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Abstract

This paper develops the asymptotic theory for estimators of two parameters
in the drift function in the fractional Vasicek model when a continuous record of
observations is available. The fractional Vasicek model is assumed to be driven by
the fractional Brownian motion with a known Hurst parameter greater than or equal
to one half. It is shown that the asymptotic theory for the persistent parameter
depends critically on its sign, corresponding asymptotically to the stationary case,
the explosive case, and the null recurrent case. In all three cases, the least squares
method is considered. When the persistent parameter is positive, the estimate
method of Hu and Nualart (2010) is also considered. The strong consistency and
the asymptotic distribution are obtained in all three cases.
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1 Introduction

The Vasicek model of (36) has found a wide range of applications in many fields, in-
cluding but not limited to economics, finance, biology, physics, chemistry, medicine and
environmental studies. An intrinsic property implied by the standard Vasicek model is
the short-range dependence of the stochastic component of the model because the auto-
covariance decays in a geometric rate. This property is at odd with abundant empirical
evidence that indicates the long-range dependence or long memory in time series data (see
e.g. (22; 10; 17)). As a result, stochastic models with long-range dependence have been
used to describe the movement of time series data in hydrology, geophysics, climatology
and telecommunication, economics and finance.

In continuous time, the factional Brownian motion (fBm) is an important stochastic
process to characterize the long-range dependence (see e.g. (23)). The fBm produces
burstiness, self-similarity and stationary increments in the sample path. Excellent surveys
on fBm can be found in (5) and (24).

If the Brownian motion in the Vasicek model is replaced with fBm, we get the following
fractional Vasicek model (fVm)

dX, =k (pn— X;)dt + odBf, (1.1)

where o is a positive constant, u,x € R, and B} is fBm (which will be defined formally
below) with a known Hurst parameter H > 1/2. The long-range dependence in X; is
generated by BF.

In Model (1.1), k (u — X;) is the drift function and there are two unknown parameters
in it, u and k. Parameter x determines the persistence in X;. Depending on the sign of
k, the model can capture the stationary, the explosive, and the null recurrent behavior.
The fVm was first used to describe the dynamics in volatility by (11). Other applications
of fVm can be found in (9; 7; 8; 12; 2) and references therein. Despite many applications
of fVm in practice, to the best of our knowledge, estimation and the asymptotic theory
in fVm has received little attention in the literature. The main purpose of the present
paper is to propose estimators for p and s and to develop the asymptotic theory for the
estimators.

A very important special case of fVm is the so-called fractional Ornstein-Uhlenbeck
(fOU) process given by:

dXt = —/ﬁ}Xtdt + O'dBt{LI7 Xo =0. (12)

The key difference between (1.1) and (1.2) is that p is assumed to be zero and known
in (1.2) while g is unknown in (1.1). A small difference between (1.1) and (1.2) is that
Xo = 01in (1.2) while X, may not be zero in (1.1). The order of the initial condition will
be assumed when we develop the asymptotic theory.

fOU is closely related to the following discrete time model

K
Yy = (1 + f) Yer +up, (1= LYV =¢,, yo=0, (t=1,..,7), (1.3)
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where L is the lag operator, &; ~ 4.i.d.(0,0?). When H = 1/2, u; = &, y; follows a
standard AR(1) model with an i.i.d. error term. When 1/2 < H < 1, u; is a stationary
long memory process given by

(H-1/2 H—-1/2
Ut:(l—L) /2) ¢ ZI’ j_+1/2 </)1)€tj,

where I'(z) is the gamma function. Davydov (1970) and (29) related the process in (1.3)
to that in (1.2) by showing the following functional limit theorem,
oul'(H +1/2)
oTH

y[TS] :>X57v0§ SS 1.

where [z] denotes the smallest integer greater than or equal to z, dy = \/ i éffg’)ﬁg@i]g 7
also (31) and (33)). If kK = 0, y, has a unit root; if k > 0, y; is asymptotically stationary;
if Kk <0, y; has an explosive root.

Depending on the sign of x, alternative estimation methods have been proposed in the
literature to estimate x in fOU and the asymptotic theory for these estimators have been
obtained. When x > 0, (20; 35; 32) studied the maximum likelihood (ML) estimator;
(18) studied the least squares (LS) estimator; (31) studied the minimum contrast (MC)
estimator; (18) introduced and studied an estimator based on the ergodic property of
X;. When x < 0, two estimators have been studied, namely, the ML estimator ((33))
and the LS estimator ((3; 15)). When £ = 0 , the ML method and the MC method
were considered in (20; 31). (28) is a textbook treatment of alternative methods and the
asymptotic theory for estimating fOU.

In almost all empirically relevant cases, the parameter, u, in the drift function of
Model (1.1) is unknown. Thus, it is important to estimate both x and p. In this paper,
we consider the problem of estimating both x and p in fVm based on a continuous record
of observations over the period of [0, 7] with a known Hurst parameter H € [1,1). As
in fOU, the asymptotic theory for k critically depends on the sign of xk, namely whether
k >0,k <0ork=0. When k > 0, two estimators are considered, i.e., the LS estimator
and the estimator of Hu and Nualart (2010). The estimator of Hu and Nualart does not
contain any stochastic integral and hence is simpler to calculate. Our results suggest that,
unless H = 1/2, the estimator of Hu and Nualart is asymptotically more efficient than that
of LS. The relative asymptotic efficiency increases with H. When x < 0 or kK = 0, the LS
estimator is considered. Strong consistency and asymptotic distributions are established
for both x and p in all three cases. The proof is based on the Malliavin calculus, the
Young integral and the Stratonovich integral for fractional stochastic integrals (Weilin,
I thought we are going to use either Ito-Skorohod integral or Young integral
to interpret the stochastic integral in the paper). To the best of our knowledge,
this is the first paper in the literature where fVm is estimated and the asymptotic theory
is developed.

The rest of the paper is organized as follows. Section 2 contains some basic facts about
fBm and introduces the LS method and the method of Hu and Nualart for estimating

) (see
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the two parameters in the drift function of fVm. In Section 3, we establish consistency
and the asymptotic distributions for x and p in all three cases. Section 4 contains some
concluding remarks and gives directions of further research. All the proofs are collected
in the Appendix.

We use the following notations throughout the paper: 2, %%, £>, =, and 2 denote
convergence in probability, convergence almost surely, convergence in distribution, weak
convergence, and equivalence in distribution, respectively, as T" — oo.

2 The Estimation Methods

Before introducing our estimation techniques, we first state some basic facts about fBm.
For a more complete treatment on the subject, see (25; 5; 24) and the references therein.

