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Abstract

We consider the local linear GMM estimation of functional coefficient models with a mix of discrete
and continuous data and in the presence of endogenous regressors. We establish the asymptotic
normality of the estimator and derive the optimal instrumental variable that minimizes the asymptotic
variance-covariance matrix among the class of all local linear GMM estimators. Data-dependent
bandwidth sequences are also allowed for. We propose a nonparametric test for the constancy of the
functional coefficients, study its asymptotic properties under the null hypothesis as well as a sequence
of local alternatives and global alternatives, and propose a bootstrap version for it. Simulations are
conducted to evaluate both the estimator and test. Applications to the 1985 Australian Longitudinal
Survey data indicate a clear rejection of the null hypothesis of the constant rate of return to education,
and that the returns to education obtained in earlier studies tend to be overestimated for all the work

experience.
JEL Classifications: C12, C13, C14

Key Words: Discrete variables; Endogeneity; Heterogeneity; Functional coefficient; Local linear

GMM estimation; Optimal instrumental variable; Schooling.

1 Introduction

In the classical econometrics literature, an econometric model is often studied in a linear parametric
regression form with its coefficients (derivatives or marginal changes) assumed to be constant over time
or across cross section units. In practice this may not be true, e.g., it may be hard to believe that
the marginal propensity to save or to consume would be the same for a younger as for an older group of
individuals in a given cross section data set, or that the elasticity of wages with respect to schooling or the
rate of return to schooling would be the same for individuals with less experience compared to those with
more experience. In the case of nonlinear parametric regression models, the coeflicients have been taken

as constant but derivatives do vary depending on the specification of models, e.g., the translog production



function has constant coefficients, and the elasticities (derivatives) based on this function vary linearly
with inputs. Realizing the fact that some or all of the coefficients in a regression may be varying, the
traditional econometrics literature has tried to consider various forms of parametric specifications of the
varying coefficients. See, e.g., the papers of Hildreth and Houck (1968), Swamy (1970), Singh and Ullah
(1974), and Granger and Terésvirta (1999), and the books by Swamy (1971), Raj and Ullah (1981), and
Granger and Terésvirta (1993). However, it is now well known that the constant or parametric varying
coefficient models may often be misspecified, and therefore this may lead to inconsistent estimation and
testing procedures and hence misleading empirical analysis and policy evaluations.

In view of the above issues, in recent years, the nonparametric varying/functional coefficient models
have been considered by various authors, including Cleveland, Grosse, and Shyu (1992), Chen and Tsay
(1993), Hastie and Tibshirani (1993), Fan and Zhang (1999), and Cai, Fan, and Yao (2000), among
others. The coefficients in these models are modeled as unknown functions of the observed variables
which can be estimated nonparametrically. An additional advantage of the functional coefficient model
is that it also considers the unknown functional form of the interacting variables which in empirical
parametric models is often misspecified to be linear. Most of the above works on functional coefficient
models are focused on models with exogenous regressors. Recently Das (2005), Cai, Das, Xiong, and
Wu (2006, CDXW hereafter), Lewbel (2007), Cai and Li (2008), Tran and Tsionas (2010), and Su
(2012), among others, have considered the semiparametric models with endogenous variables and they
suggest a nonparametric/semiparametric generalized method of moments (GMM) instrumental variable
(IV) approach to estimate them. In particular, CDXW (2006), Cai and Li (2008), and Tran and Tsionas
(2010) focus on functional coefficient models with endogenous regressors.

CDXW (2006) propose a two-stage local linear estimation procedure to estimate the functional coef-
ficient models, which unfortunately requires one to first estimate a high-dimension nonparametric model
and then to estimate the functional coefficients using the first-stage nonparametric estimates as gener-
ated regressors. In contrast, Cai and Li (2008) suggest a one-step local linear GMM estimator which
corresponds to our local linear GMM estimator with an identity weight matrix. Tran and Tsionas (2010)
provide a local constant two-step GMM estimator with a specified weighting matrix that can be chosen
to minimize the asymptotic variances in the class of GMM estimators. However, the local constant es-
timation procedure, as is now well known, is less desirable than the local linear estimation procedure,
especially at the boundaries. In addition, all of these papers consider varying coefficients with continuous
variables only. On the other hand, Su, Chen, and Ullah (2009, SCU hereafter) consider both continuous
and categorical variables in functional coefficients and show that the consideration for the categorical
variables is extremely important for empirical analysis, and it improves on the specifications of the tradi-
tional linear parametric dummy-variable models. But they do not consider the endogeneity issue which
prevails in economics.

In addition, in the estimation context, the advantage of using the traditional constant coefficient
models rests on their validity. Nevertheless, to the best of our knowledge, there is no nonparametric
hypothesis testing procedure available for this when endogeneity is present, although there are some tests
(e.g., Fan, Zhang, and Zhang (2001) and Hong and Lee (2009)) in the absence of endogeneity. In view of
the above deficiencies in the existing literature we first focus on further improvement in the estimation
area, and then provide a consistent test for the constancy of functional coefficients. If we fail to reject the
null of constancy, then we can continue to rely on the traditional constant coefficient models. Otherwise
we may have to consider the functional coefficients with unknown form.

In this paper, we develop local linear GMM estimation of functional coefficient IV models with a



general weight matrix. A varying coefficient model is considered in which some or all the regressors
are endogenous and their coefficients are varying with respect to exogenous continuous and categorical
variables. For given IVs an optimal local linear GMM estimator is proposed where the weight matrix
is obtained by minimizing the asymptotic variance-covariance matrix (AVC) of the GMM estimator.
We also consider the choice of optimal IVs to minimize the AVC among the class of all local linear
GMM estimators and establish the asymptotic normality of the local linear GMM estimator for a data-
dependent bandwidth sequence. Then we develop a new test statistic for testing the hypothesis that a
subvector of the functional coefficients is constant. It is argued that the test based on the Lagrangian
multiplier (LM) principle needs restricted estimation and may suffer from the curse of dimensionality,
and similarly the test using the likelihood ratio (LR) method also requires both unrestricted and involved
restricted estimation. For these reasons a simpler Wald type of test is proposed which is based on the
unrestricted estimation. The consistency, asymptotic null distribution, and asymptotic local power of
the proposed test are established. It is well known that nonparametric tests based on the critical values
of their asymptotic normal distributions may perform poorly in finite samples. In view of this, we also
provide a bootstrap procedure to approximate the asymptotic null distribution of our test statistic and
justify its asymptotic validity. To assess the finite sample properties of the proposed local linear GMM
estimator and the new test statistic, we conduct a small set of simulations. The results show that our
local linear GMM estimator performs well in comparison with some existing estimators in the literature
and our test has correct size and good power properties in finite samples.

Another important objective of this paper is to employ our proposed nonparametric GMM estimator
to study the empirical relationship between earnings and schooling using the 1985 Australian Longi-
tudinal Survey. Labor economists have long studied two major problems arising when estimating the
wage equation: endogeneity of education and heterogeneity of returns to education, see Card (2001) for
detailed stimulating discussions. Our nonparametric estimator is able to deal with both problems in a
flexible way. Specifically, in contrast to other existing estimators, our estimator allows the returns to
education to depend on both continuous (experience) and discrete (marital status, union membership,
etc.) characteristics of individuals while controlling for endogeneity of education. Further, we use our
proposed new nonparametric test to check for constancy of functional coefficients in the wage equation.
Our findings are unambiguous: the returns to education do depend on both experience and the categorical
variables we use, in a non-linear manner. Additionally, we find that the returns to education tend to be
overestimated for all of the observed work experience when the categorical explanatory variables are not
accounted for in functional coefficients as in CDXW (2006) and Cai and Xiong (2010). These results are
also important since our proposed tests show the absence of the constancy of the return to education,
which is often assumed in most of the parametric empirical studies in labor economics.

The paper is structured as follows. In Section 2 we introduce our functional coefficient IV model
and propose a local linear GMM procedure to estimate the functional coefficients and their first order
derivatives. The asymptotic properties of these estimators are studied in Section 3. We propose a
specification test for our model in Section 4. We conduct a small set of Monte Carlo studies to check the
relative performance of the proposed estimator and test in Section 5. Section 6 provides empirical data
analysis. Final remarks are contained in Section 7. All technical details are relegated to the Appendix.

For natural numbers a and b, we use I, to denote an a X a identity matrix, and 0,xp an a X b matrix
of zeros. Let ® and ® denote the Kronecker and Hadamard products, respectively. If ¢ and d are vectors
of the same dimension, ¢/d denotes the vector of elementwise divisions. For a matrix M, M’ means the

transpose of M, and |[M| = y/tr (MM'). We use 1{-} to denote the usual indicator function which takes



value 1 if the condition inside the curly bracket holds and 0 otherwise, and C' to signify a generic constant
d P e
whose exact value may vary from case to case. We use — and — to denote convergence in distribution

and probability, respectively.

2 Functional Coefficient Estimation with Mixed Data and Esti-

mated Covariate

In this section we first introduce a functional coefficient IV model where the coefficient function may
depend on both continuous and discrete exogenous regressors and the endogenous regressors enter the

model linearly. Then we propose local linear GMM estimates for the functional coefficients.

2.1 Functional coefficient representation

We consider the following functional coefficient IV model

=g (U5, UN X, +¢ = Zg7 (U, UN) X, +ei, E(6i]Z:,U;) =0 as., (2.1)
where Y; is a scalar random variable, g = (g1,--- ,94)", {9; }jzl are the unknown structural functions
of interest, X; 1 =1, X; = (X;1, - ,Xiq) is a d x 1 vector consisting of d — 1 endogenous regressors,

U; = (UY, U¥)Y, U¢ and U? denote a p. x 1 vector of continuous exogenous regressors and a pg x 1
vector of discrete exogenous regressors, respectively, Z; is a g, x 1 vector of instrumental variables, and
a.s. abbreviates almost surely. We assume that a random sample {Y;, X;, Z;, Ui}?zl is observed.

In the absence of U¢, (2.1) reduces to the model of CDXW (2006). If none of the variables in X;
are endogenous, the model becomes that of SCU (2009). As the latter authors demonstrate through
the estimation of earnings function, it is important to allow the variables in the functional coefficients to
include both continuous and discrete variables, where the discrete variables may represent race, profession,

region, etc.

2.2 Local linear GMM estimation

The orthogonality condition in (2.1) suggests that we can estimate the unknown functional coefficients
via the principle of nonparametric generalized method of moments (NPGMM), which is similar to the
GMM of Hansen (1982) for parametric models. Let V; = (Z}, U")". It indicates that for any k x 1 vector

function Q (V;), we have
d
EQ(VieilVil = E [Q(Vi) {Yi = D g; (UL UY) Xij 5 [Vi| =0. (2:2)

Following Cai and Li (2008), we propose an estimation procedure to combine the orthogonality condition
in (2.2) with the idea of local linear fitting in the nonparametrics literature to estimate the unknown
functional coefficients.

Like Racine and Li (2004), we use U, to denote the tth component of UJ. U¢, is similarly de-
fined. Analogously, we let u¢ and u§ denote the tth component of u? and u, respectively, i.e., ué =

(u‘f,--- ,ugd)/ and u¢ = (uf, s Up, ) We assume that U” can take ¢; > 2 different values ie.,



Ufft € {0,1,---,¢e—1} for t = 1,-+- ,pg. Let u = (uc,ud) € RPe x RP<4, To define the kernel weight

function, we focus on the case for which there is no natural ordering in U¢. Define

1 if U4, =uf

d d i, )

LU uf, M) :{ . Udi#u; (2.3)
7, )

where \; is a bandwidth that lies on the interval [0, 1]. Clearly, when \; = 0, ! (Uﬁt,uf, 0) becomes an
indicator function, and Ay = 1, [ (U;ft, ud, 1) becomes a uniform weight function. We define the product

kernel for the discrete random variables by

L(U4uh \) = Ly (U —u?) =[] 1 (UL uf, M) - (2.4)
t=1
For the continuous random variables, we use w(-) to denote a univariate kernel function and define
the product kernel function by Whiue = Wi (U —u®) = P2 by 'w ((US, — u§) /i), where h =
(hy,--- ,hpn)/ denotes the p.-vector of smoothing parameters. We then define the kernel weight function
Kuxiu by
Knxiu = Whiiue Ly jue (2.5)

where Ly ;y¢ = L (U;j, u?, )\) .
To estimate the unknown functional coefficients in model (2.1) via the local linear regression tech-
nique, we assume that { gj (uc, ud) j=1,-- ,d} are twice continuously differentiable with respect to u®.
Denote by g; (u®,u?) = dg; (u®,u?) /Ou® the p. x 1 vector of first order derivatives of g; with respect to
u®. Denote by g; (uc, ud) = 0%g; (uc, ud) / (0ucou?) the p. x p. matrix of second order derivatives of g;
with respect to u®. We use g; s (uc, ud) to denote the sth diagonal element of g; (uc, ud) . For any given
u‘ and UY in a neighborhood of u, it follows from a first order Taylor expansion of g; (Uf, ud) around
(uc,ud) that
d d
> (U ) Xy = 37 [y (u',u) + gy (uu!) (UF )| Xy =a ()6 (26)
j=1 j=1
where a(u) = (g1 (u), -+, ga (W), g1 (w)’, -+, gq (w0)') and &u = ( v
’ X; ® (Ulc —u°)

1 vectors.

