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Abstract

Consider a nonseparable model Y = R(X,U) where Y and X are observed, while U is unobserved
and conditionally independent of X. This paper provides the first nonparametric test of whether R
takes the form of a transformation model, meaning that Y is monotonic in the sum of a function
of X plus a function of U. Transformation models of this form are commonly assumed in economics,
including, e.g., standard specifications of duration models and hedonic pricing models. Our test statistic
is asymptotically normal under local alternatives and consistent against nonparametric alternatives.
Monte Carlo experiments show that our test performs well in finite samples. We apply our results to
test for specifications of generalized accelerated failure-time (GAFT) models of the duration of strikes

and of marriages.
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1 Introduction
We consider a general nonseparable structural equation

Y = R(X,U), (1.1)

where Y is a scalar observable outcome, X a d, X 1 vector of observable covariates of interest, U a d, x 1

vector of unobservable causes or errors, and R an unknown measurable function. Our goal is to test the
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following hypothesis:

Hyg : There exist three measurable functions G : R — R, H; : R% — R and H, : R% — R
such that Y = G[H; (X) + Hs (U)] a.s., and G is strictly monotonic.

Hy4 : Hyg is false.

Specifications that are monotonic functions of additive models have been called “transformation models”
(e.g., Chiappori et al., 2011), or “transformed additively separable models” (e.g., Jacho-Chdvez et al.,
2010), or “generalized additive models with unknown link function” (e.g., Horowitz, 2001, and Horowitz
and Mammen, 2004).

Broadly speaking, there are two kinds of transformation models that are common in the economics
literature. The first type assumes that Y and X are observable, U is unobservable, and the link function
G () may be known or unknown. Our paper belongs to this category. Ridder (1990), Horowitz (1996),
Ekeland et al. (2004), Chiappori et al. (2011), and Ichimura and Lee (2011) discuss identification and
estimation for transformation models of this category. Since U is unobservable in this class of models, only
the functions G and H; are identified and estimated. The second kind of transformation model assumes
both X and U are observable, and takes Y to be an object that can be estimated like a conditional mean
or quantile function. Horowitz (2001), Horowitz and Mammen (2004, 2007, 2011), Horowitz and Lee
(2005), and Jacho-Chévez et al. (2010) provide identification and estimation results for this second kind
of transformation model, while Gozalo and Linton (2001) consider specification tests for such models. See
also Horowitz (2013) for a recent survey on the latter class of models.

The transformation models under our null are commonly used (and hence assumed to hold) in a wide
range of economic applications. For example, they are often used to study duration data (see, e.g., Heckman
and Singer, 1984, Keifer, 1988, Mata and Portugal, 1994, Engle, 2000, and Abbring et al., 2008), including
generalized accelerated failure-time (GAFT) models, which includes accelerated failure-time (AFT) models,
proportional hazard (PH) models, and mixed proportional hazard (MPH) models as special cases. The
MPH specification in particular is a widely used class of duration data specifications (for a review, see Van
den Berg, 2001).

Despite its popularity, economic theory rarely justifies the MPH specification. For example, Van den
Berg (2001, p. 3400) points out that “the MPH model specification is not derived from economic theory
and it remains to be seen whether the MPH specification is actually able to capture important theoretical
relations.” He also provides many specific economic examples where the MPH specification is violated.
In their microeconometrics textbook, Cameron and Trivedi (2005, p. 613) say that “the multiplicative
heterogeneity assumption [in MPH models] is also rather special, but it is mathematically convenient...”
Given the popularity (and the limitations) of GAFT models, especially MPH models, it is obvious that a
formal specification test of these models would be useful for empirical research. While some specification
tests for certain parametric forms of duration models exist (see, e.g., Fernandes and Grammig, 2005), to
the best of our knowledge, ours is the first that specifically tests for the general specification of GAFT
models.

Another major set of applications of transformation model specifications where U is unobservable are

hedonic models (see, e.g., Ekeland et al., 2004, and Heckman et al., 2005). Here again, we believe that our



paper is the first to provide a general specification test for this class of transformation models. Chiappori
and Komunjer (2011) discuss a hypothesis similar to ours, but they do not provide specific test statistics.

A conditional exogeneity assumption is imposed to test Hyg, i.e., we assume that U and X are condi-
tionally independent, conditioning on an observable covariate vector Z. This is analogous to the conditional
unconfoundedness assumption in the treatment effect literature, and to the assumptions required for use of
control function type methods of dealing with endogeneity (see, e.g., Blundell and Powell 2003). Chiappori
et al. (2011) provide a nonparametric estimator for the transformation model under similar assumptions.!

We first show that (given some regularity conditions) the data are generated by a transformation model,
so Hjo holds, if and only if the ratio of the derivatives with respect to Y and to X of the conditional CDF
of Y given (X,Z) is a multiplicative function of X and Y.? We then use local polynomial methods to
estimate these derivatives, and construct test statistics based on the Lo distance between restricted and
unrestricted estimators of this ratio of derivatives. We show that our test statistic is asymptotically normal
under the null and under a sequence of Pitman local alternatives.

To facilitate application of our test, we propose and compare a few different methods of obtaining limit
distributions. These are direct estimation of the limiting variance, two different bootstrap methods, and
subsampling. We also evaluate our test both in a Monte Carlo setting, and in two different empirical
applications. Both applications have data sets with similar numbers of observations and have the same
dimension. In the first application, concerning duration of strikes by manufacturing workers, the GAFT
model is not rejected, while in a second application, on the duration of first marriages of divorced couples,
GAFT and hence also MPH are strongly rejected.

Our null Hy( is weaker than additive separability but stronger than monotonicity. Lu and White
(2013) and Su et al. (2013) propose tests for additive separability under the same conditional exogeneity
assumption we make, i.e., they test whether there exist two unknown measurable functions G; and Gs
such that

Y=G1(X)+G2(U) a.s.

Testing Hy is more general than testing for separability, since our null is equivalent to additive separability
in the special case where G is known to be the identify function. Hence if we reject Hjg, then we also reject
additive separability.

Hoderlein et al. (2011) (HSW) test for monotonicity under a conditional exogeneity assumption. Let
U = Hy (U). HSW test whether there exists a function R such that

Y = R(X,0)

where R is strictly monotonic in its second argument. Our null is stronger than monotonicity, so if the

HSW test rejects monotonicity, then our null Hyq is also rejected. Our null H;y combines monotonicity

ISpecifically, Chiappori et al. (2011) provide identification (up to some normalizations) and an estimator for the transfor-
mation model, assuming the data are generated by this model, while we provide a test for whether this assumption is valid.
The model they consider is more general than ours in that we only permit control function type endogeneity, while they allow

for more general nonparametric instrumental variables assumptions
2Horowitz (1996) considers the estimation of the semiparametric model under our null, where Hy takes a parametric form

(unlike our nonparametric case) and without covariates Z. His estimator also relies on the implication that the ratio of the

derivatives is a multiplicative function of X and Y.



with the additional restriction that the observable X and unobservable U are additively separable under
a transformation function G. Our test exploits this additivity restriction, and so should be generically
stronger than HSW for testing H;o. Also, the HSW test requires that Z not be empty, while our test of
Hio can be applied even if we have no conditioning covariates Z.

Note that in all these models, under the null Y equals a function of X and a scalar unobservable U,
e.g., U= Hy (U) or U = Gy (U), but under the alternative U may be a random vector.

The rest of the paper is organized as follows. In Section 2, we propose and motivate our test. In Section
3, we show that our test statistics are asymptotically normal under the null, and we analyze their global
and local power. In Section 4, we conduct some Monte Carlo simulations to evaluate the finite sample
performance of our test statistics. In Section 5, we provide two empirical applications, testing for the
specification of GAFT models in data on the durations of strikes and of first marriages. In Section 6, we
discuss extensions to other closely related hypotheses. Section 7 concludes, and mathematical proofs are

relegated to the Appendix.

2 A Specification Test for Transformation Models

In this section, we describe implications of Hjq that are used to motivate our test construction, and then

propose a test statistic.

2.1 Motivation

To construct our test, we first impose a conditional exogeneity assumption. Let X L U | Z denote that X

and U are independent given Z.

Assumption A.1 Let Z be an observable random vector of dimension d, € N, such that X L U | Z and
that X and U are not measurable with respect to the sigma-field generated by Z.

Assumption A.1 is equivalent to the unconfoundedness assumption in the treatment effect literature
and is widely used to identify causal effects. For detailed discussions, see Altonji and Matzkin (2005),
Hoderlein and Mammen (2007), Imbens and Newey (2009), and White and Lu (2011), among others. It
is also closely related to the assumptions used to allow for endogeneity in the control function literature,
where Z would equal the residuals from a regression of X on exogenous instruments. See, e.g., Blundell
and Powell (2003), (2004).

Under Hjg, the condition X L U | Z can be relaxed a bit to X L Hy (U) | Z in Theorem 2.1(a) below.

Let F'(y|z,2) = Fy|x,z (y | z,2) and f(y|z,2) = fy|x,z (y | z,2) denote the conditional cumulative
distribution function (CDF) and probability density function (PDF) of Y given (X, Z) = (z, z), respec-
tively. Let V = X x Z denote the support of V = (X', Z’)" and ) the support of Y. Let W =Y x V. Let
r(y;z,2z) = %, so r (y;x, z) is the ratio of two partial derivatives of F' (y | z, 2), since f (y | z,2) =
OF (y | z,2) /0y and D, F (y | z,2) = 0F (y | z, 2) /0.

The following theorem characterizes some useful properties of the transformation model under Hyg.

Theorem 2.1 Suppose that f (y | z,2z) # 0 for all (y,x,z) € W.



(a) If Hyo and A.1 hold and the first order (partial) derivatives of G and Hy exist, then there exist two

measurable functions s1 : R% — R% and s : R — Ry (or sy : R — R_) such that
r(V;X,2)=51(X)s2(Y) as., (2.1)

where s1 (x) = —0S) (x) |0z for some measurable function S; : R% — R, and 1/sy (y) = 05 (y) /Oy for
some measurable function Sy : R — R.

(b) If there exist two measurable functions sy : R% — R% and s : R — Ry (or sy : R — R_) such that
(2.1) holds, s1 (x) = —0S1 (x) /Ox for some function Sy : R% — R, and 1/ss (y) = 052 (y) /Oy for some
measurable function Sy : R — R, then Hyo holds in the sense that there exist two measurable functions
G:R — R and Hy : R% — R such that

Y:G[Hl (X)—I—U} a.s. (2.2)

where G is strictly monotonic and differentiable, all first order partial derivatives of Hy exist, and U is a

scalar unobservable random variable satisfying X L U | Z.

Remark 2.1 Theorem 2.1(a) says that under Hyo and the conditional exogeneity condition in A.1, the
ratio r (y; x, z) is free of z and can be factored out as the product of a function s; of = and a function sg
of y, the function s; can be written as the derivative of a scalar function, and the function s, does not
alternate in sign on its support. Theorem 2.1(b) says the converse is also true: as long as the factorization
in (2.1) holds with s; and sy satisfying appropriate conditions, the observables (Y, X, Z) will satisfy the
version of transformation model (2.2) under the null. Note that even though U can be a vector in the true

data generating process, U is a scalar unobservable here and it satisfies the conditional exogeneity in A.1.

Remark 2.2 Theorem 2.1 gives a characterization of Hyg, but it does not by itself provide a test for
Hig. The proof of Theorem 2.1(a) shows that s; and so in the theorem depend on the unknown functions
H; and G, respectively, so we cannot directly test equation (2.1). We instead propose a feasible and

straightforward test statistic that is based on implications of the factorization in (2.1).

