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Random Mechanism Design on Multidimensional Domains*

Shurojit Chatterjif and Huaxia Zeng?

October 24, 2017

Abstract

We study random mechanism design in an environment where the set of alternatives has
a Cartesian product structure. We first show that all generalized random dictatorships
are strategy-proof on a minimally rich domain if and only if the domain is a top-separable
domain. We next generalize the notion of connectedness (Monjardet, 2009) to establish a
particular class of top-separable domains: connected” domains, and show that in the class of
minimally rich and connected® domains, the multidimensional single-peakedness restriction
is necessary and sufficient for the design of a flexible random social choice function that is
unanimous and strategy-proof. Such a flexible function is distinct from generalized random
dictatorships in that it allows for a systematic notion of compromise. Our characterization
remains valid (under an additional hypothesis) for a problem of voting with constraints where
not all alternatives are feasible (Barbera et al., 1997).

Keywords: Generalized random dictatorships; Top-separable domains; Connectedt domains;
Multidimensional single-peaked domains; Constrained voting

JEL Classification: DT1.

1 INTRODUCTION

Multidimensional models arise very naturally in economic environments as it is often the case
that the object of choice consists of several attributes or components (commodities in consumer
theory, positions in political economy, different levels of provision of distinct public goods, etc),
with no dependence across choices in different components.! The set of alternatives thus has
the structure of a Cartesian product set, i.e., A = X cprA° where s is a component and A? is
a component set.? The underlying Cartesian product structure on the set of alternatives allows
for a richer description of available alternatives and introduces furthermore the possibility of

*The research reported here was supported by the Ministry of Education, Singapore under the grant MOE2016-
T2-1-168. We are grateful to the participants of the Asian meeting of the Econometric Society, 2017, Hong Kong
and the Conference of Economic Design, 2017, York, for helpful comments.

School of Economics, Singapore Management University, Singapore.

fLingnan (University) College, Sun Yat-sen University, Guangzhou, China.

1Gee for instance, legislative, political and club-member elections (e.g., Border and Jordan, 1983; Barbera et al.,
1991, 1993, 1999, 2005; Aswal et al., 2003) and public goods location and provision problems (e.g., Zhou, 1991;
Peters et al., 1992; Chichilnisky and Heal, 1997; Le Breton and Sen, 1999; Le Breton and Weymark, 1999; Ehlers,
2002; Svensson and Torstensson, 2008; Reffgen and Svensson, 2012).

2We pick an element in each component set of the Cartesian product structure, and assemble these selected
elements to form an alternative.



defining domains of restricted preferences which take cognizance of the multidimensional struc-
ture and allow positive results for aggregation and economic design. We explore the theoretical
underpinnings of such multidimensional preference domains from the perspective of mechanism
design. We first identify a particular condition, top-separability, which turns out to be funda-
mental in formulating multidimensional preferences that admit new possibilities for mechanism
design.? Our principal finding is that within the class of top-separable preferences, multidimen-
sional single-peaked domains (introduced by Barbera et al., 1993), a particular generalization
of the notion of single-peakedness to a multidimensional setting, emerge as the unique pref-
erence domains that allow for the design of attractive random mechanisms. Thus the notion
of single-peakedness, which is well-studied and prominent in aggregation theory, voting the-
ory and political economy, turns out to be a particularly distinguished one in the context of
multidimensional random mechanism design.

We focus on probabilistic mechanisms in multidimensional settings in the absence of mone-
tary transfers where the set of alternatives is assumed to be finite.* We impose a strong version
of the incentive compatibility requirement by requiring that truth-telling first order stochasti-
cally dominate every possible manipulation of preferences. We thus study Random Social Choice
Functions (RSCF's) that satisfy the ordinal version of strategy-proofness formulated by Gibbard
(1977).> We also impose throughout the assumption that RSCFs satisfy unanimity, which says
that if an alternative is top ranked for every agent at a particular profile of preferences, then it
receives probability one under the RSCFs at that profile.

An important class of RSCF's is the class of random dictatorships. These are defined by fixing
a probability distribution over agents; the probability assigned to an alternative at a preference
profile is then the sum of the weights of the agents who have this particular alternative as
their top ranked alternative. Random dictatorships are strategy-proof and ex-post efficient (a
strengthening of unanimity), and allow for a equitable distribution of power among agents which
is precluded by a deterministic dictatorship. These are however not entirely satisfactory from
the design point of view as they lack flexibility; indeed any alternative that is not top ranked for
some agent at the profile in question, can never get strictly positive probability. In particular,
such an alternative may be second ranked for all agents in a profile where agents disagree on
peaks; we refer to such an alternative as a compromise alternative and suggest that it is desirable
to design RSCF's that have the flexibility to give positive probability to such an alternative. ©

Under a Cartesian product structure, random dictatorships can be naturally generalized to

3In a top-separable preference, when we compare two alternatives which disagree on one component but agree
on all other components, the alternative that inherits the element of the top ranked alternative in that particular
disagreed component is always preferred. Throughout the paper, the term multidimensional preference will refer
to a preference which satisfies top-separability (and possibly some other restrictions).

4We focus on the classic voting model which we hope will be useful in formulating more general models where
some of the dimensions include private goods or monetary transfers. Recent work (e.g., Morimoto and Serizawa,
2015; Kazumura et al., 2017) studies formulations with monetary transfers under non-quasi-linear preferences.

5This is equivalent to requiring that the expected utility of truth-telling be at least as large as the expected
utility of manipulating, for every possible utility representation of the primitive ordinal preference.

5Gibbard (1977) proved that on the domain of unrestricted preferences, the only strategy-proof and unanimous
RSCFs are random dictatorships. Recent literature has examined restricted preference domains where one may
design more flexible RSCF's that are strategy-proof and unanimous. See for instance, almost random dictatorships
(Chatterji et al., 2014), fixed probabilistic ballots rules (Ehlers et al., 2002) and probabilistic generalized median
voter schemes (Peters et al., 2014).



accord with the multidimensional setting in the following way. Instead of fixing a probability
distribution over agents, we fix a probability over voter sequences, where a voter sequence is an
| M|-tuple of agents, and where each component is associated with an agent who can be viewed
as the dictator of that component (and one agent can be associated to multiple components).
At a preference profile, we can assemble, according to a voter sequence a unique alternative
whose k — th component is the k — th component of the peak of the dictator for the k — th
component as specified by the voter sequence. The probability assigned to an alternative at a
preference profile is then the sum of the weights of the voter sequences which can assemble this
particular alternative. These random mechanisms are called generalized random dictatorships
and were introduced by Chatterji et al. (2012). Generalized random dictatorships recognize the
Cartesian product structure and allow for greater flexibility than do random dictatorships as
at some preference profile, some non-peak alternatives can be assembled and receive strictly
positive probability. In contrast to random dictatorships, certain preference restrictions must
however be imposed to ensure strategy-proofness of a generalized random dictatorship. We show
in Proposition 1 that top-separability is necessary and sufficient for the strategy-proofness of all
generalized random dictatorships. However, due to the somewhat limited assembling capability
of voter sequences, generalized random dictatorships sometimes ignore compromise alternatives.

This paper examines restricted domains of multidimensional preferences that allow us to con-
struct strategy-proof RSCFs which are flexible in that they systematically admit compromise.
The preference domains we study satisfy a particular “richness” property that is based on the
idea of connectedness initially proposed by Grandmont (1978) and Monjardet (2009), and has
been recently adopted to explore various issues which include the equivalence of local strategy-
proofness and strategy-proofness (e.g., Sato, 2013; Cho, 2016; Mishra, 2016), the extent to which
RSCF's can depend on agents’ preferences (Chatterji and Zeng, 2017), and the characterization
of preference restrictions that allow one to design attractive RSCFs (Chatterji et al., 2016). The
notion of connectedness requires that one be able to reconcile the differences in two preferences
via a sequence of preferences in the domain where each successive pair of preferences involves a
“local switch” of two contiguously ranked alternatives. This richness condition restricts the prob-
abilities received by alternatives that do not switch between two successive pairs of preferences,
and plays a fundamental methodological role in deriving the results mentioned above.

However, this notion of connectedness does not apply to domains of multidimensional pref-
erences, e.g., the top-separable domain, as it is often the case that multiple pairs of alternatives
have to be switched simultaneously across two successive preferences. We introduce a new no-
tion of a connectedness which permits the requisite simultaneous local switches and allows us
to investigate systematically domains of multidimensional preferences that permit the design of
nice strategy-proof RSCFs. The domains we consider are termed connected” domains; these
are subsets of the top-separable domain, and include the well studied instances of separable
preferences (Barbera et al., 1991; Le Breton and Sen, 1999), multidimensional single-peaked
preferences (Barbera et al., 1993), and their intersection and unions. Connected® domains also
possess the requisite generality and structure that would in principle allow one to investigate
other issues being studied in the literature (like the equivalence of local strategy-proofness and
strategy-proofness, etc, alluded to above) and can presumably be exploited beyond this paper.

In the class of connected® domains, multidimensional single-peaked domains are an impor-
tant and well studied class. These are a particular generalization of the idea of single-peaked



preferences to a multidimensional setting using the Cartesian product structure and the city
block metric. Our first theorem characterizes multidimensional single-peaked domains as the
unique domains that permit the design of strategy-proof and unanimous RSCFs that systemat-
ically depart from random dictatorships/generalized random dictatorships, in that they admit
compromises, wherein compromise alternatives necessarily receive strictly positive probability
whenever they appear (see Theorem 1). Our version of multidimensional single-peaked do-
mains allows elements of each component set to be arranged on a tree which is a generalization
of multidimensional single-peakedness initiated by Barbera et al. (1993).” In the special case
where the connected® domain contains two complete reversals preferences, we refine the domain
characterization to the more familiar formulation of Barbera et al. (1993). We next provide
a characterization result for multidimensional single-peaked domains using deterministic social
choice functions (see Theorem 2). We do so by replacing the compromise property by the familiar
axiom of anonymity.®

We finally turn to the setup of voting under constraints originally proposed by Barbera et al.
(1997). Here, not all alternatives in the underlying Cartesian product structure are feasible. We
investigate what structure on the set of feasible alternatives and preferences (applicable now only
to the restriction of the original preferences to the feasible alternatives) would allow us to define
RSCFs which satisfy our requirements of strategy-proofness, compromise, etc on connected™
domains. We deduce that the set of feasible alternatives must be factorizable as a Cartesian
product of trees and the preferences must satisfy a particular version of multidimensional single-
peakedness w.r.t. the peak of the set of feasible alternatives (see Theorem 3). Our results are
therefore robust to restrictions on feasibility.

The rest of the paper is organized as follows. The remainder of the Introduction explains
in greater detail the relation of this paper to the literature. Section 2 describes the model and
introduces generalized random dictatorships. Section 3 presents the domain characterization
results for multidimensional single-peaked preferences, while Section 4 concludes. The Appendix
gathers proofs, examples and verifications not included in the main text.

1.1 RELATED LITERATURE

Much of the literature on multidimensional models has focused on deterministic social choice
functions (DSCFs). The early literature proved impossibility results for various generalizations
of single-peakedness to cases where the set of alternatives are a convex subset of RM (e.g., Border
and Jordan, 1983; Bordes et al., 1990; Zhou, 1991; Peters et al., 1992). The case of separable
preferences over a convex subset of alternatives was analyzed by Le Breton and Weymark (1999)
while general results on formulations where the set of alternatives is a subset of a metric space
were presented by Weymark (2008). Barbera et al. (1991) provide a possibility result of voting by
committees when the number of elements in each component set is two, while in the general case
with finitely many elements in each component studied by Le Breton and Sen (1999), strategy-
proof DSCFs degenerate to generalized dictatorships which are the deterministic counterparts
of generalized random dictatorships. Positive characterization results for generalized median

In the formulation of multidimensional single-peakedness of Barbera et al. (1993), all elements of each com-
ponent set are located on a line.
8 Anonymity implies that the social choice is immune to the identities of agents.



voter schemes have been introduced by Barbera et al. (1993) who proposed the restriction of
multidimensional single-peakedness, and by Barbera et al. (1997) who introduced the intersection
property on generalized median voter schemes to accord with voting under constraints. A
comprehensive survey of these results is provided by Sprumont (1995) and Barbera (2010).
Besides the characterizations of strategy-proof DSCFs on multidimensional domains, several
papers also verify the necessity of separable preferences (see Hatsumi et al., 2014), and various
versions of multidimensional single-peaked preferences for the existence of particular generalized
median voter schemes (e.g., Barbera et al., 1993, 1999) or strategy-proof DSCFs satisfying
various well-behavedness criteria (e.g., neutrality and anonymity in Nehring and Puppe, 2007,
and tops-only property and anonymity in Chatterji and Massé, 2016).°

The literature on random mechanism design on restricted domains arising from multidimen-
sional models is not as large. An early paper by Dutta et al. (2002) studies lotteries defined on a
convex subset of RM where preferences are convex, continuous and single-peaked, and establishes
a random dictatorship result. More recently, Chatterji et al. (2012) characterize generalized ran-
dom dictatorships on the lexicographically separable domain, which is a particular subset of the
separable domain (and is excluded by the class of connected®t domains), while Chatterji and
Zeng (2017) characterize random dictatorships using strategy-proofness and ex-post efficiency
on the multidimensional single-peaked domain. Recently, Chatterji et al. (2016) characterize
single-peaked preferences on a tree in the class of connected domains. The characterization of
the multidimensional single-peaked domain in this paper differs from their result in two im-
portant ways. First, Chatterji et al. (2016) uses an extra tops-only axiom on the RSCFs and
secondly, as mentioned earlier, their connectedness assumption excludes the multidimensional
domains studied in this paper. In the present paper, the tops-only property emerges endoge-
nously (Proposition 3) from our richness condition. Our richness condition is a strengthening of
the “Interior and Exterior” properties of Chatterji and Zeng (2017) that was shown to precipitate
the tops-only property. Their results do not apply for the connected™ domains we study in this
paper. We extend their tops-only result to our setting by postulating the existence of sufficiently
many separable preferences that allow the sort of multiple switches of alternatives we alluded
to earlier. This strengthening is critical for establishing that the alternatives of the Cartesian
product structure be embedded in a product of trees and that preferences be multidimensional
single-peaked as stated in Theorem 1. Similarly, our characterization result for multidimen-
sional single-peaked domains using deterministic social choice functions extends the analysis of
Chatterji et al. (2013) to multidimensional domains (which were excluded by their hypothesis
of connected domains) and does so by endogenizing the tops-only property (which was imposed
as an axiom in their paper). For the set up of voting under constraints, Barbera et al. (1997)
characterized all unanimous and strategy-proof DSCFs on the multidimensional single-peaked
domain for arbitrary feasible sets. We investigate and provide an answer to the converse question
for RSCFs: What can be inferred about the structure of the set of feasible alternatives and the
preferences from the existence of a well-behaved strategy-proof RSCF satisfying the properties
of compromise, tops-onlyness, etc, on a connected™ domain?

9Neutrality implies that the social choice is immune to relabelings of alternatives. The tops-only property
implies that when each agent has the same preference peak across two preference profiles, the social choices
remain identical at two profiles.



2 PRELIMINARIES

Let A be a finite set of alternatives with |A| > 3. We assume that the alternative set can be
represented as a Cartesian product of a finite number of sets, each of which contains finitely
many elements. Formally, let A = x4cprA° where M = {1,2,...,m}, m > 2 is an integer; and
|A%| > 2 is an integer for each s € M. Each s € M is called a component; A® is referred
to as a component set, and an element in A° is denoted as a®. Accordingly, an alternative is
represented by a m-tuple, i.e., a = (a',a?,...,a™) = (a®)senr. Given a nonempty strict subset
S C M, let A% = x,e5A5, 0 = (a%)ses € A%; A7 = X s¢gA® and a™® = (a®)sgs € A1
Therefore, we also write alternative a = (a®,a™%) = (a®,a™°). In particular, we say a pair of
alternatives a,b € A is similar if they disagree on ezactly one component, i.e., a® # b° and
a~* = b~° for some s € M. For notational convenience, given non-empty S C M, X C AS and
Y5 C A let (X, Y™5) = {a € Ala® € X% and a™¥ € Y™9}.12 Let A(A) denote the space
of lotteries over A. An element of A(A) is thus a lottery or probability distribution over A. In
particular, e, € A(A) is a degenerate lottery where alternative a is chosen with probability one.

Let I = {1,...,N} be a finite set of voters with N > 2. Each voter i has a preference
order P; over A which is complete, antisymmetric and transitive, i.e., a linear order. For any
a,b € A, aP;b is interpreted as “a is strictly preferred to b according to P;”.'* Two preferences
P;, P! are complete reversals if [aP;b] < [bP/a] for all a,b € A. We use aP;!b to denote that
a is contiguously ranked above b in P;, i.e., aP;b and there exists no ¢ € A such that aP;c and
cP;b. Given a preference P;, let 7,(P;) denote the kth ranked alternative in P;, 1 < k < |A|.
Let P denote the set containing all linear orders over A. The set of all admissible preferences
is a set D C P, referred to as a preference domain. We call P the complete domain. When
D # P, D is referred to as a restricted domain. For notational convenience, given a € A, let
D* = {P; € D|r1(F;) = a} denote a preference subdomain where each preference’s peak is a.
Correspondingly, a domain D is minimally rich if D? # () for every a € A.

Each voter presents a preference, and all reported preferences are collected to formulate
a preference profile P = (P, P,...,Py) = (P;,P_;) € DVY. A Random Social Choice
Function (or RSCF) is a map ¢ : DV — A(A), which associates each preference profile P € DV
to a “socially desirable” lottery ¢(P). For any a € A, ¢,(P) is the probability with which the
alternative a will be chosen in ¢(P). Thus, pq(P) > 0 for alla € A and ), 4 pa(P) = 1. A
Deterministic Social Choice Function (or DSCF) is a particular RSCF where a degenerate
lottery is specified under each preference profile, i.e., p(P) = e, for some a € A at profile P.'* An
RSCF satisfies unanimity if it assigns probability one to an alternative that is top ranked by all
voters, i.e., an RSCF ¢ : DY — A(A) is unanimous if [r1(P;) = a for all i € I] = [pa(P) = 1]
for all @ € A and P € DV. Next, an RSCF ¢ : DV — A(A) is strategy-proof if for all
i €1, P;,P/ €D and P_; € DV~ the lottery ¢(P;, P—;) first-order stochastically dominates

¢(P!, P_;) according to P;, i.e., 2221 cp,,k(pz.)(Pi, P_;) > 22:1 @rk(pi)(Pi’, P, t=1,...,|A|

10To make sure all components indispensable, we assume |A%| > 2 for every s € M.

n this paper, C and C denote the weak inclusion relation and the strict inclusion relation respectively.

12For instance, (z°, A™%) = {a € Ala® = 2} and (A%, 27°) = {a € Ala™* = z~°} are frequently used henceforth.

13In a table, we specify a preference “vertically”. In a sentence, we specify a preference “horizontally”. For
instance, preference P;: a_b_.c_. --- represents that a is at the top, b is the second best, ¢ is the third ranked
alternative while the rest of rankings in P; are arbitrary.

14YWe sometimes simply write a DSCF as f : DY — A.



A prominent class of unanimous and strategy-proof RSCFs is the class of random dictator-
ships (Gibbard, 1977). Each voter is assigned a non-negative weight such that the sum of the
weights accross the voters add up to one. In a random dictatorship, at each preference profile, the
probability received by an alternative is determined by the set of voters who prefer this alterna-
tive the most and equals the sum of these voters’ weights. Formally, an RSCF ¢ : DV — A(A)
is a random dictatorship if there exists €; > 0 for each ¢ € I with Zie ;& = 1 such that
for all P € DV and a € A, @a(P) = > .o}, 1 (Ps)=a g;.'5 Note that a random dictatorship is
strategy-proof on any arbitrary preference domain.

2.1 GENERALIZED RANDOM DICTATORSHIPS

Under the Cartesian product setting, one may consider the following generalization of a random
dictatorship. We associate each component s € M to a voter i* € I. Thus, a m-tuple of voters
i = (i%)sep € I™ forms a voter sequence. A voter sequence can be viewed as a combination of
m dictators (one voter may appear multiple times); on each component s € M, voter i® is the
dictator over the component set A°. Given a profile P € DV, for notational convenience, assume
r(P;) = xz; = (2f)sem, © € I. We say that an alternative a = (a®)sens is assembled by a voter
sequence ¢ = (i%)sepr at profile P, if a® = zf. = r1(P;s)® for all s € M. Analogously to random
dictatorships, we associate a non-negative weight to each voter sequence, denoted (i) > 0,
i € I, and let the sum of all voter sequences’ weights equal to one, i.e., >, ./mY(i) = 1.
Last, at a preference profile, the probability assigned to an alternative is determined by the
set of voter sequences who can assemble this alternative. Such an RSCF is referred to as a
generalized random dictatorship (Chatterji et al., 2012). Formally, an RSCF ¢ : DV — A(A) is
a generalized random dictatorship, if there exists (i) > 0 for each i € I"™ with ), ;m (i) =
1, such that for all P € DV and a € A, p,(P) = > v(E).

QE(iS)SeMGI"”: a:(m (P,L-s )S)SG,M
Evidently, every generalized random dictatorship satisfies unanimity. If only ¢dentity voter

sequences (i.e., one voter dictates all components) receive positive weights, a generalized random
dictatorship degenerates to a random dictatorship, while on the other hand, if every voter se-
quence receives a strictly positive weight, we have a strict generalized random dictatorship, which
prescribes a maximal support for the social lottery under each preference profile compared to
other generalized random dictatorships. The characterization of random dictatorships Gibbard
(1977) implies that a generalized random dictatorship where some voter sequence other than an
identity voter sequence receives strictly positive weight fails to be strategy-proof.

DEFINITION 1 A preference P; is top-separable if given s € M and b®* € A%, we have
[ri(P)° =a® #b°] = [(a®,y ) P(b°,y~°) for ally™® € A™*].

Let Dpg denote the top-separable domain which contains all top-separable preferences.
Henceforth, we use the term “multidimensional domains” to refer to subdomains of Dpg.'6

151 particular, if &; = 1 for some 4 € I, the random dictatorship degenerates to a dictatorship.

16The Cartesian product structure would be redundant if it is not involved in establishing preference restrictions.
The restriction of top-separability is indeed formulated w.r.t. the Cartesian product structure, and therefore
distinguishes our model from the one-dimensional models in the literature (e.g., Gibbard, 1977). The tops-
separable domain includes all restricted domains studied in this paper.



Note that the restriction of top-separability applies only to particular pairs of similar alter-
natives where one of the two disagreed elements is inherited from the preference peak. For a
pair of similar alternatives where neither of the two disagreed elements coincides with the peak
of the preference, their relative ranking in a top-separable preference is arbitrary. A signifi-
cant strengthening of top-separability is separability which imposes restrictions on every pair of
similar alternatives.

DEFINITION 2 A preference P; is separable if given s € M and a®,b° € A%, we have
[(a®,27*)Py(b%,27°) for somea™ € A™%| = [(a®,y ) P,(b°,y~°) for ally™ € A™°].

The domain of separable preferences which includes all separable preferences is referred to
as the separable domain, denoted Dg. Evidently, Dg = Dpg if |[A®| = 2 for all s € M, and
Ds C Dpg if |A®| > 2 for some s € M. Given a separable preference P;, we can induce a marginal
preference on each component set, denoted [P;]* over A%, s € M.'7

The top-separable domain includes many multidimensional domains widely studied in the
literature. We use Figure 1 below to summarize the relations across some important multidimen-
sional domains: The top-separable domain includes the separable domain, the lexicographically
separable domain (Chatterji et al., 2012)'®, and two multidimensional single-peaked domains
(Barbera et al., 1993).1°

The top-separable domain / — The complete domain
The separable domain The lexicographically
separable domain
The multidimensional The multidimensional
single-peaked domain I single-peaked domain II

Figure 1: The relations among several domains
The proposition below implies that the top-separable domain is the maximal minimally rich

domain for the strategy-proofness of all generalized random dictatorships.

