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Abstract

Y is conditionally independent of Z given X if Pr{f(y|X,Z) = f(y|X)} =1 for all y on its support,
where f(|") denotes the conditional density of Y given (X, Z) or X. This paper proposes a nonparametric
test of conditional independence based on the notion that two conditional distributions are equal if and
only if the corresponding conditional characteristic functions are equal. We extend the test of Su and
White (2005) in two directions: (1) our test is less sensitive to the choice of bandwidth sequences; (2) our
test has power against deviations on the full support of the density of (X,Y, Z). We establish asymptotic
normality for our test statistic under weak data dependence conditions. Simulation results suggest that
the test is well behaved in finite samples. Applications to stock market data indicate that our test can
reveal some interesting nonlinear dependence that a traditional linear Granger causality test fails to
detect.
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1 Introduction

In this paper, we investigate a nonparametric test of conditional independence. Let X, Y and Z be
random variables. As in Su and White (2005, “SW?”), we write

Y 1LZ|X (1.1)

to denote that Y is independent of Z given X, i.e., Pr{f(y|X, Z) = f(y|X)} =1 for all y on its support,
where f(y|z, z) is the conditional density of Y given (X, Z) = (x, z) and f(y|x) is that of Y given X = x.

In comparison with the number of nonparametric tests of independence or serial independence in the
literature, there are few nonparametric tests for conditional independence of continuous variables. Tests
previously given include those of Linton and Gozalo (1997, “LG”), Fernandes and Flores (1999), and
Delgado and Gonzalez-Manteiga (2001, “DG”). More recently, SW have proposed a test for conditional
independence based on a weighted version of the Hellinger distance between the two conditional densities
f(y|z,z) and f(y|z), and they show that the asymptotic null distribution of their test statistic is nor-
mal. Although this test is straightforward to implement, it has two limitations. First, it uses the same
bandwidth sequence in estimating all required joint and marginal densities nonparametrically; this is un-
satisfactory when the dimension of (XY, Z) exceeds three. Second, their test can only detect deviations
from conditional independence on a compact subset of the support of the joint density of (X,Y, 7).

Here we study the use of conditional characteristic functions (CCFs) to test for conditional indepen-
dence, motivated by the following considerations: (1) the ability of CCFs to characterize conditional
independence, based on the fact that two conditional distributions are identical if and only if their re-
spective CCF's are equal; (2) the demonstrated ability of empirical characteristic functions (ECFs) to
yield well-behaved, powerful tests for other important distributional hypotheses, such as goodness-of-fit,
symmetry, homogeneity, independence, and serial independence (see Hong (1999) for a brief account); (3)
the appeal of obtaining a test with power complementary to that of previous tests; (4) the desirability of
obtaining a computationally convenient test, based on limiting normal or chi-squared distributions, as in
Hong (1999) or Brett and Pinkse (1997) and Pinkse (1998, 2000), who use characteristic function-based
approaches to test for independence, serial independence, and spatial independence; and (5) the appeal
of obtaining a test statistic whose limiting distribution does not depend on the presence of estimated
parameters.

Concerning our last three motivations, we began with only a strong suspicion, based on the previously
cited work, that a CCF approach would yield tests with these appealing properties. As we prove, how-
ever, this approach does indeed deliver the desired properties. The extreme generality of the alternative
hypothesis here makes it correspondingly difficult to study the global efficiency (e.g., rate-optimality or
minimaxity) of any particular test. Indeed, as an Associate Editor has noted, it is possible to construct
a large variety of different tests by employing sample analogs of characterizations of conditional indepen-
dence (e.g., integral transforms) other than CCF. Nevertheless, because each such test necessarily exploits
certain features of the data generating process at the expense of others, complementarities between tests
can easily arise. For example, DG’s test effectively uses only certain low-frequency information, as it is

based on the empirical distribution function; in contrast, our test is more powerful against high frequency
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alternatives. This validates our third motivation.

We achieve the goal of our fourth motivation by exploiting ideas from the approaches of Hong (1999)
and Pinkse (1998, 2000). Like them, we base our test upon the properties of characteristic functions and
use a weighted integral approach. Unlike them, we test for conditional independence instead of (serial
or spatial) independence; the conditioning significantly complicates matters. We also exploit ideas from
Bierens (1982, 1990) on consistent specification testing; our test is thus consistent against all deviations
from conditional independence on the full support of the density of (X,Y, Z). Unlike Bierens’ tests and
those of LG, Fernandez-Florez (1999), and DG, and like the test of SW, our test statistic has a normal
null distribution asymptotically.

Finally, we prove that the asymptotic null distribution of our CCF-based statistic is not affected
by /n-consistent estimation of unknown parameters. In contrast, DG’s test yields a statistic whose
asymptotic null distribution typically is affected, as it is based on the Cramér-von Mises criterion. This
validates our fifth motivation.

Our paper offers a convenient approach to testing for distributional hypotheses via an infinite number
of conditional moment regressions, and by relying on the properties of CCFs, it unifies the two branches
of the literature in an insightful way. A variety of interesting and important hypotheses other than
conditional independence in economics and finance, including conditional goodness-of-fit, conditional
homogeneity, conditional quantile restrictions, and conditional symmetry, can also be studied using our
approach. These tests are naturally suited to answering such questions as “Are the distributions of
assets, consumption, or income implied by a particular dynamic macroeconomic model close to the
actual distributions in the data?” “Is there any significant difference in wage distributions between blacks
and whites (or any two of the ethnics) conditional on their characteristics such as age, education and
experience?” or “Does the stock market react symmetrically to positive and negative shocks after taking
into account the influence of all fundamentals?”

It is well known that distributional Granger non-causality (Granger, 1980) is a particular case of
conditional independence. Our test can be directly applied to test for Granger non-causality without
the need to specify a particular linear or non-linear model. Additionally, our test can be applied to the
situation where not all variables of interest are continuously valued or observable. In particular, our test
applies to situations where limited dependent variables or discrete conditioning variables are involved.
Further, it is common in econometrics that conditional independence tests would be conducted using
estimated residuals or other estimated random variables, which are a function of the observed data and
some parameter estimators. It is straightforward to show that parameter estimation error has no effect
on the asymptotic null distribution of our test statistic. For other motivational examples and potential
applications of our test, see LG and SW.

The remainder of this paper is organized as follows. In Section 2, we describe the basic framework
for our nonparametric test for conditional independence when there is no parameter estimation involved
and all random variables are continuously valued. In section 3 we study the asymptotic null distribution
of the test statistic and discuss the local power properties of our test. We examine the finite sample
performance of our test via Monte Carlo simulation in Section 4. We apply our test to stock market data

in Section 5. Final remarks are contained in Section 6. All technical details are relegated to Appendices
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A through C.

2 Basic Framework

In this paper, we are interested in the question of whether Y and Z are independent conditional on X,
where X, Y and Z are vectors of dimension di,d> and ds, respectively. The data consist of n identically
distributed but weakly dependent observations (X, Yi, Z;), t =1,...,n.

The joint density (cumulative distribution function) of (X;, Y;, Z;) is denoted by f (F'). Below we
make reference to several marginal densities from f(z,y, z) which we denote simply using the list of their
arguments — for example f(z,y) = [ f(z,y,2)dz, f(z,2) = [ f(z,y,2)dy and f(z) = [ f(z,y,z)dyd=z
where [ denotes integration on the full range of the argument of integration. This notation is compact,
and, we hope, sufficiently unambiguous.

Further, let f(*|") denote the conditional density of one random vector given another. The null of

interest is that conditional on X, the random vectors Y and Z are independent, i.e.,
Hy: Pr{f(y|X,2) = f(y|X)} = 1 Vy € R™2. (2.1)
The alternative hypothesis is
Hy: Pr{f(y|X,Z) = f(y|X)} < 1 for some y € R, (2.2)

The proposed test is based on CCFs. It is well known that two conditional distribution functions
are equal almost everywhere (a.e.) if and only if their respective conditional characteristic functions are
equal a.e.. To state this precisely, let ¢ be the difference between the CCF ¢y |y z of ¥ conditional on
(X, Z) and the CCF ¢y |x of Y conditional on X, i.e.,

V(wz,z) = by x,z(W2,2) — oy x(u;2)
= FElexp(i'Y)|X =2,Z = 2] — Elexp(iv'Y)| X = z],

where i = v/—1 and u € R% is a real-valued vector. Y and Z are independent conditional on X if and
only if ¥ (u; x, z) = 0 a.e.-(w, 2) for every u € R4,

Consider the following smooth functional

"=,

where a(z, 2) is a given known nonnegative weighting function with full support on R4+43; and dGg(u) =

/z/;(u;:r,z)e”l“dGo(u) a(z, 2)dF(x, 2)dG(1), (2.3)

go(u)du and dG(7) = g(7)dr, where we choose gy to be a density function with full support on R% and
the choice for g is arbitrary except that it must be nonnegative, integrable, and bounded with full support
on R%.

The choice of the above functional is intuitive. Under the null, ¥(u;z,2) = 0 a.e-(x, z) for every

u € R%, and consequently I' = 0. The following lemma says that the converse is also true.



