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Abstract

In this paper we consider the problem of frequentist model averaging for quantile regression
(QR) when all the M models under investigation are potentially misspecified and the number of
parameters in some or all models is diverging with the sample size n. To allow for the dependence
between the error terms and the regressors in the QR models, we propose a jackknife model averaging
(JMA) estimator which selects the weights by minimizing a leave-one-out cross-validation criterion
function and demonstrate that the jackknife selected weight vector is asymptotically optimal in
terms of minimizing the out-of-sample final prediction error among the given set of weight vectors.
We conduct Monte Carlo simulations to demonstrate the finite-sample performance of the proposed
JMA QR estimator and compare it with other model selection and averaging methods. We find that
in terms of out-of-sample forecasting, the JMA QR estimator can achieve significant efficiency gains
over the other methods, especially for extreme quantiles. We apply our JMA method to forecast

quantiles of excess stock returns and wages.
JEL Classification: C51, C52

Key Words: Final prediction error; High dimensionality; Model averaging; Model selection;

Misspecification; Quantile regression

1 Introduction

In practice researchers are often confronted with a large number of candidate models and are not sure
which model to use. Model selection helps to choose a single optimal model, ignores the information

in other models, and often produces a rather unstable estimator in applications despite the fact that it
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has a long history and nice theoretical properties in both statistics and econometrics literature.! As an
alternative to model selection, model averaging, on the other hand, seeks to obtain a combined estimator
by taking the weighted average of the estimators obtained from all candidate models under investigation.
It allows researchers to diversify, account for model uncertainty, and improve out-of-sample performance.

Model averaging can be classified as Bayesian model averaging (BMA) and frequentist model aver-
aging (FMA). See Hoeting et al. (1999) for an overview on BMA and Moral-Benito (2013) for a recent
overview on both BMA and FMA. FMA has a relatively shorter history than BMA. Buckland et al.
(1997) and Burnham and Anderson (2002, ch.6) construct model averaging weights based on the values
of AIC or BIC scores. Yang (2001) and Yuan and Yang (2005) propose a model averaging method
known as adaptive regression by mixing (ARM). In a local asymptotic framework Hjort and Clasekens
(2003) and Clasekens and Hjort (2008, ch.7) study the asymptotic properties of the FMA maximum
likelihood estimator by studying perturbations around a given narrow model in certain directions. Other
works on the asymptotic property of averaging estimators include Leung and Barron (2006), Potscher
(2006), Hansen (2009, 2010), and Liu (2012). In particular, Liu (2012) proposes a plug-in estimator of
the optimal weights by minimizing the sample analog of the asymptotic mean squared error (MSE) for
linear regression models. In a similar spirit, Liang et al. (2011) derive an exact unbiased estimator of
the MSE of the model average estimator and propose selecting the weights that minimize the trace of
the MSE estimate of focus parameters.

In a seminal article, Hansen (2007) proposes selecting the model weights in least squares model
averaging by minimizing the Mallows’ criterion over a set of discrete weights. The justification of this
method lies in the fact that the Mallows’ criterion is asymptotically equivalent to the squared error so
that the Mallows model averaging (MMA) estimator is asymptotically optimal in terms of minimizing
the MSE. Thus his approach marks a significant step toward the development of optimal weight choice
in the FMA estimator. Hansen (2008, 2009, 2010) extends his MMA method to the forecast combination
literature, to models with structural break, and to models with a near unit root, respectively. Note that
Hansen (2007) only considers nested models and his MMA estimator does not allow for (conditional)
heteroskedasticity. Wan et al. (2010) extend Hansen’s MMA estimator to allow for non-nested model
and selection of continuous weights in a unit simplex. Liu and Okui (2013) extends Hansen’s MMA
estimator to allow for heteroskedasticity and non-discrete weights. To allow for both non-nested models
and heteroskedasticity, Hansen and Racine (2012) propose jackknife model averaging (JMA) for least
squares regression when the weights are selected by minimizing a leave-one-out cross-validation criterion
function. Zhang et al. (2013) extend JMA to models with dependent data. In the case of instrument
uncertainty, Kuersteiner and Okui (2010) apply the MMA approach to the first stage of the 2SLS,
LIML and FIML estimators. In contrast, Lee and Zhou (2011) take an average over the second stage
estimators. Sueishi (2010) proposes a new simultaneous model and instrument selection method for IV
models based on 2SLS estimation when the true model is of infinite dimension.

Almost all of the above papers on FMA focus on the least squares regression and MSE criterion.

The only exceptions are Hjort and Clasekens (2003) and Clasekens and Hjort (2008) who concentrate

11t is well known that a small perturbation of the data can result in selecting a very different model. As a consequence,

estimators of the regression function based on model selection often have larger variance than usual. See Yang (2001).



on the likelihood framework but with the MSE criterion too. The MSE criterion seems natural in the
least squares regression framework because it balances the asymptotic bias and variance in a nice way.
Nevertheless, it is also interesting to apply the idea of FMA to different contexts where MSE may not
be the best criterion choice.

In this paper we extend the JMA of Hansen and Racine (2012) to the quantile regression (QR)
framework. QR provides much more information about the conditional distribution of a response variable
than the traditional conditional mean regression. Since the seminal paper of Koenker and Bassett (1978),
QR has attracted huge attention in the literature. Just as in the least squares regression, model selection
and model averaging can play an important role in the QR model building process. There is a growing
literature on model selection for QR models or more generally, M-estimation. For example, Hurwich
and Tsai (1990) develop a small sample criterion for the selection of LAD regression models; Machado
(1993) and Burman and Nolan (1995) consider variants of the Schwarz information criterion (SIC) and
Akaike information criterion (AIC), respectively, for M-estimation which includes the QR as a special
case; Koenker et al. (1994) consider using SIC in QR models. More recently, Wu and Liu (2009)
study variable selection in penalized QR (see Su and Zhang (2014) for an overview on this); Belloni and
Chernozhukov (2011) consider /;-penalized QR in high-dimensional sparse models. Nevertheless, to the
best of our knowledge, there still is a lack of an FMA method in the QR framework. This work seeks
to fill this gap. It is well known that quantile estimates tend to be unstable when the quantile index is
very high or very low (say, close to 0.95 or 0.05). This implies that model averaging can certainly play
an important role in this case.

To proceed, it is worth mentioning that the major motivation for model averaging is to address
the problem of model uncertainty for forecasting. Kapetanios et al. (2008) provide compelling reasons
for using model averaging for the purpose of forecasting. They consider two broad cases: one is when
the model that generates the data belongs to the class of candidate models, and the other, which is
perhaps more relevant in empirical applications, is when the true model does not belong to the class
of models under consideration. In the first case, model averaging addresses the issue that the chosen
model is not necessarily the true model, and by assigning probabilities to various models can yield an
out-of-sample forecast that is robust to model uncertainty. In the second case, it is impossible that the
chosen model could capture all the features of the true model, which makes the motivation for model
averaging even stronger because it has been well documented in the forecasting literature that forecasts
from different models can inform the overall forecast in different ways and tend to outperform individual
forecasts significantly. Admittedly, forecasting a variable of interest and discovering the true model (or
true structural/causal relation) can be quite different objectives in econometrics. As Ng (2013) puts
it in her abstract, “(i)rrespective of the model size, there is an unavoidable tension between prediction
accuracy and consistent model determination.” Consistent model selection of the true model, if existing,
does not necessarily lead to a model that yields minimum forecast error. The main purpose of this
paper is to provide a FMA method for the purpose of forecasting a variable of interest under the check
loss function but not to discover the underlying true model because it is possible in practice that none
of the models considered is the true model or even close to the truth.

Since we use the check loss function as a base for model averaging, we do not have the usual bias-



variance decomposition for the MSE-based evaluation criterion, and it is difficult to define a Mallows-
type criterion for the QR model averaging as in Hansen (2007).2 For this reason, we focus on the
extension of Hansen and Racine’s (2012) JMA to the QR framework. Such an extension is not trivial
for several reasons. First, there is no closed form solution for QR, and the asymptotic properties of
jackknife QR estimators are not well studied in the literature. Second, since we do not adopt the local
asymptotic framework, it is possible that all the models under investigation are incorrectly specified
even asymptotically. The literature on QR under misspecification is quite limited. Third, we allow the
number of parameters in the QR models to diverge with the sample size n, which also complicates the
analysis of QR estimators under model misspecification. We shall study the consistency and asymptotic
normality of QR estimators for a single potentially misspecified QR model with a diverging number of
parameters, and then study the uniform consistency of the leave-one-out QR estimators. These results
are needed in order to establish the asymptotic optimality of our JMA estimator. Fourth, we also allow
the number of the candidate models to increase with the sample size at a suitable polynomial rate.

We conduct Monte Carlo simulations to compare the finite sample performance of our JMA QR
estimators with other model averaging and model selection methods, such as those based on AIC and
BIC. We find that our JMA QR estimators clearly dominate other methods for the 0.05th conditional
quantile regression. For the conditional median regression, there is no clearly dominating method, but
JMA QR estimators perform well in most of the cases. We apply our new method to predict the
conditional quantiles of excess stock returns and wages.

The rest of the paper is structured as follows. Section 2 proposes the quantile regression model
averaging estimator. We study the asymptotic properties of the quantile regression estimators and the
asymptotic optimality of our jackknife selected weight vector in Section 3. Section 4 reports the Monte
Carlo simulation results. In Section 5 we apply the proposed method to predict conditional quantiles
of excess stock returns and wages. Section 6 concludes. The proofs of the main results in Section 3 are
relegated to Appendices A-C. Supplementary appendices D-E contain some additional theoretical and
simulation results.

NOTATION. Throughout the paper we adopt the following notation. For an m x n real matrix
A, we denote its transpose as A’, its Frobenius norm as ||A]| (= [tr (AA’)]l/Q), and its Moore-Penrose
generalized inverse as AT. When A is symmetric, we use Apmax (A) and Apin (A) to denote its largest and
smallest eigenvalues, respectively. I; denotes an [ x [ identity matrix and “p.s.d.” abbreviates “positive
semidefinite”. The operator - denotes convergence in probability, 4, convergence in distribution, and
plim probability limit.

2 Quantile regression model averaging

In this section we present the quantile regression model averaging estimators.

2 Alternatively, one can continue to adopt the MSE as an evaluation criterion for QR estimators. It remains unknown

whether Hansen’s MMA has a straightforward extension to QR.



