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Abstract

In this paper we consider estimation and inference of common breaks in panel data models via
adaptive group fused lasso. We consider two approaches — penalized least squares (PLS) for first-
differenced models without endogenous regressors, and penalized GMM (PGMM) for first-differenced
models with endogeneity. We show that with probability tending to one both methods can correctly
determine the unknown number of breaks and estimate the common break dates consistently. We
establish the asymptotic distributions of the Lasso estimators of the regression coefficients and their
post Lasso versions. We also propose and validate a data-driven method to determine the tuning
parameter used in the Lasso procedure. Monte Carlo simulations demonstrate that both the PLS
and PGMM estimation methods work well in finite samples. We apply our PGMM method to study
the effect of foreign direct investment (FDI) on economic growth using a panel of 88 countries and

regions from 1973 to 2012 and find multiple breaks in the model.
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1 Introduction

Recently there has been a growing literature on the estimation and tests of common breaks in panel
data models in which there are N individual units and T time series observations for each individual.
Depending on whether T is allowed to pass to infinity, the model is called “short” for fixed T' and “large”
(or of large dimension) if T' passes to infinity. Implicitly, one usually allows N to pass to infinity in panel
data models.! Most of the literature falls into two categories depending on whether the parameters of
interest are allowed to be heterogenous across individuals or not. The first category focuses on homogenous
panel data models and includes De Watcher and Tzavalis (2005), Baltagi et al. (2015), and De Watcher
and Tzavalis (2012). De Watcher and Tzavalis (2005) compare the relative performance of two model
and moment selection methods in detecting breaks in short panels; Baltagi et al. (2015) consider the
estimation and identification of change points in large dimensional panel models with either stationary or
nonstationary regressors and error terms; De Watcher and Tzavalis (2012) develop a testing procedure for
common breaks in short linear dynamic panel data models. The second category considers estimation and
inference of common breaks in heterogenous panel data models; see Bai (2010), Kim (2011, 2014), Hsu and
Lin (2012), Baltagi et al. (2014), among others. Bai (2010) establishes the asymptotic properties of the
estimated break point in a location-scale heterogenous panel data model with either fixed or large T'; Kim
(2011) extends Bai’s (2010) method and develops an estimation procedure for a common deterministic
time trend break in large heterogenous panels with a multi-factor error structure; Kim (2014) continues
the study by estimating the common break date and common factors jointly; Hsu and Lin (2012) extends
Bai’s (2010) theory to nonstationary panel data models where the error terms follow an I(1) process;
Baltagi et al. (2014) study the estimation of large dimensional static heterogenous panels with a common
break by extending Pesaran’s (2006) common correlated effects (CCE) estimation procedure. In addition,
Chan et al. (2008) extend the testing procedure of Andrews (2003) from time series to heterogenous panels
where the breaks may occur at different time points across individuals; Liao and Wang (2012) study the
estimation of individual-specific structural breaks that exhibit a common distribution in a location-scale
panel data model; Yamazaki and Kurozumi (2014) develop an LM-type test for slope homogeneity along
the time dimension in fixed-effects panel data models with fixed N and large 7.2

A common feature of all of the above works is that a one-time break, common or not, is assumed in the
estimation procedure. Although the assumption of a single break greatly facilitates the estimation and
inference procedure, inferences based on it could be misleading if the underlying model has an unknown
number of multiple breaks. For this reason, a large literature on the estimation and inference of models
with multiple structural changes has been developed in the single or multiple time series framework; see,
e.g., Bai (1997a, 1997b), Bai and Perron (1998), Qu and Perron (2007), Su and White (2010), Kurozumi

IBai (1997a), Bai et al. (1998) and Qu and Perron (2007) extend the estimation of single-time series models to multiple-
ones with simultaneous structural breaks where the number of equations is fixed.

2Pesaran and Yamagata (2008) and Su and Chen (2013) propose LM-type tests for slope homogeneity along the cross
section dimension in large dimensional linear panel data models with additive fixed effects and interactive fixed effects,

respectively.



(2015), and Qian and Su (2014, 2015). In view of the fact that the conventional avg- and exp-type test
statistics for multiple structural changes requires all permissible partitions of the sample which could be
prohibitively large, Qian and Su (2015) propose shrinkage estimation of regression models with multiple
structural changes by extending the fused Lasso of Tibshirani et al. (2005) to the time series regression
framework.

In this paper we propose a shrinkage-based methodology for estimating panel data models with an
unknown number of structural changes. The new methodology is most suitable for the vision that the
regression coefficients in a panel data model may be time-varying but at the same time exhibit certain
sparseness in abrupt changes or breaks. This vision seems pertinent in many applied studies using
panel data that have a long time span measured in decades. During such a long time span, shocks to
technologies, preferences, policies, and so on, may result in the change of a statistical relation applied
economists seek to discover; but the shocks tend to be small over a relatively short time interval so that
it does not alter the statistical relationship in short time. In this case, one has to allow the parameters
in the model to change over time in an unknown way and recognize that parameters do not always alter
from one time period to another one. Multiple structural breaks may occur during the whole time span
but the number of breaks is generally small in comparison with the total number of time periods in the
data, resulting in the sparseness of the breaks.

In terms of econometrics methodology, this paper extends the Lasso-type shrinkage approach in Qian
and Su (2015) to panel data settings. To the best of our knowledge, this is the first in the literature to
deal with panel data models with possibly multiple structural changes explicitly.® To stay focused, we
consider homogenous linear panel data models with an unknown number of common breaks and we do
not allow cross section dependence. The extension to heterogenous panel data models and to panel data
models with cross section dependence will be discussed at the end of Section 7. For the advantage of the
use of panel data to study common breaks, we refer the readers directly to Bai (2010) and De Watcher
and Tzavalis (2012). Despite the fact that the Lasso-type shrinkage estimation has a long history and
wide applications in statistics (see, e.g., Tibshirani 1996; Knight and Fu 2000; Fan and Li 2001), the
application of Lasso-type shrinkage techniques in econometrics has a relatively short history. But the
number of applications in econometrics has been increasing very fast in the last few years. For example,
Caner (2009) and Fan and Liao (2014) consider covariate selection in GMM estimation; Belloni et al.
(2012) and Garcia (2011) consider selection of instruments in the GMM framework; Liao (2013) provides
a shrinkage GMM method for moment selection and Cheng and Liao (2015) consider the selection of valid
and relevant moments via penalized GMM; Liao and Phillips (2015) apply adaptive shrinkage techniques
to cointegrated systems; Kock (2013) considers Bridge estimators of static linear panel data models with

random or fixed effects; Caner and Knight (2013) apply Bridge estimators to differentiate a unit root from

3Bai (2010, Section 6) discusses the case of multiple breaks. As he remarks, if the number of breaks is given, the one-
at-a-time approach of Bai (1997b) can be used to estimate the break dates, and if the number of breaks is unknown, a test
for existence of break point can be applied to each subsample before estimating a break point. Alternatively, one can use

information criteria to determine the number of breaks in the latter case, but further investigation is called for.



a stationary alternative; Caner and Han (2014) proposes a Bridge estimator for pure factor models and
shows the selection consistency; Lu and Su (2015b) apply adaptive group Lasso to choose both regressors
and the number of factors in panel data models with factor structures; Cheng et al. (2015) provide an
adaptive group Lasso estimator for pure factor structures with a one-time structural break. This paper
adds to the literature by applying the shrinkage idea to panel data models with an unknown number of
breaks.

We propose two approaches, penalized least squares (PLS) and penalized general method of moments
(PGMM), for the estimation of the panel data model with an unknown number of breaks. We apply
first differencing to remove the fixed effects in the equation and focus on the first-differenced equation.
When there is no endogeneity issue in the first-differenced equation, we propose to apply PLS to estimate
the unknown number of break points and the regime-specific regression coefficients jointly where the
penalty term is imposed through the adaptive group fused Lasso (AGFL) component. In the presence
of endogeneity in the first-differenced equation, which may arise from endogenous regressors or lagged
dependent variables in the original fixed-effects equation, we propose to apply PGMM to estimate the
unknown number of break points and the regime-specific regression coefficients jointly where, again,
the penalty term is imposed through the AGFL component. Unlike Qian and Su (2015) who can only
establish the claim that the group fused Lasso can not under-estimate the number of breaks in a time
series regression and that all the break fractions (but not the break dates) can be consistently estimated
as in Bai and Perron (1998), we show that with probability approaching one (w.p.a.1) both of our PLS
and PGMM methods can correctly determine the unknown number of breaks and estimate the common
break dates consistently. We obtain estimates of the regression coefficients via both the Lasso and post
Lasso procedures and establish their asymptotic distributions. We also propose and validate a data-driven
method to determine the tuning parameter used in the Lasso procedure.

Both PLS and PGMM can be numerically solved using the fast block-coordinate descent algorithm.
Monte Carlo simulations show that our methods perform well in finite samples. First, the probability of
correctly estimating the number of breaks converges to one quickly as IV increases. Second, conditional
on the correct estimation of the number of breaks, our methods accurately estimate the break dates in
finite samples. Third, our method continues to perform well even if the number of breaks is allowed to
increase with the time dimension.

As an empirical illustration, we employ our PGMM method to evaluate the effect of foreign direct
investment (FDI) inflow on economic growth. We estimate a dynamic panel data model with possibly
multiple breaks using the PGMM approach. We find that, with a tuning parameter selected via minimiz-
ing a BIC-type information criterion, there are three breaks (four regimes) in the span of seven five-year
periods. In each regime, the post-Lasso estimation finds significant positive effect of FDI inflow on GDP
growth. In contrast, if we estimate a usual dynamic panel data model with time-invariant parameters,
we would find this effect to be statistically insignificant. This empirical example illustrates the perils
of employing panel data models with restrictions on the number of breaks. Our contribution makes the

restriction unnecessary.



It is worth mentioning that Ke et al. (2015) and Su et al. (2014) investigate similar problems to ours.
Ke et al. (2015) proposes a new method called clustering algorithm in regression via data-driven segmen-
tation (CARDS) to explore homogeneity of coefficients in high dimensional regression. Su et al. (2014)
propose a procedure called classifier Lasso to estimate a latent panel structure where individuals belong
to a number of homogenous groups within a broadly heterogenous population, regression parameters are
the same within each group but differ across groups, and the individual’s group membership is unknown.
But neither paper requires the temporal ordering information.

The rest of the paper is organized as follows. Section 2 introduces our fixed-effect panel data model
and PLS and PGMM estimation of the model depending on whether endogeneity is present in the first-
differenced equation. Sections 3 and 4 analyze the asymptotic properties of PLS and PGMM estimators,
respectively. Section 5 reports the Monte Carlo simulation results. Section 6 provides an empirical
application and Section 7 concludes.

NOTATION. Throughout the paper we adopt the following notation. For an m X n real matrix A,
we denote its transpose as A', its Frobenius norm as [|A|, and its spectral norm as [|A|,,. When A is
symmetric, we use fiy., (A) and g, (A) to denote its largest and smallest eigenvalues, respectively. I,
denotes a p X p identity matrix and 0,xp an a X b matrix of zeros. We use “p.d.” and “p.s.d.” abbreviate
“positive definite” and “positive semi-definite”, respectively. The operator L denotes convergence in
probability, 2N convergence in distribution, and plim probability limit. Let A and A2 denote the difference
operators of order 1 and 2, respectively. In addition, we use TriD(:,-)r to denote a symmetric block

tridiagonal matriz (SBTM):

DI A
—As Dy —Al
—As D3z -4

TriD(A, D)y = . . _ (1.1)

—Ar_1 Dpy —Aj
—Ar Dr

where D;’s are symmetric, A;’s are square matrices, and empty blocks denote the matrices of zeros. By
T
Molinari (2008), the determinant of TriD(A, D)r is given by det (TriD(A4, D)r) = Hdet (A¢), where

t=1

A =Dy and Ay = Dy — AtAt__llA,’5 for t = 2,...,T. By Meurant (1992) and Ran and Huang (2006), one

can also calculate the inverse of TriD(A, D)y recursively.

2 Shrinkage estimation of linear panel data models with multi-

ple breaks

In this section we consider a linear panel data model with an unknown number of breaks, which we

estimate via the adaptive group fused Lasso.



2.1 The model

Consider the following linear panel data model
Vit = p; + Bizie +uie, i=1,.,N, t=1,...,T > 2, (2.1)

where x;+ is a p X 1 vector of regressors, u;; is the error term with zero mean, (3, is a p x 1 vector of
unknown coeflicients, and p; is the individual fixed effects that may be correlated with x;;. We assume
that IV passes to infinity and T can either be fixed or pass to infinity. But for clarity, we will focus on the
case where T — oo when we derive and report the theoretical results. It is evident from the derivation
that all results hold under the fixed T' case. When T' — oo, we will write (N,T) — oo to signify that N
and T pass to infinity jointly.

Like Qian and Su (2015), we assume that {8, ..., Bp} exhibit certain sparsity such that the total
number of distinct vectors in the set is given by m + 1, which is unknown but typically much smaller

than T. More specifically, we assume that
Bi=oajfort=T;_4,...,7y—1land j=1,...m+1

where we adopt the convention that Ty = 1 and T,,41 = T + 1. The indices T3, ...,T}, indicate the
unobserved m break points/dates and the number m + 1 denotes the total number of regimes. We are
interested in estimating the unknown number m of unknown break dates and the regression coeflicients.
Let oy = (0, s, 1) and Ty, = {11, ..., T } -

Throughout, we denote the true value of a parameter with a superscript 0. In particular, we use
m®, al, = (af, ..., ag’loﬂ)/ and T2, = {T7,..., T2} to denote the true number of breaks, the vector of
true regression coefficients, and the set of true break dates, respectively. We assume 7Y > 2 and allow
Tr?zﬂ = T. When Tr?zﬂ = T, the last break occurs at the end of the sample (c.f., Andrews 2003) and the
(m® + 1)th regime has only one observation for each individual time series. As for the true number of

¥ — 0o as T — oo. Of course, in the case of fixed T, m® is regarded as a fixed finite

breaks, we allow m/
integer. As for the break sizes, we allow the minimum break size (minj<;<,o Hag 1= a?”) to shrink
to zero as N — oo or (N,T) — oo. In either case, one may write y;; = y;nr for 1 < i < N and
1 <t < T (and similarly for z;;) to emphasize the multi-array nature of the process {y;;}. But for
notational simplicity, we keep writing y;; and x;; instead.

To eliminate the effect of 1, in the estimation procedure, we consider the first-differenced equation

Ayir = Bizie — Bi_1Tip—1 + Ay
= B Az + (B, — By1) wiu—1 + Aua,

where, e.g., Ay = yit — Yir—1 for i =1,..., N and t = 2,...,T. We consider two cases:

(a) E[Auizy) =0 and E [Auyx; 1] = 0;

(b) E[Aujzy] # 0 or E[Auyx;—1] # 0.

Case (a) occurs when z;; is strictly exogenous in the sense that F (uj|z;) = 0 a.s. where z; =

(i1, .., zy7)". But strict exogeneity is not necessary for case (a) and a sufficient condition for (a) to



hold is E (Auit|wit, zit—1) = 0. Case (b) occurs when x;; contains either lagged dependent variables (e.g.,
¥i,t—1) or endogenous regressors that are correlated with u;,. We assume the existence of a ¢ x 1 vector
of instruments z;; in case (b) where ¢ > p.

Note that neither m nor the break dates are known and m is typically much smaller than T This fact
motivates us to consider the estimation of ,’s and 7, via a variant of fused Lasso a la Tibshirani et al.

(2005). We propose two approaches — PLS estimation for case (a) and PGMM estimation for case (b).

2.2 Penalized least squares (PLS) estimation

In case (a), we propose to estimate 3 = (51, ..., B'T)/ by minimizing the following PLS objective function

1 T T
Vinta, (B) = N Z (Ayir — Biwi + 52_1$i,t—1)2 + A1 Zwt 18 = B4 | (2.2)

i=1 t=2 t=2
where Ay = A1 (N, T) > 0 is a tuning parameter, and w; is a data-driven weight defined by

—K1

ct=2,..,T, (2.3)

B = Bo|

i

{ﬁt} are preliminary estimates of {8,}, and «; is an user-specified positive constant that usually takes
value 2 in the literature. Noting that the objective function in (2.2) is convex in 3, it is easy to obtain
the solution 3 = (B;, ,B/T)’ where we suppress the dependence of Bt = Bt (A1) on A; as long as no
confusion arises. We will propose a data-driven method to choose \; in Section 3.4.

