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Abstract

Limit theory is developed for continuous co-moving systems with mildly explosive re-
gressors. The theory uses double asymptotics with infill (as the sampling interval tends
to zero) and large time span asymptotics. The limit theory explicitly involves initial
conditions, allows for drift in the system, is provided for single and multiple explosive
regressors, and is feasible to implement in practice. Simulations show that double as-
ymptotics deliver a good approximation to the finite sample distribution, with both finite
sample and asymptotic distributions showing sensitivity to initial conditions. The meth-
ods are implemented in the US real estate market for an empirical application, illustrating

the usefulness of double asymptotics in practical work.

Keywords: Cointegrated system; Explosive Process; Moderate Deviations from Unity;
Double Asymptotics; Real Estate Market.

JEL classification: C12, C13, C58

1 Introduction

The recent global financial crisis has motivated econometricians to study potentially explo-

sive behavior in financial time series and develop technologies for the detection of bubbles in
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financial markets. For example, Phillips, Wu and Yu (2011) and Phillips, Shi and Yu (2015a,
b) use mildly explosive representations to capture market exuberance in financial time series
and recursive regressions to provide dating algorithms. Both these studies use machinery
that draws on work of Phillips and Magdalinos (2007) on mildly explosive processes and the
limit theory associated with these processes, which have a growing number of applications
in economics and finance. Other recent research has focussed on mechanisms for generating
financial bubbles rather than reduced form methods. Among his many wide-ranging contri-
butions to econometrics and finance, Christian Gourieroux has recently explored new ways
of generating explosive bubbles via non-causal forward-looking processes (Gourieroux and
Zakoian, 2013).

Long run equilibrium relationships among nonstationary variables are often modeled in
terms of cointegrated systems. In a typical cointegrated system variables are assumed to be
integrated I (1) processes and the model is formulated in discrete time. However, financial
applications often use continuous time representations, given the presence of high frequency
observations, making these representations popular in empirical work. Phillips (1991) showed
how to formulate a cointegrated system in continuous time and proposed an inferential pro-
cedure for such systems based on frequency domain techniques. That work maintained the
usual I(1) process assumption, thereby excluding episodes of exuberance in the data.

Extending the framework of co-movement in data to mildly explosive variables, Magdalinos
and Phillips (2009, MP hereafter) developed a generalized cointegrated system with multiple
variables that may be mildly explosive, leading to mixed normal limit theory and mildly
explosive rates of convergence, just as in the univariate autoregression studied in Phillips and
Magdalinos (2007). Like autoregressive roots that are local to unity, mildly explosive roots
depend on the sample size but deliver parameterizations that lie in a wider vicinity of unity.
The limit theory in such systems is independent of the initial condition when, as is often the
case, the initialization is assumed to be asymptotically negligible relative to the order of the
sample observations. Other cases, where the initialization is non-negligible and may figure in
the limit theory in various ways are considered in other work (Andrews and Guggenberger,
2012; Phillips and Magdalinos, 2009).

In a recent study, Wang and Yu (2014, WY hereafter) developed a double asymptotic
theory for an explosive continuous time model, where the sampling interval passes to zero and
the time span passes to infinity. In this double asymptotic setting, the explosive continuous
time model implies mildly explosive behavior in discrete time but with an autoregressive pa-
rameter that depends on the sampling frequency, not the sample size, by virtue of the discrete

time solution of the continuous system. In empirical work the value of the autoregressive



coefficient is also often taken to depend on the frequency of observation. This is because the
use of higher frequency data typically leads to a more persistent autoregressive coefficient
estimate and expectations do not change over short time horizons as much as they do over
long horizons. For these reasons dependence of the autoregressive parameter on sampling
frequency often provides greater realism in empirical work where it is necessary to model near
unit root phenomena in discrete time. The limit theory in WY contains a term that explicitly
depends on initial conditions, thereby differing from the (large span) limit theory in Phillips
and Magdalinos (2007). This difference arises from the different order of magnitude implied
for the initial conditions in the two approaches. Simulations in WY reveal that double as-
ymptotics involving initial condition dependencies typically outperform in finite samples the
asymptotics that are free of the initial condition. The changes in the limit theory induced by
these initial condition dependences are sufficient to materially change conclusions in empirical
work.

This paper extends work by Phillips (1991) on continuous system cointegration by de-
veloping asymptotics for continuous models where the variables are mildly explosive. The
model differs from MP’s mildly explosive system in three ways. First, our model is formu-
lated and parameterized in continuous time whereas MP uses a discrete time specification.
This difference is important because the implied (discrete time) autoregressive parameter of
the continuous system depends on the known sampling frequency, not on the sample size in
terms of an unknown localizing coefficient. Pivotal limit theory is therefore possible in the
continuous time formulation. Second, the initial conditions in the two models are different.
Third, the continuous time model allows for a drift in the regressor, which affects the limit
theory. In developing double asymptotics, we utilize the limit theory of MP while adjusting
for the initial condition, the drift, and the autoregressive specification, all of which affect the
resulting limit distribution.

There are good reasons for extending discrete time cointegrated systems to continuous
time. Continuous time models now enjoy a wide range of empirical applications both in
macroeconomics and financial economics. They provide for discrete sampling at any fre-
quency, including intermittent random sampling, and they allow for convenient handling of
both stock variables and flow variables, the latter by simple time aggregation. Importantly
in the present setting, the use of a continuous time framework readily accommodates initial
condition and drift effects, with a limit theory that is easy to implement in practice with no
nuisance parameters. In particular, the limit theory in the continuous system here depends
on a persistence parameter (k) which is consistently estimable. By contrast, discrete time

models with local to unity and mildly integrated or mildly explosive autoregressive parame-



ters typically involve localizing coefficients that enter the limit theory as nuisance parameters
and are not generally consistently estimable, thereby complicating inference.

The paper is organized as follows. Section 2 introduces the model and gives our main
results, providing connections between the continuous time framework considered here and
the discrete time cointegrated systems in MP. The limit theory of MP is modified to allow for a
discrete time model with initial condition and drift induced by the continuous system, which
assists in delivering double asymptotics for the least squares estimator in the continuous
system. Section 3 extends the limit results to the multivariate setting. Section 4 reports
simulations studying the finite sample performance of the methods. An empirical application
of the methodology to US real estate data is given in Section 4. Section 5 concludes. Proofs

are given in the Appendix.

2 Continuous Systems with a Mildly Explosive Regressor

We start our investigation with the following scalar continuous time model in the two variates
y (t) and z (1)

dy(t) = PBdx(t) + ooodBo(t), (2.1)
dz(t) = K(p—a(t))dt+ 0z2dBy(t), z(0) =20 =0, (1), kK <0, (2.2)

where By(t) and B,(t) are two correlated standard Brownian motions. The parameter of
central interest for inference is the coefficient § which captures the co-movement between y(t)
and x(t). The driver process z(t) follows an Ornstein-Uhlenbeck equation with persistence
parameter k. For k > 0 the process x(t) is stationary, for x = 0 it is Brownian motion,
and for k < 0 it is explosive. For data over a large time span several different regimes of
might be contemplated, possibly with break points separating the regimes. The present paper
focuses on the explosive case of K < 0. The scalar model is important particularly in financial
applications and leads to simple results that avoid some of the complications of systems with
multiple explosive regressors, which are considered in the next section.

Suppose data are recorded at N equally spaced points, {th}i\il, over a time interval [0, T,
with sampling interval h and overall time span T so that N = T'/h. To develop asymptotics
we assume that both A — 0 and 7' — oo. The exact discrete time representation of (2.1)-(2.2)
is (Phillips, 1972)

Yih = Bxen + Uoh, (2.3)

T = ap(K) Tg—1)n + gh + Ueth, Ton = o = Op (1), (2.4)



where

ap (k) = exp(—kh),
g = K <1 - 67%) ;

th J 0_2
Ug th = Uacac/ ein(this)de <3> =N (0, % <1 - €2Kh>> ,
(

t—1)h
uoth = N(O,a%oh).

The autoregressive parameter ay, (k) = exp (—kh) depends directly on the sampling frequency

h. Indirectly, h and ap (k) are both related to the sample size N. When T is fixed, h =

T/N = O(N™') — 0, and when T' — oo, h = O (T/N) — 0. Gaussianity follows from

the Brownian motion driver processes in (2.1)-(2.2). The standard error of uy, is A, =

Opx \/(1 — e72(hY) /2 ~ 0 4pv/h — 0, concordant with the sample path continuity of z (t).
Re-standardizing the equations (2.3)-(2.4) by A; we have

BTtn + o ths (2.5)
_ _ _ _ _ _ id
Tth = Qp (’{) L(t—1)h + 9h t Ugth, Toh = :L'Oh/)‘ha Uz th ~N (07 1) ) (26)

Yth

_ ~ - - d ~ -
where G = Yin/Mns Toh = Ten/Ans Go = Gn/Mns Goan = uon/Mn = N (0,550), and g5 =
hody/A2. Clearly, G5y — 03y/02, as h — 0. When T — oo and h — 0, we have

1 1 2
mzf—)(L ah(m):exp{—mh}:l—mh+0(h)—>1.

Hence 7, in (2.6) is a mildly explosive process as in Phillips and Magdalinos (2007). Fur-

thermore, since k < 0, when h — 0 we have

Ton, = Ton/An =0, (hfl/2> since A, ~ Vh,
(an (k)™ = exp{rhN} =exp{sT} =0 (1/T),
G o~ O (\/E) .
Thus, in the standardized discrete system (2.5)-(2.6) the order of magnitude of the initial
condition is zgp ~ O, (h_l/z) while in the original system (2.1)-(2.2) it is zg ~ Op(1). In

addition, the order of magnitude of the drift is O (ﬁ) in model (2.6) but is Op(1) in (2.2).
MP (2009) analyzed the triangular system

yo = Azt + o, (2.7)
Ty = BRNTi 1+ Uy, To= Op(Na/2)7 (2-8)



where R, = I + %, a € (0,1), C = diag (c1,. .. ck), and discrete observations {y;, 7} ¥,
are available. In this system, A is the matrix of cointegrating (or, more specifically in the
development below, co-mildly explosive) coefficients; Ry represents moderate deviations from
a unit root in the sense of Phillips and Magdalinos (2007); x; is a moderately integrated time
series as N — oo when N — oo. If C' > 0, x; is a mildly explosive time series. The vector
(upt, ugt) is a sequence of zero mean, weakly dependent linear process errors which satisfy
certain standard regularity conditions. The analysis of MP covers both cases C' > 0 and
C < 0, our focus here is on asymptotics for the mildly explosive case C' > 0.