Let Yo = [y, y] C Y for finite real numbers y and g. Let 1 {-} denote the indicator function that equals
one when - is true and zero otherwise, and let Ey (-) and Exz (-) denote expectations with respect to Y

and (X, Z), respectively. Define

. _ DF@les
T(ya ) ) = f(y|x,z) 1{y€y0}, (23)
ro = EyExz[’)"(Y;X,Z)],
ri(x) = E[rY;z 2)],
r2(y) = Elr(yX Z)],

where with a little abuse of notation we have redefined r (y; z, z) to denote a trimmed instead of untrimmed
ratio of partial derivatives of F' (y | x, z). Note that r, ro, r1 and o are all d,, x 1 vectors and it is easy to
see that Hy implies that

r(y;z,z) oo =11 (z) 02 (Y), (2.4)



where o denotes the Hadamard product. It would be possible to base a test similar to ours on equation
(2.4) directly. However, when d, > 1, comparing equations (2.4) and (2.1), sz (y) in (2.1) is a scalar,
which is not exploited in (2.4). To incorporate the implications of Hjg into our test as much as possible,
we consider a simple average of 5 (y). We define 7 = (71,...,74,)" as a d, x 1 weight vector such that
S 7 = 1. Then Hy implies that

r(y;x,2) - (7o) =11 (@) - (7'r2 () -
In practice, we can simply choose © = (1/d,...,1/d,) . Let

r5 (y) = 7'ra (y) and r§ = 7'rg.

The following corollary summarizes a testable implication of (2.1) under H; and A.1.
Corollary 2.2 Suppose that Hig and A.1 hold. If r§ # 0, then
r(V; X, 2)rg =r1 (X)rZ (Y) a.s. (2.5)

Remark 2.3 This corollary remains valid if we drop the indicator 1{y € )y} in the definition of 7 in
(2.3). Equivalently, one can take Yy = ) in the definition of r and still obtain the above result provided
that r is well defined. We incorporate the indicator function in our theorem to permit the trimming of
the data in the tails that facilitates the establishment of the asymptotic properties of our test. Specifically
our asymptotic theory below requires consistent estimation of r (y;x, z) uniformly in (y;z,z) € Yo x V.
If f(y|zz2) is too close to zero for some values of (y;x,z) € Y x V, then we cannot estimate r (y; x, z)
uniformly in (y;x,z) € ¥ x V at a sufficiently fast rate. We therefore restrict our attention to a subset Yy

of Y such that f (y | z, z) is bounded away from zero on Yy x V.

Based on Corollary 2.2, consider the following null hypothesis
Ho:Prr(YV; X, 2)rf —r1 (X)r] (V) =0]=1. (2.6)
The alternative hypothesis H 4 is the negation of Hy, i.e.,
Hy :Prr(V; X, 2)rf —rm (X)r3 (V) =0] < 1. (2.7)

According to the characterization result in Theorem 2.1, rejection of (2.6) can only be due either to the
violation of Hyq, the original null hypothesis of interest, or to the violation of conditional exogeneity in
A.1. Maintaining the conditional exogeneity assumption, we may therefore use the null hypothesis Hy to
test the original null of interest, Hy. Alternatively, if we maintain the transformation model specification
in Hyq, our test can be used to test the conditional exogeneity assumption A.1.

To test the null hypothesis Hy in (2.6), we follow the lead of Héirdle and Mammen (1993) and consider

the weighted Lo distance between rrf and rir3:
L= (I (Vi X, 2)r5 - (X)) (V)P a(V: X, 2)] (2.8)

where ||-|| denotes the Euclidean norm, and a (y; z, z) is a nonnegative weight function that has compact
support Yy X Vg, where Vy = Xy x Z9 C V. Then I' = 0 under Hy and generally deviates from zero under
H4. In the next subsection we consider the sample version of I" based on local polynomial estimates of r,

Ty, T, and 3.



2.2 Estimation and test statistic

The derivations in the previous section allow the covariates Z to be continuous or discrete. To describe our
estimators and associated test statistics, we first consider the (more difficult) case where Z is continuous.
Remark 2.4 below then discusses the case were some or all of the elements of Z are discrete.

We employ local polynomial regression to estimate various unknown population objects. Let v =
(x’,z')/ = (v1,...,v4)" be ad x 1 vector, d =d, + d,, where z is d, x 1 and z is d, x 1. Let j = (j1, ..., ja)

be a d-vector of non-negative integers. Following Masry (1996), adopt the notation

P k k
vJEnglvgi,j!* Zl]z; lil = Z]Z’ Z EZZZ

=1 0<[j|l<p k=0j1=0  jg=0
i+t ja=k
From vJ = I 1’U , the j;’s represent powers applied to the elements of v when constructing polynomials.

Consider the p-th order local polynomial estimators D, F), (y|z, z) of Dy F (y|z, z) . The subscript b = b,
is a bandwidth parameter. Let V; = (X/,Z}) so V; —v = ((X; —x),(Z; — 2)')'. Given observations
{(Y;,V;),i=1,...,n}, we estimate D, F (y|v) by solving the weighted least squares problem

. 2
minn = Y ATV <yb— Y 85 ((Vi-v) /)| Ky (Vi—v), (2.9)
i=1 0<j|<p
Here 3 stacks the ;s (0 < [j| < p) in lexicographic order (with S, indexed by 0 = (0, ...,0), in the first
position, the element with index (0,0, ..., 1) next, etc.) and K (-) = K (-/b) /b?, where K (-) is a symmetric
PDF on R?. Let 3 (y|v) denote the solution to the above minimization problem.

Let Ny = (I+d—1)!/({!(d — 1)!) be the number of distinct d-tuples j having |j| = I. In the above
estimation problem, this denotes the number of distinct {th order partial derivatives of F'(y|v) with respect
to v. Let N =37 N;. Let u(-) be a stacking function such that p ((V; — v)/b) denotes an N x 1 vector
that stacks ((V; —v) /b)Y, 0 < || < p, in lexicographic order (e.g., s (v) = (1,')" when p = 1). Let
wy (v) = p(v/b) . Then

Byl) =[S, )]~ *121@ L)y (Vi —v) 1{Y; <y}, (2.10)

where Sy (v) = n =130 Ky (Vi —v) iy (Vi — v) iy, (Vi —v)". The p-th order local polynomial estimator
D, Ey (y|z, 2) of DoF (y|z, z) is given by

D Fy (ylz, 2) = e1 B (y|z, z) /b (2.11)

where e = [0, x1, 1d,,04, x(N—d,—1)] selects the estimator of the coefficient of (X; — z)/b in the above
regression.

To estimate f(y|v), the conditional PDF of Y; given V; = v, we again employ local polynomial regression.
Like Fan et al. (1996), we estimate f(y|v) as f.(y|v), the minimizing constant in the weighted least squares

problem
. 2

minn 3 L (YVi-g) = 3 (Vi o) /o | Ko (Vo).

i=1 0<|il<p



where v stacks the v;’s (0 < [j| < p) in lexicographic order and L. (-) = L (-/c) /¢, with L () a symmetric
kernel function defined on R and ¢ = ¢, a bandwidth parameter. Here, we use the same bandwidth
sequence for Y; and V;, although different choices of bandwidths are also possible. To reduce the bias of

the estimator fc, we permit use of a higher-order kernel for L. It is straightforward to verify that
fC(y|U) = es[Se (U)]_l n! Z Ke(Vi—=v) pe (Vi —v) Le (Yi—y), (2.12)
i=1

where es = (1,0, ...,O)/ is an N x 1 vector.

Define
A D, Fy (y|z, 2) N R
Fyie,z) = —————1{ye}, 7o=— 7 (Yi; X5, Z;)
Fotie. 2 w2
R 1 n R ) 1 n )
() = — Zr(Yi;x, Z), and 7o(y)=—) 7(y; X Z;)
= i3
Let 7§ = 7' and 75 (y) = 7'f2 (y) . Our proposed test statistic is
I 1 - A NG o N
D= = 37 (Vi X, Z0) 7 — 71 () 5 (V) [P a (Vi X, Z0), (2.13)

=1

which is a sample analogue of T" in (2.8). We next study the asymptotic properties of I" under Hy, H4, and
a sequence of Pitman local alternatives.

Remark 2.4 The above estimators and associated tests are easily extended to allow some or all elements
of Z to be discrete. To estimate r (y;x, z) in this case, we can simply stratify the sample by each distinct
discrete outcome. Specifically, suppose Z = (Z., Z4), where Z. is continuous and Z; discrete. Then
estimate r (y; x, z) = r (y; x, 2¢, 24) as above (replacing Z with Z. everywhere), just using the data having
Zg4; = z4, and repeat for each value zy in the support of Z;. The functions rg, 71 and ry can be estimated
exactly the same way, by averaging out (X;,Y:, Z;), (i, Z;), and (X, Z;), respectively, and then our test
statistic T is still given by (8.3). More sophisticated estimators (e.g., smoothing across the discrete Z; cells
as proposed in Li and Racine, 2003) could also be used to estimate r these functions. We omit the details

for brevity.

3 Asymptotic Properties of the Test Statistic

3.1 Basic assumptions

To study asymptotic properties of f‘, make the following assumptions.

Assumption C.1 Let W; = (V;,X/,Z!))", i = 1,2,...,n, be IID random variables on (€, F, P), with

(Y;, Xi, Z;) distributed identically to (Y, X, Z).

Assumption C.2 (i) The PDF f (v) of V; is continuous in v € V, and f (y|v) is continuous in (y,v) € Yo x V.
(27) There exist Ci,Cy € (0,00) such that C7 < inf,cy f(v) < sup,ey f(v) < Co, and Cp <

inf(y,v)epoV f (y|’U) < sup(y,v)eyng f (y|11) < Cs.



Assumption C.3 (i) F (-|v) is equicontinuous on Yp: Ve > 0, 36 > 0 : |y — g| < ¢ = sup,cy, |[F(ylv) —
F(g|v)| < e. For each y € Yy, F(y | -) is Lipschitz continuous on V and has all partial derivatives up to
order p+1,pe N.

(ii) Let DIF (ylv) = O8I F (y|v) /87 v;...074v4. For each y € Vo, DIF (y | -) with |j| = p+1 is uniformly
bounded and Lipschitz continuous on V : for all v, & € V, |[DIF (y | v) — DIF (y | ©)| < Cs]|v — || for some
C3 € (0,00) where ||| is the Euclidean norm.

(iii) For each v € V and for all y, § € Vo, |DIF (y | v) — DIF (§ | v) | < Cy4 |y — 7| for some Cy € (0, 00)
where |j| =p+ 1.

Assumption C.4 Let r > 2. The rth derivative f(") (y|v) of f (y|v) with respect to y and all the (p + 1)th

partial derivatives of f (y|v) with respect to v are uniformly continuous on Yy x V.

Assumption C.5 (i) The kernel K : R? — R* is a continuous, bounded, and symmetric PDF.

(i1) v — ||v]|***" K (v) is integrable on R? with respect to the Lebesgue measure.

(iii) Let K;(u) = vIK(v) for all j with 0 < |§] < 2p + 1. For some finite constants o, 71, and &2,
either K (-) is compactly supported such that K (v) = 0 for ||u|| > ok, and |K;(v) — K;(?)| < &2 |lv — 0|
for any v,¥ € R? and for all j with 0 < |j| < 2p+1; or K(-) is differentiable, ||0K; (v) /dv|| < &1, and for
some o > 1, |0K; (v) /Ov| < &1 |lv]|~* for all |[v|| > ok and for all 7 with 0 < |j| < 2p+ 1.

Assumption C.6 The univariate kernel function L satisfies f L (y)2 dy < oo and is a symmetric rth order
kernel, i.e., [L(y)dy =1, [y*L(y)dy=0foralls=1,...,r—1,and [y L (y)dy < cc. The rth derivative

of L exists and is continuous.

Assumption C.7 (i) p > d/2.