Lemma 2.1 [¢(u;x,2)e’™ “dGo(u) = 0 a.e.-F on RN+ for every 7 € R% if and only if ¢(u;x,2) = 0
a.e.-Gy x F on R%2 x Rdr1+ds

The proof is given in Appendix A. It is an extension of the proof of Theorem 1 in Bierens (1982).
Bierens (1982, 1990) proposes consistent tests for functional form of nonlinear regression models based
on a Fourier transform of conditional expectations. Consider a generic regression Y = g(X) + ¢, where Y
is the dependent variable (with d2 = 1), X is the independent variable and ¢ is the error term. Suppose
one has specified the regression function g(z) as f(z,6y), where f(z,0) defines a known real-valued Borel
measurable function on R% x © and © is a parameter space containing the unknown “true” parameter
0o if the specification is correct. Under the null of correct specification, i.e., Prig(X) = f(X,00)] =1 for
some 0y € O, Bierens (1982) shows that the test based on the sample analogue of E[(Y — f(X,60))e'™ ]
(which is 0 for every 7 € R% under the null) is consistent. The test function '™ X depends on the
nuisance parameter 7. Stinchcombe and White (1998) generalize this idea to allow the test function to
be any non-polynomial analytic function.

An important point concerning (2.3) is that it is straightforward to develop asymptotic theory
for the resulting test statistic. Under some regularity conditions (to allow the change of order of
integration), one can write [1(u;z, 2)e’” “dGo(u) = [ [ WHD[f(ylz,2) — f(y|z)]dGo(u)dy. Define

y) = [e™"¥dGy(u), the characteristic function of the probability measure dGo(u). Then one can write
_ // \E[H(Y +7)|w, 2] — E[H(Y + 7)[z) a(z, 2)dF (2, 2)dG(7). (2.4)

This integral facilitates application of the convenient asymptotic distribution theory for U-statistics.
To introduce the test statistic of interest, we first introduce kernel estimators for the unknown condi-

tional expectations above. For a kernel function K and bandwidth h = h(n), we define
Ky (u) = h™"K (u/h),

where d is the dimension of the vector u. Let m(x,z;7) = E[H(Y + 7)|X = z,Z = z| and m(z;7) =
EH(Y + 7)|X = z]. We estimate the latter two conditional expectations by the standard Nadaraya-

Watson (NW) leave-one-out kernel regression technique:

T, (Xe, Zs7) = (n= 1)1 N K, (Xy = X, Ze — ZOH(Ya +7) 3 [ Fu (X4, Z2),
s=1,s#t
and
ity (Xe;7) =4 (n— 1)~ Z Kny (X — X)H(Ys +7) 3 / o (Xe),
s=1,s#t

where fp, (X¢, Z¢) = (n=1)"" 3501 o Kny (X=X, Zi—Zs), and fr, (Xy) = (n=1)71 300 Ly Ky (X~
X, Zy—Zs). Note that we have used different bandwidths in estimating the two conditional expectations.
In the sequel we will refer to my, (z, z; 7) as the unrestricted regression estimator and mp,(x;7) as the

restricted regression estimator. A natural test statistic immediately follows as

I [~ _
Fln = E Z/ |mh1 (Xt, Zt; ’7') — th (Xt, T)|2a(Xt, Zt)dG(T) (25)
t=1


https://www.researchgate.net/publication/231991108_Consistent_Specification_Testing_with_Nuisance_Parameters_Present_Only_under_the_Alternative?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4
https://www.researchgate.net/publication/222463439_Consistent_Model_Specification_Tests?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4
https://www.researchgate.net/publication/222463439_Consistent_Model_Specification_Tests?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4
https://www.researchgate.net/publication/222463439_Consistent_Model_Specification_Tests?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4
https://www.researchgate.net/publication/222463439_Consistent_Model_Specification_Tests?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4
https://www.researchgate.net/publication/4898221_A_Conditional_Moment_Test_of_Functional_Form?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4

Three main issues arise in analyzing I'y,: (1) bias reduction, (2) the random denominator, and (3)
the choice of a("). The latter two are closely tied to each other. For the first issue, as demonstrated
in an earlier version of this paper, there are three bias terms to be corrected when using I'y,, as a test
statistic, two of which can be removed by appealing to the clever centering device of Hiardle and Mammen
(1993). Given i, (z;7) , we can compute a smoothed version, smp, (z, z; ), of mp,(x;7) by regressing
M, (Xt;7) on (Xy, Z;) , and basing the test on the difference between M, (z, z; 7) and smp, (x, z; 7). For

the moment, assume the data are i.i.d. We are thus led to replace My, (X;;7) in (2.5) with

s, (Xo, Zeym) = (n—1)~ Z K, (Xy — Xo, Zy — Zg)itun, (Xo;7) » [ Fny (X2, Z4) (2.6)
s=1,s#t
to form
1< _ __
Ty = ~ Z/ [Mop, (X, Ze; T) — Sp, (X, Zt;T)]2 a(Xy, Z:)dG(T). (2.7)
t=1

In principle, one can choose any positive weighting function a that has support on R%+9  Never-
theless, we would like to choose a so that we can avoid the random denominator issue. If we were to
choose a(Xy, Z;) to be Phl (X,, Z1), after multiplication by fu, (X, Z;) the random denominators in both
mn, (Xt, Ze;7) and S, (Xi, Zi;7) would disappear. But we still have the third random denominator
built into i, (Xs; 7), which is used to form smyp, (X¢, Zt;7) (see (2.6)). There seems to be no choice of
a that would enable us to avoid this.

Note that we can rewrite (2.4) as

r— / / \BIH(Y + 1) f(X)|z, 2] — ELHY + 7)£(X)|2]? d(z, 2)dF (@, 2)dG(r), (2.8)

where a(z, 2) = a(x, z)/f?(x). We then consider the functional

Ty == Z [ i (X2, 26 ) = 5, (X2, 2 )P, (X, 204G, (29)
where
Wi, (Xe, Zs7) = § (n=1)” Z Kn, (X = Xo, 2o = ZO)H(Ys +7) fa(X) ¢ /F (X0, 20), (2.10)
s=1,s#t
and

‘é?nhl(XtaZt;T) = (TL— 1 Z Khl Xt XSaZt Zs)mhz(Xs;T)fhz(Xs) /]?hl(Xt’Zt>' (211>
s=1,s#t

In other words, my, (z,2;7) is an estimator of E[H(Y + 7)f(X)|z, 2] and smp, (x,z;7) is a smoother
version of the usual kernel estimator of E[H (Y +7)f(X)|z]. Due to the use of the clever device of Hirdle
and Mammen (1993), a simple “outer” weighting function a will not suffice for our purpose. We need to

use both an “outer” weighting function a@ = ﬁfl and an “inner” weighting function fhz in forming (2.9).



After some simple algebra, we have

2

L o / ST K Fo {H(Y, +7) — iy (i)} dG(r)

t1=1 taFty

FSn
n n—l

1) Y Z Z Z /K1t1t2K1t1t3f2 t2f2t3[ (Yio +7) = Mony (X5 7)]
- ti=1ta7#t; t3#t1

x [H(YtS 1) = iy (X3 7)) dG(7). (2.12)

where K, = Kp, (Xy — X5, Z: — Z5) and fg s = th( s)- The above statistic is simple to compute and

offers a natural way to test Hp. Nevertheless, we propose a bias-adjusted test statistic, namely

n—1

T, = (T3, — Bp), (2.13)

n—2
where B, = n~t(n—1)" Ztl L ety J K 1t1t2 f22,t2 [H(Y;, +7) — fn, (Xe,; 7)]2dG(7). In effect, our
test statistic Fn removes all the “diagonal” (to = t3) terms from I's,, in (2.12), thus reducing the bias of
the statistic. A similar idea has been used in Lavergne and Vuong (2000).

We will show that after being appropriately scaled, I';, is asymptotically normally distributed under

suitable assumptions.

3 The Asymptotic Distribution of the Test Statistic

In this section we first focus on the case of a stochastic process that has an observable series of continuously-
valued realizations. Cases for which a subset of the random vector (X', Y’, Z’) is discretely valued or

unobserved are discussed at the end of this section.

3.1 Asymptotic Null Distribution

We work with the dependence notion of S-mixing. Let {V;, t > 0} be a strictly stationary stochastic
process and F! denote the sigma algebra generated by (Vs, ..., V;) for s < t. The process is called 3-mixing

or absolutely regular, if as k — oo,

B(k)=sup E | sup |P(A|F°,)— P(A)|| — 0.
seN  |AeF,

Our assumptions are as follows.

Assumption A.1 (Data Generating Process (DGP))

() {W; = (X[, Y/, Z!)', t > 1} is a strictly stationary absolutely regular process on Ré1+dz+ds = Rd
with mixing coefficients 3(k) that satisfy > -, k23%/ 149 (k) < 0o for some 0 < § < 1/3.

(i) fC,,) € G2y, m(;7) € G20 and m(, ;7) € G2 for each 7 € R%, where v > 2 is an
integer and G is a class of functions defined in Robinson (1988, p. 939). Furthermore, f and the
m's satisfy global Lipschitz conditions: |f(wg + w) — f(wo)| < Dy(wo)||wl|, |m(ug + u;7) — m(ue; 7)| <
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D (ug; 7)||u| for u = (z, 2) or x, where [ |Dy(w)2AFDdF(w) < 00, [ | D (u; 7)|2AFOdF (u)dG (1) < o0,
and ||'|] is the Euclidean norm.
(iii) For 1 <[ < 10, the probability density function (pdf) fi,... ¢ of (Wi,,...,Wy,) is bounded and

satisfies a Lipschitz condition: |fy,, 4 (w1 +ui, ", wi+w) — fi .o (wi,,w)| < Dy gy (i, .o wr)]|ul],

1

where u = (u1,...,u) and D,
||w| >+ dw < M < oo, and Jear De oty (01,5 oy wy) Sy (w1, wp)dw < M < oo.

