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Wuyi Wang and Liangjun Su
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Abstract

We propose a procedure to identify latent group structures in nonlinear panel data models
where some regression coefficients are heterogeneous across groups but homogeneous within a
group and the group number and membership are unknown. To identify the group structures,
we consider the order statistics for the preliminary unconstrained consistent estimators of the
regression coefficients and translate the problem of classification into the problem of break
detection. Then we extend the sequential binary segmentation algorithm of Bai (1997) for
break detection from the time series setup to the panel data framework. We demonstrate that
our method is able to identify the true latent group structures with probability approaching
one and the post-classification estimators are oracle-efficient. The method has the advantage of
more convenient implementation compared with some alternative methods, which is a desirable
feature in nonlinear panel applications. To improve the finite sample performance, we also
consider an alternative version based on the spectral decomposition of certain estimated matrix
and link the group identification issue to the community detection problem in the network
literature. Simulations show that our method has good finite sample performance. We apply
this method to explore how individuals’ portfolio choices respond to their financial status and
other characteristics using the Netherlands household panel data from year 1993 to 2015, and
find three latent groups.
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1 Introduction

Panel data modeling is one of the most active areas of research in econometrics. By combining
individual observations across time, panel data can produce more efficient estimators than pure
cross section or time series estimators and allow us to study some problems that are not feasible
in the cross section or time series framework. Many advantages of the panel data analysis rest
on the parameter homogeneity assumption. Conventional panel data analysis often assumes slope
homogeneity to utilize the full power of cross section averaging and make the asymptotic theory
easier to derive. Nevertheless, such a homogeneity assumption is frequently called into question
and rejected in empirical researches; see Hsiao and Tahmiscioglu (1997), Phillips and Sul (2007),
Browning and Carro (2007), Su and Chen (2013), Lu and Su (2017), among others. When the
homogeneous slope assumption does not hold, inferences based on it are typically misleading (Hsiao
(2014, Chapter 1)). On the other hand, if complete heterogeneity is allowed, the advantages of
using panel data can be lost and even the estimation might be impossible. For this reason, more
and more researchers consider an intermediate case and study the panel structure model.

In a panel structure model, there exists a subset of parameters that are heterogeneous across
groups but homogeneous within a group, and neither the number of groups nor individuals’ group
membership is known. There are many motivating examples for such a model. In macroeconomics,
Phillips and Sul (2007) study the hypothesis of convergence clubs where countries belonging to
different groups behave differently; in financial markets, stocks in the same sector share some simi-
lar characteristics and behave similarly (Ke, Fan, and Wu (2015)); in labor economics, researchers
consider black-white racial differences and classify them into different groups in studying earnings
dynamics (Hu (2002)); in economic geography, location is a natural criterion for group classifica-
tion (Fan, Lv, and Qi (2011); Bester and Hansen (2016)); in international trade, GATT/WTO
has uneven impacts on different groups of country-pairs (Subramanian and Wei (2007)). All these
examples motivate the use of panel structure models.

To identify the latent group structure is not an easy task. It is computationally infeasible
to try all possible combinations of groups, which is a Bell number (Shen and Huang (2010)).
Some authors propose to use external variables to determine the group structure; see, e.g., Hu
(2002), Subramanian and Wei (2007), and Bester and Hansen (2016). However, this approach may
fail for various reasons. For example, it may be impossible to find such an external variable to
determine the group structure in empirical studies, and the wrong choice of such a variable can
lead to misleading inferences. Several data-driven approaches have been proposed to overcome
the shortcomings of reliance on external variables to form groups. One popular approach is based
on the K-means algorithm; see Lin and Ng (2012), Sarafidis and Weber (2015), Bonhomme and
Manresa (2015), Ando and Bai (2016). The second popular approach is based on the classifier-
Lasso (C-Lasso) that has been recently proposed by Su, Shi, and Phillips (2016a, SSP hereafter)
and extended in Su and Ju (2017) and Su, Wang, and Jin (2017). In particular, SSP construct

a novel C-Lasso procedure where the penalty term is the addition of some multiplicative penalty



terms and show that their method can identify the group structures and estimate the parameters
consistently at the same time. In addition, Wang, Phillips, and Su (2017) extend the CARDS
algorithm of Ke et al. (2015) to the panel data framework to identify the group structure of slope
parameters.

Recently, Ke, Li, and Zhang (2016, KLZ hereafter) borrow the idea of binary segmentation in
the structural change literature (e.g., Bai (1997)) and apply it to identify the unobserved group
structures in linear panel data models with interactive fixed effects. Let N denote the number of
cross sectional units and p the dimension of a parameter vector [3; that is associated with individual
i. Let B = (6),...,8%)". KLZ assume that the number of distinct elements in the Np-vector
B is given by a finite number, say N/ + 1 in their notation. Based on consistent preliminary
estimates B of B, they order the elements of B in ascending order and then apply the binary
segmentation algorithm sequentially as used in Bai (1997) to identify the group structure and
estimate the distinct elements in B. Apparently, the setup in KLZ is quite different from the
general setup in econometrics where the parameters of interest, 3; as a whole vector, are assumed
to be heterogeneous across groups but homogeneous within a group.

Following the lead of Bai (1997) and KLZ, we propose to apply the sequential binary segmen-
tation algorithm (SBSA) to identify the latent group structure on parameter vectors in nonlinear
panel data models. In comparison with KLZ, our method is different from theirs in three important
ways. First, KLZ consider the classification of scalar coefficients but we consider the classification
of parameter vectors. In KLZ’s case, there is a natural ordering for their preliminary estimates
and they can draw support from the structural change literature where parameters of interest are
ordered naturally along the time dimension. In our case, there is no natural order for the estimates
of parameter vectors, and fortunately, inspired by the CART-split criterion (Breiman, Friedman,
Stone, and Olshen (1984)), we are able to propose a variant of binary segmentation algorithm
to classify the vectors. Second, KLZ consider the linear panel data models with interactive fixed
effects. They obtain their preliminary estimates by using an EM algorithm and then conduct the
binary segmentation based on the ordered preliminary estimates. In contrast, we consider general
nonlinear panel data models that contains the linear panel data model as a special case, and apply
the modified binary segmentation algorithm on the quasi-maximum likelihood estimates (QMLEs)
of the parameter vectors of interest. Third, to determine when the sequential binary segmentation
stops, KLZ propose to use the BIC to select a tuning parameter but do not justify the asymp-
totic validity of information criterion. In contrast, we propose a BIC-type information criterion to
determine the number of groups directly and prove that our information criterion can select the
number of groups correctly with probability approaching one (w.p.a.l).

In comparison with SSP’s C-Lasso method and the K-means algorithm, our method has both
pros and cons. First, the K-means algorithm is NP hard and thus computationally demanding.
SSP’s C-Lasso procedure is not a convex problem but can be transformed into a sequence of convex
problems. So the computational burden of SSP’s C-Lasso method is not as much as the K-means

algorithm but is still quite expensive. In contrast, our SBSA is least computationally demanding



among the three methods. Second, the SSP’s C-Lasso need the choice of two tuning parameters,
one is used to determine the number of groups, and the other is used for the C-Lasso penalty. Unlike
the C-Lasso method but like the K-means algorithm, our binary segmentation algorithm only relies
on a single tuning parameter to determine the number of groups via an information criterion. Of
course, if the number of groups is known a priori, there is no tuning parameter involved in our
procedure and the K-means algorithm as well, and one tuning parameter is involved in the C-Lasso
procedure. Third, SSP’s C-Lasso may leave some individuals unclassified and one has to classify
some unclassified individuals after the algorithm based on some distance measure. Like the K-
means algorithm, our binary segmentation algorithm forces all individuals to be classified into one
of the groups. As SSP argue, leaving some individuals unclassified is not necessarily a bad thing.
We also find through our simulations that the preliminary estimates based on some realizations can
be rather abnormal when the time dimension 7" in the panel is not large. In this case, including such
abnormal estimates in the algorithm can significantly deteriorate the classification performance.
Fourth, in some sense our method can be regarded as a universal method and it works for all panel
structure models as long as one can obtain preliminary consistent estimates. The model can be
nonstationary panels or panel data models with interactive fixed effects.

In addition, we also allow the presence of common parameters across all individuals. This
corresponds to the mixed panel structure model mentioned in SSP (Section 2.7). It is useful when
economic theory suggests that some regressors’ coefficients are identical across individuals (e.g.,
Pesaran, Shin, and Smith (1999)). Besides, when a regressor doesn’t change over time for many
individuals but it is an important factor that must be included in the model, we have no choice
but to assume it is homogeneous across individuals. We will illustrate the versatility of the model
considered in this paper with examples later.

To enhance the finite sample performance of the SBSA, we also propose an alternative algorithm
based on the spectral decomposition of certain symmetric matrix and establish the linkage between
the panel structure model and the stochastic block model (SBM) that is widely used for community
detection in the network literature (e.g., von Luxburg (2007) and Rohe, Chatterjee, and Yu (2011)).
Using a useful variant of the deep Davis-Kahan sinf theorem a la Yu, Wang, and Samworth
(2015), we are able to show that the individuals’ group information is contained in the largest few
eigenvectors of such a matrix and it is feasible to conduct SBSA based on such eigenvectors. We
also establish the asymptotic distribution theory in this case.

In the application, we study how individuals’ portfolio choices are affected by financial assets,
non-capital income, retirement status and other factors. Among them, financial assets and non-
capital income are modeled to have heterogeneous responses for different individuals. The response
variable is the safe asset ratio, which is left censored at 0 and right censored at 1. We use data from
the De Nederlandsche Bank (DNB) panel survey. By using the method proposed here, we are able
to identify three latent groups. The first group of individuals respond to increasing non-capital
income by decreasing the safe assets ratio while the other two groups do the opposite. The increase

in financial assets has negative effects for all groups. But the extent is rather different between the



second group and the others. The results are consistent with the general observation that some
people tend to invest income on safe assets while others (e.g., risk-loving people) do the contrary.

The rest of the paper is organized as follows. We introduce the latent structure panel data
model and the estimation algorithms in Section 2. Asymptotic properties of the algorithm and
the final estimators are given in Section 3. In Section 4, we propose an improved algorithm and
give its asymptotic properties. In Section 5, we show the finite sample performance of our method
by Monte Carlo simulations. In Section 6, we apply our method to study individuals’ portfolio
choices by using the Netherlands household survey panel data. Section 7 concludes. All proofs are
relegated to the appendix.

Notation. For a real matrix (vector) A, we denote its transpose A and its Frobenius norm || A]|.
When A is symmetric, Amax(A), Amin(A4), and A; (A) denote its largest, smallest, and jth largest
eigenvalues, respectively. I, and 0,x1 denote the p x p identity matrix and p x 1 vector of zeros,
respectively. 1{-} denotes the indicator function. The operators 2 and £ denote convergence in

distribution and in probability, respectively.

2 The model and the estimators

In this section we consider the panel structure model and propose a sequential binary segmentation

algorithm (SBSA) to estimate the group structures.

2.1 The panel structure model and examples

We consider the general panel data model with latent group structures:
yit:g(wihsit;ﬁiauhg)v Z.:17"'7]\77 tZlv"'aTa (21)

where g(-) is a general regression function, z;; is a vector of regressors, ¢;; is the idiosyncratic
shock, u; is a 7 x 1 vector of nuisance parameters (e.g., the fixed effects), 6 is a ¢ x 1 vector of
parameters that is common across individuals, and 3; is a p X 1 vector of parameters whose true

values exhibit a group pattern of the general form
KO
B =Y af1{icGll.
k=1

Here of # o for any k # | and G° = {GY,...,G%} forms a partition of the set {1,...,N}. We
denote the number of individuals in G) by Ny = |G|, where || denotes the cardinality of the set
.. In this model, the true number of groups K° and the group structure G° are both unknown.
We denote the minus log-likelihood function of y;; conditional on z;; and the history of (x;, yit)
by ©(wit; Bi, pi, 0). Let B = (B1,...,08) ", a=(a1,...,ax0)", and pp = (p1,...,pun)". The true
values of 3, a, p, and 0 are denoted by B8°, a®, u0, and 6°, respectively. Without any information



about the group structure, we propose to minimize the following objective function

N
Lvr(B,11,0) = <o 3 D (i i i ). (2.2)
i=1 t=1
When the likelihood function is correctly specified, by minimizing the above function we obtain
the maximum likelihood estimates (MLEs) 8= (Bl, e ,BN)T, = (fir,...,an)", and 6 of B, p,
and 0, respectively. Otherwise, they are the quasi-maximum likelihood estimates (QMLEs).
Next, we give some concrete examples for the model in (2.1) and its associated likelihood

function in (2.2).

Example 2.1 (Linear panel). We consider two cases.
(i). The standard heterogeneous linear panel data model with individual fixed effects is given by
yit = Ty B + 1§ + €t (2.3)

where p; is the scalar fixed effect so that r = 1, 5;, x4, and €; are defined as above, and the
model does not contain any common parameter of interest so that 0 is absent. In this case,
we can set p(wis; By, i) = 3 (yir — 28 — pi)?, where wy = (yiex}) "

(ii). Following Pesaran et al. (1999), we can consider a mixed linear panel data model that

contains both homogeneous and heterogeneous slope coefficients:
T 30 T 90 0
Yit = Ty 340 + T 340" + 1y + i,

where x;; = (:rL-t, :L‘;it)T is a (p+q) x 1 vector of regressors, p; is the scalar fixed effects, and
Bi, 0, and ¢;; are as defined above. In this case, p(wg; Bi, i, 0) = %(yzt —xiitﬁi —x;itH —1i)?,
where w;; = (yit,xiit, :1:2T7it)T

Example 2.2 (Censored panel). The observed response variable y;; is subject to two-sided cen-
soring

yit = mami(L, y5, R),

where the notation mami(-) is borrowed from Alan et al. (2014) and defined as

L ify<L
mami(L,y,R) =qy ifL<y<R.
R ify>R
Clearly, the one-sided censoring is included as a special case by setting L = —oo or R = +00 to

obtain the right or left censored model. Let I} = 1{y; = L} and I} = 1{y;; = R}. We consider

four cases.



().

(ii).

The unobserved response variable v, is generated as
* _ Tn0 0
Yir = Tyt By + 1y + it

and we only observe {zjs, yit}, where y;; = mami(L,y}, R), xit, §; and p; are as defined in
Example 2.1, ;s are independent and identically distributed (i.i.d.) N (0,02). So here the

common parameter § = o2 and
—p(wit; Bi, pi, o) = Ijj In ® ((yzt —z}Bi — Hi)/U) + I (1 - ((yzt — 2B — Mi)/U))
+ (= 1k = 1y [6 (e — 28— pi) o) Jo] (2.4)

where ¢ and ® denote the probability density function and cumulative distribution function

of a standard normal variable, respectively.

. The model in case (i) can be made slightly more general to include a common parameter

vector in the regression part:
* T 50 T 90 0
Yir = T1,3405; + To403 + 1y + it

where 6 = (02,605 ) "and 65 is a (¢ — 1)-vector. The QMLE objective function follows directly
from (2.4) with y;; — x;ﬁi — u; being replaced by v, — :EI“&- - a:;itﬁg — b

Here the DGP is similar to the first case. The only difference is that €;’s are i.i.d. N (0, U?)
across t. Then p} = (ui,0?)" plays the role of y; in (2.1). The QMLE objective function
here is similar to (2.4) but with o being replaced by o;.

. This case is similar to case (ii) except that ;;’s are i.i.d. N (0, 01-2) across t. Note that here the

individual incidental parameters and common parameters are (u;, Uf)T and 0, respectively.
The QMLE objective function also follows from (2.4) with y;; — ., 3;— p1; and o being replaced
by it — intﬁi — x{iﬁ — u; and oy, respectively.

Example 2.3 (Binary choice panel). As in Example 2.1, we also consider two cases:

(i).

(i)

2.2

The model is y;; = 1{xz-Ttﬁ,? + ,u? — it > 0}, where z, f;, and p; are defined as in Example
2.1 and gy’s are i.i.d. N (0,1). So in this case, —o(wit; B, i) = yir In ®(ysr — mgﬁi — ;) +
(1 —ir) In[1 — @ (yir — 23, Bi — pa)].

The model is y;; = 1{$Iitﬁg + a:QTﬂ-t@O + ud — it > 0}. Here, —p(wit; Bi, pi, 0) = yir In ®(yir —
mlT,itBi - x;,it@ — pa) + (1 = yir) In[1 — P(yie — mlT,itﬁi - x;ite — i)l

Sequential binary segmentation algorithm

The main interest of this paper is to identify the group structure G°, which contains the information

about the number of groups and all individuals’ group membership.



To introduce the estimation algorithm, we rewrite the N X p matrix B = (Bl, .. ,BN)T as

where ,@,j denotes the jth column of B for j =1,...,p. Let ﬁ”, ak] and B” denote the jth
element of BZQ , ag and Bi, respectively, for j = 1,...,p. We sort the N elements of B.j in ascending

order and denote the order statistics by

Bry)s < By < -+ < By (2.5)

where {7;(1),...,7;(N)} is a permutation of {1,..., N} that is implicitly determined by the order
relation in (2.5). Let
S’i,l (]) = {Bwj(i),ja /87rj(i+1),ja s 7/67r]-(l),j}

for1 <i<Il<N.

Fix j € {1,...,p}. Intuitively speaklng, if the ;'s are not identical across i for some j,
then finding the homogeneity among J;,;’s is equlvalent to finding the “break points” among
the ordered version of B ’s. When [31 j's are consistent estimates of BO ’s, we expect the “break

points” in the ordered ﬁ ’s will be carried upon to the ordered 51 j's. Consequently, we can apply

the binary segmentatlon algorithm sequentially to detect all breaks among the ordered f;;’s.
For example, suppose K0 = 3, a?J < a%j < ag,j, and Ny (resp. Np and N — Ny — Ng) ”
take value 0‘(1) 4 (resp. ozg ; and ag ]) Then we expect to see two break points in the sequence

Sin(4) = {ﬂ,r] ,J,,B,TJ(Q)J, e ,ﬂﬂ] ),j} in large samples that are given by N1 and Ny + Na. This
is simply because when the sample size is sufficiently large, all elements in the subsamples S n, (j),
SN +1,N 4N, (J) , and Sy, +N,+1,5 (7) have the probability limits a%j, ag,j, and O‘g,j’ respectively.
We will show that w.p.a.1l, we can identify the two break points N; and Ni + N2 based on the
ranking relationship in (2.5) provided that 0‘(1),]‘7 agyj, and a%j are distinct from each other.