(i1) As n — o0, (PT14c") /b2 — 0, (P 4 P+ 4 )b/ 242 [t — 0, b2+ Jedt1 — 0, pp?(PHDFd 0
and nb@2(c2P+1) 4 21y — Q.

(iii) As n — oo, min{nb*?, nb3¥/>t1/Inn, nb?t2, nb%*2/Inn, nb¢t1c@tD/2 /) Inn, nb/2cH /Inn,
nb~—(4/242)2(d+D) /np, pp=1e3@HD/2 [ Inp, pb= (D 3D oo,

We assume IID observations in Assumption C.1, which is standard in cross-section studies. Assumptions
C.2-C.4 impose smoothness conditions on the conditional CDF (y|v) and PDF f (y|v) that are used to ensure
uniform consistency of our local polynomial estimators, based on results of Masry (1996) and Hansen (2008).
Assumptions C.5 and C.6 impose conditions on the kernels K and L, which are standard in the literature
for local polynomial regression or conditional density estimation. Assumption C.7 restricts the choice of
bandwidth sequences b and ¢, the order p of local polynomial regressions, and the order r of the kernel L.
This assumption allows ¢ to differ from b, but in the case where b = ¢ Assumption C.7 simplifies to the
following assumption.

Assumption C.7* (i) p > d/2 and r > d/2.

(i) As n — oo, nb?Pt+d 0 and nb> +4+2 — (.

(iii) As n — oo, min{nb??, nb>@HD/2 /Inn, nb?t2 nb%*+2/Inn} — co.

Note that we allow d, = 0, otherwise the condition nb%*2/Inn — oo as n — oo becomes redundant.



3.2 Asymptotic null distribution

In this section, we study the asymptotic behavior of the test statistic in (2.13). To state the next result,

let w; = (y;,v;)" and introduce the following notation:

) = b (o) Sy (0) 7 gy (Vi — 0) Ky (Vi —0) T, (Wi) 1{y € o},

Con (3v) = f(y[v) "> DuF (ylv) ehSe (v) 7 pre (Vie —v) Ko (Vi —0) Ty (Wi) 1{y € o},
)
)

Cup (03v) = Cop (w3 0) , C(Wi, Wy, W) = ¢, (Y Vi) ¢ (Yis Vi) s,

= E[C (Wlaw’iawj)]a

where S, (v) = E[Sy (v)], 1, (Wi) = 1{Y, <y} — F(y|Vi), L, Wi) = L.(Yi — y) — a(y|Vk), a(y|v) =
E[L.(Yy —y)|Vk =v] and a; = a (Y;; X;, Z;) . Define an asymptotic bias term

2

B, = n b (r Zw IRTARESUEED Bl ) S IACAS AL 160) I
=1 ||j=1 k=1
—on3pa T2y ﬂZZgl Y;; Vi) ’znjznjgk Y Xi, Z;)ry (Y3) ai
i=1 l=1 j=1k=1

= Bi, + Ba, — 2B3,, say.
We establish the asymptotic null distribution of the I test statistic as follows:
Theorem 3.1 Suppose Assumptions A.1 and C.1-C.7 hold. Then
nbe T2 — B, 4N (0,0(2)) ,
where 02 = limy 00 02 and o2 = 2644 (+7)* Elp (W1, Wh)?).

Remark 3.1. The asymptotic bias B,, of nb2+21 contains three terms Bin, Bon, and —2B3,,. The first
two terms reflect the contributions of 7 (Y;; V;) 79 and 71 (X;) 75 (Y;) respectively, and the last term reflects
the interaction between these latter two terms. We show that By, = Op(b2+2(b=9=2 + ¢=9-1)) in Lemma
8.4, Byp = Op(b2+2(b~%~2 4 ¢~%)) in Lemma 8.5(b), and Bs, = Op(b% 12 (b=%~2 4 ¢ %)) in Lemma
8.6(b). Clearly, By,, never vanishes asymptotically whereas Bo,, and Bs,, are asymptotically negligible under
certain conditions, say when b = ¢ and d, > d,. The asymptotic variance o2 of ARSI only reflects the
contribution of 7 (Y;; V;) 7o, due to the faster convergence rate of 71 (X;) 75 (Y;) to r1 (X;) 73 (Y;) than that
of 7 (Y;; Vi) 7o to r (Y3 V;) ro.

To implement the test, we need consistent estimates of the asymptotic bias and variance. Let

G (miv) = b7 fe(ylo)  erSy (0) 7y (Vi — 0) Ky (Vi — v) 1, (Wi) 1{y € Do},
Cor Wiv) = fo (W) ? Doy (ylv) €58 (v) " g (Vi — v) Ko (Vie — v) Ly (W) 1{y € Do},
Crwiv) = G (wiv) = Cop (wiv), (W, Wi) =n Z (Vi Vi)' G (Vis Vi) i,

where 1, (Wy) = 1{Yx <y} = B (y|Vi), Ly (Wi) = Le(Yi —y) — n ' 0L, fe (ulVa), and Fy (y[Vi) is
the pth order local polynomial estimator of F (y|V) by using the kernel K and bandwidth b. We propose
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estimating the asymptotic bias B,, and variance o2 respectively by

2
n

B, = n7 22 00)2 oW, W) + 0823 NN T8 (Vi X, 25) 75 ()| as
1=1

i=1 ||j=1 k=1

3
3
3
s

w (Y5 Xi, Z;) 75 (Yi) a;

[\
S
w
f—p
0l
+
[N
>
3
ling
I
—~
=
e
S—
I

i=1 =1 j=1k=1
n n
a,i = 9 72bd+4(/\ﬂ-)4 Z{O(VVHWJ)Q
i=1 j—1

It is straightforward to show B,, — B, = op (1) and 62 — 02 = op (1) . We can now compare
T, = (nb%“f - Bn) /\/62 (3.1)
to the critical value z, defined as the upper « percentile from the N(0,1) distribution (since the test is

one-sided) and reject the null when T), > z,.

3.3 Consistency and asymptotic local power

The following theorem shows that the test T;, is consistent for the class of global alternatives
Ha:py =E{[r(V;X,2)rf —r1 (X))} (2))%a(Y;X,2)} > 0.

Theorem 3.2 Suppose Assumptions C.1-C.7 hold. Then under Ha, P (T, > e,) — 1 for any nonstochas-

tic sequence e, = o(nb%+2)_
To study the local power of the T;, test, we consider the sequence of Pitman local alternatives:

Ha (v,) 17 (ys2,2) 15 — 11 (2) 75 () = 7,00 (y5 2, 2) (3.2)

where 7y,, — 0 asn — 0o, and §,, is a non-constant measurable function with p, = lim, o, E[d, (Y1; X1, Z1)2
a (Yi, Xl, Zl)} < Q.

Theorem 3.3 Suppose Assumptions C.1-C.7 hold. Then under Hy (v,,) with vy, = n~'/2p=4/4=1 T, <,
N (MO/UOv 1) :

Theorem 3.3 implies that the 7T, test has non-trivial power against Pitman local alternatives that

converge to zero at rate n~/2p=%/4=1 provided 0 < 1o < 00. The asymptotic local power function of the

test is given by 1 — @ (2 — pg/00) , where ® is the standard normal CDF.

3.4 Simulating the null distribution

As an alternative to estimating the bias and variance of the test’s asymptotically normal distribution, in
this subsection and Appendix II, we discuss simulation methods to obtain p-values. These methods may
perform better than the normal critical-value-based tests in finite samples, or they may be more convenient

to implement. Below we describe a simple subsampling procedure. In Appendix II, we propose two possible
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bootstrap procedures and discuss potential advantages and disadvantages associated with each bootstrap
method in the context of our tests.
Let m = m,, be a sequence of positive integers such that m — oo and m/n — 0 as n — co. Let B be a

large integer. The subsampling procedure goes as follows:?

B
(k),Yi*(k), Z:(k)) =1, ...,m} of size m from the original

1. Randomly draw B subsamples {(X - .
=1

sample {(X;,Y;, Z;)}i .

2. For k = 1,..., B, compute T}, using the subsample {(X»*(k),Y»*(k),Z-*(k))} and denote this as

) i % .

C () =1
*

Tn,m .

3. Calculate the subsampling p-value as

The asymptotic validity of the above subsampling method can be established as in Politis et al. (1999).
Under the null hypothesis both T}, and T;f,’f,,) are asymptotically distributed as N (0,1) and thus the test
based on this subsampling based p-value has the correct asymptotic size, and under the fixed alternative

T, diverges to infinity at a speed faster than T;(fl), giving the test its power.

4 Monte Carlo Simulations

In this section, we use simulations to examine the finite sample performance of our test. We consider eight
data generating processes (DGPs), the first four of which are as follows:

DGP 1: ' Y = X 4+ U,

DGP 2: Y = X 4+ U + X1 +U?;

DGP 3: Y = (X + U), where & is the standard normal CDF;

DGP 4: Y = ®(X +U + XV1+ U2);

where X ~Uniform(—1,1), U ~Uniform(—1,1), and X and U are independent.

DGPs 5-8 are identical to DGPs 1-4, respectively, except that X and U are no longer independent:
X =057 +0.5¢1 and U = 0.5Z + 0.5e9, where &1 ~Uniform(—1,1), 2 ~Uniform(—1,1), Z follows a
standard normal distribution truncated by —2 and 2 in the tails, and €1 €2, and Z are mutually independent.
By construction, X 1 U | Z, DGPs 1, 3, 5 and 7 satisfy the null, and DGPs 2, 4, 6, and 8 obey the
alternative.

We use second order (quadratic) local polynomial estimators, i.e., p = 2, with a Gaussian PDF for the
kernel function. For the bandwidth sequence b and ¢, we use the rule x-std(V) - n”TEEOE and Kestd(Y) -
n~IE0TT associated with V and Y, respectively, where & is a constant and std(V) and std(Y") are sample
standard deviations of V' and Y, respectively. In general, the optimal x depends on the underlying specific
DGPs. For simplicity we let kK = 1 for DGPs 1-4 and k = 2 for DGPs 5-8. For DGPs 1-4, we specify the

3 Alternatively, one can refer this as to the m-out-of-n bootstrap procedure.
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weight function a = 1, corresponding to no trimming, whereas for DGPs 5-8, a trims out 2.5% data on
each tail of each dimension of (Y, X, Z), so

a(Y,X,Z) =1[yoo2s <Y < yoors] - 1[zo.025 <X < g.975] - 1[20.025 < Z < 20.975) ,

where 39,025 and ¥g.975 are the 0.025 and 0.975 quantiles of Y respectively, and similarly for xg.025, 0.975,
20.025, and 2q.975.

We first consider the subsampling test with the sample sizes n = 200 and 300. We try three different
subsample sizes m = |n%%], [n98%] and [n%?|, where |-] denotes the integer part of -. The number of
subsamples is B = 200 and the number of replications is 200.

