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Latent Local-to-Unity Models*

Jun Yu
Singapore Management University

May 5, 2021

Abstract

This paper proposes a class of state-space models where the state equa-
tion is a local-to-unity process. The large sample theory is obtained for the
least squares (LS) estimator of the autoregressive (AR) parameter in the AR
representation of the model under two sets of conditions. In the first set of
conditions, the error term in the observation equation is independent and
identically distributed (iid), and the error term in the state equation is sta-
tionary and fractionally integrated with memory parameter H € (0,1). It is
shown that both the rate of convergence and the asymptotic distribution of
the LS estimator depend on H. In the second set of conditions, the error
term in the observation equation is independent but not necessarily identi-
cally distributed, and the error term in the state equation is strong mixing.
When both error terms are iid, we also develop the asymptotic theory for an
instrumental variable estimator. Special cases of our models are discussed.

JEL classification: C12, C22, G01
Keywords: State-space; Local-to-unity; O-U process; Fractional O-U process;
Fractional Brownian motion; Fractional integration; Instrumental variable.

1 Introduction

Since the local-to-unity literature was initiated by Phillips (1987a) and Chan and
Wei (1987), the local-to-unity model has received so much attention both in theo-

retical studies and in empirical studies.! The success of the local-to-unity model is

*I would like to thank Peter Phillips, Liyu Dou, Yiu Lim Lui, Jia Li, Shuping Shi, and Xi-
aohu Wang for helpful discussion. Jun Yu, School of Economics and Lee Kong Chian School of
Business, Singapore Management University, 90 Stamford Road, Singapore 178903. Email: yu-
jun@smu.edu.sg.

! An incomplete list of contributions include Stock (1991), Elliott and Stock (1994), Cavanagh et
al. (1995), Wright (2000a), Elliott and Stock (2001), Gospodinov (2004), Valkanov (2003), Torous



not surprising because (1) the local-to-unity model is more general than the exact
unit root model; (2) it well describes the dynamics of many macroeconomic time
series and financial time series; (3) the resulting asymptotic distribution better ap-
proximates the finite sample distribution than the asymptotic distribution under the
assumption of weak dependence.

However, the local-to-unity models used in practical applications assume the
variable of interest is observed without any error. This assumption can be too
strong in practice. For example, when a time series is obtained from a survey, many
forms of errors are possible, including recall errors and sampling errors. These so-
called measurement errors can occur with a systematic pattern that generates the
difference between the respondents’ answers to a question and the actual values. See
Kasprzyk (2005) for possible sources of measurement errors and Bound et al. (2001)
for certain econometric consequences of measurement errors. For another example,
a time series is sometimes obtained from estimation. A well-known example that
motivates the present paper is the daily time series of realized volatilities (RV), which
are estimates of the daily integrated volatilities (IV). Andersen et al. (2003) and
Corsi (2009) introduce alternative models for RV. For the third example, a latent
time series may be related to an observed time series by definition or for structural
reasons. The class of the DSGE models and the class of stochastic volatility (SV)
models are among the interesting models in this example.

In this paper, we consider the following latent local-to-unity model:

Y =& + wy
t=0,..T 1
{ § =008 1 + 0,00 =1+ 5,8~ Oy(1) U M)

where {¢,} is a latent process that is local-to-unity with ¢ € (—o0, 00) being the local
coefficient. When 07 = 6, which is independent of 7', and when {w;} and {v;} are
serially independent Gaussian processes, the model is the popular linear Gaussian
state-space model. We deviate from the literature on linear Gaussian state-space
modeling by assuming 6 is a function of 7', and also, by allowing for more general
stochastic behavior for w; and vy.

We are not the first one that is concerned about the latency of a persistent
process. Motivated by the fact that RV is merely an estimate of IV, Hansen and
Lunde (2014) also consider model (1). However, our model is different from their

model in two aspects. First, Hansen and Lunde (2014) assume {w;} and {v:} are

et al. (2004), Rossi (2005), Campbell and Yogo (2006), Jansson and Moreira (2006), Mikusheva
(2007), Wang et al. (2019), Jiang et al. (2021), Dou and Miiller (2021).



serially independent. Our assumptions about {w;} and {v;} are more general, as
it will become clear later. Second, Hansen and Lunde (2014) assume 67 = 6 and
consider two cases in particular, § < 1 and 6 = 1. We focus our attention to the
case where 07 = 1 + % that includes the unit root as a special case. Like Hansen
and Lunde (2014), the parameter of interest in our paper is 7.

Model (1) may be rewritten as
Ye =& +wp = 078, 1 + v +wp = Opy 1 + v+ wp — Opwe g = Opy; 1 + &, (2)

where

Et = V¢ + Wy — ethfl. (3)

When {w;} and {v;} are serially independent, {¢;} is a local-to-unity moving av-
eraging (MA) process plus an iid process. While {¢;} involves a local-to-unity MA
component, a property shared by the model of Dou and Miiller (2021), our model is
very different from theirs because there is v; in it. We will address the implication
for this important difference later.