Complications arise here because it is possible for all j € {1,...,p}, a%j, ..., and a[}{o’j are
not all distinct from each other and K° is typically unknown. For this reason, we have to allow
the possibility that {ag,j,k = 1,...,K"} are not all distinct from each other for all j and the
possibility that a?’ j=cc = a?@’j for some j. We achieve the identification of all K° groups based
on the key observation that the sample variance of the subsample S;; (j) behaves quite differently
depending on whether ﬁgj(i)’. is the same as 50 ), CIf ng(l)j = B?r](zﬂ) =...= 60 TOXE then
the sample variance of S;; (j) is proportional to 7~ 1 when the preliminary estimates ﬁz are all
v/ T-consistent; on the other hand, if there is a break between ¢ and [ such that Bﬂj W) < 57rj(l),j7
then the sample variance of S;; (j) will be bounded away from zero. This motivates us to choose
regressor index j such that Biﬁj’s has the largest variance in the investigated segment (3,1) to detect
a possible break point.

Let
l

N 1 ~ >
Zﬂﬂ (i),; and Vi?l (4) = T— Z[ﬁwj(i'),j — Bia ()PP

i'=i

ﬁll( +1



denote the sample mean and variance of the subsample S;;(j), respectively. Let 7 (j) denote

62
a consistent estimator of the asymptotic variance Var(y/T Bﬁj(i)vj). Let ‘A/i,l (j) = V0 (3)/ 531 (7)

2y

_ . l . .
where 02'2,1 (J) = ﬁ S ;6% (j) . Define

m l
Si(j,m) = “1+1 {Z [Bm(y),j — Bim (j)]2 + Z [BWj(i’),j — By (j)r} : (2.6)
=i i=m+1

Since K° is typically unknown, we have to pick up a large enough number K™% such that 1 <
K% < K™a_ TLet K denote a generic number of groups. We propose to adopt the following SBSA

to estimate G°.

Sequential Binary Segmentation Algorithm 1 (SBSA 1)!

1. Let K € [1, K™**]. When K = 1, there is only one group, i.e., slope coefficients §;’s are
actually homogeneous. In this case, the estimated group Gy (1) = {1,...,N}.

2. When K = 2, let 71 = argmaxi<j<p 1% N (J) - Given j1, we solve the following minimization
problem

my = argmin Sy n(j1,m).
1<m<N

Now we have two segments — G'1(2) = Sy, (1) and G2(2) = S, 1.5 (1)-
3. When K > 3, we use my,...,Mmg_s denote the break points detected in the previous steps

such that m; < --- < mg_o perhaps after relabeling the K — 2 break points that have been
detected so far. Define

K—
IK—1 = argma 1 ),
j 1§J<p Z:: 1+ mk j)
mi—1(k) = argmin Smk_1+1’mk (Jg—1,m) fork=1,... . K —1,

Mmg_1+1<m<my

where my = 0, mx_1 = N, and we suppress the dependence of mg_1 (k) on jx—1. Then
mx_1 (k) divides Gy, (K — 1) into two subsegments, which are labeled as Gy (K — 1) and
Gra (K — 1) respectively. Calculate for k=1,..., K —1,

Skak)= Y |:/é’i7jK—1 ~ Beyx—1) (jK—l)}2 + > [Bi,jx_l ~ By 1y (UK—1) i

i€Gr (K1) i€Gra(K—1)

+ Z Z [Biij—l - BGZ(K—U (jK—l)] i )

1<IKK-1,l#k iEGl(K—l)

' A major difference between our algorithm and that of KLZ is that KLZ specify a tuning parameter § that is
compared with something similar to our S1,5(j,m) to determine when one should stop the algorithm. Even though
they propose to use the BIC to choose §, there is no asymptotic justification for this. In contrast, we propose to use
an information criterion to determine the number of groups directly and justify its asymptotic validity. Admittedly,

K™ plays the role of 4 in KLZ but our result is insensitive to its choice.



where, e.g., B, (1) (Ix—1) = |Gra (K = 1) 7' e 1) Bigc 1 Let

k= argmin Sk _1 (k).

1<k<K-1
We now obtain the K — 1 break points and the K segments given by {mi,..., mr_a,
r—1(k)} and {Gy (K —1),...,Gj_ (K =1), G} (K —1),Gp, (K =1),G;  (K—-1),...,

Gr_1 (K)}, respectively. Relabel these K — 1 break points as {ri,...,mx_1} such that
1y < 1y < --- < Tk _1, and the corresponding K groups as {Gy (K), Ga(K),..., Gk (K)}.

4. Repeat the last step until K = K™,

Of course if K is known a priori, we can set K™ = K9 At the end of the SBSA 1, we obtain
the G (KO) = {@1, Go, ..., @Ko} as the estimates of the true group structure G°. Otherwise, we

need first to estimate K9 before we obtain the final estimate of G°. See the next subsection.

2.3 The estimation of the model parameters

Let G(K) = {G1 (K),G2(K),...,Gx (K)}. Given the estimated group structure G(K) for K €

[1, K™&] | we propose to estimate the model parameters by minimizing

1 N T
LNT(/87 M, 9) - ﬁ Z Z Qo(w’bta /Bia Hiy 0)

i=1 t=1
st. Bi=oy forie Gy (K) andk=1,...,K. (2.7)

Let 3 (K), i (K), 6 (K), and & (K) denote the solution to the above minimization problem, where
BK)=(B1(K),.... n (K)T, p(K) = (ju (K) ..., v (K)) T, &(K) = (61 (K) ..., 4K (K)) ",
and &y (K) is the estimate of the group-specific parameter vector a. We propose to select K to

minimize the following BIC-type information criterion
1C1(K) = 2Lnr(B(K)  fu (K) 0 (K)) + pK - pxr, (2.8)

where pyr is a tuning parameter that plays the role of In (NT') /(NT) in the use of BIC in the
panel setup. Let

K= argmin 1C1(K) and § = G(K) = {G1(K), Ga(K), ..., Gi(K)}. (2.9)

We will show that
P(K = K°) — 1and P(¢ = ¢°) as (N, T) — ox.

Civen K and G, we consider the constrained minimization problem in (2.7) with K being

replaced by K and obtain the final estimate of B, p, o, and 0 as

B=B(K) = (A(K),...,Bn(K))T, f=p(K) = (fn(K),....in(K)",
& =a&(K) = (a1(K),...,ap(K)", 0=0(K).
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Note that these estimates can be obtained via the standard profile maximum likelihood method
once we have the estimated group structure G. That is, & and 6 can be obtained as the minimizer

of the following objective function

K T

A 1

QNT 7 NT E . E ()0 Wit aknul Ak, 9)7 9)a (210)
k=1;eG,(K) t=1

where fi;(a, 0) = argmin,,, % Zthl (wig; oy i, 0) for i € Gp(K) and k = 1,..., K. We will study

the asymptotic properties of & and 6 in the next section.

3 Asymptotic properties

In this section, we first study the consistency of the preliminary estimates and then study the

asymptotic properties of our estimates of the group structure and other model parameters.

3.1 Consistency of the preliminary estimates

Let v = (B, 0)7, s = (3,007, 42 = (B7T,5dT)7, and <) = (497,6°T)". Following the
literature on nonlinear panels (e.g., Hahn and Newey (2004), Hahn and Kuersteiner (2011), and
SSP), we consider the profile log-likelihood function

Qur(0) = L3 i 0).0), (31)

=1 t=1

where 7;(0) = arg min.,, x Zle o(wit; i, 0). Let § = argming Qnr(0) and % = 4:(0) = (B, a")T.

Let
T

1
7 (6) = argmin — >~ Blio(wis; 3, 0)].
Vi =1

Note that 7 = ~;(6°) fori =1,...,N.
Let Z(wit; i, 0) = 0p(wit;vi,0)/0vi and W (wg; vi, 0) = Op(wig; i, 0)/00. Let Z7 denote the
first derivative of Z with respect to %T . Define W7 and W similarly. Define

1 T

T
H; v (0) = T > E[27 (wi;7i (6),60)] and H;gg(0) = %ZE [Wg(ﬁ) + W5(9)
=1 =1

0v:(0)
00T |’

where W/ (0) = W (wi; v (0),0) and W, (0) = W (wi;; (0) ,0). For notational simplicity, let
max; and max;; abbreviate max;<;<y and maxi<;<n,1<i<7, respectively, and similarly for min;
and min, 4.

To state the first main result, we make the following assumptions.

Assumption A1 (i) For each i, {w;,t > 1} is stationary strong mixing with mixing coefficient
a;(-). Let a(-) = max; a;(-) satisfies a(s) < cqp® for some ¢, > 0 and p € (0,1). {w;i} are

independent across .
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(ii) For any i > 0, there exists a constant € > 0 such that mini{min%:”Q_QQHN7 x Zthl Ele(wit; si)
—p(wit; s} > € and infgg_go=y & Sy [Wi (7 (0),0) — Wi(7i(6°),60°)] > €, where ¥; (y;,0) =
1 7T ,

T t=1 E[Q@(wzt, Yis 9)] :

(iii) Let T and © denote the parameter space for ¢; and 6, respectively. Y is compact and
convex and the true value ¢ lies in the interior of Y for alli=1,...,N.

(iv) For a (p+7+q) x 1 vector d = (di,...,dpiriq)| € NPT e let |d| denote Z?i?q dj.
Let D%y (wit; si) = 0 (wir; i) /061 - - - 0% +7+a6; 1y, where g ; denotes the jth element
of ¢;. There is a non-negative real function M(-) such that sup,cy |[D%pit(wir; ;)| < M (wir)
and || D% (wit; ;) — D¥oi(wir;<))|| < M(wy)|s — /|| for all ¢, ¢/ € T and |d] < 3, and
max; B|M (wi)|* < cpr for some ¢y < oo and K > 6.

(v) There exists a finite constant cy > 0 such that min;infoce Amin (Hi~(0)) > cr and
min; Amin (H;,00(0°)) > cu.

(vi) NT* %2 = ¢ € [0,00) as (N,T) — oo.

Assumptions A1(i)—(v) parallel Assumptions A1(i)—(v) in SSP. Assumption A1(i) imposes that
w;y’s are independent across individuals and strong mixing over time. This condition is commonly
assumed in the nonlinear panel literature; see, e.g., Hahn and Kuersteiner (2011) and SSP. The
stationarity condition is not necessary; it is assumed only for the purpose of simplifying the no-
tation in the proofs of some asymptotic results in the appendix. Assumption A1(ii) imposes the
identification condition for the common parameter 6. Assumption A1(iii) requires {¢;} take values
in the same bounded and closed subset of RPT" 4. Assumption Al(iv) requires ¢(-) and its partial
derivatives up to the third order are sufficiently smooth and satisfying some moment conditions.
Assumption A1(v) assumes that the Hessian matrices H; - (0) and H; g9(6°) have eigenvalues that
are bounded away from zero. Assumption Al(vi) restricts that N can not diverge to infinity too

fast relative to T. In particular, we allow N/T? — ¢ € [0,00) if K = 6.

The following theorem establishes the consistency of the preliminary estimates 6 and i-

Theorem 3.1 (Consistency of preliminary estimators). Suppose Assumption A1 holds. Then (i)
0 —0°=0p (T7V2), (ii) 5% — ) = Op (T7Y?), (i) maxi<i<n ||5 — 7P|| = Op(T~V2 (InT)?),
and (iv) % Zfil H’yz — ’y?HZ =Op(T71).

The proof of the above theorem is rather complicated and relegated to the appendix. The rate
in Theorem 3.1(iii) is not optimal. In fact, following Su, Shi, and Phillips (2016b, SSPb hereafter)
we can establish that P(maxi<;<n || — 77| > CT 12 (InT)?) = o(N~1) for some large positive
constant C. We can obtain a slightly tighter probability order for maxi<;<ny H’yz — ’ylo H when we do
not restrict the above tail probability to be o(N~1).

3.2 Consistency of classification

To study the classification consistency, we introduce some additional notation. Let G(K) =
{G1(K),G2(K),...,Gg (K)} be an arbitrary partition of {1,..., N} where |Gy (K)| > 1 for

12



’f =1,...,K Deﬁnve Gy = 2(NT)™! S Sica, S o(wiss Bi (K)A,[M(K),é(K)), where
Bi (K), f1;(K), and 6 (K) solve the constrained problem in (2.7) with {Gy} being replaced by
{Gr (K)}-

We add two assumptions.

Assumption A2 (i) There exists a constant ¢, > 0 such that slopes ming << o ||a2—042, | > cr.
(ii) The number of groups K is fixed. Ny/N — 7, € (0,1) as N — oo for k =1,..., K°.

Assumption A3 (i) NY2(InN)?/T — 0 as (N,T) — oo.
(ii) As (N,T) — 00, ming < g go ming g (}é(K) L5 o3, where 0} = limn 7)o 2(NT)~ !

KO T
2 k=1 i€GY Do Bop(wie; o, 17, 0°).
(iii) pyr — 0 as (N, T) — oo and Tpnr — 00 as (N,T) — oc.

Assumption A2(i)—(ii) is commonly assumed in the literature on panel structure models; see,
e.g., Bonhomme and Manresa (2015) and SSP. Assumption A2(i) requires the minimum distance
between the group-specific parameters are bounded away from zero. At the cost of more compli-
cated arguments, we can allow min;<jp<xo @) — ad || to shrink to zero at a rate slower than
T-1/2 (In T)S. But in practice, when the group-specific parameters are not sufficiently separated
from each other, it is hard to estimate the group structure accurately with any finite period of time
series observations. Assumption A2(ii) requires each group has an nonnegligible ratio of members
asymptotically. Assumption A3(i) strengthens the condition in Assumption A1(vi) to ensure that
the estimation error from the preliminary estimates does not play a role in the determination of
the number of groups and the asymptotic distribution of our final estimators. Note that unlike
KLZ who require (NInN)2/T — 0, we allow N to diverge to infinity at a faster rate than 7.
A reason for such a big distinction is that we explicitly evaluate the smaller order terms in the
differences of the objective functions in the proof of Theorem 3.2 below while KLLZ only apply a
rough probability bound to control them. Assumption A3(ii)—(iii) imposes some typical conditions
to ensure both over-grouped and under-grouped panel structure models are ruled out. In particu-
lar, Assumption A3(ii) ensures that for all under-fitted models, the mean square errors would be
asymptotically greater than o3.

The following theorem indicates that we can estimate the true group structure G° in the case

of known number of groups.

Theorem 3.2 (Classification consistency). Suppose Assumptions A1-A2 hold. Suppose the true
number of groups is known to be K°. Let G(K®) = {G1(K?),...,Gro(K®)} be the estimated group
structure based on the SBSA 1. Then P(G (K°) =G%) — 1 as (N,T) — co.

Theorem 3.2 shows that when the true number of groups (K°) is known, we can estimate the
true group structure G° correctly w.p.a.1. The proof of Theorem 3.2 relies on the result in Theorem

3.1 but is quite involved.
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Nevertheless, K is typically unknown in practice. In this case we need to rely on the informa-
tion criterion in (2.8) to determine the number of groups. The following theorem establishes the

consistency of the information criterion.

Theorem 3.3 (Consistency of the information criterion). Suppose Assumptions A1-A3 hold. Let
K be as defined in (2.9). Then P(K = K°) — 1 as (N,T) — oco.

That is, we can consistently estimate the number of groups in practice. By using K in place
of K% we can estimate the true group structure G° w.p.a.1 by Theorems 3.2 and 3.3.

Note that the last condition in Assumption A3(iii) imposes that Tpnr — o0 as (N,T) — o0
so that py7 can only converge to zero at a speed slower than 7~!. This is simply due to the fact
that the heterogeneous incidental parameters p;’s in the model can only be estimated at the slow
T-1/2 convergence rate. For linear panel data models where p; is an additive fixed effect, it can
be eliminated through the within-group transformation and does not affect the convergence rate
of the estimator of the error variance in the model. In this case, we can easily relax Assumption
A3(iii) to
Assumption A3 (iii*) pyr — 0 as (N,T) — oo and (NT + T?)pnr — 00 as (N, T) — oo.

If the constrained estimates of 5;’s in (2.7) for the linear model are bias corrected. The above

condition can be further relaxed to
Assumption A3 (iii**) pyr — 0 as (N,T) — oo and NTpyr — o0 as (N, T) — oo.

An implication for this is that the usual BIC information criterion (py7 = In(NT) /(NT)) is also

working in our framework when the model is linear and the estimators are bias-corrected.