PROPOSITION 1 Let D be a minimally rich domain. All generalized random dictatorships are
strategy-proof on D if and only if D C Drg.

"For more detailed studies on separable preferences, please refer to Le Breton and Sen (1999), Barbera et al.
(2005) and Reffgen and Svensson (2012).

18 A preference P; € Ds is lexicographically separable if there exists a lexicographic order (a linear order)
> over M such that for all z,y € A, we have [2°[P;]°y® and 27 = y” for all 7 € M with 7 > s] = [zP;y]. Let Drg
denote the lexicographically separable domain which contains merely but all lexicographically separable
preferences. Evidently, Drs C Ds.

9For instance, see two different multidimensional single-peaked domains of Examples 1 and 4 in Section 3
below. We will discuss multidimensional single-peaked preferences in Section 3 in detail.



Proof: Let D C Drg, and ¢ : DY — A(A) be a generalized random dictatorship, i.e., there
exists y(i) > 0 for each i € I"™ with >, ;m (i) = 1, such that for all P € DY and a € A, ¢, (P) =
~(i). Given a voter sequence i = (i*)seps € I™, let fL: DN — A be a
1=(1%)sem €1™:a=(r1(P;s)®)sem
DSCF called a generalized dictatorship such that for all P € DV, f{(P) = (ry (Pis)s)seM' Then,
¢ can be re-expressed as a convex combination of generalized dictatorships, i.e., for all P € DV,
©(P) = > icm V(2) fY(P). Therefore, to verify the strategy-proofness of ¢, it suffices to show
that every ;generalized dictatorship f% is strategy-proof.

Fix a voter sequence i = (i)seps € I™ and i € I. Given P, P/ € D and P_; € DN7L,
assume fY(P;, P_;) = v = (2%)sem and f4(P/,P_;) = y = (y°)sem. We show either x = y or
zPy. Assume 71(P;) = a = (a®)sem and ri(P/) = b = (b%)sepm. Furthermore, in the voter
sequence i = (i°)sens, we assume that there exists S C M such that i = i for all s € S
and i" # i for all 7 ¢ S. Consequently, 2° = a* and y* = b° for all s € S and 275 = y=5.
Evidently, if S = (), x = y. Similarly, if S # 0 and 2° = y® for all s € S, we also have z = .
Last, we assume that S # (), and there exists a non-empty S* C S such that a® # b° for all
s € ST and a7 = b7 for all 7 € S\ST. Consequently, z° = a® and y* = b° for all s € ST
St — 457 -5t

. _Qq+ .
alternatives aj, = (a',...,a" 01, ... 0%, 27°"), k=0,1,...,s. Thus, ag = b and a, = a. Since

and z~ z For notational simplicity, assume ST = {1,...,s}. We identify

ll

D C Drg, top-separability implies apPax—1, £ = 1,...,s. Consequently, aP;b by transitivity.
This completes the verification of strategy-proofness of fi, as required.

Conversely, let all generalized random dictatorships be strategy-proof on domain . We show
D C Dyg. Suppose that it is not true. Thus, there exist P; € D, s € M, b* € A% and 275 € A~
such that a® = r1(P;)* and (b%, 27°) P;(a®, 2~%). We pick a strict generalized random dictatorship
¢ : DV — A(A) and construct a particular preference profile (P;, P_;) where r1(P;) = (b%,27%)
for all j # i. Given a voter sequence ¢ with i* =i and ¢7 # i for all 7 # s, we know that (a®, z7%)
can be assembled by the voter sequence i. Consequently, cp(aazfs)(Pi, P_;) > ~(i) > 0. Given
P! € D**7°) it is evident that Qs 2—+) (P}, P_;) = 1. Since (b%,27%)P;(a®,z~*), voter i will
manipulate at (P;, P_;) via P/. Therefore, D C Dpg. O

3 MAIN RESULTS

As mentioned earlier, random dictatorships never admit compromise as probabilities are assigned
only to peak alternatives in every preference profile. Generalized random dictatorships improve
upon random dictatorships in this respect by diversifying social lotteries. However, they do not
systematically admit compromise since not every compromise alternative can be assembled by
the peaks of some preference profile, and hence such an alternative is ignored by generalized
random dictatorships.

For instance, two voters may disagree strongly on each other’s most preferred alternatives
but may nonetheless have a common second best alternative, e.g., r1(P;) = (a', a?®) # (b',b?) =
r1(P;) and ro(P;) = (al,b?) = ro(P)) or ro(P;) = (b',a?) = ro(P;) where a! # bl and a? # b2
This commonly second best alternative (a',b?) or (b!,a?) can naturally be viewed as a compro-
mise alternative at profile (P;, P;); it is however ignored by a random dictatorship. Next, assume
{a®,b%,c*} C A® for some s € M, and consider a two-voter strict generalized random dictator-
ship ¢. Given two groups of three alternatives: (1) a = (a®,a”, z_{s’T}), b= (b°07, z_{s’T}) and



c= (a%b7, 2717, and (2) @ = (a%,27%), V = (b°,27°) and ¢ = (¢%,2%), we identify two
profiles of separable preferences: (P;, P;) where P; € D%, P; € D% and ro(P;) = r2(Pj) = c,
and (P, P) where P} € D%, Pl e DY and ro(P)) = ro(P}) = . At profile (P, P;), since the
compromise alternative ¢ can be assembled by the voter sequence (%47, i_{s’T}) = (i, J,0y...,1),
we have ¢.(P;, P;) > 0. However, the compromise alternative ¢’ cannot be assembled by any
voter sequence at (P}, Pj), and therefore oo (F/, P}) = 0.

We are interested in identifying a class of unanimous and strategy-proof RSCF's which differ
from random dictatorships in a “minimal” but significant degree by systematically admitting
compromise. Recently, Chatterji et al. (2016) have introduced the compromise property on an
RSCF which guarantees that a compromise alternative receives a strictly positive probability

whenever it appears.

DEFINITION 3 An RSCF ¢ : DV — A(A) satisfies the compromise property if there exists
I C T with|I] = & if N is even and 1] = NAL if N is odd, such that for all P;, P; € D with

r1(P;) # r1(P;) and ro(P;) = ro(Pj) = a, we have ¢q (%, II%) > 0.20

We ask what multidimensional domains admit unanimous and strategy-proof RSCF's satis-
fying the compromise property. To address this question, we restricting attention to a broad
class of multidimensional domains: connected® domains. We show that the existence of a unan-
imous and strategy-proof RSCF satisfying the compromise property on a connected™ domain
implies that the domain must be a multidimensional single-peaked domain, and conversely, we
construct a particular RSCF, a mixed multidimensional projection rule, satisfying unanimity,
strategy-proofness and the compromise property on an arbitrary multidimensional single-peaked
domain. Finally we generalize our analysis to the case of voting under constraints.

3.1 CONNECTED" DOMAINS

We start the investigation with two particular preferences P; and P/ where every pair of oppo-
sitely ranked alternatives is also contiguously ranked, i.e., for all a,b € A, we have [aP;b and bP/a] =
[aP;!b and bP/la]. Then the relation between P; and P/ can be elaborated further: We can iden-
tify ¢t > 1 pair(s) of distinct alternatives {ax,a}}, k = 1,...,t, and ¢ integers 1 < [(1) < --- <
l(k) <l(k+1) <---<I(t) <|A|, such that the following three conditions hold:

(i) {ak,a)} N{ai,a;} =0 for all k # 1.
(i) ax = rir)(Bi) = rigy1 () and aj, = rygy 1 (5) = rey (F), k=1,... L.
(iii) [a ¢ UL_ {ak, a}}] = [a = rq(P;) = rq(P}) for some 1 < g < |A[].

Observe here that every pair {ay, a}} is locally switched, and hence, the relative rankings of an
alternative in {ax, a} } and every alternative not in {ay, ) } remain identical in both P; and P;.
Thus, each pair {ag,a}} is referred to as a local switching pair, and preferences P; and P/
are referred to as a pair of t-adjacent preferences and denoted P; ~* P! 21 To be consistent

20The notation (%, %) denotes a preference profile where all voters of I report preference P; while all voters
not in I report preference P;.
*'Henceforth, to avoid confusion, when we say {a, b} is a local switching pair in some t-adjacent preferences P;

and P/, we also presume that aP;!b and bP/!a.
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with the literature (e.g., Sato, 2013), the notion 1-adjacency here is simply called adjacency,
and the notation ~! is simplified to ~.

Given two distinct preferences P; and P/, a sequence of preferences {Pik}zzl, qg > 2, 1is

i
referred to as a (general) path connecting P; and P/ if (i) P, = P! and P/ = P{, and (ii) given
1 <k < qg—1, there exists an integer ¢ > 1 such that Pik ~t Pik'H. This indicates that the
differences between the two preferences P; and P] can be reconciled via a sequence of one-pair
or multiple-pair local switchings. In particular, if every consecutive pair of preferences in a path
is adjacent, this path is referred to as a simple path.

In multidimensional domains however, differences in preferences cannot always be reconciled
via simple paths, and one may have to resort to paths where successive preferences are t-adjacent,
t > 1. Note that the notion of t-adjacency is in fact independent of the Cartesian product
setting. Since we have introduced a Cartesian product structure on the alternative set, we now
turn to a way of systematically describing relations among all local switching pairs by imposing
separability on some particular t-adjacent preferences.

Consider two particular separable preferences P; and P, which are t-adjacent in a particular
way: There exist s € M and a®,b° € A° such that the local switching pairs in P; and P/ are
{(as, 279), (b®, Z_S)}Z—SGA—S' Thus, P; and P/ are in fact ‘A‘S}—adjacent.

Henceforth, we say that a pair of preferences P; and P/ is adjacent™, denoted P; ~* P/, if
the following two conditions are satisfied: (i) P; and P/ are separable preferences, and (ii) P; and
P! are |A~*|-adjacent for some s € M. Note that in the adjacent™ preferences P; and P/, their
marginal preferences on component set A® are adjacent while all other marginal preferences are
identical, i.e., [P;]® ~ [P!]® and [P;]” = [P/]" for all T # s.

We make two observations regarding a pair of adjacent™ preferences. First, the multiple local
switchings in P; and P/ are driven by the restriction of separability. Second, each local switching
pair here is a pair of similar alternatives. More importantly, due to separability, after observing
one pair of similar alternatives locally switched in P; and P, we obtain information on all local
switching pairs. Therefore, similarly to adjacency, adjacency™ maintains the feature that the
transition from one separable preference to another involves a minimal number of switches.

In a strategy-proof RSCF, if one voter unilaterally changes her preference to an adjacent
or adjacent™ preference, the probability associated to an alternative in a local switching pair
whose ranking is lifted up from one preference to the other, might increase, while the sum of
two probabilities in each local switching pair, and the probability received by every alternative
excluded from the set of local switching pairs remain fixed (see Lemma 1 below). This makes
the variation of two corresponding social lotteries in a strategy-proof RSCF more tractable.

LEMMA 1 Let ¢ : DV — A(A) be a strategy-proof RSCF. Fizi € I, P;, Pl € D and P_; € DN~1.
The following two statements hold.

1. If P, ~ P! and {a,b} is the corresponding local switching pair, then we have

(i) @a(Pi, P_i) > @a(P/, P_;) and op(P;, P_;) < @p(P, P_;);
(i) @a(P;; P-i) + @p(P;, P—i) = wa(P], P—;) + ou( P, P—;);
(iii) @5 (Pi, P—;) = @, (P, P_;) for all z ¢ {a,b}.

11



2. If P, ~* P! and {(as,z*‘s), (bs,z*S)}Z,SGA,S are the corresponding local switching pairs,
then for all ¢* ¢ {a®,0°} and z=° € A%, we have

(i) (p(a.S’Zfs)(_Pi, P—i) > gO(as,-’Zfs)(Pi/, P—z‘) and SD(bsVZfs)(Pi, P—i) < (P(bs,z*S)<Pi/= P—i);
(11) So(as,z_s)(Piv P*Z) + So(bs,z—s)(})’ia P*’L) = c)O(as,z_s)(})z’/v P*’L) + @(bs,z—s)(Pi,a Pf’i);
(il) @(es z—s) (P Pi) = @(es o=y (P, P—i).

The verification of Lemma 1 is routine and we hence omit it.

If one confines attention to simple paths, especially the adjacency of two preferences with
distinct peaks, multidimensional domains stand excluded,?? and the model degenerates to a one
dimensional setting. To avoid this, we require the presence of adjacency™ (correspondingly, the
presence of separable preferences) in a path whenever a consecutive pair of preferences differs in
peaks. To simplify the structure, we only allow the appearance of either adjacency or adjacency™.

Formally, a path {Pf}zzl is referred to as a simplet path if for all 1 < k < ¢—1, (i) either
P~ P or PRt PR and (i) [r1(PF) # rm(PFFY] = [PF ~+ P12

Now, we use simple™ paths to specify the class of domains studied in this paper. Our domain
has two properties: the Interior™ Property and the Exterior™ property. First, we partition
the domain into several subdomains of preferences according to the peaks of the preferences.
The Interior™ property is established on each subdomain, and requires two preferences in one
subdomain be connected via a simple™ path in this subdomain. The Exterior™ property imposes
conditions on two preferences in two distinct subdomains. When these two preferences share
the same relative ranking of some pair of alternatives, we can construct a simple™ path in
the domain connecting them, while preserving the relative ranking of this particular pair of
alternatives along this simple™ path. In particular, when the two preferences have similar
peaks, say (a®,z7°) and (b%,27°), an additional condition is imposed so that the peak of each
preference in the corresponding simple™ path lies in the set (A%, 27%).

DEFINITION 4 Domain D satisfies the Interior™ property if given distinct P;, P! € D with
r1(P;) = r1(P]) = a, there exists a simple” path {PF}}_, CD* connecting P; and P;.

DEFINITION 5 Domain D satisfies the Exterior® property if given P;, P} € D with ri(P;) #
r(P)), and a,b € A with aP;b and aP}b, there ezists a simple” path {PF}?_, C D connecting
P; and P! such that aPZ-kb, k=1,...,q. In addition, when r1(P;) and r1(P]) are similar, the
simple™ path {PF}i_, satisfies the no-detour property, i.c., [ri(P;) = (a®,2%) and r1(P}) =
(b%,27%)] = [r1(PF) € (A%, 27°) for all1 < k < q] .

A domain satisfying the Interior™ property and the Exterior™ property is referred to as a
connected? domain. It turns out that every minimally rich and connectedt domain is a
subset of the top-separable domain, and therefore a multidimensional domain.

22If two preferences are adjacent and disagree on peaks, one of them must violate top-separability.

23The co-existence of adjacency and adjacency™ is critical in the construction of a simple™ path. We first use
adjacency to adjust preferences to reach an appropriate separable preference where then we can make simultaneous
multiple local switchings required by an adjacencyt (see Example 5 in Appendix D.3).

24 Appendix D.1 provides two examples of simple™ paths which satisfy and violate the no-detour property
respectively.
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PROPOSITION 2 Let D be a minimally rich and connected”™ domain. Then, D C Dypg.

Proof: Suppose that D Q D7g. Thus, there exists P; € D\Drg such that r1(F;)* = a® and
(b°,27%)P;(a®,27*%) for some s € M, b° € A*\{a°} and 2% € A~°. Pick another preference
P! € D**7°) by minimal richness. The Exterior™ property implies that there exists a simplet
path {PF}!_, C D connecting P; and P/ such that (b%,27°)PF(a®,27%) for all 1 < k < q.
Since r1(P}) = a # (b%,27%) = r1(P/), there must exist 1 < k < ¢ such that r1(PF) = a #
Tl(P,L-k—H). Consequently, PF ~+ Pf“, and hence, PF is a separable preference which implies

(2

(a®,2=%)PF (b, 27%) for all 2= € A~*. Contradiction! O

REMARK 1 The top-separable domain, the separable domain, multidimensional single-peaked
domains and their intersection and unions are all included in the class of connected™ domains.
The detailed verifications are available in Appendices D.3 - D.7. The lexicographically separable
domain however fails connectedness™ due to the non-existence of preferences that deliver adja-
cency.?® The class of connectedt domains also excludes domains studied in the one-dimensional
setting (e.g., Gibbard, 1977; Moulin, 1980; Saporiti, 2009; Sato, 2013; Chatterji et al., 2016). O

We next turn to an important property of unanimous and strategy-proof RSCFs on connected ™
domains which plays a critical role in the subsequent analysis: The social lottery at every pref-
erence profile depends only on voters’ peaks. We say that such an RSCF satisfies the tops-only
property. Formally, an RSCF ¢ : DV — A(A) satisfies the tops-only property if for every pair
of tops-equivalent profiles P, P’ € DV, i.e., r1(P;) = r1(P}) for all i € I, we have p(P) = p(P").

PROPOSITION 3 Every unanimous and strategy-proof RSCF on a connected” domain satisfies
the tops-only property.

The proof of Proposition 3 is available in Appendix A.

REMARK 2 We add the superscript “+” to highlight the role of simple™ paths in our two prop-
erties, and thereby distinguish our two properties from the Interior and Exterior properties of
Chatterji and Zeng (2017). The connected® domains here fail to satisfy their Interior and Ex-
terior properties: The Interior property is a strengthening of the Interior™ property since it is
established by using simple paths which cannot be generally applied to multidimensional do-
mains, like the separable domain (see Example 5 of Appendix D.3), while the Exterior property
is significantly weaker than the Exterior™ property as it is defined by using the notion of isolation
which is weaker than both adjacency and adjacency™. The verification of Proposition 3 is similar
to the proof of the Theorem of Chatterji and Zeng (2017), but requires an additional step that
specifically applies to adjacent™ preferences (Lemma 10 of Appendix A). Finally, we note that
Proposition 3 still holds even when the no-detour property fails. We believe that Proposition 3
is of some independent interest for the study RSCFs’ in the voting model. U

We next use Proposition 3 is to generalize an existing characterization result of generalized
random dictatorships on all connected™ supersets of the lexicographically separable domain
(recall footnote 18), like the separable domain and the top-separable domain.

%5Tn the lexicographically separable domain, we know that (i) there exists no pair of adjacent preferences, (ii)
even though adjaceny™ exists, every pair of adjacent™ preferences shares the same lexicographic order, and (iii)
therefore, the difference in a pair of lexicographically separable preferences with distinct lexicographic orders can
never be reconciled via a simple™ path in the lexicographically separable domain.
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COROLLARY 1 Let |A%| > 3 for each s € M, and D be a connected” domain that includes the
lexicographically separable domain. A unanimous RSCF ¢ : DN — A(A) is strategy-proof if and
only if it is a generalized random dictatorship.

Proof: Since the lexicographically separable domain is minimally rich and included in D, we
know that D is also minimally rich and hence D C D7g by Proposition 2. The sufficiency part
of Corollary 1 thus is implied by Proposition 1. We show the necessity part. First, recall that
Theorem 3 of Chatterji et al. (2012) shows that every unanimous and strategy-proof RSCF on the
lexicographically separable domain is a generalized random dictatorship. Next, by Proposition
3, RSCF ¢ satisfies the tops-only property. Last, since the lexicographically separable domain
is included in D, tops-onlyness implies that ¢ must be a generalized random dictatorship. [J

We conclude this section with an implication of Proposition 3 that will play in important
role in our analysis. Since the tops-only property emerges endogenously, every unanimous and
strategy-proof RSCF ¢ : DV — A(A) simplifies to a random voting rule ¢ : AV — A(A). We
hence simplify the notation of a preference profile (P, ..., Py) to (z1,...,2x), where r(FP;) =
zi, i =1,..., N. We also mix the notation of alternatives and preferences, e.g., (a, P;) represents
a two-voter preference profile where the peak of voter i’s preference is a and voter j’s preference
is P;. More importantly, henceforth, we can simply focus on the peaks in each pair of adjacent™
preferences with distinct peaks since the peaks determine the social lotteries because of the
tops-only property. Accordingly, we induce an adjacency™ relation between alternatives from
the adjacency™ relation between preferences as follows. We say that a pair of alternatives a,b € A
is adjacent™, denoted a ~* b, if there exist P; € D* and P/ € D° such that P; ~* P/. Given
distinct a,b € A, let {zx}!_, denote an adjacent™ path (of alternatives) connecting a and b if
r1=a,zy =band xp ~T 211, k=1,...,t — 1. Consequently, we can now specify a geometric
relation on all alternatives that will be useful in the subsequent analysis.

3.2 MULTIDIMENSIONAL SINGLE-PEAKEDNESS

Corollary 1 shows that connected™ domains that contain the domain of lexicographically separa-
ble preferences, like for instance, the separable domain, do not allow us to construct unanimous
and strategy-proof RSCF's satisfying the compromise property. In this section we prove that if
a minimally rich and connected™ domain admits an RSCF which satisfies the aforementioned
properties, then it must be a multidimensional single-peaked domain.

The version of multidimensional single-peakedness we derive is a generalization of the one
studied by Barbera et al. (1993). We first introduce our notion of multidimensional single-
peakedness. Besides the Cartesian product setting, we impose an additional condition on the
alternative set: for each s € M, all elements in A° are located on a tree, denoted G(A%).26 Let
(a®,b*) denote the unique graph path between a® and b° in G(A4°).2” Combining all trees G(A*),
s € M, we generate a product of trees x ey /G(A®) where the set of vertices is A, and two

s

alternatives a and b form an edge if and only if @ and b are similar, say a=° = b~° for some

s € M, and moreover, a® and b° form an edge in G(A%). Given a,b € A, let {(a,b) = {x € A|z® €

26 A graph is a combination of vertices and edges. A graph path is a sequence of vertices with each consecutive
pair forming an edge. A tree is a graph where each pair of vertices is connected via a unique graph path.
f a® = b°, (a®,b%) = {a®} is a singleton set.
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(a®,b°) for each s € M} denote the minimal box containing all alternatives located between a
and b in each component.

DEFINITION 6 A preference P; is multidimensional single-peaked on a product of trees
X seMG(A®) if for all distinct a,b € A, we have [a € (ri(P;),b)] = [aP;b].

Therefore, a domain is multidimensional single-peaked if there exists a product of trees on
which every preference in the domain is multidimensional single-peaked. Given a product of
trees X eprG(A®), a multi-dimensional domain on Xz G(A®) containing all admissible multi-
dimensional single-peaked preferences is referred to as the multidimensional single-peaked
domain, denoted Djy;9p.2® We provide the following example to illustrate.

EXAMPLE 1 Let A = A! x A%, A' = {a',b',c!,d'} and A2 = {0,1}. Let G(A!) be a tree in
part (i) of Figure 2, and G(A42) be a line in part (ii) of Figure 2. Then, we have a product of
trees G(A') x G(A?) specified in part (iii) of Figure 2.

(e, 1)

c 1 1
1 (C »0)
/ (at 1)y (®1,1)
al d! bt 0 (at,0) (d',0) (b1,0)
() (i) (i)

Figure 2: A tree, a line and a product of trees

Let domain Dy/sp be the multidimensional single-peaked domain on G(A!) x G(A?%). Con-
sider a multidimensional single-peaked preference P; with r1(P;) = (a',0). For instance, since
(d',0) € {(a',0),(c', 1)) = {(a,0), (a}, 1), (d},0), (d*, 1), (ct,0), (ct, 1)}, we have (d*,0)Pi(ct, 1);
and since (d*,0) ¢ ((a',0), (a',1)) = {(a',0), (a*, 1)}, we may have (a',1)P;(d*,0). For instance,
we have P; : (a',0)_(a’, 1) (d',0)_(d', 1) (b}, 0)(ct, 0) (b}, 1) (ct, 1). O

REMARK 3 In the multidimensional single-peaked domain, some preferences are separable and
some preferences are not separable. Note that a separable preference P; € Dg is multi-dimensional
single-peaked on a product of trees x,cprG(A?®) if and only if for every s € M, the marginal
preference [P;)® is single-peaked on the tree G(A?%), i.e., for all distinct a®,b° € A®, we have
[as € (r1 ([B]®) ,b“”)] = [as[Pi]sbs} 29 O

Now, we formally state the main result.

