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Abstract

This paper first presents simple methods for conducting up to third-order bias and
variance corrections for the quasi maximum likelihood (QML) estimators of the spatial
parameter(s) in the fixed effects spatial panel data (FE-SPD) models. Then, it shows
how the bias and variance corrections lead to refined t-ratios for spatial effects and for
covariate effects. The implementation of these corrections depends on the proposed
bootstrap methods of which validity is established. Monte Carlo results reveal that (%)
the QML estimators of the spatial parameters can be quite biased, (i7) a second-order
bias correction effectively removes the bias, and (iii) the proposed t¢-ratios are much

more reliable than the usual ¢-ratios.
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bootstrap, Spatial panels, Fixed effects.
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1 Introduction

Panel data models with spatial and social interactions have received a belated but
recently increasing attention by econometricians, since Anselin (1988).! Spatial panel
data (SPD) models are differentiated by whether they are static or dynamic and whether
they contain random effects or fixed effects. Popular methods of model estimation and
inferences are quasi maximum likelihood (QML) and generalized method of moments
(GMM). See Lee and Yu (2010a, 2015a) and Anselin et al. (2008) for general accounts on
issues related to SPD model specifications, parameter estimation, etc.

It has been recognized through the studies of spatial regression models that QML
estimators of the spatial parameter(s), though efficient, can be quite biased (Lee, 2004; Bao
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!See, among others, Baltagi et al. (2003, 2013), Kapoor et al. (2007), Yu et al. (2008, 2012), Yu and

Lee (2010), Lee and Yu (2010a,b), Baltagi and Yang (2013a,b), and Su and Yang (2015).
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and Ullah, 2007; Bao, 2013; Yang, 2015), and more so with a denser spatial weight matrix
(Yang, 2015; Liu and Yang, 2015a). As a result the subsequent model inferences (based
on t-ratios) can be seriously affected. Methods of bias-correcting the QML estimators of
the spatial parameter(s) have been given for the spatial lag (SL) model (Bao and Ullah,
2007; Bao, 2013; Yang, 2015), the spatial error (SE) model (Liu and Yang, 2015a), and
the spatial lag and error (SLE) model (Liu and Yang, 2015b). The improved ¢-ratios for
the SL effect is given in Yang (2015), and improved t-ratios for the covariate effects are
given in Liu and Yang (2015b) for the SL, SE and SLE models, respectively.

Evidently, the QML estimators of the SPD models are subjected to the same issues on
the finite sample bias and finite sample performance of subsequent inferences, but these
important issues have not been addressed.? Given the popularity of the SPD models
among the applied researchers, it is highly desirable to have a set of simple and reliable
methods for parameter estimation and model inference. In this paper, we focus on the
SPD models with fixed effects to provide methods for bias and variance corrections (up
to third-order) by extending the methods of Yang (2015),% and then to show how the bias
and variance corrections lead to improved t-ratios for spatial and covariate effects. Lee and
Yu (2010b) investigate the asymptotic properties for the QML estimation of this model
based on direct and transformation approaches. The latter approach is more attractive as
it provides consistent estimators for all the common parameters, which is crucial in the
developments of the methods for finite sample bias-corrections and refined inferences.*

We note that while the general stochastic expansions of Yang (2015) for nonlinear
estimators are applicable to different models including the SPD models considered in this
paper, the detailed developments of bias corrections, variance corrections and corrections
on t-ratio vary from one model to another. Furthermore, the transformation approach
induces errors that may no longer be independent and identically distributed (iid) even
if the original errors are. Thus, the bootstrap method proposed by Yang (2015) under
iid errors, may not be directly applicable. We demonstrate in this paper that when the
original error distribution is not far from normality, the standard iid bootstrap method

can still provide an excellent approximation, due to the fact that the transformed errors

2The importance of bias correction for models with nonlinear parameters is seen from the large literature
on the regular dynamic panels (see, e.g., Nickell (1981), Kiviet (1995), Hahn and Kuersteiner (2002), Hahn

and Newey (2004), Bun and Carree (2005), Hahn and Moon (2006), and Arellano and Hahn (2005).
3The fixed effects model has the advantage of robustness because fixed effects are allowed to depend

on included regressors. It also provides a unified model framework for different random effects models
considered in, e.g., Anselin (1988), Kapoor et al. (2007) and Baltagi et al. (2013). However, fixed effects

model encounters incidental parameter problem (Neyman and Scott, 1948; Lancaster, 2000).
“Lee and Yu (2010b) observe that when conducting a direct estimation using the likelihood function

where all the common parameters and the fixed effects are estimated together, the estimate of the variance
parameter is inconsistent when 7' is finite while n is large. With data transformations to eliminate the fixed
effects, the incidental parameter problem is avoided, and the ratio of n and T" does not affect the asymptotic
properties of estimates as the data are pooled. The QMLEs so derived are shown to be consistent, and,

except for the variance estimate, are identical to those from the direct approach.



are homoskedastic and uncorrelated. When the original errors are extremely non-normal,
we show that the wild bootstrap method can improve the approximation. Monte Carlo
results reveal that the QMLESs of the spatial parameters can be quite biased, in particular
for the models with spatial error dependence, and that a second-order bias correction
effectively removes the bias. Furthermore, Monte Carlo results show that inferences for
spatial and covariate effects based on the regular t-ratios can be misleading, but these
based on the proposed t-ratios are very reliable. We emphasize that while corrections on
bias and variance of a point estimator are important, it is more important to correct the
t-ratios so that practical applications of the models and methods are more reliable. The
methods presented in this paper show a plausible way to do so. They are simple and yet
quite general as the spatial regression models are embedded as special cases.

The rest of the paper is organized as follows. Section 2 introduces the spatial panel
data model allowing both spatial lag and spatial error, and both time-specific effects and
individual-specific effects, and its QML estimation based on the transformed likelihood
function. Section 3 presents a third-order stochastic expansion for the QML estimators of
the spatial parameters, a third-order expansion for the bias, and a third-order expansion
for the variance of the QML estimators of the spatial parameters. Section 3 also addresses
issues on the bias of QMLEs of other model parameters, and on the inferences following
bias and variance corrections. Section 4 introduces the bootstrap methods for estimating
various quantities in the expansions, and presents theories for the validity of these methods.

Section 5 presents Monte Carlo results. Section 6 discusses and concludes the paper.

2 The Model and Its QML Estimation

For the spatial panel data (SPD) model with fixed effects (FE), we can investigate
the case with both spatial lag and spatial error, where n is large and 7' could be finite or
large. We include both individual effects and time effects to have a robust specification.
The FE-SPD model under consideration is

Ynt = AO‘/Vlnyvnt + XntBO +Cpo + atOln + Unta Unt = pOWQnUnt + Vnta (21>

for t = 1,2,...,T, where, for a given t, Y,y = (y1t,Y2t,---,Ynt)’ is an n x 1 vector of
observations on the response variable, X,; is an n X k matrix containing the values of k
nonstochastic, individually and time varying regressors, Vyy = (v1g, vas, . . ., Upe) isannx 1
vector of errors where {v;;} are independent and identically distributed (iid) for all < and
t with mean 0 and variance o2, ¢, is an n x 1 vector of fixed individual effects, and g is
the fixed time effect with [,, being an n x 1 vector of ones. Wy, and Wy, are given n x n
spatial weights matrices where Wy,, generates the ‘direct’ spatial effects among the spatial
units in their response values Yy, and Wy, generates cross-sectional dependence among

the disturbances U,;. In practice, Wi, and Wy, may be the same.



In Lee and Yu (2010b), QML estimation of (2.1) is considered by using either a direct
approach or a transformation approach. The direct approach is to estimate the regres-
sion parameters jointly with the individual and time effects, which yields a bias of order
O(T~!) due to the estimation of individual effects and a bias of order O(n~!) due to the
estimation of time effects. The transformation approach eliminates the individual and
time effects and then implements the estimation, which yields consistent estimates of the
common parameters when either n or T is large. In the current paper, we will follow the
transformation approach so that it is free from the incidental parameter problem.

To eliminate the individual effects, define Jp = (Ip — %ZTZ’T) and let [Fprp_q, \/LTZT]
be the orthonormal eigenvector matrix of Jr, where Frp_q is the T' x (T'— 1) submatrix
corresponding to the eigenvalues of one, It is a T x T identity matrix and Ir isa T x 1
vector of ones.? To eliminate the time effects, let J,, and F, n—1 be similarly defined, and
let Wy, and Wy, be row normalized.’ For any n x T matrix [Z,1,- -, Z,7|, define the

(n—1) x (T — 1) transformed matrix as

[ ;;1, ey Z:L,T—l] = F;L,n—l[anv ey ZnT]FT7T_1. (22)
This leads to, fort =1,...,T—-1,Y, U}, V., and X;;m for the jth regressor. As in Lee

and Yu (2010), let X5 = (X751, X3y g0, X0y ), and Wiy = Fl o Win Fono1,h = 1,2,

The transformed model we will work on thus takes the form:

Yr:t = AUWl*nYJt + X;tﬂﬂ + U;;tv U;;t = POW2*n ;;t + Vi t=1,...,T—1. (23)

nt»

After the transformations, the effective sample size becomes N = (n—1)(T'—1). Stacking

the vectors and matrices, i.e., letting Yy = (Y,{,.... Y ), Uy = (U}, ..., UYr ),
Vy=V1,..., V0 ) Xy = (X2, ..., XY p_y), and denoting Wiy = Ir_1@W}  h =

1,2, we have the following compact expression for the transformed model:
YN =AWinYnN +XnBo+Un, Uy =pyWonUn + Vn, (2.4)

which is in form identical to the spatial autoregressive model with autoregressive errors
(SARAR), showing that the QML estimation of the two-way fixed effects panel SARAR
model is similar to that of the linear SARAR model. The key difference is that the elements
of Vi may not be iid though they are uncorrelated and homoskedastic as shown below.
This may have a certain impact on the bootstrap method (see next section for details).

It is easy to show that the transformed errors {v},} are uncorrelated for all ¢ and t by

using the identity (V,], ..., ;,/T—ly = (FII“,T—I ® F?Q,n—l)(v/zlv cee /LT)/a
E( ;{7 R ;,IT—IY( ;{7 M) ;,IT—I> - Ug(FYI“,T—l ® Fé,n—l)(FTT—l ® an—l) = UgIN'

®As discussed in Lee and Yu (2010b, Footnote 12), the first difference and Helmert transformation have
often been used to eliminate the individual effects. A special selection of Frr_1 gives rise to the Helmert
transformation where {V;,;} are transformed to (Ti;il)lm[vm — ﬁ(‘@,t-ﬂ + -+ 4 Vir)], which is of
particular interest for dynamic panel data models.

SWhen W;,, are not row normalized, the linear SARAR presentation of (2.4) for the spatial panel model

will no longer hold. In that case, a likelihood formulation would not be feasible.



Hence, {v};} are iid N(0,03) if the original errors {v;} are iid N(0,03). It follows that
the (quasi) Gaussian log likelihood function for (2.3) is,

Ix(0) =~ I(2r0%) +In AN (V)] + In [Bu(p)] — 55 VA(OVN(),  (25)

where C = (/8/7 Au p)lu 0= (/8/7 0_27 Au p)lu AN(A> = IN - A‘Rfl]\fu BN(P) - IN - PW2N7 and
Vn(¢) =Bn(p)[AN(N) YN — Xnf].
Now, letting Yy (A) = An(A\) Yy and Xn(p) = By (p)Xn, the constrained QMLEs

of 3 and o2, given A and p, can be expressed in the following simple form:

XN (0)Xn(p)] 7 Xy (p)Br(p) Y (N), (2.6)
sax(Ap) = NTYNAMy(p)Yn(N), (2.7)

K

z

>
I

where My (p) = By (p){In—Xn (0) Xy ()X ()] Xy ()} B (p). Substituting S (X, p)
and %(\, p) back into (2.5) gives the concentrated log likelihood function of (), p):

£\ p) = — 5 (n(2m) + 1)+ In[Ax)| + I By (o) — 5 a3 (A p).  (28)

Maximizing £5,(), p) in (2.8) gives the unconstrained QMLEs Ay and jy of A and p, and
substituting (Ax, o) back into (2.6) and (2.7) gives the unconstrained QMLEs of 3 and
o2 as BN = BN(;\N,ﬁN) and &]2\, = &?V(;\N,ﬁ]v).7 Write Oy = (BEV, ;\N,ﬁN,&]QV)’. Lee and
Yu (2010b) show that Ox is v/N-consistent and asymptotically normal under some mild
conditions. These conditions and the asymptotic variance of Oy are given in Appendix
A to facilitate the subsequent developments for the higher-order results. It follows that
the QML estimators for any of the submodels discussed below will be v/N-consistent and
asymptotically normal as well, where N can be (n—1)(T'—1), n(T' — 1), (n —1)T', or nT.

The linear SARAR representation (2.4) has greatly facilitated the QML estimation
of the general FE-SPD model. It is also very helpful for the subsequent developments in
bias and variance corrections. Obviously, it contains as special cases the spatial regression
models. Based on this representation, the results developed for this general model can
easily be reduced to suit simpler models. For example, setting p or A to zero in (2.4)
gives an FE-SPD model with only the SL effect or an FE-SPD model with only the SE
effect; dropping either ay or cpo in (2.1) (or dropping either Fj, ,—1 or Fro_i in (2.2))
leads to a submodel with only the individual-specific effects or a submodel with only the
time-specific effects; and finally, dropping both c,¢ and oy in (2.1) leads to the SARAR
regression model. On the other hand, the spatial panel model considered in this paper

can also be extended to include more spatial lag terms in both the response and the

"Numerical maximization of £% (A, p) can be computationally demanding if N is large due to the need
of repeated calculations of the two determinants. Following simplifications help alleviate such a burden:
AN = |[Tno1 — AW, |71 = (5 [In — AW | )T_1 = (I, (- )\wli))T_l, where wi; are the
eigenvalues of Wi,, the middle equation from Lee and Yu (2010), and the last equation is from Griffith

(1988). Similarly the determinant of |Bn(p)| is calculated.



disturbance, in particular the former.® Software can be developed to facilitate the end

users of the methodologies developed in this paper.

3 Third-Order Bias and MSE for FE-SPD Model

3.1 Third-order stochastic expansions for nonlinear estimators

In a recent paper, Yang (2015) presents a general method for up to third-order bias and
variance corrections on a set of nonlinear estimators based on stochastic expansions and
bootstrap. The stochastic expansions provide tractable approximations to the bias and
variance of the nonlinear estimators and the bootstrap make these expansions practically
implementable. The method is demonstrated, through a linear SAR model, to be very
effective in correcting the bias and improving inferences. It was emphasized in Yang (2015)
that, in estimating a model with both linear and nonlinear parameters, the main source
of bias and the main difficulty in correcting the bias are associated with the estimation
of the nonlinear parameters, and hence one should focus on the concentrated estimation
equations. By doing so, the dimensionality of the problem can be greatly reduced, and
more importantly, the additional variations from the estimation of the linear and scale
parameters are captured in correcting the nonlinear estimators, thus making the bias and
variance corrections more effective. The method is summarized as follows.

Let 0 be the vector of nonlinear parameters of a model, and Sy defined as

b = ang{in(6) = 0}, (3.1)

be its v/N-consistent estimator, with z/;N(d) being referred to as the concentrated esti-
mating function (CEF) and 1x(5) = 0 the concentrated estimating equation (CEE). Let
H.n(5) = VTZZJN(d),r = 1,2,3, where the partial derivatives are carried out sequen-
tially and elementwise, with respect to &. Let ¢y = Z/;N((S()), H,n = Hyn(d) and
HYy = Hyn — E(Hpn),r = 1,2,3. Note that here and hereafter the expectation oper-
ator ‘E’ corresponds to the true model parameters 6. Define Qy = —[E(H1n)]~!. Yang
(2015), extending Rilstone et al. (1996) and Bao and Ullah (2007), gives a set of sufficient
conditions for a third-order stochastic expansion of oy = arg{¢x(J) = 0}, based on a
general CEF 1y (8), which are restated here to facilitate the development of higher-order

results for the FE-SPD model:

Assumption G1. §y solves Pn(6) = 0 and dn — 6 = O, (N~1/?).

Assumption G2. z/;N((S) is differentiable up to the rth order for § in a neighborhood
of 60, B(H,n) = O(1), and H%y = Op(N~V/%), r =1,2,3.

Assumption G3. [E(Hiy)] ™' = O(1), and H,x = Op(1).

