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Abstract

In this paper we present an oracle efficient estimator for a structural equation model under full
additivity constraint. We propose estimators for both the conditional mean and the gradients and
they allow us to take care of both curse of dimensionality and oracle efficiency. We show that
our estimators are consistent, asymptotically normal and oracle efficient. Monte Carlo simulations
support the asymptotic developments.

In the second part of our paper, we apply our model to the question of effects of childcare use
on children’s cognitive outcomes, to test our estimators in a real life example. With the help of our

model we take care of the endogeneity problem using high number of instruments.
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1 Introduction

In this paper we consider nonparametric estimation of structural equations. There are various examples
in the literature of those who consider endogeneity within the context of nonparametric regression (e.g.,
Newey and Powell 2003; Newey et al., 1999; Roehing, 1988; Su and Ullah, 2008; Vella, 1991). Differ-
ent from the aforementioned papers, we are interested in imposing a full additivity constraint on the
conditional mean of each equation while at the same time employing kernel methods.

Our work is most similar to the models in Newey et al. (1999) and Su and Ullah (2008). While the
assumptions of their models are relatively restrictive as compared to other examples in the literature,
their estimators are typically much easier to implement, which is useful for applied work. Newey et al.
(1999) discuss the identification strategy as well as propose a series estimator. Su and Ullah (2008) take
their general framework and employ fully nonparametric kernel regression via a three-step procedure.
While we prefer kernel methods in practice (especially in the presence of discrete covariates), the fully
nonparametric estimator suffers from the curse of dimensionality.

Here, differently, we impose additivity constraint on all our stages and we propose a three step
estimation procedure for our additively separable nonparametric structural equation model. We employ
series estimators for our first two stages where we take the consistent estimates of the partial residuals
and replace those to our second stage regression and finally turn to kernel regression in our final step via
one stage backfitting. This process gives us an estimator which is free of curse of dimensionality.

In addition to avoiding the curse of dimensionality, our additively separable estimator achieves a
high efficiency level compared to the listed nonparametric examples in the literature. We show that
our proposed estimators for additive components have the oracle property, in other words they can be
estimated at the high efficiency level as if the rest of the smooth functions were known.

In addition to conditional mean estimates, we also provide the gradient estimates as these are of
great interest to economists. We show that our gradients are consistent and asymptotically normal.
Furthermore, we propose a partially linear extension of our estimators and discuss the related asymptotic
properties as well. Finite sample results are also analyzed via a set of Monte Carlo simulations and their
results support the asymptotic developments.

In the final part of our paper we aim to analyze the real life data performance of our estimators.
We analyze the effects of childcare use on cognitive outcomes of children, taking care of the endogeneity
problem. By the help of our model, which is free of curse of dimensionality and which is also oracle
efficient, we solve the endogeneity issue using an extensive set of instrumental variables those we adopt
from Bernal and Keane (2011). This way we can answer this empirical question via a strong instrument
list and use a flexible estimator that will give us more insights regarding the underlying heterogeneity
amongst the conditional mean and the partial effect estimates.

Rest of our paper is structured as following. Section 2 describes our methodology, i.e. our model and
proposed estimators. Section 3 presents the main asymptotic results those describe asymptotic properties
for the listed estimators, and a partially linear extension of these estimators as well. Section 4 describes
our application and the data that we use. Section 5 presents and discusses our main estimation results.

And Section 6 concludes.



2 Methodology

To proceed, we adopt the following notation. For a real matrix A, we denote its transpose as A’, its
Frobenius norm as || A (= [tr(AA’)]*/2), its spectral norm as [|Al|, (= v/Amax(A’A)), where tr(-) is the
trace operator, = means “is defined as”, and Apax (+) denotes the largest eigenvalue of a real symmetric
matrix. Note that the two norms are equal when A is a vector and they can be used interchangeably. We
use Amin () to denote the smallest eigenvalue of a real symmetric matrix. For any function ¢ () defined
on the real line, we use ¢ (-) and ¢ (-) to denote its first and second derivatives, respectively. We use 2N

and 5 to denote convergence in distribution and probability, respectively.

2.1 Model

We start with the basic set-up of Newey et al. (1999). They consider a triangular system of the following

form

{ Y =g¢(X,Z1) +¢, 21

X = m(Zl,Zg) —i--U-7 E<U|Z1,Z2) = 07 E<E|Z1,Z2,U) = E(E‘U),

where X is a d, x 1 vector of endogenous regressors, Z; = (Z11, ..., Zldl)/ is a d1 x 1 vector of “included”
exogenous regressors, Zs = (Zaq, ..., ng2)' is a dg x 1 vector of “excluded” exogenous regressors, g (-, -)
denotes the true unknown structural function of interest, m = (my,...mq,)" is a d, x 1 vector of smooth
functions of the instruments Z, and Zy, and € and U = (U, ..., Uy, )" are error terms. Newey et al. (1999)
are interested in estimating g consistently.

Newey et al. (1999) show that g can be identified up to an additive constant under the key iden-
tification conditions that E (U|Z1,Z2) = 0 and E (¢|Z1,Z2,U) = E (¢|U). If these conditions hold,
then

E(Y|X,Z1,Z,,U) = g(X,Z1) + E (¢]X,Z1,Z2,U)
g (X,Zl) + E(E‘Zl,Z%U)
9(X,Z1) + E (¢]U). (2.2)

If U is observed, this is a standard additive nonparametric regression model. However, in practice,
U is not observed and one needs to replace it by a consistent estimate. This motivates Su and Ullah
(2008) to consider a three-stage procedure to obtain consistent estimates of g via the technique of local
polynomial regression. In the first stage, they regress X on (Z1,Z5) via local polynomial regression and
obtain the residuals U from this first-stage reduced-form regression. In the second stage, they estimate
E (Y|X,Z,U) via another local polynomial regression by regressing Y on X, Z;, and U. In the third
stage, they obtain the estimates of g(x,z1) via the method of marginal integration. Unlike previous works
in the literature including Newey et al. (1999), Pinkse (2000), and Newey and Powell (2003) that are
based upon two-stage series approximations and only establish mean square and uniform convergence,
they establish the asymptotic distribution for their three-step local polynomial estimator.

There are two drawbacks associated with the estimate of Su and Ullah (2008). First, it is subject
to the notorious “curse of dimensionality” problem in the nonparametric literature. Without any extra

restriction, the convergence rate of their second- and third-stage estimators depend on 2d, + d; and



dy + dy, respectively, which can be quite slow if either d, or d; is not small. As a result, their estimates
may perform badly even for moderately large sample sizes when d, +d; > 3. Second, their estimator does
not have the oracle property which an optimal estimator of the additive component in a nonparametric
regression model should exhibit. In this paper we try to address both issues.

To alleviate the curse of dimensionality problem, we propose to impose some structure on g (X, Z),
E (e|U), and my (Z1,Z3), where | = 1,...,d,. Specifically, we assume that F (¢) = 0 and the above

nonparametric objects have additive forms:

9(X,Z1) = pg+o(X1)+ . +9a, (Xa,) + 9d,+1(Z11) + o + gap+dy (Z14y)
E(U) = pe+9ga,+d+1 (Ur) + o + 924,44, (Ua,), and
my (Z1,2Z2) = i +mya (Zin) + .o +mia (Zia,) + miay 1 (Zo1) + oo +mig (Zag,), 1 =1, ..., dy,

where d = dy + dy. Consequently, we have

E(Y|X,Z1,Z2,U) = p+g (X1)+ . +94, (Xa,) + gd,+1 (Z11) + - + gdp+dy (Z14,)
+9d,+di+1 (U1) + ... + 924,40, Ua,) =g (X,Z4,U), (2.3)

where p = pig + .. Note that the g;’s are not fully identified without further restriction. Depending on
the method that is used to estimate the additive components, different identification conditions can be
imposed. !

Horowitz (2013) reviews methods for estimating nonparametric additive models, including the back-
fitting method, the marginal integration method, the series method, and the mixture of a series method
and a backfitting method to obtain oracle efficiency. It is well known that it is more difficult to study
the asymptotic property of the backfitting estimator than the marginal integration estimator, but the
latter has a curse of dimensionality problem if one does not impose additivity at the outset of estimation
as in conventional kernel methods. Other problems that are associated with the marginal integration
estimator include its lack of oracle property and its heavy computational burden. Kim et al. (1999) try
to address the latter two problems by proposing a fast instrumental variable (IV) pilot estimator. But
they cannot avoid the curse of dimensionality problem at all. In fact, their IV pilot estimator depends
on the estimation of the density function of the regressors at all data points. In addition, their paper to-
tally ignores the notorious boundary bias problem for kernel density estimates and because their IV pilot
estimate is not uniformly consistent on the full support, they have to use a trimming scheme to obtain
the second-stage oracle estimator. To fully overcome the curse of dimensionality problem, Horowitz and
Mammen (2004) propose a two-step estimation procedure with series estimation of the nonparametric
additive components followed by a backfitting step that turns the series estimates into kernel estimates
that are both oracle efficient and free of the curse of dimensionality.

Below we follow the lead of Horowitz and Mammen (2004) and propose a three-stage estimation pro-
cedure that is computationally efficient, oracle efficient, and fully overcomes the curse of dimensionality.

We shall adopt the following identification restrictions

g (0) = gi(zi)],—o=0forl=1,..,2d; +d;, and
my,(0) = Oforl=1,.,dyand k=1,2,..,d

1For example, for the method of marginal integration, a convenient set of identification conditions would be E [g; (X;)] = 0
for I = 1,...,de, Elga,+x (Z1x)] = 0 for k = 1,...,d1, E [gay+a,+1 (Un)] = 0 for I = 1,...,dx, E [my (Z1x)] = 0 for
k=1,.,diand l=1,....de, E [myq,4j (Z2;)] =0for j=1,...,d2 and { =1, ..., da.