There are some common features in model (2.5)-(2.6) and the MP model (2.7)-(2.8): both
systems imply co-movement between y and x, and in both models x; may be mildly explosive.
But there are also important differences between these discrete time systems. First, the
moderate deviations from unity in the autoregressive coefficient take different forms: in (2.6)
the autoregressive coefficient is a function of the sampling interval h, whereas in (2.8) it is
formulated as a function of the overall sample size N. A second difference is that, while in (2.8)
the initial condition for z; is assumed to be 0,(N®/?) = o, (h*1/2), in (2.6) it is O, (h*1/2),
which translates to g = Op(1) in the original continuous time system (2.1)-(2.2). So, the
initial condition in (2.6) has the larger order of magnitude O, (hil/ 2), which corresponds to
a distant past initialization in the terminology of Phillips and Magdalinos (2009), where it is
shown that such initializations do affect the limit theory. The third difference in the models
occurs in the drift. In (2.8) there is no intercept, and if a constant intercept were present it

would typically dominate the asymptotics. By contrast, in (2.6) the intercept

_ e—nh K
n = Gn/An = 1t (1 a eiﬁh) [An = Um:\l;((ll— 6_2“h)) /2K N agfih?ﬂ Ltoh)}=0 (\/E)

is asymptotically negligible as h — 0, so the intercept does not affect the double asymptotics.

The limit theory of MP (2009) is readily modified to take into account this new initial condition
and drift.
To fix ideas, consider the modified MP model

ye = Az + o, (2.9)
Ty = p+ RByTiq+ Upt, To = Ton = Op (NQ/Q) y = Op (N_Q/Q) : (2~10)
Let Ty = zoyN %2 = X* and 1 = N*2 = p*. The error u; = [uot, Uzt is an id.d.
2
sequence with mean zero and covariance 700 ng . This model extends (2.7)-(2.8) by
00z Ogzg

allowing for a larger initial condition and a (local to zero) drift. The following theorem gives

the limit theory for the LS estimator of A in (2.9) for the case of a single scalar regressor x;.



Theorem 2.1 For the discrete time system (2.9)-(2.10) with Ry = 1+ 5, « € (0,1), and

¢ >0, when N — oo, we have

(i) (R%Na)_l Zi\i1 TiUgt = %Uo <0MU3c + (20)1/2 D) ,
- 2
(ii) (RNN®) SN 2f = (&) (amUx + (20)? D) ,
where (U, Uz) 4 N(0,I3), D= X"+ %, and so

RYN® (K— A> S [l — (2.11)
022Uy + (2¢) 2D
Remark 1 Ifzy = —%, then D = 0 and the limit (2.11) is simply
R%NQQZ—A):>%5@99:25EQC, (2.12)
OzzUg Oxx

where C is a standard Cauchy variate. This limit distribution is the same as that given by MP
(2009, p. 496) and depends on the localizing coefficient c, although the standardized estimation

error satisfies

RY ~ 000
A-—A — 2.1
R§V—1< )jamc’ (2.13)
when D = 0 and this limit does not depend on c. In the general case where D # 0
N
iy (A—A> = 900l . (2.14)
Ry —1 022Uz + (20) 2D

Remark 2 The limit distribution of i, the LS estimator of the intercept parameter i, follows

simply as
VN (i — p)
(Zfil xf—l) (Zf\il uxt) - (Zi\il fEH) (Zi\ilxtflufﬂt)
N (ZiL »”6371) - (ZL $t71>2
(NN S ot (50 ) = & {BNN) T S e} {(RAV) TS e

% { (R%Na)iz Ziil x?—1} - % {(R%Na)il Zi\il $t71}2

= VN

N
1 2
= — ux+o0,(1)=N(0,0%,).
VN i
This result is useful in testing for p = 0 in the modified MP model.

Remark 3 Self normalized statistics based on A have a much simpler limit theory that is

convenient for inference. For instance, defining the regression residuals tior = y¢ — Axy and



noting that the residual variance estimate s3 = Nt Zi\il w2, & o2y, it follows immediately

from Theorem 2.1 that the usual t statistic for testing Hy : A = A° satisfies

. A\_AO A\_AO R%NO‘ (A—AO)
A = - 12 — 1/2
SA -1 -1
{33 (Zi\il fEtz) } {53 (W Z)J:\Ll x?) }
% oooUo -
- UzzUz+(20)1 2l) — UO i N (0’ 1) , (2.15)

—1/2

000 {(210)2 (UMUJU + (20)1/2 D)z}

and standard methods of inference apply.

Remark 4 Let Ry be the LS estimator of Ry and ¢ = N¢ (ﬁN — 1). The limit theory for

ﬁN and € follows from Remark 3. Defining the regression residuals tiy: = Tt — ﬁN:ct_l — 1 and
noting that the residual variance estimate s2 = N~! Zi\il 02, 2, o2, we have the following

result for the t statistic for testing Ho : Ry = RY,

Ry — Ry _ Ry — RY,

RN {Ns% (N iy # <Z’{V:1 xt_1)2> 1}

RYN® (Ry — RY)

-1
2
2 1 N 2 1 1 N
{Sa: (R?\INNQQ Zt:l Ty 1— N (R%Na Zt:1 Tt—1

ozzUx

zaoUz+(2 1/2D
= z (2 =U,

o {(210)2 (Umex + (2012 D)Q}I/Z

trRy = 1/2

1/2

4

N(0,1).

Similarly, given Ry = 1+ &, we have s = N%sgy and ¢ — A = (EN - R?V> N¢®. Hence, if

« is known, the t statistic for testing Hy : ¢ = ¥ is

c—c°
te =

_ (ﬁzN - R?V) NNl = U, £ N (0,1).

Sc

Howewver, if a is unknown, the standard error s, = N®sg, 1s unavailable and inference using
this limit theory for € is infeasible. As discussed below, this infeasible feature of the discrete

time case is quite different in continuous time.



Remark 5 The limit distribution (2.11) is a ratio of two independent Gaussian variates and

has heavy tails, just as the Cauchy limit in the special case (2.13) where D = 0. Observe that

RAN® (A 4) = 2 oty to oy Zow 29T
OpzUg + (26) / D Us+d Oxx Ozxx
When D > 0, the density of U = % 18,
_ 142 q 7y2/2 d
e 2 q e
u) = 1 + / d } ? = ) = )
==t o owal. vw =T 0=

(e.g., see Marsaglia, 1965) and has Cauchy-like tails.

We have the following expression for the LS estimator E of the slope coefficient in the

continuous time model (2.1), which is given by

~ N /N N A
B—p= (Z :vfh) <Z mthu07th> = (Z %§h> ( 5th770,th> . (2.16)
=1 =1 =1

t=1

The associated limit theory is given in the following theorem.

Theorem 2.2 For the continuous time system (2.3)-(2.4) with k < 0, when h — 0 and

T — 00, we have
a00Uo

TaUs + (—26)"% (w0 — )

N

ah -~

) (5 - ﬁ) = (—2r) (2.17)
Remark 6 The limit distribution (2.17) follows directly from (2.11) by replacing ooo, Ozz,

and D in Theorem 2.1 with %, 1, and D* = % respectively, giving the stated result.

Remark 7 The continuous time counterpart of N® is 1/h which is known for any given data,
so there is mo need to estimate the rate parameter a. The continuous time counterpart of c
18 —k which can be consistently estimated by the least squares method as long as T — oo.
Analogous to (2.15), self normalized statistics are free of nuisance parameters and hypothesis
testing about 3 can be conducted using the residual variance estimate s3 = N~1 Zi\il “(2),thv
which satisfies h='sg %> 02,. Theorem 2.2 and results (8.11) and (8.12) in the Appendiz then
give the following double asymptotics for the usual t statistic for testing Hy : 8 = 3°

N B -4 _ (B 5°) ol

S8 N —1)1/2 2N N o~ -1
{3% (Zt:l m%h) } 3% (z% D1 mfhagzh>

1/2



(B-8°) a/n

los (s men) '}

a00Uo
UIZUI+(72,‘£)1/2($07M) d

= AN ),
000 {(_12[{)2 <U$ + (—2,‘<g)1/2 D*)2 J%x} v :

which leads to feasible inference concerning the slope coefficient B in continuous time, just as
in (2.15) for the coefficient A in the modified MP model.

(—2r)

=

Remark 8 Following Remark 7, we can obtain the double asymptotic distributions for ay

and . Defining s2 = N~} Zt L u? 2.th» Which satisfies h=ts? L, 62 | the t statistic for ay, is:

Tx’

@n - 1/2

Say, { <Zt 1:c(t " (Zt N~ )2>1}

(@n —ap) ajy /h

13 1/2
2 1
1 N 1 1 N
%@wﬂﬂhfﬂwﬂﬂwﬁ>}

— 9%k ozUx
awax—l-(—Qn)l/zD

e { () (rastis + (202 D)}

Similarly, given ap, = exp (—kh), we have hs, = Sq, +0p (h). Following Wang and Yu (2014),

L N(0,1).

“12 Us

we have U
ahN(E—FaO):>2/£ Tozle 7
02Uz + (—2K) 2D
and
p R —K B R — K
T e T NS RE
h=2Ns2 ( NN g2 — (N =
z t=1"(t—1)h t=1(t—1)h
_ ahN (7% — ﬁo)
- N 1/2
N
{5% (CL}QLNI/}LQ Zt:l ‘T%t—l)h - % ( N/h Zt 1 L(t— l)h) > }
9% oezUx
UzzUz+(72/{)1/2D _ i
= 71/2—UI—N(0,1).

O { (%%)2 (Fal + (=26)"/2 D)Q}

10



0

Clearly, t. is a feasible statistic for testing Hy : k = K° in contrast to the discrete time case

where the test statistic relies on the unknown rate parameter c.