) are both d (p. + 1) x

Motivated by the idea of local linear fitting, for the “global” instrument Q (V) we define its associated

o Q (Vi)
Qn,iu ( Q(V) @ (Uf — uf) /h > (2.7)

Clearly, the dimension of Qnu is k£ (p. + 1) as Q(V;) is a k x 1 vector. In view of the fact that the
orthogonality condition in (2.2) continues to hold when we replace (Q(V;), V;) by (Qn,u, U;), we
approximate E[Qn iu{Y; — Z?:I g; (US,U¢) X; ;}|U; = u] by its sample analog

“local” version as

% Z Qniu [Vi — (u)’ &iu] Knxiu = %Qh (W) Kpx (0) [Y — £ (u) o
i=1

where Y = (Y1, ,Y3,), €(0) = (1us - 1 &nn) o= a(u), K, (u) =diag(Knx s > Khanu) » and
Qn () =(Qh,1us "+, Qn,nu)’- To obtain estimates of g; and g;, we can choose « to minimize the following
local linear GMM criterion function

[Qn () Ky (0) (Y = € () )] @, (w) " [Qn () Kinx (0) (Y =€ (w) )], (2.8)

1
n



where ¥, (u) is a symmetric &k (p. + 1) x k (p. + 1) weight matrix that is positive definite for large n.
Clearly, the solution to the above minimization problem is given by

-1

dw, (whA) = [€(u)Kn (1) Qn () Ty (1)1 Qy, (0) Kny (u)€ (u)
x€ (1) Knx (1) Qn (1) @y (u) 1 Qp, (u) Kpy (u) Y. (2.9)

Let €j q(14p,) denote the d(1+p.) x 1 unit vector with 1 at the jth position and 0 elsewhere. Let
€, p..d(1+p,) denote the p. x d (14 p.) selection matrix such that €;,_ 414p,) =g; (u). Then the local
linear GMM estimator of g; (u) and g; (u) are respectively given by

g; (ush,\) = e;’d(1+pc)a\pn (u;h, ) and g; (u;h,X) =€, da1+p)0w, (u;h,X) for j=1,--- ,d.
(2.10)
We will study the asymptotic properties of aw,, (u;h, A) in the next section.

Remark 1 (Choice of IVs) The choice of Q (V;) is important in applications. One can choose it
from the union of Z; and U; (e.g., Q (V;) = V) such that a certain identification condition is satisfied. A
necessary identification condition is k > d, which ensures that the dimension of Qp ;u is not smaller than
the dimension of « (u). Below we will consider the optimal choice of Q (V;) where optimality is in the
sense of minimizing the asymptotic variance-covariance (AVC) matrix for the class of local linear GMM
estimators given the orthogonal condition in (2.1). We do so by extending the work of Newey (1990,
1993), Baltagi and Li (2002), and Ai and Chen (2003) to our framework, but the latter authors only
consider optimal IVs for GMM estimates of finite dimensional parameters based on conditional moment
conditions.

Remark 2 (Local linear versus local constant GMM estimators) An alternative to the local
linear GMM estimator is the local constant GMM estimator; see, e.g., Lewbel (2007) and Tran and
Tsionas (2010). In this case, the parameter of interest a contains only the set of functional coefficients
9j, j = 1,---,d, evaluated at u = (uc’ ,u )I, but not their first order derivatives with respect to the
continuous arguments. As a result, one can set Qnu = Q (V;) so that there is no distinction between
local and global instruments. In addition, our local linear GMM estimator in (2.9) reduces to that of Cai
and Li (2008) by setting ¥, (u) to be the identity matrix and choosing k = d global instruments. The
latter condition is necessary for the model to be locally just identified.

3 Asymptotic Properties of the Local Linear GMM Estimator

In this section, we first give a set of assumptions and then study the asymptotic properties of the local
linear GMM estimator.
3.1 Assumptions
To facilitate the presentation, define
Ql (11) =F (Q (Vl) X:|UL = u) and QQ (u) =F [Q (Vz) Q (Vi)/0'2 (Vz) |UZ = u}

where 02 (v) = E [¢2|V; = v] . Let fu (u) = fu (u®,u?) denote the joint density of U¢ and U¢ and p (u?)
be the marginal probability mass of U¢ at u?. We use &¢ and U¢=I172, {0,1,--- ,¢; — 1} to denote the
support of U$ and UY, respectively.



We now list the assumptions that will be used to establish the asymptotic distribution of our estimator.
Assumption Al. (V;,X;,Z;,U;),i=1,--- ,n, are independent and identically distributed (IID).
Assumption A2. £ |€i|2+5 < oo for some § > 0. E||Q (V;) X}||* < .

Assumption A3. (i) U is compact. (i) The functions fy (-,ﬁd) , Q4 (-,ﬁd) , and Qo (-,ﬁd) are
continuously differentiable on ¢¢ for all u¢ € Y. 0 < fy (u¢,u?) < C for some C < oo. (iii) The

functions g; (~, ﬁd) ,j=1,---,d, are second order continuously differentiable on /¢ for all u? € U“.

Assumption A4. (i) rank(Q; (u)) = d, and the k& x k matrix €9 (u) is positive definite. (i7)
W, (u) =¥ (u) + op (1), where ¥ (u) is symmetric and positive definite.

Assumption A5. The kernel function w (-) is a probability density function (PDF) that is symmetric,
bounded, and has compact support [—cy,cy,]. It satisfies the Lipschitz condition |w (vi) —w (v2)] <

Cy |v1 — vo| for all v1,vs € [—cy, Cy] -

Assumption A6. As n — 0, the bandwidth sequences h = (hy,--- ,hpc)/ and A= (Aq,--- ,)\pd)/
satisfy (i) nh! — oo, and (i) (nh!)"? (|h||* 4+ |[A]) = O (1), where h! = hy -+ - hy,..

A1 requires IID observations. Following Cai and Li (2008) and SCU (2009), this assumption can
be relaxed to allow for time series observations. A2 and A3 impose some moment and smoothness
conditions, respectively. A4(i) imposes rank conditions for the identification of the functional coefficients
and their first order derivatives and A4(ii) is weak in that it allows the random weight matrix ¥,, to be
consistently estimated from the data. As Hall, Wolf, and Yao (1999) remark, the requirement in A5 that
w (+) is compactly supported can be removed at the cost of lengthier arguments used in the proofs, and
in particular, the Gaussian kernel is allowed. A6 is standard for nonparametric regression with mixed
data; see, e.g., Li and Racine (2008).

3.2 Asymptotic theory for the local linear estimator

Let pig4 = [ vw (v) dv, s,t = 0,1,2. Define

B Q1 (u) Ok xdp. N

®(u) = fu(uw ( Oy va 1121 (u) ST, > , and (3.1)
_ 16522 (1) Ok kp.

YT = fu (u)( Orp.xi H22(u) @I, ) (3.2)

Clearly, ® (u) is a k(1 + p.) x d(1 + p.) matrix and Y (u) is k(1 + p.) X k (1 + p.) matrix.
To describe the leading bias term associated with the discrete random variables, we define an indicator

Pd
function I, (-,-) by I;(u?,u?) = 1{u? # u?} [[ 1{u? = u¢}. That is, I,(u?,u?) is one if and only if u?
t#s

and u? differ only in the sth component and is zero otherwise. Let

Bmmn:{<émdmmﬂmwAmm>>

Okpc x1

+Ziumm%mwﬂmwmgwwﬂwww’(m

—p2,1 (21 (ut,u?) ®1,,) g (u¢,u?)

udeyd s=1
where A (u7 h) = ( ‘19);1 hggl,ss (u) y Ty 50:1 hggd,ss (u))/a g (u) = (gl (u) , e 9d (u))l7 and g (u) =
. . i
(g1 (w),-++,g4(n)"). Now we state our first main theorem.



Theorem 3.1 Suppose that Assumptions A1-A6 hold. Then vnh!{H[ay, (u;h, A)—a (u)]— (2" ¥ ') -
ST B (u;h,\)} S N0, (2T LD) T ITT D (BT 1B) ), where we have suppressed the
dependence of ®, ¥, and ¥ on u, and H =diag(1,--- ,1,h’,--- 'h’) is a d(p. + 1) x d(p. + 1) diagonal

matrixz with both 1 and h appearing d times.

Remark 3 (Optimal choice of the weight matrix) To minimize the AVC matrix of &g, , we can
choose ¥,, (u) as a consistent estimate of T (u), say Y (u). Then the AVC matrix of ag (u;h, A) is given
by £ (u) =[®(u) Y (u)_1<I> (u)]=1, which is the minimum AVC matrix conditional on the choice of the
global instruments Q (V;). Let & (u) be a preliminary estimate of « (u) by setting ¥,, (u) = I 41)-
Define the local residual €; (u) =Y; — Z?zl gj (u) X, ;, where g; (u) is the jth component of & (u). Let

(u)?
’ K121>\,iu

& (u)®

T- Ry Q@M Q) o () &
- c\ ¥ 2 C C

n (QiQ}) @mi (u) & (u)”  (QiQf) @ [mi (u) n; ()

where Q; = Q(V;) and n; (u) = (US —u) /h. It is easy to show that under Assumptions A1l-A6
Y (u) =Y (u) +op (1). Alternatively, we can obtain the estimates & (u) and thus g; (v) for u = U,
i =1,---,n, and then we can define the global residual €; = Y; —Z;l:l g; (U;) X; ;. Replacing €; (u) in the

i=1

definition of ¥ (u) by &; also yields a consistent estimate of X (u) , but this needs preliminary estimation
of the functional coefficients at all data points and thus is much more computationally expensive. By
choosing ¥,, (u) = Y (u), we denote the resulting local lincar GMM estimator of a (u) as ag (ush,N).
We summarize the asymptotic properties of this estimator in the following corollary, whose proof is

straightforward.

Corollary 3.2 Suppose that Assumptions A1-A4(i) and A5-A6 hold. Then vnh!/{H[as (u;h,\)
a(u)] — (@Y 19)" &Y B (w;h,\)} 5 N, (@Y 1®) 7). In particular, Vnh!{g (u;h, A)
g (w) — fu (W) [ (W) Qs (W) @ (W] 2 (0) D (W) Bo (wh, N} 5 N(O, g fu (w) " [ (w)
Q, (u) ' Q ()] 1), where g+ (u;h, X)) and B (u;h, \) denote the first d elements of a4 (u;h,\) and
B (u; h, ), respectively.

Remark 4 (Asymptotic independence between estimates of functional coefficients and
their first order derivatives) Theorem 3.1 indicates that, for the general choice of ¥,, that may not
be block diagonal, the estimators of the functional coefficients and those of their first order derivatives
may not be asymptotically independent. Nevertheless, if one chooses W, as an asymptotically block
diagonal matrix (i.e., the limit of ¥, is block diagonal) as in Corollary 3.2, then we have asymp-
totic independence between the estimates of g(u) and g(u). If further ¥ = d, then the formulae
for the asymptotic bias and variance of g4 (u) can be simplified to € (u)"' By (u;h, \) /fu (u) and
0 ()7 Qs (w) (1 (w) L)'/ fu (u), respectively.

3.3 Optimal choice of global instruments

To derive the optimal global instruments for the estimation of « (u) based on the conditional moment
restriction given in (2.1), define
Q" (Vi) = CE(X;|V3) Jo* (V) (34)

where C is any nonsingular nonrandom d x d matrix. As Q* (V;) is a d x 1 vector, the weight matrix
W, does not play a role. It is easy to verify that the local linear GMM estimator corresponding to this



choice of IV has the following AVC matrix

Pe Q* —1 O

DN (u) _ fGl (u) :U’O,Z (u) ) dxszc .

Odpcxd (MQ,Q/HQJ) Q (u) ® Ipc
—1
Pc Q* 0
_ fal (u) K Ho,2 (u) :lePc K,
Odp.xd 12,207 (u) ®1I,,
pe,T 0
where Q* (u) = E[E (Xi|V:) E (Xi|V:) 02 (V;)|U; = u] and K = /027 dx dpe . Not-
Odp.xa (p2,2/p2,1)Lap,

ing that X* (u) is free of the choice of C, hereafter we simply take C = I; and continue to use Q* (V)
to denote E (X;|V;) /o2 (V). We now follow Newey (1993) and argue that Q* (V;) is the optimal IV in
the sense of minimizing the AVC matrix of our local linear GMM estimator of « (u) among the class of
all local linear GMM estimators.

Let Qf = Q*(V,). Define m; q = ®(u) ¥’ Qi o | €inxiu (h!)l/2 and m; g« =
Q; ®n; (u°)
K1 . Qi . giKniu (h!)l/2 . By the law of iterated expectations and moment calculations,
Qi X n; (u )
* OV * Y/ . c\/
E(migqmlg.) = K'E L @Qien ) ) oy e |
' (Q; Q) @ni (u®) (Q; Q) @ [mi (u)m; (u°)’] '
* . * . . c\/
— K:_IE . Q (U7) . i} Q (U’L) ®771€(u ) o K}Q])\ 'Luh| Ic—l
Q" (U;) @m; () Q(U;) @ [; (u®) m; (u®)] ’
Pe O*
= fu(u) Kot Ho,2 (u) O:lxdpc. -1 +o(1)
Odp.xa  12,292% (1) @I,

= [ ] +o(1).

Similarly, E(m;,qm}.q) = ® (u) ¥ (u) "' Y (u) ¥ (0) " @ (u)+o (1) and E(miqm) q.) = & (u) ¥ (u) "
® (u) +0(1). It follows that

(@' '3) T YT P (DT D) - 5" (u)
= [E

E

—1 —1 —1
mi,ng,Q*)] E(mi,Qm;,Q) [E(mi,ng,Q*)] - [E(mi,Q*m;,Q*)} +o(1)
1 -1
miqmiq-)] " { Emiqmi q) = E(miqmlq.) [Emiq-miq-)] " Emiq-miq)}
-1
X [E(mi,Q*mg,Q)] +o(1)
= E[R;R]+0(1)

(
(

where R; = [E(mi qmj q-)]” {miq—E(miqm} q.)|E(miq-mj q-)]”'miq-}. The positive semi-definiteness
of E [R;R}] implies that the local linear GMM estimator of « (u) based on Q* (V;) is asymptotically op-
timal among the class of all local linear GMM estimators of « (u) . In this sense, we say that Q* (V;) is
the optimal IV within the class.

Remark 5 (Comparison with the optimal IV for parametric GMM estimation) Consider
a simple parametric model in which V; = 8'X; +¢; and F (¢;]V;) = 0 a.s. The results in Newey (1993)
imply that the optimal IV for the GMM estimation of 3 is given by E (X;|V;) /E (¢2|V;) . Such an IV will
minimize the AVC matrix of the GMM estimator of 5 among the class of all GMM estimators based on
the given conditional moment restriction. The optimal IV Q* (V;) for our functional coefficient model in



(2.1) takes the same functional form. In addition, it is worth mentioning that the squared asymptotic bias
for a parametric GMM estimate is asymptotically negligible in comparison with its asymptotic variance,
whereas for our nonparametric GMM estimate it is not unless one uses an undersmoothing bandwidth
sequence in the estimation. Different choices of IVs yield different asymptotic bias formulae and it is
extremely hard to compare them. Even if the use of the optimal IV Q* (V;) minimizes the asymptotic
variance of the estimate of each element in « (u) , it may not minimize the asymptotic mean squared error
(AMSE). We think that this is an important reason why we cannot find any application of optimal IV for
nonparametric GMM estimation in the literature. Another reason is also essential. To apply the optimal
IV, we have to estimate both E (X;|V;) and o2 (V;) nonparametrically, and the theoretical justification
is technically challenging and beyond the scope of this paper. The similar results and remarks also hold
when one considers the optimal IV for local constant GMM estimation. In particular, Q* (V;) is also the
optimal IV for local constant estimation of g (u). We will compare local linear and local constant GMM

estimates based on non-optimal and estimated optimal IVs through Monte Carlo simulations.