Similar identification conditions are also adopted in Li (2000).

2.2 Estimation

Given a random sample of n observations {Yi,XZ—,Z”,ZZi}?:l where X; = (X14y .00, Xayi)s 21 =
(Z11,is ey Z1ay,5)s and Zo; = (Z214, ..., Z24,,:)', we propose the following three-stage estimation proce-

dure:

1. For | = 1,...,dz, let [u, {’fhl,k (Zlk,i)a k = 1,...,d1}, and {ml7d1+j (Zgj,i), j = 1,...,d2}, denote
the sieve estimates of fiy, {myr (Zix;:), k = 1,...,d1}, and {mya,+; (Z25:), j = 1,...,d2} in the

nonparametric additive regression
X = +mi1 (Z11g) + oo Fmugy (Z1dy5) + mMiay+1 (Zoayi) + oo+ myg (Zogy i) + Ui

Let Uy = Xpi—fiu—mu,1 (Z11,i) — o —10ay (Ziay i) —0dy+1 (Zo1,3) — oo =100 (Zoay i) for 1 = 1, ..., d,

andi=1,...,n.

2. Estimate 1, {g1 (X3;), 1 =1,...,ds}, {9a,+5 (Z1j.4)» 5 = Lyeoeydi}y {9autdy+1(Uri)s b = 1,...,dz}, in
the following additive regression model

Yi = p+og (Xui)+ o+ 94, (Xapi) + gdp1 (Z11i) + oo + gdyvdy (Z14,0)
+9dp+dr1(U13) + oo + 92a, +ay Uayi) + €

by the series method. Here €; = &; + ga,+d,+1(U1i) + -« + 924, +d, (Ua,i) — gdz+d1+1(Uli) -
92d, +d, (Uq,i) denotes the new error term. Denote the estimates as i, {5 (Xu), | = 1,...,d.},

{Ga,+5 (Z1j0), 7 =1y di}, {Gdpvar+6(Ori), k=1, ..., ds }.

3. Estimate g1 (z1) and its first order derivative by the local linear regression of Yy = Yi—fi—g2 (Xoi)—
o = Gdy (Xayi) —Gapr1 (Z113) = oo = Gdytds (Z1dy i) — Gaprdr+1(U1i) = oo = Gadyra; (Ua,i) on X
Analogously, one obtains estimates of the other additive components in (2.3) and their first order

derivatives.

In comparison with Horowitz and Mammen (2004), the above first stage is new as we have to replace
the unobservable U;; by their consistent estimates in the second stage. In addition, Horowitz and Mammen
(2004) are only interested in the estimation of the nonparametric additive components themselves, while
we are also interested in estimating the first order derivatives (gradients).

Alternatively one could follow Kim et al. (1999) and use the kernel estimator in the first two stages.
The oracle estimator of Kim et al. (1999) has gained popularity in recent years. For example, Ozabaci
and Henderson (2012) obtain the gradients of their estimator for the local-constant case and Martins-
Filho and Yang (2007) consider the local-linear version of the oracle estimator, both assuming strictly
exogenous regressors. But as mentioned above, using the kernel estimators in the first two stage here
have several disadvantages and does not avoid the curse of dimensionality problem at all.

For notational simplicity, let W = (X', Z/,U’)" and w = (x,2},u)’, where, e.g., u = (u1, ..., uq,)’
denotes a realization of U. We shall use Z = Z:xZ5 and W = X x Z; X U to denote the support of
(Z1,Z3) and W, respectively. Let {p;(-), I = 1,2,...} denote a sequence of basis functions that can



approximate any square-integrable function very well (to be precise later). Let k1 = 1 (n) and kK = & (n)
be some integers such that k1, s — 00 as n — co. Let p* (v) = [p1 (v),....px, (v)]’. Define

i

P (Zlaz2> = I:la pﬁl (le)/ 3 "'apﬁl (Zldl)/ 7pK1 (221), B .“7pf€1 (Zde)/] )
/
ol (W) = I:la p’i (ml)lv"'vp’i (mdm)/apn (le)/a"'apﬁl (Zld1)l7pn (ul)lw"ypn (udx)/} .

For each (z1,23) € Z, we approximate m; (z1,z2) and § (w) by P** (z1,23) oy and ®* (w)’ 3, respectively,
for I = 1,..., dy, where oy = (i, 15,07 4)" and B = (u, 81, .., B34, 14,)" are (1 +drq1) x 1 and (1 +
(2dy + d1)k) x 1 vectors of unknown parameters to be estimated. Here, each a5, kK = 1,...,d, is a
k1 x 1 vector; each B;, j = 1,...,2d, + d1, is a k x 1 vector. Let S1j and Sy denote k1 x (1+ dk1) and

x (14 (2dy + d1)k) selection matrices, respectively, such that S1xay = ay i and Si5; = ;.
To obtain the first stage estimators of the m;’s, let &; = (fi, 54;71, . &Ld)' be the solution to min,, n~!

Xy [Xli — P (Zyy, Zgi)/ al} 2 The series estimator of my (z) is given by

i (z1,22) = P (z1,22) &

P (zq,22) [n7! ZPM (Z1i, Zo;) P™ (Zyiy Zgy)' | nt ZPM (Z14,2Z9;) Xy
i=1 i—1
dy

da
= fu+ Yk (zik) + Y a1 (225)
j=1

k=1
where A~ denotes the Moore-Penrose generalized inverse of A, 1y (211) = p™ (z1x) @ is a series
estimator of my (211) for k = 1,...,dy, and My 4,4 (22j) = P (29;) @ua,+; is a series estimator of
ml’lerj (Zgj) for _] = 1, ...,d2.
To obtain the second stage estimators of the g;’s, let 8 = (i, 8], ..., 854, 14,)" be a solution to
AR E - / _ . .
mingn !> {Yz — P (Wl) B} , where W; = (X’ Z’h,UO and U; = (Uyy,...,Uq,i). The series
estimator of g (w) is given by

dy

d. dy
(W) =P (w)'f=fi+ Z (@) + D Jao+r (218) Zd+d1+ku3

k=1

b\)

Let By (z1) = [g1 (21), g1 (21)). We use By (z1) = [¢1 (21), ¢, (21)]’ to denote the local linear estimate
of 81 (x1) in the third stage by using the kernel function K (-) and bandwidth h. Let Y, = (}711, s f/m)’,
Xii(x) =1, X0 —21], Xy (z1) = [ Xy (1) .., X7, (21)], and K, =diag(K1z,, .., Knay ) where Ky, =
K}, (X1, — x1) and K}, (u) = K (u/h) /h. Then

B1 ($1) = [Xl ($1),Kmlxl (551)] - Xy ($1)/Ka:1X1 ($1) ?L

Below we will study the asymptotic properties of Bl (z1) via the study of asymptotic expansion for B

3 Main Asymptotic Results

In this section we first provide assumptions that are used to prove the main results and then study the
asymptotic properties of the proposed estimators. We also discuss the possible extension to partially

linear additive models.



3.1 Assumptions

A real-valued function ¢ on the real line is said to satisfy a Holder condition with exponent r € [0, 1] if
there is ¢, such that |g(v) —q(9)| < ¢qlv—0|" for all v and ¥ on the support of ¢. ¢ is said to be y-smooth,
v = r 4+ m, if it is m-times continuously differentiable on &/ and its mth derivative, 0™q, satisfies a
Holder condition with exponent r. The y-smooth class of functions are popular in econometrics because
a y-smooth function can be approximated well by various linear sieves; see, e.g., Chen (2007). For any
scalar function ¢ on the real line that has r derivatives and support S, let |¢|,, = maxs<, sup,cs [0°¢ (v)|.

Let X} and U; denote the support of X; and Uy, respectively, for I = 1,...,d,. Let Zg denote the
support of Zgy, for k = 1,...,ds and s = 1,2. We shall use Y;, W; = (X!, Zy;, U")’ | Zy;, and Uy; to denote
the ith random observation of Y, W, Zs, and Uy, respectively. Let Qpp = E[P"! (Z1,Z2) P (Z;, Zg)'],
Qas = E[®" (W) ®" (W)'], and Qppy, = E[P™ (Z1,Zs) P* (Z1,Z2) U?] for I = 1, ..., d,. We make the

following set of basic assumptions.

Assumption Al. (i) {(Y;,X;,Z14,Z2;),i =1,...,n} are an IID random sample.
(ii) The supports W and Z of W; and (Z,;, Z,;) are compact.
(iii) The distributions of W; and (Z,,, Z,;) are absolutely continuous with respect to the Lebesgue

measure.

IN

Assumption A2.(i) For every ki that is sufficiently large, there exist ¢; and ¢; such that 0 < ¢
Amin (QPP) < Amax (Qpp) < €1 < 00, and Amax (Qppy,) < 1 <ooforl=1,...,d,.

(ii) For every k that is sufficiently large, there exist ¢, and & such that 0 < ¢y < Apin (Qos) <
Amax (Qaa) < 2 < 0.

(iii) The functions {m;x(-), { =1,...,d,k = 1,...,d} and {g;(-), j = 2d, + d1} belong to the class of
~-smooth functions with v > 2.

(iv) There exist oy ’s such that sup,ez  [mix(z) — p™ (2) aip| = O(k; ") for 1 = 1,...,d, and k =
Ly dy, sup,ez, |mia +1(2) = ™ (2) g, 4] = O(ky ") for 1 =1,...,d, and k = 1,...,ds.

