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Testing Heterogeneity in Panel Data Models

with Interactive Fixed Effects®

Qihui Chen

Singapore Management University

Abstract

This paper proposes a test for the slope homogeneity in large dimensional
panel data models with interactive fixed effects based on a measure of goodness-
of-fit (R?). We first obtain, for each cross-sectional unit, the R? from the time
series regression of residuals on the constant and observable regressors and
then construct the test statistic R? as an equally weighted average of the cross-
sectional R?’s. R? is close to 0 under the null hypothesis of homogenous slopes
and deviates away from 0 otherwise. We show that after being appropriately
centered and scaled, R? is asymptotically normally distributed under the null
and a sequence of Pitman local alternatives. To improve the finite sample
performance of the test, we also propose a bootstrap procedure to obtain the
bootstrap p-values and justify its validity. Monte Carlo simulations suggest
that the test has correct size and satisfactory power, and is superior to a
recent test proposed by Pesaran and Yamagata (2008) that neglects cross-
sectional dependence in panel data models. We apply our tests to study the
OECD economic growth model and the Fama-French three factor model for

asset returns.

*E-mail: gihui.chen.2009@me.smu.edu.sg; Phone: +65 8260 8622.
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1 Introduction

Recently large dimensional panel data models with interactive fixed effects have
attracted huge attention in econometrics. Pesaran (2006) proposed a number
of estimators [referred to as common correlated effects (CCE) estimators] for
heterogeneous panels and derived their asymptotic normal distributions under
fairly general conditions. Bai (2009a) studied identification, consistency, and
the limiting distribution of the principal component analysis (PCA) estimators
and demonstrated that they are v/ NT consistent, where N and T refer to the
individual and time series dimensions, respectively. Kapetanios and Pesaran
(2007) proposed a factor-augmented estimator by augmenting a linear panel
data model with estimated common factors to account for cross sectional de-
pendence and studied its finite sample properties via Monte Carlo simulations.
Greenaway-McGrevy, Han and Sul (2010) formally established the asymptotic
distribution of this estimator and provided specific conditions under which the
estimated factors can be used in place of the latent factors in the regression.
Moon and Weidner (2010b) considered dynamic linear panel regression models
with interactive fixed effects, and found that there are two sources of asymp-
totic biases for the Gaussian quasi maximum likelihood estimator (QMLE):
one is due to correlation or heteroscedasticity of the idiosyncratic error term
and the other is the presence of predetermined regressor. In addition, Moon
and Weidner (2010a) discussed the validity of QMLE method for panel data
models when the number of factors as interactive fixed effects is unknown
and has to be chosen according to certain information criteria. Pesaran and
Tosetti (2011) considered estimation of panel data models with a multifactor
error structure and spatial error correlations and found that Pesaran’s CCE
procedure continues to yield consistent and asymptotically normal estimates
of the slope coefficients.

Panel data models with interactive fixed effects are useful modelling par-

adigm. In macroeconomics, incorporating interactive effects can account for



the heterogenous impact of unobservable common shocks, while the regressors
can be such input as labor and capital. In finance, combination of unobserved
factors and observed covariates can explain the excess returns of assets. In mi-
croeconomics, panel data models with interactive fixed effects can incorporate
unmeasured skills or unobservable characteristics to study the individual wage
rate. Nevertheless, in most empirical studies it is commonly assumed that the
coefficients of the observed regressors are homogeneous. In fact, most of the lit-
erature reviewed above is developed for homogeneous panel data models with
interactive fixed effects. The only exceptions are Pesaran (2006), Kapetan-
ios and Pesaran (2007) and Pesaran and Tosetti (2011) that are applicable to
heterogeneous panels but typically require certain rank conditions to satisfy
in order to estimate individual slopes. Su and Jin (2010) extended Pesaran
(2006) to nonparametric regression with a multi-factor error structure.

Slope homogeneity assumption greatly simplifies the estimation and infer-
ence process and the proposed estimator can be efficient if there is no hetero-
geneity in individual slopes. Nevertheless, if the slope homogeneity assumption
is not true, estimates based on panel data models with homogeneous slopes
can be inconsistent and lead to misleading statistical inference, see, for exam-
ple, Hsiao (2003, Chapter 6) and Baltagi, Bresson and Pirotte (2008). So it is
necessary and prudent to test for slope homogeneity before imposing it.

There are many studies on testing for slope homogeneity in the panel data
literature, see Pesaran, Smith and Im (1996), Phillips and Sul (2003), Pe-
saran and Yamagata (2008, PY hereafter), Blomquist (2010), Lin (2010), Jin
and Su (2011), among others. Pesaran, Smith and Im (1996) proposed a
Hausman-type test by comparing the standard fixed effects estimator with the
mean group estimator. Phillips and Sul (2003) also proposed a Hausman-type
test for slope homogeneity for AR(1) panel data models in the presence of
cross-sectional dependence. Recently, PY developed a standardized version of

Swamy’s test for the slope homogeneity in large panel data model with fixed



effects and unconditional heteroscedasticity, and Blomquist (2010) proposed a
bootstrap version of PY’s Swamy test that is claimed to be robust to general
forms of cross-sectional dependence and serial correlation. Lin (2010) proposed
a test for slope homogeneity in a linear panel data models with fixed effects
and conditional heteroscedasticity. Jin and Su (2011) proposed a nonparamet-
ric test for poolability in nonparametric regression models with a multi-factor
error structure. Nevertheless, to the best of our knowledge, there is no avail-
able test of slope homogeneity for large dimensional panel data models with
interactive fixed effects.

In this paper we consider a test of slope homogeneity in large dimensional
panel data models with interactive fixed effects based on a measure of goodness-
of-fit (R?). Under the null hypothesis of homogenous slopes, the residuals from
Bai’s (2009a) PCA estimation should not contain any useful information about
the observable regressors. This motivates us to construct a residual-based
test. We first estimate a restricted model by imposing slope homogeneity and
adopting the Bai’s estimation procedure. Then we obtain the cross-sectional
R%s by running the time series regression of residuals on the constant and
observable regressors for each cross-sectional unit. Our test statistic R? is
constructed as a simple average of these cross-sectional R?’s. Under the null,
R? should be close to 0 and deviates away from 0 otherwise. We show that after
being appropriately standardized, R? is asymptotically normally distributed
under the null hypothesis and a sequence of Pitman local alternatives. We
also propose a bootstrap method to obtain the bootstrap p-values to improve
the finite sample performance of our test and justify its asymptotic validity.
In the Monte Carlo experiments, we show that the test has correct size and
satisfactory power. We also compare it with a recent test proposed by PY
that neglects cross-sectional dependence in panel data models and Blomquist’s
(2010) bootstrap version of PY’s test. Simulations suggest that the latter test,

with or without bootstrapping, has huge size distortions in the presence of



cross-sectional dependence. We apply our test to the OECD economic growth
data and reject the null of homogeneous slopes. We also apply our test to
the Fama-French three factor model to assess how well these three factors can
approximate the latent factors in that model.

To sum up, our R2-based test has several advantages. First, the intuition
as detailed above is clear. Like many other goodness-of-fit types of tests in the
literature, it is a consistent test and has power in detecting local alternatives
converging to the null at the usual N~/4T~1/2 rate which is also obtained
by PY. Second, unlike PY’s test that requires estimation under both the null
and alternative, we only require estimation of the panel data models under
the null hypothesis. This is extremely important because Bai’s (2009a) PCA
estimation is only applicable to homogeneous large dimensional panels with
interactive fixed effects. The estimation of the model under the alternative
would require us to assume certain rank conditions that are not needed here in
order to apply Pesaran’s (2006) CCE procedure. Third, the local asymptotic
behavior of our test statistic is tractable. In order to analyze the asymptotic
local power property of our test, we need to extend Bai’s (2009a) asymptotic
distribution theory from the case of homogenous slopes to the case where
local deviations from the null are allowed [see (3.2) below]. As demonstrated
in the appendix, this extension is nontrivial. The local deviations affect the
asymptotic behavior of the estimator of the dominant component, i.e., 5 in
(3.2), in the heterogenous slope parameters and the asymptotic mean of our
test statistic in a fairly complicated but tractable manner. Fourth, due to the
measurement-unit-free and self-normalizing nature of R?, our non-normalized
test statistic has transparent asymptotic bias and variance formulae, which
can be easily estimated.

The remainder of the paper is organized as follows. In Section 2, we in-
troduce the hypotheses and the test statistic. In Section 3 we derive the as-

ymptotic distributions of our test statistic under both the null and a sequence



of local Pitman alternatives, and propose a bootstrap procedure to obtain the
p-values for our test. We also remark on the other potential applications and
extensions of our test. In Section 4, we conduct Monte Carlo experiments to
evaluate the finite sample performance of our test and apply it to the OECD
economic growth data and the Fama-French three factor model and data. Sec-
tion 5 concludes. All proofs are relegated to the Appendix.

To proceed, we adopt the following notation. For an m X n matrix A, we
use ||A|| to denote its Frobenius norm, i.e. [tr(A’A)]Y/2. Let Py = A(A’A)1A’
and My = I, — A(AA)"1A" where = means “is defined as”. When A is
a symmetric matrix, we use Apax(A) and Apin(A) respectively to denote its
maximum and minimum eigenvalues and A > 0 to denote that A is positive
definite. Let iy and I, denote a T' x 1 vector of ones and an m x m identity

1

matrix, respectively. Let L = Ziri;. We use p.s.d. to abbreviate positive

semidefinite. Moreover, the operator —— denotes convergence in probability,
and L convergence in distribution. We use (V,T') — oo to denote the joint

convergence of N and 7" when N and T pass to the infinity simultaneously.

2 Basic Framework

In this section, we first specify the null and alternative hypotheses, then intro-
duce the estimation of the restricted model under the null, and finally propose

a test statistic based on the average of goodness-of-fit measures.

2.1 The model and hypotheses

Consider the heterogeneous panel data model with interactive fixed effects
Yie = Bi Xt + NFy + e, i =1, N, t=1,...,T, (2.1)

where X;; is a K x 1 vector of strictly exogenous regressors, 3, is a K x 1 vector

of unknown slope coefficients, \; is a r x 1 vector of factor loadings, and F} is a



r X 1 vector of common factors, ¢;; is idiosyncratic error, and 3,, A\;, F; and €;;
are unobserved. Here {\;} and {F};} may be potentially correlated with { X} .
For simplicity, we will assume that {¢;;} satisfies certain martingale difference
condition along time dimension and independent across individuals.

The null hypothesis of interest is

Hy: 3; = 3 for some f € RE Vi=1,... N. (2.2)

The alternative hypothesis is

H,: 3; # B; for some i # j. (2.3)

To construct a residual-based test for the above null hypothesis, we need
to estimate the model under the null hypothesis and obtain the residuals from
the regression. Then for each cross sectional unit ¢, we run the linear regression
of the residuals on a constant and Xj;, and calculate R?. Our test statistic is

constructed by averaging these cross sectional R?’s.

2.2 Estimation of the restricted model

To proceed, we introduce the following notation:

Y, = (Y;'l,Y;'Q, cen 7Y2T)/, X = (Xﬂ,Xn, e ,XiT),> €; = (51'1,5@'2, e ,€iT)/,

F = (Fl,Fg,...,FT)/, and A = ()\1,)\2,...,)\]\[)/.

Then under Hy we can write the model (2.1) in vector form as

For the restricted model in (2.4), Bai (2009a) studied the PCA estimators

of the homogeneous slope 3, the factor loadings A, and the common factors



F', which are given by the solutions of the following set of nonlinear equations

N
B= (Z XfMFXi) > X MY, (2.5)
=1 =1

1 N A A A A
Il (Y;; - Xz‘ﬁ)(yi - Xiﬁ)l F = FVyr, (2-6)
NT ; NT
and
A= %[F’(YI ~XaB), . (Y — X)), (2.7)

where Viyr is a diagonal matrix that consists of the r largest eigenvalues of the
bracketed matrix in (2.6), arranged in decreasing order. To obtain the above

results, we need to impose some identification restrictions:
F'F/T = I, and A'A = diagonal.

Bai (2009a) suggested a robust iteration scheme to estimate (5, F, A). The

procedure goes as follows:
1. Obtain an initial estimator (F, A) of (F,A).

2. Given F and A, compute

N
= (Sat) Yoxion- )
=1 i=1

3. Given 3, compute F' according to (2.6) (multiplied by v/T due to the

restriction that F'F/T = I,) and calculate A using formula (2.7).

4. Repeat steps 2 and 3 until (B , F , A) satisfies certain convergence criterion.

After obtaining (B,F,f&), we can estimate g; by & = Y, — X,B DY

~

under the null, where ' = (ﬁ’l,Fg,...FT)’, A= (5\1,5\2,...,)\]\;)’ and &; =



(Ei1,Ei2y - - - ,éiT)'. Then it is easy to verify that
& = Mpe; + MpXi(B = B) + MpF A + MpXi(8; = 6) (2.8)
by noting that F'); = Px(Y; — X,53) according to (2.7).

2.3 A R%-based test for slope homogeneity

We consider the time series linear regression model
Eit=0; + O Xy +my, t=1,...,T,

for each cross sectional unit ¢ = 1,..., N, where 7, is the error term. Under

the null hypothesis of homogeneous slopes, we expect ¢, = 0 for all 7, because
Eir = (B — B)/Xit + )\;E — S\ZFt + €it

where B - p 2,0 and /\;Ft — S\Zﬁ} 2, 0 under H,. Thus the goodness-of-fit
measure R? for the above regression should be close to 0. Under the alternative
hypothesis,

Eir = (B; — B),Xit + )\;Ft - j\zﬁ;f + €4t

In general, 3, — 3 does not converge to 0 in probability and hence R? should
deviate from 0. This enlightens us to propose a test based on an average of
cross sectional R?.

Under the null, we first estimate the restricted panel data model with

interactive fixed effects

Then we run the individual time series regression of &; on Z, = (1, X},) for



€ = Zy; +m;,

where v, = (8;,¢})', Z; = (ir, X;), and m; = (0,1, 049, - .., Ny7) . For each cross

sectional unit ¢, we calculate

T
B2 = ESS; _ tZ
© T 7SS T

where ESS; = 3, ((Zh4: — &) TSS; = 3 (Gu — )% & =T Y &,
and My = Ir — L. We define the average goodness-of-fit for all individual time

series regressions as
N
_ 1
R, = ~ s (2.10)
i=1

which is used to test for slope homogeneity in the panel data model with
interactive fixed effects. Clearly, 0 < R3,; < 1 by construction. It is close
to 0 under Hy because {&;;} contains no useful information about {X;;} and
deviates from 0 otherwise. We will show that after being appropriately centered
and scaled, R, is asymptotically normally distributed under the null and a
sequence of Pitman local alternatives.

Alternatively, we can consider estimating the model (2.1) under the null
and alternative hypotheses respectively, and comparing the restricted and un-
restricted estimators of 3, in the spirit of Hausman test. Nevertheless, Bai’s
(2009) iterative PCA method is not applicable to heterogenous panel data
models and we have to resort to Pesaran’s (2006) CCE method to obtain the
unrestricted estimators of 3,, « = 1,..., N. The latter method would require

that certain rank conditions must be satisfied, which are not needed in this

paper.