Z8Throughout this paper, any strict subset of the multidimensional single-peaked domain is just referred to
as “a multi-dimensional single-peaked domain”. Two distinct product graphs of trees induces two distinct the
multidimensional single-peaked domains.

29To show the necessity part, according to a®,b° € A®, pick arbitrary 27° € A™°. Thus, (a®,z7%) €
(r1(P;), (b°,27°)) and multidimensional single-peakedness of P; implies (a®,z™°)P;(b%, 2™ *). Furthermore, sepa-
rability of P; implies a’[P;]°b°. For the sufficiency part, we assume r1(FP;) = = and pick a,b € A with a € (z,b).
Thus, for every s € M, either a® = b° or a® # b° and a® € (z°,b°). Then, single-peakedness of marginal prefer-
ences implies that for every component which a and b disagree on, alternative a always has the element marginally
preferred to that of b, i.e., [a® # b°] = [a°[P;]°b°]. Therefore, it must be the case aP;b, as required.
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THEOREM 1 Let D be a minimally rich and connected™ domain. If it admits a unanimous and
strategy-proof RSCF satisfying the compromise property, it is multidimensional single-peaked.
Conversely, a multidimensional single-peaked domain admits a unanimous and strategy-proof
RSCF satisfying the compromise property.

Proof: We start from the verification of the necessity part. Let ¢ : DV — A(A) be a unanimous
and strategy-proof RSCF satisfying the compromise property. First, Proposition 3 implies that
¢ satisfies the tops-only property. Since ¢ satisfies the compromise property, we can separate

voters into two groups I and I\I with |I| = & if N is even, and 1] = N if N is odd. We

induce a two-voter RSCF: For all P;, P; € D, o(P;, P}) = gf)(%, II?I) It is easy to verify that ¢

is unanimous, tops-only and strategy-proof, and satisfies the compromise property.

In Lemma 2 below, we show that every pair of preferences with similar peaks cannot be
complete reversals (recall the definition in Section 2). Therefore, every pair of similar alternatives
(a®,27%) and (b%, 2~ %) is connected via an adjacent™ path in (A%, x~%).

LEMMA 2 Giwen s € M, a®,b° € A® and x™° € A™%, there exists an adjacent™ path {x}}_, C

(A%, z7%) connecting (a®,z~°) and (b%, 27%).

Proof: Since D(@#7°) £ () and D®**™°) £ () by minimal richness, there are two exclusive
situations to consider: (i) There exist P; € D@ *°) and P e D®*#7*) such that they agree
on the relative ranking of some pair of alternatives, and (ii) both D@ *™*) and D®**™°) are
singleton sets, and P; € D(*2°) and P/ € D®"*7°) are complete reversals.

In the first situation, the no-detour property in the Exterior™ Property implies that there
exists a simplet path {P}}?_ C D connecting P; and P/ such that r1(PF) € (A% 27°) for
all 1 < k < ¢q . By sorting all preferences of {Pik}zzl according to the peaks of preferences,
and removing those repetitions of top alternatives, we can elicit an adjacent™ path {xk}zzl C
(A%, x7%) such that z1 = (a®,27%), z, = (b°,27 %) and xp ~" 2y, k=1,...,¢— 1.

We next show that the second situation is invalid. Suppose that it is not true. Thus, the
worst alternative in P; is (b°,x~%). Pick an arbitrary 7 € M\{s} and 2™ € A7\{z"}. We have
an alternative (a®, 27,2~ 1%7}) and P, € plazm e

complete reversals and P/ # P;, preferences P; and P; must agree on the relative ranking of some

by minimal richness. Since P; and P/ are

pair of alternatives. Thus, the no-detour property in the Exterior™ property implies that there
exists a simplet path {PF}?_, C D connecting P; and P; such that ri(PF) € (a®, A7, z~157})
for all 1 < k < g. Since D(®* ) is singleton and r1(P}) # r1(P{), preferences P} and P?

must disagree on peaks. Therefore, P! ~7 Pf and hence, P; = Pi1 is a separable preference.

Consequently, by separability, 1 (P;) = (a®, 27,2~ 157} implies (b°, 27, 2= 5™ Py (b2, 27, 2~ 157,
This implies that (b%, z~*) is not the worst alternative in P;. Contradiction! O

LEMMA 3 Given s € M and 7% € A™%, let {x}]_; C (A%, 2™%) be an adjacent™ path. There
erist 0 < aq < -+ < ag1 < 1 such that for all1 <k < k' < q, p(zy, xp) = akexk—l—Zf:;il(al—
aj-1)eg, + (1 — agr—1)eq,,. Moreover, for every Py € D', xpPwg 1, k=1,...,q¢— 1.

Proof: Given 1 < k < g — 1, since z ~T zp41, we have P; € D% and P; € D%+ with
P; ~* Pj. Thus, r1(P;) = r2(Pj) = z and r2(P;) = r1(Pj) = zk41. Then, by tops-onlyness,
item 2(ii) of Lemma 1 and unanimity, we have @z, (2, Tk11) + Pop ) (Th, Thi1) = Pay (B, Pj) +
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(Pkarl(Pi?Pj) = (pmk(PMR) + 90901@+1(P1'7Pi) = SOfEk(PDPi) = 1. Let @wk(xk?xk-ﬁ-l) = ap and
Orpprr (Thy Tpg1) = 1 — oy, where 0 < oy < 1. Thus, @(2g, Tp41) = ag €z, + (1 — ag)eq, . Next,
we adopt an induction argument.

Induction Hypothesis: Given [ >2 foralll <k <k < qwith0 <k —k < I, we have
(p(ﬂ?k, ‘/Ek’) = Qgey, + Zy k+1(au au—l)exy + (1 - ak’—l)exk/-

Let k' — k = 1. We show ¢(zk, 2p) = ageq, +Zy k+1(ay ay-1)eq, + (1 —ap_1)es,,. Since
zg ~1 241, we have P; € D and P/ € D"+ with P; ~™ P!. Then, according to the induction
hypothesis, the following equalities hold.

(1) 0o (P, 2y )+ (Prywpr) = Oup (P, xkl)JrgozkH(P ZTgr) = gy by item 2(ii) of Lemma 1;
(i) ¢z, (Piyz) = @a, (P, xpr) = ay — a1, v =k +2,...,k" — 1 by item 2(iii) of Lemma 1;
(iil) e, (P, o) = 0o, (P, 2p) = 1 — agz_1 by item 2(iii) of Lemma 1.

Similarly, since z ~1 21, we have P; € D" and P} € D"-1 such that P; ~T P
Then, item 2(iii) of Lemma 1 and induction hypothesis imply g, (vx, Pj) = ¢u, (2, P}) = a.
Thus, @xk+1($kaxk’) = Soxk (P’hxk’) + prk+1(Pi7'fck’) = Py, (xk,P]) = Q41 — Q. Therefore,
o(xp, T ) = peg, + ZV k+1(av —ay_1)eg, + (1 — ap_1)es,,. This completes the verification
of the induction hypothesis.

Next, we show ap < agi1, k=1,...,¢q—2. Given 1 < k <t — 2, since x, ~* 2,1 and
The1 ~T Xpyo, we have P; € D" and P; € D*+2 such that ro(P;) = ro(Pj) = xpy1. Thus,
k41 — Ok = Pgy,, (Pi, Pj) > 0 by the compromise property.

Last, given P; € D*', we show zpPixgi1, k=1,...,9—1. Given 1 < k < g — 1, suppose
xp41 Py, Evidently, 1 < k < ¢. At the profile (P;, x511), we have ¢, (P, 2p+1) = o — ap—1 >
0. Assume apy1 = r,(P;). Consequently, >/ @, (p) (P zrg1) < 1 — g (P 2pq1) < 1 =
Capir (Tht1, Tha1) = Dof—1 Pry(Py)(Ths1, Try1). Thus, voter 7 will manipulate at (P, zg41) via a
preference with peak xjy1. Therefore, zp Pixgyr1, k=1,...,9 — 1. O

Given s € M and 2* € A%, we induce a graph G+ ((4%,27%)) where (A%, 27%) is the set
of vertices, and two alternatives form an edge if they are adjacent™. By Lemma 2, we know that
in G+ ((AS, x5 )), there exists a graph path between any pair of vertices.

LEMMA 4 Given s € M and 75 € A%, G+ ((A%,27%)) is a tree.

Proof: Suppose not, i.e., there exists a cycle {zy}t _; C (A%, 27%), ¢t > 3, such that z ~ x4,

k=1,...,t, where x;11 = z1. According to the sequence {z}},_;, Lemma 3 implies @, (1, ;)+
¢u,(x1,7¢) < 1. However, 1 ~T z; implies ¢, (z1,2¢) + ¢z, (1,2¢) = 1. Contradiction!
Therefore, G+ ((A%,z7%)) is a tree. O

We are going to show that two trees G+ ((4%,27%)) and G+ ((A%,y*)) are “identical” in
the sense that for all a®,b* € A%, (a®,z7*) and (b°,2™*) form an edge in G+ ((4°%,z7%)) if and
only if (a*,y*) and (b%,y*) form an edge in G-+ ((A®, y~*)). With this result, we can generate
a tree G(A®) on the component set A°.

For the next lemma, we fix the following four alternatives: a = (x%,27,27157}), b =
(y°,y7, 2~ ), e = (2,47, 2~ 157}) and d = (y*, 27, 2~ {5™}) where 2° # y* and 27 # y".
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LEMMA 5 Ifa~" canda~" d, thenb~"% c and b ~" d.

Proof: Since b,c € (A%, y™, 2z~ 5™ and b,d € (y°, A%, 2~{>7}), Lemma 4 implies that there
exists a unique adjacent™ path {zx}7_, C (v, A7,27{*7}) connecting b and d, and a unique
adjacent™ path {yx}i_, C (A4%,¢7, z~{57}) connecting b and ¢. We use the following diagram to
illustrate the geometric relations among a, b, c and d.

d= (ys’ z7, 27{5’7}) T = (31871,27 Z*{s,r}) b— (ys,yT, 27{5,7})

I
oy = (yi,y™, 2~ 17
I

a= (xs,xT, z_{S’T}) c= (xs7yf7 Z—{S,T})

Figure 3: The geometric relations among a, b, ¢ and d 3°

To verify this lemma, we show ¢ = 2 and p = 2 (equivalently, b ~* ¢ and b ~* d). Suppose
not, i.e., either ¢ > 2 or p > 2. Assume ¢ > 2. The verification related to p > 2 is symmetric
and we hence omit it. Thus, yo = (¥3,y7, 2~ 57}), yo ¢ {b, ¢} and y5 ¢ {z°,y°}.

Since a ~* ¢, we have P; € D* and P € D° with P, ~* P/. According to {yx}i_;,
@y (P1b) = 04 (Ygyy1) > 0 by Lemma 3. Let 2o = (3,27, 27 17}). Thus, {29,12} is a local
switching pair of P; and P/, and hence item 2(ii) of Lemma 1 implies ¢.,(P;,b) + ¢y, (P, b) =
@20 (P!, ) + ¢y, (P!, b) > 0. On the other hand, since a ~T d, we have P; € D* and P} € D¢ with
P; ~* P!. Since y2, 20 ¢ {xi}o_; C (v°, A7, 27{87}), Lemma 3 implies oy, (P/,b) = ¢y, (2, 71) =
0 and ., (P!,b) = ¢4, (zp, 1) = 0. Furthermore, since yo,22 ¢ (2%, A7%) U (y*, A™%), item
2(iii) of Lemma 1 implies ¢y, (P, b) = ¢y, (P/,b) = 0 and ¢,,(F,b) = ¢.,(P/,b) = 0. Thus,
@2 (Pi,b) + @y, (P;,b) = 0. Consequently, ¢(P;,b) # ¢(P;,b) which contradicts the tops-only
property. Therefore, ¢ = 2. By a similar argument, p = 2. O

LEMMA 6 Given s € M and a®, b € A%, if (a®,x7%) ~T (b5, 27%) for some x5 € A™%, then
(a®,y~%) ~T (b%,y~%) for ally=5 € A5,

Proof: Given y=* € A~*\{z~*} and 7 € M\{s} with 27 # y7, we show (a®,y7,z~{#7}) ~+
(bs,yT,m_{s7T}). By switching 2157} to y~ {7} component by component and applying the
symmetric argument, we can complete the verification of the lemma.

Since GN+((aS,AT,$_{5’T})) is a tree, there exists a unique adjacent™ path {ax}i_, C
(a®, AT, 2= 157} such that a1 = (a, 27,z 157}), ag = (a®,y", 2= and ap ~T appq, k=
1,...,q — 1. Accordingly, we construct another sequence {b;}7_, C (b°, A7, z=157}) such that
b = (bs,az,x*{s”}), k=1,...,q. Thus, by = (b°,27, 257} and by = (b*,y7, =157, Note
that the sequence {by}7_, is not necessarily an adjacent™ path in (b, A7, =157} so far.

Since a; = (a%, 27,2~ = (a%,27°) ~t (b%,27%) = (b°,27, 2~ {57}) = by by hypothesis,
and a1 ~T ag, Lemma 5 implies by ~ by and by ~T ay. Following the adjacent™ path {aj}}_,
and repeatedly applying Lemma 5, we have by, ~ by_1 and by ~T ay, k = 2,...,q. Eventually,
(as’yT’l.—{s,T}) = aq ~t bq — (bs,yT,LE_{S’T}). 0

By Lemmas 4 and 6, we can induce a tree G(A®) over A® for each s € M such that for all
a®,b% € A%, (a®,b%) is an edge in G(A?) if and only if (a®,27%) ~* (b°,27%) for all 275 € A™5.

39The dash line represents an adjacency™ path connecting two alternatives.
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Thus, we have a product of trees X cpG(A%). According to X scpG(A*®), we know that a pair
of alternatives a and b is adjacent™ if and only if they are similar, i.e., a® # b* and a=° = b~*
for some s € M, and moreover, a® and b° form an edge in G(A?).

LEMMA 7 Given P; € D, if P; is separable, it is multidimensional single-peaked on X scpyG(A?®).

Proof: Assume 71 (P;) = a = (a®)sepr. To verify this lemma, it suffices to show that for every
s € M, the marginal preference [P;]* is single-peaked on the tree G(A?®) (recall Remark 3).
Suppose that P; € D is not multidimensional single-peaked on x4cprG(A®). Thus, there
exist s € M and 2°,y® € A® such that 2° € (a®,y°) but y°[P;|*z®. Let (a®,y®) = {x}}{_, where
z{ = a® and x; = y*. Thus, z° = ] for some 1 < [ < ¢. Pick arbitrary 7% € A™*, and let
xp = (x5,275), k=1,...,q. Thus, {z}}]_, is a graph path in G+ ((4%,27%)). By separability,
y®|P;)°z® implies z,P;x;. Accordingly, assume z, = r,(P;) and z; = r,(P;) where v < V.
According to {z1}]_;, Lemma 3 implies ¢, (P;, 24) > 0. Consequently, Y7/, ¢, (p,) (P, 24) <
L =371 @ryp)(Tq,4), and hence voter ¢ manipulates at (P;,x,) via a preference with peak
x4. Therefore, P; is multidimensional single-peaked on xcprG(A®). O

LEMMA 8 Domain D is multidimensional single-peaked on X scprG(A®).

Proof: Given P; € D, suppose that it is not multidimensional single-peaked on xgcprG(A?).
Assume r1(P;) = a = (a®)sepm. Thus, there exist distinct x,y € A such that z € (a,y) but yPx.
Evidently, a # y. Since D is minimally rich, we have P € D¥. Thus, P; and P, differ on peaks
but agree on the relative ranking of y and x. Then, the Exterior™ implies that there exists a
simplet path {PF}¢_, C D connecting P; and P! such that yPFx for all k = 1,...,g. Note that
since 71(P}) = a # y = r1(P7), there must exist 1 < k < ¢ such that r(PF) = a # r1(PF™).
Consequently, it is true that Pl-k ~t Pf“ and Pf is a separable preference. Then, Lemma 7
implies that P” is multidimensional single-peaked on x 4¢3/G(A*), and hence 2 € {(a,y) implies

7
xPFy. Contradiction! This completes the verification of the necessity part of Theorem 1. [

Now, we turn to the sufficiency part of Theorem 1. Given a product of trees X cprG(A?),
let D be a multidimensional single-peaked domain, and Dy;gp be the multidimensional single-
peaked domain. Evidently, D C Dj;gp. For notational convenience, let Dyrsp = Dg N Dassp
denote the intersection of the separable domain and the multidimensional single-peaked domain,
and D, gp = {[P2]° : P, € Dysp} denote the induced marginal domain on A* for each s € M.
Evidently, given s € M, D3, ¢p is the single-peaked (marginal) domain on the tree G(A®). We
will construct an RSCF on Dy;gp by three steps.

STEP 1. We introduce a class of DSCFs on each marginal domain. Fix s € M. Given a N-

tuple of elements (zf,...,2%) € [A°]Y, let G(5,...,2%) denote the minimal subgraph
of G(A?®) containing 5, ...,2% as vertices.?! Given a® € A*, we have the projection of
a® on G(z7,...,2%), denoted 7° (as, G(z3,... ,:):fv)), which is unique.?? Thus, we have a

particular marginal function 7 : [A5]Y — AS.

31For details of minimal subgraph, please refer to Chatterji et al. (2013).

32Fix a tree G, a subtree G’ C G and a vertex a. If a belongs to the vertex set of G’, the projection of a on G’
is a itself. If a does not belong to the vertex set of G’, there exists an unique vertex a’ in G’ which lies in every
path connecting a and every vertex of G’. Thus, @’ is referred to as the projection of a on G’. Let m(a, G’) denote
the projection of a on G”.
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STEP 2. We assemble all marginal functions (7%)scps to construct a DSCF on Dy;gp. Fixing a =
(a®)sem € A, given P = (P1,...,Py) € ]D)ﬁsp, assuming r1(P;) = x; = (2])sem, ¢ € I,
for notational convenience, let f%(Pi,..., Py) = (ws(as,G(xf,...,mﬁ\,)))seM. DSCF f¢
is called a multidimensional projection rule, and the alternative a is referred to as the
projector of f@.

STEP 3. Last, we construct an RSCF on Djy;gp by a mixture of all multidimensional projection rules.
We associate each alternative/projector to a strictly positive real weight, i.e., A\, > 0 for
all a € A, and let >, 4 A\g = 1. Then, for all P € DV, let o(P) =Y ,c 4 Aaf*(P). RSCF
@ is called a mized multidimensional projection rule. Evidently, RSCF ¢ is well-defined
and satisfies unanimity.

Cram 1: RSCF ¢ is strategy-proof.

According to the construction, we know that if all multidimensional projection rules are
strategy-proof, then RSCF ¢ is strategy-proof on Dysgp.

To show strategy-proofness of all multidimensional projection rules, we first recall an impor-
tant characterization result established by Barbera et al. (1993) and Le Breton and Sen (1999):
Every unanimous DSCF f : ]D)%S p — A is strategy-proof on Dyssp if and only if the following
two conditions are satisfied.

(i) DSCF f is decomposable, i.e., for each s € M, there exists a marginal function f* : [A%]N —
A% such that for all P € ]D)]\N/[SP, assuming 71(P;) = x; = (2)sem, @ € I, for notational
convenience, we have f(P) = (f*(x5,... ,x?’v))seM.

(i) For each s € M, according to the marginal function f*, inducing a marginal DSCF f* :
[D3,p]Y — A® such that for every ([Pl]s,;. L [PN)F) € DiyplYs FE([PL)E, ...  [PN)®) =
fE(r([P1)%), ..., r1([Pn]*®)), we know that f* is strategy-proof.

According to the construction in Step 2, we know that every multidimensional projections
rule f* a € A, is decomposable. Next, fixing a multidimensional projection rule f¢, ac-
cording to each marginal function 7° constructed in Step 1, we induce a marginal DSCF
f¢ o Dy gplY — A° such that for all ([P, ..., [Pn]%) € [Digpl™, f ([P1)5,...,[PN]*) =
7 (r1([P1]®), ..., m1([Pn]%)). Furthermore, according to the proof of the sufficiency part of
the Theorem of Chatterji et al. (2013), we know that each marginal DSCF f%, s € M, is
strategy-proof on the marginal domain ]wa gp- Therefore, all multidimensional projection rules
are strategy-proof, as required. This completes the verification of the claim.

CramM 2: RSCF ¢ satisfies the compromise property.

Let I C I be a subset of voters with |I| = & if N is even, and 1] = NALif N is odd. Given
P;, P; € D, assume 1 (F;) = x # y = r1(P}) and ro(F;) = r2(P;) = a. We claim a € (z,y). Since

5 = a~* for some s € M, and

ro(P;) = a, it is true that = and a are similar, e.g., 2° # a® and x~
moreover, z° and a® form an edge in G(A®). Similarly, y and a are similar too, e.g., y” # a” and
y~ 7 =a 7 for some 7 € M, and moreover, y” and a” form an edge in G(A"). If s = 7, it must
be the case that z° # y® and a® € (a®,b%)\{z*,y*}. Thus, z7° = a™* = y~° and hence a € (z,y).
If s # 7, it must be the case that a® = y*, ™ = 27 and s = g7k = =187} Thus,

P P
a € (x,y), and hence, f° <%,ﬁ) = (7%(a?, (xs,ys>))S€M = a. Consequently, @, (%’T\G) =

T
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Yoea XS (%, ;@) > Aq > 0. This completes the verification of the claim, and hence proves

the sufficiency part of Theorem 1. O

REMARK 4 The Theorem of Chatterji et al. (2016) shows that in the class of minimally rich and
connected domains (i.e., the difference of two preferences can be reconciled via a simple path
of the domain), the existence of a unanimous, tops-only and strategy-proof RSCF satisfying
the compromise property implies that the domain must be single-peaked on a tree. Theorem
1 significantly generalizes their result in two ways. First, all the multidimensional domains
studied here (and in particular the multidimensional single-peakedness we induce) are ezcluded
by their domain richness condition. Second, we endogenize the tops-only property in the class
of connected™ domains. Even though the Interior and Exterior properties of Chatterji and
Zeng (2017) include multidimensional single-peaked domains, the characterization in Theorem
1 cannot be achieved in their model. In their Interior and Exterior properties, the boundary for
distinguishing the one-dimensional models and the multidimensional models is not clear. On the
contrary, the key notion of this paper, adjacency™, brings sufficiently many separable preferences
into consideration which not only clearly separate domains in question from the one-dimensional
setting (see Proposition 2), but also create the basis for embodying the restriction of multidi-
mensional single-peakedness (see Lemma 7) and spreading the restriction to other preferences
(see the proof of Lemma 8) in establishing the necessity part of Theorem 1. More importantly,
in a connected™ domain, we utilize the notion of adjacency™ between preferences with distinct
peaks to induce a general geometric relation among alternatives which is eventually refined (via
Lemmas 5 and 6) to be a product of trees, a necessary step for establishing multidimensional

single-peakedness in Theorem 1. O

If the minimally rich and connected™ domain happens to include two complete reversals
preferences (recall the definition in Section 2), we refine the necessity part of Theorem 1 by

showing that the domain is multidimensional single-peaked on a product of lines.??