For a given solution {3,}, the set of estimated break dates are given by T = {T1,...,Tyn} where
1 <T) <..<Ts<T such that ||, _thH #0att =T for some j € {1,....,7} and Ty, divides

the time interval [1,7] into 7 + 1 regimes such that the parameter estimates remain constant within

each regime. Let Ty = 1 and Tj41 = T + 1. Define & = dj(’j}n) = BT;’—I as the estimate of «; for

j = 1,..,m + 1. Frequently we suppress the dependence of &; on T (and A;) unless necessary. Let

& = 0 (Ti) = (a1(T) s ooy g (Ti)')

Apparently, the objective function in (2.2) is closely related to the literature on adaptive Lasso (Zou
2006), group Lasso (Yuan and Lin 2006), fused Lasso (Tibshirani et al. 2005 and Rinaldo 2009), and
group fused Lasso (Qian and Su 2015). Zou (2006) first shows that the Lasso could be inconsistent
for model selection unless the predictor matrix satisfies a rather strong condition, and then proposes the
adaptive Lasso that assigns different weights to penalize different coefficients in the ¢;-penalty. Observing
that the Lasso is designed for selecting individual regressors, Yuan and Lin (2006) extend the Lasso to
group Lasso that selects “grouped variables”. A combination of the adaptive Lasso and group Lasso
yields the adaptive group Lasso that can achieve selection consistency for “grouped variables”; see, e.g.,
Wang and Leng (2008). In sum, such regular adaptive Lasso or adaptive group Lasso are designed to
distinguish the nonzero coefficients from the zero coefficients asymptotically. They are not applicable

here because our aim is not to select variables in z;; but to determine the unknown number of breaks in

{8}



Tibshirani et al. (2005) propose the fused Lasso that is designed for problems with features that can
be ordered in a meaningful way and penalizes the ¢1-norm of both the coefficients and their successive
differences. For a standard linear model: y; = Z;’:l ZijY; + €y 0 =1,...,n, the fused Lasso estimator of

v = (’yl, ...,'yj)/ is defined by

2
n D p p
4 = arg Ir{ylnz Yi — Zwij’yj + /\;1) Z |7j| + )\,(12) Z "Yj—’Yj—1| 5 (2.4)
=1 j=1 j=1 j=2

where A and A are two nonnegative tuning parameters, 7,’s are scalar regression coefficients, and x;;’s
are regressors. Apparently, fused Lasso encourages sparsity of both the coefficients and their successive
differences. Here, we can adopt the idea of fused Lasso because of the coefficient vectors {§,} in our
model (2.1) have temporal order. The main difference of our PLS objective function in (2.2) from the
standard Lasso objective function in (2.4) lies in three aspects: (1) we consider the vector difference
B — B;_1 by using the Frobenius norm ||-|| instead of the usual ¢;-norm, (2) we assign different weights
{w;:} to penalize different coefficient differences, and (3) we do not impose the ¢;-penalty on the individual
elements of 8,, t = 1,...,T. Like Qian and Su (2015), the use of the Frobenius norm ||-|| for the vector
difference 5, — B,_; generalizes the fused Lasso to the group fused Lasso. Unlike Qian and Su (2015)
who do not assign different weights to the vector differences in their time series regression, our panel
regression allows us to apply the adaptive weights {w;}, yielding the adaptive Lasso procedure. For this
reason, we can call our estimation procedure as adaptive group fused Lasso (AGFL).

To obtain {uy}, we propose to obtain the preliminary estimate 3 = (6/1, - B/T)’ by minimizing the
first term in the definition of Vinr x, (8) in (2.2). We can readily demonstrate that

/B = Q&lTRijVTu (2-5)

where Qyr and R'}J\/T are defined in (A.1) and (A.2) in Appendix A.1, respectively.

2.2.1 Post-Lasso least squares estimation

For any a,,, = (0/1, ...,a;n+1)/ and 7,, = {T,....,Tp,} with 1 < T} < --- < T, < T, we define*

1 m+1  Tj—1 N ) 1 N )
QinT (O Trn) = N Z Z Z (Ayz‘t - Oé;'AIit) + N Z Z (Ayz’Tj - a;+1$iTj + Oéj-ll?i,Tj—l) )
j=1 t=T;_1+1i=1 j=1i=1

(2.6)
where ZtTi;jl,l 41 Zil (Ayit — a?Awit)z corresponds to “the sum of squared errors” for observations in
the jth artificial regime with time series observations indexed by integers in the interval [T;_1,T; —1], and
vazl (Ayit - oz;- Ty T+ a}zivTj_l)Q corresponds to the “the sum of squared errors” for observations
when one moves from the jth regime to the (j + 1)th regime. The second term in (2.6) is important
and helps to improve the asymptotic efficiency when T or the minimum length of the m + 1 regimes is

fixed. It can be omitted if ming<;j<y, |Tj+1 —T;| — 0o as T — oo and only the asymptotic efficiency is

4By default, the summation Z?:a in this paper is zero if b < a.



concerned, but we still keep it to improve the finite sample performance of the post-Lasso estimate in
this case. One can choose a.,, to minimize the objective function in (2.6). We denote the solution as
&P, (T,) = (&5 (To)' v @by () )/. By setting 7,, as 7, the set of estimated break dates via the

AGFL procedure, we obtain the post-Lasso least squares estimator
~ ~ -1 ~
&b, =&, (Tn) = onr (Tn) e (Tn), (2.7)

where @y (-) and ¥¥,, (-) are defined in (A.3) and (A.4) in Appendix A.1, respectively. We shall study

the limiting distribution of &, in Section 3.3.

2.3 Penalized GMM (PGMM) estimation

In case (b), we propose to estimate B by minimizing the following PGMM objective function

T N
Vant e (B Z{ Z (B Bi1 } Wt{Nan Bir By }szwtnﬂt Bialls (2:8)

t=2 t=2

where p;, (8, 8¢-1) = zit(Ays — Bizie + Bi_1Tiz—1), A2 = A2 (N,T) > 0 is a tuning parameter, W =
WinT is a ¢ X ¢ symmetric p.d. weight matrix for ¢ = 2,...,;T, and w; is a data-driven weight defined by

— K2

Wy = HBt*BH‘ t=2,..T, (2.9)

{j3,} are preliminary estimates of {/3,}, and ky is an user-specified positive constant that usually takes
value 2 in the literature. Clearly, the first term in the definition of Vonr y, (3) in (2.8) is different from
the usual GMM objective function in the panel setting with time-invariant parameters where only one
weight matrix (W, say) is needed and the double summation 23:2 Zfil occurs twice, one before the
single weight matrix and the other after the single weight matrix. It is also different from the GMM-type
objective function in Andrews (1993) who considers the test of a single structural change in a time series
regression. Noting that the objective function in (2.8) is convex in (3, it is easy to obtain the solution
B= (B/l, s B/T)', where we frequently suppress the dependence of 3, = 3, (A2) on Ao. We will propose a
data-driven method to choose A\g in Section 4.4.

For a given solution {Bt}, we can find the set of estimated break dates 7y, = {Tl,...,Tm} as in
Section 2.2. Like before, Ty, divides [1,T] into 7 + 1 regimes such that the parameter estimates remain

constant within each regime and Hﬁt B, 4

Tforsomej—l mLetTO—l
and Tm+1 =T + 1. Define &; = &;(75) = BT as the estimate of o for j = 1,...,m + 1. Let &y, =

& (Tin) = (@1(T), ey g (Ta)') -
To obtain the adaptive weights {0}, we propose to obtain the preliminary estimate 8= (,6/1, ey ,BIT)’
by minimizing the first term in the definition of Vay7 », (3) in (2.8). It is easy to show that
B = Q]:flTRZJJVTa (2'10)

where Q7 and RY,. are defined in (A.6) and (A.7) in Appendix A.2, respectively.



Remark. To proceed, it is worth mentioning that one might consider an alternative PGMM objective

function

B TR ! TR T
V2NT,>\2 (,8) = {NZZ Pit (Btvﬁt 1)} WNT{NZZ Pit Btvﬁt 1 } +)\2Zwt“ﬁt_
=2 i=1 t=2

(2.11)
where Wi is a ¢ X ¢ symmetric matrix that is asymptotically nonsingular, and both Zthz and Zf\;l
enter the first term in (2.11) twice and symmetrically. Nevertheless, this reformulation only makes sense
for the over-identification case (¢ > p). If the dimension of z; is the same as that of z;, i.e., ¢ = p, the

resulting PGMM estimators of {3,} based on the minimization of (2.11) are given by

T

N T -1 N
Brmgmn = (z zzismgs) S°S sy for cach £ = 1, T,
i=1s

i=1 s=2 =2

That is, the objective function in (2.11) always take the value zero, regardless of the choices of W and
A2, and the PGMM estimators of {,} remain as a constant no matter whether there is a beak in the
data or not. So we cannot apply the above PGMM method to estimate the number of breaks at all. This

motivates us to consider the PGMM objective function of the form given in (2.8).

2.3.1 Post-Lasso GMM estimation

For any a,, = (0/1, ...,a;n+1)/ and 7,, = {11, ..., T} with 1 <Ty < --- < T}, <T, we define

/!

m—+1 T;—1 T;—1
1 o |1
Qant (m; Tim) = Z N Z szt ;) W N Z ZPzt ;)
j=1 t=T;_1+1i=1 t=T;_1+1 =1
m ! 1 N
+Z ZPhTJ Olj+1,04])] Wi, lﬁzpun (a1, 05) |, (2.12)
j=1 i=1 i=1

where p;, (o) = 2t (Ayit — a;-A:Eit) s PriT, (ajy1,05) = zir, (Ayi; — a;»Hxl-Tj -I-()é;:Ei)Tj,l), and Wf is a
regime-specific ¢ X ¢ symmetric weight matrix that is p.d. in large samples. As in the case of PLS estima-
tion, the second term in (2.12) is important when 7" or the minimum regime length is fixed and can be omit-
ted in the case where ming<;<m [Tj+1 — Tj| — 00 as T — oo. Let &, (T,,) = (6% (Tp)', ..., &5, 14 (Tm)/)l
denote the minimizer of Qan7 defined in (2.12). By setting 7,, as ’j'm, the set of estimated break dates,

we obtain the post-Lasso GMM estimator
&b, = &b, (Tn) = Tnr(Ta) 'S (Tan) |

where Ty (+) and Z%4 () are defined in (A.8) and (A.9) in Appendix A.2, respectively. We shall study
the limiting distribution of &, in Section 4.3.

To obtain the PGMM estimate and the associated post-Lasso estimate, one needs to choose the weight
matrices W; (¢t =2,...,T) and ij (j =1,...,7m+ 1). In the simulation and application below, we adopt
a two-step strategy for determining both sets of weights. For Wy, we first obtain the estimate 3, by

10



choosing the ¢ x ¢ identity matrix I, as the weight matrix. In the second step, we specify W; as the
inverse of the estimated covariance matrix of p; (8, 3;_,) and achieve an updated estimate of 3,. A
similar procedure is adopted for determining the weights in post-Lasso estimation.

3 Asymptotic properties of the PLS estimators

In this section we address the asymptotic properties of the PLS estimators.

3.1 Basic assumptions

Let IJQ = TJQ — TJO_1 for 7 =1,...,m% 4+ 1. Define

|, and Jomax = max [|a),, —af||.

Ipin= min I9, Jyum= min ||o¢2+1 — oz? )
1<j<m0

1<j<mo+1 7 1<j <m0

Apparently, I i, denotes the minimum interval length among the m® + 1 regimes, and Jnin and Jimax
denote the minimum and maximum jump sizes, respectively. In the case of fixed T, I,i, does not pass to
infinity as N — oo. When T' — o0, Iy, can either pass to infinity or stay fixed unless otherwise stated.
We will maintain the assumption that Jy.x is always a fixed constant but Jyi, can be either fixed or
shrinking to zero as either N — oo or (N,T) — oo. Define the p (mo + 1) X p (mo + 1) matrix ® 7 and

P (mo + 1) x 1 vector ®nyp and W%, respectively:
Oy = Onr (T20) and Uiy = Uhp (T00) for a =y or u, (3.1)

where @y (-) and U% 1 () are defined in (A.3) and (A.4) in Appendix A.1, respectively.

To study the asymptotic properties of the PLS estimators, we make the following assumptions.

Assumption A.1. (i) Let w; = (u;1, ..., u;r)". {z;,u;} are independently distributed over .

(i) E(ziAui) = 0 and E (z;4-1Auy) = 0 for i = 1,...,N and ¢t = 2,...,T. maxj<,<ny Maxj<¢(<7
E s’ < € < o0 for ¢ = x and u and some ¢ > 2.

(iii) Let ¢, = % Zf\il x;xh,. There exist two constants ¢z, and €z, such that 0 <¢;p < ming<;<p
fmin (B ($ga)) < Maxi<e<7 Hmax (B (d20,t)) < Cow < 00.

(iv) Let n;p denote the error term in the least squares projection of z;r on x; r—1. There exists a

constant ¢, > 0 such that fi, (N SN | E (ni0m)7)) = ¢,-

Assumption A.2. (i) Jyax = O (1) and NV2 ], — ¢y € (0,00] as (N, T) — oo.
(i) pim(n,r)—oem®NY2A I M1 = ¢ € [0, 00).

(iii) pliim(n 7)o N FD/2); = 0.
(iv) For some ¢y > 1, N'=0T(InT)%°7 — 0 as (N,T) — oo.

Assumption A.3. Let Doy =diag(\/17, ..., \/I00, ;) ® L. Let S denote an arbitrary I x p(m° + 1)
selection matrix such that ||S|| is finite, where [ € [1, p(m® + 1)] is a fixed integer.
(i) There exists ®¢ > 0 such that H]DY1 dyrD 5 Dol =op(l).

0 0 -
mO+41 mO+1 sp
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(i) VNSO, 'D L Wi B N (0, 5P, Q0P 1S .

m0+41

Assumption A.1(i) requires that {x;,u;} be independently distributed. It may be relaxed to al-
low for weak forms of cross section dependence at very lengthy arguments. A.1(ii) specifies moment
conditions on {z;, uit}. I E (uit|xisr1, i) = 0 as. for each ¢ and ¢, then the first part of A.1(ii)
is satisfied. In conjunction with A.1(i), A.1(ii) implies that each block element of vV NRY. is Op (1)
and T71N HR}(,THQ = Op (1) by Chebyshev inequality. A1(iii)-(iv) impose conditions on E (¢,, ;) and
N1 Zf\’:1 E (n;77.7) . They are used to ensure that the Tp x Tp matrix Q yr is well behaved (see Lemma
3.1 below). Assumption A.2 mainly specifies conditions on m°, Juin, A1, and N. We use the probability
limit instead of the usual limit in A.2(ii)-(iii) because we allow A; to be data-driven and thus random. We
allow the minimum break size Jyin to shrink to zero as N — oo but it cannot shrink to zero faster than
N—1/2_ In addition, we allow the number of breaks m° to diverge to infinity at a slow rate. Assumption
A3 specifies conditions to ensure the asymptotic normality for any linear combinations of the Lasso or
post Lasso estimators. If m® remains fixed as (N, T) — oo, we can simply replace the selection matrix
S by an identity matrix. From the definition of the SBTM ®nr (-) in (A.3), we can easily see that the
off-diagonal block matrices <I>;r (’];20) ,1=2,..,m%+ 1, are not involved with any summation over the
time index. This implies that after normalization, the probability limit of ]D);L%) +1<I> NT]ID;}J 41 1s given by
a block diagonal matrix provided Ipni, — 0o as T — 00.”> That is, ®¢ is now block diagonal and one can
readily check its non-singularity.

In the special case where Jy, is bounded away from zero and m° remains fixed as (N, T) — oo, A.2

is simplified to
Assumption A.2*. plim(y 7)o N2\ = ¢ € [0,00) and plim(y 7)o N F/2); = o0.
The following lemma studies the eigenvalue behavior of Q n7-.
Lemma 3.1 Suppose Assumptions A.1 and A.2(iv) hold. Let Qo = E(Qnr). Then
(i) There exist two constants ¢, and ¢, such that 0 <cg < Loonin (Q0) < fhimax (Qo) < o, < 0,
(i) HQNT - QOH&[) =op (1),
(iii) 3¢ty < Panin(@NT) < Himax(QnT) < 285, w.p.a.1.
Lemma 3.1 indicates that despite the divergent dimensions of the T'p x T’p matrix Ont as T — oo, its

eigenvalues are well behaved asymptotically. With the help of this lemma, we show in Lemma B.1 that
VN (ﬁt - B?) =Op (1) for each t = 1,...,T. Lemma 3.1 is also used in the proof of Theorem 3.2 below.

3.2 Consistency

The following theorem establishes the consistency of {3,}.

SIntuitively, this means that the second term in (2.6) does not contribute to the limiting distribution of the post-Lasso

estimator when I,;, — oo as T — oo.
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- 2
Theorem 3.2 Suppose that Assumptions A.1 and A.2(iv) hold. Then (i) T—! H,@ — ,BOH =0Op (N*I) ,
and (i) B, — B2 = Op (Nfl/Q) foreacht=1,..T.

Theorems 3.2(i) and (ii) establish the mean square and pointwise convergence rates of {Bt}, respec-
tively. The two results are equivalent in the case of fixed T. We allow (N,T) — oo and then the proof of
Theorem 3.2(ii) demands some extra effort. In particular, we need a close examination of the factorization
and inversion properties of a SBTM.

Let 7% = {2,..,T}\7%. Let 69 = 37 and 0) = B} — gY_, for t = 2,...,T. Let 0; = f3; and
0, = Bt — Bt_l for t = 2,...,T. The following theorem establishes the selection consistency.

Theorem 3.3 Suppose that Assumptions A.1-A.2 hold. Then P (’ 0,

Q.