Assumption G4. |H,n(8) — H-n(60)]] < ||0 —o||Un for 6 in a neighborhood of

do, T=1,2,3, and E|Un| < ¢ < o for some constant c.

8See Lee and Yu (2015a,b) for more discussions and for the related issue on parameter identification.



Under these conditions, a third-order stochastic expansion for Sy takes the form:
SN —50 :a_1/2+a_1 +a_3/2+0p(N_2), (32)

where a_, /o represents a term of order Op(N —s/ 2) for s =1, 2, 3, having the expressions

a_ip = Qnvw,

a—1 = QnHiya_12+ %QNE(H2N>(G—1/2 ®a_y/2),

a_z;p = QnHya—1+ %QNHSN(G—1/2 ® a_y/2)
+5QONE(Han)(a—12® a1 4+ a-1 @ a_y)o)
+ONE(Hsy)(a_1/2 ® a_y/2 ® a_y ),

where ® denotes the Kronecker product. In moving from the stochastic expansion given
in (3.2) to third-order expansions for the bias, MSE and variance of dy, it is assumed that
E(yn) = O(N~1) and that a quantity bounded in probability has a finite expectation. The

latter is a simplifying assumption to ensure that the remainders are of the stated order.

A third-order expansion for the bias of dy is
Bias(dn) = b_1 + b_3/2 + O(N?), (3.3)

where b1 = E(a_y/p +a_1) and b_3/9» = E(a_3/3), being the second- and third-order

biases. Similarly, a third-order expansion for the mean squared error (MSE) of dy is
MSE(dy) = m_1 +m_z/5 +m_s + O(N /2, (3.4)

where m_; = E(a_l/ga’_l/Q), m_z/o = Ba_ya’ ;| + a,_la,’_l/Q) and m_y = E(a_1a’_ | +

a_q/90" o0+ a_spa’ , and the third-order expansion for the variance of Sy is
/2%-3/2 /2%-1/2
'Var(SN) =v_1+ ’U_3/2 +v_9+ O(N_5/2>, (3.5)

where v_1 = Var(a_y2), v_3/2 = Cov(a_y2,a_1)+Cov(a_1,a_1,9), and v_s = Cov(a_y s,
a_3/2) +Cov(a_g/a,a_19) + Var(a_1 +a_g/9); or simply v_1 = m_1, v_3/5 = m_3/, and
V_9 = M_9 — b2_1.

Therefore, we can improve the statistical inference in finite samples by correcting the

bias and standard deviation of estimates. From (3.3), we can use
5}{?2 = SN — b_1 or 5}{?3 = SN — b_1 — b_3/2,

to yield an estimator unbiased up to order O(N 1) or an estimator unbiased up to order
O(N—3/%). With estimated b_y and b_3 5, feasible 6}¢? and 65 can be constructed.

Similar procedures can be applied to increase the precision of variance estimate. By
(3.5), if by —b_1 = Op(N"3/?) and b_3/5 — b_3/5 = O,(N~2), we have

Var(5%) = v_1 +v_3/5 + v_o — 2ACov(dn, b_1) + O(N~/2), (3.6)

and Var(s8¢?) = Var(s8¢3) + O(N—°/2), where ACov denotes asymptotic covariance. See

Section 4 for details on the practical implementations of bias and variance corrections.



3.2 Third-order bias and variance for spatial estimators

As pointed out in the introduction, the general expansions summarized in Section 3.1
are applicable to different models including the FE-SPD model we consider in this paper,
but the detailed developments for the corrections on bias, variance, and t-ratio vary from
one model to another. Furthermore, the transformation approach induces errors that are
no longer iid, rendering the bootstrap method of Yang (2015) for estimating the correction
terms not directly applicable. In this subsection, we first derive all the quantities required
for the third-order expansions for the FE-SPD model, and then discuss conditions under
which the results (3.2)-(3.6) hold under the FE-SPD model instead of going through the
detailed proofs of them. As seen from Section 2, the set of nonlinear parameters in
the FE-SPD model are § = (X, p)’. The CEF leading to the QMLE oy = (Ay, pn) is
IN () = & 2.05,(6), which is shown to have the form:

_ Yy(AOMN(p)WinY
o)~ Tov )+ 5 M () Y () .
M Y'<> ”<p>Y<> '

—Kon(p) —

where Ty (A) = %tr(Winv AR V), Kow(p) = %tr<W2NB7V1<p>>,and My (p) = M (p)."

To derive the rth order derivative, H,n(9), of z/;N(d) wrt. &, r = 1,23, for up
to third-order bias correction, define Trn(\) = tr[(WinyARN)™HY, and K, n(p) =
Ltr[(WanBy (p)) ], 7 = 0,1,2,3. Let Mg\l;)(p) be the kth derivative of My(p) w.r.t.
p, k=1,2,3,4. Define

Rin(8) = Y?v(A)MN(P)WlNYN’ Ron(8) = Y?VWIINMN(p>W1NYN7
Yy (AMMn(p)Y n(A) Y (AMny(p)YN(A)
k
Of ()~ YNOMPOWinYy o0 o YW MY () Win Yy
N Yy(AOMy(p)Yn(A) Y (AWM (p)YN(A)
k
Sun(s) = YROMP(0)Y (M)
Yy(AMny(p)Yn(N)
which have the following properties
2x0) — 2R3(8) — Ran(0), 2x0) — 2Ry (8) Ran(9),

o T ) 9 I
QO _ oR y(5)QL N (8) — Qin(8), L — oy (5)QE (),
95 (0) — 2Ry n(6)Skn (8) — 2Q] 5 ();

0 = Q) = Rin@Sin(0). P50 = Q) ~ Ran(3)Sin(0),
Q! 22 ®

Q’éﬁ( : Qk—H n(0) = QZN(5)S1N(5), Q}fa];( ) Qk+1 n(0) = QiﬁN(d)SlN(d)’
P50 — Spi1,n(8) = Sk (9)Sin (9),

9Lee and Yu (2010b) provide a useful identity: (I,—1 — AW},) ! = =F) po1(In—1 — AWhn)  Fnn—1.
Based on this, the inverses of Anx(\) and By (\) can easily be calculated as they are block-diagonal. The

conditions for the v/N-consistency of SN are given in Lee and Yu (2010b), and also in Appendix A.



Write Y (6) = (Y1n5(8), Pan(8)) with P1n(8) = —Ton(A) + Rin(6) and o (8) =
—Kon(p) — Sin(8). Denote the partial derivatives of 9,5 (d) by adding superscripts A
and/or p sequentially, e.g., ¥ (8) = aa—;zdzuv(d), and 1//\”( 5) = #ﬁmd}g]\/(d). Thus,
Hin(6) has 1st row {17 (0), 9?5 ()} and 2nd row {1y (8), 5y (8)}, which gives

~Tin(A) — Ran () + 2R3y (8), Q1 (8) — Rin(8)S1n(6)

Hin(5) = :

QIn(8) — Rin(9)Sin(9), —Kin(p) = 352n(8) + 557 5(9)
Ha(6) bas rows {d321(6), $15(6), 99X (6), 99%(9)} and {G23(6), $246), P4 (8), D4R (0)}

where

M (8) = —QTQN(/\) — 6R1n(8)Ran () + 8R3 5 (6),
%(8) = —Qin(9) + 4R1N(8)Q1 5 (9) + Ran (9)S1n(0) — 4Ry (8)Sin (9),
72(8) = Qln(6) = 2Q] 5 (8)S1n(8) + 2R1n(8) STy (8) — Rin(8)San(8),
o (0) = —2K2N( ) = 353n(0) + §51n(8)S2n (8) — Sy (9),

IN(8) = DIN(8) = G4 (8), and ¥pR(8) = V4 (6) = G175, ().

H3n(0) is obtained by differentiating every element of Hon(0) w.r.t. ¢'. It has elements:

JN(8) = —6T3n(N) + 6R3y (8) — 48R3 (8) Ran(8) + 48R (8),
I (8) = —6Q) 5>R2N< ) + 12R1v(8) Ran(8)S1n(8) — 6R1n(6)Q] (),

(

+24R2\ (8)[Q1(6) — Rin(6)Sin ()],

RN (8) = 2Q3 v () Rin(8) + 12R1n(6) Ran(8) S1v(6) — 6R1n(8) Q1 5 (6)
+8R2\(0)Q1 y(6) — 20R3 5 (8)S1n(0),

I06) = ~Qhy () + 20y (9)S1(0) — 2Ran(8)S3(8) + Ron(0) Son(8) +4Q] 2(9)
—16R1n(8)S1n(6)Q] 5 (8)+4R1 v (8) Qb (8)+12R3  (8) 2y (8)—4R2 5 (8) San (9,

PP 6) = — Q5 (6)+4Q1 5y (6) Rin(6)+2Q () S1n(6)+4QT 3(8)—16 Ry n (6) Q1 5 (8) S1v (0)

—Ron(8)San(0) + 12R3 (6)S7y(8) — 2Ran(6) ST (8) — 457 5(8)San(0),

PIRE(6) = QL (8)—3Q5 5 (8)S1n(8)+6Q7 5 (8) Sy (8)—3Q]  (8) San(6)—6R1n (6) S5 (6)
+631N(5>51N(5>52N(5> — Rin(6)S3n(6),
MO

Rin(8)Ssn(8) = 3Q] () San (6) + 6R1n(8)S1n(8)San (9)
—351N<6>@;N<5> + 657 (5)Q] n(8) — 6R1n(8) STy (9),

PERE(8) = —6K3n(p) — 2 Sun(6)+2S18(8)S3n (8)+5.525(8) —6San (8)SZy (8) +3SEn (8).
PONNE) = PR (0) = DN(E), DN (8) = DR (8) = ol (o),
PPRN(8) = daR(8) = DN (0), and BIRP(8) = DpRF () = PhN(0).

The expressions of Mg\l;) (p), p, k = 1,2,3,4, are lengthy, and hence are relegated to
Appendix B.



For the general results (3.2)-(3.6) to be valid when the CEF ¢y () corresponds to
the FE-SPD model, it is sufficient that this function satisfies Assumptions G1-G4 listed
in Section 3.1. First the v/N-consistency of dn in Assumption G1 is given in Theorem
A.1 in Appendix A. The differentiability of 1n(d) in Assumption G2 is obvious. From
Section 4.1 we see that the R-, S- and Q-quantities at the true parameter values are all
ratios of quadratic forms in V, having the same denominator V)yM%,V y where M$, =
In — X n(po) [ Xy (p0) X n(po)] "1 X'y (po). It can be shown that & VM3,V converges to
02(> 0) with probability one. Hence, with Assumptions A1-A8 in Appendix A, for the
H-quantities to have proper stochastic behavior, it would typically require the existence
of the 6th moment of v;; for the second-order bias correction, and the existence of the
10th moment of v;; for the third-order bias correction. Variance corrections have stronger
moment requirements. However, these moment requirements are no more than those under
a joint estimating equation with analytical approach. The condition E(¢y) = O(N 1) is
required so that b_; is truly O(N~1). This condition is not restrictive as the asymptotic
normality of ) N, e, as N — oo, VN (5 N — Jp) converges to a centered bivariate normal
distribution, established by Lee and Yu (2010b), implies that E(¢)y) = o(N~"/2). The
other conditions are likely to hold by the FE-SPD model. With these and Assumptions
A1-A8 in Appendix A, the results (3.2)-(3.6) are likely to hold. For these reasons, we do
not present detailed proofs of the results (3.2)-(3.6) for the FE-SPD model, but rather
focus on the validity of the bootstrap methods for the practical implementation of these

bias and variance corrections.

3.3 Reduced models

Letting either p = 0 or A = 0 leads to two important submodels, the FE-SPD model
with SL dependence only and the FE-SPD model with SE dependence only. Bias and

variance corrections become much simpler in these cases, in particular the former.

FE-SPD model with SL dependence. The necessary terms for up to third-order

bias and variances correction for the FE-SPD model with only SL dependence are:

R = Yévﬁi?);)\ﬁvo‘%ﬁz)jv’ Ran (V) = ngfvzfﬁﬁgjiyﬁgjv
dn(A) = —Ton(A )+R1N(/\),

Hin(A) = —Tin(A) — Ran(A) + 2RI y(N),

Hon(\) = —2Ton(\) — 6Rin(A)Ran(\) + 8RN (M),

Hsny(A) = —6T3n(\) +6R2(N) — 48R2  (\) Ran(N) + 48R (N),

where MY, = Mpy(0) = In — Xy (XX n)1X. These results contain, as a special
case, the results for linear SAR model considered in detail in Yang (2015), showing the
usefulness of the linear SARAR representation (2.4) for the FE-SPD model.

10



FE-SPD model with SE dependence. The necessary terms for up to third-order
bias and variances correction for the FE-SPD model with only SE dependence are:

k
YﬁvMS\r) (AYnN

Siv(p) = gy F=1.234,

Un(p) = —Kon(p)— 351 (p),

Hin(p) = —Kin(p) = 3San(p) + 35Tn(p);

Hayn(p) = —2Kan(p) — 553n(p) + 381n(p)San(p) — S3x(p),

Hsn(p) = —6Ksn(p) = 354n(8) +251n(0)S5n(8) + 5555(9)
—6S9n(0) 5%\ (8) + 35N (9).

These results contain, as a special case, the results for the linear SED model considered
in Liu and Yang (2015a). Again, these results show the usefulness of the linear SASAR
representation for the fixed effects spatial panel data model given in (2.4).

Simplifications to a one-way fixed effects model are easily done by dropping either

F, n—1 or Frr_y in defining the transformed variables Y,5;, U, and V5, and the trans-
formed matrices X5, and Wy , h = 1,2. Obviously, when the model contains only

individual-specific effects, t = 1,...,7 — 1 and N = n(T — 1), and when model contains
only the time-specific effects, t = 1,...,T and N = (n — 1)T.

3.4 Bias correction for non-spatial estimators

Note that By = Bn(dn) and 6% = 62 (dy), where B (6) and 52(J) are the constrained
QMLEs of 3 and o2 defined in (2.6) and (2.7). As Gn(d) is an unbiased estimator of 3,
and NL_k&]QV((SO) is an unbiased estimator of o2, it is natural to expect that, with a bias-
corrected QMLE 6%¢ of 8, 3% = Bn(0%°) and &?Vbc = NL_k&]QV(g}{,C) would be much less
biased than the original QMLEs. Thus, with a bias-corrected nonlinear estimator, the
QMLESs of the linear and scale parameters may be automatically bias-corrected, making
the overall bias correction much easier. This is another point stressed by Yang (2015) in
supporting the arguments that one should use CEE to perform bias correction on nonlinear
parameters. We now present some results to support this point.

First, O = By (6n) = Fn(pn) Y (An), where F(p) = Xy (0)Xn(p)] Xy (0)Bn(p),
by (2.6). Let B](\lf)(d) be the kth derivative of Gy (d) w.r.t. &, and F\’(p) the kth deriva-
tive of Fy(p) w.r.t. p. A notational convention is followed: By = Bn(d), B](\lf) =
B](\lf)(dg), Fn = Fn(po), Axy = An(Mo), B~y = Bn(po), etc. Assume E(B](\lf)) exists
and B](\lf) — E(B](\]f)) = Op(N_l/Q), k = 1,2. By a Taylor series expansion, we obtain,

By(on) = Bn+ B](\})(SN — o) + %B](\?)KSN —50) ® (On — 60)] + Op(N~3/2), (3.8)

= fn+ E(B](\})XSN — 50) +bya_i0+ %E<B](\?)><a—1/2 ® a_1/2) + Op(N~3/2),
where E(B](\})) [— FNGNXNﬂo, XNﬁO] Gy = WinAL!, by = [-FNGNBL' Vy,
FUBL V), and E(BY) = [0px, —FEV)GNXNﬂO, —FYGAX B, FIPX ). Recall
a—1/2 = QOnN.

