 02
Y= |ps/30° 0/ (s — 3072 + 30) /607
ps/o?  (ps— 307+ 30)/60% (ns = 02) /0%
Here, 113 = Ezj:-)’, [y = Ez}l, o = E(1; — 02)%. We define 7; implicitly by Skorohod’s
embedding scheme (Skorohod, 1965) such that on an extended probability space, we have

the distribution equivalence given by

AN L 1

where <T+;g 1 Ti> is known as the stopping time.
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Lemma 10 (Mikusheva (2015), Theorem 1) Suppose ¢ < 0 and z; satisfies the assump-

tion in Lemma 9. Let T, = 23:1 exp (c (t%j)) 2, and zj is an i.i.d. random variable with

mean 0 and variance 1. Then we have the following results:
1 o ! 1
P due = [ I )+ M)

t=1

L (_c/ / = J(5)AV (5)dW (1) + SN (V) + 5 MA(V) ~ %U)

~+o (T_l/2
T 1 r
1 -9 / 2 2c / c(r—s)
— Ty = JZ(r)dr — — J e J.(8)dV (s)dr
72 2T (r) Nl (r) (s)dV(s)
1 20
= ——/ J(r)dV (r ﬁjg(l)V— > / Jo(r)dr + 0,(T/?).
Ty = J(r)dr — — eclr=s J(s)dV (s)dr — —/
T3/2 can 0
1
= +—=J. 1)V - —= T2
VT @ 3\/7 oI,

Lemma 11 Under model (4), if k > 0, then we have
L. % Zthl Tz = T+ 7%/4R3’T71/4 + :ﬁR&Tﬂ/? + op(T_l/Q);
2. T2 Zt lxt T1+T1/2R1T 1/2+0(T 1/2)

T _
3. # Yo ="To+ ﬁRQ,T*UQ + 0,(T~1/?),

where
Rypon = JAON(V)+ 2M(V);
Rypre = —c /O ! /0 =) T, (8)dV (s)dW (r) + (Jc(l) + S) N(V)+% M2V — %U;
Rypae = _C/Ol /0 T(c—S)JC(S)dV(s)dT—/OI JC(T)dV(T)—i—JC(l)V—%;
G / e J.(s)dV (s)dr — /0 1Jf(r)dV(r)+Jf(1)V

RI,T*1/2 = —2c JC()
0

1
+2b/ (e
0

0
1) / e“r=9) J_()dV (s)dr —2‘;3 Jc(r)dr.
0

0
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Proof: By backward substitutions, we can write x; as

(t—3)e/T b et —1 ct/T -1/2
T = Ze zj + + e ag 4+ 0p(T77)

ﬁ c/T_l

= 7, + ied/T—_l + et Ty 4o (T—1/2) (72)
t \/T €C/T — 1 0 D .

. . . . 1 T 1 T 2

This expression allows us to evaluate the asymptotic behavior of 7 >, | 242141, 72 )11 T}
1 T

and =37 > im1 Tt

We now show the first claim in Lemma 11.

1 T 1 r ¢ t—j 1 T b etc/T
sztztﬂ - fzztﬂzec(T)Zﬁ fz T T — zt+1+—Zetc/TZt 1
t=1 t=1 j=1 —

= 5 Z G121 + 1 Z iem/T—_lth + 20 ZT: "M 241

TS TS VT e/t =1 =

The approximation to the first term is given in Lemma 10(1). For the second term, we
have

> e e -
- T TaT 1 At = T _ 1)2141
T~ T el -1 T(ec/ \/_

_ b1 ct/T

NG ; € 2 Z zer1 +o(T

_ g /0 e + g <W(1) + ﬁM(V) + %N(V)) 4 0,(T~1/2),

where the last equality is due to Lemma 9. For the third term, we have
T

T 1
Lo te/T _ %o 1 te/T _ / rec -1/2
— g ey = —=—= g ez = g Moii =7 | e dW (r)+o,(T~/%).
T t=1 VT VT t=1 oyVN \/_ 0 ’

To show the second claim of Lemma 11, note that
1 7 T

) 1 ~2 1 b2( te/T T 2h etc/T -1 T t (t—i)e/T
ﬁzxt - ﬁtlxt+T2t2:T(c/T_1 TQZ Zze &

c/T __
t=1 VT e/ 1 ==
T T
1 2b /T 1
= _|_ \/_ eC/T tc/T$ 4+ Z tc/T Z ])c/T 2 Z €2tC/TJ}3.
t=1

The first term is approximated by using Lemma 10. For the second term, as in Zhou
and Yu (2015), we can write
bv? (ete/T — )2 e* —4def +2c+3 -1
T2 Z (ec/T — - b>+O(1T).

2c3
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For the third term, we have

T T t
1 2h ete/T — 1 ,
_ ey s s (t=3)c/T ., .
- Tzzmm_lzze i,

t=1 j=0

~

T
1 ct/T )c/T
= ec/T Z Z -
=1 =1

2b 1 1 < .
= —= (eCt/T —1)— Z eWmNT i+ 0, (T

cT VT 4

t=1 j=1
2 [! 2b 1 c

¢/T
= — (e — 1) J.(r)dr + (eCt/T — 1)—/ ec(t/T_s)JC(s)dV(s) + op(T_l/Q)
0

c Jo c t:l VT

— %b Ol(ecT _ 1)J( )d?“ + j—b_ ( cr 1) /OT GC(T_S)JC(S)dV(S)dT + Op(T_1/2).

Finally, for the last three terms, we have:

T

1 2b et/ —1 e —2e° + 1 _
ﬁz\/—ec/T_l t/T To = —02 b’Yo—i-O(T 1)7

T t 1

1 ,

T3 E et'Tx, E e(t’J)C/sz = 270/ e J.(r)dr + O,(T™1),
t=1 j=0 0

p2¢
-1
2tc/T 2 19) Tfl )
Ze 5 ToI
For the last claim, we have
Ly, - ;i~+ﬂ S 1) th/T o,
T3/2 Ty = T3/2 L AT — 1 € T3/2 e o
t=1 = t=1
b( o(T+1)/T _ c/T) b e —1
- T3/2 th + T2(ec/T —1)2 - T(ec/T —1) + Yo + Op(T™ )
1
:/ dr——//”s dr——/
0
1 e“—c—1 et —
—J()V — b T2
o) ?,\/_jL g T 0+ 0,171,
By summing all three terms, we obtain the results in Lemma 11. ]

Now we are in the position to prove Theorem 2.

Proof: To show the probabilistic expansion, we rewrite z (Y, p, T') as:

1 T 1 T 1 T
T Zt:l Le—1Ut — T3/2 Zt:1 Ti VT Zt:1 Uy
5 .
1 T 2 1 T
ALt — (e S e
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2(Y,p,T) =



For the numerator and the denominator, after applying Lemma 11, we obtain

1
T1/4

R3’T71/2 - N(V)TQ - R27T71/2W(1))

T3 — T W(1) +

1
772 (

1
~ iR M(V) -

Fia (Bap-1a = M(V)T,)
+

1
SRy N(V) 4 0,(T717),

and
1

1
T1/2 (R17T71/2 - 2R27T—1/2) - _RQ’Tfl/Z + Op(T_l/Q).

Ty —Ys+ =5 7

Expanding z (Y, p, T') around the in-fill limit by the Taylor series expansion, we obtain

T3 - TgW(l) 1 R3’T—1/4 - M(V)Tg

z(Y,p,T) = T, — T3 T T T, -2
P B W,
e % (Ryp-1/2 — 2Ry p-1s2) P
=2% (p,0) + T YA+ T V2B + 0,(T~V/?),
where

R3,T71/4 - M(V)TQ
Y, -1z
R3 T-1/2 — N(V)TQ - RQ T—1/2W<].) Tg - TQW(l)

B = — ’ - 2 — 2Ry gya) .
T, — T% (’rl _ T%)Q (Rl,T 1/2 2.T 1/2)

A =

The expansion of z (Y, x, h) can be obtained from (68) and the Taylor series expansion of
h<y (pn(K)) = — exp(rh).

Finally, for the last claim in Theorem 2, following Theorem 3 in Mikusheva (2015),
we can easily show that the difference between the distribution of the coefficient-based

statistic and the bootstrap statistic is of order o(T~1/2). |
Before proving Proposition 1, we need the following lemma.

Lemma 12 (In-fill distribution under Model (15)) Under Model (16), as h — 0, we
have

2(Y,k,h) = Z°(k, 0).
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Proof: From the discrete-time model (16), letting x; = y; /A, we have
Ty = pp(K)Ti—1 + gn + Oy, (73)

where g, = gn/Ap. Letting h — 0 and applying Donsker’s theorem, we have

[sT)

Zat“t;‘w /() Wi(s) = a4,Wo(s), (74)

where W,,(s) = o "(0) fo w( ,and 57, = " (0 fo )2dr. Applying the
continuous mapping theorem and followmg the proof of Lemma 1, we have

C

c—c—1 ! » e“—1_
T3/2th —2 b—|—0¢/0 JZ(r)dr + . =Ty

1 e 4 4e 4 2 _ ! 205, 1
Loy o RIS, / (J;v(r)fdr+ﬂ/ LTS () dr
0 0

2¢3

—2e+1- ! e —1
+Tb% + 290y / eI (r)dr + Yy —5— = Tu;
0

%th_latut = 20 [ a3t [ e [ o =

c
where J&(r) = [ e“")dW,(s), b = \/Clﬁ and % = yT Eventually, we can obtain
the in-fill distribution 7% (1, ) = — T2 e LAWE) m

We are in the position to prove Proposition 1
Proof: We only scratch the proof for the sake of brevity. Let e; be the LS resid-
ual. Since = ZF?J e =, ¥"(0)? [ w(r)dr, the scaled sum of squared residuals is

a consistent estimator of the integrated variance »"(0)* [ w(r)?dr. Since the partial

sum \F Etw; %7 is Gaussian with the covariance kernel Mr(s At) and Myp(s) =
= thCqJ ef = ¥"(0)? [y w(r)*dr = &7 and ¢ (0) [; w(r)?dr is the kernel function of

the transformed Brownian motion 7, W,,(s) = 7,W (w(s)), it implies the weak conver-

gence in probability, that is,
T

fz SR 5 W (s). (76)

Since g;, can be consistently estimated (conditional on ) as gh —gh=75 Z t‘ﬂ;J oy =

0p(1) from (74), analogous to (73), the bootstrap data generating process can be written
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as

xf = pr(K)Ti_ | + Gn + ech 22 4 0,(1). (77)