COROLLARY 2 Let D be a minimally rich and connected® domain. If it contains two complete
reversals preferences and admits a unanimous and strategy-proof RSCF satisfying the compro-
mise property, it is multidimensional single-peaked on a product of lines.

Proof: By Theorem 1, we know that domain ID is multidimensional single-peaked on a product
of trees XsepG(A®). Let P; and P; be a pair of complete reversals preferences in . Assume
r1(P;) = z and 71 (P;) = T. Evidently, x # Z. We show that xscpG(A?®) is a product of lines.
Note that if xsc3G(A®) is not a product of lines, there exists no pair of alternatives whose
induced minimal box contains the whole alternative set (for instance, recall Figure 2 of Example
1). Therefore, to complete the verification, it suffices to show (xz,7) = A. Suppose not, i.e.,
there exists a ¢ (x,T). Thus, we have the projection of a on (z, ), say a’. Since a’ € (x,a) and
a’ € (Z,a), multidimensional single-peakedness implies a’P;a and a'P;a. Contradiction! O

33Let X semG(A®) be a product graph of lines, and Dasrsp be the multidimensional single-peaked domain on
XsemG(A®). Given s € M, according to G(A?), we can arrange all elements in A° on a linear order >°. Thus,
we have z°,7° € A® such that T° >° ©° >° 2° for all 2° € A°\{z"°,Z°}. Then, we can identify P; € Dysp with
r1(P;) = (z4)sem and P} € Dargp with 71(P;) = (Ts)sem which are complete reversals.
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As all generalized random dictatorships are strategy-proof on the top-separable domain by
Proposition 1, the violation of the compromise property in generalized random dictatorships
explained in the beginning of this section demonstrates the indispensability of the compromise
property in Theorem 1. We provide two other examples below to illustrate the indispensable
role of our richness condition in Theorem 1.

EXAMPLE 2 Let A = Al x A% and A! = A% = {0,1}. Let domain D be consist of the following

four preferences.

(0,0) (1,0) (0,1) (1,1)
(1,0) (0,0) (1,1) (0,1)
(1,1) (1,1) (0,0) (1,0)
(0,1) (0,1) (1,0) (0,0)
Table 1: Domain D

Domain D is not a connected™ domain, as we only have P| ~ P, and P3 ~T P;. We
cannot construct any product of trees and show that domain I is correspondingly multidimen-
sional single-peaked.?* Every random dictatorship is unanimous and strategy-proof on D, and
moreover, satisfies the compromise property vacuously since no profile shares a compromise al-
ternative. This indicates that connectedness™ provides an appropriate environment and ensures
that the compromise property acts effectively. O

EXAMPLE 3 Let A = A! x A2 x A3 and Al = A% = 43 = {0,1}. Let I = {i,j}. Let
G(A') x G(A?) x G(A3) be a product graph of three lines specified in the diagram below. Let
Dyssp be the multidimensional single-peaked domain on on G(A') x G(A?) x G(A3).

(0,1,1) (1,1,1)

(0,1,0) (1,1,0)

(0,0,1) (1,0,1)

(0,0,0) (1,0,0)
Figure 4: A product of lines G(A!) x G(A?) x G(A3?)

We specify a particular preference below which is not included in Dpsgp:

P (07 07 0)9(07 O> 1)4(17 07 0)4(11 Oa 1)9(()) 17 0)9(07 17 1)4‘(1a 17 1)9(17 17 0)35

7

Note that P/ is not a top-separable preference either, e.g., 1 (P) = (0,0,0) but (1,1,1)P*(1,1,0).
Thus, domain D = Dygp U {P;} is not a connected™ domain by Proposition 2.

We first identify six multidimensional projection rules f, a ¢ {(1,1,0),(1,1,1)}. Next, we
highlight two voter sequences (j,4,7) and (i,j,7), and construct two generalized dictatorships

34In a multidimensional single-peaked domain, no pair of preferences with distinct peaks is adjacent. However,

in domain D of this example, P, and P> are adjacent and disagree on peaks.
*Since (1,1,0) € {(0,0,0),(1,1,1)) but (1,1,1)P/(1,1,0), we know P ¢ Dasp.

22



fU0) and f@:d:9) (recall the proof of Proposition 1). Last, we construct an RSCF by a mixture
of these eight DSCFs: For all P;, P; € D,

1 a L G L i
p(PuP)=5 Y [UBB)+gUP )+ fNPBP).
a¢{(1,1,0),(1,1,1)}

We assert that RSCF ¢ is unanimous and strategy-proof, and satisfies the compromise property.
All detailed verifications are available in Appendix D.2. O

3.3 DETERMINISTIC VOTING

In this section we provide a characterization of multidimensional single-peaked domains using
deterministic social choice functions. The axiom of anonymity is appropriate for distinguishing
deterministic social choice functions from dictatorships, while in the random setting, requiring
an RSCF to satisfy anonymity does not help in distinguishing the RSCF from the class of random
dictatorships as the particular random dictatorship that gives equal weights to all voters satisfies
anonymity. We replace the compromise property by anonymity and obtain a characterization
result using deterministic social choice functions assuming an even number of voters.

Formally, an RSCF ¢ : DV — A is anonymous if for all (Py,...,Py) € DV and every
permutation o : N — N, we have ¢(P,...,Py) = @(Pa(l), e ,PU(N)).

THEOREM 2 Let D be a minimally rich and connected”™ domain. If it admits an unanimous,
anonymous and strategy-proof DSCF for an even number of voters, it is multidimensional single-
peaked. Conversely, a multidimensional single-peaked domain admits an unanimous, anonymous
and strategy-proof DSCF for an arbitrary number of voters.

The proof of Theorem 2 is available in Appendix B.

REMARK 5 Theorem 2 generalizes the Theorem of Chatterji et al. (2013) to the multidimen-
sional setting and does so without imposing the axiom of tops-onlyness on the DSCF, since
this property emerges endogenously in our set up as mentioned in Remark 4 above. This char-
acterization of single-peakedness in the multidimensional setting can be interpreted as further
evidence in favour of the Gul conjecture (see Section 6.5.2 of Barbera, 2010).3% In comparing
Theorems 1 and 2, we realize that randomization helps us avoid the restriction on the number
of voters, and moreover, significantly simplifies the proof. In particular, the 4 situations (Figure
6) considered in Appendix B are simultaneously covered in the random setting. For instance,
loosely speaking, we can view @.(a, ¢) X ¢4 (a,d) as the probability of Situation 1 in Figure 6. [J

3.4 RANDOM VOTING UNDER CONSTRAINTS

Barbera et al. (1997) first studied the model where not all alternatives are feasible. Thus, the
feasible alternative set becomes a strict subset of the Cartesian product structure. In such a

36Chatterji et al. (2013) investigate the same class of rich domains as Chatterji et al. (2016), and show that the
existence of a unanimous, anonymous, tops-only and strategy-proof DSCF for an even number of voters implies
that the domain must be semi-single-peaked on a tree, which is weaker than the restriction of single-peakedness.
Here we characterize full single-peakedness.
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setup, our result is not valid. In particular, the necessity part of Theorem 1 fails once invalid
alternative appears,?” while the sufficiency part of Theorem 1 may not hold as the multidimen-
sional projection rule may select infeasible alternatives.

In this section, we adapt our model to accord with the infeasible alternatives problem in the
following three ways: (1) Modify RSCFs to constrained RSCFs which only specify probabilities
to feasible alternatives, (2) adjust the axioms of unanimity and the compromise property w.r.t.
feasible alternatives, (3) strengthen the well-behavedness of the strategy-proof RSCF in question
by exogenously imposing the tops-only property. Then, we show that without any change of the
domain richness condition: minimal richness and connectedness™, the existence of a unanimous,
tops-only and strategy-proof constrained RSCF satisfying the compromise property implies that
the domain must be multidimensional single-peaked w.r.t. feasible alternatives, i.e., (i) the set of
feasible alternatives is factorizable (in other words, the feasible set itself is a Cartesian product)
and moreover, located on a product of trees, (ii) every pair of preferences with an identical peak
must have a same most preferred feasible alternative, and (iii) for each preference over A, the
induced preference over the feasible alternatives is multidimensional single-peaked on the product
of trees consisting of feasible alternatives. With these modifications, every multidimensional
projection rule with a projector of feasible alternative (recall the proof of the sufficiency part of
Theorem 1) is well-defined, and the mixture of these particular multidimensional projection rules
satisfies the requirements of unanimity, tops-onlyness, strategy-proofness and the compromise
property. This indicates that our characterization of the restriction of multidimensional single-
peakedness is robust w.r.t. voting under constraints.

Let A C A = x4 A® denote the set of feasible alternatives. Given a preference P; over A,
let PZ-| i denote the induced preference over A which preserves the relative rankings of feasible
alternatives in preference F;. Accordingly, let D3 = U piem{Pﬂ 4} denote the domain of induced
preferences over A. Note that if there exists s € M such that a® = b° for all a,b € A, then
the component set s becomes redundant and hence can be eliminated. Hence, we impose an
assumption to make all components indispensable.

ASSUMPTION 1 For each s € M, there exist a,b € A such that a® # b°.

Under Assumption 1, we say that the feasible set A is factorizable if there exists A% C A®
for each s € M such that A = x e A°.

A constrained RSCF is a map ¢ : DV — A(A) which assigns positive probabilities only
to feasible alternatives. We modify the axioms of unanimity and the compromise property to
accord with feasibility. Formally, a constrained RSCF ¢ : DV — A(A) is unanimous (w.r.t.
feasibility) if for all @ € A and P € DV, [r1(Pya) = a forall i € I| = [pa(P) = 1]. Next,
a constrained RSCF ¢ : DV — A(A) satisfies the compromise property (w.r.t. feasibility)
if there exists I C I with |I| = ¥ if N is even, and |I| = ¥FL if NV is odd, such that for all

P, P; € D with r1(P;) # r1(P;j) and ro(P;) = ro(P;) = a € A, we have @, (%, %) > 0. The
definition of strategy-proofness is not affected by the feasibility issue.
For voting under constraints, the definition of multidimensional single-peaked domain is

modified as follows.

3"For instance, the verification of Lemma 5 relies on the feasibility of the four alternatives a, b, ¢ and d.
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DEFINITION 7 A domain D is multidimensional single-peaked w.r.t. A if DIA 18 multidi-
mensional single-peaked, i.e., the following two conditions are satisfied:

(i) The feasible set A is factorizable, i.e., A = x scpr A®.

(ii) There exists a product of trees xsepG(A®) such that for every P; € D, the induced
preference Pi|A is multidimensional single-peaked, i.e., given distinct x,y € A, [a? €

(r1(Pya),y)] = [xPiy).»
We provide an example to illustrate multidimensional single-peakedness w.r.t. feasibility.

EXAMPLE 4 Let A = Al x A2, A = {a',b',c!,d'} and A% = {0,1}. We specify a product of
two lines G(A') x G(A?), induce the multidimensional single-peaked domain Dyssp and consider
three cases of the feasible set (see Figure 5 below).

(!, 1) (ct, 1) (ct, 1)

(!, 0) (ct,0) (ct,0)
(@', 1) (a',1) (d', 1)
(a',1) (' 1) (a',1) (' 1) (a',1) (' 1)
&
(a',0) (', 0) (b',0) (a',0) (', 0) (b',0) (a',0) (d',0) (b',0)

(1) (2) (3)

Figure 5: Three cases of feasible alternatives

In the first case, the feasible set A = {(al,O), (d*,0), (at, 1), (d*, 1)} = {a',d'} x {0,1} is
factorizable (see diagram (1)), and located on a product of lines G ({a',d'}) x G ({0,1}). To
verify the second condition of Definition 7, we consider for instance preferences P; € DMSP
with r1(P;) = (b!,1). The induced preference P,z is either (d', 1)~ (a*, 1) (d*,0)—~(at,0) or
(d', 1) (d*,0)—(at, 1)~ (at,0), as required.

In the second case, the feasible set A = {(a',0), (b*,0), (a',1), (b*,1)} = {a*,b'} x {0,1}
is factorizable (see diagram (2)), and located on a product of lines G ({a',b'}) x G ({0,1}).
To verify the second condition of Definition 7, we consider for instance preferences P; € D MSP
with 71 (P;) = (d',1). The induced preference P, 4 is either (a',1)(at,0)_ (b}, 1) (b*,0), or
(a', 1) (b, 1) (at,0) (b, 0), or (b', 1) (b},0)(at, 1) (al,0), 0or (b}, 1) (at,1)_(b',0)(a’,0),
as required.

In either case (1) or case (2), we can still construct 4 multidimensional projection rules
fe []IA))MSPM}N — A, a € A. Then, the mixed multidimensional projection rule ¢(P) =
Y acidaf(P) forall P € [®MSP\A]N
and strategy-proof on D MSP|A and satisfies the compromise property. Furthermore, we extend

¢ to a constrained RSCF ¢ : [DMSP]N — A(A) such that o(Py,..., Py) = ¢(P1|A, - 7PN|A)
]N

, where \, > 0 foreacha € Aand 3 acA = 1, is unanimous

for all P € [DMSP Thus, the constrained RSCF ¢ remains strategy-proof and satisfies

unanimity and the compromise property w.r.t. feasibility.

38In the product of trees X e G(A®), the vertex set is A = X e A®. Graph G(A®), s € M, is a tree on the
vertex set A°.
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In the last case, the feasible set A = {(a',1), (b',1),(c*,0),(d",0)} is not factorizable (see
diagram (3)). Thus, no product of trees can be elicited for A. Therefore, Dysgp is not mul-
tidimensional single-peaked w.r.t. A. Indeed, the induced domain D mspa only admits ran-
dom dictatorships for unanimity and strategy-proofness.?? Consequently, no unanimous and
strategy-proof constrained RSCFs on Dysgp other than constrained random dictatorships (i.e.,
the modification of random dictatorships w.r.t. the peaks of induced preferences over A) can be
constructed.

Last, observe that although domain Dyssp is distinet to domain Dysgp of Example 1, they
both multidimensional single-peaked w.r.t. A of the first case. Thus, the union Darsp UDuysp
is multidimensional single-peaked w.r.t. A of the first case. O

Even though domain Dassp of Example 4 is multidimensional single-peaked w.r.t. the fea-
sible set of the first two cases, there is an important difference between the two cases: In case
(1), domain Dysp satisfies the unique feasible peaks condition, i.e., [r(P;) = r(P/)] =
[r1(Pya) =m (]Di" 1)), while in case (2), some preferences share the same top but disagree on the

peaks of feasible alternatives, e.g., preference P; € Dy gp with r1(P;) = (d',1) can have either
(at,1) or (b',1) as the peak of feasible alternatives. Due to this major difference, constrained
RSCFs on Dy gp of Example 4 perform differently in both cases. For instance, fix (a',0) € A, let
Aat,0) = 1, and consider the constrained RSCF ¢ : [I@MSP]Q — A(A) constructed in Example
4. In case (1), the constrained RSCF ¢ still satisfies the original tops-only property regard-
less whether the peaks of the preferences are feasible or not, while in case (2), it satisfies the
tops-only property w.r.t. feasibility, i.e., given P, P’ € [DMSP]Q, [r1 (Pi\/i) =r (Pz‘,\A) for all ¢ €
I = [¢(P) = ¢(P)], but fails the original tops-only property, e.g., given P;, P/, P; € Dyrsp with
r(P) = ri(P) = (d'1) ¢ A, ra(Pyg) = (al,1) # (1,1) = r1(P) ;) and ri(P)) = (61,0) € A,
we have o(Py, Fj) = f00 (Pyx, Pya) = e@io) # ooy = [0 (P 1 Pya) = ¢(PL ). I
fact, the unique feasible peaks condition is required to be imposed on the multidimensional
single-peaked domain w.r.t. feasibility, so that we can ensure all constrained RSCFs generated
via the extension of mixed multidimensional projections rules satisfy the tops-only property.
We shall continue to restrict attention to the class of minimally rich and connected® do-
mains. In particular, preferences whose peaks are infeasible have to be considered in our charac-
terization. The tops-only property still plays an important role in our domain characterization
analysis. However, under voting under constraints, we are unable to endogenously establish
the tops-only property on all unanimous and strategy-proof constrained RSCFs.%? Therefore,
we exogenously impose the tops-onlyness property without any modification on strategy-proof
constrained RSCFs.
39We note that DA{SP\A is a linked domain (see Definition 3.3 of Aswal et al., 2003), i.e., (a*,1) ~T (d*,0),
(a*,1) ~T (b, 1), (d*,0) ~T (b, 1), (c',0) ~T (d*,0) and (c',0) ~T (b*,1). Moreover, D}L{SP\A satisfies Condition
H of Chatterji et al. (2014), i.e., both (d*,0) and (b',1) are hubs. Consequently, Theorem 3 of Chatterji et al.

(2014) implies that every unanimous and strategy-proof on D¢ p|4 is a random dictatorship.
4OWe can modify the definition of connectedness™ to accord with feasibility: Both the Interiort property and

the Exteriort property are established w.r.t. the peaks of feasible alternatives in all preferences. Then, we can
endogenously establish the tops-only property w.r.t. feasibility. However, without the tops-only property, our
domain implication analysis fails. For instance, the validation of Lemma 23 requires the tops-only property, not
the tops-only property w.r.t feasibility. In a tops-only RSCF, even though infeasible alternatives never receive
probabilities at any preference profile, preferences whose peaks are infeasible alternatives still play an important
role in determining social lotteries.
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Now, we present the result.

THEOREM 3 Let domain D be minimally rich and connected™. If it admits a unanimous, tops-
only and strategy-proof constrained RSCF satisfying the compromise property, then it is multi-
dimensional single-peaked w.r.t. A, and satisfies the unique feasible peaks condition.

Conwversely, let domain D be multidimensional single-peaked w.r.t. A that satisfies the unique
feasible peaks condition. There exists a unanimous, tops-only and strategy-proof constrained
RSCF satisfying the compromise property.

The proof of Theorem 3 is available in Appendix C.

REMARK 6 Barbera et al. (1997) considered a model where A is located on a product of lines, the
domain is the multidimensional single-peaked domain Dy;gp on the product of lines (Barbera
et al., 1993), and A is an arbitrary subset of A. They characterized the class of unanimous
and strategy-proof DSCFs that map to A: These are feasible generalized median voter schemes
satisfying the intersection property.*! The structure of the feasible set A determines the size of
the class of feasible generalized median voter schemes satisfying the intersection property. On
the one hand, if A is factorizable, then all feasible generalized median voter schemes satisfies
the intersection property automatically, the feasible set A is automatically located on a product
of lines xgseprG(A®) (see cases (1) and (2) of Example 4), and therefore Dy gp is obviously
multidimensional single-peaked w.r.t. A. Furthermore, one can construct a multidimensional
projection rule with a projector of feasible alternative on Dy;gp 4, and then extend it to a
feasible generalized median voter scheme on Dj;gp satisfying unanimity, anonymity, the tops-
only property (see case (1) of Example 4) or the tops-only property w.r.t. feasibility (see case
(2) of Example 4) and strategy-proofness. On the other hand, if A is not factorizable, in
particular see case (3) of Example 4, Section 4 of Aswal et al. (2003) or Theorem 2 of Barbera
et al. (2005), every feasible generalized median voter schemes satisfying the intersection property
degenerates to a constrained dictatorship. Then, a natural question arises: What structure on
A is implied by the existence of a “well-behaved” strategy-proof DSCF on Dj;gp whose range is
A? Our analysis in this section addresses a more general research question in the framework of
RSCFs, and shows that the existence of a unanimous, tops-only and strategy-proof constrained
RSCF satisfying the compromise property implies that A must be factorizable. Moreover, in
contrast to the model of Barbera et al. (1997) where domain Dj;sp was the primitive and
automatically multidimensional single-peaked w.r.t every factorizable feasible set, our domain
characterization analysis (i) takes a more general class of domains as the primitive, connected™
domains, (ii) establishes the factorizability of A and induces a product of trees X scprG(A®)
embedding A endogenously, and (iii) elicits the restriction of multidimensional single-peakedness
w.r.t. feasibility. Barbera et al. (1999) considered another model where A is located on a
product of lines, A is an arbitrary subset of A, and a feasible generalized median voter scheme
satisfying the intersection property is fixed. They induced preference restrictions to retrieve
strategy-proofness of the primitive generalized median voter scheme. However, the preference

41 A feasible generalized median voter scheme is a generalized median voter scheme who always chooses a feasible
alternative at each preference profile. The formal definition of the intersection property can be found in Definition
9 of Barbera et al. (1997). An alternative formulation of the intersection property can be found in Section 3.3. of
Nehring and Puppe (2007).
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restrictions elicited by them depend on the specific form of the primitive generalized median
voter scheme. Our analysis does not rely on a specific RSCF, but only takes a general strategy-
proof constrained RSCF with “well-behavedness” axioms as the primitive. More importantly, our
characterization of multidimensional single-peakedness is independent of our primitive RSCF. [J

4 CONCLUSION

We have proposed a class of multidimensional domains, connected®™ domains. We first prove
that multidimensional single-peakedness is the necessary and sufficient condition in the class
of minimally rich and connected™ domain for the existence of a unanimous and strategy-proof
RSCF satisfying the compromise property. Next, we show that our characterization is robust
w.r.t. voting under constraints. The results for multidimensional models presented here are in
the spirit of earlier results (e.g., Nehring and Puppe, 2007; Chatterji et al., 2013; Chatterji and
Mass6, 2016; Chatterji et al., 2016) that indicate that some form of single-peakedness is inherent
in preference domains that allow the construction of “well-behaved” rules that are strategy-proof.

We suggest that connected™ domains may be useful in resolving other open issues; one such
issue is the equivalence of strategy-proofness and local strategy-proofness where the latter is
formulated by requiring that only a manipulation via a preference adjacent or adjacent™ to the
sincere one is forbidden from being profitable.

The characterization of all well-behaved strategy-proof RSCFs on connected™ domains is not
attempted in this paper and is left for future work. It would also be of interest to extend the

analysis to situations where some of the dimensions include private goods or monetary transfers.

REFERENCES

AswarL, N., S. CHATTERJI, AND A. SEN (2003): “Dictatorial domains,” Economic Theory, 22,
45-62.

BARBERA, S. (2010): Handbooks in Economics: Social Choice and Welfare, Vol 2, Elsevier,
Amsterdam, chap. Strategyproof Social Choice (Chapter 25), 731-832, editors: Kenneth J.
Arrow, Amartya K. Sen, and K. Suzumura.

BARBERA, S., F. GUL, AND E. STACCHETTI (1993): “Generalized median voter schemes and
committees,” Journal of Economic Theory, 61, 262—289.

BARBERA, S., J. MassO, AND A. NEME (1997): “Voting under constraints,” Journal of Eco-
nomic Theory, 76, 298-321.

— (1999): “Maximal domains of preferences preserving strategy-proofness for generalized
median voter schemes,” Social Choice and Welfare, 16, 321-336.

(2005): “Voting by committees under constraints,” Journal of Economic Theory, 122,
185-205.

BARBERA, S., H. SONNENSCHEIN, AND L. ZHOU (1991): “Voting by committees,” Economet-
rica, 59, 595-609.

BORDER, K. AND J. JORDAN (1983): “Straightforward elections, unanimity and phantom vot-
ers,” The Review of Economic Studies, 50, 153—170.

28



BORDES, G., G. LAFFOND, AND M. LE BRETON (1990): “Strategy-proofness issues in some
economic and political domains,” Unpublished Manuscript, University of Bordeaux.

CHATTERJI, S. AND J. MAssO (2016): “On strategy-proofness and the salience of single-
peakedness,” International Economic Review, forthcoming.