2.1 Quantile regression model averaging

Let {(yi,xi)};—, be a random sample, where y; is a scalar dependent variable and x; = (z;1, Z;2, ...) is
of countably infinite dimension. Without loss of generality, we assume that x;; = 1. As in Koenker and

Bassett (1982), we consider the following data generating process (DGP)

yi = Zﬁjl‘ij + Zajxij € (2.1)
j=1 j=1

where 3; and «; are unknown parameters, @y = 1, and ¢; are independent and identically distributed
(IID) unobservable error terms and are independent of x;. Let ¢.(7) denote the 7th quantile of ¢;
for some 7 € (0,1). Under the condition that the conditional scale function o (x;) = Z;’;l a;x;; 1s

nonnegative almost surely (a.s.), the 7th conditional quantile of y; given x; is given by

oo

Xl = Z B + a]Qé xz] Zaj xija (22)
Jj=1
where 0; (1) = 8; + a;q. (7) . It follows that we have the following linear QR model
Yi=M; +€ = Zajwij + €45 (2.3)

where pu; = p, (1) = Zj’;l Oixij, 0, = 0, (1), and ¢; = ¢, (1) = y; — Q- (x;) satisfies the quantile
restriction®

P(eg (1) <0x;) = 7. (2.4)

We consider a sequence of approximating models m = 1,2,..., M, where the m’th model uses k,,
regressors belonging to x; and M may go to infinity with the sample size. We write the m’th approxi-

mating model as

Yi = Oy Xi(m) + bi(m) +€i = 29 )Tij(m) + bi(m) + €, (2.5)

where Oy = (O1(m)s s Ok, (m))s Xim) = (Zit(m)s ...7xikm(m)) s Tij(m)> J = 1, ..., km, are variables in x;
that appear as regressors in the m’th model, 0;(,,) are the corresponding coefficients, and b;(,,) = p; —
Z?Zl 0j(m)Tij(m) signifies the approximation error in the m’th model. Although k,, and consequently
Xi(m) and ©(,,y may depend on n, we suppress their dependence on n for notational simplicity. In
particular, k,, is permitted to diverge to infinity with n, which may be important in both practice and
theory. First, in practice allowing k., to diverge with n is a way of allowing the model to become more
complicated as the sample size increases and, through the restrictions on the rate at which k,, can
increase as n — 00, suggests restrictions on the complexity of the model for each finite n. Second, in the
theory for nonparametric sieve estimation, the number of approximating terms which is k,, here has to
diverge with n at a certain rate in order to achieve a desirable balance between the approximating bias

and the asymptotic variance of the resulting sieve estimator.

3For notational simplicity, we frequently suppress the dependence of p; (7), 0, (), and &; (7) on .



Let p, (e) = e[t — 1{e < 0}] where 1{-} denotes the usual indicator function. The 7th QR estimate
of O, is given by

— . _ . L ! X
O(m) = arg gun Qn(m) (O(m)) = arg Lun ;PT (yz G(m)xl(m)) . (2.6)

Let &i(m) = ¥i — (:)'(m)xi(m). Let w = (w1, ..., w,,) be a weight vector in the unit simplex of R™ and

W= {w €0, 1]M : Zi\f:l Wy = 1} . For i =1,...,n, the model average estimator of y, is given by

M
fr; (W) = Z meQ(m)Q(m)- (2.7)
m=1

Ideally, one might consider choosing w to minimize the average quantile loss

1 — .
L (W) == py (i = i1 (W), (2.8)
i=1
or its associated conditional risk
Ry (w) = E[L, (w) |X], (2.9)

where X ={x1,...,x,}. Unlike the squared error loss function in Hansen (2007), it is not easy for us
to study L, (w) or R,, (w) directly in order to establish their connection with any known information
criterion (e.g., AIC and BIC) in the quantile regression literature. Below we follow the lead of Hansen

and Racine (2012) and propose jackknife selection of w (also known as leave-one-out cross-validation).

2.2 Jackknife weighting

Here we propose jackknife selection of w. We shall show in the next section that the jackknife weight
vector is optimal in terms of minimizing final prediction error (FPE) in the sense of Akaike (1970).
For m =1,..., M, let (:)i(m) denote the jackknife estimator of ©(,,) in model m with the i’th obser-

vation deleted. Define the leave-one-out cross-validation criterion function as

n M

1 .

CV (w) =~ > . <y = wmxg(m)@i(m)> : (2.10)
i=1 m=1

The jackknife choice of weight vector W = (w01, ..., Was) is obtained by choosing w € W to minimize the

above criterion function, i.e.,

w =argmin CV,, (w). (2.11)
wew

Given W, one can obtain the jackknife model averaging (JMA) estimator of u; by

M
ﬂi (VAV) = Z wmxg(m)@(m)- (2'12)

m=1



Note that CV;, (w) is convex in w and can be minimized by running the quantile regression of y; on
X;(m) (:)i(m). But this procedure cannot guarantee the resulting solution lies in WW. Fortunately, we can

write the constrained minimization problem in (2.11) as a linear programming problem:

min {7’1 u+ (1 —7) 1 \%

w,u,v

ZleXz(m)@ +UZU’L_yZ77’_1an}

st 0<wu;, 0<wy;fori=1,...n,0<w, <lform=1,..,M, and Zwmzl,
m=1
where u =(uq,ug, ..., u,) and v =(vy,vs,...,v,) are the positive and negative slack variables and 1,, is
n x 1 vector of ones. This linear programming can be implemented in standard software. For example,
one can use the algorithm of linprog in Matlab.
Let (y,x) be an independent copy of (y;,x;) and D, = {(y;,x;)};_, . Define the out-of-sample
quantile prediction error (or final prediction error, FPE) as follows

(y - Z Wi X{ ) O im) )‘ n] , (2.13)

where X)) = (T1(m)s -+ Ty (m))” a0 Tj(my, 5 = 1, ..., ki, are variables in x that correspond to the k,

FPE, (w) =

regressors in the m’th model. We will show that W is asymptotically optimal in terms of minimizing
FPE, (w).

3 Asymptotic Optimality

In this section we first study the asymptotic properties of @(m) and éi(m) for a fixed model, and then

show that jackknife weight W is asymptotically optimal in terms of minimizing FPE,, (w).

3.1 Asymptotic properties of é(m) and @i(m)

Since Koenker and Bassett (1978) a large literature on quantile regression (QR) has developed; see
Koenker (2005) for an excellent exposition on this. While QR estimates are as easy to compute as
OLS regression coefficients, most of the theoretical and applied work on QR postulates a correctly
specified parametric (usually linear) model for conditional quantiles. Asymptotic theory for QR under
misspecification is limited. Angrist, Chernozhukov, and Fernandez-Val (2006, ACF hereafter) study QR
under misspecification and show that the QR minimizes a weighted mean-squared error loss function
for specification error and establish the asymptotic distributional result for QR estimators when the
number of parameters is fixed.

For model averaging, all the models under investigation are potentially misspecified. So the classical
distributional result for QR estimator in Koenker (2005) cannot be used. In addition, we allow diverging
number of parameters in some or all QR models. This means that the results in ACF (2006) are not
applicable either. Although there are some asymptotic results in the literature on M-estimation which

allow diverging number of parameters (see, e.g., Portnoy (1984, 1985) for smooth influence functions



and Welsh (1989) for smooth or monotone influence functions), none of these allow the models to
be misspecified. Therefore we need to study the asymptotic properties of @(m) and (:)i(m) when the
underlying model is potentially misspecified and the number of parameters in the model may diverge
to infinity with the sample size n.

To proceed, let f(-|x;) and F (-|x;) denote the conditional probability density function (PDF) and
cumulative distribution function (CDF) of ¢; given x;, respectively. Let fyx (-[x;) denote the conditional
PDF of y; given x;. Define the pseudo-true parameter

O = arg g%in) E [pT (yl - X;(m)@(m))] . (3.1)
In view of the fact that the objective function in (3.1) is convex, one can readily show that ©7, exists

and is unique under Assumptions A.1-A.3 given below. For m = 1,..., M, define

Amy = E {f (—tigm) %) Xi(m>X§(m>} =E [fy\x(@?in)xim)|Xi)xi<m>><2-<m)} :
B = E {Q/JT (ei + uz‘(m))sz‘(m)Xé(m)] : (3:2)
Vi) = A B A

where w;(p) = p; — x;(m)@’{m) indicates the approximation bias for the m’th QR model and 3, (g;) =

7 —1{e; <0}. Let k = maxj<,;m<ns k.

We make the following assumptions.

Assumption A.1. (i) (y;,x%;), i = 1,...,n, are IID such that (2.3) holds.
(ii) P (g (1) < 0]x;) = 7 as.
(i) E (uf) < oo and sup;s, E(zf;) < ¢x for some ¢y < o0.

Assumption A.2 (i) f,x (-[x;) is bounded above by a finite constant c; and continuous over its support
a.s.

(i) There exist constants ¢ 4,,,) and €4(,n) that may depend on ky,, such that 0 < ¢4,y < Amin (Aimy)
< Amax (Agm)) < fAmax (B[Xi(m) X)) < Camy < 00

(iii) There exist constants CB(m) and ¢p(y,) that may depend on k, such that 0 < Cm) =
Amin (B(m)) < Amax (Bm)) < €p(m) < 0.

(iv) (Cagm) + CB(m)) /km = O(Syn))-

Assumption A.3 Let ¢, = mini<pm<um CA(m)s € = MINI<m<M CR(m)s CA = MAX1<m<M CA(m); and

CB = Maxi<m<M EB(m)~
(i) As n — oo, 1%45A/(ng3) — 0, and k* (logn)* /(nc%) — 0.
(i) nM n=0-5L*hck/(€a%8) = (1) for a sufficiently large constant L.

Assumption A.1(i) specifies the data are IID. It is easy to see that the results in this paper continue

to hold for weakly dependent time series data under some mixing conditions.* A.1(ii) specifies the

4For the weakly dependent data, our method does not take into account the dependence between the in-sample and
out-sample data. In other words, we pretend that the in-sample and out-sample data are independent, following the same
strategy taken by Hansen (2008) and Zhang et al. (2013).



quantile restriction. A.1(iii) implies that F ||Xi(m)H28 < cxkl, form =1,...,M and s = 1,2, 4. These
moment conditions are needed for the application of Boole’s, Bernstein’s, and Markov’s inequalities to
obtain the uniform probability orders of certain sample mean objects. The first requirement in A.1(iii)
is implied by Zj‘;l |B;] < o0, and > 7oyl < oo, in conjunction with the last condition in A.1(iii).
Our asymptotic study mainly requires the finiteness of E(x}) so that the absolute summability of these
coeflicients are not necessary.

A.2(i) is weak and it allows conditional heteroskedasticity in the QR model. A.2(ii)-(iii) are often
assumed in typical QR models when the regressors and quantile error terms are not independent of
each other. Note that we allow ¢4y, Ca(m)s CB(m), and €p(m) to depend on the dimension (km) of the
regressors in model m. In particular, it is possible that ¢4(,,) and ¢p(y,) diverge to infinity and ¢ A(m)
and cp(,,) converge to zero, both at slow rates when k,,, — co. The rates are restricted in A.2(iv) so
that the usual \/m-consistency for the parameter estimate is not affected.

A.3(i)-(ii) impose restrictions on the largest dimension of the models (k) , the potential number of
models under investigation (M), and the constants ¢y, ¢p, ¢a,and ég. A.3(i) is comparable with the
conditions in the literature on inference with diverging number of parameters. For example, to obtain the
distributional result, Welsh (1989) requires p* (logn)® /n — 0 for M-estimation with discontinuous but
monotone influence function by assuming that the regressors are nonrandom and uniformly bounded and
the error terms are homoskedastic, and Fan and Peng (2004) and Lam and Fan (2008) require p°®/n — 0
for their nonconcave penalized likelihood and profile-kernel likelihood estimation, respectively, where p
is the number of parameters in their models. A.3(ii) suggests that we allow M to grow at a polynomial

rate with n.

The following theorem studies the asymptotic property of é(m), which is of interest in its own.

Theorem 3.1 Suppose Assumptions A.1-A.3 hold. Let C,,) denote an l,, X k,, matriz such that

Co = lim,,_ C(m)Cém) exists and is positive definite, where 1, € [1, kn] is a fived integer. Then

9 60 00 [ <0 ()

y —1/2; . 1 d
(it) \/ﬁc(m)V(ml)/Q[G(m) - 07, = N(0,C).

