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ABSTRACT

In this paper we propose a nonparametric test for conditional heteroskedasticity based on
a new measure of nonparametric goodness-of-fit (R2?). In analogy with the ANOVA tools for
classical linear regression models, the nonparametric R? is obtained for the local polynomial re-
gression of the residuals from a parametric regression on some covariates. It is close to 0 under
the null hypothesis of conditional homoskedasticity and stays away from 0 otherwise. Unlike
most popular parametric tests in the literature, the new test does not require the correct spec-
ification of parametric conditional heteroskedasticity form and thus is able to detect all kinds
of conditional heteroskedasticity of unknown form. We show that after being appropriately
centered and standardized, the nonparametric R? is asymptotically normally distributed under
the null hypothesis of conditional homoskedasticity and a sequence of Pitman local alternatives.
We also prove the consistency of the test, propose a bootstrap method to obtain the critical
values or bootstrap p-values, and justify the validity of the bootstrap method. We conduct
a small set of Monte Carlo simulations and compare our test with some popular parametric
and nonparametric tests in the literature. Applications to the U.S. real GDP growth rate data
indicate that our nonparametric test can reveal certain conditional heteroskedasticity which

the parametric tests fail to detect.

KEY WORDS: ANOVA; Conditional homoskedasticity; Consistency; Local polynomial re-

gressions; Nonparametric R%; Nonparametric test.
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1 Introduction

Since the 1960s there has developed a large literature on testing for heteroskedasticity. Most
of the early tests for heteroskedasticity can be classified into three categories: those that are
based on the Lagrange multiplier (LM) principle, those that are based on the least squares
residuals, and those that are based on quantiles or expectiles. For example, the classical tests
of Glejser (1969), Godfrey (1978), and Breusch and Pagan (1979), are among the first category;
the popular tests of Goldfeld and Quandt (1965), Bickel (1978), and White (1980) are among
the second group, and the robust tests of Koenker and Bassett (1982) and Newey and Powell
(1987) belong to the third category. For a survey on early methods of testing heteroskedasticity,
see Pagan and Pak (1993).

As shown by Pagan and Pak (1993) most of the early tests can be regarded as special cases
of the conditional moment tests that are, unfortunately, not robust against functional misspec-
ification. Hong (1993) also demonstrated that many of these existing tests are not consistent
in that they are unable to detect certain forms of heteroskedasticity asymptotically. For this
reason, several nonparametric consistent tests for heteroskedasticity have been proposed, in-
cluding Hong (1993), Hsiao and Li (2001), and Zheng (2006). Based on the comparison between
the kernel estimator of the conditional variance of a regression model under the alternative and
the estimator of the unconditional variance under the null, Hong (1993) proposed a consistent
test for heteroskedasticity when the regressand and regressors are independent and identically
distributed (IID). In contrast, Hsiao and Li’s (2001) test is motivated by the application of
heteroskedasticity test to time series models and the wide use of the ARCH type of models,
and it is constructed by using the idea analogous to the consistent tests for model specifica-
tion. Zheng’s (2006) test for heteroskedasticity works for both parametric and nonparametric
regression models but is limited to IID observations. A close look at these three tests indicates
that they share the same formula despite the use of different approaches in the derivations.

In this paper, we propose a new test for conditional homoskedasticity based on a novel mea-
sure for nonparametric goodness-of-fit (R?). Recently Huang and Chen (2008) have proposed
a measure of goodness-of-fit for local polynomial regressions, which is based on the decom-
position of the total sum of squares (TSS) into the explained sum of squares (ESS) and the
residual sum of squares (RSS). Their definition of nonparametric R? is analogous to that of
R? in multiple linear regression models. We think that this measure serves a useful statistic
for testing many popular hypotheses in econometrics and statistics just as the important roles
it plays in the parametric setup. It is well-known that many LM-type and residual-based test
statistics in the parametric framework can be recast as nR? (e.g., Greene, 2000, pp. 156-157,
196-197, 440, 541, 572), where n is the sample size and R? is the coefficient of determination



from some residual-based auxiliary regressions that are parametrically specified. In the case
of misspecification for the functional form in these auxiliary regressions, these tests may lead
to misleading conclusions. To avoid such misspecification of functional form, we propose to
adopt nonparametric models in place of parametric models in the auxiliary regressions. Then
we can construct a nonparametric analogue of the parametric residual-based test by applying
the nonparametric measure of goodness-of-fit.

In this paper, we focus on the case of testing for conditional homoskedasticity based upon
the nonparametric R2. It is a residual-based test. After fitting a parametric model for the
conditional mean regression, we obtain the residuals whose squares are used in the second-
stage auxiliary local polynomial regression. We calculate the nonparametric R? from this
regression. It is small and close to 0 under the null of conditional homoskedasticity and lies far
away from 0 under the alternative of conditional heteroskedasticity. We show that after being
properly standardized, it is asymptotically normally distributed under the null of conditional
homoskedasticity and a sequence of Pitman local alternatives. We also establish the consistency
of the test and propose a bootstrap method to obtain the bootstrap p-values. Simulations
indicate that our test behaves reasonably well in finite samples.

The rest of the paper is organized as follows. We state the hypothesis and define the
nonparametric R? in Section 2. In Section 3 we study the asymptotic distributions of our
test statistic under the null and a sequence of local alternatives. We also establish the global
consistency of our test and justify the validity of a bootstrap method. In Section 4 we conduct
Monte Carlo experiments to evaluate the finite sample performance of our test in comparison
with some other tests and apply them to the U.S. real GDP growth rate data. Section 5
concludes. All technical assumptions and proofs are relegated to the Appendix.

To proceed, we define some notation that will be used throughout the paper. For a matrix
A, we denote its Euclidean norm as || A|| = [tr (AA’ )]1/ 2 where tr(-) and prime mean trace and
transpose, respectively. For a vector a = (a1, ..., q;)’, diag(a) denotes a diagonal matrix with a;
as its ¢th diagonal element. Let I; denote an [ x [ identity matrix. 0; and 1; denote a [-vector
of zeros and ones, respectively. The operator 2L, denotes convergence in probability, and 4,

convergence in distributions.

2 Basic Framework

In this section we first introduce the null and alternative hypotheses, then propose a test

statistic based on the measure of nonparametric goodness-of-fit.



2.1 Hypotheses

Following Hsiao and Li (2001), we consider a nonlinear model of the form
Yi = g (Z0,00) + Us (2.1)

where ¢ (-, ) is a function of known form, g is a d x 1 vector of unknown parameters, Z; is a
k x 1 vector of regressors, and U is a scalar error term such that F (U¢|Z;) = 0 almost surely
(a.s. hereafter). The null of interest is that conditional on Xy, a p x 1 vector of variables, Uy’s

are homoskedastic, i.e.,
Hy: P (E (U?|X:) = 03) = 1 where 05 = E (U?) > 0. (2.2)
The alternative hypothesis is
Hy: P (E(U}X;) =05) <1 forall o5 € RT. (2.3)

Note that we allow the elements in X; to be distinct from those in Z;.

The consistent tests of Hong (1993), Hsiao and Li (2001), and Zheng (2006) are all residual-
based tests that rely on the observation that F (Ut2 — 0%|Xt) = 0 a.s. under the null hypothesis.
Below, we propose an alternative way to test for the above hypotheses by extending the use of
R? from parametric regression models to nonparametric regression models and achieve consis-

tency of the test at the same time.

2.2 A nonparametric R?-based test for conditional heteroskedasticity

Let V; = U? and m (X;) = E (V4| X;). If V; were observable, we could consider the nonpara-
metric regression model

Vi=m(Xy) + & (2.4)

where g, = V; —m (X}). Under the null hypothesis of conditional homoskedasticity, we expect
m(Xy) = a% a.s., and thus any goodness-of-fit measure for the above nonparametric regression
model should be close to 0. This motivates us to propose a test based on the nonparametric
goodness-of-fit measure that was recently proposed by Huang and Chen (2008).

Let & denote the nonlinear least squares (NLS) estimator of 6y in (2.1). Let [7,5 =Y —
g (Zt,§> and ‘7t = [7752 A feasible regression model is given by

‘//\;5 =m (Xt) + e (25)

where e; is the new error term in the above regression. The basic idea of local polynomial fit

is: if m (z) is a smooth function of x = (x1,--- ,xp)", for any X; in a neighborhood of =, we



have

m(X) = m@)+ 3 %D“mcwC&—xﬁ+owxe—ﬂm
1<jI<q
= Y B@) (X —2P +o(| X —al|).