CHATTERJI, S., S. ROy, AND A. SEN (2012): “The structure of strategy-proof random social
choice functions over product domains and lexicographically separable preferences,” Journal
of Mathematical Economics, 48, 353—-366.

CHATTERJI, S., R. SANVER, AND A. SEN (2013): “On domains that admit well-behaved
strategy-proof social choice functions,” Journal of Economic Theory, 148, 1050-1073.

CHATTERJI, S. AND A. SEN (2011): “Tops-only domains,” Economic Theory, 46, 255—282.

CHATTERJI, S.,; A. SEN, AND H. ZENG (2014): “Random dictatorship domains,” Games and
Economic Behavior, 86, 212-236.

(2016): “A characterization of single-peaked preferences via random social choice func-
tions,” Theoretical Economics, 11, 7T11-733.

CHATTERJI, S. AND H. ZENG (2015): “On random social choice functions with the tops-only
property,” SMU working paper, http://ink.library.smu.edu.sg/cgi/viewcontent.cgi?
article=2775&context=soe_research.

(2017): “On random social choice functions with the tops-only property,” Games and
Economic Behavior, accepted.

CHICHILNISKY, G. AND G. HEAL (1997): “The geometry of implementation: a necessary and
sufficient condition for straightforward games,” Social Choice and Welfare, 14, 259-294.

CHO, W. (2016): “Incentive properties for ordinal mechanisms,” Games and Economic Behavior,
95, 168-177.

DurTa, B., H. PETERS, AND A. SEN (2002): “Strategy-proof probabilistic mechanisms in
economies with pure public goods,” Journal of Economic Theory, 106, 392-416.

EHLERS, L. (2002): “Multiple public goods and lexicographic preferences: replacement princi-
ple,” Journal of Mathematical Economics, 37, 1-15.

EHLERS, L., H. PETERS, AND T. STORCKEN (2002): “Strategy-proof probabilistic decision

schemes for one-dimensional single-peaked preferences,” Journal of Economic Theory, 105,
408-434.

GIBBARD, A. (1977): “Manipulation of schemes that mix voting with chance,” Econometrica,
665—681.

GRANDMONT, J. (1978): “Intermediate preferences and the majority rule,” Fconometrica, 317
330.

Hatsumi, K., D. BERGA, AND S. SERIZAWA (2014): “A maximal domain for strategy-proof

and no-vetoer rules in the multi-object choice model,” International Journal of Game Theory,
43, 153-168.

29


http://ink.library.smu.edu.sg/cgi/viewcontent.cgi?article=2775&context=soe_research
http://ink.library.smu.edu.sg/cgi/viewcontent.cgi?article=2775&context=soe_research

KAzuMURA, T., D. MISHRA, AND S. SERIZAWA (2017): “Strategy-proof multi-object auction
design: Ex-post revenue maximization with no wastage,” Osaka University working paper.

LE BRETON, M. AND A. SEN (1999): “Separable preferences, strategyproofness, and decom-
posability,” Econometrica, 67, 605-628.

LE BRETON, M. AND J. WEYMARK (1999): “Strategy-proof social choice with continuous
separable preferences,” Journal of Mathematical Economics, 32, 47-85.

MisHRA, D. (2016): “Ordinal Bayesian incentive compatibility in restricted domains,” Journal
of Economic Theory, 163, 925-954.

MONJARDET, B. (2009): “Acyclic domains of linear orders: a survey,” in The Mathematics of
Preference, Choice and Order, Springer, 139-160.

MORIMOTO, S. AND S. SERIZAWA (2015): “Strategy-proofness and efficiency with non-quasi-
linear preferences: A characterization of minimum price Walrasian rule,” Theoretical Eco-
nomics, 10, 445—487.

MouLiN, H. (1980): “On strategy-proofness and single peakedness,” Public Choice, 35, 437-455.

NEHRING, K. AND C. PuppPE (2007): “The structure of strategy-proof social choice: Part
I: general characterization and possibility results on median spaces,” Journal of Economic

Theory, 135, 269-305.

PETERS, H., S. Roy, A. SEN, AND T. STORCKEN (2014): “Probabilistic strategy-proof rules
over single-peaked domains,” Journal of Mathematical Economics, 52, 123-127.

PETERS, H., H. VAN DER STEL, AND T. STORCKEN (1992): “Pareto optimality, anonymity, and
strategy-proofness in location problems,” International Journal of Game Theory, 21, 221-235.

REFFGEN, A. AND L.-G. SVENSSON (2012): “Strategy-proof voting for multiple public goods,”
Theoretical Economics, 7, 663—688.

SAPORITI, A. (2009): “Strategy-proofness and single-crossing,” Theoretical Economics, 4, 127—
163.

SATO, S. (2013): “A sufficient condition for the equivalence of strategy-proofness and nonma-
nipulability by preferences adjacent to the sincere one,” Journal of Economic Theory, 148,
259-278.

SPRUMONT, Y. (1995): “Strategyproof collective choice in economic and political environments,”
Canadian Journal of Economics, 68-107.

SVENSSON, L. AND P. TORSTENSSON (2008): “Strategy-proof allocation of multiple public
goods,” Social Choice and Welfare, 30, 181-196.

WEYMARK, J. A. (2008): “Strategy-Proofness and the Tops-Only Property,” Journal of Public
Economic Theory, 10, 7-26.

Zuou, L. (1991): “Impossibility of strategy-proof mechanisms in economies with pure public
goods,” The Review of Economic Studies, 58, 107-119.

30



APPENDIX
A  PROOF OF PROPOSITION 3

We first provide two general results which will be repeatedly applied in the proof of Proposition
3. Let ¢ : DY — A(A) be a strategy-proof RSCF.

LEMMA 9 Let P; ~ P/ and {a,b} be the local switching pair in P; and P/. Let P;j ~ P] or
P ~t Pl. Assume that either aP;b and aPjb, or bPja and bPja. We have

[o(Pi, Py P_gigy) = (P Py Pogiy)] = [@(Bi Py Pgi jy) = ¢ (P, Pfy Pogigy)]-
Proof: Since Pj ~ P} or Pj ~* P/, and either aP;b and aP;b, or bPja and bPja, we can find
an integer 1 <t < |A] such that B'(P;) = {rr(P))}i—, = {re(P))}i—, = BY(P}), a € B'(Fj)
and b ¢ B'(P;). Thus, a and b are referred to be isolated in P; and P}. Then, the verification
of this lemma follows from Lemma 1 of Chatterji and Zeng (2017). O

LEMMA 10 Let P, ~* P! and {(xs,zfs), (ys,zfs)}z,seA,S be the local switching pairs in P;
and P;. Assume that either (z°,27°)Pj(y*,27°) and (2°,27°)Pj(y®,27°) for all z7° € A™%, or
(%, 27%)Pj(2®,27°) and (y°, 27°) P{(x®,27°) for all 27° € A™*. We have
[o(Py, Py, P_i; jv) = (B, Pj, P_g; jy)] = [@(Ps, P}, P_y; jy) = ¢(P}, P}, P_g; i1)].

Proof: According to item 2(ii) of Lemma 1, to verify this lemma, it suffices to show that for ev-
ery z—° € A™°, there exists a® € {z°,y°} such that (s .5\ (Pi, P}, P_{ij}) = 0(as ) (P}, Pj, P_fijy)-

We assume (2%, 27°)Pj(y*,27°) and (2°,27°)P/(y®,27°%) for all 27% € A7°. The verifica-
tion related to the other case is symmetric and we hence omit it. Since P; ~* P]’ , we know
that P; and PJ’ are separable preferences. Moreover, we assume (z7,z7)P;!(y",27") and
(y7,z7T)PjN(a7,z77) for all 277 € A7T. We consider two situations: 7 = s and 7 # s. As-
sume 7 = 5. Given z7° € A7%, since (2%, 27°)P;(y®, 2~%) and (x*, z*S)P]{(ys, 27%), it is true that
there exists a® € {z®,y°} such that a® ¢ {Z°,§°}. Therefore, item 2(iii) of Lemma 1 implies

P(as,o==) (Pis Pjy P_gij}) = (as 2= (Bi, Pj, P_gi jy) and @(qs o—s) (P, Py, P }) = @(as 2= (B, P, P_i jy).-
Since p(F;, Py, P_; jy) = ¢(P;, Pj, P_y; j3) by the hypothesis, we have ¢4 .—s)(F;, Pj’», P_pin) =

Plas,=—) (P P}, P_; j), as required.

Next, assume 7 # s. Given z7° € A™* either one of two cases occurs: (i) There ex-
ists a® € {z*,y°} such that (a®,27%) ¢ (7, A7) U (y",A™7), or (i) (z% 27°),(y*, 27%) €
(7, ATT)U(y", A77). In the first case, item 2(iii) of Lemma 1 implies o(qs ,-5)(F%, Pj, P_gi j1) =
Qp(as,z—s)(Pia Pj{a P—{i,j}) and (p(as,z—s)(Pi/a pj, P—{i,j}) = So(as,z_s)(Pi/) P]{a P—{i,j})'

Since p(5;, Pj, P_gi jy) = ¢(P), Pj, P_y; j3) by the hypothesis, we have (45 .5y (P, P, P_(i j1) =
Plas,—) (P}, P}, P_gi j3), as required.

If the second case occurs, it must be either (z°,27%) = (257,22 t7}) and (y°,27%) =
(y°, 27, 2~ 157 or (2%, 27%) = (2%, 77, 2~ ) and (%, 27°) = (4%, 77, 2~ 157}, Assume (2%, 27%) =
(2°, 27, 2~ and (v, 27%) = (y°, &7, 2~ 157}, The verification related to the other case is sim-
ilar and we hence omit it. Then, by item 2(ii) of Lemma 1, we have

Z So(xs7a-r7z—{s,r})(Pi7PjaP—{i,j}) = Z gp(ms,&T,z—{SﬁT})(Pi:P]I'7P—{i,j})
are{z,y7} are{z7,y7}

Z Plasar o—1om1) (P Py Poygijy) = Z Plas ar o—tarhy (P Pjy P_gi jy)
aTe{zm,y"} are{z™,y"}
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Moreover, since ¢(P;, Pj, P_; j3) = @(P;, Pj, P_y; j3) by the hypothesis, we have
/ / /
S i BB )= S ey (P )
are{z™,j7} are{z™,y7}

Furthermore, item 2(i) of Lemma 1 implies

Vv

(p(ws,i",z_{svT})(Piv P]/') P—{i,j}) SO(xS,:ET,z—{S«T})(PiI7 P;? P—{i,j})

Ows gr ooy (P PP ) 2 @as gr o torty (P P Pi )
Therefore, it must be the case that go(xs,z_s)(P,-,]-_’;,P_{i’j}) = go(xsyifyzf{s,f})(Pi,P;,P_{Z-,j}) =
w(ms’y’f{s,f})(ﬂ-’, PJ{, P_{ijy) = s o) (P, P]{7P—{i,j})7 as required. d

Now, we start to prove Proposition 3. Let domain ID be connected™. If N = 1, it is evident

42

that unanimity implies the tops-only property.** Next, we provide an induction argument on

the number of voters.

Induction Hypothesis: Given N > 2, every unanimous and strategy-proof RSCF with 1 <n < N
voters satisfies the tops-only property.

Given a unanimous and strategy-proof RSCF ¢ : DY — A(A), we show that ¢ satisfies
the tops-only property. According to the Interior™ property, it suffices to show that fixing
i € I, and given P, P/ € D with r(P;) = r1(P!) and either P, ~ P/ or P, ~* P!, we have
o(P;, P_;) = @(P!, P_;) for all P_; € DV -1,

We first induce an (NN —1)-voter RSCF. Fixing j € I\{i}, let (P, P_y; j1) = ©(F%, i, P_fi j1)
for all P, € D and P_y; 5, € DN=2. It is evident that ¢ is a well-defined RSCF satisfying
unanimity and strategy-proofness. Hence, induction hypothesis implies that ¢ satisfies the tops-
only property. Henceforth, we fix P;, P/ € D with r1(P;) = r1(P/) = * and either P, ~ P/ or
P; ~T P/, and fix P_g; ;; € DV72. We show (P, Py, P_y; jy) = (P, Pj, P_y; ;1) for all Pj € D.

The lemma below implies that if r1(P;) = x*, then ¢(P;, Py, P_; ;1) = (P}, Pj, P_{; j)-
LEMMA 11 Given Pj, P; € D with r1(P;) = r1(P}) = z*, we have

(1) (B, Py, P_gijy) = (P, Py, Py jy), (i) o(Bi, Py, Py jy) = o(B;, P}, P_y; jy) and
(lll) SO(lev F)Ja Pf{z,j}) = QO(lea PJ/7 Pf{l,j})

Proof: Given P_g; jy € DV=2 by strategy-proofness, we have that for every 1 <1 < |A],

S ket Pre (P (Prs Py Pogi 1) < 305y ey (Pis Py P y) < Yoy @ri(p) (Biy Py Pi ), W
S et e (Pry Pis Pogigy) < S0hmy @ py (P Py Pogiy) < iy ey (P P P_giy),

l l l

Y ket Py (Pis Piy P_gijy) < 300y ey (Piy Py P jy) < 35—y @) (i Py P—gi jy)s o)
1 1 l

D=1 Priep (P Pis Pogiy) < 3k frcpp) (Pi By Poiy) < Xmy @rico) (B By Poigy),

S et e (P (P PP y) < Sy @y (P Py Pogi 1) < iy 0 (py) (P Piy Pogigy) .
ket Prip) (P P Pogiy) < Sk ooy (P P Poigy) < ey 0o (P P Pogiy)-

In Inequalities (1), since ©(Pj, Py, P_g; 1) = ¢(Pj, Py jy) = ¢(Bi, P_gi jy) = o(Bi, Bi, Py j3y)
and ¢(P;, Pj, P_g;5y) = 0P, P y) = 0B, P_gij3) = o(P, P, P_g; 53), it is true that

42We follow Chatterji and Sen (2011) and add the case N = 1 just to simplify the proof.
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(P(P27P]>P—{z,j}) = SO(P%PjaP—{z,]}) and (P(P’LI7P]7P—{Z,‘]}) = QD(PmJDij—{Z,]}) Thereforev we
have proved the item (i) ¢(Pi, Pj, P_(; j3) = @(P}, Pj, P_{; j3). Symmetrically, according to In-
equalities (2) and (3), we have go(Pi,Pj,P,{i,j}) = cp(Pi,PJ'»,P,{i’j}) and <p(P,L.’,Pj,P,{Z-7j}) =
(p(‘Pz’cP]ZP*{’iJ})‘ -

The lemma below considers the situation P; ~ P.

LEMMA 12 Let P; ~ P! and {a,b} be the local switching pair in P; and P}. For all P; € D, we

)

have o(P;, Pj, P—{i,j}) = o(P], Py, P—{iJ})'

Proof: Fix P; € D. By Lemma 11, we only need to consider the situation ri(P;) # x*.
It is evident that either aPjb or bPja. We assume aP;b. The verification related to the
case bPja is symmetric and we hence omit it. Now, by the Exteriort property, we have a
simplet path {P]k}i;:l C I connecting FP; and P; such that anb for all 1 < k£ < t. Note
that gp(PZ-,le,P,{i,j}) = go(PZ-/,le,P,{i’j}) by Lemma 11. Following the simple™ path and
repeatedly applying Lemma 9, we have go(Pi,P;,P,{i’j}) = cp(Pi’,P;,P,{i,j}). Equivalently,
@(Pi, Py, P_yg; jy) = o(P], Py, P_gi 1) O

Now, to complete the verification, we consider the situation P; ~* FP.

LEMMA 13 Let P, ~* P/ and {(xs, 27%), (y%,27%) ,—sca—s be the local switching pairs in P; and
P!. For all P; € D, we have ¢(P;, P;, P_iin) = o(P!, P;, P_g; iy)-

Proof: By Lemma 11, to verify this lemma, we only need to consider the situation 1 (P;) # x*.
Given arbitrary z=% € A™%, we know either (z*, 27%)P;(y®, 2=%) or (z*,27°)P;(y®, 2~%). Assume
(2%, 27%)Pj(y®,2~%). The verification related to the other case is symmetric and we hence omit
it. According to the Exterior™ property, we have a simplet path {ij' } _, connecting P; and P;
such that (as,,2:_5)]3]1“(1)“37z:_s)7 k=1,...,t. Evidently, go(Pi?le,P_{i’j}) = go(Pi’,le,P_{i,j}) by
item (i) of Lemma 11. We introduce a secondary induction hypothesis: Given 1 < k < ¢, for all
1 <K' <k, we have gp(Pi,PJk,,P_{ivj}) = go(]—ji’,Pf/,P_{i’j}).

We show @(Pi,P]k,P_{,-J}) = go(Pi’,Pf,P_{i’j}). First, we know either Pfﬁl ~t Pf or
Pf‘l ~ P]k. Assume Pf‘l ~ ij. Thus, Pf_l and ij are separable preferences. Since
(:cs,z_s)Pffl(ys,z_s) and (z% 2z~ )Pf(ys,z_s), separability implies (xs,z_s)Pffl(ys,z_s) and
(:US,Z*S)PJI“(yS,z*S) for all z7% € A~%. Consequently, by Lemma 10, gp(B,Pf‘l,P_{m}) =
(P!, Pf_l, P_g; jy) implies ¢(P;, ij, P_g; y) = o(P, ij, P_¢; jy), as required.

Next, assume P]kfl ~ Pf. By the definition of a simple™ path, it must be the case that
rl(Pf_l) = rl(P]k) = z. Assume fo_l!y and fo!x. If 2 = 2* = ri(P) = ri(P)), then item
(i) of Lemma 11 implies go(PZ-,PJk,P_{M}) = cp(IDZ»',Pf,P_{M}). Now, assume z # z*. Evi-
dently, we know either x Py or yP;z. Assume zP;y. The verification related to the other case
is symmetric and we hence omit it. Thus, the Exterior™ property implies that there exists a
simplet path {PF}?_, C D connecting Pf‘l and P; such that PFy, k = 1,...,q. Item (ii) of
Lemma 11 first implies @(Pil,Pffl,P_{m}) = cp(Pil,Pf,P_{i’j}). Following the simple™ path
{Pik}z:1 and repeatedly applying Lemma 9, we have ¢(P;, Pf‘l, P_iiz) = (P, Pf, P_{ijj}).43

43To apply Lemma 9 here, we need to make a notational change on the expression of Lemma 9 by switching voters
i and j: Let P; ~ P and {a, b} be the local switching pair in P; and Pj. Let P; ~ P/ or P; ~T P/. Assume that
either aP;b and aP;b, or bP;a and bP{a. We have [p(P;, P;, P_(; j1) = o(Pi, P}, P_i.3)] = [@(P, P;, P_(i ;) =

@(Pi,apy{ap—{i,j})]-
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Analogously, with the initial equality of item (iii) of Lemma 11, since either zP/y or yP!z,
we can apply a similar argument and show go(PZ-’,Pf_l,P_{m}) = <p(Pi’,Pf,P_{,-7j}). Last,
since (P, Pf_l, P_yipn) = ¢(P), Pf_l, P_y; j3) by the secondary induction hypothesis, we have
o( P, Pf, P_yij) = ¢(P), Pf, P_g; 1), as required. This completes the verification of the sec-
ondary induction hypothesis. Therefore, ©(P;, Pj, P_y; jy) = @(P;, Py, P_g; j1)- O

Finally, by Lemmas 12 and 13, we have ¢(P;, Pj, P_y; j3) = ¢(P], Pj, P_y; j) for all P; € D.
This completes the verification of the induction hypothesis and hence proves Proposition 3.

B PRrROOF OF THEOREM 2

First, by the verification of the sufficiency part of Theorem 1, we know that all multidimensional
projection rules are unanimous, anonymous and strategy-proof on the multidimensional single-
peaked domain. Therefore, we omit the verification of the sufficiency part of Theorem 2, but
focus on the necessity part.

Let D be a minimally rich and connected® domain. Let f : D — A be a unanimous,
anonymous and strategy-proof DSCF where N is an even integer. First, Proposition 3 implies
that DSCF f satisfies the tops-only property. By a similar argument in the beginning proof of
Theorem 1, we can also induce a two-voter unanimous, anonymous, tops-only and strategy-proof
DSCF f :D?* — A. Let I = {i,j}. Note that we establish all Lemmas 2, 6, 7 and 8 without
referring to any RSCFs. Therefore, to complete the verification, we only need to use DSCF f
to show Lemma 4, establish a counterpart result of Lemma 3, and prove the result of Lemma 5.

LEMMA 14 Given s € M and 75 € A™%, G+ ((A%,27%)) is a tree.

Proof: Suppose that G+ ((As,x_s)) is not a tree. Thus, there exists a cycle {zx}i_; C
(A%, 27%), t > 3, such that zp ~T zpy1, k = 1,...,t, where 2,41 = x1. Given distinct 1 <
k, k" < t, we have a clockwise adjacency™ path and a counter clockwise adjacency™ path which
connect xy and /. By the proof of Lemma 3, the social outcome f(xy, x)) must belong to both
paths. Therefore, f(zk,zr) € {xg, zi}. We start with f(x1,2z2), and assume f(z1,22) = 1.
The verification related to the case f(x1,x2) = x2 is symmetric and we hence omit it. Along the
clockwise adjacency™ path from 5 to z¢, by a repeated application of item 2(iii) of Lemma 1, we

T xq, item 2(ii) of Lemma

know z1 = f(x1,22) = -+ = f(x1,24-1) = f(x1,2¢). Next, since zg ~
1 implies f(zo,x) € {x1,x2}. Furthermore, since f(x2,x¢) € {2, 2}, we have f(xg,x¢) = x2.
Last, since x; ~T x1, item 2(iii) of Lemma 1 implies f(zo,71) = f(xo,2¢) = w2 # f(x1,72)

which contradicts anonymity of f. Therefore, G+ ((AS, aj_s)) is a tree. O

Given s € M, z~* € A=% and a,b € (A%, 27%), let {a,b)(*"*") denote the unique graph path
in G+ ((A%,75)) connecting a and b. Since G+ ((A%,27%)) is a tree, the notion of projection
(recall the proof of sufficiency of Theorem 1) is well-defined. Thus, given x,a,b € (A%, x~%), let
ﬂ'(:c, (a, b>(AS’x_S)) denote the projection of = on the graph path (a,b)(4"*""),

LEMMA 15 Given s € M and x=% € A™%, there exists a € (A%, x~%) such that for all a,b €
(A%,27%), f(a,b) = 7 (a, {a,b)*"*"")). Moreover, given an adjacent” path {xy}{_, C (A%, 27)
and P; € D", we have xx Pixgiq, k=1,...,9—1.
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Proof: According to the proof of Lemma 3, we know f(a,b) € (A%, z~%) for all a,b € (A%, z%).
Then, the first part of this lemma follows exactly from the proof of the necessity part of the
Theorem of Chatterji et al. (2013).

Next, suppose xy11P;x) for some 1 < k < ¢. It is evident 1 < k < ¢q. Pick an arbitrary
P! € D1 by minimal richness. By the no-detour property, we have a simple™ path {Pil}?:1 -
DA%27°) connecting P; and P! such that xk+1Pilxk, l=1,...,q. Evidently, rl(Pil) + xy, for all
1 <1< q. Then, by an argument similar to the proof of Lemma 2, we can elicit an adjacency™
path connecting 1 and x4 from {P!}7_ . Consequently, we have two distinct adjacentt paths
connecting x1 and zky1: One includes xj (see the hypothesis of the lemma), while the other
excludes z. This contradicts Lemma 14. Therefore, x Pjxg11, k=1,...,q — 1. O

Before proceeding further with the proof, we note that the order of Lemmas 3 and 4 is
opposite to the order of Lemmas 14 and 15. This difference arises mainly from the difference
between the random setting and the deterministic one. In the random setting, the preference
restriction in Lemma 3 is simply induced from the compromise property of the unanimous and
strategy-proof RSCF, and Lemma 4 is proved by the RSCF characterization result in Lemma 3.
In the deterministic case, Lemma 14 (which is identical to Lemma 4) is proved using mainly the
anonymity of the unanimous and strategy-proof DSCF, and the same preference restriction in
Lemma 15 (which is the counterpart of Lemma 3) is elicited from the result of Lemma 14 and
the richness condition of connectedness™.