Table 1 presents the rejection frequencies for DGPs 1, 3, 5, and 7 under the null. We consider three
conventional nominal levels: 0.01, 0.05 and 0.10. When the sample size is 200, the subsampling tests are
undersized. However, when the sample size increases to 300, the performance improves and the rejection
frequencies are closer to their nominal levels. This suggests that a moderate to large sample is required
for the test to have good level behavior. This is not surprising, as the estimation of derivatives is much
harder and has a slower convergence rate than the estimation of the conditional expectation itself. The

level behavior is similar for different subsample sizes m.
Table 1: Empirical rejection frequency: levels

DGP n Subsample size
|08 0085 | 0090

0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

1 200 0 0.015  0.035 0 0.010  0.050 0 0.010  0.035
300 0.010 0.035 0.130 0.005 0.030 0.125 0 0.020  0.085

3 200 0 0.010  0.035 0 0.010 0.040 0 0.005  0.020
300 0.010 0.035 0.085 0 0.030  0.080 0 0.025  0.065

5 200 0 0.015 0.045 0 0 0.020 0 0.005 0.015
300 0 0.025  0.100 0 0.015  0.060 0 0 0.035

7 200 0 0.015  0.050 0 0.015  0.030 0 0.005  0.020
300 0 0.035  0.100 0.005 0.020 0.065 0 0.005  0.035

13



Table 2: Empirical rejection frequency: powers

DGP n Subsample size
ey 17083 |09
0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

2 200 0.540  0.930 0.985 0.470 0.875  0.965 0.235 0.760  0.905
300 0.940  1.000  1.000 0.895 0.995 1.000 0.725 0.980  0.995

4 200 0.610  0.960  0.990 0.350  0.890  0.975 0.110  0.580  0.930
300 0.790  0.990 1.000 0.505 0975 1.000 0.145 0.745 0.970

6 200 0.340  0.810  0.950 0.180 0.665 0.875 0.075 0.465 0.770
300 0.790  0.980  1.000 0.685 0.950 0.995 0.365 0.825  0.965

8 200 0.075  0.250  0.435 0.030 0.160 0.310 0 0.060 0.225
300 0.135 0.460 0.705 0.100 0.395 0.655 0.025 0.210  0.440

Table 2 reports the rejection frequencies for DGPs 2, 4, 6 and 8 under the alternative. The power of
the tests behaves well. When n = 200, even at the 0.01 nominal level, the test has substantial power;
for example, the rejection frequency is 0.540 for DGP 1 when sample size n = 200 and subsample size
m = n%80. The power increases rapidly as the sample size increases. For example, the rejection frequency
becomes 0.940 for DGP 1 when n = 300 and m = n%8. The power of the tests increases when the
subsample size m decreases. This is likely because, under the alternative, the test statistics diverge, so the
difference between the original test statistics and subsampled test statistics is large when the difference

between the original sample size and subsample size is large.*

5 Empirical Applications

In this section, we consider testing whether duration data obey the class of nonlinear generalized accelerated
failure-time (GAFT) models. We then apply our test empirically on two different data sets. The first
application is duration of strikes among manufacturing workers in the US, and the second is duration of
first marriages among divorced couples.

For these applications, Y is the duration of a certain state (a nonnegative random variable) such as
duration of a strike. Our test is directly applicable to nonlinear GAFT models, since such models can be
written in the form Y = G [H; (X) + U], where X is a vector of covariates, and U an unobservable random
variable (see, eq. (2.5) in Ridder, 1990). The GAFT models include accelerated failure-time (AFT) models,
proportional hazards (PH) models, and mixed proportional hazard (MPH) models.

4We also consider the weighted bootstrap discussed in Appendix II. We find that for some DGPs, especially when the
dimension of (X, Z) is large, this bootstrap over-rejects the null. However, we find that the weighted bootstrap procedure
has better power than subsampling uniformly for all DGPs. Since the weighted bootstrap test can be significantly over-sized,

we do not recommend its use. The weighted bootstrap simulation results are available upon request.
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MPH models are a particularly popular class of GAFT models (for a detailed review, see Van den Berg
(2001)). Below we provide a direct link between our null hypothesis and MPH models. Let h (Y, X, ¢)

denote the hazard function for Y. An MPH model of survival time Y is one where
BV, X,6) = A(Y)-0(X) € (5.1)

holds for some baseline hazard function A (Y) and some nonnegative function of covariates 6 (X). The
MPH model is widely applied in empirical research. For example, when £ = 1, this is the standard
proportion hazard (PH) model developed by Cox (1972). A particularly popular parametric specification
of the MPH model due to Lancaster (1979) assumes that A (Y) = oY%~ ! §(X) = exp (X’'B) and € is
a gamma distributed random variable. The following Proposition provides a general characterization of
MPH models.

Proposition 5.1 Suppose that the hazard function of the survival time Y is h(Y,X,€), where Y € Ry,
X € R¥% ¢ € Ry and € # 0 with probability 1. Let A : R — R, and § : R%— R, be two measurable
functions such that A (Y) = 0 with probability 0 and 0 (X) = 0 with probability 0. Then h(Y,X,£) is a
MPH model:

B(Y,X,6) = A(Y)-0(X) &,

if and only if

where G : R — R is a strictly increasing function that is differentiable a.e. on its support, Hy : R% — R,

and U =1n {#] , where € is a uniform random variable on [0,1] and € L (X,¢&).

Proposition 5.1 shows that the MPH model has two important implications: (¢) it equals a transforma-
tion model of the type given by our null, and (i7) U allows a distribution determined by In(—In (1 — €) /£).
In principle, both restrictions might be testable, though we focus on implication (7), corresponding to our
null hypothesis.® If our null is rejected, then the specification of MPH models is rejected, so our test can

used as a falsification test for MPH models.

5.1 Duration of strikes

In this subsection, we test the specification of GAFT models using data on the duration of strikes. Here
Y is the duration of strikes in U.S. manufacturing firms, defined as the number of days since the start of a
strike. Our X is a scalar variable indicator of the business cycle position of the economy, measured by the
deviation of output from its trend. Positive values of X mean that the economy is above its growth trend.
We assume that A.1 holds with X 1 U, i.e., Z is empty.

Our dataset was used in Kennan (1985) and is employed in several econometrics textbooks including as
Cameron and Trivedi (2005) and Greene (2011). The sample size is 566. Table 3 presents data summary

statistics.

5More broadly, this proposition shows that nonparametrically the only difference between GAFT and MPH models is some
regularity conditions, since if one is given a GAFT model which by Ridder (1990) satisfies Y = G [H1 (X) + U], then given
the regularity assumed in Proposition 5.1, one can construct an equivalent MPH model by letting &€ = [—In (1 — ¢)] e~V where

€ is uniform.
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Table 3: Summary statistics for the strike data (sample size n = 566)

Variable Name Mean Median Standard Deviation Min Max
Y Duration of strikes (days)  43.62 28.00 44.67 1 235
X Business cycle position 0.006 0.008 0.050 -0.140 0.086

We apply our subsampling based test. Results based on 1000 subsamples are reported in Table 4. The
p-values are high for all subsample sizes under investigation. This suggests that our test supports the
specification of GAFT models.

Table 4: Test results for the strike data (sample size n = 566)
Subsample size |n0-80] =159 |n0-85 | =219 |n0-99| = 300
p-values 0.651 0.578 0.572

5.2 Duration of marriage

In this subsection, we apply our test to study the duration of the first marriage of divorced couples. Let Y
be the duration of the first marriage of a couple and X be the age difference of the couple. The dataset is the
U.S. survey data taken from Lillard and Panis (2003). We choose a relatively homogeneous subpopulation
where the divorced couples are white and have more than 10 years of education. The sample size is 542.

Data summary statistics are provided in Table 5.

Table 5: Summary statistics for the marriage data (sample size n = 542)

Variable Name Mean Median Standard Deviation Min Max
Y Duration of marriage 10.37 8.04 7.89 0.10 50.38
X Age difference 2.13 2.35 4.21 -31.25 33.00

We implement our test with this dataset and find that the GAFT model (and hence also the MPH
model) is soundly rejected. The p-values are all smaller than 0.01 for all subsample sizes. These test

results based on 1000 subsamples are shown in Table 6.

Table 6: Test results for the marriage data (sample size n = 542)
Subsample size |n%80] =154 |n08%] =211 |n%90] =289
p-values 0.006 0.005 0.005

This rejection of the null hypothesis could be due either to inadequacy of the GAFT specification, or
the assumption that X 1 U in our homogeneous subpopulation could be violated. This subpopulation
controls for education and race, but it is possible that GAFT would not be rejected if we observed and
conditioned on other covariates Z such as the religious affiliation, the number of children, and the income
of the couple, among others.

Given our results, one could either propose a more general duration model than the GAFT class, such
as Chesher’s (2002) nonseparable semiparametric model h (Y, X, &) = ¢ (Y,0 (X)) /&, where ¢ and 6 are
unknown functions. Alternatively, one could seek out a data set with more covariates to condition on (and
more observations to deal with the curse of dimensionality that would arise with more covariates), and test
if GAFT holds in this larger data set.
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6 Extensions

Our methodology can be extended to test other related hypotheses for specifications in nonseparable models.
For example, suppose that X is multi-dimensional such that X = (X7, X3). Then our results can be used

to test the hypotheses:

Hsyo : There exist two measurable functions Rs and Hs such that
Y = R2 [Hg (Xl,XQ) 5 U] a.s.

Hsy4 : Hyg is false;
and

Hi3g : There exist three measurable functions R3, H4 and Hy such that
Y =R;3 [H4 (Xl) + Hj (XQ) ,U] a.s.

Hs4 : Hsg is false.

Given the key conditional exogeneity assumption A.1, a testable implication of Hyy is

OFy|x, x5,z (Y | ©1,2,2) /0x1
OFy|x, X5,z (Y | ¥1,%2,2) [Ox2

=1y (21, 2) (6.1)

where Fy|x, x,,z (y | 1,22,2) is the conditional CDF of Y given (X1, X5, Z) and r3 some unknown mea-

surable function. Similarly, Hso implies that

OFy|x, x5,z (Y | T1, 22, 2) /021
OFy|x, x5,z (Y | ©1,22,2) [0z

=T4 (l‘l) +Ts (1’2) (62)

for some unknown measurable functions r4 and rs.
Our test can also be extended to test for semiparametric specifications. For example, one may be

interested in testing

Hyo : There exist 3 € R% and two measurable functions R, and H, such that
Y = R4 [X//B + H2 (U)] Qa.s.

Hya : Hyp is false;

Then Hyg implies that
Dy F (y |z, 2)
r(y;z,z) = =16y 6.3

for some unknown measurable function rg.
To test equations (6.1), (6.2), and (6.3), one can readily construct test statistics similar to ours, using
marginal integration as proposed in testing Hy.

7 Concluding Remarks

In this paper, we proposed a specification test for a transformation model containing a vector of covariates

and a vector of unobservable errors. This test is related to tests for separability and monotonicity in
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nonseparable structural equations. We derive the testable implication of the transformation model that
the ratio of the derivatives of a conditional CDF takes a product form. Our test statistics are based on the
Lo distance between restricted and unrestricted estimators of this ratio of derivatives. We show that the
test statistics are asymptotically normal and consistent against the alternative of this testable implication.
We provide limit normal distribution theory as well as bootstrap and subsampling methods for obtaining
p-values under the null. Our simulations suggest that the test statistics perform well in moderate size
samples. We apply our statistics to test the specification of generalized accelerated failure-time models for
data on the durations of strikes among manufacturers in the US and of first marriages of divorced couples.
Both data sets are similar size and have the same dimension. We fail to reject GAFT for the strikes data,

while strongly rejecting it in the marriage data.