The paper is organized as follows. In Section 2, we assume {v;} is a stationary
fractionally integrated process and {w;} is an iid sequence. In Section 3, we assume
{v;} is strong mixing and {w,} is an independent but not necessarily identically dis-
tributed sequence. In the same section, we also investigate the large sample theory
of a more efficient estimator when {v,} and {w;} are both iid. Section 4 concludes.
Appendix collects the proof of the theoretical results. Throughout the paper, we use
2=, i, i, % to denote convergence in probability, weak convergence, conver-
gence in distribution, and equivalence in distribution, independent and identically

distributed, respectively.

2 Latent Model with Fractionally Integrated Er-
rors

In the RV literature, a well-established stylized fact is a slowly decaying ACF for
daily RV. However, how to model the slowly decaying ACF has recently been de-
bated in the literature. An earlier attempt is to use a fractional process, namely
I(H — 0.5) with H € (0.5,1), to model the slowly decaying ACF.? Important con-

2In the literature on fractional integration, parameter d has been traditionally used to represent
the memory parameter. In this paper, we use H to represent the memory parameter. The two
parameters are related to each other by d = H — 0.5.
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tributions include Andersen et al. (2001), Andersen et al. (2001), Andersen et
al. (2003). Andersen and Bollerslev (1997) provide an interesting explanation of
a slowly decaying ACF in volatilities (i.e. ACF at lag k is of order k?~2# with
H € (0.5,1) for large k so that the ACF is not absolutely summable) from the inter-
actions of a large number of heterogeneous information processes.> Andersen et al.
(2003) introduce the ARFIMA(1, H —0.5,0) model with H € (0.5,1) for log RV and
provide evidence that the model outperforms many alternative models in predicting
RV and log RV, including GARCH-type models and other high-frequency models.

Gatheral et al. (2018) establish a new stylized fact, namely, the roughness of
sample paths of RV. Consequently, a more recent attempt is to use continuous-time
models based on the fractional Brownian motion (fBm), denoted by B (t) with H
being the Hurst parameter, to explain roughness in RV. To generate roughness, H
in BH(¢) must be in (0,0.5). Since the ACF of ARFIMA(0, H —0.5,0) and the first
difference of B (t) have the same asymptotic behavior, the use of H < 0.5 in the
fBm is at odds with H > 0.5 used in the ARFIMA model.

Gatheral et al. (2018) find that the fBm with H = 0.14 has exceptionally good
performance in forecasting RV or log RV out-of-sample. It outperforms the AR(5),
AR(10), and HAR models in predicting the daily RV and log RV. Wang et al. (2019)
propose a two-stage estimation method for the fractional Ornstein—-Uhlenbeck (fO-
U) process and develop large sample properties of the estimators. When applying the
method to the daily log RV, daily log realized kernel (RK), and daily log bipower
variation (BV), they find strong evidence of H < 0.5, although H > 0.5 is also
allowed in their model. The same paper also reports evidence of the near unity root
behavior, which leads to slowly decaying ACF at small and moderate lags. When
examining the forecasting performance of the fO-U model out-of-sample, it is found
that the fO-U model outperforms the random walk, AR(1), HAR, ARFIMA, fBm
in predicting the daily RV, daily log RV, daily log RK, daily log BV.

Instead of modeling RV or log RV directly, Fukasawa et al. (2021) and Bolko et
al. (2020) assume the log spot variance follows a continuous time model driven by the
fBm. In both studies, high-frequency data are used to construct daily RV, and the

estimation errors in the daily RV are taken seriously when the estimation equations

3Partly motivated by the presence of heterogeneous traders, Corsi (2009) proposes to use the
heterogeneous autoregressive (HAR) model to capture the slowly decaying ACF. The HAR model
has become a popular model in practice to forecast RV. An interesting observation of Table 2 in
Corsi (2009) is that the sum of the three autoregressive parameter estimates is very close to one
for USD/CHF and S&P500.



are set up. In particular, Fukasawa et al. (2021) obtain the approximate spectral
density of the daily RV and then get the quasi-maximum likelihood estimate of H.
Bolko et al. (2020) obtain the expressions for moments of the daily RV and then use
the generalized method of moments to estimate H. When applying the proposed
method to real data, both studies report strong evidence of H € (0,0.5). In addition,
Bolko et al. (2020) obtain strong evidence of the near unit root behavior in log spot
variance. Liu et al. (2020) assume the log spot variance follows the fO-U process.
Unlike Fukasawa et al. (2021) and Bolko et al. (2020), where high-frequency data
are used to obtain the daily RV, Liu et al. (2020) only use daily returns, and treat
log spot variance latent. A simulated maximum likelihood method is introduced to
estimate the model. Strong evidence of H € (0,0.5) and the near unit root behavior
is found in several empirical studies in Liu et al. (2020).