N(
el
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It is easy to see that the expansion (3.8) holds when Sy is replaced by 5}{,02. Thus,

Bias(fy) = E(AY))Bias(dn) + E(bna_1) + LE(B)E(a_1 /s @ a_y ) + O(N-3/2),
Bias(A%?) = E(bna_is) + SE(BY)E(a 1/, @ a_y /) + O(N-3/2). (3.9)

The key term E(B](\}))Bias(&v) of order O(N~1) in the bias of By (dx) is absorbed into the
error term when dy is replaced by S}{,CQ in defining the estimator for By. Thus, it can be
expected that the resulting bias reduction can be big, and the estimator BAR,CQ =3 N(g}{,CQ) is
essentially second-order bias-corrected, if E(bya_1/2) —i—%E(B](\?))E(a_l/Q@a_l/g) is ‘small’.
In general, using (3.9), BAR,CQ can easily be further bias-corrected to be ‘truly’ second-order
unbiased. However, our Monte Carlo results given in Section 5 suggest that this may not
be necessary. Finally, Fg\l;) (p), k= 1,2, can be easily derived.
Now, from (2.7), 6% = 6% (0n) = 2YNOANMN(HN)YNOAN) = 2Qn(On). Let
55)(5) be the kth partial derivative of Qn(d) w.r.t. &', and similarly Qg\];) = 55)(50).
Assume +E( g\l;)) = O(1) and +| g\l;) — E( g\l;))] = Op(N~'/2) for k = 1,2. A Taylor

series expansion gives,

53 (0n) = 6%+ HQW (6n — o) + s QW (O — 60) ® (6n — 60)] + Op(N73/2),
= %+ EEQV)(On — d0) +ava_1js + 5N EQT ) (@12 @a 1) (3.10)
+OP(N_3/2>7

where the exact expressions for gy and E( g\l;)), k = 1,2, are given in Appendix B.
It is easy to see that the expansion (3.10) holds when S is replaced by 5}{,02. It follows
that

Bias[NL_k&]QV(SN)] = ﬁE(Q%))BiaS(SN) + 25E(qnva_1/2)
+2(]\,1_k)E(Q§3))E(a_1/2 ®a_y2) + O(N3/2),
Bias|7256% (08%)] = #FE(ava 1) + s BQY)E(a 12 @a_1p) (3.11)
+O(N3/?).

Again, the key bias term 77E( %))Bias(&v) is removed when dy is replaced by dR¢2

in defining the estimator for o2, and our Monte Carlo results in Section 5 show that

NL_k&]QV(SR,CQ) is nearly unbiased for o3. In any case, one can always use (3.11) to carry

: : N_ =2 ($bc2
out further bias correction on =55 (037).

3.5 Inferences following bias and variance corrections

The impacts of bias correction for spatial estimators on the estimation of the regression
coefficients and error standard deviation were investigated in the earlier subsection. It
would be interesting to further investigate the impacts of bias and variance corrections for
spatial estimators on the statistical inferences concerning the spatial parameters or the

regression coefficients. The latter issue is of a great practical relevance, as being able to
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access the covariate effects in a reliable manner may be the most desirable feature in any
econometric modelling activity. Unfortunately, this issue has not been addressed for the
spatial panel data regression models.

One of the most interesting type of inferences for a spatial model would be the testing
for the existence of spatial effects. With the availability of QMLEs Sn and its asymptotic
variance ) NE(ZZJ NZ/NJEV)Q N, one can easily carry out a Wald test. However, given the fact
that o can be quite biased, it is questionable that this asymptotic test would be reliable
when N is not large. With the bias and variance correction results presented in Section 3,
one can easily construct various ‘bias-corrected” Wald tests. For testing Hy : A = p = 0,

i.e., the joint non-existence of both types of spatial effects, we have,
WRARMY = (O37) Var ()03 (3.12)

where S}z,cj is the jth-order bias-corrected oy and Vark(SR,Cj ) is the kth-order corrected
variance of SR,Cj. When j = k = 1, 68! = 4y, Vary1(08") = QnE(dnely )0y, and
the test is an asymptotic Wald test. The details on estimating Vark(SR,Cj ), in particular,
Varz(65¢3), are given at the end of Section 4.

Similarly, for testing the non-existence of one type of spatial effects, allowing the
existence of the other type of spatial effects, i.e., Hy : A = 0, allowing p, or Hy : p =0

allowing A, we have, respectively,

WRAR = A%/ W or WD = 7 /\/ Varas 5 (037), (3.13)

where Var;; k(d ) denotes the i-th diagonal element of Vark(dgfcj ). Furthermore, we can
easily construct improved tests for testing the non-existence of spatial effect in the two

reduced models, i.e., testing Hy : A =0, given p =0, or Hy : p =0, given A\ = 0:

]\S/;,E{ = /\bcj/\/Var CA or ]\S,]?E = A?ch/ Vark(ﬁ?vcj), (3.14)

where Vark(/\b ) and Vary(pp ") are the k-order corrected variances of the jth-order bias-
corrected estimators based on the corresponding reduced models described in Section 3.3.

Another important type of inference concerns the covariate effects, i.e., the testing or
confidence interval construction for ¢’ 3y, a linear combination of the regression parameters.
For an improved inference, we need the bias-corrected variance estimator for BR,CQ. By (3.8)

5bc2

with oy being replaced by we have,

Var(832) = Var [An+E(GW)) (a_1 jota_1)+bna_y jo+SE(B) (a1 o@a_y j5) | +O0,(N72).

This variance can be easily estimated based on the bootstrap method described at the end

of Section 4. For testing Hy : ¢/3y = 0, the following two statistics may be used:

TN711 = C/BN/ C/A/VEI“<BN>C, and TN722 = CIBRIQ \/ C/\//Ei\r(BRfd)C, (3.15)

where A/VEr(BN) is the estimate of the asymptotic variance of Gy and \//'a\r( 32¢2) is the

bootstrap estimate of Var(4%?) (see the end of Section 4). These results can easily be
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simplified to suit the simpler models. Monte Carlo results presented in Section 5 show

that inferences based on 7y 22 are much more reliable than inferences based on 7y,11.

4 Bootstrap for Feasible Bias and Variance Corrections

For practical purpose, we need to evaluate the expectations of a_g/5 for s = 1,2, 3,
and the expectations of their cross products. Thus, we need to compute expectations of
all the R-, S-, and Q-ratios of quadratic forms defined below (3.7), expectations of their
powers, and expectations of cross products of powers, which seem impossible analytically.
The use of a joint estimating equation (JEE) as in Bao and Ullah (2007) and Bao (2013)
may offer a possibility. However, even for a second-order bias correction of a simple SAR
model (Bao, 2013), the formulae are seen to be very complicated already. Furthermore,
the analytical approach runs into another problem with variance corrections and higher-
order bias corrections — it may involve higher than fourth moments of the errors of which
estimation may not be stable numerically. In the current paper, we follow Yang (2015)
to use the CEE, z/; ~(6) = 0, which not only reduces the dimensionality but also captures
additional bias and variability from the estimation of linear and scale parameters, making
the bias correction more effective. We then use bootstrap to estimate these expectations
involved in the bias and variance corrections, which overcomes the difficulty in analytically
evaluating the expectations of ratios of quadratic forms and avoids the direct estimation

of higher-order moments of the errors.

4.1 The bootstrap method

We follow Yang (2015) and propose a bootstrap procedure for the FE-SPD model
with SARAR effects. Note Yxn(\o) = XnB0 + By (po)Vn, WinYn = Gy[Xnfo +
B! (po) V], where Gy = Gn(No) = WinATL()N), and My(p)Xy = 0. The R-ratios,
S-ratios and Q-ratios at 6 = &y defined below (3.7) can all be written as functions of
Co = (B0, 6p) and Vi, given Xy and Wy, j =1,2:

VB "MyGy(XnGo+ By V)

Rin(Co, V) = VI M Vi , (4.1)
_ (XnBo+ B V) GyMyGn(Xnf + By V)
Ron(Co, V) = Vi MS, V : (4.2)
(XnBo+ By V) MWG N (X6 + By V)
Qln(C. V) = T VIME Vi — (43)
t Vi) — (X B0 + By V) GAYMY Gy (X + By Vi) 44
QkN(COu N) - V. M VN ’ ( . )
N N
(Xnfo+ By Va)MWP (X n6 + By Vi)
S Vy) = 4.
kN(COa N) V?\/M?VVN ’ ( 5>
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where M%; = In — X n(po) [ X'y (po)Xn(po)] 1 X\ (po) given at the end of Section 3.2, and
MY = M (pg). It follows that Py = Py (Co, V) and Hyy = Hyy(Co, Viy),r = 1,2, 3.
Now, define the QML estimate of the error vector V in the FE-SPD model (2.4):

Vi = By(in)[AAN)Y v — Xnin]. (4.6)

Let V?V be a bootstrap sample based on V. The bootstrap analogs of various quantities
are simply

Ui =Ny, Vi) and Hiy = Hov(Cyv, Vi), 7 =1,2,3.

Thus, the bootstrap estimates of the quantities in bias and variance corrections are, for

example,

E(dn @ Hyy) = E*[Yn(Cy, Vi) ® Hov(Cy, V3], and
E(ny @Yy ®dy) = E*[dn(ly, Vi) ® dn(ln, Vi) @ ¥y, V)],

where E* denotes the expectation with respect to the bootstrap distribution. The boot-
strap estimates of other quantities are defined in the same manner.' To make these
bootstrap expectations practically feasible, we first follow Yang (2015) and propose the

following did bootstrap procedure:

Algorithm 4.1 (iid Bootstrap)

1. Compute éN and VN, and center VN.

2. Draw a bootstrap sample \Afj\ﬂb, i.e., make N random draws from the elements of
centered V .

3. Compute z/NJN(CAN,\A/'j\, p) and HTN((AN,VR, T =1,2,3.

4. Repeat steps 2-3 for B times to give approximate bootstrap estimates as

E\3<1/~1N ® H?“N> = % 21173:1 WJN(CANa V?\f,b) ® HTN(CANa V?V,b)]? and
E(1/~1N RPN ® 1/;N) = % Zszl [&N(&Na V]*v,z) ® &N(&Na V]*v,b) ® &N(&Na V]*\Lb)]

Note that the approximation in the last step of Algorithm (4.1) can be made arbitrarily
accurate by choosing an arbitrarily large B, and that the scale parameter Ug and its QMLE

&]2\, do not play a role in the bootstrap process as they are hidden in either Vy or V.

The iid bootstrap procedure requires that the underlining error vector V  contains
iid elements, which apparently may not be true in general if the original errors are not

normal. However, the fact that the elements of V are uncorrelated and homoskedastic

105 facilitate the bootstrapping, the a_, /2 in (3.2) can be re-expressed so that the random quantities
are put together, using the well-known properties of Kronecker product: (A ® B)(C ® D) = AC ® BD
and vec(ACB) = (B’ ® A)vec(C'), where ‘vec’ vectorizes a matrix by stacking its columns. For example,
HiNQOnYN = (¥ @ Hin)vec(Qn), and a_1/s @ a_1/2 @ a_1/2 = (An ® Qv ® On)(Pn @ Yy @ Pn).

Alternatively, one can follow the ‘two-step’ procedure given in Yang (2015, Sec. 4).
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suggests that applying the iid bootstrap may give a very good approximation although
it may not be strictly valid. Nevertheless, when the original errors are nonnormal, the

following wild bootstrap or perturbation procedure can be used.

Algorithm 4.2 (Wild Bootstrap)

1. Compute éN and VN, and center VN.

2. Compute V}Vb = VyoO gy, where ® denotes the Hadamard product, and g, is an
N -vector of i%d draws from a distribution of mean zero and all higher moments 1,
and is independent of V .11

3. Compute z/;N(CAN,\Afjmb) and HTN(éN, v 7\,7,)), r=1,23.

4. Repeat steps 2-3 for B times to give approximate bootstrap estimates as

E<1/~JN ® H?“N> = % 21173:1 WJN(CANa V?\f,b) ® HTN(CANa V?V,b)]? and
E(1/~1N RPN ® 1/;N) = % 211,3:1 [&N(&Na V]*v,z) ® &N(&Na V]*v,b) ® &N(&Na \A"]*\Lb)]

Note that the common applications of the wild bootstrap method are to handle the
problem of unknown heteroskedasticity, which clearly is not the main purpose of this paper.
In our model, the (transformed) errors are homoskedastic in the usual sense, i.e., variances
are constant. Also, the errors are uncorrelated. However, the transformed errors are,
strictly speaking, heteroskedastic in the sense that their third and higher order moments
may not be constant. The wild bootstrap here aims to capture these non-constant higher-
order moments. Also, there may be higher-order dependence, which the wild bootstrap is

not able to capture. We see in the next section that this can be ignored.

4.2 Validity of the bootstrap method

In discussing the validity of the bootstrap method, we concentrate on the bias correc-
tions. The fact that the elements of the transformed errors Vi = {v},} are uncorrelated
and homoskedastic (up to second moment) across i and ¢, and its observed counterpart Vy
is consistent provide the theoretical base for the proposed iid bootstrap method. However,
these may not be sufficient in general for the classical iid bootstrap method to be strictly
valid, as our estimation requires matching of the higher-order bootstrap moments with
those of vj;. There are important special cases under which the classical iid bootstrap
method is strictly valid.

First, we note that the original errors {v;; } are iid normal, the transformed errors {v},}

are again iid normal. Further, Lemma 4.1 shows that if the original errors {v;; } are iid with

"We are unaware of the existence of such a distribution. However, the two-point distribution suggested
by Mammen (1993): &5 ; = —(v/5—1)/2 or (v/5+1)/2 with probability (v5+1)/(2v/5) or (v5—1)/(2V5),
has mean zero, and second and third moments 1. Another two-point distribution: e3; = —1 or 1 with
equal probability, has all the odd moments zero and even moments 1. See Liu (1988) and Davidson and

Flachaire (2008) for more details on wild bootstrap.
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mean zero, variance Ug, and cumulants k., = 0,7 = 3,4, ..., then the transformed errors
{v},} will also have mean zero, variance o3, and rth cumulant being zero for r = 3,4, . . ..
Furthermore, the rth order joint cumulants of the transformed errors are also zero. The
iid bootstrap procedure essentially falls into the general framework of Yang (2015) and

hence its validity is fully established. We have the following proposition.

Proposition 4.1 Suppose the conditions leading to the third-order bias expansion
(3.3) are satisfied by the FE-SPD model. Assume further that the rth cumulant k, of
{vit} is 0, r = 3,...,10. Then the iid bootstrap method stated in Algorithm 4.1 is valid,
i.e., Bias(6%2) = O(N~3/2) and Bias(6%3) = O(N2).

Second, for the important submodel with individual effects only and small T, the
transformed errors, [V, ...,V 1] = [V, ..., Vo r|Frr—1 are iid across i, i.e., the rows

of the matrix [V, ..., VJT_I] are iid whether the original errors are normal or nonnormal,
where N = n(T — 1). As T is small and fixed, the asymptotics depend only on n.
The bootstrap thus proceeds by randomly drawing the rows of the QML estimate of

Vi, ;,T—l]' We have the following proposition.

Proposition 4.2 Suppose the conditions leading to the third-order bias expansion
(3.3) are satisfied by the FE-SPD model with only individual effects. Assume further
that the rth cumulant k, of {vy} exists, r = 3,...,10, and T is fized. Then the bootstrap
method making iid draws from the rows of the QML estimates of [V,¥,, . . .,V;7T_1] 1s valid,
i.e., Bias(6%2) = O(N~3/2) and Bias(6%3) = O(N2).

For the general FE-SPD model with two-way fixed effects, T" being small or large,
and the original errors being iid but not necessarily normal, the classical iid bootstrap
may not be strictly valid, because the transformed errors (on which the iid bootstrap
depend) are not guaranteed to be iid, although they are uncorrelated with mean zero
and constant variance Ug. In particular, the transformed errors may not be independent,
and their higher-order moments (3rd-order and higher) may not be constant. On the
other hand, making random draws from the empirical distribution function (EDF) of
the centered V y gives bootstrap samples that are of iid elements. Thus, the classical iid
bootstrap does not fully mimic or recreate the random structure of V y, rendering its strict
validity questionable. The following proposition says that the wild bootstrap described in
Algorithm 4.2 is valid.

Proposition 4.3 Suppose the conditions leading to the third-order bias expansion
(3.3) are satisfied by the FE-SPD model. Assume further that the rth cumulant k, of
{vit} exists for r = 3,...,10. Then the wild bootstrap method stated in Algorithm 4.2 is
valid for the general FE-SPD model, provided that the joint cumulants of the transformed

errors {v};} up to rth order, r =3,...,10, are negligible.
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Proof: We now present a collective discussion/proof of the Propositions 4.1-4.3. Very
importantly, we want to ‘show’ that the classical iid bootstrap method can give a very
good approximation in cases it is not strictly valid, i.e., the ‘missing parts’ can be ignored

numerically.