(v) There exist (;’s such that sup,¢ v, |9:1(z) — p"(z)' 6| = O(k™7) for l = 1, ..., dy, SUp ¢ z,, |9a. +1(-) —
P*(2) Ba. x| = O(k™7) for k =1,...,dy, and |94, +d,+1(-) — p"(")' Bap+di 41/, = O(k™7) for I =1,...,d,.

(vi) The set of basis functions, {p; (-),j = 1,2,...}, are twice continuously differentiable everywhere

on the support of Uy; for [ =1, ...,d,. maxj<j<q, MaXo<s<r SUPy, ey, |0°P" (w)]] < 6 for r=0,1,2.

Assumption A3. (i) The probability density functions (PDF) of any two elements in W; are bounded,
bounded away from zero, and twice continuously differentiable.

(i) Let e; = Y; — g (Xi, Z14, Uy) and 02 = 02 (X, Z14, Zoi, U;)) = E (63|Xi, Z1;,Zo;, Ui) . Let Qskpp =
Ep™ (Zg.i) p** (Zsri) 02] for k = 1,...,ds and s = 1,2. The largest eigenvalue of Qs pp is bounded

uniformly in k4.

Assumption A4. The kernel function K (-) is a PDF that is symmetric, bounded, and has compact
support [—ck, ck]. It satisfies the Lipschitz condition |K (v1) — K (v2)| < Ck |v1 — ve| for all v1,ve €
[701{, CK] .
Assumption AS5.

(i) k1 < K. Asn — 00, k1 — 00, K3/n — 0, and 7, — ¢; € [0,00), where 7,, = (/@1/2@05 + S1x) Vin +

_ 1/2, 1 - — 1 1 —
SOrS2k Vi V1n:f<&1/ /M2 4+ k77 and v, = kY202 4 7.



(ii) Asn — oo, h — 0, nh3logn — 0o, nhr =27 — 0, T,v1, = o(n~/2h=1/2) and [h'/ %6, (14+n/2k]7)
+62,n2WM 202 (v + v1p) — 0.

Assumptions A1(i)-(ii) impose IID sampling and compactness on the support of the exogenous inde-
pendent variables. Either assumption can be relaxed at lengthy arguments; see, e.g., Su and Jin (2012)
who allow for both weakly dependent data and infinite support for their regressors. A1(iii) requires that
the variables in W; and (Z,;,Z,;) be continuously valued, which is standard in the literature on sieve
estimation. The extension to allow for both continuous and discrete variables is possible but will not be
pursued in this paper.

Assumption A2(i)-(ii) ensure the existence and nonsingularity of the covariance matrix of the asymp-
totic form of the first two stage estimators. They are standard in the literature; see, e.g., Newey (1997),
Li (2000), and Horowitz and Mammen (2004). Note that all of these authors assume that the condi-
tional variances of the error terms given the exogenous regressors are uniformly bounded, in which case
the second part of Al(i) becomes redundant. A2(iii) imposes smoothness conditions on the relevant
functions and A2(iv)-(v) quantifies the approximation error for y-smooth functions. These conditions
are satisfied, for example, for polynomials, splines, and wavelets. A2(vi) is needed for the application
of Taylor expansions. It is well known that ¢, = O (k"*/2) and O (k*"*+!) for B-splines and power
series, respectively; see Newey (1997). The rate at which splines uniformly approximate a function is
the same as that for power series, so that the uniform convergence rate for splines is faster than power
series. In addition, the low multicollinearity of B-splines and recursive formula for calculation also leads
to computational advantages; see Powell (1981, Chapter 19) and Schumaker (2007, Chapter 4). For these
reasons, B-splines are widely used in the literature.

Assumptions A3(i)-(ii) and A4 are needed for the establishment of the asymptotic property of the
third stage estimator. A3(ii) is redundant under Assumption A2(i) if one assumes that the conditional
variances of e;’s given (X;, Z1;, Zs;, U;) are uniformly bounded. A4 is standard for local linear regression;
see Fan and Gijbels (1996) and Masry (1996). The compact support condition is convenient for the
demonstration of the uniform convergence rate in Theorem 3.2 below. It can be removed at the cost
of some lengthy arguments; see, e.g., Hansen (2008). In particular, the Gaussian kernel can be applied.
Assumptions A5(i)-(ii) specify conditions on k1, k, and h. Note that we allow the use of different series
approximation terms in the first and second stage estimation, which allows us to see clearly the effect of
the first stage estimates on the second stage estimates. The first condition (namely, k1 < ) in A5(i) is
needed for the proof of a technical lemma (see Lemma A.5(iii)) in the appendix, and it can be removed
at the cost of some additional assumption on the basis functions. The terms that are associated with
V1, arise because of the use of the nonparametrically generated regressors in the second stage series
estimation. The appearance of logn is due to the goal to establish some uniform consistency result in
Theorem 3.2 below and it can be replaced by 1 if one is only interested in the pointwise result. In the case
where ¢, = O (/QT—H/Z) in Assumption A2(vi), 7, = O (mg/Quln + 1431/12n) . In practice, we recommend
setting k1 = k. These restrictions, in conjunction with the condition v > 2, imply that the conditions in
Assumption A5 can be greatly simplified as follows:

Assumption A5*.
(i) As n — o0, K — 00, k1/n — ¢1 € [0, 0).
(ii) As n — oo, h — 0, nh3logn — oo, nhk=27 — 0, and n~'hx® — 0.



3.2 Asymptotic properties

In this section we state two theorems that given the main results of the paper. Even though several
results are available in the literature on nonparametric or semiparametric regressions with nonparamet-
rically generated regressors [see, e.g., Mammen et al. (2012) and Hahn and Ridder (2013) for recent
contributions], none of them can be directly applied to our framework. In particular, Hahn and Ridder
(2013) study the asymptotic distribution of three-step estimators of a finite-dimensional parameter vec-
tor where the second step consists of one or more nonparametric generated regressions on a regressor
that is estimated in the first step. In sharp contrast, our third-stage estimator is also a nonparametric
estimator. Under fairly general conditions, Mammen et al. (2012) focus on two-stage nonparametric
regression where the first stage can be kernel or series estimation while the second stage is a local linear
estimation. In principle, one can treat our second and third stage estimation as their first and second
stage estimation, respectively, and then apply their results to our case. But their results are built upon
high-level assumptions and are usually not optimal. For this reason, we derive the asymptotic properties
of our three-stage estimators under some primitive conditions specified in the preceding section.

The asymptotic properties of the second stage series estimator B are reported in the following theorem.

Theorem 3.1 Suppose that Assumptions A.1-A.5(i) hold. Then

(i) B—B = Qapn ' X0y Piei + Qaun ' 0y @4 [9(Xi, 20, Ui) — ®48] — Quan ™' Y, @i S
Jdo+ar+1 (U) (Ui — U) + Ry g

(id) |3 = || = O (v + v10);

(i) Supwew |9 (W) — g (W)| = Op [son (vn + 110)];
where ||Ry, gl = 7.0p (Vn + v1n), and vig, vy, and 7, are defined in Assumption A.5(i).

To appreciate the effect of the first stage series estimation on the second stage series estimation, let
B denote a series estimator of 3 by using U; together as (X;, Z1;) as the regressors. Then it is standard
to show that

B=B = Quon 'Y ®iei+Qppn 'Y (g (X, 21, Us) — @8] + Ry g, and
i=1 =1

1B=8l = Op(m)

12y,) = 0(v,). The third term on the right hand side of the expression in

where HRMH = Op(kn~
Theorem 3.1(4) signifies the asymptotically non-negligible dominant effect of the first stage estimation on
the second stage estimation.

With Theorem 3.1, it is straightforward to show the asymptotic distribution of our three-stage esti-

mator of g1 (z1) and its gradient.

Theorem 3.2 Let H =diag(1, h). Suppose that Assumptions A.1-A.5 hold. Then
(i) (Normality)
VAhH (B (1) = B1 (21) = b (21)| B N (0, (21),

V21425 (2 o2(x T
where by (1) = {7 ' gl( ! ) )= ( 1)/({)(1( | v220° (21)/ [nglfxl (z1)] ) )

=F (6?\X11,i = xl) , and vy; = [v'k(v)idv, i, j =0,1,2.



(i4) (Uniform consistency) Suppose that Qoe.. = E (;®je?) has bounded mazimum eigenvalue. Then

sup
T1E€EAX]

H {51 (1) — b1 (x1)} H =Op ((nhlogn)_1/2 + h2> .

Theorem 3.2(i) indicates that our three-step estimator of 51 (z1) = [g1 (z1),¢1 (21)]’ has the asymp-
totic oracle property. Asymptotically, the asymptotic distribution of local linear estimator of /31 (x1) is
not affected by random sampling errors in the first two-stage estimators. In fact, the three-step estimator
of 81 (z1) has the same asymptotic distribution that one could have if the other components in g (x, 21, u)
were known and a local linear procedure were used to estimate 31 (z1). Theorem 3.2(ii) gives the uni-
form convergence rate for ,5’1 (1) . Similar properties can be established for the local linear estimators of
other components of g (x, z1,u) . In addition, following the standard exercise in the nonparametric kernel

literature, one can also demonstrate that these estimators are asymptotically independently distributed.