3.4 Data-dependent bandwidth

By Theorem 3.1 we can define the asymptotic mean integrated squared error (AMISE) of {g; (u),j =
1,...,d}, and choose h, (r =1,--- ,p.) and As (s = 1,--- ,pg) to minimize it. By an argument similar
to Li and Racine (2008), it is easy to obtain the optimal rates of bandwidths in terms of minimizing the
AMISE: h, « n=Y&+re) and Ay o« n=2/(4+pre) for r =1,-+- ,p.and s = 1, , pg. Nevertheless, the exact
formula for the optimal smoothing parameters is difficult to obtain except for the simplest cases (e.g.,
pe = 1 and py = 0 or 1). This also suggests that it is infeasible to use the plug-in bandwidth in applied
setting since the plug-in method would first require the formula for each smoothing parameter and then
pilot estimates for some unknown functions in the formula.

In practice, we propose to use least squares cross validation (LSCV) to choose the smoothing param-

eters. We choose (h, \) to minimize the following least squares cross validation criterion function
2

n d
1 (=i
CV(h,)\):gZ Y= g (Ush M) Xy | a(Us),
1=1 j

Jj=1

where fq\§_i)

and a (U;) is a weight function that serves to avoid division by zero and perform trimming in areas of

(U;; h, A) is the leave-one-out functional coefficient estimate of g; (U;) using bandwidth (h, ),

sparse support. In practice and the following numerical study we set a (U;) = TI52, 1{|Uf; —Uj| < 2su¢},
where U; and sue denote the sample mean and standard deviation of {Uf;,1 < i < n}, respectively.
To implement, one can use grid search for (h,\) when the dimensions of U$ and U? are both small.
Alternatively, one can apply the minimization function built in various software; but multiple starting
values are recommended.

In the following we argue that the result in Theorem 3.1 continues to hold when the nonstochastic
bandwidth (h, \) is replaced by some data-dependent stochastic bandwidth, say, h= (iALl, ...,iALpC)’ and
A= (Xl, ...,’)\\pd)/. Following Li and Li (2010) we assume that (ﬁr — h%)/hS = op (1) and (XS - AN /N0 =
op(1) forr = 1,--- p. and s = 1,---,pg, where h® = (h(f,...,hgc)’ and A= (A?,...,Agd)/ denotes
nonstochastic bandwidth sequences for U$ and U, respectively. For example, (ﬁ, :\\) could be the LSCV
bandwidth. If so, one can follow Hall, Racine and Li (2004) and Hall, Li and Racine (2007) and show
that the above requirement holds for (h® A°) which is optimal in minimizing a weighted version of the

AMISE of {g; (u),j =1, ...,d}. The following theorem summarizes the key result.
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Theorem 3.3 Suppose that Assumptions A1-A5 hold. Suppose that (TLT —h)/he = op (1) and (:\\5 -
X /A0 =o0p (1) forr =1, -+ ,p. ands =1, ,pg, where h® and \°satisfy A6. Then \/ﬂ{ﬁ[&@n (u; H,X)
—a (u)]—(#¥1®) T T IB (u;h%,\0)} 5 N, (T D) UL YT (ST 1D) ), where
H is analogously defined as H with h being replaced by h.

4 A Specification Test

In this section, we consider testing the hypothesis that some of the functional coefficients are constant.

The test can be applied to any nonempty subset of the full set of functional coefficients.

4.1 Hypotheses and test statistic

We first split up the set of regressors in X; and the set of functional coefficients in g(u) into two
components (after possibly rearranging the regressors): Xy; = (Xi1,---, Xi.q,) associated with g; (u) =
!

(g1 (), ,ga, (0)", and Xo; = (X 4,41, Xi.q) , associated with gs (u) = (ga, 1 (), ,ga (),
where X; ;1 may not denote the constant term in this section. Then we can rewrite the model in (2.1) as

Y, = g1 (Uy) Xy + g2 (U) Xo; + ¢4, F(gi]Zi, U;) =0 as. (4.1)

Suppose that we want to test for the constancy of functional coefficients for a subset of the regressors Xy;
and maintain the assumption that the functional coefficients of Xo; may depend on the set of exogenous

regressors U;. Then the null hypothesis is
Hy : g1 (U;) = 61 a.s. for some parameter 6; € R%, (4.2)

and the alternative hypothesis H; denotes the negation of Hy. Under Hy, d; of the d functional coefficients
are constant whereas under Hj, at least one of the functional coefficients in g; is not constant.
There are many ways to test the null hypothesis in (4.2). One way is to estimate the following

restricted semiparametric functional coefficient IV model
Y, = 9’1X11 + g2 (UZ)I Xo; + EET) (43)

where EET) is the restricted error term defined by (4.3) such that E(aET)|Zi, U;) = 0 a.s. under the null.
Then one can propose a Lagrangian multiplier (LM) type of test based on the estimation of this restricted
model only, say, by considering the test statistic based on the sample analog of E [EET)E [egr)|VZ-] fv (V)]
where fy is the PDF of V; = (Z},U})". The second way is to adopt the likelihood ratio (LR) principle
to estimate both the unrestricted and restricted models and construct various test statistics, say, by
comparing the estimates of either g; or g = (g}, g5)" in both models through certain distance measure
(e.g., Hong and Lee, 2009), or by extending the generalized likelihood ratio (GLR) test of Fan, Zhang, and
Zhang (2001) to our framework where endogeneity is present. Clearly tests based the LM principle (and
E [EZ(-T)E [Egr)|Vi] fv (V;)] in particular) may suffer from the problem of curse of dimensionality because
the dimension of the continuous variables in V; is typically larger than the dimension p. of U§. Tests
based on the LR principle requires nonparametric/semiparametric estimation under both the null and
alternative, and unless d; = d, the estimation of the restricted model (4.3) is more involved than the
estimation of the unrestricted model.

For this reason, we propose a Wald-type statistic that requires only consistent estimation of the
unrestricted model. Let gg,, (u) denote the first d element of ag, (u) = aw, (u;h,\). It is the estimator
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of g(u) = (g1 (u)', g2 (n)). Split gg, (u) as g, (u) = g1.w, (u) and gs (u) = g2,w, (u) so that g (u)
estimates g; (u) for [ = 1,2. Our proposed test statistic is

7, =0y [ (00 - & (4.4

where g, =n ! >" 1 81 (U;). In the next subsection, we show that after being suitably normalized, T},

is asymptotically distributed as N (0,1) under Hy and diverges to infinity under Hj.

4.2 Asymptotic distribution of the test statistic

Let @, (u) = n'Qp (u) Kpy (u) € (u) H'. Define

S [q»n W) @, (u) @, (u)} &, (u) ¥, (w)", and

ﬁ
2
£

I

Ti(u) = S [@ (0) @ (u)' & (u)} "o () w(u) (4.5)

where S1= (Id1 3 0y % (dype+da (pc+1))) is a selection matrix. We add the following assumptions.

Assumption A7. (i) ¥, (u) = ¥ (u) + Op (v,) uniformly in u, where ¥ (u) is symmetric and
positive definite for each u and v, — 0 as n — cc. (i) sup, |T'1 (u)| < C < oo.

Assumption A8. As n — oo, (i) n*/2(|[h|* + [|A|)vm — 0, (i) (|h]® + [|A]) (h!=1/2) logn — 0,
and (ii7) n (b)) ()" + [AI*) — 0.

AT strengthens A4(ii). It is satisfied if one chooses ¥, (u) as the identity matrix Iy, 41y for all u,
in which case v, = 0. Alternatively, if one chooses ¥,, (u) = Y (u), then one can verify that A7(i)
is satisfied with v, = ||h||*> 4 ||| + (nh!/log n)71/2. A7(ii) is weak given the compact support of the
continuous regressor U¢. A8(i) can easily be satisfied whereas A8(ii) requires that p. < 3; one can use
higher order local polynomial estimation if p. > 3. A8(iii) requires that undersmoothing bandwidth must
be used in order to remove the effect of asymptotic bias of our nonparametric estimators. Without loss of
generality, we consider the choice of ¥,, (u) as Y (u) and set hy ccn=/9 for s = 1,...,p. and Ay oc n=2/?
fort =1,...,pq ;ie., h1,..., hp, passto 0 at the same rate and similarly for A, ..., A,,. Then the conditions
in A8 are all satisfied by setting § € (1,4.5) for p. =1, § € (2,5) for p. =2, and ¢ € (3,5.5) for p. = 3.

To proceed, we first consider the consistent estimation of §; under Hy. We estimate it by

=g =n"> 8 (U). (4.6)
i=1
By (A.1) in the appendix, we have the following usual bias and variance decomposition for g; (U;) :

g1 (Ui) — g1 (U;) =1 (U;) By, (Ui) + Ty (Ui) Vi, (U3) (4.7)

where T',,; (u) is defined in (4.5), and the bias term B,, (U;) and the variance term V,, (U;) are defined
in the line after (A.1). Under Hy,

NG ((31 - 91) —n U2 Zn: .1 (U;) By (U) +n /2 zn: T (U V, (U,). (4.8)

We shall show that the first term (bias) on the right hand side of (4.8) is asymptotically negligible under
some extra condition on the bandwidth sequence, whereas the second term contributes to the AVC of 6.

12



To characterize the AVC matrix of 51, let ¢; = (UL, Q}, &), and

©(Ci,G) =T <Ui>< (ngjf’g;j e )Km,jui, and B(¢;) = / ©(¢,¢)dF (C), (4.9)

where F denotes the CDF of (;. Let 3, = lim,, o E [@((;)®((;)’] . Straightforward but tedious calcu-
lations show that

( | [w tsdtds)pc Jay <u><§:“i Ookk >r1<u>’fu<u>2dFU (w. (410)

The following theorem establishes the y/n-consistency and asymptotic normality of (9\1 under H.

Theorem 4.1 Suppose Assumptions Al-A4(i) and A5-A8 hold. Suppose that n*/2(|[h|®> + |A]) = o (1),
7 (h!)_l/2 =0(1), and n (h!)? /logn — oo as n — co. Then under Hy, v/n(6; — 67) 4N (0,%9,).

Clearly Theorem 4.1 says that under Hy, 51 can consistently estimate 6, at the usual y/n-rate. The
extra conditions on the bandwidth in the above theorem ensures that the bias term in (4.7) vanishes
asymptotically and the replacement of T',,; (U;) in (4.7) by T; (U;) has asymptotically negligible effect
on the asymptotic normality of 51. If all functional coefficients are constant under Hy, then B,, (U;) =0

a.s. so that we do not need the first extra condition on the bandwidth in the theorem.

Let B, = n=? (b)"* 31, S0 [19(Giy §)II? and of = limy,oe 2hUES B[ 0(C, )0 (G, Q)AE (O],
where F/; denotes the expectation with respect to (;. The next theorem studies the asymptotic distribution

of T;, under Hy.
Theorem 4.2 Suppose Assumptions A1-A4(i) and A5-A8 hold. Then under Hy, T, — By, 4 N(0,03).

Following the last remark after Theorem 4.1, Assumption A8(iii) is not needed for the above theorem

if we are testing the constancy of all functional coefficients.

To implement the test, we consistently estimate B,, and o3 using

h)Y?2 & l

Bu= B Sl ana = 23S

i=1 j=1 J 1i#j5

Z 90@] @zl‘| )

=1

- Q;&;
here Gi; = Ty (U, -
where @ J nl ( l) < (QJEJ) ® 77J (U;)

to show that B, — B, = op (1) and 52 — 62 = op (1) . Then we have

) Kny ju,, and & =Y; — gy, (U;) X;. Tt is straightforward

Iy, = (Tn — En) /\/?E AN (0,1) under H.

When n is sufficiently large, we can compare J,, to the one-sided critical value z,, the upper o percentile
from the N (0,1) distribution, and reject the null at asymptotic level av if J,, > z,.

To examine the asymptotic local power, we consider the sequence of Pitman local alternatives
H; (r) : g1 (U;) = 01 + r,,0,(U;) as.

where r, — 0 as n — oo and the §,,’s are a sequence of real continuous vector-valued functions such that
po = limy, 00 E[||6, (U;) — E[6, (U,)]]|>] < oc. The following theorem establishes the asymptotic local
power of the J,, test.
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Theorem 4.3 Suppose Assumptions A1-A4(i) and A5-A8 hold. Then under Hy (r,) with r, = n~'/?
()Y TS N (o /00, 1)

Theorem 4.3 shows that the J,, test has nontrivial power against Pitman local alternatives that
converge to zero at rate n~1/2 (h!)_l/4 . The asymptotic local power function is given by lim,,_,~, P(J, > 2z
| Hy (rp)) =1—® (2 — po/00) , where ® is the standard normal CDF.

The next theorem establishes the consistency of the test.

Theorem 4.4 Suppose Assumptions A1-Aj(i) and A5-AS hold. Then under Hy, n~1 (h!)fl/2 Jn =
wa/oo + op (1) where pa = E (g1 (U;) — 91]27 so that P (J, > ¢,) = 1 under Hy for any nonstochastic

sequence ¢, = o(n (h!)*/?).

4.3 A bootstrap version of our test

It is well known that a nonparametric test based on its asymptotic normal null distribution may perform
poorly in finite samples. So we suggest using a bootstrap method to obtain the bootstrap approximation
to the finite-sample distribution of our test statistic under the null. We find that it is easy to adopt
the fixed-design wild bootstrap method in the spirit of Hansen (2000) in our framework; see also Su and
White (2010) and Su and Ullah (2012). The great advantage of this method lies in the fact that we do
not need to mimic some important features (such as dependence or endogeneity structure) in the data
generating process and can still justify its asymptotic validity.

We propose to generate the bootstrap version of J,, as follows:

1. Obtain the local linear GMM estimates g; (U;) and g» (U;) by using the weight matrix ¥,, and
the bandwidth (h, \), and calculate the unrestricted residuals & = Y; —g; (U;)' X1; — 82 (U;) Xo;.