0<ljI<q

Here, we use the notation of Masry (1996): j = (1, Jp), |l = S0 jiy o = TP_ ol
k k i Al ; oo
Socliicg = Sheo Lm0 Loy Dl (@) = L 8 (x) = §Dlilm (), where jl =

Jp= gy --dIPxy !
Jitetip=k
~ n
Hf,l jil. Thus, given observations {(Vt,Xt)} , the gth-order local-polynomial regression of
- t=1

V; on X, is fitted by the weighted least squares (WLS) as follows
n N X 2
minn 'Y | Vi— Y BN —a)f | Ku(Xi—x), (2.6)
= 0<[j1<a

where 3 is a stack of 85 (0 < |j| < g) in the lexicographical order (with highest priority to
last position so that (0,0,...,1) is the first element in the sequence and ([,0,...,0) is the last
element), Kp (-) = K (-/h) /h, K (+) is a symmetric probability density function (PDF) on RP,
and h = h(n) is a bandwidth parameter. Let Bj (z;h) (0 < [j| < q) denote the solution to the
above problem. Based on the normal equations for the above regression, it is easy to verify the

following local ANOVA decomposition of the total sum of squares (7'SS)

TSS (z) = ESSy (z) + RSSy (x) (2.7)
where
n . — 2
7SS (z) = (% - V) Ky (Xi — ),
t=1
n 2
ESS,(z) = B (w3 ) (Xy —af =V | Ky (X;— 1),
t=1 \0<lj|<q
n 2
RSS, () = Vi— > Bj(wsh) (X —af | Kn(X—a),

and ? =n 1Y 0, ‘7} A global ANOVA decomposition of T'SS is given by

TSS = ESS, + RSS, (2.8)

~

~ 2
where TSS = [TSS(z)dz = n 1Y}, (Vt — V) , ESS, = [ ESSy(z)dz, and RSS, =
[ RSS, (x) dz. Then one can define the nonparametric goodness-of-fit (R?) for the above gth-
order local polynomial regression as

RSS, ESS,

2— — =
Ry =1 TSS TSS'

(2.9)

5



For more interpretations of Rg and its local version, we refer the readers to Huang and Chen
(2008). It is worth mentioning that the typical choices of ¢ are 1, 2 and 3. So we will focus on
these three cases in the following sections.

Clearly Rg lies between 0 and 1. The smaller value of Rg, the worse the fit is. In the extreme
case, if no regressors among X; can explain V;, we expect a value close to 0 in any given sample
of observations on {IA/t, Xt} . Let X4z = 1 (X; — x) denote the stack of (X; —x)j, 0<Jj| <gq,in
the lexicographical order. For example, X, = (1, (X —z)") if ¢ = 1. Let X, = (X142, - Xna)'s
W, =diag(K, (X1 —2), -, Kp (X, —z)), H, = W, X, (X;WIXI)_I X/ W,, and H* =
[ H,dz. It is easy to verify that

TSS =V'Mv, ESS;=V'(H" — L)V, and RSS; =V' (I, - H")¥,

~

~ !/
where v = <V1, . ,Vn> , M =1, — L, and L is an n X n matrix with entries 1/n. Then the

nonparametric R? can be written as

= 2.10
a v/ Mv ( )

We will show that after being approximately centered and scaled, the above nonparametric R? is
asymptotically normally distributed under the null and a sequence of Pitman local alternatives.

To proceed, we define some notation. Let N; = (I + g — 1)!/(I'(g — 1)!) be the number of
distinct g-tuples j with |j| = [. It denotes the number of distinct I-th order partial derivatives
of m(z) with respect to z. Arrange the N; ¢g-tuples as a sequence in the lexicographical order,
and let qﬁfl denote this one-to-one map. For each j with 0 < [j| < 2q, let p; = Jre K (z)dz,
and define the NV x N dimensional matrix S and N x 1 vector B, where N = Z?:o Ny, by

8070 8071 So’q 8070
s | 0 B Bl g Bl (2.11)
i S¢0 S¢1 - Sgq | i Sq,0 |

where S; ; are N; x N; dimensional matrices whose (I,7) elements are H, )+, (r)- That is, the

elements of S and B are simply multivariate moments of the kernel K.

3 Asymptotic Distributions

In this section we first study the asymptotic distributions of nonparametric R? under the null
hypothesis and a sequence of Pitman local alternatives. We then prove the consistency of the

test and propose a bootstrap method to obtain bootstrap p-values.



3.1 Asymptotic null distribution

Let Hf, denote the (¢, s)th element of H*. Define

b, = hp/225§ Hj, — nil) / (nilTSS) ,

Qy = /[/K )'S™ u(z—Hv)K(z—i—x)dzrdw/[vQ(:L‘)fda:/a%/

where v? (z) = E (7| Xy = z) , 11 (+) is the function used in the definition of X, (= p (X; — 2)),
and o2, =Var(V;) . Define
I\, = nh?/?R2 — b,

Theorem 3.1 Suppose Assumptions A1-A6 in the Appendiz hold and p < 7. Then under Hy,

T % N(0,9).

Remark 1. The proof of the above theorem is tedious and is relegated to the Appendix.
The idea underlying the proof is very simple. Under the null hypothesis, we first demonstrate
that n 1TSS, = 03T, +0, (1), where T, = 2 Yicics<cn P (§6:€5) & = (X}, &) 0 (€4,65) =
h2eie, ([ KiaXiy Dy 'S™ID, ' Xy Koy f 1 (z) dz — 1), and Dy, Ediag(l, hlly, - ,hq1qu> de-
notes an NV x N diagonal matrix with typical elements given by h*, s =0,1,--- ,q. Apparently
T, is a second-order U-statistic with symmetric kernel ¢ (-,-). Then we can apply the central
limit theorem (CLT) for second-order U-statistics under some martingale condition and demon-

strate that T, > N(0,0%80). The result then follows by noticing that n 1TSS = 0%, + 0, (1).

To implement the test, we require consistent estimates of both the bias term b, and the
variance y. Let € = 17} —n ! > XA/S Define

b, = hP/? ng (Hfy —n™1) / (n'TSS), and Q= 2n_2hpzzgf€2 (nH}, —1)2.
t=1 s=1 t#s

It is easy to show that Zn = b, +o0p (1) and Q= Qo +0p (1) under Hy. We can define a feasible

nonparametric R?-based test statistic as
T, = (nhp/ZRg - bn) V. (3.1)

We then compare T, with the one-sided critical value z,, i.e., the upper ath percentile from

the standard normal distribution. We reject the null when 7T,, > z, at the « significance level.

To examine the asymptotic local power of our test, we consider the following sequence of

Pitman local alternatives:
Hi(7,) :m(z) = 0f +7,A (z), (3.2)



where 7,, — 0 as n — oo and A (z) is a nonconstant continuous function. Define
Ao =B'STIBE [A% (X1)] - [E (A (X1))]. (3.3)
The following theorem establishes the local power property of our test.

Theorem 3.2 Suppose Assumptions A1-A6 in the Appendix hold and p < 7. Suppose that
A(z) is a continuous function such that E [A? (X1)] < oo. Then the local power of the test
T,, satisfies P(Ty, > zo|Hi(n Y2h7P/4)) = 1 — ®(24 — Ao//Q0) as n — oo, where @ (*) is the

cumulative distribution function (CDF) of the standard normal.

Remark 2. For the local linear and quadratic regressions (¢ = 1 and 2), it is straight-
forward to verify that B'S™'B = 1 and hence Ag =Var(A (X1)) > ¢ for some ¢ > 0 under
Hy (n‘l/ 2p—p/ 4). If ¢ = 3, by the formula for partitioned inverse and the symmetry of the
kernel function K (-), we can show that B'S™!B = (1 — a)® + a < 1, where a = 80,2857%82’0 <1
by the Cauchy-Schwarz inequality. This implies that Ag is no bigger than Var(A (X7)) in the

case of ¢ = 3.

Remark 3. Theorem 3.2 implies that the test has non-trivial asymptotic power against
alternatives that diverge from the null at the rate n='/2h"P/4. The power increases with the
magnitude of Ag/v/Qg. Furthermore, by taking a large bandwidth we can make the alternative
magnitude (of order +,,) against which the test has non-trivial power arbitrarily close to the
parametric rate n=1/2,

The following theorem establishes the consistency of the test for both local linear and

quadratic regressions.

Theorem 3.3 Suppose Assumptions A1-A6 in the Appendiz hold and p < 7. Let pg =
B'S™'BE [m? (X1)] — [E (m (X1))?. Then under Hy, T,/ (nhp/Q) = ,uo/(cr%/\/ﬁ) +o0, (1) where
Q is the probability limit of Q under H;.

Remark 4. Following Remark 2, in the case of local linear and quadratic regressions,
o =Var(m (Xi)) > ¢ > 0 under H;. This implies that under Hy, P (T,, > t,) — 1 as n — o0

for any sequence t, = o (nhp/ 2), thus establishing the global consistency of the test.

Remark 5. Even though we only focus on the case of parametric conditional mean model,
we can also allow it to be nonparametrically specified. In this case, we can apply the local
polynomial method to estimate the unknown but smooth conditional mean function and apply
the resulting nonparametric residuals to conduct the nonparametric R? test. Following Su

and Ullah (2009), we conjecture that the first-stage nonparametric estimation error only plays



asymptotically negligible role in the asymptotic distributions of our nonparametric R? test

statistic.