Applying the continuous mapping theorem, we obtain the analogous results to those in
(75). Eventually we have
2(Y*, K, h) 2 2%(k, 0). (78)

The convergence in (78) implies that Pr*(z(Y* k,h) < z|k,Y*) — Pr(z%(k,0) <
x|x) uniformly in probability and that Pr*(z2(Y*, k,h) < z|k,Y) —4 UJ0,1] (since

Pr(z%(k,6) < x|x) is a cuamulative distribution function). From the definition of BCI,

we have
CIP = {rk€R:cp(z|r) < 2(Y* K, h) < dp(xs|r)}
= {ke€R:x <Pr*(2(Y", kR, h) <z|k,Y) < a2} .
As Pr*(z(Y*, k,h) < z|k,Y) —4 U0, 1], we obtain the desired result. |
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B Appendix to Chapter 2

Lemma 13 (Lemma 2.3 in El Machkouri, Es-Sebaiy and Ouknine (2016)) Suppose we

have the following stochastic differential equation:
dX(t) = cX(t)dt + dG(t), X(0) = Xy =0,

where G(t) is a Gaussian process and ¢ > 0. Further assume the following two assump-

tions hold for G = (G(t),t > 0).
1. The process G has Holder continuous paths of order § € (0, 1];

2. Foreveryt > 0, E(G3(t)) < ct* for some positive constants ¢ and .

Then, for everyt > 0, we have

%XQ / X?(s)ds + cZ(t )/OtecsdG(S) + R(t),

where

Z(t):/t e=G(s)ds,

():—Gz()—c/Gz ds+c// =) G(5) G (r)drds.

Proof of Lemma 4 Throughout the proof, we assume n — oo with m fixed. By
backward substitutions, we can write
nr [nr]
1-— pTLL | —j
Ylar) = Tt P +Zp uj.

n,m

Note that p,, ,, = exp(22) + R,, with R, = — > "7, (<2 ) /k!' = O(n™2). Applying the

binomial expansion, we have

it = (o () + )"
LnrJ nr|—
)
k=0
— exp <@>LWJ %(Lzﬂ) - (@)Lnrj—k i
k=1



We will show for any £ > 1

|nr| emy lnrl=k
( i ) exp <7> Rp — 0. (79)

To do so, note that (/) = O(n*), exp(22)l")=F = O(1), and Rt = exp(kInR,) =
exp (kInO(n~?%)) = exp (—2kIn(O(n))) . Hence,

(TED exp (5 "R = Ol exp(— 2k n(O(m)))].

Moreover,
In[n* exp(—2kIn(n))] = kIn(n) — 2kIn(n) = —kIn(n) — —oo.

This proves (79).

Letting k* = arg maxXyeya,. n} (7;:) exp (T

> (M) e (22) " R = 0 expl—21 (O] 0. (80)

k
k=2

because
In[n'*™* exp(—2k*In(n))] = (k" 41 —2k*)In(n)
= (1 —k")Inn — —oosince k* > 2

From (79) and (80), we have

Lnrj nr|—
> (U)o () a0

k=1

So p%nry = exp (<& )LWJ + o(1). Since |nr| /nr — 1, we can write

|nr]

1 — exp(ecmr
Lun + (exp (emr) + o(1))yo + ZmeJ “uj +o(1). (81)

Ylnr) = —cm/n

For the third term in (81), we can show that pi’s 7 = exp () =3 4 6(1) which

allows us to express
[nr] |nr]

pr Sy, = Z (eXp (%> Lnrj—i+o(1)) u;

j=1
[nr] [nr]

= Zexp(cm>LWJ Juj—i-o Zu]

LmJ cmy [nrl =3 1/2+d
= Zexp <7> uj + o,(n/?t9).

i=1
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We obtain the third equality by using (94) where ZJLZJ uj = Op(nt/?+d).
Eventually, we can rewrite (81) as

Lnr]

cm I_’VLTJ —j
Ylnr| = N7y + €Xp (cmr) yo + Z exp <7) uj + 0, (n'/?+9). (82)
j=1

Let X,(r) = =4 Spur) With Sjp) = Y27 u;. Recall that under Model (25),

Yo = 0,(n*?*) i, = p/n? with 9 > 1/2 — d. The first two terms in (82) vanish as

n — oo. If we multiply both sides in (82) by n~'/2~¢, we have
Lnr] , i/n
n_1/2_dy\_nrj = ¢ Z e(Lnrj—J)cm/n/ an(S) + 0p(1)
j=1 (G=1)/n

[nr] i/n
= q Z / e(T—S)Cden(S) _|_ 0p(1)

j=1 (G=1)/n
N g/ e"TIMAX (5) + 0p(1)
0

= g/ e(r_s)cmdBH(s) = gjgn(r).
0

We have applied Lemma 16 with the continuous mapping theorem (Billingsley, 1968, p.
30) to obtain the last result.

For the terms involving >_;"  y; and >, ¥7 ,, note that we can write

n 1 n
—3/2—d _ = -1/2—d
n ;yt ~ Z (n yt) )

t=1

—2-2d - 2_l - —1/2—d,, \?2
n ;yt = Z (n yt) :

t=1

By applying the continuous mapping theorem, we obtain the second claim and the third
claim in Lemma 4.

For the last claim, after squaring 3; and summing over ¢, we have

S = 0> Ui+ 200m Y v+ Y uf
t=1 t=1 t=1 t=1

+n,ui + Qlunpn,m Z Yt—1 + Q,Un Z Ug,

t=1 t=1
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which leads to

2cm
Yn = T Yi- 1+2anzyt 1ut+2ut
t=1

+ (CZ; Z yf_l + nﬂi + 2 Prm Z Y1+ 2 Z Us.

Thus, we have

20n.m Z Yt—1Uy = 2 zem Z Yi—1 Z ;-
t=1 =
—nih = 2ftnPrm Z Yot — 24n YU,
t=1 t=1

(em)?
2 ny—l

n n
2 Z 1 2 26m 1 1 2
o7 Y—1Ug = - E ?/ - E U
nl+2d — nlt2d Yn n2+2d t—1 " 2dn i

n
s Z —n Y
n1+2d n1+2d n1+2d — P( )

and

2em nu’
_ 2 _ n
n1+2d Z Yr—1t + Z T pltad Yn n2+2d Z Y1 — ni+2d

L,
- n1+2d Z Yt—1— n1+2d Zut +0p(1)
t=1

as pp,m — 1, and (CZ;)Z S Yy = Op(n*?) is dominated by 2% 3~ | 2 | = O, (n'T24)

when m is fixed.

Note that 1 3% w? =5 E[u?] by the ergodic theorem and

2 —2d 1-2d 1/2—d\ 2
NHyn 1 ,u2<n u2 = n'/ 120
nl+2d n20 n20 n? J

3/2+d

E Yt—1 = E Y—1 | =
n1+2d nﬂ nl+2d n3/2+d

1 n1/2+d 1 n
n1+2d Zut = M9 pred | pi/2d >
t=1
= un Y?7470,(1) = 0,(1) since ¥ > 0, and d < 1/2.
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These results lead to

ndeyt et Zut = ¢ { ))2—2cm/01 (Jgn(r))er].

So we have

n 1 9 1
an% et g 3o = 55 LAY —em [0

= 2 [cmZ(l) /O 1 ecdeBH(sHR(l)}’

where the last step follows from Lemma 13. This completes the proof of Lemma 4.
To analyze the asymptotics when m — oo, we introduce the following lemma, which

documents some results of distributional equivalence. By the self-similarity property of

fBM, we have BY (L) < (%)H B(t). Let BY(t) := m" BY (L),

Lemma 14 Applying the self-similarity property of fBM, we can obtain the following:
L[ JHE (rdrBE (1) £ ke [T T (s)dsBY (m);
<fo e ) L b (fo JH(s) dS) ;
3. fo er— 2H+1 fo (C s))st;

4. emZ(1) [\ emsdBH (s) + R(1) £ Ly

(cZ(m) ;" eaB¥ (s) + R(m))
where

) = [ e aBs),

Zm) = [ e =B (s)as

Rim) = %(EH(m)f—c/Om (B7(s)) ds+c/ / =) B () B (5)drds.

Proof of Lemma 14
Lemma 14 obtains the distributional representations of different functionals of fBM.
We can prove the lemma by obtaining the distributional representations of all the compo-

nents on the left-hand sides of the four equations in Lemma 14. That is, we only need to

show the following results are correct:
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3. [ (BH(S))stimQ},H o (BH(S)) ds;

4. fo JH(s)ds & er [ T (s)ds;

5. f01<J$<s>>2ds L e Ji (77()) ds:

6. m? [} [T eI BH (1) BH (s)drds £ Ly [T [ e“r=) BH () BH (s)drds.

As the steps to prove the above results are similar, we shall only prove the last two

claims. For the fifth claim, we have

1 1 r 2
/ (Jgn(r)f dr = / (/ ecm(r—s)dBH(s)) dr
0 0 0
1 r 2
— / €2cmr </ ecmsdBH(S)> dr
0 0
1 mr v 2
— / 620mr (/ e—cvdBH (_)) dr
0 0 m
_ 1 /1 e2cmr /mr e~ d (mHBH (i)) ? dr
m2H 0 0 m
_ 1 " 2cu “ —cv g H ? U
= /0 e </0 e “dB (v)) d <m>
1 m i 2
_ c(u—v) ypH
= —— e dB” (v du
[ (] )

_ #/Om (7)) du.

For the sixth result, we have
1 s
m / / em(r—s BH BH( Ydrds = 2/ e ms (/ ecmTBH(r)dr) BH(s)ds
0 0
1 ms
2 —cms cr nH L L H
/0 e (/o e’ B <m>d<m>)B (s)ds
_ ﬂ " —cv " er pH H E 1
= mH/O e (/0 e B (r)dr)B <m>d<m>
1 m v . .
= — / e (/ e”BH(r)dr) B (v)dv
m 0 0

1 m v . »
= Vi / / =) BH (1) BH (v)drdv.
m o Jo

3

Il
3




Proof of Theorem 3
To avoid confusion, we now refer n — oo with m fixed as the “fix-m asymptotics”,
and n — oo followed by m — oo as the “sequential asymptotics”.