Assumption A.2 (Kernel and bandwidth)

(i) The kernel K is a product of a univariate kernel k : R — R such that k("), [, u'k(u)du = d;o

(i=0,1,..., 7 —1), and k(u) = O((1 + |u|"t*T€)~1) for some € > 0, where d;; is Kronecker’s delta.
§d1+d3)/2h%r N 07 nh?(leFdS) N

is integrable and satisfies the conditions that fRdl Dy, (w1, ...;wp)

(ii) As n — oo, the bandwidth sequences h; and hs are such that nh
and {7 %) « I <« p,
Assumption A.3 (Weight functions )

o,

(i) The weight function g, has full support on R%; is bounded, even, integrable, and everywhere
positive; and is chosen such that its corresponding characteristic function H is real-valued and boundedly
(r 4 1)- differentiable.

(ii) The weight function g is uniformly bounded, integrable, and nonnegative everywhere on R%2.

Remarks. Assumption A.1(i) requires that {W;} be a stationary absolutely regular process with
algebraic decay rate. This is standard for application of a central limit theorem for U-statistics for
weakly dependent data (e.g., Tenreiro, 1997). A.1(ii) imposes smoothness and moment conditions on f
and the m’s. For instance, if i is a positive integer, then g € g,, means that g is differentiable up to order
1, has Taylor expansion with the remainder satisfying a local Lipschitz condition, and g has finite ath
moment. A.1(iil) imposes smoothness and moment conditions on f;, ¢ . Similar conditions are imposed
in Li (1999). Assumption A.2(i) requires that the kernel be of second order or higher and it implies
fR u"k(u)du < oo. Unless d; + d3 = 2, a higher order kernel is needed, which is nevertheless common
in the literature (e.g., Robinson (1988), Li (1999), Fan and Li (1999)). Assumption A.2(ii) specifies
conditions on the choice of bandwidth sequences. Assumption A.3(i) is not as strict as it appears. The
uniform boundedness of H comes free as one important property of characteristic functions. That H is
real-valued and boundedly (r+1)- differentiable is also easily met in practice by choosing gy appropriately.
For example, go can be either a normal density function on R%2, or a double exponential density function.
A potential opportunity created by Assumption A.3 is to choose gyp and ¢ in applications so that any
numerical integration can be done quickly or one can work out the integration analytically. We return to
this point in Section 4.

Now let V(z, z;7,7') = cov(H (Y +7), HY+7') | X = 2, Z = 2). Define ¢ = 2C{" %) [ [V, z7,7)
fH@) fA (2, 2)dG(T)dG(7")d(z, 2), where C3 = [ [ [p k(u+ v)k(u)du]2 dv. Our main result is

Theorem 3.1 Under Assumptions A.1-A.3 and under Hy, nhgdﬁd‘q')/an 4, N(0,0?).

The proof is tedious and is relegated to Appendix A. To implement the test, we require a consis-
tent estimate of the variance o2. Let 67 = 204" ) =25 S [ [} (X, Z,) fa (X, ZS)J/‘:LZ2 (X3)
fEQ (X5)Ee (1) (7)) €5 (1) Es (') dG(7)dG(7"), where & (1) = H(Y; + 7) — Mip, (Xe; 7). Tt is easy to show
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that 57 is consistent for o2 under Hy. We then compare
T, = nh{" /21, /52 (3.1)

with the one-sided critical value z, from the standard normal distribution, and reject the null when
T, > z4.

3.2 Asymptotic Local Power Properties

To examine the asymptotic local power property of our test, we let f[" (z,y, z) denote a sequence of
densities, f™(z,y) = [ f)(2,y,2)dz, f(z,2) = [ fIl(z,y,2)dy, and () = [ (2, y, 2)dyd>.
Assume that ||f"(z,y,2) — f(2,4,2)||ec — 0 as n — oo. Let o, — 0 as n — oo. Let E,, denote
expectation under the law associated with fI"l. Define m"(z, 2z;7) = E,[H(Y + 7)|X = 2, Z = 2] and

m"(z;7) = E,[H(Y + 7)|X = z]. Given our setup, local alternatives can be specified as
Hi(o) : m(z, z; 1) = m (@ 7) + an Az, 2;7), (3.2)

where A(x, z; 7) satisfies

= xz'7'22$ 3.’EZ T,z T Q.
vf//A(m)f()f(,)d(,)dG()<

The following proposition shows that our test can distinguish local alternatives Hi(«,,) at rate oy, =
n_1/2h;(d1+d3)/4

while maintaining a constant level of asymptotic power.
Proposition 3.2 Under Assumptions A.1-A.3, suppose that o, = n‘l/th(dﬁde‘)/4 in Hy(ap). Then,
the power of the test satisfies Pr(T, > zo|H1( an)) — 1 — ®(24 —v/0).

3.3 Remarks

Theorem 3.1 covers the asymptotic null distribution of the test statistic when the null hypothesis involves
a stochastic process that has observed continuously-valued realizations. While this case suffices for many
empirical applications (e.g., a nonparametric test of Granger non-causality), our testing procedure is
potentially applicable to a much wider range of situations. We now discuss several of these.

1. Conditional independence test with unobservables. When W = (X', Y’ Z')" has to be
estimated from the data, two cases are possible. First, if W is estimated by using a finite-dimensional
\/n-consistent parameter estimator, one can show straightforwardly that the results in Theorem 3.1 and
Proposition 3.2 continue to hold, and we say our test is “free of parameter estimation error”. Second,
when W is estimated nonparametrically, say by W, a sufficiently fast convergence rate is required. For
brevity, we leave this for future research.

2. Limited dependent variables and discrete conditioning variables. As mentioned in the
introduction, our test is also applicable to situations where not all variables in (X,Y, Z) are continuously
valued. Although we have made reference to the joint density f(z,y,z) to facilitate the presentation,

there is no explicit use of the continuity of the random variable Y in our derivations. In particular,



the joint density f(z,y,z) can be replaced everywhere by f(z,2)dF(y|z,z) without changing any of
the derivations. This is more than a superficial change, as it allows the application of our test to any
situation involving discretely distributed variables. For example, Y may be a discrete response, or a
more complicated censored or truncated version of a continuous (latent) variable. Also, one can treat a
mixture of continuous and discrete conditioning variables with more complicated notation.

3. Testing for independence. It is possible to extend our procedure to the case where d; = 0, i.e.,

testing for independence between Y and Z. In this case, the null hypothesis reduces to

Hy : Pr{f(yZ) = f(y)} = 1 Vy € R,

To test H, we can replace i, (X¢; 7) in equations (2.12) and (2.13) by H(7) =n~1 " H(Ys+7). One
can readily modify the other assumptions in Section 3 and show easily that Theorem 3.1 and Proposition

3.2 continue to hold. For brevity, we don’t repeat the argument.

4 Monte Carlo Experiments

In this section we report results of some Monte Carlo simulation experiments designed to examine the
finite sample performance of our nonparametric conditional independence test. Specifically, we conduct
simulation experiments focused on testing the order of nonlinear autoregressive (NLAR) processes. For
each DGP under study, we standardize the data {(X:,Y;, Z;), t = 1,...n} before implementing our test

so that each variable has mean zero and variance one.

4.1 Motivation

During the last two decades, interest in nonlinear models in economics, econometrics and statistics has
increased significantly. One area of wide interest is nonlinear time series model identification, and more
specifically, lag selection. See Auestad and Tjostheim (1990), Cheng and Tong (1992), Tjostheim and
Auestad (1994), Tschernig and Yang (2000), Finkenstddt et al. (2001), Lobato (2003), among others.
These methods investigate the order d of a strictly stationary S-mixing univariate autoregressive time

series model of the form
}/;5 :g()/t—la}/t—Qw";Y;f—dagt)y (41)

where the function ¢ is unknown and {e;} is a noise process.
In contrast, our theory pertains to the entire conditional distribution, not just the conditional location
or conditional standard deviation. As before, let f(*|") be the conditional density of one random variable

given another. The null of interest is
HO(d) : f(Y;‘Y;fflv "‘7)/—tfd71) = f(Yt|Yt71, "'7Y1-57d)5 (42>

i.e., conditioning on (Y;_1, ..., Y;_4), the random variable Y;_4_1 has no explanatory power for Y;. If d* is
the minimum of d such that (4.2) is true, we say the nonlinear time series is of order d*. In the following,
we write Ho(d) : d* = d to represent (4.2). In the special case when d = 0, the test reduces to a test of
serial independence of first order: Hy(0) : f(Yi|Yi—1) = f(Y2).
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4.2 Simulation Design and Practical Issues

We consider the following DGPs in our Monte Carlo study.

DGP1: Y; = 0.3Y;_1 + &¢;

DGP2: Y; = (—0.5Y;_1 +&1)1(Yio1 < 1)+ (0.4Y;—1 +&4)1(Yi1 > 1);

DGP3: Y; = 0.8]Y;_1|"% + &4;

DGP4: Y; = 0.6®(Y;—_1)Y;_1+¢¢, where @ represents the cumulative distribution of a standard normal
distribution;

DGP5: Y; = —0.5Y;_1 + 0.5Y;_ {1 + exp(—0.5Y;_1)} " + &4

DGP6: Y, = 0.1log(Y2,) + 1/0.1 +0.9Y2 ,ey;

DGPT: Y; = exp(=Y?2 ) + [0.1Y;_2(16 — Y;_2)|es;

DGP8: Y; = 0.5Y;_1 + 0.25Y;_5 + 0.125Y; 5 + /0.3 + [V, _s[e;

DGP9: Y; = Vhierr, by = 0.01 4+ 0.8Y,2; + 0.64Y,2, + 0.512Y,2 5;

DGP10: Y; = /hiet, by = 0.01 + 0.8h;—1 + 0.15Y2 |;
where {e;} are i.i.d. N(0,1) in DGPs 1-5 and 8-10, they are the i.i.d. sum of 30 uniformly independently
distributed random variables each over the range [-0.1, 0.1] in DGP 6, and the i.i.d. sum of 10 uniformly
independently distributed random variables each over the range [-1/7, 1/7] in DGP 7. DGPs 1 through
3 are studied in Hong and White (2005) in testing for serial independence. DGPs 4 and 5 are studied in
Lobato (2003) in testing for nonlinear autoregression. DGPs 6-7 are used in Finkenstddt et al. (2001) in
determining the order of nonlinear time series. Clearly, DGPs 1-4 are of order 1, DGPs 5-7 are of order
2, and DGPs 8-10 are of order 3 or higher. Note that all DGPs except DGP 1 are nonlinear in the mean
or in the variance or in both.