Let Vo = (V,h1, - .-, Vi) be the vector of original errors in Model (2.1), which contains
iid elements of mean zero, variance Ug, cumulative distribution function (CDF) F, and
cumulants k,,r = 3,4,...,10. Let F,,7 v = Fr7-1®F), ,—1 be the nT' x N transformation
matrix. We have

For convenience, denote the elements of V by v;, and the ith column of F,r y by
fi,i =1,...,N. Let k.(-) denote the rth cumulant of a random variable, and k(-,...,)
the joint cumulants of random variables. Let ® denote the Hadamard product. A vector
raised to rth power is operated elementwise.

From the definition of the bias terms b_ /o, s = 2, 3, we see that b_; /9 = b_;/5((o, k)
where Ky contains the cumulants or joint cumulants of {v;}. From (4.1)-(4.6), it is
clear that the bootstrap estimates of b_,/, are such that 8—5/2 = b_s/g(éN, Ry) where
K% contains the cumulants of {v’} w.r.t. the bootstrap distribution. With the v/N-
consistency of Oy, how the set Ky match the set ky, becomes central to the validity of

the bootstrap method. Following lemmas reveal their relationship.

Lemma 4.1 If the elements of V1 are iid with mean zero, variance Ug, CDF F, and

higher-order cumulants k,,r = 3,4, ..., then,

(a) k1(vi) =0, Ka(vy) =0, and k. (vi) =kr a;, 7 >3,i=1,...,N,
(b) k(vi,vj) =0 fori#j, and k(viy,...,vi)=Fkr ai, i, >3,

where ar; =187, a; i =106 ©---0f), and {i1,... i} are not all the same.

Lemma 4.1 shows clearly that the higher-order cumulants or joint cumulants of {v;} are
proportional to the higher-order cumulants k, of the original errors {v;;}. This suggests
that when k., = 0,7 = 3,...,10, {v;} are essentially iid and hence the conclusion of
Proposition 4.1 holds in light of the results of Yang (2015) for the iid bootstrap. Similarly,
the conclusion of Proposition 4.2 also holds.

When k, # 0 for some or all » = 3,...,10, {v;} are no longer iid. First, a,; are
constant across ¢ only when r = 1 and 2, i.e., a1; = 0 and ag; = 1. Thus, k,(v;),r > 3,
are not constant across i unless k. = 0. Second, v/s are not independent as iy, iy 70
for r > 3. The latter may cause more problem as it is known that the iid bootstrap is
unable to capture dependence. However, noting that the proportionality constants a;, . ;.

are all pure numbers, being the sum of elementwise products of the orthonormal vectors
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{f;}, intuitively they should be small, and the larger the r, the smaller the ai17___7ir.12

These suggest that the higher-order dependence among {v;} can largely be ignored. The

question left is how well the two sets of cumulants match.

Lemma 4.2 Let v* be a random draw from {v;;i = 1,...,N}. Then, under the

conditions of Lemma 4.1, we have
KI(VY) =0, K5(V¥) = op + Op(N_l/Q), and k¥ (v*) = kya, + Op(N_l/Q), r> 3,

where @, = + SN L ari, and K5(-) denotes rth cumulant w.r.t. the EDF Gy of {v,i =
1,...,N}.

Lemma 4.2 shows that the itd bootstrap is able to capture, to a certain degree, the
higher-order moments of v; (a, versus a,;), but is unable to capture the higher-order
dependence. However, as argued below Lemma 4.1, the latter does not have a significant
effect as such dependence is weak and negligible. As both {a,;} and their variability are
not big and get smaller as r increases,'® the results of Lemmas 4.1-4.3 strongly suggest
that the simple iid bootstrap method may be able to give a good approximation in the

situations where the original errors are not far from normal.

Lemma 4.3 Suppose Assumptions A1-A8 and the conditions of Lemma 4.1 hold. Let
v* be a random draw from the EDF Gn of {¥v1,...,Vvn}, and v* a random draw from the
EDF Gy of {vi...,vn}. Then,

RAE) = KE(VY) + Op(NY2), or k() = () + Op(N 7). 1 2 3,

where kX5(V*) is the rth cumulant of ¥* w.r.t. Gy, and K5(v*) is the rth cumulant of v*

w.r.t. Gn.

In case of severe nonnormality of the original errors so that the transformed errors are
far from being iid, it may be more important to be able to match the even moments, in
particular the kurtosis, than the odd moments as a,; is typically small on average with

moderate variability when r is odd, see Footnote 12. This point is also reflected by the

12We are unable to further characterize these quantities. However, as they are pure numbers depending
on n and T through Frr_1 and Fy n—1, it should be indicative to present some of their values. With the
eigenvector-based transformations defined above (2.2) and calculated using Matlab eig function, we have,
forn =100 and T =3, a123 = —5.6e 7>, a1234 = 3.4e°, and a1,2345 = —3.7e”"; and for n = 200, the
same set of numbers become 2.3¢ 7%, —3.8¢7° and 1.3¢ 8. With Helmert transformations (see Footnote 5),
these numbers become much smaller (< 1.0e™'?).

13Again, we are unable to further characterize these pure constants. To have some concrete idea,
we have calculated the mean and standard deviation of {a,;} for n = 100,7 = 3 and r = 3,4,5,6:
(—.0020, .0827), (.1245,.0679), (—.0010,.0425), (.0308,.0299). When n = 500, the same set of values
becomes: (.0008,.0751), (.1141,.0714), (.0010,.0360), (.0263,.0281). With Helmert transformations, these

numbers become slightly bigger.
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fact that the variance of the joint score function (given in Theorem A.1) is free from the
third cumulant of the original error. In this spirit, the simple two-point distribution with

equal probability described in Footnote 10 may provide satisfactory results.

Lemma 4.4 Suppose Assumptions A1-A8 and the conditions of Lemma 4.1 hold. Let

A

VY = Ve*, where €* is independent of V;, having a distribution with mean 0 and rth

moment 1, r > 2. Then,

E*(¥5) = 0, and BX[(v})'] = %7, r > 2,

1)

where E* corresponds to the distribution of £*.

Lemma 4.3 shows that moving from the model errors to their observed counterparts
introduces errors of smaller order and hence can be ignored asymptotically. With the
results of Lemma 4.4, the validity of the wild bootstrap follows. The proofs of Lemmas

4.1-4.4 are given in Appendix C.

Variance corrections. A final note is given to the variance correction before ending
this section. Note that the bootstrap estimate of a bias term or a variance term typically
has a bias of order O(N 1) multiplied by the order of that term, i.e., Bias(IA)_l) = O(N7?),
Bias(9_1) = O(N~?), Bias(d_3/2) = O(N~5/?), etc. This is sufficient for achieving a third-
order bias correction, but not for a third-order variance correction. Thus, to achieve a
third-order variance correction (up to O(N~2)), a further correction on the bootstrap es-
timate v_1 of v_; is desirable. Yang (2015) proposed a method based on the first-order
variance term obtained from the joint estimating function. To avoid algebraic compli-
cations, in the current paper, we adopt a simple approximation method: replacing v_;
evaluated at the original QMLE éN, by f)ljcl evaluated at the second-order bias-corrected
QMLE é]b\,CQ. Monte Carlo results given in the next section show that this approximation
works well.

bc3
N

To have a third-order variance correction for 6%, we also need to estimate ACov(dx,b_1)

in (3.6). Following Yang (2015), we write ACov(dy, b_1) = ACov(dn, v )E(H._, ¢)s Where
b_1.¢, is the partial derivative of b_; with respect to (j, and ACov(gN, éN) is the submatrix
of

-1 -1

E(5grvn(00)) "~ Var (¢ (60)) E(g-vn (60))
where ¢y (0) = 22:¢n(0). The detailed expressions of ¥ (0) = 25¢n(0), Var(¢n (b)),
and E(ai%z/}N(Gg)) are given in Theorem A.1 in Appendix A. We estimate E(b_; ¢,) by

b
_17<N’
method as it involves only the parameter-vector 6. Var(a%oé ~N(00)) involves ky, the fourth

the numerical derivatives. E(%w ~N(00)) can simply be estimated by the plug-in
0

cumulant of the original errors, besides the parameter-vector 6y. The results of Lemmas

4.1-4.3 suggest that k4 can be consistently estimated by

~

ky = C_LZIH4(VN>,
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where ,%4(\7 ~) is the fourth sample cumulant of the QML residuals A% N, and a4 is given

in Lemma 4.2.

Finally, to estimate \//'f;“( 3¢2) in (3.15): we need to (i) calculate the estimates of all the
non-stochastic quantities with analytical expressions by plugging in 5}{,02 and BR,CQ for dg
and [y, (i) calculate the new QML residuals based on 5}{,02 and BR,CQ, and (7i7) bootstrap
the new residuals to give bootstrap estimates of the other quantities in Var( AR,CQ), including
Qn and E(Hyy), and hence the final estimate Var( 3¢2) of Var(R¢2). For simplicity, the
estimates of Qn and E(Hay) from the early stage bootstrap based on the original QMLEs

5 ~n and B ~ can be directly used.

5 Monte Carlo Study

We present Monte Carlo results to show (i) the finite sample performance of the QMLE
5y and the bias-corrected QMLEs 5}{,02 and 5}{,03, (ii) the impact of bias corrections for oN
on the estimations for 3 and o2, and (iii) the impact of bias and variance correction on
the inferences for spatial or regression coefficients. The simulations are carried out based

on the following data generation process (DGP):
Yot = MoWinYoi+ X1 Bro0+XoneB2o+Cnotawln+Unt,  Une = poWorUpg+Vie, t=1,...,T.

For all the Monte Carlo experiments, By = (810, B20)’ is set to (1,1), 02 = 1, A\g and pg
take values form {—0.5,—0.25,0,0.25,0.5}, n = {25, 50, 100,200,500}, and T" = {3,10}.
Each set of Monte Carlo results is based on M = 5000 Monte Carlo samples, and B = 999
bootstrap samples within each Monte Carlo sample. The Frr_1 and F,,_; defined
above (2.2) are used and calculated using Matlab eig function. The weight matrices, the

regressors, and the idiosyncratic errors are generated as follows.

Weights Matrices. We use four different methods for generating the spatial weights
matrices Wi, and Wy,: (i) Rook contiguity, (i7) Queen contiguity, (ii¢i) Circular
neighbors, and (iv) Group Interaction. The degree of spatial dependence specified by
layouts (i) — (iii) are all fixed while in (iv) it may grow with the sample size. This is
attained by relating the number of groups, k, to the sample size n, e.g., k = n%®. In this
case, the degree of spatial dependence is reflected by the average group size n/k. For more
details on generating spatial weights matrices, see Yang (2015).

Regressors. The exogenous regressors are generated according to REG1: { Xy} i
N(0,1)/+/2, and are independent across k = 1,2, and ¢t = 1,...7T. In case when the spatial
dependence is in the form of group interaction, the regressors can also be generated
according to REG2: the ¢th value of the kth regressor in the gth group is such that Xy ;4 id
(224 + 2ig)/V/10, where (24, 2iy) N (0,1) when group interaction scheme is followed;
{Xkt,ig} are independent across k and ¢, {z,} iid, and {z;,} iid.
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Error distributions. v;; = oge;; are generated according to DGP1: {e;} are iid
standard normal; DGP2: {e,;} are iid normal mixture with 10% of values from N(0,4)
and the remaining from N(0, 1), standardized to have mean 0 and variance 1; and DGP3:
{en,i} iid log-normal (i.e., log e; w N(0,1)), standardized to have mean 0 and variance 1.

The estimators of spatial parameters. The finite sample performance of the QM-
LEs and bias-corrected QMLEs of the spatial parameters is investigated. Monte Carlo
results are summarized in Tables 1la, 1b, 2, 3a and 3b, where Tables la-1b correspond
to the model with p = 0, i.e., the spatial lag dependence model; Table 2 the model with
A = 0, i.e., the spatial error dependence model; and Tables 3a-3b the general model.
All the reported results correspond to the iid bootstrap method given in Algorithm 4.1.
The results (unreported for brevity) using the wild bootstrap method described in Algo-
rithm 4.2 show that the wild bootstrap gives almost identical results as the iid bootstrap,
consistent with remarks below Lemma 4.2.

From Tables 1a and 1b, we see that regular QMLEs of the spatial parameters can be
very biased, depending on the spatial layouts, the true values of the parameters, and the
way that the regressors are generated. First, when the number of cross sectional units
increases from 50 to 500, the magnitude of the bias becomes small. The bias is apparent
for n = 50 and negligible for n = 500, which implies that bias correction is especially
needed for the data with a small sample size. Also, when the spatial weights matrix
becomes denser (from the queen matrix to the group interaction matrix), the bias of regular
QMLESs becomes larger. When the true value of spatial effect parameter becomes larger in
absolute value, the bias becomes larger. Either reducing the magnitude of the regression
parameters § or increasing the value of the error standard deviation increases the bias of
the QMLE of the spatial parameter. The magnitude of the bias is also influenced by the
way that the regressors are generated. The DGPs with normal errors and lognormal errors
give a smaller bias than the DGP with normal mixture errors. For the bias correction, we
see that our bias correction procedure works very well, independent of the spatial layouts,
model parameters, and the way the regressors being generated. We see that even for
the small sample case of n = 50, the bias correction procedure produces nearly unbiased
estimates. By comparing ;\202 and /A\}’LCS, we see that in most of the situations considered,
a second-order bias correction has essentially removed the bias of the QMLEs and the
third-order bias correction might not be needed.

The results in Table 2 show that the patterns observed from the spatial lag model
for the regular QMLEs and bias corrections generally hold for the spatial error model.
A noticeable difference is that the regular QMLE of the spatial error parameter can be
much more biased and the bias can be much more persistent than the QMLE of the
spatial lag parameter in the spatial lag model. Therefore, the bias correction procedures
developed in the current paper works even more effectively for the spatial error model.

Furthermore, unlike the case of spatial lag model, the magnitude of 3 and o does not
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affect the performance of py much.

From Tables 3a and 3b where the third-order bias correction results are omitted for
brevity, we see that the general patterns we observed for the two special models hold
for the general model as well. However, we observe that the QMLE of the spatial error
parameter can be much more biased than the QMLE of the spatial lag parameter, in
particular when the regressors are generated in a non-iid manner. The bias of the QMLE
of the spatial error parameter can be very persistent and even when n = 500, there can
still exist very noticeable bias.

The results show that in general the QMLEs of the spatial panel data models need to
be bias-corrected even when sample size is not small, and that the proposed bias correction
method is very effective in removing the bias. As far as the bias correction is concerned,
a simple iid bootstrap may well serve the purpose. The method can easily be applied and
thus is recommended to the practitioners.

The estimators of non-spatial parameters. The finite sample properties of B v and
&]2\,, and their bias-corrected versions BAR,C and &]2\}bc defined in Section 3.4 are investigated.
Monte Carlo results reveal some interesting phenomena. The biases of the non-spatial
estimators B v and 63, depend very much on whether Ay is biased, not much on whether
pn is biased. In general the biases of B n and &]2\, are not problems of serious concern (at
most 6-7% for the experiments considered). Consistent with the discussions in Section 3.4,

¢ may still

BR,C is nearly unbiased in general. When the error distribution is skewed, &]2\}
encounter a bias of less than 5% when n = 50 and 7' = 3, and in this case the method given
in Section 3.4 can be applied for further bias correction. Partial results are summarized

in Table 4.

Inferences following bias and variance corrections. To demonstrate the poten-
tial gains from bias and variance corrections, we present Monte Carlo results concerning
the finite sample performance of various tests for spatial effects, and the tests concern-
ing the regression coefficients, presented in Section 3.5. Partial results are summarized
in Tables 5a-5¢, and 6. More comprehensive results are available from the authors upon
request.

Table 5a presents the empirical sizes of, respectively, the joint tests for the lack of both
SLD and SED effects given in (3.12), and the one-directional tests for the lack of SLD
effect allowing the presence of SED effect or the lack of SED effect allowing the presence
of SLD effect, given in (3.13). The results show that the third-order bias and variance
corrections on the spatial estimators lead to tests that can have a much better finite sample
performance over the tests based on the original estimates and asymptotic variances. The
tests based on second-order corrections offer improvements over the asymptotic ones but
may not be satisfactory. All the reported results are based on the wild bootstrap with the
perturbation distribution being the simple two-point (1 and —1) distribution with equal

probability. Consistent with the results of Section 4.2, in case of severe nonnormality
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such as the lognormal errors, the wild bootstrap perform better than the iid bootstrap; in
case of normal errors, the iid bootstrap performs slightly better than the wild bootstrap
and both show excellent performance of the third-order corrected Wald tests. Due to its
robustness, the wild bootstrap may be a better choice in the case of testing for spatial
effects. Tables 5b and 5c¢ present the empirical sizes of the tests given in (3.14) for the two
simpler models, from which the same conclusions are drawn.