3.3 Extension to partially linear additive models

In this section we consider a slight extension of the model in (2.1) to the following partially linear

functional coefficient model

{ Y =g (X,Z) +0'V +e,

3.1
X=m(Z1,2,)+YV +U, E(U|Z,,Z,,V)=0, E(¢|Z1,2Z,,U,V)=E(e|U),E (¢) =0, 31

where Y, X, Z1, Zs, Z, and ¢ are defined as above, V is a k x 1 vector of exogenous variables, 6 is a
k x 1 parameter vector, and ¥ = [¢1,...,9) |" is a d, x k matrix of parameters in the reduced form
regression for X. To avoid the curse of dimensionality, we continue to assume that m (Zy,Z,), g (X,Z1),
and E (¢]U) have the additive forms given in Section 2.1.

We remark that the results developed in previous sections extend straightforwardly to the model
specified in (3.1). Note that

E (Y|Xa Z17 Z27U7V)
E(X[Z,,Z,,V)

g(X,Z1) + E (6]U) + 'V = §(X,Z1,U) + 0'V, and (3.2)
m(Z1,Z,) + UV, (3.3)

Given a random sample {(Y;, X;, Z1;,Z2;, V;),i =1,...,n}, we can continue to adopt the three-step pro-
cedure outlined in Section 2.2 to estimate the above model. First, we choose (q;, ¥;) to minimize
n~t Y X — PR (2, Z2) a; — ng]g. Let (dy,v;) denote the solution. The series estimator of
my (z1,22) is given by 1y (z1,22) = P™ (21,22) &. Define the residuals U, = X — 1y (Z1i,Z5;) — @;vl
Let U; = (U'li, ...,ﬁdmi)’, W, = (X;,Z’li,ﬁ;>/, and P* <W1> be defined as before. Second, we choose

2
N - - - -
(B, 0) to minimize n=1>"" | {Yi o <W1> 8- V;Q} . Let 8 = (1,81, -+ B34, +q,)" and 0 denote the

solution. Define Y;; = Y; _52_1)1% (V~V1) —0'V; where B(_l) is defined as /3 with its component j3; being
replaced by a k x 1 vector of zeros. Third, we estimate g1 (z1) and its first order derivative by regressing
Y1; on X;; via the local linear procedure. Let Bl (z1) denote the estimate of £ (z1) and via the local
linear fitting.

It is well known that the finite dimensional parameter vectors v¢;’s and 6 can be estimated at the
parametric y/n-rate and the appearance of the linear components in (3.1) won’t affect the asymptotic

properties of B and Bl (z1) . To conserve space, we do not repeat the arguments here.
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Appendix

A Proof of the Results in Section 3

For notational simplicity, let Z; = (Z;, Z,,), P, = P (Z;), ®; = & (W,), and &; = &*(W,). Then
QPP = E(PP) and Qcpcp = E((I) ‘I)/) Let Qn PP = Tl_l Z?:l PiPi/a Qn,qup = n_l Z:L:l ‘I)iq)g, and
Qn o =N 121 1 P, <I> By Lemmas A.1(44) and(v) and Lemma A.4(iv) below, Q. pp, @Qnee and
Qn o¢ are invertible Wlth probability approachlng 1 (w.p.a.1) so that in large samples we can replace
the generalized inverse Q, pp, @, 3¢ and Qmm) by Qn PP Qn »p and Qn o3, Tespectively. Recall
Vin = mi/z/nl/g +ry " and v, = kY202 4 K7

Lemma A.1 Suppose that Assumptions A1 and A2(i)-(it) and (vi) hold. Then
(@) [|@n.pp — QPPH2 =Op (K/n);
( i) Amin (Qn,pp) Amin (@PP) +0p ( ) and Amax (Qn,pp) = Amax (Qpp) +op (1) ;
(i) H n PP QPPH = Op (k1 /n'/?);
(iv) ||Qn a0 — Qaall” = Op (v?/n)
(v) Amin (@n,23) = Amin (Qaa) + 0p (1) and Apax (@n,93) = Amax (Qaa) +op (1).

Proof. By straightforward moment calculations, we can show that E ||Q,.pp — Qpp|* = O (k3/n)
under Assumption A1(7)-(i4) and A2(vi). Then (i) follows from Markov inequality. By Weyl inequality
[e.g., Bernstein (2005, Theorem 8.4.11)] and the fact that Apax (A) < ||A] for any symmetric matrix A
(a5 | Amax (A)]> = Amax (AA) < [|A]?), we have

)\min (Qn,PP) S Amin (QPP) + )\max (Qn,PP - QPP)
< min (@pp) +1|@n.pp — Qrpll = Amin (Qrp) +op (1).

Similarly,

>\min (Qn,PP) )\min (QPP) + >\min (Qn,PP - QPP)

Amin (QppP) — |@n.pp — QPP|| = Amin (Qx,) —op (1).

2
>

Analogously, we can prove the second part of (i7). Thus (i¢) follows. By the submultiplicative property
of the spectral norm, (7)-(i¢) , and Assumption A2(%)

|orkr —@rb| = ||l@br @rr-Quer)@ri|| <@z, 10rr = Qurrll, lQFEL,
Op(1)Op (51/711/2) Op(1)=0p (’fl/nl/Q) ;

where we use the fact that HQ;}PPHSP = [Mmin (Qn,PP)}_l = Amin (Qpp) +op (1)]71 = Op (1) by (ii)

and Assumption A2(7) . Then (zi¢) follows. The proof of (iv)-(v) is analogous to that of (¢)-(i7) and thus
omitted. m

Lemma A.2 Let &y =n"t Y PUy; and (G =n~' Y0 Pi[my (Z;) — Play] for 1 =1, ...,d,. Suppose
that Assumptions A1-A2 hold. Then

(3) Newl® = Op(rr /)

(i) G2 = Op (7 27):

(i61) qy—ay = Q™ Y0 PUL + Qtn ™t Y0 Py [my (Z;) — Plag] + 7t
where ||rp|| = Op(k1/n+ Ky ’Y+1/2/n1/2) andl=1,...,d,.
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Proof. (i) By Assumption A1(i) and A2(i), E||&u|* = n=2te{32", E(PRP/U2)} < n~' (1 +dry)
Amax (Qppu,) = O(k1/n). Then [|€u]* = Op(k1/n) by Markov inequality.
(i) By the facts that Ha”f'p = ||a||? for any vector a, |a’b| < ||a||||b]| for any two conformable vectors

a and b, and that >/ Asx < Apax (A)[|5¢]]* for any p.s.d. matrix A and conformable vector s, Cauchy-
Schwarz inequality, Lemma A.1(ii) and Assumptions A2(iv), we have

||Cnl||2 = ”Cnl”gp: max (CniGnr) _HmH Xl QZZ%IPP% my (Z;) — Play] [ml (Zj)_PJ{al]
i=1 j=1
2
n 1/2
< ” H 1{ IZ{ 3 Py P! [my (Z;) — P{al]2} }
* i=1

IN

Op(/‘@l_z H%Il 1{ -1 Z%/P P/ } < OP(H;}Y))\max (Qn,PP) OP( _2"{)'

(#it) Noting that X;; = my (Z;) + U;; = Ploy + Uy + [my (Z;) — Pley], by Lemma A.1(éi), w.p.a.1 we
have

y—ap = <zn:PzP;> zn:Pini_al
=1 i=1

Q;’lppn_l Z P + Q:z,lPPn_l Z P; [my (Z;) — Ploy]
=1 i=1

= Q, pp&nl+ Q) ppCu = ay + ag, say. (A.1)

Note that aq; = Q;llﬁnl + r1p Where 11, = (Q;}PP — Q;})) & satisfies that

IN

71l

= {tr [(Q;,lpP - QE}:) £t (Q;,lpp - Q;;)} }1/2
< Ngully ||Qulor = Qb | = O (17 /0208 (117 101/2) = Op (1 /m)

by Lemmas A.1(zi7) and A.2(i). For ag;, we have ag = Q;}gnl + ron where rop,; = ( ;,%1 - Q;,il) Cni
satisfies that

||7"2[ H < HCnl ||sp

Quor = Qib|| = Op (s )O(s}? /01/2) = Op (5712 n/2)
by Lemmas A.1(4i7) and A.2(éi). The result follows. m
Lemma A.3 Suppose that Assumptions A1-A8 hold. Then forl=1,...,d,,
(i) n=t3 (ﬁh - Uli)z [02]" = Op (v2,) forr=0,1;
i) nTt 3, (Uh— - Ul,-)Q 12:]]" = Op (Gev2n) Jorr=1,2
i) nmt Y HP“ (Uu) —p* (Un) g Op (s%.v3,)
iv) [0t 2y [ (O) = (U0)] @
v) anl iy [P'{ (Uu> —p" (Uli)} e

‘ = Op (K" %G0uvin + Sons2eViy) ;

(
(
(
(

= OP (n71/2§1/{1/1n) .
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Proof. (i) We only prove the r = 1 case as the proof of the other case is almost identical. By the
definition of Uj; and (A.1), we can decompose Uy; — Uy; = [ Xy — my (Z;)] — Uy, as follows
dl d2

Ui—U; = (u—ju)+ Z Mk (Zik:) — Muk (Zik,i)] + Z (M, +k (Zok,i) — Mu,dy+k (Zok,i)]
k=1 k=1
d1 do
= —(u—m) = Y_p" (Ziri) Sikar — > 0™ (Zoki) S1.ay 45011
k=1 k=1

—ZPM Z1ki) Sipag — ZP (Zak,1)' S1.a, ka2

=  —U1l,s — U215 — U3L,s — U4l,s — Usle, SAY. (A 2)

Then by Cauchy-Schwarz inequality, n=* 37" | (Uy; — Uy)?0? < 5 Z T Y ud ol =5 ZS 1 Vais,
say. Apparently, Vi1 = Op (n™1) as ju — = Op (n’l/z) .