The fBm with the Hurst parameter H € (0,1), B for t € R, is a zero mean Gaussian
process with covariance

1
B(BIBI) = Ria(s,t) = 5 (P + |sP = |t — s (21)

This covariance function implies that the fBm is self-similar with the self-similarity pa-
rameter H, that is,

B L \ABH (2.2)

For t > 0, (23) presented the following integral representation for Bf (see also in (13)):

B — L { / i [(t — )12 — (—u)H-12] aw, + /O t(t - u)H_l/Qqu} . (2.3)

CHy — oo

5  71/2
where W, is a standard Brownian motion, cy = {ﬁ + fooo <(1 + s)H_1/2 — SH—l/Q) ds] _

If H=1/2, BF becomes a standard Brownian motion W;. If 0 < H < 1/2, Bf is neg-
atively correlated. For 1/2 < H < 1, BE has the long-range dependence in the sense
that if r(n) = E(B{ (B}, — BY)), then >.>° r(n) = co. In this case, Bf is referred
to as a persistent fBm, since the positive (negative) increments are likely to be followed
by positive (negative) increments. Given that the long-range dependence is empirically
found in many financial time series, the fVm with H € [1/2,1) is the focus of the present
paper. To estimate £ and g in fVm, we assume that one observes the whole trajectory of
X, for t € [0,T]. The asymptotic theory is developed by assuming T — oo.

Motivated by the work of (18; 3; 15), we denote the LS estimator of x and u to be the
minimizer of the following quadratic function

2

Lk, p) = /OT (Xt —k(— Xt)> dt, (2.4)



where X, denotes the differentiation of X, with respect to ¢, although fOT det does not
exist. Consequently, we obtain the following analytical expression for the LS estimator of
k and p (denoted by krs and fips, respectively),

Xp—2) [P X,dt — T [T X,dX
f_ K=oy X Jy XedX:. (2.5)

T [y Xpdt — (f) Xuat)

(Xr —a) f) Xpdt — [ X, dX, [, X,dt
(Xr —a) Ji Xodt =T [} X,dX,

When H = 1/2, it is well-known that we can interpret the stochastic integral fOT X,dX,
as the Ito integral. When H € (3, 1), X, is no longer a semimartingale. In this case, for
krs and firs to consistently estimate x and u, we have to interpret the stochastic integral
fOT X,dX; carefully. In fact, we interpret it differently when the sign of x is different. If
k > 0, we interpret it as an Ito6-Skorohod integral; if k < 0, we interpret it as a Young
integral; if kK = 0, we can interpret it either as an Ito-Skorohod integral or as a Young
integral. The asymptotic distributions of <y g are different in these three cases.

If kK > 0, we can consider an alternative estimator of x and p (denoting them by &gy
and fign, respectively). This estimator is motivated from (18) where the stationary and
ergodic properties of a process that is closely related to X; were used to construct a new
estimator for x in the fOU model. To fix the idea, the strong solution of fVm in (1.1) is
given by

fiLs = (2.6)

t

Xy = p+ (Xo — p) exp(—kt) + 0/ e rt=2)qBH (2.7)

which leads to the following discrete time representation (Weilin, could you please
check if the following equation is correct for fBm?)

1
Xe=p+e " (Xpm1—p)+ a/ e "1=aB1 | (2.8)
0
By the ergodic theorem, as T' — oo, % fOT X,dt % p. So an alternative estimator of p is
1 /7
Moreover, following (18), we can show that when x > 0,

2
/ X‘%lt—( / Xtdt) Y 1?0’ *HHT (2H) .

Hence, an alternative estimator of « is

T [y Xpdt — ( f) Xidt) i

N 2.10
HN T262HT (2H) (2.10)




Compared with the LS estimators in (2.5) and (2.6) which involve stochastic integral
fOT X;dB}, the alternative estimators in (2.9) and (2.10) do not contain any stochastic
integral. Hence, they are conceptually easier to understand and numerically easier to
compute than the LS estimators.

3 Asymptotic Theory for x and p

In the case of Brownian motion- or Levy process-driven Vasicek models, it is known that
the asymptotic theory for x depends on the sign of x (see, (39)). In the case of fVm, we
show below that the asymptotic theory for x continues to depend on the sign of «.

3.1 Asymptotic theory when « > 0

In the context of fVm in (1.1), we can represent the stochastic integral fOT XidX; as

T T T T
/ X,dX, :/i,u/ Xtdt—rf/ det+o—/ X,aBl" .
0 0 0 0

When H = 1/2 , the stochastic integral fOT XtdBtH = fOT X,dB; and can be interpreted as
the well-known Ito stochastic integral. It can be approximated by the forward Riemann
sums. When H > 1/2, we interpret fOT X;dBE as the Ito-Skorohod stochastic integral.

In this case, following (14), fOT X;dBH is approximated by the Riemann sums defined in
terms of the Wick product, i.e.,

T n—1
/0 X,dB" = |71ri|I_r)10;Xti o(Bl, - Bl). (3.1)
wherem : 0=ty <t; <--- <t, =T isapartition of [0, T'| with |7| = maxo<i<n_1 (tix1 — t;).

Unfortunately, this approximation is less useful for computing the stochastic integral
because the Wick product cannot be calculated just from the values of X;, and Bg+1 — Bg .
In other words, unless H = 1/2, there is no computable representation of the term
fOT X;dX; given the observations Xy, ¢ € [0, T].

Using the Ito-Skorohod integral for fBm and the Malliavin derivative for X;, we can
rewrite Ay and fips as

R T
Rps = s (32)

2
B e — (1)) Xat)

2
Xr—Xo 1 Tdet _ :lrfoT X, dt (% X3 apgo? foT ft SQH—ze—nstdt)

Xr—Xo1 foT X,dt — <%X% — X2 - ayo? fOT f(f 52H_2e_“sdsdt)

. T TJo 2T T 0 (3 3)
fis = — (3.
Xr—Xo1 (T (X _ Xg _ apo? (Tt oH-2,-ks
T TJo Xdt <2T 2T T fo fo s e~redsdt



where ay = H(2H — 1). Clearly, ks and fizs in (3.2) and (3.3) are easier to compute
than those in (2.5) and (2.6).

Before we prove the consistency of ~rs and jirg, we first obtain the consistency of
gy and figny which follows directly from the ergodicity.

Theorem 3.1. Let H € [5,1), Xo/VT = 0,(1), and > 0 in (1.1). Then as T — oo,
IQLHN (Ef K and /:LHN (Ef L.

Remark 3.1. The almost sure convergence of kyn in Theorem 3.1 extends that of (18)
from fOU to fVm.

Remark 3.2. Applying the well-known result that fOT OtsQH_Qe_’“dsdt — kI72HT(2H —

1) to (3.2) and (3.8) and using Lemma 5.2 in (18), we can show that, as T — oo, ks ~3 k
and firs =¥ p for H € [3,1).

To establish the asymptotic distributions for the two sets of estimators, we first con-
sider Arg and fipg, and then use the asymptotic theory for ~ps and firs to develop the
asymptotic theory for jigy and figy.

Theorem 3.2. Let H € [3,1), Xo/VT = 0,(1), and k >0 in (1.1). Then as T — oo,
VT (ks — k) 5 N (0, kC) (3.4)
where Cy = (4H — 1) <1 + %).