3 Asymptotic Distributions

In this section we first present a set of assumptions that are necessary for
asymptotic analyses, and then study the asymptotic distributions of R%,- under
the null hypothesis and a sequence of Pitman local alternatives. We also

propose a bootstrap procedure to obtain the bootstrap p-values for our test.

3.1 Assumptions

Let F = {F : F'F/T = I.}. Let F;(e;) denote the o-field generated by
{€it,...,en }- Let M denote a generic positive constant whose value may change

across lines. We make the following assumptions.

Assumption Al. (i) E[|X;||* < M and l;nffD(F) > 0, where
€

and a;; = N,(NA/N)7IA.

(ii) E||F* < M and T7! Zthl E,F 25 ¥p > 0 for some 7 x 7 matrix
YrasT — oo.

(iii) E||A][* < M and A'A/N -2 %, > 0 for some r x r matrix ¥, as
N — oo.

(iv) Let Z; = (Za, ..., Zir) where Zy = (1, X},)" . T2/ Z; 2> £, > 0 for
some (K +1) x (K 4+ 1) matrix ¥z, as T — 00. minj<;j<y Amin (X7,) > ¢, for
some ¢, > 0.

(v) Let i = || Xal P=El| Xl . % ity Xy E (sasy) < Mand £ 37,7, 370
E (Gitsis) < M.

(vi) Let ¢; = || \i||> = E||\s||?. There exists an even number ¢ > 2 such that

EHQW < M, and W Zlgil,iQ,...,iﬂgNE (Cilcz'z“'cm) < M.

Assumption A2. (i) ¢; is independent of X, A;, and F for all 4, ¢, j
and s. E(e%) < M.

10



(ii) &;, i = 1, ..., N, are mutually independent of each other.

Assumption A3. (i) For each ¢, {e;, F; (e;)} is a martingale difference
sequence (m.d.s.) such that E [g;|F;_1 (€;)] = 0 a.s.

(i) B [e2|Fi_1 (g;)] = 02 a.s. such that ¢, < minj<;<y 07 < maxj<i<y 02 <
¢, for some c_,¢, € (0,00).

(iii) Let &, = e —02. B¢, < Mand w572 S0 Yo oo B(&in G,
&ir,) < M, where ¥ is given in Al(vi).

Assumption A4. (i) As (N,T) — oo, N/T? — 0, T/N3/? — 0.

(ii) As (N,T) — oo, NY2+2/9 )T — 0.

A1(i), A1(ii)-(iii), and A2(i) are identical to Assumptions A, B, and D
in Bai (2009a), respectively. They are required for identification and consis-
tent estimation of the parameters in the model. As Moon and Meidner (2010b)
show, we can relax A2(i) to allow lagged dependent variables as regressors, but
the proof strategy will be totally different from that in Bai (2009a). Al(iv)-
(vi) are new and needed to establish the asymptotic distribution of our test
statistic. A1(iv) implies that the minimum eigenvalue of T~'Z!Z; is also uni-
formly bounded below from 0 with probability approaching 1 as (N,T) — cc.
Al(v) and (vi) impose restrictions on the dependence among {X;;} and {\;}.
In addition, A1(vi) strengthens the moment conditions of \; in A1(iii).

A2(ii) rules out cross sectional dependence between e;’s and A3(i) rules
out serial dependence among {e;,t > 1}. It is worth mentioning that either
assumption can be relaxed and neither one causes much further technical dif-
ficulty in establishing the asymptotic normal distribution of our test statistic
under the null provided the other one is assumed. Nevertheless, given the com-
plicated form of the dominant term in our test statistic, it seems extremely
difficult to relax both assumptions simultaneously unless one wants to impose
that certain version of central limit theorem (CLT) holds for a complicated

U-statistic as in Bai (2009a).! In this paper, we impose both assumptions for

'Without using either A2(ii) or A3(i), Bai (2009a) assumes instead that a high level CLT

11



the simplicity of estimating the asymptotic variance of our test statistic. See
Remark 2 after Theorem 3.1.2

A3(ii) imposes conditional homoskedasticity along the time dimension but
not along the cross sectional dimension. It can be relaxed at the cost of further
complication in the derivation of our distributional theory. A3(iii) imposes
some moment conditions that are needed to verify the martingale CLT and to
prove the consistency of the estimates for the asymptotic bias and variance for
our test statistic.

A4 imposes some conditions on the rate at which N and T pass to the
infinity, and the interaction of (N, T") with 9. A4(i) is also assumed in previous
literature on panel data models with interactive fixed effects [e.g., Bai (2009a),
Theorem 4]. A4(ii) is new and will be needed to establish the consistency of
the estimate of the asymptotic variance of our test statistic. Under A4(ii),

N/T? — 0 in A4(i) becomes redundant.

3.2 Asymptotic null distribution

Let h; s denote the (¢, s)th element of H; = Mp(P;, — L)Mp. Define

B _ L ZN: ZT: M
NTE N Lo L TTSS,
N

VNT % Z Z hzz,ts )

JNT

Il
2
~
uo]]
2[\')
S~
|

&
=
~

The following theorem states the asymptotic null distribution of the infeasible

statistic Jyr.

holds for some U-statistic under some moment conditions. Nevertheless, the U-statistic that
drives the asymptotic normal distribution of our test statistic is much more complicated than
that studied by Bai (2009a). Moreover, even though we can assume ad hoc that some CLT
holds for our U-statistic, we find that it seems impossible to estimate the asymptotic variance
consistently under the null without either A2(ii) or A3(i).

2 Assumptions A2(i)-(ii) are also implied by Assumptions 1-3 in Pesaran (2006).

12



Theorem 3.1 Suppose Assumptions A1-A/ hold. Then under Hy,
Inr = N(0, Vo)

where ‘/0 = lim(N7T)Hoo VNT-

Remark 1. The proof of the above theorem is tedious and relegated to
the appendix. The key step in the proof is to show that under Hy, Jyr =

Rinr1 + op(1), where

N
Rinty = \/LN Z 0;2 Z EitEisNits-
1

i= 1<sAt<T

With this, we can apply the martingale central limit theorem (CLT) to show
that Rinr1 N (0,V5) under Assumptions A1-A4. 3 Note that Vyr would
be observed if the factor F' were observable. In this sense, we can say that Jyr
is almost asymptotically pivotal. This is one of the advantages to base a test

on the measure of goodness-of-fit.

Remark 2. As mentioned above, either Assumption A2(ii) or A3(i) can be
relaxed. If we relax A2(ii) to allow for cross sectional dependence among g;, we
can modify the proof of (B.1) in Appendix B and show that Ryyr; continues
to satisfy the martingale CLT under some auxiliary conditions. Specifically,

we can replace A2(ii) by the following assumption:

Assumption A5. Let €, = (e14,....ent)". Let Fny (g4, €;) and Fy, (€) de-
note the o-field generated by {(cit, ;1) , (€it—1,€j4-1) 5 .-, (€1, €51) } and {e.4, €41,
..., €1}, respectively.

(1) For all (’l,]) , E[Sit’FN,tfl (Ei, Ej)} =0 a.s.

3Note that hi+s depends on F' and X;. Without Assumptions A2-A3, we cannot establish
this asymptotic normality result.

13



(ii) For all (i, j, k,1) , Eleiejie| Fni-1 (€)] = wij a.s. and Eleiejiericie| Fai-1 (€)]

Kijki a.8. Moreover

1 1
N Z ’Wij| S M, m Z ‘ﬁijk:l’ S M, and max ’fiijj S M.

1<ig<N
1<ij<N 1<i,5,kISN

Then under Assumptions Al, A2(i), A3-A5, we can show that Rin71 LI

N(0,V1), where Vi = lim(n 1) VinT, and
N t—
j:

N T
‘/iNT = % Zl Z Z Z 0;2J;2w?jhi7t5hjat5’

1 t=2 s=1

Obviously Vinr = Vi under Assumption A2(ii).

Similarly, if A3(i) is relaxed to allow for some sort of weak dependence
among {e;,t > 1} for each ¢, then under A2(ii), we can apply the CLT for
independent heterogenous processes to derive the asymptotic null distribution
of our test statistic. In this case, we can replace A3(i) by the following high

level assumption:

Assumption A6. Let ;s = 465 — E (€4845) and 02 = F (¢2) . 07 is uni-
formly bounded and uniformly bounded below from 0. Qnr = N ! Zf\il o, "
Zlgtgétng Zlgt;ﬁémgT Zl§t5;«ét6§T Zlgt'ﬁéthT B (SitytaSistataSitateSistrts) it
hi,t3t4hi,t5t6 hi,t7t8 = OP (1) .

Noting that each element of h; ;s is Op(T '), A6 can be satisfied by as-
suming some strong mixing conditions on the process {g;,t > 1} and it en-
sures that the Lindeberg condition holds. Under Assumptions A1, A2, A3(iii),
A4 and A6, we can show that Rinr1 — Bonr 4, N(0,V3), where Boyr =
N—1/2 Zfil (T‘lTSSi)f1 21357&th E (g4€:s) higs is the bias term to be cor-

rected, Vo = lim(y 7)—o0 Vonr, and

N
‘/2NT = % Z Z Z U;4COV (gitgim 5ir£iq> hi,tshi,rq-

i=1 1<s£t<T 1<r#£q<T
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Under Assumptions A3(i)-(ii), straightforward calculations show that Voyr =
VNT and BQNT = 0.

To implement the test, we need to estimate the asymptotic variance Viyr
in the presence of cross sectional dependence, and the asymptotic variance
Vonr and the asymptotic bias Byyr in the presence of serial dependence. Un-
fortunately, the estimation of such objects seems to be a daunting task which
is beyond the scope of this paper.* For this reason, we restrict our attention to
the case where the idiosyncratic error terms ¢; exhibit neither cross sectional
dependence nor serial dependence. Then we only need consistent estimates of
both Byt and V7 defined above.

We propose to estimate Byr by
N T N

A 1 - 1 N
Byt = Vi Z 1 hi v = \/_N Ztr(Hi)

=1t

and Vyr by

. 9 X . o N
VNT:NZ > h?,ts_NEtr(Hi2>

i=1 1<t,s<T
where R, 4, is the (t, s)th element of H; = My (Py, — L)M . Then we can define

a feasible test statistic:
jNT = (\/NTR?VT - BNT) /\/ VNT-

The following corollary establishes the consistency of BNT and VNT and the

asymptotic distribution of Jy7 under Hy.

Corollary 3.2 Suppose Assumptions A1-A4 hold. Then under Hy, Byr =

BNT + op (1), VNT = VNT + op (1) s and jNT i> N(O, 1).

In a related framework, Kim (2010) considers the estimation of the asymptotic variance-
covariance (VC) of the coefficient estimators in linear panel data models that is robust to
both spatial and serial dependence. Nevertheless, the structure of his VC matrix is much
simpler than that of our asymptotic variance here.
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Remark 3. Corollary 3.2 implies that the test statistic Jyr is asymptot-
ically pivotal. We can compare Jyr with the one-sided critical value z,, i.e.,
the upper ath percentile from the standard normal distribution, and reject the

null when Jyr > 2, at the asymptotic o significance level.

Remark 4. We obtain the above distributional results despite the fact
that the unobserved factors and factor loadings can only be estimated at slower
rates (N~1/2 for the former and T~'/2 for the latter) than that at which the
homogeneous slope parameter 3 can be estimated under the null. The slow
convergence rates of these factor and factor loadings estimates do not have
adverse asymptotic effects on the estimation of the bias term By, the variance
term Vyr, and the asymptotic distribution of Jy7. Nevertheless, they can play
an important role in finite samples. For this reason, we will also propose a

bootstrap procedure to obtain the bootstrap p-values for the Jyp test.

3.3 Asymptotic local power property

To examine the asymptotic local power property of our test, we consider the

following sequence of Pitman local alternatives:

Hy yp: ;= B+ N VATY25, for i =1,2,..., N, (3.2)

where the §,’s are K x 1 vectors of fixed constants such that ||d;|| < M for all

t and 6; # d; for some pair 7 # j. Let

N N N !
1 1 1
= lim — 28 X6, — X;D(F) ' — Il X605, — — .4 H;
©p (NI’)TI)IEOO NT ; g; { i0i iD(F) NT ; kX k0% N ; Qik; k5k} i
1 N N
X {Xiéi ~ XiD(F) ™ 7 S X0 — =Y alka(Sk} : (3.3)
k=1 k=1

where D(F)*lﬁ ,]j:l IT) X1d) can be viewed as a weighted average of J’s,

and % Z,ivzl a;1 X0y is a weighted average of X0, and II; = MFXi—]lV Zi\;l ainMpXs.
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Clearly, ©9 = 0 under the null and is no less than 0 otherwise. See the discus-

sion in Remark 6 below.

In the appendix we show that we can extend the asymptotic analysis of
Bai’s (2009a) PCA estimator to allow for non-homogeneous slopes, but the
extension works only when we consider local deviations from the null hypoth-
esis of homogenous slopes. In particular, we demonstrate that under H; y7 in
(3.2), B — 8 = Op(N~YAT~1/2) and the convergence rates of the estimates of
F; and \; (after certain matrix rotation) are the same as those under Hy. With
this and some tedious calculations, we can establish the local power property

of our test.

Theorem 3.3 Suppose Assumptions A1-A/ hold. Then the local power of our

test satisfies

P (jNT > Za|H1,NT) —1-® (Za — @0/\/70)

where ® (+) is the cumulative distribution function (CDF') of the standard nor-

mal distribution.

Remark 5. Theorem 3.3 implies that our test has nontrivial asymptotic
power against the sequence of local alternatives that deviate from the null at
the rate N~Y/4T—1/2 provided ©, > 0, and the asymptotic local power increases
with the magnitude of ©g. In this case, as either NV or T increases, the power
of our test will increase but it is expected to increase faster as T — oo than
as N — o0o. The rate N~/4T~1/2 is the same as that obtained by PY (2008),
indicating that the estimation of factors and factor loadings does not affect the

rate at which our test can detect the local alternatives.

Remark 6. The requirement ©y > 0 imposes some restrictions on the de-
gree of slope heterogeneity under the local alternatives, and on the interaction

between the heterogeneity parameters ¢;, the observed regressors X;, and the
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unobserved factors F. In terms of degree of slope heterogeneity, it requires that
B; and 3, differ from each other for a “large” number of pairs (i, j) with i # j.
In particular, it rules out the case where only a finite fixed number of slope
parameters are distinct from a finite number of others (e.g., only 3, is different
from a finite number of others), or the case where the cardinality of the set
{1, Ba, ..., Bx} is diverging to infinity as N — oo but at a rate slower than .
In terms of interaction between ¢;, X;, and F, the expression of ©q in (3.3) is
too complicated to analyze. Clearly, the complicated form of ©, arises mainly
due to the presence of the unobservable factors (or factor loadings). If F' were
observable, as in Bai (2009a), the second term in the expression of D (F') in
(3.1) and the terms associated with a;; in (3.3) and the definition of II; would

drop. In this case, ©( reduces to the probability limit of

N N ! N
1 1
-2 -1 / -1 1
— 02X - XD S ijMFXk(Sk} H, {Xi&- - X,Dp ijMFXk(sk},
NT { NT £~ NT 3

=1

N
where Dp = 5 > X/MpX; and X;6;, — D' 57 N X Mp X0, denotes the

~ F NT Z2uk=1
residual from the L5 projection of X;d; on the space spanned by the columns
of MrX;. In the special case where F' is absent in the panel data model, then

O¢ further reduces to the probability limit of

1 N
0728, X[ (Pz, — L) Xi6;.

NT ¢4 '
=1
Noting that Pz, —L > 0 as it is a projection matrix, now it becomes transparent

that the requirement that the probability limit of the above object is strictly

positive does not seem stringent at all.