2. For i =1,...,,n, generate the wild bootstrap residuals e} = &;e; where e;’s are IID N (0,1).

3. For i = 1,...,n, generate Y;* = 5’1X1i + é\éXQi + &f where 51 =np! E?:l g1 (U;) and 52 =

n~t Y " 8 (U;) are the restricted local linear GMM estimates under the null hypothesis Ho, :
g (U;) = 6 as. for some parameter 6 € RY.

4. Compute the bootstrap test statistic J;} in the same way as J,, by using {Y;*,U;, X, Zi}?zl and
the weight matrix ¥ .

5. Repeat Steps 1-4 B times to obtain B bootstrap test statistic {J,’ij le. Calculate the bootstrap
p-values p* = B! Zle {Jy; > Jn} and reject the null hypothesis Hy : g1 (U;) = 61 a.s. if p* is

smaller than the prescribed nominal level of significance.

Note that in Step 3 we impose the null hypothesis Hy; : g (U;) = 0 a.s., which is stronger than Hj :
g1 (U;) = 6, a.s. unless d; = d. Intuitively speaking, in order to justify the asymptotic validity of the
above bootstrap procedure, we need to demonstrate that the bootstrap test statistic J* has the asymptotic
distribution N (0, 1) no matter whether the original sample is generated under the null hypothesis (Hy) or
not. We will show that conditional on the original sample J* is asymptotically N (0, 1), which implies that
it is also asymptotically N (0, 1) unconditionally. Note that the original test statistic J,, is asymptotically
N (0,1) under Hy and our bootstrap statistic has the same asymptotic distribution. This ensures the
correct asymptotic size of our bootstrap test. Further, note that the original test statistic J, diverges

to infinity at the rate n (h!)l/ % under the global alternative hypothesis H; whereas the bootstrap test
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statistic J* remains asymptotically N (0,1) in this case. This ensures the consistency of our bootstrap
test.

By imposing a stronger hypothesis Hy than the original null hypothesis of interest (Hp), our bootstrap
test has both pros and cons. The major pros lie in two aspects. First, one can easily conduct the bootstrap
test for testing the constancy of various subvectors of g (+) in a single step because we can generate the
same bootstrap dependent variable once for all and the computation burden is almost identical to the case
of testing the constancy of a single subvector of g (). Second, one can easily justify the asymptotic validity
of our bootstrap method and there is no need to use oversmoothing bandwidth for first stage estimation
as in Hardle and Marron (1991). Our simulations indicate this procedure does not result in a loss of
power in comparison with the alternative approach by generating Y;* through 5’1X1i + 8 (U,-)/ Xoi + €}
where one imposes the exact null hypothesis to be tested, 0, = n! S8 (U;), and (g1, 82) is a
preliminary estimate of (g1,g2). But the justification for the validity of this latter approach would be
much harder because one needs to show that the second order derivatives of g (-) are uniformly well
behaved, which typically requires oversmoothing; see Héardle and Marron (1991). The major cons of our
bootstrap procedure lie in the potential loss of second order efficiency. In other words, the imposition of a
stronger hypothesis than necessary in the bootstrap world is expected to have a second order asymptotic
effect. For parametric tests, it is often argued that a bootstrap test based on an asymptotically pivotal
statistic may yield a higher order efficiency than a test based on the asymptotic normal or chi-square
distributions. For nonparametric tests, it is extremely challenging to demonstrate higher order efficiency
for a bootstrap test statistic. Therefore we think higher order efficiency is a less important issue than
ensuring the correct asymptotic size and consistency of a bootstrap test. Its formal study is certainly
beyond the scope of the current paper.

To show that the bootstrap statistic J; can be used to approximate the asymptotic null distribution of
Jn, we follow Li, Hsiao and Zinn (2003) and Su and Ullah (2012) and rely on the notion of convergence in
distribution in probability, which generalizes the usual convergence in distribution to allow for conditional
(random) distribution functions. The following theorem establishes the asymptotic validity of the above

bootstrap procedure.

Theorem 4.5 Suppose Assumptions A1-A4(i) and A5-A8 hold. Suppose that ¥ (u) = ¥, (u) +
Op+ (vy) uniformly in u, where P* is the probability measure induced by the wild bootstrap. Let z, be the
a-level bootstrap critical value based on B — oo bootstrap resamples. Then J converges to N(0,1) in
distribution in probability, lim,, .. P (J, > 2%) = a under Hy, lim, oo P (Jp, > 25) = 1 —=P(24 —p1a/00)
under Hy(n='/2h=P/*) and lim,, o0 P(J, > 2%) = 1 under Hy, where z, denotes the 100(1 — a)th per-

centile of the standard normal distribution.

Theorem 4.5 shows that the bootstrap provides an asymptotic valid approximation to the limit null
distribution of .J,,. This holds as long as we generate the bootstrap data by imposing the null hypothesis.
If the null hypothesis does not hold in the observed sample, then .J,, explodes at the rate n (h!)l/ % but
Jy is still well behaved, which intuitively explains the consistency of the bootstrap-based test J:.

5 Monte Carlo Simulations

In this section, we conduct a small set of Monte Carlo experiments to illustrate the finite sample perfor-
mance of our local linear GMM estimator of functional coefficients and that of our test for the constancy

of some functional coefficients.
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5.1 Evaluation of the local linear GMM estimates

To evaluate the local linear GMM estimates, we consider two data generating processes (DGPs):

DGP 1: Y; = (1+0.25U%2 4 0.5U%, + 0.25U%,) 4 [1 + Ufy + ¢ (UF) — 0.5U¢, + 0.5U%,] X; + o4ei,

DGP 2: YV; = (1+ e_Uic) + [1+ 2sin(U9)| X; + oiei,

where Uf v~ N (0,1) truncated at £2, U} and U, are both Bernoulli random variables taking value 1
with probability 0.5, X; = (Z; + 7&;) /V1 + 72, (Zi,&i)' « N (0,I3), and ¢ (-) is the standard normal
PDF. Note that there is no discrete random variable in DGP 2. Here we use 7 to control the degree
of endogeneity; e.g., 7 =0.32 and 0.75 indicates that the correlations between X; and e; are 0.3 and
0.6, respectively. We consider both conditionally homoskedastic and heteroskedastic errors. For the
homoskedastic case, o; = 1 in both DGPs 1 and 2; for the heteroskedastic case, we specify o; as follows

0; =+1/0.14+05(Z22 +U2 +0.5U% +U%) in DGP 1 and o; = 1/0.1 + 0.5(Z? + U??) in DGP 2.
\/ ( i 7 7,1 ,2 [ 7

We assume that we observe {Yi,Uf, Ufl, UfQ,Xi,Zi}:L:l and {Y;,U¢, X;, Z;}_, in DGP 1 and DGP 2,
respectively. The definitions of the functional coefficients, g1 (u) and gz (u), in each DGP are self-evident.

We consider six nonparametric estimates for g; (u) and gz (u). The first estimate is the local linear
estimate of SCU (2009) where the endogeneity of X; is neglected. The second and third estimates are
obtained as our local linear GMM functional coefficient estimators by choosing the global IV respectively
as Q(V;) = [1,7,;] and local linear estimate of Q* (V;) = [1, E (X;|V;)]" /o? (V) ;respectively, where
VvV, =(Z;,Uf, Uffl, Uffz)’ and V; = (Z;,Uf)" in DGPs 1 and 2, respectively. Since the dimension of Q (V;)
is the same as that of [1, X;]", the weight matrix ¥,, does not affect the local linear GMM estimate so
that we can simply use the identity weight (IW) matrix as the weight matrix for our second estimate,
which also reduces to the estimate of Cai and Li (2008). Similarly, the third estimate is the optimal IV
(OIV) estimate which is not influenced by the choice of weight matrix. The fourth and fifth estimates are
the local constant analogues of the second and third estimates, respectively; they are also the estimates
of Tran and Tsionas (2010, TT) when the IV is chosen to be Q (V;) and the local constant estimate of
Q* (V;), respectively. The sixth estimate is the two-stage local linear estimate of CDXW. Below we will
denote these six estimates as SCU, IWy;, OIVy;, IW;., OIV;., and CDXW in order.

For all estimators, we use the standardized Epanechnikov kernel & (u) = ﬁ(l - tu?){Ju| < V5},
and consider two choices of smoothing parameters [(h, \) = (h, A1, A2) for the conditioning variables
Uz, Ugu Ui‘fz in the functional coefficients in DGP 1 and h = h for the conditioning variable U in the
functional coefficients in DGP 2]; one is obtained by the LSCV method discussed in Section 3.4, and the
other by the simple rule of thumb (ROT): h = syen~/% in both DGPs 1 and 2, and A\; = Ay = n~2/5
in DGP 1. Here s4 denotes the sample standard deviation of {A;}._, . To estimate the optimal IVs,
we need to estimate both E (X;|V;) and o2 (V;) by the local linear or local constant method. For both
cases, we use the standardized Epanechnikov kernel and undersmoothing ROT bandwidths by specifying
h = [szn" /% syen~1/%] in both DGPs 1 and 2 and A\; = Ay = n~2/5 in DGP 2 when we regress either X;
or £2 on V;. The use of undersmoothing bandwidths helps to eliminate the effect of early stage estimates’
bias on the final estimate; see Mammen, Rothe and Schienle (2010). To obtain the CDXW estimate,
we need first to obtain the local linear estimate of F (X;|V;) by specifying a similar undersmoothing
bandwidth. In addition, we find that the LSCV and ROT choices of (h,\) yield qualitatively similar
results. So we focus on the ROT bandwidth below for brevity.

To evaluate the finite sample performance of different functional coefficient estimates, we calculate

both the mean absolute deviation (MAD) and mean squared error (MSE) for each estimate evaluated at
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all n data points:

MAD]" %Z 37 (U) 00 (U] amd M5B = 23 [ (U g0 (U]
i=1 i=1

where for [ = 1,2, 91( ") () is an estimator of g; () in the rth replication by using any one of the above

estimation methods. We consider two sample sizes: n = 100 and 400.

Table 1 reports the results where the MADs and MSEs are averages over 500 replications for each
functional coefficient. We summarize some important findings from Table 1. First, in both homoskedastic
and heteroskedastic cases, the SCU estimate without taking into account the endogeneity issue is generally
the worst estimate among all six estimates. Exceptions may occur when n is small or no heteroskedasticity
is present. Second, in the case of homoskedastic errors, the local GMM estimates obtained by using the
estimated optimal IVs for either our local linear method or TT’s local constant method may or may
not outperform the one using simple IV with identity weight matrix. This is similar to the findings in
Altonji and Segal (1996) who show that the use of optimal weights in the GMM estimation may be
dominated by the one-step equally weighted GMM estimation in finite samples. Third, in the case of
heteroskedastic errors, we observe substantial gain by using the estimated optimal I'Vs in the local GMM
estimation procedure; this is true for both our local linear GMM estimates and TT’s local constant
estimates. Fourth, for both DGPs under investigation, the local linear method tends to outperform the
local constant method. We conjecture this is due to the notorious boundary bias issue associated with
the local constant estimates when the support of U/ is compact. Fifth, the CDXW estimate generally is
outperformed in DGP 1 by both the local linear and local constant estimates with or without using the
estimated optimal IVs. For DGP 2, the CDXW may outperform the local constant GMM estimates but

not the local linear GMM estimates.

5.2 Tests for the constancy of functional coefficients

We now consider the finite sample performance of our test. To this goal, we modify DGPs 1-2 as follows
DGP 1': Y; = [1 46 (0.25U2 + 0.5U¢, + 0.25U%%,) | + [1+ 6(Uf, + ¢ (Uf) — 0.5U, + 0.5U%)| X; + o4,
DGP 2": Y; = (1 + e V) + [1 + 26 sin(UF)] X; + o464,

where all variables are generated as in the above subsection, and we allow § to take different values to
evaluate both the size and power properties of our test. When 6 = 1, DGPs 1’ and 2’ reduce to DGPs 1
and 2, respectively. For both DGPs, we consider the following three null hypotheses:

Ho: : o1 (Uz) =0, as.,
Hoo : g2(U;) =62 as, (5.1)
Ho12 @ (91 (Ui),92(Us)) = (61,02) as.,

for some unknown parameters 61 and 65.

To construct the test statistic, we need to choose both the kernel and the bandwidth. As in the
previous section, we choose the standardized Epanechnikov kernel and consider the use of the bootstrap
to approximate the asymptotic null distribution of our test statistics. Assumption A8(iii) suggests that
we need to choose undersmoothing bandwidth sequences. We set h = csyen™/®=+3) and A} = \y =
en=2/@et3) for DGP 1 and h = esyen™ Y/ ®<+3) in DGP 2 for different values of ¢ to check the sensitivity
of our test to the choice of bandwidth. We have tried three values for ¢ : 0.5, 1 and 2 and found that
our test is not sensitive to the choice of ¢. To save space, we only focus on the case where ¢ = 1 in the
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following analysis. We consider two sample sizes: n = 100 and 200, four values for ¢ : 0, 0.2, 0.4, and 0.6,
and two values for 7 : 0.32 and 0.75. For each scenario, we consider 500 replications and 200 bootstrap
resamples for each replication.

The results for our bootstrap-based test at 5% nominal level are reported in Table 2. We summarize
some important findings from Table 2. First, the empirical levels of our test (corresponding to § = 0 in
the table) generally behave very well for all values of 7 and all three null hypotheses, and under both
conditional homoskedasticity and heteroskedasticity. The only exception occurs for testing Hp ; in DGP
2 when n = 100, in which case the test is moderately undersized. Second, the power of our test is
reasonably good in almost all cases— the relatively low power in testing Hp ; in DGP 2 simply reflects the
difficulty in testing exponential alternatives of the form de~Vi. As either § or the sample size increases,
we observe a fast increase of the empirical power. Third, the degree of endogeneity has some effect on

the level and power behavior of our test but the direction is not obvious.