From (26) and (27), we can have the following expressions for the normalized centered

LS estimates

i) = (Zl‘:lyt-lut+52?:1u? ~ %ZLu?)
m m Dt Vi 21 Vi
ﬁnZ?:l Yerte 5 D Ui e

= - B,
m thl yt2—1 m
ecm ecm
= Al — By, (83)
m m

n 1 n 2
a _ o 2te1 Yt—1ut+3 Do Uf a_n n 2 n 2
where A? =n ST and By, = 5> ui/ >0 Vi

Similarly, we can express

PO yt—lut_% Do Y12 UH‘% St up

cm cm 2
€ n(ﬁb . p> — € n pIHI 93—1;%(2?:1 yt—l)
m m _ 2 Z?:l u%
2
pIH 3/752—1*%(2?:1 yt—1>
ecm ecm
= Ab — — B (84)
m m
where
n 1 n n 1 n 2 1 n 2
Ab . nthl Ye—1Ue — o Zt:l Yt—1 Zt:l up + 2 thl Uy b 2 Zt:l Uy
=

n 2 1 n 2 » D = Ny 2 1 n 2"
D1 Y1 — n (Dt Ye—1) D1 Yi1 — n (D i1 Ye-1)
Since the proofs of the sequential asympotics for %n( pa— p) are very similar to those
for “~n(p,— p), we shall only prove the later. In fact, the only difference between the two
m
estimates is the extra terms induced by the inclusion of an intercept in the LS regression.
As we proceed, we will see the extra terms vanish in the sequential asympotics.

We first show the sequential limit of %Ag in (84). Applying Lemma 4 and Lemma
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14, as n — oo with fixed m,

eom e emZ(1) fy emdB™ (s) + R(1) — [y JH,
" Jo s ydr — (f; Tt rydr)

e S (Z(m) 3" e BH (r)dr + B(m) - fo JH(s)ds B (m))
" seber (17 (6205 = & (J77 719
onZ(m) [ e B (r)dr + R(m) — L f (s)dsB™ (m)

fom JH(s)2ds — L (fo ds)

For the sake of notational simplicity, we now introduce the following process with

im (r)drB™ (1)

IES

= €

(85)

m = 0,
lm) = [ eaBr), (56)
0
where the integral is interpreted in the Young sense.

From Lemma 2.1 of El Machkouri, Es-Sebaiy and Ouknine (2016), we obtain a well-

defined limit Z (oo fo "”’BH Ydr. As m — oo, we have
Z(m) 5 Z(oo) and £(m) B £(00) = ¢Z(0). (87)

These two results are similar to those obtained by the martingale convergence theorem
used in PMG when m — oo.

By the definition of the Young integral, we obtain BH (0) = 0. By the definition of
Z(m), we have

E(m) = e "B (m) + c/om e~ B (r)dr = e~ B"(m) + cZ(m),

JH(r) = /0 Bl () = e /O LB (s) = e ().
So we can express (85) as
( m) [ e dB" (s) + R(m )) —ecsg(s)dsiBH(m)
Jy" eresg2(s)ds — & (eom [ esg(s)ds)”
e—om Kcz(m) JmeesdBH (s) + R(m)) —eg(s)d siBH(m)]
o [ & (e o]
e (eZm) [ e dB(s) + R(m) ) - 5
e~ 2em Uom 626552(8)(18] — ¢l ’
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where ©f = (e™™ [[" e¢(s)ds) <%BH(m)> = Pl Xl 0h = = (e7™ [ 6035(3)d3)2.
For the term [ e¢(s)ds, Propostion 3.1 in El Machkouri, Es-Sebaiy and Ouknine
(2016) shows it is a Gaussian process with a diverging variance. Therefore, applying (87)

and L’ Hospital’s rule, we have, as m — oo,

lim ¢}, = lim e_cm/ e“E(s)ds
0

T GO O R (89)

m—oo  cefm cC

Since £ (%BH(m)> =0, Var ( BH(m)> =2 5 0,as m — o0,

1
m m?

"= _BHm) % o0.
1 m (m)

Moreover, the continuous mapping theorem and Equation (89) imply that, as m — oo,

(e [ 6“5(8)d8)2 % 72(00).

As X — 0, ¢, 5 0. Note that ¢, and ¢/, are the extra terms due to the inclusion of
m
the intercept in the LS regression. As they vanish, -A% and <~ A" are asymptotically

equivalent in the sequential asymptotics. Therefore, as m — oo, we can write (88) as,

e—em (cZ(m) [ ecsdBH (s) + R(m))

e—2cm f[)m €2CS§2 (S)ds

+ 0,(1) (90)
To derive the sequential limit of %Az, we need the following lemma.

Lemma 15 let w and n be two independent standard normal random variables. Then, as

m — 00, we obtain:

1 e2em [ e2esg2(s)ds 23 £Z%(00);

3
2. cZ(m) <e*6m I ecsdEH(s)> = cZ(00)y/ Hzg(?,H)n;

3. &(m) B £(o0) = 4/ HEZ(EIH)w;

4. e R(m) 5 0.
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The first result is immediate after applying (87) and L’Hospital’s rule. The last three

results can be obtained by applying Lemma 2.1, Lemma 2.2 and Lemma 2.4 of El Machk-

ouri, Es-Sebaiy and Ouknine (2016). Hence, as 7 — oo and using &(o0) = ¢Z(00), we

have

e~m <cZ(m) I eSdBY (s) + R(m))

e—2cm f()m 620552 (S

)ds

+o0,(1) =

where (' is the standard Cauchy variate.

O

We now analyze the sequential limit of %BZ in (84). A standard calculation shows

ecm Bb B ecmn % Z?:l U’t2
n 2
m Mmooy Y — o (T Y1)
efm n7172d% Z?:l Uf

_9_ n n 2
Mo (Vg — 2 (D )

e—cm m2H Op(n—2d)

e*ZCm m2H+1 Op ( e2cm )

~ o

m2HTT

m2Hn2d)

ecm

asn — oo

The third equality is established by = > | u? = O,,(1), Lemma 4, Lemma 14 and

Lemma 17. The assumption m = ¢ Inn, with § > —%d implies that W — 0. To see

this,

Hence,

m2Hn—2d

In — =
ecm

2HIlnm — 2dInn — em

2H (Ind +Inlnn) —2dIlnn — cdlnn

—(c0 +2d)Inn+2H (Ind +Inlnn)

—OQ.

ecm

Bz = 0,(1).

m

(92)

This suggests that when n — oo followed by m — oo and when m = ¢ Inn with

5> -2

C

1 1 n 23 : 1 n
o213 Do Ui 18 dominated by s Y i Yeo1Us.

Equations (84), (91) and (92) imply that the sequential limit of %%n([}b — p) is the

standard Cauchy random variable C'.
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C Appendix to Chapter 3

C.1 Sup statistic

In Remark 29 and 30, we mentioned that a version of sup statistics can be employed.

We now construct the sup statistic SDF i ar(7) which fits our testing purpose. Let

. 5 — 1
SDF gag(m0) = sup p
r€[r0,n] ST,HAR

where p, is defined in (53), s, gar = ‘/Z?jf‘gil Quan = S Ka (<L) 45, with

4, being the j'" order sample covariance and 79 = |nrg | is the minimum data window.

We proceed to discuss the limit of SDF 1 Ar(70) under the null or alternative hypothe-

ses in the following theorem.

Theorem 9 Suppose M = |br| and Kp(x) is the Bartlett kernel function.

Under model (48), as n — oo,

SDF i ar(70)
B2 [5(BH (r)?) — (Jg BY(s)dsB" (r))] o
= sup b 1/2'( )
r€(ro,1] {27, (f BH 2ds> (f (p de _ fo BH(p)BH(p + br)) dp}
Under model (56), as n — oo,
SDF ar(7o)
pl/2 ( Cyra — ArgBH(r) + B, ger — cAid)
= :[Up” b 12"
B (3 152 (8o 6,0t 1)

Under model (56) with (59), furthermore 1o < Ty, as n — 00,
.S/'b?’HAR(TO) & o

Theorem 9 documents the asymptotic behaviour of under the null hypothesis, locally
and mildly explosive alternatives. Under the null hypothesis, as expected, the sup statistic

converges to a stable distribution; under the local alternative, the limit of test statistic gives
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us the expression for asymptotical local power; and under the mildly explosive alternative,
the divergent behaviour for the test statistic implies a consistent detection for an explosive
episode when the data experience a sharp collapse.

The asymptotic distribution (93) and a consistent estimation of d will allow us to

obtain the (1 — 3)% confidence level critical value scv'; )" <CZ>

C.1.1 Size of the sup test

To investigate the empirical size of the sup statistic SDF war(m0), we perform a
Monte Carlo study based on DGP (64), and we let yo = 0, d € {0,0.05,...,0.45}, ..
To calculate sup statistics, as in Section 3.6.1, we let b = 0.05 to calculate Q HAR- Also,
we need to choose the minimum data window. based on extensive simulations, we find
that the following rule of thumb gives a satisfactory power and size performance in finite
sample: ro = 0.01 4+ 4.9/y/n. So ro ~ 0.5 if n = 100 and rq ~ 0.23 if n = 500. For
comparison purpose, we report both the empirical size of SDF(7) and SDFy Ar(T0)

based on the 95% confidence level right-tailed unit root test.

Table 13 Empirical size of the right tailed unit root tests (95% confidence level)

n = 100,79 = 0.50 d
Test statistics 0 005 01 015 02 025 03 035 04 045
SDF (1) 0.04 0.08 0.15 0.23 0.32 041 0.50 0.56 0.63 0.68
ﬁHAR(T()) 0.05 0.05 0.05 0.05 0.06 0.06 0.06 0.06 0.06 0.06

n = 500, ro = 0.23 d
SDF () 0.04 0.15 032 049 0.64 0.75 0.83 0.87 0.90 0.93
Sﬁ’HAR(TD) 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

Table 13 documents the empirical size of the right tailed unit root test. The finding

indeed echoes the result in Table 8, where we see that SDF (1) has a severe oversize

problem when d becomes large, and §5]/7 mar(70) has a empirical size which is reason-

ably close to the nominal level.
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C.1.2 Power of the sup test

To illustrate the power of the sup test, we construct Monte Carlo studies based on
model (60) with the following parameter settings: yo = 100, n = 100, ¢ = 1, a = 0.6,
re = 0.6, 7y € {0.7,0.75,0.85} and d € {0,0.05,0.1,...,0.45}. Similar to Table 7, we

report the power of SDF' (1) and SDF mAr (7o) based on the 95% confidence level tests.