Remark 7. Under the global alternative H;, we cannot study the asymp-
totic properties of Bai’s (2009a) PCA estimator because the latter imposes
homogeneity on the slope parameters. For this reason, we cannot study the

consistency of our test against global alternatives. Even so, we conjecture
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that the Jyr test statistic diverges to infinity for fixed alternatives at the rate

NY2T as (N,T) — oo provided ©g > 0 in (3.3) where §; is now redefined as
Bi— B

3.4 A bootstrap version of the test

As mentioned above, because of the slow convergence rates of the factors and
factor loadings estimates, the asymptotic normal null distribution of our test
statistic may not approximate its finite sample distribution well in practice.
Therefore it is worthwhile to propose a bootstrap procedure to improve the
finite sample performance of our test. Below we propose a fixed-regressor
bootstrap method to obtain the bootstrap p-values for out test. The procedure

goes as follows:

1. Estimate the restricted model in (2.4) and obtain the residuals &; =
Y — B,Xit - 5\;]3,5, where B, \; and F} are obtained by Bai’s (2009a) PCA

method. Calculate the test statistic Jyr based on {&;;, Xu}.

2. For i = 1,..., N, obtain the bootstrap error £}, randomly from {&; —
& 8in — Eiy oo BT — gi}. Generate the bootstrap analogue Y, of Y;; by
holding (X, E) as fixed: Y} = B/Xit + 5\;}7} +effori=1,2,...,N and
t=1,2,...,T.

3. Given the bootstrap resample {Y;}, X;;}, run the restricted model estima-
tion and obtain the bootstrap residuals &}, = Y, — B*/Xit - 5: IFt*, where
A, 5\: and F* are obtained by Bai’s (2009a) PCA method. Calculate the

test statistic Ji, based on {&},, X;;}.

4. Repeat steps 2 and 3 for B times and index the bootstrap test statistics as
{37, £1- The bootstrap p-value is calculated by p* = B~ P Ty, >

J ~n1}, where 1{-} is the usual indicator function.
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Remark 8. It is straightforward to implement the above bootstrap proce-
dure. Note that we impose the null hypothesis of homogeneous slopes in Step
2. In the proof of Theorem 3.4 below, we also verify that Assumptions A2
and A3 are satisfied in the bootstrap world. This is important and will greatly

facilitate the proof of the bootstrap’s validity.’

Remark 9. Even though the asymptotic analysis in Bai (2009a) does
not allow predetermined regressor in the model, simulations there indicate
that the slope estimators continue to work well with the inclusion of a lagged
dependent variable as a regressor. In fact, Moon and Weidner (2010b) allow
for lagged dependent variables and demonstrate that in this case the QMLE
estimator of the slope coefficient continues to be v/ NT-consistent under some
conditions despite some difference in the bias formula. Below we also consider a
dynamic panel data model in our simulations, where Y}; is generated according
to: Yy = pYii1 + B'Xi + N.F; + €. Despite the presence of Y;; 1 on the
right hand side of the last equation, it is well known that we can treat it, like
X, as a fixed regressor in the bootstrap world. In this case, we generate the

bootstrap analogue of Y}, as follows: Y;; = pY;, 1 + B/th + 5\;]3} + €.

The following theorem states the main result in this subsection.

Theorem 3.4 Suppose that Assumptions A1-A4 hold. Then Ji, 4N (0,1)

conditionally on the observed sample Wnr = {(X1,Y1), ..., (Xn,Yn)}.

The above theorem shows that the bootstrap provides an asymptotic valid
approximation to the limit null distribution of Jy7. This holds as long as we
generate the bootstrap data by imposing the null hypothesis. If the null hy-
pothesis does not hold in the observed sample, then we expect Jy7 to explode
at the rate N'/4T/2 which delivers the consistency of the bootstrap-based

test Jip.

Kapetanios (2008) considers various resampling scheme for panel data models to account
for either cross-sectional dependence or serial dependence. Neither of them is needed here
under our assumptions on the idiosyncratic error terms.
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3.5 Discussions and extensions

The focus of this paper is to design a test for the slope homogeneity in large
dimensional panel data models with interactive fixed effects. It turns out
that our test statistic Jy7 can be used for other testing purposes after minor

modifications.

3.5.1 Test of model (2.1) against a pure factor model

First, we can test the specification of the model (2.1) against a pure factor

model. Specifically, we can test the null hypothesis

H:B; =0kx forali=1,.. N,

against the alternative hypothesis

HY : 3; # Ok for some i =1,..., N,

where O« is a K x 1 vector of zeros. Under H[, 3, is a constant that does not
vary across ¢ and it is identically equal to 0, implying that the regressor X
has no explanatory power for Y;;. Under HJ, we may have either heterogeneous
slopes or homogeneous non-zero slopes.

There are various locations where such a test is applicable. Here we focus
on a potential application to the asset returns in finance. With the advance
of the capital asset pricing model (CAPM) and the arbitrary pricing theory
(APT), factor models have become one of the most important tools in modern
finance. The traditional factor model specifies the excess returns of asset 7 at
time t as

Ri = N Fy + 1y

where \; is a r x 1 vector of factor loadings and F; is a r X 1 vector of la-

tent factors, and 7, is the usual idiosyncratic error term. Even though the
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development of the asset pricing theory can proceed without a complete speci-
fication of how many and what factors are required, empirical testing does not
have this luxury. For this reason, some authors [e.g., Lehmann and Modest
(1988), Connor and Korajzcyk (1998)] use estimated factors to test the asset
pricing theory despite the drawback that the statistically estimated factors do
not have immediate economic interpretation. A more popular approach is to
rely on economic intuition and theory as a guideline to come up with a list of
observed variables/factors G to serve as proxies of the unobservable factors
F;. The most eminent example is the three observable risk factors discussed in
Fama and French (1993, FF hereafter): the market excess return, small minus
big factor, and high minus low factor. Then an appealing question is whether
these observable factors are, in fact, the underlying latent factors. In their
seminal paper Bai and Ng (2006) considered statistics to determine if the ob-
served and latent factors are exactly the same and applied their tests to assess
how well the FF factors and several business cycle indicators can approximate
the latent factors in portfolio and stock returns.

Here we offer an alternative approach by considering the following model

Rit = BiGi + NFy + eu (3.4)

where GG; denotes a K x 1 vector of observable factors and plays the role of X},
in (2.1). Clearly, we cannot estimate the above model by using either Bai’s
(2009a) PCA method or Pesaran’s (2006) CCE method. Nevertheless, as Bai

(2009b) demonstrates, the above model is identified under the null

H()l . 61 = 6 for all i = ]_, ety N (35)

provided %G’MFG > 0 where G = (G4, Gs,...,Gr)’, i.e., there is no multi-
collinearity between G and F' = (Fy, F, ..., Fr)". Let Gy denote the kth ele-

ment of Gy, k =1, ..., K. If there exists a  x 1 vector oy, such that G, = o) F}
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for all ¢, we can say that GG, is an exact factor. If the kth column of G lies in
the space spanned by the column vectors of F, which is the case when G, is
an exact factor, then we cannot estimate the restricted model under Hy;. This

motivates us to consider the following null instead
H02 ZﬂiZOle for all 1 = ]_,...,N. (36)

Intuitively speaking, Hy, says that given the r latent factors in Fj, the K
observable risk factors in G; are redundant in explaining the asset returns in
(3.4). In the case when we reject Hyy, it means that the r latent factors in
F; cannot span the space of the K observable factors. Various reasons can
cause the latter to occur. One reason is that the K observable factors are
all relevant but r < K. If this is the case, we should observe the change from
rejecting Hlys to failing to reject Hyy as we increase r. Another reason is that the
observable factors in GG; are bad proxies for the latent factors. This suggests

the importance of testing Hy, against its alternative
H12 . Bz 7é Ole for some i = 1, . N.

Note that we allow heterogenous factor loadings for the observable factors
under Hjys.

Our Jy7 test can be used to test Hy, against Hyo with minor modifications.
Under Hy,, we have a pure factor model so that both the latent factors F;
and the factor loadings \; can be estimated, say, by F, and 5\1-, respectively,
via the PCA method. Let &; = Ry — 5\;}7} Then we can base our Jyr test
on the averaging of the cross sectional R?’s by running the time series least
squares linear regression of £;; on (1, G;). It is easy to see that the asymptotic

distribution theory in the above analysis continues to hold in this case.
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3.5.2 Test of the linear functional form in (2.1)

We can also test the correct specification of the functional form in (2.1) by
considering a nonparametric heterogeneous panel data model with interactive

fixed effects
Vi =mi (Xy) + NFi+ey, i=1,..,N, t=1,...,T, (3.7)

where m; (), i = 1,..., N, are unknown but smooth functions. The null hy-
pothesis is

H" :m; (2) = o foralli=1,..., N.

Under H[()l) and certain rank conditions, we can estimate the heterogeneous
linear panel in (2.1) by Pesaran’s (2006) CCE method, obtain the residuals and
run the time series regression of these residuals on X;; nonparametrically to
construct a test statistic similar to ours based on the nonparametric goodness-
of-fit measure.

Alternatively, we can consider Bai’s canonical model
Vi =B Xu+NF+eu, i=1,.,N, t=1,...,T, (3.8)

and test whether the above linear model is correctly specified. The model
under the alternative is obtained by replacing 5'X;; in the above model by
m(X;;), where m (+) is an unknown but smooth function. In this case, we can
obtain the residuals &;; from the model (3.8) and run the panel nonparametric
regression of £; on X;; to obtain the nonparametric measure of goodness-of-fit
and propose a test based on such a measure. We leave the details for the future

research.
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4 Monte Carlo Simulations and Applications

In this section, we first conduct a small set of Monte Carlo simulations to
evaluate the finite sample performance of our test and then apply the test to

the OECD real GDP growth data and asset returns data.

4.1 Simulations
4.1.1 Data generating processes (DGP)

Following Bai (2009a), we use the following two DGPs for level study.
DGP 1:

}/z't:Xit,l/Bl+Xit,2ﬁ2+)\;Ft+5ita i:1727"'7N7t:1727"‘7T7

where (54, 3,) = (1,3), i = (N1, Ai2), F = (F, Fi2)’, and the regressors are

generated according to

Xi1 = m+aNF+J/N+0F+ Mit, 15

Xio = po+aF+J/N+VF+ Mit,2

with «/ = (1,1). Clearly, the regressors are correlated with A; and F;. The
variables \;;, Fi;, and 7, ; are all i.i.d. N(0,1), and mutually independent of
each other, and the regression errors ¢; are i.i.d. N(0,1) and independent of
Aijy Fij, and n;, ;. We set iy = g =1 = ca = 1.

DGP 2:

}/it:p}/;,t—l+Xit,161+Xit,262+)\;Ft+6ita Z.:]-727"'aN> t:1a27"'7T7

where (P7 61a62) = (075,1,3), Yz‘,o ~ N(O,l), Xit,laXit,27)\ia F, and ¢ are

generated as in DGP 1.

To evaluate the power performance of our test, we consider the following
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two DGPs.
DGP 3:

Y;;t = Xit,lﬁ@l + Xit,2ﬁi72 + >\;Ft + 5it7i = 1, 27 ey N, t = 1, 2, e ,T,

where 3, are i.i.d. N(1,0.2), 3,, are i.i.d. N(3,0.2) and independent of 3, ;.
The generation of other variables in this DGP is the same as in DGP 1.
DGP 4:

Yit - piyi,t—l + Xit,lﬁ@l + Xit,26i72 + )\;Ft + 6it7i - ]-a 27 ey Na t= 15 2a s 7Ta

where (3,1, 3,9, Xit1, Xit2, Ai, Iy, and € are generated as in DGP 3, and p,
are i.i.d. U(0.70,0.75) and independent of all other parameters or variables on

the right hand side of the above the equation.

4.1.2 Test results

We consider two tests of slope homogeneity. The first one is our Jyp test. The
second one is the test of PY (2008).

PY propose a test of slope homogeneity for large panel data models with
fixed effects. Specifically, they consider testing the null that g, = 3 for all 7 in

the following conventional fixed effects panel data model:
}/’it:ai—i_/B;Xit—i_gitu izl,...,N7 t:]_,,T (41)

To construct their test statistic, one needs to run both restricted and unre-

stricted regressions. Let

A

B
b = (X, x00x) Y Xy,
-1

(ZNZI 6;2X{M0Xi> S XM,

=1

(X! MoX;) ™" X! MyY;,

BWFE
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where 62 = (T — 1)1 (Y; — X!Bpg)' Mo(Y; — X!Brg). PY’s test statistic is

N N(T+1) (NS - K
Batj =\ 7 E K+— )1 ( V2K ) | .
where
. AU P XIMoX; (-
S = Z (51‘ - 6WFE> 520 (6 6WFE> (4‘3)
=1

PY (2008) proved that A, 4N (0,1) under certain regularity conditions.
We are interested in seeing how this test statistic behaves in the panel data
models with interactive fixed effects. For comparison purpose, we also consider
Blomquist’s (2010) bootstrap version of Ay, which is claimed to be robust
to general forms of both cross-sectional dependence and serial correlation. His

bootstrap procedure works as follows:

1. Estimate model (4.1) by OLS applied to each i and obtain the residu-
als &;;. For each i, calculate the Bartlett-kernel-based estimator of the

autocorrelation-consistent variance, say,

T ki—1
(2112: %;é? + = Z (1__) Z gztgzt —7

j* t=7+1

where k; is the bandwidth.

2. Compute the A¥

oy test statistic as in (4.2) by replacing 52 with 7. At

the same time, obtain the residuals in the fixed effects regression for the
restricted model of (4.1) under 3; = 8. That is, &; = Y;; — BIFEXit — Qy,

where a; = T' 07 (Ya — BppXs). Format &; in a T x N matrix &.

3. In order to obtain a pseudo panel of errors €*, we apply the stationary
bootstrap to & For ¢t = 1,2,...,T, let €, = (&14,82,...,ent), and let
By = (€.4,E.441, -+ ,E.441-1) be the block of I consecutive estimated er-
rors starting at date ¢. Sample a sequence of block lengths (say, l1,ls, .. .)

randomly from a geometric distribution with mean [ and a sequence of
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i.i.d. random integers (say, I, I3, ...) from a discrete uniform distribu-
tion on {1,2,...,T}. Thus the first [; rows of €* are generated as By,
and the next [, rows of €* is given by By ;,. The procedure goes on until

T rows of €* have been obtained. 6

4. Generate the bootstrap analog of Y;; by holding X;; as fixed: Y] =
BIFEX“ +a;+¢f,fore=1,2...,Nand t=1,2,...,T, where ¢, is the

(t,i)th element in the matrix e*.