8 Appendix I: Mathematical Proofs

Proof of Theorem 2.1
We first prove (a). Let U = Hy (U). Then
Fylz,z) = PrlY <y|X=uw7=2]

- Pr{G[Hl(X)—s-U} §y|X:x,Z:z}

= Pr [USG_I(y)—Hl(:E)\Z:z}

= FU\Z [Gil (y) - H ({E) ’Z] )
where Fg 4 (-, z) denotes the conditional CDF of U given Z = z. Let Fi o1z be the derivative of Fg 4 with
respect to its first argument. Then,

OF (y | w,2) 0w Fig7 (G (y) — Hi(2),2] - [-0H\ () /0z]  —pH, (z) /0x

OF (y | x,2) /0y~ Fyp2G~ (y) — Hi(z),2]- [0G (y) /oy] — 9G—1(y) /0y’

So the functions s; and s, exist and are given by

(y) = 1
=T cac T () Joy’
where C' # 0 is an arbitrary constant. Clearly, s : R — Ry if C > 0 and s : R — R_ if C < 0. The

measurable functions S; and S, are given by CH; and CG ™!, respectively.

s1(x) =—C 0H; (x) /0x and

We now prove (b) . Without loss of generality, assume that so : R — R,. We can always find two scalar
functions S; and Sy such that 951 (z) /0xr = —s1 (z) and 052 (y) /0y = 1/s2 (y), where S3 () is strictly
increasing. Combining this with the definition of r (y; x, z) gives

v (y |z, 2) 952 (y) /0y
Let U= S, (Y)—S; (X)and @ = S5 (y) — S1 (z) . By the monotonicity of Sy, we have Y = S5 [S; (X) + U]
and y = S5 '[Sy (x) + ). Tt follows that

for all (z,y,z2) € W. (8.1)

Foix.z (@2,2) P(l? ga\X:x,Zzz) —P(S (V)-8 (X)<a|X =x,7Z = 2)
= PY<S'(Si(x)+a)|X =2,Z=2)

= PY<ylX=z7Z=2z2)=Fylx,z2).
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Then

DuF(y|az)  DiFpy,(r2)  0Fgy ;(62.2) [0i- s () + OFgy , (.. 2) [0

DyF (y|x,z2) DyFgx 7 (4,2, 2) N OFg x 7 (U, 2, 2) /0~ (1/s2 (y))
Fgx z (%, 2) /0 - (1/52 (y))
Oy x 7 (G, 2, 2) /0L

= s1(x)s2(y) + for all (z,y,2) e W. (8.2)

Comparing (8.1) with (8.2) yields 0Fp x , (4, %,2) /0x = 0 for all (4, z,2) € U x V where U denotes the
support of U. Therefore, U L X|Z. So far, we have shown that

Y =5, 1S) (X)+ U]

where Sy ! is strictly monotonic and X | U|Z. The conclusion in part (b) follows by setting G = S5 ! and
Hi=65.1

Proof of Corollary 2.2
Under Hyg and A.1, (2.1) in Theorem 2.1(a) holds, implying that

g = TEyExz[r(YV;X,2)]=7"E[s1 (X)]E[s2(Y)],
ri(x) = E[r(Y;z,2)]=s(x)E[s2(Y)],
r3(y) = TE[r(y;X,Z)] = s2(y) 7' Efs1 (X)].
It follows that
(XY, Z)rf =i (X)r3 (Y) = [s1(X) s2 (V) {7 E[s1 (X)] E[s2 (Y)]}
—{s1(X) E[s2 ()]} {52 (Y) 7' E [s1 (X)]}
= 0.1

To prove Theorem 3.1, we first establish some technical lemmas. Recall that V; = (X7, Z!)",v = (2,2,
Ky (v) = b~ %K (v/b), and gy, (v) = p (v/b) . Let W; = (Y3, V/) and w = (y,7') . Define

1 n
B, (y;v) = EZKb(Vz‘—U)Mb(Vi—U)Ai,y(U),
=1

Vi (y;0)

> K (V= o)y (Vi = o) T, (W),

where A, (v) = F (y[Vi) = F (y]v) = X1y 11D (ylv) (Vi —0)', and T, (W) = 1{Y; <y} — F (y]Vi) .
Let Sy (v) = E[Sy (v)] and By (y;v) = E[By (y;v)], where Sy, (v) is defined after (2.10). The next lemma

establishes uniform consistency of D, F} (y|v) .

Lemma 8.1 Suppose that Assumptions C.1-C.3, C.5, and C.7 hold. Then uniformly in (y,v) € Yo X V,
(a) Dy Fy (ylv) — DoF (y|v) = b~ e1Sy (v) " [V (y;0) + By (y;0)] + Op (b3, + vipbP),
(b) Do Fy (y|v) — Do F (y|lv) = Op(v1pb~" + bP),

where vip, = n~2b=%2\/Inn.
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Proof. By Lemma 10.1 in HSW (2011), B (y|v) — B (y|v) = Sy (v) ™" [V4 (y;v) + By (y;0)] + Op (12, +
vipb?t1) = Op(v1p 4 bPT1) uniformly in (y,v) € Yo x V. The results follow from the fact hat Dy F} (y|v) —
Dy F (ylv) = ea[B (ylz, 2) — B (ylv)]/b. =

Define

VI (0) = 23K (Vim0 e (V- o) T, (),

B (yi0) = - S Ke(Vi— o) (Vi— o) |alV) — Flulo) = 30 309 (o) (Vi — )|
i=1 1<jl<p '

where L, (W;) = L.(Y; —y) —a (y|Vi) and a (y|v) = E[L.(Y; — y)|Vi = v]. Let B(Y (y;v) = E[BgL) (y;v)].

The next lemma establishes uniform consistency of f,(y[v).

Lemma 8.2 Suppose that Assumptions C.1-C.7 hold. Then uniformly in (y,v) € Yo X V,
(a) fo(ylv) = F(ylv) = e5Sc (v) " [VE (y;0) + B (y;0)] + Op (13, + vacc?th),
(b) Folylo) = Fylv) = Op(vae + 1 4 ),

where vo. = n~1/2c=@+1/2/In .

Proof. The results follow from Lemma 10.5 in HSW (2011). m

Lemma 8.3 Suppose that Assumptions C.1-C.7 hold. Then

(a) 7 (y50) =7 (yv) = b~ ey (0) 7 Vi (y30)  (ylo) ™ = DaF (ylo) 48c ()™ VE (i) f (o)™ +
Op (Vbe) uniformly in (y,v) € Yo x V,

(b) 7o — 10 = Op (Ve +n~1/2071)

(¢) supey, IP2 (¥) — r2 ()| = Op (Ve +n~ /207 1VInn),
where vpe = V3071 + 0P + 13, 4+ PTE 4+ " + vpprbT = o(n’l/Qb’(%H)).

Proof. (a) Let ¢ (y; v) =7 (y;v v)—r (y;v) . Noting that fo(ylv) ™t = f(ylv) "L =[fe(ylv)— f(y|v)]/ £ (ylv)>+
Ry (y;v) where Ry (y;v) = [fe(y|v

) F(ul))2/[F (ul0)? fo(ylo)], we have that for any (y.v) € Yo x V,
1y0) = Dfiy %U) - St

_ D +Fy (ylt})(yw?xF(yv) lfc(.?l/lv) _f(yl|v) D, F (y|v) + Ry (y;v)

- (y'?(y'f)“ (o) _ fc(y'}’gy@;‘“) D F (ylo) + Ry (y:0) D, F (ylv) + Ra (3:0)

41 (y;v) — G2 (y;v) + Ra (y;v) Do F (y|v) + Ra (y;v) , say,

where Ry (y;v) = [fe(ylv)™" = f(ylv)~] [Dmﬁ‘b (ylv) — DzF(y|v)} . Using Lemmas 8.1 and 8.2 we can
bound the last two terms in the last expression uniformly by Oy, (n9.(n15 + M2.)) , Where 1y, = v1pb~! + b7

and 1)y, = Vo + P 4 ¢". In addition, uniformly in (y,v) € Vo x V,

G1 (y;v) = [DuFy (ylv) — DoF (ylo)l/ f (ylv)
= b7'e1S, (0) 7 Vi (g3 0) + By (50)]/f (ylv) + Op(v3,b™" + viub?)
= b7'eiSy (0) TV (g0) [ (ylo) + Op (Vb + 1),
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and
G2 (yiv) = DoF (ylo) [fe(ylv) = f (w0)]/f (ylv)?

= D.F (ylv)esSc (v) " [V (y;0) + BE) (y;0)]/f (y[v)® + Op (V3. + vacc?t)
= D,F (ylv)esSe (v) "V (y;0) /f (yv)® + Op(v3, + PHL 4.

It follows that uniformly in (y,v) € Yy x V,

Qy;v) = b eSSy (v) T Vi (g30) £ (ylv) T = DoF (ylv) €bSe (0) V) (y30) f (ylv) >
+0p (V%bb_l + 0P v+ P (g, + Nae))
= b7'e1Sy (0) T Vi (g5 0) £ (ylo) T = Do F (ylv) ebSe (v) T V) (g50) f (ylv) 2+ Op (vge) -

(b) Write 7:0 — Ty = f()l + 7202, where
1y
Fop = —
S

=1y

3 . 1
7 (Yi; X5, Z;) — 7 (Yi; X5, Z;)], and 7y = EZZ r(Yi; X5, Z;) — 7o) .
1 i=1 j=1

n n n

It is easy to show that 792 = Op (nil/ 2) by the Chebyshev inequality. For 7p;, we have by (a)that
To1 = Rin — Ran + Op (Vi) , where

n n
B = LYY S0 Ve g,
1=15=1
_inn A= N IvD(v..1.) £f=21.
Ry, = n2 ZZDxljeQSC(VJ) Ve (YZ’VJ)fij L;,
i=1 j=1

1, =1{Y; € W}, fij = f Yi|V;), and D,,; = D, F (Y;|V}). For Ry, we have

1 n n n - _ B B
Rin = >SS0S, (V)™ iy (Vi = V) Ko (Vi = Vi) T, (W) 1,
i=1 j=1 k=1
1 n n n _
= =) > b~ eiSe (Vi) "y (Vie = Vy) Ko (Vi = V) 1y, (W)
" i=1 j=1,j#i k=1,k#j,1
1 n n - _ B B
+$Z > benSy (V) Ty (Vi = Vi) Ky (Vi = V) Ty, (Wi) 14
=1 j=1,j#i
I o= &~ _
+=23 0 Y b Sy (V) 1 (0) Ky (0) Ty, (W) 1,
i=1j5=1,j#i

1l ., = 1 -
T3 Z}b Ye1Sy (Vi)™ (0) Ky (0) Ty, (W) 1
= Rip1+ Rino+ Rins+ Ripa.

It is easy to show that Ri,4 = Op (n*Qb’d’l) , Ring = Op (n’3/2b’d’1) ,and Rip 2 = Op (n’lbfl) .
Noting that Ry, 1 is a third-order U-statistic with E (R, 1) = 0, it is straightforward to show that
E (R%n)l) =0 (n‘lb_2 + n_Qb_d_Q) . Thus Ri,,1 = Op (n_l/Qb_l) and Ry, = Op (n_l/Qb_l) asn 1p~4 =
o(1). By the same token, we can show that Ra,, = Op (n~1/2) . It follows that 7o —ro = Op(vpe+n"1/2b71).
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(¢) Write 75 (y) — 2 (y) = 721 (y) + 722 (y) , where

3\’—‘

Fa1 (y %Z P (y; Vi) =7 (y; Va)] and 7oz (y) = = > [ ( r2 (y)] -

i=1 i=1

By standard chaining arguments and the exponential inequality, we can show that sup,cy, I722 ()] =
O(n=2v/Inn). By (a), 721 (y) = le (¥)+Op (Vbe) uniforrnly iny € Yy, where 7o, (y) = 7911 () —772172 (y),

Pora (y) = 5 20, b leaSy (V)7 Vi (5 Vi) f (ulVe) ™ 1{y € Yo}, and 7oz (y) = 5 S0, f (9lVi) ™ D F (y|Va)
xebSe (Vi) 7! v (y; Vi) 1{y € Yo} . Now write 721 1 (y) as the summation of a first order U-statistic and

a second order U-statistic: 7211 (y) = 721,11 (y) + T21,12 (), where

1< - _ - _
Torn (y) = ?Zb_lelsb(‘/%) "1 (0) Ky (0) T, (W3) f (y[Vi) "' 1{y € Vo}, and
1 &« - _ - _
Tar12 (y) = ﬁz Yo v eaSy (Vi) (V; = Vi) Ky (Vs = Vi) T, (W5) f (yIVi) ™ 1 {y € Mo} -
i=1 j=1,j#1