2
n
Vg = nty (ZP'“ Zk,i) Smdu) o}
=1 \k=1
dy n 5 dq
< iy 0t (0™ (Zika) Swwan)” of =di Yy tr (Sukand} Sy, Qnik.pp)
k=1 i=1 k=1
dl dl
< d Z Amax (ink,pp) tr (allalllgllkslk) <d Z Amax (ink,pp) ||Slk,||3p Hall”2 .
k=1 k=1

where Quikpp = N1 P (Z1ks) P (Z1k) 02 such that Amax(Qnikpp) = Op (1) by Assumption

A3(ii) and arguments analogous to those used in the proof of Lemma A.1(i7). In addition, ||Slk\|§p =
2

Amax (S1684,) = 1, and aul® < | Qulop|| lul® = Op (1) Op(s1/n) = Op(sa/n) by Lemma A.1(iii)
sp

and A.2(i) and Assumption A2(4). It follows that V,,;2 = Op (1) x 1 X Op (k1/n) = Op (k1/n) . Similarly,

using the fact that |lag® < HQ” PPH ¢l = Op (1) Op(r727), we have
n 2 dq
Vi a nty (ZP’“ Z1k,i) Slka2l> 07 <di Y Amax (Quik pp) HSIIcHzp tr (aziazy)
=1 = k=1

= 0p(1) x1x0p(k;?) = 0p(k]?).

By the same token, Vy,; 3 = Op(kin~!) and Vi 5 = Op(ky 27).
(#3) The result follows from (i) and the fact that max;<;<p [|®:]| = Op (o) under Assumption A2(vi) .
(#i¢) By Assumption A2(vi), Taylor expansion, and (4),
‘2

p (0) - = S (o) (- )

> Cln) n -t Z (Ulz Ulz) = OP (§12;<;V12n) )

i=1

A

where Ul:. lies between Uli and Uj;.
(iv) By Assumption A2(vi), Taylor expansion, and triangle inequality,

nt Z?:l {p'{ (Ulz) —p° (Uli)} @]

sp
is bounded by

nt i]'?” (Un) @ (Uli - Uh‘)
i=1

n

w3 (U)) @) (01 - Uli)2

i=1

1
+ 5 =Th1 +Th2,

sp

sp
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where U lies between Uj; and Uy;. By triangle and Cauchy-Schwarz inequalities and (i7) ,
Lz

Tuy < 03015 W)l |1 (T — U) ;
i=1
1/2 1/2
1 - . 2 -1 - 2 |77 2
< Al @nIP e e Y P [0 - s
i=1 i=1

= Op (Hl/Z) Op (SoxVin) = Op ( §ORV1H> :

By triangle inequality and (i), Thi2 < O (sons2s)n ! 2?:1(011‘ — Uii)? = Op(sonsant/?,). Then (iv)
follows.

(v) Let T'yy = [p*(Unn) — p" (U1) 5 -y [P7(Uin) — p* (Upy)]]" and e = (eq, ..., e,)". Then we can write
n= S [ (U) — (Ull)]e7 as nilF’ re Let D, = {(Xz, Z;,U;)}" | . By the law of iterated expecta-
tions, Taylor expansmn Assumptions A1(z), A3(i7) and A2(vi), and ( )

E{|ln~"Thel* Ipa }

n"2E [tr (T ee'T,)] = n 2E [tr (T, E (ee'|D,) T',)]

= 722[17K Ull Ull)] 1‘

n

- 2
Op (s15)n 2 Z (Uli - Uli) o7 =O0p (N toriy) -

i=1

IN

It follows that ||[n'T” e|| = Op (n'/%61,.1n) by the conditional Chebyshev inequality. m
nl

Lemma A.4 Suppose Assumptions A1-A3 hold. Then
(i) n ' 0, |- @
s (o o)

2
= 0p ()
= OP (51/2§1/$V1n) 5

sp

iii) HQn 2e — Qn @@H =0p (H1/2§ORV1n + §0K§2KV12n) ;
sp

v H DD ( i— (I)i) = Op (07 %q10010) 5
vi) n=t Y ((i)i - (I)i) [7 (X3, Z14,U;) — @8] = Op (ky "S1uv1n) -

(i)
(i
(iv) HQn P Q<1><1>H L= or (KY260uv1n + SonS26V2y) i
(v)
(

- 2 N 2
Proof. (i) Noting that n=' )" | H‘I>Z - ;|| = Zld;l ntyY Hp“ (U“) —p" (Uy)|| , the result
follows from Lemma A.3(iii).
- - 2
(i7) Noting that anl > (<I>i - @i) | = ’nfl > [p“ (Uli) —p"° (Uu)} ®’|| , the result

follows from Lemma A.3(iv).
(Z’LZ) Noting that Qn7<§¢—Qn7¢¢ = ’n_l Z?Zl(ézég—éz@;) = n_l Z?Zl(‘l)i—q)i)(q)i—q)i)/ —l—n_l Z?:l(q)l
—®,)®, +n 1Y " ©;(P; — ®;), the result follows from (i)-(ii) and the triangle inequality.

(iv) By the triangle inequality HQ;ICM, — Qgé HQ” oo — @, CN’H + HQ” > Qq;.q)H o Ar-

-1
. = [/\min <Qn,<l><l>>:| =
Mmin (Qaa) + op (1)]7" = Op (1) where the second equality follows from (iii) and Lemma A.1(ii). By

guments like those used in the proof of Lemma A.l(u) show that HQ”‘N)
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the submultiplicative property of the spectral norm and (#ii),

A—1 —1 A—1 2 A —1
HQn,<I>¢' B Qn’q:‘q)”sp - HQn,<I>¢' (Qn,(l)@ - Qn,@@) Qn’q)q)Hsp

< HQ;}@@ Qn.oo — Qn.oo ’Q;l{)@
sp sp sp
= OP (Hl/QgOnl/ln + §0n§2r€yl2n) .
Similarly, ‘Q;}i@ _ Qgé’ng = Op (/q/nl/Q) by Lemma A.1(i77) . It follows that HQ;’I@P - Qgé”gp =

Op (kY %S0uv1n + Sonsantdy) -

(v) Noting that Hn’l S (él - <I>1-) e
follows from Lemma A.3(v).

(vi) Let ¢; = g (X, Z1;,U;) — ®.58. By triangle inequality, Assumption A2(v), Jensen inequality
and (i), we have ‘ ntY (@Z — @Z—) S|l < Op(k™)n= 1300 Hél —®;|l = Op(k77)Op (S1xV1n)

=0Op (Hivglnl/ln) . n

2
, the result

2
dy
= Zl:l

‘nil i [pK (Ull) —p" (Uli)} €

Lemma A.5 Let &, = n~ 'Y " ®ie; and (, = n~ P> @, [9(X;, Z1;,U;) — @8] . Suppose Assump-
tions A1-A8 hold. Then

(i) 1€nll = Op (&2 /n1/2);

(7'”) ||<n|| = OP(H_’Y);

(4ii) HQ;},n‘l S0 5 (Un) Baysdy i (Uu‘ - Uli)

‘ =Op (v1p) forl=1,...,d,.

Proof. The proof of (i)-(i7) is analogous to that of Lemma A.2 (i)-(ii), respectively. Noting that
||Q;$HSP = O (1) by Assumption A2(ii), we can prove (iii) by showing that ||T,;]| = Op(v1n), where
Ty =n"" S @iéli(ff;i — U;;) where §;; = p~ (Uli)' Bd,+d,+1- By triangle inequality and Assumptions
A1(i7) and A2(ii7) and (v)

cs, = max [0l < sup (|G, ray+1 (w) = P (W) Bagra, ]| + sup (|Gapra, 11 (w)]
1<ign w €U,y w €U,y

= Ok +0(1)=0(1).

By (A.2), Ty =n~t 30 @:0,(U — Uyy) = Zi:l ntY L @b, = 22:1 Th1s, say.
Let Nnlk = n-1! 2?21 (Sliq)iplﬁ (Zlk7i)/ and ik = E(nnlk) . Then ||77nlk _ ﬁlk” — OP((KZHl/n)l/Q) by
Chebyshev inequality and
_ o 2
17612, = 1B [0u®ip™ (Zis) 1, < 3Amax (M) = O(1),

where M = E [(I)ip”l (Zlk,i)l] E [p™ (Z11,:) ], and we use the fact that M has bounded largest eigen-
value. To see the last point, first note that for Ky < k, F [q)ip“l (Zlk,i)/] is a submatrix of A = E (®,®})
which has bounded largest eigenvalue. Partition A as follows

A A Az
A= Azr Ago A23
Az Agzy Asg

li
where A;; = A, for i, j =1,2,3, and £ [@;p™ (Zum)/] = [ Aly Asn AL, ] . Then

Ap ALy A1pAg  ApAl,
M = AyAly, AxArp AxpAj
Ao ALy AsaAzs  Asp A,
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By Thompson and Freede (1970, Theorem 2), Amax (M) < Amax (A12475) +Amax (A2 Abo )+ Amax (Az245,) .
By Fact 8.9.3 in Bernstein (2005), the positive definiteness of A ensures that both A;5A4, and A3z A%,
A An Ao Az
21 Az Azz  Assz
addition, Amax (A22A422) = [Amax (AQQ)]2 is finite as A has bounded maximum eigenvalue. It follows that
Amax (M) = O (1) . Consequently, |[nui| = Op(1 + (k1 /n)*?) = Op (1).
Analogously, noting that 1 is the first element of ®;, we can show that ||7“f1 Sy <I>1-(52-||SID =0p(1+