Remark 3.3. A straightforward calculation shows that

Sk 0 Xt L T XX f Xt

Tl—H (,[LLS_,U) _ TH T JO
Xr—x T T
TT % 0 Xpdt — %fo XidX,
H (XCIT“I;:C% oT Xydt — TLH foT Xtht)
%% oT Xpdt — :lr foT Xd X, .

For H € [%, 1), we can easily obtain the following asymptotic distribution of fips,
1-H (~ L o’
T " (aps —p) >N (0, —2) as T — oo. (3.5)
K
Theorem 3.3. Let H € [,1), Xo/VT = 0,(1), and k > 0 in (1.1). Then as T — oo,
2
— ~ L (o}
TV (g — p) = N (0, ?) : (3.6)

Moreover, if H € [5,3), Xo/VT = 0,(1), and k > 0 in (1.1), then

VT (i = £) 5 N (0, kpn), (3.7)
_ 4H-1 r(3—4H)T(4H-1)\ _ C
where pr = “{gz (1 T Temre—m ) = 1
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Remark 3.4. When comparing the two sets of the asymptotic theory for k, we can draw
a few conclusions. First, the rate of convergence for kgy s the same as that for krg
which is VT and independent on H. Second, the two asymptotic variances depend on H.
When H = 1/2, the two estimators have the same asymptotic variance which is 2k. In
this case, the asymptotic distribution is identical to that in (16), i.e., N (0,2k). When
1/2 < H <1, 4H* > 1 and hence the asymptotic variance of kg is smaller than that of
ks, suggesting that the method of Hu and Nualart can estimate k more efficiently. Third,
the asymptotic distribution of ks and kgn is the same as that in fOU respectively; see

p. 1034 and p. 1037 in (18).

Remark 3.5. The two sets of asymptotic theory for u are identical and the rate of con-
vergence is T . These two features are different from k.

Remark 3.6. The asymptotic variance of kyn and Kpg depends on H. Figure 1 plots py
and Cg as a function of H. Obuviously, both py and C'y monotonically increase in H over
the interval [3,3). They reach the minimum value of 2 when H =1/2. As H — 3/4, both
diverge to co. Hence, both py and Cy have a singularity at H = 3/4. Since py diverges

faster than C'y, the relative asymptotic efficiency of Ryn to kps increases in H.
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FIGURE 1. Plot of py and C,

Remark 3.7. It seems challenging to obtain the asymptotic distribution for estimators of
k when H > 3/4. It is expected that the asymptotic normality cannot hold when H > 3/4.
This conjecture arises because of the results obtained in (6), where it is shown that the
asymptotic distribution of the empirical quadratic variations of fBm is normal if H < 3/4

but is non-normal if H > 3/4.



3.2 Asymptotic theory when x < 0

When x < 0, the model is explosive. Inspired by (3), we interpret the stochastic inte-
gral fOT XdX; in (2.5) and (2.6) as the Young integral (see (42)) to get the consistent
estimation of k and . In this case, fOT XidX; = (X2 - X2) /2.

Applying the Young integral to (2.5) and (2.6), we can rewrite ks and fizs as

(X7 — Xo) Jif Xpdt — T (X2 - X2)

A

s = T T 2
T f) Xpdt— (f; Xudt)
_ %eHTGKZT fOT Xtdt o %enTenT fOT Xtdt . %X%e%sT + %Xge%iT (3 8)
2 ) :
e2sT fOT XPdt — e % <f0T Xtdt>
; (Xp — Xo) [ X2dt — 25 [T X,
LS —

(Xr — Xo) i Xydt — 7258
et T Xr+Xo kT T
— Tfo Xt2dt _ 2; te Tf(] Xtdt (39)
# OT Xtdt — %QHT

Before considering the strong consistency of <1s and jig, we first introduce a lemma,
which will be used to prove the strong consistency.
Lemma 3.1. Let H € [3,1), Xg = Oy(1), and k < 0 in (1.1) (Weilin, although I
assume X, = O,(1) in this subsection, we may be able to allow for a larger
initial condition here). Then, as T — oo, we have

el T
= / X dB" =3 0.
0

Theorem 3.4. Let H € [3,1), Xo = O,(1), and k < 0 in (1.1). Then, as T — oo,

27
A a.s. N a.s.
Rps — K and Krs — M.

The asymptotic distributions for £y and fips is developed in the following Theorem.

Theorem 3.5. Let H € [1,1), Xo = O,(1), and k <0 in (1.1). Then as T — oo,

T S V/HTCH)

(s —r) 5 Nt (3.10)
K

Xo—p+ O~ W

where v and w are two independent standard normal variates. Moreover, as T — 00,
1-H /~ L o’
T (s — ) 5 N (o, —) | (3.11)

9



Remark 3.8. In (3.10), if we set Xo = p, the limiting distribution of % (Frs — K)
becomes v /w which is a standard Cauchy variate. This limiting distribution is the same
as that in fOU (see, e.q., (3; 15)) and that in the Vasicek model driven by the standard
Brownian motion (see, e.q., (16)). Moreover, the asymptotic theory in (3.10) is similar
to that in the explosive discrete time and continuous time models when discrete-sampled
data are available (see, e.q., (407 ; 89; 38)).

Remark 3.9. In the context of fOU, (3) showed that the LS estimator of k is consistent
and derived the asymptotic Cauchy distribution. Our result not only extends their result
on k to a more general model with an unknown p and a more general initial condition,
but also covers the asymptotic theory for . The asymptotic distribution of fips s normal
with the rate of convergence being T*~H and the variance being 0?/k* when k < 0. This
asymptotic distribution is the same as that of jips and fign when k > 0 as shown in (3.5)
and (3.6).
3.3 Asymptotic theory when x =0
When x = 0, fVm is null recurrent. In this case, we have

X, = Xo+oB",
and the parameter y vanishes. By a simple calculation, we have
oBl fOT (a: + O'BtH) dt —To fOT (3: + JB{{) dBH

2
TJ) @+ oBl dt— (f) (x+ 0Bl dt)
By T Bt~ 1 |7 BlaBY
5 -
T T

T J) (Bl — ([, Blat)

(3.12)

Rps =

Interestingly, for k;¢ to consistently estimate s, the stochastic integral fOT BPdBH can
be interpreted either as the Ito-Skorohod integral or as the Young integral.
If we interpret fOT BIdBJ as the Ito-Skorohod integral, we have

B f) Bltar— % ((B)" -2

T [ (B2t - (fOT BtHdt)Z

By the law of the iterated logarithm for fBm, we get &g <3 0.
If we interpret fOT BPdBF as the Young integral, we have

Bt J) B~ 5 (B)’
.
T fy (Bl — (f) Blat)

Rps =

10



Again by the law of the iterated logarithm for fBm, we get Apg %3 0.
Using the results above and the scaling properties of fBm, we develop the following
asymptotic distribution for Arg.