6 An Empirical Example: Estimating the Wage Equation

Labor economists have been devoting a tremendous amount of effort to investigating the causal effect of
education on labor market earnings. As Card (2001, p. 1127) suggests, the endogeneity of education in
the wage equation might partially explain the continuing interest “in this very difficult task of uncovering
the causal effect of education in labor market outcomes.” The classical framework of the human capital
earnings function due to Mincer (1974) assumes additivity of education and work experience that are used
as explanatory variables. However, recent studies have questioned the appropriateness of this assumption.
In particular, Card (2001) approaches the matter of non-additivity of the explanatory variables by arguing
that the returns to education are heterogeneous since the economic benefits of schooling are individual-
specific. Becker and Chiswick (1966) are among the authors who maintain that variation in returns
to education can partially account for variation over time in aggregate inequality. Card’s (2001) claim
suggests that a more general functional form of heterogeneity in the returns to education would make
the empirical relation between earnings and education even more realistic. Indeed, if, for example, work
experience is valued by employers, then one can expect earnings to be increasing in experience for any
given level of education. Further, the returns to education may also differ substantially among different
groups defined by some individual-specific characteristics, say, a person’s marital status. Therefore, we

estimate the causal effect of education on earnings in the following functional coefficient model:
log(Y) = g1(U) + ¢92(U)S + ¢, (6.1)

where Y is a measure of individual earnings, S is years of education, and U is a vector of mixed (both
continuous and discrete) variables. Equation (6.1) allows studying not only the direct effects of variables
in U on wage in a flexible way but also the effects of these variables on the return to education. The
existing literature has already provided support for a nonlinear relation between wage and work experience
(see, for example, Murphy and Welch (1990) and Ullah (1985)). In addition, Card and Lemieux (2001)
emphasize that the rising return to education has been more profound in the younger cohorts than in the
older ones since the 1980s.

Our goal is to study the empirical relation between earnings and education as presented in (6.1) using
our proposed estimator from the previous sections. For this purpose, we use the Australian Longitudinal
Survey (ALS) conducted annually since 1984. Specifically, we employ the 1985 wave of the ALS, and

consider young Australian women, who reported working and were aged 16 to 25 in 1985. Our sample
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is constructed using the guidelines from Vella (1994), who was among the first researchers extensively
working with this dataset. We follow the empirical analysis from Vella (1994) and choose U to in-
clude a continuous variable — work experience, and four categorical variables for marital status, union
membership, government employment, and whether a person is born in Australia.

We follow CDXW (2006) and Das, Newey, and Vella (2003), who rely on findings from Vella (1994),
and use an index of labor market attitudes as the instrumental variable for the schooling levels. Here,
we do not question the credibility of the instrument but take its validity as a maintained assumption in
order to illustrate the proposed estimation method. The ALS includes seven questions about work, social
roles and school attitudes of individuals toward working women. Individuals respond to these questions
with “(1) strongly agree; (2) agree; (3) don’t know; (4) disagree; and (5) strongly disagree”. The wording
of the questions implies that a response with a higher score indicates more positive attitude towards the
schooling of women and their role in the labor market. We use only six out of seven available questions
to construct our attitudes index, since questions (ii) and (iii) seem to be very similar to each other and
might be repetitive. We choose question (ii) over question (iii). We sum the responses to the questions
we pick, and divide the total by 10. This way our attitudes index can range from 0.6 to 3.0, similar
to CDXW (2006). We exclude two observations with reported wage being more than $200 per hour as
extreme outliers. The highest hourly wage in the sample after the exclusion of the two outliers is $47.5
per hour. The resulting sample consists of 2049 observations. Table 3 reports summary statistics for
our sample. Figure 1 plots wage against work experience and years of education. The right panel of
Figure 1 suggests that there is a positive relationship between wage and years of education. The left
panel describing the relation between wage and work experience is not that straightforward. However,
both figures also provide some evidence of a nonlinear nature of the two relationships they present. The
peculiar relation between wage and experience is actually not surprising as our sample consists of young
adults being 15 to 25 years old.

Without accounting for the endogeneity of education in the wage equation, SCU (2009) estimate the
returns to education using the same specification — (6.1), while also allowing for mixed covariates in the
model. CDXW (2006) employ the same data we do — the ALS — but use a somewhat different model
specification:

log(Y) =25+ g1(U) + g2(U)S + ¢, (6.2)

where U contains work experience only, and Z includes the four categorical variables, i.e., indicators for
marital status, union membership, government employment, and whether a person is born in Australia.
CDXW (2006) exploit a two-step nonparametric procedure to estimate the returns to education in the
context of model (6.2). Cai and Xiong (2010) consider the same data set and model specification as
in CDXW (2006). However, they use a three-step nonparametric method to estimate this model. We
compare our estimates of the return to education with the estimates based on all there existing approaches
— the ones from SCU (2009), CDXW (2006) and Cai and Xiong (2010). When doing so, we mainly
concentrate on work experience below or equal to 8 years. The main reason for our decision is that
our sample contains only 8 observations (out of 2049 available) with experience being more or equal to
9 years. We also suspect that the sample used by CDXW (2006) and Cai and Xiong (2010) excludes
observations at the high levels of the observed years of experience in our sample, as their sample contains
1996 observations only. Thus, for comparative purposes, we primarily focus on work experience being
less than 9 years.

For the ease of presentation of the regression results of model (6.1) we plot wage-experience profiles

of different cells defined by a discrete characteristic averaged over other categorical regressors. We use
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the second order Epanechnikov kernel in our estimation, and choose the bandwidth by both the rule of
thumb and LSCV methods discussed in Section 3.4.

Figure 2 reports the estimated ¢, (Experience,:) and go(Experience,:) of model (6.1) depending on
whether a woman is married or not, a union member or not, employed by the government or not, and born
in Australia or not averaged over all other categorical variables. We use the rule of thumb bandwidth
to obtain Figure 2. Following SCU (2009), we will view g1 (Exzperience, Individual Characteristic,:) as
the direct effects of experience on wage for a particular characteristic of a woman (averaged over all other
categorical variables). At the same time, we can think that go(Exzperience, Individual Characteristic,:)
represents the return to education as a function of experience for a particular individual characteristic. In
both profiles — with and without controlling for endogeneity, i.e., profiles using the SCU method and our
approach with optimal weight matrix, respectively, we find that the range of go is positive and nonlinear
for all values of experience in our sample. However, the apparent differences between correcting and
not correcting for endogeneity are in the magnitude and shape of go. When correcting for endogeneity,
the returns to education, on average, are predicted to be higher for most of the observed years of work
experience. Also, when correcting for endogeneity, go is mostly concave, while it is convex for low levels of
experience (below about 5 years) and concave for high levels of experience (above 5 years) when we do not
correct for endogeneity. Further, we observe that the returns to education are smaller for non-unionized
women than for the unionized ones. We also note that the profile of §; when correcting for endogeneity
is almost constant, while it is quite nonlinear without the correction. Specifically, the estimated direct
effects of the four categorical individual characteristics we are able to control for seem to be close to
zero for most of the interval of the observed work experience, when controlling for endogeneity. Without
correcting for endogeneity, we do observe some differences both across and within the categories of the
four individual characteristics.

Figure 3 plots the estimated ¢ (Experience,:) and go(Experience,:) of model (6.1) averaged over all
categorical variables. We use the rule of thumb bandwidth to obtain Figure 3. Similarly to Figure 2,
we notice that the direct effect of work experience on wage is almost constant and close to zero for high
levels of experience when controlling for endogeneity. At the same time, when correcting for endogeneity,
the derivative of return to education as a function of experience changes over its range, being negative
at high levels of experience (above about 8 years) and positive at low and (most of) middle levels of
experience (below 8 years). In other words, while the marginal returns to education are positive, the
returns themselves decline in experience for high levels of the observed years of experience. To the
contrary, when we do not correct for endogeneity, it is the other way around: the returns to education
decrease in experience for low levels of experience (below about 5 years) and increase for high levels of
experience (above 5 years).

While we do not observe overly drastic distinctions in the results based on our approach and ap-
proaches by CDXW (2006) and Cai and Xiong (2010), we do see some notable differences across the
three approaches. First, findings by Cai and Xiong’s (2010) and CDXW (2006) indicate that the returns
to education may vary from (roughly) 15 to 22% and 16.5 to 30%, respectively. Our findings reported
in Figure 3 suggest that the returns to education may vary from about 12 to 18%. Clearly, our range
is tighter than the other two ranges suggested, and the middle point for the range obtained using our
approach is (at least) 2.5 percentage points smaller than the middle points for the other two intervals.
Second, the shapes of the estimated g, from the three methods being compared — our approach, CDXW
(2006) and Cai and Xiong (2010) — are somewhat different, as well. Contrary to CDXW (2006), our
approach suggests that the returns to education start declining after (about) 8 years of experience, which
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would be more compatible with the shape of the estimated g, from Cai and Xiong (2010) for the high
levels of observed experience. However, in sharp contrast to Cai and Xiong (2010), our results predict a
different behavior of the estimated go for the low levels of observed experience. Cai and Xiong’s (2010)
results are indicative of the sharply declining returns to education for experience below (about) 3 years.
We suggest that the returns to education are increasing for that interval of observed work experience.

Figures 4 and 5 provide the same information as Figures 2 and 3, respectively, when the LSCV method
is used instead of the rule of thumb to obtain the bandwidths for findings in Figures 4 and 5. The LSCV
method provides very similar results to the ones based on the rule of thumb approach.

A potential concern regarding our model specification (6.1) is that some of the categorical variables
in U are endogenous. For example, Lee (2005, p. 431) maintains that “for women, marital status is
endogenous and jointly determined with labor supply decisions.” Further, Duncan and Leigh (1985)
reject the hypothesis of the exogeneity of union status in their wage equation. However, the empirical
evidence on endogeneity of these individual characteristics is actually mixed. In particular, Korenman
and Neumark (1992) find that female marital status is neither endogenous nor significant in the standard
wage equation. Nevertheless, we attempt to address this potential concern by checking the sensitivity of
our findings to the choice of U. First, we re-estimate model (6.1) for all four combinations of our four
categorical variables in the original U taken three at a time. Then, we also consider the case when U
contains only indicators for government employment and whether a person is born in Australia, since
these two indicators are more likely to be viewed exogenous. When using these alternative choices of U,
our original findings are mainly unchanged (results are available upon request). Specifically, the estimated
returns to education vary mainly between 12 and 19% except for the observed years of education of 8
years and more. When education exceeds 8 years, the returns to education are estimated to be less than
12%. However, given our above discussion of the latter case, we do not find this result surprising. A slight
increase in the average of the estimated returns to education is also anticipated, since fewer controls are
included in the functional coefficient of our model similar to CDXW (2006) and Cai and Xiong (2010).
We conclude that our findings based on the original U are sufficiently robust to our choice of categorical
variables.

Finally, using the specification tests introduced in Section 4, we test the hypothesis that gi, g2 or
both are constant over the four categorical variables and experience. We calculate the normalized test
statistics for the three null hypotheses in (5.1) where U contains work experience and four categorical
variables for marital status, union membership, government employment, and whether a person is born
in Australia. Using the rule of thumb approach and 500 replications, the obtained p-values for the three
considered hull hypotheses are 0.012, 0.000, and 0.008, respectively. These results imply that we can
reject Ho 1 at the 5% level only. Clearly, this finding is not surprising, given that §; obtained when
correcting for endogeneity seems almost constant and close to zero for a large domain of work experience
in Figures 2-5. More importantly, both Hy 2 and Hp 12 can be rejected in favor of a one-sided alternative
at the 1% level. Therefore, our empirical findings strongly support the discussion of the nonlinear nature
of the effect of education on wages from Card (2001).

7 Concluding Remarks

This paper proposes a local linear GMM estimation procedure for functional coefficient IV models where
endogenous regressors enter the model linearly, and the functional coefficients contain both continuous and

discrete exogenous regressors. We establish the asymptotic normality of the local linear GMM estimator
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and propose a test for the constancy of a subvector of the functional coefficients. Simulations indicate
that our estimator and test perform reasonably well in finite samples. Applications to an Australian
Longitudinal Survey data indicate the importance of our estimation and testing procedure in empirical
research.

Some extensions are possible. First, as we have discussed in Section 3.3, we follow the parametric
literature and consider the choice of optimal IVs in the sense of minimizing the AVC matrix among the
class of local linear GMM estimators. It seems worth considering the choice of IVs that is optimal in the
sense of minimizing certain AMSE or AMISE criterion function. Second, the optimal IVs depend on two
conditional expectation objects which are typically to be estimated nonparametrically. It is worthwhile to
develop the asymptotic theory by allowing for nonparametrically estimated optimal IVs. We conjecture
that research along this line can be done by extending either Newey’s (1993) sieve and nearest-neighbor
estimates or Mammen, Rothe and Schienle’s (2010) kernel approach to our framework. Third, it is also
interesting to estimate a restricted functional coefficient model where some functional coefficients are
constant while others are not. To this goal, one can follow the idea of profile least squares or likelihood
(e.g., Fan and Huang (2005), Su and Jin (2010)) and extend it to our local linear GMM framework.
Fourth, it is also possible to allow the variables in the functional coefficients to be endogenous. This
is associated with the well-known ill-posed inverse problem as in typical nonparametric IV regression
and several regularization techniques can be called upon. Fifth, one can consider the optimal choice of
data-driven bandwidth for the testing problem. We leave these for future research.

Appendix

A Proof of the Results in Section 3

Proof of Theorem 3.1. For notational simplicity, in this proof we suppress the dependence of £, Ky,

Qn, and ¥, on u. Let dyaye = b l{Ui‘flt # ul}, indicating the number of disagreeing components
between Uf = (U, --- U, ) andu? = (uf,--- ,ul ). Let Gi ; = Gy j (u) = [g; (Uf, U¢) —g; (u®, u?) -

g; (u®, ud)/ (U¢ —u°)), and G; = G; (u) = (G;1 (0), - ,Giq(u) . Let R; = R; (u) = G; (u)’ X;. Then
Y; = Z;l:l[gj(uc, u?) — g;(u®,u?) (U§ —u)|X, j +&;+ R = i ua () +€; + Ry, where o (u) and §; u are
defined after eq. (2.6). Let € = (e1,--- ,&,) and R=R (u) = (Ry (u), -+, R, (u))’. Then we have the
following bias-variance decomposition:

H[ay, (u;h,A) — a (u)]
= (HilglKhAQh‘PnglhKh)\fH_l)71 H 'K Qn?, ' QL KmR
+ (H_lglKhAQh'Ilngquh)\gH_l)71 H '¢KmQu?, ' QL Knie
= [®,(u) ¥,'®, (u)] d, (u) OB, (u) + (@, (0) ¥, '@, (u)] @, (u) T, (u)(A1)

where ®,, (u) = ®,, (u;h,\) = n_lQ’hKhAfol, B, (u) = B, (u;h,\) = n7'QL Kn\R, and V, (u) =
YV (ush, A) = n71Q},Knxe. We prove Theorem 3.1 by proving the following three lemmata.