5. Given the bootstrap resample {Y;;, X;; }, compute the bootstrap analogue
A¥* of A¥

adj agj @S in step 2.

6. Repeat steps 3-5 for B times and index the bootstrap statistics as {Aﬁgl}lB: 1°

Calculate The bootstrap p-value as p* = B™' 37, 1{&;";}7Z > Af;dj}.

We consider N, T' = 25, 50, 100. For each combination of N and T, we
consider 1000 simulations for the non-bootstrap version of the test. For the
bootstrap version of the test, we use 500 replications for each scenario and
B = 400 bootstrap resamples for each replication.

Table 1 reports the finite sample rejection frequency of our test and PY’s
test when the nominal levels are 5% and 10%. We first focus on the non-
bootstrap version of the two tests. Table 1 indicates that the levels of both
tests are highly distorted, and the distortion tends to increase as N increases
for fixed T'. For the PY test, the distortion also increases as 1" increases. For
our test, nevertheless, when 7T is large, the size distortion becomes mild. Now
we investigate the bootstrap version of the two tests. It is clear from Table 1
that the use of Blomquist’s (2010) bootstrap does not help improve the level
behavior of the PY’s test at all, and we should not apply the PY test in the
presence of interactive fixed effects. In contrast, the proposed bootstrap can

annihilate the oversize issue of the non-bootstrap version of our test.

6We choose k; = | ;T3] and [ = [coT"/?] in the simulations for different choices of ¢;
and cg, where | A| denotes the integer part of A. We find that the results are qualitatively
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Table 1: Finite sample rejection frequency under the null

Non-bootstrap Bootstrap
Our test PY’s test Our test PY’s test
DGP T N 5%  10% 5% 10% 5% 10% 5% 10%
1 25 25 16.5 245 68.7 77.9 5.0 10.2  49.8 69.0
50 185 28.9 91.9 954 5.0 9.0 65.4 79.8
100 30.3 41.9 99.3 99.6 74 10.8 834 93.2
50 25 8.9 145 98.1 99.2 46 94 91.8 95.2
50 10.6 16.8 100 100 6.4 11.4 98.6 99.4
100 11.5 18.8 100 100 4.0 7.2 100 100
100 25 7.8 134 100 100 5.6 10.6 100 100
50 74 13.6 100 100 3.8 10.6 100 100
100 7.0 14.3 100 100 4.0 9.0 100 100
2 25 25 19.1 30.0 52.9 64.9 3.8 10.8 31.0 48.8
50 26.9 41.3 787 879 6.2 10.0 38.8 59.4
100  45.5 58.2 95.8 98.1 6.6 13.8 51.8 76.0
50 25 11.3 177 944 96.5 6.0 12.0 79.6 89.4
50 13.9 21.1 99.5 99.9 8.0 120 94.2 97.8
100 16.6 26.1 100 100 5.2 10.6  99.8 100
100 25 8.4 13.6 99.9 100 7.4 13.0 99.8 100
50 6.7 12.6 100 100 3.6 84 100 100
100 89 15.9 100 100 6.0 10.4 100 100

Note: PY refers to Pesaran and Yamagata. The bootstrap version of PY’s test
was studied in Blomquist’s (2010).
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Table 2 reports the finite sample power performance of our test. We sum-
marize some important findings from Table 2. First, the non-bootstrap version
of our test tends to have higher finite sample rejection frequency than the boot-
strap version. This is due to the over-sized issue of the former test. Second,
for large T, the bootstrap version of our test tends to catch up with the non-
bootstrap version of our test in terms of rejection frequency. Third, the finite
sample power behavior of the bootstrap version of our test is quite satisfactory
in both DGPs 3 and 4. As either N or T increases, the power of our test
increases quickly, and it increases faster as T' doubles for fixed N than as N

doubles for fixed T.

Table 2: Finite sample rejection frequency under the alternative

Non-bootstrap Bootstrap
DGP 3 DGP 4 DGP 3 DGP 4
T N 5% 10% 5%  10% 5%  10% 5%  10%
25 25 40.7 534  54.1 66.6 21.8 328 31.0 42.0
50 64.3 76.3 804 88.0 33.6 46.6 53.2 66.2
100 87.5 923 97.7 98.5 54.2  67.6 78.0 87.0
50 25 60.0 69.2 786 85.8 49.2  63.0 69.8 80.6
50 86.0 91.4 96.8 98.6 76.4 86.4 92.8 96.8
100  98.5 99.7 100 100 95.2 98.2 99.0 99.6
100 25 894 93.5 986 99.0 86.0 92.8 97.6 98.6
50 99.1 99.5 999 99.9 98.6 99.0 100 100
100 100 100 100 100 100 100 100 100

4.2 Two applications

4.2.1 An application to the OECD economic growth data

In this subsection we apply our test to the OECD economic growth data which
were analyzed in Su and Zhang (2011) for different modelling strategy. The

data set consists of four economic variables for N = 16 OECD countries, which

similar for ¢1,ce = 1, 1.5, and 2. To conserve space, we only report the results for (¢1,c2) =
(1,1) in Table 2 below.
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are Gross domestic product (GDP), Capital stock (K'), Labor input (L), and
Human capital (H). The first three are seasonally adjusted quarterly data
from 1975Q4 to 2010Q3 (7" = 140), while we use linear interpolation to obtain
the quarterly observations for Human capital as there are only 5-year census
data available.

We consider the following two economic growth models:

Model 1:

Aln GDRt = /Bi,lA In Kit + 671,2A In Lit + ,82-’3A In Hit + A;Ft + Eity

Model 2:

where F; is a r X 1 vector that represents common shocks such as technological
shocks and financial crises, \; represents the heterogeneous impact of common
shocks on country ¢, and AlnZ; =InZ; —InZ;; 4 for Z = GDP, K, L and
H. B3;1,8;2 and j3, 3 are coefficients of growth rate of K, L, and H respectively.
In Model 2, p, represents the impact of previous quarter GDP growth rate on
the current one in country ¢. We are interested in testing for homogeneous
coefficients for the 16 OECD countries.

We consider r = 1, 2,...,8 to capture the interactive fixed effects in the
growth model.” Table 3 reports the test statistics and the bootstrap p-values
for our test of slope homogeneity. From the table, we see that the bootstrap
p-values for all numbers of factors under investigation are uniformly much
smaller than 0.01. So we can reject the null hypothesis of homogeneous slopes

at the 1% level for both models. The results imply that the slope homogeneity

T Alternatively, one can use the information criteria proposed by Bai and Ng (2002) to
determine the number r of factors. But it is well known that their criteria tend to fail when
the cross sectional unit N is small, which is the case here.
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assumption may not be plausible at all despite the fact it is commonly assumed

in the literature.

Table 3: Test statistics and bootstrap p-values for the application to the OECD
real GDP growth rate data

Model \ 7 1 2 3 4 5 6 7 8
Model 1 2501 922 742 816 7.74 6.21 5.62 5.05
(0.0000)  (0.0000) (0.0000) (0.0000) (0.0000) (0.0002) (0.0000) (0.0005)

Model 2 34.55 21.32 17.33 1554 14.33 12.38 12.59 10.57
(0.0000)  (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

Note: The numbers in braces are bootstrap p-values where the bootstrap number

B is 10000.

4.2.2 An application to asset returns

In this application, we test the ability of the FF factors in explaining the excess
asset returns in the financial market. FF (1993) proposed three observable risk
factors to reflect the excess returns of asset, which are R,,,; — Ry (the excess
return of market portfolio), SM B; (small market capitalization minus big)
and HM L; (high book-to-market ratio minus low). Various empirical stud-
ies suggest that these three factors are good proxies for the latent factors in
accounting for the excess asset returns. Bai and Ng (2006) developed several
tests that can serve as guides as to which observable variables are close to
the latent factors in asset returns and concluded that the FF factors can ap-
proximate the factors in portfolios and individual stock returns much better
than any single macroeconomic variable even though no decisive conclusion is
reached.

Here we aim to test the effect of the FF factors on the excess returns of

asset when the unobserved factors are added in the model. We consider the
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following model

= 1,2,...,N, t=1,2,...,T, (4.4)
where R;; is the return of asset ¢ at time ¢, Ry, is the risk-free return rate at
time ¢, F} is a r X 1 vector of unobservable factor returns and \; represents the
factor loadings. As explained in Section 3.5.1, we are interested in testing the

null hypothesis

H : (Bi,la 62’,27 ﬁi,?») = (07 0, 0) (45)

If the FF factors are the dominant factors in explaining the excess returns, we
expect to reject the null as long as r < 2 because the FF factors cannot be
spanned by the column vectors of F' = (Fy, ..., Fr)' in this case. As r increases,
however, we should observe the change from rejecting Hj to failing to reject
Hp. On the other hand, if we continuously reject Hj for sufficiently large r, it
means that the FF factors do not lie on the space spanned by the (estimated)
large number of latent factors, and they cannot be the dominant factors despite
the fact that they have certain power in explaining the excess returns.

We collect monthly data on the excess returns for 100 portfolios and the
three FF factors for the period from 1973m1 to 2008m12 from Professor Ken-
neth French’s web site. A total of 97 portfolios are available for two subsam-
ples. To remove the outliers of the return data, we truncate the data using
95% percentile of original data as upper bound and 5% as lower bound. Like
Bai and Ng (2006), we standardize the data on the observable factors before
the implementation of the test. To minimize the risk of structural change, we
consider testing (4.5) for the model (4.4) for four subsamples listed in Table
4, the first three of which are studied in Bai and Ng (2006). We consider the
number of unobserved factors » = 1,2,...,10 in the model and construct the

test statistic as detailed at the end of Section 3.5.1. Table 4 reports the test
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statistics and the corresponding bootstrap p-values. Two features are note-
worthy. First, for both the 1988-1996 and 1997-2008 subsamples, our tests
suggest that we always reject the null in (4.5) at the 1% nominal level. This
questions the use of the three FF factors to approximate the latent factors for
these two subsamples. Secondly, for the 1973-1987 subsample we do observe
the phenomenon of change of rejection conclusions: for small values of 7 (< 4),
we reject the null at the 1% nominal level, which means the three FF factors
do not lie in the space spanned by the first four estimated latent factors; but
as long as r > 5, we fail to reject the null at the 10% nominal level so that the
three FF factors do lie in the space spanned by the first six or more estimated
factors. In sum, we conclude that the FF factors surely have certain explana-
tory power in explaining the excess returns, and they do so very well for some
subsamples, but may not do so well for other subsamples.

Table 4: Test statistics and bootstrap p-values for the application to asset
return data

Subsample \ r 1 2 3 4 5 6 7 8 9 10

1983 — 1996  195.80 124.01 40.98 15.47 11.98 10.12 5.28 4.57 3.20 2.76
(T=168, N=100) (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.040) (0.085)

1973 — 1987 167.29 110.69 8.22 822 2.41 2.17 1.64 1.78 1.79 0.43
(T'=180, N=97) (0.000)  (0.000) (0.000) (0.000) (0.049) (0.110) (0.174) (0.170) (0.194) (0.605)

1988 — 1996  132.99 82.63 38.74 16.93 14.60 14.34 8.66 8.44 6.90 7.00
(T=108, N=100) (0.000)  (0.000) (0.003) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

1997 — 2008 207.72 120.50 37.53 16.04 15.10 14.73 7.71 5.57 6.05 4.66
(T=144, N=97) (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.000) (0.003)

Note: The numbers in braces are bootstrap p-values where the bootstrap number

B is 1000.

5 Concluding Remarks

In this paper we propose a R2-based test for slope heterogeneity in large di-

mensional panel data models with interactive fixed effects. We first estimate
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the restricted model to obtain the residuals and run the linear regression of the
residuals on a constant and the observable regressors for each cross sectional
unit to obtain N measures of k2. We construct our test statistic by averaging
these individual R?’s, and demonstrate that after being appropriately normal-
ized, it is asymptotically normally distributed under the null hypothesis of
homogeneous slopes. We show that our test has power to detect Pitman local
alternatives at the rate of 7-/2N~1/4 and propose a bootstrap procedure to
obtain the bootstrap p-values. Simulations demonstrate that the bootstrap
version of our test behaves reasonably well in finite samples. The application
to the OECD economic growth data indicates that the commonly imposed
slope homogeneity assumption is rather fragile. The application to the FF
three factor model suggests some other potential applications of our test.
When the null hypothesis of homogeneous slopes is rejected, we may con-
sider applying Pesaran’s (2006) CCE method to obtain consistent estimates
of both individual slopes and their cross-sectional average under certain rank
conditions. If some prior information is available, one can divide the cross sec-
tional units into several groups, test the slope homogeneity within each group,
and estimate the homogenous slopes with each individual group in the case of
failure of rejection. Alternatively, a panel structure model in the spirit of Sun

(2005) may be considered.
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APPENDIX

In this appendix we first prove some technical lemmas and then prove the main results

in Section 3.

A  Some Technical Lemmas

Let Py, = Py, — L, §y7 = min[V/N, VT, and vy = N~Y/4T~1/2, By Assumptions A1(i)-
(iii) and the Chebyshev inequality, || X;|| = Op(T"/?) for all i, (NT)~* 2N || X;||2 = Op(1),
and ||F|| = Op(T"/?). Note that ||F|| = T'/2\/r. Let D ={Xy,..., Xy, F,A}. We use Ep
and Varp to denote the expectation and variance conditional on D. In addition, we will

frequently use the following decomposition:

Mp—M; = Ps—Pp

= T YF—-FH)H'F +T Y(F - FH)(F — FH)

1

+T'FH(F - FH)Y + T'F[HH' — (T7'F'F) "|F'

a1 + as + az + a4, say. (A1)

Lemma A.1 Suppose Assumptions A1-A3 and A4(i) hold. Then under Hy, 7 we have
(i) T=V2||F = FH|| = Op(||B - BI) + Op(OF) + Op(vx1),
(ii) T-'ej(F — FH) = T~Y20p(||3 = BI]) + Op(d57) + Op(T~ /2y 1) for all 4,
(iii) T F'(F — FH) = Op(||B — BI)) + Op(65%) + Op(yn1),
(iv) T~ Z{Mp(F—FH ") = Op(||B—BI)+0p(057)— ZIMp R oty Xibphe (MA/N) ™"
for all 4,
(v) T\ Mp(F—FH ") = Op(||B—BI|)+O0p (057)—ipMp R S0l Xadphi (AWA/N) ™"
(vi) HH' — (7 F'F)~" = Op(||3 — BlI) + Op(d57) + Op(vxr),
(i) || Pr = Pa||> = Op(IIB = Bl) + Op(53%) + Op(13rr),
(viie) NN [r1ei(E — F)||” = 710518 — BII) + Op(34) + Op(T " 4r),
(i) N~V T ZIMp(F — FH ') = Op(||B = BI)) + Op(037) + Op (var)
where H = (A’A/N)(F’F/T)VJQ% and Vnr is defined after (2.7).
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Proof. (i) Substituting ¥; — X;3 = Xi(8 — B) + FA; + &; + 7y Xi0; into (2.6) yields

FVnr — F(NA/N) (F'F/T)

> Xi(B—B)(B—B)X[F +—ZX (B —BNF'F +WZX,(ﬁ—5)eF
1 N N Z:IA
—T;F/\i(ﬁ—ﬂ Y X!E +—Zslﬁ BYX!F —&—WEF)\Z@;F

N
. 1 .
i=1 i=1

”NTZXa 8- 5)XF+7NTZFA5XF +7NTZX5AFF

7NTZECSXF + o

VNTZXMXF

= Bl +B2 +"'+Bl5, say. (A2)
The first eight terms also appear under H and can be analyzed as in the proof of Proposition
A.1 in Bai (2009a). In particular, T=%2||B;|| = Op(||8 — BH) for [ = 1,2,...,5, and
T2 ||By|| = Op(dx5%) for I = 6,7 and 8. For By, using ||F|| = VTr we have

N
T2 Byl < z\% S X118 = BIVF 18:ll = Op (v 18 = BII) = o (|18 — BI).-
i=1

Similarly, T~'/2 || Byo|| = op(||8 — B]|). For Bi1, we have

12| B, ||<”NTZ@ Il 18] |\Xf|\f Op(x7).