Theorem 3.6. Let H € [1,1), Xo = O,(1), and k =0 in (1.1). Then as T — oo,
B [ BHdu — [ BHdBH
T/%LS £> 1 fO u U fO u u2 .
Jy (Biydu — ( Jy Blfdu)

Remark 3.10. This limiting distribution is neither a normal variate nor a mizture of
normals. In addition, the distribution depends on H. If H = 1/2 the limiting distribution
becomes a Dickey-Fuller-Phillips type of distribution (see, e.g. (27)) which has been widely
used for testing unit root in autoregression with an intercept included. (7 )) derived
the limiting distribution of the LS estimator of k in fOU when k = 0. The limiting
distribution is another Dickey-Fuller-Phillips type of distribution (see, e.g. (Phillips1987))
and corresponds to that in autoregression with an intercept.

(3.13)

4 Concluding Remarks and Future Directions

Models with a long-range dependence are growing their popularity due to their empirical
success in practice. In the continuous time setting, the long-range dependence can be
modelled with the help of fBm when the Hurst parameter is greater than one half. Con-
sequently, statistical inference for stochastic models driven by fBm is important. This
paper considers the Vasicek model driven by fBm and deals with the estimation problem
of the two parameters in the drift function in fVm and their asymptotic theory when a
continuous record of observations is available.

As the time span goes to infinity, it is shown that the LS estimators of y and x are
strongly consistent regardless of the sign of the persistent parameter x. Moreover, the
asymptotic distribution of the LS estimator of u is asymptotically normal regardless of
the sign of k. However, the asymptotic distribution of the LS estimator of x critically
depends on the sign of k. In particular, when x > 0 and H € [%, %), we have shown
that the asymptotic distribution of the LS estimator of s is normal with the rate of
convergence being the square root of time span. The asymptotic variance depends on H
which monotonically increases in H. When x < 0, it is shown that the limiting distribution
is a Cauchy-type with the rate of convergence being e™*7. If i is the same as the initial
condition, it becomes the standard Cauchy distribution. When x = 0, the asymptotic
distribution is neither normal nor a mixture of normals, but a Dickey-Fuller type of
distribution. The rate of convergence is 7. When « > 0, we also consider an alternative
estimation technique by exploiting the ergodic property of fVm. The asymptotic theory
for the alternative estimator is established.

This study also suggests several important directions for future research. First, what
are the asymptotic properties of the ML estimators for x and u? Given that the model

11



is fully parametrically specified, one may wish to estimate fVm using ML. Based on the
fractional version of Girsanov’s theorem, one can obtain the Radon-Nikodym derivative
and the log-likelihood function. Consequently, the ML estimators can be obtained. The
asymptotic properties of ML estimators can be derived by using the Laplace transform.

Second, the present study assumes a continuous record is available for parameter
estimation. This assumption is too strong in almost all empirically relevant cases. How
to estimate parameters in fVm from discrete time observations and how to obtain the
asymptotic theory are open questions.

Third, when x > 0 and H > %, the asymptotic distribution remains unknown for the
LS estimator. When H = 3/4, the fourth moment Berry-Esseen bound is perhaps needed
to obtain the asymptotic normality for k1. When H > 3/4, it may be expected that the
asymptotic normality cannot hold any more for kg due to a result obtained in (6).

References

[Anderson1959] Anderson, T.W. (1959) On asymptotic distribution of estimates of pa-

rameters of stochastic difference equations. Annals of Mathematical Statistics 30, 676—
687.

[2] Bayer, C., P. Friz, & J. Gatheral (2016) Pricing under rough volatility. Quantitative
Finance 16, 887-904.

[3] Belfadli, R., K. Es-Sebaiy, & Y. Ouknine (2011) Parameter estimation for fractional
Ornstein-Uhlenbeck processes: non-ergodic case. Frontiers in Science and Engineering

(An International Journal Edited by Hassan II Academy of Science and Technology) 1,
1-16.

[4] Beskos, A., J. Dureau, & K. Kalogeropoulos (2015) Bayesian inference for par-
tially observed stochastic differential equations driven by fractional Brownian motion.
Biometrika 102, 809-827.

[5] Biagini, F., Y. Hu, B. Oksendal, & T. Zhang (2008) Stochastic calculus for fractional
Brownian motion and applications. Springer.

[6] Breton, J. C. & I. Nourdin (2008) Error bounds on the non-normal approximation of
Hermite power variations of fractional Brownian motion. FElectronic Communications
in Probability 13, 482-493.

[7] Chronopoulou, A. & F. G. Viens (2012a) Estimation and pricing under long-memory
stochastic volatility. Annals of Finance 8, 379-403.

[8] Chronopoulou, A. & F. G. Viens (2012b) Stochastic volatility and option pricing with
long-memory in discrete and continuous time. Quantitative Finance 12, 635-649.

12



9] Comte, F., L. Coutin, & E. Renault (2012) Affine fractional stochastic volatility
models. Annals of Finance 8, 337-378.

[10] Comte, F. & E. Renault (1996) Long memory continuous time models. Journal of
Econometrics 73, 101-149.

[11] Comte, F. & E. Renault (1998) Long memory in continuous-time stochastic volatility
models. Mathematical Finance 8, 291-323.

[12] Corlay, S., J. Lebovits, & J. L. Véhel (2014) Multifractional stochastic volatility
models. Mathematical Finance 24, 364—402.

[13] Davidson, J. & R. M. De Jong (2000) The functional central limit theorem and weak
convergence to stochastic integrals II: Fractionally integrated processes. Econometric
Theory 16, 643-666.

[14] Duncan, T., Y. Hu, & B. Pasik-Duncan (2000) Stochastic calculus for fractional
Brownian motion I: Theory. SIAM Journal on Control and Optimization 38, 582-612.

[15] El Machkouri, M., K. Es-Sebaiy, & Y. Ouknine (2016) Least squares estimator for
non-ergodic Ornstein—Uhlenbeck processes driven by Gaussian processes. Journal of
the Korean Statistical Society 45, 329-341.

[16] Feigin, P. D. (1976). Maximum likelihood estimation for continuous-time stochastic
processes. Advances in Applied Probability 8, 712-736.

[17] Granger, C. W. & N. Hyung (2004) Occasional structural breaks and long memory
with an application to the S&P 500 absolute stock returns. Journal of Empirical
Finance 11, 399-421.

[18] Hu, Y. & D. Nualart (2010) Parameter estimation for fractional Ornstein—Uhlenbeck
processes. Statistics and Probability Letters 80, 1030-1038.

[19] Kew, H. & D. Harris (2009) Heteroskedasticity-robust testing for a fractional unit
root. Fconometric Theory 25, 1734-1753.

[20] Kleptsyna, M. & A. Le Breton (2002) Statistical analysis of the fractional Ornstein—
Uhlenbeck type process. Statistical Inference for Stochastic Processes 5, 229-248.

[21] Kloeden, P. & A. Neuenkirch (2007) The pathwise convergence of approximation
schemes for stochastic differential equations. LMS Journal of Computation and Math-
ematics 10, 235-253.

[22] Lo, A. W. (1991). Long-term memory in stock market prices. FEconometrica 59,
1279-313.