:0f0rallt67728)—>1as]\f—>

Theorem 3.2 says that w.p.a.1 all the zero vectors in {#?, 2 <t < T} must be estimated as exactly
zero by the PLS method so that the number of estimated breaks 7 cannot be larger than m°® when N
is sufficiently large. On the other hand, by Theorem 3.2(ii), we know that the estimates of the nonzero
vectors in {7, 2 <t < T’} must be consistent by noting that Bt — th consistently estimates 69 for t > 2.
Put together, Theorems 3.2 and 3.3 imply that the AGFL has the ability to identify the true regression
model with the correct number of breaks consistently when the minimum break size Jp,;, does not shrink

to zero too fast.

Corollary 3.4 Suppose that Assumptions A.1-A.2 hold with c; = oo in Assumption A.2(i). Then (i)

limy oo P (M =m") =1, and (ii) imy_co P(Ty = TP, ..., Tppo =T | m=m") = 1.

The above corollary implies that, as long as Jy;, remains fixed or shrinks to zero at a rate slower
than N=%/2 as N — oo, we can estimate the number of structural changes and all the break dates
consistently. In contrast, Qian and Su (2015, Theorem 3.3) only establish the claim that the group fused
Lasso procedure can not under-estimate the number of breaks in a time series regression and that all
the break fractions (but not the break dates) can be consistently estimated as in Bai and Perron (1998).
More precisely, letting D (A, B) = supycpinfaca |a —b| for any two sets A and B, Qian and Su (2015,
Theorem 3.2) establish the claim that limr_, o P (D (’j'm, 7;20) < T6T> = 1 for some sequence {41} such
that 7 — 0 and T'é — oo as T — oo. In our panel setting, the availability of IV cross sectional units for
each time period permits us to obtain the set of consistent preliminary estimates {Bt} used to construct
the adaptive weights {w;}. The adaptive nature of our procedure helps to identify the exact set of break
dates and yield stronger results than those in Qian and Su (2015).

3.3 Limiting distributions of the Lasso and post-Lasso estimators

In this subsection we study the asymptotic distributions of the Lasso and post-Lasso estimators.

13



Let Ayr = {T; = T) for j = 1,...,m%} and A% its complement. By Corollary 3.4, we have

{fsm)mm( P (Tr) — O)GC\msz}
= P{VNSDyo1(&5(T) — a®) €C, Anr | 2 =m"}

—&-P{\/_S]D)moH( P (T) —a°) €, A(jVTlmsz}
= P{VNSD041(80,0(T5) — %) € C} +o0p (1),

where C C R, and &% ,(7,%) is the infeasible estimator of a® which is obtained if one knows the exact
set T,So of true break dates:

&l o (T2) = @ VY%, (3.2)

mo\“m

where @y and U, are defined in (3.1).
The following theorem reports the limiting distributions of the Lasso estimator &m('j'ﬁl) and the

post-Lasso estimator &fh(f'm) conditional on the large probability event {Th = mo}.

Theorem 3.5 Suppose that Assumptions A.1-A.8 hold with c; = oo in Assumption A.2(i). Then
conditional on m = m°, we have (i) VNSDyo41(ém(Tr) — a®) 2 N (0,50, 'Q®;'S"), and (ii)
VNSD0.41 (&2 (1) — )HN(O,S<I>0190 ols’).

Noting that the dimensions of & (75) and &%, (75) diverge to infinity when m?°

— 00, we cannot
derive their asymptotic normality directly. For this reason, we follow the literature on inferences with a
diverging number of parameters (e.g., Fan and Peng (2004), Lam and Fan (2008), Lu and Su (2015a)) and

a, (Ta)-
77l

Since we allow I;») to be either fixed or diverge to infinity as T' — oo, &; (T;) and d?(j’m)’s may have

prove the asymptotic normality for any arbitrary linear combinations of elements of &ﬁl(’f'm)

different convergence rates to their true values. In the special case where I ]0 is proportional to T, both
achieve the usual v/ NT-rate of consistency.

Theorem 3.5 indicate that both the Lasso estimator &z (7 ) and the post-Lasso version &%, (75,) are
asymptotically equivalent to the infeasible estimator dfn o (7;20) conditional on the large probability event
m = mP. The latter can be obtained only if one knows all break dates. In this sense, our Lasso and
post-Lasso estimators have the oracle efficiency. Despite the asymptotic equivalence between the Lasso
and post-Lasso estimators, it is well known that the post-Lasso estimator typically outperforms the Lasso

estimator and is thus recommended for practical use.

3.4 Choosing the tuning parameter \;

Let Gup,, = G,y (’Zﬁ,;ul) = (v (’Zﬁ,;ul)’, o &Thkﬁl(’j}ml )')’ denote the set of post-Lasso estimates of the

regression coeflicients based on the break dates in ’ZN;;MI = ’ZN;;MI (A1), where we make the dependence

of various estimates on \; explicit. Let a~ = 16211\zT(6z7m1,’]~'mA ). Following Wang et al. (2007),
m™Xy

Zhang et al. (2010) and Su and Qian (2014), we propose to select the tuning parameter A; by minimizing
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the following information criterion (IC):

101 (M) = 53‘—ﬁu + pinep (M, + 1), (3.3)
1

where p;yp is a tuning parameter which plays a similar role to that of % and IHE\J,\;T) in Akaike and
Bayesian information criteria, respectively.
Denote Q = [0, ftax) , @ bounded interval in RT. We divide 2 into three random subsets g, Q_ and

Q4 as follows
QO:{)\leQ:mM:mO}, Q,:{)\1€Q:mxl<m0}, andQ+:{)\1€Q:m>\l>m0}.

Clearly, Qp, Q_ and Q4 denote the three subsets of 2 in which the correct-, under- and over-number of
breaks are selected by our AGFL procedure, respectively. We suppress their dependence on the sample
sizes N and T for notational simplicity. They are random because my, has to be determined based on
the random sample. Let A{yp denote an element in € that satisfies the conditions on A; in Assumptions
A.2(ii)-(iii).

Let 6% = m SN ST (Auy)® and 03 =plimg%,. To state the next result, we add the
following assumptions.

Assumption A.4. (i) plimy_..c ming ;<0 Mingepr 77— vazl [(d, — a)’xiT]o —(af - a)’:rLT]o_l]Q >

Ca > 0.
(11) T § +=2 E N] AZCitAU/it - OP (1) .
W/ N(T-1) ?

(i) As (N, T) = 00, oy — 0.

Assumption A.5. As (N,T) — oo, (mo + %) pint — 0 and Np;yyp — 00

A.4(i) imposes conditions on the parameters and the observations that are either at the break dates

or immediately preceding the break dates. The scalar J2. reflects the fact that we allow the minimum

min
break size Jyi, to shrink to zero. In the latter case, pulling observations in two adjacent regimes with the
break size of order O (Jumin) together to estimate the regression coefficients within these two regimes is
still consistent with J._! -rate of consistency. Under A.2(i)-(ii), A.4(ii) can be verified under various weak
dependence conditions, say, strong mixing or martingale difference sequence-type of conditions. A.4(iii)
imposes restriction on Iy, Jmin and the sample sizes. It is trivially satisfied if I3, o< T and Jp,;, remains
fixed as N — oo or (N, T) — oo, and reduces to the condition that ¢; = oo in Assumption A.2(i) in the
case where T is fixed. A.5 reflects the usual conditions for the consistency of model selection, that is, the
penalty coefficient p; o cannot shrink to zero either too fast or too slowly. If Iy, oc T and J} = O (1),
the first part of A.5 requires that p;yp — 0, which is standard for a typical IC function. The second
condition in A.5 is different from the typical IC requirement that N7 p,y; — oo in the model selection
literature because it is possible for a regime in a over-parametrized model to have only one time series
observation, and N~! indicates the probability order of the distance between the first term in our IC

function for an over-parametrized model and that for the true model.
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Theorem 3.6 Suppose that Assumptions A.1, A.2(i) and A.3-A.5 hold with c; = oo in Assumption
AQ(’L} Then P (inf)\leQ,USLr ICl (/\1) > ICl (/\(l)NT)) — 1 as N — oo.

Theorem 3.6 implies that the A;’s that yield the over-estimated or under-estimated number of breaks
fail to minimize the information criterion w.p.a.1. Consequently, the minimizer of IC7 (A1) can only be
the one that produces the correct number of estimated breaks in large samples. Note that we prove the
above theorem without requiring A; to satisfy Assumptions A.2(ii)-(iii). It indicates that if the number

of corrected breaks is of our major concern, we can simply choose A; to minimize ICy (\1).

4 Asymptotic properties of the PGMM estimators

In this section we address the statistical properties of the PGMM estimators.

4.1 Assumptions
Define the p (m® +1) x p (m°® + 1) matrix Ty7 and p (m” + 1) x 1 vector =%, respectively:
Ynr =Tnr (Too) and Exp = E%p (T90) for a =y or u, (4.1)

where Y7 (-) and Z¢ (+) are defined in (A.8) and (A.9) in Appendix A.2, respectively. To study the
asymptotic properties of the PGMM estimators, we make the following assumptions.

Assumption B.1. (i) Let z; = (22, ..., ziT)". {®i, zi, u;} are independently distributed over i.

To

(ii) B (zigAuy) = 0 for i = 1,..,N and t = 2,...,T. maxj<;<n Maxj<i<T E||§itH2 < C < oo for
Sit = T, 2zi¢ and u;; and some 7o > 2.

(iii) Let ¢.,, . = % Zf\il zitthy, Ats = E (¢l 1s) B (¢20r.s), and Ay = Apy. There exist two con-
stants ¢,, and ¢, such that 0 <c¢, < mini<i<7 ppin (W) < maxi<i<t fmax (Wi) < & < 00. There
exist two constants c,, and €., such that 0 <c., < mino<;<7 fin (Aei—1) < MaXo<i<r fpax (At i—1) <
Crp < 00, and 0 <C.p < minj<i<r fyin (A¢) < Max << fhpax (At) < Cop < 00.

(iv) Let 7,7 denote the the residual from the auxiliary GMM estimation of z;7 = aux; 7—1 + N7
with z;7 as the IV for z; 7_; and Wr as the weight function. Let (bmt’t = % Zf\il zitﬁ;t. There exists a
constant ¢, > 0 such that pim(n, ) oo tamin (O2s 7.7P25.7.7) = Con-

Assumption B.2. (i) Jpax = O (1) and NV/2J5, — ¢; € (0,00] as (N, T) — oo.
(ii) plim(N’T)ﬁoomoNl/2)\2J,;i'§2 =c€e[0,00).
(iii) plim(y,7)—oo N2 T1D/2Xy = o0.
(iv) For some ¢ > 1, N1=0T(InT)70 — 0 as (N,T) — oo.

D YnrD b, — Yol =op(1).

sp

Assumption B.3. (i) ‘

(ii) \/]VST&IHD;L%_HE}‘VT 2N (0,575 'S0Yy"S") where S is as defined in Assumption A.3

Assumptions B.1-B.3 parallel Assumptions A.1-A.3. B.1(ii) specifies moment conditions on {z;, 2,
ui}. In conjunction with B.1(i), B.1(ii) implies that each block element of vVNRY, is Op (1) and
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T-'N HRUNTHQ = Op (1) by Chebyshev inequality. B.1(iii) requires that Wy, E (¢%, ;1) E (¢rzrs-1)
and E (¢, ) E (¢,,,) be nonsingular uniformly in . B.1(v) requires that ¢.; 7 7¢.; 71 be asymptot-
ically nonsingular. In conjunction with Assumption B.2(iv), B.1 implies that both (b;x,t’t_th(bm,m_l
and ¢;z,tWt¢m,t have eigenvalues that are bounded away from zero and infinity w.p.a.1l. Assumption
B.2 mainly specifies conditions on m°, Juin, A2, and N. Assumption B.3 specifies conditions to ensure
the asymptotic normality of the post Lasso estimator. Note that the normalizations in B.3 is different
from those in A.3 because the dominant terms in the definitions of Y7 and E%, are now involved
with two summations over the time index instead of one. From the definition of the SBTM Y nr (+) in
(A.8), we can easily see that the off-diagonal block matrices T;[ (’Tngo) ,1=2,...,m%+1, are not involved
with any summation over the time index. This implies that after normalization, the probability limit of
]D);%HTNT}D);;)H is given by a block diagonal matrix provided I, — oo as T — 00.6 That is, Ty is
now block diagonal and one can readily check its non-singularity.

In the special case where Jpi, is bounded away from zero and m° remains fixed as T — oo, B.2

reduces to
Assumption B.2*. plimy 7). N/2As = ¢ € [0, 00) and plimy 7)o N "2 FD/2); = .

The following lemma studies the eigenvalue behavior of Q n7-.

Lemma 4.1 Suppose Assumptions B.1 and B.2(iv) hold. Then w.p.a.1 the eigenvalues of QNT are
bounded away from zero and infinity, i.e., there exist two constants ¢y and ¢y such that 0 <cy <

Mmin(QNT) < Mmax(QNT) < EQ < 0.

Lemma 4.1 indicates that despite the divergent dimensions of the T'p x Tp matrix Q N1 as T — o0, its
eigenvalues are well behaved. This lemma is used to prove v N (Bt — B?) =0p(1) foreach t =1,..,T
and Theorem 4.2 below.

4.2 Consistency

The following theorem establishes the consistency of {3, }.

. 2
Theorem 4.2 Suppose that Assumptions B.1 and B.2(iv) hold. Then (i) T~1 H,@ - ﬂOH =0p(N7Y),
and (i) B, — 8% = Op (N_1/2) foreacht=1,..,T.

Theorems 4.2(i) and (ii) establish the mean square and pointwise convergence rates of {,@t}, respec-
tively. The two results are equivalent in the case of fixed T' and are not in the case of large T. If
(N, T) — o0, the proof of Theorem 4.2(ii) requires the use of the factorization and inversion properties
of a SBTM as in the proof of Theorem 3.2(ii).

Let 6 = ,5’1 and 0; = Bt — Bt_l for t = 2,...,T. The following theorem establishes the selection

consistency.

6Intuitively, this means that the second term in (2.12) does not contribute to the limiting distribution of the post-Lasso

GMM estimator when I3, — 0o as T — oo.
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Theorem 4.3 Suppose that Assumptions B.1-B.2 hold. Then P (H@tH =0 forallte ’2;28) —1las N —

Q.

Theorem 4.3 says that w.p.a.1 all the zero vectors in {#?, 2 < t < T'} must be estimated as exactly
zero by the PGMM method. On the other hand, by Theorem 4.2(ii), we know that the estimates of the
nonzero vectors in {#Y, 2 <t < T} must be consistent by noting that Bt — th consistently estimates 6?
for ¢ > 2. Put together, Theorems 4.2 and 4.3 imply that the AGFL has the ability to identify the true
regression model with the correct number of breaks consistently when the minimum break size Jp,;, does

not shrink to zero too fast.

Corollary 4.4 Suppose that Assumptions B.1-B.2 hold with c¢; = oo in Assumption B.2(i). Then (i)

lmy oo P (e =m°) =1 and (ii) imy_oo P(Ty = T?, ..., Typo = T, | 12 = m®) = 1.

The above corollary implies that the PGMM method helps us to estimate the number of structural

changes and all the break dates consistently.

4.3 Limiting distribution of the post-Lasso estimator

In this subsection we study the limiting distribution of the post-Lasso estimator dfn(j'm) The study
of the asymptotic distribution of the Lasso estimator éus;(75,) needs the introduction of a different set
of notations and conditions. Because of the special feature of the first term in (2.8), the PGMM-based
Lasso estimator is generally not as asymptotically efficient as the post-Lasso estimator.” To save space,
we relegate the study of its limiting distribution to the supplementary Appendix E.

Using arguments as used in Section 3.3, we can argue that the post-Lasso GMM estimator dfh(’f'm) is
asymptotically equivalent to the infeasible estimator dfn 0 (7720) which is obtained if one knows the exact
set 7720 of true break dates:

G0 (7720) = T;\flTE?VT’

where Tnp and =%, are defined in (4.1). The following theorem reports the limiting distribution of

&P, (7;,) conditional on the large probability event {m=m%}.

Theorem 4.5 Suppose that Assumptions B.1-B.3 hold. Then conditional onm = m°, we have \/NS]D)moH
(&2, (T5) — @) B N (0,575 'S15 1) .

Since we allow I]Q to be either fixed or diverge to infinity in the case of large T, df (’f’m)’s may have
different convergence rates to their true values. In the special case where IJQ is proportional to T, &? (’j'm)

achieves the usual v/ NT-rate of consistency.