The proof of the rate of convergence in Theorem 3.1(i) is standard and straightforward. But this is
not the case for the proof of asymptotic normality in Theorem 3.1(ii). Intuitively, we allow the number
of parameters k,, in the m’th QR model to diverge to infinity with n. For this reason, we cannot
consider and derive the asymptotic normality of @(m) itself as in Pollard (1991), Knight (1998), or
Koenker (2005, ch.4.2) by using the convexity lemma. Instead, we prove the asymptotic normality for
any arbitrary linear combinations of elements of é)(m) by relying on the stochastic equicontinuity of the
gradient function as argued in Ruppert and Carroll (1980) and extending the usual Euclidean norm
for a fixed dimensional vector to a weighted norm for a vector with possible diverging dimension. In

the special case where k,, is fixed, we can simply take C,,) = I, and obtain the usual asymptotic



normality result as in ACF (2006). In this case, we have the usual Bahadur representation:’
vn (é(m) — @E‘m)) = A(rrll)n—l/2 in(m) [T -1 {yZ < @E‘;n)xi(m) }} + 0p (1), (3.3)
i=1
where the first order condition to the minimization problem in (3.1) yields®

E{[r = 1{y: <6 %itm || xitm } =0, (3.4)

When k,, — oo as n — oo, the Bahadur representation for \/’f_l[é(m) - @z‘m)] is quite complicated and
reported in (A.15) at the end of Appendix A.
Note that (:)Z-(m) is asymptotically equivalent to é(m) and its asymptotic normality follows from

Theorem 3.1(ii). The following theorem studies the uniform convergence property of é(m) and (:)i(m).

Theorem 3.2 Suppose Assumptions A.1-A.3 hold. Then
(Z) maxj <i<pMaxi<m<M Héi(m) — @’(km) = Op (\/n*llz,'log TL) 3
(1) maxi<m<nm Hé(m) — @z‘m)H =O0p (Vn*ll_ﬂlogn) .

The above theorem establishes the uniform convergence of éi(m) and é(m) to ©

*

(m)" Under our

conditions, the uniform convergence rate depends only on the sample size n and the largest number of
parameters k in all M models under investigation.

The proof of Theorem 3.2 is not technically trivial because there is no closed form expression for the
QR estimator. Fortunately, Rice (1984) demonstrates that one can choose a bandwidth in nonparametric
regression based on an unbiased estimate of the relevant mean squared error and prove the bandwidth
thus chosen is asymptotically optimal. We extend Rice’s proof strategy to prove the uniform convergence

of our QR estimators by using Shibata’s (1981, 1982) inequality for x? distributions.

3.2 Asymptotic optimality of the jackknife model averaging

Following Li (1987), Andrews (1991) and Hansen (2007), Hansen and Racine (2012) demonstrate the
asymptotic optimality of their jackknife selected weight vector in the sense of making the average squared
error and its associated conditional risk as small as possible among all feasible weight vectors. In their
case, the conditional risk is equivalent to the out-of-sample prediction mean squared error (MSE). So
the optimally chosen weight vector also minimizes their out-of-sample prediction MSE.

Unfortunately, in our QR framework, we cannot demonstrate the asymptotic equivalence between
the conditional risk in (2.9) and the out-of-sample quantile prediction error in (2.13) under general
conditions. Nevertheless, we can show that our JMA selected weight vector W is optimal in the sense
of making the FPE as small as possible among all feasible weight vectors. Specifically, we prove the

following theorem.

5A close examination of ACF (2006) indicates a negative sign is missing in their representation of the influence function.
OIf the m’th QR model is correctly specified, then E [¢, (€:) |xim)] = E [T -y < G)E‘T’n)xi(m)}\x,-(m)] =0as.
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Theorem 3.3 Suppose Assumptions A.1-A.3 hold. Suppose that n®/[k*>M (log M)*] — oo as n — oo.
Then W is asymptotically optimal in the sense that
FPE (%)
infwew FPE (w)

=1+0p(1). (3.5)

The optimality statement in the above theorem specifies an oracle property for the JMA selected
weight vector W in the sense that W is asymptotically equivalent to the infeasible best weight vector to
minimize F'PFE (w). As in the case of least squares model averaging, the limitation of such an optimality
property is obvious: it restricts attention to the estimators which are weighted average of the original
estimators fi;.,,) = x;(m)(:)(m), m = 1,..., M. If one changes the set of models under consideration, then
w will also change and any JMA estimator based on the given set of models may not outperform an
estimator that is not considered by the given models. Similar remarks also hold for Hansen’s (2007)
MMA estimator and Hansen and Racine’s (2012) and Zhang et al.’s (2013) JMA estimator.

3.3 Quantile regression information criterion

Despite the asymptotic optimality of the QR jackknife model averaging, it is computationally expensive.
The speed of calculating the QR JMA estimator may slow down significantly if the number of models
(M) and the number of observations (n) are both large. For this reason, it is worthwhile to propose a
Mallows-type information criterion for QR model averaging.

Let &i(m) = yi — x;(m)@(m) and &; (w) = Z,A,/szl Wméi(m)- Define the quantile regression information

criterion (QRIC) as
M

00, (w) 4 AT N
QRIC, (W) = nQu (W) + =1y 2 Wk, (3.6)

where Q,, (W) = n~ 'Y | p, (é; (w)) indicates the average in-sample QR prediction error, F' and f

m=1

denote the CDF and PDF of ¢; (1), respectively, and Z%Zl Wik, signifies the number of effective
parameters in the combined estimator. To extend AIC to the least absolute deviation (LAD) regression,
Burman and Nolan (1995) consider the following information criterion for model m under the assumption

of correct model specification:

ICn,m = Zn:

i=1

/ A km
Yi — Xi m @ m + . 3.7
(m) ¥ (m) 2f (O) ( )

Apparently, QRIC,, (w) generalizes the above information criterion to the general QR-based model
averaging information criterion. In particular, in the case of LAD regression (7 = 0.5), if F~1(0.5) =0
(i.e., the median model is correctly specified under the assumption that the error terms are independent
of the regressors) and one assigns weight 1 to model m and 0 to all other models, then QRIC,, (w)
reduces to IC,, 1, /2.

In the supplementary appendix (Appendix D) we motivate the derivation of the criterion function in
(3.6) from the perspective of JMA, which is similar to the Mallows criterion in the least squares regression

framework. Interestingly, we demonstrate that the second term on the right hand side of (3.6) signifies
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the dominant term in the difference between nCV,, (w) and n@,, (w) under certain conditions:

M
nCV,y (W) = 10, (w) + T(1—-7) ) Z Wk + smaller order terms. (3.8)
m=1

fFE=H(7)
One condition requires that the error term e; (1) should be independent of the regressor x;. Another
condition requires that all M models should be approximately correct in the sense the model approx-
imation biases are asymptotically o (1) almost surely. The latter condition can be met in the case of
nonparametric sieve estimation where k,, — oo as n — oo for m = 1, ..., M. Alternatively, it is also auto-
matically satisfied if one would like to consider the local asymptotic framework as in Hjort and Clasekens
(2003), Leung and Barron (2006), Pstscher (2006), Clasekens and Hjort (2008), Hansen (2009, 2010),
and Liu (2012) so that all models under consideration are asymptotically correctly specified. Note that
these two conditions are not required for our JMA estimator.

To use the above QRIC to select the weight vector w, one has to estimate s(7) = 1/f (F~! (7)),
the sparsity function of ¢; (7). Following Koenker (2005, p. 77 and p. 139), we can estimate s (7) by

5(r) = [F (4 ) = B (= )|/ (200)

where Fn_ 1is an estimate of the quantile function F~! of ¢; (7) based on the quantile residual obtained
from the largest approximating model, h,, = n~1/5{4.5¢* (&~ (1)) /[207! (7)* + 1]2}Y/%, and ¢ and ®
are the standard normal PDF and CDF, respectively. Define

w = (W1, ..., Wy ) =arg minCﬁI/C’n (w) = argmin
wew wew

M
Qn(wW)+7(1—7)5(7) Z Wmkm | (3.9)

the empirical QRIC selected weight vector. Obviously, there is no closed-form solution to (3.9) and one
has to find the optimal weight vector by linear programming as in typical quantile regressions. Given

w, one can obtain the QRIC-based estimator of u; by
M A
fi; (W) = Z WX (1) O (1m) - (3.10)
m=1

We will examine the performance of this estimator with that of i, (W) in (2.12) through simulations.

4 Monte Carlo Simulations

In this section, we conduct a small set of Monte Carlo simulations to evaluate the finite sample perfor-

mance of our proposed quantile regression model averaging estimators.

4.1 Data generating processes

The first DGP is similar to that in Hansen (2007):

1000
DGP 1: y; =6 Zjilxij + &4,
j=1
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where z;;1 = 1 and x;;, j = 2,3...., are each IID N (0,1) and mutually independent of each other. For
ei, we consider two cases: (1) homoskedasticity where ¢; is N (0,1) and independent of z;;, j = 2,3, ...;
(2) heteroskedasticity where g; = 2?22
in Hansen (2007), the population R? = [var (y;) — var (¢;)]/var (y;) is controlled by 6.7 We consider
different choices of 6 such that R? = 0.1,0.2,...,0.9. We consider the sample size n = 50, 100, and
150 and the number of models is given by M = [3n'/3] where |-| denotes the integer part of -. For

xfjei and ¢ is N (0,1) and independent of z;;,j = 2,3,... As

simplicity, we consider nested models by specifying z;1) = {zi1}, Zi2) = {21, T2}, etc.
The second DGP is
exp (z;)
1+ exp (x;)
where x; follows IID Weibull(1,1) distribution. For the homoskedastic case, ¢; is IID N (0,1). For the
heteroskedastic case, &; = (0.01 + z;) €;, where ¢; is IID N (0,1) . We choose different 6’s to control for

the population R? such that R? = 0.1,0.2, ...,0.9. We consider nonparametric sieve estimators of the 7th

DGP 2: y;, =6 + €4,

conditional quantile function of y; given x;. Specifically, we use Hermite polynomials to approximate

the unknown function 6 exp (z;) /(1 + exp (x;)). The jth term in the Hermite polynomial is:

— (v —3)°

_\j—1
T = (i — & - €
9 ( ? ) Xp 28%

‘| ) j:1’27"'7

where Z and s, are the sample mean and standard deviation of {z;}, respectively. We consider M =
|3n'/3] nested models: Ty = {Ta}, Ti2) = {®i1, T2}, ..., for n = 50, 100, and 150.

The third DGP is similar to DGP 1, but we consider different distributions of x;;’s and different
heteroskedasticity structures, and fix the number of models for all sample sizes under investigation.

Specifically,
30

DGP 3: y; = 0> j 'mij +ei,

j=1
where ;1 = 1; 245, j = 2,3,...,50, are each IID x? (1) and mutually independent of each other; and
g = ¢ and g; = 2?022 j'zi;je; for the homoskedasticity and heteroskedasticity cases, respectively,
where ¢; is normalized x? (3) with mean zero and variance one and independent of z;;’s. Different 6’s
are chosen to control for the population R? such that R? = 0.1,0.2, ...,0.9. The number of models (M) is
fixed at 20, which is relatively large for the sample sizes we consider here (n = 50, 100, and 150). Again,
only nested models are considered: ;1) = {=i1}, zi2) = {Ti1, Ti2}, -, Ti20) = {Ti1, T2, ..., Tino } for
m =1,2,...,20, respectively.