Table 14 Power of the right tailed unit root tests (95% confidence level)

n =100, = 0.5 d
Teststatisic ~ 0  0.05 0.1 015 02 025 03 035 04 045
re=06,r;, =07  SDF(r,) | 1.00 1.00 1.00 1.00 0.99 0.99 098 096 095 0.94
SDFyar(to)  1.00 1.00 1.00 0.99 097 094 090 0.85 0.80 0.75
re=06,r;, =075 SDF(r,) | 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.99 098 0.97
SDFyap(ro)  1.00 1.00 1.00 1.00 099 098 095 091 0.87 0.82
re=06,r,=08  SDF(r) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.98
SDFyag(mo) 1.00 1.00 1.00 1.00 1.00 098 098 0.95 0.92 0.87

C.1.3 Sup tests for empirical studies in Table 7

To verify the robustness of the rational bubble conclusion section 3.7, we perform tests
using SDF uAr(To) based on the following time periods in the S&P 500 monthly data :
January 1872 to June 1880, June 1948 to September 1956 and January 1989 to August
1997. In the following applications, we let 7o = 0.01 4+ 4.9/4/n and b = 0.05 to calculate
57[)77 HAR(To0)-

Table 15 Sup tests for the explosiveness in S&P 500

Sampling period d SDF yar(70) scUSf AR <a?) SCUD A p (cf) scUSlAn (a?)
Jan 1872 to Jun 1880 | 0.32 1.742%* 1.291 1.465 1.927
Jun 1948 to Sep 1956 | 0.3 1.980%** 1.311 1.507 1.859
Jan 1989 to Aug 1997 | 0.26 1.303* 1.301 1.471 1.868

From Table 15, we see that all the conclusions of rational bubble from Section 3.7 are

robust at least at 90% confidence level.
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C.1.4 Estimation for an explosive episode

In Figure 4, the green, brown, blue, black and yellow lines represent the price dividend
ratio of the S&P 500 index, DF’, cv,,, lf)\ﬁ’ﬂ mAr and cv, g ap respectively. While the left
axis shows the sequence of test statistics and critical values, the right axis shows the values
of price-dividend ratio. We use the first-time crossing principle to calculate the result in

APWY

Table 12. Note that for sampling period (f*), 7} is not well defined, we assume the

explosive episode does not end at the end of the sampling period.

C.2 Proofs of main results

Before we prove the main results in the paper, it is useful to list the following lemmas.

Lemma 16 (Corollary 4.4.1 in Giraitis et al. (2012)) Suppose u; = Z;io cj€—j, and
e (0,02). Assume c; ~ vjF with d € (0,0.5), v being a constant, as j — oo,

Then we have o]

n(314) Z w, = B (r), 94)
t=1
in D0, 1] with the uniform metric, where H = 5 +d, ¢ = \/0?%? Bfgéi;i;l) with B(x,y) =
%, B (r) being an fBm with Hurst parameter H.

Note that Lemma 16 is general enough to include the fractional intergraded process

where u, = (1— L)%, with &, “C (0, 02). As one can show u; = (1—L)%e, = > 20 Ci€tjs

. o a j1itd
with ¢; ~ T

Lemma 17 Suppose that we have the following data generating process:

Ye = Y1 T Uy Yo = Op(n1/2+d):

(1—L)Yu = e, ¢ b (0,0%), d € [0,0.5)
Let T = |nr] withr € (0,1], as n — oo, we have

(V)P =] a=o o
(BR)’]  irde(0,05)

1 T
o7 § Yt—1Uy =—
nit2d pa

N |&qw N |&qm



. > i =04 / B (s)ds, (96)
0

3/24+d
n / t=1
1 T T
n2+2d Zytg—l = 02/ B (s)*ds, (97)
t=1 0
where 04 = 0 if d = 0,and 04 = s = | [0 * sy

Suppose empirical regression (43) with observations indexed byt = 1, ..., T is applied,

forr € (0,1], as n — oo, we have

SO )’ (f W)W e
T(ﬁ‘r - 1):> T(BH( ))2‘]‘0((}/{:(;1—1)( )jl )BH( ) . (98)
3 T —~0 28 s T ird 0.
DR ifd € (0,0.5)

Furthermore, let p, = p; + % we have the following limit

(B"(r)" ~ (Jy B"(s)ds) B (r)

N (BH(S)) ds

ford €10,0.5).  (99)

Proof of Lemma 17.
Note that when d = 0, the error term is just an i.i.d. process and the results (95), (96),
(97) and (98) are well known in the literature. Therefore, we shall only prove the claims
under d € (0,0.5).
For the first claim, note that by standard calculation, we have >/, y;—1u; = 5 <y bor] — Yo — Dot ut>

upon normalization, we have

T 1 1 1 -
n_l_deyt—lut = 3 [(n—1/2—dywj)2 = (E ZU?>
t=1

— <[]

where we have the last result since n=/*~%y,,,,; = ¢B"(r) (from Lemma 16), 1 >°7_ u? =
TS w15 w2 % Efu?] (by ergodic theorem) and Z — 1. These imply 37 (L 577 ?) 5
0, and we obtain (95).

For the second claim, since Y [, y—1 = Y., (Zf;} u; + o) , upon the correct

normalization, applying the result of Lemma 16 and continuous mapping theorem (CMT),
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it is straightforward to see A= >"7 y1 = 137 (b Yl w) + 0p(1) =
o4 fo BH )ds.
Applying the similar argument, we can establish the third claim by expressing nQ—iQd Sy =
D ( 77T D it ul) +0p(1)stma iy Yi = 03 Jy BT (s)%ds.
For the normalized centered LS estimator 7(p, — 1), note that we can write
21:1 Ye—1Ut — % ZZ:1 Yi—1 Z;l Ut
T T 2
Zt:l ytzfl - % (Zt:l yt—1>
nol 2 Zthl Ye—1us — g”_3/2_d Do Y P
—2— T n _ _ T 2
PR i — (TR )
5| (B ) )| = Jy B (s)dsBH (1)
foT B (s)?ds — (fo B (s dS)
where we obtain the last result after applying (94), (96) and (97).

T n—l—2d

T(ﬁ‘r - 1) = En—Q—Qd

S

(100)

As expression (100) is equivalent to (98) when d € (0, 0.5), we have shown (98).

To show (99), note that we can express

32 Ayt
> 1 Ui
D L D Y1 D U % Do Dyp
3 + = =
> i1 Vi > i1 Ui

D 1215 1 Yt- 1Zt1ut
P §t2—1 > i1 Ui
where D, = > 1 y1ty + 5 9y Ay7

Note that we can express >_,_; Y1t = 3 (42 — y3) — 3 2, ui. Under the assump-

ﬁr_l = ,57'_ + ==

tion that p, = 1, Ay, = uy, this makes >, yr—1u; + 3 2, Ay? = 5 (y2 — y3) . And

after normalization, we have

1
n 4D, = 5BH(r)? (101)
Eventually,
polm2p_ np=3/2-dNNT . =1/2-d T,
7—(,57— . 1) _ T T Zt—l Yt—1 thl t

3 |

D DS T = (n=3/2=4 %70, yt—1)2
S| (B1()°] - Jy B (s)dsB (r)

. . ford € [0,0.5).
Jo BH(s)2ds — L ([, BH(s)ds)

107



Proof of Lemma 5

We proceed to show the divergence of DF; under d € (0,0.5). For the test statistics
DML .

S vt (S wer)

As the LS residuals 4; = u; + (1 — p-)y;—1 — fo involves the intercept estimator /i, we

DF, = ==L note that by definition s2 =
St

first study the asymptotic of ji. From standard calculation, we can express

22:1 yt2—1 Z;l U — Zt 1 Yt—1Ut Zt 1 Yt—1
% 21;1 yt2—1 (Zt 1 Yi— 1)

=

Upon normalization, we have

nl/2=dy —ma D Vi ST Dopy Ut — T Doy Y1t 57T D og—q Yio1
%ﬁ EtT=1 Yig — (713/—12+d ZtT_l yt—1)2
o3 [T BH(s)2dsBM (r) — % BH (r)2 [T BH(s)ds
ro} [ BH(s)2ds — o3 ([, BH(s ds)

(102)

This implies i = O,(n~Y/2+4) = o,(1).

For the average squared residuals < 1>/, U7, we can write

T

1. 1 < . X
SR = =3 (e (L= s — )

t=1 t=1

From Lemma 17, 7(1 — p;) = O,(1), 7723 yim1wy = Op(n*T1) = 0,(1),
T Vi = Oy = 0,(1), T2 1yt 1 = Oy(n""/?) and from (102),
fi? = Oy(n~1721) = 0,(1), we can express £ >°7_ a2 = L 37 2 4 0,(1) & E[u?] by

ergodic theorem.
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Note that applying Lemma 17, we know the limit of the sum of demeaned v,

T T 2 T —3/2—-d T 2
_ 1 _ n D1 Y1
=1 =1 =1

n

— 52 (/0 (BY () ds - % (/0 BH(s)ds>12(>3)

Therefore it is straightforward to show

Jo B (s)?ds — L ([ BH(S)als)2 ) Eluf]

This implies the test statistic D is of O,(n?) and completes the proof of Lemma 5.

Proof of Theorem 4, Theorem 5 and Corollary 1

Note that we can express

(157' — 1) g (167' B 1)

DF: gar = = (104)
SmHAR (7253,HAR) i
and
— T(pr—1
DF. ran = (p—)m (105)
(7'233,HAR)

To show the limit we first study the denominator of (104) and ( 105). Note that 53’ HAR =

Q A - - iy =5 - i
ij%?_l' For Qg g, letting K; ; = K ( o ) and S; = > ,_; Ay, allow us to write

109
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Qpar = Z K<b]—7_) ¥;

Reite 1.1
- 7 Z P 27—2 (Kij — Kija1) — (Kivrj — Kiyj01)] —=8—=5;
=1 5= N

1 T—1 1 T—1 Z—j 1 1
= 2> ;2. TD (—bT ) NV (106)

where D, (%) = (K;; — K, j+1) — (Kit1,; — Kit1,j+1). The last equality follows
from Equation (A.1) in Kiefer and Vogelsang (2002a) .