[23] Mandelbrot, B. B. & J. W. Van Ness (1968) Fractional Brownian motions, fractional
noises and applications. SIAM review 10, 422-437.

13



[24] Mishura, Y. (2008) Stochastic calculus for fractional Brownian motion and related
processes. Springer.

[25] Nualart, D. (2006) The Malliavin calculus and related topics, Second Edition.
Springer.

[Phillips1987] Phillips, P.C.B. (1987) Time series regression with a unit root. Economet-
rica, 54, 277-301

[27] Phillips, P.C.B. & P. Perron (1988) Testing for a Unit Root in Time Series Regression.
Biometrika 75(2), 335-346.

[28] Prakasa Rao, B. (2010) Statistical Inference for Fractional Diffusion Processes. Wiley,
Chichester.

[29] Sowell, F. (1990) The Fractional Unit Root Distribution. Econometrica 58, 495-505.

[30] Tanaka, K. (1999) The nonstationary fractional unit root. Econometric Theory 15,
549-582.

[31] Tanaka, K. (2013) Distributions of the maximum likelihood and minimum contrast
estimators associated with the fractional Ornstein—Uhlenbeck process. Statistical In-
ference for Stochastic Processes 16, 173-192.

[32] Tanaka, K. (2014) Distributions of quadratic functionals of the fractional Brownian
Motion based on a martingale approximation. Fconometric Theory 30, 1078-1109.

[33] Tanaka, K. (2015) Maximum likelihood estimation for the non-ergodic fractional
ornstein—uhlenbeck process. Statistical Inference for Stochastic Processes 18, 315-332.

[34] Taqqu, M. S. (1977) Law of the iterated logarithm for sums of non-linear functions
of Gaussian variables that exhibit a long range dependence. Probability Theory and
Related Fields 40, 203-238.

[35] Tudor, C. & F. Viens (2007) Statistical aspects of the fractional stochastic calculus.
Annals of Statistics 35, 1183-1212.

[36] Vasicek, O. (1977) An equilibrium characterization of the term structure. Journal
of Financial Economics 5, 177-188.

[37] Wang, Q., Y. X. Lin, & C. M. Gulati (2003) Asymptotics for general fractionally
integrated processes with applications to unit root tests. Fconometric Theory 19, 143—
164.

[38] Wang, X. & J. Yu (2015) Limit Theory for an Explosive Autoregressive Process.
Economic Letters, 126, 176-180

14



[39] Wang, X. & J. Yu (2016) Double asymptotics for explosive continuous time models.
Journal of Econometrics 193, 35-53.

[40] White, J. S. (1958) The limiting distribution of the serial correlation coefficient in
the explosive case. Annals of Mathematical Statistics 29, 1188-1197.

[41] Wu, W. B. (2006) Unit root testing for functionals of linear processes. Econometric
Theory 22, 1-14.

[42] Young, L. C. (1936) An inequality of the Holder type, connected with Stieltjes
integration. Acta Mathematica 67, 251-282.

[43] Yu, J. (2012) Bias in the estimation of the mean reversion parameter in continuous
time models. Journal of Econometrics, 169, 114-122.

APPENDIX: Proof of Theoretic Results

A.1. Proof of Theorem 3.1

We first consider the strong consistency of fiy. Based on the assumption X, = X, we
can obtain that the solution of (1.1)

t
Xi=(1—-e™p+Xoe ™ +0 / e~ =) gpH (A1)
0
For t > 0, we define
t
Yi=o0 / e t=9gpH (A.2)

Since k > 0, (Y;,t > 0) is Gaussian, stationary and ergodic. Then, using the ergodic
theorem and the fact E [Y;] = 0, we obtain

—/ Yidt “SE(Yy) = 0. (A.3)
Combining (A.1) and (A.2), we can rewrite Y; as,
0
Vi=Xi+ (e —1) p— Xoe "+ 0 / e~ t=9)gpH (A.4)
Hence,
1 (T 1 /7T 0
—/ Yidt = —/ {Xﬂru(e‘“t—l)—Xoe—ﬁwe—“t (0/ e“dBfﬂdt
T 0 T 0 —o0o
1 T m T XO
= — | Xudt+ M —1)dt— = [ e "™dt A5
w [ xa b [t ya- [ (A5)

o T 0
+T/o et (/_Ooe“stH) dt .

15



For the second term in (A.5), it is obvious that

T
/ (™ —1)dt % —p.
0

NI=

Since X, = 0,(v/T), we obtain

X T a.s
—0/ e ftdt 23 0.
T Jy

Using an argument similar to that in Lemma 5.1 of (18), we have

E { / ’ e’“dBf} 2 =k 2" HT(2H) . (A.6)

—00

Hence, ffoo e®*dBH has the limiting (normal) distribution of fOT e " T=5)dBH . Moreover,
a standard calculation yields

r 1
/ et X3 — (A7)
0

K

It is now necessary to investigate the almost sure asymptotic behavior of the last
term in (A.5). Denote Fy = = [\ e (f°_ e**dB!) di. From (A.6) and (A7), we

see that supy E[|F2|] < oo and supy E[|F}]] < co. For any fixed & > 0, it follows from
Chebyshev’s inequality that

o (T 0
P ( —/ e "t (/ e“SstH> dt‘ > 5> =P (\FT\ > \/Te) <
T Jo

Then, the Borel-Cantelli lemma implies that

o T 0
= / et ( / e””SdBf> dt “3 0. (A.8)
T 0 —00

Plugging all these convergency results to (A.5), we obtain

1
LB (IR

8
T2

N 1 r a.s.
0

To establish the strong consistency of Kyy defined in (2.10), we need to consider the
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strong consistency of % fOT XZ2dt. From the expression of Y; in (A.4), we obtain

1 /T 0 2
f/ Yidt = —/ [Xt—l—,u 1) = Xpe e (a/ e””%iBf)} dt (A.10)
0 —o0
1 /T 0 2
= —/ [Xt —I—,u( it 1) - Xy _”t] dt + = / e " 0/ e™dB? dt
T 0 T 0 —00
) T 0
+ / (X +p(e7™ = 1) — Xoe ] {e‘”t (0 / ’“dBf)] dt
= —/ 7’“ — 1 X 7’“ dt + —/ Xt — 1) — Xoeint] dt
—/ X2dt+—/ { ( / “SdBf)] dt
0
—i-?/ [Xt +u (e_“t — 1) — Xoe_’ﬂ {e_“t (O’/ e“SdBf)} dt .
0 —00

By (A.8) and Lemma 3.3 in (18), it is not hard to see that

J2 T t 0 ) 02 . t )
([ ([ )= [ [ o s
T 0 0 e T : ;

Combining the above result and (A.8), we deduce that

9 T t 0
T/ {a/ e_”(t_s)dBf} [e_“t (0/ e”SdBSIJ)} dt “3 0.
0 0 —oo

Using (A.1) and (?7?), we obtain

T 0
% / [ X+ p (e = 1) — Xoe ] [e“t <a / e“SdBfﬂ dt =3 0. (A.11)
0

—00

A standard calculation yields

T
2 / X [ (e — 1) — Xoe ] dt 3 — 2,27, (A.12)
0

—/ e —1) — X e_“t]Q dt =3 u?. (A.13)

By (A.10) - (A.13) and the ergodic theorem, we obtain

I 0
7 /O Xpdt 3 E(Y]) + 42 (A.14)
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Moreover, it is well-known that (see, e.g., Lemma 5.1 of (18))
= ayo / / —lt) 1y — "% duds = ok T HT (2H) (A.15)
Combining (A.14) and (A.15), we have
= / X2t *% o*k 2 HT (2H) + 12 (A.16)

By (A.9), (A.16) and the arithmetic rule of convergence, we obtain the almost sure
convergence of &gy defined in (2.10), i.e., Agn <5 k.