Remark 9 If xg = p, we have D* =0 and

90000 _ (g, 70 ¢, (2.18)

022Uz Oxx

" (5-8) = (~20

3 Continuous Systems with Multiple Explosive Regressors

This section extends the results above to continuous time systems with more than one mildly
explosive regressor. We allow for regressors with multiple forms of explosive behavior using
the approach developed in MP (2009) for discrete systems. As above, we establish the limit
theory for a modified MP model that incorporates an intercept term and allows for a larger
initial condition. This theory is applied to the continuous system by assuming 7' — oo and
h — 0. Following MP, two different cases will be examined which lead to somewhat different
limit behavior: (i) when all the regressors have distinct explosive roots; and (ii) when all the

regressors share the same explosive root.

3.1 Limit Results in the Discrete Time Framework

We start with the following system with multiple mildly explosive regressors, based on MP
(2009),

ye = Az + o, (3.1)
ry = p+ RNxi—1 + Uy, With zg = zony = O, (NO‘/Q) and = 0O, (N_a/2> . (3.2)

In this case, y; and z; are m x 1 and K X 1 vector respectively, and A is a m x K matrix of
coefficients. In addition, Ry = [ +C/N® is a K x K matrix with C' = diag (¢1, ¢, ..., Ccx) >

0. We assume that the errors satisfy

w = |ugy, Hid 0,9Q) with Q =
t [Ot :ct] ( ) Qoz ng

Qoo Qo ]

Let the standardized initialization and intercept satisfy Zo = zoyN %2 = X* and 1 =
N®/2;, = p*. The model now modifies MP (2009) in two ways: (i) the initial value for
is O, (N o/ 2) which is larger than the o, (N of 2) initialization in MP; (ii) a non-zero drift
term of order O, (N —a/ 2) is included. Following closely the approach of MP, we obtain the

limit theory for the LS estimator A under two scenarios: (i) where C has distinct diagonal

11



elements, i.e., ¢; # ¢; for i # j; (ii) where C is a scalar matrix and does not have distinct
diagonal elements, so that ¢; = ¢;, for all ¢, 7. In what follows we will frequently use a zero

affix to denote the true value of the associated element or matrix.

3.1.1 ¢ #cjfori#j

Theorem 3.1 For the discrete time system (3.1)-(3.2) with Ry = Ix + C/N%, o € (0,1),
C = diag (c1,c2,...,cKx) > 0 and ¢; # ¢; for i # j, when N — oo, we have

(i) vee (s Tl uo Y ) = (fo°° (D4 T,) (D+T.) e dpo QOO> i

N 0 r7 =~
(ii) N2a Zt R l’tiEtR f e PC (D + Um> (D + Ux) e PCdp + op (1),
(iii)

el (A= a) i) = { ([T (040 (04 8) ) o0
4 MN (07 </OOO e~ PC <D + [733> (D + ﬁx),e—PCdp> - ® ng> , (3.3)

where Wy LN 0, I;mk), U, = (fs e*pCQme*pCdp) 1/2 Ug, Uy 4

MN represents a mized normal distribution.

N(0,Ig), D= X*+C~tyu*,

Remark 10 If 79 = —C~ i, then D = 0 and the limit (3.3) becomes

o0 ~ ~ _1
vec{No‘ (2— A) R%} = MN (0, (/ e_pCUxU;e_pCdp> ® Qoo> .
0
This limit distribution corresponds to that in Theorem 4.1 of MP (2009, p. 496).

Remark 11 The limit distribution of i is
VN (i —p)
% Zi\il Uzt — % (ﬁ Ziv 1 Uzt Ty 1R_N)

_ VN
" (Nza Zt 1B Ny 17 Ry ) (Na Zt 1 R Ny 1)

-1

N 1 & 1 O
NN (Na D #ialy ) (Nza > :R&Nwt—lwé_le‘vN> <Na > :Rz_vNﬂft—1>
t=1 t=1

mt+0p éN(O er)

I
] Mz

12



Remark 12 Let A; and ﬁj denote the jth m x 1 column of A and A\, and xj; the jth element

of x¢. Define the equation residuals gy = yr — Axy, the error variance matrix estimate

N
—1 ~ Al P
Soo = N E Uotlg; — o0,
=1

and the corresponding estimate of the variance matriz of ﬁj

N -1
Saja; = (Z x?t> Soo-
t=1

The limit distribution of jj s given by
) h ~ N2\ 2¢;9
N& <Aj — Aj) Pé-v = MN (0, (/ e—2pC) (Dj + ij) dp> QOO> 4 MN |0, LOQ
0

where p; = 1+ %, and D; and [7]':,3 are the jth element of D and U, forj=1,... K.
Using Theorem 3.1, we obtain the following limit distribution for the Wald statistic for testing
Ho : QjA; = QjA? = q;, where Qj is a g X m restriction matriz of full row rank g < m and
qj s a given g X 1 vector,

Wy, = {ngj - Qj}, (QjSAJ’AjQ;‘)il {Qigj - qf}

-1
~ / N - ~
= {QiNe (4 - 45) )} (N—Qapj” Soat | Qisw@ | {@ne (45— 4;) 0}
t=1
= X
where Xﬁ denotes a chi-squared variate with g degrees of freedom.

Remark 13 Let R;y and ]%-N denote the jth K x 1 column of Ry and ]TZN, and define

~

C; = (EJ — ej) N, where e; is the jth unit vector with unity in the jth position and zeros

elsewhere. Setting ligt = v — Ryxi—1 — 11, the residual second moment matriz is
N
—1 ~ A1 P
Smc =N g UgtUqpy — mea
t=1

and the corresponding estimate of the variance matrixz of }AZJ-N 18

-1

N A 2
s = (St (L) | e
t=1 t=1

13



The Wald statistic for testing the (full rank) restrictions Ho : Q;Rjn = QjR?N = qj, where

Qj is a g x K restriction matriz of full row rank g < K and q; is a given g x 1 vector, is:
~ / A\ -1 ~
Wr,y == {QjRjN - Qj} (QjSRjRij) {QjRjN - Qj} = Xz,

under the null. Similarly, given Ry = Ix + C/N%, we can set Scic; = N2O‘SR].RJ. where
Cj s the jth column of C, Sc,c; is the covariance matriz of C‘j. Further Cy — C']Q =

<§jN — R?N> N¢ leads to the following limit theory for éj

2 0 N > 2pc; T 2 - d 2c Q:m:
(C5—=¢9) o) = M (0, </ e (D; + Uy, dp> Q| £ MN |0, 222
0 (Dj + Ugg]->
Hence, if a is known, we have the corresponding feasible Wald statistic for testing the restric-
tions Ho : QjCj = QJC]O = dqj,

We, = {Qj@ - Qj}/ (Qchjch}) 1 {Qj@ - qg'} = Xg»
under the null and with full row rank Q;. If o is unknown, just as in the scalar model, the
estimated variance matric Scjcj =N 2aSRj R; 18 unavailable and inference using this limit
theory for @- is infeasible. Note that under the null C]Q = c?-e]-. Imposing this (maintained)
restriction on the form of C? implies that the null can be rewritten as Hy : ¢; = c? and a
test analogous to the scalar case can be mounted using the jth diagonal element of the (unre-
stricted) estimate C or a similar estimate obtained by imposing the maintained restriction on

Cj and estimating the system as a seemingly unrelated regression (SUR). Similar constraints

on inference due to the infeasibility of the tests apply in each of these cases.

3.1.2 ¢;=cj for all 4,j

When ¢; = ¢; = ¢, for all 4, j, the limiting standardized form of the signal matrix Zfil mtm;
is singular due to commonality in the explosive behavior of the components of x;. Let Ry =

pnIr with py = 1+ ¢/N®. Following MP (2009), we rotate regression coordinates to address

TN

($,N.Z’N)1/2
and H, y is a K x (K — 1) orthogonal complement matrix such that HiNHCN . Then,
H| yHin=Ix_1and H yH y & Ix—H.yH'y. Thelimit of H, y is denoted as H , which
satisfies H | H'| = Ix — XX where X_ is defined in (3.4) in Theorem 3.2 below. Next, rotate

the regressor z; by Hy and transform to the variate z; = Hyxy = [H.yx, H yoe] = [214, 25 -

the singularity using an orthogonal random matrix Hy = [H.n, H y] where H.y =

The following result gives the required limit theory for the LS estimator A in this case.

14



Theorem 3.2 For the discrete time system (3.1)-(3.2) with Ry = Ix+C/N®, C = diag (c1,ca, . ..

witth:c>0fori:1 , K, when N — oo, we have,
(i) NHQ Zt | 2oty = M, with M = H' (—*—* + 2CQM> H,,
(i1) W@ec <Zt:1 u()tzzt) = {M&Q0}? x N (0, Ly(r—1y), where Hy is a K x

(K — 1) random matriz that is an orthogonal complement to

xo= (0 ) {(pr) (o)) 5.4

satisfying H| H|, = I'x — X X and with

o0 1/2
Ux = </ e_PCQme_PCdp> Ux = Qié2Uz/ (20)1/2 , and D = X* + ,LL*/C,
0

N+ 2pec (g— A) = (HLM71/2 ® 9(1)62> X N (0, Imk)

L MN(0,H M 'H| ® Q). (3.5)

Remark 14 The limit distribution of i is obtained as follows:

VN (i — )

N N N N
. zum—(zuxwg_lm) (zﬂgvxt_lm;_@v) (zHN>
t=1 t=1 t=1

t=1

N N -1 /N
— (Z uxtmélHN> (Z HNxt_lx:ngJ/V> <Z H}th_1>
t=1 t=1

t=1

N

L 1 1 N 1 N -1
_ / /
= VN I t_g 1 Ugt — N (N(1+0‘)/2 t_g 1 U;tht_1> (N(1+Ol) t_E 1 Ztth—1> (N(1+a E

1 -1
1
) <N<1+>/z ZZH)
t=1

Remark 15 Let g = y; — Ext, the estimate of the error variance matriz be

N
-1 PN A
Soo = N E Uotlg; — 00,
=1

15
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and the estimated variance matrix of Ej be

N -1
Saja; = (Z x32t> S00-
=1

Following Theorem 8.2, we have the following limit theory for the Wald statistic for testing
Ho : Qj4; = QA =g

~ / —1 ~
Wa; = {QjAj - Qj} (QjSa;4,Q5) {QjAj - Qj} = X2
Remark 16 Let Uy = xp — ﬁNxt_l — 11, giving the error variance matriz estimate
N
Sxa: = Nil Z axtﬂ;t ﬂ’ Qacaca
t=1

and the corresponding estimate of the variance matriz of EN (in column vector form)

-1

N 1 N N !
SRR = th—wéq - N (Z xt—l) <Z 33t—1> ® Sy
t=1 t=1

t=1

Then the Wald statistic for testing Hy : Quec (Ry) = Quec (R?V) =7, where Q) is a g X mK

restriction matriz of full row rank g < mK, is
Whry = {Qvec (]?EN - R%) }, <QSRRQI)_1 {Qvec <}A%N — R%)} = xf],

since

N2 Quee (Ry — B ) = MN (0,QH M7 HL © 0,.Q)

and

-1

N N N !
/ 1 1 /
N'"*QSprQ@ = @Q Nita E Tp1Th g — N2ta ( E lBtl) < E fUtl) ®@ Sya@
t=1 t=1 t=1

N -1
]. ! !
— QHN (WZZt_lzg]_) HN®S.TZ‘Q +Op (1)
t=1
= Q(H M'H| ©Q,)Q.
Similarly, given Ry =1+ %, we have Scc = N**Spp and

11—«

vec <6 _ CO> N3* = MN (0, H M™'H| Qm) .