We test for Hy(d) : d* = d, where d =1 or 2. We use a fourth order kernel in estimating all required
quantities: k(u) = (3 — u?)p(u)/2, where ¢(u) is the pdf of the standard normal distribution. We
choose both go() and g(*) (see Assumption A.3) to be a standard normal pdf. For this particular go,
the corresponding characteristic function H(y) = [ €"“¥dGq(u) has the simple form H(y) = exp(—y?/2).
Given our choice of gy and g, we can work out the integration analytically so that no numerical integration
over dG(T) is required.

Since we have two bandwidth parameters to choose, hy and hs, and it is difficult to pin down the
optimal bandwidth sequences, we choose h; and hy separately by cross validation in our simulation.
Specifically, we set

1 1
h1 = hin®Fdzn” ™ds and hy = hin¥din” (4.3)

where h] and h} are the least-squares cross-validated bandwidths for estimating the conditional expecta-
tion of Y; given (X¢, Z;) and X, respectively. Note that given the fourth order kernel we use, hi and h}
converge at rates n~ 1/ (+d1s) and n=1/(8+d1) respectively. Undersmoothing is required for our test. We
use Lee (2003, p. 16) to adjust h} and hj appropriately in (4.3) to make sure Assumption A2 is met.

It is well known that a nonparametric test that relies on the asymptotic normal approximation may
perform poorly in finite samples. An alternative approach is to use bootstrap approximation. Based
upon Paparoditis and Politis’s (2000) local bootstrap procedure, SW propose a smoothed local bootstrap
procedure to obtain the bootstrap data {X;,Y;*, Z;}. In the following we follow SW’s method to obtain

11



Table 1: Empirical rejection frequency of the tests
DGP1 DGP2 DGP3 DGP4 DGP5 DGP6 DGP7 DGP8 DGP9 DGP10

Hy (1)
n=100
5% 0.050 0.065 0.060 0.055 0.305 0.300 0.160 0.410 0.865  0.230
10% 0.095 0.120 0.095 0.090 0.405 0.465 0.240 0.600 0.910 0.310
n=200
5% 0.070  0.060 0.055 0.045 0.450 0.400 0.210 0.765 0.910 0.275
10% 0.115 0.105 0.110 0.100 0.600 0.610 0.385 0910 0.945 0.410
Hy (2)
n=100
5% 0.040 0.050 0.060 0.035 0.055 0.065 0.030 0.395 0.655 0.230
10% 0.105 0.110 0.095 0.075 0.115 0.125 0.060 0.615 0.750  0.300
n=200
5% 0.045 0.050 0.055 0.030 0.045 0.070 0.035 0.700 0.780  0.325

10% 0.100 0.120 0.100 0.070 0.120 0.125 0.065 0.875 0.830  0.485

Note: DGPs 1-4 satisfy Hp (1) and DGPs 1-7 satisfy Hy (2), whereas the other DGPs satisfy
neither Hy (1) nor Hy (2).

the bootstrap resamples. One can follow SW to verify the validity of their bootstrap method in our

framework.

4.3 Results

Table 1 reports the empirical rejection frequency of the 5% and 10% test for Hy (1) and Hp (2). For
brevity we only study sample sizes n = 100 and 200; we use 200 Monte Carlo replications for each
experiment. The number of bootstrap resamples is also set to 200 for each scenario. From Table 1 we
see that the size of our test is well behaved in that most of the empirical frequencies are close to the
nominal significance level when the null hypothesis is true. The test has reasonable power when the null
hypothesis is not true. For example, in testing Hp (1), the 10% test powers for both DGP8 and DGP9
are above 0.90 for as small a sample as 200. Similarly, in testing Hy (2), the 10% test powers for both
DGP8 and DGPY are above 0.80 for as small a sample as 200. We view a sample of 200 as small, given
the fact that densities of dimension two or three must be estimated in constructing the test.

5 Application to Stock Market Data

Although many studies conducted during the 1980s and 1990s report that financial time series such as
exchange rates and stock prices exhibit nonlinear dependence (e.g., Hsieh, 1989; Sheedy 1998), researchers
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often neglect this when they test for possible dependence. As documented by Hiemstra and Jones (1994),
all prior studies of causal relationship rely exclusively on the traditional linear Granger causality test,
which unfortunately may have little power in detecting nonlinear relationships. In this section, we use
both our test and a traditional linear Granger causality test to study the dynamic linkage between three
US stock market price indices (Dow Jones 65 composite, Nasdaq, and S&P 500) and the trading volumes
on the New York Stock Exchange (NYSE), Nasdaq, and NYSE markets, respectively.

We obtain daily data for the three major stock market price indices and trading volumes from Yahoo
Finance for the sample period from January 3rd, 2000 to January 10th, 2003. After excluding weekends
and holidays, the total numbers of observations are 759 for the Dow Jones 65 composite and Nasdaq
series and 761 for the S&P 500 series. Following the literature, we let P, and V; stand for the natural
logarithm of stock price indices and volumes multiplied by 100, respectively.

We first employ the augmented Dickey-Fuller test to check for stationarity of {P;} and {V;}. The test
results indicate that there is a unit root in all level series but not in the first differenced series. Therefore,
both Granger causality tests will be conducted on the first differenced data, which we denote as AP,
and AV; below. Next, we employ Johansen’s likelihood ratio method to examine whether P, and V; are
cointegrated or not. We find no evidence of cointegration. Consequently, we include no error correction
term in our linear Granger causality test.

For the linear Granger non-causality tests, we are interested in whether AP, and AV; Granger-cause
each other linearly. For example, in testing whether AP, Granger causes AV} linearly, one would typically
check if the null hypothesis Ho : 8; = ... = B, = 0 holds with

AVi=ag+ AV + .+ ap AV, + ;AP + ...ﬁLpAPt_Lp + €, (5.1)

where ¢, ~ i.i.d.(0,0?) under Hp 1. Nevertheless, to permit a direct comparison with our nonparametric

test for nonlinear Granger causality, we focus on testing Hg ; : 8 =0 in
AV, =ag+ a1 AV + ... + OZLUAV;,LU +BAP_;i+e,i=1,.., Lp. (52)

To implement our nonparametric test, we set all smoothing parameters according to those used in the

simulations in the last section. To mitigate the curse of dimensionality, we focus on testing
Hg np s Pr(f(AVRAV, 1, s AV AP ) = f(AVAV L, AV ) = Li= 1,0, Ly (5.3)

in checking the Granger causal direction from AP; to AV;, and similarly for the reverse direction.

The results of linear and nonlinear Granger causality tests between AP, and AV; are given in Table
2, where we choose L, and L, to be 1, 2 or 3. For example, when L, is 1, we also choose L, to be 1 so
that we only check whether AP;_; should enter (5.2) or not. This corresponds to the first row in each
panel of Table 2. When L, is 2, we choose L, to be 2. In this case, we check whether AP;_; or AP;_»
(but not both) should enter (5.2) or not, which corresponds to the second and third rows in each panel
of Table 2. The case for L, = 3 is done analogously, corresponding to the fourth to sixth rows in each
panel of Table 2. The case for testing whether AV, Granger causes AP, is done similarly.

The results of the linear Granger causality test between stock prices and volumes are given in Panel

A of Table 2. At all levels of L,,, we find causal links from stock prices to trading volumes for the Nasdaq

13


https://www.researchgate.net/publication/4768454_Testing_for_Linear_and_Nonlinear_Granger_Causality_in_the_Stock_Price-_Volume_Relation?el=1_x_8&enrichId=rgreq-b77e519bf1e05ed33711108b06fcabdd-XXX&enrichSource=Y292ZXJQYWdlOzIyMjY4NDk0MjtBUzo5OTM3MTMxMTk2MDA4MkAxNDAwNzAzMzc2MjE4

Table 2: Granger non-causality tests between stock prices and trading volumes

Panel A: Linear Granger non-causality test between AP and AV

Hy : AP does not Granger cause AV Hy : AV does not Granger cause AP
Dow Jones Nasdaq S&P 500 Dow Jones Nasdaq S&P 500
L,=1,AP;_4 0.910 0.001 0.007 L,=1, AV 0.211 0.953 0.979
L,=2,AP,_4 0.504 0.002 0.005 L,=2,AV;_, 0.209 0.812 0.871
L,=2,AP;_5 0.369 0.011 0.018 L,=2, AVi_o 0.957 0.564 0.758
L,=3,AP;_4 0.374 0.004 0.004 L,=3, AV 0.210 0.816 0.855
L,=3,AP;_5 0.201 0.008 0.008 L,=3, AV, 0.970 0.591 0.789
L,=3,AP,_3 0.231 0.719 0.241 L,=3, AV;_3 0.969 0.662 0.983

Panel B: Nonlinear Granger non-causality test between AP and AV

Hy : AP does not Granger cause AV Hy : AV does not Granger cause AP
Dow Jones Nasdaq S&P 500 Dow Jones Nasdaq S&P 500
L,=1,AP;_4 0.045 0 0.015 L,=1, AV 0.125 0.370 0.380
L,=2,AP; 4 0 0 0 L,=2,AV; 4 0.060 0.340 0.420
L,=2,AP;_o 0 0 0 L,=2,AV; 5 0.055 0.355 0.665
L,=3,AP;_4 0.020 0.010 0.020 L,=3, AV 0.280 0.490 0.545
L,=3,AP;_5 0.005 0.025 0.015 L,=3, AV, 0.240 0.460 0.605
L,=3,AP,_3 0.020 0.005 0.030 L,=3, AV;_3 0.205 0.475 0.550

Note: Numbers in the main entries are the p-values. For the nonlinear Granger non-causality test, the number

of bootstrap resamples is B = 200 in each case.
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and S&P 500 data but not for the Dow Jones at the 5% nominal significance level. Unambiguously, we
find no Granger causality from trading volume to stock price using the linear causality test.