(k/n)"?) = Op (1) . Tt follows that

have finite maximum eigenvalues as both and are also positive definite. In

1Tl = 0™ S @bl i = ul = 0p (1) Op (n71/2) = Op (n772),
i=1 sp
dy
1Ttz + Totall < 3~ Inael] 181l (lanell + lall) = Op (1) O (1) O(van) = O,
k=1

and ||Tn,3 + Thisl| = O(v1n) by the same token. Thus we have shown that || T| = Op(vi,). ®

Lemma A.6 Let ¢ = (c1,c2) be an arbitrary 2 x 1 nonrandom vector such that ||| = 1. Suppose that
Assumptions A1-A5 hold. Then forl=2,...,d,
1) Sop (x1) = n=1/2pL/2 7-1: K, dH1X x1) (U — Up)p™ (Uy;) = h1/2§1KOp 1 +n1/2/@_7 uni-
=1 1 1z 1
formly in xq;
i1) Son (z1) =0 V2RY2S Ky |[CH7YXE (21)] (U — Ugi)? = n'/2hY20p (V) uniformly in ;.
i=1 1 1% In

Proof. (i) Let ny (z1) =n~ 'Y | Kipd H P X (21) p* (Xy;) and 7 (21) = E [ (21)] . By straight-
forward moment calculations and Chebyshev inequality, we have 7, (z1) = 7 (1) + Ty (1) where
7y (z1)]] = Op(kY?n=Y2h=1/2), In fact, sup, cx, |7 (21)]| = Op(k'/2(nh/logn)~1/?) with a simple
application of Bernstein inequality for independent observations [see, e.g., Serfling (1980, p. 95)].2 Note
that for [ = 2, ..., d,,

Mm(z1) = E[Kp(Xy;—21)dH X (21) p" (Xu)]

/K (v) (c1 + c20) P™ (x1) fu <:c1 + hl/Qv,xl) dvdx;

= C1/f11 (x1,21) p™ (x7) dx; + &1 /K(’U) [fu (1 + ho, @) — fu (z1,20)] p™ (21) day

+62/K (W) v [fu (x1 4+ hv,x;) — fu (z1,2)] dop™ (x;) day
= afu(z1) + i (21) + camzr (21) -

As in Horowitz and Mammen (2004, p. 2435), in view of the fact that the components of 7y, (x1) are
the Fourier coefficients of a function that is bounded uniformly over X}, we have sup,, ¢, |71 (z)|* =
O (1). In addition, using Assumptions A2(v) and A3(i), we can readily show that sup, cx, |72 (z1)| =
Op (kY?h?) and sup,, ¢ x, |73 (z1)[| = Op (k'/2h) . 1t follows that sup,, c x, |7 (z1)|| = Op (1 + k/2h) =
Op (1) under Assumption A5(ii) and sup,, ¢, |7 (21)]| = Op (1) .

By (A.2), Stni (21) = — 30 n V202 S| Kig, ! HUXS; (21) 97 (Ui wsti = — Yooy Stats (1) 4
say. Noting that S1p.1 (21) = n 2 20, (1) (fu — ) , we have

sup [[Sine1 (z1)]] < n20Y2 sup |nu ()| | — w| = n'?h20p (1) Op <n71/2) =op(1).
1 EX T1EX]

2The proof of Lemma 7 in Horowitz and Mammen (2004) contains various errors as they ignore the fact that » is
diverging to infinity as n — oo.
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Next, note that Slnl,Q (xl) = ZZI:I Slnl,Qk (331) where Slnl,Qk ($1) = n~1/2p1/2 Z?:l Kixlc/Hilei (.’L‘l)
p" (Uy) p™ (Zlk’i)/Slkau. We decompose S1p,25 as follows:

n
Sinior (1) = n~Y/2pY/? Z Kig,  H ' X7, (Ui) p™ (Ziny)' SucQ;,lPanl

i=1
= 2R (2) SuQp bt + 120 2 (21) 1 (Qr o — Qb ) i

= Sini2k1 (1) + S1ni k2 (x1) , say.

where Vnp (v1) = n 300 Kigy ¢ HLXY (21) 9 (Ui) p° (Ziki)' - Let Ypg (21) = E [ (21)] - As in

the analysis of ,,; (1), we can show that sup,, ¢, H@Zkl (z1) Hsp = Op(s1x) and sup, ¢y, Hlbnkl (21) — iy (21) ||
= Op((k1klogn/n)~1/2). Tt follows that sup,, c v, [|[¥nki (21)lls, = Op(s1s+ (k1K logn/n) /%) = Op(cix)
under Assumption A5(¢). Then following the analysis of By 1 (z1) in the proof of Theorem 3.2, we can
show that [|S1n2k1 (21)]] = Op (h1/2§1,§) uniformly in z;. In addition,

sp

sup [|Siniake (z1)l| < n'2RY? sup (|vhs (1), 1Skl
r1E€EX T1EX]

= n'2h20p (c1,) O (1) Op(kin ™) Op(ky*n~V2) = Op(crary*n~V/201/?).

Qup Qb llgwl

It follows that sup,, c v, [[Sin2k (z1)] = Op(h'/2c1,) + Op(c1pk*n=1/211/2) = Op(h'/%,.) under As-
sumption A5(¢). Analogously,

dy
sup [[Sinra (z0)| <Y n'2RY2 sup ¢n (1)l 1S1 gy, o
T1E€EX] h—1 T1 €A

n2h20p(c1.)0p (k1 7) = Op(n'/?hY 2¢1 k7).

By the same token, we can show that sup, ¢, [|S1n,3 (1) = Op (hY/261,) and sup, ¢ x, [|S1ni5 (21)] =
Op(nt/2hY/26 k7). It follows that sup, ¢, [|S1n (21)]| = BY%61,.0p(1 4+ nt/25]7).
(74) By (A.2) and Cauchy-Schwarz inequality

5 n 5
Soni (z1) <5 Z n~1/2pt/2 Z K, ‘c’H_lei (x1)| uil’i =5 Z Sonl,s, say.
s=1 =1 s=1
It is easy to show that sup, ¢, Soni1 (71) = Op(n~'/2h'/?). Note that Sont2 (1) = n~1/2p1/2 S Kia,
X |c’H’1Xfi (m1)| u%u <di Zi;l Saoni,2k (x1) , where

Sonion (r1) = nVERVEN T Ko, [ HTUX (1) 9 (Z1k,) Sikanay,Sp™ (Zik,)

i=1

= 02 % (Sipana) Sy vn (21))

and vk (1) =030 Kig, |c’H‘1Xfi P (Z1k,:) P (Zlk,i)l~ As in the analysis of 7, (1), we can
show that sup,, cx, [vnik (z1)ll, = Op (1). By the fact tr(AB) < Amax (A)tr(B) and [ Blly, = Amax (B)
for any symmetric matrix A and conformable positive-semidefinite matrix B.

IN

20 2t (Sikana;ShL) [[vn (1)
2 2
n' PR [S 112, llandllZ, Nl (1),

n'/2p120 (1)Op (nln_l) Op(1)=0p (mn_l/zhl/Q) uniformly in z7.

Sont 2k (1) sy = 0202 |Supan 3, 1vaik (1)
1% P 1%

IN
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It follows that sup,, ¢ x, S2ni,2 (x1) = Op (k1n~1/2h1/2) . Similarly, uniformly in 24

Sonta (@) < 0 2R [S1el?, Nz, oas (21)

— pl2pl2p (1) OP(HI—%)OP (1) =0p (n1/2,{1—2vh1/2) .

By the same token, So,;3 (z1) = Op(mn_l/2h1/2) and Sonis (1) = Op(n1/2mf27h1/2) uniformly in z7.
Consequently, sup,, ¢y, Sa2nt (1) = n'2ht20p(13,). =

Proof of Theorem 3.1. (i) Noting that Y; = g (X;, Z1;,U;) + e; = P8 + e; + [Q (Xi, Z14,Ui) — &’;ﬂ} )

we have

NE

B—B = Quapen ' Y- B=Q hen "

Die; + Qppon ' Y B [g (Xi, 214, Us) — é;ﬁ]
i=1 1=1

1

.
Il

7 -1 A—1 A—1 -1 = i &, ! A1 -1 - . —P. ) e
= Qnaaln T Q@ paln T Qp pan Z P (Pi—Pi) F+Q, p0n Z Qi — i) e
im1 i=1

+Q;7]:1>q>n_1 z”: (‘i)i - ‘I)i) 9 (X, Z1i,U;) — @8] — Q;,{mn_l i: (‘i’z - (I)i> (‘i)z - ‘Pi)/ﬁ
i—1 i=1

= bln + b2n + bSn + b4n + b5n - bGna say.

Note that b1, = Qpg&n+71n, Where 71, = (Q;ﬁb@ - Q;;) & satisfies |11, ]| < ‘Cz);}@@ - Q;‘%H 1€nllsp =
sp
Op [(nl/Zgo,ﬁyln + COHCQHV%L)Rlﬂn’l/Q} by Lemmas A.4(iv) and A.5(i). Similarly, b, = QpaCn + T2n,

where 7, = (Q;}@ - Qgé) (n satisfies [[ran| < HQ;}W - Q;})H 1¢nllsp = Op [(51260xv1n + Sons2nvEy )]

by Lemmas A.4(iv) and A.5(i7). Next, we decompose bg,, as follows:
n B ’ ~ n - /
b3n = Qppn " Z‘I’i ((I)i - (I)i> B+ (Q;,lcm - Qgé) n! Z o, ((I)i - (I)i) B = bsp,1 + b3p 2, say.
i=1 i=1

We further decompose bs,,,1 as follows:
n dg _ ,
bsng = —Qpen ' Z‘I)z' Z [p“ (Uli) -p" (Uli)} By +dy +1

i=1 =1

dg n ' _

= ZQ;})n‘l Z ;p" (Ult-) By +dy +1 (Uu - Uli)
1=1 i=1
d:z

= ZQ&%”% Z ®igd,+di+1 (Uni) (Uli - [7“)

=1 i=1
dy n .