A.2. Proof of Theorem 3.2

Based on (2.5), (1.1) and (A.1), we can rewrite K as
(Xr — ) [if Xydt — kT [[F Xydt + wT [} X2dt — oT [} X,dBJ
P
T [y Xpdt — (f) Xuat)

2
(Xr — @) Jy Xdt = ruT [} Xedt = oT [} XudBf + ([ Xodt)

RLs =

T [T X2dt — ( 15 Xtdt>
oT [T X,dB! (X = Xo— wuT + 5 [ Xedt) [ Xodt
— — T ) T 2 T ) T 2
T f) Xpdt — (f, Xudt) T [y Xpdt — (f Xudt)

oT [T ((1 — ™) 1+ Xoe™ + o [ e =B H ) dBY
2
T f) Xpdt— (f Xudt)
(XT —r+kK fOT <Xoe"‘“ —pe "+ o fot e‘”(t_s)dBf> dt> fOT X,dt
T T 2
T [y Xpdt — (f Xuat)
As a consequence, we have the following decomposition
VT (hps — K) (A.17)
o (W5h + 5 [ e dBl + 2 [T fy e )aBidBH)

%f XPdt — (% e Xtdt>

et K —

+

Xr—z ek o —K T ks BHN\ 1 T
+<Tf at — et [T edBl + o2k ) L [ Xdt
T T 2
%fo Xpdt — (4 J, Xt
= L+ 1L+,
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where

L, = 0<%foTeimdBH ffo fo BHdBH),
3 Jy Xpdt = (% Jy Xtdt>
L = (Xzgz + g [ et — oo [ edBY) 4 | TXtdt,
Jy Xpdt— (%, Xtdt>
L (—ua+ o [ Xtdt> e

2
Ly xpde— (%) Xudt)
First consider ;. Using (A.15), we have

/ / melet) |y — P2 duds “3 0.

po " ’
e entdBH>
(\/T/o '
Ho g —Kt H P
B2 | emtqBH 2o, (A.18)

This implies
VT Jo

Since Xo = 0,(v/T), we have

X()(T
VT
Furthermore, from Theorem 3.4 of (18), (A.9) and (A.16), we obtain

T
e aBf 5 0. (A.19)

a2 Tt _k(t—s
—= o Jo € t=)dBHIBH
2
L xpde — (% f Xt

where Oy = (4H — 1) (1 + %) Combining (A.18), (A.19), (A.20) and ap-

plying Slutsky’s theorem, we have

5 N(0,kCy) (A.20)

I 5 N(0,kCy) . (A.21)

Next, we consider I. From Lemma 5.2 and Eq. (3.8) in (18), we have

Xr— X as 4 as
SrZR0eg g LT (/ ae“SdBSH) 230, (A.22)
VT VT 0

A straightforward calculation shows that

K (X() - [1/) /T — Kkt a.s.
—_— e "dt = 0. A23
Vo A2
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Combining (A.22), (A.23), (A.9) and (A.16), we have
IL,*30. (A.24)

Finally, consider I3. Based on (A.1), we have

< o + — / Xtdt) \E’;; (A.25)

¢ [ (oo [ cotunta 2

= — — e ol e C—

T) \"70F 0 <) VT

_ (O'(X?(’)—,U/) /Te—mtdt_ 032 e—nT/T msdBH 02 BH ) B_TI!
0 0

T3 H KT w70 ) TH

It is easy to see that

X - T a.s
7 (Xo = p) / et %5 0. (A.26)
T2 0
From Lemma 5.2 and Eq. (3.8) in (18)), we obtain
o? T a.s
——e T / e™dBY “% (. (A.27)
kT2 H 0
Since H € [3,3), we have
o2 BH \?| o
E s 3T — _T4H—3 7
K T3~ H K2
which implies
2 BH
T or_ kg, (A.28)
Kk T3 H
By (A.25) - (A.28), we obtain
Iz %0, (A.29)

Finally, by (A.17), (A.21), (A.24), (A.29) and Slutsky’s theorem, we obtain the desired
result in (3.4).

A.3. Proof of Theorem 3.3

We first consider the asymptotic distribution of figy. Using (A.1), we obtain

1 T 1 T t
T (?/ Xtdt—u> = 7 [?/ ((x—u) _”t—l—a/ w(t= sdBH> (iﬁ} 30)
0 0
Xn —
;Hﬂ/ —mtdt+_/ / —kK(t—s) BHdt
0
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A simply calculation yields

Xo—p [T a.s
OTH“/ et % 0. (A.31)
0

Moreover, a standard calculation together with Fubini’s stochastic theorem (see, e.g.,
(25)) yields

T t
= / / e "= qBH s = / / -t dtdBH (A.32)
0 0

H
From Eq. (3.8) of (18), we know that

L/T MT=3)gpH ©5 () (A.33)

kTH [,

It is well-known that
?H £ N(0,1). (A.34)
y (A.32), (A.33), (A.34) and Slutsky’s theorem, we have

% /0 ' /0 t e~ =)aBH gt £ N(0, Z—z). (A.35)

Combining (A.30), (A.31) and (A.35) and by Slutsky’s theorem, we obtain
1 [T B o2
1-H
Note that
e 1 [
T (g —p) =T (ﬂHN -7 / Xtdt) + T (T X, dt — M) . (A.37)
0 0

Using (2.9), (A.36) and (A.37), we obtain (3.6).
To obtain the asymptotic distribution of Ay, from (1.1), we have

/Xtht_/w/ Xtt—m/ X2dt+a/ X, aB!" .

Using the well-known results of the Stratonovich integral for fBm (Weilin, I thought
we have proposed to use the Ito-Skohorod integral here. Why change to the
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Stratonovich integral?) and the Malliavin derivative for X; (see, (14; 25; 18)), we can
obtain

o / Xdt — k / X2t +o / X, dBl = T_ 0 _ ayo / / e dudt.