The results for our nonparametric test are reported in Panel B of Table 2. From Panel B, we see that
at the 5% nominal significance level, stock prices lead trading volumes for all three datasets and this is
true at all lags of our study. Further, like the linear Granger causality test results, our nonparametric

test results find no evidence of Granger causality from trading volumes to stock prices.

6 Concluding remarks

This paper develops asymptotic distribution theory for a consistent nonparametric conditional indepen-
dence test. It is based upon properties of the conditional characteristic functions and transforms the
notion of conditional independence into the equivalence of two infinite collections of conditional moment
restrictions. Together with the previous work of SW, this addresses the long standing need in econometrics
for an asymptotic theory for a practical and powerful nonparametric test for conditional independence.
We extend the test of SW in two directions: our test is less sensitive to the choice of bandwidth, and it
has power in detecting deviations from conditional independence in the full support of the density.

To improve the asymptotic approximation to the finite sample distribution of the test statistic, one
could consider higher order refinements, which may offer a solution to the choice of optimal bandwidth.
However, it is well known that estimation of higher order refinements is tedious and may not necessarily
provide a sufficiently good approximation in finite samples. Another topic not addressed here, and a

suitable subject for future research, is the optimality of the test.
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Appendix

Throughout this appendix, C is a generic constant that may vary from case to case. Denote W; =
(X0, Y0 21 fue = f(Xey Zt), fie = fny (Ko, Ze)s far = F(Xe), for = fro(Xe), Kis = K, (Xe—Xs, Ze—Z),
Kots = Kny (Xy — Xs), K(g 2y = Ky (2 — Xi,2 = Z4), Kpy = Kpy (2 — Xy), and dy3 = dy + d3. Let

Z:

oD D S

n
i

>

n

ks s=li=1its ti#tatts  ti=1to=1 tazbts ta=1,ts7t1 b5t
n n n
> = > and B = > > X
t1F£taFts taFts  t1FtaFts ta=1taFt2 t1F£taFts taFta,ts Aty t1FtaFts ta=1taFte ts=1,t5#t3
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Let ng = n(n — 1)(n — 2), ng = ng(n — 1), and ns = ng(n — 1)%. Let E, [K,,.] = [ Kp, (Xt — z5)dF (xs).
Further, let the bar notation denote an i.i.d. process. For example, {Wt, t > 0} is an 4.i.d. sequence

having the same marginal distributions as {W;, t > 0}.

A  Proofs

Proof of Lemma 2.1. The “if” part is trivial. Now suppose that fw(u;x,z)e”,“dGo(u) =0 a.e-F
on R%3 for every 7 € R%; we follow Bierens (1982) closely to show that ¥(u;x, z) = 0 a.e.-Go x F on
R x R%s,

Denote Re(1)) and Im(2)) as the real and imaginary part of ¢ respectively. Put ¢ () = max(Re(%(")),0),
’¢2(> = max(— Re(w())vo)a ¢3() = maX(Im(z/J()),O), and ¢4() = max(— Im(¢())70) Then ObViOHSly
¥;, 3 = 1,...,4, are nonnegative Borel measurable real functions on R? satisfying Re(1)) = 1, — 10, and
Im(¢) = ¢3 — g

Now assume for the moment that ¢; = f1/1j(u;:n,z)dG0(u) > 0 for j = 1,...,4. We define four

conditional probability measures
vj(Bsx,z) = / Y;(usw, 2)dGo(u)/cj, j=1,...,4, where B is a Borel set on RY2, (A1)
B

Writing dv;(u; x, 2) = v;(du; z, 2) for j =1,2,3, and 4, we have

[ (u; x, 2)e'™ “dGo(u)

= [f ¥y (w2, 2)e “dGo(u) — wa(u;x,z)e”/“dGO(u)} i [ [hs(u;z, 2)e™ “dGo(u) — [1hy(u;, 2)

xe'm v dGo(u)]

= | fe”/“dvl(u;x,z) - czfe”/“dvz(u;x,z)] +i c;;fe”ludvg(u;x,z) - C4fe”/“dv4(u;m,z)]

= [eamy (752, 2) — camy(T52, 2)] + i [eang (750, 2) — cany(75 3, 2)],
where 7); (t;2,2) = fe”l“dvj(u;x, z), j = 1,...,4, are conditional characteristic functions of the condi-
tional probability measures v; respectively.

If [ (u;z,2)e’™ “dGo(u) = 0 a.c-F on RYS for every 7 € R%, ¢1n,(752,2) = cany(7;,2) and
cans (T3, 2) = camy (731, 2) ae-(, 2) for every 7 € R92. Note that 1, (0;z,2) = ny(0; 2, 2) = n3(0; 2, 2) =
n,(0;z,2) =1, so

C1 = C2, C3 = Cy4, (A-2)

and
Ny (T3, 2) = no(T; 2, 2) and 0y (1352, 2) = 0, (152, 2) a.e.-F on R™2 for every 7 € R, (A.3)
Consequently, for every Borel set B on R%, we have
v1(B;x,2) = va(B; z, z) and vs3(B;x, 2) = v4(B; z, 2) a.e.-F on R43,

From (A.1), (A.2) and (A.3), we obtain that for every Borel set B on R92,

/¢1(u;$,z)dGo(u):/ Yo (u; x, 2)dGo(u),
B B
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/ s (u;x, 2)dGo(u / Yy(u; 2, 2)dGo(u),
and consequently,
/Bz/J(u;:lc,z)dGo(u) =

Note that By = {u € R% : Re( 9 (u;2,2)) > 0} is a Borel set, and fBl Re( 9¥(u;x,2))dGo(u) = 0,
which is only possible if B is a null set with respect to dGo(u) a.e.-F on R%3. Similarly, one concludes
that the Borel sets By = {u € R% : Re(¢(u;z,2)) < 0}, B3 = {u € R® : Im(¢)(u;2,2)) > 0} and
By = {u € R® : Im(¢)(u;z,2)) < 0} are all null sets with respect to dGo(u) a.e.-F on R%3. Hence,
UL, B; = {u € R% : (u;x,2) # 0} is a null set with respect to dGo(u) a.e.—F on R%2. This means
Y(u;z,z) = 0 a.e.—Go x F on R x R4, If ¢; = [4;(u;x,2)dGo(u) = 0 for some j € {1,2,3,4}, our
conclusion still holds as an easy exercise. This completes the “only if” part of Lemma 2.1. =

Proof of Theorem 3.1. Let (1) = H(Y; +7) — m(Xy, Z¢;7), and €;(7) = m(Xe; 1) — M, (X3 7).
Under Ho, H(Y; + 7) — M, (Xy; 7) = €4(7) + €(7), and from equations (2.12) and (2.13), we have

1 ~ =~ ~
In = n_3 Z /K1t1t2K1t1t3f2,t2f27t3 [H(Y;fz +7—) 7mh2(Xt2;T)]
t1F£taFt3
X [H(Yyy +7) = Mpy (Xty;7)] dG(7)
1
= Y [ KK B e e (e (r) + 220 (7120, (1) + 8 (1) (1)} G
t1F£taFt3

= Fnl + 2Fn2 + Fn3-

We complete the proof of Theorem 3.1 by showing that nhf”’/QFnl 4 N(0,0%),and T',,; = op(n’lhl_dw/Q)
for i = 2, and 3. These results are established in Lemmas A.1 to A.3. =

Lemma A.1 nhf”/zl"nl 4, N(0,02?).

Proof. First, write

1
Fm = — /K1t1t2K1t1t3f2t2f2t36t2( )€t3( )dG( )
tﬁétﬂéts
2
+n— /KumKnm (fz ts — f2t2) fats€t,(T)er, (7)dG(T)
3 tyF£taFt3
Z /K1t1t2K1t1f3 (f2 ta T f2t2) (f2 t3 f2t3) 5152( )5t3( )dG( )
tﬁétz#ts

= I'hi + 2B + Bhe.

By Lemma B.1, B,; = o,(n~'h; ™*/?). By Lemma B.2, By = 0,(n~'hy “*/%). Recall W, = (X], Y/, Z})’.
Let ¢,y = ¢(Wi, Wy) = BS°% [ [ Ky oy K (s s ftfaset(7)es(T)dG (7)dF (2, 2), and nh® /2 Ty = 2(n —
) Y cics<n Grs- By Lemma B.5, T'ypy = Thip + op(n 1izl_dl‘°'/2). So it suffices to show nh‘f”ﬂfnu <,
N(0,02).
Clearly, ¢ is symmetric in its argument, and E [¢p(w, W;)] = E [¢(Ws, w)] = 0. Now nhf13/2fn11 is a
second order degenerate U-statistic. As in the proof of Lemma B.4 of Su and White (2005), it is easy
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to verify that Conditions (iii)-(vii) in Theorem 1 of Tenreiro (1997) are satisfied, so that a central limit

13/2f

theorem applies to nh'lj n11- The asymptotic variance is given by 02 = plim2FE [(gb(Wl,Wz)Q] = QCgm
n—oo

[ [V, z7,7) fH(, 2) f4(2)dG(7)dG(7")d(x, z), where C3 = [, [ka:(u—&—v)k(u)du]de. The proof

of Lemma A.l is complete. m
Lemma A.2 T',5 = Op(n—lh;d13/2).
Proof. Write

1 P
Pny = TL_ Z K1t1t2 K1t1t3 f2t25t2 (T)fQ,t3et3 (T)dG(T)
3 t1£taFts
1 -~ P
+’fl_ Z /K1t1t2K1t1t3 (fztz - fztz) €ty (T)f27t3et3 (T)dG(T)
3 t1F#taF#t3
= Bng + Bn4-

By Lemmas B.3 and B4, B,,; = Op(n—1h;d13/2)7 i~ 3andd m
Lemma A.3 I',,3 = Op(nflhl—d13/2).