Table 6 presents partial results for the empirical sizes of the tests for the equality of
the two regression slopes given in (3.15), based on iid bootstrap. The results show that the
tests with merely second-order bias and variance corrections significantly outperforms the
standard tests with the original estimate and asymptotic variance. With smaller values of
the slope parameters, the size distortion for the standard tests becomes more persistent.
The results (unreported for brevity) shows that when the spatial dependence becomes
weaker the performance of the asymptotic test improves, but is still outperformed by the

proposed bias-corrected test.

6 Conclusion and Discussion

We have introduced a general method for finite sample bias and variance corrections of
the QMLEs of the two-way fixed effects spatial panel data models where the spatial inter-
actions can be in the form of either spatial lag or spatial error, or both, and the panels can
be either short or long. We have demonstrated that bias and variance corrections lead to
refined inferences for the spatial effects as well as covariate effects. The proposed methods
are seen to be very easy to implement, and very effective. If only bias-correction is of
concern, a second-order correction using iid bootstrap suffices. For improved inferences
for the spatial parameters, a third-order variance correction seems necessary and a wild
bootstrap method seems to perform better. However, for improved inferences concern-
ing the regression coefficients (the covariate effects), the second-order bias and variance
corrections seem sufficient, and the resulting inferences can be much more reliable than
those based on the standard asymptotic methods. The latter observation is perhaps the
most important one in this study as being able to assess the covariate effects in a reliable
manner may be the most desirable feature of the econometric modelling activities. All the
methods proposed in the current paper can easily be built into the standard statistical
software to facilitate the practical applications. Further extensions of the proposed meth-
ods are desirable and possible such as the FE-SPD models of higher-order spatial effects,
but are beyond the scope of the paper. Nevertheless, the results presented in this paper
reinforce that the general methodology of bias and variance corrections of Yang (2015),
based on stochastic expansion and bootstrap, is indeed a promising approach in handling

the bias issues, and in providing refined inference methods.
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Appendix A: Some First-Order Results

The following list summarizes some frequently used notations in the paper:
e 6 =()\p), and dy is its true value.

e For an integer m, J,,, = Im—%lml;n where [,,, is an mx 1 vector of ones. [Fy, -1, \/—%lm]

is the eigenvector matrix of J,,, where F;, ,,_1 corresponds to eigenvalue of ones.
o Wy = 7’L7n_1WhnFn7n_1, h=1,2.
o A,(\) =1, — A\Wi, and B, (p) = I, — pWoy,.

o [ZF,..., Z;;T_l] = F;Lm_l[an, ooy Zpr)Frr—1 for any n x T matrix [Zn1, - - -, Zp1).

o Yy = (V... Y ) Xy = (X4, X2py), and Wiy = Ir_y @ Wi, h =
1,2.

® AN(/\> = IN — /\WlN; and BN(p> = IN — pWQN.

e My (p) = By(p){In — Xn(p)[Xx(0)Xn(p)] " Xy ()} Bn(p)-

The following set of regularity conditions from Lee and Yu (2010b) are sufficient for
the v/N-consistency of the QMLE 6, defined by maximizing (2.8), and hence the v/N-
consistency of the QMLEs BN and &]2\, of B and o2, which are clearly essential for the
development of the higher-order results for the QMLEs.

Assumption Al. Wy, and Wy, are row-normalized nonstochastic spatial weights
matrices with zero diagonals.

Assumption A2. The disturbances {vy}, i = 1,2,...,n and t = 1,2,...,T, are iid
across i and t with zero mean, variance of and E\vit\4+7’ < oo for somen > 0.

Assumption A3. A,()\) and B,(p) are invertible for all X € A and p € P, where
A and P are compact intervals. Furthermore, \g is in the interior of A, and pg is in the
interior of P.1

Assumption A4. The elements of X, are nonstochastic, and are bounded uniformly
in n and t. Under the setting in Assumption A6, the limit of %X’NXN erists and is
nonsingular.

Assumption A5. Wy, and Ws, are uniformly bounded in both row and column sums
in absolute value (for short, UB).Y5 Also A;1()\) and B, *(p) are UB, uniformly in A € A
and p € P.

"Due to the nonlinearity of A and p in the model, compactness of A and P is needed. However, the
compactness of the space of § and o2 is not necessary because the 8 and o? estimates given A and p are

least squares type estimates.
BA (sequence of n x n) matrix P, is said to be uniformly bounded in row and column sums in absolute

value if sup,,>, || Pallo, < 00 and sup,,>; [|[Pall; < 00, where [|Pa|l, = supi<;<, 227y [pijn| and [[Pull, =

n .
SUDP < j<n Doieq IPijn| are, respectively, the row sum and column sum norms.
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Assumption A6. n is large, where T can be finite or large.*®

Assumption A7. Either (a): lim, o Hn(p) is nonsingular¥p € P andlim,,_. Q1,(p) #
0 for p # po; or (b): limy, o0 Q2 (0) # 0 for § # &y, where

Hn(p) = L(XN,VV1NA_1XN50)'B' (p )BN( ) (X, WivAN XN ),

Qun(p) = 7t (n|og By B, | = In|of(p) B, (p) Ju By (p)])

Q2 (8) = iy (nfogB, VA T, AL B — ln’U%(5>Bﬁl(P)/AEI(/\)/JnAEI(/\)BEI(P)),
on(0) = —glt [(Br(p) An(N) AL B ) Ju(Br(p) An(M AL B Y], and o7 (p) = 072 (0) [x=no-

Assumption A8. The limit of =gy [tr(C’SCS)tr(DsDS) tr2(C5 D) is strictly
positive, where Cy, = J,Gyp — %Jn cmd D, =J,H, — %Jm with H, = W, B,
and Gy, = B,(Wy, A, ) B

Theorem A.1 (Lee and Yu, 2010) Under Assumptions A1-A8, we have Oy - 0o,
and
VN(y — ) = N[0, limy oo S5 (60)Tn(60) 55 (60)] (A1)
where Y n(0y) = lE[aea—;%é]\/(ﬁg)] assumed to be positive definite for large enough N, and
I'n(6p) = %E[(%OKN(GO))(6%061\/(90))’] assumed to exist.

The results of Theorem A.l serve two purposes: one is the v/N-consistency of éN,
which is crucial for the higher-order results developed in this paper, and the other is the
asymptotic VC matrix of 0 ~, which is needed in the third-order variance correction. With
the set of compact notations introduced in Section 2, the component Xy () of the VC

matrix takes the following form:

1 1
1 1 /-1 1 —1
~, =1, ~w=tr(By GyBy), w=tr(WanB
ZN(90> _ 203 NJS <* N 1 / ) NJS ( * N ) :
~, ~, Tin+Ty+ NoZINTIN T5n
~ ~ ~ KIN + KTN

where ny = Gy Xy, Ty = wtr(By 'GyByByGNBY), Kiy = tr(BYy Wiy WA B,
and Tyy = +tr(By |Gy Way + B G By WanB).
To obtain the other component I'x(6p) of the VC matrix, it is helpful to express the

score vector in terms of the original errors using (4.7):

1 /
A1nTVnT

i@éN(Gg) . _ﬁ 2NO— V”/’LT 2nTVnT

N 9 ~Ton + 57 Viir Ay Vit + 5Bl Ve

_KON + 2V AiijlnT

The consistency and asymptotic normality of QML estimators still hold under a finite n and a large

T, but this case is of less interest as the incidental parameter problem does not occur in this model.
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where b,y = Fur NByny, Ainr = Far NBN XN, Agpr = For NFl7 s Asnr = For vBy
Gy B]_VIIE‘;LTv ns and Agyr = Fop N Wo NB]_VIIE‘;LT7 ~- Letting a;,7 be the diagonal vector of

A;,7, and denoting
Hij = %tr[AinT(A]nT + A]nT)] + %klla;nTajnT?

we obtain, referring to Lemma A.4 of Lee and Yu (2010b) and its proof,

NLUSX’NBQVBNXN, 0, NLUSAgnTbnT, 0

I (6y) = ~, éﬂm, ﬁﬂw, 5,2 1124
~, ~, II33 + N%,gb;TbnT, II34
~ Iy

Appendix B: Some Higher-Order Results

Derivatives of My (p) defined below (2.7).

We have My(p) = Cn(p) = Cn(p)XnDn(p)XyCn(p) where Cn(p) = Biy(p)Bn(p)
and Dy (p) = [XNOn(p)Xn] 7L Let C'](\]f)(p) and D](\lf)(p) be, respectively, the kth order
partial derivatives of Cn(p) and Dy(p) w.r.t. p. The derivatives of M y(p) are:

MY (p) = €Y (p) = CY(0)Xw D (0)XyCiv(p) — Cn ()X DY (9) X Cv (p)
—Cn (p)XNDn(p)XNCV (p),
MY (p) = C$ (p) - c§3><p>XNDNEp>X9VGN<p> — 205 (0) XD (0) X Cn(p)
g (

~20\ (p)XnDn p) C]\})( )—QCN( 1Xx D)XV ()
p)— ( )X N Dy (p)XCP (p)

M53><p>——3c§3><p>XND§&> N (p) - <> D (p)XNCY (p)
—3G§$><p>XND§5><> <p>—60 <p> <<>X' c“<p>
—3G§$><p>XNDN< )X O (p) - 3Cx (p) Xy D”( )XNCY ()
—3Cn(p)XnDY (p)X] i(p) Cn(p)XNDS ()X <p>

MY (p) = —6053><p>XND< Cn(p) — <p>XND§&><p> ¥ (p)

6CY (0)XnDn(p)X > OV <p> W (p)XnD ()X C (p)
—4Cn(p)XnDY (p)X] §V < ) — 1200 ()X DR () XV ()
~1204(p)Xn D“() () - 60N<p>XND“<p>X' V(p)

~Cw(p)XNDY (p >X9VGN< )
For the derivatives of Cv(p), we have C'](\}) (p) = —WiyBn(p) =By (p)Wan, C'](\?) (p) =

2W/, v Way, and C'](\]f)(p) = 0,k > 3. For the derivatives of Dy(p), denoting Pn(p) =
XvCn (p)Xn and its kth derivative P](f)(p), we have,

DY (p) = —Dn(p) P\ () D (p),

DY (p) = =DV (0) P (0) Div(p) — Dn(p) PS (p) Div(p) — D (p) P (0) D (p),
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D (p) = =D (0) PV () Dn(p) — Dnv(p) PP (0) D2 () = 2D (0) P (0) D)
—2D\{(p) P (0) DY (0) — 2D (0) P (0) D (),
DY (p) = =D (0) PY (9) Dnv(p) — Dv(p) P (0) DD () — 3D'L(0) PP (p) D )
;<p>D§&§<p> —3D\ (0P (0) DY) (p) — 3Dn(p) P () DY (1)

N
2 1
-3DY (p) Py
1 1
6D ()P (p) DY (o).
Clearly, P](f ) (p) can be obtained from C'](\]f) (p), and both are zero when k > 3.
Additional quantities required in (3.10).
Letting E(Qg\})) = (s1,52), qv = (83, 54) and E[QS\?)((SO) = (s5, S¢, 57, 8), we have

51 = —2B8,X'y G yMNyX NG — 202tr[GNMpy (ByBy) 71,
s2 = 260pX MY X x o + o3t MYy (ByB) 7],
s3 = —4 Xy G yMyBY' Viy — 2V By GyMyBY' Viy + 205 tr[Gy My (ByBy) '],
sq =20, X\MUB'Vy + V4 By "MUBL Vy — o2t M (B By) 1],
s5 = 280Xy G N MNGNX N (o + 203t |Gy MGy (ByBy) 71,
s6 = g7 = —2B, X G MW X v By — 202tr[G MY (B By) Y,
= BXAMP Xy + o3 MY (ByBy) 1,

where My = My(po) and MY = My (o).

Appendix C: Proofs for Section 4

Proof of Lemma 4.1: The results of (a) follows from the following properties of
cumulants: for two independent random variables X and Y and a constant ¢, (i) k1 (X +
c) = k(X)) + ¢, (17) k(X + ¢) = kp(X),r > 2, (ii3) kr(eX) = "R (X), and (iv) k(X +
Y) = kr(X) + k- (Y). See, e.g., Kendall and Stuart (1969, Sec. 3.12). The results of (b)

follows from the definition of the joint cumulants, and some tedious derivations.

Proof of Lemma 4.2: Note that the rth cumulant w.r.t. the EDF Gy of {v;,i =
1,..., N} is just the rth sample cumulant of {v;,7 = 1,..., N}. This immediately gives
K(v*) = % ZZJL v; = 0.

To show #%(v*) = 02 + O,(N~Y/2), note that E(k3(v*)) = lE(V?VVN) = 02. From
Lemma 4.1, we have Var(v?) = kqaq; + 204, Cov(vZ,v?) = kya;;jj = ka Zm LR fR i

PRI
and thus

Var(%kavj\» = N2 Zz IVar( ) N2 Zz 12]7&@00"( i J2>

= %(k4@4+200> Wk‘lZz 12]#12 lfn2u mj

= %(k4@4+200> 2k421 IZ] IZm lfgu mj %k‘la‘l

=y (kaas +208) + k4 Zm 1(Zi:1 fn2u‘><2j:1 fn21]> — 2 kady
= O(N7Y),
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due to the fact that ZZJL fgu is bounded, uniformly in m = 1,2,...,nT. It follows by the
generalized Chebyshev’s inequality that x5(v*) = o2 + O,(N~1/2).

For the general results with 7 > 3, it is easy to verify that E(x%(v*)) = k.a,+O(N~1/2).
By the results of Lemma 4.1 and the fact that S0 | | fm|” is bounded, uniformly in m =
1,2,...,nT, it is straightforward, though tedious, to show that Var(xX(v*)) = O(N~1).
The result thus follows.

Proof of Lemma 4.3: As Vy is defined by replacing 6y in Vy by O, the result
follows directly from the v/N-consistency of .

Proof of Lemma 4.4: The proof is trivial.
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Table la. Empirical Mean|[rmse](sd) of Estimators of A, 2FE-SPD Model with SLD, T'=3,8 = (1,1),0 =1

A

AN

\bc2
>\N

\bc3
>\N

An

\bc2
>\N

\bc3
>\N

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00
-.25
-.50

(a) Queen Contiguity, REG1

Normal Error, n=50

.484[. 120] ( 119)
.234[. 142] ( 141)
—.010[.158] (.158)
—.258[.161] (.161)
—.504[.163](.163)
Normal Mixture
.483[.119] (.117)
.238[.139](.139)
—.013[.155] (.154)
—.257[.158](.158)
—.504[.163](.163)

.502[.120](.120)
.248[.143](.143)
.001[.161](.161)
-.251[.164](.164)
-.503[.166](.166)

, n=50

.500[.118](.118)
253[.141](.141)
-.002[.157](.157)
-.251[.161](.161)
-.503[.166](.166)

Lognormal Error, n=50

.485[.111](.110)
.239[.133](.133
-.010[.146](.146
-.255[.151](.151
-.498[.152](.152

N NN N2

501[.111](.111)
.253[.134](.134)
.001[.149](.149)
-.249[.154](.154)
-.499[.155](.155)

Normal Error, n=100

.493[.079](.078
.243[.095](.095
-.007[.110](.109
-.255[.114](.114
-.503[.117](.117)

o2 L

Normal Mixture,

.490[.078](.078)
.241[.095](.095)
-.006[.106](.106)
-.255[.112](.112)
-.502[.117](.117)

.502[.078](.078)
.251[.095](.095)
.000[.110](.110)
-.250[.115](.115)
-.501[.118](.118)

n=100

1499[.078](.078)
.2491.095](.095)
.001[.107)(.107)
-.250[.113](.113)
-.499[.119](.119)

Lognormal Error, n=100

492[.075](.075)
.242[.091](.091
-.006[.102](.102
-.255[.110](.110
-.503[.112](.112

NN NI

.501[.075](.075)
.250[.091](.091)
.001[.103](.103)
-.250[.111](.111)
-.500[.113](.113)

Normal Error, n=500

1498[.033](.033)
.249[.040](.040)
-.001[.047](.047)
-.252[.050](.050)
-.501[.050](.050)

Normal Mixture,

.498[.033](.033
.249[.040](.040
-.002[.045](.045
(.
(.