16



Hence, given o, we have the following feasible Wald test,
We = {Qvec (6 — C’0> }I (QSCCQI) - {Qvec (6 — C’O)} = X?]-

Again as in the scalar model, if o is unknown (which is the usual situation in practical work),
the estimated variance matric Scc = N?*Sgrp is unavailable and inference using this limit
theory for C is infeasible.

Importantly, for the common explosive root case when « is known, we are able to perform
statistical inference concerning the full matrixz coefficients Ry and C using Wald tests because
the normalization factor N7 is common and thereby commutable with the restriction matriz
Q. However, for the distinct explosive roots case, we can only perform statistical inference
about individual column vectors of Ry and C, as demonstrated in Remark 13. The same
phenomenon applies for tests involving the matrix A. As shown below, these features carry
over to inference in the continuous time system although in this case the sampling frequency

is known so there is no difficulty relating to an unknown rate parameter .

3.2 Limit Results in the Continuous Time Framework

The above results apply to the multivariate continuous time system

dy(t) = Bdr(t) + Q) dBo(t), (3.6)
de(t) = r(p—2z(t)dt+QY2dB,(t), z(0) = z0 = 0, (1), k <0, (3.7)

where By(t) and B, (t) are m— and K— vectors of standard Brownian motion. The driver
process x(t) follows a multivariate Ornstein—Uhlenbeck process with persistence matrix x,
where k = diag (k1, K2, ...kK) is a K x K diagonal matrix. We focus on the explosive case
where k; < 0 for i =1,..., K. As in the discrete time case, we are interested in 8, an m x K
matrix of coefficients which captures co-movement between y(t) and x(t).

The exact discrete time representation of (3.6)-(3.7) is given by (see Phillips, 1972)

Yih = BTen + uoh, (3.8)
T = ap (K) Tg—1)n + gn + Uz th, Ton =0 = Op (1),

where
ap (k) = exp(—kh),

g = K (IK —~ e‘“h) KL,

th
Upih = / e "th=9)Q) .dB, (s) ~ N (0, Quzh),
(t—1)h

17



since
th

e 25(th=5)Q) ds = %m_l (IK — e_QHh) Q.

B (g ntily 4,) = /

(t—1)h

Thus, upon restandardization by v/h, the system becomes

Yth = BT + Uo i, (3.9)

Ty = ap (K) T—1)n + Gh + Uz, th, Ton = W2 20n, Upan YN (0, ) (3.10)

where G = b2y, T = b2, Gn = BV 2gn, Gon = b ?ug £ N (0,90), and

Ug th = h*1/2um7th 4 N (0,€9;;). As in the univariate case, the order of the initial value
Top = h ™12z, is O, (h_1/2), and the order for the drift term g, is O, (hl/Q).

For the continuous time system (3.9)-(3.10), the double asymptotic theory for the LS

estimator of the coefficient matrix 8 when s has distinct diagonal elements (i.e., x; # ; for

i # j) is given in the following theorem.

Theorem 3.3 For the continuous time system (3.9)-(3.10) with k = diag (K1, K2, ..., KK)
with k; # Kj, for i # j, and k; <0 fori=1,..., K, when h — 0 and T — oo, we have
1/2

x N (0, k) -

1

el (3-8)at} = [T (040 (04 0) o) " o0

(3.11)

Remark 17 The double asymptotic distribution (3.11) follows directly from (3.3) with pu* =
ki, C = —k and D = xo — . To enhance readability in terms of the relationship between the
systems, we provide in the following Table 1 the correspondence between the models, variables

and parameters in the discrete and continuous time cases.

Remark 18 The LS estimator of k is consistent since h is known. Let Sog = N1 ZtN:1 U0 thU( 41,5
which satisfies
h™S00 2 Qoo,

and the corresponding estimate of the covariance matrix of Bj 18

N -1
Sp,8; = (Z x?th) So0-
t=1
The Wald statistic for testing the full rank restrictions Ho : Q;8; = Qjﬁg =r; is then
5 o\ AN > 0 2
Wo, ={Qs (B - #) } (@:55,0,95) {@ (B;=8)} =
leading to feasible inference about B; in the continuous time framework.

18



Table 1: Correspondence between systems (3.1)-(3.2) and (3.9)-(3.10).

Discrete Time Continuous Time

Y = Az + uoy Yth = BTn + Uoth
Ty = p+ RNTi1+ Ut | Ten = an (K) Tg—1yn + Gh + Uatn
o = xon = O (Na/2) Ton = h_1/2x0h =0, (h_l/Q)

p=0p (N7 gn = Op (h'?)

C —K

1 with N2y — 1 gn with h™Y/2g, — Ky
X*+ 0y To — p

Remark 19 Let aj be the jth column of ap(k). The Wald statistic for testing the full rank

restrictions Ho : Qja; = Qjag = q; for given (Qj,q;) has the following chi-squared limit
~ / -1 ~
Wa, ={Q; (a; — aj) } (Q5Sa,0,Q5) " {Q; (@ — af) } = x5,

-1
2
_ N o 1 N el N o~
where Saja; = (thl Tit-1)h — N (thl ‘Tj(tfl)h> ) Saw and Spp = N77 330 U anlly, 4,

satisfying h='S,, 2 Q,p where Uy th = Tth — GRT(—1)p, — Jn are regression residuals. Let K
denote the jth column of k. Given the matriz exponential relation, we have the covariance

matriz of & which satisfies h2S, . = Saja; +0(h) and so

KI kI

' ‘ o) ~ \2 -1 -2k Qs
(7 — %) e BN = MN (0, ( / e (Dj +Uj ) dp) Qx> L MN |0,

Then the Wald statistic for testing the (full rank) restrictions Hy : anj = Qjﬁjo = q; satisfies

» / A =1 .
W = {QiF =4} (@S Q5)  {QF — 0} = 2.
Remark 20 The OLS estimates, ap and &, do not take account of the diagonal structure
of ap, and k. If the known diagonal structure is imposed, we can use either SUR estimation
or restricted OLS (in which only the diagonal elements of the original OLS estimates are
employed). The simulation section below explores the finite sample performance of these three

estimates.
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Now we consider the case where the localizing explosive coefficients are identical, so that

ki=rfort=1,... K.

Theorem 3.4 For the continuous time system (3.9)-(3.10) with k = diag (K1, K2, .-, KK)

and k; =k <0 fori=1,...,K, when h — 0 and T — oo, we have
N 1 —-1/2 U
vec{\/N/h (5 - B)} - [HL {Hi <M/ n _%Qm) HL} 2 QY2 | % N (0, Lnic) -
(3.12)

Remark 21 The double asymptotic distribution (3.12) follows directly from (3.5). with pu* =
ki and ¢ = —k.

Remark 22 The Wald statistic for testing Hy : Quec (B) = Quec (50) = q for full row rank
(Q,q) is then
~ / —1 ~
Wy = {QB—a} (@8Q) " {QB - a} =2
leading to feasible inference about the matriz coefficient 3 in the continuous time framework.

Inference about the full matrix B is possible in this case because of the common factorization

convergence rate in (3.12).

Remark 23 The Wald statistics for testing full rank restrictions on ap and k such as Hy :
Quec (ap) = Quec (a%) = q and Hy : Quec (k) = Quec (HO) = q are defined in a similar way

and have the following chi-squared limits:

W, = {Quec (ay) — q) (QSaaQ')_l {Quec(ap) — q} = X?],

and
Wy := {Quec (R) — g} (QSu@') " {Quee () — a} = 12,

again leading to feasible inference on ap and Kk because of the common factorization conver-

gence rate.

Remark 24 When x; has a common explosive root, OLS estimation by aj and & produces
biased estimates due to endogeneity in the regressor, as shown in Phillips and Magdalinos
(2013). The bias distorts the Wald test statistics and the distortion will be demonstrated in

the Monte Carlo simulation below.
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Table 2: Comparison of the finite sample and double asymptotic distributions of B , when the

initial value is zg = 0.