Motivated by this debate in the literature, together with the possibility that IV
is highly persistent, and the fact that daily RV is an approximation to daily IV, we
consider model (1) with the following three assumptions.

Assumption 1 w; C (0,02). There exists k = max {4,2 — 4} where H € (0,1)
such that F |w,|" < oc.
Assumption 2 (1— L)%, = ¢, % (0,02) with 0> > 0. There exists k =

max {4, 2 — 4} where H € (0,1) such that E lee]* < 0.
Assumption 3 w; and vs are independent for any t and s.
Remark 2.1 Assumption 1 allows {,} to be observed with iid errors.

Remark 2.2 Assumption 2 allows &, to have an error term that is fractionally
integrated, I(H — 0.5). When H > 0.5, v; has a slowly decaying ACF such that the
ACF is not summable. When H = 0.5, v; = e; becomes an iid sequence. When
H < 0.5, v is antipersistent and has a fast-decaying ACF although the ACF of &,
can decay slowly at small and moderate lags due to the local-to-unity. Assumption
2 implies that
I'(k+ H —0.5)

I'(k+ 1)I(H —0.5)

v = Zaket,k, with a, = ~ ]k|H_1'5 for large |k|.

k=0
An I(H — 0.5) process is always stationary when H € (0,1). From Sowell (1990),

we know that

T 2
o:I'(2 —2H) I'H+05+T) T'(H+0.5)
Var th> = .
<t:1 2HT(

H+050(15—H) |[(05—H+T) TL(05—H)
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agF(Q - 2H) . T2H52

~ T2H
SHT(H + 0.5)T(1.5 — H) v

(4)

2T (2—2H)
2HT(H+0.5)I(1.5—H)

the literature. The instantaneous variance of v; (denoted by 0?2 ) is

1s often referred to as the long-run variance of v, in

where 72 =

o’T'(2 — 2H)

(T(1.5— H))* ©)

o= Var (v) =
Since Var (Zthl vt) ~ T3 and E |e,|" < oo for k = max {4, 2 — 4}, according

to Davydov (1970, Theorem 2), we have the following functional central limit theorem

(FCLT):
(7]
th = B(r), as T — oo,

t=1

1
THG,

where [Tr] denotes the integer part of Tr and B (r) is an fBm that is a Gaussian

process with mean zero and covariance function
1
Cov (B"(1), B(s)) = 5 <|t|2H s gt - s|2H) | Vs, (6)

An alternative definition of fBm is given by Mandelbrot and van Ness (1968) as

BH(t) = m { /_ (; [(t — §)H05 _ <—5)H—0‘5] AW (s) + /0 t (t — )05 dW(s)} ,

where W (t) is a standard Brownian motion. Clearly, if H = 0.5, B (r) becomes a

standard Brownian motion, W (r).

Remark 2.3 Since v, is a stationary [(H — 0.5) process, and {w; — Opw;_1} is an
m-dependent process by Assumption 1, e, defined in (3) is also a stationary I(H—0.5)
process due to Assumption 3. Note that the limit of the instantaneous variance of €
(denoted by o?) is

o2T(2 — 2H)
(T'(1.5 — H))?

o2 := lim Var(g) = Tlim [E (v}) + E (w]) + 07E (w])] = + 202,

T—oo

and that

() - oo



_ e (€
= T%0, + T 207 ) o

~ T*HF2 (8)

v

Moreover, Assumption 1 and Assumption 2 imply that there exists k = max {4, % — 4}
such that E|g,|" < co. Consequently, the FCLT of Davydov (1970) is applicable to
the partial sum process of {e;}. The FCLT for the partial sum process of {e;} is the

source of limits of several sample moments that we state in the following lemma.

Lemma 2.1 Let {y;}L, be the time series generated by (1). Let Assumptions 1-3
hold. Then, as T — o0,

L =y = JH(r);
d 1
2. Freams S Vi = Jo S (r)dr;

T d 02T (2—2H . .
8. AN e S 3 (W +201), 7 <05

4. %Zthl Yp_1E¢ — A : < 2J.(1)% — 2¢o2 fo (r)dr — <(°;2(1;(52—__12{I;)2 "’20121;))7 if H =
0.5,
5. ST e, 52 (Jf(l)? —2c [} Jf(r)dr), if H> 0.5.
where J.(t) is an O-U process defined by
dJ.(t) = cJ.(t)dt + dW (t), J.(0) = 0,
and JH(t) is an fO-U process defined by

dJ2(t) = cJH(t)dt + dB(t), J7(0) = 0. (9)

We consider the following LS estimator of 61, denoted by 5T,

@T:MZQ +Zt 1 &Y 1

doim1 Vi Zt L Vi
While the LS is not efficient, it is a simpler alternative to the maximum likelihood
estimator (MLE) that can be obtained by the Kalman filter. However, MLE requires
the full parametric assumption about the model. Moreover, it does not have an

analytical expression.?