"Notice that the derivative of (2.8) with respect to (wrt) B, does not involve with any summation over ¢ at all. To derive
the limiting distribution of the Lasso estimator dm('f'm), we need to sum both sides of the first order conditions (FOCs)
wrt B, over t for each of the m + 1 estimated regimes and apply the fact that Bt = &; if t belongs to the jth estimated
regime. But this device cannot generate the type of FOCs that are used to obtain the post-Lasso GMM estimator in view

of the fact that J - ) like N appears in the first term of the post-Lasso GMM objective function in (2.12) twice.
t—Tj 1+1

=1
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4.4 Choosing the tuning parameter )\,

Let &y, = Gupn,y, (’jﬂm&) = (n (’fmA2 )5 ey Gy, +1(Zimy, )')" denote the set of post-Lasso estimates of the
regression coefficients based on the break dates in ’ZA;;MQ = ’ZA;;UQ (A2), where we make the dependence of
various estimates on Ay explicit. Let &:)Tm = ﬁQQNT(&m/\z,’j—m)\z). We propose to select the tuning

parameter Ao by minimizing the following information criterion:
1C, ()‘2) = &%nx + PonTD (m/\z + 1) ) (42)
2

where pynp 18 a tuning parameter. Denote Qg = [0, A2 max] , @ bounded interval in RT. We divide €5 into

three subsets 99, Q2 and Qg as follows
QQQZ{)\QEQQZm)\Z :’I’I’LO}, QQ,Z{)\QEQQZT?%)\Z <m0}, andQQJr:{)\gEQg:ThAz >m0}.

Let A9y, denote an element in Qs that also satisfies the conditions on Ay in Assumptions B.2(ii)-(iii).
To state the next result, we add the following assumptions.
Assumption B.4. (i) plimy_ o minj< <0 ming,ere ﬁm (a)’WT]an (@) > ¢, > 0, where n; (o) =
N
% 21:1[(04%1 - a)/xiT;’ - (O‘? - a)/wi,qu]ZiT;)-

. 1 T)-1 N _ S 0
(ll) \/W Zt;TJQ_1+1 Zi:l zitAuit = OP (1) for each J = 1, e, me + 1.

(lll) As (N, T) — 0Q, Imin — 00 and m — 0.
Assumption B.5. As (N,T) — oo, (1 + ﬁ) pant — 0 and Npyyp — 00.

Assumptions B.4-B.5 parallel A.4-A.5. Note that we now require I,;, — 00 as T — oo. The following
theorem implies that the minimizer of IC5 (A2) can only be the one that produces the correct number of

estimated breaks in large samples.

Theorem 4.6 Suppose that Assumptions B.1, B.2(i) and B.3-B.5 hold with c; = oo in Assumption
B.2(i). Then P (infy,cq, uas, 1C2 (A2) > ICs> (A3nr)) — 1 as N — cc.

4.5 The case of fixed T

So far we have derived the results for both the PLS and PGMM estimation under the condition (N,T) —
oo. From the proofs of the above results, we can easily tell that all results continue to hold in the fixed
T framework. Noticeable differences mainly lie in two aspects. First, when T is fixed, both I,yi, and m°
are fixed integers too and all the conditions that are involved with either one can be simplified. Second,
some of the proofs (e.g., those of Lemmas 3.1, B.1-B.3, 4.1, and C.1 and Theorems 3.2 and 4.2) can
be greatly simplified in this case. In particular, now we can allow consecutive breaks for both PLS and
PGMM estimation.
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5 Monte Carlo simulations

In this section we conduct a set of Monte Carlo experiments to evaluate the finite sample performance
of our AGFL method. The first set of experiments are concerned with the PLS or PGMM estimation
of static panel data models. We first evaluate the probability of falsely detecting breaks when there are
none. Then we experiment on the data generating processes (DGPs) with one or two breaks. In this
case, we evaluate both the probability of correctly detecting the number of breaks and the accuracy of
estimating the break dates. The second set of experiments deal with the PGMM estimation of dynamic
panel data models. We focus on DGPs with a lagged dependent variable and an exogenous variable.
Finally we consider the case where number of breaks increases with the time dimension.

For fast computation, we use the block-coordinate descent algorithm (see, e.g., Angelosante and
Giannakis (2012)) implemented in MATLAB Excutable (MEX) to solve the minimization problem in
(2.2) for the PLS case and (2.8) for the PGMM case. We select the tuning parameters A; and Ao
that minimize the information criterion in (3.3) and (4.2) for the cases of PLS and PGMM estimation,
respectively. Specifically, we choose a tuning parameter A\.x that would yield zero break in every DGP
and a A\, that would yield many breaks. In practice, we can easily find such Apnax and Ayin by trial and
error. We then search for the optimal tuning parameter on the 50 evenly-distributed logarithmic grids
in the interval [Amin, Amax]. We choose p;yp = pon = cIn (NT) /v/NT in (3.3) or (4.2) with ¢ = 0.05.
Simulations (not reported here) show that the performance of our method is not sensitive to the choice
of ¢, especially when N or T is large.

Following the literature on the adaptive Lasso, we set K1 = ko = 2 in the construction of the adaptive
weights {w;} and {@;} that are used for the PLS and PGMM estimation, respectively. In addition, we
choose all weight matrices {W;, t = 2,...,T} and {W7, j = 1,...,7 + 1} as detailed in the last paragraph

of Section 2.3. The number of repetitions in all subsequent Monte Carlo experiments is 1000.

5.1 The case of static panel

We consider the following DGPs:
Vit = Byxit + p; Fouui, t=1,...,N, t=1,...,T, (5.1)
—1 T
where p; =T7'> ", | x; and

e DGP 1: zy ~i.i.d. N(0,1), uy ~ i.i.d. N(0,1).

DGP 2: Same as DGP 1 except u;; ~ AR(1) for each ¢ : u;y = 0.5u;4—1 + €5, €;x ~ 3.3.d. N(0,0.75).

e DGP 3: Same as DGP 1 except u;z ~ GARCH(1,1) for each i : u;z = vhit€ir, hir = 0.05 +
0.05u2,_; +0.9h; 41, € ~ i.i.d. N(0,1).

e DGP 4: z;; = &;; +0.3u;t, uir and &, are i.i.d. N(0,1) and mutually independent, z;; = &,;, +0.3¢;,
€t ~ 1.0.d. N(0,1) and independent of u;.
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e DGP 5: Same as DGP 4 except {;; ~ AR(1) for each i : ;; = 0.5, ; 1 + €1, € ~ i.i.d. N(0,0.75).

e DGP 6: Same as DGP 4 except u;; ~ GARCH(1,1) for each i : u;z = hit€ir, hiy = 0.05 +
0.05u?, 1 + 0.9hi 1, € ~ i.i.d. N(0,1).

We consider 7" = 6, 12, 50 or 100, and N = 50, 100, and 200. For each DGP, we set 5, = 1 for
all ¢ when no break exists, 3, = 1{1 <t < T/2} when there is one break, and 8, = 1 {1 <t <T/2} +
1{T/2 <t < [2T/3]} when there are two breaks, where 1 {-} denotes the usual indicator function and
|-] takes the integer part. If T = 6, the last case allows consecutive breaks at ¢t = 4 and 5.

Note that the individual effects are generated from within-average and thus regarded as “fixed effects”.
In the first three DGPs, no endogeneity issue exists and we use PLS to estimate the models. DGP 1 serves
as the benchmark case where both the regressor and the idiosyncratic error processes are strong white
noise. DGP 2 allows serial correlation in the idiosyncratic error process and DGP 3 allows conditional
heteroskedasticity. DGPs 4-6 contain an endogenous variable x;; and a variable z;; that generates a valid
IV. We apply PGMM to estimate the models, using (2, 2;+—1)" as the instrument. DGP 4 serves as the
benchmark case where both the regressor and the error terms are i.i.d. across ¢ and t. x;; and u; are
obviously correlated and z;; is correlated with x;; due to the presence of £;; in both. DGP 5 allows serial
correlation in x;; and z;, and DGP 6 allows conditional heteroskedasticity in w;;.

To evaluate the performance of the PLS or PGMM estimation under different noise levels, we select
the scale parameter o, to be 0.5 and 1. In DGP 1 without break, these values for o, correspond
to signal-to-noise ratios of 4 and 1 (or in terms of the goodness of fit R? of the model, 0.8 and 0.5),
respectively.

Tables 1 and 2 report simulation results from the above DGPs. The first panel of Table 1 reports the
percentages of falsely detecting breaks when there are none (m® = 0). The second and the third panels
report the percentages of correctly estimating the number of breaks when the true numbers of breaks
are 1 and 2, respectively. In the following we summarize some important findings from Table 1. First,
the simulations confirm that when there are no breaks, probabilities of falsely detecting breaks decline
to zero as either N or T increases. This is true for both the PLS estimation in DGPs 1-3 in the case of
no endogenous regressor and the PGMM estimation in DGPs 4-6 in the case of an endogenous regressor.
When N =50 and T'= 6 or 12, PLS and PGMM tend to over-estimate the number of breaks, especially
when noise level is high. Second, when there is one or two breaks, the probabilities of correctly detecting
one break converge to 100% as N or T increases. In the one-break case, when both N and T are small
and the noise level is high (¢, = 1), PLS gives poor performance in DGPs 1 and 3. However, with N = 50
and T = 50, PLS already correctly detects one break in 87% of all repetitions for DGP-1. The case for
DGP 3 is similar. For DGP 2, where the error is serially correlated, PLS performs much better at small
N and T'. Results from the two-break case are similar. Third, holding T fixed, an increase in N always
leads to higher probability of correct detection. But holding N fixed, an increase in T' does not always
bring a better performance for the PGMM estimation. For example, when N = 50 and T increases from

50 to 100, the probability of correct detection may decline slightly for the PGMM estimation. The reason
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Table 1: The determination of the number of breaks for DGPs 1-6 (static panels)

DGP o, N =50 N =100 N =200
T:6 12 50 100 6 12 50 100 6 12 50 100
m® =0, % of falsely detecting breaks when there are none

1 05 4.4 0.8 0 0 1 0.1 0 0 0.1 0 0 0

1 61.3 57.7 7.1 1.2 37.7 28 1.5 0.1 15.3 5.6 0.1 0

2 05 0 0 0 0 0 0 0 0 0 0 0 0

1 21.7 8.4 0.1 0 6.4 1.6 0 0 0.7 0.1 0 0

3 05 4.3 0.4 0 0 0.9 0 0 0 0 0 0 0

1 60.3 55.6 8.4 1.1 378 249 1.4 0.2 16.4 7.4 0.1 0

4 05 27.2 11.8 0.3 0 7.9 2 0.1 0 1.8 0.2 0 0

1 29.5 114 0.5 0 10.9 2 0 0 1.9 0.4 0 0

5 0.5 32 18.7 0.2 0 10.9 4.2 0 0 1.6 0.6 0 0

1 31.3 19.1 0.7 0 11.1 3.4 0 0 2.1 0.2 0 0

6 0.5 27.6 13.7 0.5 0 11.1 3.3 0 0 0.8 0.2 0 0

1 27.7 13 0.2 0 10.6 3.3 0 0 2.2 0.2 0 0

m® =1, % of correctly detecting one break
1 05 96.1 98.7 100 100 99.4  99.9 100 100 99.9 100 100 100
1 43.8 40.3 87 94.3  61.2 71.3 973 99.9 839 924 100 100
2 05 100 100 100 100 100 100 100 100 100 100 100 100
1 80.6 88.5 999 999 92 97.6 100 100 98.9 100 100 100
3 05 95.6 99.1 100 100 99.4  99.9 100 100 99.9 100 100 100
1 46.1 418  86.2  94.5 63.7 714 979  99.6 85 90.9 99.8 100
4 05 75.1 84.1 974  96.7 926  96.5 100 100 98.9  99.5 100 100
1 72.1 80.2 84.7 826 89.5 95.5 91.9 87.8 98. 99.4  99.6 99.4
5 05 70.3 82.9 99 99.5 89.6 95 100 100 99 99.6 100 100
1 65.7 77.8  93.7 895 88.4 955 988  97.5 97.8  99.8 99.9  99.9
6 05 74.8 83.1 99.1 98.7  92.1 95.2 100 100 98.6  99.6 100 100
1 74.4 82.1 86.9 849 903 96 97.3 93.9 98.1 99.3 100 99.6
m® =2, % of correctly detecting two breaks

1 05 96.9 99 100 100 99.6 100 100 100 100 100 100 100
1 50.5 40.5  81.3 91 71.1 69.8  96.7  99.7 86 90.5 99.8 100
2 05 99.9 100 100 100 100 100 100 100 100 100 100 100
1 84.1 89.8  99.7 100 93.3 988 100 100 99.1 99.9 100 100
3 05 95.5 98.2 100 100 99.1 99.9 100 100 100 100 100 100
1 49.9 409 82.7 923 687 726 972 99.8 86.3 91.6 99.8 100
4 05 81.6 84.5 972  96.2 92.8  95.7  99.9 99.9 99.4  99.5 100 100
1 66.2 75.6 77.1 71.8 86.4 91.7  90.8 83.9 97.4  99.2 99 98.9
5 05 74.9 81.1 98.4  99.7 929 95 99.9 100 99.3  99.8 100 100
1 54.5 69 87.5  85.1 79.7  89.8  98.6 97.8  96.7 99.7  99.9 100
6 0.5 7.7 80.6  98.7  98.2 92.2 96 100 99.9  98.2 99.8 100 100
1 67.4 79.4 833 754  88.8 94 95 92.6  98.1 99.3 99.9 99.6
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Table 2: The accuracy of estimating the break dates for DGPs 1-6 (static panels)

DGP o, N =50 N =100 N =200
T:6 12 50 100 6 12 50 100 6 12 50 100
mP =1

1 0.5 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0.02 0.00 0.01 0 0 0 0.00 0 0 0 0

2 0.5 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0

3 0.5 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0.02 0.01 0.01 0 0 0 0 0 0 0 0

4 0.5 0.09 0.08 0.05 0.02 0 0 0.00 0 0 0 0 0
1 2.10 1.28 0.89 1.03 0.43 0.33 0.20 0.19 0 0.03 0.03 0.02

5 0.5 0.09 0.01 0.02 0.01 0 0 0 0 0 0 0 0

1 0.89 1.09 0.76 0.87 0.25 0.20 0.11 0.09 0 0 0 0

6 0.5 0.02 0.05 0.03 0.02 0.02 0 0 0 0 0 0 0
1 1.64 0.98 0.64 0.69 0.24 0.16 0.09 0.10 0 0.01 0.01 0.01

md =2

1 0.5 0 0 0 0 0 0 0 0 0 0 0 0

1 0.17 0.04 0.03 0.01 0 0 0 0 0 0 0 0

2 0.5 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0

3 0.5 0 0 0.00 0 0 0 0 0 0 0 0 0

1 0 0 0.02 0.02 0 0 0 0 0 0 0 0

4 0.5 0.20 0.17 0.07 0.05 0.02 0.01 0 0.00 0 0 0 0
1 2.52 2.07 1.62 1.49 0.50 0.35 0.37 0.31 0.03 0.07 0.03 0.03

5 0.5 0.09 0.08 0.01 0.02 0 0.02 0 0 0 0 0 0

1 1.65 1.36 1.20 1.17 0.19 0.22 0.13 0.08 0 0.01 0 0

6 0.5 0.21 0.12 0.04 0.01 0 0.01 0 0 0 0 0 0
1 2.32 2.03 0.89 1.10 0.73 0.26 0.20 0.10 0.02 0 0.01 0.01

Note: The table reports the ratio of the average Hausdoff distance between the estimated and true sets of break dates to
T, i.e., 100- HD(Z%,70,)/T in DGPs 1-3 and 100- HD (Trg,TgLO)/T in DGPs 4-6.
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is that we do not restrict the number of breaks when T' increases and there is a slight chance for false
detection of breaks when T increases. When N and T increase together, as in the case from N =T = 50
to N = T = 100, the performance substantially improves. Fourth, the simulations confirm that our
procedure works for the case where there are two consecutive breaks. This can be observed in columns
corresponding to 7' = 6 in the third panel (m° = 2).

To measure the accuracy of break-date estimation, we define the Hausdorff error of an estimated
break date by its Hausdoff distance (HD) to the true sets of break date, HD(Z,2,7%,) in the case of PLS
estimation and HD(’i%, 7Y,) in the case of PGMM estimation, conditional on correction estimation of the
number of breaks.® Note that in the case of one break, the Hausdorff error reduces to the absolute error
of the estimated break. Table 2 reports the mean Hausdoff error (MHE) in percentages of T' (i.e., 100
HD(7,2,79,)/T in the case of PLS estimation and 100- HD(77?, 79,)/T in the case of PGMM estimation,
averaged across the 1000 replications). Conditional on the correct estimation of the number of breaks,
both PLS and PGMM estimate the break dates very accurately. Even with N = 50 and T' = 6, the
MHE’s are close to zero for PLS at both noise levels. For DGPs with endogeneity, the PGMM estimation
of break-dates is less accurate, especially at high noise level, but the performance quickly improves as N

or T increases.

5.2 The case of dynamic panel

We consider the following DGP’s with an AR(1) dynamics:
Yit = Br¥it—1 + BoyT2it + py + Oullis,
where p,; ~ i.i.d. Uniform[—0.1,0.1] and
o DGP 1d: wai ~ i.i.d. N(0,1), ust ~ i.i.d. N(0,1).

e DGP 2d: Same as DGP 1d except z2;; ~ AR(1) for each i : o = 0.529;¢—1 + Vit, Vit ~
i.i.d. N(0,0.75).

e DGP 3d: Same as DGP 1d except u;; ~ GARCH(1,1) for each i : u;z = vhieir, hiy = 0.05 +
0.05u?, 1 + 0.9hi 1, € ~ i.i.d. N(0,1).