NN AN AN

-.251[.048](.048
-.501[.050](.050)

.500[.033](.033)
1251[.041](.041)
.000[.047)(.047)
-.251[.050](.050)
-.501[.050](.050)

n=500

.500[.033](.033)
.250[.040](.040)
-.001[.045](.045)
-.250[.048](.048)
-.500(.050](.050)

Lognormal Error, n=500

1498[.032](.032)
.248[.040](.040
-.003[.046](.046
-.250[.048](.048
-.501[.049](.049

= o

0
0

.500[.032](.032)
.250[.040](.040)
-.001[.046](.046)
-.249[.048](.048)
-.501[.049](.049)

.502[.120](.120)
.250[.143](.143)
.002[.161](.161)
.250[.165](.165)
.502[.167](.167)

501[.118](.118)
.254[.141](.141)
.001[.157](.157)
)
)

.250[.162](.162
-.503[.167](.167

502[.111](.111)
.254[.134](.134)
.002[.149](.149)
-.248[.154](.154)
499[.156](.156)

.502[.078](.078)
.252[.095](.095)
.000[.110](.110)
.250[.115](.115)
501[.118](.118)

.500[.078](.078)
.250[.095](.095)
.002[.107](.107)
.250[.113](.113)
-.499[.119](.119)

.501[.075](.075)
.250[.091](.091)
.001[.103](.103)
-.250[.111](.111)
.500[.113](.113)

.500[.033](.033)
.251[.041](.041)
.000[.047](.047)
.251[.050](.050)
.501[.050](.050)

.500[.033](.033)
.250[.040](.040)
.001[.045)(.045)
)
)

.250[.048](.048
-.500[.050](.050

.500[.032](.032)
.250[.040](.040)
-.001[.046](.046)
-.249[.048](.048)
-.501[.049](.049)

(b) Group Interaction, REG2

469[.095](.089)
.210[.130](.124)
-.049].167](.159)
-.303[.189](.182)
-.565[.214](.204)

.470[.091](.086)
.209[.128](.121)
-.048[.160](.152)
-.301[.188](.181)
-.556[.206](.199)

.470[.090](.085)
212[.122](.116)
-.045[.154] (.147)
-.302[.178](.171)
-.556[.204] (.196)

.482[.067](.065)
.222[.096](.092)
-.031[.123](.119)
-.289[.146](.141)
-.538.162](.158)

.482[.067](.065)
.224[.095](.091)
-.034[.122](.117)
-.286[.144](.140)
-.535[.160](.156)

.482[.065](.062)
.225[.093](.090)
-.029[.116](.113)
-.283[.138](.134)
-.526[.157](.154)

1495[.034](.033)
.242[.050](.049)
-.009[.065](.064)
-.260[.080](.079)
-.514[.096](.095)

1495[.034](.033)
.242[.050](.049)
-.007[.066](.066)
-.261[.081](.081)
-.514[.095](.094)

.496[.034](.034)
.243[.050](.049)
-.009].065](.064)
-.259].080](.080)
-.514[.095](.094)

.4971.088](.088
.250[.123](.123
-.001[.160](.160
-.250[.184](.184
-.509[.208](.208

498].084](.084
.248[.120](.120
-.001[.153](.153
-.248[.182](.182
-.500[.203](.203

.4971.083](.083
249[.115](.115
.000[.147](.147
-.251[.173](.173
-.503[.200](.200

.500[.064] (.064
.248[.092](.092
.000[.120](.120
-.254[.143](.143
-.503[.162](.162

.500[.065](.065
.250[.091])(.091
-.002[.118](.118
-.251[.142](.142
-.500[.159](.159

.500[.062](.062
.250[.090](.090
.001[.113](.113
-.249[.136](.136
-.492[.159](.159

.500[.033](.033
.249[.049](.049
.000[.065](.065
-.249[.079](.079
-.501[.095](.095

.500[.033](.033
.249[.049](.049
.002[.066](.066
-.250[.081](.081
-.501[.094](.094

.501[.034](.034
.250[.049](.049
.000[.064](.064
-.248[.080](.080
-.501[.095](.095

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)
)
)
)
)

1499[.088](.088)
251[.123](.123)
.001[.160](.160)
)
)

248].184](.184
.507[.208](.208

.499[.084](.084)
.249[.120](.120)
.001[.153](.153)
)
)

247[.183](.183
-.498[.203](.203

498[.083](.083)
251[.115](.115)
.002[.147)(.147)
-.250[.173](.173)
.501[.200](.200)

.501[.064](.064)
248[.092](.092)
.001[.120](.120)
)
)

.253[.143](.143
.503[.162](.162

.500[.065](.065)
.250[.091](.091)
.002[.118](.118)
)
)

:250[.142](.142
-.500[.159](.159

.500[.062](.062)
.250[.090](.090)
.002[.113](.113)
-.248[.136](.136)
1495[.159](.159)

.500[.033](.033)
.249[.049](.049)
.000[.065](.065)
)
)

.249[.079](.079
.501[.095](.095

.500[.033](.033)
.249[.049](.049)
.002[.066](.066)
-.250[.081](.081)
-.501[.094](.094)

.501[034](.034)
.250[.049](.049)
.000[.064](.064)

-.248[.080](.080)
-.501[.095](.095)
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Table 1b. Empirical Mean[rmse](sd) of Estimators of A, 2FE-SPD Model with SLD, T'= 3,8 = (.5,.5)",0 = 1

A

AN

\bc2
>\N

\bc3
>\N

An

\bc2
>\N

\bc3
>\N

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00
-.25
-.50

(a) Queen Contiguity, REG1

A477[.133](.132
231[.157](.156
-.015[.176](.175
-.261[.180](.180
-.505[.185](.184)

A78[.133](.132)
.229[.158](.157)
-.017[.174](.173)
-.260[.176](.176)
-.502[.181](.181)

.480[.123](.122)
.229[.148](.147)
-.013[.162](.161)
-.258[.168](.167)
-.504[.173](.172)

(-
(-
(-
(-

.490[.090](.090
.242[.108](.108
-.003[.122](.122
-.256[.130](.129
-.505[.131](.131)

= o =

.491[.088](.088)
.241[.105](.105)
-.010[.120](.120)
-.254[.129](.129)
-.503[.130](.130)

490[.084](.084)
.235[.102](.101
-.005[.116](.116
-.258[.121](.121
-.502[.125](.125

=D

1498[.039](.039
.247[.048](.048
-.001[.055](.055
-.251[.058](.058
-.500[.060] (.060)

z o =

.499[.039](.039)
.247[.048)(.048)
.000[.054](.054)
-.250[.059](.059)
-.501[.059](.059)

.497[.037)(.037)
.248].048](.048
-.002[.053](.053
-.252[.057](.057
-.499[.059](.059

= o =

Normal Mixture,

Normal Mixture,

Normal Mixture,

Normal Error, n=50

.500[.133](.133)
.251[.159](.159)
.000[.180](.180)
-.252[.185](.185)
-.502[.190](.190)
n=50
.501[.133](.133)
.248[.159](.159)
-.002[.177](.177)
-.251[.181](.181)
-.499[.186](.186)

Lognormal Error, n=50

.502[.123](.123)
.249[.150](.149)
.002[.165](.165)
-.248[.172](.172)
-.501[.177](.177)

Normal Error, n=100

.502[.090](.090)
.253[.109](.109)
.006[.123](.123)
-.250[.131](.131)
-.503[.133](.133)
n=100
.502[.088](.088)
.252[.106](.106)
-.002[.121](.121)
-.248[.131](.131)
-.500[.131](.131)

Lognormal Error, n=100

.502[.084](.084)
.246[.102](.102)
.004[.117](.117)
-.252[.123](.123)
-.499[.126](.126)

Normal Error, n=500

.500[.039](.039)
.250[.048](.048)
.001[.055](.055)
-.250[.058](.058)
-.499[.061](.061)
n=500
.501[.039](.039)
.249[.048](.048)
.002[.055](.055)
-.249[.059](.059)
-.500[.060](.060)

Lognormal Error, n=500

.500[.037](.037)
.250[.048](.048)
.000[.053](.053)
-.251[.058](.058)
-.499[.059](.059)

.500[.132](.132)
.252[.158](.158)
.002[.180](.180)
.251[.185](.185)
.501[.190](.190)

.500[.132](.132)
.249[.159](.159)
.000[.177)(.177)
)
)

.250[.181](.181
-.499[.186](.186

.502[.122](.122)
.250[.149](.149)
.003[.165](.165)
-.247[.172](.172)
501[.178](.178)

.502[.089](.089)
.253(.109](.109)
.006[.123](.123)
.249[.131)(.131)
.503[.133](.133)

.502[.088](.088)
.252(.106](.106)
.001[.121](.121)
)
)

.247[.131](.131
-.500[.132](.132

.502[.084](.084)
.246[.102](.102)
.004[.117](.117)
-.252[.123](.123)
.499[.126](.126)

.500[.039](.039)
.250[.048](.048)
.001[.055](.055)
.250[.058](.058)
.499[.061](.061)

.501[.039](.039)
.249[.048](.048)
.002[.055](.055)
)
)

.249[.059](.059
-.500[.060](.060

.500[.037](.037)
.250[.048](.048)
.000[.053](.053)
-.251[.058](.058)
-.499[.059](.059)

(b) Group Interaction, REG2

449[.122](.111)
179[.171](.156)
-.086[.214](.196)
-.348[.247](.227)
-.609[.283](.262)

.449[.120)(.109)
.180[.168](.153)
-.088[.212](.193)
-.346[.247](.227)
-.608[.281](.260)

454[.112](.102)
.184[.157](.143)
-.079[.193](.176)
-.341[.225](.206)
-.598[.258](.239)

469[.087](.081)
.205[.127](.119)
-.058[.166](.155)
-.313[.192](.181)
-.578[.223](.209)

470[.087](.082)
.207[.124](.116)
-.056[.160](.150)
-.314[.195](.184)
-.567[.217](.207)

A470[.084](.079)
.208[.120](.113)
-.050[.151](.143)
-.316[.185](.172)
-.565[.208](.197)

.490[.050](.049)
.234[.073)(.071)
-.021[.097](.094)
-.275[.117](.114)
-.530[.139](.136)

.490[.048](.047)
.233[.074](.072)
-.020[.095](.093)
-.279[.119](.116)
-.529[.137](.134)

491[.047)(.046)
.234[.072](.070)
-.020[.094] (.092)
-.277[.116](.112)
-.530[.139](.136)

498[.105](.105
:248[.150](.150
-.002[.191](.191
-.252[.224](.224
-.504[.261](.261

1498[.103](.103
.248].147](.147
-.003[.188](.188
-.250[.224](.224
-.503[.260](.260

.502[.097](.097
.251[.138](.138
.003[.172](.172
-.247[.203](.203
-.495[.239](.239

.499[.079](.079
248[.117)(.117
-.004[.153](.153
-.249[.179](.179
-.506[.209](.208

.500[.080](.080
.249[.113](.113
-.001[.148](.148
-.251[.182](.182
-.496[.206](.206

.500[.077](.077
.250[.110](.110
.003[.141](.141
-.253[.171](.171
-.495[.197](.197

.501[.048](.048
.250[.071)(.071
.000[.094](.094
-.249[.113](.113
-.500[.135](.135

.501[.047](.047
249[.071](.071
.002[.092](.092
-.253[.115](.115
-.499[.133](.133

.502[.046](.046
251[.069](.069
.001[.091](.091
-.250[.112](.112
-.498[.135](.135

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)
)
)
)
)

.500[.105](.105
.250[.150](.150
.001[.191](.191
-.249[.224](.224
-.502[.262](.262

.500[.103](.103
.250[.147](.147
.000[.188](.188
-.247[.225](.225
-.500[.260](.260

.504[.097](.097
.254[.138](.138
.006[.172](.172
-.244[.203](.203
-.493[.240](.240

.500[.079](.079
248[.117](.117
-.003[.153](.153
-.249[.179](.179
-.506[.209](.209

.500[.079](.079
.250[.113](.113
-.001[.148](.148
-.250[.182](.182
-.495[.206](.206

.500[.077](.077
251[.110](.110
.004[.141)(.141
-.253[.171](.171
-.495[.197](.197

.501[.048](.048
.250[.071)(.071
.000[.094](.094
-.249[.113](.113
-.500[.135](.135

501[.047](.047
249[.071](.071
.002[.092](.092
-.253[.115](.115
-.499].133](.133

.502[.046](.046
251[.069](.069
.001[.091](.091
-.251[.112](.112
-.499].135)(.135

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)
)
)
)
)
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Table 2. Empirical Mean|[rmse](sd) of Estimators of A - 2FE-SPD Model with SED, T' = 3,8 = (1,1),0 =1

A

AN

\bc2
>\N

\bc3
>\N

An

\bc2
>\N

\bc3
>\N

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00

.50
.25
.00
-.25
-.50

(a) Queen Contiguity, REG1

.481[.144](.142)
.233[.171] (.170)
—.018[.190] (.189)
—.271[.202](.201)
—.516[.203](.202)
Normal Mixture
.480[.139](.138)
.233[.166](.165)
—.016[.186] (.185)
—.267[.195](.194)
—.511[.198] (.197)

.483[.135](.133)
.237[.160](.159
-.012[.179](.179
-.264[.186](.186
-.512[.191](.191

_ ===

.490[.096] (.095)
.241[.119] (.119)
—.()11[.132] (.132)
—.259[.141](.140)
—.510[.142](.142)
Normal Mixture
.489[.095] (.094)
.240[.118] (.117)
—.010[.130] (.130)
—.260[.138](.138)
—.510[.138] (.138)

.494[.088](.088)
.240[.110](.110
-.006[.126](.126
-.259[.136](.136
-.508[.135](.135

PN AN AN

.497[.()41](.041)
.249[.()51](.051)
—.003[.058] (.058)
—.252[.062](.061)
—.500[.063] (.063)
Normal Mixture
.498[.040] (.040)
.247[.()51](.051)
—.001[.058](.058)
—.252[.062] (.062)
—.504[.063] (.063)

.498[.040](.040)
.249[.050](.050
-.003[.057](.056
-.251[.060](.060
-.503[.062] (.062

—-_—

0
0

Normal Error, n=50

.500[.143](.143)
252[.171)(.171)
-.001[.190](.190)
-.255(.203](.203)
-.503(.205](.205)

, n=50

.500[.138](.138)
.252[.166](.166)
.002[.186](.186)
-.252[.196](.196)
-.498[.200](.200)

Lognormal Error, n=50

.504[.134](.134)
.256[.161](.160)
.006[.180](.180)
-.248[.188](.188)
-.499[.194](.194)

Normal Error, n=100

.500[.095](.095)
251[.119](.119)
-.001[.132](.132)
-.249[.141](.141)
-.501[.143](.143)

, n=100

.500[.094](.094)
250[.117)(.117)
.001[.130](.130)
-.250[.138](.138)
-.501[.139](.139)

Lognormal Error, n=100

.505[.088](.088)
.251[.110](.110)
.004[.127](.126)
-.250[.136](.136)
-.500[.136](.136)

Normal Error, n=500

1499[.041](.041)
:251[.051](.051)
-.001[.058](.058)
-.250[.062](.062)
-.499[.063](.063)

, n=500

.500[.040](.040)
.250[.051](.051)
.001[.058](.058)
-.250[.062](.062)
-.502[.063](.063)

Lognormal Error, n=500

.500[.040](.040)
.251[.050](.050)
-.001[.056](.056)
-.249[.060] (.060)
-.501[.062](.062)

.500[.142](.142)
.254[.171](.171)
.001[.191](.190)
-.254[.204](.204)
.502[.206](.206)

.500[.137)(.137)
.251[.166](.166)
.003[.186](.186)
.250[.197)(.197)
.498[.201](.201)

.503[.133](.133)
.255[.160](.160)
.005[.180](.180)
.249[.188](.188)
-.499[.194](.194)

.500[.095](.095)
251[.118](.118)
.000[.132](.132)
-.249[.141](.141)
.501[.143](.143)

.500[.094](.094)
250[.117)(.117)
.001[.130](.130)
.249[.138](.138)
.501[.139](.139)

.505[.088](.088)
:251[.110](.110)
.003[.127](.126)
.249[.136](.136)
-.500[.136](.136)

.499[.041](.041)
.251[.051])(.051)
.001[.058](.058)
)
)

-.250[.062](.062
.499[.063](.063

.500[.040](.040)
.250[.051](.051)
.001[.058](.058)
.250[.062](.062)
.502[.063](.063)

.500[.040](.040)
.251[.050](.050)
-.001[.056](.056)
-.249[.060](.060)
-.501[.062](.062)

(b) Group Interaction, REG2

A457[.139](.132)
177[.202](.188)
-.115[.266](.240)
-.382(.299](.268)
-.637[.321](.290)