3.3 Asymptotic distribution

In this section, we study the asymptotic distributions of &;’s and 6. Recall that W (wig; Bi, iy, 0) =
Op(wig; Bi, piy 0)/00. Let U (wit; Biy i, 0) = Op(wit; Bi, i, 0)/0B; and V' (wit; Bi, i, 0) = Op(wis B,
i, 0)/0pi. Let U; denotes the jth element in U, and similarly for V; and W;. Let U A denote
the derivative of U with respect to 8. Define U#, VB V¥ V¢ W and W? analogously. For
notational simplicity, let Uy = U(wj; 89, p?, 0°), and similarly for Vi, Wi, Uk, Vl’f % Vi?, Wk
and WJ. Let UL . = 0U;(wi; B, 19,0°)/0p, ULK = 02U (wir; BY, 1, 60°)/0u;0p , and similarly

it,J it,J
for W/, gt %A ’; and W#‘; Define
1 1 R
=7 ZE(U;z), S = 7 DE(VY), S = 7 D E(WY),
t=1 t=1

E E . E MH
ZUQJ - E zt] 1V27J - E th ZW?J - E Wzt,]

Uiy = Uit — SiUS;V Vie, U, = Ul — Sz'US[V Vit, Wi = Wi — Sz‘WS;V Vie, Wh = WE — S;w S; Vi,

T T
== ZZE QT g0 = = ZZEU’LSW 7aninT,965%ZZEW W
s=1 t=1

sltl sltl
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Define

[ Bint BiinT — BoanT
Byr = = ;
Bronr By konT — Ba gont
| Bont By onT — BognT
[ N7 Yiea irps 0 N Dieco o |
QNT = : )
0 C W iect y T8 Wy Liecn , Ut B0
N
i % ZieG? Qz‘TT,ﬁe T % ZieG?{O Qz’TT,BQ % Zi:l Qi1 00 ]
N7 Liece Hips(Bi,0) -+ 0 N Liece Hipo(Bi,0)
Hyt (8,0) = : ' ‘ ‘ ;
0 * WMo e, Hipp(8i,0) w5 Liey Hipo(5i,0)
AN Hiop(Bin0) -+ &N Hips(Bi,0) F 2N Hipo(8:,0) |
(3.2)
where
T T
Brvr = (MT%) 7230 S S 0hs
LENT k itoiv Vis
ieqY =1 t=1
1 1 ! 1 « 1
B = — — > Vi | SitSiwn S|l =) Vil - ———~—= ) SiwSi R,
k k
el I Z
Bronr = (NT®) 723 NS " WhHS Wi,
=1 s=1 t=1
AV 1 < R
B = —S Vi | SESiweiSil—= Vi | — Siw St Riw
[ 2,9NT]] QW; ( T tzl t) iV WQ,_] LV (\/thl t) QW; w 1V w
T -
1 Opi(Bi, 0
Hipp(Bi,0) = TZ U (wit; Biy (B, 6), 0) + U“(witsﬁi,m(ﬁi,@),@)a(‘q)} ;
t=1 *- 7
T -
H; 59(Bi,0) = fz U’ (wis; By, 11i(Bi, 0),0) + U“(witsﬁnﬂi(ﬁi,@)ﬁ)%} ;
t=1 *-
T -
Hias(1.0) = 1 3 (172 s G52 6).0) 4 Wi 1 5,00, 0) 202
t=1 " [
T -
Higo(Bir0) = 7 D |W* (wis; Bir (B, 0), 0) + W (wir; By (s 0),0) =577 |
=1 L

Hereafter, [A] ; denotes the jth element of the vector A, [ Riv]j — (ﬁ

ZZ—‘:]_ Vvlt)Tsz_VlSlVQ,jSZ_Vl(ﬁ

X e Vir), and [Riw]; = (ﬁ Y Vit)TS;vlSiWZjS;Vl(ﬁ > Vit)-
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As we will see, Qn7 and Hyp (,80,00) enter the asymptotic variance of our estimators and
By contributes to the asymptotic bias.

To study the asymptotic distribution of our estimators, we add an assumption.

Assumption A4 (i) Q = limy 7)o QN7 exists and is positive definite.
(ii) H = lim(y 7)—o00 B[H v (,80, 6")] exists and is nonsingular.

Assumption A4 is needed to derive the asymptotic bias and variance of the post-classification
estimators ¢&;’s and 0. Define the oracle estimators ag’s and 0* of oy and 6 that are obtained with
K and G(K) in (2.10) being replaced by K° and GY. The following theorem indicates that these

two set of estimators are asymptotically equivalent.

Theorem 3.4 (Asymptotic distribution). Suppose that Assumptions A1-A4 hold. By using the
SBSA 1 in Section 2.2 and the information criteria in (2.8), the final estimators dy’s and 0 are
asymptotically equivalent to the oracle estimators &, ’s and 0*. In particular, conditional on the

large-probability event {K = K°} we have

(3(1 — Ot?
Dnr : +HAByr 2 N (O,H—lg(H—l)T) , (3.3)
dKO - a?(»o
6 — 00

where Dy = diag(vN1T'L,,...,\/NgoTI,, VNTI1,) and Hyr = HNT(BO,HO).

Note that we explicitly write elements of Byr as the difference between two terms that are
derived from the first- and second-order Taylor expansion of the profile log-likelihood estimating
equation, respectively. Comparing the above results with those in Hahn and Kuersteiner (2011)
and SSP, our asymptotic bias and variance formulae are a little bit more complicated than theirs
due to the presence of the common parameter 6. In the absence of 6, both formulae can be simplified
and one can easily verify that in this case the asymptotic bias and variance of &;’s are the same
as those of the group-specific parameter estimators in SSP.

To make inference, we need to estimate both the asymptotic bias and variance consistently.
Given the fact that the elements of H 7 and By share similar structures as those in SSP, one can
follow SSPb and obtain the analytical formulae for both estimates and justify their consistency.
Alternatively, we can use the jackknife method to correct bias. See Hahn and Newey (2004) and

Dhaene and Jochmans (2015) for static and dynamic panels, respectively.

4 An improved algorithm

In this section we consider an improved algorithm that is based on the spectral decomposition of
~ ~ =T
the N x N matrix Dy = N7!83 . We first explain why the eigenvectors associated with the few

largest eigenvalues of Dy contain the individual’s group information. Then we show that we can
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apply the SBSA to these eigenvectors to infer the group membership for all individuals w.p.a.1.

The post-classification estimation and inference then follows directly from the previous section.

4.1 Spectral decomposition

Define the K° x K° matrix and N x N matrix:

0T 0 0T 0
Oél Oél cte Oél OCKO
A=a’a’" = S : and Dy = N~18°8°T. (4.1)
0T .0 0T .0
OéKoal aKoaKo

Define an N x K° matrix Zy € {0, 1}NXK0 that has exactly one 1 in each row and NV, 1’s in
column k where k =1,..., K°. Let zZT denote the ith row of Z  for ¢ = 1,..., N. The position of
the single 1 in 2; indicates the group membership of individual i. For example, 2, = (1,0,...,0)
indicates that individual ¢ belongs to Group 1 and zZT = (0,0,...,1) indicates that individual ¢
belongs to Group K°. Apparently, we have

Dy=N12ZyAZ]. (4.2)

The expression in (4.2) helps us to link the panel structure model with the stochastic block
model (SBM) that is widely used for community detection in the network literature. In a SBM
that contains N nodes (vertices) and K communities (blocks), each node belongs to one of the K
communities, and the probability for two nodes to form a link only depends on the community
membership. In comparison of the SBM, Z y stores the individuals’ group membership in our
model and nodes’ community membership in a SBM. The matrix A here is analogous to the
probability matrix that contains the probability of edges within and between blocks in a SBM;
but we do not restrict elements of A to lie between 0 and 1. In both cases, the main interest is to
estimate Z y based on some sample information.

Various spectral clustering algorithms have been proposed for community detection based on a
SBM. It has been suggested that the eigenvectors corresponding to the few largest eigenvalues of
certain matrix associated with the adjacency matrix reveal the clusters of interest. For example,
Rohe, Chatterjee, and Yu (2011) work on the eigenvectors of a normalized adjacency matrix. This
motivates us to consider the eigenvectors of the sample analogue of Dy, the counterpart of the
adjacent matrix, to identify the latent group structure.

To appreciate the advantages of using eigenvectors to identify the latent group structures, we

consider the example below.

Example 4.1 (When p > K?°). This is a case when implementing SBSA on the eigenvectors is
generally better than on B. If the difference between different columns of the p x K° matrix a®' is
small for each row, then it is difficult to use SBSA 1 to achieve group identification. Nevertheless,
the eigenvectors associated with the few largest eigenvalues of N _1BBT (or D) summarize all

the useful group information and implementing the SBSA on the eigenvectors tend to outperform
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Figure 1: Comparison of the plots of the p columns in the preliminary estimates B with the three
~ =T
eigenvectors of N™!33 associated with its three largest eigenvalues when p > K°: row 1 for

preliminary estimates and row 2 for eigenvectors

that based on the original ,5' matrix. Due to limited space, we only consider N = 200 and T' = 20
for a linear DGP with three groups (K° = 3) and p regressors, where the group ratio is 3 : 3 : 4.
We consider three values of p: 6,8,10. In Figure 1, the first row plots different columns in 5 for
p = 6,8,10, and the second row plots the three eigenvectors corresponding to the three largest
eigenvalues of N1 BBT for each p. The true group coefficients are not displayed here to save space.
From the figure, we can tell that the eigenvectors reveal the true group information much more

clearly than 3. This is especially true when p is large (say p = 10).

Let K* denote the number of strictly positive eigenvalues of A. Apparently, K* < min (K°,p) .

We consider the spectral decomposition of A

A= ulu',
where A = diag(A1, ..., Ag+) is a K* x K* matrix that contains the nonzero eigenvalues of A such
that Ay > Ao > --- > Ag» > 0, and the columns of u contain the eigenvectors of A such that

u'u = Ig-. Interestingly, Assumption A2(i), ming <, g < k0 la? —al || > ¢ > 0, ensures that

the K° rows of u are distinct from each other. See the proof of Lemma 4.1 below. Similarly, we

consider the spectral decomposition of Dy

Dy = N7t UNENUL = N_IULNZLNUIN,
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where ¥ = diag(pn, - .., bx*nN,0,...,0) is a p X p matrix that contains the eigenvalues of Dy in
descending order along its diagonal, ¥ y = diag(pn, ..., =N ), the columns of Uy contain the
eigenvectors of Dy associated with the eigenvalues in ¥, Uy = (Uy v, Uz n), and U]TV Uy = I,
The following lemma establishes the link between the eigenvalues and eigenvectors of A and those
of Dy.

Lemma 4.1. Let A, Dy, A, X1 n, u and Uy y be defined as above. Then there exists a nonsingular
matriz S = S such that (i) the diagonal matriz ¥q n can be written as S_lA(S_l)T, (i) Uy n =
N-12Z yuS, (iii) S is given by (Nfl/QUINZNu)_l, and (iv) z] uS = ijuS if and only z; = z;
fori,j=1,2,...,N.

The last result in Lemma 4.1 is obvious if S is a nonsingular square matrix. In this case, there
exists a one-to-one map between U y and Z y. In the general case, we allow K* < K 0 50 that uS
has rank K* only, and we show in the proof of the above lemma that the rows of uS are distinct
from each other. This ensures that the rows of U; y contain the same group information as Z y.
Therefore, we can infer each individual’s group membership based on the eigenvector matrix U; y
if Dy is observed.

In practice, D is not observed. But we can estimate it by
~ ~ =T
Dy=N"1'83 .

Consider the spectral decomposition of Dy: Dy = UySn fII/, where Sy = diag(fi1 N, - - -, fip,N)
contains the first p eigenvalues of Dy in descending order. By Theorem 3.1, we can readily
show that HDN — Dy|| = Op(T~'/?), ensuring that maxi</<n |fle, N — pe,n| < HﬁN — Dy =
Op (T_1/2) , where fiy y and pig n denote the fth largest eigenvalues of Dy and Dy, respectively.
To take into account the possibility of estimating a zero eigenvalue of Dy by a positive value, we
have to ensure that ux+n is not too close to zero in order to identify the nonzero eigenvalues of
Dy and apply the Davis-Kahan theorem (see, e.g., the sin 6 theorem in Davis and Kahan (1970),
Chapter VII in Bhatia (1997), Proposition 2.1 in Rohe, Chatterjee, and Yu (2011), Theorem 3 in
Yu, Wang, and Samworth (2015)).

Recall \j(A) denotes the jth largest eigenvalue of a symmetric matrix A. For clarity, we
continue to assume that K° is fixed. In this case, it is natural to assume that Ag« (A) =
AR (aOQOT) > ¢ for some constant ¢ > 0. Noting that AB and BA share the same set of nonzero

eigenvalues, we have
prcen = A (D) = Agee (N—lzNAz@ = g (AN—lzJTVzN)

> A+ (A) Amin (qu;ZN) >c min Ni/N. (4.3)

It follows that imy oo pix*n > cminj<p<go 7 > 0 under Assumption A2(ii). Since only the
eigenvectors that are associated with the K* nonzero eigenvalues of Dy can contain the group
information, we will restrict our attention to the eigenvectors associated with the first X eigen-

values of D ~ such that A, (f) N) > cn, where cy is a positive sequence that converges to zero at

19



a slow rate, e.g., cy = 0.1/log N. By choosing such a tuning parameter, we can effectively avoid
using eigenvectors associated with the eigenvalues of D whose population values are zero. To see
this, notice that when Ky > K*, )\;CN(DN) converges to zero in probability at rate T-/2. So it is
easy to show that Ky = K* w.p.a.l.

Given Ky, we decompose Uy and Sy as follows: Uy = (fTLN, ffg’N) and Xy = diag(f]LN,
EQ’N), where ffl,N is an N x Ky matrix and iLN contains the largest Iy eigenvalues of ﬁN
along its diagonal in descending order. Let @, = (&L,ﬂ;) and u, = (ul—l,u2 i) denote the ith
row of Uy = (ffle, fJ’g,N) and Uy = (Uy n, Uz n), respectively.

To state the next theorem, we add the following assumption.
Assumption A5 There exist a positive constant ¢ such that Ag~ (A) > c.
The main result in this subsection is summarized in the following theorem.

Theorem 4.2. Suppose that Assumptions A1-A5 hold. Then Ky = K* w.p.a.1. Furthermore,
conditional on Ky = K*, there exists a sequence of K* x K* orthogonal matrices Oy such that
maxi1<;<N \/N ||’l7,17i — ONU17,L'|| = Op (T_l/Q(lnT)?)).

An immediate implication of Theorem 4.2 is || Uy x — Uy vOn| = Op (T7Y2(InT)?) = op (1),
and like Uy y, fJL ~ contains the true group information for all individuals. As a result, we can
consider the SBSA based on fIL N instead of B

4.2 An eigenvector-based SBSA

Since ffl, ~ contains the group membership for all individuals, we implement the SBSA based on
it. Let ffl,N = (ff.l,...,ff.;CN) and Uy = (Uq,...,Uxy) .2 Let Ui; and ﬁij denote the ith
element of U.; and f].j, respectively. We sort the NV elements of f].j in ascending order and denote
the order statistics by

Uny1)5 < Uny2)5 <+ < Unyvy (4.4)

where {7;(1),...,m;(N)} is a permutation of {1, ... 7N} that is implicitly determined by the order
relation in (4.4). Let

Sii (1) = {Un; ()5 Uns i+ 1) - - Uy 0.5
where 1 <7<l < N.
Let

g |

l l
. 1 ~ _ 1 12
il (4) = m ;ij(z"),j and Vzl =1_3 E ,l (7)]

denote the sample mean and variance of the subsample S; 1(j) . Define

m l
Sia(jm) = l—zl—i—l {Z [ﬁwj(i')d — Uim (j)]2 + Z [ﬁm(i'),j — U1y (j)]Q} : (4.5)
=i #=m+1

2To account for the scale effect, we use ,é/ = (,th . ,,é{p) where ,3 = ,6 ./ cr1 ~(@), i =1,...,p, instead of 3

in calculating the eigenvectors l~]1,N. Recall that 6?1\7(]') is defined in Section 2.2.
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We propose to adopt the following eigenvector-based SBSA to estimate G°.

Sequential Binary Segmentation Algorithm 2 (SBSA 2)

1. Let K € [1,Kpax]. When K = 1, there is only one group with the estimate Gy (1) =
{1,...,N}.

2. When K = 2, let j1 = arg maxi<j<ky f/l,N (7). Given 71, we solve the following minimization
problem
Ty = arg min SYLN(jl, m).
1<m<N

Now we have two segments — G (2) = S1.m, (71) and G2 (2) = Si, 1.8 (71)-

3. When K > 3, we use my,...,mg_o denote the break points detected in the previous steps
such that my < --- < mx_s (perhaps after relabeling) the K — 2 break points that have been
detected so far. Define

K-1
JKk—1 = argmax Z A1+ L (J) 5
1<G<SKN k=1
T?LK,1 (k) = argmin Smk_1+17mk (ijl,m) for k = 1, ey K — 1,
mg_1+1<m<my

where mg = 0, mx_1 = N, and we suppress the dependence of mg_1 (k) on jx_1. Then
k1 (k) divides Gy (K — 1) into two subsegments, which are labeled as Gy (K — 1) and
Ghra (K — 1) respectively. Calculate for k=1,..., K — 1,

. N _ 2
Sk = Y Ok — Uy Gx1)]
i€Gp1(K—1)
. _ . 2
+ Z |:Ui7jK71 ~ Uk -1) (JKA)}
i€Gha(K—1)

. _ 2
+ > [UiJK—l — U, rc-1) (51(71)} :

I<ISK-Ll#k jeGy(K-1)
where, e.g., U@kl(K—l) (r—1) = |Gp1 (K —=1)|7! ZiEG’kl(K_l) Uijx_,- Let

k= argmin Sk (k).
1<k<K-1

We now obtain the K — 1 break points and the K segments given by {mi,...,mg_2,
g_1(k)}and {G1 (K —1),...,Gp_ (K —1),Gpy (K —1), Gy (K = 1), Gy, (K —1),...,
Gr—_1 (K)}, respectively. Relabel these K — 1 break points as {rm,...,mx_1} such that

My < g < --- < M1, and the corresponding K groups as {G1 (K), Go(K), ..., Gk (K)}.

4. Repeat the last step until K = K™,
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Of course if K° is known a priori, we can set K™ = K9, At the end of the SBSA, we obtain
the G (KO) = {Gl, Go, ..., GKo} as the estimates of the true group structure G°. Otherwise, we
can estimate K© either based on SBSA 1 or SBSA 2.

Let 3" (K), " (K), and 6* (K) be defined analogously to 8(K), i (K), and 0 (K), now with
the estimated group based on SBSA 2. We can estimate K° by minimizing the following BIC-type

information criterion

A% ~

ICy(K) =2Ly7(B (K),p" (K),0" (K)) + pK - pNT- (4.6)
Let
K= argmin 1Cy(K) and G = G(K) = {G1(K), G2(K), ..., G (K)}. (4.7)

We will show that P(K = K% — 1 and P(G = QD) as (N, T) — 0.

Given K and G, we consider the constrained minimization problem in (2.7) with K being
replaced by K and obtain the final estimate of B, u, 0, and a. In particular, we denote the
estimates as a and # as & and 0, which can be obtained as the minimizer of (2.10) with K and
Gr(K) being replaced by K and G(K). Let @ denote the kth column of &'. The following
section reports the asymptotic properties of G(KO), K and & and 6.

4.3 Asymptotic properties

In this subsection, we first state Theorems 4.3-4.5 which parallel Theorems 3.2-3.4 in Section 3,

and then provide some intuitive explanations on why they hold.

Theorem 4.3 (Classification consistency). Suppose Assumptions A1-A2 and A5 hold. Suppose the
true number of groups is known to be K°. Let G(K®) = {G1(K?),...,Gxko(K%)} be the estimated
group structure based on the SBSA 2. Then P(G(K°) =G°) — 1 as (N,T) — .

Theorem 4.4 (Consistency of the information criterion). Suppose Assumptions A1-A3 and A5
hold. Let K be as defined in (4.7). Then P(K = K°) — 1 as (N,T) — oo.