The fourth DGP is nonlinear in each term:
25
DGP 4: y; =0 |xy; + Zjil‘b(wij) + &4,

j=2
where x;1 = 1, the remaining z;;’s (j = 2,...,25) are each IID N (0,1) and mutually independent of
each other, and ® (-) is the standard normal CDF function. &; = ¢; and &; = (0.01 4+ 231:2 a3;)e; for the

"For the ease of generating data in the simulation, here we use R? defined in the least square sense, as in Hansen

(2007). Alternatively, one may use the R? defined for quantile regressions, see, e.g., Koenker and Machado (1999, eq.(7)).
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homoskedasticity and heteroskedasticity cases respectively, where ¢; is IID N (0,1) and independent of
x;;’s. Different ’s are chosen to ensure that the population R? =0.1,0.2,...,0.9. We consider M = 20
nested linear models: x;(1) = {xi1}, Ti2) = {Zi1, T2}, oy Ti(20) = {T41, T2, ..., Tino} for different sample
sizes (n = 50, 100, and 150) and for m = 1,2, ..., 20, respectively.

4.2 Implementation

We use the following four methods to choose the weights in the model averaging: (i) JMA or cross-
validation (CV) averaging, (ii) AIC model averaging, (iii) BIC model averaging, and (iv) QRIC.®
JMA and QRIC are defined above. AIC and BIC model averaging are alternative ways of implementing
model averaging. They are often referred to as “smoothed” averaging (see, e.g., Buckland et al. (1997)),
which uses exponential weights of the form exp(—1,,/2)/ ZJM:1 exp(—1;/2), where I,,, is an information
criterion for model m. In the quantile regression context, following Machado (1993), for the mth model,
the AIC and BIC are respectively defined as

AIC,, = 2nln l% i or (yl — (:)'(m)xi(m)> + 2k,,, and
i=1
BIC,, = 2nln l% ; Pr (yz - é/(m)Xi(m)> + kmIn(n).

Thus, the AIC and BIC weights for model m are respectively defined as

~AIC — eXp (_%AIC’I’TL) ~BIC _ eXp (—%B[Cm)
"N e (5410y) " S (exp (<3 BIC))

We evaluate each method using the out-of-sample quantile prediction error. For each replication, we

generate {xs, ys}iozol as out-of-sample observations. For the rth replication, the final prediction error is

calculated as

100 M
1 o
FPE(r) = 355 2 r |4 = D - Omsim) |
s=1 m=1

where w,, is chosen by one of the four methods. Then we average the out-of-sample prediction error
over R = 200 replications: FFPE = % 25:1 FPE (r). The smaller FPE, the better the method in

terms of the out-of-sample quantile prediction error.

4.3 Evaluations

We normalize the final quantile predication error by dividing by the prediction error of the infeasible
optimal single model, as in Hansen (2007). To save space, we only report the results for the heteroskedas-
ticity case. The results for the homoskedasticity case can be found in the supplementary appendix (see
Figures S1-S4 in Appendix E).

8We also try the corresponding model selection criteria and find that the model selection is always dominated by the
corresponding model averaging. For example, CV model selection is dominated by JMA model averaging. Thus we only

show the results of model averaging.
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Figure 1 shows the results for DGP 1 with 7 = 0.5 and 7 = 0.05. When 7 = 0.5, no method clearly
denominates the others. The performances of QRIC are slightly better than JMA when the sample size
is large. The performance of BIC seems to be the worst. When 7 = 0.05, it is clear that JMA dominates
all the other three methods. BIC seems to be the second best.

Figure 2 shows the results for DGP 2. When 7 = 0.5, JMA is the best, followed by BIC. The
performances of AIC and QRIC are worse than those of JMA and BIC. When 7 = 0.05, similar to DGP
1, JMA dominates all other three methods in all cases.

The results for DGPs 3 and 4 are reported in Figures 3 and 4, respectively. We find the same pattern
that for 7 = 0.05, JMA is clearly the dominating method. When 7 = 0.5, there is no clear dominating
method. But for most cases, both JMA and QRIC perform relatively well, especially when the sample
size is not small.

In general, the performance of QRIC is poor when 7 = 0.05. One possible explanation is that
QRIC requires the estimation of the sparsity function, which is difficult to estimate for 7 = 0.05. When
7 = 0.5, as a referee kindly points out, the performance of QRIC is also relatively poor for DGP 2. This
could be due to the poor approximation of the sieve estimator when the number of terms is small. As
discussed in Section 3.3, one condition for QRIC to work is that all models under consideration should
be approximately correct. The relatively good performance of QRIC in DGPs 1, 3 and 4 could be due
to the design of our DGPs. In all these three DGPs, the regressors (z;; or ® (z;;)) have a coefficient
j~', which means that the additional regressors become less and less important. Thus, ignoring the

latter regressors may not lead to serious misspecification of the models.

5 Empirical Applications

5.1 Quantile forecast of excess stock returns

Forecasting quantiles of stock returns is widely used for VaR (Value-at-Risk) and essential to financial
risk management. In this subsection, we apply our JMA and QRIC estimators to predict the quantiles
of excess stock returns.’

The data is the same as in Campbell and Thompson (2008) and Jin et al. (2014). The data
is monthly from January 1950 to December 2005 with total number of observations 7' = 672. The
dependent variable y is the excess stock returns, which is defined as the monthly returns of S&P 500
index minus the risk-free rate. There are 12 regressors in the dataset as shown in Table 1.

The detailed explanations of these variables can be found in Jin et al. (2014). The order of the
12 regressors above is based on the absolute value of their correlation with the dependent variable.
For example, x; has the largest absolute value of correlation with y. We construct 13 candidate nested
models with regressors {1}, {1,z1},...{1, 21, 22, ..., 12}, respectively.

We construct one-period-ahead forecasts of the quantiles of excess stock returns using the fixed
in-sample size (T3) of 48, 60, 72, 96, 120, 144 and 180. We compare different forecast methods with

9In both empirical applications, we focus on quantile regression. The results for mean regressions are available upon

request.
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Table 1: Regressors for the stock returns data

Regressor Names Correlation with y
1 Default Yield Spread 0.075
) Treasury Bill Rate -0.063
T3 Net Equity Expansion 0.056
T4 Term Spread 0.053
Ts Dividend Price Ratio 0.048
Tg Earnings Price Ratio 0.043
T7 Long Term Yield 0.042
s Book-to-Market Ratio -0.028
Tg Inflation 0.019
T10 Return on Equity -0.015
T11 Lagged dependent variable 0.014
T19 Smoothed Earnings Price Ratio -0.012

Table 2: Out-of-sample R? for the stock returns data

Model Averaging Model Selection

T T JMA AIC BIC QRIC CV AIC BIC

48 0.5 0.075  -0.009  0.007 0.031 -0.023  -0.012  -0.010
60 0.5 0.075  -0.014  0.012 0.038 -0.037  -0.027  -0.007
72 0.5 0.063  -0.026 -0.003  0.019 -0.043  -0.025 -0.017
96 0.5 0.058 -0.031 -0.018  0.011 -0.031  -0.034  -0.025
120 0.5 0.012  -0.044 -0.043 -0.011 -0.060  -0.044  -0.056
144 0.5 -0.003  -0.067 -0.060 -0.026 -0.068  -0.067  -0.074
180 0.5 0.032  -0.006  0.024 0.032 -0.014  -0.010  0.011
48  0.05 -0.135  -0.629 -0.602 -0.670 -0.527  -0.683  -0.653
60  0.05 -0.142  -0.680 -0.672  -0.695 -0.634  -0.694  -0.726
72 0.05 -0.007  -0.456  -0.450  -0.487 -0.390  -0.483  -0.460
96  0.05 -0.029  -0.251  -0.247  -0.210 -0.248  -0.253  -0.263
120 0.05 0.051  -0.135 -0.147  -0.136 -0.122  -0.140  -0.151
144 0.05 0.038  -0.107 -0.116  -0.100 -0.090  -0.107  -0.128
180  0.05 0.025  -0.043 -0.045 -0.034 -0.114  -0.041  -0.045

the simple historical unconditional quantile. Following Campbell and Thompson (2008), we define the
ZtT;ﬁ Pr (yt+1*?3t+1|t)

ZtT;ﬁ Pr (yt+1*??t+1|t) ’
the 7th quantile of the excess return at time ¢ using data from the past T} periods (period ¢ to period

out-of-sample R? as R2 =1 — where §j;41)¢ is the one-period-ahead prediction of
t —T1 + 1); §41)¢ is the simple historical 7th unconditional quantile over the past 71 periods and is
used as the benchmark prediction. The results of the out-of-sample R? are presented in Table 2. It
is clear that JMA dominates all other model averaging and model selection methods. As discussed
in the literature, for predicting stock returns, the simple historical mean estimator cannot be easily
beaten (see, e.g., Goyal and Welch, 2008). However, our JMA estimators can outperform the historical
unconditional quantiles for many scenarios. For 7 = 0.5, JMA outperforms the benchmark for most of
the cases. For 7 = 0.05, JMA outperforms the benchmark when the in-sample size is relatively large.
Since conditional quantiles can also be interpreted as the VaR, we also define the out-of-sample

violation rate as the percentage that the out-of-sample realization is smaller than the prediction of its
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Table 3: Out-of-sample violation rate

Model Averaging Model Selection
T T JMA AIC BIC QRIC CV AIC BIC
48 0.5 0.502  0.503 0.498  0.498 0.522  0.504  0.522
60 0.5 0.487 0.482 0.489  0.482 0.489  0.478  0.498
72 0.5 0.503  0.500 0.503  0.493 0.510  0.503  0.495
96 0.5 0.474  0.460 0.463  0.451 0472  0.460  0.469
120 0.5 0.462  0.451 0.460  0.458 0.469  0.451  0.449
144 0.5 0.445  0.434 0.443  0.441 0.430 0.434 0.428
180 0.5 0.441  0.415 0.437 0.435 0.429 0.413 0.439
48 0.05 0.139 0.251 0.248  0.253 0.186  0.256  0.255
60 0.05 0.144  0.258 0.258  0.266 0.201  0.263  0.265
72 0.05 0.128 0.212 0.203  0.217 0.168 0.213  0.210
96 0.05 0.101  0.155 0.155  0.142 0.137  0.153  0.158
120 0.05 0.082 0.130 0.132  0.130 0.121  0.130 0.132
144 0.05 0.070  0.097  0.095  0.097 0.102  0.097 0.102
180  0.05 0.049 0.053 0.053  0.051 0.083 0.051  0.053

A~

. T—1 " . .
Tth quantile (see, e.g., Kuester et al., 2006): p = T+T1 Yier Huer1 < Jegape}, where gipq)y is an
estimator of the 7th conditional quantile of y;41 given x; at time ¢. Thus, ideally, p should be close
to 7. Table 3 presents the out-of-sample performance of various methods. The performances of all the
methods are similar when 7 = 0.5. When 7 = 0.05, JMA clearly dominates all the other methods. Also

in general, when the estimation sample size (T7) increases, p becomes closer to 0.05 for all methods.

5.2 Quantile forecast of wages

In this subsection, our new averaging estimators are applied to predict the quantiles of wages. This is
an important topic in labor economics, as quantiles are often used to characterize wage inequality (see,
e.g., Angrist and Pischke, 2009, Chapter 7).