+> Qgen 'Y [gdz-i—dl—&-l (UZTZ') = 9d,+di+1 (Uli)} (Uli - Uli)
=1 i=1
dy n ’ ~

+ ZQ;},n_l Z(I)i [PF” (U;) Bdy+di+1 — Gdy+di+1 (UD] (Uli - Uli)
=1 i=1

o de s
g ban,111 + g b3n,121 + E b3n,131, say,
=1 =1 =1
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where Ult lies between Uj; and Uy;. Noting that |Gd, +dy+1 (UITZ.) — Gdy+di+1 (Un) | < CQ\UM — Uy;| where

¢y = MaXi<i<d, MaXy, ey, |9d,+di+1 (w1)] = O (1) by Assumptions Al(i¢) and A2(4it),
n N
[b3m a2l < cgn™ > || (Uli - Uli) = 50x0p (V1)
i=1

by Lemma A.3(%) . By Assumption A2(i¢), Cauchy-Schwarz inequality, and Lemma A.3(%)

bsnazll < O(k77) [|Qpally, ™" > @il ‘Ulz' - Uy
=1

n

n 1/2 ) 1/2
ot sty {ro St} (o3 -]
i=1 i=1

0 (k) 010 (K/2) Op (11,) = K~ 7+/20p (11,

IN

By Lemma A.5(ii7), ||bsn.111|| = Op(v1n) which dominates both ||bsy, 12:]| and ||b3n 13| - Thus ||bsn 2| <
HQE,I@D - Q&%H Op(V1n) = Op[(K 2601 n+<0x52x 2 )Win). It follows that bs, = 35, Qpan~' S0, @,
sp

X G, +dr+1 (Uni) (Ui — Upi) + bay, where |b3n]| = Op[(K"?C0xv1n + SonS2xt/?y)vin]. By Lemmas A.4(v)-
(UZ) ) ||b4nH = OP (n_l/lemyln) ) and

Isnll < | @r oo
sp

n~t Z (é’z - ‘I’i> (9 (Xi, Z14,U;) — ‘P;mH =Op (K S1eV1n) »
=1

where we use the fact that HQ:L{M)H < HQ’:}‘N’ — QgéH + HQgéqu =o0p(1)+0O(1) = Op(1). For
sp Sp :

ben, we have by Taylor expansion and triangle inequality that

=9

T

llben|l < Q;}Mn_l i ((i)i - q)i) [11?"i (Uli> —p" (Uli)}lﬁdﬁdlﬂ
i=1

Il
—

U
s
3

= > |@nhan Y (8- @)t (UL) Baavs (T — Vi)

=1 =1
d _ n _ ~
< Qn wo nt Z ((I)i - (I)i) Gdp+dy+1 (UITZ») (Uli - Uli) ‘
1=1 P i=1
dw ~ n _ ’ N
+>° ‘Q;}P‘PHSP ) (‘I)z' - ‘I%') [p” (U;) Bey+di+1 — Gdo+dr+1 (UD} (Uli - Uli) ‘
=1 i=1

dy dy
E b6nl,1 + § b6nl,Qa say.
=1 =1

By the triangle inequality, Lemmas A.3(i) and A.4(7),

n 2 1/2 n 2
-1 . _F. -1 T .
{ > 6o } { > (6 Uh)}

= Op(1)Op (S1xv1n) Op (V1) = Op (s1401y,) -

1/2

IN

51
Cg HQn,<1>‘1>

beni,1

Similarly, we can show that bg, 2 = «~7Op (§1KV12H) by Assumption A2(v) and Lemmas A.3(i) and
A.A(i) . Tt follows that ||be,|| = Op (s1,v%,) . Combining the above results yield the conclusion in (7).
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(i) Noting that [|Qgaénll < [|Quall, €] = Op (x1/2/n'/2) and [|Qeetnll < [Qaall, Iall =
Op (k™) by Lemmas A.5(i)-(4i) , the result in part (i¢) follows from part (i), Lemma A.4, and the fact
that ||Ry. gl = Op(v1,,) under Assumption A5(7)

(iii) By (ii) and Assumptions A2(v) , supyew |G (W) — §(W)| = supyepy [® (w) (B—8)+[8®(w)
~g(W)I| < supew [ W) 5= 8| + sup e |3'® (W) = g (W)| = Op [sor (vo +12)] as the second
term is O (vy,). B

Proof of Theorem 3.2.
Let Y1, =Y, — p— g2 (X2:i) — oo — ga, (Xa,i) —Gdp+1 (Z11i) — -+ = Gdptdy (Z1dy i) — Gdy+dy+1(Uri) —

oo = 92d,+dy (Ud,i), and Y1 = (Y11, ..., Y1,,)". Using the notation defined at the end of section 2.2, we have
. B =1
HpBi(z1) = [H'Xy(21) Ko, Xa (20) H Y H X (1) Ko, X (21) Y
- -1 ~
+ [H'X (21) Koy Xi (1) HY] 7 H 'Ky (21) Ko, (Y1 = Y)
= Jin ($1)+J2n (x1)7 say.

/

By standard results in local linear regressions [e.g., Masry (1996) and Hansen (2008)], n=H1X; (z1)
B 1 0 . . D

K., Xy (z1) H™ ! = fx, (v1) ( 0 [wK (u)du +op (1) uniformly in 2y, n'/2hY/2 [y, (21) — by (21)] 2

N (0,0 (21), and sup,, e, [/in (1) = Op ((nhlogn)™/? +h2), where by (z1) and @ (1) are de-

fined in Theorem 3.2. It suffices to prove the theorem by showing that n='/2aY2H1X; (1) K,, (Y1 —

Y1) = op (1) uniformly in z;.3

We make the following decomposition:

n
(/W) 2HIX (2) Ky, (Y1 = Y1) = 0720123 Ko HOX, () (Vg — Vi)
=1

= Vn(i—pn WY Kig, H' XY, (1)

i=1

dg n
A PR K HOUX () (G0 (Xa) — 01 (X))

=2 1=1
d1 n

+> 0T RN K HUXT (21) [Ga 45 (Z1.6) — Gatg (Z150)]
j=1 i=1

dg n
+> 0PN K HOUX () [gdz+d1+l(Uli) - gdz+d1+l(U1i)}
=1 =1
dq dy dy

I
I
3
B
<
(]
»
8
<
[
g
B
<
(]
]
=)
Q)

n 1
for I = 2,...,dy, (3) Cyj(x1) = op (1) for j = 1,...,dy, and (i4) Dy (z1) = op (1) for I = 1,...,d,, all
uniformly in ;.
(i1) holds by noticing that v/n (i —p) = Op (1) and n= ' 30 | Ky, H 1 XY, (21) = Op(1) uniformly
in 1. Let ¢ = (c1,¢)" be an arbitrary 2 x 1 nonrandom vector such that ||c|| = 1. Recall that 7, (1) =

3For part (7) of Theorem 3.2 we only need the pointwise result to hold.
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n Y Kipd H X, (21) p® (Xy;) . For (i2), we make the following decomposition

B (z) = n~Y/2pl/? Z K, HU X (21) p* (Xi)' St (B B /B)
i=1
+n TR " Ko ¢ HUXT (21) [P (X0) S8 — g0 (X))
i=1
= 2R 20, (1) SiQpaén + n'2RY 20 (21) SiQpaCn
n d
fn*1/2h1/277 1 (z1) SzQ@@Z Z (Uk; Ukj) +n"V2p1 2y, (Il)/Sanﬁ
j=1 k=1

+n =t /2R!/2 Z Kip,  H' XY, (1) [P (X0) S8 = g1 (X1:)]
=1

= Buii(x1) + B2 (1) — Bz (1) + Bria (1) + Buis (1)

where recall . = p* (Ur;) Ba,+dy+k, &n =10 I @eg and G =0Tt Y00 @5 (9 (X5, 21y, Uy) — B0y
Let 7 (x1) = E [ (z1)] and 7y (x1) = 0y (x1) — 71 (21) . By the proof of Lemma A6®), |lrp (z1)]| =
Op(kY?(nh/logn)~Y2), |7 (z1)|| = Op (1 + &'/2h), and ||ny (z1)|| = Op (1) uniformly in z;. Note
that

B (z1) = n' 20225, (1) S1Qga&n + 020 21 (21) S1Qpaén = Buiai (1) + Bz (x1), say.
Noting that
il (21) S1Qge E (®;9€7) PagSiin (1)

E [B’?Ll,ll (wl)}

< hmax (B (2;25¢3)) Pmin (Poe)] ™ Amax (SiS) 1 (1)
= hO(1)Op(1)Op (1) =Op(h),
we have |Bp 11 (z1)] = Op (h1/2) for each z; € Xj. Let 7 (x1) = ;(})Sfﬁl (21). Then we can write

i (21) SiQpabn as =t S0 4 (z1)" ®se;. Noting that Elij (v1) ®ie] = 0 and F [7 (xl)/q)iei]z =

> > —112 _ . ..