As in the static case, we take T = 6, 12, 50 or 100, and N = 50, 100, or 200. For each DGP,
we set either 5,, = B, = 0.5 or more persistently, 5;;, = B, = 0.8 for all ¢ when no break exists,
Bip = Boy = 03-1{1 <t <T/2} +0.7-1{T/2 <t < T} when there is one break, and 5,, = By, =
03-1{1<t<T/2}4+0.7-1{T/2+1<t<[2T/3]} +0.3-1{[2T/3| +1 <t < T} when there are two
breaks. Note that when T = 6, there are consecutive breaks at ¢ = 4 and 5.

DGP 1d is the benchmark case with i.i.d. z;; and wu;; across both ¢ and ¢t. DGP 2d allows serial

correlation in z;; and DGP 3d allows conditional heteroskedasticity in u;;. We choose the scale parameter

8Let D (A, B) = suppe g infaca |a — b| for any two sets A and B. The Hausdorff distance between A and B is defined as
HD(A, B) = max{D (A, B), D(B,A)}.
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oy to be 0.2, 0.4, and 0.6. The relatively lower noise levels are justified by the usually high goodness-of-fit
of many dynamic panels in applications. To obtain the PGMM estimate, we use zi; = (Yi,t—2, T2it, $2i,t—1)l
as the instrument.

Tables 3 and 4 report the performance of estimating the number of breaks and break dates, respec-
tively, for these three DGPs. The first two panels of Table 3 report the percentages of falsely detecting
breaks when there are none (m® = 0). The AR coefficient is 0.5 in the first panel and 0.8 in the second
panel. The third and the fourth panels report the percentages of correctly estimating the number of
breaks when the true numbers of breaks are 1 and 2, respectively. As in Table 2, Table 4 gives the mean
Hausdorff error (MHE) for the break date estimation. We summarize the results in Tables 3 and 4 as
follows. First, the simulations confirm that when there are no breaks, the probabilities of falsely detecting
breaks decline to zero when N or T increases. When the AR coefficient increases from 0.5 to 0.8 and the
dynamic panel becomes more persistent, the probabilities of false detection decrease in general, thanks
to the fact that the signal-to-noise ratio is higher at higher persistence level. Second, when there is one
break, the probabilities of correctly detecting one break converge to one at all noise levels. This is true
even if we fix T' = 6, in which case there would be two consecutive breaks at ¢t = 4 and 5. Third, as in the
static panel case, fixing T" and increasing N always results in better performance, but not the other way
around. When N = 50, for example, the percentages of correctly estimating the number of breaks are
highest at T' = 12 in some cases. Fourth, as in the static panel case, conditional on the correct estimation
of the number of breaks, our procedure estimates the break dates very accurately. Even with N = 50
and T' = 6, the MHE’s are close to zero at all noise levels. When N = 200, the break dates are exactly

estimated in most cases, conditional on correct the estimation of the number of breaks.

5.3 The case of increasing number of breaks

Finally we consider the case where the true number of breaks increases with the time dimension. We let
m® = |T'/?3] and consider the static panel equation in (5.1) with 8, = 1{2kd + 1 <t < (2k +1)5 + 1},
k =0,1,..., where § = |T/(m°+1)]. Furthermore, (i, u;) are generated from the following two
DGPs,

e DGP 1i: z; ~ AR(1) for each i : x; = 0.5 41 + vit, vir ~ t.0.d. N(0,0.75). u; ~ GARCH(1,1)
for each 7 : u;; = \/hi€ir, hiz = 0.05 + 0.05u?¢71 +0.9h; -1, € ~ i.i.d. N(0,1).

e DGP 2i: zy = &;; + 0.3u, & ~ AR(1) for each i : &, = 0.5, , | + vit, vt ~ 4.4.d. N(0,0.75).
zit = &4 + 0.3€31, €t ~ i.i.d. N(0,1) independent of w;. u; is the same as in DGP 1i.

Note that x;; and w;; are correlated in DGP 2i and hence z;; is generated to form a valid IV for
x;t. We use PLS in the case of DGP 1i and PGMM in the case of DGP 2i. We consider T" = 50, 100,
200, and N = 100, 200. Simulation results from 1000 repetitions are summarized in Table 5. For DGP
1li, PLS accurately estimates the number of breaks and the break dates in all cases we consider. For

DGP 2i, PGMM seems to require a bigger N for satisfactory performance, especially under higher noise
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Table 3: The determination of the number of breaks for DGPs 1d-3d (dynamic panels)

DGP o, N =50 N =100 N =200
T:6 12 50 100 6 12 50 100 6 12 50 100
m® =0, 8, = 0.5, % of falsely detecting breaks when there are none.
0.2 8.5 1.1 0 0 1.8 0 0 0 0 0 0 0
1d 04 8.8 1.2 0 0 0.9 0 0 0 0 0 0 0
0.6 11 1.6 0 0 1 0.1 0 0 0.1 0 0 0
0.2 9.7 0.3 0 0 1.3 0 0 0 0 0.1 0 0
2d 04 8.8 0.6 0 0 1.1 0 0 0 0 0 0 0
0.6 10.2 0.6 0 0 1.4 0 0 0 0 0 0 0
0.2 9.1 0.8 0 0 1 0.1 0 0 0 0 0 0
3d 04 8.1 0.9 0 0 1.1 0 0 0 0 0.1 0 0
0.6 10 1.1 0 0 0.9 0.1 0 0 0.1 0 0 0
9=0, 3, = 0.8, % of falsely detecting breaks when there are none.
0.2 7.2 0.4 0 0 0.6 0 0 0 0 0 0 0
1d 04 7.8 1.2 0 0 1.1 0 0 0 0.1 0 0 0
0.6 8.1 1.3 0 0 0.8 0 0 0 0 0 0 0
0.2 7.9 1.3 0 0 0.8 0 0 0 0 0 0 0
2d 04 8.8 0.4 0 0 1 0.1 0 0 0.1 0 0 0
0.6 8.1 0.7 0 0 1.2 0 0 0 0.1 0 0 0
0.2 8.3 0.6 0 0 1.1 0 0 0 0 0 0 0
3d 04 7.5 0.7 0 0 1.2 0.1 0 0 0 0 0 0
0.6 9.5 0.9 0 0 1.4 0 0 0 0.1 0 0 0
m® =1, % of correctly detecting one break
0.2 90.5 98.5 99.3 98.6 98 99.7 100 100 99.8 100 100 100
1d 04 90.6 96 89.9 85.6 98 99.6 99 98.5 100 100 100 100
0.6 85.7 93.1 89.5 83.1 98.6 99.3 98.3 96.2 99.9 100 100 100
0.2 91.5 98.8 99.6 99.7 98.8 100 100 100 100 100 100 100
2d 04 89.5 97.6 93.3 86.7 98.7 99.9 99.7 98.7 100 100 100 100
0.6 86 92.4 91.1 84.3 98.8 99.3 97.9 96.8 100 100 100 100
0.2 91.2 98.7 99.5 98.2 98.7 99.8 100 100 99.9 100 100 100
3d 04 90.5 94.2 91.4 84.3 99.5 99.4 98.9 98.2 100 100 100 100
0.6 87.1 92.6 87.3 82.5 97.8 98.8 96.4 95.3 100 100 99.8 99.8
m® =2, % of correctly detecting two breaks
0.2 94.6 98.4 98.6 98.3 99.4 99.7 100 100 100 100 100 100
1d 04 88 87.7 81.6 72.5 99.1 99.7 99.3 97.4 100 100 99.9 100
0.6 61.3 46.4 35.5 44.2 90.2 86.6 94.3 92.1 99.9 99.9 99.9 99.9
0.2 94.1 98.5 99.8 98.8 99.4 99.9 100 100 100 100 100 100
2d 04 92.2 91.7 89.1 79.5 99.2 100 99.7 98.7 99.9 100 100 100
0.6 75.7 57.4 22.8 35.5 96.6 93.2 93.9 94.8 100 100 100 100
0.2 93 97.6 99.2 97.6 99.2 99.9 100 100 100 100 100 100
3d 04 89 88.8 78.3 70.7 99.4 99.4 99.1 97.5 99.9 100 100 100
0.6 63.3 43.2 33.8 37.8 89 85 92.3 89.5 99.6 99.9 99.7 99.5
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Table 4: The accuracy of estimating the break dates for DGPs 1d-3d (dynamic panels)

DGP Ou N =50 N =100 N =200
T:6 12 50 100 6 12 50 100 6 12 50 100
m°’ =1
0.2 0 0 0.01  0.01 0 0 0 0 0 0 0 0
1d 0.4 0.06 0.06 0.25 0.30 0 0 0.00 0.01 0 0 0 0
0.6 0.89 0.70 0.88 1.46 0.02 0.08 0.06 0.11 0 0 0 0.00
0.2 0 0 0 0.00 0 0 0 0 0 0 0 0
2d 0.4 0.02 0.03 0.23 0.33 0 0 0.02 0.01 0 0 0 0
0.6 0.19 0.37 0.98 1.51 0.03 0.06 0.06 0.07 0 0 0.00 0
0.2 0 0 0.01  0.00 0 0 0 0 0 0 0 0
3d 0.4 0.09 0.08 0.29 0.25 0 0 0.02 0.02 0 0 0 0
0.6 0.69 0.74 1.19 1.49 0.05 0.13 0.07 0.11 0 0 0 0
m? =2
0.2 0 0 0.01  0.00 0 0 0 0 0 0 0 0
1d 0.4 0.15 0.06 0.07 0.27 0 0 0.01 0.01 0 0 0 0
0.6 0.60 0.57 0.17 0.23 0.04 0.03 0.04 0.05 0 0 0.00 0
0.2 0 0 0 0 0 0 0 0 0 0 0 0
2d 0.4 0.02 0.01 0.03 0.11 0 0 0.00 0.01 0 0 0 0
0.6 0.40 0.13 0.01 0.04 0.07 0 0.00 0.03 0 0 0 0
0.2 0 0 0.00 0.01 0 0 0 0 0 0 0 0
3d 0.4 0.13 0.05 0.10 0.21 0 0 0.00 0.01 0 0 0 0
0.6 0.66 0.37 0.15 0.29 0.11 0.06 0.04 0.10 0.02 0 0.00 0

Note: The table reports the ratio of the average Hausdoff distance between the estimated and true sets of break dates to
T, i.e., 100- HD(Z2,7°,)/T.

level. Note that fixing N, increasing T results in slightly lower percentage of correct estimation of the

number of breaks in DGP 2i. Conditional on the correct estimation of the number of breaks, PGMM also

performs well in the estimation of break dates. Overall, we may conclude that both PLS and PGMM can

satisfactorily deal with the case of increasing number of breaks.

6 An empirical application

In this section we offer an illustration of the use of our method. We seek to evaluate the effect of FDI

inflow on economic growth by using a dynamic panel data model with an unknown number of breaks.

Table 5: Monte Carlo simulations for the case of increasing number of breaks

DGP o N =100 N =200 N =100 N =200
7150 100 200 50 100 200 50 100 200 50 100 200
1i 0.5 100 100 100 100 100 100 0 0 0 0 0 0
1 96.9 99.9 99.9 100 100 100 0 0.00  0.00 0 0 0
2i 0.5 99.8 99.9 100 100 100 100 0 0.00  0.00 0 0 0
1 94.2 943 90.5 100 998 998 | 0.15 0.17 0.10 0.00 0.01 0.01

Note: The true number of breaks is m? = LT1/3J. The left panel reports the percentages of correctly estimating the number

of breaks. The right panel reports the ratio of the average Hausdoff distance (HD) between the estimated and the true sets

of breaks to T (100-HD(

rj’O

m? 7;20 )/T)
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The possible existence of breaks may be justified theoretically. In the endogenous growth model of
Romer (1986), for example, economic growth may behave differently in different policy environments.
Furthermore, in the growth model of Jones (2002), the regime shifts may be common across countries
in “a world of ideas”, assuming that ideas propagate fast enough. Empirically, there is ample evidence
of the existence of breaks in growth path (e.g., Ben-David and Papell 1995). However, most of existing
studies rely on time series structural break tests for individual economies, the United States in particular.

In this empirical exercise, we use a panel data of 88 countries or regions from 1972 to 2012. We obtain
the natural logarithm of per capita GDP (y;,), net FDI inflow (F;;), and GDP (GDP;;), 7 =1,...,41,
from the UNCTAD (United Nations Conference on Trade and Development) database.” Following the
literature on growth empirics (e.g., Islam 1995), we work on five-year averages of the data. For¢t =0,...,7,
define Rit = (Y 5(t41)+1 — Yi,5¢+1)/5, which is the tth five-year average growth in GDP per capita, and
Y9 = Zi:l Yi5t+s/5, which is the ¢th five-year average of log per capita GDP with one-year-lag behind
R;;. Furthermore, we construct the ratio of the net FDI inflow to GDP (F;,/GDUP;;), obtain similar
five-year averages, and denote them by FDI;;. The averaging gives us eight five-year time periods for
each economy. Due to the fact that there is one lagged dependent variable in the model, the effective
number of data points for each economy is seven. We apply the PGMM method to estimate the following

dynamic panel data model with an unknown number of breaks,
Rit = pi; + By Rip—1 + By FDILiy + By Vi + e, t=1,...,7,

where p, is the country-specific effect, 3, is the AR(1) coefficient, 35, is the parameter of interest that
measures the effect of FDI on growth, and 35,Y;Y controls the “initial” income level. A negative 85, would
imply “convergence” in economic growth. As in the simulations, we set k3 = 2 in the construction of the
adaptive weights, choose the weight matrices (W4, WJ’? ) as detailed in the last paragraph of Section 2.3,
and adopt z; = (Ri,t,g, FDI;, FDI; ¢4, Yl% Yi?t_l)/ as the instrument.

We choose Apax = 10, which results in zero break, and Anin = 0.002, which results in six breaks.
We then search on the interval [Amin, Amax] With fifty evenly-distributed logarithmic grids. As in the
simulations, we set pyyr = 0.05In(NT)/v/NT. The information criterion ICy selects a model that
contains three breaks at t = 5, 6 and 7, corresponding to the 1998-2002, 2003-2007, and 2008-2012
periods. Figure 1 shows how IC5(A2) (left axis) and the estimated number of breaks (right axis) change
with the tuning parameter As. We can see that the IC5 declines until the estimated number of breaks
reaches three and rises as Ao gets bigger. It is notable that there are five Ay’s that result in three
breaks, ranging from 0.195 to 0.343, and the IC curve is flat over this segment (and similarly over several
other segments).!’ This suggests that the penalized GMM estimation is not very sensitive to the tuning

parameter.

9The UNCTAD database covers 237 countries and regions. We delete those economies with missing values over 1972-2012.
10When A2 changes from 0.195 to 0.343, the number of breaks and the set of estimated break dates remain unchanged

so that neither the first term (corresponding to the post Lasso regression) nor the second term (the penalty term) in (4.2)

changes.
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Figure 1: Selecting the optimal tuning parameter by minimizing the information criterion (IC5). Hori-

zontal axis: tuning parameter, Left vertical axis: ICs, right vertical axis: number of breaks.
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Table 6: The effect of FDI on the economic growth (88 countries and regions, 1978-2012)

m | ¢ 1(78-82) | 2(83-87) | 3(88-92 | 4(93-97) | 5(98-02) | 6(03-07) [ 7(08-12)
Rit 1 -.118(.052)"
0 |FDI .103(.053)*
Y -1.518(.294)¢
Rit—1 -.090(.054)° .169(.327)
1 |FDI; 115(.053)" .084(.080)
Yy -.633(.299)° -.876(.320)°
Rii1 -.027(.053) -.148(.102) .141(.335)
2 |FDI .548(.086)° 154(.045)° .110(.076)
Y2 -.162(.337) -.186(.320) -.449(.347)
Rii1 -.014(.052) -.180(.126) .284(.179) .206(.288)
3 |FDI 556(.091)° 148(.051)¢ | .261(.075)° .150(.068)"
Yy -1.085(.373)° -1.067(.357)¢ | -1.063(.357)° | -1.203(.360)°
Ri: 1 | -.034(.117) .046(.061) -.154(.132) .303(.182)° .248(.291)
4 |FDIL; | .899 (.239)° 544 (.093)° 153(.052)¢ | .264(.077)° .149(.070)"
Ye | -1.467(.365)° -1.367(.367)° 1.341(.358)¢ | -1.327(.357)° | -1.462(.359)°
Rit—1 | -.061(.121) .070(.104) .100(.076) -.123(.135) .332(.197)* .343(.305)
5 |FDIL; | .354(.240) -.070(.227) 516(.099)° | 0.155(.054)° | .265(.077)° | .143(.074)°
Ye | -2.120(.573)¢ -2.018(.575)° -2.004(.543)¢ | -1.967(.536)° | -1.936(.525)° | -2.064(.524)°
Rii—1 | -.093(.120) .076(.095) .018(.082) .149(.097) -.063(.149) .388(.218) .521(.337)
6 |FDI; | .417(.261) .001(.231) 606(.187)¢ | .526(.101)° | .158(.055)° | .267(.079)° .133(.083)
e | -3.491(.640)¢ | -3.377(.640)° | -3.304(.639)° | -3.182(.600)° | -3.122(.605)° | -3.062(.597)¢ | -3.177(.596)°

Note: Standard errors are in parentheses. The superscripts @, b, and ¢ indicate statistical significance at 10%, 5%, and

1% levels, respectively.