By the exponential inequality, we can show that sup,cy, 21,11 ()] = O(n=¥2b=4"1v/Inn). For 721,12 (y) ,

one can follow the proof of (A.10) in Gozalo and Linton (2001) and show that sup,cy, [|721,12 (y) || =

O(n='?b=1/Inn).5 Hence SUDy ey, 17211 ()|l = O(n='?b='y/Inn). Similarly, SUP, ey, 7212 (W)l = O(n=1/2

VInn). Thus sup,cy, |72 (¥) — r2 )| = Op(vye + n /20" VInn). m
Proof of Theorem 3.1
Let a; =a (Y3 X3, Z:), ri =7 (Y3 Xiy Zi), ris =71 (Xy) , ros = mo(V2), 75, =5 (V0), 7 =7 (Y, X, Z4)
F1; =71 (X;), P2 = 72(Y3), and 7%, = 73 (Y;). Then
nb%+2f = b%+2 Z ||’Fﬂ%r - flzf§¢||2 a;
T N ATT T 7112
= bEt? Z [[(Fi = ri) + 7] [(F§ —75) + 1G] — [(Fri — r1a) + 1] (75 — 73) +rl 17 i
— pet2 z [rirg — riirs;] + [(Fs —ri) g + i (Fg —70) — (P15 — 714) 733 — 714 (P — 75;)]

+ (7 — i) (77 —18) — (P15 — 115) (5, — 75111 @

= Fln + F2n + FSn + 2F4n + 2F5n + 2F6n7 (83)

61f we ignore the boundary points, we can write Sy, (v) = f (v) S+ bV (v) + o (b) uniformly in v in the interior of V, where S
and V are defined as M and V in Li, Lu and Ullah (2003, p.617). Following the proof of Lemma A.3 in their paper, one can
show that 721,12 (y) = O(n_l/z) elementwise by using the degeneracy of the second order U-statistic defined analogously to
721 12 (y) but with S, (Vi) ™! replaced by its leading term f (V;)~!S~1. But their argument breaks down when v takes values
on the boundary of V.
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where

Ty, = b2t2 i: ey — rar S| ai,
Fon = b2+2ZH i = 1i) 1+ 7i (PG —75) — (Fri — i) 73 — T (72722_7“;1‘)||20i7
I3, = b2+2ZH 75 —15) — (P — 1) (75 — r3)|* @iy
Ty = b2+22 rirg — 11y [(Fi — i) 1§ + 13 (7§ = 1§) = (P1i — 1) 15; — r0a (75 — 15;)] i
s, = b212 Z rirg —ruirgy] [(Fi —13) (75 —§) — (P = 115) (75; — 75,)] i,
Fen = be+? Z i) +ri (P —76) — (Fri —r1a) 73; — r1a (P3; — Tgi)]/
x [(Ti - 7%‘) (75 —rg) — (Pri — 1) (F5; — r3;)] as.

Under Hy, I'j, = 0for j =1, 4, 5. It suffices to prove the theorem by showing that (¢) I's,, —B,, 4N (0 00)

(i1) T3, = op (1), and (i) Te, = op (1) .

To show (i), we write I'y,, = Z;il Ty, ; where

Dony = b5F2 300 |[(Fi — ) v || @i,
Tano = b2 72300 [lrs (75 — )| as,
Tons = b5 Y0 ||(Fri — raa) 7)1 i,
Dona = b5 Y0 [[ryi (7, — v5) 1 ai,

Tons =205 T2 (7

Tone
F2n,7
F2n ,8

F2n9 =

— 1) rirT (FF —r5) ai, Tapio = 2h5+2 Yo (P

i — 1) (P — m13) 7§04,
—25+2 S (7 — ) rurd (75, — 1) as,

—2b3 2 0 (s — i) (FF — 1) 150,
—2b3+2 doimy i (P — rf) (75, — 75;) ai,

— 1) rrg; (75 — r3;) ai.

—2E2 L (7

By Lemmas 8.4, 8.5(b) and 8.6(b) below, I'a;, 14+ 25, 3420 6 — By, 4N (07 a%) , where B,, = By, +Ba, —2Bs3,,.

By Lemmas 8.5(a) and (c) and Lemmas 8.6 (a) and (¢)-(f), I'2p,s = op (1) for s =2,4,5,7, ...,

that Ta, — B, <5 N (0,02) .

Next, we show (i7). By the Cauchy-Schwarz inequality, I's,, < 2T'3,, 1423, 2, whereI's,, 1 = b5 +2 (7T

—r13) (75;

— || a; and Ty, = 02257 (7

X D iey |17

10. It follows

—3)|I” a;. By Lemmas 8.3(b) and 8.4,

Tsn1 = (78 —15)° (17) *Tany = Op (V. +n71072) Op (b%+2 (b2 + c*dfl)) =op(1).

Following the proof of Lemma 8.5(b), we can show that Tz, o = b2 T2 3"

+c~%=)). It follows that

I3, 0 < sup |75 (y) — 73 (y)\2 fgng =0Op (I/%c +n % 2n n) Op

y€Vo

and hence I's,, = op (1).
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N 2
1 1P =l ™ ai =

(bgﬂ (b=%=2 4 c*dz)) =op(1),
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To show (iii) , we first decompose T'g,, as follows:

S

n

dio . . d .
Ign = b2t2 (Tg7T§)T€Z|‘T¢*Ti||2ai7b2+ 0 Z i — 1) (F1p —110) (75 — v ag
i=1 =1
n 4 n
b2 (5 — )Yl (R — i) ag — b2 R (T —0d) Y rl (1 — 1) (75 — 75) a
=1 i=1

n
~ ~ a ~ ~
(Fri = i) (s = 1) 15505 + 0272 |[f1s — ruil|* (73, — 15;) r3ias

(= 1

—b% 12 (7f —rf)

i=1 i=1
n n
+2 P (7 — +2 2
—b% 0 —70) E 1 (P ) (73 — Tzz)az+b2 E 1 (F1 — r1a) (75, — r5;)” r5;a,
=1

= Tep1 —Deno+ Fﬁn,s —DL6n,a —Tons +Lene — Lon,7 + Lon,s-
By Lemmas 8.3(b) and 8.4,
Pont = (7§ = 18) (15) ™ Tang = Op (vae + 072571 ) Op (b4 H2(67 42 4 = 71)) = op (1).

Using '3, 2 and Ty, ;1 defined above, by Lemmas 8.3(c) and 8.4 and the Cauchy-Schwarz inequality,

< sup 73 (y) — 75 (y)| b2+ Z |(7i = r3) (Pri = r10) 15 | @i
y€Vo
ot - 1/2
< sup |75 (y) — 5 (y)] (P2n1lsn.2)
y€Vo
— Op (Vbc L 1/2p1 rnn) {OP (b%+2 (b—d—2 4 C—d—l)) Op (b%“ (b—dm—Q + c—dm))}l/Q
= op (1)

By Lemmas 8.3(b) and 8.6(a), I'sns = (7§ —r§)T2ns/(2r5) = op (1)op (1) = op(1). Following the
proof of Lemma 8.6(f), we can show that T, 4 = = pit2 S rh(F1 — 1) (P5, — 73;) a; = op (1) . This, in
conjunction with Lemma 8.3(b), implies that g, 4 = (7§ — 7§) Ten.a = op (1). By Lemma 8.3 and 8.6(b),
Tons = — (75 —15) Tane/ (2rF) = op (1) . Analogously to the proof of Lemma 8.4, we can show that
b2 iy — g ai = Op(b%+2(b~%~2 4 ¢~%)). Combining this with Lemma 8.3(c)

fﬁn,G
yields
Ten6l < sup |75 (y) — 3 (v)] f6n,6 =0Op (ubc + n_l/zb_lvlnn) Op (b%+2 (b_d’_2 + c_di)) =op(1).

y€Vo
By Lemmas 8.3(b) and 8.6(c), I'en,7 = — (7§ — 7§) Tan,7/ (2rF) = op (1) . Lastly, by the Cauchy-Schwarz
inequality, Lemmas 8.3(c), 8.5(b), and 8.5(c), we have

n

~ a ~ ~
Tensl < sup 73 (y) =15 ()| 022 Y |1, (Fri — rui) (P, — v5) 5] as

yeo i=1
< sup |75 (y) =75 ()| {T2n a2}’

IS
= Op (l/bc +n Y2 1\/7> {Op (b2+2 (b2 4 ¢ 1)) op (1)}1/2
= op(l).

Consequently we have proved T'g,, = op (1). B
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Lemma 8.4 Suppose Assumptions C.1-C.7 hold. ThenT's, 1—B1, 4N (O, o%) where By, = n=lps+2 (rg)2

X" o (Wi, W;) = Op(b5+2 (57472 4 ¢=4-1)).
Proof. Recall 1, = 1{Y; € W}. Let f; = f (Y;|V;) and D,; = D, F (Y;]V;). Then

P = =berSy (Vi) T Vi (Yis Vi) ;'L = Db Se (Vi)™ VI (Vi Vi) £ + O (vie)

It follows that
Pong = b2+22|| ri) 5l a;

_ 2
_ pit ZHb 18y (V)™ Vi (Yis Vi) 7" = DuiehSe (Vi) VI (i Vi) £7%| s

b 20p (V3 4 vie (r1pb ™"+ WP + 20 + P4 7))
= Tou1+op(1),

_ _ _ 2
where Ty 1 = 052 ()" SO0, [0 618y (V)™ Vi (Vi Vi) £ = DaiehSe ()™ VI (Vi Vi) 72 a7 and
we use the fact that 1,a; = a; as a (y;v) has compact support Yy X Vy. Let (;, (w) = (. (y;v) be as defined
in Section 3.2. Then
2

n
f2n,1 = b%”(rg)zz

= n 252 (r])? an Z an C (Wi, Wiy, Wiy),

where ¢ (W;,, Wi, Wi,) = ¢, (Wil)/(:iS (Wi,) ai,- Let @ (wi,,wi,) = E[C(Wy,w;,,w;,)], and ((w;,, w;,,

wld) = C(wh ) wi27wi3) - (wiszis) . We can decompose F2n,1 as FZn,l = 1—‘2n,11 + F2n,127 where

I_‘Qn,ll =n 1b2+2 Z Z ‘P L17 12 and 1:\2n,12 =n 2b2+2 Z Z ZC Wll’Wu?W )

11=11i0=1 i1=1i2=11i3=1

Consider Ty, 1o first. Write E(I3, ) = n~*p?+ (rm)* S s B[S Wiy, Wiy, Wig) C (Wi, Wiy, Wi)]
NOtil’lg that F [C (W’L1 y Wiy wig)] =K [z (wil ’ W’Lz7 wig)] = E[E(wn y Wiy WZg)] = 0) E[C(W'Ll; W’Lza W )C(Wi4a
Wi., Wi, )] = 0 if there are more than three distinct elements in {i1,...,76}. With this, it is easy to show

159

that E(T3, 15) = O(n= b4 (b=4734 4 ¢=3(dT1))) = 0(1) . Hence ['2n,12 = op (1) by the Chebyshev inequal-
ity.
For fgn’u, we have

Con11i = nlpst? (r7)? Z o (Wi, W) + 2 1pst? (r7)? Z o (Ws, W;)
i=1 1<i<j<n
= By, + Vi, say, (8.4)
7Writc f2’” 1 = bg+2 ( 71-) Z ‘glnz £2n1” a; where £1nz = b lelgb (V)_1 Vb (K,V) f_ and 52711 =

DyiehSe (Vi)™! 2 (Yi; Vi) f_2 By stralghtfmward moment calculations, we can show that £;,; contributes to both the

asymptotic bias and variance of the test statistic whereas £,,,; only contributes to the asymptotic bias.
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where ¢ (W;, W) = [ ¢ (w, W;, W;) dF (w) = [ ¢; (w (w)a (w)dF (w), and By, and Vi, contribute to
the asymptotic bias and variance of F2n,11, respectlvely. Note that as Vy,, is a second-order degenerate U-
statistic, we can easily verify that all the conditions of Theorem 1 of Hall (1984) are satisfied and a central
limit theorem applies to it: Vi, -5 N (0,03) , where 0% = lim,, oo 02 and 2 = 2b4 (r5) E [ (W, Wa)]?.
Thus T 11 — Bin = N (0,02) .