i (z1) E (@itb;e?) M (1) < Amax (Qoo,e) HQ@;HSP SUpP,, cx, || (z1)]| = O (1), we can readily divide A

into intervals of appropriate length and apply Bernstein inequality to show that 7 (ml)'Sngéén =
p ((n/logn)~1/2) . Consequently,

sup [Bu,i1 (21)] = n'/*h20p ((n/1ogn) /%) = Op ((h/logn)"/2) = op (1).

x1EX,

For By12 (z1), we have by Lemma A.5(7)

sup [|Buaz (z1)] < n'/2h!/? sup e (@) Stlp | Qs |, 1én
X1 1

z1€EX
= nY2RY20p (kY% (nh/logn)"/2)0 (1) Op (1) Op(k*/*n=1/?)
— Op(s(n/logn) V%) = op (1).
It follows that sup, cx, |Bn,1 (21)| = op (1). By Lemma A.5(ii) and Assumptions A2(ii) and (v) and
A5,

sup [Buia (z1)] = sup n'/2hY? |ny (21) SiQpgCal < 020 S, 1 ()| || Qs ISl 16
r1€X T1E€X
= n'2h!20p (1) O (1) O(1)0p (k™) = 0p (1),
sup [Bura (@1)| = sup n'/2hY? iy (1) SR g| < n'/2R1? Sup, 7t (@) ISl sp IR, sl
T €X T1E€X]

= n'2p20p (1)O (1) 0p (n‘l/Qh_l/Q) =op(1),
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and

sup |Bpis (21)] < O (k77)n'/201/2{ sup n™t ZK““ |H' XY (21)] p = Op (nl/th/Qﬁ_W) =op(1).
T1 €AY r1 EX i=1

F0r~Bnl’3 (1), wehave By 3 (21) = 2211 By 3k (x1) where By i (21) = n=1Y2hp/ 2y, (,7:1)' SlQ;}, 2?21
®,01;(Urj — Ukj). Using (A.2), we make the following decomposition

5 n 5
Buisk (x1) == 0720 20 (21) $iQpg Y | ®jdkjtisky = — Y Buisks (1), say.

s=1 j=1 s=1

First, noting that dy; is uniformly bounded, we can show Hn_l Z?:l D0k, H = Op (1) using arguments
sp

similar to those used in the proof of Lemma A.5(ii%) . It follows that

IN

s [Buia (1)) < 02 sup it (@)l 81l Qa7 D @ik 072 Ik =
r1E€EXL

T1EX, Jj=1
sp
h'20p (1)0 (1) O (1) Op (1) O (1) Op (1) = 0p (1)
Now we decompose By si2 (x1) as follows:
d1 n
Bpiske (x1) = Z n= 2R 2 (21) SiIQga Z(Squ)jpm (Zim,j) Simaik

m=1 j=1

dy n
+ Z n= 2R 2 (1) SiQps Z(ﬁch)jpm (Z1m,;) Simark

m=1 j=1

1 2
B’ELZ,)?)]CQ (z1) + Br(u,)skz (z1), say.

Let pnikm (.731) =M (ml)/Sle_pén_l 2;;1 5kj(bij1 (Zlm,j) and @rgm (-Tl) =F [@nlkm (xl)} . Arguments
like those used to study 7,; (x1) in the proof of Lemma A.6(i) show that ||@iem (z1)]] = O (|7 (z1)]]) =
(0] (1 + ml/Qh) = O (1) under Assumption A5(i4) and ||@nikm (1) — E [@niem (@0)]|| = |7 (z1)|] Op (/2

logn/n)~Y?) = Op((k'/? logn/n)~/?) uniformly in z;. We further decompose B7(l]i,)3k2 (x1) as follows

d1 n
BWuo (1) = Y 0202 (21) S$iQan Y 6ki®0™ (Zim) Stm@;y b
m=1 Jj=1

dl dl
= Z 2R 25 e (21) S1mQpbEnk + Z n 22 G, (xl)lslm(Q;}PP — Qpp)énk

m=1 m=1

dy
+ Z 2R 2 (1) §1mQ;,1pp§nk

m=1

1,1 1,2 1,3
= Br(Ll,3362 (z1) + BT(Ll,:s;cz (z1) + Br(u,:s;cz (z1) -

Following the analysis of By 11 (z1), we can show that sup, ¢y, B'ELll:l’);iQ (1:1)’ = Op ((h/logn)*/?). In

addition,

IN

sup
r1 EX

1,2
321,3;@2 (xl)‘

@ulor — @pb||_ N

S

d1
n 202 sup N @i ()| [Stmllsp
T1€EX m=1

= n'2n'20p(1)0 (1) Op (mn_l/2> OP<K,}/27’L_1/2) =op (1),
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and

dy
sup (Bl (1) < 02012 sup S [ruikm (@) Sl || @ror | Nkl
z1EX T €X T sp

= aM2RV205((k2 logn/n)"Y2)0 (1) Op (1) Op (ni/Zn—lm) =op(1).

It follows that sup,, ¢,

By (xl)‘ — op (1). For B&),,, (21), we have

IN

sup
r1E€XL

dy
n'/2pl/? sup Irn @) Stllsp 1@l D Ntnkmllsy 1S1mlgp lark]
T €EX

m=1

Br(j?skz (1‘1)’
— 23120, ((Rlﬂlogn/n)*/‘l) 0(1)Op (1) O (1) Op (m}/%fl/?) —op (1),

where tppm = n~ ! 2?21 5kj®;p"t (Z1m,;) , we use the fact that [tnkmll, = Op (1) by following similar
arguments to those used in the proof of Lemma A.5(i4) and noticing that dj; is uniformly bounded.
Consequently we have shown that sup, cx, [Bni ke (r1)| = op (1) . Analogously,

di

sup |Bni,ska (71)] n!2RY2 sup lna (21) | ISl 1Qaa Ly D Wkl 1S1m gy lazk]
r1EX] T1EAX

IA

m=1

n'/2h'20p(1)0 (1) Op (1) Op (1) O (1) Op (k7 7) = 0p (1)

By the same token, we can show that B, sks (1) = op (1) and By 3k (z1) = op (1) uniformly in ;.
It follows that sup, ¢, |Bnisk (z1)|| = op (1) for k = 1,...,d,. Analogously, we can show that (i3) :
SUp,, e x, [|Cnj (21)] = op (1) for j =1,....dy.

Now we show (i4) . We make the following decomposition

Dy (x1) = 0 VEPRVEY Kip ¢ HTUXT; (1) [gdx+d1+l(0li) - gdz+d1+l(UZi)}
i=1
+n VRN T K CHTUXT (21) [gderlerl(Uli) - gdz+d1+k(Uli)}
i=1

= Duii (1) 4+ Duia (21), say.

In view of the fact that a, +d, +1(Uis)—9a, +d, +1(Uis) = 0" (U) S, 4, +#(B — B)+ [pn(ﬁli)/ﬂl — 9a,+ar+1(Uii) |
we continue to decompose D,,; 1 (1) as follows:

n
Dui (1) = n Y2023 Koy  HOUX, (1) 9% (Us) Sdy vt (ﬂ - 5)
=1
n 5 ’ ~
AN Ky HUX (2) 97 (O) = 0 (U)| S, vari (B = )
i=1

—n PR Y K ¢ HTUX, (1) [gdz+d1+l((~]li) - p”(Uli)'ﬁz]
i=1

Dyia1 (x1) + Dpiae (1) + Dpgas (z1) , say.
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Analogous to the analysis of By 1 (x1), we can readily show that sup,, ¢y, |Dni11 (21)] = op(1). For
D112 (1) , by Taylor expansion,

n
Daaz (w1) = 0™ 2RY2 Y Ko, HOU X, (1) (O = Ui (U) (B,
i=1
1 - g .. ! >
5 Y K HTUXG, (@) (O = U5 (UF) (Bi=61)
i=1

1
= Dpiio1 (171) + §Dnl,122 (Il) , Say,

where Ulii lies between Uj; and Up;. By Theorem 3.1 and Lemmas A.6(7)-(i1), sup,, cx, | Dnt,i21 (71)] =
RY%61,. Op(1+ 10?57 ")0p(vy 4 vin) = op (1), and

sup |Dpii22 (1)) < G2 sup {n_l/th/QZKmlC/H_lXﬁ (z1) (Uy _Uli)2} HBl—ﬁlH

z1€EX T1E€EX i—=1
= §2,Q’n,1/2h1/20p(1€1n_1 + /{1_2'Y)Op(un + Vln) =0op (1) .
In addition, sup,, ¢ x, [|Dnt,13 (1) < n'/2hY20 (k=) sup,, e, n 71 Y0 | Kiay |H1XT (20)| = Op(n'/?

h'/2k=7) = op (1) . It follows that sup,, cx, |Dni1 (z1)| = op (1).
By Taylor expansion,

Dnl,2 (331) _ n71/2h1/2 ZKmlC/Hleﬂ (Il) g (Uli) (Uh - Uli)
i=1
n - 2
An" PR D Kig ¢ HV X (1) fay 4yt (Uliz) (Uli - Uli)
i=1

= D21 (21) + Drnijoa (1) -

Arguments like those used to study B3 (1) show that sup, cy, [Dni21 (21)] = op(1). By Lemma
A.6(ii), Sup,, c x, | Dni22 (22)] < ¢ sup,, e, {n 2020 Kig, | H1 XY, (01)| (Ui —Upi)?} = n'/2h1/?
Op(v3,) = op (1), where ¢ = sup,, ey, Gdp+dy+i (w) = O (1). B
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