4In the case where v; ~ M A(q) with ¢ < oo, another more efficient estimator is the instrumental
variable estimator that has the analytical expression (see Hall (1989) and Hansen and Lunde
(2014)). However, in our model, v; ~ I(H — 0.5) that can only be expressed as an M A(co) unless
H =0.5. As a result, it is not clear how to find valid instruments.



Theorem 2.1 Let {y;}_, be the time series generated by (1). Let Assumptions 1-3
hold. Then, as T — o0,

HT(H+0.5) 2HT(H+0.5)I'(1.5—H) o2,

" - o
T2H (eT - 9T> d, _ Ta5-H) Le=2M) o8 urp <05, (10)
f JH (r)2dr
9 1 _ (2HT(H+0.5) | 4HT(H+0.5)[(L.5—H) o2
T(@ p ) @ e 2 [y Je ( 1"(15 o T(2—2H) ag> if H = 0.5
T — VT ) — Y-
2]0 r)2dr
(11)
JH(1)2 -2 JH (r)dr
T (eT - eT) a S =20y L if H> 0.5. (12)
2f0 JH(r)2dr
Remark 2.4 When o2 = 0, there is no measurement error in &,. If, in addition,

¢ =0 (and hence, 0 = 1), then the model is a unit root model without measurement

error. This model is studied in Sowell (1990) where it is shown that, as T — oo,

T (5 ) fof o W) i~ o5, (13)
T
o TBH(1
T(9—1> ifBH—(Ld’ if H> 0.5, (14)
T
0(0.5+H)
T2H (9 - 1) d ﬁ, if H <0.5. (15)

As Jo(t) = W(t) and JH(t) = B (r), our results include those in Sowell (1990) as

special cases.

Remark 2.5 When o2 = 0, our model is closely related to the following model
considered in Wang et al. (2021):

c
& =078 1 +e,0r =exp(c/T) =1+ T,t =1,...,T, (16)
where g, is a fractional Gaussian noise (FGN) with memory parameter H € (0,1)
whose covariance function is
1
Cov (nfy,nf) = A2H§ [(k; + 1) 4 (k—1)*" - 2/@”1 ~ H(2H-1)k*72 for large k = |t—s|.

Forlarge k, the covariance function of an FGN is the same as that of ARFIMA (0, H—
0.5,0) model. Wang et al. (2021) show that when &, is observed, as T — oo, we

have

T(@T—QT)i< )2 = 2¢ fy T ZdT‘1>/2 Cif H=0.5:

fol Jo(r)2dr

8



_ c /
T (br - 07) 5 T ) 2, it H > 0.5

2H (7 d _1/2
T <6T GT) — —fol Jf(r)er

The results in Wang et al. (2021) are not the invariance principle as the error term

) <Jf(1)2 —2¢ [1JH (r)?dr

,if H <0.5.

in model (16) is assumed to be normally distributed. However, since the FGN has
the same ACF as the I(H —0.5) process for large lags, our asymptotic theory is very
similar to that in Wang et al. (2021). The only difference is in the numerator of
the limiting distribution. This difference arises because the instantaneous variance
of the I(H — 0.5) process is different from that of FGN.

Let us conclude this section by relating our model with several interesting models

proposed in the literature.

Example 2.1 In Equation (35), Comte and Renault (1996) specify the following

model for the log spot variance:
dX(t) = —kX(t)dt + cdB" (t), H > 0.5. (17)

It is well-known that the following discrete-time model

k _ iid 1 — e A
§in = ¢ Af(t—l)A +(1—L)" e, ea ~ (0, TU2) s t=1,..,T, (18)

weakly converges to model (17), that is, WSLWJ = X(r), as A — 0 (Tanaka,

2018). Clearly, model (18) is a local-to-unity model with the error term satisfying
Assumption 2. Comte and Renault (1996) impose the restriction that H > 0.5. This
restriction together with the local-to-unity feature will make the sample path of X (t)

very smooth.

Example 2.2 Breidt et al. (1998) propose the following long memory SV model:

T, = aegt/%t, € N (0,1), (19)

& = 06+ v, (1— L)% = ¢, X N (0,0?). (20)
Let y; = log (1) = log 024 1.27+&,+w; where w; s log (X%n) —1.27. The estimated
value for H — 0.5 reported in Breidt et al. (1998) is 0.444, implying that H = 0.944.

If 0 =1+ %, then the model is a special case of our model.

9



Example 2.3 Andersen et al. (2003) propose the following model for log RV,
€ =+ 06 + v, (1= L)%, = ¢, N (0,0?).