3.2 A bootstrap version of the test

Despite the asymptotic pivotal property of many nonparametric tests, early studies have shown
that their empirical levels are typically sensitive to the choice of bandwidth, and may be highly
distorted in finite samples. Therefore we propose a bootstrap method to obtain the bootstrap
approximation to the finite sample distribution of our test statistic under the null. As Neumann
and Paparoditis (2000) stressed, in order to get an asymptotically correct estimator of the null
distribution of T}, it is not necessary to reproduce the whole dependence structure of the
stochastic processes generating the original sample. Based on this observation, we propose a
fixed-regressor bootstrap method in the spirit of Hansen (2000), which is quite different from
that of Hsiao and Li (2001) who tried to mimic the data generating process (DGP) when X;
or Z; contains lagged dependent variables.

For the ease of exposition we consider a nonlinear regression model Y; = g (Z,00) + Uz,
where 0y can be estimated consistently via the nonlinear least squares (NLS) method. We

propose to generate the bootstrap version of our test statistic 7;, as follows:
1. Obtain the NLS residuals ﬁt =Y — g(Zt,/G\), where 0 is the NLS estimator of 0.

2. For t =1,--- ,n, obtain the bootstrap error U;" by random sampling with replacement
from {(73 — 17, s=1,---,n}, where U=n-! > U,. Generate the bootstrap analog of

-~

Y: by holding Z; as fixed: Y;* = g(Z,0) + U, t=1,--- ,n.

3. Regress Y,* on Z; to obtain the NLS estimator 9 of 0. Compute the bootstrap residuals

U =Y} —g(Z,0).

4. Let Vt* = ﬁt*Q. Calculate the nonparametric R? (denoted as Rzg) from the gth order

local polynomial regression of XA/t on X;. Compute the bootstrap test statistic 77 =

(nR;2 —/b\;"l) /V ﬁ*, where /b\;"l and Q* are defined analogously to b, and Q but with U,
being replaced by ﬁt*.
B
5. Repeat Steps 2-4 for B times and index the bootstrap statistics as {T;’;b}b L The boot-
strap p-value is calculated by p* = B~! 25:1 1 (T ;;b > Tn), where 1(-) is the usual
indicator function.

Several facts are worth mentioning here: (i) Conditionally on the original sample W =
{(Yy, Zy, Xy) ,t = 1,--- ,n}, the bootstrap replicates U; are independent and identically dis-
tributed (IID) with mean 0 and variance n~! Z?:l(ﬁs — U)2 (i) the regressor Z; (resp. X;)



can contain lags of Y; (resp. Yt,Uf), but the above bootstrap procedure does not need to
mimic the DGP of either Y; or U?; (iii) the null hypothesis of conditional homoskedasticity is
implicitly imposed in the above procedure.

The following theorem establishes the validity of the above bootstrap procedure.

Theorem 3.4 Suppose Assumptions A1-A6 in the Appendiz hold and p < 7. Then T -,
N(0,1) conditionally on W, and P (T, > T}) — 1 under H;.

Remark 6. The first part of Theorem 3.4 indicates that the bootstrap provides an as-
ymptotic valid approximation to the null limit distribution of 7;,. This holds as long as we
generate the bootstrap data by imposing the null hypothesis. The second part of Theorem
3.4 implies that the test T;, based upon the bootstrap critical value is consistent against every
global alternative for which P (E (U?|X;) = 03) < 1 for any 0§ € R". That is, T}, — oo with
probability approaching 1 under H;.

4 Monte Carlo Simulation Study and Applications

In this section, we first conduct Monte Carlo simulations to evaluate the finite sample perfor-

mance of our test in comparison with other tests and then apply these tests to a real dataset.

4.1 Simulation Study
4.1.1 Data generating processes

We generate data according to six data generating processes (DGPs), among which DGPs 1-2
are used for the level study of our test and DGPs 3-6 are for power study.

We use the following two DGPs in the level study:
DGP 1: Y, =1+ Z, + Uy,
DGP 2: Y; =0.5Y; 1 + Uy,
where U; are IID N (0,1), and Z; are IID sum of 48 independent random variables each
uniformly distributed on [-0.25,0.25]. According to the CLT, we can treat Z’s as being nearly
standard normal random variables but with compact support [-12, 12]. We choose X; = Z; in
DGP 1 and X; = Z; = Y;_1 in DGP 2.

The following four DGPs are used in the power study:
DGP 3: Y, =1+ Z; + oy,
DGP 4: Y, =1+ Z; + oy,
DGP 5: Y; =0.5Y;_1 + oy,

10



DGP 6: Y; =0.5Y:_1 + oy,

where Z; are generated as in DGP 1, n, are IID N (0,1) in DGPs 3, 4, 6 and are IID sum of
48 independent random variables each uniformly distributed on [-0.25,0.25] in DGP 5, 0, =
V(Z= 1%+ 1)/3, /(22 - 3)° +01)/6.1, V02 + ¢ 717, and /0TI +2/(1+e ) in
DGPs 3, 4, 5, and 6, respectively. We choose X; = Z; in DGPs 3-4 and X; = Z; = Y;_1 in
DGPs 5-6. Note that X; is not compactly supported in DGP 6. In addition, to eliminate the

starting-up effect, we throw away the first 200 observations when generating the data in DGPs
2, 5 and 6.

4.1.2 Test statistics, kernel, and bandwidth choice

For each DGP, we regress Y; on (1,7;) and obtain the residuals fft. Based on Vt = [,Aft?, we
construct five test statistics. The first one is the Lagrange multiplier (LM) test that tests

a1 = 0 in the following parametric regression
‘//\% :CK0+041X152+C75

where here and below (, are error terms that may change across regressions. The second one

is White’s (1980) nR? test that tests a; = az = 0 in the following parametric regression
Vi = ao + a1 Xy + o X? + (.

The third one is Hsiao and Li’s (2001) nonparametric I,, test, where I,, = nh 20, N, Jn =
(2h) " Sy X (V= 3) (Vs - 33) 1 (X5 0, = 2 (u20) " 0y 0 (V- 33)
X (VS - 8%)2 K? (K%Xi) yand 65 =n"1 Y0, V. The fourth and fifth are our nonparametric
R? and R3 tests that are based on local linear and local quadratic regressions, respectively.

Implementing the latter three tests requires the choice of both kernel function and band-
width sequence. In all cases, we choose the standard normal PDF as the kernel function. Since
it is difficult to pin down the optimal bandwidth for our test, we follow Horowitz and Spokoiny
(2001) and Su and Ullah (2009) and consider a set of different bandwidth values. Like them, we
use a geometric grid consisting of the points hs = w®sx hmin, Where sx is the sample standard
deviation of X;, s =0,1,...,N' — 1, NV is the number of grid points, w = (hmax/hmin)l/(/v_l),
Bmin = 1~ Y301 and hpax = 4n~1/1000 Eollowing Horowitz and Spokoiny (2001), we choose N
according to the rule of thumb N = [logn| + 1, where [a] means the integer part of a. For
each hg, we calculate the test statistic in (3.1) and denote it as T}, (hs) . Define

SupT,, = og?%‘}\}ﬁlT” (hs) . (4.1)

11



Even though T, (hs) is asymptotically distributed as N (0,1) under the null for each s, the
distribution of SupT;, is generally unknown. Fortunately, we can use bootstrap approximation

introduced in Section 3.3.

4.1.3 Test results

Tables 1-2 report the simulation results. We use 1000 replications for each case. To obtain the
simulated p-values, we use 200 bootstrap resamples in each replication for both Hsiao and Li’s
and our tests. To save space in the tables, we use LM, W, HL, NR% and NR% to denote the
LM test, White’s test, Hisao and Li’s test, our nonparametric R? test based on local linear

regression, and our nonparametric R? test based on local quadratic regression, respectively.

Table 1: Finite sample rejection frequency under the null (DGPs 1-2)

DGP n\tests 5% 10%
LM w HL NRf NR% LM w HL NR% NRé
1 50 0.036 0.040 0.049 0.055 0.054 0.084 0.075 0.102 0.101 0.103
100 0.046 0.048 0.059 0.062 0.055 0.092 0.078 0.104 0.111 0.107
200 0.047 0.060 0.036 0.034 0.041 0.099 0.094 0.088 0.077 0.083
2 50 0.037 0.035 0.068 0.061 0.064 0.068 0.084 0.123 0.124 0.126
100 0.030 0.043 0.051 0.052 0.044 0.077 0.079 0.085 0.105 0.104
200 0.032 0.050 0.063 0.058 0.058 0.079 0.079 0.112 0.111 0.111

Table 1 reports the empirical rejection frequencies of the tests at 5% and 10% nominal levels
when the null hypothesis holds true. It shows that the empirical levels of both the parametric
tests (LM, W) and the nonparametric tests (HL, NR?, NR32) are reasonably well behaved
despite the fact that the two parametric tests tend to be undersized.