Similarly, T~'/2 || Bia|| = Op(yn7). For Bis, we have

T71/2 |

|Bis|l < vnr VT =0p(N"2y )

N
NT p

because

2

=) el Xl = gty E (5 X]X;0;) E ()
NT i=1 N2T? i=1 j=1 ’
N 2
1 E Xzél —
= *szin 7 ” o7 =0 (N7, (A.3)

=1
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Similarly, 712 || B4|| = Op(N~Y/2yyr). For Bys, we have

N 2

T7-12 B <”Y?VT [1X]] 5 2\[_0 2

[ Bis|| < N Z T 10:[1” v'r = Op(vrr)-
i=1

Following the same arguments as used in the proof of Proposition A.1 in Bai (2009a), we

obtain

T2 F — FH)|| Op(|[8 = BIl) + T~/ (Bs + Br + Bs) Vi + Op (v 1)

Op(18 = BI)) + Or (8y7) + Or(yyT).

(ii) By (A.2), we have the following decomposition:
T | (F — FH) =T ¢} (By + Bo+ - + Bis) Vi (A.4)

The first eight terms can be analyzed as in the proof of Lemma A.4(i) in Bai (2009b) to

obtain

T~} (By+ By + -+ Bg) Vyp = T 20p(||3 = BI|) + Op (5 37)-

For the other terms in (A.4), by the proof of (i) we only need to prove that the dominant

terms T~ 'e} By, Vyp and T~ e, B1aVis are Op(T /2y 7). For T~'e) By1Vyt, we have

1

I N ~
[T~ ek BuVar| < %V\/%”Ek\/TH NT S NGXIE||||[Virll = Op(T 2y yp)
=1

as one can readily show that % el Fll = Op (1) and < Zfil X\i0iX!F = Op (1). Similarly,
[T~ te} xB1aVp|| = Op(TY/2yyr). Thus the result in (i) follows.

(iii) By (A.2), we have the decomposition
T'F'(F—-FH)=T"'F' (B, + By + -+ B1s) V- (A.5)

The first eight terms can be analyzed as in the proof of Lemma A.3(i) in Bai (2009b) to
obtain

T F' (By+ By + -+ + Bs) Vg = Op(||B — Bl|) + Op(3x7).

By the proof of the corresponding terms in (i), we can readily show that T’lF’BgVA?% and
T~ F'B1oVyt are op(||8 — B|), and that T—'F' By, Vs and T~ F' ByoVih are Op(yyr)-
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For T~'F'B13Vy s, by (A.3) we have

|F||

74 BisVigh] < v L VE Vil = (N 2).

1 N
~7 Z X!
=1

Similarly, T~'F'B13Vyp = Op(N =2y yp). Finally, [T~ F' Bis Vg | = T2 ||F|| T2 || Bys|| ||Vr ||

= Op (%) Thus the result in (iii) follows.

(iv) The proof of (iv) is similar to that of (iii) by using the decomposition in (A.2) to
write

T ZIMp(F — FH™Y) = ~T ' ZMy(By + By + - -+ + Bi5)G, (A.6)

where G = (F'F/T)~'(A’A/N)~'. We can readily show that T—'Z/M;(By + By + --- +
Bs)G = Op(||B — BI|) + Op(65%). For the other terms in (A.6), we only study the two

dominant terms that are associated with By; and Bjs. By the repeated use of the fact that
|tr (AB)| < Amax (A4) tr (B) (A7)

for any conformable symmetric matrix A and p.s.d. matrix B and the fact that Ay ax (M F) =

IN

1 (see, e.g., Bernstein, 2005, p. 309), we can show that ||[T'Z/M(F — FHY)|
TY|ZI(F — FH Y| < T~Y|Z]| ||F — FH™"||. Using this and (i) we can show that

T Z/M:B1,G = yyr [T—lngp (F - FH‘1>] G = Op(T~ 2y 57).

N7 ZAké’ X, F

In addition, T~ Z/M 5 B12G = ZIMp2R S| X463 X (A A/N) ™ = Op(ynr)-

The proof of (v) follows from the proof of (iv) by replacing Z; with ir. (vi) and (vii) can
be proved by following the proof of Lemmas A.7(i)-(ii) in Bai (2009b). The proofs of (viii)

and (ix) follow closely from those of (ii) and (iv), respectively. m

Lemma A.2 Suppose Assumptions A1-A8 and A4(i) hold. Then under H; v we have

B_IB:D( )~ ”NT ZZ X530 + op(ynr), where Hi:MFXi—%ZszlaikMFXk.

Proof. By (2.5) and using Y; = X,;8 + F\; + &; + vnpX;0; under H; yr, we have

N
1 .
<NT§ :X{MFXi> (B—B) = NT § X/MpF); +NT § X! MFs,+7NT § X/ M X,6;.
=1
(A.8)
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First, by (A.2) the first term on the right hand side of (A.8) can be decomposed as

follows:
1 & 1 &
/ _
NT Eﬂ XiMpFXN; = NT g p(F — FH- ))\
1
i=1

= Cy+Co+ -+ (s, say,

where recall G = (F'F/T)"*(A/A/N)~'. The first eight terms can be analyzed as in the
proof of Proposition A.2 of Bai (2009a). In particular, C; = op(||3 — g||) for I =1, 3,4, 5,

111 & &
, ~

CQ = T NN;;XZMﬁXkam (ﬁ*ﬁ),

Co = op(|B— BI) op(1/VNT) + Op(N~'6x7) + NV/20p(857),
1

C7 = —NzTZZaikXZ{MﬁEk, and

i=1 k=1

Cs = Anr+op(1/VNT) +op(B—B)+N"Y20p(53%),

where Anp = — 3 S Sh_ 02 XIMF (F'F/T) Y (A’A/N)~'\;. Cg and C1 are bounded

in the Euclidean norm by op(1)||3 — f||. For C11, as in the proof of Lemma A.1(iv) we have

N N
Cii = 7% S X(M; (F - FH*I) SN XEEGA = Op(T™ 2y ).
i=1 j=1

For Cy5, we have

N N

=Op(Ynr)-

Crz2 = — XTJ\;;ZZXM X;0;N, (AA) A= —

1=1j5=1 1=1 k=1

Moreover, we can show that Ci3 and C14 are Op(N~Y2yy4) and Cys is Op(y34). Thus,

we obtain

N
1 - _
NT D XIMpFX; = Co+ Cr+ Ant + 0p(||8 = BI|) + Cia + Op(Syrynr).  (A9)
i=1

43



The last term in (A.8) is Op(y 7). Thus, combining (A.8) and (A.9) yields

N N
1 A 1
<ZX¢/MFX1'+0P(1)> B-B)-C = WZXz{MﬁEi‘FC?‘FANT
‘ i=1
+op(||B = B]) + Ci2 + Op(SnrynT)

'YNTZXM X,6;.

Observing that vy Ant = 0p(1) and (N1 21111 X/Mpe; + Cr7) = op(1), multi-

plying both sides of the above equation by 'y]_vlT yields

[D(E) + 0p (W (5 — 5) = NLZ

Zaszk ]X(S +op(1).

It can be shown that D(F) = D(F) + op(1) and

N
1
XZIMF — N Z alk‘X,’chl Xi(si-l-Op(l).

Thus we have

N
1
X/Mp — ¥ > aikX,;MF] X;0; +op(1).
k=1

-1 (7 )1 1 o
Ynr(B—8) = Niz

That is, 3—8 = D(F) 22 SN 11 X8, +0p(yyr), where I; = MpXi—+ S0 ai Mp X,

and D(F) = 5= SN 1111, =

Lemma A.3 Suppose Assumptions A1-A3 and A4(i) hold. Then under H; yr we have
(i) Tiny = N~V2 SN 672/ (My — Mp)Pg,(My — Mrp)e; = op(1),

= Op(1),

(iii) Tanr = ”N V2SN 5=2,e! Mp Py, H = Op(VN + 1),

(iv) Tynt = HN 1/2 Zi:l o; F’EiegMFPZiH =Op(V/N +1),

(v) Tsyr = N2 N 672! Mp Py, Mp(F — FH=1)\; = op(1),

(ZZ)FQNTfHN 1/221 10’ 2)\e’;"]\fppz

(vi) Tony = N~V2 S 672l Mp Py, T\ FH(F — FH)'e; = op(1).

Proof. (i) Noting that I'yy7 < ¢, 'T'1y7 where Ty ypr = N~ 1/2 Zl L€i(Mg —Mp) Py, (Mp—
MFr)e;, we prove (i) by showing that T'yy7 = op(1). Using (A.1), we can decompose 'y y7

as follows

N
_ 1 _
N'int = — Z g;(a1 + as + a3 + a4)' Pz, (a1 + a2 + a3 + aq)€;

\/N =1

= FlNT,l + leT,Q +-- 4+ FlNT,lOa
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where

N N
Nty = \/% 121 g;ay Pya1e5, TinTe = ﬁ Z:l g;ay Py aze;,
T — 1 N ! 1 D T — 2 N ! 1 D
Lint2 = ﬁz; g;asPza0e;, TinT7 = Wi 121 g;a1 Pz a4e;,
T — 1 N ! .1 D T — 2 N ! 1 D
vt = ﬁzzl g;asPza3e;, TinTs = Wai 121 €;a5 Pz, aze;,
T — 1 N ! 1 D T — 2 N ! 1 D
Tinta = 75 121 ;a3 Pz,a18i, TinT9 = % 121 €iay Pz, a4€;,
T 2 SNy P ae. T _ 2 g: 1o P ares
INT,5 = \/ﬁizleial Z; A2€7, 1INT,10 = \/ﬁidé‘iag Z; A4E;.

We first consider leT,l- Noting that Py, = Pz, — L is a projection matrix, Apax(Pz,) = 1

and

NNt

N
1 . o .
= — TYF - FH)H’F’ei) Py T Y (F — FH)H'F'e;
1 N
< —— Y NPT (F — FH)H'F'e;||?
< 5 2 AP T JH'F'ei|

s
Il
—

1 N
F/Ei 2
rrvw L IFl

= Op(max[T/N,1])Op(NY2T~Y) = 0p(1),

< ||F~ FH|]||H]|]?

by Lemma A.1 (i), Assumption A4(i), and the fact that Zf;l E||F'e;||? = O (NT) under

Assumptions A1(ii) and A2. For ['1y7.2, using Lemmas A.1(i) and (viii), Lemma A.2 and

Assumption A4(i) we have

Dinre =
<
<
Similarly,
LinT3

al /

[T A - FHYS] Py T FH)E - FHYs
;1

\/% > Amax(Pz )TN (EF = FH)(F — FH)'&||?

i=1

N
N 1 .
VN||F - FH|? [NENT-%F— FH)W]
i=1

VNOp(max[T/N,1])Op(max[N~2,T72]) = op(1).

A / — A
[T‘lFH(F - FH)'si] Py, T~ 'FH(F — FH)';

IN

Amax(Pz)||T ' FH(F — FH)'e||?

5~ 5~
M= 1=

I
—

K3

N
1 ~
VN||FH|]? lN ST E - FH)/EiHQ]
=1

IN

= VNOp(T)Op(max[N~2,T72]) = op(1).
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For I'1 N7 .4, using Lemma A.1 (vi) and A.2 and Assumption A4(i) we have

Frors = LS ) e By (1 _(rpe) ] e,
Tinra = \/NZ;{T P HE — (T FF) | Feih P {17 F [HH — (T F'F) ™| Flei}
< \ﬁzN: Nuax (Pz,) |77 [HH — (171 F'F) 7| Fe i
<

N
1 _ —11|2 1
w0 (o) o @) [ (g i)
=1

= NY20p(1)0p(N"V2T~H0p(1) = 0p(1).

By the above results and the Cauchy-Schwarz inequality, ['y y7,; = op (1) for [ = 5,6, ..., 10.

It follows that T'yy7 = op(1).

(ii) Observe that Ep(N—1/2 Zz 105 2N\i€iMpPz,) = 0, where recall that Ep denotes
expectation conditional on D ={Xj,..., Xy, F, A}. By the repeated use of the fact in (A.7)

and the fact that A\pax (Mp) = 1, we have

N N
1 _
Ep (Tiyr) = Htr >N 07207 XA MpPy, Py, MpE (g€))
i=1 j=1
1 al _
— Ntr<;ai2A;AiMFPZiMF> (K +1)c ZH)\ 1> =0p(1).

Therefore Ty = Op(1) by the conditional Chebyshev inequality.

(iii) Noting that E(e;ejeje)) = wijlr where w;; = (T —1)wi; + E(ee3,) and w;; =

E (eitejr) = 021{i = j}, we have by arguments analogous to those used in the study of

Dont,
L
Ep (M3yy) = szaz 07 *MpPy, Py, MpE (e€)e;€))
j=11i=1
| XN N N
= tr MFNZZO—;QJ;2WZ'J'PZ]‘PZ7Z < — 0222721]‘51" PZ PZ)
j=11i=1 j=11i=1
| XN
< (K41g 5D D @iy =0 +T).

Jj=11i=1

Thus FSNT = Op(\/N + T)

(iv) Analogously to the proof of (iii), we can show that Tyny7 = Op(vVN +T).
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(v) By the proof of Lemma A.1(i), we have

F—-FH ' = _[Bl+B2+"'+B15]G (A].O)
= TY20p(8—B) +T"?0p(vyNr) — [Bs + Br + Bs] G

= G1+ Gy —Gs, say,

where recall G = (F/F/T)il(AIA/N)il Thus we have I'syr = F5NT,1 + F5NT,2 — F5NT,3,
where Dy = N~V2 N 672! Mp Py, MpGihi, | = 1,2,3. For Tsyr,1, by (i) we have

N
1 _
r = tr| —= Y 0, \ie{MpPy, MpG
5NT,1 (\/Ni_l i FLz, MR 1)

IN

N
> 072 NieiMp Py, Mp| T?0p (|18 — Bl)

1
VN =
= O0p(1)0p(T'?||8 = BlI) = op(1).

By the same token, I'syr2 = Op(Tl/Q’ynT) = op(1). Now we decompose I'syr 3 as follows

N
1 _
FSNT,S = 7\/N E 0-1‘_26;MFPZZ-MF [B@ =+ B7 =+ Bg] G)\z
=1

= Dsyr31 +Tsnr32 + Usnr,33, say.