If & is the log IV, 0 = 1+ 5, and &, is prowied by the observed log RV that is equal
to & + wy with {w;} being an iid sequence, then the model is a special case of our

model.
Example 2.4 Wang et al. (2019) specify the following model for log RV:
dé(t) = —kE(t)dt + odB™ (1),

Different from the model in Comte and Renault (1996), a general H € (0,1) is
allowed in Wang et al. (2019). Since the discrete-time model specified in (18)
weakly converges to model (17) as A — 0 for any H € (0,1), the model of Wang
et al. (2019) is closely related to a local-to-unity model with fractionally integrated
errors. If £(t) is the log IV and £(t) is proxied by the log RV that perturbs &(t) with

an wid error, then the model is closely related to our model.

Example 2.5 Liu et al. (2020) propose the following fractional SV model:

ria = oeSa2e 0 En N 0,1), (21)

§in = (1+74) g(t—l)A + U’unz{{m (22)

where n\ := BT (tA) — BE((t — 1) A) is a FGN. As shown earlier, the covariance
function of a FGN is the same as that of ARFIMA(0, H — 0.5,0) model for large
lags. Let yia = log (ry) = logo? + 1.27 + &, + wia where wip w log (X%1)> —1.27.
Then the fractional SV model is closely related to our model if A — 0.

3 Latent Model with Strong Mixing Errors

While Assumptions 1-3 allow for fractionally integrated errors in the latent local-
to-unity model, no heteroskedasticity is allowed in {w;} or {v;}. It is possible that
{w;} and/or {v;} involve heteroskedasticity in practice and hence, it is important
to relax the requirement of homoskedasticity.

For example, heteroskedasticity may be in presence in {v;} when &, is the spot
variance. The well-known square root model of Heston (1993) and the GARCH dif-

fusion model of Nelson (1990) are two widely used specifications for the spot variance

10



that allow for heteroskedasticity in the error term of the discretized representation
via the Euler scheme. In the discretized square root model, the variance of v, is a
linear function of £,. In the discretized GARCH diffusion model, the variance of v,
is a square function of £,. This is the reason why we would like to relax the identical
assumption about vy.

For another example, heteroskedasticity arises in {w;} when one uses daily RV
to estimate daily IV. To compute the daily RV for a trading day ¢, let the intra day

return based on a particular sampling frequency M be
Tit = Pi/Mt — P(Gi—1)/M,t» where i = 1a 27 e 7M7 (23)

where p; /a4 is the log price at time i/M on day ¢t. The RV on day ¢ is

M
RV, (M) =Y 17, (24)
=1
As M — oo,
M t
RV, (M) =Y r}, & / o’ds := IV, (25)
i=1 =1

where 02 is the spot variance. Moreover, according to Barndorff-Nielsen and Shep-
hard (2002), as M — oo,

VM (RV (M) —1V,) % N(0,21Q,), (26)

where .
IQ, = / olds (27)
t—1

is the integrated quarticity (IQ).

To improve the accuracy of the asymptotic approximation, Barndorff-Nielsen and
Shephard (2005) suggest using the log RV to approximate the log IV and develop
the asymptotic distribution for the log RV, that is, as M — oo,

VM (log (RV (M) —log (IV)) % N(0,21Q,/IV?), (28)

The asymptotic theory given by (26) and (28) suggests the presence of het-
eroskedasticity when approximating IV (or log IV) by RV (or log RV).? This is the
reason why we would like to relax the iid assumption about w;.

Unfortunately, for the FCLT to be applicable when the assumption of homoskedas-

ticity is relaxed, a form of strong mixing condition for {v;} is required as a trade-off.

®However, 1Q;/IV? is usually less time varying than 1Q;.

11



Assumption 4 E(w;) = 0 for all t.

. 1 T
im0 T Zt:1

{w¢} is independent over t. Let 02 =

E(w?) exist. There exists k > 2 such that sup, E |w|" < cc.

Assumption 5 F (vt) = 0 for all t. {v;} is strong mizing with mizing coefficient
2

o satisfying Y an F

< 00. There exists k > 2 such that sup, £ ]vt| < 00. Let

both o2 = limp_ 7 ST B(w?) > 0 and 32 = limg_ T (thl vt> > 0 ezist.

Assumption 6 w; and vs are independent for any t and s.

Remark 3.1 Assumption 4 allows {&,} to be observed with independent but not

necessarily identically distributed errors.

Remark 3.2 Assumption 5 allows £, to have an error term that could be serially

dependent and heteroskedastic.

1987), includes many stationary ARMA models as special cases.