Time Span T=14 T=10
Frequency | C test 1%  2.50% 10%  90% 97.50% 99% 1% 2.50% 10%  90% 97.50% 99%
Daily new -32.233  -13.222 -3.027 3.063 12.063 29.452 | -32.233 -13.222 -3.027 3.063 12.063 29.452

(h=1/252) | Finite Sample | -36.346 -13.501 -3.271 2.870 11.647 30.428 | -28.528 -12.100 -2.889 3.166 13.304 32.007

‘Weekly new -32.233  -13.222  -3.027 3.063 12.063 29.452 | -32.233 -13.222 -3.027 3.063  12.063 29.452
(h=1/52) | Finite Sample | -31.973 -11.329 -3.006 2.973 11.752 27.031 | -32.775 -12.919 -3.145 3.018 12.735 35.756

Monthly new -32.233  -13.222 -3.027 3.063 12.063 29.452 | -32.233 -13.222 -3.027 3.063 12.063 29.452

(h=1/12) | Finite Sample | -34.772 -12.327 -2.889 2.793 12.284 27.255 | -31.209 -11.698 -2.922 2.842 11.947 32.185
t test

Daily new -2.326  -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960  2.326

(h=1/252) | Finite Sample | -2.305 -1.950 -1.271 1.253 1.915  2.256 | -2.380 -1.976 -1.277 1.301 2.015  2.359

Weekly new -2.326 -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960  2.326
(h=1/52) | Finite Sample | -2.334 -2.004 -1.292 1.318 1.956  2.340 | -2.375  -2.000 -1.286 1.248 1.936  2.285

Monthly new -2.326 -1.960 -1.282 1.282 1.960 2326 | -2.326 -1.960 -1.282 1.282 1.960  2.326
(h=1/12) | Finite Sample | -2.452 -2.072 -1.326 1.331 2.057 2463 | -2.434 -1.977 -1.301 1.306 1.969  2.301

4 Monte Carlo Studies

This section examines the performance of the double asymptotic limit theory in simulations.
We generate data from model (2.3)-(2.4) with kK = —2,000 = 04 = 1, p = 0, and consider
three sampling intervals, h = 1/12, 1/52,1/252, corresponding to monthly, weekly and daily
frequencies. The initial value g is set at (0,3, 10) and time spans of T'= 4 and T = 10 years
are considered. We report percentiles at levels {1%, 2.5%, 10%, 90%, 97.5%,99%} in the limit
distribution (2.17) and the finite sample distribution of the coefficient based test (called the
C test hereafter) %]Zh (B — ﬂ) and tg from Remark 7. In addition, we provide comparisons
of the densities of the limit distributions and finite sample distributions of the C test statistic
and tg statistic. The number of replications is set at 10,000.

Tables 2, 3, and 4 report the percentiles when g = 0, 3, 10 by using the true values of k and
. It can be seen that the double asymptotic distribution and the finite sample distribution are
both sensitive to changes in initial condition. In all cases the new limit distribution provides
a good approximation to the finite sample distribution.

Figure 1, 2, and 3 plot the densities of the C test statistic and t test statistic when T = 4.

The result is similar to the case of T' = 10, which is not reported. These plots show the limit
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Table 3: Comparison of the finite sample and double asymptotic distributions of B , when the

initial value is zg = 3.

Time Span T=4 T=10
Frequency | C test 1%  2.50% 10%  90% 97.50%  99% 1% 2.50% 10%  90% 97.50%  99%
Daily new -0.427 -0.348 -0.220 0.219 0.347 0.426 | -0.427 -0.348 -0.220 0.219 0.347 0.426

(h=1/252) | Finite Sample | -0.416 -0.338 -0.215 0.215 0.341 0.412 | -0.426 -0.350 -0.220 0.218 0.346 0.418

Weekly new -0.427 -0.348 -0.220 0.219 0.347 0.426 | -0.427 -0.348 -0.220 0.219 0.347 0.426
(h=1/52) | Finite Sample | -0.413 -0.338 -0.215 0.215 0.337 0.414 | -0.411 -0.341 -0.218 0.212 0.336  0.413

Monthly new -0.427 -0.348 -0.220 0.219 0.347 0.426 | -0.427 -0.348 -0.220 0.219 0.347 0.426

(h=1/12) Finite Sample | -0.385 -0.324 -0.204 0.205 0.321 0.386 | -0.391 -0.318 -0.200 0.207 0.322  0.391
t test

Daily new -2.326  -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960 2.326

(h=1/252) | Finite Sample | -2.275 -1.924 -1.271 1.249 1.947  2.283 | -2.369 -1.989 -1.290 1.285 1.993  2.358

Weekly new -2.326  -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960 2.326
(h=1/52) | Finite Sample | -2.331 -1.976 -1.309 1.300 1.985 2.340 | -2.352 -1.965 -1.285 1.249 1.950 2.320

Monthly new -2.326 -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960 2.326
(h=1/12) | Finite Sample | -2.439 -2.072 -1.325 1.327 2.050 2.469 | -2.397 -1.986 -1.293 1.311 1.963 2.364
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Table 4: Comparison of the finite sample and double asymptotic distributions of B , when the

initial value is z¢ = 10.

Time Span T=4 T=10
C test 1%  2.50% 10%  90% 97.50%  99% 1% 2.50% 10%  90% 97.50%  99%
Daily new -0.118 -0.099 -0.064 0.064 0.099 0.117 | -0.118 -0.099 -0.064 0.064 0.099 0.117

(h=1/252) | Finite Sample | -0.114 -0.096 -0.063 0.063 0.098 0.115 | -0.119 -0.100 -0.064 0.064 0.099 0.117

Weekly new -0.118 -0.099 -0.064 0.064 0.099 0.117 | -0.118 -0.099 -0.064 0.064 0.099 0.117
(h=1/52) | Finite Sample | -0.114 -0.097 -0.064 0.063 0.097 0.116 | -0.116 -0.096 -0.063 0.061 0.094 0.115

Monthly new -0.118 -0.099 -0.064 0.064 0.099 0.117 | -0.118 -0.099 -0.064 0.064 0.099 0.117

(h=1/12) Finite Sample | -0.109 -0.092 -0.059 0.060 0.092 0.108 | -0.110 -0.091 -0.059 0.060 0.090 0.110
t test

Daily new -2.326  -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960 2.326

(h=1/252) | Finite Sample | -2.274 -1.924 -1.271 1.249 1.947  2.283 | -2.369 -1.989 -1.290 1.285 1.993  2.358

Weekly new -2.326  -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960 2.326
(h=1/52) | Finite Sample | -2.331 -1.976 -1.309 1.300 1.985 2.340 | -2.352 -1.965 -1.285 1.249 1.950 2.320

Monthly new -2.326 -1.960 -1.282 1.282 1.960 2.326 | -2.326 -1.960 -1.282 1.282 1.960 2.326
(h=1/12) | Finite Sample | -2.439 -2.072 -1.325 1.327 2.050 2.469 | -2.397 -1.986 -1.293 1.311 1.963 2.364
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Figure 1: Density comparision between C test and t test for both finite sample distribution

and limit distribution, when the initial value is g = 0.

distribution well approximates the finite sample distribution for both tests.

To examine the performance of the limit theory in the multivariate setup, we consider a
bivariate model using monthly data (h = %) with time span T' = 20. Data are generated
from the continuous time system (3.8), with 8 = [1,1], = (0) = [3, 1],

1.5 =09 -0.8

Q=1 -09 2 0.8 |,
—-0.8 0.8 1
p = [1,1), vec(k) = [r1,0,0, k2] with k1 = —0.2 and k3 = —0.4 in the first case and

k1 = kg = —0.2 in the second case. Therefore, a; = exp (—x1h) = 1.0168 and az = 1.0339 in
the first case and a; = ag = 1.0168 in the second case. In Table 5, we report the percentiles
of the finite sample distribution with those of the limit distribution for Wpg, W,? LS WEEOLS ,
and W,fUR, where W indicates the Wald test statistic for the parameter of interest, rg =
[1,1), re, = [1.0168,1.0339), r, = [-0.2,-0.4] in the first case, 74, = [1.0168,1.0168]
r = [—0.2,—0.2]" in the second case. In addition, OLS corresponds to the OLS estimates,
ReOLS to the estimates based on the diagonal elements of OLS estimates, and SUR to the
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Figure 2: Density comparision between C test and t test for both finite sample distribution

and limit distribution, when the initial value is x¢g = 3.
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Figure 3: Density comparision between C test and t test for both finite sample distribution

and limit distribution, when the initial value is zg = 10.
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Table 5: Comparison of the finite sample distribution and the double asymptotic distributions
of the Wald tests related to B2X1 and Kox1.

Case 1: k1 =-0.2, ko =-04 Case 2: k1 = -0.2, kg = -0.2
Wald Test | Percentile | 1% 2.50% 10% 90% 97.50%  99% | 1% 2.50%  10%  90% 97.50%  99%
Asymptotic | x2 0.020 0.051 0.211 4.605 7.378 9.210 | 0.020 0.051 0.211  4.605  7.378  9.210
Ws Finite 0.023  0.057 0.206 4.626  7.373  9.354 | 0.021 0.055 0.226 4.831  7.871  9.760
woLs Finite 0.020 0.048 0.209 5.264  9.215 12.752 | 7.645 8953 11.391 20.142 24.165 26.482
W heOLS Finite 0.000 0.000 0.000 0.044  1.466 7.980 | 5.035 6.104 8.082 17.906 22.410 24.899
WoUR Finite 0.020 0.050 0.201 4.589  7.509  9.688 | 0.021 0.050 0.225 5.087 8215 10.347

estimates based on the seemingly unrelated regressions.

Several conclusions can be drawn from this Monte Carlo study. First, for 5, our limit
distribution well approximates the finite sample distribution in both cases. Second, for k,
the limit distribution is closer to the finite sample distribution based on SUR than those
based on OLS or ReOLS. While in Case 1 where the explosive roots are distinct, the three
finite sample distributions are very close to each other, in Case 2 where there is a common
explosive root, the the limit distribution is much closer to the finite sample distribution based
on SUR than to those based on either OLS or ReOLS, suggesting that one should use the
limit distribution to make inference about x based on SUR.

To understand why SU R provides much better results than OLS for testing hypotheses
about x in Case 2, Table 6 reports the mean and variance of the two sets of estimates of
Kk in both cases. While SUR produces slightly better estimates than OLS in Case 1, it
yields much better estimates of x in Case 2. As shown in Phillips and Magdalinos (2013),
due to the endogeneity problem in the VAR models when there is a common explosive root,
the OLS estimate of the common explosive autoregression parameter is biased downward,
suggesting that the estimate of  is biased upward. Naturally this bias distorts the asymptotic

appraximation of the Wald statistic.

5 Empirical Illustration for the US Real Estate Market

This section illustrates use of the limit theory in an empirical study of the relationship between
the U.S. nationwide real estate market and 13 metropolitan real estate markets respectively
between January 2000 and April 2006. We apply the limit theory for univariate co-moving
system (2.1)-(2.2) to real estate data using the S&P/Case-Shiller home price composite 20-
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Table 6: Finite sample comparison of 32X1 and Kax for the OLS and SUR estimates.