To prove the result of Lemma 5 by using a DSCF f, we first provide an intermediate step
which will be repeatedly applied in the subsequent verification.

LEMMA 16 If f(z,y) =y, f(y,2) =z and y ~ z, then f(z,z) = 2.

Proof: Since z ~* y and f(z,y) = y, strategy-proofness implies f(z,2) € {y, 2}. If f(z,2) = v,
strategy-proofness implies f(y,z) = y which contradicts the hypothesis f(y,z) = z. Therefore,
flz,z) =z O

Now, we are ready to prove the result of Lemma 5. We fix the following four alternatives: a =
(25,27, 2715 b= (%, y7, 2 15™h, e = (2%, 47, 27157 and d = (y%, 27, 2~ 157}) where z° # 3
and 27 # y7. We assume a ~* ¢ and @ ~* d. Recall Figure 3. Let {z)}Y_, C (y% A7,z 1s7})
denote the adjacency™ path connecting b and d. Let {yx}i_, C (A%, y7, z={57}) denote the
adjacency™ path connecting b and c. Furthermore, by Lemma 15, let z € (y°, A7, z*{”}) and
g € (A%, y7, 2~ 197}) be such that

) f(a:,y) = F(.f', <x’y>(AS,y"',z_{S,‘r})) for all x,y € (ys7 AT7 Z*{S’T});
o f@y) =m(g @y )W A for all € (A%,y7, 275,

By the first paragraph of the proof of Lemma 3, since a ~* ¢ and a ~T d, we have f(a,c) =
f(c,a) € {c,a} and f(a,d) = f(d,a) € {a,d}. Therefore, there are four situations:
Situation 1. f(a,c = a (see the first diagram of Figure 6).
= d (see the second diagram of Figure 6).

)

Situation 2. f(a,c)
) = d (see the third diagram of Figure 6).
)

(

(
Situation 3. f(a,c

(

Situation 4. f(a,c = a (see the fourth diagram of Figure 6).



Situation 1 Situation 2 Situation 3 Situation 4

Figure 6: Four situations**

Note that Situations 1 and 3 are analogous. Thus, we only consider Situations 1, 2 and 4.
In Lemmas 17, 18 and 19, we show that in each situation, b ~* ¢ and b ~* d.

LEMMA 17 In Situation 1, b~% c and b ~T d.

Proof: Since f(d,a) = a, f(a,c) =cand ¢ ~T a, Lemma 16 implies f(d,c) = c¢. We first show

b ~T d. Suppose not, i.e., p > 2. Thus, x, 1 = (ys,x;_l,z*{s’t}) and xj_; ¢ {27,y }.

CLAIM 1: f(zp, zp—1) = f(zp_1,Tp) = Tp.

Since x, ~* xp_1, we have P, € D*» and P/ € D! such that P, ~T P/. Since ¢" =
y" ¢ {7y, 7, 1}, item 2(iii) of Lemma 1 implies fe(vp-1,¢) = fe(P,¢) = fo(Pi,c) = fe(wp, c) =
fe(d,c) = 1. Thus, f(xp_1,c) = c. Next, since a ~ ¢, strategy-proofness implies f(z,-1,a) €
{c,a}. Suppose f(zp—1,a) = c. Since x, ~* x, 1 and ¢ = y" ¢ {z, 2,1}, by a similar
argument right above, we know f.(zp,a) = fe(zp—1,a) = 1. Hence, f(d,a) = f(zp,a) = ¢
which contradicts the hypothesis f(d,a) = a. Therefore, f(x,-1,a) = a. Furthermore, since
z, ~1 a, strategy-proofness implies f(zp—1,2p) € {2p,a}. Last, since x, ~T x,_1, by the first
paragraph of the proof of Lemma 3, we have f(z,—1,2,) € {zp, zp—1}. Therefore, f(z,, zp—1) =

f(xp—1,2p) = xp. This completes the verification of the claim.

As’y'rvzf{s,'r})) AS7yT,27{S’T})
)

Now, we know 7(Z, (2, 2p—1)! = f(xp,Tp_1) = xp. Thus, z, € (T, 1)
and hence z,, € <3§,x1>(AS’yT’f{S'T}). Therefore, f(b,d) = f(z1, 1) = 7(Z, <x1,xp>(A5’yT’Z7{S’T})) =
z, = d. Furthermore, since f(d,a) = a and d ~* a by the hypothesis of Situation 1, Lemma
16 implies f(b,a) = a. By connectedness™, we have a separable preference P, € D’. Since
(y*,y7, 25 = b = 7“1(1%-), separability implies ¢ = (:Us,yT,z_{s’T})E(xs,xT,z_{S’T}) = qa.
Consequently, by Situation 1, f(c,a) = cPia = f(b,a) = f(P;,a). Then, voter i will manipulate
at (P;,a) via P! € D¢. Therefore, p = 2. Equivalently, b ~* d.

CLAM 2: f(b,d) = f(d,b) =b.

Since b ~ d, strategy-proofness implies f(b,d) € {b,d}. Suppose f(b,d) = d. Since f(d,a) =
a and d ~* a by the hypothesis, Lemma 16 implies f(b,a) = a. We adopt the preference 2
specified right above. Since f(c,a) = cPa = f(bya) = f(pl-, a), voter ¢ will manipulate at (PZ, a)
via P/ € D°. Therefore, f(b,d) = f(d,b) = b. This completes the verification of the claim.

Last, we show b ~* ¢. Suppose not, i.e., ¢ > 2.
Cram 3: f(y1,92) = f(y2,v1) = y1-

Since y; ~7 yo, strategy-proofness implies f(y1,y2) € {y1,y2}. Suppose f(y1,y2) = y2. Ac-
cording to y2 = (y3,y7, 2~ 5™, y1 = (v, y7, 27 and d = (v°, 27, 2717 = (y5, 27, 2~ {57,
we induce another alternative z* = (yS,xT,z*{S’T}). Now, note that y; ~T 32, y1 = b ~T d;

“4Taking the first diagram of Figure 6 as an example, “a — ¢” represents that a ~ ¢ and f(a,c) = f(c,a) = c.
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f(y2,91) = f(y1,42) = y2 (by the hypothesis above) and f(y1,d) = f(d,y1) = y1 (by Claim 2).
The analogy of Situation 1 occurs on alternatives {ya, x*, y1,d}. See Figure 7 below.

d

Y2

Figure 7: The analogy of Situation 1 on alternatives {y2, x*,y1,d}

Then, by a similar argument in the verification of Claims 1 and 2, we have z* ~* d and
f(z*,d) = f(d,z*) = z*. Note that z*,d,a € (A%,27,2~157}), 2* ~T d and d ~* a. Since
f(a,d) = a by Situation 1, d ~* 2* and a ¢ (d*, A=%) U (z*5, A~%), item 2(iii) of Lemma 1
implies f,(a,z*) = fu(a,d) = 1. Thus, f(a,z*) = a. Then, by d ~T a, strategy-proofness
implies f(d,z*) € {a,d} which contradicts the result f(z*,d) = f(d,z*) = z*. Therefore,
f(y1,y2) = y1. This completes the verification of the claim.

Now, we know (7, <y1,y2>(A5’yT’27{5’T})) = f(y1.y2) = y1. Thus, y1 € (,yo) A"
and hence, vy, € <ﬂ,yk/)(As’yT’zf{s’T}) for all 1 < k < k' < q. Therefore, f(yrr1,yx) =
f Wk 1) = 7 (7, (yk,yk+1>(‘457y77z7{5’7})) =y forall 1 <k < g—1. Since f(a,yq) = f(a,c) =c¢
by Situation 1, f(yrr1,9k) = yr and ygi1 ~ y, for all 1 < k < g — 1, by a repeated appli-
cation of Lemma 16, we have f(a,yx) = yi for all k = ¢ —1,...,1. Thus, f(b,a) = f(a,b) =
fla,y1) = y1 = b. Last, since d ~* b, we have P, € D? with ro(P;) = b. Consequently,
f(b,a) = bPa = f(d,a) = f(Pi,a). Then, voter i will manipulate at (P;,a) via P! € D’. There-
fore, ¢ = 2. Equivalently, b ~T c. O

LEMMA 18 In Situation 2, b ~" ¢ and b ~T d.

Proof: We first provide two mutually exclusive claims.
CrLAamM 1: If p > 2, then f(a,b) = f(b,a) = d.

Since x, ~* x,_1, by the first paragraph of the proof of Lemma 3, we have f(x,,z,_1) =
p P P> Tp
f(xp—1,2p) € {2p, zp—1}. Suppose f(xp,rp—1) = xp—1. According to z,—1 = (ys,ngl,z_{sf}),

rp = (y°, ], z_{‘”}) and a = (2,27, z_{‘”}) = (2%, z, z_{”}), we induce another alternative

r* = (1:5,:13;_1, z_{“}). Thus, the analogy of Situation 1 occurs to {z),z*,zp—1,a}. See Figure

8 below.

Figure 8: The analogy of Situation 1 on {xp, 2", z,—1,a}

Hence z* ~* a and z* ~* z,,_1 by Lemma 17.

Furthermore, we claim f(z*,a) = f(a,z*) = x*. Since z* ~T a, by the first paragraph of the
proof of Lemma 3, we have f(z*,a) = f(a,z*) € {a,z*}. Suppose f(z*,a) = f(a,z*) = a. Since
f(z*,a) = a, f(a,zp) = xp and a ~* x,, Lemma 16 first implies f(z*,x,) = x,. Next, since
fa*,zp) = xp, f(xp,2p_1) = xp—1 and x, ~T x,_1, Lemma 16 further implies f(z*, z,-1) =
xp—1. However, on the other hand, since f(z*,zp—1) = zp—1 and f(zp—1,2p) = p—1, by strategy-
proofness, z, ~ x,_1 implies f(z*,xp) € {xp_1,7p}, and xp_1 ~T z* implies f(a*, z,) €
{xp—1,2*}. Therefore, f(z*,z,) = xp—1. Contradiction! Hence, f(z*,a) = f(a,z*) = z*.
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Note that ¢, a,z* € (z°, A7, 2~ 15™}), ¢ ~* a and a ~T z*. Since f(c,a) = ¢ by Situation
2, a ~T x* and ¢™ ¢ {a",2*7}, item 2(iii) of Lemma 1 implies f.(c,z*) = fe(c,a) = 1. Thus,
f(c,z*) = c. Furthermore, since a ~* ¢, strategy-proofness implies f(a,z*) € {a,c} which
contradicts f(z*,a) = f(a,z*) = x*. Therefore, we have f(zp,zp—1) = f(2p-1,2p) = Tp.

Now, we know Tr(a?, (xp, xp_1>(yS7AT’Z7{S'T})) = f(zp,zp—1) = zp. Thus, z, € (Z, a:p_1>(ys’AT’zi{S’T}),
and hence z,, € <3§,a:1>(?/s7‘47727{s'7}). Therefore, f(b,d) = f(z1, 1) = 7(Z, <9:1,xp>(yS’AT’Z7{S’T})) =
x, = d. Furthermore, since a ~* d, strategy-proofness implies f(b,a) € {a,d}. Suppose
f(b,a) = a. By connectedness™, we have a separable preference P, e DY, Since (y%,y7, z_{s"r}) =
b=mr (Pz), separability implies d = (y*, x7, z_{S’T})lﬁi(ms, 27, 2z~ 157}) = 4. Consequently, by Sit-
uation 2, f(d,a) = dPa = f(b,a) = f(Pi,a). Then, voter ¢ will manipulate at (151',(1) via
P! € D% Therefore, f(a,b) = f(b,a) = b. This completes the verification of the claim.

CrAamM 2: If ¢ > 2, then f(a,b) = f(b,a) = c.
The verification of this claim is symmetric to the verification of Claim 1.

Evidently, Claims 1 and 2 are mutually exclusive. Therefore, it must be either p = 2 or
q = 2. Thus, either b ~* d or b ~* ¢. Suppose p > 2. Then, ¢ = 2, and equivalently,
b ~T ¢. The verification related to the case p = 2 and ¢ > 2 is symmetric, and we hence omit it.
Thus, Claim 1 implies f(b,a) = d. However, on the other hand, since f(c,a) = ¢ by Situation
2 and ¢ ~T b, strategy-proofness implies f(b,a) € {b,c}. Contradiction! Therefore, p = 2.
Equivalently, b ~T d. Symmetrically, we have b ~T c. O

LEMMA 19 In Situation 4, b ~T ¢ and b ~T d.

Proof: We first show b ~ d. Suppose not, i.e., p > 2. According to the adjacency™ path
{zp}_, C (y°, AT, 2= 17}), by replacing the element y° in each z; by z°, we construct an-
other sequence {z;}7_; = {(2%, 2, °)}_; = {(ms,xz,z_{”})}z:l C (z*, A7, z~157}). Note that
{zk}izl is simply a sequence of alternatives, not necessarily an adjacency™ path. We will show
that {z;};_, is an adjacency™ path. Note that z, = (2%, 2], 2~ 1™) = (2%,27, 27 1%7}) = ¢ and
21 = (2%, 2], 217 = (28, y7, 2T = ¢

We first consider z, zp—1,2, and z,_1. Note that z, ~* z,_1, 2, ~ 2z, and f(xp, 2p) =
f(2zp,xp) = 2, by Situation 4. Since x, ~* z,_1, by the first paragraph of the proof of Lemma
3, we have f(xp,xp—1) = f(ap—1,2p) € {xp,xp_1}. If f(ap,2p—1) = f(2p-1,2p) = p, then the
analog of Situation 1 occurs to zp, 2p—1, 2p and zp—1. If f(xp, xp—1) = f(zp—1,2p) = Tp—1, then
the analog of Situation 2 occurs to {zp, zp—1, 2p, Tp—1}. See Figure 9 below.

Figure 9: The analogy of Situation 1 or 2 on {xp, zp—1, 2p, Tp—1}

Then, by Lemma 17 or 18, we have z,_1 ~T z, and 2,1 ~ z,_1.
Furthermore, we claim f(zp—1,2p—1) = f(@p—1,2p—1) = 2p—1. If f(xp,2p—1) = f(ap-1,2p) =
xp, then by an argument similar to the second paragraph of the verification of Claim 1 of Lemma

18, we have f(zp—1,2p—1) = f(@p—1,2p—1) = 2p—1. Next, assume f(zp, zp—1) = f(zp_1,2p) =
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Tp—1, and we show f(zp_1,2p—1) = f(Tp-1,2p—1) = 2p—1. Since z,_1 ~T

Zp—1, by the first para-
graph of the proof of Lemma 3, we have f(zp—1,2p—1) = f(zp—1, 2p—1) € {Tp—1, 2p—1}. Suppose
f(zp—1,2p—1) = f(@p_1,2p—1) = Tp_1. Since f(xp,zp—1) = p—1 and zp—1 ~T z,_1, strategy-
proofness implies f(zp, zp—1) € {Zp—1,2p—1}. Meanwhile, since f(xp_1,2p—1) = xp_1 and z, ~
Tp_1, strategy-proofness implies f(zp, 2p—1) € {xp, xp—1}. Thus, f(xp,2p—1) = z,—1. However,
on the other hand, since f(z,, z,) = 2, by Situation 4 and z,_1 ~* z,, strategy-proofness implies
f(p, 2p—1) € {2p, zp—1}. Contradiction! Therefore, f(zp—1,2p—1) = f(@p—1, 2p—1) = 2p—1.
Moving from from z,_; to 21 according to the sequence {zk}ﬁ;i, and applying the argument
above to {xy,zx_1,2k, Tx_1} from k = p —1 to k = 2 step by step, we have zp_1 ~T 2,
21 ~T wp_q and f(zk_1,75-1) = f(Tr_1,2k-1) = 2k_1, k = p—1,...,2. Consequently, since
¢ ~T a (equivalently, z; ~* z,), we have a cycle in G((2°, A7, z~{*7})) which contradicts Lemma
14. Therefore, p = 2. Equivalently, b ~* d. Symmetrically, we have b ~T c. O

Now, by Lemmas 17 - 19, we know b ~* ¢ and b ~™ d. This proves the result of Lemma, 5,
as required. This completes the verification of the necessity part of Theorem 2.

C PROOF OF THEOREM 3

We first show the necessity part of Theorem 3. Let ¢ : DV — A(A) be a constrained RSCF satis-
fying unanimity, tops-onlyness, strategy-proofness and the compromise property. Then, similar
to the verification of the necessity part of Theorem 1, we induce a two-voter constrained RSCF
¢ : D? — A(A) satisfying unanimity, tops-onlyness, strategy-proofness and the compromise
property.

LEMMA 20 Domain D satisfies the unique feasible peaks condition.

Proof: Given distinct P;, P/ € D with 7 (P;) = r1(P/) ¢ A, suppose that ri(Pyz) = v #
y = rl(Pi/M)' By unanimity, we have ¢ (P;, P;) = 1 and ¢, (P!, P/) = 1, which contradict the
tops-only property. O

LEMMA 21 Given s € M, a*,b° € A% and 275 € A™*, if (a®,27%),(b%,27%) € A, there ewists
a unique adjacent™ path {xp}i_; C (A%, 27%) connecting (a®,2™%) and (b%,27%), i.e., z =
(a®,27%), zg = (b°,2°) and x, ~ 241, k=1,...,q¢ — 1. Moreover, {z3}i_, C A.

Proof: First, by Lemma 2, we have an adjacent™ path {z}7_, C (A% z~*) connecting (a®,z~%)
and (b%,2%). Suppose that z ¢ A for some 1 < k < q. Thus, we elicit an adjacent™ subpath
{xk}E:k such that k — k > 2, xy, Ty € A and zpyq, ... Tp_ ¢ A.

Since zg ~T Tpy1, we have P; € D and P; € D%+t with P, ~T P;. Since z, € A and
Tpi1 & A, tops-onlyness and unanimity imply ¢g, (2g, k1) = ¢z, (P, Pj) = 1. Moving from
Ty1 up to xg along the subpath, by a repeated af)plication of item 2(iii) of Lemma 1, we have
1= @, (T, Thr1) = -+ = 0 (Th, T5_1) = Py (Th, 73). Conversely, from xz down to xy along
the subpath, by a symmetric argument, we hfwe 1 = o (z5_y25) = = Qo (Tpr1,27) =
Pu (T, 27). Contradiction! Thus, {z}}]_, C A.

The verification also implies that every adjacent™ path connecting (a®,z~%) and (b%, 27%) in
(A®, x7°) consists of all feasible alternatives. Since Lemma 4 remains valid when all alternatives
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on an adjacent™ path in question are feasible, it is true that the adjacent™ path {xk}zzl above
must be unique. 0

Thus, given s € M and 7% € A~% with (4%, 27°) N A # (), we assert that all feasible
alternatives of (A%, 27%) N A are located on a tree, denoted G ((A%, 27*) N A), where two feasible
alternatives form an edge if and only if they are adjacent™.

LEMMA 22 Fiz s € M and 75 € A~% with (A%, 275)NA # . Given a € (A%,x7%), there exists
ac (A%, 27°%)N A such that a = rq (Pi\(AS,x*S)ﬂ/_l) for all P, € D*.%

Proof: The lemma holds evidently if (A%, 27%) N A is a singleton set. Thus, we assume
‘(As,a?_s) ﬂfl} > 2. Next, if a € (A%, 27%) N A, then it is evident that @ = a. Thus, we
assume a € (A%, 27°)\A. Pick an arbitrary b € (A°,27°) N A. By Lemma 2, we have an
adjacent™ path {zj}7_; C (A%, 2*) connecting b and a. Since 21 € A and z, ¢ A, there exists
there exists 1 < k < ¢ such that 2 € A and x,...,24 ¢ A. Moreover, by Lemma 21, we
know that there exists a unique adjacent™ in (A%, 27%) N A connecting z1 and x. Thus, we
can assume w.l.o.g. that z1,xa,...,7; € (A%, 27°) N A. We show a3, = r; (P,L'|(As’x—s)ﬂA) for all
P; € D°.

Suppose not, i.e., there exists P, € D* and z € (A%, 27°) N A such that zP,z;. Picking
arbitrary P/ € D, by the no-detour property, we have a simple™ path {Pf}',;zl connecting P;
and P/ such that 7'1(Pik) € (A%, z7*%) and xPka,; forall k =1,...,t. Thus, xj, is never the peak of
any preference of the simple™ path. Then, by sorting all preferences of {sz}zzl according to the
peaks of preferences and removing those repetitions of top alternatives, we induce an adjacent™
path {yr}_, C (A%,27°) connecting a and x. It is evident that zf ¢ {yx},_;. Consequently,
combining {zj, 25, 1,...,2¢ = a} and {a = y1,...,y, = x} and removing repetitions, we can
construct an adjacent™ path {z;}._, C (A% 27%) connecting z; € A and z € A. Last, since
Tjits-- - Tq & Aand xy ¢ {yp},_,, the adjacent™ path {z;,}}_; must include at least one invalid
alternative, which contradicts Lemma 21. O

LEMMA 23 Given s € M and 275 € A™%, let the adjacent” path {x}l_, C (A%, x™%) be such
that x1,...,x € A and T y,...,Tq ¢ A, where 1 < k < gq. There exist0 < a1 < --- < ap_1 <1
such that p(x1,1,) = areq, + S r—s(h—p_1)ex, +(1—ag_y)eqs,. Moreover, for every P; € D1,

rpPixgi, k=1,...,k— 1.

Proof: The verification is similar to Lemma 3. We omit the detailed proof. O
To establish the next lemma which is similar to Lemma 5, we fix the following four alter-

natives: a = (z°, 27,2~ 5™, b= (5,97, 27, e = (25,97, 277 and d = (yF, 27, 2157

where z° # y* and =7 # y7.

LEMMA 24 Ifa,c,d€ A, a~1T canda~1d, thenbe A, b~1 c and b ~T d.

Proof: This lemma follows exactly from Lemma 5 if b € A. Therefore, in the rest of verification,
we show b € A. Since b,d € (y°, A7, z=157}) and b,c € (A% y7,2~15™}), by Lemma 2, we

“>The notation P;j(as z-#)na is the induced preference over (A, z7°) N A according to preference P;.
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have an adjacent™ path {zx}}_, C (v°, A", z~157}) connecting b and d, and an adjacent™ path
{ur}i_, C (A% 7, z~157}) connecting b and c. Recall Figure 3.

Suppose b ¢ A. Since b,c € (A% y7, 2157 and ¢ € A, by Lemma 22 we have b €
(A%, y7, 2~ t7}) such that b = ry (]%KAs?yT’Z?{s,T})mA) for all P; € D’. Furthermore, by the proof
of Lemma 22, it must be the case b =y forsome 1 < k < q, y1,...,y5_1 ¢ Aand yg,...,y, € A.
Then, Lemma 23 implies > 7 - ¢y, (c,b) = 1. Thus, since b ¢ Aand d ¢ {yz,.--,yq}, we have
op(c,b) = 0 and p4(c,b) = 0. Furthermore, since a ~* ¢, we have P; € D* and P! € D¢ with
P; ~* P/. Note that d and b form a local switching pair in P; and P/. Therefore, tops-onlyness
and item 2(ii) of Lemma 1 imply @4(a, b)+¢@p(a, b) = wa(P;, b)+¢u(P;, b) = @a(P!,b)+pp(P/,b) =
wa(c,b) + @p(c,b) = 0. Thus, @g(a,b) = 0.