Table 2 reports the empirical power for the five tests at both 5% and 10% nominal levels.

We summarize some important findings from Table 2 as follows:

1. For all tests, the empirical power increases quickly as the sample size doubles or quadru-

ples.

2. In DGP 3, the White test utilizes the correct functional form for the conditional variance
and it works best among all five tests for small sample size (n = 50). As sample sizes
grow, the White test continues to outperform the LM test and our nonparametric R2
tests, but not Hsiao and Li’s test. This indicates that Hsiao and Li’s test is very powerful

in detecting quadratic form of conditional heteroskedasticity.
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3. Ascan be seen from DGP 4, when the functional form in the parametric tests is incorrectly
specified, the nonparametric tests tend to be more powerful than the parametric tests.

See also the LM test in DGP 6 in comparison with the nonparametric tests.

4. When the conditional heteroskedasticity is not of quadratic form, our nonparametric
R? tests tend to outperform Hsiao and Li’s test for the DGPs under investigation. For
DGPs 4-5, both NR? and NR? are more powerful than HL whereas for DGP 6, NR?
outperforms H L which in turn beats N R%.

5. Unexpectedly, the power performance of the local quadratic regression-based R? test is
not as good as that of the local linear regression-based R? test for DGPs 3 and 5-6, even
though for the same bandwidth the nonparametric R? for the local quadratic regression
is always larger than that for the local linear regression. We conjecture that this is due

to the differences in both bias-correction terms and variance terms.

Table 2: Finite sample rejection frequency under the alternative (DGPs 3-6)

DGP  n\tests 5% 10%
LM w HL NR% NR% LM w HL NR% NR%
3 50 0.296 0.660 0.639 0.407 0.355 0.360 0.779 0.752 0.551 0.480
100 0.493 0.935 0.949 0.772 0.696 0.584 0.966 0.975 0.871 0.818
200 0.782 0.998 1.000 0.970 0.947 0.842 0.999 1.000 0.989 0.974
4 50 0.361 0.190 0.255 0.534 0.524 0.523 0.344 0.389 0.643 0.628
100 0.555 0.435 0.603 0.745 0.760 0.659 0.565 0.753 0.828 0.831
200 0.616 0.567 0.940 0.918 0.926 0.686 0.669 0.974 0.944 0.951
5 50 0.209 0.087 0.127 0.350 0.321 0.410 0.208 0.227 0.487 0.450
100 0.563 0.315 0.246 0.593 0.559 0.758 0.529 0.385 0.691 0.667
200 0.943 0.820 0.508 0.913 0.891 0.976 0.924 0.665 0.946 0.936
6 50 0.078 0.278 0.270 0.296 0.263 0.152 0.419 0.405 0.425 0.383
100 0.116 0.652 0.556 0.582 0.517 0.183 0.801 0.677 0.698 0.632
200 0.167 0.967 0.861 0.908 0.849 0.247 0.992 0.920 0.942 0.909

4.2 Application to U.S. real GDP growth rates

We now apply the tests to the study of the growth rates of U.S. real gross domestic product
(GDP). We download the data from U.S. Bureau of Economic Analysis at http://www.bea.gov/.
We have both annual data (1930 - 2008) and seasonally adjusted quarterly data (1947Q2 -
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(a) Annual data (1930-2008)
T T T T

(b) Quarterly data (1947Q2-2009Q2)
T T T T T T

20 20

- Observations
= = = Linear fit
=== Local linear fit

-10f B -10f . B

-15 L L L L L L -15 L L L L L L
-15 -10 -5 (0] 5 10 15 20 -15 -10 -5 0] 5 10 15 20

Figure 1: Linear and local linear fits of ¥; on X;(= Y;_1), data are in dots.

2009Q)2), both of which are measured at annual percentage rates. For each dataset, let Y; de-
note the GDP growth rates at time t and set X; = Z; = Y;_1. Thus we have n = 78 observations
for the annual data and n = 248 observations for the quarterly data.

Figure 1 plots the Y; against X;. Clearly, we can observe positive correlations between Y;
and X; for both datasets but are not sure whether the relationships are linear or not. For
this reason, we consider both parametric linear and nonparametric local liner regressions of
Yion Xy : Y, = By + 51 Xe + Ui, and Y = g(X;) + Up. We use the Gaussian kernel for
the local linear regression and the bandwidth is chosen via the least-squares cross validation
(LSCV). The linear and local linear fitted lines are also given in Figure 1. Let U, denote
the parametric or nonparametric residuals and set f/t = @2 . It is not obvious from Figure 1
whether U, is conditionally homoskedastic or not given X;. So we now use 17,5 to conduct tests
for conditional homoskedasticity following the implementation procedure as detailed in the
simulation subsection. The only exception is that we now use B = 1000 bootstrap replications
for the three nonparametric tests (HL, NR?, and NR2). In addition, when the first-stage
regression is local linear, we generate the bootstrap version of Y; as Y;* = g, (X¢) + Uy, where
Oho (X¢) is the local linear estimate of g (X;) by using the LSCV bandwidth hy and U*’s are
now IID draws from {U, —5,5 =1,---,n} with U, = Y, — Tho (Xs) -

Table 3 reports the p-values for all tests. For both datasets, no matter whether we use the

linear or local linear fits for the first-stage conditional mean model, both LM and W fail to
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Table 3: p-values for testing conditional homoskedasticity in U.S. GDP growth rate data

1st-stage regression Annual data (n = 78) Quarterly data (n = 248)

LM W HL NR{ NR; LM W  HL NR] NR;
Linear 0.543 0.831 0.001 0.006 0.003 0.349 0.646 0.019 0.064 0.063
Local linear 0.369 0.668 0 0.045 0.031 0.346 0.641 0.025 0.096 0.082

reject the null hypothesis of conditional homoskedasticity at all conventional significance levels
(1%, 5%, 10%). In contrast, for the annual data, both HL and our nonparametric R?-based
tests can reject the null at 5% level; whereas for the quarterly data, HL rejects the null at
5% level and our tests can reject the null at 10% level despite the first stage parametric or

nonparametric regressions.

5 Concluding Remarks

In this paper we propose a nonparametric goodness-of-fit-based test for conditional heteroskedas-
ticity which is applicable to both IID and time series observations. We demonstrate that after
being suitably normalized, the nonparametric R? is asymptotically normally distributed un-
der the null hypothesis of conditional homoskedasticity. Our test has power to detect Pitman
local alternatives at the rate n=1/2hP/4 and is consistent against all kinds of conditional het-
eroskedasticity. We also propose a bootstrap method and justify its validity. Simulations
demonstrate that our test complements that of Hsiao and Li (2001) and behaves well in finite
samples. Applications to the U.S. real GDP growth rates indicate that both Hsiao and Li test
and our test can reveal certain conditional heteroskedasticity which the parametric tests fail
to detect.

We believe that the nonparametric R? is useful in many other aspects. For example, it can
be used to test for serial correlation of unknown form among the error terms in both parametric
and nonparametric regression models, following the LM principle of Breusch and Pagan (1980).
Also it can be used to test linear or nonlinear restrictions on the derivatives of nonparametric

functions. We leave these for future research.

Appendix: Assumptions and Proofs

Here we give the necessary assumptions for the establishment of the main results in Section

3, along the proofs.
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A Assumptions

Let C' < oo denote a generic constant whose value may change across lines. We make the fol-
lowing assumptions on the process {Uy, Z;, X;} , kernel function K (), and bandwidth sequence
h.

Assumption Al. Let W; = (U, Z/, X})". The process {W;} is a strictly stationary strong
mixing process with mixing coefficients a (s) such that 2% sta (s)" 47 < C for some n > 0
with 7/ (4+n) < 1/2. For some some v € (0,1/3] such that n3a (ng)"” 4™ = 0 (1), where
ng = [n?] is the integer part of n7.

Assumption A2. (i) E (g|Ft o (X),F2L (€)) = 0 a.s., where for example F¢ (X) denotes
the sigma algebra generated by (X, -, X;) for s < t.

o 14
(i) B [\gtﬁﬂ < C,and E [ gilgl ...l 1]

< C for some arbitrarily small ¢; > 0,

where 2 <[ < 4 and 23:1 i; < 8.

(iii) Let v (z) = E [e?|X; =z, and py (z) = F [¢}|X; = ] . Both v? (z) and py4 (z) are
Lipschitz continuous in that |9 (z + ) — 9 (z)| < Dy () ||z|| and E [\Dﬁ (X)[*2| < C for
9 (-) = v% () or puy (-) and some arbitrarily small ¢, > 0, where ||-|| denotes the Euclidean norm.