The data is a random sample of the US Current Population Survey for the year 1976 from Wooldridge
(2003). Tt is a widely used dataset, see, e.g., Hansen and Racine (2012). The sample size is n = 526. The
dependent variable is the logarithm of average hourly earnings. There are 20 regressors in the dataset.
We order these regressors according to the absolute value of their correlation with the dependent variable
and construct 11 candidate nested models using the first 10 regressors. These 10 regressors are shown
in Table 4.

We randomly split the sample into an estimation sample of size n; and an evaluation sample of size

=1— Z;Lil 0, (Ys—9s)
Z?il Pr (ys*'g-g) ’

sample, {g,}.2, and {y,}52, are the Tth conditional quantile predictions and the unconditional quantile

ng = n—nq. We construct the out-of-sample R? : R? where {ys}52, is the evaluation
estimates using the estimation sample, respectively. We repeat this sample splitting exercise for 200
times and report the average of the out-of-sample R2. We consider different estimation sample sizes
ny = 50, 100, 150, and 200. Table 5 presents the out-of-sample R2. For 7 = 0.5, the performances of
JMA, AIC model averaging, and QRIC are similar and better than other methods. For 7 = 0.05, JMA

clearly dominates all other methods. This again confirms the simulation results that JMA has the best
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Table 4: Regressors for the wage data

Regressor Names Explanation Correlation with y
1 Professional Occupation =1 if in professional occupation 0.442
To Education years of education 0.406
T3 Tenure years with current employer 0.347
Ty Female =1 if female -0.340
Ty Service Occupation =1 if in service occupation -0.253
Tg Married =1 if married 0.229
T7 Trade =1 if in wholesale or retail -0.190
s SMSA =1 if live in SMSA 0.178
Tg Services =1 if in services industry -0.142
10 Clerk Occupation =1 if in clerical occupation -0.141

Table 5: Out-of-sample R? for the wage data

Model Averaging Model Selection
ny T JMA AIC BIC QRIC CV AlIC BIC
50 0.5 0.177 0.173 0.165 0.175 0.150 0.151 0.144
100 0.5 0.217 0.218 0.204 0.218 0.209 0.211 0.192
150 0.5 0.231 0.232 0.220 0.232 0.225 0.230 0.210
200 0.5 0.240 0.241 0.233 0.241 0.236 0.240 0.225
50 0.05 -0.071  -0.419  -0.255  -0.588 -0.139  -0.510 -0.342
100 0.05 0.036  -0.035 -0.015 -0.039 -0.036  -0.051  -0.044
150  0.05 0.064 0.033 0.032 0.036 0.012 0.026 0.019
200  0.05 0.074 0.061 0.060 0.063 0.038 0.057 0.054

performance for extreme quantiles.

6 Concluding Remarks

In this paper, we provide a new averaging quantile regression estimator, namely jackknife model aver-
aging (JMA) quantile regression estimator. The estimator uses leave-one-out cross-validation to choose
the weight. We show that the weight chosen by our method is asymptotically optimal in terms of
minimizing the out-of-sample final prediction error. The numerical algorithm is also simple using a
linear programming. Our simulations suggest that our new method outperforms the other QR model
averaging and selection methods, especially for extreme quantiles. We apply our new JMA estimator to

predict quantiles of excess stock returns and wages.

APPENDIX

In the following we will use Knight’s (1998) identity repeatedly:
pr (o) = p, (W) =i () + [ [1{u< s}~ 1{u<0))ds
0

where ¢, (u) =7 — 1{u < 0}. Recall that Q,(m) (Om)) = >ory pr(yi — X (m) O (m))-
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A Proof of Theorem 3.1

(i) Let a, = \/m Let vy, € R*n such that ||v(m)H = C where C is a large enough constant.
We want to show that for any given € > 0 there is a large constant C' such that, for large n we have
{inf”v( ||=c Qn(m) (@?m) + anv(m)) > Qn(m) ( ?m))} > 1 — €. This implies that with probability
approaching 1 (w.p.a.l) there is a local minimum @ (m) in the ball {@(m) +anVim) : ”V(m) || < C} such
that ||6) (m) — 0|l = Op (an) . It is also the global minimum by the convexity of @y, (m)
Let wi(m) = p; — x;(m)@z‘m). Then by Knight’s identity

Zu) (V) = Qui) (Om) + @0¥(m)) = Quton) (O

n
= Z [pT (si + Ui(m) — anxg(m)v(m)) —Pr (6¢ + ui(m))]
i=1
n An X () ¥ (m)
= —apn ZdJT (gi + uz(m) z(m)v + Z/ Qj(m) ( )dS
i=1
n X () V (m)
= —a, Z 0, (52» + ui(m Z(m)v y + Z E / Qi(m) (8) ds X;|
i=1

n X ()Y (m) AnX () V(m)
w1 s (5) 5= | [ iy () ds |x;
i=1

= Znmya (Vom) + Zngmy,2 (Vom)) + Znimy 3 (Vimy) 52y, (A1)

where az(m) =1 {E, + Ujm) < s} -1 {61' + Uim) < O} .

The first order condition for the population minimization problem (3.1) implies that

E [¢, (i + Uitm)) Xi(my)] =0, (A.2)

which is analogous to the last identity on page 545 of Angrist et al. (2006). It follows that by Assumption

2 n 2 _ 2
A2(ii4) , B | Znimy (Vomy) | < a3 3070 Vi) E{[¥- (€ + wicm)) ] Xim) Xy YV m) < EBomyna, ||Vim) |
and therefore by Chebyshev’s inequality

Zontmy1 (V) = C oy OP (an/7) [V || = Op (Cg(iz)an”/v’fm) [vm)]] - (A.3)

For Z,(m),2 (v(m)), by the law of iterated expectations, Taylor expansion, Lebesgue dominated
convergence theorem, and Assumption A.2(é¢) we have w.p.a.l
n AnX () V(m)
Zn(m),Q (V(m)) = Z / F (_uz(m) + S‘Xi) -F (_ui(m)‘xi) ds

i=1

n é(m)v(m)
= Z [/ f (—ui(m)|xi) sds

=1

{1+o0p (1)}

~.

1 n
= 50Vl | 2 (uim i) Xz‘(m)X?(m)] Ve {1+ 0p (1)}
i=1
1 2
= §ainvzm)A(m)v(m) {1 +op (1) )ain HV(m) H . (A4)
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Noting that F (Zn(m)’g,\X) =0 and by Assumption A.1
2

a‘"x;(m,)v(m) n 2
/0 Qi(m) (5)d ] X; Z [anx;(m)v(m)}

CA(m)

n

Var (Z,my31X) < Z E
=1

= G2V B Ko Xy | Vi) {1+ 08 (1)} £ =0 v |* {1+ 0p (1)}

we have
_1/2
Zntm)s = E oy O (/) [V | = Op (€0 a2/ Vo ) [V | - (A.5)
Observe that (Ca(m) + €p(m)) /km = O(QA(m)) under Assumption A.2(iv). By (A.3)-(A.5) and allowing
Hv(m) H to be sufficiently large, both Z,,(;,)1 and Z,,(,,),3 are dominated by Z,,(,,),2, which is positive
w.p.a.1. This, in conjunction with (A.1), implies that Z, () (V(m)) > 0 w.p.a.1. This proves (i).

(ii) Let Ay = V(O —0(,,)) and Ay = /(O () =6, ). It follows that Ay = arg min ),
(m)
/ /
pr (3= (B +17780m) i ) Lt Vi () =01 27:1 v, (y Bt 28] i ) i

and Vi) (A) = E [Vim) (A)] . Define the weighted norm |- ||C( )

140, = leem Al

where ¢(,,) is an arbitrary Iy, X kn, matrix with ||cq,, || < CB( % L. for a large constant L, < co. We

want to show that for any large constant L < oo,

SUp_ [ Vi) (A) = Vi) (0) = Vi) (B) + Vi) O)[, - = 0r (1), (A.6)
lAl<vVEmL
00 Vo () = Vo) 0) + Al = op(). (A7
IAN<VEmL
HV'm)(A(m))HC(m) = OP(l)' (A8)

(A.6)-(A.7) and the result in part (i) imply that va A m)) — V(m)(())—i—A(m)A(m)

= op(1)
C(m)

and consequently we have by Assumptions A.2(ii)-(iil), A¢n) = V1 [@(m) - @E‘m)} = A(WIL)V(m)(O)
+A(—T}L)V(m (Any) +A 0 Ry, and

_ —1/2 A *
Com Vi) "By = VG Vi [@ (m) — @<m>}
. —1/2 v oL/2
- C( )V‘(m) A (m) V‘(m ( )+ C(m (m) A ‘/(m) (A(m )+ C(m (m) A (m) R
= Tl(m) + TQ(m) + T3(m)a say,
where HR(m)H = op(1) for any c(,y with |[cim)|| < cBl/QL V denotes the symmetric square

root of V,,, and V / the inverse of V / 2

7”
Letn,;, =n 1/20(m)V_1 2 (m)@/},,_ (Ez + Uz(m)) Xi(m)- Then Tl(m) = Z?:l N,;- Noting that F (n,,;) =
0 by (A.2), we have

2 _
Var (Tl(m)) = ZV&I‘ ’I7m = ZC(m)Vm (m)E {’lﬂT (Si —I—ui(m)) Xi(m)X;(m :| A(m)v(ml)m(](m)

— 1/
= Cm)V,, (m) A B(m)A C C(m)CEm).

(m) (m)
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By the fact that tr(AB) < Apax (A)tr(B) for symmetric matrix A and p.s.d. matrix B (e.g., Bernstein
(2005, Proposition 8.4.13)),

Eln, " = n‘zE{ :tr (C(nz)VJ)pA(ni)wr (51 + tim))” Xim) X}y Ay V(Zﬁ/QCEm))} 2}
< 2B [or (xiomXiam AL Vil Gl Com Vil 401}

n2E{ :tr (Xi(m)xg(m))] i [Amax (Aarlz)v(r_nl)/zcgm)c(m)V(:nl)/2A(_"1z))} 2}

172 s |* [P (Gl G )| [P (45 Vi At )|

_ n72E Hxi(m)H4 [/\max (C(m)CEmO}Q [/\max (B(_ﬂjl:)):|2

- 0 (n—Qk;ggfm)) . (A.9)

IN

IN

n 1/2
Then for any ¢ > 0, Y3y B [[m,ll” 1l = €}] = 0B [ln,il* 1{Insill = ] < n{En.l'}
AP (|nill = OY* < ne2E|n,;|* = O(n_lkfngg‘,%m)) = 0(1) by Assumption A.3(i). Thus {n,,;}

satisfies the conditions of the Lindeberg-Feller central limit theorem and we have
Tim) > N (0,Co). (A-10)

For Ty, and Ty(,,), we take ¢,y = C(m)V(:nl)/QA(_Wll). By the fact that tr(AB) < Apax (A)tr(B) for
symmetric matrix A and p.s.d. matrix B and that Apax (A’A) = Apax (AA’) for any matrix A, we have

HC(m)H = {tr (V—1/2A—1 41 V_1/2C£m)0(m))}1/2

(m) “H(m)* (m) " (m)
S1/2 -1 -1 —12\1 V2 I 1/2
||C(m)H {Amax (V(m) A(nlL)A(nlL) V(m) )} - HC(m) || {)‘max (A(nll)v(ml)A(niQ}
-~ 1/2 _ _
[Clmll {Mmax (Biy) } < I Ctoml| ity < L

for sufficiently large L.. Then by (A.8)

IN

120m || = HV("”(A<m>)Hc<m>v(;j)/2A(;¢) =op (1) (A11)
and
[ T3y || = ||R(m)||c(m>v(jn1)/2A<;}L) =op(1). (A.12)

Combining (A.10)-(A.12) yields the claim in part (ii).
Below we demonstrate (A.6)-(A.8) hold under Assumptions A.1-A.3. Since I, is fixed, without loss

of generality we assume that I, = 1. First, we show (A.6). Write a;(mm) = c(m)Xi(m) = aIm) T

L

where W) = max{a;(m),0} and Wyl = max{—a;(m),0}. Then by Minkowski’s inequality we have

sup H‘/(m) (A) - ‘/(m) (O) - ‘7(m) (A) + ‘7(771) (O)HC(M)
IAlI<VEm L

< s [V () =V 0 =V, (A)+ T, 0)
IAI<VEL

+ sup )v(;)(A)—v(;)(O)—V* (A)+ V- (o)] (A.13)
A <VELL
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where V5, (8) = n Y2 S0 0 (5= (00, 412 A] Xim) )l Vit (8) = BIVES (A)], and Vi, (A)
and Vm (A) are analogously defined. It sufﬁces to show that each term on the right hand side of (A.13)
is op (1) . We only show the first term is op (1) as the second term can be treated analogously.