It is well known that information criteria may not be able to select the right model in finite samples.

It is thus prudent to examine the cases with the number of breaks other than three. Table 6 shows regime
segmentation, parameter estimates, and standard errors (in parentheses) from the post-Lasso estimation
for the cases where 7 = 0,1,...,6. Note that in the last case (7 = 6), there is a structural break at
every time point.

As shown in Table 6, the set of break dates is an increasing sequence as the tuning parameter decreases.
It starts from an empty set when m = 0. When 7 = 1, we have one break at ¢ = 7, which corresponds to
the five-year period of 2008-2012. As the tuning parameter decreases, another break (in addition to the
one at t = 7) is detected at ¢t = 5, which corresponds to the period 1998-2002. As the tuning parameter
decreases further, we arrive at the case of m = 3 that achieves the minimum IC5 and the set of breaks
is now {5,6,7}. When 7 = 4, the set of breaks becomes {2,5,6,7}, and when 7 = 5, it is enlarged to
{2,3,5,6,7}. Finally, /i = 6 corresponds to the case where breaks occur at every period.

Table 6 demonstrate that the determination of structural change in the model is crucial for the
quantitative evaluation of the effect of FDI on the economic growth. In the model chosen by IC5 (7h = 3)
the coefficients of FDI are significantly positive at 5% level in all regimes, and the FDI effect on growth
has declined substantially since the turn of the new millennium. If we assume that no break exists and

estimate a textbook dynamic panel data model, the time-varying character of the FDI effect would be lost.
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Furthermore, as shown in the top panel of Table 6, the magnitude of the estimated FDI effect is smaller
than any regime in the model with three breaks. Indeed, it fails to pass the significance test at 5% level.
In the model with three breaks, the coefficients of initial per capita GDP are significantly negative in all
regimes, confirming the convergence story. The magnitudes of the convergence effects are, however, lower
than that in the model with time-invariant coefficients. This empirical exercise suggests that the time-
invariant parameter in the textbook dynamic panel data model is an unnecessarily restrictive assumption
and may lead to erroneous conclusions. Our shrinkage-based method, by allowing multiple breaks in

panel data model, provides applied economists with a natural approach to relaxing this assumption.

7 Conclusion

We propose two shrinkage procedures for the determination of the number of structural changes in linear
panel data models via adaptive group fused Lasso: PLS estimation for first-differenced models without
endogeneity and PGMM estimation for first-differenced models with endogeneity. We show that with
probability tending to one our methods can correctly determine the true number of breaks and estimate
the break dates consistently. Simulation results suggest that our methods perform well in finite samples.

There are several interesting topics for further research. First, we do not allow cross section dependence
in our models. Given the large literature on cross section dependence, it is interesting to extend our
methodology to panel data models with cross section dependence. Second, if we model the cross section
dependence through a factor structure, the factor loadings may also exhibit structural changes over time
(see, e.g., Breitung and Eickmeier 2011, Cheng et al. 2015, and Su and Wang 2015) and this further
complicates the analysis. Third, we consider the common shocks for homogenous panel data models. It is
also interesting to consider heterogeneous panel data models and to allow the break dates to be different

across individuals. We leave these topics for future research.
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APPENDIX

A Definitions of several matrices

In this appendix, we define several matrices used in the main text.

A.1 Penalized least squares estimation

Let ¢gp 16 = % Zf\;l aithiy and ¢y = Gup 4 for t, s =1,...,T, and a, b = z, Az, Ay, A%y, Au or A?u.
For example, ¢ pzy ;111 = Ziil 24 A%y; 441 for t = 2,..., T — 1. Let TriD(-, ), be as defined in (1.1).
Define

Qnr = TriD(Q, Q)r, (A1)
.7VT = (_¢;Aa,27 _¢;A2a,2,37 _¢;A2a,3,4“‘7 _(b‘{vA?a,Tfl,T? ¢;Aa,T)/7 a4 =Y oru, (A.2)
where Q; = ¢, fort =1and T, Q; = 2¢,, , for 2<t <T -1, and Ql = Ppyp i1 fort =2,..,T. (2.5)

indicates that 3 = Qi R

Recall that 7, = {T1, ..., Ty} where Ty = 1 and Tyq1 = T. Let @i (Tn) = & Spigy 11 Doiey Giebly
for Il =1,...,m+ 1 and a,b = Az, x, or Ay. Define the p(m + 1) x p(m + 1) matrix ®yr (7,,) and
p(m+1) x 1 vector U4, (7,,), respectively:

Onr (To) = TriD (1(T) , @ (T)) 0y » (A.3)
t]l\/'T (Tm) = ( /Aan,l - ¢;Ay,T171,T1 ) (I)/ArAa,Q - ¢l1:Aa,T271,T2 + ¢;Aa,T1ﬂ ()
/

/AwAa,m - (b/wAa,Tm—l,Tm + (b/xAme,l? @/AzAa,m-‘rl + ¢IzAa,Tm) ; @ =1Y Ooru, (A4)

where TriD(-, ), ., is defined analogously to TriD(-, ) in (1.1), @1 (7)) = Pazasr1+bu 1 -1, Pt (Tn) =
(DAa:Aa:,l + ¢wx,Tl—l + ¢E$>Tl—1 for | = 27 —eey M, (I>m+1 (Tm) = q)AzAz,m-i-l + ¢I$7Tm’ and ¢)2L+1 (Tm) =
Gpwy.my—1 for I =1,...;m. Then the post Lasso least squares estimator of o and its infeasible version

are respectively given by

&fh(j—ﬁl) = (I)NT (j—m) ' \I”}JVT (j—m) and &fno (Tngo) = (I)NT (Tnolo)il \Iﬂ]JVT (Tngo) . (A5)

A.2 Penalized GMM estimation

Let sz,t,s = ¢lzx,t,sWt¢zx7t7s and sz,t = sz,t,t fort,s =1,2,..,T. Let Qzac,t,t—l = ¢;w,tWt¢zx7t7t_1 for
t=2,...,T. Define

Qv =D (Q.Q) . (A.6)

P ’ / 1 /
(]lVT = (_ (¢z1,2W2¢zAa,2) ’ ((bzz,QWQ(bzAa,Q - ¢zw,3,2W3¢zAa,3) [ERRS)

/
(qﬁlzm,TleT*lqszAa,Tfl - ¢;I,T,T71WT¢zAa,T)Iv <¢;m,TWT¢zAa,T)I) y, @ =Y Oru, (A7)
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where Ql = Qz:c,l,Qy Qt = sz,t + Qz:c,t+1,t for t = 2,...,T -1, QT = sz,Ta and Qt = sz,t,t—l for
t =2,...,T. Note that 3 = QyyR%, by (2.10).

Define the p(m + 1) x p (m + 1) matrix Y7 (7,,) and p (m + 1) x 1 vector %1 (7,,,), respectively:

Y1 (Tn) = ToiD (Y1(T), Y (Tw)),0i s (A.8)

E4r (Tn) = (Ban (Tw)'s Ba2 (T) ooy Bamst (Tn)), a=yor u, (A.9)

where TriD(-,-),, ., is defined analogously to TriD(, ), in (1.1),

T1(Tn) = P.azn (Ton)' WE®. e (Ton) + (b/zz7T1,T1—1WT1 Grw Ty Ty —1
T (Tn) = Ponwcy(T) WP pz 1 (Trn) + ¢/zac,Tl,Tl—1WTz Grwry -1 T ¢,/zac,Tl,1WTl71¢z:c,Tl,1 for [=2, ...
Y1 (Tn) = Paoawmrt (Tn) W1 @eawmir (Tn) + o, W 620 7,5
TlT (T) = (b;m;,Tl,lWT171¢ww,Tl,1,Tl,1—l for [=2,...,m+1;
Bat (Tm) = Pone (To) Wi®onan (Tn) — 8wy 1 AW bonar»
Eal (Tn)) = ®Ponuy (Tm)/ Vle‘I)zAa,l (Trm) — ¢/217Tl,Tl71WTl ¢zAa,T,, + ¢lzm,T,,_1WTl_1¢zAa,Tl_1 for 1=2, ...,
Bamt1(Tn) = Paavntt (Tn) W1 Penamt (Tn) + 0o, Wi bnar,

Then the post Lasso GMM estimator of a” and its infeasible version are respectively given by

- ~ o\ 1 A _
&%(Tm) = TNT (Tm) E’}JVT (Tm) and dZLo (TTSU) = TNT (Tr?zo) ‘_‘NT (TOO) . (AlO)

B Proof of the results in Section 3

Proof of Lemma 3.1 (i) Recall that Qnr =TriD(Qt, Q)1 by (A.1). So Qo is also a SBTM. Define

A1 = E (d)a:;p,l) )
Ay = 2E (¢mt) -E (¢a;a;,t,t—1) At_—llE (¢m,t—1,t) fort=2,..T -1,
AT = F (¢xm’,T) -F (gbxx,T,Tfl) A;ilE ((b:cz,Tfl,T) .

We first argue that the above notations are well defined under Assumptions A.1(iii)-(iv) and that

0 < min(c < min s (Ad) < max p o (Ay) < 26, < oc. (B.1)

222 Cn) 1<t<T 1<t<T
By Assumption A.1(iii), Ay is p.d. To study the behavior of A; for ¢t = 2,..., T, we consider the auxiliary

least squares projection of x;; on ;1 :
% .
Tit = O Ty t—1 +77z'ta 1= 17"'7N7

where the pseudo true parameter o is chosen such that N ! Zfil E (nitx;’t_l) = 0. It is easy to verify

that &} = E (¢yyrs-1) [E ($use_1)] " and that
N N

E(bpey) = N E(wawy)=N""> E (a1 +n) @iz +1:)]

3 =1
-1

= F (q&mm,t,tfl) [E (q&m’m,t*l)} E ((ﬁxm,tfl,t) + E (¢nn,t> ) (B2)
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where ¢,, , = N~1 SV n17,,. It follows that

-1

E (¢zz,t) Z E (q&mr,t,tfl) [E (q&m’r,t*l)] E (q&mm,tfl,t) for t = 2’ ...,T,

which further implies that

-1

A2 =2F (¢zx72) —-F (¢xw,271) [E (¢zz71)] E (¢xw,172) > E <¢wa;,2) ’ (B3)

and by induction that

-1

At Z 2E (¢zz,t) - E (qszx,t,tfl) [E (qszx,tfl)] E (Qszz,tfl,t) Z E (¢zz,t) fOI‘ t= 25 7T - 1 (B4)

In addition, by (B.4) and (B.2)

—1

AT > E (d)zx,T) -F (¢zx7T7T—1) [E (¢xw,T—1)} E (d)zx,T—l,T) =FE (¢7m,T) . <B5)

Consequently, miny <¢<7 fiyiy, (Ar) = min (ming<y<r—1 fipi, {F ((bm,t)} s Ponin { E (qﬁmﬂa) 3= min(c,,, ¢,)-
In view of the fact that E (¢m7t¢_1) ALE (q{)m,t_l,t) isps.d. fort =2,...,7, wehave Ay <2F ((;Sm)t) for
t=2,..,T—1and Ar < E (¢, 1) - It follows that maxi<;<r fyay (M) < 2maxi <<t fimax (B (Pper)) <
2C45 < 00. That is, (B.1) follows.

Let A denote a block diagonal matrix whose diagonal blocks are denoted by A; for t = 1,...,T. Let L
denote the block lower part of Qg. By (B.1), the inverse A=! of A exists and we can consider the block
LU factorization of the SBTM Qo : Qo = (A+ L)A~' (A4 L'); see, e.g., Meurant (1992). By Lemma
21.2.1 in Harville (1997), the eigenvalues of the lower block triangular matrix A+ L and the upper block
triangular matrix A + L’ are given by the collection of the eigenvalues of their diagonal blocks. This, in

conjunction with (B.1), implies that

Hmax (A + L) = Mmax (A + L/) = Mmax (A) = 1I£Ita‘<XT Hmax (At) S 26&’6 < o0, (B6)
and
Hmin (A + L) = Hmin (A + L/) = Hmin (A) = 1r§nti§nT Hmin (At) 2 min(gwxvgn) > 0. (B7)

Then by the fact that Hmax (AB) S Hmax (A> Hmax (B> and that Hmin (AB> 2 Hmin (A) Hmin (B) for two
conformable p.s.d. matrices A and B (see, e.g., Fact 8.14.20 in Bernstein 2005, p.329),

e (Q0) = tana {(A+ LY AT (A4 I} < [ty (A + DI fi (A7) < (2620)7 [min(ep,)]
and
fain (Q0) = agin LA+ L) AT (A + L)} 2 (i (A + L) iy (A7) = (min(ep ) (28] "

So part (i) of the lemma holds with ¢ = [min(c,,, c,)]*[2C..] " and ¢, = (2822)° [min(c,,,c,)] "
(ii) For notational simplicity, we assume that p = 1 in this proof. For any m x n matrix A = (a;;),

define [|All; = maxi<j<pn Yo, aij| and | A]l o, = maxi<i<m 35—y |aij| - Note that [[A]2, < A, A, -
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Let g?)mms = ¢)xx,t,s —F (gbm,t78) and g%xx,t = &)xac,t,t for t,s=1,...,T. Then

- -1
¢xx,1 _¢zx,2,1
- - U
_qj)xx,Z,l 2¢xw,2 _¢mw,3,2
- - -/
. . _d)a::v 3,2 2¢za: 3 _d)xx 4,3
QNT — Qo =

- - U
_¢1‘I,T71,T72 2¢za:,T71 _d)a:a:,T,Tfl

_¢zx,T,T71 ¢zx,T

Let [B],, denote the (s, ¢)th element of a matrix B. By the symmetry of Qnr — Qo, we have

e - @], = s > [sr - ] |
1

1<t<T
5=

[axeyeny

= max{‘ézz7l| + ’(wa,2,1| ’ |(wa,2,1| +2 |(2wa,2| + ‘g[) ‘&xz73,2’ +2 |(Ewa;,3‘ + |(2wa,473| ’
’&xm,T—l,T—Q’ +2 ‘&)xx,T—ly + }a)acx,T,T—l} ’ }a)xx,T,T—l‘ + ’&xm,T’}

2{ s Vol + s 6}

IN

2<t<T

The upper bound is op (1) provided that maxi<i<7 |¢,, | = op (1) and maxoci<r [@yyrp—1| = op (1).
We only show the former one as the proof of the second claim is similar. Let cyz = N (InT)™“ for
some €y > 1. Define gl(.i) = 231 — B (2¢31;) and gg) = 231y — E (231;) where 1z = 1 {2 < cnr}
and 1;; = 1 — 1;;. Then Zéa;:ut =+ Zf\le ggtl) + % Zf\le gg). For any € > 0, by Bernstein inequality for
independent random variables (e.g., Serfling 1980, p.95)

T N
- (W >
<1glta<XT N Zg ) ;P< i=1 T Ne)
N2 2
< 2T max exp | — =o(1)
I<t<T 221 1Var( )+ eyt Ne

where we use the fact that Zfil\/’ar(ggtl)) < maxi<i<r Yo, B (X4) = O(N) by Assumption A.1(ii).

By Markov inequality, Lebesgue dominated convergence theorem, and Assumptions A.1(ii) and A2(iv)

Nzg )

where we use the fact that NTc} = N'™70T(InT)%70 = o (1) under Assumption A.2(iv). Consequently

IN

P max max 22 > cnr
1<t<T 1<i<N =%

o ZZE 2T01{$¢t>CNT}] =o0(1),

°NT 3 =1

max
1<t<T

= op (1). Analogously, we can
HQNT—Q()H = op (1) and

za:,t}

show that maxo<i<7 |@ys 1| = op (1). It follows that HQNT - QOH
st< i, 1
HQNT—QOH =0p(1).
sp

P (maX1§t§T |$mt| > 26) = 0(1) for any ¢ > 0 and max;<;<7r |(ES
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(iii) By (i)-(ii), we have w.p.a.1

Frmin (QNT) = |\gl||i£1 {%’Q0%+ o (QNT - Qo) %} 2 Hmin (Qo) - HQNT — Qo " > ¢, /2
and
Fmax (QNT) = ||Iffl\|ai{1 {%/Qoﬂ-l- ¥4 (QNT - Qo) %} < Hmax (Qo) + HQNT — Qo . > 2¢,,- A

T T . .
Below, we use ZteTgro and ZteTfL% to denote Zt:ZtGTfLo and Zt:meﬁ?jﬂ respectively. The following
lemmas are used in the proofs of our main results and their proofs are given in the online supplemental

appendix.