(iv) The joint probability density function (PDF) fi, ... 4, (-,---,-) of (X¢,,---, Xy,) for 1 <
[ < 4 exists, is finite, and is Lipschitz continuous in that |f;, ... ;, (z1 + 21, , 21+ 21) — frr o 1,
(1, @) | < Dy gy (@1, @) ||2]|, wherez = (2] -+, 2]), E|Dyy ey (Xty, -+, Xe,)| < C,
and [ Dy, .4, (x1,--- ,27) %[> dx < C with x = (2}, ,2})’. When [ = 1, we use f ()
to denote the marginal PDF of X;; f () is bounded away from 0 on its compact support X'.

Assumption A3. (i) E (Ut Z:) =0 a.s.

(ii) The parameter space © of § is a compact subset of R%. E[Y; — g (Z;,0)]? is uniquely
minimized at 6y on ©.

(iii) The regression function g¢(z,6) is continuously differentiable of order 2 in 6. Let
V9 (2,0) = 0g9(2,0) /00 and 2g(2,0) = 0?9 (z,0) /0000". <79 (z,-) and 3¢ (z,-) are con-
tinuous in z and are dominated by functions G; (z) and G2 (z), respectively. G (z) and G2 (2)
have finite fourth and second moments, respectively.

(iv) £ [Vg (Z1,0)~7 g (74, 9)'] is nonsingular for all 6 in a small open neighborhood of 6.

Assumption A4. (i)m (z) is Lipschitz continuous in = and has all partial derivatives up to
order ¢ + 1 if ¢ is odd and ¢ + 2 if ¢ is even.

(ii) The (g 4 1) or (g + 2)th order partial derivatives DXm (z) with |k| = ¢+ 1 (if ¢ is odd)
or q + 2 (if ¢ is even), are uniformly bounded in z € X, and are Holder continuous in z :
|D¥m (x) — D*m (Z) | < Cl|lz — 7.

Assumption A5. (i) The kernel function K (-) is a continuous, bounded, and symmetric
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PDF.

(i) ||z “T™? K (z) is integrable and S defined in (2.11) is nonsingular.

(iii) Let Kj(x) = 29K (z) for all j with 0 < |j| < 2¢ + 1. For some C; < oo and Cs < oo,
either K (x) is compactly supported such that K (z) = 0 for ||z|| > C1, and |K;j(z) — K;(z)| <
Cy ||z — Z|| for any z,z € RP and for all j with 0 < |j| < 2¢ + 1; or K(x) is differentiable,
|VK; (z)]| < Cy and for some ¢y > 1, | 7 Kj(2)| < Cyjz]|~* for all ||z|| > C3 and for all j
with 0 < [j| < 2¢ + 1.

Assumption A6. As n — oo, h — 0, nh3/2 — o, and nh?*2/ (logn)* — ¢ € (0, 0].

Assumption Al is typical in nonparametric inference with time series observations. Here we
only assume that the stochastic process {W;} is strong mixing, which is weaker than absolute
regularity assumed in Hsiao and Li (2001). Also the restriction on the mixing rate is weaker
than the latter’s exponential rate. Assumption A2 is needed to apply Gao’s (2007) CLT for
second order U-statistic with strong mixing data. The martingale difference assumption that
is directly made on e; will greatly simplify the proof and the application of the above CLT.
Assumption A3, together with A1 and A2(ii), ensures that 0— 0o = Oy (nfl/z) by White and
Domowitz (1984). Assumptions A4-A5 are used to obtain the uniform consistency for the local
polynomial estimator due to Masry (1996) and Hansen (2008). Assumption A6 imposes the

conditions on the bandwidth.

B Proof of the Main Results

~ ~ / ~ ~ /
Recall Dy, Edi&g(l,hl’N1 ,h‘Il;Vq), and v = (Uf,--- ,UZ) . Let u = (Ul,--- ,Un> ,
-~ —~ /
g = (g(Z1,9)7 ag(Zn79)> , € = (617"' 7€n),a m = (m(X1)7 7m(Xn)),7 and g =
(9(Z1,00),- -+ ,9(Zn,00)) . Tt is easy to verify that H*1,, = 1, and (H*— L)1, = 0,. Let
® and ® denote the Hadamard and Kronecker products, respectively.

We first present a technical lemma that is used below.

Lemma B.1 Let {¢;,i > 1} be a v-dimensional strong mizing process with mizing coefficient
a(-). Let Fy, .
integers (i1, ...,im) such that 1 <iy < i < -+ < iy, let 6 be a Borel measurable function such
that maz{ [ 10 (v1, -+ o) dE iy (01,03 05) dF it i (Uits e 0m) s [ 10 (01, o) M7
dF;, ... i, (U1, ,Um)} < My, for somen > 0. Then ]f@ (v1, -+ vm) dF5y i (V1,00 V) —

[0 (o1, s vm) dFi iy (1, 05) dFyy 1 i (051, 5 vm) | < AMR T (34 — )04

denote the distribution function of (fil, - Qm) . For any integer m > 1 and

clm )

Proof. See Lemma 2.1 of Sun and Chiang (1997). m

Next, we prove a lemma under the conditions of Theorem 3.1.
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Lemma B.2 Let S, (v) =n"'D,'X!, W, X, D, " and S (z) =Sf (v). Then R,, = hp/2 > i<i<i<n
eigj [ Kiw XL, DV [St (z) — S7H(2)] D}t XjoKjodz = 0, (1)

Proof. Let S(z) = [S(z) — Sn(z)] S~ (z). If the kernel function K (-) is compactly
supported, we can verify that under Assumptions Al, A2(iv), and A4-6, the conditions in
Corollary 2(ii) of Masry (1996) are all satisfied and conclude that sup,cy S (z) — Sy (2)]| =
O, (h + n_1/2h_p/2\/@) = Oy (h) . In the case where K (-) is not compactly supported, we

can apply Theorem 2 of Hansen (2008) to obtain supxeX 1S (z) — E[S,, (x)]]| = Op(n~/2n~P/2
Vlogn) = O, (h), which implies that sup,cy [|S () =Sy (z) || = O, (h) by the triangle inequal-
ity and the fact that sup,cy ||E [Sn ()] — S (2)| = O (h) under Assumptions A2(iv) and A5.

In either case, sup,cy ||S (#)|| = Op (h) . Now write

2hp/2
R, - S e / KX, DS (2)[S (2) = Su (2)] S~ (2) Dy X K juda

1<i<j<n

- p/2] B

= — £ig; / Kiz X[, D;! Z S7H(2) S (z)' D} X, Kjpde

].<7,<]<TL

+2hp/2 KX, D; G(\P2IH -1y e g

Ei€j () S (z) D, X Kjpdx = Ry1 + Rpo.

1<z<j<n

We first study Rpe. Let S, () = S, () S (ac)[p/2J+1 and ¢, (z) =L > 1<i<j<n Ei€j (D' Xjw ® Ipi1)
D; ' Xy Ky Kjy. Then

QhP/2 _
Ry = / Z eigjtr (Sn () D}, ' Xju X[, D)) Kip K joda

1<i<j<n
21y (5, () i
1<i<j<n

= 2hp/2/vec (Sn (a:)),gon (x)dx,

Let b € R®+tD? such that [|b]| = 1. Then E [b'y,, ()] = 0 by Assumption A2(i). Write

E [V, (0)])°
1
= = Z E [eiciet (D" Xjo @ Ips1) Dy Xia U (D}, Xjo ® Ipst) Dy X1 Kin K1p K2,
1<4,l<g
2
= = Z E [eieie3V (D' Xjz @ Ips1) Dy ' Xig V' (D}, Xjo ® Ipi1) Dy ' Xip Kio Ko K, |
1<i<i<y
n

1 _ _ 2
+= Z B 262 {0 (D' Xjo ® Iys1) Dy X} K2 K]
1<i<j<n
Bn1 + Bn27 say.
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Let b, =V (D,:lij ® Ip+1) and )N(m = D;le. Denote b;, , and )}mk as the kth element
of by and Xj,, respectively, where k = 1,--- | N. Let €l = {EH§||S}1/S. Then by the
Minkowski’s inequality, Assumptions Al and A2(i)-(ii) and (iv), and Lemma B.1 with = n/4,

we have
9 n N N _ _
1Bull < = Y DY | et Kis Ko Dy Xu KK KL |
1<i<l<j<n k=1s=1
C .
< _2 Z Z a(j — [/ A L/ n/4)
1s= 11<z<l<j<n
< Chp~40+mp/(4+n) Z 77/ ) _ o (h,2p) as n < 2
where
~ 1 9 1+n/4
M, = 1<ir£l;£§<nmax E\eige7 bjm kak Xiz,s Dy~ Xip Kin K12 K5, )
~ 1 9 1+n/4
EiE1E; bjx kXix,k Xla:,th XlxKimleKjx F(fmgl)dF (5))

- 0 <h—(1+n)p>

F (&) and F (¢;,&;) the CDFs of £ and (£;,&;) , respectively, and §; = (g4, X] ). Next, by direct
calculation, Bpa = O (h™?P) . It follows that ¢, (#) = O (k") and Rpa = O (h hIP/2141)~ p/2) =
op (1) as Sy (z) = O, (h[pm“'l) .