Theorem 4.5 (Asymptotic distribution). Suppose that Assumptions A1-A5 hold. By using the
SBSA 2 in Section 4.2 and the information criteria in (4.6), the final estimators &y ’s and 0 are

asymptotically equivalent to the oracle estimators &, ’s and 6*. In particular, conditional on the

large-probability event {K = K}, the asymptotic distribution of Dy7((61 — o)T, ..., (Ggo —
aleo) T, (0 — 09T is identical to Dyr((61 — a))T, ..., (Gxo — ad0) T, 0 — 0T studied in
Theorem 3.4.

Combining the results in Theorems 4.3-4.4, we can recover the true group structure G° w.p.a.1
by using the SBSA 2 and ICy defined in (4.6). From the proof of Theorem 3.2, we can tell
that the key condition to ensure the consistency of classification is the uniform consistency of

the preliminary estimates B; and the consistency rate does not play a role here. Theorem 4.2
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ensures that fJL ~ contains all the individual’s group information that are required and it implies
the uniform convergent of v N (t1,; — Ouyy) to zero where O is the probability limit of Op. This
is all that we need in order to infer the individuals group membership consistently. Given the
consistency of C; = QN (l@) with QO, the results in Theorem 4.5 can be derived in the same way as

those in Theorem 3.4.

5 Monte Carlo simulations

In this section, we evaluate the finite sample performance of our SBSA through simulations.

5.1 Data generating processes

We consider four data generating processes (DGPs) here. DGPs 1-2 specify a linear panel data
model while DGPs 3-4 consider a double-censored static panel data model and a left-censored
dynamic panel data model, respectively. In all DGPs, the candidate number of individuals are
N = 100, 200 and the time spans are T" = 10, 20, 40. We will evaluate all 6 combinations
of N and T. The true number of groups is 3, and the group member proportion is given by
IGY : |GY| : |GY| =4:3:3 in all DGPs.

DGP 1 (Linear panel). The data are generated as
T
Yit = Ty Bi + i + it

where z; = (T10,T2,) s T = 0.20; + €1, T2 = 0.21; + eae, and €1, €2, £ and the
fixed effect u; are all i.i.d. standard normal and mutually independent of each other. The true

coefficients 3; can be classified into 3 groups with true group-specific parameter values given by

o o o (lo5] [os] [05
- ({51

Note that here a?’l = a%l = ag’l but we do not assume that they are known to be common. We

want to use this DGP to show our method is robust to this kind of specifications.

DGP 2 (Linear panel with p = 10). The data are generated as
_ T
Yit = Ty Bi + pi + it

where z;; is a 10 x 1 vector with the jth element given by x;;; = 0.2u;+e¢;4, j = 1,...,10, and e; ;,
€it, and the fixed effect p; are all i.i.d. standard normal and mutually independent of each other.
The true coefficients §; can be classified into 3 groups with true group-specific parameter values
given by of = (-1,-1.1,-1.2,0.3,2,1,0.9,0.1,0.1,-0.1) T, a9 = (-1.1,0.4,0.7,0.6,1.7,1.3,2, 0.5,
0.1, —0.1)T, and of = (0,1.8,0.8,0.2,1.2,-0.3,1.9,—0.2,0.1,—0.1) T. We want to use this DGP to
show our SBSA 2 is well suited for the large p case.
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DGP 3 (Double-censored static panel). The data are generated according to
Yit = mami (O) x;/ﬁl + Hi + Eits 4) )

where z;; = (21,3, $27it)—r = (e1,it + 0.1, €23t +0.1y;) ", and €1,it, €2,it; €it, M are all independently
drawn from the standard normal distribution and are mutually independent of each other. The
censored ratio is around 51% (with left censored ratio 50% and right censored ratio 1%). The true

group-specific parameter values are

(0 0, ) — 15] [-05] [=1.8
LT s 150705 |18 |)°

The variance 02 = Var(g;) is modeled as the common parameter across all individuals.

DGP 4 (Dynamic one-side censored panel). The model is
Yit = max (0, PYit—1 + l‘iTtﬁi + pi + 5it> )

where x;, p;, and g are generated as in DGP 3. To generate T periods of observations for
individual 4, we first generate 7"+ 100 observations with initial value y;0 = 0, and then take the
last T periods of observations. We discard those individuals which have constant regressor or
constant regressand across all T' periods. The censored ratio is around 40%. For the parameters,

p® = 0.4 and the true group-specific parameter values are

(0 0, ) — 12| [o06 1.5
b7 s 1.6 |7|-08] |=19]/"

As in DGP 3, 02 is modeled as the common parameter across all individuals but we do not assume

p is common in the estimation procedure.

In all DGPs, we use the information criteria in (2.8) to choose the number of groups. For DGPs

1-2, the information criterion is

IC(K) = Ué( ) PEp(NT),

where pr(NT) = & n(NT)/(NT)3, G(K) = {Gr(K). ... CaelK)}, 0% = b S S
23;1 [Gir— 7 o (FO))2, i = yir—T 1 Ethl yit, and similarly for Z;. For DGPs 34, the information

criterion is

~ ~

ICy(K) = 2Ln7(B(K), A(K),0(K)) + pKpa(NT), (5.1)
where Lyr(-) is explained in Section 2, and po(NT) = g5 In(NT)/(NT)"/3.
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5.2 Simulation results

For all DGPs, results reported here are based on 200 repetitions.

Tables 1 and 2 report the frequency for the selected number of groups based on our information
criteria by setting K™® = 5. The true number of groups is given by K° = 3. We compare 4
algorithms: K-means on B3, K-means on the eigenvectors of N_lé,éT, SBSA 1 and SBSA 2 for
all DGPs. For DGPs 1-2 we also consider C-Lasso.> From Tables 1 and 2, we see that for all
algorithms, given IV, the frequency of choosing the right number of groups increases as 1" grows.
Our methods, especially SBSA 2, enable us to identify the true number of groups with large
probability. In DGP 1, SBSA 2 slightly outperforms the C-Lasso and in DGP 2, the opposite is
true. Both of them outperform other algorithms significantly. We also see one special property of
the binary segmentation algorithm: for fixed 7', the frequency of choosing the correct number of
groups also increases with N, which is not observed when either the K-means algorithms or SSP’s
C-Lasso method is employed. In all DGPs under investigation, our information criterion works
well for T as small as 10 and it works almost perfectly when 7" > 20. In short, our information
criterion is quite effective in determining the number of groups.

Suppose the true number of groups K is identified. Now we examine the performance of
classification and the post-classification estimators. We follow SSP to define the evaluation criteria.
First, we define the percentage of correct classification as N1 Zszol > icé, 1{B? = a2}, which
denotes the percentage of individuals falling into the right group. We show its average value across
all replications in columns 4 and 8 of Tables 3 and 4. Columns 5-7 and 9-11 report the performance
of the estimates of a% = (04(1),27 - ,a?{og)T, i.e., the second regressor’s coefficient of all groups.
We evaluate the performance through three criteria: the root mean squared error (RMSE), bias,
and coverage ratio. The RMSE is defined as the weighted average RMSEs of a272, k=1,...,K°
with weight Ni/N. Specifically, it is ZkK:Ol %RMSE(@%Q). Similarly, we define weighted versions
of bias, and coverage ratio of the 95% confidence interval estimators. Tables 3 and 4 contain the
classification and post-classification results where the oracle estimates are obtained by using the
true group structure and the other estimates are obtained based as the post-classification ones.

We summarize some important findings from Tables 3 and 4. First, the percentage of correct
classification increases with T for all classification methods under consideration. In particular,
for all models under investigation we can achieve almost perfect classification when 1" increases
to 40 by using the improved SBSA 2 method. Second, as expected, the oracle estimates usually
have smaller RMSE than the post-classification estimates. Third, like the C-Lasso method, our
SBSA 2 method typically outperforms the other methods. As T increases, the RMSEs of the
post-classification estimates based on both the C-Lasso method and our SBSA 2 method decrease
rapidly and can match those of the oracle ones when 7" = 40. Fourth, the coverage ratios for the

post-classification estimates of SBSA 2 improve quickly and get closer to those of the oracle ones

3Even in the linear case, the computing time of C-Lasso is around 100 times longer than that of the SBSA

methods.
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Table 1: The frequency of selecting K = 1,...,5 groups when K =3 and K™ =5

DGP 1 DGP 2
N T 1 2 3 4 ) 3 4 5
K-meanson 8 100 10| 0 0 0.875 0.125 0
100 20| O 0 0.845 0.155 0 0.935 0.060 0.005
100 40| O 0 0.910 0.090 0 0.920 0.080 0
200 10| O 0 0.870 0.120 0.010
200 20| O 0 0.855 0.145 0 0.950 0.050 0
200 40| O 0 0.865 0.130 0.005 0.925 0.075 0
K-means on 100 10| 0 0.280 0.225 0.205 0.290
eigenvectors 100 20 | 0 0.050 0.420 0.360 0.170 0.975 0.025 0
100 40| O 0 0.800 0.180 0.020 0.975 0.025 0
200 10| 0 0.150 0.225 0.270 0.355
200 20| 0 0.025 0.310 0.370 0.295 0.985 0.015 0
200 40| O 0 0.725 0.270 0.005 0.990 0.010 0
C-Lasso 100 10| O 0 0.995 0.005 0
100 20| O 0 1 0 0 1 0 0
100 40| O 0 1 0 0 1 0 0
200 10| O 0 0.995 0.005 0
200 20| O 0 1 0 0 1 0 0
200 40| O 0 1 0 0 1 0 0
SBSA 1 100 10| 0 0.010 0.990 0 0
100 20| O 0 1 0 0 0.100 0.890 0
100 40 | O 0 1 0 0 0.030 0.965 0.005
200 10| O 0 1 0 0
200 20| O 0 1 0 0 0.065 0.935 0
200 40| O 0 1 0 0 0.005 0.995 0
SBSA 2 100 10| O 0 0.995 0.005 0
100 20| O 0 1 0 0 0.990 0.010 0
100 40| O 0 1 0 0 1 0 0
200 10| O 0 1 0 0
200 20| O 0 1 0 0 1 0 0
200 40| O 0 1 0 0 1 0 0
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Table 2: The frequency of selecting K = 1,...,5 groups when K% = 3 and K™ =5

DGP 3 DGP 4
N T 2 3 4 5 2 3 4 5
K-means on 5 100 10 0.04 0.905 0.055 0 0.085 0.7 0.215 0
100 20 0.03 0.875 0.095 0 0.06 0.685 0.255 0
100 40 0.005 0.925 0.07 0 0.035 0.635 032 0.01
200 10 0 0.955 0.045 0 0.14 0.705 0.155 0
200 20 0 0.9 0.1 0 0.13 0.695 0.175 0
200 40 0 0.905 0.095 0 0.055 0.645 0.3 0
K-meanson 100 10 0.785 0.09 0.085 0.04 0.835 0.065 0.085 0.015
eigenvectors 100 20 0.795 0.075 0.09 0.04 0.77 0.055 0.155 0.02
100 40 0.82 0.085 0.08 0.015 0.78 0.075 0.105 0.04
200 10 0.92 0.03 0.035 0.015 0.93 0.025 0.045 0
200 20 0.87 005 0.06 0.02 0.87 0.055 0.065 0.01
200 40 0.805 0.075 0.085 0.035 0.86 0.075 0.055 0.01
SBSA 1 100 10 0.11  0.65 0.225 0.015 0.06 0.795 0.135 0.01

OO O OO OO O OO OOOCOODOODOOOCOCOOOO |-

S OO DO O OO OO OO0 |

100 20 0 0.955 0.045 0 0 0.995 0.005 0
100 40 0 1 0 0 0 1 0 0
200 10 0 0.755 0.21  0.035 0.005 0.98 0.015 0
200 20 0 0.985 0.015 0 0 1 0 0
200 40 0 1 0 0 0 1 0 0
SBSA 2 100 10 0.005 0.995 0 0 0 0.995 0.005 0
100 20 0 1 0 0 0 1 0 0
100 40 0 1 0 0 0 1 0 0
200 10 0 1 0 0 0 1 0 0
200 20 0 1 0 0 0 1 0 0
200 40 0 1 0 0 0 1 0 0

as 1" increases.

6 Empirical application

6.1 The model and data

Individual portfolio choices are influenced by many factors, some of which are observable and
others are unobservable. For example, age, financial assets, labor income, and returns and risk
measures of different assets are among the set of observable factors. For a seminal paper on the
problem of portfolio choice, see Samuelson (1969). Cocco, Gomes, and Maenhout (2005) investigate
how labor income and financial wealth affect portfolio decisions. Unobservable factors also play
a very important role in the process of portfolio decision making. For example, individual risk
preference, habits and information acquirement affect how people respond to various observable
factors. Samuelson (1969) models risk preference as the fundamental factor in portfolio choices.
Polkovnichenko (2007) employs n the life cycle model to study the implications of endogenous habit
formation preferences on portfolio choices. Both academic studies and common sense suggest that
different people tend to have different responses to the same information. This fact motivates us
to consider the panel structure model in studying how individuals’ portfolio choices are affected

by various factors.
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Table 3: Classification and point estimation of af

DGP 1 DGP 2
Correct Comparison Criteria Correct Comparison Criteria
N T Ratio RMSE Bias Coverage Ratio RMSE Bias Coverage
Oracle 100 10 1 0.059 0.000 0.933
100 20 1 0.041  -0.001 0.920 1 0.041 0.001 0.939
100 40 1 0.028  -0.000 0.947 1 0.028  0.002 0.954
200 10 1 0.040  -0.000 0.931
200 20 1 0.027  -0.002 0.950 1 0.028  -0.000 0.949
200 40 1 0.019 0.001 0.947 1 0.020 0.001 0.948
K-means 100 10  0.917 0.289  -0.080 0.766
on 8 100 20  0.964 0.276  -0.097 0.795 0.991 0.181 -0.029 0.897
100 40  0.984 0.214  -0.057 0.873 0.988 0.197  -0.025 0.903
200 10  0.920 0.260  -0.080 0.763
200 20  0.962 0.281 -0.097 0.831 0.991 0.134  -0.025 0.921
200 40 0.975  0.248 -0.081  0.845 0.987 0247 -0.033  0.892
K-means 100 10 0.794 0524 -0.241  0.332
on eigen- 100 20  0.861 0.381  -0.179 0.487 0.987 0.119  -0.005 0.891
vectors 100 40  0.955  0.278 -0.107  0.774 0.997  0.172  0.008  0.938
200 10 0.784 0540 -0.237  0.308
200 20  0.858 0.384 -0.180 0.425 0.989 0.070  -0.009 0.910
200 40  0.944 0.332  -0.157 0.723 0.998 0.085  -0.002 0.942
C-Lasso 100 10 00939  0.076 -0.017  0.866
100 20 0.985 0.044  -0.005 0.905 1 0.041  0.001 0.939
100 40  0.999 0.028 -0.001 0.944 1 0.028  0.002 0.954
200 10 0941 0.052  -0.018 0.840
200 20  0.986 0.028  -0.005 0.942 1 0.028  -0.000 0.949
200 40 0.999 0.019 0.000 0.943 1 0.020 0.001 0.948
SBSA1 100 10 0.929 0.104  0.003 0.846
100 20  0.983 0.044  -0.002 0.903 0.791 0.504 -0.042 0.334
100 40 0.999 0.028  -0.000 0.946 0.855 0.268 -0.023 0.327
200 10 0.933 0.051 0.004 0.860
200 20  0.985 0.028 -0.001 0.941 0.778 0.482 -0.044 0.314
200 40  0.999 0.019  0.001 0.946 0.852 0.226  -0.025 0.295
SBSA 2 100 10 0.931 0.076 0.004 0.856
100 20  0.984 0.043  -0.001 0.908 0.991 0.045  0.002 0.913
100 40  0.999 0.028 -0.001 0.946 1 0.028  0.002 0.954
200 10 0.931 0.050  0.006 0.864
200 20 0.984 0.029  -0.001 0.933 0.992 0.032  0.000 0.921
200 40 0.999 0.019 0.001 0.946 1 0.020 0.001 0.948
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Table 4: Classification and point estimation of a

DGP 3

DGP 4

Correct Comparison Criteria Correct Comparison Criteria
N T Ratio RMSE Bias Coverage Ratio RMSE Bias Coverage
Oracle 100 10 1 0.086  0.003 0.957 1 0.072  0.001 0.939
100 20 1 0.063 0.003 0.947 1 0.048 0.002 0.958
100 40 1 0.044 0.005 0.936 1 0.036 0.001 0.940
200 10 1 0.067  0.003 0.928 1 0.058  -0.004 0.912
200 20 1 0.045  0.002 0.931 1 0.040  -0.002 0.919
200 40 1 0.031  0.001 0.946 1 0.030  -0.004 0.942
K-means 100 10 0.930 0.210 -0.020 0.839 0.900 0.261  -0.069 0.637
on 3 100 20 0970  0.138 -0.010  0.833 0933 0273 -0.085  0.673
100 40  0.985 0.163  -0.016 0.878 0.942 0.291 -0.112 0.623
200 10  0.937 0.153  0.001 0.823 0.900 0.235 -0.064 0.626
200 20 0971 0.146  -0.011 0.825 0.935 0.222 -0.061 0.650
200 40  0.982 0.150  -0.021 0.861 0.940 0.204 -0.054 0.696
K-means 100 10  0.751 0.316  -0.089 0.157 0.768 0.312  -0.067 0.199
on eigen- 100 20  0.764 0.355  -0.137 0.143 0.773 0.273  -0.068 0.211
vectors 100 40  0.768 0.368  -0.140 0.105 0.777 0.226  -0.064 0.168
200 10 0.748  0.331 -0.107  0.100 0.757  0.293  -0.063  0.184
200 20 0758  0.287 -0.094  0.082 0.765 0217 -0.064  0.181
200 40  0.753 0.326  -0.118 0.033 0.767 0.230  -0.057 0.197
SBSA'1 100 10 0.885 0.180  0.062 0.541 0.877 0.124  0.017 0.650
100 20 0.959 0.087  0.024 0.832 0.949 0.069 0.006 0.845
100 40 0.991 0.048 0.009 0.920 0.982 0.040 0.002 0.914
200 10  0.885 0.166  0.084 0.472 0.878 0.117  0.020 0.598
200 20  0.962 0.074  0.031 0.755 0.956 0.058  0.003 0.770
200 40  0.992 0.034  0.005 0.930 0.985 0.033  -0.001 0.926
SBSA2 100 10 0.935 0.114  0.039 0.872 0.925 0.085  0.012 0.893
100 20  0.986 0.065  0.006 0.940 0.972 0.051  0.004 0.944
100 40  0.997 0.045  0.006 0.938 0.994 0.036  0.002 0.940
200 10  0.936 0.097  0.044 0.831 0.929 0.063  0.010 0.881
200 20 0.986 0.048 0.009 0.920 0.977 0.041 0.001 0.901
200 40  0.998 0.031  0.002 0.948 0.997 0.030  -0.002 0.941
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In this application, we consider a censored model similar to that in Abrevaya and Shen (2014,
hereafter AS). The dependent variable y;; is the ratio of safe assets in individual i’s portfolio in
year t, and it is left censored at 0 and right censored at 1. To account for parameter heterogeneity,

we consider the mixed panel structure model of the form
* _ T T
Yir = T1,4P1i + T 5402 + i + Eit, (6.1)

where x4+ includes log financial assets and log non-capital income, x3 ; includes AEX premium,
time trend and retirement dummy, j; is the fixed effect, and £;;’s are i.i.d. normal.* The observable
dependent variable y;; is subject to two-sided censoring: y; = mami{0,y},1}. Note that [y is
common across individuals in (6.1). We assume that the true values of (1;’s exhibit the group
structure, Y. = ZkK:Ol a1 {z € Gg}. We are interested in identifying the number of groups (K°)
and the group membership for each individual s.