Proof. Noting that ﬁ7t€t(r) =(n =171 370 s Kows [m(Xe;7) — H(Y; +7)], we have
1
Do = o 3 [ KK K Ky [, 4 7) = m(Xein)] (H(Y, 4 7) = m(Xei7)] dG(7)

ns
t1#taF#ts,
taFta,tsF#ts

= Bn5 + 2Bn6 + Bn77

1
Brs = Z /K1t1t2 K1t1t3 K2t2t4 K2t3t5 [H(Ytz; + T) - m(Xt4; T)] [H(Yto + T) - m(th;T)] dG(T>7

t1F£taF#ts,
taFta,tsF£ts

B = — 3 K, K K K [HY, 4 7) = m( Xy 7)) [m(Xeys 7) — m( X5 7)] dG(7),

ltytg = “1tqtz ™ ~2toty > 2tgts

t1 At #ts,
taFta,tsF#ts
and
1
By = — Z K1t1t2 K1t1t3 K2t2t4 K2t3t5 [m(thx; T) - m(Xfa; T)] [m(th;T> - m(Xta; T)] dG(T)

t1#taFts,
taFta,tsF#ts

Noting that E[H (Y; 4+ 7)|X:] = m(Xy;7), one can follow the proof of Lemma B.2 to get B, =
op(n_liL;dle‘N)7 t=5,6,and 7. m

Proof of Proposition 3.2. Let Ay(7) = A(Xy, Zy; 7). Using the fact that H(Y;,+7) =y, (X5 7) =
ee(T) + an At (1) + (1) under Hy (), we have from equations (2.12) and (2.13) that

1 = 2 . O
I, = TL_3 Z /K1t1t2 K1t1t3 f27t2f27t3 {Etz (T)5t3 (T) + 2e¢, (T)ets (T) + €ty (T)et3 (7_)
t1F#taFts

+0‘721 Atz (T) A753 (T) + 20‘715752 (T) Ata (T> + 2ay Atz (T)é\ta (T)} dG(T>
= Fnl + 2Fn2 + FnS + 1_‘77,4 + 2Fn5 + 2Fn67
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where I',;, i = 1, 2, 3, are as defined in the proof of Theorem 3.1. It is straightforward to show that for

oy = n_l/Qh;dm/Zl, nh‘fl3fn4 =P v = [ [ Az, z;7)2f2(2) f2(z, 2)d(z, 2)dG(T), Tpi = op(n_lh;dmm),
p

i =5 and 6. Also, 5> — o2 under Hl(nfl/th_dIBM). Consequently, Pr(T,, > z4|Hi(a,)) — 1 — ®(24 —

v/0)). =

B Some Useful Lemmas

Let 0 < 6 < 1/3 be as defined in Assumption A.1(i). Below we frequently use the facts that (1)
§/(14+0) <1/4and (2+49)/(1 + ) <5/2; and (2) |E[Kp,(x — X;) — f(x)]| < h5G¢(z) by Lemma 4 of
Robinson (1988). To save space, we denote v; = (X7, Y, Z7)'.

Lemma B.1 Bu1 = 57 30, sv ey S Kovyio Koy (f?’tz - f2t2> FatsEes (T)ery (T)AG(T) = 0p(n~1hy /%),

Proof. Write B,,1 = Bpi11 + Bnri2, where

1
Bni1 = e Z Kltth K1t1t3 (Eto [K2t2t0] B f2t2) fats€t, (T)Et:s (T)dG(T)v
3 t1F#taF#ts3

and
1
Bpia = ?’L_4 Z Kltltz Kltlts (K2t2t4 - Et4 [K212t4]) f2t35t2 (T)Eta (T)dG(T)
t1#taF 3, taFta
First, we want to show
By = op(n'hy /%), (B.1)
Let @g(vt,, 01,5 015) = [ K, ,, K
metric in its arguments, we need to symmetrize it in order to apply Lemmas C.1 and C.2. A symmetrized

version of @g is ©(Ve,, Uiy, Vi) = (1/3){00 (Ve Uty Veg) + 0o (Vty, Uty Veg) + ©o(Vtg, Uty Vs, ) }. Noting that
¢ is of the same order as ¢, we will apply Lemmas C.1 and C.2 directly to ¢, to simplify the proofs.

(Eto [K

2totg

| = fots) fats€ty (T)et, (T)dG(T). Because ¢ is not sym-

1tyt3

This simplification is applied throughout this appendix.

Let M; be as defined in Lemma C.1, then Mll/(H&) = O(h;Q(Sdle‘/(lH)h;)). So by Lemma C.1 and
Assumptions A.1-A.3, E[Bp11] = O(n_lh;25d13/(1+6)h§) = o(n_lh;dls/Q). Let Ms, Ro4, Ras, and
Ros be as defined in Lemma C.2. Then MQI/(1+6) = O(h;(2+46)dl3/(1+6)h§’“), Roy = O(nPhy2h2p2r),
Rys = O(n*h743h27), and Rog = O(n*hy 213127, So by Lemma C.2, Assumptions A.1-A.3, E [Bn11]° =
n_6(0(n3Mi/(1+6)) + O(Zg:4 Rys)) = o(n=2h;™3). Consequently, B, = op(n_lhfd“ﬂ) by the
Chebyshev inequality.

Next, we show

B = op(n~thy ©%/?). (B.2)

It is easy to show that the summation of the ¢4 = ; or t4 = 3 terms in B,,12 is of order op(n_lhfd“ﬂ)

by applying Lemmas C.1 and C.2, and B2 vy 2457112, where

Bniz = Z /K1t1t2 K1t1t3 (K2t2t4 - Et4 [KQtQtJ) f2t35t2 (T)gts (T>dG(T)’

1<t1<...<t4<n
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and A v, B means A = B{1 +0,(1)}.

Now let o(vey, vty Ve, 01,) = [ Ky Koy (K, — BulK,,, 1) fatst, (T)er, (T)dG(T). Let M3 be
as defined in Lemma C.3. Then Mg/(Hé) = O(h;%dls/(Hé)h;25d1/(1+5)). So by Lemma C.3 and As-
sumptions A.1-A.3, E [Em] = O(n~2hy e/ (40 2200 SRy (=1} N3/2) Tt My, My, Rug,
and R47 be as defined in Lemma C.4. Then Mi/(H&) = O(h;(2+45)dl3/(1+6)h;%dl/u%)), Miél/(lw) =
O(h;(2+45)d13/(1+5) h;(1+25)d1/(1+5)), Rig = O(mPh72 ;%) and Ry = O(n*hy2%2h;%). So by
Lemma C.4 and Assumptions A.1-A.3, F [§n12:| . niS(O(RSMi/(Hé)) +O(n4Mi4/(l+5))+ O(ZZ:G Ry,)) =

o(n~2h;"3). Consequently, By1o = op(n_lh;dw/Q) by the Chebyshev inequality. m

Lemma B.2 B, = 7%3 Ztl;étz;ﬁta letltzKltlts (fQ,tz - f2t2> (fQ,ts - f2t3) €ty (T)gts(T)dG(T>

= Op(nilh;dmm)

Proof. Write B,

1
= ’Il_5 Z /K1t1t2 K1t1t3 [K2t2t4 - Et4 [K2t2t4]] [K2t3t5 - Ets [K2t3t5]:| Ety (T)EtS (T)dG(T)
t1FtaAts taF o tsF#t3

2

+TL § /K1t1t2 Klt1t3 [K2t2t4 - Et4 [K2t2t4H [Eto [K2t3t0] - fzts} €ty (T)6t3 (T)dG(T)
4

t1#taF s, taFto

1

+TL_ Z /K1t1t2 K1t1t3 [Eto [K2t2t0] - fztz] [Eto [K2t3t0] - f2t3] €ty (T)etz (T)dG(T)
3 t1F£taFt3

= DBpo1 + 2B + Bpas.