Obviously, I'sy7,31 = 0 as MpF = 0. For I'sy7 32, we have

N N
1 B _
F5NT,32 = W Z ZO’i 2s;»MFPZiMF€jaij.
i=1 j=1
- 1
= N3z ZU;2€;MFPZiMF€iCL”‘ + W Z U;QEQMFPZZ,MFEJ‘GZ‘]'
i=1 1<i£j<N
= TI'sn7321 +snr,300, say.
By the repeated use of (A.7),
L&
Ep|Csnranl = w55 > 0%t [Ep (i) Mp Py, Mp] i
i=1
K+1g K+1

IA

W Zl )\;(AIA/N)_I)VL = Wtr (A(AIA/N)_IA/)

= r(K+1)N/2
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it follows that I'sy7,321 = Op(N ~1/2) by the conditional Markov inequality. Noting that

Ep (Tsnr,322) =0 and

1<i#j<N 1<k#I<N

1 _ _

Ep (Tinr32) = N3 Z Z 0; %0, 2Ep (6iMpPy, Mpe;e;, Mp Py, Mpegaija)
1
N3

" ot [MpPy MpEp (e;€}) MpPz, MpEp (e:€})]

1
+t—5 Y. a}0; %0 tr [MpPs, MpEp (e;€}) Mp Py, MpEp (g;€})]

1 _ _ 1 _ _
= e Z a?ja;203tr (MFPZiMFPZi) + N3 Z afjtr (MFPZiMFPZj)

1<i#j<N 1<i#j<N
Cocy ! (K +1) 2 K41 2
< N3 > ah+ N3 > a
1<i#j<N 1<i#j<N
Cocl+1) (K +1
< G PUERD iy wasmy a0,

N3

it follows that Tsy7322 = Op(N~1/2) by the conditional Chebyshev inequality. Hence

F5NT,32 = OP(N_l/Q) = Op(l). For 1_15]\/"1“,337 it can be shown that FSNT,33 = f5NT,33 +

op(1), where

TsnT33 = \/» 2072 iMp Pz, Mr 7 Zs]s FG);.
Noting that

N

;N N
Ep Niz = ZZ FF'Ep (eicie;e))

=1

2

= NQTZZWZJ HFF/T” ( 1);

=1 j=1

by (ii) we have

Tsnras = tr \FZU*% €\ Mp Pz, Mp < Zeje FG

N
_ 1
'|\/720- QE/MppzMF WZE]‘E;-F ||GH
j=1

— (N"Y%H0p (1) = 0p(1).

It follows that F5NT,33 = Op(l). Hence F5NT,3 = Op(l) and ['syr = Op(l).

(vi) By the same arguments as used in (v), it suffices to show that
1 & _ /
F6NT,1 = ﬁ ZU;2€;MFPZiT_1FH (V]\?Zl«) (B6 + B7 + Bg)/Ei = Op(l).
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N !
Let F6NT7H = \/%Z; MFPZ T 1FH (VNT) Bé.t,.lsi fOI' l = 172,3. FOI' FGNT,lla by
(iv) we have
1 N |
Fenr11 = N3/2T2Za *tr |eiMpPy, FH (V7 Z €N F'e;
- N |
_ -2
= tr Wzlal €€MpszH Z

IN

1 N o _ 1 B 1 N
—— N 02 FeieiMp Py, | —= | FINE] Vil | <75 3 FleX

= Op(VN+T)0p(1)Op(N~Y2T712) = op(1).

By the same token, gy 12 and Tnr 13 are op(1). Therefore 'y 1 = op(1) and Tgnr =

Op(].). u

Lemma A.4 Suppose Assumptions A1-A8 and A4(i) hold. Then
(i) maxy<y<r N™U L (|1 Zil|* = Op(\/T/N + 1),
(it) maxi<i<n T~ 32, | Zid|® = Op(v/N/T + 1),
(iii) N—1 Ef\il ZST:1 h‘?,ts =0p (T‘l) for each t,
(i) NU SN ST k2, < (auve + aony) [|FL|P 4 op(T7Y2) uniformly in t,
CURLAEDVARD DARD DD it D By LN IS OO
where arnt = chez NTIT3||F|* L, Y0, HZis||2; aonr = chENTIT8|F|° 3L
(ST 1201202, ¢z = {miny<icn [Auin (T71Z02)]} 1 and cp = [Aain (T-1F'F)] 7

Proof. (i) Let i = ||Zul® — E||Za|®>. Write N2V 1 Zull> = N PN cu +
N1t Zf\; E||Zy|? . The second term is Op (1) by Assumption A1(i). By Assumption A1(v),

for any € > 0 we have

T T N 2
P(lréltaszN 12§n>e T/N) ZP<Z§115>6 ><6 (NT) 1;E<;§it> =0(1

t=1

It follows that max;<;<7 [N SN 65| = Op(\/T/N) and max;<;<7 NV SN || Zu||” =

Op(/T/N)+Op (1) = Op(\/T/N +1).

(ii) The proof is analogous to that of (i) and thus omitted.

(iii) Note that H; = Mp (Pz, — L) Mp. Let mp,s and pg, +s denote the (¢, s)th element
of Mg and Py, respectively, i.e., mps = lis — prys and pgz, 15 = 2}, (Z;Zi)_l Z;s, where
1;s = 1{t = s}, Z;; denotes the tth column of Z;, and pp s = F} (F’F)_1 F,. Then h;+s =
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Zle 25:1 mpr (Pzirq — T ') mp,qs. Observe that

IA

N T
EON IS5 91D 9p SIS
=1 s=1

=1 s=1 Lr=1q=1
= 2Jy + 2J0, say,

and
AN T[T T 2 4N 2
Jtl S N Z Z lz Z 1trpZ1,'rq1qs + = Z Z lz Z 1trpZi,rqu,qs]
i=1 s=1 Lr=1qg=1 z:l s=1 Lr=1g¢=1
g NI T 2 N T[T 2
+N Z Z [Z ZPF,trpZi,rqlqs + N Z Z lz ZpF,trpZi,rqu,qs‘|
i=1 s=1 Lr=1qg=1 i=1 s=1 Lr=1q=1

411 + 42 + 4Jn3 + 4414, say.

Noting that |F} (T~ F'F) ' F,| < {F/ (T~'F'F) " F}2{F,(T-'F'F) ' F,}'/2 <

cr || Fe| || Fs]l, by (A.7) and the Cauchy-Schwarz inequality we have

LN 1N . N
2 _ - 2
Ji = w2 bz = m 2o (17 202) 7 2uz) < 153 N1ZalP
1=1 s=1 =1 z:l
N T T N (T 2
Jina = LZZszvtgpztrF’(T*F’F) Fy <cryom Z ZtnzvtslllFsll
NT i=1 s=1r=1 o i ' i=1 Us=1 v
erc & 1 e P
F P
< FEXlz {Tanisn |Fs||} L ZHZ I’ an%n
s=1
1 RN / r —1 ' e —1 ’ / -1 ’ ’ -1
Juz = ﬁZZZZFt (F'F) " F. F,(F'F) " Fy Z, (Z;Z;)  Zis Zi,(Z;Zi)  Zig

IA
5
S
B
M=
B
=
N
N

i=1r=1qg=1
chez B S~y
< NT3 DY D NEANEANNZ 1 Zil
i=1r=1g=1
2
2 N T 2 N T
cpez || F 1 ez |IF|* 1P|
AL S S T e e ML ) P
=1 r=1 =1 s=1
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and similarly,

N T T
1 _ _ _
Jos = N§ > [E N F/(F'F)TFZ}, (Z]2:) Zi F) (F'F)" ' F,
i=1 s=1 Lr=1¢=1
4
A R <L & 1 &
< PRz 7t 2l = ElZ:
< NT? ;:1 s;\l sl T;:l 15N (1 Zir ||
4
b IEIIFI® < (1« chey IIEN 1F)°
< ] LS (2SR 12 <LZZZ
— NT2 — TT:1 || THH “"H — NT — “ 1” “"”

We can readily show by the Markov inequality that J;1; = Op (T‘l) forl =1, 2,3, 4, imply-
ing that J;; = Op (T‘l) . By the same token, J;2 = Op ( ) Thus + ZZ 1 ZS 1 z s =
Op (T71).

(iv) By (i)-(ii) and the proof of (iii), we have

max Jun = T7'Op (W+ 1) =Op ((NT)*I/2 +T*1) = op (T*lﬂ) :

1<t<T
2 N
erc |IF | 2
< -2z 7 - )
2o Jiz < T2 128N Z 1Z:s11” SR\ N E 1 Zil
= Op (T_l) Op \/W-l- 1 Op T/N+ ) =op ’1’—1/2)7

Jus < oant HFtH27 and Ji4 < aonT HFtH2

Thus (iv) follows.
(v) By Markov inequality, we can show that aqyr = Op (T71), and aonr = Op(T71).

It follows that

| NN T o1 T[] Nt 2 )
2 —
PLLES S, = z(szhats) < 3" (v + azve) IRI +op(T-113)
i=1 j=1t=2 s=1r=1 t=2 =1 s=1 t=2
T
= (oanr +aant)? D E]" +0p(1) = Op(T71) + 0p(1) = op(1).
t=2

Lemma A.5 Let &2 =T8S;/T and vyy = NYOT=1/2. Suppose Assumptions A1-A3 hold.

Then under Hy 7, max <<y |67 — 02| = Op(vnr + NY/2T1 +'yl/2 + O N1/ (29D,

Proof. Noting that & = Mze; + MpX;(8 — B) + MpF\; + Mz X;(B; — ), we have

62 =& Mye; /T = ZTSSZZ/T (A.11)

=1
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where

TSSi1 =e;MpMoM e,
TSSi = (8 — B) XM aMoMpXi(5 — ),
TSSzg = )\:»F/MFMoM};—,F)\i,

TSS;, = (ﬁz - ﬂ)/X;MFMOMﬁ’XL(ﬁL - ﬁ);

TSSie = 2e; M pMoMpF ),

TSSir = 2e; M p Mo Mz X5(8; — B),

TSSis = 2(5 — B) X{MpMoMpF i,
TSSio = 2(8 — B) X[ MpMoMp Xi(8; — B),
TSSio = 20N F' M MoMX;(8; — B).

We prove the lemma by showing that

max |[T7'TSS; — o} = Op(vnr + NY2T™ + 65 + V), (A.12)
1<i<N
and
10
Y max |T7'TSSy| = Op(vnt + 55 p N/ ). (A.13)
— 1SN
First, we prove (A.12). Observe that
T'TSSy — o7 = (T 'eiMoe; — 07) + T~ 'e;Pp Mo Ppe; — 2T '€} MoPpe;.  (A.14)
For the first term in (A.14), write T~ e} Mog;—0? = T 3 (es—8:)2—a2 =T ' 3] €,

g2, where &;;, = €%, — 02. Then by Assumption A3(iii), for any e > 0 we have

IN

ZE

N T v
ZP( Zth>6UNT> <e" ’U Zfzt
; t:1

—9, -0 N

_ ¢ UNTZ Z

i=1 1<tq,...,t9<T

= O(NT™Y2u3 %) =0(1).

max — > €v
<1<1<N T Zf” NT)

E (Eitlgitg“'git@)

(A.15)

It follows that max;<j<n [T~ 21, €2 —02| = Op(vn7). Similarly, max; <;<y 8| = Op (V3p) =

op(unT). It follows that

max |T~'e;Moe; — 07| = Op(unT).

1<i<N (A.16)

For the second term in (A.14), observe that T_le,’iPFMOPFsi < T_lsgPﬁEi as Amax (Mp) =
1. Further, T~ 'e|Psre; = T~ '€, Pre; + T~ '€} (Pp — Pr) €;. First, max,<;<y T~ '€, Pre; <
crmaxi<;<n T2} FF'e;, where cp = [)\min (T‘lF'F)]fl. Writing T~ 2¢/FF'e; = T2
[elFF'e; —E (e;FF'e;)] + T 2E (¢,FF’e;), as in (A.15) we can show that the first term

is Op (N1/2T*1) and the second term is O (T’l), both uniformly in i. It follows that

52



maxi<;<n T_2E,I-FF/€Z‘ =0Op (N1/2T_1) , implying that maxi<;<nN T_IE,I-PFEZ‘ =0Op <N1/2T_1) .
Now, by Lemmas A.1(vii) and A.2, max;<;<n [T '€} (Pp — Pr) €] < ||Pp—Pr|| x maxi<;<n (T~ le:|®) =

Op (85t +vnr)- Consequently,

1I<HEE§VT 'elPaMoPge; = Op(NY2T=Y 4 6% +vnr). (A.17)

For the third term in (A.14), write T~ e, MyPpe; = T~ '€} Ppe;—T '€, LPze;. The uniform
bound for the first term was obtained above, and we can show that the second term is also

bounded by Op(N'/2T—1 4 § 44 4+ 7). Hence we have

max 7" |elMoPpe;| = Op(NY2T™' + 631 + vnr)- (A.18)
1<i<N

Combining (A.16)-(A.18) delivers (A.12).

Now, we prove (A.13). For T'SS;2, by Lemmas A.2 and A.4(i) we have

max T17552 < 13 - 8I1* max (T [X41) = Op(3r)Op (VN/T + 1),

1<i<

For T'SS;3, by the repeated use of (A.7), Lemmas A.1(i) and A.2, and Assumption Al(vi),

we have

/
-1 ) - 1 £ X A 2 ‘
max {T7'TSS} = max T7'\] (F—FH) MpMoM; (F— FH)

IA

1<i<N

max T~ (F—FH)' (F—FH) AN <T ! HF—FHHQJE%VHMF

= Op(oyr+ Yar)Op(NY?) = Op (5§%FN1/§> ’

where we used the fact that max;<;<n ||Ai]|> = Op(NV/?) by Assumption Al(vi) and the
Markov inequality.

For T'SS;4, by (3.2) we can obtain

1@%& 1788} < M%NT max T~ X412 = 0p(h37)Op(v/N/T + 1).

By the Cauchy-Schwarz inequality, we have

-1 L — 1/4 -1 1 —1 arl/(29)
max 71 [T5S] = Op(rr(V/T)/4 1)), max T~ [T5Sis| = Op(33y N/ 27),

max T~ 1SS = Op(ynr (N/T)* 1)), max T7TSSis| = Op(ynr((N/T)V* + 1)xp NV ED),

1<i<N 1<i<N

max T |TSSi| = Op (v ((N/T)V? + 1)), max T TS Si0l = Op (N (N/T)* + 1)5 5 NV 39,
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Noting that vy, ((N/T)Y* +1) = 0 (657) , (A.13) follows. m

B Proof of the Results in Section 3

Proof of Theorem 3.1.

The proof is a special case of that of Theorem 3.2 and thus omitted. B

Proof of Corollary 3.2.