Next we explain briefly why we allow (1;’s to be heterogeneous across groups and impose
homogeneity assumption on (2. The variables contained in x1;, namely, log financial asset and
log non-capital income, are usually modeled as determinant factors in portfolio choice theories.
Curcuru et al. (2004) argue that there is substantial heterogeneity in the portfolio choices. In other
words, different people tend to have different responses towards the same factors. But individuals’
behavior also tends to exhibit certain grouped patterns. For example, some individuals prefer
to holding diversified portfolios in order to hedge against various kinds of risks whereas others
hold almost no position on risky or riskless assets. In modeling economic behavior, homogeneous
representative individual assumption is a convenient way to explain some phenomenon. But it is
quite fragile as heterogeneity is ubiquitous. The panel structure model studied in this paper offers
a flexible and manageable alternative to handle the parameter heterogeneity issue.

The retirement dummy, which is contained in s ;;, may change over the time span for some
individuals, and remains as a constant (0 or 1) for other individuals. To avoid the multicollinearity
issue, we treat its coefficient as constant across i. Classic theory (e.g., Cocco et al. (2005))
generally predicts that the ratio of savings in safe assets tends to increase after retirement. AEX
premium is believed to be negatively correlated to y;;, the ratio of safe asset in the portfolio.
There are few reasons to believe otherwise. Besides, AS’s regression results are aligned with these
theoretical predictions, which motivates us to assume homogeneous effects of the variables in 2 ;s
across individuals.

The dataset comes from the De Nederlandsche Bank (DNB) Household Survey of Netherlands,
which contains detailed demographic and financial information of Dutch household and individual
samples from 1993 to 2015. We use unbalanced panel data and first include all individuals with
time dimension 7T; larger than or equal to 10. There are N = 378 individuals included in our

regression. The average period of observations for all individuals is about N~! sz\i 1T~ 12.3.

Y AEX premium is defined as Amsterdam exchange index return minus the deposit rate. The retirement age in
Netherlands is 65. For detailed explanation of all variables defined here, please refer to Alessie, Hochguertel, and
Van Soest (2002) and AS.
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The majority of censoring is right censoring at one. To be specific, the right censored ratio is 1691
out of 4666 (36.2%); and the left censored ratio is 142 out of 4666 (3.0%). Table 5 provides a brief

summary of the dataset.

Table 5: Summary statistics for the DNB household survey dataset

Yit log(FA) log(NCI)  AEX prem. Time (t) Retire dummy
min. 0.0000 1.609 5.247 -0.475 2.000 0.000
max. 1.0000 14.881 13.768 0.384 23.000 1.000
mean 0.6606 9.852 10.227 0.009 13.012 0.260
median 0.8126 9.974 10.296 0.080 13.000 0.000
std. 0.3656 1.695 0.749 0.217 6.050 0.439

6.2 Classification and post-classification regression results

We apply our SBSA method to the above dataset and obtain the classification and post-classification
regression results. Based on SBSA 2, ICs in (5.1) determines three estimated groups with Groups
1-3 containing 112, 100, and 166 individuals, respectively.

Table 6 reports the regression results for different specifications. Column (1) corresponds to the
usual pooled censored panel data regression with fixed effects. Columns (2)—(4) correspond to the
joint estimation of group-specific parameters and the common parameters in the model. Note that
we assume the effects of variables in x2;; and the variance of the error terms are common across
all individuals for this joint estimation. Column (5) collects some regression results, corresponding
to the relevant variables used here, from AS. Following AS, we include many common explanatory
variables and also use the censored regression model. That being said, the data used here are
different from theirs. They use the DNB household survey from 1993 to 2008 with individuals’
time periods (T;) larger than or equal to three. Our data come from the same source, but range
from 1993 to 2015 with individuals’ time periods longer than or equal to ten.

We summarize some important findings from Table 6. First, the coefficient of log financial
assets (log(FA)) is very similar between the pooled model (column (1)) and AS’s model (column
(5)). The negative relationship between log(FA) and safe asset ratio (yi:) is very stable across
time and individuals. For the other regressors, our pooled estimates are somewhat different from
those of AS’s. The coefficient of the time trend is positive and significant at the 1% level while
it is negative and significant at the 1% level in AS. One possible explanation is that we use data
from individuals with periods of observation more than or equal to ten, which is longer than that
of AS’s. After many periods of portfolio decisions, a person gets older and older and tends to
allocate more assets to safe investments. If the time periods are very short (three in AS’s data for
many individuals), the effect may not be captured properly. In short, when we choose to include
individuals with periods of observations greater than or equal to 10, we tend to choose different
samples than that of AS. It has some impacts on our regression results.

Second, our SBSA 2 method yields three estimated groups whose regression outputs are re-
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Table 6: Regression results for the DNB household survey dataset
(1) Pooled (2) Group 1 (3) Group 2 (4) Group 3 (5) AS

log(FA) -0.128¢ -0.055¢ -0.223¢ -0.048¢ -0.129¢
(0.005) (0.009) (0.009) (0.008) (0.011)
log(NCT) 0.035¢ -0.255¢ 0.056° 0.091¢ -0.006%
(0.012) (0.024) (0.018) (0.016) (0.004)
AEX premium 0.008 -0.007 -0.039°
(0.023) (0.022) (0.017)
Time (t) 0.024¢ 0.020° -0.013¢
(0.001) (0.001) (0.002)
Retirement dummy 0.079¢ 0.065¢
(0.021) (0.020)
o? 0.310°¢ 0.290¢
(0.004) (0.004)

Note: Column (1) reports the pooled estimation of all 378 individuals. By using SBSA 2, we obtain 3 groups.
Columns (2)—(4) report the regression results for each group where the coefficients of AEX premium, time trend
and retirement dummy are common. Column (5) reports part of regression results drawn from AS for comparison

purpose. Standard errors are in parentheses. ¢, b, and ¢ denote significance at 10%, 5% and 1% levels, respectively.

ported in Columns (2), (3), and (4) in Table 6. The table suggests that the signs of the coefficient
estimates for log non-capital income (log(NCI)) are opposite for Group 1 and the other two groups
while the signs of the coefficient estimates for log(FA) are common across all three groups. The
former finding provides partial explanation for the opposite direction of log(NCI) in columns (1)
and (6). There are three latent groups. Pooling them together yields a weighted average of the
estimates in columns (2)—(4), which is positive for log(NCI) in column (1). Different composition
of elements from the three groups might generate a negative slope for log(NCI) in the pooled
estimation, e.g., in AS (column (6)).

Third, the effects of log(FA) on the ratio of safe assets (y;;) are similar in Groups 1 and 3 and
they are much smaller than that in Group 2. So the separation between Groups 1 and 3 is mainly
caused by the quite distinct effects of log(NCI) on the ratio of safe assets.

Fourth, our estimate of the common coefficient of AEX premium is negative, which is different

from the pooled estimate but consistent with AS’s results and the theoretical prediction.

6.3 Robustness check

In the above subsection we consider the classification and post-classification regression results by
using SBSA 2 for individuals with 7; > 10. There are 378 individuals in total. As a robustness
check, we now consider the cases where T; > 9 or T; > 8.

First, we consider the classification results based on individuals with T; > 9. Now the number

of individuals (N) increases to 504. By using the SBSA 2 method, we still obtain 3 groups.
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Groups 1-3 contain 129, 121, and 254 individuals, respectively. The left panel of Table 7 reports
the post-classification regression results in this case. A comparison with Table 6 suggests that
the post-classification results share some similar patterns, in terms of both estimated number of
groups and coefficient estimates for each group.

Next, we consider individuals with 7; > 8. There are 627 individuals for this case. We apply
SBSA 2 method on this new subsample. As before, we obtain 3 groups. Groups 1-3 contain 116,
182, and 329 individuals, respectively. The post-classification regression results are reported in the
right panel of Table 7. A comparison between Table 6 and the right panel of Table 7 suggests that
the post-classification results here are similar to those in Table 6

In sum, we conclude that our SBSA 2 classification and estimation results are quite robust to

the choice of the minimum value of T;.

Table 7: Regression results for the DNB household survey data for T; > 9 or 8 after using SBSA 2

Ti>9 1> 38
Group 1 Group 2 Group 3 Group 1  Group 2 Group 3
log(FA) -0.043°  -0.240°  -0.055° -0.040¢  -0.224°  -0.028°
(0.008)  (0.009)  (0.007) (0.008)  (0.007)  (0.005)
log(NCTI) -0.304¢ 0.027¢ 0.068¢ -0.414¢ 0.031¢ 0.028¢
(0.024) (0.017) (0.013) (0.025) (0.013) (0.011)
AEX premium -0.013 -0.010
(0.020) (0.017)
Time (¢) 0.019° 0.022°
(0.001) (0.001)
Retirement dummy 0.069° 0.052°¢
(0.018) (0.015)
o? 0.290° 0.266°
(0.004) (0.003)

We might also want to know how many individuals in Group 1 when T; > 10 are still in Group
1 when T; > 9. Such statistics are reported in Table 8. For example, the number 0.857 in row
2 and column 2 in the table means that 85.7% of the members in Group 1 are still in Group 1
when we relax T; > 10 to T; > 9. Similarly, Table 9 reports the group membership shifts when
the minimum 7; decreases from 9 to 8. Both Tables 8 and 9 show that the majority of individuals

have stable membership when we decrease the minimum 7;.

Table 8: The classification membership shifts when minimum 7; changes from 10 to 9

Ratio Group 1, T; > 10  Group 2, T; > 10  Group 3, T; > 10
Group 1, T; > 9 0.857 0 0
Group 2, T; > 9 0.045 0.870 0
Group 3, T; > 9 0.098 0.130 1.000
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Table 9: The classification membership shifts when minimum 7; changes from 9 to 8

Ratio Group 1,T; >9 Group2,7; >9 Group3,7T; > 9
Group 1, T; > 8 0.674 0 0
Group 2, T; > 8 0.109 1.000 0.067
Group 3, T; > 8 0.217 0 0.933

7 Conclusion

In this paper we propose a sequential binary segmentation algorithm (SBSA) to estimate a panel
structure model. This method is motivated from the intuition that the parameter heterogeneity
problem can be translated into the break detection problem, which is well studied and understood
in the time series literature. We also propose an information criterion to determine the number
of groups. We show that our method can recover the true group structure w.p.a.1 and our post-
classification estimators are oracally efficient. Furthermore, we build the link between the panel
structure model and the stochastic block model (SBM) in the network literature. The linkage
enables us to use community detection techniques from the SBM to the panel structure model.
We apply SBSA on the eigenvectors corresponding to the few largest eigenvalues of N _1,[§[§T
and improve the finite sample performance significantly in some cases. Our method is easy to
implement and efficient to compute. Simulations demonstrate superb finite sample performance
of our method. We also apply our method to study how financial assets and non capital income,
among others, affect individuals’ portfolio choices by allowing unobserved parameter heterogeneity
and using the DNB household survey dataset. We detect three latent groups in the dataset.
There are several possible extensions. First, we can also include time effects in our model.
Following the asymptotic analysis of Chen (2016) we can also show that the preliminary estimates
of the individual parameters are still VT -consistent, which enables us to conduct the SBSA as in
the current paper to detect possible grouped patterns. Second, we do not allow cross sectional
dependence in this paper. Chen et al. (2014) study homogeneous nonlinear panel data models
with interactive fixed effects (IFEs) and Su and Ju (2017) consider a linear panel structure model
with IFEs. It is possible to combine the approaches in these papers and study heterogeneous
nonlinear panel data models with IFEs. Again, as long as we can establish the v/T-consistency
of the preliminary estimates of the individual parameters of interest, we can apply the SBSA to
detect latent groups among them. Third, we do not allow nonstationary (I (1)) regressors in our
model. It is possible to extend our method to nonstationary panels with latent group structures.
Fourth, it is also possible to allow for structural changes in the model; see, e.g., Okui and Wang

(2017). We leave these topics for future research.
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APPENDIX

In this appendix we first state and prove some technical lemmas, and then prove the main results in the
paper.

A Some technical lemmas

In this section we state and prove several technical lemmas that are used in the proofs of the main results
in the paper.

Lemma A.1. Let £(w;t;<) be a RY%-valued function indexed by the parameter s € Y, where Y is a convex
compact set in R% and Bl (wir;6)] = 0 for all i, t, and s € Y. Assume that there exists a function M (w;;)
such that ||§(wi; <) — E(wirs )| < M(wi)l|s —<'|| for all ¢, <" € T and sup_ ||{(wir;<)|| < M(wie). Assume
that B[M (w)]* < oo for some k > 6 such that N = O(T"/>71). Let {s;} be a nonstochastic sequence in Y.
Then max; [T/ 31| &(wi; )|l = Op((InT)?).

Proof: This is Lemma S1.2(i) in SSPb. &
Recall that v = (87, 1] )T, 70 = (89, uT) T, and 5, = (B, i )T Let W, (7,0) = 3 i, ¢ (wir; 7, 6)

and W, (v,0) = 7 31—, Blp (wi; 7,0)] . Then v (0) = (8;(0) T, pu(9) )™ = argmin,, ¥; (;,0) and 5, (6) =
(Bi(0)",f(0)") " = argminy, ¥, (7:,0).

Lemma A.2. Suppose that Assumption A1 holds. Then for any fired n > 0 and v > 0, we have

(i) P (max; supg. ) [ (3,0) = W, (3,0)| = ) = o(N 1),

(ii) 7; (0) —; (0) = Op(T~*/?) for each i,

(i) P (mas; supg [ (6) — 5 (O)]] > T2 (0 T)***) = o(N 1),

(iv) P (ma;supg | S0 195 (5 (6) ,6) = Wi (3 (6),0)]| = T /2 (nT)*) = o(N ),

~ 2 —

(v) % Zilil [7:(6°) =7 (6°)]|” = Op(T71).
Proof: (i), (ii) and (iii) follow from Lemmas S1.3, S1.5(i) and S1.5(iv) in SSPb by the repeated use of
Lemma A.1 with little modifications. Noting that

< maxE [M (w;)] Z 175 (0) — i (0)]|

it

N
% S (3 (0).0) — ¥, (v (0) )]
i=1

and max; ; B [M; (w;)] < c}\//ln by Assumption Al(iv) and the Jensen inequality, (iv) follows from (iii). We
are left to show (v). Recall that Z (w;; i, 0) = 00 (wir; Vi, 0) /Ovi and Z7 (wig; i, 0) = 0Z (wig; i, 0) /O,
Noting that 4; (#) = arg min.,, W; (73, 6) , we have

|
OZTZZ(wit;ﬁ’i(e)ﬁ)

1 « 1

=7 ZZ (wit; i (0),0) + T ZHZ (0) Z7 (wir; ¥i (0) , 0) [7: (0) — i (0)]

t=1 t=1

where H; (0) = 2 27 Z% (w3 4: () ,0) and ; () lies between 7; (6) and ~; (A) elementwise. Then

11

T
3i(0°) = 7i(6°) = — 7 2 Z (i 1(6°),6°)
t:l
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provided that H;(6°) is asymptotically nonsingular. Let H; = H;(6°), H; = T ZtT:1 Zi (wig; v (0Y),60°),
and H; = B(H;). Under Assumption Al, we can readily show that

max ||H; — H;|| < max | H; — Hy|| + max, |H; — Hy|| = op (1),
1<i<N

which implies that )\min(I:Ii) = Amin(H;) + op (1) uniformly in i. Consequently, we have

T
Z Wity FY? 00)

1<i<N

N -1
; \% 00 — 74 .90)” < | min Ayin(H;) + op (1)} NTZ ;

=0p (1) Op(T™) = Op(T7Y),

where we use the fact that E[Z (wi;7;(6°),0°)] = 0 and that E|| Ethl Z(wi;7:(0°),0°)% = O(T) by a
simple application of the Davydov inequality under Assumption Al (e.g., Hall and Heyde (1980, p. 278)). B

Lemma A.3. Suppose that Assumption A1 holds. Then P(||6 — 6°| >n) = o(N~1).