For R,1, we focus on the case where p < 3 since the case of p > 3 can be proved similarly

but is more tedious. Clearly, if p =1, R,; = 0. When p =2 or 3,

2hP/2 , — )
R = 22 cie; / KuX,D; 'S (2)F (2) D, X o K juda
1<z<j<n
QhP/2
_ 2k . 2515] / Kiz X[, Dy S () 35 () Dy ' X K jpda
n 1<i<j<n k=1
th/z 1)~ 1
— 2515] / Kiz X[, Dy S (2) 35 () Dy ' X K jpda
1<i<j<n k=1
2hp/2 I n—1g-1 - -1
> e | KiX(,D ()3 (z) D, ' X Kjpdz
1<i<j<n

Rp11 + Rpi2, say,

where 5, () =[S (« )—kaDlekxX;;xD 187 (@), 3k (2 )={—kaD’1kaX,;xD’l+E[ka
D' Xy X5, D3PS (2)]}, and 3 (z) = {S () — E [Kye Dy ' X4 X1, Dy '} S71 (2) . Noting that
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5(x) = O (h) uniformly in z, it is straightforward to show that R,i12 = O, (h) = 0, (1). Now,

write
2hP/2 n " D161 ()3 -1
Runt i cie; / K XL, (2) 3 () D; ' Xjo K jude
1<z<]<n k#i,5
2hp/2 I n—1g-1 < e -1
+ 2 szej/K Xiz () [5i (z) + 55 (2)] D, " Xjo Kjpdx
1<i<j<n

= Rpi11 + Rapii2, say.

Noting that E[Ry112] = 0 and E [Rnll 2] =0 (n72h7p +n71) , we have Rp112 = o, (1) by
the Chebyshev inequality. For R, 11,1, we have

/2
Ry = 2}:2 Z + Z + Z ©1 (£,€5.6r)

1<k<i<j<n 1<i<k<j<n 1<i<j<k<n
Dy + D2 + D3, say,

where ¢, (Q,fj,gk) = g€ fKingxD}:lS_l () 5 () D;lijijdx, and, for example, D3 =
2hP/2n 2 D l<icj<k<n P1 (&,€;.€1)- We only show that D3 = 0, (1) because it is simpler to
show that D; = o, (1) and Dy = o, (1) by noticing that E (D;) = 0 for [ = 1, 2. We prove
D3 = 0, (1) by showing that ED; = E (D3) = 0(1) and EDy = E (D3) = 0(1).

Let & = /4. Let ng = [n7] for some ~ € (0,1/3] such that n3a (ng)* 7% = 0(1) which is
possible by Assumption Al. For EDq, we write £D; as the summation of F [gol (§i,£j, §k)]
over the indices (4, j, k) corresponding to two cases: (a) j—i > mngor k—j > ng, (b) j—i <mng
and k — j < ng. We use ED1g, s = a,b, to denote these two cases. For case (a), without loss

of generality, assume that 7 —¢ > ng. Note that

1+6
146 1o ~ _ _
E {‘Pl (§i7§j’§k){ " < HoyosE ‘/KngmDhlS ! (z) 5k (2) Dthijjwdx <Ch 20

and similar results hold for E;Ej; ’gpl (§i,§j,§ k) ’Hé, where E; and Ej; denote expectations
with respect to £; and (5 i€ k) respectively by treating them as independent of each other. By
Lemma B.1 we have Dy, < ChP/2-22/0H0) 51 o (7)%/ A0 — O(nhp/2-20/140) o (ng)d/(1F0))
= 0(1). For case (b), the number of terms in the summation is O (nn3) and each is of order
O (1). It follows that EDy, = O (hP/?n2n~t) = o(1). Hence EDy = o(1). For ED,, write

4
EDy=— Y. Bl (6800 E) 01 (G b bis)]

1<t1<to<ts<n 1<ty<ts<te<n

We consider two cases: (a) for at least three different 4’s, |t; — t;| > ng for all j # 4; (b) all the

other remaining cases. We use F Dy, s = a,b, to denote these cases. In case (a), at least one
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of t1, t3, t4 and tg lies no-distance far away from all other indices in {¢1,- - ,tg} so that we can
apply Lemma B.1 to obtain EDy, = hPO(n2h=4/ (0o (ng)/ 149y = 5 (1) as 46/ (1 +6) < 2
and nh? — oo. In case (b), noting that the total number of terms in the summation is O (n3n(3)),
each of which is O (1), we have EDy, = O (hPn~'n{) = o(1). It follows that ED; = 0(1) and
thus D3 = o, (1) . Consequently, R,111 =0, (1) and R,11 =0, (1). =

Proof of Theorem 3.1
Noting that (722 = [Uz + (ﬁz — Ul)]z = UZ2 + (ﬁz — Ui)Q + 2([7@ — UZ)Uz = m(Xz) + &
+9(Zi,0) — 9(Zi,00)1> —2[9(Z:,0) — g(Z;, 00))U;, we have

ESSq =v (H* —L) V=A+ Ay + A3+ 4A4 + 245 + 2Ag — 4A7 + 2A5 — 4Ag — 4 Ay, (B.l)
where

A = m(H*—L)m, Ay=¢€' (H*—L)e,
A3 = (8-8)0E—8) (H -L)(E-8)oE~-8),
A = ((B-g)ow) (H -L)((g-8g)oOw),

As = m'(H*—L)e,

Ag = m'(H"-L)((8-g)o(E8—8)),
A7 = m'(H - L)((8-g)©u),
Ay = € (H - L)((8—8)o(E—8)),
Ay = H -L)(g—8)On),

Aio (B.2)

I
™
|
e
o
)
|
e
T

*
|
=
™
|
©
®
£

Under Hy, m = 031, It follows that As = 0 for s =1, 5, 6, and 7 as (H* — L)1, = 0,, and
H* — L is symmetric. Noting that n=!T'SS = 0%, + 0, (1), it suffices to prove the theorem by
showing that

Ay = WA — w22 (Hy —nt) S N (0,007 (B.3)
=1
WPI2A, = o0,(1) for s =3,4,8,9,10. (B.4)
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We first show (B.3). By Lemma B.2,

Zg = 2hp/2 Z Ei€j (HZ*] — n_l)

1<i<j<n
= 2hp/2 Z €iEj (n_lﬁ;kj — n_1> + 2hp/2 Z €iEj (H:} — n_lﬁz})
1<i<j<n 1<i<j<n
2hP/? 1 _
= = Ei€j </K X[, Dy 'STID X Ko f (2) 7 da — 1) + 0, (1)
1<'L<]<n
= Ay +0,(1), (B.5)

where H; = [ Kiz X}, D} 'S7'D}  Xjo Ko f (2) ' dw, Ay = 23 i i, (6,€5) v and g, (&,
&) = hp/%isj (f KmXZ{IDng_lD,;lijKjxf (z) ' dz — 1). Note that Ay is a second order
degenerate U-statistic. Under Assumptions A1-A2 and A5-A6, one can verify that the condi-
tions of Theorem A.1 in Gao (2007) are satisfied so that a central limit theorem applies to Ag;.
[The exponential mixing rate in the theorem can be relaxed to our requirement on the mixing

rate in Assumption Al.] Its asymptotic variance is given by

nlgglo 2E;E; [9071 (fi:fj)ﬂ

2
= lim WEE; |e (/K X1, D 'STID X K f () da — 1) ]
2
= lim W EE; |v? (/K X!.D 1SlD;1ijijf(a:)_1da:>
2 1
= nlg]goh PE,E; |v? {/K ) St (— (z+xijn)) K (2 + xijn) dz} (X))~ ]

= //[U [/K (- z+x)K(z—x)dzrdxdE
- /[/K )'S™ u(z+x)K(z+x)dzrd:r/[v2(§)]2d5,

where x;;, = (X; — Xj) /h, E; denotes expectation with respect to §;, and recall v? (z) =
E (E%’Xi = ZL‘) and g () is a function used in the definition of X;, (e.g., Xiz = (1, (X; — 2)")’
if ¢ =1, ie., u(z) = (1,2") in this case). That is, Aoy 4N (O,a%/QO). This, together with
(B.5), implies that (B.3) follows.