Let D = {A € R : ||A|| < VE,L} for some L < oco. Let |t| denote the maximum of the
absolute values of the coordinates of ¢t. By selecting Ny = (2n2)km grid points, Aq,--- ,Apy,, we can
cover D by cubes D, = {A € RFm 1 |A — Agl, < 6n} with sides of length §,, where §,, = Lk:,l,{Q/nQ. Let
Ei(m) = Yi — xg(m)Gz‘m). In view of the fact 1 () is monotone and by Minkowski’s inequality, we can

readily show that

sup_ [Vih () = Vil (0) = Vi (8) + V2, (0)]
lAN<VEnmL

V-l—

< max (m)

~ 1<s<N;

() = Vi (0) = Vi (A0) + VE, 0)

+ max
1SS§N1

+ max
1<s<N;

n/2 Z [ [sitmy (3n) = o) (O] 0y = B { [$im) (30) = i (0] “%)H‘

Ly + Iogmy + I3(’m)a say,

where ;) (6) = 1, (gi(m) — n’l/QA;xi(m) +n=1/28 ||xi(m) H) . For I5(,,), we apply Taylor expansion,
Assumption A.2(i), and the fact that a;’zm) < |emXim)| < llemll ||Xi(m) || to obtain

Iymy = max |n'/?E {F (7ui(m) + 2N gy + 200X | \Xi) az—'?m)}

1<s<Ni
-E {F (—ui(m) + 0 2AL X () — 128 |[Xim | |Xz') af(m)}’
2610 B {|[itn | @y b < 26560 llemll B i |

= 0(ucl ) = Ol 3L ) = o (1),

For Iy(), note that

IN

Vi (84) = ity (0= V) (80) + V2 O

= ’)’L—l ans(m)l {aj(m) < €1n} + ’)’L_1 an(m)l {G:Em) > €1n} = Dls —+ _1)257 say,
i=1 i=1

where nis(m) = nl/Q[nis(m),O - E(nis(m),O)L nis(m),O = [1/}7_ (El(m) - n71/2A;Xi(m)) - ¢T (5i(m))]azm)’

and ey, = (nkl gg?m))l/s. It suffices to prove Iy(,,,) = op (1) by showing that

m

 max |1 Dis]| = op (1) for I =1 and 2. (A.14)

Note that Var [ms<m l{al(m) < eln/nl/Q}:| < nE(|v, (Sim) — 02 AL X ) — 5 (i) | (azm)m <

ClgB(m)n 1/2k,. for some C; < oo. By Boole’s and Bernstein’s inequalities (e.g., Serfling (1980, p.95)),
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we have

1 n
> < — , o< >
P (éngx | D1s|| 6> < N Jnax, P ( ‘n ;nw(m)l{az(m) <ewm}| > e)
ne?
< 2Ne —
- LexP ( QClgE%m)nl/ka +46n1/261n/3>
< 2exp (3ky, logn) X exp (—4ky, logn) = 2exp (—k;, logn) = o(1),

because n/(g;%m)nlmkm) = n'2¢p( [km > kmlogn and n/(n*/?ey,) = n3/3ky, 12 1/(2 ) > ki logn
by Assumption A.3(i). Let Gitm) = @im)km 1/2 1/( )- Noting that E[\c(m)xi(m)| = O(k}, c;(lm)) by
arguments as used to obtain (A.9), F ’ai(m)’ = O(1). By Boole’s and Markov’s inequalities, Assump-
tion A.1(iii), the fact that nk:ﬁlgg?m) /e8,, = O(1) by construction, and Lebesgue dominated convergence

theorem

P( max || Das|| > e)
1<s<Ny

IN

1/2 1/
P(1@?<Xna( )> eln) <nP(|azm | >k, / B(m )e1n>

< ME [ [* 1 {[@sm) | > k2o }| = 0 (D).

€in

Thus (A.14) follows and we have shown I,y = op (1). By the same token, we can show that I3, =
op (1). Consequently (A.6) follows.
Next, we show (A.7). By Assumptions A.1 and A.2,

U |[Vim) (8) = Vi) (0) + Ay A,
IAISVERL o
- —1/2 - s —1/2 A/ ) vy ) ) _
= sup n E | F (=uim) +n A" ()| X4 F( ul(m)|xl) Xi(m) Am)A
IAI<VEm L Z:: H ( ) } } -
n 1
_ -1 o —1/2 A/ 0\ o . /
= sup n E{/ f Ui(m) + ST A'x; X; f(—wim|xi) | ds x; ximA}
INENz" ; 0 7 (o ) ) = () X ¥ com
< C sup n3? EHA’X- Xi () X (o A
IAI<VESL ; Hom) ) i(m) C(m)
1/2
< On VLol swp L E|A %im|” { ‘ AH}
=B(m) ||AH<\/_L{ H ( )H } z(m)
= 2120 (80, ki) O (K2L?) = O (caimiim fn/nW) = o(1),
where we use the fact that E || A%y ||2 < Amax (B [Xi(m)Xj(n))) A = O (€a(m)km) by Assumptions

A2(1)-(ii).
Now we show (A.8). By the proof of Lemma A2 in Ruppert and Carroll (1980) (see, Welsh (1989,
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p. 360)) and Assumptions A.1-A.3,

||‘/(m) <A(m))|‘c(m) = _1/2 Zdj ®(m X, m))xz(m)
c(m)
~1/2 A
< Z 1{ s = Oy Xim) = O} [ Xiom)|
< —-1/2 =
> N k fgzaé{n |c(m ’L m)| OP(l)
because by Boole’s and Markov’s inequalities P (maxi<i<n |C(m)Xi(m)| = 1% /km) < nP(|cim)Xitm)| =

2k, < kfnn_?’EHc(m)xi(m)}S] = kS n730(k}, c]_g?m)) = O(n Skch(m)) o (1) by Assumption
A.3(i). This completes the proof of part (ii). Bl

Remark. The proof of (A.10) indicates v/nCi,) ‘/(;1)/2[6(7")_@?@] = Cim) 1/(;1)/214(;}1) “rzsn Xi(m)
X [ -1 {yz < G(m) ,(m)}] + op (1), from which we obtain the following Bahadur representation for
VO ) — O

n

VlOum) — O] = {Qm‘@ﬁmr Clom Vi) Ay 772 D i) [T -1 {y = @E‘fn)xz(m)H +sm.
=1

= P (m1>/2CEm)A(TT1L) n~1/2 ;Xi(m) {7‘ -1 {yz < ez{fn)xz(m)}] +s.m., <A15)

where s.m. denotes smaller order terms and Py = A (A’A)"" A

B Proof of Theorem 3.2

We only prove (i) as the proof of (ii) is analogous. Let &, = L\/n~'klogn for some large constant
L < c0. Let Q(m) (O(m)) = Elp,(yi — X} (;n)©O(m))]- Define

D ((5n) = inf inf [Q(m) (@(m)) — Q(m)( zm))} 5 (B.l)

1<m<M ”@(m) or, >H>5“

and Sy (0n) = {On) : [1O(m) = O, || > 6n, [|©(m) =67, [l = 0 (1)} By Knight'’s identity, the definition
of wi(m) (= p; = X} (,,)O{,,)) and Assumption A.2(ii) for any () € Sm (6n) we have

E [ (yz - X;(m)@(m)) —Pr (yi - X;(m)@?m))}
= FElp, (Ei + Ui(m) — X{L(m) [@(m) — @?m)]> — Pr (Ei + ui(m))]

X () [©(m) = O0m)]

Qm) (Om)) = Qm) (@Zm)

|
>
3

1 < 21y <)

X my [©(m) =Om) ]
/ F (i +5) )]

?m>]/A<m> [©6m) = O] = %

Il
=
/—H/—/HI—|
o\

1
N | =
2
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Then by Boole’s inequality, (B.1), and the fact that Q) (@i(m)) — Q(m)(@?m)) ~ %[éi(m) =00, Am)
[C:)i(m) - @zm)], we have

P ( max max Héi(m) — @fm)H > 6n> <nM max max P (Hé)i(m) — @fm)H > 6n>
1<i<n 1<m<M 1<i<n 1<m<M

< nM max max P {Q(m) (éi(m)) — Qm) (@Zm)> >D (5n)}

1<i<n 1<m<M

~ nM max max P{W;,, >2nD (5,)}, (B.2)

1<i<n 1<m<M

where W;(,,,y = n[@i(m) — @E‘m)]’A(m) [éi(m) — @Ekm)]. The key is to bound P {W;(,,,) > 2nD (6,)} .
Following the proof of Theorem 3.1(ii), we can also show that nl/QC’(m)V(:nl)/Q[éi(m) — @’(*m)] 4,

N (0,Cy), which implies that

Cim Vi 2[Oitm) — O] > N (0,11,,) . (B.3)

5 ]_1/2 (m)

Rewriting n1/2[éi(m)—@z‘m)} in terms of Bi(m) yields nl/Q[éi(m)—@’(km)] = {[C’(m)CEm)}_1/20(m)‘/(;1)/2}+,5’i(m).
It follows that

Wim)y = n [éi(m) - @fm)}lA(m) {éi(m) - 6?,”)}
!/
{ {Cw)CEm)} o Clom Vi }+

—1/2 _12 +
{{Cw)CEm)] Clm)Vimy }

]71/2

Y / /2 —1/2 o
= PBiwm A(m) {C(mﬁ(m)} ComVimy [ Bitm)
/
—1/2 s +~
{[Qm)CEm)} C(m)v(m) } Bi(m)

—1 v / —12 7
Com)VionyClm) [C(m)C(m)] Bi(m)

~/

Amax (A(m)) Bl(m)

IN

~/
= Amax (A(m)) ﬂz(m) { [C(m) CEM)
~/

= Amax (A@m)) Bim) {[C(m)CEmJW (C<m>V(Zf)CZm>>_1 [Qm)cém)}m} Bitm)