Proof: Noting that § = argming Qn7(0), we have Qn7(0) < Qnr(6°). By Assumption Al(iv), there
exists a constant e > 0 such that infg.j9_go|>, & Zfil [U; (7: (0),60) — ;(7:(6°),6°)] > €. Define
1<i<N (s 9)

} , and
Ay = {sup }
€O

1 -
~ Z (¥ (%: (6),0) — Wi (7: (0) . 0)]
i=1
By Lemma A.2(i) and (iii)—(iv) and Assumption A1(ii), P (A; N A3) > 1— P(A§) — P(A§) =1—0o(N~1).
Then conditional on A; N As, we have

Al = { max sup |\I/ (7179) - \Ijl (77479)‘ <

CD\'—‘

<

O:\»—A

N

- E E — —€

0: ||a eﬂu>n a |\9 90\|>n 6
N

1
> _ e _ _
T T 6"
N
1 1 1
>7Z (. (00Y pO s 1
= Nizlqu (0:(69, 0) + e = Ge— e
N
1 1 1 1
> E W, (7:(0°).90) — = — Le—_
“N & (3:(07),0%) — Ge+e—gem g
N
1 - 1 1 1 1
> Ni; (9:(6%),6°) 5 6e+e 5€ 5
1Y 1
= N E v, (’%‘(90)790) + €
i=1
On the other hand, & >N ¥;(5,(0),0) < L SN ¥;(5,(6°),6°). It follows that P(||§ — 6°] > n) =

olN71). m

To state and prove the next lemma, we follow Hahn and Newey (2004) and SSPb and introduce
some notation. Let F; and Fi denote the cumulative and empirical distribution functions of w;;, re-
spectively. Let F;(e) = F; + eV/T(F; — F,) for e € [0,77'/?]. For fixed 0 and €, let ; (0, F;i (c)) =
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argmin,, [ (-;7;,0) dF; (), which is the solution to the estimating equation

NZ/ 5% (0, F1(6)),0)dF: (6)

Define 7! (¢) = 9v; (0, F; (¢)) /00T . Apparently, F; (0) = F;, F; (T‘1/2) = [, ~i (0) = v (0, F; (0)), 7:(0) =

. . . = . . —-1/2
Yi (0, Fy(T~1/2)), 6g;<f> = 3%<gé§<0>> = ~9(0), and 3;;,@ = Wﬂgg )= 49(T=1/2). We study the

properties of v;(6, Fi(€)) and ¢ (e) in the next lemma.

Lemma A.4. Suppose that Assumption A1 holds. Then
(i) P (maxi<i<y maxoc.<p-1/2 |7 (0, F; (€)) — 7 (0) [| = ) = o(N~1) for any n > 0,
(i) maxy <;< N, jl9—g0||=o(1) |7i (0) — 7 (6°)|| = 0 (1),
(iii) P (maxy<i<n,|o—oo|=o(1) |7i (0) = %:(0°)]| = n) = o(N~1) for any n >0,
(iv) P (max, cjen maxgzecr-v | 2GR — 20 > ) = of

0 (0 9v;
(v) maXj<;<N,||§—60||=o(1) | gg(r) Z)Q(T )| =o(1),

~ (0
(vii) P (max1<l<N 16—6°||=o(1) 80T) SVE;TQ)H > 7]) =o(N~1Y) for any n > 0.

N~=Y) for anyn > 0,

Proof: The proofs of (i)—(iii) parallel those of Lemma S1.8(i)—(iii) in SSPb and thus are omitted. Similarly,
the proofs of (iv)—(vi) parallel those of Lemma S1.9(i)—(iii) in SSPb. W

B Proof of the main results

Proof of Theorem 3.1: (i) Noting that § = argming Q y7(6), by the second order Taylor expansion and
the envelope theorem, we have

0> Qnr(0) — Qnr(0 i_v: [ ), 0) i(%(eo)ﬁo)}

—_

=55+ 5TH(5)5 5 Auin (H (@) 3117 = 1151/ - 18]

l\D

where 6 = 6 — 6°, 6 lies between 6 and ° elementwise, S = ﬁ Zivzl ZtT:l Z(wis;7:(0°),6°), and

H(0) = % ;Z [ (wit; %: (0) 5 0) + 27 (wit; % (0) 79)821'0&9)] '

It follows that ||0]| < 2[Amin(H (#))]~1||S]|. For S, we have

N T
. 1 1
§= 57 2. 2 Zwiei(6°),6%) +—ZZ (wits 3(0°), 6°) = Z(wie; 7:(6),6%)] = Sy + S, say.

i=1 t=1 i=1 t=1

Noting that E(S;) = 0 and Var(S;) = O((NT)™'), we have S; = Op((NT)~'/2). For Sy, we have by the
Cauchy-Schwarz and Markov inequalities, Assumption A1(iv), and Lemma A.2(v)

A

N T
1 , - .
192 < WZZ 127 (wie; 3 (0) , O)|| - [17:(8°) — 7:(6°)
i=1 t=1
1/2

| NI
WZZM(“’”)

1/2 L X
[NZ [7:(6°) 70"
=1 t=1 i=1

=O0p (1) Op(T™Y?) = 0p(T™Y/?).
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Then § = Op(T~1/?).
To study H(G) recall H( ) = NT ZZ 1 Zt 1z O (wig; i (0),0)+ 27 (wig; v (0) ,0) 8‘%@] and let H(6) =
E[H (0)]. Then by the triangle inequality

1 () — H(6°)| < || H(6) — H(6%)|| + | H(6°) — H(E°)| + | H (6°) — H(6)].

Following the proof of Lemma S1.10 in SSPb, we can readily apply Assumption Al and the results in

Lemmas A.3-A .4 to show that each term on the right hand of the last expression is op(1). Consequently we

have Ain (H(6)) = Amin(H (6°)) — 0p(1) and [|§ = 6°]| = [|3]] < 2[Amin (H(6°)) — 0p(1)]7*[|5]| = Op(T~1/2).
(ii) Noting that 4; = 4;(f) where ;(4) = arg min,, ¥;(v;,6), we have

0= \ill('%vé) - Vza 1 Z [ wltv’yl ) é) - @(wit;’ygvé)}

t:l

1 o
=0, S; + §biTHi,oe(’%79)bi +0p(T7Y?),

where b; = Fi — 7Y, i lies between 7; and 79 elementwise, 0 lies between 6 and 6° elementwise, § — 00 =
Op(T~1/2) from (i) above, S; = T ZtT:1 Z(wig;~?2,0%), and

07 ()
o007

Hz 60 '717 Z |: wzta'yzv )+ Zm (wit3’7i79)

It follows that [|b;]| < 2[Amin(Hie6 (i, 0))] 7 1Si] + Op(T~1/2). As in the proof of Lemma A.2(v), we can
readily show that S, = Op(T~'/?) and Amin (Hi,00 (i, é)) = Amin(Hi,00(0°)) +0p(1) uniformly in i. It follows
that
1% =) = [bi]| = Op(T~Y/?).

(ili) By Lemma A.1, maxi<i<y ||Si|| = Op(T~1/? (InT)?). This, in conjunction with the fact that
Amin (Hi 00 (Fis é)) = Amin(H; 96(6°)) +0p (1) uniformly in i, implies that max; |7 —1?|| = Op(T~/? (In T)S)

(iv) 25N 115 =2 < 4lmini<icn Amin(Hig0(%6,0)] 2% SN (19512 = Op(T~) by the uniform
consistency of H; gg and the fact that + Zf\il [Sil? = Op(T~1). M

Proof of Theorem 3.2: Let u; = ﬁl — B8Y. By Theorem 3.1, u; = OP(T*I/Q) and maxi<;<n |[u;| =
Op(T~'?(InT)?). Without loss of generality (W.l.o.g.), we focus on the proof of the theorem when K° = 3
and then remark on the other cases. By ranking the preliminary estimates {Bl} according to their jth
elements, we have
Bry(1)g < Bry2)j < < Brywyg for j=1,...,p, (B.1)

where {m;(1),...,7;(N)} is a permutation of {1,2,..., N} that is implicitly determined by the ranking
relation in (B.1).

Let ak denote the true group-specific parameter value for Group k£ and Oék the jth element of ag for
j=1,...,pand k=1,...,K". For each regressor j, it falls into the three cases below:

Case 1: of ; <aj; <af,,af; <ay;<af, orad;<al; <aj,andsoon W.lo.g., we will consider
the subcase where a(l)yj < ag,j < agyj as the other subcases can be done through the relabeling of the
group numbers.

Case 2: oz(l)yj = ag’j < ag,j, oz(l)yj < ag’j = agﬁj, ozgyj = ag’j < a?’j, ag,j < agyj = a(l)’j, agﬁj = oz(fyj < ag’j,
or ozg’j < a%j = agvj. W.lo.g., we will analyze the subcase where oz(l)yj = a%j < agyj as similar
analysis applies to the subcase where a(l), ;< ag’ = ag ; and the other subcases through relabeling of
the group numbers. Note that when of ; = af ;, Groups 1 and 2 members are mixed in the ranking
relation in (B.1) according to the jth regressor.
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Case 3: oz(l)’j = ozgyj = ag,j. In this case, by using the ranking relation (B.1) we cannot separate any group

from the others based on the jth regressor.

Let S; denote the collection of the regressor indices such that the conditions in Case [ are satisfied for
1 =1,2,3. Apparently, S; US; US; = {1,2,...,p} and § NSy = 0 for I #1’. Assumption A.2(i) ensures
that S U S must be nonempty.

Let j, = argmax, <<, V1 n(j) where Vi y(j) = ‘71(),N(j)/5%,N(j)- Apparently, 57 (j) is bounded away
from zero in probability for each j. By Theorem 3.1, the sample variance of {3; j,i = 1,..., N} converges
to a positive constant c;, say, for any j € S; U Sz, whereas that of {Bi_j/,z’ =1,...,N}is O(T™1) for any
j' € S3. As aresult, P (j; € S US2) — 1 and index 7; is chosen to estimate the break points in the whole
sample S1 v () = {Bﬁj(l)’j,ﬁﬂj(z)’j, . ,Bﬂj(N)’j} in the first step of the SBSA for some j € S; U Sy such
that 7; = j. We will show no matter whether j is in §; or Sa, we can always identify one break point in
Si,nv (j) wp.a.l

The second break point can be identified by choosing j € &; or j € §1 U Sy depending on whether the
break point {N7 + Ny} or {N;} is identified in the first step. For example, if in the first step we rely on
some j € S; to identify the break point {7} that distinguishes the first group from the rest two groups,
then in the second step, we may rely on an element j from either §; or Sy to identify the second break
point {N7 + N>} that separates the second group from the third group. On the other hand, if the break
point { Ny + Ny} is identified in the first step to separate the third group from the rest two groups, then in
the second step, we can only rely on some j € S; to identify the break point {/N;} to separate the first and
second groups. In this second case, we will show that P(; = N1+ No) — 1 as (N, T) — oo, which implies
that w.p.a.l j» = argmaxi<;j<p[Vim () + Vi 11n (4)] = argmaxlgggp[vl,NﬁNz () + Ve nor1.v (5)]-
Since the segment Sy, +n,+1,n8 (§) does not contain any break point, Vi, +n,+1.8 (4) = Op (Tﬁl) for any
j€{1,2,...,p} by Theorem 3.1. But V; n, ¢, (j) is bounded away from zero in probability for any j € S
and Op (T‘l) for any j € Sy USs. As a result, P (js € S;) — 1 as (N,T) — oo. Our choice of selecting
jx—1 in the SBSA ensures that such an argument continues to hold when we have K° > 3 groups as long
as the K groups are separable from each other as required explicitly in Assumption A2(i).

Below, we prove that when either Case 1 or Case 2 applies (i.e., j1 € 81 or j; € Sa), we can successfully
identify one break point in the first step of the SBSA. After one break point is identified in the first step,
we can also identify the second break point in the second step no matter whether jo € S1 or j, € Ss.

Case 1: j; € S;. Based on the ranking relation in (B.1) and the fact that maxi<;<n ||u;|| = op(1), we
have the following homogeneity property

af if1<i< Ny,
ng(i): o) if Ny+1<i<N;+N,, forany j€ S
ay f Ny+Ny+1<i<N,

Fix j € 81 and 7 (j) = argmin, ,, . v S1,5(j,m). We consider three subcases:

Case la: —"—(af ;-0 ;)* > ——(af ;—af ;)?, ensuring P (S1 n(j, N1 + N2) — S1,n(j, N1) > 0) — 1.7

T1+7T2 T2+T3

Case 1b: T (af j—af ;)? > o (a8 ; — 3 ;)?, ensuring P (S1 n(j, N1 + N2) — S1,n(j, N1) <0) — 1.
Case 1c: 71::72 (04(1)7]4 o ag,j)Q - 7'2?7'3 (ag,j a agvj)Q'

W.lo.g., we focus on Case la and will show that P(rn1(j) = N1) — 1 as (N,T) — oo by proving that
(i) P(mi(j) < Ni) — 0; (i) P(N1 < 1a(j) < N1+ N2) — 0; (iil) P(N1 + N2 < 71(j) < N) — 0 as

5 el .
’The condition can also be written as —2—(a? ; — a3 ;)* >

T1+T2
(1997).

1—71—72
1—71

(a9 ; —af ;)?, similar to equation (6) in Bai
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(N,T) — oo. Then by mere symmetry, we can show that P(1ny(j) = Ny + Na) — 1 as (N,T) — oo in
Case 1b, and by arguments similar to those used in the proof of Lemma 7 in Bai (1997), we can show that
P(my (j) = N1) = P(mq (j) = N1 + N2) = <. In each subcase, we can identify one break point {N;} or
{N1 + N3} in the first step of the SBSA.

We first show (i). When m < Nj, the average of BU over the two binary segments are
N1 —m N2 0 N3

N —m O[Lj + 7]\[ — ma2’j + N — mag’j + ﬂm+1,N(j)a

Bl,m(j) - Of(l])j + 'U/l,m(j) and Berl,N(j) =

_ . N . =
\yhere U (j) = m™ 130" L Uni (i), and Umy1 N(F) = (N —m)~ 1 Zi:7n+1 Ur, (i),j- Noting that B (i) ; —
B1.m(J) = Uz, (i),j — U1,m(j) when m < Ny, we have

Z‘ﬁﬂ'ﬂ()d 51m Z|Uﬂ-3( ).d ulm Z‘Uﬂj( 7j| —m|u1 m( )| .

Similarly, noting that

A1m + U, (i), — Ums1,N () ifm+1 <0 <Ny,
ﬁﬂj(i),j - Bm+1,N(j) = 9§ Gom + Ur;(i),g — ﬂm+1,N(j) fN+1<i< N+ No,

azm + Ur, (i), — Um+1,N(F) N1+ Na+1<i<N,
where a1, = (N — m)*l[NQ(a(l)’j — ag’j) + Ng(a?’j - ag!j)], agm = (N —m) (N — m)(a%j - oz(l)’j) +
N3(ah ;—a§ ;)] agm = (N —m) ' [(Ny—m)(a3 ; —af ;) + No(a3 ; — a3 ;)], and we suppress the dependence
of aym, asm and as,, on j, we have

N
> Bryrd — Brnsry G2 = (Vi = m)|asm[® + Nelazm[* + Naazn|?
1=m-+1
Ni+N2
+ 2a1m Z Un,(i),j — Um+1,n (J)] + 2a2m Z Un,(i),j — Um+1,N ()]
i=m-+1 1=N1+1
N N
+ 2a3m Z [Ure;(i).5 — Umt1,8(F)] + Z |Un; (i), — Uy 1,v (5)]7.
i=N1+No+1 i=m+1

It follows that S1.n(j,m) = {30 [Br;1).5 — Brum () 1P + i i1 B (i) — Bmsrn (5) 12} = Myj(m) +
r1;(m), where M;;(m) = J\h];m|alm|2 + %|agm|2 + %|a3m|2, and

N
r15(m Z Ur; (i), — U1,m(J I+ Z Un; (i), — ﬁmﬂ,N(j)\Q
i=m-+1
2, Ni Ni1+Na2
m — . — .
TN Z [Ur; (i), — Umt1,8 (F)] + Z [Ur;(5),5 — Wmt1,8(F)]
i=m+1 i=Np+1
2a N
3m _ .
+— Yo [uey ) — e, N ()]
i=N1+N2+1

2a9m

Noting that a1, aam, and agy,, are O(1) uniformly in m < Nj, we can readily apply Theorem 3.1(iii) and
show that r1;(m) = Op(T~/2(InT)?) uniformly in m < N;. Now, observe that Sy n(j,m) — S1,n5(j, N1) =
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[My;(m) — My;(N1)] + [r1;(m) — r1;(N7)]. By straightforward but tedious calculations, we can show that

AMlj(m) = Mlj(m) — Mlj(Nl)

Ny — ]
N —m/N)(1— Ni/N)
= pimn for all m < Ny,

2

- N> (@), —ah )+ <1 TN (a3, — a3;)

where p1,ny = (N1 —m)/N, and ay < by denotes that both an /by and by/an converge to a positive
number as N — oo. Note that imy_co p1mny € [0,71] for each m < Nj. Specifically, g1,y — 71 if
m = o(Ny), — 0 if Ny —m = o(N7), and converges to a number on the interval (0,7;) otherwise under
Assumption A.2(ii). Note that

le(m) - 711] Nl [Z ‘uﬂ'7( ).d Uy m Z |u‘rr](z — Uy Nl( )|2‘|

N N
1 _ ) _ .
+ N Z |U7rj(z‘),j - Um+1,N(J)|2 - Z \ij(z‘),j - UN1+1,N(J)|2]
i=m+1 i=N;+1
N
2a1m - _
N [Un;(6),5 — Um+1,N(F)]
1=m-+1
9 N14+N, N1+Ns
ty {a2m > Tmyiyg — UG = aany D [y — ﬁN1+1,N(j)]}
i=N1+1 i=N1+1
9 N N
+ N {a3m Z [uﬂ'j (i), — ram-l-l,N(j)] — asn, Z [U"n'j(i),j - uNp&-l,N(j)]}
i=N1+N2+1 i=N1+N2+1

= Il,m + IQ,m + 2I3,m + 2.[477” + 215,m; say.