The proofs of Bpas = op(n_lh;dw/Q) and Bas = op(n_lh;dmﬂ) are analogous to those of (B.2) and

(B.1), respectively. Note that Bjo1 120§n21, where énzl is defined as B,21 but with summation
Zl§t1<...<t5§n in place of Zt1¢t2¢t3,t4¢t2,t5¢t3 . We are left to show

By = Op(nilh;dla/%- (B3)

Let (p(vtl’vtzavtwvtmvts) = fK1t1t2 K1t1t3 (K2t2t4 _Et4 [K2t2t4]) [K2t3t5 - Ets [K2t3t5H €ty (T)€t3 (T)dG(T>
Let M5 be as defined in Lemma C.5. Then ME}/(H‘S) = O(hl_%dla/(H‘S)hz_%dl/(Hé)). So by Lemma C.5
and Assumptions A.1-A.3, E |:§n21:| = O(n_3M§/(1+6)) = o(n_lh;dlg/Q). Let Mg, Mgy, Mgs Rgr,

and Rgg be as defined in Lemma C.6. Then Mﬁl/(1+6) = O(hl_(2+45)d13/(1+6)h2_26d1/(H_‘S)), Mé{“*"s) =
O(h1—(2+45)d13/(1+5) h;(1+26)d1/(1+6)), Mé5/(1+6) _ O(h;(2+46)d13/(1+6)h,2_(2+26)d1/(1+6)), Rgr = O(n6h1_2d13

12
h;le), and Rgs = O(nshf%lshg%l). So by Lemma C.6 and Assumptions A.1-A.3, F |:Bn21:| =

n=10 (O™ My ) 1O M) + 0P MY )+ O(X5_. Res)) = o(n~2hy4%). Consequently,
B2 = Op(n_lh;d13/ 2) by the Chebyshev inequality. m

Lemma B.3 B3 = ’I’LL;; Ztl;étg;étg, letltz K1t1t3 f2t2€t2 (T)j/;,tg/e\tg (T)dG<7') = OP(n_lh;dm/Q).
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Proof. Write
1

Bnz = TL_ Z K1t1t2 K1t1t3K2f3t4 f2t28t2 (T) [m (Xt3;7—) _m(XM;T)] dG(T)
4 t1FtaF 3, taFta
1
+’fl_ /K1t1t2 1tqtg 2t3t4 f2t28t2 (T) [m (Xt4; T) -H (Y;54 + 7—)} dG(T>
4 t17’5t27’5t37t47’5tz
= Bpns1 + Busa.

Noting that E[H (Y; +7)|X:] = m (Xy;7) and |m(z;7) — m(2';7)| < Dy, (z;7) ||z — 2| with [ Dy, (x
7)2049) dF(2)dG(T) < 00, we can modify the proof of (B.2) in Lemma B.1 and show B,,3; = op(n_liL;dBQ)7
t=1land 2. =

= > . 1, —d13/2
Lemma B.4 B,, = 7%3 Dttt S Ky, Ko, (f2t2 - f2t2) €ty (T) fots€ts (T)AG(T) = 0p(n~1h3 13/ ).

Proof. Write B4

1
= /K1t1t2K1t1t3 K2t2t4K2t3t5 [ 2toty f2t2} [ (Yts + T) - m(th;T)] dG(T)
t175t275t3,t4¢t27t #t3

ot

/K1t1t2 K1t1f3 K2t2t4 K2t3t5 { [K2t2t4 - Et4 [K2t2t4H [H(Y;% + T) - m(th ) T)] )
t1¢t275t3,t4¢t2,t5¢t3

+ [K2t2t4 - Et4 [K2t2t4H [m(th; T) - m(Xt:s; T)] [Et4[ 2t2t4] fzt2] [ (}/1‘5 + T) - m(th; T)]
+ [Et4[ 2t2t4] fztz] [m(th; ) Xt37 }dG
Bn41 + Bn42 + Bn43 + Bn44~

As in Lemmas B.1 and B.2, we can show that each of B,4;,7i =1,...,4, is op(nflhl_dlaﬂ). [

LemmNa B.5 I = nlzzhsﬁtz?fts fK1t1t2K1t1t3f2t2f2t3€t2(T)sta(T)dG(T) = fnll + Op(nilhl_dlgﬂ)y
where F"H = n(n2—1) 21§t<s§n ffK(Lz)tK(w,z)szthS‘C:t(7—)58(T)dG(T)dF(zaZ)~

Proof. This lemma is an analog of Lemma B.6 in Su and White (2005). We simplify their proof
by applying a technical lemma given in Appendix C. Let A, = T'y11 — fnll- Let (ve,,vt,,0t) =
fK1t1t2 K1t1t3f2t2 f2t3€t2 (7’)6753 (T)dG(T> Then I'y11 = Evtl [w(vtuvtwvts)] and

Ay

1
— Z {w Uty Uty vt3) Evtl [w(vh » Utas Uty )]}
3 t1#taF#ts

= 2 Z {E [V (Ve,, Uty s Vi) [Vt Ves] — E’utl [w(vtl,vtz,vtg)]}

ns
1<t) <ta<tz<n

JFE Z {ﬂ}(vtuvtwvtg) - LK ["/}(UtuvtwUt3)|vt2avt3]}

ns
1<t <ta<tz<n

6A,1 + 6A,9.
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71h1_d13/2), i = 1, 2. By the triangle inequality,

It suffices to show A,; = 0,(n
1
E‘An1| < n_ Z E‘E[w(vtlavtzvvt3)|vtzvvt3] _Evtl [w(vtuvtzavtg)]‘
3 1<t <ta<ts<n
ta—t12>t3—t2

1
+— Z E ’E [w(vtwvtzvvmﬂvtzvvh] - Evtl [w<vtlvvt27vt3)}‘

n
3 1<t1<to<tz<n
tg—ta>ta—1t1

= A+ A

By Assumption A.1(i) and Yoshihara (1989),

+(ta—t1)
Z 4h1—2d135/(1+5)ﬁ6/(1+6)(tQ —t1)
=to

1
Aué—
n3 1

‘Mf

4 —2d135/( n _
nh Zkﬁtv 1+6 (n71h1 d13/2).

IA

Similarly, we can show Ay = o(n_lh;d“ﬁ). Consequently, A,; = op(n_lh;d“‘m) by the Markov
inequality.

Now let @y, 1,1, = @(Vt, Vi, Vtg) = (01, 01y, 015) — B [0(v1,, 01y, 015)[ 01, 01, ) . Then Apg = ngzt
D i<ty <tyctacn Prrtaty Clearly, E(Aps) = 0. By the Chebyshev inequality, it suffices to show E(A,2)* =
o(n_zh;dlg)). This follows by an application of Lemma C.2. The conclusion thus follows. m

C Some Technical Lemmas

Let {V;,t > 1} be a d-dimensional stationary absolutely regular process satisfying Assumption A.1(i) in
the main text. Let P(V) denote the probability law of a random variable V. Let 1 < 41,13, ...,7x < n be
arbitrary positive integers. For any j (1 < j < k), define a collection of probability measures Pj]? by

Pf (Vigy s Vi) = {Pf (Viyy o Vi) =T_ P(V,) : V is a subset of {Vi,,..., Vi, },

UV, =1{Vi,,.Vi}, and V, NV, =@ forall 1 <t #s gj}.

In the following, we frequently suppress the arguments of P;C and 73]’“ when no confusion can arise. For

example, when k = 3, we use max max fR3d |<p ( v, ,, )|1+6 dP3 to denote

1<j<3 P3epP? Vi

i)
max{ / {10 (0103, 0,)| 7 A iy, (01,02, v3), / 10 (03, 03, 0)| " dF (01)dFsys, (02, v3),
R34 R3d
/3d |<p(v17’027v3)|1+6 dF(UQ)thZB(U17U3)7 /3d |<p(’Ul,’U2,U3)|1+6 dF(U3)dF1112(U17U2)a
R R
[ oo 1dF<vz>}
R3d
where, e.g., Fj, i, is the joint distribution of (V;,,V;,, Vi,).
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Below we assume ¢ is symmetric in its arguments, and state the lemmas without presenting detailed
proofs. Note that Lemma C.1 is implied by Lemma B.2 in Fan and Li (1999), and Lemma C.2 is an
extension of Lemma A of Hjellvik et. al. (1998). In comparison with Hjellvik et. al. (1998), we don’t
assume Fo (Vi,, 04y, ..., v, ) = 0, and hence our results are not as succinct as theirs. All lemmas can be

proved by using Lemma 1 of Yoshihara (1976) repeatedly.

Lemma C.1 S, =E[}; _;. ;. ¢ (Vi,,Viy, Viy)| = O(W3E [ (Viy, Vis, Viy)]) + O(n? * ), where

1+0
M; = max  max max ’gp (vl,vi U, )| deg.
1<iy<iz<n 1<j<3 P3eP? Jpaa R

_1
Lemma C.2 Sy =E[Y, ;. .. ¢ (Viy, Vi,, Vi )} = OmP*M; ™) + O(X%_, Ryy), where My = max{ My,
Moo, Mas},

146
My = max max max ’(p (vi U, U, )‘P(% VUi U, )’ dP?,
1<ir<...<ie<n 1<j<3 PSeP? Jpod 1ot 47l /

146 ;05
Mooy = max max max ’ v, LU, 0, v, v, U, ’ dP;
1<i1 <. <is<n 1<j<3 P;’EPJ;’ R5d ® ( i1 Tig) 13) P ( i1 Vg 15) 77

1446 4
Moz = max max max v, U, L0, VU, LU, dP;
T i<ii<oia<n 1553 PAcP? Jpaa [ (0110000 ) @ (0100 )| 7

R21 En6 max /deE [90 (vi17vi27Vi3)Sp(vi4"/;5"/;6)} dF ( )dF( )dF( ),

13<15<1g

R22 = nsmax /3d E [QO (Uil ) Uiz ) Ui3) ¥ (Uil ’ ‘/;4 ) ‘/15)] Hg’:ldF(vis )a
R

14 <15

Ras = nmax / Elp (V. v, )¢ (V. v, V)| dF(u,),
R3d

i1 <15

R24—n5max/ E[4,0(7}1.1,111.2,\/1.3)L,o(vwvi4 )}dF( dF (v, )dF (v, ),
R3d

13<15
Ros =n'E [p (V,,V2,V,) e (V,,V2,V,)],

and
Ros =n® max E[ (Vl,V V)]

1<i1<ia<n i’

Remark. In certain cases, the above results can be simplified: (1) if [p0q ¢ (v1,v,,v3) T2_dF(v,) = 0,
1

S2 = O(n 3M1+5) +O(3%_, Roy), and (2) if Jga © (v1,0,,03) dF(v,) = 0, So = O(n3My ) + O(Ryg).