We will induce a contradiction by showing ¢g4(a,b) > 0. Consider the adjacent™ path
{zx}¥_,. First, since a ~* d and d ~* z,_1, we have P; € D* and P; € D" such
that ro(P;) = ro(Pj) = d € A. Then, tops-onlyness and the compromise property imply
¢a(a, rp—1) = @q(P;, Pj) > 0. Moving from x,_1 to z; = b along the adjacent™ path {z}},_;, by
a repeated application of item 2(iii) of Lemma 1, we have ¢g4(a,b) > 0. Contradiction! There-
fore, b € A, as required. O

We introduce a new notion. Given c,d € A, let ¢® # d° for every s € S € M and ¢ =
d=% = 27 where |S| > 1. We say that ¢ and d formulate a feasible box if the following two
conditions are satisfied.

(i) For each s € S, there exists a sequence {wi}zg
Ty = d° such that B(e,d) = (Xseg {xi}zg ,z*S>

(ii) For all z,y € B(c,d), we have

[2° =3, y® =2}, and 2 ° =y ° for some s € Sand 1 < k < ¢(s)] = [z ~T y].
LEMMA 25 Every pair of distinct feasible alternatives formulate a feasible boz.

Proof: Evidently, Lemma 21 implies that every two similar feasible alternatives always formu-
late a feasible box. Next, we provide an induction argument to complete the verification.

Induction hypothesis: Given an integer 2 < | < m, for all ¢,d € A which disagree on at least one

component and at most [—1 components, i.e., ¢® # d° for every s € S C M and ¢ ® =d~° = 2%

where 1 < |S| < [, we know that ¢ and d formulate a feasible box.
Given c,d € A, let ¢® # d® for every s € S C M and ¢° = d=% = 279 where |S| = 1. We
show that ¢ and d formulate a feasible box. For notational convenience, let S = {1,2,...,1}.

CLAIM 1: If there exists s € S such that a = (c!,...,c57 1, d%, ¢*t1, ..., 279) € A, then ¢ and
d formulate a feasible box.

Assume w.lo.g. that s = 1. Thus, a = (d',c?,...,c¢,27°), a and d disagree on | — 1
components, and induction hypothesis implies that a and d formulate a feasible box B(a,d).
Specifically,

(i) For each 7 € {2,...,1}, there exists a sequence {x%}z(:s)l C A7 such that ¢(s) > 2, 2] ="
and x; ) = d such that B(a,d) = (dl, {x%}z(ji, e {x%}z(:l)l, z_S> C A
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(ii) For all x,y € B(a,d), we have

_l’_

[2° =23, y° =2}, and 2z =y *forsomes € {2,..., [} and 1 <k < ¢(s)] = [z ~T y].

Next, since a,c € (A',c?,..., ¢, z*S) N A, by Lemma 21, we have a unique adjacent™ path

{zp}]_, = {(x}c, A, d, z*S)}Z:1 C A connecting a and c.

Pick an arbitrary adjacent™ path {yx},_, C B(a,d) connecting a and d. Note that

(d',c2,...,c,279) = a =1 = (2§)sen. Thus, we can rewrite B(a,d) = <x1,{xk}k 1 {xk}k 12

Note that all alternatives of {yj},_, have d' in component 1, and d' = z} # 2. We replace
d* by x2 in every alternative of {yx},_,, and hence construct another sequence {z;},_, =
{( xz,yk }k - We will show that {z},_; € A and {z}}_, is an adjacent™ path. Since
(db, ¢ ) =a =9y = (y%,yl_l), we know z; = (x%,yl_l) = (zd,c?,...,d,z7%) =
To € A Note that z, = (a:Q,yp ) = (2d,d%,...,d,27%). Given y; = 21 ~* 29 = 2, along
the adjacent™ path {yx}{_;, by a repeated application of Lemma 24, we have {z;},_, C A,

2~ 2z, k=1,...,p—1, and z, ~T yi, k = 1,...,p. Since we choose the adjacent™
path {y;},_, arbitrarily, it is true that z; = (zd,c%,...,¢™, 279 and zp = (x3,d?,...,d™, 279)
formulate a feasible box B(z1,z,) = (xQ,{mk}Z 2%, : {$k}z(l1, - ), and moreover, for all
y € Ba,d) = B(y1,yp) and z € B(z1,2,), [y ' =271 = [y ~" 2].

Along the adjacent™ path {z)}}_,, moving from T3 to x4 = ¢, by repeating argument above,
we know that the following two statements hold:

(i) Given k = 1,...,q, ($,1€,02,...,cl,z_5) and (xi,d2,...,dl,z_s) formulate a feasible box
B (($’1€,027 ol 2, (:c,%z,dQ, ... ,dljz_s)), and

(ii) Given k=1,.. —-1,yeB ((xk, .. ch ), (:z:li,d2,...,dl,z_s)) and
z€B ((ZL‘}H_l,CQ,...,Cl,Z 9, (wkH,dQ,...,dl,z_S)), we have [y~ ! =27 = [y ~T 2].

Consequently, ¢ and d formulate a feasible box B(c,d) = ({x}c}zzl, {aji}zg, .. {xk}z l)l, *S)

This completes the verification of Claim 1.

CLAIM 2: If there exists s € S such that a = (d',...,d*"!,¢*,d**1, ..., d' 2=%) € A, then c and
d formulate a feasible box.

The verification of this claim is symmetric to the verification of Claim 1.

CLAIM 3: There exists s € S such that either (d',...,d* 1, ¢5,d*t, ... d", z=%) € Aor
(cl,...,es L as, et L 25 € A

-5).

Suppose that it is not true. Thus, we know a = (c',d?,...,d',2~5) ¢ Aand b= (d*,c?,...,c,27°) ¢

A. Note that b,c € (A',c%,...,c,z7%)and c € A. By Lemma 2, let {z)}7_, C (A,c?,...,c,z279)
be an adjacent® path connecting b and c¢. By Lemma 22 and its proof, let b = z where 1 < k < ¢
be such that z1,...,25_, ¢ A, 7f,...,24 € A and b = 7"1(Pi‘(AlchW"cl’Z—S)mA) for all P; € D°.
Thus, Lemma 23 implies Zi:l} Ou,(c,b) = 1.

Since ¢ and a disagree on components 2,...,m and agree on the rest of components, we
can induce the following alternatives y,.) = (ch,d?,...,d% ¢t . d 25, s = 1,...,m.
Evidently, y,1) = ¢ and y,;) = a. Moreover, for each 1 < s < [, by Lemma 2, we have
an adjacent™ path in (c',d?,...,d*, At ¢**2 ... ¢, 279) which connects Yg(s) and Yg(sp1)-
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Combining all these | — 1 adjacent™ paths, we have an adjacent™ path to connect ¢ and a:
{1 = Ya)s -2 Ya(@)s -2 Ya(s)s -+ > Ya(s1)s - - » Ya(0) }-

Initially, since > 7 = g, (y1,0) = >0 ¢ ¢, (¢,0) = 1 and zp #d forall k = k,...,q, it is
true that go(dgy—l)(yh by =0forall y=t € AL

Next, we provide an additional induction argument.

The Secondary Induction Hypothesis: Given 1 < k < p, forall 1 <& < k, we have p(g1 1) (yx, b)
0 for all y=! € AL

We show ¢(g1 1) (yk,b) = 0 for all y~t € AL Since yp—1 ~T yk, we know yi | # yi
and y,°, = y,° for some s € {2,...,l}. Given y' € A7! and s € {2,...,1}, we know ei-
ther y* € {yi_ upt or v° ¢ {wi_uit I y° € {yi, ek let y° € {yi_, i\ {y°}, and
we construct y~ = (gs,y*{l’s}). By item 2(ii) of Lemma 1 and the induction hypothesis,
we have @41 y-1)(Yk, b) + (a1 y—1) Yk, b) = Va1 y-1)(Yk-1,0) + @@ y-1)(Ye-1,0) = 0. Thus,
@y (UK, b) = 0. If y* ¢ {y;_|,yi}, then item 2(iii) of Lemma 1 and the induction hy-
pothesis imply ¢4t ,-1y(Yk,0) = @1 y-1)(Yk—1,b) = 0. This completes the verification of
the secondary induction hypothesis. Therefore, (g1 ,-1)(a,b) = 0 for all y~' € A7'. Thus,
nyleAfl (,O(d17y—1)(a, b) = 0.

We are going to derive a contradiction by showing Ey—leA—l gp(dl’yq)(a,b) > 0. Since

a,d € (AY,d?,...,d" z~%), we have an adjacent™ path {@k}zzl C (A',d?,...,d", z=°) connecting
d and a. Similar to the adjacent™ path {y;};_, which connects ¢ and a, we can also construct
an adjacent™ path {z,}_, C (d*, A%,..., A, 2=5) connecting d and b.

Start from profile (Zg, 22). Since Zy ~T Z1 = d and 22 ~T 21 = d, we have P, € D*2 and
P; € D* with ro(P;) = ro(P;) = d € A. Then, tops-onlyness and the compromise property
imply @a(%2, 22) = @a(P;, P;) > 0. Moving from 5 to Z; = a along the adjacent™ path {z)}7_,,
by a repeated application of item 2(iii) of Lemma 1, we have ¢4(a, 22) = p4(Zg,22) = -+ =
¢d(T2,22) > 0. Therefore, > 1 4-1 @1 y-1)(a, z2) > 0.

Move from z; to z; = b along the adjacent™ path {zk}zzl. Given 3 < k < p, we know
zp # zj_q and 2z, ° = 2z, °, for some s € {2,...,1}. Thus, by items 2(ii) and 2(iii) of Lemma 1,
we have

Z @(dl,yfl)(a» 2k)

y—leA—l
= Z [ Z Prat e y—1151)(a Zk)] + Pt ,y-1(a, zx)
g {lstea—{1s} yoe(zg,25_ ) yleA—lwsg (=528 |}
= Z [ Z <)0(d1,y5,y7{115}>(a7 Zk—l)] + Z bar,y-1)(@ 2k-1)
y~hstea—te} wielzg 2 o} yleA" by g {z],2]_,}
= Z P(ar,y-1y(a, 2k-1)-
y—leA—l

Consequently, we eventually have Zy—leA—l <p(d17y71)(a, b) = Zy—leA—l SO(dl,yfl)(a, Zp) ==
Zy—leA—l @t y-1y(a, 22) > 0. Contradiction!

Therefore, either a € A or b € A. Then, Claim 1 or 2 implies that ¢ and d formulate a feasible
box. This completes the verification of the induction hypothesis and Claim 3, and hence, proves
the lemma. O

Now, given an arbitrary a € A, by Lemma 25, we assert that for every s € M and 2% € A~*
with (A%, 275)N A # 0, (a®,27%) € A. Next, we claim that for every s € A and 7% € A~* with
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(A%, 275)NA#0, ‘(As,xfs) N fl} > 2. Suppose not, i.e., there exist s € A and x7° € A~% such
that ‘(As,xfs) ﬁfl‘ = 1. Then, for all z7% € A~% with (A%, 27%)N A # 0, ‘(AS,:L‘*S) ﬁfﬂ =1.
Consequently, all feasible alternatives agree on component s which contradicts Assumption 1.
Thus, we have that for each s € M, there exists x7° € A~ such that (A%, 27°)N A # ), and
moreover, [(A%, x7%)N fl‘ > 2, as claimed above.

Given s € M, we pick 7% € A™* with (A%,27°)N A # (. By Lemma 21, we induce
a tree G+ ((A%,27°) N A). We next claim that there exists another y=* € A™* such that
(A%, y=*) N A # 0. Otherwise, for all y=5 € A™\{z7%}, (A%,y7°) N A = 0 implies that all
feasible alternatives agree on every component other than s which contradicts Assumption 1.
Thus, we pick another y=* € A=% with (4°%,97°)NA # 0, and induce a tree G+ ((AS, YN fl).
By Lemma 25, it must be the case that G+ ((4%,27%) N A) and G+ ((A%,y~*) N A) coincide
in following sense: For all a®,b® € A®,
[(a®,27%), (b%,27*%) € A and (a®,27%) ~T (b%,27%)]

A [(as, yis)v (bsa yis) € Aand (as’ yis) ~t (bsv yis)] .

Therefore, A must be factorizable, i.e., A = X eprA® where 45 C AS, ‘/_15’ > 2 for every
s € M, and A® is located on a tree G(A®) where a®,b° € A® form an edge if and only if
(a®,27%),(b°,27%) € A and (a®,27%) ~T (b%,27°) for some % € A~%. Thus, we have a product
of trees X 4eprG(A?®), and the first condition of Definition 7 is satisfied.

Applying the same verifications of Lemmas 7 and 8, we know that for all P, € D, if r1(P;) € A4,
then P¢| 1 is multidimensional single-peaked on X 4¢3;G(A*). Therefore, in the rest of the proof,
we focus on the preferences whose peaks are invalid alternatives.

LEMMA 26 Givena € A\A and P; € D?, if P 5 is multidimensional single-peaked on X sen G(A%),
then every preference of D* is multidimensional single-peaked on X s¢ g G(A®).

Proof: Let a € A be such that r1(F;4) = a. Evidently, Lemma 20 implies rq (E‘A) = a for all
P; € D®. Since a € A, factorizability implies a* € A* for all s € M.
CrLAIM 1: Given s € M and z° € A%, ¢ (Pi, (xs,ffs)) = ¢ (a, (x*%,a*)) for all P, € D%

Let (a®,2%) = {3} _, be the adjacent™ path connecting @* and z*® in G(A®). First, una-
nimity implies ¢z(P;,a) = 1. Thus, Z}g:l P(az.a-s) (P, (#1,a7%)) = 1. Next, we provide an
induction hypothesis: Given 1 < k <t, for all 1 < k' < k, Z];':l P(xs.a-*) (Pi, (x5, &_s)) =1.

We show Eﬁ:l Pas.a—e) (P, (x7,a7°)) = 1. Since (z},a"*) ~T (xj_;,a""), we have

v=1
k k—2
= Z Plzg,a*) (P“ (xi’a‘is)) + Z Plag,a=*) (Pla ($27 dis))
v=k—1 =1
k k—2
- Z Plag.ae) (P“ (Th—1, ais)) + Z Plas,a—*) (Pi7 (Th—1, Efs)) by items 2(ii) and 2(iii) of Lemma 1
v=k—1 =1
k-1

= O(zs a—s) (Pi,(z3—1,a °)) =1, by the induction hypothesis.

This completes the verification of the induction hypothesis. Thus, Zze(&,(xs,d—s)) 0 (B, (z%,a7%)) =
1. Next, pick arbitrary P/ € D® by minimal richness. Since @ € A, we know that P/ is mul-
tidimensional single-peaked w.r.t. A. Consequently, the induced preferences Py@,(@s,a—s)) and
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P’<, (z5,a—=)) BT€ single-peaked on the line (@, (z*,a~%)), and hence, P;(5 (zs 5-s)) and Pz|(a (2%,5=%)

|\a,\T
ar‘e identical. Furthermore, since > ¢ (P, (z§,a*)) = 1and > ©. (P!, (zf,a™%)) =
z€(a,(x%,a%)) ze(a,(z%,a=*%))
1, we have that for all P, € D% ¢(P, (zf,a%)) = (P, (z5,a*%)) = (P, (zf,a %)) =
go(d, (xf, &*S)) where the first and third equalities are implied by the tops-only property while
the second equality is implied by strategy-proofness. This completes the verification of the claim.

CrAM 2: For every separable preference P/ € D?, the induced preference P/, ; is multidimen-

- i|A

sional single-peaked on x sy G(A®).46

Given a separable preference P/ € D%, to show that P’| ; is multidimensional single-peaked
on X seprG(A%), it suffices to show that [P/ ]IA is single-peaked on G(A?) for every s € M.

Given s € M, since ¢ (P, (z%,a™*)) = ¢ (a,(z*,a"*)) for all ° € A* by Claim 1, the
proof of Lemma 7 implies that [P/ ]‘ 1 1s single-peaked on G(A*®). Then, by separability, P" 1l
multidimensional single-peaked on x s4e/G(A%). This completes the verification of the claim.
CLAIM 3: For every P; € D?, the induced preference PZ-| 4 is multidimensional single-peaked on
X SGMG(AS)'

Given P; € D?, suppose that P| 1 is not multidimensional single-peaked on x scpsG(A®).
Thus, there exist distinct ,y € A such that z € (a,y) and yPx. Pick arbitrary P/ € DV.
Evidently, a # . Since yP;r and yP!z, by the Exterior™ property, we have a sunpleJr path
{Pf}zzl connecting P; and P! such that yPFz for all k = 1,...,q. Since a # y, there exists

7

1 < k* < g such that r(PF') = a and ri(PF) # a. Thus, P ~T PF' ™ and P¥ is a

(]
separable preference. However, since P* f A is multidimensional single-peaked on x 4¢3/ G(A°) by

Claim 2, a:PZ-k y. Contradiction! This completes the verification of the claim and the lemma. [

LEMMA 27 Given P,,P! € D with P, ~T P!, if P 5|4 1S multidimensional single-peaked on
X sertG(A®), then Pz‘I|A is multidimensional single-peaked on X ;cprG(A%).

Proof: If ri(P;) = ri1(P/), then Lemma 26 implies that P" 1 is multidimensional single-peaked
on XgepG(A%). If ri(P/) € A, it is also evident that PZ.’| ; is multidimensional single-peaked on
X semG(A®). Hence, we assume r1(P;) = a # b =r1(P/) and b ¢ A. Since P, ~T P!, we know
a® # b and a=® = b~ % = z7° for some s € M, and both P; and P/ are separable preferences.
Let a =r1(P; 1) and b = rl(Pz'/M)'

CLAIM 1: If @ # b, then Pi/\A is multidimensional single-peaked on x s¢ s G(A?%).

Since aP;b, bP/a and P; ~* P!, it must be the case that aP;!b and bP!!a, and hence a* = a*,
b¥=banda *=b°=2° Sincea,bc A, a*=a*€ A% b*=0b°c A° and 275 € A5,

Next, we claim (a®,b°) = {a®,b°}. Suppose not, i.e., there exists ¢® € (a®,b°)\{a®,b*}. Thus,
s €A%, e=(c*,z7%) € Aand (c),77%) € {(a*,27%),(b°,27%)) = (a,b). Furthermore, since P
is multidimensional single-peaked w.r.t. A, we know aP;¢ and éP;b. Contradiction! Therefore,
(a*,b%) = {a*, b°}.

Suppose that P’| is multidimensional single-peaked on X 4c;G(A?), i.e., there exist distinct
z,y € A such that € (b,y) and yP/xz. Since x € (b,y), z° € (b%,y°) = (b°,y*) and 7% €

46Since every alternative is adjacent+ to some other alternative which is implied by the Exterior™ property, it
is true that for each alternative, there exists a separable preference whose peak is this alternative.
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(b=%,y7%) = (27%,y7%). Since (a*,b%) = {a®,b°}, x € (b%,y°) implies ° € (a*,y®). Thus,
x = (z°,27%) € ((a®,27%), (v*,y®)) = (a,y), and =P,y by multidimensional single-peakedness
w.r.t. A, Thus, z and y form a local switching pair of P; and P/, and hence z° = a*, y* = b*
and z7° = y~%. Consequently, z° € (b%,y*) = (b%,b%) = {b*} which contradicts 2° = a®. This
completes the verification of the claim.

CLAIM 2: If @ = b, then Pi/\A is multidimensional single-peaked on x s¢ 5y G(A?%).

Note that if cither a® ¢ A® or b* ¢ A®, then P; ~* P/ implies Pz = Pj ;. Then, P/,
is multidimensional single-peaked on XxseprG(A®). Next, we show either a® ¢ A® or b° ¢ A®.
Suppose not, i.e., a®,b* € A®. Since @ =b € A, it is evident that 27 =a~* = b~° € A~°. Thus,
(a®,27%),(b%,27%) € A. Recall that both P, and P! are separable preferences. Since ri(P;) =
a=(a®,z%) and r1(P]) = b= (b%, 2~ %), separability implies that either (a®,z2%)F;(a®,z" %) = a
or a® = a®, and (b°,27°)P/(b°,z7°) = b or b° = b°. Furthermore, since @ = b and a® # b°, it
must be either (a®, z%) Pia or (b%, z~*) P{b which contradicts a = r1(F; 5) and b = 71 (Pi/\A)' This
completes the verification of the claim and proves the lemma. O

Now, we show that for every preference whose peak is an invalid alternative, the induced
preference over A is multidimensional single-peaked on X scpsG(A%). Given an arbitrary P; €
D, let 7’1(]32-) =a ¢ A and ri(Py;) = a. Pick an arbitrary P/ € D* by minimal richness.
Since a € A, Pi/IA
{PF}1_, connecting P/ and P;. We first consider preference P?. If P? ~ P}, then ri(P?) =

r1(P}!) = @ and hence Pzz| 1 1 is multidimensional single-peaked on X,eaG(A%). If P? ~T P},
Lemma 27 implies that Pj i

we assert that Pf| 1 1s is multidimensional single-peaked on X e G (A®). Next, we provide an

induction hypothesis: Given 2 < k < ¢, for all 2 < ¥ < k, PZ]T;K

peaked on xscpG(A%). We show that PZ.’T 1 is multidimensional single-peaked on X s/ G(A?).

If PF ~ PF7! then it is true that 71(PF) = r1(P"*). Then, Lemma 26 implies that Pz‘]TA

multidimensional single-peaked on x e G(A%). If PF ~+ Pikfl, Lemma 27 implies that PZT 518
multidimensional single-peaked on x sc7sG(A*). This completes the verification of the induction

is multidimensional single-peaked on xscprG(A®). We have a simple® path

is is multidimensional single-peaked on xscpG(A*). Therefore,
is multidimensional single-

is

hypothesis. Therefore, P; is multidimensional single-peaked on x s /G(A?%). This completes the
verification of the necessity part of the theorem.

We now turn to the sufficiency part of Theorem 3. Let A = X, A® where A% C A®
and |A%| > 2 for each s € M. Let G(A®*) be a tree for each s € M. Thus, A is located
on a product of trees xsepG(A%). Let D be multidimensional single-peaked w.r.t. A. Let
Ds = {PZ‘ ilP; € D}. Thus, the induced domain D|4 is multidimensional single-peaked on
X semG(A®). According the proof of the sufficiency part of Theorem 1, we can construct a mixed
multidimensional projection rule ¢ : [D, 1)V — A(A) which is unanimous, tops-only and strategy-
proof and satisfies the compromise property. Next, we define a new function ¢ : DV — A(A): For
all (P1,...,Py) €DV, o(Py,...,Py) = ¢(P1|A, .. ~7PN|A)- It is evident that ¢ is a unanimous
and strategy-proof constrained RSCF. We first claim that ¢ satisfies the tops-only property.
Given P, P’ € DV with r(P;) = r1(P/) for all i € I, we know r(Pya) = Tl(Pz'/M) for all i € I by
the second condition of Definition 7. Consequently, by the construction of ¢ and tops-onlyness
of ¢, p(P) = ¢(P1|A’ o 7PN|A) = ¢(P1,\A’ .. ’PJ,\/\A) = p(P’). Thus, ¢ satisfies the tops-only
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property. Last, we show that ¢ satisfies the compromise property. Given I C I with ]f | = %
if N is even, and |I| = % if N is odd, fix P;,P; € D with m(P;) = « # y = ri1(P;) and

ro(P;) = 12(P;) = a € A. If either z ¢ A or y ¢ A, we know f2 (PZ}A, 1?\'?) =a. Ifx,y €A,

recall the verification of the sufficiency part of Theorem 1, it is true that a € (z,y)\{z,y}.