By Theorem 3.1 and the Slutsky lemma, it suffices to prove the first two parts of the
corollary. In fact, we prove a slightly stronger result, i.e., under H; yr in (3.2), Byr =
Byt + 0op(1) and Vyr = Var + op(1). This stronger result will be needed in the proof of
Theorem 3.3 below.

(i) We prove Byr = Byr + op(1) under H; ~N7- Recall 67 = T7'TSS;. We can

decompose B ~NT — Byt as follows:

N

N T
Byt — By = \/%v S () - 1N S 672 B
t=1

i=1 i=1

1 N ) 1 N ) ) 1 N - T )
= ﬁZtI‘(Hi—Hi)—FiNZO’; Z(G‘ 6” ztt NZ —O'Z- );hiﬂftsit

i=1 i=1 t=1 i=1

BNT,l + BNT,2 + BNT,Sa say.

Noting that H; — H; = (Mp—Mp) Pz, (Mz—Mp)+MpPz (Mz—Mp)+(Mp—Mp) Pz, M,
we have

. 1 2
BNT,I = WZtr M MF)PZ (MA - MF ﬁ
i=1

= BNT,M + 2BNT,127 say.

N
Z (My — Mp) Pz, Mp]
By Lemmas A.1(vii) and A.2, (A.7) and Assumption A4(i), we have Byp11 < ﬁ Zfil |Mp — Mp ||2
= Op(N'Y255%) = op(1). For Byr 12, using (A.1) we have
1 & _
Byr12 = N Ztr [(a1 + a2 + as + as) Pz, Mp| = —Bnr,121—BNn1122— BN1,123— BN 124, S8Y.
i—1
For BNTylgl, we have

R 1
Bnraan = Ztr[ I Mp(F - FH)HFPZ}f Ztr{ “IMp(F — FH)HF'TiTlT

= BNT,1211 + BNT,12127 say.
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We further decompose B ~T,1211 as follows

Byris = Ztr [ A(F—FH)H'F'P } g: [ (Mp — M) (F - FH)H’F’PZJ

%\H

= By7i211a + Byri211s-

By the repeated use of the matrix version of Cauchy-Schwarz inequality, Assumptions A1(iv)

and A4(i), Lemmas A.1(ix) and A.2,

ZHT VZIMp(F — FH) HHHFZ (Z.2:)" 1”

“1/2 N
Viw ||FH||{ min Ain (T 1Z{Zi)} ZHT L7 M (F — FH)H

VTN (1)Op (N Sng + Nynr) =Op <N1/2(5NT + “YNT)) =op(1).

[ “1Z/Mn(F — FH)H'F'Z; (Z;Zi)*l}

IA |
2 Mz

By the repeated use of the matrix version of Cauchy-Schwarz inequality, (A.7), Lemmas

A.1(i) and (vii) and Lemma A.2, and Assumption A4(i),

= LS w[r a0 pmer]

s

_ _ N _
= O (05%) Op (35'r) |/ 7 | FHI| = Op (N1/26N2T) =op(1).

1/2

Mz

IA

|Mp = M| {7272 | £ - v (H'F' Py, FH)}

It follows that BNT,1211 = op (1) . By the same token, BNT,1212 = 0op (1) . Thus BNT,lZl =
op (1). Analogously, we can show that Byr 19 = op(1) for [ = 2,3,4. Tt follows that
BNT712 = Op(l) and BNT,l = Op(l).

For BNTQ, noting that ED(BNT,Q) =0, and by Assumption A2(v) and Lemma A.4(iii)

Z| =
M=
WE
] =

Ep (BJQVT,2> =

S o778 (07 - ) (03 - )] e

1s=1

ﬁ
Il
_

<.
Il
-
o~
Il

2M &
- N Zh?,tt =op(1)

=1 t=1

U'i4h?,ttE {(Eft - U?)Q} <

(2

I
2| =
-
M=

@
I
-
~
Il
-

It follows that BNT)Q =op(1).

By a geometric expansion, 1/67 —1/02 = — (67 — 02) Jot+ (67 —02)?/(ct67). Tt follows
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that

T 1 N ( O'
Z hi,tt‘slzt — 7]\7 Z 4 2 Z hz ttgzt

t=1 i=1

. 1 0y —o
Bnrs = 7Nz p

By Lemma A.5, we can readily show that BNT,:J,Q =+vVNOp (Vi + NT2+ %+ 61}2TN1/‘9) =
op (1). Using the decomposition of 47 in (A.11) and following the arguments analogous to
those used in the proof of Lemma A.5, we can show BNT731 = op (1). Thus ENT73 =op (1),

and BNT - BNT = Op(l).

(ii) We prove Var = Vnr + op(1) under H; yr. Note that

5 N 6 N T
VNT*VNT:NZ ( ) NZZ ft—QVNTlJr?VNTz, say.

We further decompose ‘A/NTJ as follows:

VNTJ = Ztr [ ( ﬂ + — Ztr [(H H; ) HZ] = VNT,H + VNT,u, say.

i=1

Noting that

Hi—H;, = MzPy Mz — MpPy Mg

(MF'_MF)pZi(Mﬁ'_MF)+MFpZi(Mﬁ_MF)+(Mﬁ‘_MF)pZiMF,
we have

1 & 1 &
Ve = NZtr(Hi(MF—MF)PZi(Mﬁ—MF) Nz:: (HiMFPZi(MF—MF))

+— Ztr( (M MF)PZMF)

VNT,na + Vnras + VNT 11, say.

By the repeated use of (A.7), the fact that Amax (MFr) = Amax (Pz,) = 1, and Lemma
A.1(vii) and A.2, we have

N
1 _ _
= < Dt (Py, My(Mj — My) Py, (M, — Mp)Mp)

i=1

IN

fztr #(Mp — Mp)Py,(Mp — Mp)) < — ZN: (Pz, (Mg — Mp)(Mp — Mr))

IN

||MF *MFH =0p ( J_\/’2T+7§VT) =op(1).
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Similarly, VNT,llb = Op(&},lT +vn7) = op (1) and VNT,llc = Op(é&lT +vn7) = 0p (1).
It follows that VNT,n = op(1). By the same token ‘A/NT’H = op (1) and hence we have
Vyr1 = op(1). By Lemma A.4(iii), Var2 = Op (T') = op (1). Hence Vyr — Var =
op(l). M

Proof of Theorem 3.3.
By (2.9) and (2.10), we have

7 B Z g.Py.8; Lii e2hi 1t
T \F SITSS; N &4 T-'TSS;

— \/7 Za — €Qigi] + ﬁ Z; g;Py8; —€iQie;| [(T7'T8S) ™ — 0,7

JNT71 + JINT2, say,

where @Q; = diag(hi 11, hi22, .., hirr) . We prove the theorem by showing that: (i) Jyr1 4
N(00, Vo), (i) Jnr2 = op(1), (iii) Byt = Byt +0p(1), and (iv) Vyr = Viyr +op(1). (iii)
and (iv) are proved in the proof of Corollary 3.2. So we complete the proof of the theorem

by showing (i) and (ii) respectively in Propositions B.1 and B.2 below.
Proposition B.1 Under the conditions of Theorem 3.8 Jn11 4, N(©g, V).

Proof. By (2.8), we have

JINT1 = RinT+BRaont+R3nT+HRaNT H2RsNT+2ReNnT +H2 RNt +2RsnT+H2RonT +H2R10N T,

where
N N
Rint = \/% 1;1 0; % (efMpPy, Mpe; — €,Qie;) Rent = Tlﬁ Z; 0, %elM Py, MpF)\;,
R2NTE\;Ng:lai2(5—3)/X{MppziMpXi(ﬁ—B), Ryt = \/%ZJZ_V% %€My Py MpXi(B; — B),
Ront = IZ_le 07N M Py, MaF Renr = é 2(8 — B) X!MpPy, MsFA;,
Rint = ﬁ é\f:l 07 2(B;-B) X! Mp Pz, M X:(8:-B), Ront = Tlﬁ g:l THB-B) XIMp Py, Mp X (8;-B),
Rsnr = ﬁ g:l 0; %\ M Py, Mp Xi (8 — B), Riont = ﬁ g:l 0PN F' M Py, Mp Xi(B; — B).
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We prove the proposition by showing that

Rinr 5 N(0, Vo), (B.1)
Ront + Rasnt + Rant + 2Rsnt + 2RonT + 2R1onT = ©0 + 0p(1), (B.2)
RsNT = OP(]-)a s = 57 63 7. (B?))

(i) First, we prove (B.1). We decompose Riyt as follows:

1 B _ _
Rinr = ﬁzai %} (MpPz, Mp — Qi) &; + \FZJ *el(Mp — Mp)Pg,(Mp — Mp)e
i=1
9 N
+—= 0, 2% MpPz,(Ms — Mp)e;
g ¢

Rint1+ RinT2 + 2RinT 3

It suffices to show that Riny7 2 and Rinr 3 are op(l), and Rin71 4, N(0,Vp).

By Lemma A.3(i), Rinr2 = T'inr = op(1). For Rinr,3, using (A.1) we have

N
—1/2 —2 5
RINT,3 = —-N / E o, EiMFPZi (a1 +as +as + a4)€i
i=1
= —Rints31i — RinT32 — RinT,33 — RinT, 34, say,

where, e.g., Rinr31 = N~ 1/2 Z 10, Ze! 'MpPyz,a1€;. By Lemmas A.3(iii) and A.1(i) and
A.2, we have

N
Rinear = N72Y o720 {sQMFPZiT‘l(F - FH)H’F’&}
=1
N
N~Y2yr [Z 07 FleielMpPy, T~ (F — FH)H’]

i=1

IN

N
NN 7 Fleiel My Py, || T HF - FHH IH]|
i=1

= Op(VN +T)0p(T~2(5 5 + vnr))Op(1) = op(1).
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By the Cauchy-Schwarz inequality, Lemmas A.1(i) and A.3(iii), we have

N
1 _ . )
Rives = Y o) %t [E;MFPZinl(F ~ FH)(F - FH)’si]
i=1

N
T~YF - FH)(F - FHYN™'?Y "0 %e;e]Mp Py,
i=1

= tr

“ 2
< -l

N
N_1/2 E O';QEZ'&TQMFPZi
i=1

= Op (033 +732) Op (VN FT) = 0p (1).

By the Lemma A.3(iv), Rin7,33 = Ienr = op(1). Analogously to the case of Ry 31, using

Lemmas A.1(vi) and A.2 we can show Rin734 = op (1). It follows that Rinr3 = op (1).

Now we prove Ry nT,1 4, N(0,Vp). Noting that Mp Pz, Mp = H; and Q; = diag(hi 11, hi2, - - -

we have

N T
Rint1 = \/% 20;2 Z EitCisNits = Z ZNT, 5
i=1

1<s<t<T t=2

where Zyr: = ON—1/2 vazl 0;2 Zi;ll git€ishits. Let Fyr, denote the o-field generated

by {X1,Xs, ..., XN, F, A, e.4,...,e.1} where recall €., = (e1y, ...,ent)’. By Assumptions A2(i)

and A3(i), {Znr, Fnr,e} is an m.d.s. because

N -1
E(Zn7i|Fnri1) = 2N~/? Z o2 Zéishi,tsE(Ezﬂ]:NT,t—l) = 0.
i=1 s=1

By the martingale CLT [e.g., Pollard (1984, p. 171)], it suffices to show that:

T T

4
Z=) Eryp, i [ Znral" =op (1), and Y Z{r, — Ve = op(1). (B.4)
t=2 t=2

where Er,,, , denotes expectation conditional on Fxr ;1. Using Assumptions A2 and

A3(i)-(ii) we have

Z

7hi,TT)

T N N N
2—716§:§:§:§:§: > T20:20%0; 2 higsh b igh E
= N2 g, U]‘ 0 0y i,ts1j tr ke tq MU tvEis€ jrE€kq€lv (gitﬁjtgktelt)

t=2 i=1 j=1 k=1 I=1 1<r,s,q,v<t—1

T N N
48 —2 _—2
= N2 ZZ Z Z g, Uj hi,tshi,trhj,tth,tvgisgirgqujv

t=2 i=1 j=1,j#i 1<r,s,q,v<t—1

T N
16
+m Z Z Z 0';8hi7tshi,trhi,tqhi,tvgisgirgiqgivE (E?t)

t=2 i=11<r,s,q,v<t—1

4821 4+ 1625, say.

Noting that Z > 0, it suffices to show Z = op (1) by showing that Ep (£) = 48Fp (Z1) +
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16 Ep (Z5) = op (1) by the conditional Markov inequality. By straightforward calculations
and Lemma A .4(v),

1 T N N
Ep(21) = = ZZ Z Z 0; 205 *higshiirhjiqhywE (€iscir) B (€48 50)
t=2 i=1 j=1,j#i1<r,s,q,v<t—1
1 T N N t—1t—1
= mzz Z th,ts jitr = (1)’
t=2 i=1 j=1,j#i s=1 r=1
and
1 T N t—1 t—-1 1 T N t—1
ED (ZQ) = Sﬁ Z Z 074h3 tsh? trE ( ;lt) + N2) Z Z Z U;Sh?,tsE (E?s) E (E’
t=2 i=1 s=1r=1,r#s t=2 i=1 s=1
3 ;2M1/2 T N t—1 t—1 ;4M T N t—1
< QTZZ h’zztsh?tr QNQ ZZ h;l,ts = OP(]')a
t=2 i=1 s=1r=1,r#s t=2 i=1 s=1

where we used the fact that E (ef,) < [E (e§,)]'/2 < M'/2. It follows that Ep (Z) = op (1)
and thus Z = op (1) . Consequently the first part of (B.4) follows.

For the second part of (B.4), we have

T T N N t-1t-1
2 -1 —2 _—2
E Ep(Znry) = 4N E E E 0; "0 “higshy e E(€i€is€jicir)
t=2 t=2 i=1 j=1 s=1r=1
T N t-1 T N t-1
_ 1 ZZ —472 2 -1 2 _
= 4NT o hz ts ’LtE’LS) =4N E : E E hi,ts = Vnr,
t=2 i=1 s=1 t=2 i=1 s=1

where the second and third equalities follow from Assumptions A2(ii) and A3(i) and Assump-
tion A3(ii), respectively. In addition, we can show by straightforward moment calculations
that ED(X:;‘F:2 Z374)? = Vip +op(1). Thus Vaurp(Z:tT:2 Z%r4) = op (1) and the second
part of (B.4) follows.