(A.38)
Combining (A.38) and the above equation, we deduce that

X2 — X,
/Xtht —aHa// =2 0mu dydt (A.39)

Based on (2.5) and (2.10), we can rewrite Kgy as
1
1 2H
) T?c%HT (2H) (X — Xo) [} Xedt =T [ Xth/t
RHN = T T AL40)
(Xr = Xo) Jy Xedt =T [y XdX, T fy Xz~ (f) Xtdt>
T%62HT (2H) o
- T T Kkrs
(Xr — Xo) [ Xudt — T [ X,dX,
Substituting (A.39) into (A.40), we have
T?0?HT (2H &
1
RN = ’ (2H) R

(Xr = Xo) Jy Xdt =T (4X3 — 1X3 — ayo? [} [y w2li=2e=rdudt)
1

B ( o2HT (2H) iips ) o

Xel (U Xpdt — 2oL [T Xydt — L X2+ L X2+ ago?k [T [ u2H-2erududt
Hence
VT (fpn — ) (A.41)

1
2H

_ [ ( o2HT (2H)

el 1 X,dt — L Xdt — 5 X2+ 5 X+ ago?t [ fgu2H2emdudt>

T T TT

—g- 2t

1
VTR 4+ VTl (mgg - /ﬁ) .

By Theorem 3.2 and the delta method, we get

1 1 1 1-2H 2
VT (ng - Fﬁ) LN (0, (ﬁm 21t > ,.@(JH) . (A.42)
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By (A.9), Eq. (4.3) and Lemma 5.2 of (18), we can obtain

1

2HT (2H) zz 1)
(2r — %) 1 fOT Xpdt — 5 X2+ = X3 + ago?s fOT [ u2=2e=ruduydt
)
VT
Finally, by Slutsky’s theorem, Remark 3.2, (A.41), (A.42), and (A.43), we obtain the
desired asymptotic distribution in (3.7).

K2+ 0p(

A.4. Proof of Lemma 3.1
Using (A.1), we obtain

dB} (A.44)
t
= ﬁ/ {(1 )u—}—Xoe “t+a/ _“(t_s)dBH} dBf
0
KT X, — T
_ M;H B{[I:I‘{' ;H /l’enT/ —ntdBH K(t—s) BHdBH
0
First, it is easy to see that
luel’iT o oas.
T ——B; = 0. (A.45)
For H € (3,1), from Lemma 6 of (3), we have
XO — M T K a.s.
T € T/o e ™dBf % 0. (A.46)

Let us mention that (A.46) also follows obviously in the case H = 1/2.
Next, we consider the last term of (A.44). If H = 1/2, a simple calculation yields
gl (T rt 2 o2e26T
E { - / / e“<t5>stdBt] = / / 2m0=9) g st (A.47)
Tz Jo Jo
= —T 32T otert .
2 4m2¢_ N
If H e (%, 1), by the isometry property of the double stochastic integral, we have
oe T T t I
—k(t—s) H jpH 2 2 T
E|:TI;/0 A@ stdBt:| _JQHTZ"H’
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where
Iy = / erlvmslemrlu=rlly, — 2H=2)r — §2H=2qudvdrds .
0,71

Taking the derivative of I and e 2" TH with respect to T, we have
Iy 4 f[o 7 e~ T=s)e=rlu=rl(T — )20 =2y — s|2H2dudrds
d (6—2HTTH) o HTH-1e—2cT _ 9pTHe—2:T

By changing variables T' — s = x1,T — r = x9,T — u = 3, we get

kty |y —s|  2H—2 _
dlp 4f[OT]3e rr1g=hleo—as|p2H=21 0 2o |2H2d g daods

d (672;{TTH) - HTH-1e—2kT _ 9kTHe—2xT

Indeed, we can decompose the above integral into the integrals in the six disjoint
regions {x,(1) < Tr@2) < -(3)}, where 7 runs over all permutations of the indices {1, 2, 3}.
In the case 1 < x3 < x5 making the change of variables 1 = a, r3—x1 = band xo—2x3 = ¢
(other cases can be handled in a similar way), we obtain

dIy 4 f[oﬂs e e (q 4+ b2 (b + )72 dadbde

d (e—QRTTH) - HTH-1—2cT _ 9,THp—2rT

As a consequence,

dly 4 fio.zp €T dadbdb R
: . 4
d(e-2°TTH) = HTH-1e=2xT _ 34T He—2nT (A.48)
Then, from (A.47) - (A.48), we obtain
KT T pt
|";H / / e = ABHABH | 12q) < CT %, (A.49)
o Jo

with H € [%, 1) and C denotes a suitable positive constant.
Consequently, we deduce from (A.49) and Lemma 2.1 of (21) that

UGHT Tt a.s
T—H/ / G_K(t_s)ddeBfI - O
0 0

Finally, the result in Lemma 3.1 follows by combining (A.44), (A.45), (A.46) and (4).

A.5. Proof of Theorem 3.4

We prove the convergence of kg first. For the sake of simple notations, we introduce the
two processes with 7" > 0

T
Zp = / e BHds (A.50)
0
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T
b = / e™dBY . (A.51)
0

By the definition of the Young integral, BY = 0, and the definition of Zy, we can write
T
ér = e"'BH — li/ e Blds = e BY — kZr. (A.52)
0

By Lemma 2.1 of (15), we obtain Z., = [;~ ¢"* B ds which is well-defined and

vl

Zr ¥ Z, (A.53)
b 5 boo = Ko (A.54)

Using (A.50) and the Young integral, we can rewrite the solution of (1.1) as

¢
X; = Xpe "+ (1—e"™)u+ 6_’“0/ e™*dBM (A.55)
0
= Xoe "+ (1 —e™u+e "o

t
= Xpe "+ (1—e™u+e "o [e”th — / Bfe”sﬁds]
0

t

= Xee "+ (1—e™\u+oBf — 06_”%/ BHersds
0

= Xoe "+ (1—e"u+oBl —oe k7.

To prove the consistency of kg, we will analyze separately the numerator and the
denominator of the estimator (3.8). First, we consider the term e*” fOT Xdt. Using
L’Hospital’s rule, (A.53), (A.54) and (A.55), we obtain

T T
e”T/ X, dt = e”T/ [Xoe_”t + (1 — €_Ht) w+ ae_”tft] dt (A.56)
0 0
T
X Rt
= = (1—e™) +eul + Bt (e —1) + ofoe—ft
K K e—r
a.s X
_20 + H + UZoo
K
Combining (A.53), (A.54) and (A.55), we deduce that
l wT - enT —rT _ —kT —rT
¢ Xr = T [Xoe™™ + (1 — ™) p+oe " ¢r] (A.57)
1
= 7 [ Xo + pe” — p+ oér]
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By (A.53) and (A.54), we have

X2 = T [Xpe ™ 4 (1= e ) 4 oo e (A.58)
_ 2/{T|: (X e—f-;'r)2 +(1- e—nT)2lu2 Fo2e T2 49X e oo Te,
+2u (1 — e ) oe e 4+ 2Xoe ™ (1 — ") u}
= X+ (e 1) 1+ 028G + 2Xo0&r 4 2puoér (e — 1) + 2uX, ("7 — 1)

Y XE 4 1P 4 0P RPZE — 20 X0k Zse 4 20K Z 0y — 2 Xt .