Case 1: k1 =-0.2, ko =-04 Case 2: k1 = -0.2, ko = -0.2
Method OLS SUR OLS SUR
Parameter | TRUE | Mean VAR | Mean VAR | TRUE | Mean VAR | Mean VAR
K1 -0.200 | -0.187 4.60E-03 | -0.197 7.16E-04 | -0.200 | 0.042 9.03E-02 | -0.197 7.50E-04
K2 -0.400 | -0.400 1.38E-05 | -0.400 2.17E-07 | -0.200 | 0.200 1.05E-01 | -0.195 1.12E-03

city index and 13 metropolitan area indices. The S&P/Case-Shiller home price indices are
the leading measures of U.S. residential real estate prices, tracking changes in the value of
residential real estate nationwide. Monthly data for these indices between February 2000 and
August 2014 were downloaded from the St. Louis Fed.!

Similar to the capital asset pricing model CAPM, we use the composite 20 index to measure
overall market movements. A multi-equation continuous time system (2.1)-(2.2) is estimated
with x; as the composite 20 index and each y; being one of the 13 metropolitan area indices.
The coefficient § then measures the co-movement of each metropolitan area index with the
nationwide index. With monthly data, the sampling interval is set to h = 1/12. The initial
value in each equation of the system is set to the composite 20 index in January 2000, i.e.,
xo = 100.59.

We focus on the sample period between January 2000 and April 2006 (in this case T =
6.25). The choice of the sample period is guided by a recent work (Phillips and Yu, 2011)
documenting the presence of the explosive behavior in the U.S. real estate market over much of
this period. Before estimating the main model (2.1), we examine for the presence of explosive
behavior in zy, and v, by estimating ~ and x,. The LS estimate of x is —0.1187, with
the estimated standard error of 0.00045, and the t statistics is —7.147, confirming explosive
behavior over this period, consistent with the results in Phillips and Yu (2011). For other city
indices y;p,, we report their estimator of s, in the second block of Table 7. In addition, we
report the estimated standard error and the t statistic. The second block of Table 7 reports
these estimates. The results indicate that all of the 13 metropolitan area indices are explosive
over this sample period. Estimates of 3 for the 13 areas together with 99% and 90% confidence
intervals using both the C test and t test are reported in Table 7. The results reported in
Table 7 indicate that the coefficient based test produces tighter confidence bands than the t

test. Hence, there is some empirical advantage to using the C test. Table 7 shows that the

'http://research.stlouisfed.org/fred2 /release?rid=199
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Table 7: Estimated autoregressive coefficients in y; and confidence intervals for 8 in U.S. real

estate data

City Ky Se(ky) t(ky) B Se(B) C test 99% CI | C test 90% CI | t test 99% CI | t test 90% CI
LA -0.205 8.414E-04 -7.062 1.170 2.287E-03 | 1.143 1.198 | 1.152 1.188 | 1.047 1.308 | 1.109  1.257
LasVegas | -0.168 4.127E-03 -2.610 | 1.045 2.057E-03 | 1.020 1.072 | 1.028 1.062 | 0.929 1.169 | 0.987 1.124
Miami -0.320 4.858E-04 -14.518 | 1.130 2.095E-03 | 1.104 1.157 | 1.113 1.147 | 1.012 1.256 | 1.071 1.210
Phoenix | -0.455 3.227E-03 -8.018 | 0.935 1.443E-03 | 0.914  0.958 | 0.921  0.949 | 0.837 1.022 | 0.886  0.990
DC -0.167 8.481E-04 -5.725 1.132 1.011E-03 | 1.114 1.151 | 1.120 1.144 | 1.051 1.193 | 1.092 1.171
Chicago | -0.106 9.811E-04 -3.397 | 0.886 6.231E-04 | 0.872  0.901 | 0.877  0.896 | 0.822 0.924 | 0.854 0.910
Boston 0.152  1.236E-03 4.311 1.006 8.130E-04 | 0.990 1.023 | 0.995 1.016 | 0.932 1.055 | 0.969 1.037
Portland | -0.484 1.004E-03 -15.269 | 0.832 5.133E-04 | 0.819 0.845 | 0.823 0.840 | 0.773  0.862 | 0.802 0.851
Dallas 0.233  1.245E-02 2.092 0.753  2.628E-03 | 0.724 0.783 | 0.734 0.772 | 0.621 0.911 | 0.687 0.853
Detroit 0.213  6.056E-03 2.738 0.772  2.178E-03 | 0.745  0.799 | 0.754  0.789 | 0.652 0.903 | 0.712  0.855
Seattle -0.402 7.602E-04 -14.583 | 0.848 5.522E-04 | 0.835  0.862 | 0.839  0.857 | 0.787 0.881 | 0.818 0.869
Tampa -0.368 9.694E-04 -11.819 | 1.015 5.329E-04 | 1.002 1.028 | 1.006 1.023 | 0.955 1.047 | 0.985 1.035
NY -0.111 4.169E-04 -5.432 1.047 7.883E-05 | 1.042 1.053 | 1.044 1.051 | 1.024 1.052 | 1.036  1.050

90% confidence intervals are quite tight and comfortably reject the null hypothesis Hg : 5 =0
in all cases. The confidence intervals can also be used to assess whether 5 = 1 versus 8 < 1
or f> 1. If B > 1 (respectively, 8 < 1) the index of the associated metropolitan area moves
faster (slower) than the nationwide index, giving a useful perspective on the relationship of
different metropolitan area indices to the national index. The results show that LA, Las
Vegas, Miami, DC, Boston, Tampa and NY have more “aggressive” real estate markets in the
U.S. than the nation as a whole. The epithet “aggressive” is interpreted in the sense that the

index for these cities moves more than the countrywide index.

6 Conclusion

This paper studies co-moving systems with explosive regressors in a continuous time frame-
work. The exact discretized model corresponds to a modified version of the discrete time
model of Magdalinos and Phillips (2009) but allows for larger initial condition effects and an
asymptotically negligible intercept. The limit theory is developed for this modified model,
enabling us to obtain double asymptotic limit theory for a continuous time system in which
the span 7' — oo and the sampling interval o — 0. The extensions have some important
implications for practical work. First, the limit distribution depends explicitly on the initial

condition. This dependence mimics a corresponding property in the finite sample distribution
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and thereby improves the quality of the double asymptotic limit theory as a finite sample
approximation. Second, the localized coefficient ¢, whose counterpart in continuous time is
—K, is consistently estimable in continuous time using the LS estimator, facilitating a coeffi-
cient based test for mildly explosive behavior. Finally, pivotal inference is facilitated in the
continuous time case because the sampling interval is known whereas in discrete time system
the corresponding localizing rate parameter is unknown.

The double asymptotic limit theory is developed for univariate and multivariate systems
in continuous time. Simulations suggest that for the coefficient based test and the t test
statistics, these asymptotics well approximate the finite sample distributions. An empirical
illustration with US real estate prices at national and various metropolitan areas shows how
the methods assist in identifying regions where real estate markets are more aggressive than

others.
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8 Appendix

Proof of Theorem 2.1. The arguments here and in much of what follows closely mirror
those of MP (2009) in the mildly explosive case. We therefore provide only the main new
details here. The limit theory of Zi\;l r? and 21{11 Zruoe is obtained using split sample
arguments replacing summations in Ei\; 1 by ( oy —I—Z,fi ma +1) where mpy is such that
%—le]v — 00 so that with ¢ > 0 and a € (0, 1) we have

c \—MmnN N«

RY™ ~ (1 + —) 0, ——— — 0. (8.1)
NO& RN my

(i) Start by writing x; in (2.9) as:

1— R,

t
t t—j
T = RN.CE() + ZRNjurj + mu,

j=1
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so the standardized numerator can be decomposed as
) N
NNa) thu()t
t=1
e 7 e 7
_ NENCANE t IWENCANE
= (RNN ) ZRNUOt <SEO . RN> + (RNN ) ;UOtl—RN

<Z+ > >u0t FZRt Tl (8.3)

= t=mn-+1

For the first term on the right hand side of (8.3), since Ty = zoyN~*/? = X* and
L= NY?p = p*, we have

N—oc/2 Ne/2 *
DN:Na/20— = 0 7M:>X*+Mf:D. (84)

setting Dy = N—°/2 (x we then have,

)
(RNN)™ ZRNuOt ( — RN)
o{

N
_ a/2 (N— t —a/2 H _ —a/2 —(N-t)
Z B ( = RN) } o thl o

— DN/ Z Ry gy + 0, (1), with D == X* + 2 (8.5)
t=mpn-+1 ¢
where we assume the probability space is expanded in such a way so that the weak convergence

= can be replaced by 2, . Also note that

X (Nt ’ Y a 1— RY™
BNy R e = oooN T YR = aooN T RN
t=1 t=1 AWy
R—2N+1 _ R—2N+1+2m1\]
= 000 N _2]:37 :O(l),
so that
N—o/? Z Ry N gy = 0, (1), (8.6)
and then

@ H
(R N ZRNUOt <I0— 1—RN> —Op(l).
t=1
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Hence, for the first term of (8.3) we have by virtue of the martingale central limit theorem

(MCLT), as in Phillips and Magdalinos (2007),

N N
N a -1 H N are/2 1 ¢
(RNN®) ;:1 R uoy (1‘0 ! RN> (R N ) ;:1 R uoy

N N— m]\]—l
Z u0t+0p (1) = (\/7 Z RN UQN — k:)
( N—
1 lfRRTQN

Do
Z R u0k> WU(L
Where u6k = UQN —k Zf'z\(Ji (070'30) a,nd UO = (0 1) SlIlCe Noa ZN myN— lR 2k __ — chw ~

1 1 1
N R?\I*I 2c

For the second term on the right hand side of (8.3), noting that Ry vV N = (1++%) NN =
0 (e_cNij\L \/N) =o0(1) for all & € (0,1) we obtain