Lemma A.1 ®, (u) = ® (u) +op (1), where ® (u) is defined in (3.1).

Proof. Recall that 7; (u®) = (U —u®) /h and Q; = Q(V,). By the definition of Qn y in (2.7) we have

1 n Q ¢n,11 q’n,l?
D, (u)=— K iu 4 X; X; ® U;’ —u ! H—l — kxd kxXped ,
=23 s (g 2y ) 06 e ) Sa i

kpexd kpeXped
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where @, 11 = ®,11 (w;h,A) = L3 Ky Qi XS, @12 = @412 (wh, A) = 2370 Ky (QiX)) ®
n; (0), @010 = B,01 (Wyh,N) = L Kinxnin(QiX) @n; (u), and @5, 00 = 5,00 (wyh, A) = 2370
KinxiwQiX, @ [n: (u®) m; (u®)']. Tt suffices to show that ®,,,; = ®;; (u) + op (1) for I,j = 1,2, where
®,; (u) denotes the (I, j) block of the block diagonal matrix ® (u).

By Assumptions A1-A3,

E [én,ll} = E[Q'LX;Kh)\,iu]
Pd
= E[QiX;Whiue|dyaye = 0]p (u?) + Z EBlQiX;Whiue Ly jut|dyays = s|p(dyaye = s)
s=1

= B[ (U5, UY) Wh e |dyaya = 0p (u?) + O (IA[])
_ /91 (w0 +h o t,u) fu (0 +h ot ud) W(t)dt+ O (|A])

= Q1 (w) fu (w) + O (In)* + Al (A2)

Define two column vectors w; € R¥ and wy € R? such that |jw;|| = 1 for [ = 1,2. Then it is easy to
show that Var(w]®, 11ws) = %Var(w'lQiX;ngh,\)iu) = O((nh!)_l) = o0(1). It follows by Chebyshev’s
inequality that ®, 11 = Q4 (u) fu (u) + op (1) . Similarly,

Pz = E[@u]+0p (b)) = B [(QiX) ® (i (u) 1 (0) ) K iu] + O ((nht) /%)
= / (@1 (v +hot,u’) @tt'] fu (u+hot,u’) W(t)dt + Op (||A|| + (nh!)*/?)
= pza ()@, ] fu(u)+op(1).
By the same token, ®,, 12 = op (1), and ®,, 21 = op (1). This completes the proof. B
Lemma A.2 vnh!B, (u) = vnh!B (u;h, \) 4 op (1), where B (u;h, \) is defined in (3.3).

Proof. Write vnh!B, (u) = 1 3" | v/nh!Kpy juQnwmRi = 2 30| i, where

Qi X ; i
. h,iu
QX ; ®@n; (u)

Il
3
=
N
o
e
QL
=X
® 0
§ ~
=
N
~
=
>
E.‘

It follows that vnh!E [B, (u)] = E(q;) = E(g|dyage = 0)p (u?) + E(g|dyage = 1) P(dyage = 1) +
O(Wnh! |A|*) =bu1 +bpas+o(1).
On the set {U? =u?, Wy ue >0}, g;(US,UY) — gj(u®,u?) — g;(u,u?) (U —u®) =
0(Hh||2), where 4; ; (u) = (U — uc)/gjj (u) (U§ —u°) and g; (u) = 99; (u) /Ou®. Let A; (u)
-, A; 4 (u)). Then we have

() +

1 .
24°1,]
= (4ia (u),

1
bn,l = 5 V nh! EO

( QXA ) 5 149 > W] ploc) oVt BIF)

Q1 (U;) A (u) R
( (1 (U;) A; (u)) @n; (u°) ) Whiu ] p(u?) +0(1)

Vinhlps,, ( fu (W) (u) A (u;h)
2

Orp, x1

1
= ivnh' EO

>+0(1), and
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bn,2 - {z:l ) g] ( ) (Uz )] ( QiXL_j ®7’h (uc) ) Kh)\,zu} D1

j=

d
Q.X;G

K u

Z( (Q:XG )®m( )) .

= P1
j=1
_ EE (nl(Ua[g(Ui)—g(u)]—(mm)@m(uc)/) gw )Khm]pl
(1 (U) [g(U:) — g (W) @ 1 (u) — (24 (U3) @ [ (u°) 7, (ue)']) & (w)
+o(1)

Pd 9 c ~d c d) _ c 1,d
ViRl Y SO (o) f (wea) (0080 @000 —e ()
ey —pz (@ (0 0) © T, ) g (u, u)
where A (u;h) and g (u) are defined in Section 3.2, E; {-} = E{-|dyay« = [} for | = 0 and 1, and p; =
P(dyaye = 1). Consequently, vVnh!E[B,, (u)] = vnh!B (u;h, A) + 0 (1). Noting that Var(vnh!B, (u)) =

O(||n)* + ||A}) = o (1), the conclusion then follows by Chebyshev’s inequality. B

Qe

Lemma A.3 vnh!V, (u) = n~Y/2 (k)" 37 ( (Qigs) @ ((US —uc) /h)

where Y (u) is defined in (3.2).

)Kh)\7iu 4 N (0, (u)),

€i) @i (u)
Cramér-Wold device, it suffices to prove v/nhlc'V, (u) = n=Y/23"  ( 4 N (0,¢'Yc). By the law of
iterated expectations, F (¢;) = 0. Now by arguments similar to those used in the proof of Lemma A.1,

Var (\/WC’VTL (U)) = Var ((1)

~ hl¢ Q.Qie? (QiQ)) @ (u®) 7 2 L

- E{< (QiQ) @ ()2 (QiQY) @ [: (ue) s (ue)']e? )KA}

) WE{( QiQ}o? (Vi) (QiQ) @ (u)' 02 (V) )K }

- : / c 2 / c e\ 2 h\iu
(QiQ)) ®ni (u) o= (Vi) (QiQ;) ® [n: (u) mi (ue) ] (V)

_ , Q2(U;) Q(U;) @i (u)’ 2 o
= h!c'E { ( (U @ m; (u9) 2(U3) @ [s (u) s (ue)] ) Kh)\,iu} c=cYc+o(1).

Proof. Let ¢ be a unit vector on RF(PetD) et ¢ = (h!)l/2 c ( Q Qie )Km,m. By the

N

The result follows as it is standard to check the Liapounov condition; see, e.g., Li and Racine (2007). B
By Lemmas A.1-A.3 and the Slutsky lemma,
nhl [H (@, (1) — a(u) — (T ') &T B (u;h, )\)}
= [®, () ¥ '®, (w)] @, (0) T, VbV, (u) + [&, (0) T P, (0)] " B, (0) T, Vah!B, (u)
—[® () T'® ()] ® (u) ¥ Vah!B (u;h, )

AN (0, (@ le) " @' re e (@'w1e) ),
where dependence of ®, ¥ and Y on u is suppressed. This completes the proof of Theorem 3.1.

V,, (u;h, \) be as defined after (A.

Proof of Theorems 3.3. Let ®,, (u;h,\), B, (u;h, \) 1). L
= ) — ®, (u;h,N), Jap, = vVnh![V,(u h)\)

an
B, (w;h,\) = B, (w;h,A\) =B (u;h, \). Let Jy, = ®,(uh,



V. (u;h, \)], and Js, = vah![B,, (u;h,\) — B, (u;h, A)]. By the result in Theorem 3.1 and the expansion
in (A.1), it suffices to show that (i) Ji, = op (1), (i) J2n, = op (1), and (éit) Js, = op (1).

For notational simplicity, for the moment we assume that p. = pg = 1 so that we can write the
bandwidth (h, ) simply as (k,A). Similarly, we write (U, u®) and (U¢,u?) as (U¢,u¢) and (UZ,u?),
respectively. Let h = bn=% and A\ = rn~7 for some b € [@, 5] , 7 € [r,7], d > 0, and ¢ > 0. Note that
when p. = pg = 1, we can write h! Ky ;4 as

U —u® d_gy,d Ui —u° —o\ H{U£u? —
hEKpx i = w <h> a{uiFe} = o <bn—‘5> (rn=7) (i} = Ko jiu-

For any nonnegative random variable ¢;, define m¢ (u) = E(g;|U; = u). m¢ is usually continuous and
uniformly bounded below. Then by the C, inequality, for any v > 0,

E Ufb'w,m — ?br,iun 9} E[|W K in — hEp | me (U;)]
ey {E [|W Knx iu — hEpxiul’ me (U3)] + E [0 Kpy iu — Knaiu|” me (U;)]}

= C,y {K1+K2}, say,

IN

where ¢, = 1if y € (0,1] and ¢, = 2771 if 4 > 1. Here and in the remainder of this proof prime does not
denote transpose. Let ¢, = b/b. By the fact that X" € (0,1] and Assumption A5, for any b, ' € [b,b],

Cc __ C c _ c ! vy
g = 3 [l () o () oot o ) 1 )
ugeud
< h Z / o lw (vh/h') —w (V)| me (u€ + ho,ud) f (u€ + ho,ud) dv
uiieud —CwCp

CwCh CwCh
< CiClh|l — h/h’|7/ |v]" dv = C1.CYR| (b — b)/b'|v/ [v]" dv < Coch b — 0|7,
—CwCh —CwCph
where Cj is a finite constant that depends on ¢;; e.g., Ci¢ = SUpyeeyse D yacyga Mo (uc + hv, uf) f (u“ + hov, uf) dv
< 00. Similarly,

c c vy
U; — U . . )
Ky, = Z /‘w( ; ) N = A" me (uf, ud) f(uf, uf) dus
udetd ud£ud
CwCh
— AN AT YD / w (o) me (4 + ho,ud) £ (uf + ho, ut) do
utiieud —CwCp
< Csch |)\/ _ )\|7 < C3chn™° |7‘/ _ Tl'y .
It follows that o B
B | Ry = Kinau[" 1] < e (Cac v Ca) b (W = b + 1" = "), (A.3)

where a V b = max (a,b) . Then by the C, inequality

B[Ryl | < B[N Kixiu = hEuniul” ] + e E[AKw il s
Cy (Coc VCsc) h (|b’ — b|7 + |/\’ — )\|7) + Cych < Csch. (A.4)

A

Note that
(W)™ = | = | (1) = 6| n ™% = an™ % (b*)* 7" [V — b < Ch™ | — b| (A.5)
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where the second equality follows from the intermediate value theory and b* lies between o’ and b. Then
by the C; inequality, and (A.3)-(A.5), we have that for any « > 0 and v > 0,

v
]

E H(h/)_a Fb’r’,iu - hafbr,iu

< e B “ffa (K ,iu — Kbriu) |’Y§i:| +c, B H [(h/)_a - hia} Ky iu 79}
< C'yhia’YE |:|Fb’r’,iu - Fbr,iuP gi] + Cy (h,)ia —-h™ ! E |:|fb’r/,iu|’Y §i:|
< @R (I = B+ [N = A") 4 ey Coh™Y [ — b Csch < Crgh* =27 (Jo — b + [X' = A]").

In the general case where p. > 1 or p; > 1, with a little bit abuse of notation we use row vectors
to denote the bandwidth parameters. We can write hy = bsn =% and A\, = rn 7 for some by, 7, s,
o >0,s=1,..,p;, and t = 1,...,pg. Let b = (b1,...,bp,) and r = (r1,...,7p,) . Similarly, (h',\) =
(Wi, bty AL,y N ) and (B, x7) = (bY, ..., b, , 7], ..., 7},,) are connected through ] = bn™% and \; =
rin~ %t for b., r; > 0. Then using the fact that our multivariate kernel function is a product of univariate
kernel functions, we can follow the above arguments and readily show that

E H(h/!)ia Fb’r’,iu - (h!)a?br,iu

Y
cl} < Csch' 7 (b = b + X = A|I") (A.6)

where Cg. is a finite constant depending on ¢;. Below we use C' to denote a generic constant that can
vary from equation to equation.

Now we prove (i). Let Ji, 5 (b,r) = @, 5 (u;h, A) for s, ¢t = 1,2, where ®,, o,’s are defined in the
proof of Lemma A.1. By Theorem 3.1 in Li and Li (2010), it suffices to show that for any (b’,r’) and
(b,r) that lie in a compact set (e.g., [b, l_)] X [r, 7] for the case p. = pg = 1), there exist &« > 0 and v > 1
such that

E{||[Jinst (0',1") = Jipe (b,1)[|*} < C{|b" = Db||" + [N = A"} for some C < oco. (A7)

We only show (A.7) for the case (s,t) = (1,1) as the other cases are similar. Let ; ;; denote the (j,{)th
element of Q; X for j =1,....,kand I =1,...,d. Let Job (b,r) denote the (j,1)th element of J1,, 5 (b, 7).

1n,st

Then E|J1(flll)1 (b',r') — J1(3111)1 (b,r)|? is bounded above by

n 2

1 Z { [(h/!)_l Kir ju — (b))~ fbr,m} Sigji—E { [(hl!)_1 Kirl ju — (b))~ fbr,m} §i,jl}}

n-
i=1

2F

2B { [0 R i — ()7 e w}f = 25, 1 25,, say.

By Assumption Al, Jensen’s inequality, and (A.6), for sufficiently large n

Si = % zn:Var ([0 Borwriu = () Koo 1)
=1
< nl'E { {(h/!)_lfb’r’,iu - (h!)_lfbr,iu} §i,jl}2
< IOR2 (I = blP IV = A)F) < € (b= BI + |IX - )

as nh — oo implies that for sufficiently large n, n='h~! can be bounded by the constant 1. By (A.6),

Sy ‘E { {(h'!)_1 Ko in — ()7 Fbr,iu:| <i,jz}‘2

[ (B" = bl + A = ADI* < € (B’ = b + X = AlP).