By (A.53) and (A.54) again, we obtain
T T )
eQ“T/ X2t = 62“T/ [Xoe™ + (1 —e™™) p+ oe & dt
0 0
T T T
— €2HTX0/ 6—2mfdt+€2/fT/ M2(1 o —Kt) dt+0’2 QNT\/ e—QHtftht
0 0 0
T T
—|—262”TMX0/ e rt (1 - e_”t) dt + 262“TX00/ e 2, dt
0 0

T
_|_2 QNTMO_/ (1 _ 6—/{15) e—mfgtdt
0

X 1 2
— =20 (eznT _ 1) T [GQRTT ——(1— eQmT) + _(enT . 625T)}

2K 2K K
2wt [ —owigo 1 Ty L wT ok
+o%e™ / e PMEdt + 2uXo | — (1 — ™) — = (" — ™)
0 2K K

f —meé% dt N 2 (fo —ntftdt fOT 6—2nt&dt>
e

+20’X0

2:T e~ 2kT 672/{T
s X 2 2 X,
vy 20 KB T g LR X o7 — o Z (A.59)
2k 2K 2 K

A standard calculation together with (A.56) yields

2K T T 2 1 T 2
X, dt | == e“T/ th) 220, A.60
([ x) =g (e [ x (A0

Combining (A.56), (A.57), (A.58), (A.59), (A.60) and (3.8), we obtain the strong consis-
tency of Rpg.

It remains to show the almost sure convergence of ji;g. From (1.1) and the fact that
Bl =0, we can rewrite X, as

t
Xy = Xo + pkt — K,/ X.ds +oB/". (A.61)
0
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By (1.1), (3.9), (A.61) and the Young integral, we can rewrite fizs as

(XT _ Xo) foT det B foT XthtXOJrMTZaB;LXT
(X7 — Xo) Jif Xodt —T [ X,dX,

/lLS -

(A.62)

(Xr — Xo) [ X2dt — uT [1 XdX; — S BE=X0 (T x0T (4 — X,) dt + od B

K

(X7 — Xo) [y Xpdt =T [} X,dX,
XrXoo (T x,qBH — 72L [T X,dX,

(X7 — Xo) [y Xodt —T [} X,dX,

6NTXT*XO %emT f()T XtdBtH _ UBIZI:I 625TX%;X3
= n+ K K
erT Xr—Xo erT fT X.dt — e2T X%_Xg
T 0 “t 2

Finally, using (A.56), (A.57), (A.58), Lemma 3.1 and (A.62), we obtain the desired

strong consistency for fiyy. (Weilin, this is not entirely clear to me.)

A.6. Proof of Theorem 3.5

Using (1.1), (A.61) and the Young integral, we can rewrite A as

A

(X7 — Xo) [; Xedt — T [} X [#( — X;) dt + 0d B

LS = T T 2
T [y Xpdt ~ (f) Xdt)

 (Xp— Xo—wu) [y Xdt + T [} Xpdt — oT [, X,dB["

- 2
T [y Xpdt — (f) Xuat)

| 0Bt Jy Xudt —oT [ X,dB}!
K 3 .
T fy Xpdt — ( f) Xdt)
Hence,
BHeT [T X,dt — oTe T [T X,dBH
einT(/%LS—H) _ obrée fO t ole fO t%

T o T 2
T [, Xpdt— ([, Xudt
oBH T [T Xydt  oerT [V XidBy
T e2eT [T X24t  e2xT [ X2at
L (e [T Xodt)’
T 2xT fOT X2dt

1—
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A standard calculation yields

oer [T X,dBY e [T [,u +(Xo—p)e 4o e*"‘(t*S)stH] dBH
— — —0
e2rT fOT XZdt e2rT fOT X2dt

T s
pe™ B — ae”T/ / e_“(t_s)dBfIstH
o Jo

(A.65)

o
e2nT fOT X2dt

T T
—f—eHT/ e—mdeg{ {(XO - ,u) +a/ eﬁsdBf}
0 0

By Lemma 6 and Lemma 3 of (3), we have

T
KT —KS H L HF<2H>
e /(; e dBS SN <O, W R <A66)
T
KS H £ HF(2H)

Moreover, it is easy to check
pe ' BE ¥% 0. (A.68)

Obviously, both e and e are non-random Holder continuous functions. According
to Lemma 7 of (3) and the relationship between the divergence integral and path-wise
integral (see e.g. Eq. (2.4) in (3)), we can deduce that

Tt
Ue“T/ / e*dB e aBl % 0. (A.69)
o Jo

By (A.59), (A.65) - (A.69) and Slutsky’s theorem, we have

HT(2H
Ue“TfOTXtdBfI . 2k0 Mé )l/ A
et (T ox2gy - VHT(2H) (A.70)
€ fO t XO_M—i_UTW

with v and w being two independent standard normal random variables. Combining
(A.56), (A.59), (A.64), and (A.70), we obtain (3.10).

Let us now obtain the asymptotic distribution of jizs. From (A.62), we can rewrite
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frs as
(Xr — Xo) [} Xzdt — [ Xdx,Sotesloby X
(X7 — Xo) [yl Xpdt —T [ X,dX,
(Xr — Xo) [} X2dt — T [} XydX, — X22B2=X0 (T X 1 (- X,) dt + 0dBY]

K

HLs =

(X7 — Xo) [y Xodt — T [} X,dX,
Xe oo [ XedBy — ZE [ XidX,
(X7 — Xo) [y Xodt —T [ X,dX,
S foT X;dB[" — %M

2
(X7 — Xo) Jif Xudt —T

X2-X2

2

As a consequence, we have

20 H _  2X T H ch O'BH X2

T1-H (s —p) = KTHX7 JO XtdB THO)((T% fo XedBy" — phr + X2
o 2Xo (T X
W fo Xydt — TXZ% fo Xedt =1+ 35

20 e T H 2Xoo e2sT T H UB QHTXQ BH
retT X TH 0 XtdB KXQEQK,T TH fo XtdBt TH _'_ ,{eznTx2 TH

T 2X, owT T TX2
T e Jy Xudt — 73 [T Xydt — 1+ S

By (A.56) - (A.58), (A.34), Lemma 3.1, and the above equation, we can obtain the desired
result in (3.11).

A.7. Proof of Theorem 3.6
By the law of the iterated logarithm for fBm (see e.g. (34)), we get

BH (" BHqt — T [ BH4BH
v Jo B Jo Bi L0, (A.71)
T [y (Bt - (J) Ba)

As a consequence, we obtain the almost sure convergence from (3.12) and (A.71). By the
scaling properties of fBm of (2.2) (see also in (25)), we have

;

BYf £ TH Bl )

BH fo BHdt £ T2HH1BH [ BHqy

T [ BfaBH £ 121+ [ BHqBH

T fy (BfyPde = T2 [y (B[)du,

| (Jy Bftar) Lo (f) Bldu)

Combining (3.12) and (A.72), we can obtain the desired asymptotic distribution.

; (A.72)
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