Lastly, noting that E |By,,| = 2120 (b2 + ¢~471), we have By, = Op(b% t2(b~42 4 ¢~471)) by the

Markov inequality. m

Lemma 8.5 Suppose Assumptions C.1-C.7 hold. Then
(a) Topo = b2 30 lrs (75 = r§) |1 * as = op (1),
(b) Tans = b2 42 300 |[(Fri = r1i) 15 |1° @i = Bay + 0 (1),
(¢) Tana = ba+? Z:Lﬂ [[r1: (73; — 7”’22‘)”2 a; = op (1)
2
where By, = n—*b$+2 50 ’ S S G (Vi X Z)rg || as = Op (0342 (502 4 =), I d. > 0,
then (b) also holds when we replace Ba, by B, = n—4ps+2 S Z?:l HZZ:l ¢; (Yi; X, Zi) r§i||2 a;.

Proof. (a) Note that I'y,, o = nbs+2 (75 — 7"6’)2 Lap2, where T'ay 0 =0t > ||7‘i||2 a;. By Assumptions
C.2(i7) and C.3(i), the compact support of a, and the Markov inequality, 'z, 2 = Op (1). Using this and
Lemma 8.3(a) we have Dy, 5 = nb? T20p (n™'672) Op (1) = Op(b2) = op (1).

(b) Noting that 7y (z) — 71 (z) = L 0 | [F (Yis, Zi) —r (Yiio, Z)) + = >0, [r (Yis@, Z;) — r1 ()], we

have b5+2 S P (X)) — r (X5)] 311> a; = Ran + Rap + 2Rs,, where

2

b2+2 n n X i
Rs, = 2 Z Z[ (Y35 Xo, Z3) — v (Y53 X, Z5)] 5| @,
i=1 ||j=1
., 2
b§+2 n n -
Ryp = - Z (Y5 Xi, Z;) — v (Xi)|r3;|| @i, and
=1 ||j=1
b%+2 - - ~ N / T\2
Rsp, = Y Y N F (Y X, Zy) — v (Y X, Z)) I (Y5 X, Z5) — (X)) (05)? .
=1 j=1 k=1

By Lemma 8.3(a) we can readily show that Rs, = B, + op (1). We further decompose By, as By, =

B?ml + Bgmg, where

7;3 127 l17 ) < (1/147X217Z )(T§i1)2a117 and

i1—1 iz—l i3—1 i4—1
Q
2

IB327&,2 = Z Z Z Z Z <L3 (lethvZ ) Ci (YM?XLUZ )(T§i1)2ai1'

i1=1ia=14i3=144=11i5=1,i57#13

By direct moment calculations and the Chebyshev inequality, we can show that By, o = O p(b 5 b t2 _*)
which is op (1) under Assumption A.7 if d, > 0, and that

Bon,1 = Ban = %bgw i i

i1=1143=1

2

Z Ci;g lethvZZz) rgil Ay = Op(b%+2(b_dz_2 + C_dz»'

=1
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It follows that R, = Ba, + op (1) if d, > 0. By the Markov inequality, Ry, = Op(b22) = op (1). By
the Cauchy-Schwarz inequality, Rs, < {RanRan}/? = Op({[b2F2(b~% 2 + c~=) 4+ 1]p5+2}1/2) = 0 (1).
This completes the proof of part (b).

(¢) Noting that 72 (y) =72 (y) = & Yoy [7 (5 Xi, Zi) — 7 (y; Xiy Zi)) + £ o0y [r (y3 Xiy Zi) — 72 ()], by
the Cauchy-Schwarz inequality we have I'sj, 4 < 2Rg,, + 2Rz, where
2

Zrh (Y X5, Z;) —r (Yi; X5, Z,)]|| a; and

R6n =

2
d

R b Z Zrh r (Vi X5, Z;) —ra (V)| as.

By the Markov inequality R7, = Op(b%+2) = op (1). For Rg, we can first apply Lemma 8.3 to show that
R, = Rgpn +op (1), where

+2 n n _ B B B _ B
> | Y [b7 S (Vi) Ve (Vs Vi) £ = £57 DaigesSe (X5, 2) 7V (Vi Vi) | ai,
i=1 ||j=1

RGn =

fij = [ (YilV;), and D,;; = D, F (Yi|V;). Observe that R, < 2Rgn1 + 2Ren 2, where

2
_ bet2 || & _ _ ~
Ren,1 = 3 Z Zﬁm/b*lelsb(vj) 1Vb(}/;;‘/})fij1 a;, and
i=1 |[j=
2
_ btz I
Rﬁn,2 = 2 Z Zrlzﬂ- f” D11]€QS ( ) V( )(YVquj) a;.
n i=1||j=1
. 2
~ b n n n B ) 3 B
E (Ren1) = HZE SO ruresS (V) (Vi = Vi) Ky (Vi = Vi) Ty, (Wie) £51]| @

d n n n n
= Y S S B e (V) (Vi Vi) K (Vi — Vi) Ty, (073) £

i1:1 ’igi 3 K3
18 (Vi)™ iy (Vi = Vi) Ko (Vi = Vi) Ty, (W) £ i}

= 0 (b% +n o E +n*2b*‘%d) ~0(1).

,_.
<
w
Il
-
-
N
Il
-
o
Il
-

X |:’l"1i17l'

Similarly, E (Rgn,2) = bs+20 (14 n~tem @) 4 p=2c72d+1)) = 9 (1). Thus Re, = op (1) by the Markov
inequality, and b2 12 3" [#y (Vi) — ro (Yi)]> = 0p (1). m

Lemma 8.6 Suppose that Assumptions C.1-C.7 hold. Then
(a) Top s = 2p5+2 S (R — 1) i (7 —18) a; = op (1),
(b) Tope = —2b312 50 (7 — 13) (Fri — 714) 757500 = —2Bg,, +0p (1),
(¢) Tang = =205 300 (s — 1) ruarf (75, = 13) 0 = op (1),
(@) Topg = =205 370 vl (F1; — 1) (FF — ) rfia = op (1),
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(e) Tang = = —2b5 2 Zz 1 riry (F§ —rg) (7g; —r3;) ai = op (1),
(f) Tanao = 26372500 | (P1 — r1a) ruard; (75, — 15;) a; = op (1),
where By, =n"2b2+2rf S0 ST ¢ (W) D o= S (Y53 X4, Zj) v (Vi) a; = Op(bld==d=)/2),

Proof. (a) Write I'g,, 5 = 2b%+2r3 (7T — rZ) a5 where Ty, 5 = Z?=1 (7 — m—)/ r;a;. By Lemma 8.3(a),

we can show that T, 5 = Taps1 + 0p(n1/2b_(%+1)), where

Popsi = z”:( te1Sy (Vi v, (Yi; Vi) f;l—Dme S.(V;)~ V(L (K;Vi)fid)lﬁai
= 722(13 )/;7V T1a77 ZZCQJ Kav Tzav R8n+R9n~
=1 j5=1 =1 j5=1

In view of Rg, = >0 > 7 1[0 'e1Sy Vi)' iy (Vy = Vi) Ky (Vs = Vi) Ty, (W;) 7 'riaa, it is easy to
show that F (R?m) =0 (nlf2 + b*2d’2). Thus Rg,, = Op (b’d’l + nl/Qb*I) . Similarly, Rg, = Op(c*d’1
+n1/2). It follows that T'a,, 51 = Op(b~4"1 +n'/2p~! 4¢~471), and by Lemma 8.3(b),
Tons = OP(nfl/Qb%H) [OP (b*d* 1Lopl/2pt _|_Cfd71> +Op(n1/2b7(g+1))
= Op(n ™2~ 42 4 b5 4 1 /2psH1emd1) L op(1) = op (1).

(b) Write an)ﬁ = —QTgf‘Qn)G Where I_—‘2n)6 = b%+2 Z?:l (72z — ’I“i)l (’Iﬁli — Tli) rgiai. Then f2n76 = RlOn +

R1 1ns where

Ry = _1bg+2ZZ _rl 7 (Y Xi, Z;) —r (Y5 X, Z5)] 504,
i=1 j=1

Ritn = 070223 N7 =) [r (Y33 X, Z) — v (X)) ria.
i=1 j=1

Using Lemma 8.3, we can show that Ryg, = Rion + op (1), where

— _ I
Rin = 0492303 (57 exSy (V)1 Vi (Yis Vi) £ = DS (Vi) 7 VD (Vi V) £
=1 j=1
X [b_lelgb (XZ, Zj)il Vb (ij, Xi, ZJ) ]?;11 — Dm‘e/zsc (XZ‘, Zj)il V((:L) (}/j, Xi7 ZJ) ]?;12} 1i1jr§iai
= Bgn/'l’g.

Noting that E (R3,,) = O (b4 (b=24~4 4 ¢=24=)) | we have Rig, = Op(b4:~%)/2 4 p5+2c=de) which is
op (1) under Assumption A.7if d, > d, and otherwise not. Hence Rio, = B3, /r§ +op (1) . For Ry1,, we ap-
ply the Cauchy-Schwarz inequality to obtain Ry1, < {oqnozgn}l/2 , where aq,, = b +2 S (# =) rgi||2 a;
and g, = n1b%T2 S HZ?:I [r(Y;; Xi, Z;) — T(Xi)}HZai. Analogously to the determination of the
probability order of I'a, 1, we can show that a, = Op(b22(b=924¢971)). Next, ag, = Op(b?+2) by the
Markov inequality. It follows that Ry, = Op(b~% + b5+l F)0p(bi+!) = Op(b+b5+2cF) = 0p (1),
and gy 6 = —2Bs, +op (1).