From straightforward calculation, we can show D, (%) =< _ bi if i — j| = [br]

0 otherwise.
\

This implies

T—17-—1 . .
A 1 —] 1 1
Quar = )Y Ds —S—=S,
AR L < br )ﬁ S

i=1 j
9 7—1 1 2 9 T—|br]-1 1 1
T obr ) T —=5i | | =St 1r)
br i VT br VT VT
T—1 2 T—|br]-1
2 n 1 1 2 n 1 1 1
b n Nzt I . —=95i | | —=Si+or) )
bLnrjn;<ﬁ5> b|nr|n ; <ﬁ5> (ﬁSHbJ)( 07)

Thus, with i@ = |np| and under the assumption p, = 1, we have S; = 2321 Ay; =

ZJWJIJ uj, it implies that

1 1
— S "
n \/_ L pJ
[np]

1/2
() n1/2+dz 1/2 " (p). (108)

Therefore we have,
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1 -

—QHAC
- 2n1Z 11 2_@17‘%‘1 L1 (1
 brn nd\/_ St brn 4 nd\/_ nd\/_ St Lo
2 [ 9 [-b)r 2
— B" dp — — —2BH(p)B" (p + br)d 109
= ), (7,1/2 ()) P B (p) B (p + br)dp (109)
20-2 r (1- b)r
= 33 /BH(p)de—/ B"(p)B" (p + br)dp (110)
0 0

where we have applied (108) and continuous mapping theorem to obtain the limit (109).

Combining (103) and (109), upon normalization, we can show

.

2 9 B T\2 2S5 AR

T 87—7HAR - - 1 r 9 1 T 2
i (ST — 7 (S we)’)

9 <f0r BH<p)2dp _ fo(l—b)r BH(p)BH(p + b?")dp)

by BH(s)2ds (b
We now proceed to show the limit of DI g ar.
Suppose d = 0, we have
DFT,HAR
— (:57' - 1)
(7252 HAR) 2
_ |_77,7"J P (pT - 1)
oo 242 1/2
(7' Sr HAR)
1/2
rfo W(s) bfo s)%ds
I W< >2d8 2 (J; Wpzdp - [ ”)’“ W (p)W (p+ br)dp)
_ b1 [i W (s)dW (s)
N T YT r —0)r 1/27
[2 5 W(s)2ds (5 Wp)2dp— [ W () B (p + br)dp)]
where we use the well known result that n (5, — 1) = [ W (s)dW(s)/ [} W(s)?ds

and (111) with H = 1/2.

111



For d € (0,0.5), similarly, we can express

(:67' - 1)
(7’232 )1/2

(B0 - (B B
iy (BH()) as 2 (J B
e (BY(0)" b (fy BH(S)dS) B (r) (112)
1/2°
{2 for (BH(S)> ds (for B (p)*dp — fo(l_b)r BH(p)BH (p + bT)dp)}

where we obtain the limit from using (100) and (111)

1/2
b [ B (s)%ds

f(1 byr " BH(p )BH(erbr)dp)

To show the limit of /D\]/?ﬂ HAR, Using the similar steps to show (112) with the use of
(99) and (111), we have

e T(pr —1
DFT,HAR = <p—))1/2

(T ST HAR

rb1/2 H 1/2 H H
. (B()) — b2 ([ B (s)ds) B (r)

207 (B69) s (1 B0t~ 11 BB+ i)

Corollary 1 is a special case under Theorem 5 with r = 1

This completes the proof of Theorem 4, Theorem 5 and Corollary 1

Proof of Remark 28

Let Quar =) . K (<) 4, as in Theorem 5. Furthernore, K(.) > 0, K(z) =
K(—z

) and K (-) is a twice differentiable function. As in (106), we can express iz =

13 - =P LD, = ) —=5; WSJ’ and following the steps in proving Theorem 4 in
Sun (2004) we can show lim 72D, (=1) =

n—oo

—ma K" (50) , given (i/n, j/n) = (p,q)-
Combining (106), (108) and applying continuous mapping theorem, we have

s // K" (p q) BY(p)B"(q)dpdg. ~ (113)



Since s2 = Qpian , combining (103) and (113) gives us
mHAR i1 93—1_7_1(2;1 yt—1>2 8 ) ( e

282 = fOT fOT —K” (%) BH(p)BH(Q>dpdq
mad b2r for BH(S)2d8 '

(114)

Finally, Z/D\IET, HAR = ﬁ, from (99), (114) and standard calculation yields
TSI HAR

w2 (BH(r))* = br'/2 ([T BY(s)ds) B (r)

((Ji Br1(s)2ds) Jy Jy =K (552) B () B (q)dpdg)

This completes the proof of Remark 28.

DF; har =

/2"

Before we proof Theorem 6, it is useful to introduce the following lemma.
To study the limit distributions of DF; yar and DFPE", we first introduce the

following lemma.

Lemma 18 Under the local alternative model (56), let 7 = |nr| with r € (r., 1], as

n — 0o,
11 Mm% = oy <€(r—rg)cBH(re) _i_f:e e(r—s)chH<3)>;
2. ﬁ Z;l Y1 = 0qAr g3
3. Yoy Vi1 = 03Bra;
4. nlﬁ (2;1 Ye—1ur + % > i Ayf) = %?IC'W;
5. n(pr — pe) = Xe(r, d);

6. n(pr — 1) = X.(r,d) + ¢
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where

Ag = / (e(x’"e)cBH(re)ﬂL/ e(‘”S)CdBH(S)) dr,
0 Te

2

B,g = / (6(1“)CBH(%)+/ e(ms)CdBH(S)) dz,
0 Te

2

Cra = (e("_re)cBH(re)%—/ e(”_s)c)dBH(s)> —BH(re)Q,

1 1 H

_Cr,d — ;AT’dB (T)
Xc(rvd) = 2 B d_lAQd )
. Br,dBH(T) - %Cr,dAr,d

r (Bnd - A%,d)

Ye(r,d)

C.2.1 Proof of Lemma 18

1. To show the first claim, note that by backward substitution, we can express y|,,| as

Lnr]

nr|—(|nre]— c\ Lnrl=i
ey = P57yt D0 (14 0)T
j=lre]

Note that pi™ ~ (el =1 — (1+ c/n)WJ_(WeJ_l) =exp(c(|nr] = (|nr.] = 1)) /n)+
o(1) = exp((r — re)c) + o(1). Therefore we have

[nr]

—1 1 e\ lnrl—j
n1/2+dyL"TJ - exp((r - re)c)mylnrej—l + W <1 + ﬁ) U
j:\_reJ
- (e(r_re)cBH(m + / e(T_S)CdBH(s)) , (115)

where we obtain the limit by applying Lemma 16 and continuous mapping theorem

(add footnote here to cite my OBES paper).

For the second and the third claims, note that we can express ﬁ Yot Y1 =

T T T 2
% Zt:l (ﬁyt—l) and ﬁ Zt:l yt2—1 = % Zt:l (ﬁyt—l) , (115) and CMT

will yiled the results.

For the fourth claim, we first study the second component % S, Ay?. Since

Ut ift < Te,
Ayt = )

. .
“y1—1+ u; otherwise
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W€ can €xXpress

T Te—1
e 2
ZAZJE = ZW-I—Z( Yt— 1+ut>
t=1 t=Te
= ZU? 3 Y+ X Zyt 1
= t=7e t=T¢
ZU c n2+2d 1 27: 2 i §n3/2+d Z le
t n2+2d Yi—1 n 3/2+d Ut
t=Te t=Te
For the term ﬁ Z;Te y? 1, as n — 0o, we have
1 T 1 T Te—1
2 _ 2
n2+2d Z Y1 = n2+2d Z Y1 — n2+2d Z Yt
t=Te t=1
re
= 03B,4— 03/ B (s)?ds, (117)
0

where we have applied the results Lemma 18.3 and (97) to obtain the limit.

For the term ﬁ Z::Te Y¢—1, similarly, using Lemma 18.2 and (96), we have the
limit

1 i Te
w7 vt = o —0a | BM(s)ds (118)
0

t=Te

Combining (116), (117) and (118), it can be seen that,

DAY = Ui+ Rip, Bin=0p(n'/?H).
t_

t=1

This implies that, upon normalization, we can express

1 a 1<

2

v (Dot} ZA%)
t=1 t=1
1 a 1<

_ 2
Lnre —1 1 Lm‘ejfl T
2 2

t=1 t=|nre] t [nre

For the first component in (119), applying (101) we have

1 [nre]—1 1 [nre]—1 0_2
g | 2 wetg 3w | = BT
t=1 t=1
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For the second component — o <Zt o) Yt—1tt + 5 Zt e ut> as from stan-

dard calculation we can write

T

Zyt Uy = ; Z 2—% ny—l Zut>

t=|nre] t=|nre] t=|nre "= [nre |

we have

T

> pewty 3w = Zyt T 2w ZW-ZW

t=|nre] t=|nre] "= [nre ] t=|nre "= [nre ] t=|nre

- % Iy y,?_1+§(1——> >

"= [nre ] t=|nre t=|nre]

As p, = 1+ o(1), we can express

1 L 1o, 1 1 &
DL et = g B V) — g 2 4+ on(D):
t=|nre t=|nre|
This makes

1 < 1 1
n1+2d< Z Yr—1ue 5 Z “?> = n1+2d§{y3_yfmej—1] + 0p(1)

t=|nre t=|nre

2 r 2
- ?ke“—wBH(reH / e“—S)C)dBH(s)) — (B"(re})

where we obtain the limit by applying Lemma 18.1 and Lemma 16.

The last term Ry ,,/n'*?? in (119) vanishes as oo — 00, as Ry, = O,(n'/**4). So

we have shown the fourth claim.
To show the fifth claim, note that

~ R Zt 1 Ayt
Pr— Pn = (pT_pn) 242170
Zt 1 yt 1
St U1 (Y — pa—1) + 2 >0 Ay?
> i1 Ui

(121)
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We now analyse the numerator in (121).

T - 1 T
Z Yi—1 (Yt — PuYe—1) + 5 Z Ay;
t=1 t=1
Te—1

B T B 1 T )
= tz; Yi—1 (yt - Pnyt—l) + ; Yi—1 (yt - Pnyt—l) + 5 Z up + Rl,n

Te—1

= Zytlyt 1+ U — Peli—1 —l—Zyt 11U + = Zut—i—Rln
t=1 t=Te

Te—1

= (Zyt 1y + 5 Zut>——2yt 1+ Ry (122)

Upon normalization, the first component in (122)

1 T 1 <
e | D Bt t §ZU?>
t=1 t=1
1 T 1 T 2 1 T T
= ivad Zytflut + 2 Z U — Zytfl Z Uy
t=1 t=1 t=1 t=1
1 d Ie= 5,y n 1 ¢ 1 <
S 1 POURTER) S EETS) SRV 3
t=1 t=1 t=1 t=1

1 1
= §agcr,d — —03A,4B" (1), (123)
T

1. where we have applied (120), Lemma 18 and Lemma 16 to obtain the limit.