The assumption, also adopted in Phillips (1987a,
According to

Phillips (1987a, 1987b), the FCLT of Herrndorf (1983) is applied to the partial sum

process of {vi}, that is, as T — oo,

Remark 3.3 Since {v;} is strong mizing with mizing coefficient av,,, and {w;

- 9th—1}

is an m-dependent process by Assumption 4, e, defined in (3) is also strong mixing

with mizing coefficient o, due to Assumption 5. Note that

o2 = Tlgrgo Var (&) = Thm [E (vf) +F (w?) +60,F (wf)] = 0%+ 202, (29)
and that
T . 2
o7 = Tlg{}o TVC”“ (;a) = Tlgr;o E (th> +jlgrgo E (; wy — Orw;_4 >
= 72 +20% 202
= 7, (30)

Consequently, the FCLT of Herrndorf (1983) is also applicable to the partial sum

process of {e:}.

12



Remark 3.4 In Dou and Miller (2021), a generalized local-to-unity model is pro-
posed where the MA component of the model is local-to-unity, that is, €, = w; —

(1+ 2) wey. Assuming {w,} is iid, we can show that

T
Eg 711_{20 Var <Z €t> = Tll_{rolo Var (wT — Wp — %;wt1> =

This suggests that the FCLT cannot be applied to {e,} in their model although the
FCLT is applicable to their model with p autoregressive roots and p — 1 moving-

average roots, all local-to-unity with p > 1.

Lemma 3.1 Let {y;}L, be the time series generated by (1). Let Assumptions 4-6
hold. Then, as T — o0,

L qossyr = Je(r);
2. T22Zt lyt 1_>f0 r)*dr;

024202
3. ng Zt 1 Yt— lgt_>f0 c dW( ) (1_1)5—12}1“)'

Theorem 3.1 Let {y;}1_, be the time series generated by (1). Let Assumptions 4-6
hold. Then, as T — o0,

S

Remark 3.5 When ¢ =0, 6 = 1. In this case, the model has a unit root and is a
special case of the model considered in Phillips (1987b). When ¢ = 0, Jo(r) = W (r)
and fo Jo(r)dW (r) = 5 (W(1)? — 1) and hence, the asymptotic theory in (81) can

be rewritten as L
3 (W) - i)

(9 B > fl W (r)2dr

0
This is the same as his Theorem 3.1(c).

Remark 3.6 When o2 = 0, there is no measurement error. In this case, the
model is a special case of the model considered in Phillips (1987a). That is why
equation (31) is the same as that in his Theorem 1(a) with o2 + 202 and 2 being

the instantaneous variance and long-run variance.

13



2
v

If both {w;} and {v;} are iid sequences (hence 7> = o2), then &; is an m-
dependent process. In this case more efficient estimation of 6 can be achieved
by using valid instrument variables. Following Hall (1989) and Hansen and Lunde
(2014), we use y;_» as the instrument variable and consider the following instrumen-

~IV
tal variable estimator of fr, denoted by 6, ,

Zthz Yt—2E¢

gIV . Zthg YiYt—2
Zfzg Yi—1Yt—2

= =0+
T T T
thz Yt—1Yt—2

Lemma 3.2 Let {y;}1_, be the time series generated by (1). Let {w;} and {v;} are

11d sequences. Then, as T — o0,
d
1. T2lag S s VY — fol Je(r)%dr;
d
2. %;g Z?:Q Yi—2E¢ — fol Je(r)dW (r).

Theorem 3.2 Let {y;}1, be the time series generated by (1). Let {w;} and {v;}

are 1id sequences. Then, as T — 00,

1
~ J.(r)dW
7 (3 —og) 4 b DT )

Jo Je(r)?dr
Remark 3.7 Our result in (32) extends the result of Hall (1989) to the local-to-
unity case. Compared to the asymptotic theory in (31), the asymptotic distribution

of the IV estimator only depends on c, not on the variances of the errors.

Remark 3.8 In this case, it is straightforward to show that the asymptotic theory

for the OLS estimator given in (31) can be rewritten as

o o Jr)dW (r) + 5 (1 _ U%+2cr%“)

7o) Jo ()2

(33)

024202

Since 2572 > 1 as long as o
v

2 > 0, compared to the asymptotic distribution in

2 2
(1% +20%
2 o2

(32), the asymptotic distribution in (33) involves an additional term, RO
o Je(r)?dr

which only has the negative support.

Let us conclude this section by relating our model with several interesting models

proposed in the literature.
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Example 3.1 The random walk model has been widely used in the literature as the
benchmark for examining the forecasting performance. If one assumes the log IV

evolves according to the following random walk model
€t:€t_1+vt,vt%iN(0,a§),t:1,...,T, (34)

and assumes the log IV is related to the log RV by

i 21
yr = & + wy, wy <N <07 MI_%) : (35)

then this model is a special case of our model.

Example 3.2 If one replaces equation (34) by the following local-to-unity AR(1)
model
gt: <1+%> ft—l—i_vtavt%iN(Oaaz)at: 17'“7T7 (36)

and keep equation (35) intact, one would have another special case of our model.