We now show (B.4). By White and Domowitz (1984), 6 — 6y = Oy (n_1/2) under As-
sumptions Al, A2(ii) and A3. Noting that the elements of H* are uniformly O, (nilh*p), by
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Assumption A3(iii) we have

hp/2A3 — hp/QZ Zz,H Zz,90)] ( i n_l)

hp/QZ Zug ZZ700)] Z (H:] _nil) [g(Zjv/é) _9<Zj790)]2
J#i

n n 2
0, (n17712) SO IGA(ZI* [ 00| + 0, (0 7012) {Z HGl(Zi)HQ} oo
i=1 i=1

= 0 (n*thpm) + 0O, <n71h*p/2> =o0p,(1),

IN

and

WPl2 Ay = h”/QZ (Zi,0) — g(Zi, 00)°U; (HE — n™Y)

n

+h”/22[g(2¢,5)—9(Z¢790)]2Z(H3j— ) [9(2;,0) — 9(Z;,00))U;
i=1 G

0y (n'h" p/2>ZHG
+0, (n~th7772) {Z HGl(Zz)IIZ} Z |6 (2:) 1031 |[B oo

= 0, () .0, (n2H) = 0, (1).

IN

For Ay, write

WwPA = (B-g)ow) (H -L) (-8 Ou)
- Wz (2:,0) = 9(Zi,00)*U? (Hj; ")

n

+hP/? Z (Zi,0) — 9(Zi,00) Ui Z (H}; — n 1) [Q(Zj>§) —9(Z;,00)|U;
J#i
= Aup+ A42, say.

Clearly, As1 < O, (R 1h7P/2) 0 IG1(Z)|12|U: % |0—60| |2 = Op (n"th~P/%) = 0, (1) . Noting
that g(Z;,0)—g(Zi,00) = (Vg (Zs,00)) (6—00)+(0—00)'V2g(Zi,0)(6—00) where 6 lies between
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9 and 0o elementwise, by Assumption A3 we have

—n~1) Vg (Z;, 90)/} (0 — 6o)

Ay = 20720 — 6,) Z Vg (Zi,00) U;U; (H;;
1<i<j<n
LSS G (20l U 1Ga (2 U [ 60| (2 — 7
i=1 j#i
= 2hp/2(0 90 { Z Vg Zl,eo)UU < _lﬁzj_ —1> Vg(Zj,HO)’} (/9\—90)
1<i<j<n

Z Vg (Zi,00) Uil (H] —n—lﬁg‘j) Vg (Zj,eo)'} (@ — 0o)

+21P2(6 — 6,
1<i<j<n

+0, (nilh*p/z) .

The first term on the right-hand side of the last expression is O (

n~1hp/? Y i<ici<n V9 (Ziy00) UiU; (Fz} ) Vg (Zj,00) = Op (1) under Assumptions A1-A3
and A5-A6 by the second-order U-statistic theory. The second term is o, (nil) by arguments
analogous to those used in the proof of Lemma B.2. It follows that h?/2A, = o, (1)

_1) because we can show that

For Ag, write

W2 Ay = hp/2z (Zi,0) — g(Zi, 00)%ei (H; —n™Y)

+h?! QZ&Z (Hy; — 0" [9(25,0) — 9(Z;,00)]?

i=1  j#i
= Agl + Agg, say.
By Taylor expansions, we can show that Ag; = O, (nflh*p/Q) =0p (1) and Agy = O, (n*1/2)
op (1) . Hence hP/2 Ag = 0, (1) . Similarly, write
hP/? Ag hP/? Z (Zi,0) — 9(Zi,00)|e:U; (Hf; — )

(9(Z;,0) = 9(Z;,00)]U;

Y S (H

=1 j#i
= Ag; + Ago, say.

Then Ag; = hp/Q(/é — 90)/ Z?:l Vg(ZZ',Q(]){-ZiUZ‘ (I’IZ*Z — Tl_l) + Op( —1p p/2) =0 ( _1) +
Op (n'h7?/%) = 0, (1), and Agy = h?/%(0 — 0o) Y1y 374, Vg(Z;,00)e: (Hj; _”71) Uit
O, (n*1/2) =0 (n*1/2) = 0p (1) . This completes the proof of (B.4).H
Proof of Theorem 3.2
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The proof follows closely from that of Theorem 3.1, now keeping the additional terms that
do not vanish under H; (n‘l/gh_pM) . It suffices to show that under H; (n_l/gh_p/4) ,

hP2 A1 B A, (B.6)
WP2Ay =0, (1), s =5,6,7 (B.7)

where Ay, As, Ag, and A7 are defined in (B.2). Let v, = n~Y/2h=P/%, Under H; (v,,), m (z) =
03 +7,A (z) and we have

T D IPINC OFNC DN Ry

- nziiA(Xi)A(Xj (_* ) 1ZZA (H*—n’1H>

A1 + Aq2, say,

where recall ﬁ = [ K X[, D 18_1 D,:lijKjxf (x)fl dx. It is straightforward to show that
Ap =o0p(1). For Aq1, by the Fubini theorem, the weak law of large numbers, and Assumptions
A1, A2(iv) and A5-A6, we have

A

— nQiiA(X (/K X!.D 181D,;1ijKjxf(a:)1dm—1>
— /{ —IZA ) Kiw X, Dy }Sl{nlzn:Dthijij(Xj)}f(:r)ld:n
j=1
— [nliA(X
=1

_ /A2 (@) B'S™'Bf (¢) dx — [E (A (X1)]% + 0p (1) = Ag + 0, (1).

2

Consequently, hP/2A; 2 Ao.

Next, write

WPAs = n 'Ry, Y A(X)e (ﬁ;“j—1)+n*1hp/2’vn Y. AX)e (F;'}—l)

1<i<j<n 1<j<i<n
2, 3TN A (X & (Hiy —n H )+ 0, YA (X (Hf — )
i=1 j#i i=1

= As1 + Aso + Asz + Asg, say.
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Using arguments similar to but simpler than those used in the proof of R,11,1 = o0, (1) in

Lemma B.2, we can show that As; = o, (1) and Asy = 0, (1) . Decompose

Ass = WPy, TN CA(X)e / Kiw XDV [Syt (z) — S71 (2)] Dy, ' Xjo Kjoda
i=1 j#i
n [p/4] n
— nlhp/zfynZA(Xi)/K X}, Dy Z S @) S ()Y & Dy Xju K jpda
i=1 j#i

+n T PPy, S A (XG) / Kin X[, DS (2) S (2) PN oDy X K ada
i=1 j#i
= Asza + As3p, say,
where recall S, (z) = n 1D, 'X! W, X, D, !, S (z) =Sf (z) and S (z) = [S (z) — Sp ()] S~1 ().
Ifp=1,2,3, As3, = 0. For p = 4,5,6,7, following the proof of R,11 in Lemma B.2 we can
show that Ass3q = 0, (1). As to Asgp, we have

| Ass3p|

n

g ! S | {35800 [ o' oo}
T

i=1
= /%,0, (h(p/4j+1> 0, (nfl/z h—p/2 @) 0, (n) =0, (h[p/zl J+1-p/4 \/@) =0, (1).

It follows that Ass = 0, (1). Next, |As4| = hP/2~, max; ‘n_lH* 1! {7t A (X)) e} =
O,(n=12 h=3p/%) = 0, (1) . Consequently hP/2A5 = o, (1).

For Ag, we have

IN

hp/27n sup g( )fp/ |+1
reX

WAg = W%y, ZZA 9(Z;,0) — 9(2;,00) (H; —n™") +
i=1 j#i
+hP2, N " A (XG) [9(Z3,0) — 9(Zi, 00)) (H — Y
=1

= Ag + Ag2, say.

By Taylor expansions, it is straightforward to show that Ag1 = O, (n_l/ 2pp/ 4) = 0, (1) and
Aga = O, (n=3/2h3P/4) = 0, (1), and hence h?/2Ag = 0, (1) . Now,

W2A; = hPl%y, ZZA [9(Z;,0) — 9(Z;,00)] (H —n™Y) +
i=1 j;éz
+hP/2y, ZA [9(Zi,0) — g(Zi, 00)] (Hf; — ™)

A7+ A72, say.
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By Taylor expansions, it is easy to show that A7; = O, (hp/4) =o0p(1),and A7 = O, (nflh*3p/4) =
op (1), and hence hP/2A7 = 0, (1) .