Pox 0
Then, fg( ’IlA, ];J\II{‘) = a. Consequently, no matter x and y are feasible or not, we have
. p P,z Pil5 Pyi Pilx .
Ya (%’ %) = ¢a< ’IlA7 Ijj\llf‘) =i )\ng( Z}A, ?Q?) > Ag > 0. Therefore, ¢ satisfies the

compromise property. This completes the verification of the sufficiency part of Theorem 1.

D SUPPLEMENTARY MATERIAL
D.1 An example related to the no-detour property

Let A= A! x A%, A' ={0,1,2} and A% = {0,1}. We highlight two separable preferences:

P; : (0,0)~(1,0)(0,1)~(1,1)~(2,0)~(2,1) and P/ : (1,0)~(0,0)—~(1,1)~(0,1)~(2,0)(2,1).
Note that (1,1)P;(2,1), (1,1)P/(2,1) and P, ~T P/. Thus, {P;, P/} formulates a simple™ path
connecting P; and P/ where (1,1) is always ranked above (2,1), and satisfies the no-detour
property, i.e., r1(P;) = (0,0) € (A',0) and ri(P;) = (1,0) € (A',0). We can construct another
simple™ path {PF}_, C Dg in Table 2 below connecting P; and P/ where (1,1) is always ranked
above (2,1). However, this simple™ path violates the no-detour property: It starts from P;, first
takes a detour to preference P? with peak (0,1) ¢ (A',0), then diverges further to preference

7

P? with peak (1,1) ¢ (A',0), and finally goes back to preference P.

PiEPil ~ P2 N+pi3 ~ P4 N+Pi5 ~ P  ~t p7 NP.SEPZ!

(2 (2 K3

00 (00 (01 (1) (LY (LY (L0 (10
Lo (01 (00 (LY (01 (L0 (L)  (0,0)
01 (Lo (LY (00 (L0 (01 (0,0 (L1
Ly Ly (Lo (L0 (00 (00 (01 (01
20 (20 (1) (1) (1) (1) (20 (20
21) 21 (20 (20 (20 (20 (1) (@1

Table 2: A simple™ path violating the no-detour property

D.2 Related verification in Example 3

Since each f € {f*}ag((1,1,0),(1,1,1)} U{f@ £33} is unanimous, RSCF ¢ must be unanimous.
To show strategy-proofness of ¢, it suffices to show that each f is strategy-proof.

As a generalized median voter scheme of Barbera et al. (1993), we first know that each f
above is strategy-proof on Dj;gp. Moreover, note that f also satisfies the tops-only property.
Therefore, (i) for all P; € Dj;sp and b € A, voter ¢ never manipulates at (P;,b) via any P/ € D,
and (i) for all P; € Dysp and b € A, voter j never manipulates at (b, P;) via any P; € D.
Hence, the verification only concerns the following two possible manipulations:

(i) Given (P, P;), voter ¢ considers to deviate to P} € D.

(ii) Given (55, P}) where P} is identical to preference P in Example 3, voter j considers to
deviate to P/ € D.
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We first identify an important multidimensional single-peaked preference below:
Pi: (0,0,0)-(0,0,1)~(1,0,0)~(1,0,1)~(0,1,0)—(0,1,1)—(1,1,0)_(1,1,1).

Note that P ~ P, (1,1,1)PF!(1,1,0) and (1,1,0)P;!(1,1,1).

CrLAM 1: Given f € {fa}a¢{(l71’0),(17171)} U {f(jﬂ'»ik f(iJJ)}, the first and second possible manip-
ulations are never profitable.

Suppose not, there exists P/ € D such that f(P], P;)P}f(P},P;). Assume f(P/,P;) = x
and f(Pf, P;) = y. Evidently, P/ # P} and hence R € Dpssp. Moreover, it is evidently that
r1(Pj) # (0,0,0) = ri(P}), and hence P; € Dysgp. Otherwise, fa(P* P;) = (0,0,0) = r(FP;)
by unanimity, and consequently, there exist no P/ € D such that f(P/, P;) P/ f (P* ). By the
tops-only property, we know f (H, Pj) = y. Since voter i cannot manlpulate at (B, P;) via P/,
it is true that yPz. Now, since Pr ~ B, z Py and yPz imply z = (1,1,1) and y = (1,1,0).
Thus, f(PF, P;) = (1,1,0).

First, assume f € {f*},4(1,1,0),(1,1,1)}- Assume rl(P) =b = (b',0%,b%). According to the
definition of the projection rule f¢, where a = (a', a?,a%), f*((0,0,0), (b*,b%, b)) = f4(P;, P;) =
(1,1,1) implies med(0,b',a') = 1, med(0,b%, a?) = 1 and med(O,b3, a®) = 0. Consequently,
a' =1 and a? = 1, and hence a € {(1,1,0),(1,1,1)}. Contradiction!

Next, assume f € {f(j’i’i),f(i’j’j)}. If f = fU%0) the definition of fU4% implies f(Pr, Py)? =
r1(PF)? = 0, and hence f(P},P;) # (1,1,0). Contradiction! If f = f(59) the definition
of f(5:3) implies f(Py, P;)' = ri(Pf)' = 0, and hence f(Py, P;) # (1,1,0). Contradiction!
Therefore, the first possible manipulation cannot occur. By a symmetric argument, the second
possible manipulation cannot occur either. This completes the verification of the claim.

Since each f € {f*},q¢(1,1.0),1,1,11 Y {f(j’i’i), f(i’j’j)} is strategy-proof, as a mixture of these
eight DSCFs, it is true that ¢ is strategy-proof.

Last, we show that RSCF ¢ satisfies the compromise property. Given FP;, P; € D, assume
r(FP;) =z # y = r(F;) and ro(P;) = ro(Pj) = z. We consider the following three cases: (i)
z=(1,1,0), (ii) 2z = (1,1,1), and (iii) 2z ¢ {(1,1,0),(1,1,1)}.

In the first case, since z = (1,1,0), it is true that either {x,y} = {(1,0,0),(0,1,0)}, or
{z,y} = {(0,1,0),(1,1,1)}, or {z,y} = {(1,0,0),(1,1,1)}. If {x,y} = {(0,1,0),(1,0,0)}, we
know (U9 ((0,1,0), (1 0,0)) = (1,1,0) = 2z and f(59((1,0,0),(0,1,0)) = (1,1,0) = z. If
{z,y} = {(0,1,0),(1,1,1)}, we know f(190)(z,4) = (1,1,0) = z. If {z,y} = {(1,0,0),(1,1,1)},
we know f(O1.9)(z,y) = (1,1,0) = 2. Therefore, there always exists f € {fa}ag{(17170)7(17171)} U
{f(“" f ’“)} such that f(F;, Pj) = z, and hence, ¢.(P;, P;) > 0.

In the second case, since z = (1,1,1), it is true that either {x,y} = {(0,1,1),(1,0,1)}, or
{z,y} = {(0,1,1),(1,1,0)}, or {z,y} = {(1,1,0),(1,0,1)}. If {z,y} = {(0,1,1),(1,0,1)}, we
know fU49((0,1,1),(1,0,1)) = (1,1,1) = z and f&39)((1,0,1),(0,1,1)) = (1,1,1) = 2. If
{z,y} = {(0,1,1),(1,1,0)}, we know fOO0D(z,4) = (1,1,1) = z. If {z,y} = {(1,1,0),(1,0,1)},
we know fOLY(x y) = (1,1,1) = 2. Therefore, there always exists f € {f*Yaga1,0),0.1,03 Y
{f(J”),f ’M)} such that f(F;, P;) = z, and hence, ¢,(P;, Pj) > 0.

In the third case, since z ¢ {(1,1,0),(1,1,1)}, we have f*(z,y) = z, and hence ¢, (F;, P;) > 0.
In conclusion, RSCF ¢ satisfies the compromise property.
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D.3 The separable domain Dg is a connected™ domain

We specify two facts which together show that the separable domain Dg is a connectedt domain.
The detailed proof of these facts can be found in the working paper of Chatterji and Zeng (2015).

FACT 1 Given Pj, P] € Dg with [Pj]* # [P]]° for some s € M, and z,y € A with zP;y and
wP]{y, there exist t > 1 pair(s) of separable preferences {]5;“, 15;“}, k=1,...,t, such that

(i) [Pj)* = [P}]® and [P}]* = [15;]5 for all s € M;

(ii) for each 1 <k <'t, Pf ~T ]5;‘:, :cpfy and x]a]ky;
(iii) for each 1 <k <t —1, [P]k]s = [Pf“]s for all s € M.

In particular, if r1(P;) and r1(P}) are similar, say r1(Pj) = (a®,27%) and r1(P}) = (b°,27°),
then rl(Pf),rl(pjk) e{(a®27%),(b% 2%}, k=1,...,¢

FACT 2 Given two distinct Pj, P; € Dg with [P;]° = [P]]® for all s € M, and x,y € A with
xPjy and :EP]’-y, there exists a simple path {Pf}z:1 C Dg connecting P; and P]{ such that foy,
k=1,...,q

We provide the following example to illustrate how both facts are used to show connectedness™
of the separable domain.

EXAMPLE 5 Let A = A! x A%, A! = {0,1,2} and A% = {0,1}. Fix two particular separable
preferences:

P (0,0)-(0,1)(1,0)(1,1)(2,0)~(2,1), and P : (2,1)-(0,1)(2,0)—(1,1)-(0,0)_(1,0).

Note that (0,1)P;(1,1) and (0,1)P/(1,1).

First, we construct the following transitions of marginal preferences to reconcile the differ-
ences of marginal preferences of P; and P;:

O)

([P]5[P]?) = (0.1.2;0.1) = ®

(0_1.2;1.0) =2 ®

(0.2.1;1..0) = (2.0-1;1.0) = ([P{]"; [P]).

K2

For each transition, we identify a pair of adjacent™ preferences ranking (0,1) above (1,1) to
illustrate Fact 1.

SN 2 2

Pl ~t Pl P2 ~t P2 p3  ~t  P3

(0,0) (0,1) (0,1) (0,1) (0,1) (2,1)
(0,1) (0,0) (0,0) (0,0) (2,1) (0,1)
(1,0) (1,1) (1,1) (2,1) (1,1) (1,1)
(1,1) (1,0) (2,1) (1,1) (0,0) (2,0)
(2,0) (2,1) (1,0) (2,0) (2,0) (0,0)
(2,1) (2,0) (2,0) (1,0) (1,0) (1,0)

Table 3: Three pairs of adjacent™ preferences

Next, we make the following two observations to illustrate Fact 2.
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(i) P,= P!, P! ~ P? and P} ~ P).

(ii) Preferences Pi2 and Pi3 share the same marginal preferences, i.e.,

([PAY[P)?) = (02.1;1.0) = ([P?]',[P?]?). We identify the another separable prefer-
ence Py i (0,1)(2,1)-(0,0)_(1,1)—(2,0)—(1,0) which admits the same marginal pref-
erences. Thus, we have a simple path {P2, P;, P?} connecting P? and P? such that (0,1)
is always ranked above (1,1).47

Eventually, we construct the appropriate simple™ path connecting P; and P! below which
meets the requirement of the Exteriort property: P; = Pil ~t f’il ~ PiQ ~T PZ? ~ P ~
Pf er P;’ ~ Pé - Furthermore, note that the simple® subpaths {P}, P}, P?, P? P;, P?} and
{PL P2 P2 P, P3, P?, P!} satisfy theAno—iietoAur E)rol_)erty.

Last, take the simple™ subpath {PZ-I, Pf, PZ-Q,PZ', Pi3} as an example where every preference

has the peak (0,1). It illustrates that the requirement of the Interior™ property can be verified
in the separable domain as well. O

D.4 The top-separable domain Drg is a connected™ domain

To verify that Drg is a connected™ domain, we first provide two facts.

FACT 3 Given P; € Drg\Dg and z,y € A with xPjy, there exists Pj € Dg such that r1(P;) =
r1(Pj) and xPjy.

Proof: Assume r1(P;) = a = (a®)sep. Assume z° # y® forall s € S € M and 279 = y=5.
Evidently, S # (). There exist two cases for z and y: (i) 2° # a® and y® # a® for some s € S, and
(il) z° = a® or y° = a® for every s € S. Furthermore, in the second case, due top-separability,
there must exist s € S such that x° = a® and y® # a®. Now, in both cases, we can first identify
a marginal preference [P;]* on A® such that x*[P;]*y®. Next, we construct a lexicographically
separable preference ]5] such that rl(Pj) = a and component s is lexicographically dominant.

Consequently, ]5J € Dg and xP]y O

FACT 4 Given P; € Drg and P; € Dg, assume r1(P;) = r1(P;) = a. Given b,c € A, assume
bPjlc and chb. There exists Pj € D%g such that Pj ~ P; and c]sj!b.

Proof: Since r1(P;) = r1(P;) = a, bPjlc and cP;b, it is evident that a ¢ {b,c}. We first
construct preference Pj by locally switching b and ¢ in P;. Thus, 7“1(]3]-) =a, ]5] ~ P; and ij!b.
We show PJ € Dpg. Suppose that Pj ¢ Drg. Since P; € Dpg and Pj ~ P, PJ ¢ Dpg implies
that b = a® # ¢® and b=% = ¢~ for some s € M. Consequently, since P; € Dg, we have bPjc.
Contradiction! O

Now, we consider two distinct preferences Pj, P; € Drg with either r1(P;) = ri(P;) or
r1(P;) # r1(P}), and two alternatives z,y € A such that xP;y and xPjy. We construct an
appropriate simple™ path {P]k }i_q € Drg connecting P; and Pj’» such that xijy, k=1,...,q,

4TNote that the existence of preference P; also illustrates the importance of the co-existence of adjacency and
adjacency ™. If we forbid the presence of adjacency, then preference P? cannot be obtained via the transition of
preference P?, and consequently, the adjacency™ between Ps; and P; disappears.
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and [r1(P)) = r1(P)) = a] = ['rl(P]k) =aforallk=1,...,¢q]. There are three cases: (i) P; € Dg
and P} € Dg, (ii) P; € Drs\Dg and P; € Dg (or symmetrically, P; € Dg and P} € Drs\Ds),
and (iii) Pj,f“’j{ S ]D)TS\]DS-

The first case is covered by Section D.3. In the second case, we first identify P; € Dg with
r1(P;) = r1(P;) and zPjy by Fact 3. Between P; and P}, by case (i), we have an appropriate
simple™ path, while Between P; and Pj, we can construct another appropriate simple path by
repeatedly applying Fact 4. Combining these two paths, we have an appropriate simple™ path
connecting Pj and P;. In the third case, by Fact 3, we first identify Pj € Dg with r1(P;) = r1(P))
and zPjy, and P; € Dg with r1(P}) = r1(P}) and xPjy. Similar to the second case, between
P; and Pj, between P; and Pj(, and between PJ{ and PJ’-, we have an appropriate simple path,
an appropriate simple™ path and an appropriate simple path respectively. Combining these
three paths, we have an appropriate simple™ path connecting P; and P]’ . Furthermore, by the
construction of the appropriate simple™ path and verification in Section D.3, we can prove that
the top-separable domain satisfies the no-detour property. Therefore, the top-separable domain
Drg is a connected™ domain.

D.5 The multidimensional single-peaked domain D,;gp is a connected™ domain
According to the proof of Proposition 2 of Chatterji and Zeng (2017), we first provide two facts.

Fact 5 Given Pj, Pj € Dysp with ri(P;) # r1(Pj), and x,y € A with xPjy and xPjy, there
exist t > 1 pair(s) of multidimensional single-peaked preferences {]5f, ]5][“}2:1, such that

(i) m(Pj) = 7“1(]5}) and rl(PJ() = 7«1(15]1?)’.

(i) for each 1 <k <t, rl(pf) and ry (]f’Jk) are similar; Pf and 15;“ are |A%|-adjacent for some
seM; a:PJky and xf?fy;

(iii) for each 1 <k <t —1, 7"1(]5]1“) = 7‘1(15;““).
In particular, if r1(P;) and r1(P}) are similar, say r1(Pj) = (a®,27%) and r1(P}) = (b°,27°),
then rl(Pf),rl(pjk) € ((a*,27%),(b%,27%)), k=1,... ¢

FACT 6 Given two distinct Py, Pj € Dysp with r1(P;) = r1(P}) = a, and z,y € A with xPjy
and acP]{y, there exists a simple path {Pf}zzl C DSssp connecting P; and P]{ such that foy,
k=1,...,q.

Note that preferences ]5;“ and ]5;.’“ in Fact 5 are |A~%|-adjacent, not necessarily adjacent™.
Fact 7 below shows that such two |A™%|-adjacent preferences in Fact 3 can be replaced by two
appropriate adjacent™ preferences.

FAcT 7 Given two distinct Pj, P; € Dygp with r1(P;) # r(P}) and Pj ~AT P} for some
se€M, and x,y € A with xP;y and a:P]{y, there exist Pj, ]5]{ € Dyrsp NDg such that

(i) 71(Py) = r1(P;) and ri(P}) = ri(P}),
(ii) Py ~* P,
(iii) Py and ;UI5J’»y.
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Proof: Assume r1(P;) = a # b = ri(Pj). Since P, ~AT P}, it is true a® # b° and a™° =
b=* = z7°. Since 2Py and xPjy, it is true that y ¢ (a,z) and y ¢ (b, z). We consider two cases:
(i) There exists 7 # s such that y™ ¢ (27,27), and (ii) y” € (27,27) for all 7 # s. In the first
case, it is evident that y” ¢ (a™,2"7) and y” ¢ (b",2"). In the second case, it must be true that
y® ¢ (a®,2°) and y* ¢ (b°,2°). In conclusion, there exists 7 € M such that y™ ¢ (a7, 27) and
v ¢ (07, 27).

On each component set w € M, according to the tree G(AY), we construct two particular
marginal preferences [P;]* and []5]’]” such that the following conditions are satisfied:

(i) [Pj]“ and | J] are single-peaked on G(A¥) for all w € M.

(iii

)
(ii) r1([P}]*) = a* and rl([P/] ) =b* for all w € M.
) 27 [Pj]"y" and [PJ’-]TyT

)

(iv) [P}]* ~ [Pj]* and [Pj]¥ = [P}]* for all w # s.

Last, according to all marginal preferences [P;]* and [PJ{]”, w € M, we assemble two mul-
tidimensional single-peaked and lexicographically separable preferences P;, P]’ € Dysp NDrg
where both P; and Pj’» share the same lexicographic order over components and component T
lexicographically dominates all other components. Thus, r1(P;) = a, r1(P;) = b, P; ~T P},
xP]y and :cpjfy. This completes the verification of Fact 7. 0

Last, after updating Fact 5 by Fact 7, similar to the verification in Section D.3, we assert
that the multidimensional single-peaked domain Dj;gp is a connected™ domain by a repeated
application of Facts 5 and 6.

D.6 The intersection of the separable domain and the multidimensional single-peaked
domain Dg N D,sgp is a connected™ domain

The verification here is similar to that in Section D.3. We replace the separable domain Dg in
Facts 1 and 2 by the intersection Dg N Dysgp, and establish the following two facts.

FACT 8 Given two preferences Pj, P} € Dg N Dysp with [P;]° # [Pj]° for some s € M, and
z,y € A with xPjy and mP]{y, there exist t > 1 pair(s) of separable and multidimensional single-
peaked preferences {Pf, ]%k}k = 14 such that

() [P)° = [P} and [P = [PL)* for all s € M;
(ii) for each 1 <k <t, Pf ~T P]k, mPJky and g;P]?fy;
(iii) for each 1 <k <t -1, []5;“]5 = [PJEH]S for all s € M.

In particular, if r1(Pj) and r1(P}) are similar, say rl(P]) = (a®,27%) and r1(P)) = (b%,279),
then 7“1(]5;‘7),7“1(15;“) € ((a®,27%),(b%,27%)), k=1,.

FacT 9 Given two distinct Pj, P; € Ds N Dysp with [Py]* = [P]* for all s € M, and z,y € A
with v Py and xPjy, there exists a simple path {Pf}zzl C Ds NDpsp connecting P; and Pj'
such that foy, =1,...,q
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D.7 The union of the separable domain and multidimensional single-peaked domains
Dg U [U;_;Dyssp,] is a connected™ domain

We first provide a fact which will be repeatedly applied.

Fact 10 Given Pj € Dysp, and x,y € A with xPjy, there exists Pj € Dg N Dygp, such that
r1(Py) =r1(P}) and vPjy.

Proof: Assume 71 (Pj’ ) = (a®)sem and Dysgp, is the multidimensional single-peaked domain on
product graph of trees x;epG(A®). Since zPJy, it is true that y ¢ (a,r). Thus, there must
exist s € M such that y* ¢ (a®,2®). Consequently, we can construct a marginal preference
[P]* over all elements in A® which is single-peaked on G(A%), 71([Pj]*) = a® and z°[P;]%y°.
For every T € M\{s}, pick arbitrary marginal preference [P;]” which is single-peaked on G(AT)
and r1([Pj]7) = a”. Last, we construct a lexicographically separable preference P; by using all
these marginal preferences and make component s lexicographically dominant. Consequently,
xpjy Since each marginal preference is single-peaked, it is true that ]5]- is multidimensional

single-peaked on X e G(A?). O

To verify that the union Dg U [Ui_ Dysgp,] is a connected™ domain, we fix two distinct
preferences Pj, Pj € Dg U [Uj_Dassp,] with either ri(P;) = r1(P}) or r1(P;) # r1(P]), and
z,y € A with 2Pjy and xPjy, and construct an appropriate simple® path {PJ’“ i, CDhgU
[Uj—1Darsp,| connecting P; and P; such that :L‘P]ky, k=1,...,q, and [ (P) = r(P]) = a] =
[rl(Pf) =aforalk=1,...,q]

If P;, P]’ € Dg or Pj, Py’» € Dyssp, for some k > t, the verification follows from Section D.3 or
Section D.5. Thus, we consider the following two cases:

(i) P; € Dg\Dysp, and P]/ € Dysp,\Dg for some k > 1.
ii) P; € Dysp, \Ds and P! € Dyssp, \Dg for some k # k.
J e j k

In case (i), by Fact 10, we identify another preference ]5]( € Ds NDysp, such that rl(Pj{) =
rl(PJf) and :EP]’y First, since PJ,P]’ € Dg, by the verification in Section D.3, we have an
appropriate simple® path in Dg connecting P; and PJ{. Second, since ]5]’ , P]{ € Dysp,, by the
verification in Section D.5, we have an appropriate simple™ path in Djssp, connecting Pj’ and PJf .
Combining these two simple™ paths, we have an appropriate simple™ path in DgU[U}_;Dasp, ]
connecting P; and P;.

In case (ii), by Fact 10, we identify two other preferences P; € Dg N Dy gp, and PJ'- €
DsNDarsp,, such that 71(P;) = r1(P)), 2Py, r1(P}) = r1(P}) and 2 Pjy. First, since P;, P} € Dg,
by the verification in Section D.3, we have an appropriate simple™ path in Dg connecting ]5j
and ]5]’ Second, since Pj, P; € Dysgp, and f_’;, Pj’ € Dusp,,, by the verification in Section D.5,
we have an appropriate simplet paths in Dyssp, connecting P; and ]5j, and another appropriate
simple™ paths in Dysgp, connecting P]f and Pj. Combining these three simple™ paths, we have
an appropriate simple™ path in Dg U [U_,Dasgp,] connecting P; and P]{.

Furthermore, by the construction of the appropriate simple™ path above and verifications
in Sections D.3 and D.5, we can prove that the union Dg U [U}_ Dysgp,] satisfies the no-detour
property. Therefore, the union Dg U [U}_ Dysgp,] is a connected™ domain.
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