Example 3.3 The HAR model proposed by Corsi (2008) is of the form

ft - 515:&—1 + 5251:—5 + 63§t—22 + vy, (37)

where &, is the daily RV. We can rewrite Model (37) as

4

21
§ = 05,05 Z (ft—j - ft—j—l) — By Z (ft—j - ft—j—l) + 0,
j=1

j=1

= 051571 + Ut

where 0 = B, + By + B3 and

4

21
v = — [ Z (ft—j - ft—j—l) — B3 Z (ft—j B 5t—j—l) + Ut
j=1

j=1

Since in practice, By, By, 85 > 0 and 5, + By + B4 is close to one, we could assume
0 =1+ %. In this case, as By + B3 < 1, {v;} is stationary and satisfies the strong
mizing in Assumption (5). If we assumes &, is daily IV that is related to daily RV

by

M

then the HAR model is a special case of our model.

i 21
Yt :ft—i_wtawt r\CJlN (Oaﬁ) )
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Example 3.4 A well-studied SV model is given by

re = oetg, Et%N(()?l)a

ft = egtfl—i_vt? Ut%lN(O,U?}).

Let y; = log (r?) = log 0? + 1.27+ &, + w; where w; e log (X%l)) —1.27. If0=1+7%,

then the model is a special case of our model.
Example 3.5 Hansen and Lunde (2014) consider the following model

ye = & +wy,
0(L)S, = e(L)u,

where (L) and p(L) are lag polynomial of orders p, q with p,q < co. An important
special case considered by Hansen and Lunde (2014) is p = 1, ¢ = 0, that is,
O(L) = 1—06L, (L) = 1. In this case, their model with = 1 is a special case
of our model. Although Hansen and Lunde (2014) is interested in the case where
{&,} is stationary and the case where {£,} is I(1), their empirical estimates of 0 are

always very close to unity, indicating strong support to our model.

4 Conclusion

In this paper, we study the asymptotic properties of the LS estimator of the AR(1)
parameter in latent local-to-unity models. Two different sets of conditions are con-
sidered. In the first class of models, the error term in the observation equation is
iid, and the error term in the state equation is a stationary and fractionally inte-
grated sequence. In this case, when if H < 0.5, the rate of convergence is T'; when if
H > 0.5, the rate of convergence is 72" which is faster. The asymptotic distribution
depends on H. The asymptotic distribution has an additional term when H = 0.5
than when H > 0.5 and two additional terms than when H < 0.5. The discontinuity
in the asymptotic distribution is due to the order of the sum of squared errors in the
AR(1) representation of the model. In the second class of models, the error term in
the observation equation is independent and not necessarily identically distributed,
and the error term in the state equation is strong mixing. In this case, the rate of
convergence is T, and the asymptotic distribution is similar to what Phillips (1987a)

obtains for the observed local-to-unity model.
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While the models considered in our paper do not have an intercept, such restric-
tion can be lifted by adding an intercept to the measurement equation, that is, by

considering the following model,

=« w

{ g = QTZi—:‘Utt, Or =14 7,5 ~ Op(1) =01, (38)
The asymptotic distributions of the LS estimator and the instrumental variable
estimator will be slightly different as demeaning is needed in the stochastic integrals.
This extension can be done in the same way as how Phillips and Perron (1988) extend
the results of Phillips (1987b).

Our model is similar to the class of models recently introduced in Dou and Miiller
(2021) in the sense that the local-to-unity feature exists both in the autoregressive
component and in the moving average component. However, the local-to-unity fea-
ture comes from the state-space modeling strategy in our model, and hence, has a
natural structural interpretation. It would be interesting to compare the empirical
relevance of these two non-nested modeling strategies.

While the LS estimator has an analytical expression in our models, it is not
efficient as it ignores the dependence of the error term in the AR(1) representation
of the model. The instrumental variable estimator is obviously more efficient than
the LS estimator when the two error terms are serially independent, as it is man-
ifest in our asymptotic theory. If, in addition, the distributions of two errors are
Gaussian, another efficient estimator can be constructed based on the Kalman filter
that maximizes the likelihood function. In unreported simulation studies, we have
found evidence that the instrumental variable estimator and the MLE share similar
efficiency in finite samples for our model. How to obtain the asymptotic theory for
the MLE and what is the relative asymptotic efficiency of the instrumental variable

estimator and the MLE are important questions to be investigated.