Lemma B.1 Suppose Assumptions A.1 and A.2(iv) hold. Then Bt — 5? = Op (N_l/Q) for each t =
1,2,..,T.

Lemma B.2 Suppose that the conditions in Theorem 3.6 hold. Let Ty, = {7 = {T1, ... T} : 2 < Ty <
i < T <T, Ty =1 and Typi1 = T+ 1}. Then ming<,,<pmo inf7, er,, 7=t (6% — 620 ) > c+op (1)

2
m i
Imin Jmin m0

for some ¢ > 0.

Lemma B.3 Suppose that the conditions in Theorem 3.6 hold. Let T, = {T = {T1, ..., Ton} : Tyno C Tpn,
2< Ty <..<Tp <T} where m® < m < Muax. Then Max,,ocm<m,.., SUPT, 7, N ! ’~2Tm — 5% o
Op(1).

Proof of Theorem 3.2. (i) Let 8, = Y + N=1/2p, for t = 1,...,T and b = (b, ...,b;)’ . Note that
B =B"+N"1/2b. Let b, = N'/2(3,—37) and b = N/2(3 — 8"). Noting that Ayy — a8, + 1 8,_; =

A’Uit - N71/2 (l'gtbt - $;,t71bt71)7 we have
N [Vinra, (B) — Vinra, (8%)]
1 N T 9 2 N
- N ZZ (e — xg,t—lbt—l) T N2 Z
i=1t=2 i=

S Y (189 = 801+ N2 = )| - (187 = B ]
t=2

T

/ !
Auit (witbt — .’Ei,t_lbt—l)
2

=b'Qnrb — 26'VNRY + Ny Z Wy {Hﬁ? — B+ N2 (b - bt—l)” - ||5? - 5?-1“}

teT?

N-Y2(p, — bH)H

= A; (b) — 245 (b) + A3 (b) + A4 (b), say,

where Q nr and R%p, are defined in (A.1) and (A.2), respectively. By Lemma B.1 and Assumption A.2(i),
. . —R1 —k _
Bo=Bio|| T = maxiero, |17 = 801+ Op (NV2)[| 7 = Op (Jfi) - By

maxteToo Wt = maxteToD )
m m
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the Jensen, triangle and Cauchy-Schwarz inequalities, and Assumption A.2(ii),

’T71A3 (b)’ < mOT 1N1/2)\1 maX U}b Z ||bt - bt 1”
seT’ tETO
1/2

<mT~'N'?\; max ws Z by — b1 )

o€T, teT“
<2 (m0)1/2 T_1/2N1/2/\1 max wsT_l/Q HbH

SET

= Op ((m*N)"* MT =20 ) T2 b = Op () T/ . (B:3)

In conjunction with the analyses of 4; (b) and Az (b) in the proof of Lemma B.1, this implies that w.p.a.1
1 [A1 (b) = 242 (b) + A3 (B)] = iy (Qur ) T B = Op (1) T2 [b]| > 0

if 7=1/2||b|| = L is sufficiently large. That is, A; (b) dominates —2As (b)-+Ajz (b) for large L. In addition,
Ay (b) > 0. Consequently, N [VlNT’Al (B) — Vinr,a, (ﬁo)] > 0 w.p.a.1 for large L and Vinr ), (B8) cannot
be minimized in this case. This further implies that 7—1/2 HBH has to be stochastically bounded and
Theorem 3.2 (i) holds.

(ii) Let LA bR .NT, and {wts}t <1 be as defined in the proof of Lemma B.1. Let wIS = Wis —Wi—1,5-
Then by — b1 = Zzzt wysbl — ZZ:t_l wt,LSbl = ZST:t—1 wtsbs as wis = 0 for s =t — 1. So we can
rewrite N [V1NT,,\1 (B) — VinTa, (,80)] in terms of bf :

N [V1NT,A1 (B) = VinT (/30)]

T T
= > (oAt = 20l Bz | 4 MM D H BB+ NN Wl —ua?—aw]
t=1 teT?, s=t—1
T
+ N2\ Z Wy Z wisbi, ENVITNT’A1 (bT), say.
tETfﬁ) s=t—1

Let bf = (A+L’)B = (ISJ{', j);f)' Noting that moN'/2)\; max,ego Ws = Op (moNl/z)\lJr;i'zl) =0p(1),

o |lwh |l =0p (m°) and || R = Op (1) for each t, we have by the triangle inequality
seTmo st tNT
0> NV (B A7 0] — 2]/ Bl | — N2 s Lo
> NViinra, ( ; t t LYynT 1 Srél?@gco W ZD Z w!
= m s€T? t=s—1
T
>3 (oAb - HR“VTH + NY2)\ max 1,

567130

~

=1

i [bT/ 1bT (1)

t=1

0.
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It follows that b] = Op (1) for each ¢ by arguments as used in the proof of Lemma B.1. Otherwise, {b]}
cannot minimize VINT)\1 (bT). This implies that by = NY2(3, — 8%) = Op (1) by the same arguments as
used in the proof of Lemma B.1. B

Proof of Theorem 3.3. We want to demonstrate that
P(HétH =0 for allte']??ﬁ) —las N — oo. (B.9)

Suppose that to the contrary, 0, = ,Bt — ,Bt_l # 0 for some t € Tn% for sufficiently large N. Then there
exists r € {1,...,p} such that ’ét,r

= max{‘ét’l‘ , =1, ...,p}, where for any p x 1 vector ay, a;,; denotes
= v
To consider the first order condition (FOC) with respect to (wrt) §;, ¢ > 2, based on subdifferential
calculus (e.g., Bersekas 1995, Appendix B.5), we distinguish two cases: (a) 2 < ¢t < T — 1 and (b)
t=Tand T € T2.

In case (a), we consider two subcases: (al) t+1 =T} € T9, for some j = 1,...,m°, and (a2) t+1 € 7.

its Ith element. Without loss of generality (wlog) assume that r» = p, implying that ‘ém

In either case, we can apply the FOC wrt (3, , and the equality Ay;; = ﬁ?/xit — ﬁ?/,lwi,tq + Aug; to

obtain

N
2 1 -
\/— Z (Ayn ta?zt + 5t 1%t~ 1) Titp + VN Z (Ayi,tJrl — Brra®ipr1 + ﬁtwit) Zit,p

I ]

Z |:(ﬂt+1 - ﬂ2+1>/$i,t+1 -2 (Bt - B?)ll'it + (Bt71 - 5?1>/$i,t1:| Tit,p

+ \/_>\1wt \/_Alwt+1et+1,p (BlO)

N
2 Ot p
+ —= E A 41y + VN AL
VN = :

— VN y1€i11p
&

= Byy + Bo; + B3y — By, say,

where e;11 = 9t+1/’

oo |
By Assumptions A.1(i)-(ii) and Theorem 3.2, By; = Op (1) and Bg; = Op(1). In view of the fact that
;' =0p(N~™/2)fort € T, |Bs| > VN A/ /P, which is explosive in probability under Assumption
A.2(iii) (i.e., Nm+D/2)) — o0).
To bound the probability order of By, we distinguish two subcases. In subcase (al), noting that
Bepr — Bt = 07,1 # 0 by Theorem 3.2, we have iy, = ||9?+1 —|—Op(N*1/2)H7K1 = Op (Jfi!) and

Byt = VNt 1eii1p = Op(VNMJ ) = Op (1). Consequently, |Bs:| > |By; + Bat — Bay| so that
(B.10) cannot be true for sufficiently large N or (N,T). Then we conclude that w.p.a.l, 0, must be

étHH # 0 and ||es41]] < 1 otherwise, e;41, is the pth element in e;11.

in a position where HétH is not differentiable in subcase (al). In addition, a direct implication of this
result is that if ¢t = T]Q —1¢€ 7726 for some j = 1,...,m°, then P (HéTQ_l
VN Xtigo_jeqo_; = Op (1) in order for the FOC to hold for t = T]Q -1

J J

‘:0>—>13$N—>ooand
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In subcase (a2), difficulty arises as 41 = Op(N"/2) and VNt = Op(NI+51)/2)1). But we
can apply the implication from the result in subcase (al) recursively. When ¢ = T]Q -2 € 7728 for
some j = 1,...,m°, By = \/N)\ﬂbT]o,leTJo,l,p = Op (1) and |Bs¢| > |Bit + Bat — Byt|. Thus (B.10)
cannot hold for t = TJQ -2 € Trgﬁ either and we must have P (HéT]o_QH = 0) — 1 as N — oo and
VN Ury_sery_o = Op (1) in order for the FOC to hold for ¢ = T} — 2. Deducting in this way until we

0,|| is not differentiable for all

reach t = TJQ_1 +1e€e 7;28. Consequently, 8; must be in a position that ’
teT% and t #T.
In case (b), noting that only one term in the penalty term (A; Z;";Q wy || By — By_1]|) is involved with
Br, it is easy to show that Op = BT — BT% must be in a position where ‘éT is not differentiable if
€ 79. Consequently (B.9) follows. B

Proof of Corollary 3.4. We consider two cases: (a) t € 7,25, and (b) ¢ € 7.%. In case (a), Theorem
3.3 implies that asymptotically no time point in 7,25 can be identified as an estimated break date so that
m < mY. In case (b), we want to show that all break points in Tngo must be identified as an estimated
break point. Suppose not. Then there exists ¢ € ’Tngo such that ’ ét” = 0. By the v/N-consistency of
0, and the fact 6, = 3, — B, 1 = 8 — B, + Op(N~/?) = 6% + Op(N~'/2) by Theorem 3.2, we have

HG?H = O(N’l/Q), which contradicts the assumption that NY/2J;, — 0o as N — 0o as HG?H > Jmin for

any t € Tngo. |

Proof of Theorem 3.5. (i) The FOCs wrt 8,, t = 1,..., T, for the PLS problem are given by
2 & "y _;
0,51 = N Z (Ayit — Bixi + ﬂtqwi,tq) xpl{t > 1}
2 ~7 oy
+ ~ Z (Ayi,t+1 — Biy1Tipy1 + ﬁtfﬂz’t) ziul{t <T}
i=1

+ )\1 [’thet]_ {t > 1} - 7J:)t+1€t+11 {t < T}] y (Bll)

0,
for each of the m + 1 estimated regimes and using the fact that Bt = @; if ¢ belongs to the jth estimated

where e; = ét/

if HétH # 0 and ||le¢]| < 1 otherwise. Summing both sides of the above equation over ¢

regime yield

1—1 N N
0p><1 = WQ Z Ayzt Oélezt) Awlt =+ % Z (AyiT1 — 5/25132»’7:1 =+ 5/19%@71) Ti 1 + RNT,l,
t=2 i=1 =1
o 2 &
Opx1 = 5 Z Ay — d;Axit) Az + i Z (Ayﬂzj — &;HxiT + & 3T 71> T g1
t=T;_1+1 =1 i=1
9 N
N Z (Ayz’j“j71 - &;xif’j,l + d9,1$i77-j71_1) Tif, +Rnry; forj=2,.., m,

T N N
-2 2 . .
Opx1 = N Z Z Ayi — &y Azyy) Azyy — ~ Z (Ayiﬁh — Q1 Typ, T ajﬁxijﬁﬁl) Ti5 + RNTt1,



where ’RNT,l = RNT,l(Tm) = *)\111'17:167?1, RNT,j = 'RNTJ('Tm) = Al(wfjilefjil — IijETj) fOI“j =

2,..,m, RNTjg1 = RNT7m+1(fm) = Alwﬂheiﬁ, and we have suppressed the dependence of &; on Tr.

- - N -
Let Ryr(7s) = (R/]\;T,l(Tm), - §VT,m+1(Tﬁ1)) . One can readily solve for &;; = &3 (7) to obtain

. - . 1 .
- (& y N1 :
oo () v (1) [w (5) - e 1))
where @y (+) and WY, (+) are defined in (A.3) and (A.4) in Appendix A.1, respectively.
By Corollary 3.4, dm(’fm) = Q0 (’1;20

of & (T7) by studying that of &0 (7.%) . Note that &0 (72) = @5 [P%r — 3RNT(T,2)], where

) w.p.a.l. Therefore we can study the asymptotic distribution

Oy = Pnr (T0) and Uy = UE(T20) (see (3.1)). It is easy to verify that
VNSD 041 (Gmo (Trn0) —@®) = VNSDy041 (&0 (T,00) — ao)

__S( 0+1(I)NTD 0+1) VND;, 0+1RNT (o) -

By the proof of (ii) below, VNSD,011 (62,0 (7.%) — a°) BN (0,595 'Qo®;'S"). By the fact that
|A—B|* < 2{||A|I* + || B|I*}, llec]| < 1, and maxyezo Wy = Op ( Joit) under Assumption A.2(i), we
’2

have

N H Dm0+1RNT (7720)

2

:

+ (170n0+1)71 Hwano €T310

N)\% Il H’U}ToeTO

E (1) ™" |fdorsero, —tiroers
+ T0_ €10 | — Wroers

< 4(m°+1) NMIL max ||wt|| =O0p (m ONNI J_Q”“) = op (1) under Assumption A.2(ii).

mln min“ min

2 —2
S [Mmin(Dm0+1(I)NTHDm0+1):|

=0p(1)O(1)op (1) = op (1). Consequently, VNSD,041 (Gmo (Trno) — )

With this, we can show that HS 0+1<I>NTHD77lO+1 1\/_]IDm0+1RNT (72)
< ISP V|| Db Rove (72)
BN (0,59, Q0051 5").

(ii) Note that &fh(’fm) = (dzf(ﬁ;l)', ey dfh_i_l(,];h)/)l = argming, QinT (am; im) . The FOCs for this

minimization problem are

1—1 N N
Op><1 = _WZ Z (Ayit - dzlﬂA.%‘it) Awit % Z (Ayif’l - @glxijl + d?%’jﬁ-l) xijl_l,
t=2 =1 i=1
o X 2
Opx1 = N Z (Ayir — dfleit) Azt + N Z (Ayz‘iy - d?;lxi:fj + df/%,f’j—1) i Ty—1
t=T,;_1+1 =1 i=1
5 N
N Z (Ale 1 Pl o T+ ag 1Ty, — 1) Tif, for j =2,...,m, and

=1

9 I N g N
_“ L ~p/ . = . _ ~p/ 5 ~p/ ~ -
0px1 = N E : E : (Ayir — agy Awie) Az N § :(AyiTm Xn 1257, +aﬁzmi,Tm—1> LiTm
t=Tp+1 =1 i=1
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where we suppress the dependence of a 's on 7y,. One can readily solve for al = dfh(’f}h) to obtain

&2 (Tr) = Oy (T~)_ WY, (7)

By Corollary 3.4, &, (T5) = &, (7,9 ) w.p.a.1. Therefore we can study the asymptotic distribution
of & (757) by studying that of &0 (72:) . Using &2 , (T2) = O U, it s easy to verify that

\/NS]D)"LO"FI (&fno (T’r?lo) B ao) = 5 (HD7_rl0+1¢)NTHD7nO+1> \/—]D)mo-l-l
= SO Ve + S (Byh — 05" Vv,

where U, is defined in (3.1), Vyr = \/_H))m0+1\I/NT, and ®yp = D 0+1(I>NT]D)m0+1 By Assumption
A3(ii), SOy Vyr 5N (0,55 'Q®;'S’) , implying that |5y 1VNTH = Op (1). Assumption A.3(i)
implies that 0 < /65, (P0) < fimin (PNT) < fimax (PNT) < 2Amax (Po) < 00 w.p.a.l. Then by the fact
that g, (A)tr(B) <tr(AB) < finax (A)tr(B) for any symmetric matrix A and conformable p.s.d. matrix

B (see, e.g., Proposition 8.4.13 in Bernstein 2005, p.275) and that max(|pyin (4A)]; fmax (4)) = [| 4], for
any symmetric matrix A (see, e.g., Fact 5.10.3 in Bernstein 2005, p.194), we have

I8 @5k — 05" Vr|* = [|S®5k (B — o) 05 Vivr

tr {®y (Pnr — o) O Ve Vip®g ™ (Bnr — o) DyiS'S}

(i (Bnv)] ™t { (@nr = Do) @G Ve Vier @ ! (Bar — Do) By15'S )
[Hanin (Bx7)] " tr {8 SBNr @G Ve Vier @5t (B — Do) }

— [tanin (Bn7)] e { DS SBoDG Ve Vier @y ! (B — Bo) ),

IN

where

tr {@N%S/SéNT(I)alvNTV&T(Pal ((T)NT — (I)o)}

< fmax (T — ®0) tr { S SONT Py VT Vier @y '
< || @z — Dol [ttin (@xr)] " tr {@nr @5 Vive Vip @158}
< B = ol [anin (Bx7)] ™ ta (Bvr) |50 Vv |
= op(1)Op(1)Op(1)Op (1) = op (1)
and similarly
—tr { @SSPy Ve Vir @yt (Bt — @o) }
< —tin (PN — o) tr { Py S’ SRR VT Vi @ }
< [ @nr — ol [in (Bnr)] " tr {@o®F Vi Vi @5 1SS}
< [|®xr — Roll,, [min (BN7)] ™t (B0) | 5% Viver [

sp

op (1) OP (1) Op (1) Op (1) =0op (1) .
Hence ||S (B3% — @51) Vvr|| = op (1) and VNSD,0 41 (&0 (o) — a®) 2 N (0, 50,1000, 15"). B
Proof of Theorem 3.6. Recall &fml (’j',;m) = (dlf(’j'mxl ), aﬁu_‘_l(’j' _)")" denotes the set of post-

Lasso OLS estimates of the regression coefficients based on the break dates in Tﬁl)\l ={Ty (M), ..., Tﬁl)\l (A1)},
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where we make the dependence of various estimates on \; explicit. Let &%,y = ﬁ@l NT(dth (mel );
LN

Tiny, )- For any Ayp € Qo, we have Hmpy oo P(1yg, = m®) = 1 and Hmy o P(T; (A yg) = T7,
j=1,...,m% =1 by Corollary 3.4 as A\, also satisfies Assumptions A.2(ii)-(iii). It follows that w.p.a.1
6%_ = 5%— ,- Using the ,/NIJQ—consistency of df (Z,,0) and the expression Ay;; = a?’Amit + Auyy if

A1

te [Tjoq +1, TJQ —1] and Ay = a?’ﬂmit — a?l$i7t_1 + Augy if t = TJO, we can readily show that

1 < - - 2
TNT o 2.2 (AyiT]" 41,7, 0 Tir? + O‘E‘Jmo”%f?—l)
j=11i=1

where 63,1 = m SIS A Lo2= lim(n,7)— o0 m SN E (Au%) under Assump-
tions A.1(i)-(ii). Then by Assumption A.5 and Slutsky lemma, ICy (A} y7) = 6% , + pyyrp (M +1) £l

o3. We consider the case of under- and over-fitted models separately.