N
« -1 7CL N
NN Zu()tli NRNNfC\/»ZUOtZO< e Na) Oy (1) =0, (1).
t=1 1
(8.7)
The third term on the right hand side of (8.3) is
R_N (mN ) 1 t o
Z + Z UQt — Z RN]u:cj
t=mn+1 Na 7j=1
LSS v, t L\ v L N~ p
- ZR;, -t ZR ]um — Z Ry gy 7%ZR&]UN
VN t=1 VN j=1 VN t=mn+1 Ne j=1
_ 1 _ Z R;/(th)u()t 1 _ %R;\[jum +0,(1),
VN t=mn+1 N j=1

where we use the fact that N=%/23"7"Y R N0 g = op (1) from (8.6). We now use a joint

MCLT for the components

1 X
(U0N7 UxN) Z R (N=1) U()t, Z R]_Vjuacj
VNe =

t my—+1

N N
1 —(N—t) 1 i
= ZRN Uot, ZRNJij +op (1)
VNI VIV j=1
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000 Ozx . A
((QC)I/ZUO’ (26)1/2[]39) with (UO’UIU) ~ N(O?IQ)a

just as in Phillips and Magdalinos (2007) and MP (2009), using the fact that the limit variates

(Up, Uy) are independent because

N I—a
—(N t) 1 _j N
Uy i = ——0¢; — 0.
( Z ) /N Z N x3 R%

RX[N my N 1 t o 1 N _(N-t) 1 my »
\/W Z+ Z Ut \/WZRNJUQZ‘]' = \/W Z RN Ut WZRNJUW + op (1)
— =

t=mn-+1

000 Oxx 0000 zx
U —U, | = —UyU,.
= <(20)1/2 0) <(20)1/2 ) 2% 0

Combining the above results and using (8.4) we obtain

(R%Na>_1 thuot
1 N ol -1 al M
= (R%NO‘) ZRvaOt (900 . RN> + (R%Na) ;uOtl—RN

=1
R;,N i 1 zt:t
+ Uot RNJumJ +0,(1)
VN, VN
t
1 .
= RNNa ZRNUOt < ) Z — ZRR?]U@] + Op (1)
1_RN tm+1 VN =
Dogo 000 2 T00 Oux
U UoUp = 2%t [ D+ 222 _p, |, 8.8
(20770 20 T (o °< Rk ) .

giving the limit of the numerator.
(ii) From the identity

= R3a? |+ p® +ud, 4 2Ry puxs 1 + 2RN T Ut + 2ttt
we have
N N N N
R2 — 1 Z Ty = NxN ?Vx%—ZRNu Z Ti_1—2RN Z xt,luxt—Nuz—Z uit—Qu Z Uget -
t=1 t=1 t=1 t=1
(8.9)
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We show in the following that each of the following standardized terms

R%Vx% N,Uz 2#2?21“:1% 21{\;1 U?ct RNMZt]\Ll Tt—1 RNZ£1xt—1U:ct
R3NNe” RZNNe’  R3INNe 7 R3NNe'  RINNe R3NNe

are asymptotically negligible. In particular, since the standardized initial condition and drift

satisfy To = 2oy N2 = X* and 1 = N%/2j, = p* we find that
R?VNNQ =0p <<Na/2) RN )~ op (1),

N 2 N172a
/ =op<) = 0,(1),

RQNNa R2N
2p EAL Uyt 2:“’\/7 1 1 34
R?V]ff]\l/'a = <R%VN> ( Zumt = R%\[N XOP (N2 2 )XOp(l)ZOP(1)7
25:1 uZ, N 1 2 N1«
R2N No = R?VNNQN;%t:Op T%\/ x Op (1) =0, (1),
Ry Zi\; Tt—1Uzt Zi\il Ty—1Ugt 1y
O O
2N Na = Yp N va XUpl 5N | =0 (1),
R'N Ry N Ry

since (R%NO‘)*1 Zivzl xi—1uz; = Op (1) just as in the analysis of (R%NO‘)*1 Zi\il Tyugy 1IN
part (i); and finally

Byp Ziv—l Tt z Ry ( 1
R?VNNa NC“/QR% ; Na/2R1]§V R% P NQR% x Op(N) =0,(1)

Hence, from (8.9) and (8.2) we deduce that

(R% —1) SN a2 R2 22 TN 2
R?VNN; — = R?i}[V]\J]Ya {I1+o,(1)} = W {1+0p, (1)}

2
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N

_ o 1 SRy

=\ Nz T sz 2 B e
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2
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(iii) Combining the results (8.8) and (8.10), we have
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J00
(20)172 Uo 00U

otz D 0u,Us +(20)D

Therefore,

- RN 'SV U
RN (A - 4) = (RN N") Etlemt“” =200
(RZNVN2) =570 a? 022Uz + (2¢)7/° D
giving the stated result. m
Proof of Theorem 2.2. The proof follows from Theorem 2.1 by noting the mappings

2
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Proof of Theorem 3.1. First, we rewrite x; by backward recursion as,
—(I—Ry) " pu+RY (:1:0—([ Ry)™ ) +ZRN Uaj.

(i) With this expression, we have
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—i——vec (Z—i— Z )u()t ZREqu RX,N
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t=1 t=mn-+1

For the first item on the right side of (8.13), letting Dy = N—%/2 (a:o + NO‘C’*lu), we obtain
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since Dy = N=%2304+N*2C~1;y = X*+C~1y* = D and by replacing the weak convergence
with convergence in probability in an expanded space for the final step. In addition, we have
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For the second item of (8.13), we have
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Uyn = </ epCQmepcdp> U, =: Uy,
0

with U, = N (0, Ix) . Hence the third item has the following form:

t
—vec <Z + Z > Uot Z Rﬁ\?juxj R
= t=mpn-+1 7j=1
1 _(N—
= Z RN(N t)UIN®u0t+op(1).

a/2
N t=mpn+1
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Combining the above results and using (8.13), we have the limit result for the numerator as,

1
vec (NC“ Z UOtxtRNN)

1 (N—

= Nz Z Ry B (Usn + D) @ ugr + 0p (1)
t=mn+1
%) _ N 1/2

= ( / e 7C <D n Ux> (D + Ux) e Cdp @ Q00> Wo

0

S ~ \/
4 MN <o,/ e PC <D +U. ) (D + Ux) e Pldp ® QOO> , (8.14)
0

where Wy = N (0, I,,x). Due to the sample splitting at t = my, as N — oo the limit variate
Wy is independent of the limit variate U,.
(ii) From the identity

Tz = pp + RNz Huge e +pzy_ RN+ RNTi—12_ Ry ug @i RN+t + RN T 1 gy Uiy,

we have

N

(Rnv @ Ry — Ixxk) Z vec (mt:ﬁ%) (8.15)
t=1

N
= (Ry ® Ry)wvec (a:N:UQV) — (RN ® Ry) vec (.%'0.’1?6) Nvec ,uu Z vec RNxt llt Zvec (Uxtul)
t=1

N N N N
_ Z vec (pzy_Ry) — Z vec (ugx;_1Rn) — Z vec <,uu;t> — Z vec <RN:z:t_1u;t> — Z vec (Ugttly) .
t=1 t=1 t=1 t=1 t=1
We show in the following that each of the following terms standardized by N ~¢ (RX[N ® R]_VN )
(Ry ® Ry)vec (:1:01:6) Nvec u,u Z vec RNJIt m Z vec uum Z vec umxt 1RN Z vec uxtumt

are asymptotically negligible. In particular, we have

< (RyY @ ByY) (B @ Ry) vee (woz)
(R]_V(N_l) ® R]_V(N_l)> vec (N_a/2$0$6N_a/2> =op(1),

N~ (RX,N ® R]_\,N> Nvec (pp') = O, (NI*QO‘RZ_VN ® RX,N) =o0p(1),

N
N™¢ <R;,N ® R]_VN> Z vec ()
t=1
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N
— N3 @ (R;]N@R]_VN) (IK®M)\/1NZuxt

1-3«a

= 0, (N : )op (R;,N®REN> 0, (1)

(1) Y

I
S

N
N—© (R;{N ® R]_VN> Zvec (ugz_ 1 RN)
t=1

N
= N ¢ (RX/N ® R]—VN> (Ry ® Ik) Zvec (uwt:z;,l)
t=1

N
= R&(Nfl) ® R]_VNNfa Z vec (uxtngl) =0, (R;,(Nfl)> ® 0, (1) =0,(1),
t=1

since Ry N~ S vee (uzta}_1) = Op (1) following the same argument that RyYNN—« SN vee (ugrwh) =
O, (1). Finally,

N
N—¢ <RX[N ® R]_VN> Z vec (RNxt_lu’)

t=1

= N© (R;,N@)R;,N) (n® RN) i = <RN H®RN )i

N
_ RENNN_Q/Q ® Z R]_V(N_l_t)N_a/2Rthmt71 — RX[N,LLN_Q/2 ® Op (Na) )
t=1

Therefore, for the denominator, we have from (8.15) that

Mz

vec astast

N_Q(RN@)RN*IKXK)( M@ Ry )
=1

= N ¢ (R;,(N_l) ® Ry ) vec (znly) + op (1)

since

N_a/2R]_VN$N

N-o2RN (1= Ry)” M+RN(950—(I Ry)~ >+ZRN Uaj.
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N
— R]—\[chlNa/QM_i_ Nfa/2x0 + NO{/QC*IM_’_Nfa/QZRJ_Vjuxj
j=1

o0 1/2 _
= D+ </ epCQmepCdp> Uy =D+ U,.
0
Hence, we have
N
N—Za (RJ_VN & R]_VN) Z vee (.’L’t.’IJ;)
t=1
—1 i =7 /
= (C®Ix+Ix®C)  vec (D+Ux) (D+Um) +op (1)
© ~ ~\/
~ vec (/ e (D+0,) (D+1) e_pcdp> +0p(1). (8.16)
0
(iii) Combining results from (8.14) and (8.16), we obtain

vee (v (A 2) Y}

N N -1
!
= wvecg N“ E UL T4 g Ty RY
t=1 t=1

N -1 N
= {N‘zo‘ Z R]_\,Nxtx;R;,N} ® I, | vec {N_O‘ Z u()tx;RX,N}
t=1 t=1

= ([ ) (pan) o) o,

(/000 e PC (D + ﬁ;E) <D + ﬁz)/ e PCdp® Qoo) v Wo

* ~ ~ 12 1/2
= (/ e—pC (D + Ux) (-D + Um) e—pC) & QOO W0>
0
giving the stated result. m
Proof of Theorem 3.2.  Given the following limit result obtained in the proof of