(ii) Next, we prove (B.2). We first consider Royr. By Lemma A.2, we have the

following decomposition:

Ronr = \FZ o7 2 X[ My Py, M Xb1+TZ o7 2 XMz Pz, M7 Xibs

—277
E 07 20y X! M p Pz, MpX;bs
f

RQNT,l + RQNT,Z + RanT,3, say.

where by = op(yyp) and by = D(F)~ 122 SN 11/ X;6;. Noting that Amax(Pz,) = 1 and
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Amax (M F) = 1 and using (A.7) repeatedly, we have

IA

RonT1

N N
1 —277 v/ -1 2 1 2
"0 XX by < e YIb — S Ix:
7 o XX £ P 5 3ol

= op(TTIN"Y2HOp(NY2T) = 0p(1).
Using Lemma A.1(vii), we can easily show that
N
RQNTg = i ZJ_Qb/ X/MFPZ MFX'b2 + OP(].) = OP(].)
9 T 7 244 i i = .
VN i=1
Then Ront,3 = op(1l) by the Cauchy-Schwarz inequality and we have
1 & _
Ront = 7% > o7 0y X[ Mp Py, MpXibs + op(1). (B.5)
i=1
For R3nr, we have
N
1 o A1, _ L
Rsnr = 7% > 0 N(F—FH )MpPzMp(F—FH )\
i=1
1 P _ P
= N 0 N(F - FH YMpZ (T7'2,2:) " ZIMp(F — FH ")\

1 —2\/ Sty Y oyt
——— o, “\N(F—FH MaipinMA(F — FH )\
T\/N; i z( ) FTT F( )

Rant,1 — RanT,2, say.

Using Lemma A.1(iv) yields
T < 1 2T & 1
Rsnri = Vi Zg;2A;c3 (T7'Z[Z;) " c1hi + i Zglﬂ)\;c’l (T7'Z/Z;) " cioNs
i=1 i=1

T & _
v ;a;2A;cgz (T Z,2,) " cias

R3nt11 + R3nrt,12 + R3nT 13, say,

where ¢; = Op(||B—B|))+O0p(55%) and o = —ZIMp 02 S | XA (MA/N) ™. Using

Lemma A.2, we can readily show that Rsnr11 = Op(TNY/255%) = op(1). Using Lemma
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A.1(vii), we can show that

1

-2 -
7 (N
O’i2<

Then Rsnr12 = op(1) by the Cauchy-Schwarz inequality and

Ranr13 =

2|~

-

ﬁ
Il
-

/
a,q;ka(?k) MFPZz'Mﬁ‘ ( aika6k>

2‘H Z‘H
S S

-

Il
—

M= 11

=zl
=2l

N
k=1
N /

Zaika5k> MpPz, Mg < aika5k> +op(1)
k=1

b
Il

7 1

= 0p(1).

1 & 1 / 1
Rsnr1 = o5 > o? (N Zaika6k> MpPz,Mp <N Zaika6k> +op(1).
i=1 k=1 k=1

By the same token, we can obtain

N N

N ’
1 o 1 1
R3NT,2 = 7NT E o, (N E aika(Sk) MpLMp (N E aika5k> +0p(1).

i=1 k=1 k=1

It follows that

N N ! N

1 _ 1 _ 1

RsnT = ﬁ E o, 2 (N E aika6k> MFPZiMF (N E aika6k> +0p(1). (B.G)
=1 k=1 k=1

For RynTt, by Lemma A.1(vii) we have

N

RinT 020, X[ Mp Py, Mz X6,
=1
N
1 —2 ¢/ / D
= N7 Zgi 8; X;Mp Pz, MpX;6; +op(1) = Op(1). (B.7)

NT

i=1

For Rsy7, RonT and RignT, by the Cauchy-Schwarz inequality and analogous arguments

as used above we obtain

N N ! N
1 _ 1 _ 1
Rsnt = ~T § o;? (D(F) 1—NT § H;Xk5k> X!MpPz Mp (N § aika5k> +op(1),
=1

k=1 k=1
(B.8)
1 & 1 & / _
RQNT = _WZUZQ <D(F)_1M ZH%Xk6k> XZ/MszlMFX’L(S’L + Op(l)7 and
i—1 k=1
(B.9)
1 O 1 & / _
Riont = “NT Zai_z (N Z aika5k> X{MpPy, MpX;6; + op(1).
=1 k=1
(B.10)
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Combining (B.5)-(B.10) yields (B.2).

(iii) Now, we prove (B.3). For Rsnr, we have
Rsnt = o7 el (Mp — Mp)Py, MpX;(3 — B) + 07 %l MpPy, MpXi(3 —
f Z ) (B-8)+ fZ (3-B).

The first term in absolute value is bounded by {I‘U\/T}l/2 X {RQNT}1/2 = op(1) by the
Cauchy-Schwarz inequality, Lemma A.3(i), and (B.5). To show that the second term is
op(1), it suffices to demonstrate that Rsyr1 = N~ 1/2 Zz 107 ;MFPZiMFXi isop (’y&lT)

by Lemma A.2. We further decompose Rsn7,1 as follows

N N
1 _ 1 _
Rsnry = Vi 20;2€;MFPZ,.MFX¢ + 7 ZJ;2€;MFPZZ. (Mp — Mp)X;

= Rsnt11+ Rsnt,12, say.

Observe that E(Rsnr,11) = 0 and by the repeated use of (A.7),

E|Rsyrail? = ;Vii [tr (M Py, MpX; XM Py, MpE (:€}))]
= ii 2B [tr (X[ MpPy,MpPy, MpX;)]
N2 iMp Pz, Mp Pz,
< LS ormi —*EIENIEHX =0
< ¥

@
Il
-

It follows that Rsnr11 = Op(\/T ) = op ('y;,lT) . By the Cauchy-Schwarz inequality and
Lemmas A.1(vii) and A.2,

! N =
R =0 | Ma~— M "MpPy ||| X;
[R5zl < \/JVH P FH;H% Pz || |1 Xl
N 1/2 L 1/2
< st -l (S Jenserl) (3
=1 i=1

= Op(T7V2 4+ NVH)0p(NY2)Op(T?) = 0p (varr) -

It follows that Rsnr1 = op (’yf\,}f) and Rsnt = op (1).

For RgnT, we write
1
Rent = —— ZU*Q (Mg — Mp) Py, MaF); +\an e/ MpPy M, (F FH- )/\

By the Cauchy-Schwarz inequality, the first term in absolute value is bounded by {I'y NT}l/ %

{RgNT}1/2 = op(1) by Lemmas A.3(i) and (B.6). Denoting the second term as Rgnr,1, We
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decompose it as follows
1 & _
R6NT,1 = WZU;QEQMFPZi (MprF) (F*FH71> )\z

\/>ZO' 2 ’MFPZMF(F FH- ))\

Rent,11 — RenT, 12, say.

By Lemmas A.1(i) and (vii) and Lemma A.2,

N
1 _ .
|Renrl = tr [\/NZUIQ)%EQMFPZ: (Mp — Mp) (F - FHl)}

N
1 _
ﬁ E 0;2)\Z€:MFP21
i=1

= Op(1)Op(Sx7)Op(T253) = op(1).

M — M| HF - FH—1H

By Lemma A.S(V)7 RﬁNT)]_z = FSNT = Op(l). It follows that RGNT,I = op (1) and RGNT =
op (1). Analogously to the analysis of Rsyr, we can show that R;yr = op (1) . This com-

pletes the proof of (B.3). m
Proposition B.2 Under the conditions of Theorem 8.3, Jyr.2 = op(1).

Proof. By a geometric expansion, 1/67 — 1/0? = —(67 — 02)/o} + (67 — 02)?/(0157).

It follows that

% 1 & 57— o?)’
InT2 = ZEPZEz £lQie)) & ﬁ; (81Pz.8: — €iQies) s

= —JNT,21 + JINT 22, say.

Using &; = Mpe; + M X; (6 — 3) + MpFXNi+MpX;(3; — 3), Lemmas A.1(vii) and A.2, and

the conditional Markov inequality, we can show that under (3.2),

N N
N7'Y (&iPgei - eiQie))’ = NI > (eiMpPy Mpe; — eiQiei)” +op (1)
=1 =1
N 2

= AN | > eusichies | +op (1) =O0p(B)11)

i=1 \1<t<s<T
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Then by Lemma A.5, (B.11), Assumption A4, we have

~2 2 2 N
max1§i§N|ai —0'Z-| 1
> |

~! A !
InT22 < , = & Pgei — €Qie|
minj<;<N 0;0; \/N i—1
1/2
~2 212 N
VN maxicicn |67 — 07| | 1 B At 2
S B 1.2 N E (EiPZq‘,Ei - EiQiei)
miny<;<N 0,0, =1

VNOp(Wp + NT ™ + 2% + 535 NY")0p (1) = 0p(1).

10
For JNT,21, we have JNT,21 = Zl:l JNT,th where

N
1 _
Inronn = —=» 0, (&iPz,&i — €iQie;)(T~'TSSy — 07}), and
VN =
1 N
INT2u = i ZU{“(E‘QFZiéZ— —€/Qie;)(T'TSSy) for 1 =2,3,...10,

@
Il
.

where T'SS;;, I = 1,...,10, are defined after (A.11). Following the same steps in the proof
of Proposition B.1 and the analysis for T'S'S;; in the proof of Lemma A.5, we can show that

JNT,Q]_I = Op(l) for all [ = 1,...,10. m

Proof of Theorem 3.4.

Let P* denote the probability conditional on the original sample Wyt = {(V;, X;),i =1, ...

and E* and Var* denote the expectation and variance with respect to P*. Let Op+ (-) and
op~ (+) denote the probability order under P*, for example, ayr = op- (1) if for any € > 0,
P*(lant| > €) = op (1) . Note that ayp = op (1) implies that ayr = op» (1).

Observing that Y} = B/Xit—i—j\/iﬁt +¢7,, the null hypothesis is maintained in the bootstrap
world. Given Wy, €}, are independent across ¢, and are independent of X, S\j, and F, for
all 4, ¢, J, s, because the latter objects are fixed in the bootstrap world. Let ef = (¢}, ...,elr) .

Let F; (ef) denote the o-field generated by {e};, ...} }. For each 4, {e}, F: (e])} is also an

m.d.s. such that E* (5| Fi—1 (€7)) = B* (65,) = T Y1, (8ir — &) = 0, and E*[(e3,)? | Fi—1 (€7)] =

E*[(e5)’] = T Zthl (8t 751)2 = 67. Under either Hy or H; y7, Lemma A.5 indicates
that c}? is uniformly bounded and bounded away from 0 with probability approaching 1 as
(N,T) — oco. In addition, letting £}, = €, — &7, we can verify that E* 5,7 exists provided
Elg,)" exists and w2h7r S5y Yoy o voer B (€€, -E,) = Op+ (1) by the serial
independence of {¢,,t > 1} and thus {j;,t > 1} . Thus we have verified that Assumptions
A2(i)-(ii) and A3(i)-(iii) are satisfied in the bootstrap world.

Note that the bootstrap analogue of {X;, A;, Fi} is { X, i, Ft} which is known given

Whnr. The conditions on {X;;} alone in Assumptions Al(i), (iv) and (v) remain satisfied in
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the bootstrap world. Under either Hy or H; n7, using Lemmas A.1 and A.2 we can show

that T-1 Y2, B} = Sptop (1), N"INA = Sx+0p (1), 5872 Y1y iaiy < GineeeCiy =

iy

Op (1), and D(F) = D (F)+op (1). This indicates that the other conditions in Assumption
A1 are also met in the bootstrap world. Note that Assumption A2(ii) is mainly needed to
simplify the calculation of the asymptotic variance of Jy7 in the proof of Proposition B.1.

By the above discussions, we can verify that Lemmas A.1, A.3, and A.4 remain valid in
the bootstrap world by replacing {F,]s",H7 H; e\, B, B, o2, 0:;, YN}, Op (1) and op (+)
by {F,F‘*,H*,H;‘,E;“,}\i,ﬁ, B*, 62,0,0}, Op- (-) and op- (-), respectively, where Fr =
(Ffsos By, H = (MA/N)(F'F*T)Vy7!, Vi satisfies [ Y00, (V7 — XiB)(V; —
XBYE = F*Vig, Y7 = (Y5, ..V, and Hf = Mp(Pgz,— L)Mp. The results in
Lemmas A.2 and A.5 now become 3 — 3 = Op- (N=Y2771/2) [and maxi<;<n |6]° —67| =
Op-(unr + NV2T=1 4 6 LNV where 672 = T-1TSS: = T~ Y1 (85, —&,)2, &), =
Yii — B X — 5\:/}?}*, and & =T YO, &,

Let R, Jir, B, Viep, Bir, and Vi denote the bootstrap analogue of R3p, Jnr,

Byr, Vr, Byr, and Vyr, respectively. Then Ji, = (VNTRZ, — Byr)/\/Vir and
Jir = (VNTR2, — Bip) /\/Viip. As in the proof of Theorem 3.3, we have

1 e'Pyet 1 2
L P Vs i DO Ve

1
N 1 N
= —— > 6,°(&]' Pz — €' Qrel) + 7% > (@' PgE; — ey Qre) 6, = 677

* *
InT1+ INT2, say,

where @ = diag(h;‘,lhhz"gw...JL;TT)7 hi, is the (t,s) element of H;. We prove the
theorem by showing that: (i) J3r, < N(0,Vp) conditional on Wi, (il) Jyro = op~(1),
(iii) By = By +op-(1), and (iv) Vi, = Vg +op(1).

We only outline the proof of (i) as the proofs of other parts are analogous to those in the

proof of Theorem 3.3. By (2.8), we have

Jnra = Rinr + Boyr + Rinr + 2Ry + 2Rgnr + 2R3Ny

N

where Ry is the bootstrap analogue of Ryyr forl = 1,2,3,5,6,8, e.g., Riyp = N"V2300

Py, Mz.e; — €'Qrer). Analogously to the proof of Proposition B.1, we can show that
Riyy = op- (1) for | = 2,3,5,6,8, and Riyz = Yo Zi1, + 0p- (1), where Zir, =
IN-V2SN 672 erer b, Let Fxr, denote the o-field generated by {Wnr,e%,

i=1"1 is'Vits”

~—27 %/
g, (Ei Mﬁ*

., €5} whererecall €% = (e}, ..., ey)- Then {Z} 1, Fp,}is anm.d.s. because E (Z3p | Frr—1) =
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QN~1/2 Zfil &;2 22;11 ershi s B | Fari—1) = 0. So we can continue to apply the martin-

gale CLT in Pollard (1984, p. 171) by showing that

T

T
* k 4 * *
zr=> Erp .\ |Z8re| =o0p (1), and > Zitry — Vier = op-(1). (B.12)
t=2 t=2

where E Firi denotes expectation conditional on Fxr, ;. By direct calculations and the

bootstrap version of Lemma A .4,

48 T N N 48 T N

t=2 i=1 j=1,j#t s=1 r=1 t=2 i=1 s=1r=1,r#s
16 T N t—1
~—81 x4 * x4 * x4
+72§ E o; hiiE (53) E* (e37)
t=2 i=1 s=1
= op(l)

where we use the fact that E* (e}}) = T ZtT:1 (2t —@)4 =711t 23:1 el + op(1) uni-
formly in i and &; 2 < 207 2 with probability arbitrarily close to 1 as (N, T) — oo by Lemma
A5, Tt follows that Z* = op~ (1). Now, Zthl E*(Z3pp,) = 4N 23:1 Zf\i1 Zi;ll hi%e =

Viep. In addition, we can show by straightforward moment calculations that E*(3/_, Ztr )’

Vit +op (1). Thus Var*(ZtT:Q Z?(?T,t) = op (1) and ZtT:Q ZXTZT,t —Vir =op-(1). R
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