)\max (A(m)) )\max (‘/(m)) B:(m)Bz(m) S (EAEB/Q,QA) )

IN

5 2
Bi(m) H by Assumptions A.2 (1) - (i4i)

where we have used the fact that A’BA < Apax (B) A’A for any real symmetric matrix B and con-
formable matrix A and that At At = (AA")" (see, e.g., Bernstein (2005, Proposition 6.1.6xvii )). Let

cAB = €acp/c} and | = maxi<m<n lm. Then by Lemma 2.1 of Shibata (1981)

nM max max P {W;,, >2nD (6,)}

1<i<n 1<m<M

IA

nM max max P ’
1<i<n 1<m<M

Bz‘(m)”2 = 2nD (6n) /CAB}

. 2 >
lim sup anSr?naécMP {xX* (lm) = 2nD (6,,) /can}

n—oo

IN

IN

limsup nM P {x*(I) > 2nD (6,) /cap}

n—oo

IN

limsup nM P {x*(I) >+ [n62c,/cap — 0}

[”‘fﬁA/CAB —

5 {1 — log (”57219,4/[0,43) /[n(sngA/ZCAB - 1}}) =0(B.4)

= limsup nM exp <—

n—oo
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because nM exp (*0.57153&14/6,43) — nM n~0-5L%kch/(eacn) — (1) for sufficiently large L and log (néigA/chB)
/[n62ca/lcap — 1] = o (1) under our assumptions. Combining (B.2)-(B.4), we have shown that lim sup

n— oo

Oi(m) — @’(“m)H > 5n) = 0 and thus (4) follows. W

P (maxlgign maxi <m<M

C Proof of Theorem 3.3

Following the proof of Theorem 2.1 in Li (1987), if we can show that the difference CV,, (w)— FPE,, (w)
is negligible compared with FPE, (w) uniformly for any w €W, then the optimality property (3.5) is

established for w. More precisely, it suffices to show that

sup

’ CV, (w) — FPE, (w)
wew

FPE. () ’ =op(1). (C.1)

Let Ey, (-) denote expectation with respect to x;. By Knight’s identity and the fact that

N WX () O(my— N WX () O () — 1
E / [F (s]x) — F (0]x)]ds|Dy b = By / F (sx:) — F (O]x)]ds b |

0 0

we have

OV, (w) — FPE, (w )

- {% > [ ( Z WinXi( z(m)) (Ei)] } —{FPE, (w) — E[p, (¢)]}

=1

+% Z {p (e)) = Elp; ()]}

1 n M
= E zzzl [ Z wmx; Z(m)

/Zﬁ;l mem)@(m)—ﬂ

m= 1w7"x1(7n)@74(7n) M
Z/ [ {e; < s} —1{e < 0}] ds

—-F [1{e <s}—1{e <0} ds| D,

v % Z {p- (ei) = Elp, ()]}

0

where
1 n M
CVin (W) = EZ [ i Z mei (m) 1("0] w ( )
=1
1 n sz lwmxi(nl)@l(”") Hi
CVan (W) = EZ/@ [1{e; < s} —1{e; <0} — F(sx;) + F (0]x;)] ds,
1=1
1 n lwmxl(m)@l(m) M
CVsn (W) = EZ {/O [F (slxi) — F (O]x:)] ds
=1

—FE,,

m= 1w7" 7,(1%)@7,(771) i
/0 [F (slx;) — F (0fx:)] ds| },
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1 < PRI “’mx;(m)é'i(m)*“i
CVin(w) = 23 Bl [ [F (slxs) — F (0]))] ds
i=1 0
Z%:l wmx;(m)@m)—/ﬁ
—Fy, / [F (s|x;) — F (0]x;)] ds , and
0
1 n
CVEm = E Z {p'r (52) -F [p'r (61)]} .
i=1

We prove (C.1) by showing that (i) minwew FPE, (W) > E[p, (¢)] —op (1); (ii) supwep |CVin (W)]
= op (1); (i) supyey [CVan (W)| = op (1); (iv) supyew [CVan (W)| = op (1); (v) supyew |CVan (W)
=op (1); and (vi) CVs, = op (1) . (vi) follows by the weak law of large numbers so we only show (i)-(v
below.

We first show (i). Let u(w) = p — Z%Zl WmX(,,)©(,,)- Then by Knight’s identity, (A.2), Taylor

expansion, Jensen inequality, Assumption A2, and Theorem 3.2

FPE, (w) — E|p, (¢ + u(w))]

M
m=1
St WmX(pm) (O (m) = Ofm))
_ B / [1{e+u(w) <s}—1{c+u(w) <0} ds| D,
0

it WmX(om) (Om) =O(m))
- B /0 [F (5 = u(w) [x) = F (—u(w) [x)] ds

Zoiet WmXom) (O =Ofim))
= Fx /0 f(—u(w)|x)sds| 4+ op (1)

IN
N =
5
—N
[
|
S
2
®
[]=
S

3
ek

&)
N

/_g)
g
@
&

N—
o
——

+

Q

|
=

¢ . .12
< S max, ’@W‘@(mH Yop(1)=op(1).

Let D(t) = Elp, (e +1t)— p, (¢)] where t € R. It is well known that D (¢) has a global minimum at
t = 0. This implies that minwew E [p, (¢ + u(w))] > E[p, (¢)]. Consequently, we have

vrviéi% FPE, (w)= vrgg}r/lvE [p,(e+u(w)) —op (1) > Elp,(g)] —op(1).
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(ii) We decompose CVy,, (w) as follows

1 n M ) i} 1 n R .
CVin (W) =~ Zl i — Z_l WinXi(m) O (m) | ¥ (€0) = — Zl Z_ Win X [@ (m)] ¥, (&)
= CVln,l (W) — C%n,Q (W) .
In view of that F [CVi,,1 (W)] = 0 and Var(C'Vi, 1 (w)) = O(k/n), we have CVy,,.1 (W) = op(1) for each
w eW. If both M and k = maxi<m<n km are finite, we argue that one can apply the Glivenko-Cantelli
theorem (e.g., Theorem 2.4.1 in van der Vaart and Wellner (1996)) to conclude supy,cyy [CVip1 (W)| =
op (1). To see this, consider the class of functions
G ={g(5w): weW)

where g (-, ;w) : R x R% — R is defined by g (i, x;; W) = [p; — Z%Zl WX () O, |87 (€:) . Define

the metric |-|; on W where

M
5 wm - wm‘ ,

for any w = (w1, ...,wp) € W and W = (@01, ... ) € W. It is easy to see the e-covering number of
W with respect to |-|; is given by N (e, W, ||, ) O(1/eM~1). By Theorem 2.7.11 in van der Vaart and
Wellner (1996), this, together with the fact that

M
l9.(20,%i5 W) = g (€3, %05 W) = | 3 (i — ) Xy Oy ¥ (21)| < co W = W]y max i |
m=1
where co = maxi<m<m H@zm)H =0 (l}l/Q) and that Emaxi<m,<nm Hxi(m)H < oo in the case of fi-

nite M and k implies that the e-bracketing number of G with respect to the L; (P)-norm is given by
Ny (6,G, Ly (P)) < C/eM~! for some finite C. As a result, one can apply Theorem 2.4.1 in van der Vaart
and Wellner (1996) to conclude that G is Glivenko-Cantelli.

The above argument breaks down when either M — oo or k — 00 as n — oo. To allow for diverging
M or k, let h, = 1/(klogn). We create grids using regions of the form W; = {w:|w —w;|, < h,}.
By selecting w; = (wj1, ..., w;ar) to lay on a grid, W can be covered with N = O (1/h24*1) regions W,
j=1,...,N. Observe that

M
sup |CVip1 (W) — CVipg (W5 = su — W) X, I
wgl;/j\ 1n,1 (W) 1n,1 (W;)] Sup 7;:1( 3 Z ¥, (i)

= Celéﬁﬁé‘MﬂZHMm)H sup lem Wil

Jm 1
< coOp (F/2) hy = op (1),

where the result holds uniformly in j. Here we have used the fact that

N

n
| max Z i || < max — ZE i | +, max |- Zl [l1xicm || = B [xicm ] ‘
P
= 0(F2) +op (1) = 0p (K/?)

32



by the analogous arguments as used in the study of CV4,, 1 (w;) below. Therefore

jlelngCVln,l (w)| = 1glja<XNWS£ |CVin1 (W)]
< 1gla<x [CVina (w))] + miXNWSgVF"/ [CVina (W) = CVin (W5)]
= max |CVin,1 (Wi)| +op(1).

Let u; (w;) = p; — Z%Zl WimX () O, and €n = (Mnk?) 14 Noting that |u; (w;)| = |Zn]\f:1 Wim 14

—-x (m)@?m)]l < maxi<m<M |bi(m)| where b;(,) = pt; — x’(m)QE‘m), we have for any ¢ > 0,

Pr <1r<%a<xN CVipa (Wj) > 26)
(1283(1\7 n Zul ;) ¥r (50) 2 26) < Pr <1<r?na<XM n Z [bicm)| > 26)
<1<H71na<anZ}bz(m 1{bi(m) Sen} 26) + Pr <1<Hrlna<XM7’LZ‘bZ m)’ l{b >en} 26)

= Tnl + Tn27 say.

IN

IN

Noting that Var[|bi(m)| -1 {bi(m) < enH < 2F (,uf) + 2E[x;(m)®>{m)]2 < k&? for some 5% < oo, by

Boole’s and Bernstein’s inequalities, we have

1 n
T < Mlg%XNPr (ﬁ Z bicmy| - 1 {bigm) < €n} > e)
=
< 2Mexp (—n—62) <2exp | — ne” +logM | =0(1)
B 2ko2 + 2€€n/3 B 2]252 + 2 (Mn%2)1/4 /3

where the last equality follows from Assumption A.3(i) and the condition that n®/[k%M (log M)*] — oo
as n — oo. Similarly, by Boole’s and Markov’s inequalities, Assumption A.1(iii) and Lebesgue dominated

convergence theorem,

n

M
i = X Oy | > en) <> > e (

m=1 i=1

Hi — X;l(m)@?m)’ > e")

Tho < Pr| max max
1<m<M 1<i<n

IA
(‘\:}J>|)_l
Ms
M:
S

4 4
Mi—xg(m)@?m)’ 1(# X(m)@?m)) >€i)} =o(l).