.458[.137](.130)
.168[.210](.194)
-.108[.258](.234)
-.381[.293](.262)
-.636[.313](.282)

.454[.136](.128)
.174[.196](.181)
-.105[.242](.218)
-.368[.273] (.247)
-.632[.305](.275)

A467[.107](.102)
.196[.152](.142)
-.074[.192)(.177)
-.333[.215](.199)
-.574[.220](.207)

465[.104](.098)
.196[.149](.139)
-.073[.189](.174)
-.327[.211](.196)
-.569].220](.209)

465[.107](.101)
.198[.145](.135)
-.064[.174](.162)
-.320[.200](.188)
-.561[.214](.205)

A487[.060](.059)
.226[.090](.087)
-.033[.121](.116)
-.292[.148](.142)
-.549[.170](.162)

.485[.060](.058)
.226[.091](.088)
-.035[.120](.114)
-.291[.146](.140)
-.551[.173](.165)

.485[.062](.060)
.227[.088](.085)
-.030[.112](.108)
-.290[.141](.135)
-.545[.168](.162)

.503[.116](.116
258[.167](.167
-.004[.221](.221
-.250(.256] (256
-.496[.287](.287

.504[.114](.114
251[.172](.172
.004[.214](.214
-.248[.251](.251
-.493[.280](.280

.502[.112](.112
.257(.160](.160
.009[.199](.199
-.233[.235](.235
-.489[.272](.272

.501[.093](.093
:252[.132](.132
-.002[.171](.171
-.255[.199](.199
-.500[.215](.215

.500[.090](.090
:253[.130](.130
.000[.168](.168
-.249[.197](.197
-.495[.219](.219

.501[.092](.092
.256[.126](.126
.010[.156](.156
-.239[.189](.188
-.485[.215](.215

.500[.057](.057
.249[.083](.083
.000[.112](.112
-.249[.137](.137
-.499[.158](.158

.499[.056](.056
.250[.084](.084
-.001[.110](.110
-.249[.136](.136
-.500[.161](.161

.500[.058](.058
.252[.081](.081
.006[.104](.104
-.245[.131](.130
-.492[.158](.157

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)
)
)
)
)

.503[.115](.115
.260[.167](.166
-.001[.220](.220
-.249[.256](.256
-.497[.288](.288

.504[.113](.113
:250[.171](.171
.003[.214](.214
-.249[.251](.251
-.495[.281](.281

502[.111](.111
.256[.160](.160
.002[.199](.199
-.239].236](.235
-.489[.274](.273

.501[.093](.093
251[.132](.132
-.002[.171](.171
-.255[.199](.199
-.500[.215](.215

.500[.090](.090
:253[.130](.130
.000[.168](.168
-.249[.197](.197
-.495[.219](.219

.500[.092](.092
.256[.126](.125
.010[.156](.156
-.239[.189](.189
-.486[.215](.215

.500[.057](.057
.249[.083](.083
.000[.112](.112
-.249[.137](.137
-.499[.158](.158

.499[.056](.056
.249].084](.084
-.002[.110](.110
-.249[.136](.136
-.500[.161](.161

.499[.058](.058
.252[.081](.081
.005[.104](.104
-.246[.130](.130
-.493[.158](.157

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)
)
)
)
)
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qe

Table 3a. Empirical Mean[rmse](sd) of Estimators of A and p, 2FE-SPD Model with SARAR, T'= 3,8 = (1,1)’,0 = 1, Queen Contiguity, REG-1

Xop A AR | N o> | Av AR | N o>
(a) Normal Error, m = 50 (b) Lognormal Error, n =50
50 .50 | .484[.116](.115)  .500[.116](.116) | .483[.143](.142)  .500[.143)(.143) || .486[.105](.104)  .502[.105](.105) | .484[.131](.130) .502[.131](.131)
25 | .484[.119](.117)  .501[.118](.118) | .226[.176](.174)  .242[.175](.175) || .485[.114](.113)  .501[.113](.113) | .233[.162](.161)  .250[.161](.161)
.00 | .483[.118](.116)  .500[.117)(.117) | -.019[.192](.191) -.002[.192](.192) || .486[.110](.109)  .503[.110](.110) | -.015[.177](.176)  .002[.177)(.177)
25 | .482[124](.122)  .500[.123](.123) | -.267[.202)(.202) -.251[.203](.203) || .487[.112](.111)  .503[.112](.112) | -.265[.193](.193)  -.249[.193](.193)
S50 | .484[.125)(.123)  .500[.124](.124) | -.513[.208](.208)  -.498[.209](.209) || .489[.111](.110)  .505[.111](.111) | -.514[.195](.194)  -.499[.196](.196)
250 .50 | -.502[.158](.158) -.500[.161)(.161) | .486[.144](.143)  .504[.144](.144) || -.502[.145](.145) -.500[.148](.148) | .486[.132](.131)  .504[.132)(.131)
25 | -.506[.165](.165) -.504[.168](.168) | .232[.174)(.173)  .249[.174](.174) || -.505[.152)(.151) -.503[.155](.154) | .233[.161](.160)  .250[.160](.160)
.00 | -.501[.163](.163) -.499[.167](.167) | -.006[.187](.187)  .010[.187)(.187) || -.499[.159](.159) -.497[.162](.162) | -.018[.180](.179) -.001[.180](.180)
25 | -.500[.164](.164) -.498[.168](.168) | -.262[.209](.209) -.246[.210](.210) || -.501[.152](.152) -.499[.155](.155) | -.263[.197)(.197)  -.246[.197](.197)
50 | -.506[.160](.169) -.505[.172](.172) | -.518[.207](.206) -.503[.208](.208) || -.498[.157](.157) -.497[.160](.160) | -.513[.194](.104)  -.498[.195](.195)
(c) Normal Error, n = 100 (d) Lognormal Error, n = 100
50 .50 | .494[.078](.077)  .502[.078](.078) | .490[.096](.096)  .499[.096](.096) || .490[.078](.078)  .499[.078](.078) | .493[.090](.090)  .502[.090](.090)
25 | .490[.080](.080)  .499[.080](.080) | .244[.117)(.116)  .253[.117](.117) || .491[.081](.080)  .500[.080](.080) | .243[.111](.111)  .252[.111](.111)
.00 | .493[.083](.083)  .502[.083)(.083) | -.011[.132](.131) -.002[.131](.131) || .494[.079](.079)  .503[.079](.079) | -.009[.126](.126)  .001[.126](.126)
25 | .491[.084](.083)  .500[.083](.083) | -.258[.142)(.142) -.249[.142)(.142) || .490[.077](.077)  .499[.077)(.077) | -.264[.138](.137) -.254[.138](.137)
50 | .490[.079](.078)  .499[.078](.078) | -.500[.142](.141) -.499[.142)(.142) || .493[.077](.077)  .501[.077](.077) | -.509[.137](.137)  -.499[.137](.137)
250 .50 | -.494[118](.118) -.493[.119](.119) | .492[.094](.094)  .501[.094](.094) || -.503[.106](.106) -.503[.107](.107) | .491[.089)(.088)  .500[.088](.088)
25 | -501[.119](.119)  -.500[.121](.121) | .242[.117)(.117)  .251[.117](.117) || -.502[.112)(.112) -.501[.113](.113) | .240[.111](.111)  .249[.111](.111)
00 | -.496[.115](.115) -.495[.117)(.117) | -.008[.133](.133)  .001[.133](.133) || -.498[.114](.114) -.498[.115](.115) | -.007[.129](.129)  .003[.128](.128)
25 | -.505[.118](.118)  -.504[.120](.120) | -.258[.143](.143) -.248[.143)(.143) || -.497[.112](.112) -.496[.113](.113) | -.257[.136](.136) -.248[.136](.136)
50 | -.501[.118](.118)  -.500[.120](.120) | -.504[.148](.148)  -.495[.149](.149) || -.505[.109](.109) -.504[.110](.110) | -.507[.137)(.137) -.498[.138](.137)
(e) Normal Error, n = 500 (f) Lognormal Error, n = 500
50 .50 | .497[.033](.033)  .499[.033](.033) | .499[.041](.041)  .501[.041](.041) || .499[.030](.030)  .501].030](.030) | .497[.040](.040)  .499].040](.040)
25 | .497[.033](.033)  .499[.033)(.033) | .247[.052](.052)  .249[.052](.052) || .499[.032](.032)  .501[.032](.032) | .249[.050](.050)  .250[.050](.050)
.00 | .499[.033](.033)  .501[.033](.033) | .001[.057)(.057)  .003[.058](.057) || .498[.033](.033)  .500[.033](.033) | -.001[.057](.057)  .001[.057](.057)
25 | .498[.033](.032)  .499[.033](.033) | -.254[.062](.062) -.252[.062](.062) || .498[.033](.033)  .500[.033](.033) | -.250[.061](.061) -.248[.061](.061)
50 | .498[.032](.032)  .500[.032](.032) | -.503[.062](.062) -.501[.062](.062) || .497[.032](.032)  .499[.032](.032) | -.501[.062](.062) -.499[.062](.062)
~50 .50 | -.502[.049](.049) -.501[.049](.049) | .498[.041](.041)  .500[.041](.041) || -.499[.049](.049) -.499[.049](.049) | .498[.040](.040)  .500[.040](.040)
25 | -.503[.051](.051) -.502[.051](.051) | .249[.051](.051)  .250[.051](.051) || -.500[.051](.051) -.499[.051](.051) | .248[.050](.050)  .250[.050](.050)
.00 | -.501[.050](.050)  -.501[.050](.050) | -.001[.060](.060)  .001[.060](.060) || -.501[.051](.051) -.500[.052](.052) | -.002[.058](.058)  .000[.058](.058)
-25 | -.502[.051](.050) -.502[.051](.051) | -.253[.061](.061) -.251[.061)(.061) || -.499[.051](.051) -.498[.051](.051) | -.252[.062](.062)  -.250[.062](.062)
50 | -.500[.049](.049) -.499[.049](.049) | -.501[.063](.063) -.499[.064](.064) || -.500[.048](.048) -.500[.049](.049) | -.503[.062](.062) -.502[.062](.062)




Table 3b. Empirical Mean[rmse](sd) of Estimators of A and p, 2FE-SPD Model with SARAR, T'=3,3 = (1,1)’,0 = 1, Group Interaction, REG-2

9¢

Xop A AR | N o> | Av AR | N o>
(a) Normal Error, m = 50 (b) Lognormal Error, n =50
50 .50 | .484[.005](.094)  .499[.092](.092) | .453[.156](.149)  .500[.129](.129) || .484[.089](.088)  .500[.087](.087) | .456[.146](.140)  .505[.121](.121)
25 | .480[.103](.101)  .497[.099](.099) | .162[.238](.221)  .248[.194](.194) || .484[.096](.095)  .501[.093](.093) | .161[.237](.220)  .251[.193](.193)
00 | .481[.104](.102)  .498[.100](.100) | -.120[.208](.272)  .001[.243](.243) || .486[.097)(.096)  .501[.093](.093) | -.120[.301](.276)  .005[.247](.247)
25 | .481[.104](.102)  .496[.100](.100) | -.408[.362](.326) -.257[.299](.299) || .488[.097](.096)  .502[.094](.094) | -.407[.365](.330) -.252[.306](.306)
~50 | .484[.099](.098)  .498[.096](.096) | -.685[.400](.354) -.512[.335](.334) || .491[.095](.095)  .504[.093](.093) | -.682[.413](.370) -.506[.354](.354)
S50 .50 | -.527[.218](.216)  -.499[.218](.218) | .453[.158](.150)  .501[.130](.130) || -.522[.214](.213) -.494[.215](.215) | .458[.147](.141)  .507[.123](.122)
25 | -.534[.237](.235) -.505[.237)(.236) | .164[.235](.219)  .251[.191](.191) || -.524[.226](.225) -.495[.227)(.227) | .171[.220](.205)  .259[.179](.179)
.00 | -.532[.239](.237)  -.504[.239](.239) | -.117[.301)(.277)  .004[.249](.249) || -.528[.239](.237) -.501[.239](.239) | -.114[.203](.270)  .010[.242](.242)
25 | -.530[.237](.235)  -.504[.237](.237) | -.407[.357)(.320) -.257[.295](.295) || -.519[.240](.240) -.494[.241](.241) | -.396[.349](.317)  -.243[.293](.293)
50 | -.524[.233](.232) -.500[.233](.233) | -.689[.403](.355) -.518[.337](.336) || -.528[.251](.250) -.505[.252](.252) | -.661[.399](.364) -.489[.345](.345)
(c) Normal Error, n = 250 (d) Lognormal Error, n = 250
50 .50 | .497[.044](.044)  .501[.044](.044) | .477[.082](.079)  .500[.074](.074) || .497[.043](.043)  .500[.042](.042) | .477[.081](.078)  .500[.073](.073)
25 | .497[.043](.043)  .500[.043](.043) | .209[.124](.117)  .250[.110](.110) || .497[.042](.042)  .500[.042](.042) | .209[.119](.112)  .250[.105](.105)
00 | .497[.041](.040)  .499[.040](.040) | -.056[.161](.151)  .001[.142](.142) || .498[.040](.040)  .500[.039](.039) | -.056[.158](.148)  .002[.138](.138)
25 | .498[.038](.038)  .500[.038](.038) | -.327[.204](.189) -.253[.178](.178) || .498[.038](.038)  .500[.038](.038) | -.322[.194](.180)  -.247[.169](.169)
~50 | .499[.035](.035)  .500[.035](.035) | -.590[.232](.214) -.501[.203](.203) || .500[.035](.035)  .501[.035](.035) | -.588[.229](:211)  -.497[.200](.200)
S50 .50 | -.508[.123](.122) -.498[.122)(.122) | .476[.082](.078)  .499[.073](.073) || -.509[.122](.121) -.498[.121](.121) | .476[.081](.078)  .500[.073](.073)
25 | -510[.118](.118)  -.502[.118](.118) | .213[.121)(.115)  .253[.108](.108) || -.504[.118](.118) -.496[.118](.118) | .210[.120](.113)  .251[.106](.106)
.00 | -.507[.116](.116)  -.500[.116](.116) | -.063[.167)(.155) -.005[.146](.146) || -.509[.113](.113) -.502[.113](.113) | -.058[.161](.150)  .000[.140](.140)
25 | -.502[.105)(.105)  -.497[.105](.105) | -.326[.201](.186) -.252[.175](.175) || -.507[.105](.105) -.502[.105](.105) | -.320[.192](.179)  -.245[.169](.169)
50 | -.506[.099](.099)  -.502[.099](.099) | -.592[.235](.216) -.503[.204](.204) || -.503[.100](.100)  -.499[.100](.100) | -.589[.234](.217)  -.498[.205](.205)
(e) Normal Error, n = 500 (f) Lognormal Error, n = 500
50 .50 | .498[.030](.030)  .500[.030](.030) | .484[.065](.063)  .500[.060](.060) || .498[.030](.030)  .500[.030](.030) | .484[.065](.063)  .501[.060](.060)
25 | .499[.029](.029)  .500[.029)(.029) | .220[.098](.093)  .248[.089](.089) || .498[.029](.029)  .500[.029](.029) | .223[.096](.092)  .252[.087](.087)
.00 | .500[.027](.027)  .501[.027)(.027) | -.040[.128](.122)  .001[.116](.116) || .500[.027)(.027)  .501[.027)(.027) | -.044[.128](.120) -.001[.114](.114)
25 | .500[.025](.025)  .501[.025](.025) | -.303[.160](.151) -.249[.144](.144) || .500[.025](.025)  .501[.025](.025) | -.305[.158](.148) -.249[.141](.141)
50 | .499[.023](.023)  .500[.023](.023) | -.562[.187)(.176) -.496[.168](.168) || .499[.022](.022)  .500[.022](.022) | -.565[.192](.180)  -.497[.172](.172)
-50 .50 | -.505[.087](.087) -.500[.087)(.087) | .485[.065](.063)  .500[.060](.060) || -.505[.085](.085) -.499[.085](.085) | .484[.064](.062)  .501[.059](.059)
25 | -.507[.082](.082) -.503[.082](.082) | .220[.098](.094)  .248[.089](.089) || -.504[.081](.081) -.500[.081](.081) | .223[.096](.092)  .252[.088](.088)
.00 | -.503[.075](.075)  -.500[.075](.075) | -.041[.131](.124)  .000[.118](.118) || -.502[.075](.075) -.499[.075](.075) | -.044[.127](.119) -.001[.113](.113)
25 | -.504[.070](.070)  -.502[.070](.070) | -.303[.161](.152) -.249[.145)(.145) || -.501[.071](.071) -.499[.071](.071) | -.303[.159](.150) -.248[.143](.143)
50 | -.501[.065](.065) -.499[.065](.065) | -.569[.192](.179) -.503[.171](.171) || -.502[.065](.065) -.500[.065](.065) | -.562[.187](.176) -.494[.168](.168)