Theorem 3.1

00 1/2 _
N PR Nay = D+ ( / e P, e PC dp> Uy =D+ U,,
0

we have

H yH y = Ix-—



~ ! ~ 1/2 ~
where X, := (D + Um> /{(D + Um> (D + Uz)} and D + U, is the same as the limit

given in Theorem 3.1 but with C = cIg. The subvector zo; can be written as

N—t N—t
2o =—Hinpn Y oy — Hin D oy tats, (8.17)
J=1 Jj=1
by the reverse autoregression
B o) -1 —1 71
2ot = —pn H npo+ pr 22641 — Py H| NUzt 41

Using the following expression for the scaled error in the LS estimator of A

N N -1
N(+e)/2 ( Ay — A) - (N—uw)/zzwz;) (Z ztz,§> Hy,
t=1 t=1
we can write the expression in component form as

1 N Op (N 1_0[,0]7\/2N> Op <pEN>
(W ; uOtz£> 0, (p;v) (N—<1+a) Sy z2t25t> o op (1)
—1

N N
1 1
— (W Z uOtz§t> <Nl+a Z zgtz§t> H' ny+0,(1).
t=1 t=1

(i) Letting Z; = [ZH, 219, - - - ZlN}, and Zy = [211, 219, - - - ZlN]/, we have

Hy

N 1 142 / 142
1 N11+a + 1IN ]2\/'1+a HlN —II; N ]2\[1+a
—_— ZtZ, -
Nlta PIES 2,122\ " 740172\ ! ’
t=1 — | NTFa 1N Nita

with Q1 = Iy — Z1(Z}21) ™" Z} and Ty = (Z,21)"" Z, Zy. We show in the following that

e (P (D) e

1t _ -1
N t=1 Op (PNN) (ﬁ Zi\il Z2t2§t) +0p (1)

First, Z1Z1 = O, (p3Y N?®) since

p—2N p—2N N p—2N N
]irvza 22| = % > mu|| = ﬁ [ Hn || | Hon | D @ent|| = Op (1), (8.19)
t=1 t=1

and YN |z = O, (P3N NZ).
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Second, we show Z{Z; = O, (pN N?*). Using (8.17) and

N « t i
2 =Hoy ¢ —ont Py (960 + c/*) + 2PN e
j=1

we have the following representation for Zj Zs:

@ « t—1
(Xen+ ol (w0 2m) + 225 o)

N N
! !
> zusy =) Hiy oY N —G-b), Hiy
t=1 t=1 <_'u/ pN]XI _Zj =t+1 pN] uxj
al— 2t—N -
N e SO gt — PR (g N )
/ 1—pt= —t
ZchN —7p£ﬁ1 ;leN Ul +—MZJ t+1 pN(] )u;] HN.
t= No N t ( t)
—ply (mO + 7”) Z] =t+1 PN(J )ux] - ijl PN g Z] =t+1 PN] “;:j
Hence,
—N N
‘ Na Zzltzzt Nza H en || L ]
[e% N Na
(2P o [ 2 o 32
1—ply —(-1)
+H[or, pNjil g | PN g H“‘HZt 1¢ MZJ 1PN U
O, —(j-1)
{ +HZ,: PN (1’0+ ,U) Z] t+1PN(J Uy +H2t 1Zj 1PN “wj E] t+1 PN U;j
= Op()

since

C2
_N —(N-1)
PN PN PN o * K/
= N — = 1
2 ( 1— oy ) HN H""Op 1) = Op( )
_ N
oy oy — o <x0+ NQM> Y
2 _
N2« = PN 1 c

_ -N
_ P py (L=pN) PN PR ( H (x - M> y
N2 (py — 1) L —pnN 1—PN
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2pN + Py L,
= T 92 Pl ©r| =0y (1),
and
Ml s
N N
o o ZpN et | = 0p (1),
t=1
as
reAm |
N
E =0.
N2a ; pN_l ZpN U:L"j,u
Similarly,
N o N N
—(j—t —t)
ZTM Z pN(j )u;j =0, (1) and Zpt <:L’o—u> Z pN] u;] =o0p(1).
t=1 j=t+1 t=1 j=t+1

Further, we have from MP (2009) that

N t
N2°‘ Z Z um Z pN] t)ugj < B, where B is some constant.
=1 j=1

Jj=t+1

In summary, combining the above results, we have

212 = Oy (pNN™) 2121 = 0y (ARN™) Ty = (2122) " (2121) = Oy (07"
2 Z. AV _
BO% BB o, (v ).

Next, we derive the limit distribution for % Considering that zon = 0 by construction,
we have
N-1

_ — — _ _ _ !
737y = E (=o' H o np + pN 22001 — oy H ytwri1) (—oN Hoyvi+ oy 22001 — py HY yUats1)
t=1

which leads to

N-1 N-1

/ /
ZINZ 20N % E
— N _ us +*HLN > ' H' y — NHLN M4y
N =1

N— N-1
1
+NHJ_N Z pty 1 H o N Z zorp1p Hin — N Z 241Uy 1 H 1N
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N-1 N-1 N-1
1 1

+NHJ_N tz_; Uxt""lN/HiN NHLN Z uzt+122t+1 + NHLN Z UIH_luxtJrlHJ_N

N-1 N-1 N-1
1 1
= NH’LN > gy Hiy — N > ' Hiy - NHLN D i +op (1)
t=1 t=1 t=1

2 .
NHS_NQ%’EHLN + EH/LNN pw'Hi N+ o0p(1),

since the following hold:
(1)
(2)

N-1

HJ_N E ua:t+lz2t+1
N t=1

N—1—t N—-1—t '
= HJ_NZuq:t+1 K Z PN Z PN uxt+1+j Hy
= Op(l)a
(4)
N-1 1 N-1 N—t—1 N—t—1 !
NHLNZ“z%—i-l = NHiNMZ K Z PN Z PN urt+1+y Hn
t=1 j=1
N—-1N—-1—t
= NHJ_NZ Z py 1 Hin + oy (1)
t=1 j=1
N—t—1
p 1pN (1_pN( )> * %
= NHQ Hy Z 1 pp "Hin +op (1)
~— PN
= L H s o oy (1),
(5)
1 N-1

NHLN ; Ugtp1Upy H N = NHLNQxxHLN7

and
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(6)

N-1

NHLN Z pp HYy = op (1)
=1

Hence, by the same argument as in Lemma 4.3 of MP, we have

2 N-1
PN — 1 E :ZZtZ,
N 2t
t=1

2 .
= H) NQoHin+ EHiNM p Hyin +op(1)

= H| Qu.H + %H’Lu*u*’lﬂ,
where H) is a K x (K — 1) matrix (an orthogonal complement of the vector X.) satisfying
(p+0.) (p+ ﬁx)l
(p+0.) (D+0)

H H'| = Iy —

Therefore,
1

W
N1+04 ZZQt22t = HJ_ <2 me =+ cc) HJ_

(ii) Normalizing by N~!, the component N~ Zf; | Uotzy, is asymptotically negligible,

since
1 N 1 N N—t _ N—t ' !
LS st = S [~ X 3 — e Y g | = o).
t=1 t=1 j=1 j=1

Hence, when normalized by m, we have

N
1
W’UGC <Z U/[)tZét) (820)

t=1
N

= ZUOtM Z PN HJ-N - T Zu()t Z ION xt-l-JHJ—N

1+a)/2

For the first item on the right side of (8.20), we have

N+a)2 Zuom Z PN HLN

N

NIy Y ZuOt#/ Z pN t)HLN

j=t+1
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=

N (63
e (Zw (1) NN>

t=1

—*7060 (Z Uot 1 HLN) + f—vec (Z pN UOt,u HLN)

—HLN%* ® (\/%Uec (Z u0t>>
=1

H| —

*

/J;* ”*/
© N (0,009) 2 (O,HLCCHL ® Q00> :

(8.21)

The second item on the right handside of (8.20) is asymptotically negligible, since

N N—t N N
Z 1 )
1+a)/2 Uot 221 pN xt+jHJ_N N(1+a)/2 Z Uot Z pNJ u;ct—&—jHJ_N‘i‘Op (1) )
J

and

t=my+1  j=t+1

N

t=mpn-+1 Jj=t+1

(1) For equation (8.22), we have

t)
E N(1+a)/2 Z“Ot Z o Uit 45
j=t+1

N
_ Elluo? %E Z —(=t)
- N1+a zt+]
t=1 j=t+1

B ||uox ||* B [|u H2 —
_ 01N1+a xl Z Z (Na 1)
t=1 j=t+1

(2) The result (8.23) follows from Lemma 4.4 of MP.

Combining (8.21) and (8.23), the limit distribution of

17z vec <Z u0t22t>

1

N1+a

t=1

1/2 1
H, ® Q00) X N (0, Iy (x—-1y) + <26Hj_szHJ_ ® Q00)

1/2
+ Cwa> H ® Q00> X N (0, Lyx (k1)) 5

47

1 N /o
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since we have the following independent structure asymptotically

N
. 1 § : */ 1 (G-t _
M B (\/N =i > N2 Z Uot Z x| (=0

t=mn+1 Jj=t+1
(iii) Using the results from (i) and (ii), we obtain

NI+ /200 (/T — A)
—1

N
= pecd NUTa)/ (Z U0t22t> (Z zgtz;t> Hin ¢t +o0,(1)
t=1

-1

_ N N
1 / 1 /
= HJ_N (W g 22t22t> & Im vec {]\W E uOtzzt} + Op (1)
t=1 t=1

r -1
= Hy {HJ_ (M M + Qx:p) HJ_} ® Im

1/2
- {Hj_ </’L :u’ + me> H ® Qoo} x N (OvlmX(K—l))

c C

~1/2
= HJ_ {HJ_ (M MC + Qw:p) HJ_} X Ql/2

~1
i MN <O7HJ_ {HJ_ <Iu luc + sz) HJ_} Hj_ ®QOO) ’

X N(O,Ime)

giving the stated result. m
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