For the second component, note that

Te—1 Te—1 Te—1 T
_ c cl
— Y1 = — Y—1 — —— E E Yj—1
nT -
t=1 t=1 t=1 j=1
Te—1 T
C % cT,— 1
= - Yt—1 — — E Yj—1
7_ —

After normalization, we have

Te—1 T
< CTe— c .—1 ¢
n1/2+d ( Z Ye1— Zyﬂ 1) T 32+ Z Yer = = 5%d Zyﬂ'*l
j=1
= cad/ B (s)ds — creaA; g
0
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where we have obtain the limit by using Lemma 17 and 18.2.
Therefore, the first component in (122) is O, (n'*>%) dominates < ZZ;I Y1 = O,(nt/?+4)

and the third component R, ,, = Op(nl/ 2+d) consequently, we have

1 L 1 — 1 1
it2d (Z Ye—1 (Yt — pye—1) + 5 Z Ayf) = §0§Cr,d - ;aﬁAr,dBH(r).
t=1 t=1

For the denominator in (121), applying Lemma 18.2 and 18.3 we have

2
1 T _2 1 T ) 1 T
t=1 t=1 t=1
2 1 2
= 03 Bra— AL (124)

Eventually, we have

ﬁ (Z;l Yi—1 (Yt — puYi—1) + % ZtT:1 Aytz)
e Do Ui
%Cr,d - %Ar,dBH(T)
Byq — %Aid

n(ﬁT - pn) =

= X(r,d) .
For the sixth claim,

Asn(p; — 1) = n(pr — pn) +n(pn — 1) = n(pr — pn) + ¢, we have

n(pr — 1) = X.(r,d) +c.

This completes the proof of Lemma 18.
Proof of Theorem 6

Recall that from (107), we have

. n lew/1 \> 2 n 1 1 1
Qpar = L"Tjgizl <752> “ 3w ; <751) (FSHWJ) (125)

with S, = S Ay,

S Do

For the partial sum S, = Z}ZJ Ay;, we can express
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Te—1 anJ

Simp) = Z Ay + Y Ay

Te—1 Zln;ej [np)
= Z u; + Z Yi—1 T Z U;
o

= Zuz Zyi—l_gzyi—l
i=1 i=1

Upon normalization, we have

1 .
nl/2+d Slap)
an c \_an c Te_l
- n1/2+d Zuﬁ 13/2+d Z Yi1 = " 3/27d Z Yi—1
=1 =1
S~ o (BH@) eda- [ BH<p>dp) —0Grep) (126)
0

So, combining (125) and (126), as n — oo, we have

1 . 20_ r ) (1-b)r
n2d QHAR = br 2 Gre,c(d> p) dp - Gre,c(d> p)GT‘e,C(d>p + bT)dp .
0
With (124),
F242 _ (Z) 2 ﬁQHAR
T HAR — n 1 - 9 1 r 2
w2tz Zt:1 Y1 — T (Zt:l Yi-1)

2 (Jy Groeld,p)dp = [ G, o d, )G, o(ds p + br)dp)
Brd—'Afd

.(127)

Eventually, for our test statistic DF'; g ar,

- [nr] (5, — 1)

22
(7' ST HAR
(%CTd_lATdBH(T))T_i_CT
Brd_%Azd
e
\/ %(ngre,cw,p)?dp—f“ D" Gy o(dp)Gre o (dip+br)dp)
B, q—1A2

T riird

lCT —lAT BH())r 1/2
((2 ; d—ljﬁ (r) —i—CT’) (Brd——A?d) /

r —b)r 1/27
3 (J5 Grecldpdp = J3 ™ G old p)Gr o, p + b)) |
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where we obtain the above limit from noticing Inr] 1, applying Lemmal8.6 and (127).

nr

This complete the proof of Theorem 6.

C.2.2 Proof of Theorem 7 and Theorem 8

Since the proofs of Theorem 7 and Theorem 8 are similar, we shall only prove the
latter. It is useful to list the following lemmas (Lemma 19 to 27) which study various

sample moments.

Lemma 19 Let B = (1., 7] be the bubble period, Ny € [1,7.) and Ny = [y + 1,n| are
the normal market period before and after the bubble period respectively. Under the dgp

(60), with t = |nr|, we have the following asymptotic approximation :

1. Fort € Ny,
ye ~n'/* gy B (r,).
2. Fort € B,
g & IR gy B ),
3. Fort € Ny,
(
n'/? g, BH(r,) if dy > dy,
Yinr] ~ n1/2+d20d2 (BH2 (T) — B2 (Tf)) Zf d; < dg,
n'/# 4 (g, (B2(r) — B®2(rp)) + 0q, BH(r,)]  if di = dy

\

r(1—2d r(1—2d
where 04, = 1/&%, T4y, = ,/UQM, BHi(r) and B¥2(r) are

fractional Brownian motion with Hurst parameter Hy = 1/2+dy and Hy = 1/2+

ds, respectively.
Proof.

1. From Lemma 16, we have nl/g%dlyw = 04, B (r,).
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2. Fort € B, we have

t—Te
ve=ph " e+ Y phu
=0
Pre-multiplying the both term by p;, (=7 " \we have
t—Te
pn TN = a7 (128)
=0

From Lemma 3 in Magdalinos (2012), the second term in (128) is of order O, (n{1/2+d2)e),

(t—7e)

and the first term is of order O, (pnnl/ 2+d1) . The order of p, Y depends on

n1/2+d1

the ratio /2T dz)a -

As pny-,—11s asymptotically dominant in (128) and p,, — 1, we have
—(t—Te); a _Pn Lo BHl(r )
pn n1/2+d1 Y n1/2+d1 y’Te—l dq e)-
3. Fort € Np, we have

[nr] [nr]
Yor) = D WYL= D wktyn Y

k:Tf-‘rl k=7'f+1
[ror ] Lnr] Tf
k=7;+1 k=1 k=1

Note that 3, ~ n'/?*%15, B (r,) we need to compare the order of 5 ,ETZTJI 1 Uk

and y. .

Suppose that d; = do, we have
Yinr| & pl/2td [adz (BHQ(T) = BHQ(rf)) + 0q, B™ (7’6)} )
Suppose that d; > ds, we have
Yinr| ~ nt/*tdg, B (r,).
Suppose that d; < ds, we have
Yinr| ~ nt/2tdg, (BH2 (r) — B™ (ry))-
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This completes the proof of Lemma 19.
Lemma 20 For the sample average,

1. ForT € B,
1 a a — T—T, 1
- E y; et a2 E%UdlBHl(Te)

2. For™ € Ny,
1

-
1 a _

+d1—1/2 Tf—T H
szana ' /p”f eTc(jd1B 1(T6)'

J=1

Proof. For 7 € B, we have

1 T 1 Te—1 1 T
;Zyj = ;Zyj+;zyj
j=1 j=1 j=e

The first term is

1 (1% 1
- - 1/24+dy ‘e [ T
J:

j=1

2o

Te
,
n1/2+d1—eadl/ B (s)ds,
0

r

where have applied Lemma 19.1 and continuous mapping theorem to obtain (129).

For the second term,

1 T
=B
J=Te

1 <&
; Z p%]*Te)nl/2+dl oa, BH: (Te)

J=Te

1 .
= b, B () L 37

j:'re
n1/2+d10.dlBH1 (re> p:L—Te-f—l _ 1
T Pn— 1
n!/2+ 0y B (1) (5™ pu) n® = ]
|nr|c

1

a — —

~Y na+dl 1/2 :L TE_UdlBH1<7ne)
rc

2o

122

(129)

(130)



where we obtain the asymptotic equivalence because p]~"n® asymptotically dominates
ne.
Comparing (130) with (129), as the second term is of higher order in all three cases,

therefore, we have the results in Lemma 20.1.

For 7 € Ny,
T Te—l Tf T
%Z%— Zya %Zyﬁr% > v
Jj=1 J=Te J=7r+1

For the first term, similar to (129), we have

Tel

_Zy 4 p1/2+di e dl/ BH1(s)ds.
0

For the second term, similar to (130), we have

i
1 a —r 1
+di1—1/2 T H
- E yj ~n* Ppid " —04 B L(re).
T “ rc
J=Te

For the last term, using Lemma 19.3, we have

— T a
- Z yj = — 120 (1) & 0, (n'/2Fh).
] Tr+1

Similar to the proof in Lemma 20, the second term has the highest order, therefore we

obtain the result in Lemma 20.2.

Lemma 21 Define the centered quantity iy = y; — % Z;:1 Yi—1.

1. ForT € B,
1ft € Ny
7 4, _patdi- 1/2p; Te — 1 1BH1(7“6), (131)
e’
ift € B,
Ty ~ (;,gh) n p; TE) n1/2+d10dlBHl (re). (132)
2. ForT € Ny,
if t € Ny,
Ty ~ —na+d1_1/zpzfTe%‘jdlBHl(re% (133)
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ifteB

Ui 2 (pS—Te) _ n_p;—7e> n1/2+d10dlBH1 (Te)7 (134)
nrc
ifte Ny
a TE—T, 1
gy & —pothl2 0 eEadlBHl (re). (135)
Proof.

1. Suppose 7 € B.

, 1 ¢
Yt = Yt — ;Z%q
j=1

If t € Np, from Lemma 19.1, y; = O,(n'/**%) for the second term, 1 > i1 Vi1

following Lemma 20.1, we can obtain £ Y77, y;_y ~ n*T1=12p7=7 Loy B (r,).

Therefore if t € Ny, the second term has a higher order and we obtain

1
— a a+d1—1/2 1—T H,
Yp ~ —n 2pr e_rcadlB (e).

Ift € B, from Lemma 19.2,
a 1
g~ PO Py Bl (rp) — nt BT 2o — gy B (1),

2. Suppose that 7 € Nj.

Ift € Ny,
_ I
ytzyt—;g Yj—1
j=1

Similar to the proof in Lemma 21.1, as y; is asymptotically dominated by the latter

term, we can express

_ a a _ TF—Te 1
L A : LU}
rc
Ift € B,
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— a —T Tf—Te na
G ~ <P£f ) — —) '/ oy BT (r,).
nrc

If t € Ny, components in ¥, will be dominated by the components in % Z;zl Yi—1,

eventually, following the proof of Lemma 21.1, we have

1
= a a+d1—1/2 Tf—Te H
Gy ~ —notai=l/2 0 _rcgdlB L(re).