- — — L
Lemma C.3 S5 EE[Z§1<1‘2<¢3<¢4 © (Viys Vigs Vig, Vi) = O*E [0 (Viy, Vi, Vi, Vi) |) + O(n3 M35 )
1 L
+O(n?M35°) + O(nM3™), where

_ 1+6
M31 = . Inax. max |§0('l]1,'1]2,’1]3,’114)| dFi1i2i3i4 (U1,7]2,U3,U4) )
1<i1<...<ia<n R4d

5
/ ) |0 (v1,0,,v3,04) | dF (v1) dFyyigi, (UQ,U37U4)},
R4
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_ 1446
Mz, = 29‘221?}21'491 max {/]R‘*d |90 (01,1)2,’1)3,’[)4” * dF (Ul) dFi2i3i4 (027035104) )
/R‘ld ‘(P (U17U25U37U4)‘1+5 dF (vl) dF(WQ)dFBM (U37’04)}, and
M3z = max — max {/ | (v1,v,, v, 114)|H_‘S dF (v1) dF(v2)dFy,i, (vs,v4),
3<iz<ia<n R4d

/ |<,0(U1,’U2,U3,U4)|1+6 Hé:ldF (US)} .
R4d
Remark. In certain cases, the above results can be simplified: (1)
1 L 1
0, Sz = O(n*My5") + 0(n2M§;“) + O(nMgz"); (2)
1 1
O(n2M35"°) + O(nMj3;F); and (

if fR4d <P(”1,~~~a”4) Hg:ldF(vs) =
if fRQd(p(’[}l,...,’U4)dF(U1)dF(’U2) = 0, 53 =

) if foa @ (v1, .., v4) dF(v,) = 0, S5 = O(nMy77).

1 1
Lemma C.4 Sy =E[Y ;. i ci ® Virs Via, Vig, Vi) = O@PMIT) + O M) + O(X7_, Ray),

where My = max {My1, My2, Mys},

o 1495 8
WE A o, /de |0 (04,5 Vsy 5 V5001, ) @ (0150, 000, | ”,
My = max max max ’ (v v, LU,V ) (v v, U, L,V )’H—é dP?
42 = 1<ir<. <iz<n 1<j<5 P]7€’PJ7 R7d ¥ i19 Yigr Yigr Yiy ¥ i1 Yig Vigr Yig VR
Mys = max max max |g0 (v. v, v, 0, )4,0(1;. v, L, U, U, )|1—MdP6
1<ir<...<ig<n 1<;<5 PJGG'P? R6d i17 Yigr Yigs Yiy i1 Yigr Yig o Yig 3o
Myy = max max max | ( ) ( ) 1o dp?
44 = 1<i1<<is<n 1<;%4 Pj5€7735 RS ® Ui17Ui27Ui37Ui4 ® Uilavizaviaavig, 7o
Ry = n8i41<%?‘}<<i8 /deE [QO (U'i17vri27vri37‘/i4) 14 (visvvevviwvigﬂ —1dF (v, )H? 5dF (v, )
R42 —n:IZliifi/deE [(‘0 (’l)i17’l)i27’l)i37’l)i4)<,0( i1 15"/;6 V )] HizldF(vis)v
Ryz = n"max /]R B (Vv v v,) @ (V00 Vi) T adF(v,),
7 6
Ry =n gl?z)i/deE[Lp (vi17vi27vi37Vi4)So(vil’vls’vig"/:ﬁ)} Hs 14F (v, )Ht 5dF (v, )

Ris =n°E ¢ (V,,V2,V,,V,) o (V1.V2,V,,V,)],
Ris=n"E o (V,,V2,V,, V) e (V,,V,,V,,V,)],
and
R47En41<i12?§i3<n [0 (Vi V,, V, V)]

Remark. In certain cases, the above results can be simplified: (
0, Sy = O( 5M41+5) + O( 4]\4414+6) +O0(X 4R4s)
O(n 5M41+5) +O0(n 4M414+5) + O(ZS ¢ Ras); and (

O(n4MF) + O(R47)

1) if [raa @ (v1,..s04) 3_,dF(v,) =
) if fpea @ (V1, .y v4) dF(0,)dF (v2) = 0, Sy
1f fRd Lp(’Ul,...,U4) dF(’Ul) = 0, S4 = O(TL5MF) +
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Lemma C.5 55 = [Zzl<12<13<14<15 (‘/;1,‘/;2, ‘/;37‘/147‘/ )] = O(n5E [QD (Vilyvizyvigyvi47vi5)])+
O(n 4M514+‘5) +O(n 3M513+‘5) +O(n 2M512+6) + O(nM511+‘5 ), where

_ 146
Ms, = _max _ max | (v1,0,,03,04,05)| " dF} 45050405 (V1, Uy, V3, Vs, 05),
1<ii<..<i5<n R5d

)
/ p |90(1}1511*)27035'047’U5)|hL dF ('Ul)dFizisius (’1}2,1)3,’1)4)},
RS

Msy = max max{/ ) \<p(v17v2,v37v4’1,5)‘1+5 dF (v1) dFyigiqis (Vy, V3, 04,05)
R5

2<ig<...<i5<n

/ . |90 (01,1)2,1)3,’1_)4,’05)|1+5 dF (Ul) dF(UQ)dFi3i4i5 (’1}3,’1)4,1)5)} )
RS

Ms3 = max max {/M lo (vl,v27v3,v47v5)|1+6 dF (v1) dF(v2)dF;gi,is (V3,04,05) ,
R

3<iz<...<i5<n
§
/5d |90 (’1}1,’[)2,’1_)3,’[)4,1)5>|1+ Hi:ldF ('US) dF14Z5 (’U4,U5>} )
R

and

6 q
M, = max max {/ o (01, vy, V3, v4,v5)| O 2L dF (vs) dFy,i. (vs,v5)
4<is<is<n R5d

/5d | (v1,v,, 03,04, v5)| TP TI5_, dF (US)} .
R

Remark. In certain cases the above results can be 51mp11ﬁed (1) if f]R5d 0 (v1,.yv5) II5_1dF (v,) =0,
S5 =0(n 4M514+5)+O( 3M513+5)+O( 2M512+5)+O( 1+‘5 )i (2) if [paa @ (V1,0 05) IE_ 1 dF(v,) =0, S5 =
O(n3M513+5) + O(n2M512+5) + O(nMslfr‘s); ) if fpoa @ (01, ...,115) dF(v,)dF(vg) = 0, 5’5 =0(n’M57) +
O(nME?); and (4) if [0 @ (vr, .., v5) dF(vl) —0, 85 = O(nME7).

1 1 1
Lemma C.6 Sy EE[ZZ-1<Z-2<Z-3<Z-4<25 (Viyy Viss Vi, Vi, Vi )} = 0" M) +O(nS MG )+0(nS ME?)
+O(Zs 1 Res), where Mg = max {Mg1, Me2, Mes} ,

1+0
Mg = max max max ’(p (vi SV LU, LU, L, )(p(vi R VR R VR )| dp°,
1<i1<...<i1o<n 1<5<7 PJ_IDEP;O R10d 1 2 3 4 5 6 7 8 9 10 J
o 1446 9
M62 = 1<i11<1.1.é.u<(i9<n 113;_2(7 Pglg”l)?(g Agd ’SD (U117U127Ui37vi47vi5) 14 (’Uil,’UiG,’Ui?,’UiS,’UiQ)’ dP_] )
- - - = J J
— 146 58
M63 = 1<i1g.1.z.n<(is<n 121;_12(7 Plglg%% Asd ’Qp (vil7vi27vi37vi47vi5) ¥ (Uil?UiQ’UiG?U7L7?U7Lg)’ dPJ )
= e
_ 1+6 7
M64 = 1<“2na}<(17<n 11233‘2{7 Pglead?}; /]R” ’90 (vi17vi27vi37vi47vi5) P (7}11,7}12,7}13,7}16, 17)’ dP
1+0
Mgs = max max max |<p(v. R TR T ) )go(v. SV, LU, 4, L, )| dP6
1<11< <16<7l 1<j<6 Pﬁefpﬁ R6d 1 2 3 14 5 71 12 3 14
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Re1 = n'® max /R” E [90 (Uil yVigr Vigr Uy V;S) 4 (’01‘6 » Uiy Vigs ‘/1‘9 ) Vilo )] Hg:ldF(’Uis )Hi;:GdF(’U” )s

i5<t9<i10

R62 = ngma.x /7d E [(10 (vil ) vi2 ) vig ) vi4 ) vi5) 14 (vil ’ /UiG ’ v¢77 V;'g ) V;g)] HZ:ldF(viS )7
R

18 <19
Rez = an%)i /Rm Elp (X/il,viz,via,vi4,vi5) © (Vil,vis,z)i?,vi8 , Vlg)] I18_,dF (v, ),

— 9
Rgq = n”max E[@(Ui17vi27vi37vi47v )gp(vil7v'
14<t7 JR7d

and
R685n5 max E[@(%7K17K27K37‘/24)]2‘

1<i1<i2<iz<ia<n

Remark. In certain cases, the above results can be simplified: (1) if [ ¢ (v1, ..., v5) ITa_ dF(v,) =0,
Rg1 through Rgs vanish in Sg; (2) if fde @ (v1,...,v5) I3_;dF (v,) = 0, Rg; through Rgs vanish in Sg; (3) if
Jrza @ (1, ..y v5) dF (v, )dF (v2) = 0, Rg) through Rge vanish in Sg; and (4) if [o, ¢ (v1,...,v5) dF(v,) =0,
Rg1 through Rg7 vanish in Sg.
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