5 Appendix

Proof of Lemma 2.1
In model (2), under Assumptions (1)-(3), we have Var (ZL&) ~ T?H52 as
T — oo by equation (8). By Assumption 1 and Assumption 2, there exists k =

— 4} where H € 0,1) such that F |€t|k < 00. By the FCLT of Davydov

max {4, %
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(1970), we have, as T" — o0,

(7]
1
T 2 e = B,

t=1

From model (2), we have

t—1 t
b1 O S~ O+ 305,

]:0 s=1
Let S; =>]_, ¢; and, when 3%1 <r< %,
1 1
Xr(r) = THZ Sirr Tis Sj_q, for j=1,...,T

Then, since yo ~ O,(1) and 85" ~ O(1), we have

1 1 1
_ r t—s
T, V1 = gt i, OO
1 [77] c\t—s

_ -H

B THﬁvsz;(”T) e+ 0p (I77)
(Tr] ‘ 3T

= Z 6([TT]—J)C/T/ dXT<S) + Op (T_H) + Op(T—l)
s=1 (J-1/T

= / 1 e A Xp(s) + O, (T7H)
= JI(r)+0,(T7).

This proves (1) of the lemma. Part (2) of the lemma follows when we applying part
(1) and the continuous mapping theorem.

To prove part (3), note that

T 1 T T
Zyt—15t:— YT — g — (9%_1)2%2—1_25?
=1 207 t=1 t=1

By the law of large numbers, for any H € (0,1),

T
1Z€2g02: USF(Z_QH) 1902
LTt (15— H))? v

Hence, 3, €2 = O,(T) for any H € (0,1). However, the order of 3, €2 relative
to those of y2 and (6% — 1) 3°/_, 4> , depends on the value of H.
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When H = 0.5,

1 T
_Zyt—lgt =
T t=1

1
201

y ?Jo

—T (07 —
T

1
4 = {6?,]0(1)2 - 2c5§/
2 0
When H > 0.5,
1 1 yT yo
T2H ;y“gt T2, | T
a 1 !
4 = {EiJf(lf - 2c53/
2 0
When H < 0.5,
T
1 1 y% - ?Jo 2
— 3 = — 9 -1
T ;yt 1€¢ 20, T
d 1 ( o’T(2 — 2H)
- 5 2
2\ (T(1.5—H))

This completes the proof of Lemma 2.1.
Proof of Theorem 2.1

The results in Theorem 2.1 follow directly from the continuous mapping theorem

and Lemma 2.1.
Proof of Lemma 3.1

In model (2), under Assumptions (4)-(6), &

T

)2

t=1

£} 1
= (FE 2 ot ) |

L(1.5 - H))*
> (yt 1)

JH (r)dr} :

() 7

T

T
1
- T2H 83]

t=1

)

t=1

~ |

5

203,) .

is strong mixing with mixing coeffi-

cient «v,. By Lemma 1 of Phillips (1987a), as T' — oo,

TO'E)EU y[Tr}

Tz—z Zyt 1 _>/

Vot=1

and

Zyt 1€¢ —>/

T—2

= Jo(r),

Je(r) dr,

1 ( o2+ 202
1 - _—2
2 o

)

since 02 = 0% + 202 and o2 = 72. This completes the proof of Lemma 3.1.

Proof of Theorem 3.1
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The results in Theorem 3.1 follow directly from the continuous mapping theorem
and Lemma 3.1.

Proof of Lemma 3.2

In model (2), when {v;} is an iid sequence, 7> = 02 and hence, 72 = o2. By
Lemma 1 of Phillips (1987a), as T' — oo,

1
—T0'5U Yirr = JC(T’).

By the above FCLT and the continuous mapping theorem, we have

T T
1 1 c
TQO_?} tzlyt—lyt—Q = TQO—% Z <<1 + T) Yi—2 + gt_1> Yt—2

T T T
1 9 C 9 1
T T2,2 Z Yi o+ Tag2 Zyt—2 + T252 Z Yr—2€1—1

vot=1 vUot=1 U ot=1

1
4, / JC<T)2d7”,
0

. c T 2 p 1 T p
SINCE 7353 > i—1Yi2 — 0 and T252 > i1 Y—28-1 — 0.

Moreover,

1 <& 1 1 1
To? Zyt—25t = To? Z <%yt_1 - Eyt—l + %—2) €t

Uot=1 t=1

R R
= QTTU%, ;ytﬁt - —GTT2O'% ;Etl&t
T 2
1 Jyr—us 2 po\ 11 2 1
- T (6% -1 Cl N -
20302 { T (07~ 1) Z vT) T T Z ct 07T o2

a 1

1
= 3 {Jc(l)2 - 20/ J(r)dr — To T O
0

e ! {Jc(l)z - zc/ol J(r)2dr — 1}

a 1 [
£ 5[ v,

where the third last step is due to the FCLT, continuous mapping theorem, and law
of large numbers, and the last step is from the well-known relationship between the
OU process and the standard Brownian motion (see equation (8) in Phillips (1987a)

for example).
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Proof of Theorem 3.2
The results in Theorem 3.2 follow directly from the continuous mapping theorem

and Lemma 3.2.
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