Consequently, P(T > zq|Hi(n Y2k /%)) = 1 — ®(24 — Ag/00). This concludes the proof
of the theorem.l

Proof of Theorem 3.3

The proof follows closely from that of Theorems 3.1 and 3.2. By (B.1) and the proof of
Theorem 3.1, ESS; = A1 +2A5 + 246 — 4A7+0p (h*p/Q) . Following the determination of the
probability order of h?/2A, (s =5,6,7) in the proof of Theorem 3.2, we can readily show that
n~tAs = op (n_lh_p/2) = 0p (1) under H; for s = 5,6,7. Under Hj, by the Fubini theorem,
the weak law of large numbers, and Assumptions Al, A2(iv), and A4-A6, we have

nilAl

%Zn:zn:m( {/K XL,D,'STID X Ky f Y (2) da — 1} +0p (1)

i=1 j=1

/ {%ZK?’” () Xia Dy 1}81 %iDh X Kjem (X5) ¢ f7! (@) do
i=1 j=1
n 2

—{%me)} +op(1)
=1

[ @ BB @) de (B m (X))} + 0, (1) = i + 0p (1),

Also, n71TSS = 0% + 0, (1). It follows that R2 = n 1ESS,/ (n"'TSS) = py/o%, + 0, (1).
Under Hy, we have (nhp/ 2) bn =o0p (1) and Q 2 Q. 1t follows that

-1 R (o) b,

nhp/2> T, = —4 A +o,(1).1
< R A

Proof of Theorem 3.4

Let P* denote the probability conditional on the original sample W. Let E* () and
Var* (-) denote the expectation and variance with respect to P*. = 0p+ (1) denotes that
P*(lap| > €) — 0 for any positive € > 0 as n — oo. The notation Oy (1) is similarly de-

2 = ~
fined. Let ef = U;2 — 5%, where 5° = E* (U}?) =nt 30, (Ui - U) nd U=n"t30, U.
~ s\

Let g* = (g(Zl,Q )y 9(Zn, 0 )) ,ut = (U2, U, e = (ef,-++,e), and v* =
~ ~ / ~ ~ 2 ~ ~
(U{Z, . ,U;?) . Write U2 = [U + (U ~ U)} = U2+ (UF — UF)? +2 (U - U) Us
=5% e+ [g(ZZ-,/H\*) —9(Z:,0))2 — 2[g(Zi,5*) - g(Zi,g)]Ui*. By the symmetry of H* — L and
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the fact that (H* — L) 1,, = 0,,, we have
ESS;=nT'VY (H* — L)V* = A} + Aj + 44} 4+ 245 — 4A5 — 443, (B.8)

where A} are the bootstrap analogues of A, defined in (B.2) for s = 2,3,4,8,9,10 :

A = eY(H*-L)e",

A5 = (8" -8)o@ -8) (H - L) (" -8)oE - 8),
A7 = (" -gou) (H -L)(E -gou),

Ag = " (H" - L)((8"-8)oE" —8)),

)
A5 = " (H - L)([® -g)ou),
(8" —-8)oE —8) (H" - L)((g"-g)ou’). (B.9)

7*2

Let ‘7;* = ﬁi*Q’ and TSS* =371, <‘7;* -V ) where V' = n~! oy 17;* It is straightforward
to show that

*
10

o~

. 2 L
n'TSS* = E* (VZ* -V ) +o0p (1) =n"" Z(VZ ~ V)2 4 op (1) = 0¥ +op (1).

We prove the theorem by showing that

{hp/2A§ — P2 e (Hf - n_l)} JA/ et 4 N (0,1), (B.10)
=1

by = B2 (Hy—nt) +0,(1), and (B.11)

WPI2AY = o, (1) for s =3,4,8,9,10, (B.12)

We first show (B.10). Analogously to the proof of (B.3), we have

n n
WRAs =202 N efer (Hy—nt) + WP e (Hj —n') = A3, + Asy, say.
1<i<j<n j=
Let v*? =Var* (U;?). Noting that A3 is a second order degenerate U-statistic and &} are
independent conditional on the data, we can apply the CLT for second order degenerate U-
statistic with independent but nonidentically distributed (INID) observations (e.g., De Jong,
1987) and conclude that conditional on the data,

A % N (0,9%0%)
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where

2
ot = pg;rgon— ZE* e’ </K X5, D5, (w)D;Zlijijdw—1>]
i=1 j#i
2hp 4 ” " 2
— p lim — </K X/, D15t (m)Dngijjmdx—1>
= 1 j#i
2hpv*4 . n le—1p—1 1 ?
= p lim < / Kip X1, D' D X, K 4 () dx)
= 1 j#i

= lim 2rPv**E,E5

n—oo

2
< / K1:X1,D;, 'S D) P Xop Koy f 7 (2) d:p) ]

= 2u*vol (X /[/K )'S™ u(z—i—a:)K(z—l—a:)dzrda:,

where vol(X) = [, dz. (B.10) follows as one can easily show that Q* = Q* +0,(1). Recallef =
Uf2—62 and 2} = U252 Then b —h?/2 1 &2 (Hf, — *1) = w2y (B - &) (Hf —n)
= Oy~ (n‘1/2h_p/2) = 0p+ (1), proving (B.11). Notmg that § — 6 = Op«(n~1/2) under our as-
sumptions, the proof of (B.12) is analogous to that of (B.4) in the proof of Theorem 3.1 and
thus omitted. W

References

Bickel, P. L., (1978), “Using Residuals Robustly I: Tests for Heteroskedasticity in Time Series
Models,” Annals of Statistics, 6, 266-291.

Breusch, T.S., and Pagan, A. R. (1979), “A Simple Test for Heteroskedasticity and Random
Variation,” Econometrica, 47, 1287-1294.

Breusch, T.S., and Pagan, A. R. (1980), “The Lagrange Multiplier Test and Its Applications
to Model Specification in Econometrics,” Review of Economic Studies, 47, 239-253.

De Jong, P. (1987), “A Central Limit Theorem for Generalized Quadratic Forms,” Probability
Theory and Related Fields, 75, 261-277.

Gao, J. (2007), Nonlinear Time Series: Semiparametric and Nonparametric Methods, Chap-
man & Hall/CRC, New York.

Glejser, H. (1969), “A New Test for Heteroskedasticity,” Journal of the American Statistical
Association, 64, 316-323.

Godfrey, L. G. (1978), “Testing for Multiplicative Heteroskedasticity,” Journal of Economet-
rics, 8, 227-236.

Goldfeld, S.M., Quandt, R.E. (1965), “Some Tests for Homoskedasticity,” Journal of the
American Statistical Association, 60, 539-547.

29



Greene, W. H. (2000), Econometric Analysis, 4th ed., Prentice Hall, New Jersey.

Hansen, B. E. (2000), “Testing for Structural Change in Conditional Models,” Journal of
Econometrics, 97, 93-115.

Hansen, B. E., (2008), “Uniform Convergence Rates for Kernel Estimation with Dependent
Data,” Econometric Theory, 24, 726-748.

Hong, Y., (1993), “Consistent Testing for Heteroskedasticity of Unknown Form,” Manuscript,
Dept. of Economics, Cornell Univ.

Horowitz, J. L., and Spokoiny, V. G. (2001), “An Adaptive, Rate-optimal Test of a Parametric
Mean-regression Model against a Nonparametric Alternative,” Econometrica, 69, 599-631.

Hsiao, C., and Li, Q., (2001), “A Consistent Test for Conditional Heteroskedasticity in Time-
series Regression Models,” Econometric Theory, 17, 188-221.

Huang, L-H., and Chen, J., (2008), “Analysis of Variance, Coefficient of Determination and
F-test for Local Polynomial Regression,” Annals of Statistics, 36, 2085-2109.

Koenker, R., and Bassett, G., (1982), “Robust Tests for Heteroskedasticity Based on Quan-
tiles,” Econometrica, 50, 159-171.

Masry, E., (1996), “Multivariate Local Polynomial Regression for Time series: Uniform Strong
Consistency Rates,” Journal of Time Series Analysis, 17, 571-599.

Neumann, M. H., and Paparoditis E. (2000), “On Bootstrapping La-type Statistics in Density
Testing,” Statistics € Probability Letters, 50, 137-147.

Newey, W., and Powell J. (1987), “Asymmetric Least Squares Estimation and Testing,”
Econometrica, 55, 819-847.

Pagan, A. R., and Pak, Y. (1993), “Testing for Heteroskedasticity,” in G.S. Maddala, C.R.
Rao, and H. D. Vinod (eds.), Handbook of Statistics, vol 11, pp. 489-518. Amsterdam:
Elsevier Science Publishers.

Su, L., and Ullah, A. (2009), “Testing Conditional Uncorrelatedness,” Journal of Business
and Economic Statistics, 27, 18-29.

Sun, S., and Chiang, C.Y. (1997), “Limiting Behavior of the Perturbed Empirical Distribution
Functions Evaluated at U-statistics for Strongly Mixing Sequences of Random Variables,”
Journal of Applied Mathematics and Stochastic Analysis, 10, 3-20.

White, H. (1980), “A Heteroskedasticity-consistent Covariance Matrix Estimator and a Direct
Test for Heteroskedasticity,” Econometrica, 48, 452-475.

White, H., and Domowitz, 1. (1984), “Nonlinear Regression with Dependent Observations,”
Econometrica, 52, 143-161.

Zheng, X. (2006), “Testing Heteroscedasticity in Nonlinear and Nonparametric Regressions
with an Application to Interest Rate Volatility,” Manuscript, School of Economics, Shang-
hai Jiaotong Univ.

30



	A Nonparametric Goodness-of-fit-based Test for Conditional Heteroskedasticity
	Citation

	heteroskedasticity100509.dvi