It follows that maxi<;<n CVip1(W;) = op (1) and thus supgcyy |CVip1 (W) = op (1) . By the triangle

inequality
M n
sup |[CVipo(w)| < sup Z Wy — Z X;-(m) {@i(m) — @z‘m)} ¥, (g7)
wew wew i—1
T Y

IN

Op (n_1/2l_ﬂl/2 [logn]1/2> Op (k1/2) =op(l).
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Consequently supy,cyy |[CVin2 (W) =op (1).
(iii) Observe that C'Vay, (W) = CVap 1 (W) + CVay, 2 (W) where

1 & DO Wi X (1) © (i) —Hi
CVapa (W) = - Z/ [1{e; <s}—1{e; <0} — F(s|x;) + F (0|x;)] ds
and

1\4

1 WX () O (my —Hi
Vo (w z / [1{e < s} — 1{e; < 0} — F (s]x;) + F (0]x,)] ds

w""xl(m) (m> —Hy

In view of the fact that |1 {e; < s} —1{e; <0} — F (s|x;) + F (0|x;)| < 2, we have

CVanp (W) < (m) [éi(m) - ?m)}
< .\ — OF
s 2 121%)% 1§Hv}1a§XM ’Gl(m) @(m)H 1<Hrlna<XM n Z sz m)H

- Op (n—l/%l/? llog n]1/2> Op (1%1/2) = op (1). (C.2)

Observing that E [CVa, 1 (w)] = 0 and Var(CVa, 1 (w)) = O(k/n), we have CVa, 1 (w) = Op((k/n)'/?)
a(w)=op(1).

for each w €W. Analogous to the proof of C'Vy,, 1 (W),
(iv) Observe that C'Vs,, (w) = C'V3,, 1 (W) + C'Vay, 0 (W) where

1 m= 1wmx1(7n)®(m) M
CVins (w) = + / [F (s}x:) — F (0]x:)] ds

n
Zﬁle wmxé(m)gfm)_ﬂi
/ [F (s]x:) — F (0O]x:)]ds| b,
0

E%:l wmxé(méi(m)—”i
/ [F (s)x:) — F (0x:)] ds

M
m=1 WmXg () O0 ) =1

DR “’mxi(m@z(m) Hi
/ [F (shee) — F (O:)] ds | |
S wmxl(m)@(m) M

In view of that |F (s|x;) — F (0]x;)] < 1, we have

1| & a
~ Zl Z_lwmxg(m) {@i(m) - 6?’")}

= CVipo1 (W) + CVap00 (W).

3

—-F

and

C‘/Sn,Q (W)

Il
S|
iM-

—FEy,

[CVan,2 (W)

IN

M ~
Z:1 WX,y [Gitm) — O]

1 n
JrE;EXi

The first term is studied above in (C.2). For the second term, by the triangle and Cauchy-Schwarz
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inequalities, the fact A’BA < A\pax (B) A’ A for any real symmetric matrix B, and Theorem 3.2, we have

Sup CVano (W) < Sup ;mzlwm xi | Xi(m) {éi(m) - ka)”
LM X R , / . . 1/2
s swp ; 2 Wi { [@i<m> - @<m)} E [Xi(m)xi(m)} {9i<m> - @<m>} }
< max, [Amax (E {x“m)xg(m)})} v max | max )éi(m) - @m)”
= op(1)

Consequently supycyy |CVan,2 (W) | = op (1). The proof that supycypy |[CVan,1 (W) | = op (1) is analo-
gous to that of supyecyy |CVin,1 (W) | = op (1) and thus omitted.
(v) For C'Vy, (w), noting that |F (s|x;) — F (0|x;)| < 1 and by the study of C'V3,, 22 (W) we have

Z WXy [Oim) — O

sup CVy, (W) < sup — ZE’“

= 1).
wew wew or ( )

This completes the proof of the theorem. W
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Supplementary Material for
“Jackknife Model Averaging for Quantile Regressions”

Xun Lu?, Liangjun Su®
@ Department of Economics, HKUST
b School of Economics, Singapore Management University

THIS SUPPLEMENTARY MATERIAL PROVIDES AN INFORMAL DERIVATION OF (3.8) IN THE TEXT
AND SIMULATION RESULTS FOR THE HOMOSKEDASTICITY CASE.

D An Informal Derivation of (3.8)

By Knight’s identity

M
nCV, (w) —nQ, (w) = Z {pT (si +u; (w) + Z WinX(m) {@?m) — @i(m)}> —p, (ei +u; (W))
m=1

i=1

M
- lpr <€i +up (W) + Y WX, [9%) - é(m)]) —pr (&t (W))l }

n M
= 2> {wmXigm {@(m) - Gi(m)} Uy (8 4 ui (W)
i=1 m=1
Som1 Wm X () [Oi(m) ~O(m)]
/ [ {e; +us (W) < s} — 1 {&s + us (w) < 0} ds}

=1 WmX] () [é<m>*@?m>}

= A (W) + Aan (W) , say.
It is straightforward to show that supycyy Asn (W) /n = op (1) for s = 1,2, which means that C'V,, (w)

and @, (w) differ only in smaller order terms. To derive the Mallows-type QR information criterion in
(3.6), we have to examine the smaller order terms. By (A.15),

Vi (B = O1) = Pymtragy Ay 02 S gy [7 = 1 {11 < O }] +5m (D)

where s.m. denotes terms of smaller order than the preceding one. Similarly,
\/ﬁ (éi(m) — Ekm)) = PV(;:)/ZCEm)A(:}L)n*l/? Z |:T -1 {y] S Gf;rz)xj(m) }i| Xj(m) + s.m. (DQ)
j=1.j#i

It follows that

A . —1/2 -1 * .
vn {@(m) - @i(m)] =nY PV(;I/QCEm>A(m) [7’ -1 {yi < 9(7,71)Xi(m)}} Xi(m) + S.1m. (D.3)
where we conjecture that the difference in the two smaller terms in (D.1) and (D.2) is also of smaller
order in (D.3). The former derivation of such a claim require one to replace the indictor function by a
CDF-type smooth function as in smoothed quantile regressions (see, e.g., Kato and Galvao (2010) and



Su and White (2012)). Then

A (w) = n! Z Z WX () Py 1/2CEm>A(”1)Xi(m) [T -1 {yZ < @?;)xi(m)}} ¥, (g +u; (W) + sam.
i=1 m=1

Z Wy [ Xi(m) v, 1)/20/ (_,,}L)Xi(m)TﬁT (61' + ui(m)) U, (gi +u; (w))} + s.am.

Without additional assumptions it is difficult to simplify the dominant term in the last expression.
Note that

wmxlm Oi(m @m]
) = XY / e OOl o) o) — (s (o) )

i=1 m=1 m= 1wmxl(m) ®(m) @(m)]

wmxz(nz) z(m) @(m>]

+ZZ/ " a; (w,s)ds

1=1 m=1 wmx i(m) @(m) @( )]
= Aga(w )+A2n,2( )

where a; (w,8) = 1{e; + u; (W) < s} —1{g; + u; (W) <0} — F (—u; (W) + 8|x;) + F (—u; (W) |x;) . By
Taylor expansion, Theorem 3.2 and (D.3),

m= lwmx7(m 1(’"1) ®(m)}

Agn (W) = Z Z / I (—u; (W) |x;) sds + s.m.

i=1 m=1 wmxl(m) @(m> e(m)}
2 2
- Z Z I (—u; (W) ]x;) {Z Wi X(m) { i(m) — ]} {Z WX |:®(m) Ch )}}
i=1 m=1
+s.1m.
n M 2
= Z Z f (_uz |Xz {Z U}mX |:éz (m) — é(m)] }
i=1 m=1
n M M R M R
+23 3" f (—us (w) i) {Z ) |Oicm) = Om | } {Z WX,y [Om) — O }
i=1 m=1 m=1 m=1
+s.1m.
= Op (1) .

Let A(m) = \/ﬁ[é(m)*@z‘m)], Ai(m) = \/’r_l[@i(m)*@z‘m)], A = (A(l); ...,A(M)> 5 and A_iE (A—i(l)a ceey
A,Z—(M)) fori=1,...,n. Let A = (A(l), ...,A(M)) and A_;= (A_;1y, s A_jany) for i = 1,...,n. Define

—-1/2 M
/ m= lw”sz(m)Al(m)

An (AaAfla"w —n; W Z/_1/2 o7 (Wa‘S)dS

=1 Wm X} () A m)

n—1/2
CleaTIY7 AQn,Q (W) Zz 1 Zm 1J,-1/2
Let L be a large fixed constant. Define

SNy WXy D) A A
S B a;(w,8)ds = A, (A A4, ., A_ ;W)

S ={(AA 4, .., A_,): HA(m)H < ]231/211, HA*i(m)H < ]231/211, HA(m)_Afi(m)H < kY212 logn
fori=1,...n, m=1..,M}.



We can prove supycyy |[A2n,2 (W)| = op (1) by showing that

sup sup [An (A, A, ., A w)| =op (1).
wew (AA_q,...,A_,)ESL

We first show that A, (A, A_1,...,A_,;w) =op (1) for each (A, A_q,..., A_,;w), and then show the
above uniform result. By Jensen’s inequality, Taylor expansions, and the fact that ’ A_im) — Aim) H =
0] (l_ﬂl/Qrfl/2 log n) , we have

Var (A, (A A4, ..., A_,;W))

—-1/2 M
n / m=1 wmx;(m)Al(m)

n
= E Var /
i=1 n=/23 M wex,

a; (w,s) ds)

m=1 ;(m)A("O
n nT S WXy Ai(m) 2
< Y E / [ {es + s (W) < s} — 1 {2 + us (w) < 0}] ds
i=1 nl/2 30 Win X} () B ()

n _/nl/2 St WX () Di(m) /nl/2 S WXy Ai(m)
n

— M
D D WX ()

im1 n=H/2 N wmX] ) Aim) A(m)

XF((sAt)—u; (W) |x;) — F((sAN0) —u; (W) |x;) = F((OAE) —u; (W) |%;) + F (—u; (w) |x2)] dsdt
- ;E /

—1/2 M ’
L n=t/ Zm:l wmxi(m)

n e wn Xy Dicmy TN WXy D)
/ f=u; (w)|x;) [(s At) = (s AO) — (0 At)] dsdt
Am) n=1/23 0 “’mxg(m)A("n)

+s.1m.
= 0O (E1/2n71/2 log n) =o0(1).

Then A, (A, A_4, ..., A_,;w) =o0p (1) for each (A, A_1,...,A_,;w) by the Chebyshev inequality. As
in the proof of Theorems 3.2 and 3.3, we can apply Bernstein’s inequality to show this convergence also
holds uniformly in (A, A_q,..., A_,;w) € S x W. Consequently, we have

M
nCV, (w) = nQ, (w) + Z Wy [X;(m)PV(,_l)/QCE )A(_wlL)Xi(m)l/}T (é“z' + ui(m)) U, (ei +u; (w))| + s.m.
m_l m m

To simplify, we assume that (D.1) and (D.2) continue to hold by taking C,, = Iy, (say when k

is fixed) which implies that PV(_1>/2 = I, . If in addition the approximation bias ;) = 0q.s. (1)
for all m = 1,..., M (say when all models under consideration are approximately correct), then by the

dominated convergence theorem we have
M
nCV, (w) = nQ,(w)+ Z W tr {A(nll)E [xi(m)x;(m)wT (&i + wim)) ¥r (g0 + u; (w))} } + s.m.
m=1
M
= nQ,(w)+ Z W tr {A(;i)E [xi(m)x;(m)wT (61-)2} } + s.m.
m=1

M
= 1Qu (W) +7(1L=7) D watr {ATLE XXl | } + 5.0

m=1

If &; and x;(,,) are independent for all m = 1,2,..., M, then A,,) = f(F~Y(r)E [xi(m)xg(m)} and

ROV, (w) = nQ (w)+ﬂfw Fom + .
2 (W) = nQn (W) Fryy 2 ek + s



E Simulation Results for the Homoskedasticity Case

This appendix contains some simulation results for DGPs 1-4 when the error terms are homoskedastic.
The findings from Figures S1-S4 are largely consistent with those for DGPs 1-4 when the error terms
are heteroskedastic. In particular, when 7 = 0.05, JMA clearly dominates all other model averaging
estimators for all DGPs under investigation.
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Figure S1: Out-of-sample performance: DGP 1, Homoskedasticity
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Figure S3: Out-of-sample performance: DGP 3, Homoskedasticity
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