Case 1: Under-fitted model: my, < m°. By Lemma B.2, infy, cq_ 62%“ — 53—00 > co where ¢y =
1 m

% [c+ op (1)] for some ¢ > 0. Then by Assumption A5,

P (Ali&fz ICy (\) > ICy (A?NT)> =P <,\1125f2 K&%‘% - 5'27m0) + pinrp (Mn, — mo)} > 0)

IminJQ' )
>P|——22 _(c+op(1)]+0p(1) >0 — 1.
<p1NT (T_l)[ P( )] P( )

Case 2: Owver-fitted model: my, > m°. Let T,, = {7, = {T1,....,Tn} :2<Th < .. <T,, <T}
Given 7,, = {Ty, ..., Tn} € Ty, let Tppe o = {11, Ts, ..., T+ 4 mo } denote the union of 7,, and 79, with
elements ordered in non-descending order: 2 < T} < Th < -+ < Tm*+m0 < T for some m* € {0,1,...,m}.
Let &b, (T) = (64 (Tn), ...,&ﬁ+1(Tm)’)/ = argming,, QinT (0tm; Tr) and 67 = Qint (65, (T0); Tn).
6%——m*+m0 is analogously defined. In view of the fact that 6%——m*+m0 < &%—m for all 7,, € Ty, N (52 —

Tt 4m0
5%7) = Op (1) uniformly in 7,, € T,, by Lemma B.3, and Np, x; — 0o by Assumption A.5, we have

P ( inf ICy (A1) > IC, (>\(1)NT)>

)\1€Q+

m0 <m<Mmax T €Tm

>P ( min inf [N (&%—m — Er%ﬂo) + NpinTD (m — mo)] > O>

> P < min inf [N (6%— om0 T 527m0) + Npynrp (m — mo)} > O)

mO<m<mumax ITm€Tm

—las N —oo.
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C Proof of the results in Section 4

Proof of Lemma 4.1. Recall that Qn7 =TriD(Q, Q)1 by (A.6), Q.uts = Gt Wit an Qv =
sz,t,t fort,s =1,2,...,T, and Qm,t,tq = gb/z:c,tthbzz,t,tfl for t = 2,...,T. Define

Al = Qza:,Q,lv
/_\t = (szﬂf + sz,t-}-l,t) - sz7t,t—1]\t__:l1lex7t7t—1 fort = 27 <vey T - 17
AT = sz,T - sz,T,T—lA;ilQ;x7T7T—1~ (Cl)

We first argue that the above notations are well defined under Assumptions B.1(iii)-(iv) and B.2(iv) and
that

1 .
0< 3 min(c,, ¢, C,,) < 121<rlTﬂm1n (Ay) < DAX fimpa (Ay) < 448, < 0. (C.2)

By Assumption B.1(iii) and B.2(iv), we can readily show that A; is p.d. w.p.a.1. To study the behavior
of A; for t = 2,..., T, we consider the auxiliary GMM estimation of the model

Tit = QT 3—1 + Ny = 1,...,N, (C3)

by using z;; as the IV for z; ;1 and W; as the weighting function. The GMM estimator of a; is given by
~ 71 . s

ap = (Qslzz,t,tthbzz,t,tfl) (qslzz,t,tletQSzz,t,tfl) = QZCE,t,t*lea:l,t,tfl' (0-4)

~ ~ ~ ~ ~ ! ! !
Let 7, = @it — Qaig—1, 1 = Mgy s Ine) s Tt = (14, -, Tne) and 2z = (214, ..., 2ne) - The first order

conditions for the above GMM estimation imply that

1, 1
iyt Wit 1 = Nn;thtNZthq =0 (C.5)
where ¢ 4, = N Zf;l 2itf)y. Using (C.5), (C.4), and the equality z; = x;_14; + 1), we can readily show
that
. 1 1 ~ ’ N ! ~ ~
Qrop = e — iy Wizimy = e (Quwy_y + 1) 2eWazg (we—160 + 7))
1
= N2 (ozt:ct 1thtzt:Et 1Ozt +77tZtWtZt7]t +217tthtzt:ct 1at)
= QZI’L‘J/*1Q;a:,t,t71Qza:,t,t71 + ¢z1‘7,t,tWt¢zﬁ,t,t- (C.6)

It follows that
sz,t Z szvtat*1Q;zl,t,t71le:c,t,t71 for t = 2; ey T>

which further implies that

A2 = (sz,2 + sz,3,2) - sz,2,1A;1Q;’x,t,t71 > sz,{i,? >0 (C7>

and by induction that
At Z (sz,t + sz,tJrl,t) - Q-Zw,t,tflQ;xl,t7t—1Q-/zw’t7t71 2 Qzas,t+1,t > 0 fOI t= 27 7T - 1 (C8)
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In addition, by (C.6) and (C.1)
Ar > sz,T - QZ%TvT—lé?z_:cl,T,T—llex,T,T—l = ¢;ﬁ,T,TWt¢;$],T,T > 0. (C.9)

Consequently, mini<¢<7 fiyin (A¢) > min{miny<;<7_1 Pinin (Qzz.041.4)s Hinin (¢/zﬁ,T7TWt¢/zﬁ,T,T)}' In view
of the fact that sz,t,t—ﬂ_\{_llQ'm,t,tq is p.s.d. for t = 2,...,T, we have A; < sz,t + szﬂ%—i—l,t for
t=1,...,T —1and Ar < sz,T~ It follows that maxi<¢<7 fmax (At) < maxi<i<r_1 ﬂmax(sz,tH,t) +
MaX) <t<7 Hinax (Qza.t)-

By Assumptions B.1 and B.2(iv) and using arguments as used in the proofs of Lemma 3.1(ii)-(iii),
we can readily show that %ngw < miny<i<r-1 Hmin<sz,t+l,t) < maxi<¢<r-1 Mmax(Q2I7t+1,t) < 2€,,Cu
and %ngw < minj<¢<r_1 Mmin(sz,t) < maxi<t<7T-1 ,umaX(Qm,t) < 2C,4Cy w.p.a.l. Then (C.2) follows.

Let A denote a block diagonal matrix whose diagonal blocks are denoted by A; for ¢t = 1,...,T. Let
L denote the block lower part of Qnr. By (B.1), the inverse A~! of A exists asymptotically and we can
consider the block LU factorization of the SBTM Qnr : Onr = (1_\ + E) AT (1_\ + f/). Following the

proof of Lemma 3.1(i), we can readily show that w.p.a.1,

B} 1 -1
Mmax (QNT> S [Mmax (A + L)]2 /’Lmax (A_l) S (46293610)2 |:§ min(gzzguﬂgzn):l )
and
. _ —\12 — 1 . 2 —1
Hmin (QNT) > [Mmin (A + L)] Hmin (A_l) > |:§ mln(gzzguﬂgzn)] (4621611)) .

The lemma holds with ¢ = [3 min(c, ¢y, C.p)]? (4¢.,¢,) " and co = (42.4C0)° [3 min(c, ¢y, c.y)] "t M

Next, we state a technical lemma whose proof is given in the supplemental appendix.

Lemma C.1 Suppose Assumption B.1 holds. Then Bt — B? =0Op (N_1/2) for eacht =1,2,...,T.

Proof of Theorem 4.2. (i) The proof parallels that of Theorem 3.2 and we only sketch it. Let
by = NY/2(3, — %) and b =N1/2(3 — 50). Noting that Ayy — z},8, + v, 18, 1 = Auy — N-Y2%¢,,

where {;, = 2},by — x}, b1, we have

N [Vent, (B) = Venzos (8°)]
=b'Qnrb — 2b'VNRY: + N)o Z Wy H

0
teTO,

+ Ny Z Wy HNﬁl/Q(bt - bt—l)H
teT

B = B9y + N2y — by )| = 189 — B0 ]

= By (b) — 2B3 (b) + B3 (b) + B4 (b), say.

As in the proof of Theorem 3.2, we can show that |T~'Bs (b)| = Op ((MON)Y2NT =12 ) T=1/2 ||| =
Op (1)T~'/?||b|| and w.p.a.1

[B1 (b) — 2B; (b) + By (b)) /T = s, (@) TV [IB]* = Op (1) T2 [[b] > 0
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if 7=1/2||b|| = L is sufficiently large. Consequently, N [Vantng (B) — Vant,x (,60)} > 0 w.p.a.1 for large
L and Vanr,», (B) cannot be minimized in this case. This further implies that T-1/2 HBH has to be
stochastically bounded.

(ii) The proof is analogous to that of the second part of Theorem 3.2 by utilizing the fact that OnT

is an asymptotically nonsingular symmetric block tridiagonal matrix. Bl

Proof of Theorem 4.3. We want to demonstrate that
P(HétH — 0 for aﬂteT,g‘é) ~1as N — oo (C.10)

Suppose that to the contrary, 0, = Bt — BFI # 0 for some t € Tn% for sufficiently large N. To consider the
optimization conditions wrt 3,, ¢ > 2, based on subdifferential calculus (e.g., Bersekas 1995, Appendix
B.5), we distinguish two cases: (a) 2<t<T —1and (b)t=T and T € T,25.

In case (a), we consider two subcases: (al) t+1 =T} € T, for some j = 1,...,m°, and (a2) t+1 € T7%.

In either case, we can apply the FOC wrt 8, and the equality Ay;; = Bg'atit - ﬁ?/,lwi,tq + Au;¢ to obtain
2 N 1 N / /
Opx1 = N ;%%&Wt\/—ﬁ ;Zit [Ayit — Bzt + 5#19«”2‘,1‘/71} (C.11)

N N
2 1 N W
+ N ;$;tzi,t+1wt+1\/—ﬁ ; Zit+1 [Ayi,t-H - 5t+1$i,t+1 + 5#%}

0
+ VN ooy 7 — VN Aoty 16441

t

N
= _2¢;x¢Wt\/_1N ;Zit |:Auit - (Bt - Bg)' it + (Bt_l - B?_l)lwi,t_l]

N
1 ~ / N /
+ 2¢/zx,t+1,tWt+1\/—N Z'Zi,t+1 [Auz’,t-H - (5t+1 - 5?+1) Tip1+ (5t - ﬂg) Iz‘t]
=1

b
|

= <2VN [0 i1 Wer10sz i (Beos = Blir) = W0 (B — 57)
—¢lzz,t+1,tWt+1¢zx,t+1,t (Bt - 5?) + ¢lzm,tWt¢zm,t,t71 (Btfl - 5?1)/}

+ \/]v)\g’lbt - \/N/\Qﬂ')t+1€t+1

0:

. 0 .
+ 2\/N (¢;z,t+1,tWt+1¢zAu,t+1 - ¢zz,tWt¢zAu,t) + \/N)th—t - \/N)Owtﬂ@tﬂ

o

= Byt + Bot + B3y — By, say,

ét“” if

where é;,1 = 9t+1/‘ 9,5“” # 0 and ||é;41]| < 1 otherwise.

Since 6; # 0, there exists r € {1,...,p} such that lém 0

, 1= 1,...,p}, where for any

ool o2 1
By Assumptions B.1(i)-(ii) and Theorem 4.2, By, = Op (1) and By, = Op(1). In view of the fact

= max{

p % 1 vector ay, a;; denotes its [th element. Wlog assume that r = p, implying that
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that w, ' = Op(N"%2/2) for t € TO, |Bap| > vV Nt/ \/p, which is explosive in probability un-
der Assumption B.2(iii) (N(*2+D/2), — o). To bound the probability order of By ,, we distinguish
two subcases. In subcase (al), noting that Btﬂ B, il Htﬂ # 0 by Theorem 4.2, we have w41 =
||9t+1 +Op(N—1/? ||7F"2 =0p ( . ) and By = \/_)\th+1et+1p = Op(VNAyJ Ji2) = Op(1). Conse-
quently, |Bsy | > |Biy,p + Batp + Bagp| so that (C.11) cannot be true for sufﬁmently large N or (N,T).
3|
(al). In addition, a direct application of this result is that if T]O —-1le Tngﬁ for some j = 1,...,m", then
P (H@ij,lH = 0) — 1las N — oo and \/NAngf,leTjo,l = Op (1) in order for the FOC to hold for
t=T) - 1.

In subcase (a2), we apply deductive arguments as used in the proof of Theorem 3.3 and the result

ét is not differentiable for all ¢ € Tn% and

Then we conclude that w.p.a.l, 8; must be in a position where is not differentiable in subcase

in subcase (al) so show that 0, must be in a position that
t#T.
In case (b), noting that only one term in the penalty term (Ay 2;2 Wy Hﬂt — B H) is involved with

Br, it is easy to show that Op = BT — BT—l must be in a position where ‘@T is not differentiable if
T € T.°5. Consequently (C.10) follows. W

Proof of Corollary 4.4. The proof is analogous to that of Corollary 3.4 by using Theorems 4.2-4.3
instead. W

Proof of Theorem 4.5. Note that &, (7;,) = (6% (T5), .. m_H(’j' )) = arg ming,, QanT (am; ’j'm> :

The first order conditions for this minimization problem are

T1 1 N T1 1 N
p><1 = N g g Azztzztwl N g E Zit Ayzt 041 AT%t)
t=2 i=1 t=2 i=1

Ap/
N z :xl Tl 1 2T1 T1N § :Zle (Ale a2 ZT; iTy +a 1T171)’
i=1

1

1P A D!
xztzith N E E Zit (Ayit —Q; Awit)
t=Tj_1+1 =1

t=T;_
2 & 1
N ! P . . &P . AP
+N in’T,;'*lziT} W, N ZZiT,;' (AyiTj Aj1ig; T A xi’T.ﬁl)

HMZ

—2
O =

| X
L - X AP A D! . i 5
i,ijlziTj,lejle E Zid, (AyiT%l a5 Ty +0‘g71$i7Tj,1—1) for j=2,...,m,
i=1

_9 T T N
Opx1 = N Z Azlt'zzt 1 N Z Z Zit (Agi — 61 Azir)

t=Ty+1 =1 t=Ty+1 =1

2 1
_ = . / = . R _ ~ pl . ~p/ .
N § :xiTmZiTm Wi, N § :ZiTm (AyiTm X 1%y, T O‘mxi,:rm—l) )
i=1 i=1

where we suppress the dependence of ézf 's on Ty,. We can readily verify that &) = &b (’ZA;R> =

~ \ 1 ~
Twnr (’T ) =7 (Tm), where Y7 (-) and EY, are defined in (A.8) and (A.9) in Appendix A.2,
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respectively.

By Corollary 4.4, dfn(’fm) = &P (T,,0) w.p.a.l. Therefore we can study the asymptotic distribution
of dfn(j'm) by studying that of &0 (Tﬂgo) . Note that &0 (Tngo) = T;VITENT, where Y 7 and Enr are
defined in (4.1). It is easy to verify that

m

= SY;War +S(TRh — Yo )V,

—1
\/NS]D)mOH (dfno (71910) - 0‘0) = 5 (HD;L%-&-lTNT]D);@%’-‘rl) \/NHD_%HE%T

where 2%, = E%r (Tngo) and =% (+) is defined in (A.9), VN = \/ND%%HE%/W and Yy = D;%+1TNT]D);})+1.
By Assumption B.3(ii), STal‘V/NT 5N (0, STalEOTalS’) . Using arguments as used in the proof of
Theorem 3.5, we can show that HS(T]_VlT — Tal)VNTH = op (1). Then the result follows by the Slutsky

lemma. W

Proof of Theorem 4.6. The proof is analogous to that of Theorem 3.6 and thus omitted. H
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