IN

It follows that E{|JZ0, (b,r)—J2Y | (b,r) 2} < C(|[b’ — b||*+|[\ — A[|*) and (A.7) holds for a = = 2
and (s,t) = (1,1). Analogously, we can show that it also holds for a = v = 2 and other values of s and
t. This completes the proof of ().
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Next we prove (ii) . Let Jo, (b,r) = vnh!V, (u;h, \). By Theorem 3.1 in Li and Li (2010), it suffices
to show that for any (b’,r’) and (b, r) that lie in a compact set, there exist o > 0 and v > 1 such that

E{||Jon (b',1") = Jop (b,1) |} < C{|B" = b||” + [N = A"} for some C < oo. (A.8)

Let e; = (Q;, Q; ® (U7 —u®)’ /h)'. By (A.6)
n 2
n71/2 Z |:(h/!)71/2 Fb/r’,iu - (h!)71/2 fbl‘,iu:| €;&; }

i=1
2
/ 2
e, e;c; }

E{||J2n(b',r’)—Jgn(b,r)Hz} - E{

= By R () R

IN

2 2
C (B =B + X = Al).

Thus (i7) follows.

Next, we prove (4ii). Decompose B, (u;h, \) = By, (u;h, A) + Ba, (u;h, A), where By, (u;h, \) =
L3 {KnxiuQn,iuRi (1) —E [Knx,iuQniuRi ()]}, and Bay, (u;h, A) = E [Knx iuQn,iuRi (0)] — B(u;
h, \). Then Js, = Ja,1+J3n.2, where Ja, 1 = vnh![By, (u;h,\) =By, (u;h, A)] and Ja,, 2 = vnh![Ba, (u;h,\)
—Bay, (u; h, A)]. It suffices to prove (ii7) by showing that (iii1) Js,,1 = op (1) and (i#i2) J3, 2 = 0(1). By
Taylor expansion and Assumptions A3 and A6, v/nh!By, (u;h, \) = v/nhlo (|h|2 + |)\|> = 0(1) uniformly

n (h, A), which implies (4¢72) by Corollary 3.1 in Li and Li (2010). The proof of (iii1) is analogous to
that of (i7) and thus omitted. W

B Proof of the Results in Section 4

Proof of Theorem 4.1. Observe thatf(91—91) =n~Y23" o1 (U) B, (U)+n~ 23" T (Uy)

V,, (U;) . Noting that sup,, ||®, (u) — @ (u)|| = Op(||h||*> + ||| + (nh!/logn) /%) by strengthening the
result in Lemma A.1, following the same lines of proof as in Masry (1996) we can readily show that

sup [Ty ()| = Op(1) and sup [T () T ()] = Op (v -+ [ + A + (nht/logm) /) (B.1)
u u
by Assumption A7, where Ty (u) is defined in (4.5). It is standard to show that

sup || By (w)l| = Op(|[1l|* + [|A]) and sup [[Vn (w)]| = Op((nh!/logn)™"/?). (B.2)

It follows that n='/2 3" | Ty (U;) By, (U;) = n'/20p(||h|* + |A]) = 0 (1), and

n Qirm (U)Va(U) = n'/2 Zn i) +n QZ =T (U)] Va (U3)

— A+ nl/Qop ((yn + B + )]+ (nh!/logn)_1/2> (nh!/logn)~*/?)
= A, +op (1)

where A, = n~ /23" | T} (U;) V, (U;) . Next, using the notation in (4.9), we have 4, =n=3/23"" | >
(G, ) =n"Y23"  B(¢G) + op (1) . By direct calculations, E [$((;)] = 0, and

_ Q,Q)? Qe & (0
e[ ] Fl(U)((Qj 1)@, (U9 (QQ)e) @ (m(Uc)m(Uc)’>

% T1(0) K ju Koy g dFe (€) dFe(O)]
= 291 + o0 (1) ,

Ep)p)] =
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where 3, is defined in (4.10). One can verify the Liapounov condition and conclude A4, 4N (0,3, ).
This completes the proof. B

Proof of Theorems 4.2 and 4.3. We only prove Theorem 4.3, as the proof of Theorem 4.2 is a special
case. Decompose T,, as follows

n

/ —
h' 1/2 Z [ gl +8 g — g1:| [g\l (UZ) - El +gl - /g\1:| = Tnl - T’IL27 (B3)
i=1
where T,y = (h)'/2 S0 (81 (Us) — &)'[81 (Us) — &), and Tz = n () [g, — §,]'[8, — &]. It suffices
to show that under Hy (r,,), (¢) Th1 — Bn — o — N (0,03) and (it) Tpha = op (1).
To prove (i), we further decompose T;,1 as follows:

T = (W) Z & (U) — g1 (U] 81 (U3) — g1 (Us)] + (0)"2 3 [ (U:) — &' [ (U:) — g
2(h)"/? Z g1 ( g1 (U)]' [g1 (Us) — &1
= T+ Tn12 + 2Th13, say. (B-4)

We study each of the three terms on the right hand side. By (4.7), we can decompose T},11 as follows:

Tnll - h' 1/2 Z Vn i nl i)l Fnl (Uz) V h' 1/2 Z Bn i nl i)/ Fnl (Uz) Bn (Uz)

+2 (h!)'/? Z B, (Uy) Ty (Uy) Tt (U) Y (U)

= T, + Tr(i)1 + 2T(1)17 say.

First, nll = Op((n (h!)1/2(||h|| +IAD?) = op (1) by (B.1), (B.2), and Assumption A8. Applying
(B.1), (B.2), the fact that n=2 37 |V, (Uy)|| = Op((nh!)~/?), and the fact that B (u) = E[B, (u)] =
O(|h)*+||A]l) and B, (1) — E[B, (u)] = Op((nh!/logn)” (||| +|[Al])) uniformly in u, we can readily
show that Tﬁ)l =op (1). It follows that T,,11 = Tp11 + op (1). Now, write

Ton = (A2 zn:vn (U,)'T1 (U,) T4 (U) V, (Uy)
+ (h)!/? Zv L1 (Uy) = T1 (U)] [T (U:) = T4 (U)] Vi (Uy)
2 (h! WZV [T (U) = T4 (U)] Vi (U) Ty (U) V, (U
= T11a+T11b+2T1107 say. (B.5)

Using the definitions of ¢; and ¢((;, ¢;) in (4.9) we have

1/2 n o n
Tnlla = ZZZQD CZ?CJ Clacl)
i=1 j=11=1
1/2 n o n ( ) 1/2 n n n
= > > el I+ SN w6 ) el )
i=1j=1 i=1 ji 1A,
1/2 n o n
ZZ ©(Cis G5) 0(Cir Gi) = Bn + Vir + Rny, say. (B.6)
i=1 j#i
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Lot B(Gis G- G) =[0G G3)'# (G ) + 2G5 )'0(65: G) + 26 6) (G §)1/3- Then Vi = 6 () * ™2
Zlgi<j<l§n ¢(<i7CjaCl) = (n_l)n(n_Q)any where V1 = n(,?(,hl!))(n,g) 21§i<j<l§n @(CiaCjHCl)' Note that
for all i # j # 1, 0 = E[@((, ¢, Q)] = 0, Py (a) = E[p(a,(;, Q)] = 0, and p, (a,a) = Ep(a,a,q)] =
LE[p (¢,a) ¢ (¢,a)], where a and a are nonrandom. Let B, (a,a,a) = @ (a,a,a) — Py (a,a) — 3y (a,a) —

P, (a,a) . By the Hoeffding decomposition, V,,; = 3H? + HY where HY) = n(}::)lij Di<icj<n P2(Gis G5)

1/2 X . .
and HT(LB) = n(n(hlﬁ Zl<z<]<l<n <)03(Cla<j,<l) NOtlng that E[CPB (aa a, Cl)] = 0 and that 903 is sym-

metric in its arguments by construction, it is straightforward to show that E [H,(LS)] =0and F [Hr(l?’)]2
Oo(n=3 (h!)fl). Hence, ¥ = Op(n=3/? (h!)71/2) =op (n’l) by Chebyshev’s inequality. It follows that
Vol = "(n":f)an ={140(1)}H,+ op (1), where

2 (h!)/?
Hn;% Z 3@2(@#@): n

1<i<j<n 1<i<j<n

1/2
2™ /w(a, G) la, ¢)dF (a).

As H,, is a second order degenerate U-statistic, it is straightforward but tedious to verify that all the
conditions of Theorem 1 of Hall (1984) are satisfied, implying that a central limit theorem applies to

H, : Hny 4N (0,03), where the asymptotic variance of H,, is given by o2 = lim, o, 02 and 02 =
2h!E; B[ [ (¢, ) (¢, G) Fe (d¢)]?. Consequently Vi 4N (0,03). For R,1, it is easy to verify that
E(Rn1)=0and E(R2)) =0 ((nh!)™!) =0(1). So R,1 = op (1) by Chebyshev’s inequality and

Toita — Bn % N (0,03). (B.7)

By (B.1)-(B.2) and Assumption A8, we have

Thritp

IN

(h!)l/qupHF,ll H ZV U;)

(h)"/20p ((n-w (h)™"/? Viogn + ||| + ||A||) ) Op (()™) =o0p (1),

Similarly, T nuc = (M)Y20p(((nh)) % Iogn + |h|® + |[A))Op((h) ™) = op(1). It follows that
Toi1 — B, % N (0,02), and that Tp1y — By > N (0,02) .

Under Hy (rn), 8 = n ' Y0 g1 (U ) = 61 + by, where 5, = n~' 16, (U;) = E 5, (Ui)] +
OP (n*1/2) SO T'n,12 =n -1 ZZ 1 H(S i) — 6 || = hmn%oo |:||5n( 2) - 571 % ]| 2:| = a’nd
Tn13 = Tn (h')1/2 Z [I‘nl (Uz) Bn (Ul) + Fnl (Uz) Vn (Ul)]/ [571 (Ul) - gn]
1=1

= 7, (h')1/2 il"l (Uz) Vo (Ul) [(Sn (Ul) — 5n] +op (1) = TnlS +op (1) ,

where Ty = Z2B) hl ZZ 1 221 (i ) {00 (Us) — E'[6, (Uy)]} . Noting that £ [Th13] =0and E Fnlg]Q =
r2h!O(n + (h!)~ ) 0(1), we have T,13 = op (1) by Chebyshev’s inequality. Thus T,,13 = op (1). In
sum, we have Ty, — By, — o AN (0,03) .

Now we show (i) . Noting that 8, —g; = £ 37" | [T'1 (U;) B, (U;) 4+ Tyt (U;) Vy, (U;)], we have T =

1/2 1/2
B S S B (Uy) Ty (Uy) Ty (U) By (Uy) + L= 57 5™V, (U) Ty (Uy) T (U) Vi (U)

1/2
"‘72(}12 ! Sy Z;—L:l B, (U;) Ty (Uy) Ty (U;) Vn (Uj) = Tho1 + Thoo + 2103, say. For T,91, we have
1/2 —

Toor < supy, [1B, (w)[* P= S50, S0 6T (U3) Tt (U5) = n (b)Y supy, (B, ()] er(T,,T) =
n (W) 2 0p((|h* + |A)2) = op (1), where Tpy = n =t 327 Ty (Us) = Op (1) . For Tz, we can show
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el / n n S =1 .
that Thzs = Thza + op (1), where Tpoo = ®1Z 5 5™y (U,) Ty (U;)' T (U;) V,, (U;) . Noting

that F |Tn2 2’ = FE T, 2] = O((h‘)l/2 +nt (h')fl)7 we have T),20 = op (1) by Markov’s inequality.
Then by Cauchy-Schwarz’s inequality, Th03 < {Tngl} {Tnm}l/2 =op(l).So T2 =0p(1). N

Proof of Theorems 4.4. Using the notation defined in the proof of Theorem 4.3, we have n=* (h!)~ 2 T,
=n"1! (h!)_l/2 (T1 — T2). Under Hy, it is easy to show that n~! (h!)_l/2 T2 = op (1) and

M) = )T T top (D =07t (g (U) — 8] (g1 (Us) — 8]+ op (1)
i=1
= Elgi (U;) — Eg1 (U] +op (1) = pa +op (1),

On the other hand, n~=! (h!)~ 2B, = Op (n~'(h!)™!) = op (1) and 52 = 0 + op (1). It follows that
n~t (W) Y27, = (n L (W) V2T, — 0t (W) Y2 B,)/VER S /oo, and the conclusion follows. W

Proof of Theorems 4.5. Let P* denote the probability measure induced by the wild bootstrap con-
ditional on the original sample W, and E* and Var* denote the expectation and variance with respect
to P*. Let Op- (-) and op« () denote the probability order under P*; e.g., b, = op- (1) if for any € > 0,
P* (||bn|| > €) = op (1) . Note that b, = op (1) implies that b, = op+ (1) . The proof follows closely from
that of Theorem 4.3.

Let g7, gl, T Ty, B, Ve B B* and 772 denote the bootstrap analogue of 81, 81, Tn, Tnt, Ba, Vn,
By, B, and &2, respectively. For example, I'* | (u) = $;[®,, (w) ¥ (u) ' &, (u)] "1, (u) ¥ (u) " as
®,, (u) is the same in both the real data and bootstrap worlds. Note that 8, = n~! S, 81 (U;) in the
bootstrap world plays the role of g; (+) in the real data world. The decomposition of 7}, in (B.3) continues
to hold for T)F in the bootstrap world: T,F = (h')l/2 S lgr (Uy) —0,+6, —E:] g7 (U ) 0,46, —E:]
Ty — Ty, where Ty = (0)'/* 1, (&7 (Uy) — 2)'[81 (U3) = 61], and To = n (W) [y — &)1 —~ &1).
We prove the first part of the theorem by showing that (i) (Tz — By) Jor? — N (0,1) in dlstrlbutlon
in probability, (i) Ty = op- (1), (iii) B — BX = op« (1), and (iv) 532 — 072 = op- (1), where 072 is
defined below. R R R R

Note that Y;* = 0] X1; +65,Xo;+¢cf. As 01 and 0o, when treated as functions of u, have zero derivatives
up to the infinite order, B} (U;) = 0 for all ¢ and (4.7) now takes the following form in the bootstrap
world

g1 (Uy) — 0, =T}, (Uy) V; (Uy) (B.8)
By the definition of I'}; (u) and the extra condition in the theorem

Iy, (u) =Ty (u) + Op«(vy,) uniformly in u. (B.9)

g = Qig;
Let ¢/ (u) = ( (Qicr) @ n; (u)
and Var® [V (w)] = n=2 5", B*[¢F (w) ¢ ()] = Op((nh!)™), V2 (u) = Op-((nh!)™/?) by Cheby-

shev’s inequality. By the use of the exponential inequality, this result can be strengthened to

) Kux,iu- Then Vi (u) = n=t 3" | ¢F. Observing that E* [V (u)] = 0

V' (u) = Op-~ ((nh!)_l/2 V/logn) uniformly in u. (B.10)
To show (i), observe that by (B.8)-(B.10) and Assumption A8 T =T, +op- (1), where T, =
()2 S0 Vi (UL) Tt (U3) Tt (U3) V5 (Us) - Let 9}, () = T (U) G (Uy) and @ (e, ¢5) = ' S0
gp:n(ei)/@:n(ej)' Then
~ ()P 2(h!)"/? . -
T , = Lei) = :
nl n Z@n(e’ﬁel)—‘r n (pn(e“ej) Bn+Vn1’ say.
=1 1<i<j<n
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As V', is a second order degenerate U-statistic, we can apply the CLT for second order degenerate U-
statistic for independent but nonidentically distributed observations (e.g., De Jong, 1987) and conclude
that V%, /o2 — N (0,1) in distribution in probability, where 2 = 2h!E*[@}; (€1, e2)]?. Then (i) follows.