Lemma 22 The sample variance terms involving y; behave as follows.

1. If T € B,
T 2(T—7Te)
Sy Aot e
j=1
2. ifT € Ny,
T pZ(Tf—Te)
2%2‘—1 & plrat2d Pr » UslBHl(T.E)Q.
7j=1
Proof.
1. Forre B )
DT =D Bt ) T (136)
j=1 =1 =e
For the first term in (136),
Te—1 Te—1 1 2
St 4 3 (L 8
j=1 j=1
(e — 1) 2(a+di) 2(T—Te I 5 m 2
= ——n (atd1) ;2 ‘)@UdlB (1)
a Te « T—Te
~ T2C2n2( +d1)p’?l( )06211BH1 (TG)Q'

For the second term in (136),
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T T 2
DN Kmﬁj”)— — ”) nl/“dladlBHl(re)}

j=e j=e
T a 2
—Te n T—Te
J=Te
142d; 2 pH 2 . 235 n* 2
= 0ol B (r)? Y (pn(]‘“) 20" “) pZ + n%z@pnﬁ_“))
j_Te
a 2(7—7e) 2a—1 ,2(T—T7e)
142dy 2 pH 2 [T Pn n Pn r—1.+1/n 20—1 2(1—7e
- 74 ) [ 2c —2 nrc + r2c2 " Pn( )
2(T—7Te)

2o

n1+2d1+“0§13H1(r6)2pn— (since @ > 20 — 1).

Since 1 +2d; +a > 2(a+dy), > 7__ §;_, dominates Z;:l 77, asymptotically,

and we have

T 2(T—7e)
237]2'—1 L pltditag? By ) pn2 '
, c
. Form € Nyand , € NV
Te—1
ny 1—Z%1+Z% 1 Z Uy (137)
J=71 J=T1 J=Te J=T¢+1

For the first term in (137), we have

Te—1

a o 2(7Tp—7e
Z y] L~ . 02 ( +d1)pn( f )angHl(re)Q.

For the second term, we have

2(Tf—Te)

92 a4 1ta+2d; 2 pH; 2Pn
E Yj—1~n UdlB () o0
j:Te

For the third term,
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T T 1 2
—2 a at+di—1/2 Tf—Te H
S fa &3 (e s )
j:Tf+1 j=‘l‘f+1
T —Tf 2(a+td) 2(Tf_Te> 1 2BH1( )2
= —n n Pn T2020d1 Te

e

0 1) o 2 ) .

As 1+ a+2d; > 2 («a + dy), the middle term dominates, and we have

2(tp—Te)

a o 1%
Zyy | ~pttetah 1BH1(T6)2 nQC '

This ends the proof of Lemma 22.
Lemma 23 The sample variances of ij; and u; behave as follows:

1. For T € B,

Z Yi1uj ~ prTe n2(1Ha)tdi+dza (r — ro) /2 5 BHL (), (138)

2. Fort € Ny,

71

> Gioauy & pp e e (g JO2ER G BI GG (139)

where ® is a normally distribution random variable with a finite variance.

1. ForT € B,
T2 Te—1
> giouy = Z j_1u; + Z Tj 1t (140)
Jj=1 J=Te
The first term in (140) is

Te—1 Te—1 1
— a a+d1—1/2 1—7¢ H
E Yj—1U; ~ E —ntT /Pn c—04, B (re) U
—1 rc
j=

Jj=1
1 Te—1
o at+di1—1/2 17— H
= (e B )
rc :
J=1
_patdi—1/24d1+1/2 Te—1
E— T Tegq, B (r )—1 E uj
re Pn dy € n1/2+d1 J
Jj=1
a na+2d1 I 9
T — T
~ o oy B (r.)”. (141)
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For the second term in (140),

.
Z Yj—1U;

J=Te
-
a (J—7e) T—Te n® 1/24d1 BH )
~ Z Pr — Pn nre n 04D (TG) Uj
J=Te
i T na T
— n1/2+d10.dlBH1 (7,6) p;*‘f'e Z p;(T*J+1)uj _ p;*‘l'e Z u;
4 nre -
J=Te J=Te
[ rre (Tt )2 o (r—jit1)
_ pV\/2Hdi, gH:i Pn (r—ret1) (/2T d2)a Zj:Te Pn Uy
= n Ody (re) e
_  T—Ten®T1/2td2 1 ZT .
Pn re pi/ztdy 2uj=r. Ui
a  1/24d H | (1/2+ds) no~1/2+dz H H
By B ) |7 (= r )l — g g, () - B (1))
rc
2 n1/2+d1 oa, BH1 (Te)p;'LfTe [n (T‘ . Te)](1/2+d2)oz .

= prrepa(te)tditdaa (. (1/24d2)e o) pHI( . (142)

We have applied Lemma 3 in Magdalinos(2012) to acquire the second asymptotic
equivalence and since (1/2+dy)a — (. — 1/2 + dy) = (1/2 —do)(1 — ) > 0, we
have the last asymptotic equivalence.

1/2—d;

The assumption that { o

> « implies %(1 + a) + dy + dya > a + 2dy, so the

> i—r. Uj—1u; asymptotically dominates Z;‘;l y;—1u;, eventually, we have

-
_ O rr. i(l4a)tdi+daa (1/2+d2)e H

S vty & g b 01240 6, Bl ),

7=1

. Form € Nyand 7, € Ny,

T2 Te—1 Tf T2
§ Yj1u; = E Yj—1uj + E Yj-1uj + g Yj—1u;.
J=T1 J=m J=Td Jj=Tp+1

As in (141), the first term is

Te—1 na+2d1

— a T—Te 2 RH 2
E Yj—1Uj ~ — e Pn eO'dlB (7"€> .
J=m

As in (142), the second term is

T
= a Tr—Te Ll(14+a)+di+d 1/2+d2)a H
g Yj—1U; ~ pPr pzte)tditda (r—re)(/ ) 04, B (r.)®.

J=Te
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The third term is

. = a . el — T—T, 1
Z Yjruj  ~ Z (_" a2 EEOdlBHl(rt?)) Uj

jZTf-‘r-l j=Tf+1

r
_ 1
= g B ) 3
rc .
j:Tf—i-l

(e - T— T 1 1 1 1 1
= T g B (/2 (B () — B (1)

a a T—T, 1
& ot r eEO'dBHl(Te) (BHl(r) — BHl(rf)) )

1/2—d;

Note that Tady > implies % + %a + d; + dyar > o + 2d;. So the second term

dominates the first and third term and we have

T2

. a —Te, 2(14a)+d1+d 1/24d2)a H
E Yj_1u; ~ py, Tep 3 (I+a)+ditdaa (r— Te)( [2+d2) o4, B (re)P.
j=7’f+1

So we have completed the proof of Lemma 23.

Lemma 24 The sample covariances of ij;_1 and y; — ppy;—1 behave as follows:

1. ForTt € B,
Z gj—l(yj — pnyj_1> 2 p;—Ten%(1+a)+d1+d2a (T _ 706)(1/24F512)04 od, BH: (,r‘e)q)‘
j=1
2. Fort € Ny,
T _ a 2(7r—Te 2
Y U1y = payi-1) ~ s g (B (re))"
j=1
Proof.

1. Note that we can separate ) 7, 7;—1(Y; — pny;j—1) into two parts such that

T Te—1 T
Zgjj,l(yj — PnYi—1) = Z Ui—1(y; — pnyj—1) + Z Yi-1(y; — pnYj-1)
j=1 Jj=1 J=Te
Te—1 T
= > g =p)ya+uwl+ D giaw
j:1 j:Te

Te—1

.
_ c ,
= E yj—mt—n—aE Yj-1Yj-1.
j=1 j=1
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From (138), Z;’Zl ijflut r‘i p;—’ren%(1+a)+dl+d20£ (,r. _ 7,.e)(1/2-1-£i2)ll oq BHl (,re)q)’

1

for the second term, applying (131) gives us

j=1 j=1

rc
1 1 Te—1
_ o d1—1/2 T—7¢ © BH1 - E
( n pn ’I“Udl (TC)) (Te — )

a 1 "
2 (—nd1_1/2 —pr o g, B (re)) Te (n1/2+d10d1 / BHl(S)ds>
0

= _p2i+iyrorele o3 B (r.) / BH1(s)ds. (143)
r 0

c Te—1 c Te—1 1
— a a+d1—1/2 17—, H
o E, j-1Yj-1 ~ — (—n =04, B l(re)) Yi-1
Te Yj—1
7j=1

1/24d1

ot as» We can show l(1—|—oz)—|—dl+dgoz > 2d; + 1

Under the assumption o <

thus 7 j=1 Yj—1u, asymptotically dominates —-% S i1 y] 1Yj—1, and we have

> Gy = payya) & pf e (g A2 G B (),

2. For 7 € Ny, we can express

Zy] 1 pnyj 1)

’T'e—l
= Zyj 1(Yj = puyi-1) +Zyj 1(Y) = Pubi—1) + Grp (Yry — PuYe,)
J=Te
+ Z Yi-1(yj — puyj-1)
J=Tr+2

Te—1 Tf
_ c _ _
= Z Yj—1 [—Eyjq + Ut} + Z Yj—1Us + Yoy (Yrpt1 — PnYry)

j=1 J=Te
Z Yj—1 [__y] 1+ ut}
=7+
Te—1 T
= Z Yj— 1ut__zyj 1Yj—1 — e Z Yi-1Yj—1 = PnYrsYrs-

j=1 J=Tr+2

For the first term, similar to (138), we have

’
_ a _ l14+a)+di+d 1/24d2)a
> Gjorug gy TR ()12

j=1

o4, BT (re)®,

1
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for the second term, following the step to obtain (143), we have
Te—1

Te
% - a 2di4+1 74—Tele 2 HH H
— g Yj—1Yj—1 ~ —n""Tpy C—oy BT B7(s)ds,
n = r 0

for the third term,

T

< - T 11s o £ _potdi-1/2 rere 1 BH: ,
s Z Yj—1Yj—1 no Z < n P 0 (re) | yj-1

j=Tp+2 J=TE+2
1 T
_ d1—1/2  Tf—Te H
= —nhT2p; —oa BT (re) > yia
J=Tr+2
-
B 1 n1/2+d1 1
. - d1—1/2 Tf Te_ Hy . _ .
= n Pn TCUdlB (re) (T Tf 1) 1 nl/2+d1 Yj—
I J=Tr+2

e

TF—Te ]- "
—p2atl T ‘er—cafllBHl(re)2 (r — rf)/ BH1(s)ds.

rf

For the last term, from Lemma 19.2 and (134)

pnngny f(\l'/ ngny (aS pn — 1)

_ . n _
Tf—Te Tf—Te 1/2+d H Tf—Te 1/2+d H
(pnf —pi —) n'?thg, BN (pnf n'**o, B 1(7"e))

e

nrc

_ pi(ﬁ—n)nHleUZl (BH1 (Te))2 '

(g =)

. . 2 .
Note that the last component dominates the previous terms as p, is over-

whelming. Finally, we have
_ _ a 2(Tf—Te 2
Zyj—l(yj — PnYj-1) ~ —Pn( ’ )"H%Ui (B (re))”
j=1

This ends the proof of Lemma 24.