By Theorem 3.1, the fact that ji1,,ny > 1/N for any m < N; and that @1 n, (§) —1,m(J) = N% Zf\[:ll U, (3),5 —

L Uy (i) = — = PR L o ], we can readily show that uniformly in

m Ny i=1 u”a( ).d = Ni—m i=m-+1 uﬂ';( ),J
m < Np
Ny
1 1 ~ ) B .
Lon =5 2 lum@al® + 57 Nt G) = mltm()?]
i=m-+1
Ny
1 Ni—m _ . m._ o o o .
=% 2 lumsl + =5 lmm G + 508 (0) = Gam ()] - (81,5, (7) + T, ()]
i=m-+1
Ny
N1 —m —1 _ .
TN {N —m D lumyosl* + 1w ()
1 i=m-+1
1 1 N
- <Nl ;“’WW T Ni—-m i_;l%(m) (1,3, (7) + ul,m(])]}

= H1mN OP(Til(lnT)G) = OP(IJ"’”N)'

.. . _ . _ . N N Ny{—
Similarly, noting that @n, 1,5 (7) = Gmt1,8 () = Fowr 2oimn, 1 U (1) — N Doimmat Uy () = N X
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1 N 1 Ny .
[N 2imma1 Yj(i)d — Ni—m 2ui=m+1 Ur; (i),j], We have

N1

1 1 B ’ ) ‘
Iym = N Z |u7rj(i),j|2 + N [(N — Ny) N, +1,.8 ()12 — (N — m)\um+1?N(])|2]
i=m+1
Ny
1 Ny—m. _ .
=5 2 lunal = = ()

1=m-+1
N —N;

+—x [on+n (9) = U N ()] - [any 41,8 (5) + g, v ()]

Nl—m 1 N 2 B N
=5 |7 =m 2 sl = fEmen ()l

i=m-+1
N Ny
Nl —m 1 1 _ . _ .
Y (N—m _ D (i~ N —m > uﬁ(l')u‘) [any 1,8 () + Tmtr,n (7))
i=m+1 i=m+1
= pumn - Op(T~H(InT)%) = op(pi1mn), and
Ny
Ni—m A1m _ .
Lym = —F— X N —m > [ty )5 — Tmr1,n ()]
i=m-+1

= pimn - Op(T7*(InT)%) = 0p(p1mn)-

For I, ,,, noting that

N1 —m N3 N3 0 0
|lazm — azn, | = N —m (ag,j - 04(1),]‘) + (N “m N-M (g ; — a3 ;)
Nl —-m N NS
-~ v (agd a?J)+N—N (ag)j az,j) = O(u1mn) for all m < Ny,
we have
a Ni1+Na AN N1+Na2
2m _ . _ .
Tym = N Z [uﬂ'j(i),j — Um+1,n(J)] — Nl ' Z [Uﬂj(z‘),j — Uny+1,n ()]
1=N1+1 i=N1+1
N1+Na
1 B . Noaon, . . _ .
= (azm — azm) > ttmy ), — Umsr.n (4)] — N mt1n(7) — tnan ()]
1=N1+1
1 N1+Na
= (az2m — azn,) N D [ty — Ut n ()]
1=N1+1
N N1
N2a2N1 1 1
+ HimN N_N, |N-m 2-7%;1 U (i), N, —m i:;l U (i),

= timn - Op(N"*(InT)?) + piin - Op(N~*(InT)?) = 0p (pamn)-

Similarly, noting that

Nl —m N2 NQ 0 0
|azm — asn, | = N_—m (ag,j - 04(1),3‘) =+ (N “m N-M (g —ay ;)
N1 —m N N2
= N m (Oé%j Oé?,]) N — Nl (Oég,j OéQJ) = O(,UJ"LN) for all m < Nl,
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we can show that

N N

a3m - . asN _ .
Ism = N Z [Wr; (i),5 — Um+1,v ()] — Tl Z [tr; (i), — UNy+1,8 ()]
i=N1+N2+1 i=N1+N2+1
N
1 _ a1, Naasng N :
= (a3m — asn) > [tmyiyg — mean ()] + N @1 (F) — Ut (9)]
i=N1+N2+1
N Ny
Nsa 1 1

— —-1/2 3 3U3N;
= tmn - Op(T ! (InT)7) + 'ulmNN — Ny |[N—-m F%;.lum(i)’j - m if;-lum( 7

= fiimn - Op(T72(InT)?) + pimn - Op(T~2(InT)?) = op (p1mn).-
Thus 71,;(m) — r1;(N1) = op(f1mn) uniformly in m < Ny and

P(ﬁll (]) < Nl) < P(Em < Nl,SLN(j, m) — Sl,N(j,Nl) < 0)
= P(3Im < N1, AM;(m) + [r1(m) —r1(N1)] < 0) — 0

as (N,T) — oco. Then (i) follows.

We now study case (ii). Noting that when Ny <m < Ny+ No, Bim(4) = &a? + mle oz%j +a1.m(J),

and B n(j) = %ag’j + 2o a3 j + Umy1,n (7). Tt follows that for i =1,...,m,
= = . bim + U, (i — U1,m(j) if m;(i) € GY,
5ﬂj(i),j—51m():{ (07 N . j. (1)
bam + Un; (i), — Um+1,n(F) if 7;(i) € Gy,
where by, = 2= (af ; —af ;) and by, = %(agj af ;). So for the left segment, we have
Z |B7rj(i) — Bim( Z Wm( )i — BLm()PF + Z ‘Bﬂj(i),j = Brm()I?
i=1 i=N1+1
Ny
= N [bunl* + (m = N1) bz + 251 Y[ty 31,5 = an (5)]
i=1
+ 2baim Z [uﬂj(l) — U m )]+ Z ‘UT(J ()5 — U1 m( )|2
i=N1+1
Similarly for i =m +1,..., N, we have

bsm + U, (i),j — Gms1,n(j)  if m;(i) € GY,
b4m + Ur;(i),g — ﬂm-‘rl,N(j) if Uy (Z) € Gg7

Bri(iyj — Brma1,n () = {

where b3, = NN%m(agj — agj) and by, = W(o@] aQJ) Note that by, bam, b3m, and by, are

each O(1) uniformly in m € {N7 +1,..., N1 + Nao}. Then for the right segment, we get

N B B Ni+N2
> 1By, — Broprn ()P = (N1 + No = m)[bsm|* + Nalbam|® + 2bsm > [t (i),5 — Gt 1,5 ()]
1=m-+1 i=m-+1
N N
+2um > [umyyg — BN D]+ Y [t i) — B ()]
i=Ni1+Na+1 1=m-+1
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Combining the above expressions yields Sy n(j,m) = Ma;(m) + ro;(m), where My;(m) = 3 |by,|* +

N
Lijl \bzm|2 +W|b3m\2 + %|b4m|2, and
2 1 a _ N2
ra5(m Z U (i), — B1m (D) + N Z |tr; (i), — U1, (F)]
i=m-+1
2b1,, M _ . 2b2:m, - _ .
D lumy )5 — Tm ()] + D [uny — ()]
=1 i=Ni+1
Ni1+Na N
2b3m ) 2b4m, _ .
D7 [t iy, — Gt (§)] + N S ey i)y — Ui ()]
i=m+1 i=N1+N2+1

Now for m € {N1 +1,...,N1 + NQ}, we have Sl,N(ja m) - Sl,N(j7 Ny + Ng) = [ng(m) - sz(Nl + NQ)] +
[roj(m) — 79;(N1 + N2)], where a rough uniform bound for rq;(m) — r2;(Ny) is Op(T~/2(InT)3) by The-
orem 3.1. Note that b1y, = 0, we have

AMsj(m) = Maj(m) — Maj(N1)

N m— N Ni+ Ny —m N. N- N.

= [ml* + = ol + = [bsm? o S bam? = s, [ = 7 bam, |7
m—Ni [N, 0 \2 N?? 0 0 \2

= N [m(al,j _a2,j) - (N —N1) (N —m) (042,3' _a3,j)

m — N1 N1+ No Ny 0 0 \2 N3 0 0 \2
> N o N+ N, (a1 —ag ;)" — N-N; (ag; — a3 ;)

Ny + No 51
[ (a9, —al ) (a2, - agﬂ [+ o(1)]

m
< figmy uniformly in m € {Ny +1,..., Ny + No},

73

= U2mN

T+ T2 To + T3

where the inequality follows from the fact that N3 <1< % for all m € {Ny +1,..., Ny + Ny},
HomN = NNla :}7-2 (a%j - ag,j)2 - 7-210’7-3 (ag,] - 053 j) >0
in Case la. Following the analysis of q,(m) — r1;(N1), we can show that ro;(m) — 72;(N1) = op(pomn)

uniformly in m € {N; +1,..., Ny + No}. It follows that as (N,T) — oo, for any j € So we must have
P(Nl <mi; < Ny + NQ) = P(Hm € {Nl +1,.. .,Nl + NQ} s.t. SLN(j,m) — Sl,N(ja Nl) < 0) — 0.

Analogously, we can show (iii). It follows that P(mi(j) = N1) — 1 as (N,T) — oo in Case la. In other
words, by using the ranking relation (B.1) based on regressor j; = j € 81, we could find the right break
point w.p.a.1l. in the first round of the SBSA. For the ease of presentation, we continue to use j € S; to
represent j1. Given the first identified break point being { N7} in Case la, we have

. 1 . N . _ NE
Si,n(j, N1) = N > )ﬂw_,-(i),j - Bim (])‘ + Y ‘ﬂwj(i),j — Bny+1,n ()
1<i<N, N H1<i<N
1 Ny ol Ny | Ny ol _ N3 ey ’
N[ 202~ N N T W | P T TN T G
+op (1)
]. N2N3 0 P T2T3
NN N, |a ,a31| +0p(1)ﬂ7_2+7 23,5 = A1,

where ¢, = |9 4 —al 4 |2. Now we have two segmentations with one containing elements in Group 1 and

the other containing elements in Groups 2 and 3 w.p.a.1. That is,

P (él(g) ={m(1),...,m(N1)}, G2(2) = {m;(N1 +1),... ,ﬂj(N)}> — 1L
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In the second step, we repeat the iterative algorithm on G (2) and G2(2). When 7; € Sy and {N, } is iden-
tified in the first step w.p.a.1, 72 can belong to either S; or S3. We show that no matter which value 7> takes
in 81 U8, we can identify the second break point { N7 + N3} w.p.a.1. For the binary segments over Gg(?),
following similar arguments leading to P(7h1(j) = N1) — 1 as (N,T) — oo, we can show that P(rhy(j) =
Nz) — 1 for any j € S; USs (and thus also for j2) where 12 (j) = arg min, <,  n, 4 Ny SN, +1,5(j,m). Then
G2(2) is divided into two sub-segments Ga1(2) and Ga2(2) such that

P (Ga1(2) = {ms(N1 + 1), m (N1 + M)}, Gaa(2) = {5 (Ny + N + 1),y (N)}) = 1.
Furthermore, we can show that by using arguments used in the proof of Theorem 3.1

1 - _ - _
¥ | 2 P Baw @) + X (B Bene G)] + X

i€eG1(2) i€Ga1(2) i€Gaz(2)

2 2 ~ _ ) 2 B
| | B = Baa )| | =0p(T™),

where Bél(Q) () = \G171(2)| ZiEGI(Q) Bi,j, and 5621(2) (j) and 6622(2) (j) are similarly defined. In contrast, for
any binary segments {G11 (2),G12(2)} over G (2), we can show that

1 - NE . NE N
| X (B Ben 0] + X B Benm O] + X [ = Baue ()] | = Ari+or(),
i€é11(2) i€é12(2) i€é2(2)
because
- 1 N ’
o L 0 _ 0
Ay = J\}E,noo N Z ﬁﬂj(i)d N— N, Z Bﬂ'(i’)’j
i=N1+1 i'=N1+1
) 1 N, N3 ? N, N3 ?
— lim — (N0 - 22 o0 Y8 o0 Nala? . - 22 o0 8 o0
NN ( 21925 T N, TN, 2 T Ny N | T T N N2 T N, F N3
ERT 1 N2N3 0 0 2 _ T2T3 0
SN NN, N @25 =" = 2 > 0

Then based on our SBSA, N; + Ny will be identified as the second break point.

In sum, if j; € S; and Case 1la is in effect, we have shown {N;} is identified in the first step, and no
matter what value js takes in S; USs, we can identify the second break point { N7 + N»} in the second step.
This results 3 groups with G (3) = {G1 (2), Ga1 (2), G22 (2)} such that P(G (3) = G°) — 1 as (N, T) — oo.

Analogously, when j; € S; and Case 1b is in effect, we can show that { N7 + N} is identified in the first
step and as mentioned above, in the second step our algorithm ensures that j» € S; and {N;} is identified
w.p.a.l. When 7; € §; and Case 1c is in effect, we can follow Bai (1997) and show that each of {N;} and
{N7 + N3} can be identified in the first step with probability %, and the other point will be identified in the
second step w.p.a.l.

Since K° = 3 is known, the algorithm stops here and the proof in Case 1 is completed.

Case 2: j; € S;. W.l.o.g., we consider a?’j = ag,j < ag’j for 71 = j € S3. In this case, it is impossible
to distinguish elements from Group 1 from those from Group 2 according to the regressor-j-based ranking
relation in (B.1). Now based on (B.1) and the fact that max;<;<y ||u;]| = Op(T~/2(InT)3), we have the
following homogeneity property

5]

0 . a%j:ag‘ ].SZSNl-l-NQ,
Otg- Ni+No+1<7<N.
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Recall that m; = argmin; <,y S1,n (4, m) where we suppress the dependence of 77 on j. As in Case 1,
we want to show as (N,T) — oo, P(1hy = N1 + Na) — 1 for any j € Sy by showing that (i1) P(h; <
N7 + N3) — 0 and (i2) P(m; > N1 + Ny) — 0.

First, we consider the case where m < Ny 4+ Ny. Note that 1, (j) = af ; + t1,m(j) and Bpi1n(j) =
Wa%j + %agd + Upmt1,n (7). It follows that for ¢ = 1,...,m, Bﬁj(i)’j — Bim(j) = Ur,(i),j —
Um41,N (]) ; and

m m

Z \Bwj(i),j = Bim()? = Z [Un; (i),5 — U1,m ()%
; i=1

=1

Similarly for i =m +1,..., N, we have

- — . Clm +U7-rr i), am+1,N(j) lf’]'['(z) c GO U GO,
ﬁ”]’(’i)yj - ﬁm{»l,N(]) = { OB j 0 9

Cam + Un(i),5 — Gmr1,N (7)) if (i) € G,

where c1,, = NNfin(O‘%j - ag,]—) and ca; = M%W(ag’j — a?’j). Note that ¢y, and ¢y, are each O (1)
uniformly in m < N7 + Ns. Then
N ~ N1+Na2
Z |Br; i), — Bmt1,8(G))? = (N1 + No — m)|cim|® + Na|eam|* + 2c1m, Z [Ur,(i),j — Umt1,n8(F)]
i=m+1 i=m+1
N N
+ 2com Z [Ur;(i),5 — Umt1,8(F)] + Z [t 31,5 — 1,3 (5)]7-
i=N1+Nao+1 i=m-+1

Combining the expressions above yields S,y (j,m) = Mz;(m) + r3;(m), where Ms;(m) = Mtle=m|c, (24
519, |?, and

m N
1 _ . 1 _ .
r3;(m) = N Z |u7rj(i),j - U17m(3)|2 + N Z |u7rj(i),j - Um+1,N(J)|2

=1 i=m-+1

21y N> 2c N
1m _ . 2m _ .
N Z [u‘n'j(i),j = Um1,8(J)] + N Z [uﬂj(i),j — Um+1,8(F)]-

i=m+1 i=N1+Ny+1

NOW fOI‘ m < N1 —+ NQ, we have SLN(j,m) — Sl,N(j7N1 —+ Ng) = [ng(m) — ng(Nl +N2)] + [ng(m) —
r3;(N1 + Na)]. Noting that ¢ n,+n, = 0, we have

Ni+ Ny —m N-
AMs;(m) = Msj(m) — Ms;(Ny + Np) = %mmﬁ + WL°’|c2m|2
_ | Mt No—m [ Ny LNy (N4 Ny —m)? (@0 —al )2
N N—-—m N N —m 1,5 3,J

N3 (N1i+ Ny —m) 02 _
= N (N —m) (a1,j_043,j) = H3mN,

where p3,,n = (N1 + No — m)/N. Following the analysis of r1;(m) — 71,;(IN1), we can show that rs;(m) —
r3;(N1 4+ N2) = op (i3mn) uniformly in m < Ny + Ny. It follows that as (N,T) — oo, for any j € Sy we
must have

P(ml < Ny + NQ) = P(Elm < Ny + Ny s.t. Sl,N(ja m) — Sl,N(ja Ny + NQ) < 0) — 0. (BQ)
By mere symmetry, we can prove that as (N,T) — oo,

Py > Ny + Ny) = P(3m > Ny + Ns s.t. SLN(]',’ITL) — Sl,N(j7 Ny +N2) < 0) — 0. (B3)
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Combining (B.2) and (B.3), we have as (N,T) — oo, P(m1 (j) = N1 + N2) — 1 and
P (él (2) = {m;(1),...,m;(Ny + No)} and Gy (2) = {m; (N1 + No + 1), ... ,Wj(N)}) — 1.

Recall here regressor j is a representative element in set Ss.

The above proof applies when 7; € S3. In the second step, our algorithm ensures 72 € S; because the
segment S1 n,+n, (j) contains no break point for any j € S;. Following the analysis in Case la, we can
readily show that for any j € S1, we can identify the second break point {N;} in the second step through
our SBSA. As a result, we have P (1h; = Ny + Ny, 7y = N1) — 1 and P(G (3) = G°) — 1 as (N,T) — co.
That is, we can identify all three groups w.p.a.1. This completes the proof of the theorem for the case
K% =3. When K° > 3, we need to deal with extra terms. But by similar arguments as that of Bai (1997)
and KLZ, the proof strategy is essentially the same and the two break points case doesn’t lose generality. H

Proof of Theorem 3.3: By Theorem 3.2 and Assumption A3,

2Qn7(B(K?), (KO)) Nr(B(K®), 0(K°)[1{G (K") = G°} + 1{G (K") # G°}]
nr(B(K?), 9( NG (K) =G} +op(1)
— og as (N,T) —

Then IC; (K°) = 2Qn7(B(K°),8(K°)) + pK° - pyp — 02 by Assumption A3(iii).
When 1 < K < K°, by Assumption A3(ii) we have
_ 3 4 ~2
ICl(K) = 2QNT(,3(K),0(K)) —|—pK PNT > 21<I[I{11<HK0 g(l}?) GQ(K) —|—pK *ONT

— 52 > 0f as (N, T) — oco.