Now we show (ii) . By (B.8)-(B.10) and Assumption A8, T, = (hl)l/z doic1 2y Ve (U Ty (U

i)

* * * nt/2 n *
1 (U)) Vi (U) = T+ 0p (1) where Ty = 5075 S50 530 93 (U) Ty (U)ot (U V3 U5).
Then (ii) follows by the fact that E*[T,,| = E*[T,,] = op (1) and Markov’s inequality. For (iii),
noting that B; = n~2(h!)"/230" Y1 ll@fa(e)|]? and the bootstrap analogue of B, is given by

Dx —92 | 1/2 n n % (12 S ) Qj?; ) o~
Bn n (h) Ez:l Z]:l ||507.‘7|| where (ng Fnl (UZ) < (Q]?;) ®77J (UZC) ) KhA,]Ui and E]
Y} — 81 (U;) Xy; — 85 (U;)' Xyy, it is standard to show that B}, = B} + op- (1) by using (B.8)-(B.10),
the corresponding result for g5, and Chebyshev’s inequality. Analogously, we can prove (iv) .

Let z} denote the 1 — o conditional quantile of J* given Wi, ie., P(J} > Z5|W,,) = a. Recall 2}, is
the 1 — a quantile of the empirical distribution of {J:{ j=1- By choosmg B sufficiently large, the approx-
imation error of 2z} to z} can be made arbitrarily small and negligible. By the first part of the theorem,
Z* — Zz, in probability. Then in view of Theorem 4.2 and the remark after it, lim, o, P (J, > z%) =
lim,, 00 P (Jp > 24) = a under Hy. By Theorem 4.3 and the fact that En = B, +op (1) and 52 = 03 +
op (1) under Hy (n=/2(h!)~Y/4), we have lim,, s P (Jn > 2%) = lim, 00 P (Jn > 20) = 1—® (26— p0/00)
under H; (n~'/2(h!)~/4). By Theorem 4.4 lim,, o, P (J, > 2%) = lim,, 00 P(J,, > 24) = 1 under H;.H

/
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Table 1: Finite Sample Comparison of Various Nonparametric Estimators

DGP n T Estimates Homoskedasticity Heteroskedasticity

g1 g2 g1 g2
MAD MSE MAD MSE MAD MSE MAD MSE
1 100 0.32 SCU 0.742 0.984 0.400 0.304 1.247 2.722 0.703 0.920
Wy, 0.497 0.433 0.264 0.124 0.754 1.091 0.468 0.400
OlIVy 0.498 0.437 0.284 0.138 0.580 0.622 0.380 0.253
IW;. 0.671 0.828 0.391 0.274 0.884 1.585 0.547 0.555
OlIV;. 0.676 0.814 0.419 0.300 0.700 0.951 0.469 0.395
CDXW 0.699 0.967 0.373 0.268 0.929 1.679 0.566 0.594
0.75 SCU 0.982 1.251 0.628 0.515 1.744 3.899 1.100 1.579
Wy, 0.540 0.684 0.340 0.314 0.834 1.769 0.602 0.811
OlIVy 0.473 0.391 0.310 0.168 0.549 0.545 0.421 0.305
IW;. 0.680 1.018 0.456 0.469 0.916 2.029 0.658 0.938
OlIV;. 0.636 0.729 0.449 0.356 0.674 0.892 0.517 0.491
CDXW 0.845 1.470 0.522 0.566 1.074 2.301 0.751 1.092
400 0.32 SCU 0.603 0.503 0.322 0.139 1.071 1.622 0.575 0.469
Wy, 0.323 0.192 0.164 0.049 0.525 0.572 0.316 0.196
OIVy 0.328 0.195 0.178 0.056 0.406 0.337 0.258 0.127
IW;. 0.379 0.250 0.217 0.080 0.535 0.550 0.332 0.198
OV, 0.402 0.280 0.247 0.103 0.424 0.353 0.281 0.144
CDXW 0.455 0.441 0.226 0.105 0.640 0.876 0.371 0.274
0.75 SCU 0.946 0.988 0.602 0.395 1.697 3.261 1.060 1.253
Wy, 0.344 0.287 0.205 0.112 0.565 0.863 0.400 0.386
OIVy 0.323 0.195 0.202 0.075 0.400 0.333 0.299 0.177
IW;. 0.379 0.287 0.247 0.122 0.549 0.686 0.396 0.322
OV, 0.388 0.266 0.269 0.126 0.421 0.365 0.320 0.196
CDXW 0.573 0.770 0.332 0.258 0.754 1.284 0.502 0.534
2 100 0.32 SCU 0.626 0.692 0.664 2.882 1.006 1.636 0.611 0.673
Wy 0.421 0.398 0.795 2.967 0.585 0.778 0.440 0.506
OIVy 0.518 0.720 0.686 2.005 0.460 0.594 0.402 0.432
Wi, 0.546 0.701 0.929 3.141 0.648 0.946 0.526 0.639
OlV,. 0.602 0.808 0.892 2.705 0.552 0.760 0.501 0.580
CDXW 0.523 0.615 0.826 3.012 0.662 0.976 0.467 0.559
0.75 SCU 0.917 1.051 0.690 1.915 1.541 2.865 1.008 1.262
Wy 0.434 0.466 0.623 1.775 0.618 1.007 0.518 0.681
OlIVy 0.494 0.689 0.566 1.261 0.468 0.636 0.444 0.451
IW;. 0.533 0.698 0.747 1.954 0.648 1.014 0.571 0.727
OV, 0.579 0.778 0.731 1.696 0.561 0.819 0.531 0.611
CDXW 0.601 0.785 0.696 1.829 0.743 1.208 0.577 0.760
400 0.32 SCU 0.533 0.343 0.322 0.395 0.912 1.010 0.508 0.332
Wy 0.205 0.082 0.213 0.346 0.309 0.214 0.225 0.094
OIVy 0.242 0.188 0.230 0.362 0.240 0.154 0.202 0.078
IW;. 0.277 0.176 0.292 0.404 0.343 0.257 0.273 0.130
OV, 0.309 0.213 0.313 0.387 0.287 0.208 0.260 0.114
CDXW 0.257 0.133 0.228 0.364 0.353 0.276 0.240 0.110
0.75 SCU 0.903 0.854 0.599 0.389 1.530 2.491 0.984 1.041
Wy 0.209 0.092 0.177 0.079 0.319 0.259 0.261 0.141
OlIVy 0.241 0.199 0.195 0.119 0.245 0.177 0.226 0.107
IW;. 0.270 0.168 0.252 0.135 0.339 0.257 0.298 0.164
OlV,. 0.300 0.202 0.277 0.155 0.290 0.215 0.278 0.140
CDXW 0.309 0.202 0.224 0.113 0.404 0.365 0.302 0.182

Note. See the text for the definition of the six estimates: SCU, IW;;, OV, IW;., OIV;., and CDXW. The
MAD and MSE are averages over 500 replications.
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Table 2: Rejection Frequency of Nonparametric Tests for the Constancy of Functional Coefficients (nom-
inal level: 0.05)

DGP n ) T Homoskedasticity Heteroskedasticity

Ho Ho 2 Ho 12 Hop 4 Ho 2 Ho 12

1 100 O 0.32 0.042 0.058 0.046 0.056 0.058 0.048

0.75 0.016 0.066 0.032 0.022 0.062 0.036

0.2 0.32 0.180 0.922 0.732 0.126 0.358 0.354

0.75 0.192 0.824 0.696 0.096 0.280 0.270

0.4 0.32 0.800 0.996 1.000 0.560 0.890 0.886

0.75 0.862 0.998 0.996 0.602 0.754 0.804

0.6 0.32 0.988 1.000 1.000 0.892 0.994 0.992

0.75 0.992 1.000 1.000 0.920 0.958 0.974

200 O 0.32 0.058 0.048 0.058 0.068 0.036 0.056

0.75 0.026 0.056 0.050 0.036 0.044 0.048

0.2 0.32 0.282 0.996 0.924 0.156 0.572 0.478

0.75 0.292 0.984 0.928 0.154 0.448 0.420

0.4 0.32 0.904 1.000 1.000 0.648 0.992 0.990

0.75 0.968 1.000 1.000 0.738 0.960 0.970

0.6 0.32 1.000 1.000 1.000 0.952 1.000 1.000

0.75 1.000 1.000 1.000 0.986 0.998 1.000

2 100 O 0.32 0.018 0.040 0.024 0.038 0.066 0.048

0.75 0.018 0.026 0.022 0.026 0.046 0.038

0.2 0.32 0.038 0.754 0.184 0.048 0.264 0.112

0.75 0.038 0.618 0.196 0.040 0.190 0.092

0.4 0.32 0.204 0.990 0.734 0.132 0.724 0.438

0.75 0.214 0.982 0.768 0.132 0.580 0.402

0.6 0.32 0.366 0.914 0.882 0.280 0.960 0.786

0.75 0.424 0.994 0.980 0.318 0.866 0.738

200 O 0.32 0.060 0.066 0.064 0.060 0.058 0.052

0.75 0.042 0.048 0.040 0.038 0.050 0.040

0.2 0.32 0.132 0.944 0.386 0.088 0.398 0.172

0.75 0.126 0.864 0.374 0.076 0.288 0.156

0.4 0.32 0.474 1.000 0.986 0.260 0.940 0.684

0.75 0.494 1.000 0.970 0.268 0.836 0.632

0.6 0.32 0.792 0.992 0.976 0.552 0.998 0.972

0.75 0.848 1.000 1.000 0.572 0.986 0.936

Table 3: The ALS Sample Characteristics

Variable Source Mean  St. Dev. Min Max
Born in Australia B.3 .862 .345 0 1
Married A7 183 .386 0 1
Union Member G.11 1425 1494 0 1
Government Employee G.10 .286 .452 0 1
Age A4 20.718 2.622 15 25
Years of Education E.3, 5,8, 12, 14, 21,23  11.736 1.529 3 16
Years of Experience F.3-4, 7-10, 31-3, G.23-5  1.489 1.997 0 14

Hourly Wage ($) G.3-5 and 7-8 6.662 2.579 .375 47.5
Attitudes Index 0.1 1.969 .351 .7 2.8

Notes: The sample is based on the 1985 wave of the Australian Longitudinal Survey (ALS). The
sample size is 2049 observations. Column Source provides information about the questions from
the ALS, which were used to obtain the variables. Hourly wage is in 1985 dollars. Attitudes Index
is constructed using only six out of seven equations about work, social roles and school attitudes
of individuals toward working women. Specifically, we exclude question (iii).
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Logaritim of wage

Figure 1: Experience-Wage and Education-Wage Profiles
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Figure 2: Plots of gi(Experience, Individual Characteristic,:) and go(Experience, Individual
Characteristic,:) Averaged over Other Categorical Variables
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Notes: Horizontal Axis - Experience. Vertical Axis - g1 or ga. SCU estimate, dashed line; our proposed estimate with
optimal weight matrix, solid line. The rule of thumb method is used to choose the bandwidth. The four rows correspond
to Individual Characteristic being a binary indicator of whether a woman is married, a union member, a government
employee, and born in Australia, from the top to the bottom. The four columns from the left to the right correspond to g1
for Individual Characteristic =1 and 0, and g2 for Individual Characteristic = 1 and 0, respectively.

Figure 3: Plots of gi(Experience,:) and go(FExperience,:) Averaged over All Categorical Vari-
ables
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Notes: Horizontal Axis - Experience. Vertical Axis - g1 or ga. SCU estimate, dashed line; our proposed estimate with
optimal weight matrix, solid line. The rule of thumb method is used to choose the bandwidth. The two columns from the
left to the right correspond to g1 and g2, respectively.
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Figure 4: Plots of gi(Exzperience, Individual Characteristic,:) and go(Experience, Individual
Characteristic,:) Averaged over Other Categorical Variables

= z 0.z 0.z
T g P e
e ~ .
7 T R Y - — < N sk -
-z -z o
o 5 10 ‘o 5 0 o 5 10 o 3 10
= 1 a— 04 oS
- - | i |
I . Y gt
of~— == gsg ", 0.z
e o B o e . _Fﬂ,a—"ﬁ
-z o o o
0 5 10 o 5 0 O 5 10 o 5 10
= 1 0.z 02—
/_-H“xw q_‘h_‘“‘x 2 -7
o[~ == g 0.1 01 | —
\-”_p/
-z -1 o o
o 5 10 o 5 0 o 5 10 o 3 10
1 z 0.z 0.z
o R oy /__ZT
= e —
0s . () e I 1 T i
S
o -z o o
0 5 10 ‘o 5 0 O 5 10 o 5 10

Notes: Horizontal Axis - Experience. Vertical Axis - g1 or g2. SCU estimate, dashed line; our proposed estimate with optimal
weight matrix, solid line. The LSCV method is used to choose the bandwidth. The four rows correspond to Individual
Characteristic being a binary indicator of whether a woman is married, a union member, a government employee, and
born in Australia, from the top to the bottom. The four columns from the left to the right correspond to g1 for Individual
Characteristic = 1 and 0, and gs for Individual Characteristic = 1 and 0, respectively.

Figure 5: Plots of g;(Experience,:) and g2(FEzperience,:) Averaged over All Categorical Vari-
ables
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Notes: Horizontal Axis - Experience. Vertical Axis - g1 or g2. SCU estimate, dashed line; our proposed estimate with
optimal weight matrix, solid line. The LSCV method is used to choose the bandwidth. The two columns from the left to
the right correspond to g1 and g2, respectively.
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