(¢) Write T'a,, 7 = —2rf T2y, 7 where Ty, 7 = b5 +2 S (R — 1) 1 (P — 75) a;. We further decompose
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a7 as oy 7 = Ri2n + Ri3yn, where

n n
Rign = n*b%”ZZ(ﬂ—n)’mﬂ’ [ (Yis V) —r (Yis Vj)] as,

i=1 j=1

nlpE+2 Z Z (Fi — 7)) ram [r (YVi; Vi) — 7 (Ya)] aa.

i=1 j=1

R13n

Following the analysis of R1p and Rj1,, we can readily show that R, = op (1) for s = 12,13. It follows
that F2n77 =op (1) .
(d) Write Fgmg = —2b%+2 (’/‘Ag - ’I“g) f‘gmg where fgmg = Z?:l ’I“; (7215 — ’I“u) rgia,-. Then fgmg = R14n +

R15n, where

n n

1 r ™
Riw = Y3 rilF (Vi Xi, Z) = r (V5 X, Z))] s,
i1 j=1
1 n n
Risn = — i (Y Xi, Z5) — 1 (X3)] 304,
"islim

By straightforward moment calculations, we can show that Ri5, = Op (nl/ 2) . By Lemma 8.3(a), we can

show that Ryan = Rian + 0p(n1/2b_(%+1)), where

_ 1 non _ B _7 o i ) ﬂ
Bun = ﬁzzﬁ {bilelsb(Xi’Zj) 1Vb(Yj;Xi,Zj)fz‘j1_fz‘j2Dm'je/QSc(Xi,Zj) IVEL) (Y;; X, Z;5)| 115,04
i=1j5=1
] & _
- ﬁZZZTQCk(E;XZ,ZJ—)r%ai.
i=1 j=1k=1

Noting that E (R3,,) = O(nb™2 + (b~ %72 4 p=24:72 fomda=l 4 (72d:72) 4 =1 (pmd=27ds 4 omd=27dy)
we have Ry, = Op(n*/2b=1 +b=%~1 4c=%~1) Consequently, [ons =Op (nl/Qb_1 +b 41 4 c_dz_l) +
op(n'/2b=(2D) and by Lemma 8.3(b),

Tons = OP(n—1/2bg+1) |:OP (n1/26_1 4oyt _|_c—dz—1) +0P(n1/2b_(g+1))]

dyp—dy

= Op(b? +n V2™ 7" 4 25421 4 o (1) = 0p (1)

(e) By the Cauchy-Schwarz inequality and Lemma 8.5, |T's,, 9| < 2 (F2n721“2n,4)1/2 =op(1).
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(f) We first decompose Iy, 19 as follows:

n n n

Pono = 271725%%222{% (Y55 Xi, Z5) = (Y3 X, Zp)) + [r (Y35 Xi, Z5) — 1 (X9} rurs;
=1 j=1 k=1
I([A(YiEXkaZk)_7'(Yi§XkaZk)] + [r (Yis Xk, Zi) — r1 (Y3)]) ai,
= 2n_2b2+zzzz (Y;; Xi, Z;) — r1 (X)) rrger’ [ (Yi; Xiy Z1) — 71 (Ya)] as
=1 j=1 k=1
+2n7 20523 NN (v X, Z) — v (Y3 X, Z)) e 17 (Vi Xy Ze) — 1 (i X, Zi)] a
i=1 j=1k=1

—|—2n_2b2+2222 7 (Yj; Xi, Z;) — 7 (Y5 Xy, Z))] mrr [r (Yis Xy Zi) — 1 (Y3)] as
=1 j=1 k=1

+2n*2bz+2222 (V) Xi, Z5) =m0 (X)) rurgym (7 (Yis X, Zi) — 7 (Yis X, Z1)] as
=1 j=1 k=1
= 2Rien + 2R17n + 2R18n + 2R19y,, say.

By moment calculations, E (Rig,) = O(b%+2) and E (R%s,) = O(b*™*), implying that Ryg, = Op(bs+2) =
op (1). For Ry7,, we can show that Ri7, = Ri7, + op (1), where

n

Ripe = 07205723 N0 S 07 Sy (Xiy, Ziy) TtV (Yays Xiy, Zia) £
i1=142=1143=1
DT1162 (XLU 12) (X717Z )f'_z]llileilrgilﬂl
x [b 18y (Xia. Zi,)~ lVb(Y“,XlS,Z ) fit = DaiyehSe (Xiy, Ziy) V) (X5, Zy) 122 110,
3 4 n n n n n .
= n 4b2+2 Z Z Z Z Z Cz Y;27X117le)lrli1r2i17T/Ci5 (YZ1’X13>Z )ail
i1=149=1143=114=114i5=1

Noting that E (R3;,) = O (b4T4b~4) + n=1pd T4 (b4 =4 4 p=d=74 4 7= 4 ¢7d2)) = 0 (1), we have Ry7, =

op (1) . Similarly, we can show that Rys, = op (1) and Rig, = op (1) . Consequently, I's;, 10 = 0op (1). ®

Proof of Theorem 3.2

The proof follows closely from that of Theorems 3.1. By (8.3) and the proof of Theorem 3.1. Now
D =n "G, + 0o~ G+ID,, + n~1p~G+IT;, + op(1). It is easy to show that n~1p= (5427, =
n Y — T )% a; = py + op (1) and n =16~ (EFIT,, = op (1) under Hy for s = 4,5. In ad-
dition, under H4, we have n~1~ 5B, = op (1) and 62 5 o%. Tt follows that n~lp— (52T, =

n b= G G —B,1/1/62 = py/oa + op (1) and the result follows. B

Proof of Theorem 3.3

The proof follows closely from that of Theorem 3.1, now keeping the additional terms that do not vanish
under Hy (v,,) with v, = n~'/2b~%~1. Noting that B,, = B,, + op (1) and 62 = o2 +op (1) under Ha (7v,,),
it suffices to show that under Ha (v,,), (1) T1n 2 g, (i3) Tan = 0, (1) and (i) Ts, = o0, (1), where T'y,,,
T4y, and Ts, are defined after (8.3).

30



() holds under Hy4 (,,) because by the weak law of large numbers, we have
Pin = 08423 Dllrirg = margil ai =m0 (Vi X2 Z0I i = o + 0 (1).

For (ii), we decompose I'y,, as Ty, = Ty 1 + Tano — Tanyg — Tana, where

n

_ +2 A I
L1 = be E (rirg — riry;) (ri—ri) o G,
n
d
_ 449 AT 7T
Tyno = b2 g (rirf — 7’117"21) ri (P8 —13) aq,
i=1
n
_ 12 . -
Tung = 022> (rrf —rury) (Fri — r1i) 5,0,
i=1
n
— +2 AT 7T
Pyna = b2 E (rirg — Tlﬂ’zz) 10 (P2 — 73;) @i

It suffices to prove I'y, s = op (1) for s = 1,2,3,4. We only prove I'y, 1 = op (1) as the other cases are
similar. Let §,; = 0., (Yi; Xi, Z;) . Under Hy (,,) we apply Lemma 8.3(a) to obtain

Pany = nféb%ﬂrg Z(s;u (7 =) a; = F4n,1 + n%b%HOP (Voe) = 1;471,1 +op (1),
i=1
where Ly, = n=2b5 7 S0 m[b LerSy (Vi) H Vi (Vi Xo) £t = DaiehSe (Vi) VI (V) 7% a;. Write
Pant = 0303000 S0 S0 8,6, (Vi Vi) ar. Then B(T3,.,) = O((bF + n1bE#2(b=42 4 =) 4
_2b2+2(b 2d=2 4 =2d-1)) = o (1), 1mply1ng that Ty,1 = op (1). It follows that T4, 1 = op (1).

We now show (4ii) . Decompose I's,, = I's;, 1 — I'sp 2, where I's, 1 = (7§ — 7§) Tan,1/77, and T'sp, 0 =
’ynb%Jr2 S 8 (P1i — r13) (73, — r3.) a;. In view of Lemma 8.3(b) and the study of s, 1, Isp1 = Op (Vbe+
n~Y2b"Yop (1) = op (1). Analogously to the proof of Lemma 8.6(f), we can show that I's,o = op (7,,)-
Thus T's,, = op (1).

Consequently, P(T}, > z|Ha(n~/2b=571)) — 1—®(z—py/00). This concludes the proof of the theorem.
|

Proof of Proposition 5.1
We first prove the “if” part. By the definition of the hazard function, for any values (y,z,<) on the
support of (¥, X, €),

[ (ylz, <)
h(y,z,<) = m7

where f (y|z,<) and F (y|z,<) are conditional PDF and CDF of Y given (X, ) = (z,¢) , respectively. Then,

Flyle,s) = P[G<H1(X)+ln<_ln(§_5)>>Sy’Xza?,f:c}
=P[R con ot ) - ()| X =g =]

Ple <1—exp{—cexp[G~' (y) — Hy (2)]}]
1—exp{—cexp[G" (y) — Hi (2)]}.
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Thus,

f (ylz,¢) = cexp {—cexp [G™" (y) — Hy (2)] } exp [G~" (y) — H (2)] d[G;y(y)]v
and
Sl Jexp[GT ()]
hy29) = TR —{ 7 (W) }exp[Hl ()]
= Ay)-0(z) -5,

where A (y) = exp [G™! (y)] /g9 (G (), g (s) = dG (s) /ds, and 0 (z) = exp [~H; (z)]. This holds for all
(y,z,s) on the support of (Y, X, &), thus the “if” part is proved.

Next, we prove the “only if” part. Define the integrated hazard function H (Y, X, &) = fOY h(y,X,€)dy.

Then
JHKK®=A m%xo@=A A(y)dy-6(X)-€=A(Y)-0(X)-€,

where A (V) = fOY A(y)dy. Let F (Y | X,€) be the conditional CDF of Y given X and £. For any distrib-

ution function F', the integrated hazard function is related to its distribution function by
Therefore
AY)I(X)E=—In(1—F(Y | X,)).

Define the random variable e = F (Y | X,¢£). By construction ¢ is uniformly distributed on [0, 1] and
el (X,€) and
AY)O(X)E=—In(1—¢).

Thus

In[A (V)] = In {m(;s)] +1In {

1
)
That is,

Y =G[H, (X)+ U],

where G (-) is the inverse function of In[A (1)], H1 (X) = —In[0(X)] and U = In [#} [ |

9 Appendix II: Bootstrap methods

In this appendix, we propose a residual-based bootstrap and a weighted bootstrap, and discuss the relative

advantages and disadvantages associated with bootstrapping in the context of our tests.

9.1 Residual-based bootstrap

Here we describe a residual-based bootstrap method.
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Step 1. Estimate the restricted model under Hjo and obtain the restricted residuals &;. Let M (y) =
G~ (y). Given Hyg, we can use the Chiappori et al. (2011, p.14) two-step estimator to estimate M (-) and
H () as follows: (i) Estimate M (y) using:

S
// (z,2) (2, 2) —2 7 _dzdz,
B1S(Y, z, 2)]
where w (z, z) is a weighting function satisfying [ [w (z,z) dzdz = 1,

5 Y D, F . 1
S(y,:mz):/ Mdy,andE[Ssz fz (Yi,z,2);
o felylwz) ni
(i7) Run a series regression of M (¥;) on X; and Z; to obtain an estimator of H; (.), say Hj (.). Then the

restricted residuals are estimated as
éz:M(YVl)fﬁl(Xz)a 1=1,2,...,n
Step 2. Obtain the bootstrap error ef = &;n, for i = 1,2,...,n, where n,’s are IID N (0,1). Then the
bootstrap sample is {Y;*, X;};_, where

Y= M (ﬁl (Xi)—i—a;“),i:l,Z,...,n. (9.1)

(2

There are some difficulties associated with this approach. First, estimating Hy and G~1 is complicated,
as it involves several nonparametric objects and integrals. Second, we need to evaluate the inverse function
in (9.1) at different points for each bootstrap sample. As a result, this bootstrap is time-consuming. The
estimate E[S(Y,x,z)] is based on marginal integration, so to justify the asymptotic validity of the above
bootstrap procedure, we would want to show uniform consistency of S (Y;, z, 2) for all (Y;,x,z). This may
be difficult unless one assumes that f (:|z,z) is bounded away from zero for all (z,z) on the support of

w (+,-), which is an additional restriction that our test does not otherwise require.

9.2 Weighted bootstrap

An alternative to the residual based bootstrap is a weighted bootstrap procedure similar to those in Lewbel

(1995) and Hansen (1996). Specifically, in the proof of Theorem 3.1 in the appendix, we demonstrate that

T =20 b2 2 (r

Z - W“W)jLOp(l)a

0o
1<i<j<n

where the dominant term on the right hand side is a second-order degenerate U-statistic and asymptotically

normally distributed. To approximate the null distribution of 7;,, we simulate a large number B of T*(k)

(k=1,..,B):
k) — 2n_1b2+2 Z o (Wi, W; )g(k)C
1<i<j<n \/ 5’%
where {5( ', and {C ?_; are IID N (0,1) draws that are mutually independent of each other. Then

the p-value is calculated as



This bootstrap procedure is easy to implement, particularly in comparison to the residual based bootstrap,
however, its finite performance crucially depends on the normal approximation of T},. In simulations, we
found that this procedure tended to over-reject the null, presumably due to finite sample departures from

normality.
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