So we have
P(K < K% =P(A1 < K < K°, IC;(K) < IC;(K°)) — 0 as (N,T) — oo. (B.4)

Next, we consider the case where K < K < K™%, By Theorem 3.2, the true group structure will
be identified w.p.a.1 when K is known. When K > K°, so we get a further unnecessary refinement
of the true group structure. Following the analysis of Lemma S1.14 in SSPb, we can readily show that

52 = Op(1). It follows that by Assumption A3(iii)

~2
TmaXK0<KSK1nax(Ug(K) (KO )

P(K > K% = P(3K° < K < K™ 10 (K) < IC;(K"))
=PEK°< K < KmaX,T(c}é( ) A2(KO)) > (K — K)Tpnr)

—0as (N,T) — oo. (B.5)

Combining (B.4) and (B.5), we have P(K = K°) — 1 as (N,T) — co. B

Proof of Theorem 3.4: Let Dyr = diag(v/NiT1,,...,/NgoTl,, VNTI,), Ext = {G(K) = G°}, Enr =
DNT((&l —&?)T,...,(@Ko _a([)(O)Ta(H_GO)T)Ta and E}{VT :DNT((&T_O‘ ) ( ;{ _aKO) (0*

6°)")T. Then P(Ext) — 1 as (N,T) — oo by Theorems 3.2 and 3.3 and

P(ENT S C) = P(ENT € C and ENT) +P(ENT € C and E]CVT)
=P(ENreC)+o0(1),

where ES;, denote the complement of Ey7 and C C RE ’p+a. That is, it suffices to consider the asymptotic
distribution of the oracle estimators a7, ..., 4%, and 6.
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Consider the minimization of the profile log-likelihood function in (2.10) with Q(f() being replaced by
G°. By the envelope theorem, the first order conditions with respect to ay and @ are respectively by

Z ZU (wir; &k, fis (&5, 0%),0%) = 0,51 for k=1,...,K° and (B.6)
ZGGO t=1
| NI o
N7 > W(wi; b, (6, 0%),0%) = 0gs1. (B.7)
i=1 t=1

By Taylor expansions, we have

ﬁll e 0 ﬁl& a7 — CY(1) NkT ZzGGO Zt 1 (thJ alnul(alv 90) 90)
o B : _ : ox aor | (B.8)
0 -+ Hgogo Hgop| | &0 — %o T ZzeGo S (wmam,m(awe ),0°)
N o o 5 0
Hoy -+ Hoo Hop o —9 NT >zt Zt=1 W (wit; Oék’ ,Ui(o%a 6°),6°)

where for k=1,...,K°,

y . y 1 X y
Hyp = —— Y Hipgp(dx, 0), Hyo =+~ ) Hipo(dr, 0),
i€GY ¥ i€GY,
1 1 o
Hyy = N;Hz op(ax, 0), HQHEN;H190(QIC,0)7

I:Ii,gg (ag, 0), I’:’iﬁg (ag,0), Hi,eﬁ (ag, 0), and Hi’ge (o, 0) are defined analogously to H; gg (5:,0) , H; po(8i,
), Hiop (B;,0), and H; g9 (B;,0) below (3.2) with p; (5;,0) being replaced by [i; (o, 8), ¢ lies between é&j
and af elementwise, and 0 lies between 6* and 6° elementwise. Following the analysis of Theorem 3.1, we
can show the consistency of &;, and 6*. With this result, we can follow the proof of Lemma S1.13 in SSPb
(see also the proof of Lemma A.2) and show that

Hyy = Hyg +0p(1), Hypg = Hyo +o0p(1), Hpp = Hop, +op(1), and Hgg = Hgg + op(1),

where, e.g., Hyp = N%c ZieGg E [Hipp (82,6°)], Hio, How, and Hpy are analogously defined.

Let Spnr = ﬁ 2ieqo Sl Ulwig o, (e, 0°),6°) for k = 1,...,K° and Sgnr = ﬁ PO
SO W wie; B9, 1(89,6°),6°). As in the proof of Lemma S1.12 in SSPb, we apply the second order Taylor
expansion to obtain

T
Senr = \/722 \/—ZZUZ; fii(0g,60%) — pd] + 2]1\[ ;git,U

€@y t=1 ieG) t=1 T ieGY
= SknTa + SkpNT,2 + SeNT 3, (B.9)
N T L, N L, N
Sont = 7,0°) — i) + 8
0 T Rt T 2 ) e 3y
= Sent,1 + SenT,2 + SonT,3, (B.10)
where [3;,0],; = [ (), 0°) = ud] U (wirs o, fii, 0°)[f1i(a, 0°) — pf1, [3ie,w]; = [ (87, 0°) — ud] T W[ (wi;

B, fui, 0°)[11:(B2,0°) — 1], UM (wir; ay, ,ul, ) denotes the second order partial derivatives of the jth element
of U (wyt; g, i, 0) with respect tO b4, W (wqt; Bi, i, 0) is similarly defined, and both fi; and fi; lie between
0:(89,6°) and 1Y elementwise.
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To study Sin7,3 and Sgnr,3, we consider the first order Taylor expansion:

N -
[M]=

0= V(wit;agvﬂi(agaeo)aao)

ﬁ
Il
-

T
Z wit;agaﬂi(a2790),00) [ﬂl(a2700) 7#’?] )

t t=1

I
Nl =
Mﬂ

where fi; (o, 6°) lies between fi;(a, 6°) and u?. Solving for 1;(af,0°) — u? and following the proof of Lemma
S1.12 in SSPb, we can show that

-1

1 & T 1 & Sz
[S’“NTvS]jZQ\/]W ZZ(TZ‘/“> (TZV#> Uit <TZVZ’§> (TZVn)-FOP(l)

ieG) t=1

T T
1 1 1
= Z Z V“) SzV Siv2,5S ;v ( Vit) +op (1), (B.11)
2/ N T iect ( T P T ;
1 N T (1T -1 L T -1 )
[Sont,s]; = QWZ;; ( ;Vn> (TZV#) Wit (T;V/f) <th_;‘/it> +op (1)
1 N T T .
= Z —— Z ‘/jbt) SZV SZW2 jSlV ( ‘/;t> + op (1) (B12)
2VNT i=1 (‘/T t=1 T tzzl

To study Sin7,2 and Sgnr,2, we need to consider the second order Taylor expansion:

0= V(wit;agaﬂi(agaao)vao)

M| =
M=

t=1

d 1
Z i, 0%) — ui] + T Bit, Vs
t=1 t=1

S| =
Mﬂ

t

where [8;¢,v]; = [f1i(al,6°) — uz] VI (wirs o, fii(f, 0°),0°) [fui(af, 0°) — uf] and fii(af, 6°) lies between
fi(af,0%) and p?. Then using Assumptlon Al and Lemma A.1, we can show that uniformly in 7,

LI -1 1 I L I
~ 0 0 0_ " .
ol 89) 4 = - (zvﬁ) {zm z}
T T 2T
1z -1 1 I L I
- <T ZV#) {T 2 Vit 57 st} +0p(T7*2(IT)°),
t=1 t=1 t=1
where [s;t,v]; = (% Zt 1 n)TSWlVZ’t”; v (F Et 1 Vit). With this expression, we can readily show that

-1
1 & 1 & 1 &
SenT,2 = \/— Z Z <T;V£> {th_:lvit + ﬂ,tz_;sn,v} +op (1)

1€G) t=1

= —SkNT_]Q ( ) - SkNT,Z (2) +op (1) ’

49



where

T T
1 1
Sknt,2 (1) = Z Z Ul ( Z Vﬁ) T Z Vit
W SE \Ts =
T 1 T
3 zswswlvw + e 3 S UL -BUHISH Y Vi
\/W €qy t=1 \/W i€GY t=1 ’ t=1
1 1 - -
n 3 Sw (Zm) — S D Vie+op (1)

v D >SSV S 2 LY U - BULISH Ve

eGO t=1 ZEG% s=1t=1
1 T T
s Z ZZSZUSZV ( 1t SlV)SZV‘/L€+0P (1)
NkTB e€GY s=1t=1

W > stslvlvw W > ZZUQSWMSHP( )

ieG) t=1 i€GY s=1t=1

and

1 T
Sknt2 (2) = 2\/72:ZU{§<T;VJ;> TZ”V QWZSUSNRWﬂpu)

GGOt 1

where [Riv]; = (J= Xoi_y Vir) TS5} Siva 3 St (g Loy Var)- Tt follows that

T T
SknT2 = W > ZSLUS”}Vn W DY ULS Vi

i€GY t=1 i€GYy s=1t=1
Siu SR, 1 B.13
QWZ vSiy' Riv +op (1). (B.13)
Similarly we have
N T | X oroT
Sent,2 = ZZ Siw St Vie — ~T3 ZZZWZS;‘}VZS
=1 t=1 1=1 s=1t=1
I ZN:SWS,*R»WJFOP(U (B.14)
2 liNT — K3 iV (] b
where [Riw]; = (% et Vi) TSyt Siws, s Si (I Yoimy Vie). Combining (B.9)-(B.14) yields
1 N T
SenT = Z ZUzt Bint +op(l) and Sonr = — Z Zwit — Bonr +0p (1).
eGot 1 VNT i=1 t=1

By the Cramér-Wold device and Lindeberg-Feller central limit theorem, we can readily show that ((S1n7 +
Bint)', ..., (Skont+Bront) T, (Sont +Bont) )T is asymptotically normally distributed with mean zero
and variance-covariance matrix Q. It follows that =%, + HyLByg = N (0, H-'QH™"') . This completes the
proof of the theorem. W
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Proof of Lemma 4.1: By the spectral decompositions of A and Dy, we have A = uAu' and Dy =
UnXn U—I\rf =U; ny21N UI ~- It follows that for any nonsingular matrix S, we have

Dy=N"1'ZNAZ=N"'ZyuAu'Z)
=N"'ZyuSST'A(STH) STu"Z) = Ui yS18U .

Our goal is to find a nonsingular matrix S such that U; y = N™'/2ZyuS and %,y = ST'A(S™HT,
which requires that N~ (Z yuS) " (ZyuS) = Ix- and ST'A(S™!)T should be diagonal. If such a matrix
S exists, we must have

Ix» = U{ yUyn = N7V2U{ yZ yusS,

yielding that S = (N’l/2 UINZNU)’1 provided that UINZNu is nonsingular. By construction, when
S =(N"V2U] yZyu)~!, N"Y(ZyuS)"(Z yuS) = Ik-. In addition, we have

STIAS ™ = NT'UT N Zy (uhu") ZL Uy = U] (N—lzNAzTV) Uin
= U yDyU;y =51 x,

where the last equality follows from the fact that Dy = U; nXin UIN and UI ~yUin = Ig-. So
ST'A(S™!)T is diagonal and given by ¥1 x when § = (N~1/2 UINZNu)_l. The nonsingularity of UINZNu
follows from the fact that u'w = Ix~, UIN U, ny = Ik~, and that the membership matrix Z y is of full
rank. This shows part (i)—(iii) of the lemma.

To prove (iv), we first show that the rows of w are distinct from each other. Suppose u has two
identical rows, which are denoted as row k and row k'. We consider rows k, k' and columns k, &’ of
A=a"a"T = uAu':

/\1 0 01J2T

K-
[C1J2 ceegsdJa| |0l : = <Z)\kci> JoJy

=1
0 - g~ CK*JQT k

T

where J; = (1,1)T and c’s are arbitrary scalars as long as u'u = Ig~ is ensured. The last display has

identical elements, which implies o) a? = aTa?, = ol a) = ol ad,. This further implies that
0 02 _ (0 _ 0T (.0 _ 0y _
ok — age I = (e, — ag) (ak - O‘k’) =0,

ie., o =af, for k # k', violating Assumption A2(i). Hence, we can conclude that the rows of u are distinct
from each other. Since S is nonsingular, this further ensures that «S has rows that are distinct from each
other. Note that if z; contains 1 in its kth element, then z;r uS is given by the kth row of uS. As a result,
ziT'uS = z;ruS if and only z; = z; for ¢, j = 1,2,..., N because uS has distinct rows. l

Proof of Theorem 4.2: (i) We first prove that Ky = K* w.p.a.1l. Noting that Dy—Dy = N’lﬁéT —
NI = NT(B = Y87 + 88 — %) + (B — B)(B — B°)T]. we can readily show that

IDy —Dy|* = 0p(N7H|B = B°*) = Op (T7) . (B.15)
By the perturbation theory for eigenvalue problems (e.g., Stewart and Sun (1990, p. 203), we have

i — <|Dyx —Dy| =O0p(T /2
12{%}(]\]\#4,1\{ pen| < [|Dn ~ll = Op( ),

where fip ny and iy v denote the fth largest eigenvalues of Dy and Dy, respectively. Since Dy has rank
K*, pe.ny = 0and figxy = Op(T~'/2) for £ > K* + 1. This implies that P (Ky > K*) — 0. By Assumptions
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A5 and A2 and (4.3), fixy > pK-N/2 > cminj<p<go 7/4 > 0 w.p.a.l, implying that P (Ky < K*) — 0.
Consequently, we have P (Ky = K*) — 1 as (N,T) — 1.

(ii) We now prove the second part of the theorem. We find it is easy to consider the following singular
value decompositions (SVDs) of N=1/28° and N—1/243:

N7128° = UNSY?Vy and N™V23 = US4,

where Uy, XN fJN and f]N are as defined in Section 4.1, Viy is a p X p matrix such that VJVN =1, f/N
is a p X p matrix such that VJVN = I,,. Note that the (K* 4 1)th,..., pth diagonal elements of Xy are
all zero, and the (K™* + 1)th, ..., pth diagonal elements of Sy are all Op (T‘1/2) . We can decompose Uy,
Y, and Vy as follows: Uy = (fJ'LN, i:jQ)N), Yy = diag(iLN,f}z,N), and Vy = (VLN,VZN), where le,N
is an NV x K* matrix, il,N is a K* x K* diagonal matrix, and ‘N/LN is a p x K* matrix. Analogously, write
Uy = (Uy N, Uz ), B =diag(X1,n, X2.n), and Viy = (V1 n, Vo n), where Xo y is a matrix of zeros. Then

N7V28° = UNSyPVy = U ns/ 3Ty (B.16)
and
N3 = NSV = T W SV20 T + T nSY2 T, (B.17)

where i}/f, - E}/ﬁ = Op(T~'/?), and i;/f, = Op(T~'/?). We consider the SVDs of fJINUl,N and

VinViw:
Frl T T T
Ul,NUl,N = AIN@U\’AQN and VI,NVLN = B1N92NB2N7

where A1, Aon, Bin and Bon are all orthogonal matrices, ©1n = diag(cosy1,...,co801 g+), Oan =
diag( cosfz1,...,c080 k), 611,...,and 01 g~ are the principal angles between the column spaces of f]l,N
and U; n, and 63 1,. .., and 63 g+ are the principal angles between the column spaces of ‘N/LN and V; n. Let
Oy = AQNAIN and O = BZNB;—N. Note that both Ox and O are orthogonal matrices. Then by Theorem
4 in Yu, Wang, and Samworth (2015),

|U1n — U nOn| = Op(N~V28 = B°) = Op(T71/?), (B.18)

and
IVi,x = VinOl = Op(N"V2|B = 8°])) = Op(T~V/3). (B.19)
To proceed, we first establish the connection between Oy and O through Z}/]%, Noting that || szNié/f,f/zTN I

= Op(||f]§/§,||) = Op(T~%/?), and by Theorem 3.1, the triangle inequality, the fact that Ox and O are or-
thogonal matrices, equations (B.16)—(B.19), and the fact that UIN U, v = Ig~ and that VJNVLN = Ig~,
we have

Op(TY2) = N2 = 8°) = | U, nS A Vily — Ui A Vil + Ua v S35 Vol
> O w23y = Un SRVl = Op(T71/2)
= U1 NORONSYROTOVy = U wSy R Vi || + Op(T712)
= [Ui nONSROTV Ty — Un vS/RO0TV) || + Op(T712)
= | ULn(ONSYy = S/R0)O TV || + Op(T71/2)
.~ ~ - 1/2
- [tr (ULN(ONE}{; ~ 2/20)0TVT Vi nO(ONEY R — E}QZVOFUIN)} +Op(T™Y/?2)
- - 1/2
= |t ((On=13 = SIRO)ONSYE = S1R0)T)| T + 0p(T 1)

= |ONZ)y = S50l + Op(T1/?).
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It follows that HON21/2 1/20|| = ( —1/2)_
Recall that @ i = (UIL,UL) and ui = (uL,u2 Z) denote the ith row of Uy = (ffl,N, fIQ’N) and

Uy = (Ui, n, Us ), respectively. Notice that uniformly in ¢
Op(N7'?)=N"'23] =a] 1/2 V1N+u2z22 NV2N
We post-multiply both sides of the above expression by 1717 ~ and apply the fact that V NV1 ~N = Ig+ and
that f/JNf/LN = 0 to obtain
Op(N~Y?) = N2 v = @ Y%
It follows that uniformly in ¢ we have @ ; = 2_1/20 (N—Y2) = Op(N~1/?). That is, maxi<;<n ||| =

Op(N 1/2) Next, we compare 1 ; and u; ; through ﬁl and BO By Theorem 3.1 and the fact that 21/2

1/2 = Op (T~/?) and that max;<;<y [|@1,;|| = Op(N~1/2), we have uniformly in i,

Op(T~Y2(InT)?) = (B; — )7 VIN—fu“ =V = VNu SRV Vi
=VNi 1121/2 \Fu“ V1NV1N+\FU11( i/]%/ Z}/fv)
=VN( —oNuu>Tz”2+f ul (ONSY 5y = SR ViNViN) + Op(T71/2).

It follows that uniformly in 4,

VN [ = Ofur || = || - 1/2\/>(O 21/2 - Zl/2V1 NVin) Tui + Op(T7H2(InT)?)|
< HE 1/2(ON21/2 1/2 )T\/>U1¢H
+ 2% ”2v1N<v1Nfvmowfuunwp( ~2(InT)?)
< 5731 O8NSy = SURON - IV Nuy |l + Op (T2 (InT)?)
= 0p (1) Op(T™Y2(InT)*)Op (1) + Op(T~Y2(InT)?) = Op(T~Y2(In T)?).

This completes the proof of the theorem. W

Proof of Theorem 4.3: The proof is similar to that of Theorem 3.2. The major difference is that we now
work in the eigenspace f]l, ~ instead of the preliminary estimate matrix B, and now each row of VN f]l, N
is consistent with the corresponding row of v N U, nO, which contains the group membership information.
Here O denotes the probability limit of Oy. Now v/Ni;; = Op (1) andVNOTuy; = O(1) for each i,
and they play the roles of 3; and B9 in the proof of Theorem 3.2, respectively. Furthermore, the result in
Theorem 4.2(ii) implies the consistency of /N ; is uniform in all individuals, which is sufficient for us to
identify all the individuals group membership. H

Proof of Theorem 4.4: Given the result in Theorem 4.3, the proof of the theorem follows that of Theorem
3.3 and thus omitted. W

Proof of Theorem 4.5: Given the consistency of G with G° by Theorems 4.3-4.4, the proof of the theorem
is completely analogous to that of Theorem 3.4 and thus omitted. B
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