Lemma 25 For the sum of squared difference Y, Ay?, we have the following limit

results:

1. When 1 € B,
3" Ay = 0, (nt e Ty, (144)



2. When 1 € Ny,
ZAyt = Opln! 2 i), (145)

Proof.

For Ay, note that it has a different expression for different period,

;

Uy if t<Te,
(pn - 1)yt71 + Uy Zf Te < t < Tfa
Ay, = . (146)
Yro T Y + Urpr1 —Yry if t=7p+1,
& if t>71p+ 1
Note that,
T Te—1
Z Ayt Z Ayt + Z Ayt + Any+1 + Z Ayt (147)
t=1 t=Te t=7p+2

And using (146), we can write

Z Ay}

Te—l T
= Zut—FZ n = Dyt +w)” +(yTe+y*+qu+1_ny)2+ Z uy
t=Te t:Tf+2
Te—1 Tf

= Zut 2azyt1+2czyt 1Ut+zut

t=1 t=Te t="Te t=Te

-
+ (yTe + y* - ny)2 + 2 (yTe + y* - ny) Urp+1 + U?—f_H + Z U?
t=7¢+2

T

= u? = Zyt 1+ Zyt Ve 4 (yre + 5" = yr,)" 2 (yr + Y — yr,) ul48)

t=1 t=Te t=Te

We now proceed to compare the stochastic order of different component in (148).

By ergodic theorem Y ;_, u? = O,(n). For the second term, applying Lemma 20, we
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have

2 S 2
C a Cc
T IS 1o ST
t=7¢ t=7¢
2 «@ 2(Tf77'6)
_ & (/i gH(, )2 P
n2o (n Ody (Te)) 2¢
_ gn1+2d1—api(Tf—Te)ac2llBHl (re)?
_ Op(n1+2d1—api(7'f77'6))' (150)

Suppose 7 € B, we do not have the term in (147), and (150) yields (144).

For the third term, note that

Yr, + y* — Yr; N n1/2+d1 UdlBHl (Te) + Op(l) _ ngTf_Te)nl/Q‘f'dl O.dlBHl (Te)

_ Op(pSLTf*TE)nl/2+d1)'

It implies (yTe +yt - ny)2 = Op(pi(Tf_Te)nl—&-le).
Finally,

2(yr + 5" = Yry) e = Ol 02 X 0,(1)
_ Op(pgf_k)nl/%dl).

Therefore, the third term dominates the other term as n — oo, and we have (145).

This completes the proof.

Lemma 26 For the LS estimator p,, we have the following asymptotic results:

1. When T € B,

n(pr —1) 5 oo
2. When 1 € Ny,

n(py —1) 5 —oo
Proof.

QZJ 1 yt
=

2= while from Lemma 22 and Lemma 25, it is
E] 1 y] 1

By our definition, p, = p, +

clear that § Y77, Ay} is at most O, (n'*+2% pi(Tf_Te ), and 37_, 55, = O, (n!t2h+e pn(Tf_Te))
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AN .
for 7 € B U Nj. So the term 22#:—1,2% = 0p(1), it means we only need to study the

j=1Yj-1
asymptotic properties of p..

We first focus on the centered statistics p, — p,, = ==t @AW —Pnbiz1),

Y107
1. When T € B,
25:1 Ui 1(Yj — PuYio1) o pg—nn%(uandﬁdw (r — 7ne)(1/2+dz)a o4 B (ro)®
ZJT'=1 ?7;2;1 - n1+2d1+0‘@0§1BH1 (re)?

2c (7‘ — re)(1/2+d2)a ®
pr=Tenl/24di+(1/2=d2)ag, BHi(r,)

= O,(n~%p, 7)), (151)

n

where we have applied Lemma 22.1 and 24.1 to obtain the asymptotic equivalence.

Note that 151 also implies p, — p, = Op(n*ap;(T_Te)).
Asn(p; — 1) =n(p, — 1) + n(pr — pn),

wlpn = 1) +n(pr —pa) = 0"+ Oy(n'p, )

= n'"%c+o0,(1) — oo. (152)
2. When 7 € Ny,
ZT = ( - ) ) _ 2(7,«775) 14+2d1 ;2 (pH: 2
j=1 Yi—1\Y; PnYji—1 13 Pn n O'd1 ( (7‘6))
T —2 2(Te—Te)
ijl Yj—1 nl+a+2di Pn ;C 021 BH: (TG)Q
= —n “2ec. (153)

Similarly, (153) also gives the order of p, — p,,.

Asn(p, —1) = nlpn — 1) +n(pr — pn),

n(pn — 1)+ n(pr — po) = n'"c—n(n""2)

l—«a

= —n %c— o0. (154)
This completes the proof of Lemma 26.
Lemma 27 Under model (60), we have the following asymptotic result.
Qpap = Op(n2d1 pi(T—Te))‘
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Proof. From (106), we have

) —S, —5* (155)

A

O — - Z z 2D(

To study the order of Qg 4R, wWe only need to study the limit of ﬁSi.

Suppose T € B,

1 -
_ST = TYi—
= E pTyzl +§ pTy’Ll

=1 1=Te

- \/_ Z Z Pn)Yi-1)

Te—1

1
= %;ui_<‘r \/—Zyl p”\/_zyj 1 (156)

1=Te

We now compare the order of the three terms. Itis clear that —= 3=7_, u; = O, (nmaxtdudaly,

For the second term (p, — 1)% ST gy, note that (p, — 1) & - and

n

Te—1

\/__Zyz 1 = ﬂLZTJ%igi—1

Te—1 T
B Inr| (1< Te—11
= Ve =D v =)

i=1 i=1

= O(/) (0yn/24) = 0 (o425 7))

— Op( a+d1pz; Te)

Te—1 — o T Te 7' Te
This makes (9, — 1) 7= 2702, Gim1 = 750, (07" ) O, (n™ ) . For the
last term, note that from (152), we have (p, — p,) = ( == ) and
B [nr] 1< _
\/—; i1 = rV/n e ;;.%4

= T\/ELZ:J % Z (yj—l - % Zyj)

1=Te

B lnr] (1< T—T.+11L
= v nr szjfl T Tizly] '

1=Te
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Note that from Lemma 20.1 and (130) we have

1 T
pu Z yi—1 = O, (na+d1—1/2p:l_78) 7

J=Te
and

1 - a+d1—1/2 17—

;Z%‘:Op(” prTe).

j=1
So we have
Zy] L= 1/2) Op( a+di— 1/2p; Te) _ Op (na+d1p; Te> )

This implies

1
Zyj 1= (na — Te) 0, (™t p7=7) = 0, (nh) . (157)
Comparing the order of three terms in (156), we obtain

LgT & —(pr — 1)i Jio1 = O, (n™pl 7). (158)

Vn
Then (155) implies Q4 = O, (n24 pal7 ™).
Suppose 7 € Ny,

1=Te 1= Tf-‘rl
Z y>+1i<u (= o)) + = 3 (= (e — Vi)
= = i—1 e i n e i — \Pr — i—1
\/_ i=1 \/ﬁi:’re ni_Tf+1
1 Te—1 1 T
- —Z —D—=> G —(pr—p)—= Y G+ Z Ji1. (159)
\/_ =1 n i=1 \/ﬁiZTe z—‘rerl
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Note that the order of the first three terms in (159) are O,(n™), O, (n®p7 ™) , and
O, (ndl) , respectively. For the last term, we have

T

1
5 — 1) —— 77 2 E _poatdi—1/2 Tf—Te H
(pT 1)\/5 E Yi—1 na\/— ( n ! Pr ’l”CUdlB I(Te))

i=75+1 i=T¢+1

S|

= Op<ndlp;f TE )a

where we have applied (135) and (154) to obtain the asymptotic equivalence.
As 7 € Ny, 74 < 7, eventually we have the same expression as (158) and it implies
Quar = Op(n2h p27 ™)) This ends the proof of Lemma 27.
Proof of Theorem 8
Note that DF _ (s
ote that DF ;. jy 45 = (m> (5. — 1).

Suppose that 7 € B, applying the results in Lemma 22.1, (152) and Lemma 27 , we

obtain

T =2 1/2 1+a+2d; 2(T7—Te) 1/2
(Z2=) - - Op(” A ) =

2
Quar n2d p;,

= 0, (nl_Ta> — 0.

Suppose that 7 € N; applying the results in Lemma 22.1, (154) and Lemma 27, we

have

QHAR

T =)\ 1/2
21 Ui 2 - B n1+a+2d1pfl( £ Te) .
=) (-1 = 6 s e
n lpn n
= =0, (nl%a) — —00.

To show #H#AR 2 1 and AR 2 r¢, note that if 7 € Ny,

lim Pr(DFTHAR > cUppar) = Pr(F.4 > 00) = 0.

n—oo
If 7 € B, lim,_,o0 Pr(lf?\}/?T,HAR > Uppar) = 1, given that =228 — 0. If 7 € Ny,
limn_wo Pr(lf)\ﬁT’HAR > CUn,HAR) =0, as ﬁT,HAR = —Op (nl_Ta) .
It follows that for any 7, v > 0,
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Pr(Pl % > r.+ 1) = 0, and Pr(Ff4% < rp+49) =0,

due to the fact that Pr(ﬁ’(Tﬁan/n),HAR >r.+mn) — lforall 0 < «, < 1 and

Pr(lf)\ﬁ(w_w/n) HAR > cUpmar) — 1forall 0 < ay < ¥. Asn and 9 are arbitrary and

Pr(plAR < r.) — 0and Pr(P#4% > rp) — 0, we can deduce Pr(|pHA% —r.| > ) — 0

and Pr(|#f4% —r;| > ) — 0 as n — oo, provided that

1 CUn,HAR
n<17(¥)/2

CUn HAR
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