Table 4. Empirical Means of the Non-Spatial Estimators, 2FE-SPD Model with SLD
Group Interaction, REG2, T =3

X| BN Bon 5% 3¢ 2 6% | Bin Bon 5% 3¢ S
@ B=(1,1),0=1 ®) B=(55),0=1
Normal Error, n=50
.50 1.041 1.035 0.984 0.996 0.998 0.992 | 0.533 0.530 0.985 0.496 0.499 0.991
.25 1.039 1.030 0.982 0.997 0.995 0.992 | 0.532 0.524 0.981 0.498 0.496 0.991
.00 1.035 1.023 0.980 0.997 0.992 0.992 | 0.529 0.519 0.978 0.498 0.494 0.991
-.25 | 1.032 1.023 0.978 0.997 0.995 0.992 | 0.524 0.519 0.975 0.496 0.496 0.992
-.50 | 1.030 1.019 0.974 0.999 0.994 0.989 | 0.527 0.514 0.970 0.501 0.494 0.990
Normal Mixture, n=50
.50 1.040 1.031 0.975 0.996 0.994 0.982 | 0.532 0.520 0.981 0.495 0.490 0.988
.25 1.041 1.030 0.973 1.000 0.996 0.982 | 0.531 0.523 0.973 0.497 0.495 0.983
.00 1.038 1.030 0.973 1.001 0.998 0.984 | 0.526 0.518 0.973 0.495 0.493 0.986
-.25 | 1.035 1.025 0.966 1.001 0.997 0.980 | 0.524 0.515 0.963 0.496 0.492 0.979
-.50 | 1.028 1.023 0.969 0.997 0.997 0.985 | 0.521 0.520 0.962 0.496 0.500 0.981
Lognormal Error, n=50
.50 1.036 1.031 0.944 0.994 0.995 0.951 | 0.529 0.523 0.946 0.493 0.493 0.952
.25 1.036 1.032 0.947 0.996 0.999 0.957 | 0.529 0.521 0.946 0.496 0.494 0.956
.00 1.028 1.020 0.936 0.992 0.990 0.947 | 0.525 0.519 0.944 0.495 0.494 0.957
-.25 | 1.029 1.019 0.942 0.996 0.992 0.955 | 0.522 0.517 0.943 0.494 0.494 0.959
-.50 | 1.026 1.017 0.940 0.996 0.993 0.956 | 0.518 0.514 0.926 0.494 0.494 0.945
Normal Error, n=100
.50 1.028 1.023 0.993 1.000 0.999 0.996 | 0.526 0.521 0.993 0.501 0.499 0.996
.25 1.027 1.019 0.991 1.000 0.996 0.995 | 0.524 0.517 0.990 0.500 0.496 0.995
.00 1.023 1.020 0.990 0.998 0.999 0.996 | 0.524 0.516 0.991 0.501 0.496 0.997
-.25 | 1.020 1.020 0.989 0.996 1.000 0.995 | 0.521 0.514 0.988 0.499 0.496 0.995
-.50 | 1.024 1.018 0.988 1.002 0.999 0.995 | 0.520 0.514 0.986 0.500 0.497 0.994
Normal Mixture, n=100
.50 1.026 1.022 0.990 0.998 0.998 0.993 | 0.523 0.518 0.988 0.497 0.497 0.991
.25 1.024 1.019 0.987 0.998 0.996 0.992 | 0.525 0.519 0.986 0.501 0.498 0.990
.00 1.022 1.018 0.985 0.997 0.996 0.990 | 0.522 0.515 0.985 0.499 0.496 0.991
-.25 | 1.023 1.018 0.987 1.000 0.998 0.994 | 0.523 0.517 0.983 0.501 0.499 0.991
-.50 | 1.022 1.019 0.982 1.000 1.001 0.989 | 0.518 0.515 0.983 0.498 0.498 0.992
Lognormal Error, n=100
.50 1.024 1.021 0.973 0.997 0.998 0.977 | 0.524 0.518 0.969 0.499 0.497 0.972
.25 1.025 1.023 0.964 1.000 1.002 0.968 | 0.522 0.516 0.966 0.498 0.496 0.971
.00 1.023 1.015 0.963 0.999 0.995 0.969 | 0.520 0.514 0.962 0.497 0.495 0.968
-.25 | 1.022 1.016 0.970 0.999 0.997 0.977 | 0.520 0.516 0.964 0.499 0.498 0.972
-.50 | 1.021 1.012 0.960 1.000 0.995 0.966 | 0.516 0.514 0.958 0.497 0.498 0.967
Normal Error, n=250
.50 1.011 1.010 0.997 0.999 0.998 0.999 | 0.512 0.512 0.997 0.499 0.499 0.998
.25 1.010 1.009 0.996 0.998 0.997 0.998 | 0.512 0.512 0.996 0.500 0.500 0.998
.00 1.009 1.009 0.996 0.998 0.997 0.998 | 0.509 0.509 0.996 0.497 0.497 0.998
-.25 | 1.009 1.010 0.996 0.997 0.998 0.999 | 0.508 0.511 0.995 0.497 0.500 0.998
-.50 | 1.009 1.010 0.995 0.998 0.999 0.998 | 0.511 0.510 0.994 0.500 0.499 0.997
Normal Mixture, n=250
.50 1.014 1.013 0.997 1.002 1.000 0.998 | 0.513 0.509 0.996 0.500 0.497 0.997
.25 1.012 1.010 0.993 1.000 0.998 0.995 | 0.512 0.511 0.995 0.500 0.498 0.996
.00 1.010 1.011 0.995 0.998 0.999 0.997 | 0.510 0.512 0.993 0.498 0.500 0.996
-.25 | 1.012 1.011 0.996 1.001 1.000 0.998 | 0.510 0.510 0.997 0.498 0.498 1.000
-.50 | 1.009 1.008 0.994 0.998 0.997 0.996 | 0.510 0.509 0.993 0.499 0.498 0.996
Lognormal Error, n=250
.50 1.011 1.010 0.986 0.999 0.998 0.987 | 0.511 0.511 0.982 0.498 0.498 0.983
.25 1.012 1.013 0.985 1.000 1.001 0.987 | 0.513 0.513 0.986 0.501 0.501 0.988
.00 1.010 1.009 0.983 0.998 0.998 0.985 | 0.511 0.511 0.984 0.499 0.499 0.987
-.25 | 1.010 1.009 0.982 0.999 0.997 0.985 | 0.512 0.510 0.984 0.500 0.498 0.987
-.50 | 1.007 1.007 0.985 0.996 0.997 0.987 | 0.509 0.508 0.983 0.498 0.497 0.986
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Table 5a. Empirical Sizes: Two-Sided Tests of Spatial Dependence in SARAR Model
Group Interaction, REG2, T'=3,8=(1,1),0 =1

n_ Test | 10% 5% 1% | 10% 5% 1% ] 10% 5% 1%
Normal Errors Normal Mixture Lognormal Errors
EO A= P = 0
50 Wi | 1974 1288  .0546 | .1918 .1232 .0450 | .1616 .1062 .0456
Wao | 1896 .1196 .0516 | .1846 .1222 .0470 | .1584 .1008 .0408
Wss | .1520 .0906 .0388 | .1428 .0874 .0302 | .1318 .0778 .0300
100 Wyq | 1732 .1048 .0348 | .1652 .0964 .0384 | .1416 .0860 .0286
Wao | 1754 1116 .0366 | .1684 .1070 .0388 | .1416 .0858 .0284
Wss | 1290 .0764 .0224 | .1228 .0734 .0266 | .1192 .0676 .0208
250  Wip | .1406 .0808 .0208 | .1364 .0736 .0198 | .1104 .0620 .0162
Wao | 1390 .0788 .0234 | .1350 .0758 .0206 | .1170 .0712 .0196
Wss | .1148 .0618 .0174 | .1102 .0576 .0154 | .1026 .0564 .0170
500 Wip | .1334 .0740 .0176 | .1168 .0682 .0142 | .1128 .0630 .0136
Wao | 1358 .0752 .0178 | .1270 .0674 .0176 | .1338 .0730 .0196
Wss | .1088 .0548 .0128 | .1000 .0528 .0118 | .1096 .0552 .0118
Hp: A =0, (truep=0)
50 Wi | 1660 .1024 .0392 | .1436 .0920 .0320 | .1450 .0920 .0360
Wao | 1622 1044 .0382 | .1578 .0968 .0378 | .1590 .0970 .0410
Wss | 1354 .0842 .0294 | .1260 .0758 .0246 | .1284 .0798 .0286
100 Wy1 | 1362 .0798 .0256 | .1352 .0812 .0268 | .1302 .0734 .0230
Waa | 1532 .0908 .0282 | .1494 .0906 .0294 | .1332 .0758 .0230
Wss | 1174 .0668 .0212 | .1162 .0686 .0202 | .1186 .0670 .0178
250  Wip | 1232 .0732 .0174 | .1228 .0690 .0158 | .1134 .0576 .0154
Waa | 1266 .0726 .0170 | .1238 .0682 .0160 | .1174 .0616 .0154
Wss | 1126 .0630 .0132 | .1100 .0594 .0118 | .1052 .0542 .0126
500 Wi; | .1108 .0578 .0142 | .1094 .0556 .0116 | .1116 .0616 .0138
Wao | 1198 .0588 .0148 | .1120 .0576 .0128 | .1198 .0662 .0160
Wss | .1050 .0530 .0122 | .1030 .0524 .0098 | .1070 .0572 .0130
Ho:p=0 (true A=0)

50 Wi | 1730 .1054 .0392 | .1714 .1070 .0382 | .1498 .0902 .0328
Wao | 1366 .0850 .0326 | .1418 .0822 .0312 | .1202 .0692 .0192
Wss | 1268 .0794 .0280 | .1214 .0710 .0262 | .1056 .0598 .0170
100 Wy1 | 1604 .0980 .0268 | .1478 .0856 .0250 | .1292 .0710 .0198
Wao | 1302 .0758 .0252 | .1274 .0732 .0260 | .1142 .0672 .0220
Wss | .1124 .0630 .0198 | .1056 .0612 .0196 | .0952 .0568 .0164
250  Wip | 1358 .0742 .0192 | .1304 .0724 .0192 | .1030 .0506 .0122
Wao | 1216 .0694 .0166 | .1226 .0670 .0176 | .1036 .0552 .0168
Wss | .1074 .0570 .0132 | .1054 .0556 .0126 | .0880 .0456 .0132
500 Wip | .1306 .0704 .0158 | .1126 .0600 .0140 | .0976 .0514 .0124
Wao | 1208 .0682 .0170 | .1110 .0590 .0150 | .1154 .0616 .0146
Wss | .1030 .0528 .0114 | .0928 .0466 .0106 | .0966 .0478 .0116

Note: W;; are defined in (3.12) for joint tests and (3.13) for one-directional tests.
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Table 5b. Empirical Sizes: Two-Sided Tests of Hp : A = 0 in SLD Model
Group Interaction, REG2, T =3,3=(1,1),0 =1. 7,; are defined in (3.14)

n_ Test | 10% 5% 1% | 10% 5% 1% | 10% 5% 1%

Normal Errors Normal Mixture Lognormal Errors

50 Ty1 | 1422 0850 .0232 | .1254 .0676 .0190 | .1068 .0552 .0140
Too | 1348 .0808 .0212 | .1154 .0586 .0162 | .1042 .0586 .0134
T33 | .1120 .0616 .0146 | .0992 .0472 .0126 | .0918 .0484 .0102

100 Ty | 1224 0622 .0174 | .1186 .0660 .0136 | .1070 .0590 .0116
Tao | .1142 .0604 .0128 | .1214 .0654 .0158 | .1108 .0600 .0130
733 | .1004 .0478 .0102 | .1046 .0518 .0118 | .0958 .0502 .0084

250 Ti1 | 1148  .0584 .0176 | .1042 .0540 .0112 | .1006 .0512 .0142
Tzp | 1130 .0622 .0172 | .1128 .0604 .0128 | .1140 .0572 .0150
733 | .1006 .0526 .0130 | .0946 .0506 .0086 | .0996 .0466 .0124

500 Ty1 | 1126 .0560 .0106 | .1082 .0528 .0122 | .0970 .0472 .0082
Tao | 1154 .0646 .0140 | .1066 .0564 .0118 | .1064 .0554 .0106
733 | .1010 .0554 .0110 | .0972 .0484 .0104 | .0960 .0474 .0080

Table 5c. Empirical Sizes: Two-Sided Tests of Hg : p = 0 in SED Model
Group Interaction, REG2, T =3,3=(1,1),0 =1. 7,; are defined in (3.14)

n Test | 10% 5% 1% | 10% 5% 1% | 10% 5% 1%

Normal Errors Normal Mixture Lognormal Errors

50 T11 1572 .0920 .0282 | .1492 .0846 .0236 | .1282 .0666 .0164
Tao | 1386 .0758 .0234 | .1242 .0734 .0220 | .1030 .0572 .0152
733 | .1146 .0620 .0172 | .1152 .0640 .0176 | .0928 .0518 .0142

100 Ti1 | 1420 .0798  .0224 | .1324 .0738 .0142 | .1170 .0598 .0126
Tao | 1274 0736 .0202 | .1248 .0700 .0160 | .1010 .0550 .0140
733 | .1116 .0594 .0154 | .1054 .0540 .0112 | .0840 .0444 .0116

250 Ti1 | 1224 .0630 .0140 | .1128 .0568 .0114 | .1028 .0544 .0124
Tzp | 1190 .0656 .0172 | .1096 .0560 .0142 | .1056 .0566 .0166
733 | .1006 .0518 .0124 | .0882 .0450 .0114 | .0880 .0466 .0114

500 Ty1 | 1124 0578  .0120 | .1126 .0526 .0098 | .1004 .0518 .0116
Tap | 1136 .0624 .0142 | .1202 .0604 .0148 | .1164 .0610 .0178
733 | .0952 .0492 .0098 | .1004 .0482 .0108 | .0982 .0476 .0126

Table 6. Empirical Sizes: Two-Sided Tests of Hp : 1 = B2 in SARAR Model
Group Interaction, REG2, T'=3,0=1,A=p=0

n Test | 10% 5% 1% | 10% 5% 1% | 10% 5% 1%

Normal Errors Normal Mixture Lognormal Errors
50 Ty1 | 1608 1020 .0386 | .1630 .1046 .0386 | .1604 .0978 .0344
Tyz | 1154 .0650 .0214 | .1190 .0678 .0206 | .1138 .0614 .0204
100 Ty1 | 1334 0744 .0228 | .1344 .0794 .0218 | .1334 .0782 .0218
Tyo | 1012 .0546 .0138 | .1042 .0536 .0126 | .1032 .0534 .0120
250 Ty1 | 1240 0642 .0166 | .1210 .0680 .0204 | .1196 .0670 .0184
T2 | 1066 .0524 .0120 | .1060 .0564 .0152 | .1018 .0580 .0114
500 Ty1 | 1092 .0548 .0116 | .1100 .0564 .0140 | .1154 .0616 .0200
Taz | 0958  .0472 .0092 | .0978 .0472 .0100 | .1022 .0536 .0146

50 Ti1 | 1624 1004 .0376 | .1624 .1024 .0390 | .1610 .0992 .0376
Tao | 1136 .0654 .0196 | .1204 .0666 .0208 | .1136 .0640 .0216

100 Ti1 | 1282 .0742  .0196 | .1394 .0810 .0208 | .1420 .0808 .0250
Tao | .0968 .0496 .0114 | .1068 .0540 .0090 | .1060 .0564 .0118

250 Ti1 | 1254 .0688  .0190 | .1224 .0642 .0140 | .1146 .0622 .0180
Tzo | 1050 .0568 .0142 | .1024 .0480 .0094 | .0990 .0526 .0132

500 Ti1 | 1240 .0626 .0152 | .1130 .0594 .0130 | .1220 .0650 .0160
Tao | 1102 .0502 .0124 | .0978 .0482 .0096 | .1084 .0552 .0122

Note: 8= (1,1)’ for upper panel, and (.5,.5)" for lower panel. 7;; are defined in (3.15).
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